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ABSTRACT

In this thesis we examine the classification theory regarding von Neumann algebras. We will focus on
the classification of von Neumann algebras into types, namely type I, II and III. Furthermore the
decomposition of von Neumann algebra into a direct integral of factors is included. The classification
process starts with abelian von Neumann algebras. After the abelian von Neumann algebras are classified
we examine the general structure of type I and type I1 von Neumann algebras. We then proceed to
provide explicit constructions of factors of the possible types. The focus lies with the general structure
theory of von Neumann algebras. Various constructions, such as, the crossed product construction are
included, as it provides us with a tool to construct factors of type 11y, type Il and type II1.
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Preface

Introduction

In this thesis we examine the general structure of von Neumann algebras. The aim is to get acquainted
with the types of von Neumann algebras and some of their properties. There are three different types of
von Neumann algebras, in increasing complexity, they are denoted by type I, I1, IT1. All these types are
then further decomposable, these further decompositions are also investigated and examined. The struc-
ture theory for type I and I1 algebras is covered in chapter one, where we mostly focus on type I algebras.

Besides the type decomposition there also exists a decomposition of von Neumann algebras into fac-
tors. A factor is a von Neumann algebra A in which the center is trivial, i.,e. AN A" = C. The only
weakness of the factor decomposition theorem is that it only holds on separable Hilbert spaces. Combin-
ing these two decompositions one obtains that the study of von Neumann algebras reduces to study of
factors of the possible types.

In chapter two we will present the crossed product construction. This constructions assigns to an abelian
von Neumann algebra A and a countable discrete group G a new von Neumann algebra R(A, G). This
construction can be extended to include von Neumann algebras that are not abelian, however that con-
struction is not included. The algebra R(A, G) can be thought of as the von Neumann algebra that
incorporates the group structure on G with the algebra structure on A. The crossed product construc-
tion yields examples of von Neumann algebras that are not of type I, we will give examples of type I
algebras constructed with the crossed product.

Chapter three is devoted to traces of von Neumann algebras. The theory of traces is developed in
some detail in order to construct a type III algebra using the crossed product construction. We will
mainly focus how traces on von Neumann algebras interact with the crossed product construction.

The last chapter is devoted to the classification of type III von Neumann algebras, it turns out that
there are many non-isomorphic type I11 factors on a separable Hilbert space, namely uncountably many.
We will not provide explicit constructions of each type I1I factor however the decomposition theorem is
covered in detail. We start of with the Tomita-Takesaki theorem, which states that any von Neumann
algebra A can be represented isomorphically on a Hilbert space H such that A is anti isomorphic to its
own commutant. In this process we will construct a group of automorphisms of A which in fact forms
the basis for the decomposition theorem of type 111 von Neumann algebras.

For the sake of self containment we also included an appendix covering some basic theory regarding
unbounded operators, the spectral theorem, anti-linear operators and integrals of operators.
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Preliminaries and notation

We start of by fixing the notation. All Hilbert spaces are denoted by H and are over the complex num-
bers C, if more then one Hilbert space is under consideration we will denote them by H;, with i € I
some index set. Subspaces of Hilbert spaces are generally denoted by V. Elements of Hilbert spaces will
generally be denoted by h, k, g etc. The letters a,b, z and y are generally reserved for bounded operators
acting on some Hilbert space, occasionally we will use capital letters T or A to denote some bounded (or
unbounded) operator. For projections we usually reserve the letters e and f, if some projection is central
then we usually assign the letter z to it.

Von Neumann algebras are almost exclusively denoted by A or M, usually we use the symbol A. If
we want to stress the Hilbert space on which A is represented then we will denote this by {A,H}. We
also use the symbol A for C*-algebras, however they are seldom under consideration and when they
are we will explicitly mention whether A is a C*-algebra or a von Neumann algebra. We will use Z or
Z(A) to indicate the center of some von Neumann algebra A, i.e. Z(A) = AN A, here A’ denotes the
commutant of A. Note that the commutant of A depends on the Hilbert space on which A is represented.
The von Neumann algebra of all bounded operators on H is denoted by B(#). If we wish to consider
a von Neumann algebra generated by some set X C B(H) then we denote the resulting von Neumann
algebra by W*(X), C*-algebras generated by some set are denoted by C*(X). Objects which are of
special interest are usually denoted in some other font then the one we are using now, example: h will
denote a vector in ‘H with very interesting properties relative to { A, H}. Ideals are usually denoted by T
or J, index sets are usually denoted with I, J or N when countable.

Now we will cover the preliminaries. We will assume that the reader is acquainted with functional
analysis and a good deal of measure theory at the level of [1] and [6]. We assume that the reader is
familiar with the Gelfand-Naimark-Segal construction, henceforth GNS construction. This construction
assigns to a C*-algebra A a Hilbert space on which A can be represented faithfully, for properties see
[1] or [8]. We will also assume a familiarity with the different operator topologies on B(#), though this
subject deserves a proper introduction it is not included. For a detailed discussion regarding operator
topologies we refer to [8].

Let S C B(H), we denote by S’ the set of elements in @ € B(H) such that zs = sz for all s € S.
The set S’ is called the commutant of S. Note that by definition S C S”. Consider S””, obviously
S’ C S” on the other hand we have that S C S” thus it follows that S” C S’. From this it follows that
the operation of taking the commutant stabilizes, we find

SCSH:SN”:"'
S/ — S/// — S///// ..
We define von Neumann algebras in the following way.

Definition 0.0.0.1. A von Neumann algebra is a star closed algebra of operators A C B(H) that is equal
to its double commutant. In formula form:

A=A".

Note that by our last argument it follows that if S is any star closed subset of B(#) then A := S’ is a
von Neumann algebra.

No exposition regarding von Neumann algebras is complete without the double commutant theorem,
for proof we refer to [8].

Theorem 0.0.0.2 (Double commutant theorem due to John von Neumann). Suppose that A is a star
closed algebra of operators on H and suppose that A is strongly closed, then the following statements hold.

1. There ezists a greatest projection z € A, this projection acts as the identity for A and satisfies
z := [AH], that is, z is the projection onto the closed linear span of AH.

2. AV ={z+A1; x€ A, X\ € C}. In particular if 1 € A then A= A".



O

This theorem links the algebraic data of being equal to its double commutant to the topological data of
being strong closed. In particular it states that if A is unital then saying that A is closed in the strong
operator topology is the same as saying that it is equal to its double commutant. We call a von Neumann
algebra A a factor when AN A" = C. Note that in order to talk about strong topology or commutants
we need a Hilbert space on which A is faithfully represented. It could be that A represented on Hg is a
factor but A represented on H; is not.

Von Neumann algebras can also be characterized abstractly as C*-algebras with a predual. This means
that there exists some Banach space F such that F* = A as Banach spaces. If such a predual exists then
it is necessarily unique (op to isomorphism). Note that having a predual induces a weak topology on A,
this topology is called the ultraweak topology. Consequently the unit ball of A is ultraweakly compact.
This predual can be embedded naturally in its double dual (any Banach space can) and therefor consists
of linear functionals of A. The linear functionals on A that come from F are called normal or ultra-
weakly continuous. The characterization of these normal linear functionals is that they respect increasing
bounded nets. Suppose that {a;};cr is a bounded increasing net of operators i.e. a; > a; when i > j, we
say that ¢ € A* is normal when
p(sup a;) = sup ¢(a;).
3 7

Suppose that ¢ is a normal state on A then its GNS representation {my, He} represents A as a von
Neumann subalgebra of B(H4). These statements are all nontrivial (and in all honesty, presenting it in
such a manner does not give enough right to the subject) but we will take them for granted. For proof
we refer to [8]. On the other hand is 7 is an isomorphism of von Neumann algebras it is necessarily
continuous in this ultraweak topology, this statement is also nontrivial. In the coming chapters we will
not always mention in which topology we regard convergence (usually we pick the strong convergence).
This is justified in some sense because any von Neumann algebra on H is closed in the weak topology,
which is the weakest of the interesting topologies on A. So if @ € A then we can a find a net converging
to a in any of the weak, strong, norm, etc topologies associated to A. When confronted with a sum
a =) ;c;a; of elements coming from A then this sum converges in the strong topology. Any such sum
should be regarded in the strong topology.

We leave the preliminaries for what they are and start in chapter one with the basic definitions and
constructions. The following chapters are all reasonably self contained, however we could not include
all proofs and therefor if a proof is not included there will be a reference pointing to the proof of the
corresponding statement.
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CHAPTER 1

The General Structure of von
Neumann Algebras

In this chapter we will cover the basic theory describing abelian von Neumann algebras and the decompo-
sition of type I and type I1 von Neumann algebras. We start out by investigating the projection lattice
of a von Neumann algebra. We conclude the first part of this chapter with a prelude to the decomposi-
tion into factors using direct integrals. After doing so we proceed with classifying abelian von Neumann
algebras. After classifying abelian von Neumann we will finish off the factor decomposition. The last
part of this chapter is devoted to decompose type I and type I1 von Neumann algebras into a direct sum
of tensor products.

1.1 Projections in a von Neumann algebra

We start of by examining the set of all projections (defined below) in a von Neumann algebra. The
general structure decomposition is then given in terms of projections the von Neumann algebra may or
may not have. Most of this section is based on [8]

Definition 1.1.0.3. A projection in a von Neumann algebra A is an element e € A enjoying the prop-
erties:

1. 2 =¢;
2. e* =e.

We call a projection central when it is an element of ANA'. We call two projections e and [ orthogonal
when ef = 0.

The zero element is an example of a projection. If e € A is a nonzero projection then |le|]| = 1, hence all
projections are in the unit sphere of .A. We denote the set of all projections in A as A,. Note that any
projection e is automatically positive since e = e? = e*e.

Let be e any projection and suppose that h € ker(e):. Then it follows that h € ran(e*) = ran(e),
as such, there are h; in H such that lim; eh; = h. Using the continuity of e we find that eh = lim; e?h; =
lim; eh; = h. We conclude that ran(e) = ker(e)® (in particular ran(e) is closed) and furthermore for all
h € ker(e)* it holds that eh = h.

Suppose that e is a projection in A and that @ € A commutes with e. Then it follows that a : ran(e) —
ran(e) and a : ker(e) — ker(e). On the other hand if a : ker(e) — ker(e) and a : ran(e) — ran(e)
then it is not hard to see that a commutes with e. Consequently if z is a central projection then ker(z)
and ran(z) are both invariant for every element of A.

Lets investigate the projection space A,. First of all, since every projection is positive we have that
A, inherits the partial order from A, . It turns out that A, is a complete lattice (A partial order is called
a complete lattice when every subset has a least upper bound and a greatest lower bound).

Theorem 1.1.0.4. If A is a von Neumann algebra then A, is a complete lattice.

Proof:

Let P C A, and let H denote the Hilbert space on which A acts. Define

p(),H = ﬂ pH.

peEP



It follows that pg is the projection on ﬂpeppH. Our aim is to show that py € A. To do this we
will show that pyp commutes with every unitary in A’ (recall that every element in a C*-algebra can be
expressed as a linear combination of four unitary elements). If pg commutes with every unitary in A’,
then pg € A" = A. Let u € A’ be unitary. By definition © commutes with every p € P hence pH is
invariant for u for all p € P. We find that

wl (N oH | =) ulH)

peP peEP

= ﬂpu’H

peP

Cﬂp?—[.

peEP

it follows that ﬂpe pPH is invariant for u hence py commutes with u. We conclude that py € A, and
clearly py is the greatest lower bound for P. Consider the projection p; := \/, p;H, via the same argument
p1 commutes with ever unitary in A’, clearly p; is the greatest upper bound for P. We conclude that A,
is a complete lattice. O

This theorem allows us to consider subsets of A, and take upper or lower bounds on that set. The
point is that the resulting projection is guaranteed to be in A. Suppose that [ is any index set and that
{€;}icr is a family of orthogonal projections in A, orthogonal in the sense that e;e; = 0 when i # j.

Then by the previous theorem we can make sense of the sum ), _; e;, by defining

Zei = sup{ Z e; ; F is a finite subset ofI} .

i€l 1€EFCI

The previous theorem justifies the following definition.

Definition 1.1.0.5. For any projection e we define the central carrier of e, denoted by z(e), to be the
smallest central projection z such that e < z. We call two projections e and f centrally orthogonal when

z(e)z(f) = 0.
We now proceed to define an equivalence relation on A,,.

Definition 1.1.0.6. On the set A, we define a equivalence relation by saying thate, f € A, are equivalent,
denoted by e ~ f, if there is an element u € A such that the following statements hold

1. v'u=ce;
2. wu* = f.
We write e < f when there is an fi € Ay such that e ~ f1 and fi < f. The symbol = is defined similarly.

We will show that this indeed is a equivalence relation. It is obvious that e ~ e, pick v = e. If u sets up
the equivalence between two projections e and f, meaning that u*u = e and uu™ = f. Then k := u* sets
up the equivalence between f and e, namely k*k = uu* = f and kk* = u*u = e. Suppose that e ~ f ~ g,
then we can find v and w such that

u*u = e, w*w = f,
uu® = f, ww* = g.
Let k = wu, then it follows that k*k = w*w*wu = v*fu = w*uu*u = e? = e, furthermore kk* =

wun*w* = wfw* = wwww* = g% = g. We conclude that ~ defines an equivalence relation.

Proposition 1.1.0.7. If given two equivalent projections e and f, then the element u such that u*u = e
and uu* = f is a partial isometry. Furthermore e = u*u is the projection onto ker(u)* and f = uu* is
the projection onto ran(u).

10



Proof:

Let h € ker(e)L, it follows that ||h]®> = ||eh||® = (eh,eh) = (eh,h) = (uh,uh) = |[uh|®. If h € ker(e)
then 0 = |leh||> = ||uh||>. We conclude that ker(u): = ker(e)L and that |[uh|| = ||h| for all h € ker(u),
that is, u is a partial isometry. Also we obtained that e is the projection onto ker(u)*. Now note that
uh = ueh = uu*uh = fuh, we conclude fu = u. Similarly we conclude that ker(u*) = ker(f) and that f
is the projection onto ran(u). O

There is a converse to this statement, namely, partial isometries in A give rise to equivalent projec-
tions.

Proposition 1.1.0.8. Suppose that u is a partial isometry in A. Then the projection e = u*u onto
ker(u)t is an element of A, also the projection f = uu* onto the range of u is also in A.

Proof:

That e and f are both elements of A follows directly from the fact that A is a star closed ring. We
must show that u*u defines the projection onto ker(u)* and that uu* defines the projection onto ran(u).
Let e = u*u, it follows that ker(u) C ker(e), on the other hand if h € ker(e) then 0 = (u*uh, h) = ||u(h)|]*.
We conclude that ker(e) = ker(u). Let h € ker(u)t it follows that |[h||* = ||uh|® = (u*uh,h). Since
(u*uh, h) > 0, we find that u*uh is of the form u*uh = hy @ h) with hy € span{h} and h, € [span{h}]*.
It follows that ||h||* = (u*uh, h) = (hy,h). We conclude that hy = £h. Since —1 is not an element of the
spectrum of u we conclude that hy = h. Since |[u*ul| = ||ul|* = 1, it follows that h, = 0. Using similar
arguments we find that f is the projection onto ran(u). O

We conclude that any partial isometry u in A gives rise to two equivalent projections in A. The question
becomes if these partial isometries are abundant in any given von Neumann algebra. Though the word
abundant should be interpreted informally, the answer is still yes.

Theorem 1.1.0.9. If A is a von Neumann algebra then any element a € A gives rise to a partial isometry
u, which belongs to A. The partial isometry u, maps ker(a)t onto the closure of ran(a). In particular
A contains the projections onto ker(a)*,ker(a), ran(a) and ran(a)* for any a € A. Furthermore the
projections onto ker(a)* and ran(a) are equivalent.

Proof:

Let a € A and let u, - |a| be the polar decomposition associated to a, so a = u, - |a|. By the func-
tional calculus for C*-algebras, |a| belongs to A. By the polar decomposition theorem, u, is a partial
isometry which maps ker(a)* onto ran(a). A priory it is not clear that u, € A. We will show that u,
commutes with A’. It suffices to show that u, commutes with every unitary in A’. Consider a unitary
w € A’ since |a| € A we have that w |a| = |a|w. We will first show that ker(|a|) and ker(|a|)* are invari-
ant subspaces for w. Suppose that h € ker(|a|) then 0 = w |a| h = |a| wh, we find that ker(|a|) is invariant
for w. On the other hand if w(h) € ker(]a|) for some h € H, then we find that 0 = |a| wh = w |a| h thus
la| h € ker(w) = {0}, as such, h € ker(|a]). We conclude that ker(|a|) and ker(|a|)* are both invariant
for w. Note furthermore that ker(|a|) = ker(a). Suppose that h € ker(|a|) then w(h) € ker(]al), as such,
ugw(h) = wug(h) = 0. We conclude that w and u, commute on ker(|a|). Suppose that h € ker(|a|)*
and consider uqw(h). Since w(h) : ker(|a|)* — ker(]a|)* = ran(|al), there exists a net {h; };cs such that
lim; |a| h; = w(h). It follows that

ugw(h) = lilmua la| h; = lilm ah; = f.
Consider w* f, we find that
w'f =w* (h?l ahi)
= lizm w*ah;
= lizm aw™h;

= limu, |a| w*h; = limu,w™ |a| h; = ugw*wh = ugh.
1 (2

11



We conclude that w*(f) = w*uqw(h) = uy(h), that is, u, commutes with w. Using that A = A", we
conclude that u, € A. It follows that u’u, € A defines the projection onto ker(a)* and u,u; € A defines
the projection onto ran(a) and by definition they are equivalent. The projections onto ker(a) and ran(a)*
are obtained by considering 1 —uju, and 1 —u,u;, respectively. Note that these last two projections are
not necessarily equivalent. O

Note that the previous theorem cannot be extended to C*-algebras. For example, consider the inter-
val [0,1] C R and let C be its C*-algebra of continuous functions. Since [0, 1] is path-connected, it follows
that there are no nontrivial projections in C, as such, there cannot be any non unitary partial isome-
tries. On the other hand we established that the von Neumann algebra L ([0, 1], A), with A denoting
the Lebesgue measure, comes with an abundance of both projections and partial isometries. This is an
example of the difference between C*-algebras and von Neumman algebras and it illustrates the power
of the double commutant theorem.

Definition 1.1.0.10. Given a € A, we define the left support of a, denoted by s;(a), as the smallest
projection e € A such that ea = a. We define the right support of a, denoted by s,(a), to be the smallest
projection f € A such that af = a.

It is easy to see that for any a € B(H) it holds that s;(a) is the projection onto the closure of ran(a).
Similarly for any a € B(H) it holds that s,.(a) is the projection onto ker(a)*. Using theorem 1.1.0.9 we
conclude that s;(a) ~ s,(a) and that for any von Neumann algebra A it holds that s;(a), s,(a) € A for
all a € A.

Proposition 1.1.0.11. If f,e € A are equivalent projections then z(f) = z(e) (see for definition 1.1.0.5).
Proof:

Let u be the partial isometry such that v*u = e and uu* = f. It follows that s;(u) = f and that
sr(u) = e. Consider z(e), since z(e) > e it follows that z(e)u = u. Since z(e) is central it follows that
u = z(e)u = uz(e) thus z(e) > f. Note that z(e) is a central projection dominating f, as such, z(e) > z(f).
Consider z(f), we find that uz(f) = u. Since z(f) is central it follows that u = uz(f) = z(f)u. We find
that z(f) is a central projection dominating e, as such, z(f) > z(e). We conclude that z(e) = z(f), as
desired. O

It follows that if z(e) # z(f), then f and e cannot be equivalent.

Proposition 1.1.0.12. Suppose that {e;}icr and {f;}ier are two families of orthogonal projections such
that e; ~ f;. Then it follows that
IS

i€l iel
Proof:

Let u; be the partial isometry such that e = wju; and f = w;u]. Consider u; and u; for i # j,
since e; and e; are orthogonal it follows that ker(u;) L ker(u;). Since ran(u;) L ran(u;) are orthogonal
(because f; L f;) it follows that w; + u; is again a partial isometry. We find that (u; + ;) is a partial
isometry with ker(u; + u;j)t = ker(u;)* V ker(u;)* and ran(u; + u;) = ran(u;) V ran(u;). We conclude
that €; + Bj ~ f,' + fj' We ﬁnd that
U= Z s,
1

sets up the equivalence between e and f. O
Note that in the last proposition the element w is a well defined partial isometry because {f;} and
{e;} are orthogonal families.

Definition 1.1.0.13. Given a von Neumann algebra A and a projection e € A, we define A, as A, :=
eAe. The set A, is often called the corner algebra associated to e.

By construction we have that A, is a subset of A. It is easy to see that elements in A, are exactly those
elements in 4 that map ran(e) into itself and are zero on ker(e). It turns out that A, is a von Neumann
algebra on the Hilbert space H, := ran(e).

12



Proposition 1.1.0.14. Let e € A be a projection and set H. := ran(e), then A. is a von Neumann
algebra on H..

Proof:

That A, is a star algebra of operators on B(#.) is obvious, also e = 1 € A, thus A, has the iden-
tity. What remains is to show that A, is strongly closed.

Let M;(e) : A —> Abe defined as M;(e)(a) = ea, define M,.(e) : A — A as M,.(e)(a) = ae. Since left and
right multiplication by some element are strongly continuous maps we find that M;(e), M, (e), M;(1 — e)
and M,.(1—e) are strongly continuous. If we can show that A, = F~! ({0}) for some strongly continuous
map F, then it follows that A, is strongly closed. Consider M,(e)(A), the claim is that M,(e)(A) =
M, (1 — )~ ({0}). Obviously if a € A is of the form a = we, then M, (1 —¢)(a) = M, (1 — e)(ze) =
ze(l—e) = 0so M,(e)(A) C M.(1—e)~1({0}). Suppose that = € A satisfies M,.(1—e)(z) = x(1—e) = 0,
then it follows that ran(1—e) C ker(z), as such, ker(z)* C ran(1—e)+ = ker(e)*. It follows that s,.(z) < e
thus @ = ze, we conclude that z € M,.(e)(A). We find that M, (e)(A) = M,.(1 —e)~1({0}). Via a similar
argument we conclude that M;(e)(A) = M;(1 — e)~1({0}). In total we find that
Ae = M(1—e)7" [M(1 - )7 ({0})],

as desired. O

We now present a handy tool in the study of projections.

Theorem 1.1.0.15. For any two projections e and f in a von Neumann algebra A the following state-
ments are equivalent.

1. z(e) and z (f) are not orthogonal.

2. eAf # {0}.

3. There exists nonzero projections e; < e and f1 < f such that e; ~ fi.

Proof.
We will prove 1 =— 2 — 3 = 1.
1= 2

If e and f are not orthogonal, then the statement is trivial. Suppose that e and f are orthogonal,
by considering the algebra A,y we may assume that e + f = 1. If A acts on #, then, by decomposing
H as H = He ® Hy, we find that an element a € A can be represented by a 2 x 2 matrix. It follows that
a € A is of the following form:
. ai; a2
a= .
( a21 22 >

An element h € H is represented by a vector (h.®hs) and a acts on H = H®HH; by matrix multiplication.
In this setting e and f take on the following form:

(o) (1)

A matrix calculation reveals that for any a € A it holds that eaf is of the form:

eaf:<8 a(l)z).

Suppose that eAf = {0}, then for all a € A it must follow that a;o = 0. Considering a* we also conclude
that a3, = 0 for all a € A, that is, az; = 0 for all a € A (because A is star closed).
We conclude that an element a € A takes on the form

o= a1 0
o 0 ax /°
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Now note that if this is indeed the case then ea = ae for all a € A, also af = fa for all a € A. This
implies that e and f are central, since they are also orthogonal, they are centrally orthogonal. This
contradicts the assumption 1.

2= 3.

By assumption there exists some nonzero x € eAf. For x € eAf we find that exf = =z, it follows
that s;(x) < e and s,.(x) < f, since z is nonzero it follows that s;(x) # 0 and s,.(z) # 0. By the remark
following definition 1.1.0.10 we find that s;(z) ~ s,.(z).

3= 1

By proposition 1.1.0.11 we find that z(e;) = z(f1). We conclude that z(e)z(f) > z(e1)z(f1) = z(e1) # 0,
as desired. 0

We can now prove the comparability theorem, which is particularly powerful if the von Neumann al-
gebra under consideration is a factor.

Theorem 1.1.0.16 (Comparability theorem). For any two projections e and f in a von Neumann algebra
A there is a central projection z such that zf < ze and (1 —2) f = (1 —2)e.

Proof:

Pick maximal families of orthogonal projections {e;} and {f;} with e; < e and f; < f and e; ~ f;
for all ¢ and define
el = Zei, and fi:= Zfi'
i i

By definition there are no projections ey < e—e; and fy < f— fo with eg ~ fo. Using theorem 1.1.0.15 we
find that e—e; and f— f; are centrally orthogonal. Let z := z (e —e;), thene—e; < zand f— f; <1-—2z.
It follows that (f — f1) z = 0 this implies that fz = f1z, we find that fz = f12 ~ e;z < ez. Similarly we
find that (e —e1) (1 — 2) = 0, which implies that e (1 —2) =e; (1 —2) ~ f1 (1 —2) < f (1 —2). O

Note that if A is a factor then A,/ ~ is a total order, that is, any two projections can be compared.

The reason why we consider the equivalence relation ~ is that it provides us with an isomorphism
of corner algebras.

Proposition 1.1.0.17. Ife ~ f then A. := eAe and Ay := fAf are isomorphic.

Proof:

Let u be the partial isometry such that v*u = e and uu* = f, consider the map
U:A. — Ay,

defined by

U (z) := uzu®.

It follows that

14



The last thing to check is that |U (a)||* = ||a]|®. This follows from the following identities:

[uaw*|* = f|au*||?
= ||au*ua’||

2
= llaa™|| = lla*al| = [|all" -

We conclude that U is indeed an isometry and hence it is a isomorphism, its inverse is given by
U* (y) :== u*yu. O

These isomorphisms of corner algebras is further examined in the tensor decomposition of type I and type
1T von Neumann algebras. We now proceed to introduce the possible types of von Neumann algebras.

1.1.1 Types of von Neumann algebras

Here we introduce the possible types of von Neumann algebras and prove that every von Neumann
algebra is decomposable into a direct sum of von Neumann algebras of those types. Hence the study of
von Neumann algebras reduces to the study of the possible types.

Definition 1.1.1.1. A projection e € A, is called finite when e ~ f < e implies e = f. If e is not
finite it will be called infinite. A projection e will be called purely infinite when there is no nonzero finite
projection f € A, such that f < e. A projection e will be called properly infinite when fe is infinite for
every central projection f such that fe # 0. A projection e will be called abelian when eAe is an abelian
von Neumann algebra. A projection e will be called minimal when A, := eAe=Ce. A projection is called
o-finite when Ay is a o-finite von Neumann algebra, meaning that there are at most countably many
orthogonal projections in Ajy.

A von Neumann algebra is called finite, o-finite, infinite, properly infinite or purely infinite according
to the properties of the identity projection 1.

An example of an infinite projection is the following: let H=I? (N) and let A = B (H). Let u: H +— H
be defined as

u (21, x2, 3, ....) = (0,21, 2, T3, ....) .
The adjoint u* behaves as follows:
u* (z1, T2, x3,...) = (22,23, ....) .

It follows that v*u = 1 and wu™ is a projection that leaves everything fixed except the first coordinate,
which is mapped to 0. Let e = w*u = 1 and f = uwu* then e ~ f < e but f # e hence e is infinite.

Definition 1.1.1.2. Let A be a von Neumann algebra, we say that

1. Type I: Ais of type I when every nonzero central projection dominates a nonzero abelian projection

mn A.

2. Type II: A is of type II when there exists no nonzero abelian projection but every nonzero central
projection dominates some nonzero finite projection in A.

3. Type II1: A is of type I11 when there exists no nonzero finite projection in A.

An example of a type I von Neumann algebra is B(H) for any Hilbert space H. Let {fi},c; be a
complete orthonormal system for H and fix j € I. Let e; € B(H) be the projection on Cf;. We find
that e;B (H)e; = Ce;, as such, e; is a minimal projection and therefor abelian. Since B (H) is a factor
we conclude that 1 is the only nonzero central projection and obviously e; < 1. We conclude that B (H)
is of type I.

Definition 1.1.1.3. We further decompose the type II von Neumann algebras as follows

Type 11y: A is of type II; when A is finite and of type I1.

Type 11 : A is of type Il when A has no nonzero central finite projection and A is of type I1.

15



It turns out that every von Neumann algebra A is decomposable into a direct sum of von Neumann
algebras belonging to one of the types described above and that this decomposition is unique. The way
to prove this is by constructing projections in A with the desired properties.

Lemma 1.1.1.4. Suppose that {e;}ier C A, is a collection of centrally orthogonal abelian (resp. finite)
projections. Then
> e

iel
is abelian (resp. finite).
Proof:

Consider the collection {e;};c; and suppose that e; is abelian for all ¢ € I. Note that the following
holds:

z(ej)e= z(ei)Zej
JeI
= Zz(ei) e;
Jel
=z(e;) e =e;.

Consider the direct sum of the corner algebras A.,, we find

@ e; Ae; = @ z(e;)eAz(e;)e
i€l
= @ z (e;) eAe

iel

=eAe.

Since P, ; esAe; is abelian we conclude that eAe is abelian.

Suppose now that the collection {e;};cs consists of finite projections, let e be as above. Consider any pro-
jection f such that e ~ f <e. Since e ~ f < e we conclude that for all ¢ it holds that z(e;)e ~ z(e;) f < e;.
Since e; is finite it holds that z(e;)f = e;. It follows that f = z(e)f = >, z(e;) f = >, z(ei)es = e, we
conclude that e is finite. O

Theorem 1.1.1.5 (Type decomposition). Every von Neumann algebra A is uniquely decomposable into
a direct sum of von Neumann algebras of type I, type 11, type 11, and type I11.

Proof.

Let A be a von Neumann algebra and let H denote the Hilbert space on which it acts. Pick a max-
imal family of centrally orthogonal abelian projections {e;},.; C A, and define

€= E €;.

If there are no nonzero abelian projections then ¢ = 0 and A has no summand of type I. Lets assume
that such a family {e;},.; exists. By 1.1.1.4 it follows that e is abelian. Define z; := z (e), it follows that
zy is a nonzero central projection dominating e with the property that for any central projection g < zj
we have that e £ z; — ¢g. Suppose now that f is a nonzero central projection dominated by z; then fe is
an abelian projection (because f commutes with e) and fe < f. So what we have done is given a nonzero
central projection f we constructed an abelian projection fe such that fe < f. We still need to conclude
that fe # 0. Note that z; — e and z; — f commute (because z; and f are both central projections) thus
0 < (zr —e)(zr — f). Suppose now that fe =0 then it holds that

0<(zr—e)(zr—f)=z1—f—e.
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By definition of z; we have that e £ z; — f hence we have reached a contradiction and we conclude that
fe # 0. What we have found is that in A, every nonzero central projection dominates a nonzero abelian
projection, as such, A, is of type 1.

We claim now that there is no nonzero abelian projection in A (1 — z;). Why is that? Pick an abelian
projection g and write

g=gz1+(1-z1)g.
Note that (1 — z7)g is an abelian projection and suppose that (1 —z7)g # 0. By definition of e we
have that e and (1 — z7) g are centrally orthogonal. If g(1 — z;) is nonzero then it would contradict
the maximality of the family e;, we conclude that there is no nonzero abelian projection in A;_,,. So
far we decomposed A into A,, A;_,,, where A,, is of type I and A;_, contains no summand of type I.

Now we look at A;_,,. Let {f;} jes e a maximal family of centrally orthogonal finite projections

in A;_,, and define
F=>

jeJ
By 1.1.1.4 we have that f is finite. Define z;; := z (f), so z;s is the smallest central projection in A;j_,,

dominating f. Let p be a nonzero central projection in A;_,, dominated by z;;. Then fp is a nonzero
finite projection dominated by p. Why is fp finite? Consider

f=fr+0-pf,

and suppose that there is an « such that fp ~ «a < fp. Note that f = fp+(1—p)f~a+f(1—p) < f
hence o+ f(1—p) = f = «a = fp so fp is finite. Note that fp is nonzero because if fp = 0 then
0 < (zr1 — f) (211 —p) = z11 — p — f but this is not possible by definition of z;;. We conclude that
A.,, has no abelian projections and that every nonzero central projection dominates a nonzero finite
projection. It follows that A, is of type I1.

We now have that A = A., ©® A.;, ® A1_(;,4,,) Where A, is of type I and A.,, is of type I1. Note that
if g is a finite projection in A;_,, then g < z7;. Define now zrr; := 1 — 2y — 277 then there is no nonzero
finite projection in A.,,, and thus A;,,, is of type I11.

In A.,, pick a maximal family {z},c of orthogonal central finite projections. Then

211 = § 2k

keK

is finite. Note that in A,,, there is no nonzero abelian projection. Since zyy, is finite it follows that
Azul is of type IIl Define

Zllo *= 211 = 211 -
There is no nonzero central finite projection in A , it follows that A is of type Is.

21100 ZIloo

So far we decomposed A as

A= AZI @ AZIIl S AZIIOO D AZIII‘

What remains is to show that this decomposition is unique. Suppose that a;r +arr, +arr +arrr =1, is
another orthogonal decomposition of 1 with the same properties. Consider (1 — z7) in A,,, since 1 — zy
is a nonzero central projection it must follow that 1 — z; dominates some nonzero abelian projection in
A,,;. By construction 1 — z; dominates no nonzero abelian projection, hence 1 — z; = 0 € A,, it follows
that (1 — z7)a; = 0, as such, a; < z;. Reversing the role of a; and z; we conclude that z; < a; and
hence z; = aj. We repeat this argument to see that 1 — 277, € A,,,, must dominate some nonzero finite
projection. But 1 — zy;, dominates no nonzero finite projection and hence ay, (1 — zr7,) = 0, as such,
arr, < zry,. Similarly we conclude zr;, < ary, thus a;;, = zr7,. Using similar arguments we conclude
that zrr = arr, and z;rr = arrr. We conclude that the decomposition is unique. O

A direct consequence is that a factor is either of type I, 111,11, or type II1.

We continue with the study of the corner algebra associated to an abelian projection e.
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Proposition 1.1.1.6. Suppose that A is a von Neumann algebra and e € A is an abelian projection,

then A. = Z(A)e.
Proof:

Consider x € A, and suppose that y € A commutes with e. Then we find that
TY = xEy = TYe = exreye = eyexre = eyr = Yer = Y.

It follows that A, C [AN{e}’] = [A'U{e}"]". Since A, is invariant under multiplication with e it follows
that A, C e[(A" U{e}”)]"e. Note that the von Neumann algebra {e}” is given by

{e}" ={re+nu(l—e); A\, ueC}.
Since A, is zero on the space (1 —e)H it follows that A, C eA’e. As such, A. C e(ANA')e, we conclude
that A, C Z(A)e. On the other hand it is obvious that Z(A)e C A., we conclude that A, = Z(A)e. O

It follows that if A is a factor then any abelian projection is automatically minimal.

Theorem 1.1.1.7. Let A be a von Neumann algebra and suppose that e € A is an abelian projection.
Suppose that f € A is any projection with z (f) > e, then e < f.

Proof:

Suppose that e > f. Then there exists f; such that f ~ f; < e, by proposition 1.1.0.11 we have
that z (f) = 2z (f1) < z(e) < z(f), as such, z (f1) = z(e). Because e is abelian we can use the previous
proposition to find a central projection ¢ such that f; = ce. We find that z (f1) = 2z (ce) = z (e), hence
¢ > e. We conclude that f; = e and therefor f ~ e. So if e = f then f = e, in particular e < f.

Suppose now that f ¥ e. By theorem 1.1.0.16 there exists a central projection g such that ge > gf
and (1 —g)e = (1 —g) f. Obviously ge is abelian, as such, gf = ge. We find that e = ge + (1 — g)e <
fag+ (1 —g)f = f, as desired. O

We now proceed to study direct integrals of von Neumann algebras. This will be the prelude to the
factor decomposition theorem. When the theory is sufficiently developed we will focus our attention on
abelian von Neumann algebras. We do this because we need the properties of abelian von Neumann
algebras in order to decompose a general von Neumann algebra over its center.

1.1.2 Direct Integrals of von Neumann algebras

Our aim is to decompose any given von Neumann algebra, working on a separable Hilbert space, into
factors. The study of direct integrals in conjunction with the classification of abelian von Neumann
algebras provides us with the necessary tools to tackle this problem.

Definition 1.1.2.1. Let {T',Q, u} be a measure space with T' the space, Q) the o-ring of subsets and p
the measure on I'. Suppose that {H ()} er is a collection of Hilbert spaces indezed by I'. We call the
collection {H(v)} a measurable field of Hilbert spaces when it comes with a subspace V C [[,cp H(7) such
that

1. For £ €V the map v — ||E(v)]] is p-measurable.
2. For alln € ]_[,y H(v) if the map v — (£(7),n(7)) is p-measurable for all § €V then n € V.

3. There exists a countable subset {&,}neny C V such that for all v € T the set {£n(Y) }nen is total in
H(y) (this means that the linear span of {£,(7y)}nen is dense in H(7y).

The subspace V is called the collection of measurable vector fields.
The last condition assures that each Hilbert space H(y) is separable. The question becomes if such a

subspace V exists. The following proposition settles this question.
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Proposition 1.1.2.2. Suppose that {H(y)},er is collection of Hilbert spaces indexed by the measure
space {I',Q, u}. If there exists a sequence {&n}nen in [[,cp H(v) such that for all n,m € N the map
v — {&n(7),&m(Y)) is p-measurable and {&, ()} is total in H(7y), then the collection

Vi=<¢&¢€ H H(Y) 5 v — (), (7)) is p — measurable for everyn € N 3,
~el’

satisfies the requirements of definition 1.1.2.1.

Proof:

First of all V is linear and V satisfies 1 and 2 of definition 1.1.2.1. We only need to show that £ € V
satisfies property 1 of definition 1.1.2.1. Since the sequence {&,(7)}nen is total in H(y) for all y € T we
can, by considering linear combinations of &, () with complex rational coefficients, assume that &, (7) is
dense in H(7). Pick £ € V then we find that

_ up L) 60
||£(7)||—n61§ TERETE

here we set W = 0 when ||&,(7)|| = 0. Note that the map v — W is measurable

by construction. Taking the supremum over a countable collection of measurable maps results in a new
measurable map, as such, v — |[|£(7)|| is measurable. O

Now an important proposition regarding these measurable fields of Hilbert spaces.

Proposition 1.1.2.3. Suppose that {H(v)} is a measurable field of Hilbert spaces and suppose that
{nk }ken is a collection satisfying property 3 of definition 1.1.2.1. Then we can find a sequence {£;}en C V
satisfying the following two conditions:

o Ifdim(H(v)) = n(y), with n(y) € NUoo then {£1(7), -, &) (1)} is a orthonormal basis for H(y)
for every v € T.

o Ifj > n(y) then &(v) = 0.

In particular {&;}jen also satisfies property 3 of definition 1.1.2.1. Also v — dim(H(7y)) is measurable.
Proof:

For each v € I" pick ji () € N such that 7;,(,y(7) # 0 and define

_ Mm@
SO = ol

If for some o we could not pick 71, (,)(70) such that 7, (,)(70) is nonzero (meaning that H(vyo) = {0})
then we set £1(v) = 0. Note that by construction we have that £ € V. For every v € I" we select some
J2(7) such that 7,4 () L &(y) and 71;,(,)(7) is nonzero, if for some v we have that span(&1(y)) = H(v)
then for that v we pick 7;,(4)(7) = 0. We can select 7,(,)(7) in this way because the set 7, (7) is total
in H(y) for all v. We define
() = 2
1720 (N

by construction the map v — &»(7) is measurable. Inductively we construct &, as above. We find
that {&,}nen satisfies the requirements. Note that the map v — (£,(7), &m (7)) is nonzero if and only
if n = m. Suppose that n = m and set F,, : I — C, F,(v) := (£&,(7),&.(7)) then F1({1}) =
{v; dim(#,) > n}, also [Fn’l({O})]c = F,;'({1}), and both these sets are measurable for all n.
Pick ng € N U {oo} maximal such that dim(H(y)) > ng for all v € T, it then follows that the set
En, = {v; dim(H(v)) = no} = F,.";{0} is measurable (with the convention that co — 1 = o). Via
similar arguments we find that the set E,, := {7 ; dim(H(y)) = n} is measurable, as desired. O
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Note that this is basically an elaborate application of the standard orthogonalization procedure. The
properties of definition 1.1.2.1 are such that the resulting collection {&,},en is measurable. The benefit
of this proposition is that we can split the space I' into measurable subspaces I';, such that for all v € T,
it holds that dim(H(y)) = n, we will use this later on. We can now construct the so-called direct integral
of the measurable field {# ()} er. From now on we assume that the measure space {I', Q, u} is o-finite.

Consider those £ € V such that
Il = / I dye < oo.

and denote this space by H. It is obvious that H forms a vector space. It comes equipped with an inner
product

) = / () n() du

After identifying & and & when & (y) = &2(y) p almost everywhere, we find that H becomes a Hilbert
space.

Definition 1.1.2.4. The Hilbert space H constructed above is called the direct integral of the collection
{H(v)} with respect to the measure p. It is denoted as

®
/ H(vy) dp:=H.
r
Note that by the last proposition we can decompose I' as

r= [J I

neNU{oo}

such that for each v € I, it holds that dim(H(y)) = n. It follows that

/;B’H(v) du= P /j’H(v) dy.

neNU{oco}

With this decomposition it suffices to study measurable fields of Hilbert spaces {#H(y)} such that dim(H(v1)) =
dim(#H(v2)) for all 1,72 € T'. Note that if the map v — dim(# (7)) is constant over I, which we can
assume it to be, then there exists a Hilbert space Hg such that H(vy) = Ho for all . In this situation the
direct integral fFEB H., dp is naturally isomorphic to the square integrable functions f : I' — Hy.

We now proceed to study particular kinds of operators on flje H(vy) du.

Definition 1.1.2.5. Consider a collection {x(y)} cr of bounded operators such that x(v) € B(H(v)) for
all v and the map v — ||x(7)|| defines an element in L>°(T, pv). Then we say that {x(y)} is a measurable

collection of operators if the vector {z(y)h(7y)}yer is an element of flje H(vy) dp for all h € f? H(vy) du.

In this definition we require that the collection {x(v)} is essentially bounded. One can omit this require-
ment from the definition, however we want to construct a bounded operator x from the collection {z(v)},
when doing so we will need the requirement that {z(v)} is essentially bounded. For that reason it is
included in the definition. Also note that all the measurable requirements are contained in the condition
that the collection {z(y)h(7y)}~er is again measurable.

Definition 1.1.2.6. Given a collection {x(v)}yer satisfying the requirements of definition 1.1.2.5, then
we define an operator x as follows:

® ® ®
T / Hy du —>/ H dp, zh ::/ z(y)h(y) dp.
r r ¥

Operators of this form are called decomposable operators. If for each v € T', x(y) is a scalar then we
call © a diagonal operator. The collection of diagonal operators is called the diagonal algebra associated
to fr@ H du. We denote the diagonal algebra associated to H by D(H), the decomposable operators are
denoted with M(H).
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Note that definition 1.1.2.5 was chosen in such a way that x is a bounded operator. Given decomposable
operators = and y, a direct calculation reveals that

5] 57
z* =/ z(y)" dp,  wy =/ z(7)y(v) du.
T T

By construction the product of two decomposable operators is again decomposable. We identify elements
in D(H) and M(H) when they are equal p almost everywhere. Suppose that {x;};c; C M(H) converges
strongly to some element x € B(H). Since {x;};c;s is strongly convergent we find that for p almost all

that {x;(y)} converges strongly to some x(y). It follows that z = flfB x(y) du. We find that M(H) is a
von Neumann algebra on #. Similarly we find that D(H) is a von Neumann algebra on .

Proposition 1.1.2.7. Let H := flfB H., du, then M(H) = D(H)'.
Proof:

Obviously M(H) € D(H)". On the other hand suppose that 2 € D(H)'. We decompose H as

w= [ uw= @ [

52
H(y) dp,
neNU{oco} I

here for each v € '), dim(#H (7)) = n. Since x commutes with D(H) we conclude that

afr/j’H(v) du—>/j?i(7) du,

for all n € NU{oco}. As such we may assume that the field of Hilbert spaces {# ()} is constant, that is,
there exists some Hilbert space Hy such that H(y) = Ho for all v € I'. Furthermore since I' is o-finite
we can decompose I' into a countable family of disjoint measurable subsets K, such that each K, has
finite measure. Using the assumption that z commutes with D(#H) once more we find that

T /;B H(v) dp — /K@ H(v) du,

for all n € N. Because of this we may assume that u(I') < oo, consequently, for each h € Hp, the map

h:T — H, defined by ﬁ('y) = h is an element of fr@ H(v) dp. If F' is a measurable set of I" we denote
by 1p the map that is 0 when v ¢ F and 1 when « € F. Recall that simple functions, functions of the
form:

s:T—Ho,  s(v) =Y Nln(MNhi(y),
=1

where {F;}?_, is a finite disjoint partition of I', are dense in the frea H(y) dp. We will show that there
exists a decomposable operator fF@ x(7y) du that agrees with = on this dense subset. Then, by density,

this identity extends to all of fIfB H(7) dp. Consider a simple function s, since z € D(H) we find that
z(s) is of the form:

x(s) = i/\i T <1Fii/1\i> = Zn:)\ilpi -z (f/L;) .
i=1 i=1

We conclude that if we can find an operator flfB x(y) dp that agrees with = on all functions of the form ﬁ,
with h € Ho then we are done. Since H is separable we only need to check equality on a countable dense

subset of Hg. Let {hy, }nen be a countable dense subset of Hg, for each h,, we define z(y)h,, 1=« (h/\n) ().

Note that for each h,, this is well defined up to a set of measure zero. Since countable unions of sets of
measure zero are still of measure zero we conclude that {z ()} er is well defined, up to a set of measure
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zero, on the collection {hy, }nen. For hj € {hy}nen we find that

= [ (1) ) a
= /ea z(7)h; dp
T
® ~
= [ st dn

as desired. We have found a decomposable operator that agrees with x, that is, x is decomposable and
we are done. g

Consider a collection of von Neumann algebras {A(y)},er indexed by a o-finite measure space I'. We
assume that the collection {A(v)},er acts pointwise on a collection {#()} of Hilbert spaces.

Definition 1.1.2.8. We call the collection {A(y)} measurable if there ezists a countable family {xy fnen
of measurable operator fields such that {x,(v)}nen generates A(vy) for almost all v € T.

We now proceed to define direct integrals of von Neumann algebras, proposition 1.1.2.7 makes this an
easy job.

Definition 1.1.2.9. Given a measurable collection {A(7)},er of von Neumann algebras acting pointwise
on {H(v)}ver we then define the von Neumann algebra A, acting on fISB H(v) du, as those decomposable
operators x such that z(v) € A(y). Here we identify two decomposable operators when they agree almost
everywhere.

It is a priori not immediate that A is indeed a von Neumann algebra. Since A contains D(H) it follows
by 1.1.2.7 that the commutant of A consists of decomposable operators. We find that A’ consist of those
decomposable operators y such that y(v) € A(vy)’. Since A(7y) is a von Neumann algebra for all v € T" it
follows that A” = A. We denote the von Neumann algebra A by

/F ’ A(y) dp,

and call it the direct integral of the collection {A(7y)}yer with respect to . By our last argument we
immediately find that

</F@A(7) du>l=/j«4(7)’ dp  and z(/F@A(v) du) Z/F@Z(.A('y)) dp.

Our aim is to decompose any given von Neumann algebra A acting on H as a direct integral of factors.
In order to do so we need to construct a measure space {I', u} and collections {A(7), H(y)}yer with
A(7) acting on #H(7) such that A = fﬁe A(y) dp and H = flfe H(v) dp. In order to do so we first need
to study abelian von Neumann algebras, this is because the center Z(A) of A will play a crucial role in
the factor decomposition. Since Z(A) is an abelian algebra we first need to study how it behaves and
classify it as far as we can.

1.2 Abelian von Neumann algebras

In this section we will cover the classification of maximal abelian von Neumann algebras, we will begin with
the classification of abelian unital C'* algebras before proceeding to von Neumann algebras. Compared
to abelian C* algebras, the classification of abelian von Neumann algebras as an algebra of L* functions
on some compact space measure space is involved. The large part of this section is based on lecture notes
and [1]. We start of by briefly recalling the classification result of unital abelian C*-algebras, stating:

Theorem 1.2.0.10. If A is a unital abelian C*-algebra then there exists a compact Hausdorff space X
such that
A2C(X).

22



Since every von Neumann algebra is also a C*-algebra this also holds for von Neumann algebras.

Given an abelian C*-algebra A, consider the set of nonzero homomorphisms h : A — C and denote
it by ¥ (A). By a homomorphism h we mean that h must respect the ring structure, the vector space
structure and also the *-structure on A, so

By the following argument any homomorphism on a C*-algebra is continuous. Pick h e ¥(A) and let
a € A. Suppose that |k (a)| > |la||, denote A := h (a) and consider the element 1 — ¢. The element 1 — ¢

oo

is invertible with inverse b := Y /(& ) Note that Y.~ , (%) is convergent because llall < |h(a )\
As such, we find that

t=(1-3)

h

52}

clearly a contradiction. it follows that |k (a)| < ||a|| and h is continuous (in fact it has norm equal to 1).
A consequence is that ¥ (A) is a subset of A* (the dual of A).

Proposition 1.2.0.11. If A is a unital C*-algebra then there exists a canonical bijection between the
space of all homomorphisms of A and the mazximal ideals of A.

Proof:

Let Z be a maximal ideal in A, then the quotient algebra is a field and also a C*-algebra. We con-
clude that the quotient algebra is isomorphic to C. It follows that the canonical map h : A — A/T
satisfies the following properties: it is linear and multiplicative, h (1) = 1 and it respects the *-structure,
thus it is a homomorphism. On the other hand, given a nonzero homomorphism h, by continuity its
kernel 7, is a closed ideal of A. Since A/Z; = C we conclude that 7, is maximal. O

For a € A we denote by o (a) its spectrum, that is, o (a) := {A € C; a — A is not invertible}. For
any a € A the set o (a) is nonempty and it is compact. Note that if h € X (A) then h(a) € o(a)
because a — h(a) € ker(h), which is a maximal ideal of A, in particular a — h(a) is not invertible.
Conversely if A € o (a) then a — A is not invertible, as such, ¢ — A is in some maximal ideal of A mean-
ing that there exists a homomorphism h such that h(a —A) = 0. We conclude that h(a) = A and
o(a)=%(a):={h(a) ; he Z(A)}.

Equip ¥ (A) with the weak* topology it inherits from A*, thus h; — h iff for all a € A we have
hi(a) — h(a). We define the map p : A — C (X (A), weak™) by setting

p(a) (h) = h(a).

This map p is called the Gelfand transform. Note that the Gelfand transform really sends a to a continuous
function on 3 (\A) because if h; — h then for all a € A we have h; (a) — h(a), but h; (a) = p(a) (h;)
so p(a) (h;) — p(a) (h) as desired.

Theorem 1.2.0.12. If p denotes the Gelfand transform then p defines an isomorphism between A and
C (3(A), weak™).
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Proof

Since A is abelian every element a € A is normal, as such, we have, by the spectral radius for-
mula, that ||a|| = sup{|\|; A€o (a)}. By our previous arguments we can rewrite this as |a| =
sup{|h(a)|; h € £(A)}. Thus if a is nonzero then there exists some nonzero element in o (a) we
conclude that p(a) is not the zero function, hence p is injective. By the spectral radius formula we
have ||a| = |lp(a)|| thus p is an isometry. It is easy to see that p is linear and multiplicative, also
p(a*)(h) :==h(a*) = h(a) = p(a)” (k) thus it is a *-homomorphism. The only thing that remains is to
see that p is surjective. Note that because p is an isometry its range is closed. Also its range contains
the scalar functions and is closed under the star operation (since p preserves the star operation). Note
also that its range separates points in ¥ (A) because given two distinct homomorphisms hy, he in X (A)
they are distinct because there is an a € A such that hy (a) # ha (a). By the Stone-Weierstrass theo-
rem [1, p.145] we have that its range is dense. Using the fact that its range is also closed we conclude
p(A) =C (2 (A),weak™) as desired. O

We have now classified (unital) C*-algebras as algebras of functions on a compact space. For complete-
ness we shall describe its space of homomorphisms further. Given a compact space X and let A = C (X)
be its C*-algebra of functions. By our previous arguments ¥ (A) 2 X but how precisely?

Given a homomorphism h on C (X) then in particular h € C'(X)" (recall that the dual of C (X) is the
space of all finite Radon measures on X) thus there exists some measure p such that

nth) = [ sdn

Since h (1) = 1 we have
1=h(1)= / du,
b's

thus pu is a probability measure on X. Note that h (f) makes sense for any bounded p-measurable function
f. Consider the following, pick any measurable set F' then 1 = p (F) + p (F€) and also 0 = p (F) p (F€)
thus either u (F) =1 or u(F) = 0. Since singleton sets are measurable p ({x}) = 1 for some singleton
set {x}. We conclude h = ¢,. As such, all homomorphisms are of this form and the correspondence
X = ¥ (A) becomes clear via the map z — §;.

We now proceed to classify maximal abelian von Neumann algebras on a separable Hilbert space. We
start of by examining how the von Neumann algebra generated by an abelian C*-algebra looks like.

Consider a unital abelian C*-algebra A, it follows that A = C(X) for some compact Hausdorff space.
Suppose that p is some positive measure on X. Using p we can represent 4 on B (L2 (X, u)) via the map
7, A— B(L*(X,p)) defined by 7, (f) g (z) := f (z) g (z). Thus 7, represents A as the collection of
all continuous functions on X acting on L?(X, u) by multiplication.

Definition 1.2.0.13. We say that a vector & € L*(X, u) is cyclic for 7,(A) when
{mu (A} = L*(X, p).
We note that in our case we have

{mu (A) 1x} = L* (X, p);
p(a) = (m, (a)1x,1x).

These assertions are easily verified. This means that this representation is equivalent to the one obtained
from p via the GNS construction (see for more reading on this [1, 8]). So we now have represented
A as a C*-sub-algebra of B (L? (X, p)). Consider the von Neumann algebra generated by {m, (A)} in
B (L? (X, ). Denote this von Neumann algebra by M (7, (A)).

Theorem 1.2.0.14. The von Neumann algebra M (m,(A)) is of the form L*>(X, ).
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Proof:
Since A is abelian we have the following inclusion:
M (A) C my (A) = M (m, (4))

where the last equality follows from the double commutant theorem [8, p.74]. If f € L (X, u), then
it follows that m, (f) commutes with 7, (A), hence 7, (L> (1)) € M (7, (A))". On the other hand if
a € M (m, (A)) is positive then a defines a linear functional @ on 7, (A) via

a(m(g)) = (am(9) 1x,1x) .

If we can show that @ is bounded then we can, by density, extend @ to L' (X, ). Suppose for the mo-
ment that we have shown that @ is bounded, it then follows then its extension defines a bounded linear
functional on L' (X, u). As such a defines an element in L' (X, u)". It follows that a = 7, (f) for some
function f in L> (X, ). We have then showed that 7, (L (X,u)) € M (7, (A)) C 7, (L>® (1)) and
equality follows.

Now to show that @ is bounded. We assumed that a was positive but this really is no restriction since
every operator is the sum of its real part and ¢ times its imaginary part, which are both self-adjoint,
and every self-adjoint operator is the difference between two positive operators (this follows from the
functional calculus for C*-algebras). Consider @ (7, (¢)) and let g = uh with u a partial isometry and h

a positive element in A (h is of the following form h = |g| := 1/(¢9*g)). Such a decomposition exists and
is called the polar decomposition of g (see for details 6.3.0.18) . We find

@ (r () = l(am (9) Ly 1x)
= |(a"2um, (19)"/* 1x, a*/2m, (1g)"/* 1 )|
2
< ||t/ (192 1x |

2
< lall - |7 (19" 1x|

= Jlal / 19l du,
X

we conclude that @ is bounded with |[@|| < ||a||. It follows by our previous consideration that M (7, (A))" =
7, (L% (p1)). A nice consequence of this is that M (7, (A))" is abelian, as such, M (7, (A)) € M (7, (A))" =
M (7, (A)). On the other hand we have that M (7, (A)) € M (m, (A))’, we conclude

M (m, (A)) = M (m, (A)).
It follows that
M (m (A)) = 7, (L=(1))
as desired. 0

The representation m, need not to be injective, this depends on the measure p chosen to represent
A. If pu respects open sets in the sense that if U is open then p (U) > 0 then the representation is injective.

We will now proceed to classify abelian von Neumann algebras. First we introduce the notion of star-
cyclic vectors, it will help us to decompose normal operators to a direct sum of normal operators acting
on a separable Hilbert space.

Definition 1.2.0.15. Let A € B(H), a vector & € H is called star-cyclic when the smallest reducing
subspace for A containing & is the whole Hilbert space H. A wector & is called cyclic when the smallest
invariant subspace for A containing & is H. An operator A will be called star-cyclic (resp. cyclic) when
it has a star-cyclic (resp. cyclic) vector.
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Recall that a subspace V is called reducing for A when it is invariant for both A and A*. Note that &g
is star-cyclic for A if and only if & is a cyclic vector for C* (A). If there exists a star-cyclic operator A
with star-cyclic vector &, then H is separable. This follows because {p(A)& ; p is a polynomial} is a
countable dense set in H.

Consider a compactly supported measure p on C with support K and define an operator A, on L? (K, u)
by setting A,f = zf. The C*-algebra generated by A, is isomorphic to C' (K) so C*(A4,) acts on
L? (K, ) as multiplication by continuous functions. Since C (K) is dense in L? (K, i) we conclude that
Xk 1is a cyclic vector for C* (4,,), as such, xk is star-cyclic for A,. This provides us with an example
of a star-cyclic operator. The following theorem states that this is the only type of example (for normal
operators).

Theorem 1.2.0.16. A normal operator A is star-cyclic if and only if it is unitarily equivalent to A,, for
some compactly supported measure u on C. If &y is a star-cyclic vector for A then p can be chosen such
that there exists a unique isomorphism U : L? (u) — H with U (1) = & and U=YAU = A,,.

Proof:

Suppose that A is normal and star-cyclic with vector . Let A = [z dE be the spectral decompo-
sition of A. Define a measure p on o (A) by setting u (E) := (P (E) &, &o). It follows that u is a positive
measure which assigns measure 1 to o (4) (after scaling of &). Define U : L? (1) — H by

U(9) = 6 (A) & = (/¢ dP) .

The map U is obviously linear, consider (U (¢),U (¢)), we find
(U(9),U(¢)) = (¢ (A) o, ¢ (A) &o)
= (I¢* (4) &0, &)
— [16 du= oI,

as such, U is an isometry. Now note that C* (4) = C (o (A)) is dense in L? (). Using that & is star-cyclic
we find that

U (L () = U (C (o (A)))
@& TeCloAN]
—{B&; BeC-(A)) = .

We conclude that U is onto. Note that U (1) = &y and that

U—lAU(¢)=UA</¢dP)§O=U—1 (/z¢dP>§0:/z¢dP:Aﬂ(¢).

It remains to be shown that U is unique. Suppose that U satisfies U (1) = & and U1 AU = A,,. Consider
U (z), we find

U(z) =UA, (1) = AU (1 ) A (&) -
By induction we find U (2") = A"&. Also U (z) = A} ( UU4*U) (1) = A (50) By these
arguments we conclude that if B € C* (A) and ¢ is its 1mage in C (O’( )), then U (¢) = B (&). But now

we can use that C (o (A)) is dense in L? (u) to conclude that U (1) = & and U~'AU = A, completely
determines U, so U is unique. ]

Let A be normal in B (), for a vector £ € H define H, as

He :=span {A*"A™ (§) ; n,m € N}.
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It follows that He = C* (A) € so that £ is cyclic for He. It follows that ¢ is star-cyclic for A}z, . By Zorn’s
lemma it follows now that every normal operator A is a direct sum of star-cyclic operators. One simply
picks a maximal set of vectors {&;},.; with the property that & ¢ He, when i # j, then it follows that

H=EPH, and A=PAp,.

icl iel
By combining these results we can now state and prove the following theorem.

Theorem 1.2.0.17. If A is normal then there exists a measure space X, a measure p and a function
¢ € L™ (X,Q, ) such that N is unitarily equivalent to A, on L* (X,Q, ).

Proof:

Let A be normal, there are reducing subspaces H; such that # = @, H; and Ay, is star-cyclic. Denote
by A; the restriction of A to H;, so A; = A}3,. By theorem 1.2.0.16 it follows that A; = A,,. Also note
that o (4;) C o (A) for all i. Let X; denote the support of the measure u; and let X be the disjoint union
of the X;. Let Q be the collection of subsets of X defined by {E C X ; EN X; is a Borel set of X}
and let U; : L? (X;, ;) — H; be as in theorem 1.2.0.16. We conclude that A = @ A4; = @ A,,,, set
pw(E) =3, u (ENX;) for E € Q. It follows that L? (X,Q, u) = @, L? (X;, ;) and that U := ), U; :
L*(X,Q, ) — H is a unitary equivalence between A and A, = @, A,,. For each i set ¢; (z;) = z;
and let ¢ = €, ¢; then A = ¢. Note that ¢ is bounded because X; is bounded for each i, as such,
¢ € L>® (X,Q, u) and A is unitarily equivalent to multiplying with ¢. O

Now we are ready to classify maximal abelian von Neumann algebras. Let (X,Q,u) be a measure
space let and f € L™ (X, p1), define for f an operator My on L? (X, i) by setting

My (¢) = f-¢.

Denote by A, the algebra {M; ; f € L>(X,Q,u)} C B(L?(X,Q,un)) then My is a maximal abelian
von Neumann algebra (by the discussion at the beginning of this section). The following theorem states
that this is the only type of maximal abelian von Neumann algebra.

Theorem 1.2.0.18. Let H be separable and let A be an abelian C*-sub algebra of B(H), then the
following are equivalent:

1. A is a maximal abelian von Neumann algebra, that is, A= A’;
2. A has a cyclic vector, contains 1 and A is closed in the strong operator topology;

3. There exists a compact metric space X, a positive Borel measure p with support X and an isomor-
phism U : L? (X, n) — H such that UA,LU_1 =A.

Proof:
We shall prove 1 = 2 = 3 = 1.

1=2

That A contains 1 follows from the fact that A = A’, that it is closed in the strong operator topology
follows from the definition of a von Neumann algebra. It remains to be shown that 4 has a cyclic vector.
If V is reducing for A call ¥V minimal reducing when there exists no non trivial subspace N C V such that
N is also reducing for A. Pick a maximal family of minimal reducing subspaces ;. It follows that H,
are orthogonal subspaces, because if V and F are reducing then so is VN F contradicting the minimality
of H;. Let p; denote the projection onto H;, since H; is reducing for A we have that if A € A and x; € H;
then Ap; (z) € H; so p;Ap; = Ap;. On the other hand p;A = (A*p;)" = (p;A*p;)" = p; Ap; = Ap;, thus
pi commutes with A, that is, p; € A" = A. Let p := ). p; then p = 1 because if not then 1 —p is a
projection commuting with A so (1 — p)H is a reducing subspace, contradicting the maximality of our
family #;. So we conclude the following: H = @, H; and A = @ Ap;. Set A; := Ap; Obviously #, is
reducing for A;. Note that if x; € H; then A;x; is a reducing subspace for A;, by the minimality of H;
we conclude that A;x; = H;. We find that any nonzero x; € H; is cyclic for A;. Since H is separable it
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follows that I is at most countable. For each i € I select some nonzero x; € H; of norm 1 and define x

as follows
X
iel

EZ@AZ&?Z’ :@Hi :7‘[,

It follows that

as such A has a cyclic vector.
2=3

Pick a countable weakly dense subset of the unit ball of A and let A; be the C*-algebra generated
by this set. Since the weak closure and strong closure agree on convex sets it follows that A is the strong
closure of A;. Let X be the maximal ideal space of A;, it follows that the inverse Gelfand transform
p: C(X) — A is given by integration with respect to some spectral measure P see for details the
the prelude to theorem 6.3.0.16. If ¢ is a bounded Borel measurable function on X then it follows that
p(¢) € Abecause A is strong closed. Let x( be the cyclic vector for A and define p (E) := (P (F) xo, Zo)
for every Borel measurable set E C X. Let B (X) be the space of all bounded Borel measurable functions
on X and identify the functions that agree p almost everywhere, that is, ¢ ~ ¢ <= u({¢p #¢}) = 0.
With this identification B (X) becomes a dense subspace of L? (X, u1). For ¢ € B (X) we find that

(o) (o) (o))
{(fse)un)

- / 62du = ]2

It follows that the map U : B(X) — H, U (¢) = ([ ¢dP) zo defines an isometry from B (X) into L? ()
and its range is dense because ¢ is cyclic. Hence U extends to an isomorphism from L? (X, u) onto H.
Let A, := {My; ¢ € L (X, u)} where My (f) = ¢ - f acts on L? (X, p). Considering UM, (f) with
¢ € L>*(X,p) and f € L* (X, u), we find

UM,f = U (6]) = ( [or dP) 0

(o) (1)
- </¢dP>U(f)-

It follows that UM,U"! = [ ¢ dP, as such, UA,U~' C A. For the reverse inclusion we note that
A=A C UA UL C A = A, here the closure is taken in the strong operator topology.

3=—=1

We have our representation 7, sending A to B (L2 (X, /J)) At the beginning of this section we con-
cluded that m, (A) is maximal abelian but now we have A = A, because the representation 7, is now
injective. U
This concludes the characterization of abelian algebras on separable Hilbert space. Note that in the
last theorem we assumed H to be separable, though the statement remains (largely) true if H is non

separable, some properties are still lost, X is in this case no longer metrizable.

From 1.2.0.18 we obtain the following result. Suppose that S C B(H) is a subset such that for all
a,b € S it holds that ab = ba then there exists a separating vector for S. Indeed S is contained in a
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maximal abelian von Neumann algebra A, consequently A is equipped with a cyclic vector £. Since £ is
cyclic for A it is separating or A’ = A (see 4.1.1.3), in particular ¢ is separating for S.

Proposition 1.2.0.19. If A is a von Neumann algebra then A is the norm closed linear span of its
projections.

Proof:

Let A € A, and suppose that A is selfadjoint. Consider the von Neumann algebra generated by the
identity and A, denoted by W*(A). it could be that W*(A) is not maximal abelian, however there is
always a subspace V C H such that W*(A) is maximal abelian on V. It follows that W*(A) = L (X, u).
The image of A in L (X, p) is the identity function on X. Since every L>(X, u) is the limit of simple
functions it follows that there are projections {e;} in W*(A) such that A is an element of the norm closed
linear span of the set {e;}. If A is not selfadjoint then we decompose A into its real and imaginary part
to obtain the result. O

Remark

Note that the proof of the previous proposition only works in the case that A acts on a separable
Hilbert space. However, we can decompose any selfadjoint operator as a direct sum of star-cyclic oper-
ators, which all act on a separable Hilbert space. This allows us to generalize to von Neumann algebras
acting on Hilbert spaces of arbitrary dimension.

We now proceed to investigate the generator sets of an abelian von Neumann algebra. As noted be-
fore the set of projections associated to any von Neumann algebra A generate A. The goal is to show
that if A is an abelian von Neumann algebra on a separable Hilbert space then A is generated by a single
selfadjoint element.

Consider an abelian von Neumann algebra A on a separable Hilbert space and let {a;};cy be any count-
able set of generators for A. Denote by W*(a;) the abelian von Neumann algebra generated by a;, since
W*(a;) =2 L>*(o(a;), ;) we find that W*(a;) is countably generated by its projections, consequently .4
is generated by a countable collection of commuting projections.

Theorem 1.2.0.20. Suppose that A is generated by a countable collection of commuting projections then
there exists a selfadjoint element A such that A = W*(A). Consequently any abelian von Neumann
algebra on a separable Hilbert space is generated by a single element.

Proof:

Let { P, },.en be a countable collection of projections generating A and define A := >~>° | 37" P,,. Consider

Py A, we find that
1 =~ 1
3P1<P1A<P1<E 3 -1>=2P1.

n=1

Consider (1 — P;)A, we find that

0<(1-P)A=> 3"P,(1-P)<Y 37"P,.
n=2 n=2

An application of the functional calculus yields that o(A) C [0 l] U [%, %] Let E denote the spectral
measure associated to A, we find that
1
/o—(A) :

It follows that P A = f[; 13T dE and P, = [ 1[%%] dE. We conclude that P; € W*(A). We subtract %Pl
372

from A and apply the same argument to find that P, in W*(A). Inductively we find that P, € W*(A),
as such, W*(A) = A. O

)

(z) dE € W*(A).

Wl
Nl
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Let A be any abelian von Neumann algebra on a separable Hilbert space and let a € A be such that
A = W*(a). Pick a separating vector £ for A and let E denote the spectral measure associated to a, it
follows that the measure p defined on o(a) by u(F) = (E(F)E,€) implements an isomorphism between
A and L*(o(a), p).

In the next section we will finish off the factor decomposition theorem, using the structure theory of
abelian von Neumann algebras developed in this section.

1.2.1 Continuation of the factor decomposition

In this section we finish of the factor decomposition using the properties of abelian von Neumann alge-
bras. We concluded that any abelian von Neumann algebra A is generated by a single selfadjoint element
a € A, this gave rise to the measure space {o(a), u} equipped with the measure derived from the spectral
measure associated to a and a separating vector £. Note that this in fact finishes the factor decomposition
theorem for abelian von Neumann algebras, namely, for v € o(a) let H(7y) = C then it follows that A is
isomorphic to the diagonal algebra of ff?a) H(v) dp. Moreover A(y) = C, as such, A(y) is a factor for
every v. To extend this to an arbitrary von Neumann algebra A on a separable Hilbert space H we will
decompose A over its center, for which we now have a good description.

We will give a description of how the factor decomposition is achieved without proving all the details.

Suppose that we are given a von Neumann algebra A acting on a separable Hilbert space A. Let Z
denote its center, it follows that Z = L (X, u) for some compact Hausdorff space X. In fact we can
choose X to be a compact subset of R but we will not need this. Pick any nonzero vector & € H and
consider the space [Z&;], that is, [£2&;] is the closed linear span of Z& C H. Let f; € B(H) denote the
projection onto [££;] and define a projection p; € A by setting

p1 :=inf{e € A ; e is a projection and e > f1}.

This is well defined because the projection space of A is a complete lattice. Set z; := z(p1), that is, 21 is
the central carrier of py, it follows that z; € Z, as such, z; gives rise to a measurable subset Y; C X.

Consider now the Hilbert space (1 — f;)H and pick & € [2£]. Again we let fo be the projection
onto the space [£&;] and we construct po and z5 as above. It follows that zo gives rise to a measurable
subset Y5 of X, note that Y7 and Y5 need not be disjoint, in fact they seldom are.

We go on and pick & € [[2&] @ [2&]]" and construct a measurable subset Y3 C X. We repeat this
procedure until we have exhausted H. Since 1 € Z, the space [Z¢;] is at least one dimensional, using
that H is separable we do indeed exhaust H. In this construction we pick & such that ||&|| = 1. Set

H; :=[2&;], we find that
H=EH:.

ieN

Pick i € N and consider the vector &;, since ||&;|| = 1 it induces a state ¢; on Z by setting ¢(f) = (f&;, &).
Since every functional of this form is ultraweakly continuous it follows that the set {g € Z ; #;(g) = 0}
forms a weakly closed ideal of Z. We conclude that ker(¢;) is of the from Zzy, with 2z a projection in Z.
Obviously zg is the largest projection of Z such that 29&; = 0 it follows that (1 — 20)&; = &;. Since zg is
the largest projection that annihilates &; it follows that 1 — zq is the smallest projection in Z that satisfies
2& = &, as such, 1 — 25 = z;. We conclude that Z/ker(¢) is faithfully represented on H;. It follows that
Hi = {[2/ker(¢i)], (), } = L?(Y;, ). This isomorphism is implemented by the map p; : (f&;) = flyi
where we let fbe the element in L*° (X, u) corresponding to f. We find that modulo unitary equivalence
it holds that

H=PH =PLrw,p=r (H (K;u)) :

€N ieN ieN
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Here the space [ [,y (Y3, 1) should be interpreted as the disjoint union of the measure spaces (Y3, 1). Our
next aim is to construct for each x € X a Hilbert space H, such that

M, dp = L* <]_[ (mu)) :

Since pointwise operations are not well defined on equivalence classes of functions we will pick a concrete
measurable set Y; for each ¢ instead of working with its equivalence class. Since this does not alter the
isomorphism constructed above this is allowed. For each z € X we consider the set I, C N defined as
follows:

I, ={ieN; zeY;}.

We define a map D : X — NU {co} as D(x) := |I,|, that is, D(x) is the cardinality of the set I,,. The
map D will play the role of the dimension of the fiber Hilbert space above z. Note that the following
holds:

L[ Vo) = /6B v@duz/@ﬁux) .

€N LI i X

So we now have a direct integral of Hilbert spaces isomorphic to our original Hilbert space. We now need
to construct the von Neumann algebras associated to each x € X. Note that in any case that if f € Z

then f acts as
r([ v an) = [ Frnie) an

with f(x) the value of f at the point z, note that this is almost everywhere defined. We conclude that
the representation of Z on L?(I,) reduces to the scalars for all z € X. In particular Z is simply the

diagonal algebra associated to fff L?(I;) du. By 1.1.2.7 we find that every operator is decomposable.
Suppose that {a,}nen defines a generating set for A4 then we may decompose each a,, as

52}
an :/ an(x) dp.
X

We define a von Neumann algebra A(z) on L?(I,) by
A(z) = W* ({an(z) ; n € N}),

it follows that
@
A:/ {A(z), L*(1,)} dp.
X

Since the center Z of A reduces to the scalars for all x € X we find that the decomposition above is
indeed a factor decomposition, as desired. ]

Note that this construction in fact reduces the study of von Neumann algebras on separable Hilbert
space to the study of factors. In the next section we will reduce the study of type I algebras to the
study of abelian algebras and B(#). Since we already have a good classification result regarding abelian
algebras there is not much more left in the case type I.

1.3 Structure theory for type [ and type /I von Neumann alge-
bras

In this section we investigate the tensor product of von Neumann algebras. After developing the basics we

give a decomposition of type I von Neumann algebra into a direct sum of tensor products. We will give

a similar decomposition of type IT algebras. We will mostly follow [8], we assume that the construction
of the algebraic tensor product between vector spaces is known.
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1.3.1 Tensor products of von Neumann algebras
We will first consider tensor products of Hilbert spaces, after this we will define the tensor product of

von Neumann algebras.

Consider Hilbert spaces H1 and Hsy, we denote the algebraic tensor product of H;i and Hy as Hy. A
general element h € Hg is of the form

h= Xn:hi ® b3,
i=1

with h} € H; and h? € Hy for all i. On the space Ho we define an inner product (-, ), by

<<anh3®h?>7 Sk a2 > =SOSR, (22,
i=1 j=1

o i=1 j=1

here (-,-); and (-,-), denote the inner products on H; and H, respectively. We denote the completion of
Ho, with respect to this inner product, by H and call it the tensor product of H; and H,. The space ‘H
is usually denoted by

H = H1 @ Ha.

Consider an orthonormal basis {f;}ic; of Ho and for each i € I define a map U; : Hy — H1 ® Ha by
setting
Ul(hl) = h1 ® fz

We find that U; defines a isometry from #; into #, if ¢ # j then U; and U; have orthogonal ranges, as
such the map U defined as

U:@PHi—Hi@Ha, U (@h}) =Puih) = hief,
i€l iel iel iel

is an isometry from @, ; H1 into H1 ® Ha. Note that if {ex }rex and {f;}icr are orthonormal bases for
H1 and H; respectively then {ex ® fi}(k,iyex =1 is a basis for H1 ® Hy. It follows that the range of U (as
defined above) contains this basis, as such, U is onto and therefor an isomorphism of Hilbert spaces. By
this argument we can regard H; ® Hs as the square summable functions g : I — H;. Using a similar ar-
gument we can show that 71 ® Hs is isomorphic to the space of square summable functions b : K — Ho.

By these arguments we find that, for a fixed basis {f;}ic; of Ha, an element in h € H; ® Ha can
be uniquely represented as
h= Z hi ® fi.

iel
If U; is defined as above then

[];< Z hj X fj = h;,
J
this follows from the construction of U;. Consider an element h € Hq, ® Hs, it follows that h is of the
form
h=> hi® fi
If z € B(H), then z ® 1 acts on H as

@ 1(h) =Y a(h) @1(fi) =Y a(h:) ® fi,

i i

similarly for y € B(H),, 1 ® y acts on H as

1®y(h) = Zh ® y(ei).
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The operator x ® y = (x ® 1)(1 ® y) is therefor bounded when both (z ® 1) and (1 ® y) are bounded. For
r ® 1 we find that

> a(h)® fi

i

= Z (ha)||? < H93||QZ [ hl|®
1 2 1
Zhi ® fi

We conclude that = ® 1 is bounded, a similar argument shows that 1 ® y is bounded, consequently z ® y
is bounded for all z € B(H), and y € B(H),. The operator x ® y is called the tensor product of z and
y. The argument above shows that ||z ® y|| = ||z| - ||y|]|. The tensor product of operators satisfies the
following properties:

= <Zx<hi> ® fi Y w(hi) ® fl->

lz ® 1(R)|* = ‘

2
=[]l

(M1 +A22) @Y= M2Z1 @Y+ A2 @Y = 21 @ My + 22 @ Ay = A (71 @ y) + Ao(22 @ ¥),
T @ (Y1 + p2y2) = m (T @ Y1) + p2(T @ Y2) = T @Y1 + 2T @ Y2 = T @ (1Y + T @ fi2ys,
(1 @ Y1) (w2 ® y2) = T172 @ Y1Y2,

(z@y) =" ®Yy",

lz @yl = llz| -yl

Definition 1.3.1.1. Suppose that Ay is a von Neumann algebra on Hy and that As is a von Neumann
algebra on Ho. Then we define the von Neumann algebra on Hi @ Ha as

A @A =W {(z®@y); 2 € Ay, ye Ax}).

Suppose that = defines an operator on H; @ Ho. We identify H; ® Ho with the square summable functions
f: I — Hq, here I is an index set for the basis of Ho. By our arguments above

Hi @ Ha = @ M,
il
here H; is a copy of H;. Consider the operator x on H1 ® Hso and let {U,;};c; be defined as above. Tt
follows that U;zU; defines a bounded operator on H;, as such, we may regard B(H1 ® Hs) as the I x T
matrices with entries from B(#H;). Of course not all possible matrices can occur (except when Hs if finite
dimensional) because of the boundedness of each element in B(H; ® Hsz). We identify the operator x
with its I x I matrix (z;;), here z; ; = UrzU;.

Suppose that an operator x € B(H1 ® Hs) is of the form 27 ® 1. Consider UrzU;, we find that

x1(h1) when i = j,

U? HU;(hy) =
j (@@ DUih) { 0 when i # j,

so 1 ® 1 is the I x I matrix with z; on the diagonal and zero elsewhere. Consider the operator
Uvi[];K THIQH — HIQH. f e =21 ® 1, with 2, € B(Hl) then

UZU]*x(h) = szl(h]) = l’l(hj) X e;

JCUiU;(h) = .I’Uz(h]) =rQ® 1(hj ® 61') = .Tl(hj) ® e;,
we conclude that operators x of the form z; ® 1 commute with all operators of the form U;U;. Con-
versely suppose that x commutes with UiU]’f for all 4,5. We find that Uinf“mUj = acUiUJT“Uj = zU;
thus UfzU; = UU;UjzU; = UszUj, as such, z is constant along the diagonal. Note furthermore that
U;:cUi = Uj*inUi* U =U;UU2U; =0 because U;Ui = 0. So z is constant along the diagonal and zero
elsewhere, we conclude that z = z; ® 1 with 1 € B(H1). Consequently {U;U} ; i,j € I} = B(H1) ® C,
here C should be understood as the von Neumann algebra C acting on the Hilbert space Hs.

Consider the representation 7 : B(H1) — B(H1 ® Hz) defined by 7(z1) := 21 ® 1. The properties
of the tensor product show that this is indeed a representation, in fact it is an isomorphism.
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Proposition 1.3.1.2. If S C B(H1) is any subset then 7(S") = n(S)".
Proof:

Since 7(S) C m(B(H1)) we find that U;U; € n(S) for all i,j € I. Tt follows that 7(S)"” C 7(B(H1)
thus it follows that 7 (S)” = 7(S"). O

Using this we are now able to prove the following proposition.

Proposition 1.3.1.3. Suppose that {A, H1} is a von Neumann algebra and Hs is a Hilbert space. Then
the following statements hold:

1. (AC) = A" @ B(H2),
2. (A®B(Hy)) = A ®C,
3. A® B(Haz) consists of the I x I, with I an index set for the basis of Ha, matrices with entries from
A.
Proof:

3.

Suppose that {f;}icr is an orthonormal basis for Hs then in we define w; ; : Ho — Ha as u; ;(g) =
(g, fj)€i. The operator 1 ® u;; acting on Hy @ Hy satisfies 1 @ u;j (Y c;hr @ er) = hj @ ¢; thus
U,;Uj’-" =1Q®u; ;. For x € B(H1 ® Ha) we set x; ; := USzU; as operator from H; to itself. We conclude

that
xr = Zx” & Ui, 5
i,J

in the strong operator topology. If we can show that x; ; € A for all 4, j then it follows that € AR B(Ha2).
For y € B(H1) we set k;;(y) := y @ u;; € B(H1 ® Ha), note that r;; is an isometry of B(H:) into
B(H1 ® Ha) also if yr, — y weakly then r; j(yx) — i (y) weakly, as such, it is weakly continuous.
Note that for € B(H; ® Hz) it holds that

(I ®@wui)r(1 ®@uy ) = U;U2U;US
= Uizi,jUf
= Tij @ Ui
= Kij(Ti;).
It follows that
Kij (B(H1)) = (1@ ui)B(H1 ® Ha) (1 @ ujj).
Consequently we find that
{z € B(H1®Ha) ; fﬁ[} (1@ui)r(l®u;;) € A} ={z € B(H1 @ Ha) ; zi; € A}.

Using that &, ; is weakly continuous for all ¢, j we conclude that {z € B(H1 ® Ha) ; x;; € A} is weakly
closed in B(H1 ® H2) and it contains x; ;j(A). We now use that the maps u; ; € B(H2) generate B(H2)
as a von Neumann algebra and the fact that {x € B(H1 ® Hz) ; x;; € A} is weakly closed, to conclude
that
A@BM) =W ({a®ui;; ac Aijel})=({zeBHi®Ms); i € A},
]
as desired.

1.
Each 2 € A® Cis a I x I matrix such that a; ; = 0 when ¢ # j and a;; = a;; = a € A for all ¢,5. It

! ) with aj” € A’ using 3 we

follows that the commutant of A ® C consists of matrices of the form (a; ;

conclude that (A ® C) = A’ ® B(H2), as desired.

2.
Using I we find that (A® B(Hz2))' = (A’ @ C)” = A’ ® C, as desired. O
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1.3.2 The decomposition of type / and type // von Neumann algebras

We start of with matrix units. These systems will play a key role in decomposing type I or II von
Neumann algebras in tensor products of simpler algebras.

Definition 1.3.2.1. A collection of elements {w; ;,i,j € I} in a von Neumann algebra is called a matriz
unit when

* f— ..
1wy, =wj,,

2. w; jWi = 05 kWi 1,

3. Zie] Wi,5 = 1.
By definition w; ; is a projection, if we denote by H; the space w; ;H, then it is not hard to see that w; ;
is an isometry from H; to H;. The point of the matrix unit is that the set {w;;},.; is a set of mutually
equivalent orthogonal projections in the sense of definition 1.1.0.6. Suppose that A is a von Neumann
algebra allowing for such a matrix unit {w; ; ¢,j € I}. Pick a fixed iy and set Ho 1= w;, s, . For h € Ho
consider wj ;,h, we find that
Wj,jWjigh = wjioh,
as such wj;, € H; = w;;H. Let V; : Hy — H; be defined as Vj(h) := wj,h, since >, w;; =1 we

find that
Vi@PHo—H, VY | =D Vihy),
jeI jel j
defines an isomorphism of the space @ jer Ho onto the space H. Note however that
P Ho = Ho @ L2(1),
JeI
we conclude that if A allows for a matrix unit then it representation Hilbert space decomposes as a tensor

product between the Hilbert spaces Ho and L?(I). Note furthermore that equivalent projections f and
e induce an isomorphism of the corner algebras eAde = fAf.

Theorem 1.3.2.2. Suppose that { A, H} allows for a matriz unit {w; ; ; i,j € I}. Set A; == w; ;Aw; ;
and set H; := w; ;H then for any j € I we have that

{AH} = {A;, 1} @ {B(L*(1)), L*(I)}.
Proof:

We must show that A can be represented as the I x I matrices with entries from ;. Pick any ig € I
and let A;, and H;, be as in the theorem. Let {e;};c; be a orthonormal basis for L*(I), for j € I set
wj = wj,, that is, w; is the partial isometry from H;, onto H;. Define the map U : H;, ® L*(I) by

U(Z hj ® ej) = ij(hj)
JEI Jel

A direct calculation reveals that U is an isometry. The adjoint of U works as follows:
U*(h) =Y wi(h)@e;.
J

Since the range of U contains all the spaces w; ;% and >, w;; = 1 we conclude that U is in fact an
isomorphism between H and H;, ® L*(I). Let « € A;, ® B(L*(I)), by 1.3.1.3 we find that = = (z; ;) with
x5 € Ai,, consider UzU™* : H — H. We find that

UzU*h =Ux Zw?h@ej
J

*
=U E xi’jwj X e;

4,9

*
= E wixi,jwj h.
4]

35



Since z;; € A;, and w; € A for all ¢ it follows that UzU* = Zij w;z; jwy, considered in the strong

topology, defines an element of A. We find that A;, ® B(L?*(I)) has an isomorphic embedding in .A. On
the other hand pick a € A and consider U*aU. We find that

UaU (> hj@e; | =Uta| Y w;h;
j J

J
=U* Zawjhj
J
=Y > waw(hy) ®e
i g

= g w; awih; @ e;.

i,J

Since a € A we conclude that a; ; := wfaw; € A;; and a = (a; ;), as desired. O

The gain here is that if we know that a von Neumann algebra A allows for a matrix unit then in
order to understand A one only needs to know A on one of the corner algebras associated to the family
of equivalent projections induced by the matrix unit. We will now begin constructing a matrix unit for
type I von Neumann algebras.

Definition 1.3.2.3. Pick a cardinal number a, suppose p is a central projection with the property that
there is an orthogonal family {ej}jeJ , with |Jo| = a, of abelian projection such that

1.3 jes. 6 =%
2. z(ej) =z forall j € Ja,
then z is called a- homogeneous.

Proposition 1.3.2.4. For every cardinal number a there exists a maximal a-homogeneous projection pe,
(possibly po, =0).

Proof: Pick a family of orthogonal central a-homogeneous projections {p;};.,;. We find that

Pa = Zpi
iel
Yy
icl jeJ
)
jeJ il
Note that {ei’j}iel is a family of centrally orthogonal abelian projections and as such >, e;; is
abelian. For two centrally orthogonal projections e, f we have that z(e+ f) = z(e) + z(f) thus
z (Ziel em») = Y ier?(eij) = > crpi = p hence p is a-homogeneous. Suppose that p is any a-
homogeneous projection then (1 —pa)p =3, ; (1 —pa)e; is a-homogeneous if p is not zero then this
would contradict the maximality of the family {p;}ic;. O

For a a cardinal number consider our maximal a-homogeneous projection p,. If it is nonzero then
there exists a orthogonal family of abelian projections {e;},.; with [I| = a. By definition of our a-
homogeneous projection we have z (e;) = p, and thus z(e;) > e; for each j € I. An application of
theorem 1.1.1.7 yields that for each 4, j € I it holds that e; = e;, by reversing the role of ¢ and j we find
that e; ~ e;. By proposition 1.1.0.7 we find a collection u; ; such that u; ;u;; = e; and u; juj; = e;.
Note that this collection {u; ;}; jer defines a matrix unit for the algebra Ap,. An application of theorem
1.3.2.2 yields that
Ay, ZH{A  H Y @1 (D).

with dim (l2 (I )) = a, furthermore since e; is abelian we have that A., = A, is an abelian von Neumann
algebra, which we understand quite well.
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Theorem 1.3.2.5. If M is a von Neumann algebra of type I then there exists a unique orthogonal family
of {za} of central projections indexed by cardinal numbers o such that ) zo =1 and M., = A,®@B (Ha)
with dim H, = a. Therefor we have that

M=EP My =P ABB(Ha).

Proof:

By our last arguments we only need to find a family of orthogonal projections {p,} indexed by car-
dinal numbers o such that p, is maximal a-homogeneous, p, L ps when 8 # « and ) po = 1. If
we can show that the orthogonality for different cardinals is correct then by maximality of each p, and
picking z, = p, we find the uniqueness of z,,.

We begin by showing that for different cardinal numbers o and 8 that p, and pg are orthogonal. Suppose
that o = (3, then by maximality of p, and ps we find that p, = pg. Consider p;, meaning that oo = 1,
then p; is a maximal central projection with the property that p; is abelian.

Claim:
Suppose that z is any central abelian projection then z is not a-homogeneous for o > 2.

We will prove this for o = 2, the proof works the same for any other a. Suppose that z is 2-homogeneous
then we can find abelian projections e; and ey with e; L eg, €1 ~ €3, z(e1) = z(e2) = z and €1 + e = 2.
Note that e; = e12 € Mz = Z(M)z so there exists a central projection z; such that e; = ze; = 221
similarly we find z5 such that es = egz = 29z since e; and es are both central and orthogonal, they are
centrally orthogonal, contradiction. Suppose that p; is 1-homogeneous and that p;p, # 0 for some a > 1
then in particular pp, is a central projection which is also a-homogeneous, but this cannot happen. We
conclude that p; L p, for all & > 2, as desired.

Note that p; is just the projection on the abelian summand of M. Set M; := {Mp1,p1H} @ {C,C},
obviously Mp; = {Mp;,p1H} ® {C,C}. By removing Mp; we may assume that M has no abelian sum-
mand. This means that if e is an abelian projection in M then e has no nonzero central subprojections.

Consider p, and pg and suppose that popg # 0. It is easy to see that p,ps is the largest projection
that is both o and 3 homogeneous. By restricting to p,ps we may assume that p, = pg. So sup-
pose that p, = pg We conclude that e; ~ e; ~ fi ~ fi for all 4,5 € I, and k,l € Iz and as such
n :=dime;,H = dim fiH for all i € I, and | € Ig. Suppose m := dim z,’H = dim 23g’H < oo then it follows
that

m = an = fn.

We conclude that o = 6.

Suppose now that dim z,H = v > Ry and also suppose that dime;H < - then it follows that a = v = .
So the remaining case is dim z,H = dime;H = v > Ny. Suppose that n := a < oo consider M, (A),
the » x n matrices with entries in A. By considering A, we can assume p, = 1. Define the map
®: M, (A — Aby

1 n
®(A) = I Z Qi
i=1

We can identify a € A with the matrix which has a on the diagonal and zero elsewhere. It follows that if
a € A then ® (a) = a. Furthermore, for each « € M, (A) we have ® (z*x) = ® (xz*). This follows from
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the following calculation, if A = (a), ; and B = (b), ; then (AB), ; = 37/ a;xby,; thus

n n

1
. * . *
= ((aa )”) = E E a; | Q;
i=1 k=1
n
DI
= — ag ;iQy. ;
n _ et X
k,i

1 n
* *
=— ZCLZ»JCCLUC =®(a*a).

® (aa™

~—

Note that that in our case we have A = Z ® M, (C). So our algebra A looks like the n x n matrices
with entries from its center. We can apply this to our situation by noting that e; ~ f; gives us an
element w;; such that u},u;; = e; and u; u;; = fi. Each u;; is a n X n matrix with entries in Z as such
O (e;) = O (e;) = @ (fi) = D (fx). Thus it follows that

a® (e;) =n® (e;) = Z‘I’(Gi) =e(1)=1= Z ®(fi)= Z P (e;) = B2 (e:) -

i=1 el lelg

We conclude « = .

Suppose that @ > Ny, By symmetry 5 > Y. Let ¢ be a normal state on Z. Since A, = Z by the
map o; : £ — A,, defined as o;(z) = ze; we can define ¢; on A by setting

@i (x) :=¢o oz-_l (e;ze;) .

The support e, of a normal state is the infimum over all projections e such that ¢ (¢) = 1. If z is the
support of ¢ then the support of ¢; equals ze;. Define

J; = {j € J,(bi (f]) 7é 0}

Because {fj}jeJ is orthogonal we have that J; is countable. We have that J = (J,.; J; thus 8 < Rpa
hence by symmetry a = (.

This shows that if z is an @ homogeneous projection and also a # homogeneous projection then oo = 3
as such p, and pg are orthognal. In total we conclude that

M=P Mo =P ALBB (Ha)-
Here A, is abelian. By maximality the p, are unique. O

This concludes the decomposition of type I von Neumann algebras. Note in particular that if A is
a type I factor then A = B(H,,) for some cardinal number «. There is a similar statement concerning
type I von Neumann algebra. Without proof we state:

Theorem 1.3.2.6. If {M, H} is a properly infinite but semifinite von Neumann algebra then we can find
a unique family {zo} of orthogonal central projections with the properties:

Mzo = {Aa,20H} @ {B(Ha), Ha}, D 2a =1
Here each A, is a finite von Neumann algebra. Furthermore, the family {z4} is unique while A, is not.
If H is separable and f is a finite projection in M with z(f) = 1 then

M= M; @ B(fH).

For a rigorous proof we refer to [8]. Note that these last two theorems reduce the study of type I, II; and
II,, von Neumann algebras to the study of abelian von Neumann algebras and type II; von Neumann
algebras and the study of B(H). Indeed if A is of type II then we can decompose it into a direct sum
of types I, II; and I, the last theorem asserts that I, reduces to the study of type II;. Theorem
1.3.2.5 tells us that in order to understand all type I algebras we only need to know abelian algebras and
type I factors. The next chapter will be devoted to construct type II; factors using the crossed product
construction. This construction will also be used to construct type Il and type III factors.
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CHAPTER 2

Crossed products

In this chapter we will consider the crossed product construction. We consider an abelian von Neumann
algebra and a countably discrete group G. From these objects we will construct a new von Neumann
algebra called the crossed product. This crossed product construction is useful as it gives us examples of
type I factors. In the first section we give the basic construction, we conclude with the construction of
a type II; factor. Most of this chapter is based on [8].

2.1 General construction and basic properties

Given an abelian von Neumann algebra A algebra and a group G, denote by Aut (A) the set of automor-
phisms of A. A homomorphism « : G — Aut (A) is called an action of G on A. Suppose that A acts
on H and suppose that G is countable and discrete. Consider R := H ® [2 (G) as the square summable
functions from G into H.

Definition 2.1.0.7. We define a representation of A on B(R) as follows: for § e R, a € A and g € G
we define

m(a)€(g) ==y (a)€(9) -
Also we define a representation u : G — B (R) by setting

u(g)€(h) =¢€(g7'h).

Note here that if we are given an H valued function ¢ on G then for any g the transformation g' (¢) (h) :=
13 (g’lh) sends g to a unitary in B(R). This can be seen as follows

(g"(©).g"(©) =D e (a7 )|

heG

= llEm®

heG

=(£:€)-

We conclude that G gets mapped into the unitary group of B(R). A direct computation reveals that

u(g)m(a)u(g) & (h) =moay(a). (2.1)
This last relation between u, @ and w is called the covariance relation between 7 and u.

Definition 2.1.0.8. We define R (A, G, a) as the von Neumann algebra on R generated by w(A) and
u(G). It is called the crossed product of A by G with respect to a. When A = C then we denote it by
R (G) and call it the group von Neumann algebra of G.

We fix now an abelian von Neumann algebra A, a group G and an action «. For ease of notation we
denote the crossed product of A by G with respect to a by R(A). Our aim this section is to deduce
how the elements in R(A) behave. We will first represent elements of R(A) in terms of of 7 (A) and
u(g), g €G.

Proposition 2.1.0.9. For every x € R(A) we can find a unique A valued function on G, also denoted
by x, such that

z="Y_ (x(g))ulg).
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Proof:

Let R (A), be defined as

R(A), = Z m(z(g))u(g) ; x: G — Ais a function with finite support » . (2.2)
geG

Suppose that y € R(A), then y* is of the form }: .. u(g~Hm(x(g)*), using (2.1) we conclude that

v =Y m(ag(ylg™"))) ulg) € R(A),.

geG

Similarly we find that if y,z € R(A),, then yz € R(A),. As such R(A), is a * algebra. Since R(A) is
the von Neumann algebra generated by m(A) and u(G), it holds that R(A), C R(A). Using that R(A),
contains the generator set of R(A), we conclude that R(A), is weakly dense in R(A). For g € G we
define an operator P, : R — H by

Py () =¢ (g_l) .

Its adjoint Py : H — R satisfies

0 when p # g1,
h when p =g~ ! heH gped.

Py (h) (p) = {

It follows that
Pyu(h) = Pyp,
(Pym (@))€ = m(@)€ (57) = a6 (71) = (g (a) Py
Note that P, P, (h) = h for all h € H and g € G. As such it follows that
Py (a) P} = oy (a) PPy = ay(a).

Furthermore we have that

0 when p # g1,

P;Pg(g)(p):{ 5(9_1) when p = g~1 EER g,pedC.

We conclude that {P; Pg}ge o Isan orthogonal family of projections in B (R) with sum equal to 1. We
find that

> Prag(a)Py=Y_ P;Pym(a)=m(a).

geG geG

Suppose now that x is of the form (2.2), then

PaP; =Y Per(z(g))ulg) P

geG

= Z o (x(g)) Peu(g) P}
geG

=Y x(g) PP =x(e) € A,
geG

by density of R (A), we conclude that for all z € R (A) we have P.xP € A. For ease of notation we
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define E (r) := P.xP;. Now let again x be of the form (2.2) and consider u (g) zu (g)*, we find

We conclude that that E (u(g) zu(g)") = oy (z () ag (E (x)) for all z € R(A),. By density this

identity extends to R (A). For z € R (A) set z (9) := E (zu(g)"), note that z (g) € A for all g € G. We
see that z gives rise to a A valued function on G.

Consider now P,z Py, note first of all that Py = (P.u(h))*. Since h = gg~Lh we find that
Py = (Peu(h)" = (Peulg)u(g™h)) =u(g~h) ulg)" PZ.
We use this to deduce that
PyzP; = Pou(g)au (g~ 'h) u(g)" P
= E (ulg)ou(97'h) ul9)")
=y (B (zu(g™'h)")) =ay (= (s7'n)).

We find the following equalities

z= Y (P;P,)x(P;Py)
g,heG

=y (Z Py (z (p))Pg) u(h)

peG \ g€l

=Y w(z®)ulp).

peEG

At () we switched to p = g~ 1h. In total we conclude that every z € R (A) is of the form

z ="y m(x(g))ulg), (2.3)

geG

with z (p) := E (zu (p)*) as the A valued function on G. it is not difficult to see that this expression is
indeed unique. O
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We will now turn to the arithmetic in R (A). Using formula (2.3) we find that

zy(9) =Y w(h)an(y(h'g)),

heG
v (9) =0y (2(s7)").

This describes how the elements of R (A) act on R.

2.2 The influence of the action o and the group G

In this section we will investigate how the action a : G — Aut (A) influences the structure of R (A). Tt
will turn out to be the case that if « is free and ergodic (defined below), then R (A) is a factor. To show
this we will first investigate what the necessary and sufficient conditions for « are to be free and ergodic.
We start by defining what we mean by free and ergodic.

Definition 2.2.0.10. Let f be a projection and let ¢ € Aut(A). We call f absolutely invariant for ¢
when ¢ (f) = f, and the restriction of ¢ to Ay is trivial. An automorphism ¢ is called free when it has no
nonzero absolutely invariant projections. Given a triple (A, G, «) with a: G — Aut(A) an action. We
say that the action « is free when a(g) is free for all g € G, (g # e). We say that the action « is ergodic
when o (G) has no non-trivial invariant projections other then 1 and 0. In other words « is ergodic when
there is no non trivial projection f such that ag(f) = f for all g € G.

Since we are considering an abelian von Neumann algebra we can simply denote A = L (€, ) for some
Borel measure space {2 with measure p. Any automorphism v € Aut (A) induces a homeomorphism T,
of Q via T, (w) () = w (v (z)). Consider the set I' := {w € Q: T, (w) = w}. We pose the first necessary
and sufficient condition for v to be free.

Proposition 2.2.0.11. Suppose that v is an automorphism of A. Denote by T, : 8 — Q the homeo-
morphism associated to v and set T := {w € Q ; T, (w) =w}. Then 7 is free if and only if u(I") = 0.

Proof:

Suppose that 7 is free and let p be the projection onto I', that is, p is indicator function of I". For
w € Q we find

p(w) = p(Ty(w)) = Ty (w)(p) = w(v(p)) = 7(P)(w).

We conclude that p is invariant for v. Suppose now that a € Ap. If p(w) = 0, that is w € I'°, then
~v(a)(w) = v(ap)(w) = y(a)p(w) = 0. Consider now ~y(ap)(w) for w € I'. We find

Y(a)(w) =Ty (w)(a) = w(a) = a(w).
We conclude that p is absolutely invariant. Because -y is free p = 0, hence u(I") = 0.

Suppose now that u(T') = 0, and that v has an absolutely invariant projection p. Since p is a pro-
jection, it is, modulo a subset of measure zero, defined by a subset of V' C 2. Consider w € V. For all
a € Ap we find a(w) = v(a)(w) = Ty(w)(a) = a (Ty(w)). We conclude that T, (w) = w, as such V' C I".
But u(I") = 0, hence p = 0. O

This already gives a necessary and sufficient condition for v to be free. Using this we shall now give
another characterization for v to be free.

Proposition 2.2.0.12. An automorphism vy is free if and only if the condition xa = avy (x) for allz € A
implies a = 0.

Proof:

Suppose that v has some absolutely invariant projection e. It follows that ze = v (ze) = v (z) e, hence
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there exists some nonzero element e satisfying the condition. Suppose now that there exists some nonzero
a such that za = ay (x) for all x € A. Then for w € Q we have
za (w) =w(z)w(a)
=w(a)w(y(@))
=w(a) Ty (w) (2).
Hence = (w) = « (Ty (w)) for all w with a (w) # 0. We conclude that T (w) = w when a (w) # 0. Note
w

)
that {w € Q : a(w) # 0} is a measurable set in Q. Since @ is nonzero (u ({w € O : a(w) # 0}) # 0. We
conclude that p(I") # 0 as desired. O

Consider now a triple (A, G,«a) with A an abelian von Neumann algebra acting on H, G a countable
discrete group and « : G — Aut (A) a free action. As defined in 2.1.0.7 we have a representation
m: A— B(H® L?*(G)) and a unitary representation of G into B (% ® L? (G)). We will show that the
canonical image of A is maximal abelian when « is free.

Proposition 2.2.0.13. The image of A under 7 is mazimal abelian if and only if o is free.

Proof.
Recall from 2.1.0.9 that every element in € R (A) can be written uniquely as

z=> m(x(g)ulg).
geG
Now suppose that « commutes with 7 (A). For all a € A we find that

m(a)z =) m(az(g))u(g)

geG

am(a) =Y m(z(g)ulg)m(a).

geG

Consider the term u (g) 7 (a), we have by the covariance relation that u (g) m (a)u (g)" = 7 (ay (a)). Thus
u(g)m(a) =7 (aq(a))u(g), as such

am(a) =) m(z(g))u(g)m(a)

geG

=) m(zl(g)ay(a)uly).

geG

Putting this together and using the uniqueness of 2.1.0.9, we that conclude az (g) = z (g9) aq (a) for all g.
But now we use that « is free to conclude that x (¢) = 0 when g # e. It follows that x = 7 (z (e)) € 7 (A),
that is, A is maximal abelian.

Suppose now that m (A) is maximal abelian but « is not free. There exists some gy # e such that
ag, has an absolutely invariant projection p. Let x = 7 (p) u (go), for a € 7 (A) we have

7 (a) 7 (p) u(g0) = 7 (ap) u(go)

thus z commutes with 7 (A). But on the other hand 7 (p) u (go) € 7 (A) this is a contradiction because
7 (A) was assumed to be maximal abelian. O

We will now state the necessary and sufficient conditions under which R(A, o, G) forms a factor.
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Theorem 2.2.0.14. Suppose that o is a free action of G then the following statements are equivalent.
1. « is ergodic.
2. R(A,a,G) is a factor.

Proof:

1=2

Suppose that « is ergodic, because « is also free it follows that 7 (A) is maximal abelian in R (A, a, G).
It follows that Z (R (A, a, G)) C m(A). Soif z € R (A, a, G) commutes with R (A, a, G) then z € 7 (A).
If v € Z(R (A, a,G)) then in particular  commutes with u (g) for all ¢ € G. So the question becomes
when does 7 (a) commute with w (g) for all g7 Suppose that 7 (a)u (g9) = u(g) 7 (a). Then by the co-
variance relation (2.1) we conclude that 7 (a) = 7 (ag (a)). It follows that ay (a) = a for all g. Consider
now the set M :={zx € A; a4(z) ==z for all g € G}, M is obviously a *-sub algebra, it contains 1 and
also if z; — z with {z;} C M in the strong topology then z € M. We conclude that M is a von
Neumann algebra. It follows that M is generated by its projections. In particular if M is not equal
to C then M has nontrivial invariant projections. But we assumed that « was ergodic so M = C. As
such Z (R (A, a, G)) = C. We conclude that R (A, a, G) is a factor. Note here that M = Z (R (4, o, G)) .

2=1
Suppose that R (A, «, G) is a factor. It follows that M = C thus « has no nontrivial invariant projections,
that is, a is ergodic. O

We will now simplify the situation, let A = C and «4 is the identity automorphism for all g. We
define R (G) := R (A, a, G). We see that R (G) acts on the square summable functions f : G — C. By
definition « is an ergodic action (since the only projections in C are 0 and 1), however it is never free.
Lets look at the canonical image of A = C in R (G). Since ay = 1 for all g we conclude

By (2.3) an element z € R (G) is of the form 3 o 7 (z (g9)) u(g). Here z (g) = Peau (g9)" Pr. Since 7 (a)
can be identified with a, the formula reduces to z =3 ¢z (9) u(g). Consider the map z : G — C, let
& € L? (G) be defined as

1 when p = e,
e (p) =
0 when p # e.

Consider now x&., we find

I
8
—~

)
~—
I
®
—~
bI
—
S
~

=z (p).
Since z¢. € L? (G), it follows that > pec |7&e (p) |? < 0o, as such > pec | (p) |2 < 0o. We conclude that
x: G — C is square summable. We find the following inequalities for the norm on R (G):
2
zllz2 < [lzllz(q)

<D e ul9l

e

=Y lz(9) =zl

geG

We conclude that every L! (G) function has a canonical image in R (G). Some L? (G) functions are also
in R (G) but not all. It is instructive to classify self-adjoint elements in R (G), so suppose z € R (G) is
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self-adjoint. It follows that

et = Au(g)
geG
= Z Ag-1u(g)
gea
T = gt (g)
geG

Hence if z = z* if and only if )\79 = Ag-1, in particular if A, is not real then z is not self-adjoint.
Since R (G) is completely described by the group structure on G, it is reasonable to assume that there
are criteria on G that make R (G) into a factor. Luckily these are not that hard to find.

Proposition 2.2.0.15. Let G be a countably infinite discrete group and let R (G) be the group von
Neumann algebra of G. Then R (G) is a factor if and only if every conjugacy class

C(g) = {hgh_1 ; he G} CG,
is infinite except when g = e.

Proof:

Suppose that every conjugacy class of G is infinite except when g = e. Since R (G) is generated by
{u(h) ; h € G} it follows that & commutes with R (G) if and only if it commutes with u (k) for all h.
Suppose that x € R (G) commutes with R (G), we find that zu (h) = u (h) z so u (h) zu (h)" = z thus

x=u(h)zu (h)*

—Zﬂoah (hgh ))

geqG

=Y z(g)u(hgh™")

geqG

=Y a(hgh™ ") ul(g)

geG

r=Y z(g)ulg).

geG

We conclude that if 2 commutes with R (G) then z (g) = = (hgh™') thus z must be constant on every
conjugacy class of G. Suppose x (g) # 0 for some g # e then >° - |2 (9) 2> e |z (hgh™) |2 = oo,
contradicting the square summability of z. It follows that 2 = x (e) € C thus R (G) is a factor. On the
other hand suppose that G has some finite conjugacy class C (go) with go # e thenlet z =3 ) u(9)
by our previous arguments & commutes with R (G). O

Groups with the property that they are countably infinite and only have infinite conjugacy classes are
often abbreviated to ICC groups and there are many of them. Some examples:

e the free group on two or more generators,
e the group of finite permutations on a countably infinite set,
e the cartesian product of a finite number of ICC groups.

We will now consider projections in R (G) and deduce some constraints on the coéfficients. Let f € R (G)
be a projection, thus f = f* = f2. We have that f is of the form

F=> fl9)u

geG
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We haver already seen that f (g_l) = f (g), consider now f?. We find the following

=D fl@uly) <Z f(h)U(h)>

geG heG

=Y > @) fh)ulg)u(h)

ge€G heG

=> > fl9fh)u(hg)

g€G heG

=> fp)ulp) =r

peG

1 it follows that for all p we have

F)=> f@f(pg™).

geG

For each g let h = pg~

Since f is self adjoint it also follows that f (p~!) = f (p), consider now f (p~1!) we find

Y F@) g™ =F
geqG
=fr")
=> o) f g™

geG

=> flg g

geG

=> fl@f 'y

geG

=Y 1@ (™)

geG

=> f@fg'p)-

geG
In total we conclude that for any projection f it must hold that
Y fo)(flpg™) ~ S (9'p) =0
geG

Remark.

Note here in particular that f (e) = deG f(g) f(g) >0 so that f(e) > 0 when f is not zero. Suppose
that f and h are projections such that f —h > 0. Then f — h is again a projection so (f —h)(e) > 0
and if (f — h) (e) = 0 then h = f. We will now deduce of what type R (G) is if G is an ICC group.

2.2.1 Construction of a type /I; factor

Here we construct a factor of type I1; using the crossed product construction.
Theorem 2.2.1.1. If G is an ICC group then R (G) is a factor of type I1;.

Proof:

We have already seen that R (G) is a factor, if we can show that 1 € R (G) is a finite projection then it
must necessarily follow that R (G) is of type ;. Suppose for the moment that we have shown that 1
is finite. Then the case type I is ruled out because finite type I factors are just B (C™) for some n € N,
hence finite dimensional. Clearly R (G) is of infinite dimension, thus if 1 is finite then R (G) is of type
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II;. What remains is to show that 1 is a finite projection. Let f be a projection such that f ~ 1 then
there exists some r € R (G) such that 7*r = f and rr* = 1. Consider rr*, we find

l=u(e)=rr"

- (Zrwew) (rmae)

gea heG
= Z Z r(g)r (h)u (hilg) .
g€G heG

For each g let h = g then we conclude that > ;7 (g9)7r(9) = 1. For each g let h = gp~ ! with p # e.

then we find that
m*(p) =Y r(g)r(gp~") =0.
geG

Now consider 7*r (e), we find

rr(e) =) Y r(gr(g) =1

ge€G heG

It follows that r*r (e) = rr* (e) = 1. Since rr* = 1 it follows that rr* — r*r =1 — f > 0. Using our last
remark we conclude that r*r = rr* = 1, that is, R(G) is a fatcor of type I1l;. O

Note that the argument above actually shows more, namely that all projections in R (G) are finite.
If h and f are equivalent projections then f (e) = h(e). Now we use the comparability theorem 1.1.0.16
to conclude the following: Suppose f and h are projections then either f < h or h < f. To determine
which one holds one only needs to consider h (e) and f (e) if f(e) < h(e) then f < h and vice versa.
Note also that f ~ h if and only if f(e) = h(e). It follows that the equivalence classes of projections
in R are uniquely determined by their e coéfficient. If f is a projection then f(e) < 1 thus f (e) takes
values in [0, 1] for any projection. The map M : R (G), — [0, 1] defined by

M(f) = f(e),

extends to a faithful finite normal trace on R (G) (defined in 3.1). Perhaps an odd consequence is that
if f is a projection with f (e) = % then f ~1— f.

We now leave the study of crossed products but we will return to it later. The example of a type
11, factor described above can be constructed without going far into the theory of traces. We will now
go in to the theory of traces to gain a better understanding what the existence of a trace, with perhaps
desirable properties, implies for the type of the von Neumann algebra it acts on.
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CHAPTER 3

Traces and the construction of type
Il and type [I] factors

3.1 Traces

In this chapter we will use the theory of traces to construct a type Il and a type III factor. The first
section is devoted to the basic theory of traces. We will see that the theory of traces only applies to von
Neumann algebras which are not of type I1I1. Later on we give an example of a type I, von Neumann
algebra and a type I1] von Neumann algebra. We conclude this section with the application of traces to
the representation theory of a type I or II von Neumann algebra. The result of this application is the
conclusion that a von Neumann algebra is anti-isomorphic to its own commutant. This in turn implies
that A and A’ are of the same type.

Definition 3.1.0.2. A trace on a von Neumann algebra A is a map 7 : Ay — [0, 00] with the following
properties

1. 7(x+y) =7(x)+7(y) withz,y € Ay,
2. 7 (Ax) = A1 (x) for A >0,
3. 7 (z*x) = 7 (x2*) for all x € A.

Here A denotes the positive cone in A. Note that from the definition it follows that if a,b € A with
b < a then 7 (b) < 7 (a). A trace 7 is called faithful when 7 (x) > 0 when z > 0, semifinite when for all
nonzero x € A, there exists a nonzero y € A, with 7 (y) < oo such that y < x, finite when 7 (1) < oo,
normal when sup7 (z;) = 7 (supz;) for every bounded increasing net {z;} in A;. Note that a finite
trace 7 extends uniquely to a linear functional on A because A, spans A linearly and 7 (z) < oo for all
x € Ay. So a finite trace is just a positive linear functional enjoying property 3. Also if 7 is finite then
we can, by rescaling, assume that 7 (1) = 1.

We start by deriving some general properties of traces.

Proposition 3.1.0.3. If 7 is a normal trace then there exists a unique central projection z € A with the
property that T is faithful on Az and 7 =0 on A(1 — z).

Proof:
Let £ := {f € Ay ; 7(f) =0}, € has a least upper bound e = \/,o f. Denote & = {f;},.; and for
1€ I set
€; = \/ fj'
Jj<i
It follows that {e;} is a bounded increasing net in A4, as such
T(e)=1 <sqp ei) =supT(e;) =0,

by the normality of 7. Obviously e is the largest projection with the property that 7 annihilates it. The
claim is that e is central. Suppose not then e and 1 — e are not centrally orthogonal, by (1.1.0.15) there
are projections p; =< e and p = 1 — e with the property that p; ~ py. There exists r € A with r*r = p;
and rr* = po, we use now the trace property to conclude that

0=7(p)=7("r) =7 (") =7 (pa).
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But then py < e, contradiction. We conclude that e must be central. Set z =1 — ¢ and let x € Az,
be nonzero, Since Az is generated by its projections it follows that there exists a bounded increasing
net of finite linear combinations of projections (with coéfficients > 0) converging to z. Using that for
all nonzero projections f < z it holds that 7(f) > 0 and that 7 is normal, we conclude that 7(x) > 0.
Obviously by the same argument 7 is zero on A (1 — z), uniqueness follows by construction. O

The projection z in the argument above is called the support projection of 7 and will be denoted by
z (7). Note that if A is a factor then for every normal trace 7, either 7 is faithful or 7 = 0.

Proposition 3.1.0.4. Given a family {7;},.; of semifinite normal traces on A with orthogonal supports
z; = z (1;) then the map
7= Z Tis
i

is also a semifinite normal trace.

Proof:

That 7 satisfies properties 1,2, 3 of definition 3.1.0.2 is obvious. We only need to show normality and
semifiniteness. Normality follows from the fact that supremum and summation commute when every
term is nonnegative. For semifiniteness we note that if 7 () is nonzero for some z then it is nonzero for
some 7;. We have that 7; () = 7 (2;2). Since 7; is semifinite there exists some y; < z;x < z such that
T (y) = 7 (y) < co. we conclude that 7 is semifinite. O

We find that we can add semifinite normal traces with orthogonal support to produce other semifinite
traces. The next proposition is an analogy of 3.1.0.3.

Proposition 3.1.0.5. Suppose T is a normal trace on A then there exists a unique central projection
projection z such that T is semifinite on Az and T (x) = oo for allz € A(1—2z),.

Proof:
Let Z : {x € A; 7(2*z) < oo}, we shall show that Z is an ideal of A. Let x € Z then 7 (a*z) =
7 (zx*) < 0o so * € Z. Also 7 is closed under scalar multiplication. Suppose that z,y € Z, note the
following inequality:
ry+ytr <axtz+y'y.

This is true because

sdrtyty—aty—yr=a"(@—y)+y (y—2)

=z (z—-y)—y (z—y)

(@ —y)(@-y)=(@-y) (z-y) =0

It follows that
T ((m +y)" (z+ y)) <27 (x¥x 4+ y'y) = 27 (x¥z) + 27 (y*y) < o0,

as such z +y € Z. Suppose that a € A and x € Z. By the spectral radius formula we obtain (az)” (az) <
lla||? #*2. As such az € T, so T is an ideal of A. Taking the strong closure of Z (making Z a von Neumann
algebra) we find that there exists a unique central projection z € A that acts as a unit for Z. It follows
that Z = Az. Pick now a strongly convergent increasing net e; in Z converging to z, then for any = € Az
we have
r = lim e,
K3

It follows that 7 (ze;) < oo and ze; < x thus 7 is semifinite on Az. By construction 7 (z) = oo if
r € A(1 - 2), is nonzero. O

To summarize: Given a normal trace 7. By 3.1.0.3 and 3.1.0.5 we can find three unique central pro-
jections z1, z9, z3 with Zle z; = 1, such that 7 is zero on Az, semifinite and faithful on Az and 7

restricted to Azz is faithful but takes only the value co for all nonzero x € A (z3)_ .
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It is instructive to return to our example of a type I1; factor, by 2.2.0.15 an ICC group (infinite conjugacy
class group) G gives rise to a type II; factor by crossing it with the complex numbers C. By 2.1.0.9 every
element = € R (G) is uniquely expressed by a function f, : G — C such that

r=Y fa(g)ulg).
geG

Proposition 3.1.0.6. If G is an ICC group then its group von Neumann algebra R(G) allows for a
faithful finite normal trace.

Proof:
Consider the positive cone of R (G) and set 7 : R(G), — [0,00], 7 (2*x) = fr+z (e) The claim is
that 7 is a finite faithful normal trace on R (G). Why is this the case? It is obvious that 7 is finite since

7 (1) = 1. To show that 7 is faithful we only need to show that if x € R (G) is nonzero then f, -, (e) is
nonzero. We find

> flg Hulg) (Z f(h)u (h)>

¥ =
geG heG
=YY flg7Df (W) u(hg)
g€G heG
forz (e) = Zf(g*l)f (g_l) >0 when x # 0,
geG

so 7 is faithful. We also find that 7 (z*z) = 7 (z2*) via the same argument. That 7 respects multiplica-
tion and addition is immediate. To show that 7 is normal is also immediate because if z; is a bounded
increasing net converging to x then f,, converges pointwise to f;, in particular 7(z;(e)) — 7(z(e)). O

Remark: Note that one of the key features of a trace is that it is constant on equivalence classes.
Consider an infinite dimensional Hilbert space H and let A := B (). Then by 3.1.0.3 any nonzero nor-
mal trace is faithful. If there is x € B (#H) with 7 (z*z) < oo then by 3.1.0.5 we find that 7 is semifinite.
However T can never be finite, because if so then pick any projection f with 1 ~ f < 1. We find that
7 (f) = 7 (1) = 1, note that since 7 is faithful we have that 7 (1 — f) >0sol=7(1)=7(f+ (1 - f)) =
T()+7(1—=f)=1+7(1—f) > 1, clearly a contradiction. We conclude that if 7 is a nonzero normal
trace on B (H) where H is infinite dimensional then either 7 is semifinite or 7 (x*z) = oo for any nonzero
2 € B(H). The point is that if we can construct a nonzero finite trace on some factor A then A4 is either
abelian, of type II; or A = B (#) for some finite dimensional Hilbert space. Note that in the argument
above, if f is a projection with 7 (f) < oo then f is a finite projection.

Now we will construct a semifinite faithful normal trace on B (H). Let F (H) be the finite rank op-
erators on H.

Proposition 3.1.0.7. Let H be any Hilbert space. Then B(H) allows for a semifinite faithful normal
trace.

Proof:
Claim 1. F (H) is strongly dense in B (H).

We will prove Claim 1 after constructing the trace, for the moment assume that Claim 1 holds. Given
a finite rank operator a and a complete orthonormal system {e;},.; for H. Define 7o on F(H) as follows

70 (a) == Z (ae;, e;) .
il

Note that 79 (a*) = 70 (a) so if @ = a* then 7 (a) € R. Also if (a), ; is the matrix representation of a with
respect to the basis {e;},.; then 7o (a) = >, a; ;.
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Claim 2. 79 is independent of the orthonormal system {e;}.

Proof of Claim 2.

Given another orthonormal system {f;} Then the following holds

jer

@) = Y (aeiser)

il
:Z<a/ Z<ezaf]>f] aZ<eiafk}>fk:>
el Jjel kel
:ZZ 617 a‘fj, el;fj>fj>
el jel
=3 e £ (af, £3)
iel jel
= {afi 1)
Jjel
so indeed 7q is independent of the orthonormal system. O

Set now 71 (@) := 7 (|a]) with |a| := Va*a, it follows that
1 (a) =70 (|al) ZZ V Qk,iQk,i
- = m e = ).
ik

Thus for all @ € F (H) we have that 71 (a*a) = 79 (a*a) = 19 (aa*) = 71 (aa*). For a € F (H) we define

llally = 71 (a) = 70 (|al) -

Taking the closure of F (H) in B (#) with respect to the norm ||.||; gives us the so called trace class
operators, denoted by T (#). For all a € B (H) we have

lall < llafl, -

By the arguments in 3.1.0.5 we find that the trace class operators 7 (H) form an ideal inside B (#H). If
we denote by C (H) the compact operators in B (#) then 7 () C C (H). Let p; be a increasing net of
finite rank projections in 7 (#) converging to 1 and let a be positive, define

7 (a) = sup 7o (p;a) .

%

Note that this does not depend on the net {p;}. Obviously it follows that 7 is semifinite, that it is normal
follows from the fact that it is normal on finite rank operators. To prove that Claim 1 holds one only
needs to note that the finite rank operators form a two sided ideal in B (#). Since B (H) is a factor, it
follows that the strong closure of the finite rank operators is B (H). O

Definition 3.1.0.8. If A is a von Neumann algebra we say that A is semifinite when Az = 0.
So A is semifinite when it has no summand of type I11.

Proposition 3.1.0.9. Suppose that A is a von Neumann algebra and B is a type I factor. If A admits
a semifinite faithful normal trace T then so does M := ARQB.

Proof:
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Since B is a type I factor, it is isomorphic to B (H) for some Hilbert space H. As such there exists
a matrix unit {p; ;}, ;; in B, here |I| = dim (). The tensor product A®B is represented by a matrix

(%ij); jer With entries from A. For z € M set
? = Z T ('I'L',i) .
iel

It follows that for any y € M we have 7 (y*y) = 7 (yy*), additivity and homogeneity follow immediately.
If 7 (z*z) = 0 then

% J
= Z Z T (m}‘lm”) .
g

*

Where the last equality follows from the normality of 7. Since 7 is faithful it follows that z},z;;, = 0
thus z;; = 0 for all 4, j, hence z = 0. We conclude that 7 is faithful. That 7 is normal follows from
the usual interchanging of summation and supremum. To show that 7 is semifinite, let © € M,. If
z = (xi,7) pick any ig € I such that (2,,4,) # 0 and set (zg), ; := iy, if i = ip and j = ip and zero
otherwise. So we picked a single diagonal entry and replaced everything else by zero. It follows that
T(®iyiy) = T (xo) < T(x). Since 7 is semifinite we can pick yo < x;,4, such that 7 (yo) < oo. Set
(¥); ; = Yo when i = 4o and j = g and zero otherwise. It follows that 7 (y) = 7 (yo) < 00 and y < , we
conclude that 7 is a semifinite faithful normal trace on M. O

Proposition 3.1.0.10. If there exists a faithful semifinite normal trace T on A then A is semifinite.

Proof:

Suppose that A has a faithful normal semifinite trace, we need to show that every central projection
dominates some finite projection. Let e be any projection, since 7 is semifinite there exists some posi-
tive x < e with 7 () < co. By the spectral theorem we can pick a projection f and r > 0 such that
rf < x. It follows that 7(f) < 1r(z) < oo, so 7(f) < oo. Since 7 is faithful it follows that f is
finite. We conclude that if 7 is a semifinite normal trace then every projection dominates some finite pro-
jection. In particular every central projection dominates some finite projection, as such A is semifinite. [

The converse to this statement is also, we will sketch the proof. Suppose that A is semifinite then
by 1.3.2.6 and 3.1.0.9 we only need to construct traces on finite von Neumann algebras. We already have
that B(C™) allows for a finite trace. Abelian von Neumann algebras allow for a finite trace if and only
if they allow for a faithful positive linear functional. Each abelian von Neumann algebra allows for such
a functional since each abelian von Neumann algebra allows for a separating and cyclic vector, see for
details 4.1.1.4. it remains to be seen that all type II; algebras allow for a faithful finite trace, without
proof we state that they do, for proof we refer to [8].

We can now construct a type Il factor. We will do this using a type II; factor derived from an
ICC group.

3.1.1 Construction of a type I/, factor
As an application of traces we will now construct a type I, factor using some of the properties of traces.

Theorem 3.1.1.1. Given an ICC group G and a separable Hilbert space H then R(G)QB(H) is a factor
of type Il .

Proof:
Recall that a countable ICC group G gives rise to a type I3 factor on a separable Hilbert space by con-

sidering its group von Neumann algebra R (G) (see 2.2.0.15). We concluded that the map 7 : R (G) — C
defined by



is a faithful finite normal trace on R (G) (see 3.1.0.6). Let now H be an infinite dimensional separable
Hilbert space and consider M := R (G) @B (H). After selecting a matrix unit in B () we can represent
elements of M by matrices z = (x; ;) with x; ; € R(G) and i,j € N. We now know that M admits a
semifinite normal faithful trace 7 derived from 7 namely

7 ((zi,5)) = ZT (i) -

%

As such M has no summand of type III (since it allows for a semifinite normal faithful trace). Since
B (H) is a factor it follows that Z (M) = Z (R (G)) = C so M is a factor. If M allows for a finite trace
then in particular the identity would be a finite projection but it clearly is not. We find that M is not of
type I1;. Also M does not contain all bounded operators on L? (G) ® H because R (G) does not contain
all bounded operators on L? (G). We conclude that M is not of type I. So far we have ruled out the
cases type I,1I; and I, it follows that M is of type [1. O

We conclude that an ICC group G gives rise to a type Il factor and by considering its tensor prod-
uct with B (H) for some separable infinite dimensional Hilbert space H, it gives rise to a type Il factor
on a separable Hilbert space. Note that the separability is not necessary for M to be of type I1,,. We
picked a separable space to construct a type Il factor on a separable Hilbert space. This is to show
that type I, factors are not restricted to spaces of dimension > .

3.2 Trace and crossed products

In this section we return to the crossed product of an abelian von Neumann algebra A with a group G
with respect to some free and ergodic action o : G — Aut (A). We will see that the type question of the
crossed product R (A, G, ) depends very much on which kind of traces A admits. Since A is abelian it
allows for a faithful semifinite normal normal trace. We will see that the type of R (A, G, ) depends on
how this trace interacts with the action a. In this section we will assume that the action « is free and
ergodic (see 2.2.0.10).

Consider an abelian von Neumann algebra A together with a group G and an action « : G — Aut(A.
We construct the crossed product of A with G as in 2.1.0.8, and denote it by R(A, G, ).

Proposition 3.2.0.2. Suppose T is a semifinite faithful normal trace on A which is invariant under o
for all g. Then T defines a semifinite faithful normal trace T on R (A, G, «) by setting

T(x):=7(x(e)).
Proof:

Pick ¢ € R(A,G,a) then z = y*y for some y € R(A,G,a). Using that 7 is invariant for o, and
that A is abelian we find

We conclude that 7(y*y) = 7(yy*) for all y € R(A, G, «). That T respects multiplication with elements
from R, and respects addition is immediate. If x € R(A, G, ) is positive and nonzero then z(e) € A
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is positive and nonzero. As such, 7(z) > 0, we conclude 7 is faithful. Normality and semifiniteness of 7
follows from the normality and semifiniteness of 7 on A. O

We see that a faithful semifinite normal trace invariant under « on A gives rise to a semifinite faith-
ful normal trace on R (A, G, «). As such, if A allows for a semifinite faithful normal trace invariant under
a then R (A, G, «) is not of type ITI. Note that the trace on R(A, G, «) is determined by the trace on
A. There is a converse to this statement namely:

Theorem 3.2.0.3. Suppose that T is a semifinite faithful normal trace on R(A,G,«). Then the restric-
tion of T to w(A), denoted by T4, is a semifinite faithful normal trace on A. Moreover T4 is invariant
under the action of «.

proof:

Given a semifinite faithful normal trace 7 on R (A, G, «). Then 74 is a normal faithful trace on 7 (A).
We will now identify A with its image 7(A) C R(A, G, @). What remains is to show that 74 is semifinite
and invariant under . Let a = bb* € A, and consider

TA (7 (g (a))) -

By the covariance relation, (2.1), we have u (¢) 7 (a) u (9)* = 7 (o, (a)). We find that

Ta (7 (ag (a)) = 7 (7 (ag (a)))
=7 (u(g)m () (b) ul9)")
=7 (7 (b)" 7 (b))
=7 ()7 (b)) =17 (7 (a)) =7a(7(a))

So indeed 74 is invariant under . What remains is to show that 74 is semifinite. Let a € A4,
then we can find y € R(A,G,a), with y < a and 7(y) < oo. Note that since a —y > 0 we have
that (a —y) (e) = a —y(e) > 0 so the natural candidate is y (e), however it is not a priori clear that
7(y(e)) < 7(y). We will show that this is indeed the case. We are given y € R (A,G,a), with y <a
and 7 (y) < co. Let U4 denote the unitary group of A and set

C(y) := conv{uyu® ; u € Uy}.

Let
R(
C(

K (y) be the weak closure of C (y), so K (y) is a weakly compact convex set. Note that K (y) C
A,G,a), . since C(y) is convex we have that the strong closure of C'(y) equals the weak closure of
Y). ote that each u € Uy acts as an affine transformation of K (y) into K (y), sending = € K (y)
to u(x) = uau* € K (y). Since U, is an abelian family of such transformations and K (y) is weakly
compact. The Markov-Kakutani fixed point theorem (see [1] for details) applies to this situation. It
states that there exists an ¢ € K (y) with u (z¢) = x¢ for all u € U4. This particular x¢ commutes with
every unitary from A, as such xy € A’. Using that the canonical image of A in R (A, G, a) is maximal
abelian, we conclude that xo € A. Let E : R(A, G, o) — A be defined by E(x) = x(e), that is, E is the
restriction of R(A,G,a) to A. Consider z € C (y) and u € U4 we find that

wru* () = B (uzu*) = B | Y7 (u) 7 (2 (9)) u(g) w <u>*>

=7(z(e)uu*)=m(x(e)) = E(x).

We conclude that E is constant on C (y). It is not hard to see that E is weakly continuous, as such F is
constant on K (y). Using this we find that

K(y)nA=FE(K(y)nA)
:E(ai‘o):xo.
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So x is in fact unique.

Note that 7 (uyu*) = 7 (y) so that 7 is constant on C (y). Let e; be an increasing net of finite projections
with sup,;e; = 1, and let € K (y). Note that the existence of such a net e; is guaranteed by the
semifiniteness of 7. There exists a net y; in C (y) converging weakly to x. We find the following expression
for z and 7 ().

T = sup (hm ejyiej)
j 7

T(x)="71 (sup (lim ejyiej)) =supT (lim ejyiej) :
joNi Y ’

Note now that for all j we have that e;R (A, G, a)e; is a finite von Neumann algebra so that 7 is restricted
to e;R (A, G, a)e; is a finite trace, hence continuous. We have thus that

7 (x) = suplim 7 (e;y;€;)
j 7

< limsup 7 (ejy;e;)
Fd
J

=lim7 (y;) =7 (y)-

In particular 7 (o) < 7 (y), but 2o = E (y) so 7 (E (y)) < 7 (y). In total we conclude that for a € A
we can find y € R(A,G,a), with y < a and 7 (y) < oo. Since y < a we have that y(e) < a but now
T(y) =7 (y(e)) thus 7 (y (e)) < 0o, and y (e) € A;. We conclude that the restriction of 7 to A is also a
semifinite faithful normal trace and invariant under the action of a. U

Remark Note that the action o was chosen to be free and ergodic, as such R(A, G, «) is a factor
by 2.2.0.14. Using 3.2.0.2 and 3.2.0.3 we conclude that R(A, G, ) allows for a semifinite faithfull normal
trace if and only if A allows for a semifinite normal trace invariant under a(G).

We are now ready to classify the type of a crossed product in terms of the trace and the action of ce. Our
last remark proves 4 in the following theorem.

Theorem 3.2.0.4. Let A be an abelian von Neumann algebra and let o : G — Aut (A) be a free ergodic
action of a countable discrete group G. Then R (A,G,«) is a factor and its type depends on « in the
following way:

1. R(A,G,a) is of type I if and only if A has a minimal projection p with Zg ag (p) =1.
2. R(A,G,a) is of type 11 if and only if A admits a faithful finite normal trace invariant under c.

3. R(A,G,a) is of type Il if and only if A has no minimal projection and admits a semifinite, but
infinite, faithful normal trace invariant under a.

4. R(A,G,«) is of type I11 if and only if A does not admit a semifinite faithful normal trace invariant
under «.

Proof:

1

Suppose R (A, G, a) is of type I, then R (A, G, ) = B(H) for some Hilbert space H. Thus R (A, G, a)
admits a semifinite faithful normal trace, namely the canonical trace on B (#). By 3.2.0.3 this trace
is also faithful, semifinite and normal on A thus A admits a finite rank projection. We conclude that
there exists some finite set of nonzero measure in the spectrum of A. As such we can select a point in
the spectrum of A with nonzero measure, meaning that A has a minimal projection p. Note now that
poyg (p) = 0 for all g # e (if not then by the minimality of p we have that a4 (p) = p for some g and
then p is absolutely invariant for «,, but this cannot happen since « is free). Making the substitution
g = h™'k with k # h and letting ay, act both sides of the equation we find

an (p) ax (p) =0,
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for all h # k. We conclude that the family {a, (p)}geg is orthogonal. Consider now the projection

e:Zag(p)a

and note that a4 (e) = e (by construction), thus e is invariant for all a,. By the ergodic property of «
we conclude that e = 1. So far we have proved the "if” part of 1. Now the ”and only if’ part, suppose
that A admits a minimal projection p with 7 _;a,(p) = 1. Since p is minimal in A we have that
pAp = Ap = Cp. For € R(A, G, a) consider 7 (p) zm (p) € R (A, G, ). We find

m(p)am (p) =Y 7 (p(9))ulg)~ (p)
= 7 (px(9) 7 (ag (p) u(g)

= (pz (e) p) € Cp.
So 7 (p) is also minimal in R (A, G, «), we conclude that R (A, G, a) is of type I.

2

Suppose that R (A, G, a) is of type I1;. Then by 3.2.0.3 its finite faithful normal trace is also finite
faithful and normal on A and invariant under «. If A admits a finite faithful normal trace invariant
under « then this trace can be extended to R (A, G, «) by 3.2.0.2 and remains finite faithful and normal.
Thus then R (A, G, ) is of type I'I;.

3

Suppose that R (A, G, «) is of type I then its semifinite (but infinite) faithful normal trace is semifinite
(but infinite), normal, faithful and invariant under o when restricted to A. If A had a minimal projection
then by the arguments above we would have concluded that R (A, G, «) is of type I but this is not the
case. As such A has no minimal projection. On the other hand, if A does not admit a minimal projection
and has a semifinite (but infinite) faithful normal trace invariant under « then R (A, G, «) is either of
type I or of type II,,. But note now that if R (A4, G, «) has a minimal projection p then A has one as
well. So R (A, G, «) must be of type IT. O

We will now explicitly construct a type I11 factor on a separable Hilbert space.

3.2.1 Construction of a type I/ factor

We need to find an abelian von Neumann algebra A and a countable discrete group G and an action
a: G — Aut (A) which is free and ergodic. If we pick this action in such a way that any semifinite
normal faithful trace on A is not invariant under «, then by 3.2.0.4 it follows that R(A, G, «) is of type
III. Consider R with the Lebesgue measure A and set

A:=L* (R, N).
Pick a rational number r € Q with |r| # 1, let ¢ € Q and let n € Z. For z € R we set
Vran () :=1"T 4 4.
Let G, be the set of transformations {’Y(r,q,n) 1, €Qne Z}. For 7(y,q) and (1) we find the following
identities:
Y(m,1) © V(n,q) (-'17) =iy + qu +1= Y(m+n,rmq+l)
Y(n,q) © V(m,l) (l‘) = Ternx +r"l+ q = Y(m+n,rrl+q)

Y(=n,—r—7q) © Tn,g = Y0,r—mg—r—nq = 70,0 = €.

We conclude that G, is a non abelian group and obviously it is countable. Since every element in G, is
an affine transformation of the real line, it gives rise to a self-map of A = L*>° (R, \) by setting

angf (€)= f (g (x)) = f(r"z +q) .
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It is easy to check that the following equalities hold

g fll = II£Is
Qg (1f) = panq (f),
g (f+9) = ang (f) +ang(9),
g (f9) = ang(f) - anql9),
ng (f7) = ang ()",
Qp,q (1) =1.

We see that o, ¢ : A —> A is an isomorphism. We define an action a : G — Aut (A) by setting

& (Vn,g) = Qg

So far we have constructed an abelian von Neumann algebra together with a group G and an action «.
It remains to be shown that « is free and ergodic and that no faithful semifinite normal trace is invariant
under «. First the ergodic property. If « is not ergodic then in particular there exists a projection e such
that o q(e) = e for all ¢ € Q, that is e(x) = e(z+¢q) for all ¢ € Q an z € R. In particular e(z) = e(x+1),
as such, by considering R/Z we may assume that the action of « is given on the interval [0, 1]. Note that
for given x € [0, 1] the orbit of z under {ag 4 ; ¢ € Q} is dense in [0, 1]. Consider the invariant projection
e, it gives rise to a measurable subset E C [0,1]. Let ¢ > 0 and pick a continuous function f with the

property that
/ |f —el dX<e.
(0,1]

Note that for all ¢ € Q and g € L*°([0, 1], A) we have that

/ 00.4(9)] A = / gl dA,
[0,1] [0,1]

3

this is because ag 4 shifts g over ¢, and therefor does not change its L! norm. We denote the L' norm
with ||-||;, using the invariance of e under «y 4 for all ¢ € Q we find the following inequalities:

lao.a(£) = Fll, = llaog(f) — e +e— fl,
< oo (£) —elly + lle = £,
= oo (f = Oy + lle = £,
—2)|f —ell, < 2.

Using the continuity of f and applying the Lebesgue dominated convergence theorem we find that for all
t € R the following holds:

/ If(w+t)—f(x)ldw:/ lim [f(z+ ¢) — f(z) de
[0,1]

[0, l]q—%
:qhﬁ)lt/|f(x+q) — f(z)] dx < 2e.

Using Fubini’s theorem and the fact that for all = € [0, 1] we have that f[o g f() dt = [, f(t+2) dt,
f(z) — flx+1t) dt

we find that
- /[o 1 0,1
/ / flz+1t)| dtdz
0,11 J0 1]
/ / flz+1t)| dadt
0,1] J[0,1]

< / 2¢ dt = 2e.
[0,1]

o8

Hf— f(t) dt dx

[0,1]

1



Consider the constant function A(F f[o 1 ) dz, we find that

le =AM, = lle = F+ f = ABE);
<lle=flly +1f = AEBI,

<lle—=fll, +|f / f(t) dt|| + f(t) dt — \(E)
[0,1] )
< 3e+ f(t) dt — MNE)
[0,1] .
§36+/ If —ell, dt
[0,1]
= 4e.

We let e tend to zero to find that [[e — A(E)||; = 0. This implies that either e = 0 or e = 1, translating
this back to the original action on R we find that if e is an invariant projection then e =1 or e = 0, that
is, a is ergodic.

Now to show that a4 is free for all n,q € Z x Q\ {0,0}. Suppose that «, , has an invariant pro-
jection e. Since e is a projection it gives rise to some set V that is invariant for v, , and )\( ) # 0. Set
for simplicity ™ = p so that 7, 4 (x) = pr 4+ ¢. Note that v, , has a unique fixed point ¢ = p because
r was chosen in to be of absolute value different then 1. Note now that if e was absolutely mvarlant for
Qg then all its points are fixed. But a4 has only one fixed point so then V' has measure zero. we
conclude that o, 4 is free for all (n, q).

What remains is to show that if a semifinite normal faithful trace is given then it is not invariant under
the action « of G,. Consider a semifinite normal faithful trace 7 and pick an increasing sequence e; of
finite projections (finite in the sense that 7 (e;) < oo) converging strongly to 1. This can be done since
A is separable. Set now 7; (f) := 7 (e; fe;), by normality it follows that

7 (f) =supi (f).

Note now that 7; is a faithful finite normal trace on e;Ae;. As such we have that (again by normality) it
is given by integration against some function ¢; in the predual of Ae;. Since 7; is faithful it follows that
the set {¢; = 0} has measure zero (note that here we pick some fixed ¢; in the equivalence class of ¢; and
work with that function). Since e; is a projection it gives rise to a set E; such that Ae; = L™ (E;, A). so
¢; is an element of L' (E;, \). We find an increasing sequence of functions ¢; such that ¢; € L' (E;, \).
We can assume that E; is a bounded set so that ¢; is a bounded measurable function on some bounded
set E; for all i. Define now

¢ (z) = sup ¢i (z).

Note that this is well defined since for all z € R we have that there is some i, such that € E; and as
such ¢ () = ¢;, (z). Note that the zero set of ¢ has measure zero because

{p =0} ={pr =0} U U {(fix1 — ¢i) =0y N{Eip1 — Ei}

i=1

We conclude that

A{e=0})=2({¢p1 =0}) + Z A({(it1 — ¢i) =0} N{Eiy1 — E;}) = 0.

Also via a similiar argument we conclude that A ({¢ = co}) = 0. By picking a suitable representative
in its equivalence class, ¢ can be regarded a positive function which is nowhere zero and is possibly
unbounded as z tends to plus or minus infinity. Furthermore it follows that

() = s (f —sup/f )65 (1) dA(x /f aA(x).

99



Let now v, 0 € G and let f = 1pg 17 be the indicator function over the interval [0, 1]. Consider 7 (an 0 (f)),
we find

1
r<f>:/0 b(x) dA ()
(o () = / " (@) dA(a).

If we picked r > 1 and n > 0 then by the fact that ¢ > 0, we conclude that

T(f) # 7 (om0 (f))-

In total we conclude that 7 is not invariant under the action « of G, that is, R (A, G, a) is of type II1.

We have used the crossed product construction to show that there are indeed factors of all types on
a separable Hilbert space. From the definition it was not clear at all that there are indeed factors of
type III. The type III algebras are now the main focus of study. It turns out that most of the von
Neumann algebras encountered in physics are of type I11, emphasizing the importance of understanding
them better. Sadly enough most of the techniques used to study type I and type I1 do not work in type
I1I. We will now proceed to a classical result in the theory of von Neumann algebras.

3.3 Tomita-Takesaki theory (semifinite case)

The Tomita-Takesaki Theorem states that any given von Neumann algebra A can be represented on a
Hilbert space H 4, constructed form A, such that A is anti-isomorphic to its own commutant. We will
state and prove the theorem for a semifinite von Neumann algebra and for an arbitrary von Neumann
algebra. The reason for this is that in the semifinite case one can prove the theorem using the trace, which
is guaranteed to exist. The proof for an arbitrary von Neumann algebra also works for the semifinite
case, however we feel that it is instructive to see that the existence of a faithful semifinite normal trace
can be used to construct the predual and a canonical representation on a Hilbert space derived from the
algebra in question. When reviewing this particular representation one concludes that there is not much
mystery left in the semifinite case. In some sense (which will be made clear later on) there is a striking
resemblance between abelian von Neumann algebras and semifinite von Neumann algebras.

Theorem 3.3.0.1 (Tomita-Takesaki (semifinite case)). Suppose that A allows for a semifinite faithful
normal trace T, then A is isomorphic to a von Neumann algabra w(A) on a Hilbert space H, and there
is an anti-linear isometry J : H, — H, such that Jr (A)J = 7 (A)".

Before we can prove this theorem we need some preparation. First we examine what the existence of
a faithful semifinite normal trace implies for the algebra it acts on. In particular we will construct a
Hilbert space which allows for an involution and multiplication derived from 7. This Hilbert space will
be the one considered in the Tomita-Takesaki theorem. Furthermore we will construct the predual of a
von Neumann algebra A4 with a faithful semifinite normal trace.

Given A with semifinite faithful normal trace 7. set N; : {x € A ; 7 (z*z) < co}. Since 7 (z*x) = 7 (z2™)
we have that if £ € A, then 2* € N, so N, is * closed. If m € A and = € N, then we find that

7 ((mx)* (mz)) = 7 (z*m*mz)
< ml* 7 (z"z).

We conclude that mz € N;. Since (xm)" = m*z* € N, and N, is  closed, we conclude that (xm)™" =
am € N, for all x € N, and m € A. By the inequality (z +y)" (z +y) < 2(z*z + y*y) we conclude
that N is closed under summation. We conclude that N is a proper two sided ideal of A. For a more
detailed description of these inequalities see 3.1.0.5. We will now show that 7 defines an inner product

on N, however this is not a priori clear. We would like to define on A,

(z,y) =1 (y"7),
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however 7 is only defined for positive elements. If in some way we could extend 7 to include non positive
elements, then it is not even a priori clear that 7 (y*z) is finite. We will show that this can in fact be
done.

Proposition 3.3.0.2. Suppose that 7 is a semifinite faithful normal trace on a von Neumann algebra
Aand N; = {z € A; 7(z*x) < oo}. Then on the ideal Z, == N; - N, we can extend T to be a faith-
ful positive normal linear functional also denoted by 7. The linear functional T satisfies the following
properties:

T 7(f) for all f € T,
7(af) =7 (fa) foralla e A and f € Z,,
T T(yr)  forallw,y € N

Furthermore for all x,y € Ny, we have that y*x € ., so that

(x,y), =7y ),
is a well defined inner product on N .

Proof:

Since N is an ideal of A it follows that

I, =N - N, = {anyn § Ty Yn € N7, mEN},

n=0

is also an ideal of A. Set F, := {x € Ay ; 7(z) < oo} and consider an element f € Z,. By construction
f is of the following form:
= Z YnTn-
n=0

The reason why we picked y;; in the formula above will be made clear now. Note the following identity

for y x,,, we have
3

dyrx, = Z i* (wn + ikyn)* (mn + ikyn) .
k=0

This formula is called the polarization identity for the product yx,. In total we conclude that f can be
written in the following form:

3

af =Y

i* (zn + ikyn)* (mn + zkyn) .
n=0 k=0

We conclude that Z is spanned linearly by Z-NA.. If f happens to be self-adjoint then f can be written
in the following form

4f = Z;) (x" + y”)* (m" + yn) - z_;) (-rn - yn)* (xn - yn) :

Note now that if f is positive then in particular we have that
m
4f < Z (zn + yn)* (Tn +yn) -
n=0

As such, we find that 7 (f) < oo when f € Z, N A;. We conclude that Z, N A+ C F,. On the other hand
if g € Fr then /g € N, thus g € Z, N A, we conclude that F, =Z, N A,.

In general if f is self adjoint then there are positive elements fi and f_ such that f = f, — f_.
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These elements can be obtained by considering the functions t; : R — R and ¢t_ : R — R where ¢, is
defined as

b (r) = T when r > 0,
* o 0 when r < 0,

and ¢_ is defined as

L) 0 when r > 0,
_(r) =
—r when r < 0.

By the functional calculus ¢4 (f) is well defined and is a positive element, the same holds for ¢_ (f)
and together they obey the relation f = t; (f) —t— (f). Note that ¢4 (f)¢_ (f) = 0 and that |f| =
ty (f) +t— (f). We define fi = t4 (f) and f- = t_(f). By the polar decomposition we can find a
partial isometry u € A such that f = u|f|. It follows that u*f = | f], since Z, is an ideal we can conclude
that |f| € Z, and thus 7 (| f|) < co. Using this we conclude that

(D) =7(f+ + ) =7(f) +7(f-) <oo,
in particular 7 (f1) < co and 7 (f-) < oco. We already concluded that 7, = Z. N A4 so it follows that
f+, f- €I,

Now we can extend 7 to a linear functional on Z, denoted for now by 7. For a selfadjoint element
f € Z. and positive elements h,v € F, such that f = h — v, we define

T(f)=7h)—7(v).
We first need to check if this is well defined before we can extend 7 further to non selfadjoint elements in
Z.. Suppose that f = hy —v; = ho —vs are two different representations of f with hy, ho,v1,v9 € Fr C Z;.
Then it follows that hy + vo = hy + v1 € F, thus
T(hl +U2) = T(hg +U1)
T (hl) + 7 (UQ) =T (h2) + T('Ul)
7 (h1) =7 (v1) = 7 (h2) — 7 (v2) =7 (f).
We conclude that 7 is well defined, so that we can choose h = f, and v = f_. Note also that 7 is R
linear because 7 is. If f € Z, is selfadjoint then we set 7 (i - f) =i -7 (f) so that 7 becomes C linear over
the selfadjoint elements of Z.. Given now any element f € Z, then there are h,v € Z, selfadjoint such
that f = h + iv. We extend T further by defining
T(f) =7(h)+i7 (v).
Again this is well defined so that we can pick h = R (f) and v = S (f). In total we find that

TH=mRU)y) -7 RUL)_) +ir (S()y) =it (S())-
From now on we will not distinguish between 7 and 7 and we will denote 7 simply by 7. Consider f € Z,

then f =R (f) +4S(f) and f* = R (f) —iS(f) thus 7 (f*) =7 (R(f)) —i7 (S(f)) =7 (/)
pick a* € A and let f € Z, then by the polarization identity and the linearity of 7 we find

3
Ta* f) =71 [Zz” (f +i"a)" (f +i"a)

n=0

3
= Z T [(f +i"a)" (f + i”a)]
n=0

3
= Zi”T [(f +i"a) (f —|—i”a)*]

n=0

3
=7 [Zz" (f +i"a) (f+i"a)*]

n=0

=71(4fa").
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We conclude that 7 (af) = 7 (fa) whenever fa € Z, (thus also when f,a € N;).

On N we define (-,-)_ by
(z,y), ==7(y"z).

By our previous considerations we see that for all z,y,2 € A, and A € C, the following identities hold

(x, ),

:0¢:x_0

(x, )
(oY), =7y'z) =7 (z*y) = (y,2),,

)y >
)
Y)
(r+zy), =7 (@+2) =7y r+y"2)=7(y"2) +7(y2) = (2,9), +(2,9),,
)
)
)

T

(v

(z,y + 2 (" +2")z) =7W'z)+7(z"2) = (x,9), +(z,2),
(Az,y (y" (Az)) = A (y"z) = Az, ¥),

L= T( y*x) = AT (y*z) = X (2, y) .

T

(2, \y
We see that (-,-) indeed defines an inner product on N as desired. O

We define now

Hy o= {Nﬂ <'7 >7—}
Remark 1.

The space H., is often denoted as L? (A, 7), as it the Hilbert space associated to A and the trace 7.
On the ideal Z, we can define a norm as ||-||; () := 7 (|z|). The completion of Z, is often denoted as
L' (A, 1) for the same reasons. It is worth noting that each positive element a € Z, defines a positive
linear functional on A by setting ¢, (z) := 7 (ax). Suppose that a € Z, is positive. Then for any bounded
increasing net {z;} C A with sup, x; = z, we have

o () =T (a sup x,») =T (sup axl) =supT (az;) = sup ¢, (z;) .

3 3 3 l

We conclude that ¢, defines a normal linear functional. Note now that Z, is spanned linearly by its
positive elements, as such any element a defines a normal linear functional on A, that is Z, is a subset of
the predual of A (denoted by A,). It follows that Z, defines a total subset of the predual of A so that
Z, is norm dense in A, that is. L' (A4, 7) = A,. In general the space A, is the space of all normal linear
functionals on A.

We return our attention to the trace 7. The trace 7 satisfies a variety of inequalities, because (-,-).
is an inner product, we have the Cauchy-Schwarz inequality stating:

[T (Y ) | < V7 (@*z) 7 (y*y).

Let « € Z,, the polar decomposition z = u|z|, gives us that |z| is in Z,. Note that

7 @) = Ir (ula)|* = | (2" *ulal*/2)]
< (le['2u*ulal"/2) 7 (|2

2
< [luull 7 (|=[)

we conclude that |7 (z)| < 7 (|z|). Suppose that z € Z. and y € A, let = ulz| and y = s|y| be their
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polar decompositions. Using 3.3.0.2 we find that the following holds:
2 2 1/2 172\ |?
I~ (o) = |7 (slyl) (ulz ) = | (12l 2slylulz]?) |

2
7 [ (11 /2s1y172) (lnl/2ula2) ]|
7 (I alslyl/2) 7 (ol /2" ylule]/?)

7 (slyls™fa]) T (ulz]u™[y])
=7 (ly"[l=[) 7 (|2"ly]) -

IN

For y € A, and x € F,, we have

m(ye) = 7 (2122 2 2) <yl 7 ().
Using this we conclude that for any y € A and x € Z, we have
7 (yz) 12 < 7 (ly*[l=]) 7 (|2* ||y ])

< llyll = (]) llyll 7 (l=*])
2 *

= llylI” 7 (J=]) 7 (ulz[u®)
2 2

= llyll™ 7 ([=[)"-

We now proceed to investigate the structure on H.. Since H, is derived from a von Neumann algebra it
has additional structure.

Definition 3.3.0.3. For m € A we define on the dense subspace N, C H., operations

m(m) : Np — Ny, m (m) (z) == mzx
7 (m) : N — N, 7 (m) (z) := zm.
Also we define an operation
J N, — N, J(x) :=a”.
We call mj(m), (resp. m.(m)), the left representation, (resp. the right representation), of m. The map J

is called the unitary involution of H,.

The language used in the definition above suggests that the maps 7; and 7, define representations of A,
this is indeed the case.

Proposition 3.3.0.4. The map m : A — B(H) defines an isometric representation of A. The map
. defines an isometric anti representation in the sense that it reverses the order of multiplication.
Furthermore, the unitary involution defines an anti-linear unitary operator on H..

Proof:

Consider the map J, for x € N, we have

1T (@)|2 = (z*, %), = 7 (z2*) = 7 (z"z) = (z,2), = |22

We conclude that that J defines an anti-linear isometry on the dense subset N,. As such it is continuous

and extends to an anti-linear isometry on H,. Using the properties of 7 we find the following equalities
for J and J*

(7 (@), b), := (J () ,a), = 7 (a"07)
T(b* “

b)-

() b) .

/\/\
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We conclude that J = J* and J% = 1. For m € A consider 7, (m), for # € N, we find

2 2 2
l7er- (m) (@)|7 = llemll7 = [|JJ (zm)|7
2
= [lJ (am)]I7
2
= [lm™a™|[7
o Xk 2 kY 2 2
=7 (zmm”z”) < [m|[" 7 (z2”) = [[m|]" [l]]7-
We conclude that 7, (m) is continuous for each m € A, as such we can extend 7, (m) to a continuous
linear operator on H,. For m € A consider m; (m), for z € N, we find
2 2
[ (m) (@)[I7 = [lmz|;
2 2112
=7 (z"m maz) < |lm|" 7 (z"2) = [m|]" [l

We conclude that m; (m) is continuous on the dense subspace N, as such it can be extended to the whole
of H,. The map m; satisfies the following equalities for all m,n € A and A € C

Uy (1) = 17

We conclude that 7; defines a representation of A on H.. The case of 7, is similar but with one subtlety,
for all m,n € A and X\ € C, we find the following equalities:

We see that m, reverses the order of multiplication, as such, it is an anti-representation of A on H,. Our
aim is now to show that m; and 7, are injective so that they in fact define isometries.

Given a nonzero a € A. By the semifiniteness of 7 there exists b € N, with the property that bb* < a*a
and 7 (bb*) < co. Since bb* < a*a we can write a*a = bb* + ¢, with ¢ some positive element. Consider
now (m; (a) b, m (a)b)_, using the properties of 7 we find that

(m; (a) b,m (a) ). = (ab,ab)
7 (b*a*ab)

7 (bb*a*a)

7 (bb* (bb* + ¢))

T (bb*bb* + bb*c) > T (bb*bb*) .

Since bb* > 0, also bb*bb* > 0, thus (m; (a)b,m (a)b). > 7 (bb*bb*) > 0. As such, m; (a) is nonzero when
a is nonzero, that is, 7 is injective. Via a similar argument we conclude that 7, is also injective so that
both m; an 7, are in fact isometries. O

Now we will investigate the commutant of m (A) C B(#H,). For a,b € A and h € H, consider
m (a) mp (b) h. We find the following equality:

m (a) 7, (b) h = ahb = 7, (b) (ah) = 7, (b) ™ (a) h.
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From this remarkable equality we draw the following conclusions:

7 (A) € m (A)

m (A) C 7, (A) .
Note here that this bears some resemblance with abelian algebras. Suppose that M is abelian, then in
particular we have M C M’, here we have something similar, namely there are two representations
and 7, such that m; (A) C 7, (A)/. This relation also holds when the roles of m; and m, are reversed. One
should realize that a semifinite faithful normal trace 7 influences a lot of the properties of A, in other

words it is a powerful tool. This is one of the reasons that the study of the type III algebra is quite
different, it lacks such a trace.

We want to show that m; (A)" = 7, (A) but before doing so we first need to answer the following questions:
Given x € H, when can we conclude that = € N.? If z € A when can we conclude that z € N, (besides
using its 7 evaluation)?

Lemma 3.3.0.5. For any x € A the following statements are equivalent:
1. zeN,,
2. sup{|7t (y*z)| ; y € L., 7(y*y) <1} < 0.

Proof:

1= 2

Note here that we are viewing Z, as a subspace of H,, with the norm it inherits from A,. If z € N, then
for any y € Z, with 7 (y*y) <1 we find

IT(y )| < /7 (y*y) T (a*x) < oo.

2=1
Consider Z, as a subspace of H,, we can find a net of projections {e;} C F, converging strongly to 1 € A.
For any m € N, we have that e;m € Z. and

[m — e;m|? =7 (m* (1 —e;)m) = (1 — ¢;) m,m) — 0.

We conclude that A, C Z, thus Z, is dense in H.,.

Since sup {|7 (y*z)|; y € Z,, 7 (y*y) < 1} < oo holds, we have that = determines a densely defined
bounded anti-linear functional on H., as such it can be extended to the whole of H,. We denote this anti
linear functional by ¢, and we denote its extension by ¢.. So for y € Z, we have

bz (y) =7 (y ).

The Riesz representation theorem provides us with an element xy € ., such that for all h € H, we have
that

6z (h) = (w0, h),
So for y € 7, we have that

ba () = (z0,y), =T (¥*2) = ¢4 ().

Using our net of projections {e;} C F, converging to 1 € A, we conclude that for every y € Z, the
following holds

<€i-’1)0, y>7- = <.’IIQ, eiy>
=171 (y"e;x)

= <61"13, y>7— .
Since Z- is dense in H, we conclude that e;zg = e;x € I, C H, for all e;. We find now that
T (x*x) = sup 7 (z"e;e;x) = sup ||ezx|\i = sup Heix0||z = ||9c0||z < 00,

As such = € N, O
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Lemma 3.3.0.6. For x € H, the following statements are equivalent

1. x e N;,

2. sup{[(z,y), | ; y €L, 7(lyl) <1} < o0,
;meN:, |m|, <1} < oo.

3. sup {mell, ;
Proof:
1=3
If x € N, then we can consider its image in B (#,). We find ||mz||. = ||, () (m)||,. Since N is dense

we conclude that

sup {[[mzll,. ; m € Ny, [lm|. <1} = sup {||maz||

T >

; m €My, ml, <1} = |7 (@) = [|z]| < oc.

T

3= 2

Note that in this case = defines a bounded linear operator on N, by extension it defines a bounded linear
operator on H.. Pick y € Z, with 7 (Jy|) < 1 and let y = |y*|u be its right polar decomposition. Consider
[ (z,y), |, we find

(@), " = |7 (y*a)*

*| ok 2
|7 (u"|y*|2)]
2
_ T(u*\y*|1/2|y*|1/2x>‘
2
_ <\y*|1/2x,|y*|1/2u> ‘

< (Iy 12 by 12 (12 by o)

= [z e
T T
2 12 2 2 2
<zl 7 (™))" = llzlI” 7 (y)™ < [J]]” < oo.
2= 1
Note that = defines a normal functional on Z,, as such x € A% = A. Since x € H,, it also defines a
continuous anti-linear functional on H,. Applying lemma 3.3.0.5 we find that 2 € N. O

We are now finally able to prove the Tomita-Takesaki theorem in the semifinite case.
Proof of 3.3.0.1, Tomita-Takesaki theorem (semifinite case):

Let A be a von Neumann algebra equipped with a semifinite faithful trace 7. We construct H., as
above an embed A into B (#.) via the representation m; and the anti-representation m,.. We concluded
that the following statements hold:

m (A) C 7, (A)',
T (A) € m (A).
Consider b € 7; (A)', for 2,y € N, we have that
71 (y) barl|2 = [lyb ()2
= [|b(ya)|?
< 16l 12 () 2|2
= |Ib]|* 7 (z*y* ya)
< (16117 1] [yl -

For all y € N;, we find the inequality ||y (b (x))Hi < |10l ||=|1? ||yHi Taking the supremum over y € N,
with ||y||, <1, we conclude

sup {llyb (2)[I- 5 y € Noy [yl < 1} < [b] || < oc.
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Applying lemma 3.3.0.6, we conclude that b (z) € N for all z € A,.. Note the following identities

T (br)y = yb(z) = m (y) b(2)
=b(m (y)z)
= b, (2)y.

We conclude that br,. (z) = 7, (bz) for all z € N,. Tt follows that
bre (V) = 7 (B(A3)) C e ().
Consider the map J : H, — H, defined by J (h) = h*. For a € 7 (A) and h € H, we have
Jm(a) J (h) = J (ah*) = ha™ = 7, (a¥) h.

Note that m, (e;) = m (ef) = Jm (e;) J. The space of all continuous normal linear functional on A is
the predual of A. As such, it defines the ultra-weak topology on A, that is, a; —> a ultraweak when for
all ¢ € A, we have |¢ (a;) — ¢ (a)| — 0. We can pick an increasing net of projections {e;} € Z, such
that e; — 1 ultra-weak. Consider now 7; and suppose that a; — a ultra weak. Then in particular
T (a;x) — 7 (ax) for all x € Z,, by definition 7 (a;x) = 7 (m (a;) ) — 7 (ax) = 7 (m (a) ) so that m
is continuous in the ultra-weak topology. It follows that the range of 7; is ultra-weakly closed, that is,
7 (A) determines a von Neumann algebra on H,. Since we can find an increasing net {e;} of projections
converging to 1 in the ultra-weak topology on A, we have that

b (e;) = 7y (be;) — 7 (¢) € 7 (A),
for some ¢ € A. We conclude that if b € m; (A)’, then, b = 7, (c) for some element ¢ € A. It follows that
7 (A) = 1 (A)
Now we return to the map J. We found Jm; (a) J = , (a*), since 7, (A) = m; (A)" we conclude that
m (A) = Jr (A)J.
It follows that m; (A) is anti-isomorphic to its own commutant as desired. 0

We end the proof with a remark on the nature of this representation and the relation it shares with
the abelian von Neumann algebras. Any abelian von Neumann A algebra can be represented faithfully
as an algebra of L functions working on some Hilbert space by multiplication. It follows that A = A’
because one can choose this representation in such a manner that A is represented as a maximal abelian
algebra. We compare this with the semifinite case, we found a Hilbert space with a natural involution
and multiplication (such a Hilbert space is often called a Hilbert algebra) on which we can represent the
von Neumann algebra simply by left multiplication. We cannot expect that A = A’ but instead we found
that A = JA'J where J is the star involution on the representation Hilbert space. It is (in my view)
remarkable that such a relation holds. In my view, the approach to the Tomita- Takesaki theorem in the
semifinite case is natural. The left and right representations of A on H., are objects that are naturally
associated to 7. The property that makes 7 special is that cares not in which order multiplication occurs,
ie. T7(xy) = 7(yx) as long as xy € Z,. Because of this property the right representation of A is indeed a
representation of A as an algebra of bounded operators. If 7 is not a trace then the right representation
is, in general, not an algebra of bounded operators. Though the next statement is not precise, it captures
the essence of what the existence of a trace 7 implies for A. The product N, x N, — Z. is abelian for
7. It is ofcourse not truly abelian but for 7 it matters not. So in this imprecise sense A is one step away
from being an abelian algebra. Measuring how far A is off to being abelian is done in terms of J, the
unitary involution and m;, and 7., the left and right representations.

Consequences of the Tomita-Takesaki theorem

There are several consequences of this theorem, we will briefly go over them without going far into how
these consequences are proved.

If A is a semifinite von Neumann algebra with a semifinite faithful normal trace 7 then we can con-
sider its representation on H. as above. Since m; (A) is anti-isomorphic to its commutant it follows that
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also m (A)/ is semifinite. We will not prove this but there exists a Hilbert space H; and a projection
e1 € m (A) @B (H;) such that A’ = e; (m, (A) @B (H,1)) as such A’ is semifinite because 7, (A) ®B (H1)

1S.

If one is willing to believe that this is true then we immediately get that A is of type I <— A’
is of type III. In fact one can show the following equivalences

o Ais of type I <= A’ is of type I,
o Ais of type I <= A’ is of type II,
e Ais of type III < A’ is of type III.

It is our aim to proceed to the case type II1I. In the type I1I scenario we do not have the trace at our
disposal, however we are compensated in some sense. We will find representations of A derived from
the GNS construction using separating and cyclic vectors. It turns out that the spectral theorem has a
generalization to unbounded operators and we will make use of that fact. Also the polar decomposition
is generalized to unbounded operators. The goal of the next section is to familiarize ourselves with
unbounded operators, we will not go very far into the theory but instead we will scratch the surface to
get a feel for it.
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CHAPTER 4

Tomita-Takesaki theory and
Classification of type /1] von
Neumann algebras

In this chapter we will focus mainly on type I von Neumann algebras, we will study them using the
Tomita-Takesaki theory introduced in the first section. All Hilbert spaces in this section are assumed to
be separable so that if we consider a von Neumann algebra A then it is assumed to act on a separable
space. The Tomita-Takesaki theory was succesfully used by A. Connes to further classify type I11 von
Neumann algebras on separable Hilbert spaces.

4.1 Tomita-Takesaki Theorem (general case)

In this section we will state and prove the Tomita-Takesaki theorem for general von Neumann algebras
on separable Hilbert space. Before going into the proof of the theorem we will cover the tools and
preliminaries needed to succesfully prove the theorem. We will not prove the Tomita-Takesaki theorem
in its most general form. There is a more general statement which concerns Hilbert algebras, for a full
treatment we refer to [9]

Theorem 4.1.0.7 (Tomita-Takesaki). Let A be a separable von Neumann algebra, then there exists
a representation m(A) on a Hilbert space Ha such that there exists an anti-unitary operator J and a
collection {A“ RS R} of unitary operators in B(H 4) with the properties:

o Jn(A)J =n(A) and Jr(A)'J =n(A).
o {A"; t € R} defines a one parameter group of automorphisms for w(A) and 7(A)'.

We start by constructing the Hilbert space in which the Tomita-Takesaki theorem holds. We will see
that this Hilbert space is cannonically equipped with unbounded maps s and r which roughly act as a
star operation. From these maps we will derive the maps J and A in theorem 4.1.0.7. In terms of J and
A we will then derive a relation between 7(.A) and its commutant 7(A)". It is then our aim to invert
this relation using Fourier theory. When all the preliminaries are covered we will formally prove theorem

4.1.0.7.

4.1.1 Construction of H 4

Here we will construct H 4 using the GNS construction. We will first show that any von Neumann
algebra acting on a separable Hilbert space allows for a faithful normal state. We then apply the GNS
construction to this state.

Definition 4.1.1.1. Given a von Neumann algebra A, then a vector & € H is called cyclic and separating
for A when the following conditions hold

1. {A&} is dense in H. (cyclic)
2. If x € A then x (§) = 0 if and only if x = 0. (separating).

If given a subset V C H then we say that V is separating for A when the only x € A that annihilates V
is the zero vector, thus x (v) = 0 for all v € V implies x = 0.

Definition 4.1.1.2. A von Neumann algebra A is called o-finite if given a set of mutually orthogonal
projections {e;};,.; C A then I is at most countable.
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Since we assume our Hilbert space to be separable it follows that A is o-finite.
Proposition 4.1.1.3. If A is a von Neumann algebra then the following statements hold.
1. & is cyclic for A = &, is separating for A’.
2. & is separating for A — &y is cyclic for A'.
Proof:

1.

Suppose that & is cyclic for A, pick a’ € A’ and consider a’ (§y). Suppose that a’ (&) = 0, then for all
x € A we have 'z (&) = za’ (§) = 0. The set x (&) is dense in H, as such, a’ = 0. We conclude that &
is cyclic for A = £ is separating for A’.

2.
Suppose that & is separating for A and assume that &y is not cyclic for A’. Define p as the projection

onto A’ifol, since &y is not cyclic we have that p # 0. It is easy to see that [A’&p] is an invariant subspace
of A’. Since A’ is x closed it follows that [A’{y] is also reducing for A’. It follows that p and 1 — p
commute with A’, we find that p, (1 — p) € A. Since pA'(§) = 0 we find that p(&§) = 0. But p € A
implies that p(&y) # 0, contradiction. O

So if a vector & is cyclic and separating for A then it is also cyclic and separating for A’. Note that the
same statements are true if we allow for a set that is cyclic and separating.

Theorem 4.1.1.4. The following conditions are equivalent (even when H is not separable):
1. A is o-finite.
2. There exists a countable subset {£;},oy C H which is separating for A.
3. A admits a faithful normal positive linear functional of norm 1.
4. A is isomorphic to a von Neumann algebra w (A) which has a separating and cyclic vector.

Proof:

1. = 2.

Pick & € H and let p; be the projection onto the space A’€;. Pick & € A’iflj' and let po be the projec-
tion onto A’&s, note that p; and py commute with A’ so that p1,ps € A. By Zorn’s lemma we can find
a maximal family of vectors {¢;},.; C H and their associated projections {p;},.; C A constructed as
above. Note that the projections {p;};.,; are mutually orthogonal. It follows that I is countable by the
o-finiteness of A. Note furthermore that ), ; p; = 1, by the maximality of the set {{;},.;. By definition

the vector &; is cyclic for A¢;. Note that
H=E AL

i€l

Since the set {;} is cyclic for A’, it is separating for A.

2. = 3.
We can assume that > ° | [|&,]| = 1, define

6(0) =3 (2 (60) &)

It follows that if 2 = a*a then ¢ (z) = Y., la (&,)]]* > 0. Suppose that ¢ (z) = ¢ (a*a) = 0, then
lla (&.)|l = 0 for all n. By the separating property of {{,}, cy we conclude that a = 0, as such, z = 0,
meaning that ¢ is a positive faithful linear functional on A. Note that ¢ (1) = 1 and that if ||a|| < 1 then

6 (@] <D [a(€n) &)l < Jlall < 1.
n=1
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We find that ¢ has norm 1. That ¢ is normal (meaning ¢ is an element of the predual of 4) is immediate.

3. = 4.
Note that since ¢ is faithful and positive it gives rise to an inner product on A by setting

(x,y) == ¢ (y'x).

Let H 4 be the completion of A with respect to this inner product. For a € A we define the map

a: A— A by left multiplication so
a(z) = ax.

We find that with respect to the norm defined by ¢ the following holds

[@(@)lly < llall Izl ,

so that [|af < [laf. In particular, for all @ € A, @ is continuous with respect to [|-||, and thus @ can be
extended to be defined on H 4. We find amap 7 : A — B (H 1) defined by 7 (a) :=a € B(H 4). what re-
mains is to show that 7 is an isomorphism and that 7 (A) allows for a cyclic and separating vector £ € H 4.

Let 1 = £ € Hy, then for any a € A we have that 7 (a){ = a(1) = a € Ha so w(a)€ = 0 if and
only if @ = 0. Furthermore 7 (A) ¢ = A C H 4 is dense by construction. We conclude that 7 (A) allows
for a cyclic and separating vector.

Now to show that m : A — B(H_4) is an isomorphism onto its range. Linearity is immediate, also
7 (1) = 1 is immediate. Consider 7 (a*), for z € A C H4 we find that 7 (a*)z = a*z = 7 (a)" z by
density of A in H 4 this extends to all of H 4 we conclude that 7 (a*) = m(a)*. Note also that for
x € A C H, we have that 7 (ab) (x) = abx = 7 (a) 7 (b) z, again by density of A this equality extend to
all of H 4. We conclude that 7 is multiplicative. Consider |7 (a)]|, we find

Im (@)l = sup |7 (a) ]|
lzll<1

= sup /¢ (z*a*ax)
[l <1

< e lall V¢ (z*z) = ||al|,
z||<

we conclude that |7 (a)|| < ||al|. Note now that if a € ker () then a€ = 0, by the separating property of
¢ we find that a = 0, hence 7 is injective. We conclude that 7 is an injective *-homomorphism, as such
it is an isometry. We conclude that 7 is an isomorphism onto its range. using the fact that ¢ is normal
we conclude that 7 is normal.

4= 1.
Let € denote the cyclic and separating vector and let {p;}
denote p := Y., p; then

isc1 be a set of mutually orthogonal projections,

0 Pl = llps Ol < [I€]] < oo.
il
By the separating property of £ we conclude that ||p; (§)|| # 0 for all . As such there are only countably
many p;, that is, I is countable and thus A is o-finite. O

Using 4.1.1.4 and the GNS construction, we construct the Hilbert space on which A allows for a cyclic
and separating vector. We will now start investigating the structure of this Hilbert space, in particular
we will investigate the canonical maps r and s.

4.1.2 The maps s,7,J and A

We now fix a von Neumann algebra A acting on a separable Hilbert space H. As above we can construct
a Hilbert space H_4, which contains A as a dense subspace, and an isomorphism 7 : A — B(H 4), such
that 7w(A) allows for a cyclic and separating vector . We are also given a canonical embedding of A
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into H 4 denoted by i4 such that i4(1) = b,i4(a) = 7(a)h and 7(a)(i4(b)) := i4(ab). Furthermore if ¢
denotes the faithful normal state on A then the norm of i(a) € H 4 is given by ¢(a*a).

Since h = i4(1) is cyclic and separating for m(A) it also cyclic and separating for 7(A) C B(H.a).
We conclude that the set 7(A)" is also dense and that we can define a map ir4y : 7(A) — Ha
by setting ir(ay (z) := x(h). It is obvious that the maps i4 and ir(4) are continuous with respect
to the strong operator topology on B(H 4). We can use these embeddings to transfer algebraic opera-
tions from A and m(A)’ to operations on the dense subspaces i4(A) = 7(A)h and ir(4) (7(A")) = 7(A)’D.

We define a product - on i 4(A) x i4(A) onto i4(A) as

ia(a) -ia(b) :=ia(ab).
Note here that i4(a) - i4(b) = i4(ab) = m(a)(ia(b)). We can use this formula to extend the definition
domain of the product. We extend - to the space i 4 x H 4 with image in H 4, by setting i 4(a)-h := mw(a)h.

Similarly we can define a product on the space i, 4y (7(A")) = w(A)'b, for =,y € 7(A)’, we define

zh - yb = zyh = z((yh)).

This product is extended in a similar way to the domain m(A)'h x H.4 by setting zbh - v := z(v). We
see that H 4 comes naturally with a densely defined product. We now aim to equip H.4 with a densely
defined star operation.

Definition 4.1.2.1. We define maps sg and rq as follows:
so: A — A C H 4, s0 (ah) :=a™h
ro: m(A)h — 7(A)'h C Ha, ro (xh) = z™h.

We note that sy and 1y are densely defined injective anti-linear maps on H. For a discussion regarding
anti-linear or unbounded maps we refer to the appendix.

Proposition 4.1.2.2. The maps so and rqo are closable operators.

Proof:

Consider the graph of sg, we aim to show that its closure is again a graph. Define V as follows

V:={ahy®a*h; a € A}

It is immediate that V is an anti-linear subspace of H @ H, to show that V defines a graph it suffices
to show that if 0@ h € V then h = 0. Let 0 ® h € V, by construction there are a; € A such that
ah @ afh — 0@ h. For x € n(A)’ consider (zh,h), we find that

(. )| = L |(a, ab)
~ lim|(a.zb. b)
~ tim|{ra;b.b)|
~ tim|(a,b.2"b)

< lim b 2" =0,
so that h € [r(A)'h]". We use now that w(A)'h is dense in H4 to conclude that » = 0. We conclude

that V is a graph and therefor sq is closable. Note that this actually shows a relation between sy and rg,
we find that for a € A and z € 7(A)’, the following holds

(so(xh), ab) = (so(ab), zh) = (a”h, zh)
= (b, axb)
= (b, zab)
=

z*h, ab) .
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We see here that s§ defines a closed extension of rg, in particular r¢ is closable. By symmetry we have
that ) defines a closed extension of sg, we set s = s§* and r = r§* so that r (resp. s) is the closure of
ro (resp. o). O

We write A C B to say that B defines a closed extension of A. It is easy to see that if A C B,
then B* C A*. We find the following relations between sy and rg
ro C Sy sCry

s0 C 1o r C S
Proposition 4.1.2.3. The maps v and s satisfy the identities r* = s and s* =1

Proof:

We denote by D(A) the domain of the operator A. Consider r = r§*, we have that r C s§ = s*.
On the other hand suppose that k € D(r), then k defines a bounded linear functional on D(r§) by setting
k(h) :== (r§(h), k). Since r§ extends sy we conclude that k also defines a bounded linear functional on
D(sp), so that k € D(sf). We conclude that s* = s§ C r thus r = s* and also s = r*. O

Since we are dealing with anti-linear maps we will consider the absolute value of inner products so
that we can write |[(so(z),y)| = |(z, s§(y))|- The benefit is that we do not have to conjugate the inner
product every time we take an adjoint, we found that this can be confusing. We will now investigate the
domains of r and s.

Proposition 4.1.2.4. The maps r and s satisfy the following identities:

D(r*)=D(r), r*(f)=/,
D(s*) =D(s),  s*(h) =h.

Proof:

Suppose that k € D(s*) = D(r) and that ah € D(sg) then we find the following identities

[(so(ab), (k)] = [(so(ab), s* (k)|
[(a™b, s5(k))|
[{ab, k)]
Thus we conclude that for all k € D(r) = D(s*), r(k) defines a bounded linear functional on D(sg), that
is, (k) = s*(k) € D(s*). Thus s* : D(s*) — D(s*). We find that for k € D(s*) it holds that

[{so(ah), s"s™ (k)| =

We conclude that r2(k) = (s*)? (k) = k, as such, (s*)° = r2 is the identity on D(r). We note that
D(r) C D(r?), on the other hand D(r?) = r=1 [D(r)] C r~1(H) = D(r). It follows that D(r) = D(r?)
and ran(r) = D(r).

Now we consider s = r*, for k € D(r*) and bh € D(rg) we find that

[(ro(0h), 7™ (k)| = |07, 7 (K))]
(bb, k)| -
It follows that r* : D(r*) — D(r*), we conclude that s> = (r*)? (k) = k so that (r*) is the identity on its

domain and furthermore we conclude that D(s?) = D(s) and ran(s) = D(s). We conclude that s = s~}
and r» = r~!. Note that s is not boundedly invertible. (]

The polar decomposition justifies the following definition.
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Definition 4.1.2.5. Set A := s*s, by the polar decomposition we can find a partial anti-isometry J such
that
s = JAY?

We call A the modular operator and J the modular conjugation associated to A.
We will now investigate the relations between s, r, A and J.

Proposition 4.1.2.6. The maps r,s,J and A satisfy the following relations:

J? =1, J=J* A=rs,
r=AY2J r=(s1)" = JAT2, sr=(ATV2)) (JATY?) = AL
Furthermore J(h) =b,s(h) =1, r(h) =bh) and A(h) =b.
Proof:
Since kers = {0} and ran(s) is dense we conclude that J is anti-unitary. Using that s = s~! we

find that JAY2 = s = 571 = A~Y2J* Tt follows that A~Y/2(J*)*> = JAY2J* > 0, as such
ATL2 (J*)Q = ’A71/2 (J*)Q‘ = A~1/2, We conclude that (J*)2 =1.

We find that the following identities hold for s,r,J and A.

J? =1, J=J", A =rs,
r=AY2J r= (s‘l)* =JAV2 s = (A‘1/2J) (JA_1/2) =A"!

Note that if ¢ € Z(7w(A)) then A(ch) = ch. As such A is the identity on the subspace Z(m(A))h C H 4,
in particular for all ¢ € Z(n(A)) we have A(ch) = A'/2(ch) = ch. This leads to the following conclusions:

J() =b,s(b) = b, r(h) = b and A(h) =b. O

It is instructive to compare this with the semifinite case. Suppose that our Hilbert space was con-
structed using a trace 7. Then the map sy defined a star operation on all of H 4. For ab,bh € Abh we
would have had that (so(ab),bh) = (a*bh,bh) = 7(b*a*) = 7(a*b*) = (b*h,ab) = (s{(bh),ah), so that
s0 C s5. Also ||so(ah)||> = (a*h,a*h) = T(aa*) = 7(a*a) = ||ab]|®, so so would be isometric, meaning that
s would be a unitary. It would follow that A =1 and J = s = r, simplifying the situation.

We will now examine the range and domains of the operators 7, s,.J and A'/? in greater detail. Consider
D(s) and suppose that h € D(s), pick a sequence {a;h} C [Ah] such that

lim [la;h — hl| = 0.

We note that h—a;h € D(s) for all i, as such, h —a;h ® s(h—a;h) C graph(s). Since h—a;h — 0 it must
follow that afh — s(h). On the other suppose that for h € H 4 there exists a sequence {a;h} such that
lim; || — a;h]] — 0 and {a;h} is a Cauchy sequence in H. Denote the limit of afh by f, it follows that
ah @ afh — h @ f, we use now that s is closed to conclude that h @ f € graph(s) thus h € D(s) and
f = s(h). We have characterized the domain of s as all those h € H 4 such that there exists a sequence
{a;h} with the property that

lima;h = h and {alh} is a Cauchy sequence in H 4.

Via similar arguments we conclude that the domain of r can be characterized as the set of all h € H 4
such that there exists a sequence b;h C w(A)'h satisfying

limb;h =h and bih is a Cauchy sequence.

We also have the identities 7§ = r* = s and s; = s* = r, so that

D(s)=D(ry) :={k € Ha; k:7n(A)h — C, k(bh) := (b*h, k) defines a bounded anti-linear functional},
D(r)=D(s}) :={h € Ha; h: Ah — C, h(bh) := (ah, k) defines a bounded anti-linear functional} .
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This characterizes the domain and range of the maps s and r. Now we would like to study the domain
and range of the maps A'/2 and J.

By the identities r = A2.J and r (D(r)) = D(r) we find that for h € D(r) it holds that
r(h) = AY2J(h) € D(r),
as such,
J:D(r) — D(s) and  AY2:D(s) — D(r).
We use now that J? =1 to find that

J(D(s)) =D(r) and J(D(r)) = D(s).
Using this, and the identities s (D(s)) = D(s) and s = JA'/? we find that
A2 (D(s)) = D(r).
It follows that D (A~'/2) = D(r) and ran(A~Y/2) = D(s).

Unfortunately the domain of the map A, although being a subset of D(A'/?), is hard to describe. We
will use that A+ X is boundedly invertible for all A > 0 to give a relation between the sets Ah and 7 (.A)'h.
It turns out that we can associate to every element 2’ € m(A)" an element x) € 7(A) using A + A.

Proposition 4.1.2.7. For any 2’ € n(A)" and any X\ > 0 we can find an operator L, € w(A) such that
Lyb=(A+X)) "2’

Pick A > 0 then (A + X\)~! is a well defined bounded operator from H 4 into D(A) C D(s). For given
2’ € m(A)" we can consider (A + X)~!(2’h). We denote f := (A + \)~!(2’h) and define a new operator
L :7(A)'h — H 4 by setting L(yh) := y(f). Consider yh and zh with y, z € w(A)’, we find the following
identities

(L(yh),zb) = (y(f),zh)
= (f,y"2h)
= (f,r(z"yh))
= (2"yh, s(f))
= (yb,zs(f)) .

It follows that L* defines an extension of the map w(A) — H 4, ybh — y(s(f)) = y(f*) which is densely
defined, as such L is closable (we denote its closure also by L). Note furthermore that if z € 7(A)" and
b e m(A)" then

Loz(bh) = 2b(f) = z o L(bh),
so that L commutes with 7(A)’. What we want to show is that L is in fact bounded, it then follows

that L € w(A). We can decompose L as L = UK with U a partial isometry and K = vV L*L. If E is
the spectral measure associated with K then for any bounded subset v C o(K) we have E(y) € m(A).

Suppose now that L is unbounded, then in particular we can find ¢,d € R such that I \A < c¢<dand

E ((¢,d)) K # 0. We pick ¢, d as above and let E = E ((c,d)), it follows that E € 7(A) and E commutes
with K. We will now show that L is bounded. Consider =’ € w(A)’, the operator L was defined by the
formula L(bh) = b ((A + A)~'a’h) = b(f). By definition we have that if z € 7(A)" then

zf* = L*(zh) = (UK)*(zh) = KU"(=h).
Consider now z’, we find the following inequalities

I2'* - |EfIP > |l (Ef9)))? = |« E(UK)*p)
= |’ EKU*y|* = | EKU*(2'h)||* .
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The last equality follows because ' commutes with F and L*. Now we use the operator A + \, we have
that (A + X)~1(2'h) = £, thus (A + \)f = 2'h.
Now we consider the term ||EKU*(2'h)||> more closely, we find

IEKU*(@'h)|)” = IEKU(A + ()]

We denote for notational convenience N = EKU?*, the following inequality although trivial, makes no
sense at first sight but the result will justify the approach,

IEKU*(A+ NI = INA +NFI7 = [N(A+ NI = IN(A =)

Note that the following holds

IN(A+NFI = (N(A+X)f,N(A+A)f)

= (NAf,NAfY+ (NAFLANS) + (AN, NASY + (AN fLANf),
IN(A =X F* = (N(A =X f,N(A=N)f)

= <NAf,NAf> — (NAf,ANf) — </\Nf,NAf) + (ANf,ANf).

It follows that
IN(A+NF17 = [IN(A =N fI* =2((NAF,ANf) + (AN f,NAS))
=2\((NAf,Nf)+(Nf,NAF))
=4\R(NAf,Nf).
Here R (NAf, N f) denotes the real part of (NAf, N f). We will now investigate the term 4\R (NAf, N f),
we find that
AR (NAF,Nf) = AR (EKU*Af, EKU* f)
=4A\R(Af,UK?EU"f)
= 4\R(rs(f),UK*EU*f).
We substitute f = UK(h) to find
ANR (rs(f),UK*EU* f) = 4\R (rs(f),UK>Eb)
=4\R (s(f), EK*U*h)
= AR (f* ERK?f*) = AN |[KEf*|*.
In total we conclude that ) ) )
"7 - NEFI1° = AN [ KEf||".
Now we use that F is the spectral projection of the interval (¢,d). For every h € ran(FE) we have
| KR||* > ¢ ||h||*, applying this to the situation we find that if Ef* # 0 then
/I VBN 2 AN KBS P 2 a0 | BS*° > ' B,

clearly a contradiction. We conclude that Ef* = 0. Note now that f* = L*(h) and that for any b € m(A)’
we have bE = Eb (because E € 7(A)) and bL*(h) = L*(bh). It follows that for all b € w(A)’

0=bEf* = Ebf* = EL*(bh).

We use that EL* is bounded and that 7(A)’h is dense to conclude that EL* = 0. But then 0 = EL*U =
EK # 0, this is in contradiction with the assumption that K is unbounded. We conclude that L is
bounded. g

To summarize this last discussion: We have succeeded to associate to every z’ € w(A) and A > 0

an operator Ly : m(A)'h — H.4 defined as L,/ (bh) := b ((A + A)_lx’f)). We concluded that L, com-
mutes with 7(A)" and that L, is in fact bounded so that L, can be extended to the whole of H 4 and
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L, € m(A). Note that if 2’ # y' then L,» # L, because the map (A + X\)~! is injective. We denote
the map L, by z). Furthermore we have that x5(h) = L. (h) = (A + N)~l2’h = f. We can already
see that there is a relation between 7(A) and its commutant. We can also apply the same procedure to
some 7(a) € w(.A) and obtain an operator in L(a) € 7(A)’, the proof works the same. The question then
becomes how &' — L,» — L (L,/) behaves. After a small calculation we see that the vector associated
to L (L) is the vector
frw,,) = (A+X) 2.
In particular we conclude that the spaces Ah and 7(.A)'h are invariant for (A + \)~2, it is however not
true that L and L ”invert” each other. Note that the following holds
(A+XN)""Ap — 7(A)'h, (A+A):DA)N Ay — 7(A)'D,
(A+ )"t 7w(A)h — Ab, (A+)\):DA)NT(A)H — Ab.
It follows that
(A +X) [D(A) N Ab] =7 (A)'b,
(A+ X [D(A) Nw(A)'b] = Ab.
We will now investigate some of the properties of the map L, for z € 7(A)’. Above we have seen that
L, defines an element in w(A). If we denote f, := L,/ (h), then on the dense subspace m(.A)'h we have
that L, (bh) := b(f) = bL,/(h). Let ah € Ab, if {b;h} is a sequence in 7(A)’'h such that lim; bh = ab,

then we have that

as expected. However it is almost never the case that lim; b; for = 7(a) fr.

Suppose that ¢ € Z (7(A)) then (A+XN)c=Aoc+ Ac=c+ Ac=(1+ N)c, as such,

ch

fe=1Lc(b) = (A+N)"tch = Y

In this case we have that if {b;h} C 7(A)'h converges to ah € Ab, then

ex(ah) = Le(a) = im L(b0) = tim P i 0
_cah  ach
“Tra i @l

We conclude that if ¢ € Z(n(A)), then the map L. = ¢, also commutes with 7(A), that is, L. is central
for w(A). Moreover for all h € H 4 we have

Le(h) = 1C(f)x

It follows that Z (n(A)) > ¢ — L, = ¢x € Z(w(A)) defines a bijection. Note that this implies in
particular that that there are elements ab € w(A)h such that ah € D(A) but a ¢ Z (7(A)). Similarly
there are elements bh with b € m(A)’ such that bh € D(A) but b & Z (w(A)).

We return to the case ' € w(A)’, we have that L, € m(A) and L, (b'h) = b/ (A+X)""2'h. We
would like to find an expression for )y = L, in terms of 2/, A and J, in other words we want to find an
expression G such that ) (b'h) = G(a’, A, J)(b'h) as maps. What we currently have is an expression of
the form x(b'h) =V (G(A,2', 1)), here ¥ is working on the expression G, what we want is an expression
G that is working on b’h. In order to succeed in our goals we will consider 2’ as a sesquilinear form.

Definition From now on we will denote the map L,/, constructed from 2/ € w(A) and A > 0, by
Iy
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Proposition 4.1.2.8. On D(AY?)ND(A~Y/2) we have the following relation between ' and xy,
Jr'J = A~ 1/2 *A1/2—|—A Al/Ql‘*A 1/2
Proof:

For o/, € 7(A) we can find a*,b* € 7(A) such that a*h = (A + 1)"'a’h and b*h = (A + 1)~1'h,
that is, a = a} and b = bj. We can define a sesquilinear form s, on m(.A)'h by setting

5. (b'h,a’h) = (z'h, b ah) .
For s, we find

(z'dh, ab)

= (2's(b"h), s(a™h))

= (2's (A+1 ~''h),s ((A+1)""a'p))
=((A+1)"ta'h,ra’s (A +1)7'0'p))

< (A+ 1) AY2 12/ JAV2(A + 1)) (b’b)>.

(z'h,b"ab) =

On the other hand we have that

(@'h, b"ab) = (A + A) zx(h), b ab)
= (Azx(h),b"ab) + A (zx(h), b%ab) .

We will try to cast the expressions (Azy(h),b*al) and A (zx(h),b*ab) in a similar form so that we can
compare x to x’. Consider the term:

(za(h),b"ab)

we want to write this as (a’h, G(zx, A, J)b'h) so that we can compare ) to z’. We find the following
identities:

(zAh, b"ah) = (bxrb, ab)
= (s (2Xb"h), s (a™h))
<A—|—1 1a’h,rs(m>\b*f))>
=(a'h,(A+1)""Azi(A+1)7'b'p).

Now we consider the term (Axzyh,b*ah). We find the following identities

(Azp\h, b ab) = (rszpb, b ab)
= (a*bh, 23 h)
= (bh, az}h)
= (s(A+1)"'0'h, szra"h)
= (Az\(A+1)""d'p, (A+1)7'0'h)
=

adb, (A+1) s AA+1)7H).
We draw the conclusion that for b'h,a’h € w(A)'h it holds that
s (U, ') = (b, (A + 1) AV TAVA(A +1) 7 (V)

=(a'h,(A+ 1) AA+ 1)) + A {dh, (A+ 1) Az (A +1)710'D).
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Now we will show that s,. is a bounded sesquilinear form. We have the following identities

|
(A (@) (A+1)""'h, (A +1)""a'p)|

= A+ 1D)'A @) (A+1)"0'h.a'p)]
Ja+naE) @+ e

<@+ af @y ja+ v - - s

Since (A + 1)~! is bounded it follows that s, is bounded if A(A + 1)~! is bounded. We have that
AA+1)"t =1~ (A+1)"! thus A(A +1)7! is bounded. We conclude that s,/ is bounded. We use
that 7(A)'f is dense in H 4 to conclude that the following holds
(A+1D)TTAYV2 T JAYV2ZA+ 1) = (A+ D) AA+ D) T AA+ DT AZ (A + 1)
We now multiply this identity from the left by A=1/2(A +1) and from the right by (A +1)A~1/2 to find
Jr'J = ATV AY2 L XAV 2 A2

which is valid on D ((A + DA~Y2) =D (A—1/2) nD (A1/2). N

Definition 4.1.2.9. We define, for notational ease, the operators © Y2 and D2 as

DY B(HA) — L(H4), D Y3B)=A"12BAY2
DY B(HA) — L(Ha), DY*B)=AY2BATVZ

Here B(H 4) is the collection of bounded linear operators and L(H 4) is the collection of all linear operators
on Hy.

In this notation we have the relation Jz'J = (@‘1/2 + )\91/2) (z)). Note that ®'/2 and ®~1/2 invert
each other. We aim to show that (D~1/2 + AD1/2) (z)) = Ja'J defines an invertible relation. In order
to do so we will need to study the collection of operators {A“ ;te ]R}.

Proposition 4.1.2.10. The collection {A” ;e ]R} defines a strongly continuous one parameter group
of unitaries in B(H 4). This means that {A” ;e R} satisfies the following conditions

o The map t — A™ defines a group homomorphism from the additive group R into the unitary group
of B(H 4).

e For all h € H 4 it holds that lim,__,; A" (h) = A®h.

Proof:

By the spectral theorem we have that
At — / 6it log(z) dEA(.T),
o(A)
here Ea is the spectral measure associated with A. We use that fact that A is positive to conclude that
log(A)* = / log(z) dEA ()
a(A)

= / log(z) dEA(x) = log(A),
o(A)
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so log(A) is selfadjoint. If A is any selfdjoint operator then for any ¢ € R we have

(eitA)* = /(A)e”x dEs(x)

= /(A) e it dE4(z)
_ (eitA)*l .

Thus A selfadjoint = €4 is unitary. We conclude that A" is unitary for all t € R. That t — A%
defines a group homomorphism follows from the fact that integration against a spectral measure is
a multiplicative operation, for details regarding integration against spectral measure we refer to the
appendix. It follows that every selfadjoint operator defines a group homomorphism from the additive
group R into the unitary group of B(H,4). For h € H4 consider the limit lim, ,; A"h. Using that
t — A% defines a group homomorphism we find that

lim A%h = lim AR = A Tlim AT(h).

r—->t t—r r—0
Using this we conclude that in order to show that A% defines a strongly continuous one parameter group
of unitaries it suffices to show that A% converges strongly to the identity operator as t goes to zero. For
h € H4 we find

o 8 )] =

eit log(z) _ 1‘ dEf?,h
a(A)

Since ’e“ log(z) _ 1| < 2 we can apply the Lebesgue dominated convergence theorem to bring the limit
under the integral, we conclude

lim (A" —1) h| = lim
t—0 t—0 o(A)

etoe) 1| aE, :/ lim
(A) t—0

eee) 1| dBfy, = 0.

g

It follows that A" — 1 strongly as t — 0. O

The collection {A® ; t € R} gives rise to a collection of automorphisms of B(H 4).
Definition 4.1.2.11. For A € B(H 4) we define

D(A) = ATAATT.
We call D the modular automorphism group associated to A.

The collection {D% ; ¢t € R} will play the role of the one parameter group of automorphisms considered
in the Tomita-Takesaki theorem 4.1.0.7.

The next ingredient we need to invert the relation Jz'J = (@’1/ 24 0l 2) x) is the integral

0 bit
/7& (b > 0).

i —mt
s €™t e

We will show that for b > 0 it holds that

<t 1
tif dt I P — Y
e te mt b1/2+b—1/2

Using the functional calculus we will then apply this integral to the operation ®%/2 in order to invert the
operation (D72 + AD'/2). A direct approach to evaluate the integral

00 bit
/7& (b>0),

it —nt
s €™t e

using the residue formula fails because the function emi% has poles at the set {(n +1/2)i ; n € Z}.
In particular it has infinitely many poles and there is no bounded curve enclosing them all. We will use
a different approach. The trick is to consider a different function (also with infinitely many poles) and

evaluate its integral over a curve enclosing just one of its poles.
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Proposition 4.1.2.12. For any positive b € R the following holds

< 1
/ et + et dt = b2 4 p-1/2°
— 00

Proof:
For b > 0 consider the function )
bZZ
f(Z) = etz — e~ T2’
Suppose that €™ —e~"% = 0, let z = a+4id then we find that 0 = ™™ — e~ ™%~ = (). It follows that
|e”aei”d| = ’e‘”e‘”d‘. If this is to hold then a = 0. What remains is to solve ¢! — e~ = (. We find

0 = e™ — 7™ = cos(rd) + isin(nd) — (cos(nd) — isin(nd)) = 2isin(nd), so that d € Z. We conclude
that the set {mni ; n € Z} form the poles of f, furthermore all the poles are simple. The residue of f at
0 is given by

it 1

Reso(f) = iy 2f(2) = i, 2isin(nt) 27

For [ > 0 consider the rectangle R in C given by the vertices {(l,i/2), (I, —i/2), (=, —i/2),(=1,i/2)}
oriented counterclockwise. The only pole of f inside R is the pole it has at zero, by the residue formula

we have
/ f(z) dz =1i.
R
We decompose the rectangle in its 4 parts and consider the contribution of each part separately. We have
(=1,—1/2) (1,—i/2) (,1/2) (=1,i/2)
/ f= / [+ / ]+ / ]+ / .
R (—1,i/2) (~1,—i/2) (1,—i/2) (1,i/2)

First we consider f((__llZ;;)/ 2) f, we find

(=1,—i/2) —-1/2 —-1/2 bi(—l-i—it)
dt| = —l+1t) dt| = - — dt
/(—l,z’/2) f /1/2 f(=l+it) /1/2 o (—I+it) _ p—m(—I+it)

1/2 p—t

< / e—Trleimt _ e‘n’le—iﬂ't dt
—1/2
2 bt

S /1/2 e—ﬂleiwt ’ ‘ 1— 627rle—2i7rt dt
1/2 emlp—t

:/_1/2 1 _ e2nlp—2imt dt
1/2 mlp—t

< / U

— —1/2 6271'1 -1

Note that this expression tends to 0 as [ tends to co. Via a similar calculation we conclude that the
contribution of the integral

(1,i/2)

|

(1,—/2)

also tends to 0 as [ tends to co. We find that
(1,—i/2) (=1,i/2)
i:/f:lim/f:lim / f+/ f
R l—o0 JR l—00 (=1,—i/2) (1,i/2)

:/Oo f(t—1i/2) dt+/7mf(t+i/2) dt

o0

:/jo Ft—i/2) = f(t+i/2) dt.
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using that e # = +i we can simplify the expression above as follows

i:/_oo F(E—i)2) — f(t+i/2) dt

b3 bit Sh it
—co | \eTte2 —e e eTtes — e Tle2
oo b3 it =Lyt
o _ZeTrt _ Ze—ﬂ't Zeﬂ't + Ze—Trt
-1 [ b2 bit b= bt i
- T e e‘n’t + e—ﬂ't + e‘n’t + e—‘n’t

1 -1 o bt
:i<b5+b7>/ S 7
oo 67\'75 + e—‘n’t

we conclude that

i bt 1
/ dt = 1 —1
oo €™ e b2 +b=

as desired. 0

We will use this integral in combination with the unitary conjugation ®% to construct the inverse of
the map (D~1/2 + \D1/2),

We return now to (@‘1/2 + )\331/2), we aim to invert this map. Note that for A > 0 the map

)\it

t ent + 677‘{'157

defines an element of L*(R) (with the Lebesgue measure). For fixed A € B(H_4) we consider the collection
{D"(A); t € R}. Since D¥(A) = A"AA™" with A" being unitary, we conclude that | D (A)|| < [ A]],
so the collection is uniformly bounded. For h,v € H 4 consider the map ¢t — <A“AA’“h, v>. We find
that

lim (A"AAT ", 0) = lim (ATCDATANTEATE D)
t—zx

t—x
= (A AAT=h0)

hence the map ¢t — (D (A)h,v) is continuous and in particular it is measurable.

Let p denote the Lebesgue measure on R and let A > 0, by our previous arguments the integral

[ee] it
)= a2 [T o) dn

o et + e~ Tt
is well defined. Note that by the properties of the integral it follows that on D(AY2) N D(A~1/2) the

identity
Jao (D724 ADY2)(B) = (D72 + ADY?) 0 Ja(B),

holds for all B € B(H.4). For a short description concerning integrals of operators we refer to the
appendix.

Proposition 4.1.2.13. Let 3y be defined as above. Then the following identity holds
D) =3 |(27V2 + XDV 3] = a3,
on D(AY2) N D(AY/?),
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Proof:
Pick h,v € D(AY?)ND(A~Y/?) and consider
([(120:(8) + A (220:(B)) | v}

Let Ea denote the spectral measure associated to A, we find the following identities

([(o9) 43 (0508)] 1)

_ <(/oo 12 \it [A_1/2+itBA1/2—it +)\A1/2+itBA—1/2—it} dt) h,v>

eﬂ‘t + 677Tt

eﬂt + e—ﬂt

oo 2\t ) ) ) )
:/ A\—1/2 <[A—1/2+ztBA1/2—zt _’_)\A1/2+ztBA—1/2—zt} h,v> dt.

We will consider the terms (A~1/2F#*BAY27ith v) and A (AY/2H¢BA=(/2F ] v) separately. For
(A=Y2+EBAL/2=# ] 4) we find

<A—1/2+itBA1/2—ith, v> _ <BA1/2—ith7 A—I/Q—itv>
( / gt/ dEMx)) h, < / y A dEMy)) v>
a(A) o(A)

<B
_ <</ p1/2—it dBEA(:C)> h, (/ y71/27it dEA(y)> ’U>
a(A) o(A)
:/ gt/ <BEA(ac)h7 </ yl/ZitdEA(y)> v> dx
o(A) a(A)

- / / 2!y (BEA (2)h, Ea(y)v) dyda.
(A)
Similarly we find for A (A1/2+#* BA=(1/2+)p ) the expression
A <A1/2+itBA*(1/2+it)h’ v> — )\/ / $—1/2—¢ty1/2+it (BEa(2)h, Ea(y)v) dydz.
(A) Jo(A)

We combine now these expressions to find that

([(20:(B)) + A (2123:(B) )| hov)
:/Oo )\71/2)‘7”<{A71/2+itBAl/27it+>\A1/2+itBAfl/27it} h,v> dt

eﬂ't + e—ﬂ't

+ e—‘n’t

S ) ()
o Joay Joay €™ e [ \a Ay Ay

Fubini’s theorem allows us to interchange the order of integration. We first integrate against ¢ to find

[ foiten ) (8
L =@ ()

Note that [ <;y>”2 . @)_W] = K?)m ! (Aﬁ_lﬂ] |
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(BEA(2)h, EA(y)v) dy-dx - dt.

(BEaA(2)h, EA(y)v) dy - dx - dt.

(BEA(x)h, Ea(y)v) dt-dy - dx.




Using this together with the identity derived in proposition 4.1.2.12:

R N !
/_OO emt 4 g—mt - <>\y)1/2Jr (Ay)_1/27

x x

we conclude that

Q@n“%mm)+A@W%m30pm§—Z;nlﬁfBﬂumMEﬂwwdydm

(o{f v

= (Bh,v).
Let 2’ € m(A)" and A > 0. By proposition 4.1.2.8 we have on D(AY2) N D(A)~'/2, the identity:
Ja'J = {@71/2 + /\’)31/2} z3.
It follows that on D(AY/2) N D(A~1/2) the identity: x} = Jr(Jz'J) holds. O

We will now extend this identity to all of B(H). Since Jx : B(H) — B(H) it suffices to show that
D(AY2) N D(A~Y/?) is dense in H. By definition D(A?) N D(A~Y2) = D(AY? + A~1/2). Using
proposition 6.1.1.4, we find that

[D(AW) N D(A‘”Q)} op (A—1/2(A + 1))L = ran ((A + 1)—1A1/2)L
= ker (AW(A + 1)*1)
= {0},
here the last equality follows from the fact that A'/2(A+1)~1 is invertible. We conclude that D(A/2)N
D(A~1/?) is dense in H4.
Using all these considerations we are now able to prove the Tomita-Takesaki theorem.

Proof of theorem 4.1.0.7:

Let H = Hy and let J and A as above. Recall that for 2/ € 7(A)" we have that z) € 7(A), con-
sider o', y’ € w(A)’. We find for h,v € H 4 that

('x3h,v) = (Y Ia(J2' T)h,v) = Ga(J2'T)y'h,v) .
By the properties of the integral we find the following formulas for (y'Jx(Jz'J)h,v) and (Jx(J2'J)y h, v):

oS} )\it ) .
(y'In(Jz" T)h,v) :/_ o= WA TAT ),
0o )\it

@AMUWMWZ/

m <Aitjx/JA7itylh, 'U> .

Subtracting these terms and using that A > 0 to write A\ = ¢! with £ = log A, we find
T AT A A TA Y ) dt =0
e e‘n't_i_ef‘n't <[y x - x y] ’U> -

Define the function g : R — C as

([y ATz JATH — At Jo! JAT Y| h,v)
eTrt + e—ﬂ't

9(h,v) (t) =

Y
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if we denote by F the Fourier transform then we conclude that for all £ it holds that

it

F(gn)(€) = / ([y A" T2/ JAT — A" J2! JA™"y'] h,v) dt = 0.

Tt —7t
N A

Since the Fourier transform is invertible we conclude that g(t) = 0 for all ¢ € R. This implies that
A Jz' JAT € 7(A) for all 2’ € 7(A)" and ¢ € R. In particular for ¢ = 0 we conclude that

Jr(A)'J C m(A).
Now suppose that we can show that
Jr(A)J C w(A),

we then find that
m(A) = JJr(A) JJ C Jr(A)J C w(A)".

It then follows that
Jr(A)J = 7(A) and Jr(A)J = r(A).

Claim:

Jr(A)'J C m(A) = Jr(A)J C 7(A)".
Proof:

Let a,b € 7(A) and z € 7(A)’, we aim to show that aJby = JbJah as vectors in H_4. Using that
we can show that Ja.Jb = bJaJ as operators. For a,b € 7(A) and z € 7(A)" we find that

(a.Jbb, zb) = (z".Jbb, s(ab))

(
— (JJa" b, s(ab))
- <A1/2(ah), Jx*th>.

Since Jz*J € m(A) we have that Jz*.Jbh = s(b* Ja.Jh), using this together with the fact that rAY/2 = J
we find that

<A1/2(ah ), Jz* th> <A1/2 ab), b*Jth)>
< Jth,rAl/z(ah)>

— (b*Jab, J(ab))
— (Jab, bJab)
(aJbh, zh) = (JbJab, zh) .

Using the density of w(.A)'h we conclude that for all a,b € 7(A) it holds that aJbh = JbJah. Consider
now bJaJ as an operator, let ¢ € m(A)’ we find that

bJaJ(ch) = (bJ) (aJch)
= (bJ) (JeJah)
= beJah
=bJaJch.

We use the density of 7(A)h to conclude that JaJ commutes with b for all a,b € w(A), as such
JaJ € (A). O

We continue with the proof of the Tomita-Takseaki theorem. As described above we can conclude now

that
Jr(A)J = w(A) and Jr(A)'J = 7(A).
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We return to the function

<[y'A”Jx/JA’” — A% Jg JATH ’] h v>

67rt + e*ﬂ‘t

)

9(h,v) (t) =

we concluded that it is zero for all ¢. Since Jz'J € 7(A) and y’ commutes with AJz' JA~ for all
2,y € m(A) it must follow that A%r(A)A~" C m(A), for all ¢. Note that
7(A) = ATPA" (A ATEAY ¢ AT r(A)AT C 7(A),

so in fact we have the equality: m(A) = A%m(A)A~ for all t. It follows that conjugation by A% defines
a one parameter group of automorphisms of w(A). We will now show that conjugation by A% also defines
a one parameter group of automorphisms for w(A)’. Pick 2/ € 7(A)" and let a,b € 7(A), consider the
identities

<Azt /A ztab bh> I‘A 'Ltab A 'LtbAztA ztb>
A ztah A ztbAzt( ) zth>
ab bAzt A zth>

{
{
=
(b*ab, A (/)" A~"p)
{
{
={a

S( *bb A’Lt ) A~ zth>
Azt /A zt[,)’a bh>
Azt /A zth bh>

We conclude by density of 7(A)h that A2’ A= ah = aA¥2’ A=%h. For b € 7(A) consider Az’ A~ a(bh),
we find

A2’ A~ (bh) = A¥a’ A~ abh
— abAitx/Afith
= aA%2' A7Dh.

Using the density of 7(A)h once more we conclude that A%z’ A= commutes with 7(A) for all 2’ € 7(A)’,
therefor A2’ A= € w(A)’, as desired. O

4.2 The Modular automorphism group ®

In this section we will use the Tomita-Takesaki theorem to further classify type III von Neumann
algebras. We will see that type III von Neumann algebras can be classified into types indexed by the
interval [0,1] C R. While proving the Tomita-Takesaki theorem we used a cyclic and separating vector
b, this vector was derived from a faithful normal state which every separable von Neumann algebra has.
However the vector hh depends on the faithful normal state chosen and so does the one parameter group
of automorphisms. This is the case because the faithful normal state gave rise to an inner product on
A, changing the inner product leads to a change in the topology it defines, as such, the automorphism
group varies with it. We will show that if we consider a different inner product, defined from a faithful
normal state, then only the inner automorphisms change and the outer automorphisms (defined below)
are stable under this perturbation. We will start by defining inner and outer automorphisms.

Definition 4.2.0.14. An automorphism « of a von Neumann algebra A is called inner when there exists
a unitary ue € A such that for all x € A

() = ulru,.
An automorphism is called outer when it is not inner.

We denote by Aut(A) the group of all automorphisms, by Inn(A) we denote the group of all inner auto-
morphisms.
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Remark

note that the inner automorphism of A are precisely given by the unitaries in A, namely if u is unitary
then U(x) := u*zu defines an inner automorphism of A. The group of all inner automorphisms defines a
normal subgroup of Aut(.A). Pick a unitary « and denote its image in Inn(.A) by U, for any automorphism
« we find that

aoUoa z)=alu*a " (2)u)

a(u®)za(u).

Since « is an automorphism we have that «(u) is unitary for each unitary w.
By this last remark we can consider the quotient of Aut(A) by Inn(A), we define

Out(A) := IAIE;D((j))

For a faithful normal state ¢ we consider its GNS Hilbert space H4, recall that H is the completion
of A with respect to the inner product (-,-) P defined by ¢. This inner product is given by the formula
(x,y) 6 = ¢(y*x). The Tomita-Takesaki theorem gives us a one parameter group of automorphisms,
acting on my(A) and its commutant, constructed from the modular operator As. From now on we will
use the subscript ¢ to stress that A, depends on ¢. This one parameter group was given by QZ defined
by @Z(W,z)(x)) = Agwd)(x)A;“. The question becomes: if given faithful normal states ¢ and v how do
@fg and @fﬁ relate? We denote by by the cyclic and separating vector associated to ¢. We start by
investigating how the spaces Hy and H,, relate.

Theorem 4.2.0.15. Suppose that A is a o-finite von Neumann algebra and suppose that ¢ and i faithful
normal states on A, then we can find a unitary W : Hy — Hy such that:

W7T¢ W* = 7T¢, .
Proof:

Denote by Ms(C) the von Neumann algebra of 2 x 2 matrices over C and consider AQMy(C). Ev-
ery element z in A®M3(C) is represented by a matrix,

11 T12
T = .
T21 T22

Given two faithful normal states ¢ and 1, we define a faithful normal state (¢p$1)), defined on AQM(C),
by setting

(@ © ) (x) = ¢(x11) + P (222).
It is easy to see that (¢ @ v) is indeed a faithful normal state on A®Ms(C). We construct the GNS
Hilbert space associated to AQ@M5(C) and the faithful normal state (¢ @ 1)). We define

Hipou) = {A@Mﬂ‘c) ; <'v'><¢@w>}

With this construction we find a cyclic and separating vector h(gay) € H(pay) associated to ARMs(C).
We define now matrices e11, €12, €21 and egy as

(10 (0 1 (0 0 (00
€11 = 0 0 , €12 = 0 0 , €21 = 1 0 , €22 = 0 1 .

Note that z € AQM3(C) can be represented as
T =211 ®e11 + T2 Qepo + T2 @ e21 + Tog ® e22.

We define closed subspaces Hi1, Hiz2, Ha1, Haz of H(pay) by setting

Hij := {(a®eij)hsay) ; a € A},

89



more concretely:

0
7'111_{(3 0 >b<¢@w>5a€A}~

Note that if a,b € A then <a ® eijh(g@y), b @ en,7rzh(¢®w)>(¢@¢) = 0 when (n,m) # (i,7) (this is because

(¢ ® 1)) ignores the top right entry and the bottom left entry of the matrix). It follows that the Hilbert
spaces H;; form closed orthogonal subspaces, we find that

Hpay) = Hi1 © Hiz ® Ha1 © Haz.

We relate the spaces Hy and H,, (the Hilbert spaces derived from A by the GNS construction using ¢
and 1) to the spaces H;; by defining maps U, qi and U q% as follows:

Uj(aby) = (a® e11)hpay),
Uj(aby) := (a @ e21)h(pmy)-

We see that U(zl, : Ahg — Hi1, note furthermore that

U5 (aba)||* = (Ud(abs), U (ahs)) s
—wou (%" o
= ¢(a*a) = [laby]”,

so that Uq{ is in fact an isometry. We can extend U, é to be defined on the whole of Hy4, we denote this
extension also by U ;5 Obviously the range of U(; is dense in Hy; thus U é defines an isomorphism from

Hy onto Hqq. Similarly we conclude that Ug defines an isomorphism from Hg4 onto Hzi. We see that the
structure of Hy is present in Hgqy)-

We define maps UT}, and Ui, as follows:
Uj: Ay CHy — Hia,  Uylaby) := (a ® e12)h(gau),
Uj: Aby CHy — Haz,  UgZ(aby) := (a ® e2)bpeu)-

Via similar arguments we conclude that U&; can be extended to define an isomorphism from H, onto
H12, also the extension of Ui defines an isomorphism from H, onto Hae. Consider the map

s L ABM:(C)] bipsy) — ABM2(C) bsew, 557 (@hsew) = 2B -

By construction we have that sé‘i@w) is preclosed, we denote its closure by sgagy). If given z €

[ARM3(C)] b(pay) then 2*h(saey) satisfies

Y (p@yp) = (11 ® €11 + T12 ® €12 + T21 ® €21 + T @ €22 Do)
Sc*bw@w) = [CETl X el + %;1 X e + 50){2 X e + 1‘32 & 622] h(¢€9’¢)'

Recall that s(®®%) = s(6®¥)™" consequently we find the following identities for s(¢®%)

5(6®v) (D (Sw@w)) n Hn) -D (Sweaw)) N Hyy

$(999) (p ( < ) ) ( <¢eaw)) A Hoy
$(999) (p ( (sw@w)) n 7.[21) D (s
(P () ) =2 (

DY) )
S (9&9) ) N Hoo.

(o®v)

NHiz

5(20Y) (p (g(0¥)
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For notational ease we denote
S = 508V,
Hy = Hq1, U, :=U},
Ho := Ho, Uy := 35,
Hs = Hia, Us = i,
Hy = Hoo, Uy = Ui,.

Suppose that we represent S by a matrix, then as a consequence of the equalities above we conclude that
the matrix representation of S is of the form

Sy 0 0 0
s_| 0 0 smo0
0 S 0 0

0 0 0 Su

For a € A consider (a ® e11)b(gay) € Hi, we find

Su ((a @ en)hgey) = (a° ® e11)h(pme)
= U (sp(aby))
= U1 o S¢ o) Uf ((CL ® 611)h(¢@¢)) .

Similarly we find that
S44 = U4OS¢OU:.

We would like to find similar expressions for So3 and S32. We define maps

S .Af]qa C 7‘[¢ — .Ahd; C Hy, 5¢,¢,(ah¢) = a*hw
Sy, Aby CHy — Aby C He, Sy.p(ahy) == a"hy.

Consider Ss3, we find

Sas (@ ® e21)b(pau)) = (¢ @ €12)b(seu)
=Us(a"by)
= Us (sg,1(aby))
=Us o084y 0U) ((a ® egl)b(d,@w)) .

Via a similar argument we find that

532 ((a X 612)[)(¢@7¢1)) = U2 O Sy, © U; ((a X 612)h(¢@w)) .

Since S32 and Sy3 are closed we conclude that sg  and sy 4 are closable, we denote their extensions also
by s¢.4 and sy 4. Consider now R = S*, we find that R is of the following form:

Ry O 0 0
0 0 Razs O
0 Rz O 0 ’
0 0 0 Ry

with Ry = ST, Rog = S35, R32 = S33 and Ryy = S}y, consequently, Aygqy) = RS is of the form:

R 0 0 0 S 0 0 0 Ay 0 0 0
0 0 Rz O 0 0 Sy O . 0 Ay O 0
0 Rszx 0 0 0 Ss O 0 n 0 0 As3 O
0 0 0 Ru 0 0 0 Su 0 0 0 Ay



Since J(pay) satisfies J(¢@¢)Aéd/>39w) = S, we find that Jiggy) is of the form:

Jii 0 0 0

_ 0 0 Jys O

Jpoyp) = 0 Jy O 0
0 0 0 Ju

Consider the representation m(yey) : ABMa(C) — B (H(pop)), We view H(payp) as
Higop) = H1 O Ha © Hz © Hy.

An exercise in matrix manipulation yields that m4ey)(z) is of the form:

11 zi2 O 0
o 12 T2 0 0
T(sop) (@) = 0 0 z11 T12

0 0 T21 X922

Using our isomorphisms U; i € {1,2,3,4} we conclude that we can express this in terms of 7y and 7y,
we find

U17T¢({E11)Uf U17T¢)(‘T12)U§k 0 0

. ((E) _ U27T¢($21)Uik U27T¢(.'I;22)U§k 0 0
(6@) 0 0 Usmy(211)Us  Usmy(x12)Uf
0 0 []47'('1/,(5621)(]§< U47T1/,(1‘22)U:f

We pick
(01
“=\1 0 )

and consider J7(ggqy(a)J, a straightforward calculation shows that

0 0 J1U1U3 Ja3z 0

- 0 0 0 Jo3UsUj Jua
Jﬂ-(fﬁ@d’)(a)‘] - J32U2U1*J11 0 0 0
0 JuaUs U3 J32 0 0

Note here that if we write vy := J11U U3 Joz and vg := JozUsUj Juy then Jmiggy(a)J reduces to

0 0 v 0
0 0 0 wv
Treew(@T=1 o o o
0 vy 0 0

Note furthermore that v} = vy and vi = vy !, so that JT(s@y)(a)J is a selfadjoint unitary that commutes
with 7(y@e) (A®M2(C)). Using this commutation relation we calculate and compare (g (2) (JT(say)(a)])
with (J7(pey)(@)d) Tpey)(x), we find that

0 0 U17T¢(£L'11)U1*U1 U17T¢(£L'12)U2*U2
o 0 0 U27T¢(.T21)U1*1}1 U27T¢($22)U2*U2
mwew) (7) (TTwon () = | g Uzt Usmy(e10)Ugvs 0 0 ’
U47T11[,(xgl)Uék’Ui< U47T¢(£E22)UI’U§ 0 0
and
0 0 U1U37T¢(I11)U§: U1U37T¢(1}12)U2f
0 0 VoUymy (221)Us 02Uty (222)US

(JW(MW(G)J) Toew () = v Urmg(211) v Urmg(212)

(z11)U7 (212)U3 0 0
U§U27T¢(.’L‘21)Uik UékU27T'¢,(.’L‘22)Uvé'K 0 0

and they are equal because of the commutation relation. In particular we see that the following holds

U17T¢($11)U1*”U1 = 1}1U37T1/)(I11)U§,

92



as such,
7T¢(.Z‘11) = UTU1U37T¢($11)U§UTU1.

Set W = U;ywv1Us, we conclude that
Ty = W’IW,W*.

meaning that 7, and my, are unitarily equivalent. O
We will use this to prove the Cocycle Derivative Theorem, this theorem is important because the type
classification for type I1I algebras is a consequence of it.

Theorem 4.2.0.16 (Cocycle Derivative Theorem). If ¢ and ¢ are faithful normal states on A then we
can find a unique SOT continuous one parameter group {u; ; t € R} of unitaries in A with the following
properties:

1. Ustt = USAZ;utA;iS.
2. Df; = uDYuj.

This is not the full statement of the cocycle derivative theorem, we omitted the rest as we will not need
it, for a full treatment of the cocycle derivative theorem we refer to [9].

Proof:

Consider H4 the map 7 defined by
n:Hy — My, n(v) =W(v),
it satisfies the following properties:
To(2)n(v) = meW (v) = W(my(v)) = n(my(v)) 2z €A vEHy,
¥(b"a) = (aby,bby),, = (W(aby), W(bhy)), = (n(aby),n(bhy)),  a,b €A,

Hey = [n(Aby)].

Since W is an isometry it follows that 7 is an isometry. We conclude that there exists a Hilbert space H
and an action of A on H given by m(A) such that there are isometries

§:Aby — H,
n: Aby — H,
with the properties
m(a)(€(bhg)) = E(mg(b)aby)  a € A,
(@) (n(bhy)) = n(ma(a)bhy)  a € A,
¢(b*a’) = <§(ab¢),§(bh¢)) a,b € A7
Y(b*a) = (n(aby),n(bhy))  a,be A,
H = [§(Abg)] = [n(Aby)].

For example we can pick H = Hy and let £ = 1 then H satisfies the properties above. Fix H as above,
we note that £ and 7 extend to isometries from H, and H, onto H, note furthermore that for all z € A
it holds that

m(z) = §omy(w) o £,
m(x) =nomy(x)on”.
Recall that the action of AQM5(C) on Hi & Ho & Hz & Hy was given by

U17T¢($11)Uik UH7‘(‘¢(3’J12)U§IK 0 0

T ((E) _ UQ7T¢(J)21)U1* l]g?'f'qg(l‘gg)Uék 0 0
(¢@9) 0 0 Usty(211)U35  Usmy(212)Us
0 0 U47T¢($21)U§ U47Tw($22)UI
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We use now £ and 7 to deduce that the action of AQM3o(C) on H1 & Ho & Hz ® Hy is given by

Ui n(z1)eU; Ui n(a12)EUs 0 0

ronn(@) | CET@n)EUT Vs nlan)eUs 0 0
(¢©) 0 0 Usn*n(z11)nU;  Usn*m(z12)nUj
0 0 Ugn*n(zo1)nUs  Ugn*(x22)nUy

It follows that 7(4a.) is of the following form:

T(p@y) ()

U1§* 0 0 0 7T(£U11) 7T(.’£12) 0 0 fo 0 0 0
0 U2€* 0 0 7T(J}21) 7T(£U22) 0 0 0 gUék 0 0
0 0 Usn* 0 0 0 m(x11) 7(z12) 0 0 nU;y O
0 0 0 Usn* 0 0 m(xa1) 7(xa2) 0 0 0 nU;

It follows that the action of x € AQM(C) on HHH @ H S H is given by m(z). So far we have succeeded
in showing that we may assume that A4 acts on a Hilbert space H which contains an isometric copy of
My and Hy. The action of 2 € AQM(C) on H & H & H & H is then given by

Tr11 T12 0 0

o1 T22 0 0
0 0 11 T12
0 0 T21 T2

We will denote A associated to H®H & H & H by

A;p 0 0 0
0 Ay O 0
0 0 Aszz O
0 0 0 Ay

A:

Since A% determines the modular automorphism group of AQM3(C) on H & H & H & H, we conclude
that A%z A~ =y, for some y € ARM;(C). In particular A%z A~ = y is of the form

yin yi2 0 0
y = ya1 Y22 0 O
0 0 w1 w2
0 0 921 Yoo

From this last expression it follows that
it —it _ At —it it —it _ At —it
ATz AL = AggenAgg,  AfeioAgy" = AjzrnAyy”,
it —it it —it it —it it —it
Abpran A7) = Ao Agg”,  Abpralgy = Aoy

For notational easy we define

At 0 00

; ; 0 A 0 0

[AfaRl=1 g 0" A o
0 0 0 A

We conclude that the modular automorphism group of A denoted by ® := {D% ; ¢t € R} reduces to the
following form:

D% (z) = [Afy, A -z - [Afy, A%

Consider now the isomorphism

] Ho@Hy B Hs oMy —HOHOHSH,
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defined by

&E 0 0 O
lon oo
00 0 g

We denote the action of x € ARM(C) on Hy & Hy & Hey & Hy by w(z). The action of D% on
Hy ® Hy @ Hy D Hy will be denoted by D, By construction the following identities hold:

n(2) = [6 )" ale. ],
D (n(x)) = 7 (D(x))
= [&,n]" [AT, AR -z - [AY, AL ],
::(MJWWA%,A%ManQ-wm»-Qanr[A%,A%rwanQ.

Note that 7(x) is of the form

Tp(z11)  §FT12m 0 0

| mraé my(rae) 0 0
’R'({E) o O O 7T¢(Z‘11) 5*331277
0 O n*I21§ 7T¢ (SEQQ)

Note now that £*Af} ¢ = AY and similarly n*Abyn = Al Tt follows that D% (7 (x)) is of the form

Agw¢(x11)A;“ Afgﬁ*(%z)nA;it 0 0

) Aitn* (le)fA—it Ait7r (Z’QQ)A,_it 0 0
it _ P é ' W ) — ; —i
n (7(2)) 0 0 Ao (1) A" ATE (212)nA "
0 0 Azn* (argl)fA;” Ajﬁm, ($22)A1;”

We conclude that if AQM4(C) is represented on Hy & Hy & Hy S Hy, then the modular operator Ay,
and its corresponding one parameter group of unitaries A, are of the form:

Ay 0 0 0 A0 0 0

| o A, 0 o0 a | 0 A 0 0
A= 0 0 Ay 0 | A== o o A0
0 0 0 Ay 0o 0 0 Al

It follows now that z € AQM3(C) can be represented on Hy & Hy & He @ Hy by a matrix

rny= (o)) Ve,

W*7T¢($21) 71'1/,(,@22)

with x;; € A and W : Hy — Hy the unitary equivalence between 7y and 74. Note that for a € A
we have that Wy (a) is just the representation of a as a bounded linear operator from H, to Hg4. As
such we can determine when a linear operator B : H, — Hy4 defines an element of 4. The modular
automorphism group D% acts on m(z) as follows:

D (z) = ( P Siasoacy it AQ}W@(mz)Aii >
g AgW*ﬂ'(z,(le)A;z Agﬂ'@s(l‘gz)A;Z

Because D% defines an automorphism for all ¢+ € R, we conclude that

Dt (n(x)) = < Agw¢(:§11)A;it | AZWWw(mz)A;t ) _ < 7o (y11) Wy (y12) )
T AiptW*Wcﬁ(xm)A;” Agﬂda(@z)A;” W*mg(y21) 7y (Y22)

For all t € R we define an automorphism D% of AR®Mo(C) by setting
D (x) =7t [’D:f(ﬂ'(x))] .
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Note that this is well defined because D% is an automorphism of 7 (ARM3(C)). Similarly we identify

the action of D} on m4(A) with its action on A via

it

D . !
RSN ms(a) =% DY (a) s be A
We also identify the action of D} on m,(A) with its action on A via

it _1

Ty Dy it Ty
a — my(a) — Dy (a) — b e A

We denote the action of D% on AQ@Mo(C) by
it |( 11 T2 _ ’Df}f(xn) o, ¢}( 2)
To1  X22 :‘3?(1)71/,}(3521) QZ (z22) |~

We define the collection u; as
it 01

Note that u; determines an element of A. For z,y € A consider @w #(@y), we find that
@it ( ) o @it [ 0

{v,0}\TY) = 0

it
_9 < ’
0

0

— @it _<

We will now show 1. By the identity

;th( )0} {w ¢>}( )= Q?{tw@}(wy) :gl{tzp,¢}($)©i$(y)a

[ERCE !

T O ow
N— —

[BEIEER

we find
_ gyils+t)
o = D] (1) = D%, ) (D85 (1) |
is it
(.} (1 ' Q{w}(l)) )

= DYy (1) DY (@{w oy (1 ))
= U @fj(ut),

as desired. For 2 we note that DY (z) satisfies:

as desired.

O

We are now in the position to classify type II] von Neumann algebras. Recall that the inner auto-
morphisms of 4 form a normal subgroup of Aut(.A). The group Out(A) is defined to be the quotient of
Aut(A) by Inn(A). For any faithful normal state ¢ we consider its modular automorphism group D% b as
a subgroup of Out(A). Pick some other faithful normal state v, by the cocycle derivative theorem we

have that there exists a collection u; of unitaries such that

@w = Ut©¢ Ut
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We denote the equivalence class of ng in Out(A) by [@ﬂ . We conclude that for any two faithful normal
states ¢ and 1 the following holds:

[05] = [0%]-
It follows that [Dfﬂ forms a subgroup of the real line which is an invariant of the algebra (i.e. invariant
under the choice of the state ¢). Denote by V' C R the set of all ¢ € R such that Ag € A, in other words
V is the set of all t € R such that CDZ‘ is inner. Suppose that t,, C V is a convergent sequence and let ¢
be its limit. Consider Af;‘% since Aéf determines a strongly continuous one parameter group we conclude

that A;to = lim,— 0o Af;", in the strong operator topology. Since AZ” C A, it follows that AZO e A
We conclude that V is closed, obviously V is a subgroup of R thus one and only one of the following
possibilities can occur:

R

V= rZ for some r > 0,
{0}.

Suppose that V is R then all automorphisms are inner. If V' = rZ then we apply the group homomorphism
e:V — (0,00) defined by

)

e(rb) = e ", beZ,

and set A := e(r), to find that the inner automorphisms form a multiplicative subgroup of {(0, c0),-} of
the form {\’ ; b € Z}. Note that in this case 0 < A < 1. If V = {0} then all automorphisms are outer.
Because V is stable under the choice of faithful normal state, the following definition makes sense.

Definition 4.2.0.17. If A is a type I11 factor, then we say that A is of type I11y if V =R, we say that
A is of type II1 if V. = \? and finally we say that A is of type I1I; when V = {0}.

We conclude the following theorem.
Theorem 4.2.0.18. If A is a type 111 factor, then there exists X € [0, 1] such that A is of type IIT,.00

One could wonder why we insist that A is of type III. The point is that if A is not of type I1] then
V = R. It is not at all obvious that this is always the case. We will not show this but instead we will
give a sketch of the argument en the steps required to obtain the result.

We insisted that A is o-finite so that we could work with a faithful normal state, if we drop this as-
sumption then we are forced to work with weights. A weight is a map from the positive cone A, to the
extended half-line [0, oo] which is linear. A weight is simply a noncontinuous positive linear functional.
For any von Neumann algebra A there exists a faithful semifinite normal weight w. Much like in the
tracial setting one obtains a Hilbert space H,, derived from the weight w via the GN.S construction. We
can then represent 4 on H, and consider the modular automorphism group associated to this weight.
One then proceeds to show that the image of this group in Out(.A) is also an invariant of A. In particular
if A is of type II then it has a trace 7. The modular operator A, associated to 7 is always equal to the
identity, hence the modular automorphism group associated to 7 is the trivial group, meaning that all
automorphisms are inner. As such V; =V, = R. For a detailed discussion regarding weights we refer to
[9].
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CHAPTER 5

Conclusions and summary

Here we look back at what has been achieved and what not. Furthermore we informally discuss some
subjects not mentioned in this thesis.

We have seen that every von Neumann algebra A can be decomposed as a direct sum of von Neumann
algebras of the possible types, that is the content of theorem 1.1.1.5. Furthermore the factor decompo-
sition, as explained in section 1.2.1, allows us to further reduce the study of von Neumann algebras to
factors of the possible types.

Using the crossed product construction we found that von Neumann algebras of all the possible types
do indeed exist. The study of type semifinite von Neumann algebras is governed by traces and further
decompositions into abelian von Neumann algebras and von Neumann algebras type I and II;. Some
type II; von Neumann algebras can be obtained from groups using the crossed product construction, as
described in chapter two. As a side remark: it is currently unknown if the free group on two generators
defines the same type II; factor as the free group of three generators, so the study of type II; von
Neumann algebras is far from done.

However the most complications arise in the type III case. Note that the decomposition theorem,
theorem 1.3.2.5, largely depends on the existence of a matrix unit. One could try this trick with the
type II1 algebra but alas it will not work. This is because of the fact that all projections in a type I11
factor on a separable Hilbert space are equivalent, see for proof [8]. In this case it would not help to
try to understand A on its corner algebras because trying to understand a corner algebra is the same as
understanding the whole algebra. I myself usually compare this with fractals since fractals also posses a
lot of self similarity, when zooming in.

The previous chapter was devoted to the classification of type I1I von Neumann algebras into those
of type III, with A € [0,1], this gives us at least some grip on the type III algebras. Though no
examples of these algebras are given, they can be constructed using the crossed product construction as
described in chapter two, for details we refer to [9].

There are many more matters that we have not covered or even mentioned, for example the hyperfi-
nite factors form an interesting subtype of von Neumann algebras. A hyperfinite von Neumann algebra is
a von Neumann algebra that can be obtained from finite dimensional ones using a sort of limiting process.
There exists a powerful classification result stating that all hyperfinite type II; factors are isomorphic.
For most of these matters we refer to the treatment of Takesaki, namely [8],[9] and [10].

As a last word from myself I would like to say to anyone reading this that the subject of von Neu-
mann algebras is highly challenging and, perhaps more importantly, fun. I find the level of abstraction
and generalization a fascinating thing. Perhaps it has something to do with my fascination of anything
of dimension > Ny. Although I believe that I now posses a relatively good feel for the subject I am still
relatively new to the subject. For me most of the theorems presented in this thesis were hard work, with
emphasis on the Tomita-Takesaki theorem. But I think that this is true for most of us, I must say, the
first time i took a read in [8] I was rather intimidated. For me I hope that my studies do not end here.
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CHAPTER 6

Appendix

6.1 Basic theory for unbounded operators and anti-linear oper-
ators

Here we shall briefly cover the basic and necessary theory for unbounded operators. Throughout this
section we will make distinctions between linear and anti-linear operators. If given some operator A we
will specifically mention if it is linear or anti-linear. Later on we describe how we can view an anti-linear
operator as a linear operator at the expense of a change in the Hilbert space structure it acts on.

Definition 6.1.0.19. Let H be a Hilbert space. A linear operator A : H — H is a linear map defined
on a linear subspace D (A) C H (not necessarily closed) called the domain of A. A is called anti-linear
when for all X € C and h,k € D (A) we have A (M + k) = XA (h) + A (k). If given two linear operators
A, B then A+ B is defined on D (A+ B) = D (A)ND (B), also AB is defined on B~ (D (A)), A is called
bounded when its operator norm exists as an element of R.

Note that if given a linear operator A then if D (A)" # {0} then we can extend A to include D (A)"
by setting A = 0 on D (A)", so we can assume that D (A) is dense in H. If A is bounded then by the
density of its domain and the continuity of A on its domain, A extends to a bounded linear map on all
of H. Thus if A is indeed unbounded then it is defined on a proper dense subspace and does not allow

for an extension to the whole Hilbert space. The notion of an extension should be interpreted as follows,
if A is an operator then B is called an extension of A when D (A) C D (B) and Bh = Ah for all h € D (A).

For a linear operator A on H we define its graph as
graph (A) :={h® Ah ; he D(A)}.

An operator A is called closed when graph (4) C H @& H is a closed subspace. A is called closable if it
allows for an extension A such that A is a closed operator.

The question becomes now which operators allow for a closed extension? To answer this one must
first have a characterization of the subspaces in H @& H which are graphs of some linear map. Obviously
if A is some linear map from H to itself then if 0 ® h € graph (4) then h = 0. On the other hand
suppose that V is some linear subspace of H & H with the property that 0 & h € V = h = 0, then set
D :={h € H ; there is a k € H with the property that h @ k € V}. Suppose that for given h € D there
are k1 and kg such that h® k; € V and h @ ks € V then because V is linear we find that 0 ® k1 — ks € V
thus k1 = ko hence if h € D then there exists a unique k € H with h @& k € V. Define now Ah := k then
for hy and ho we find ki, ko with hy @ k1, ho @ ko € V also there is a unique k such that hy + ho @k €V,
since V is a linear space we find that k = ki + ko thus A (hy + ho) = k1 + ko = A(hy) + A (ha). A similar
argument shows that A respects scalar multiplication, that is, A is linear. We have found a one to one
correspondence between linear subspaces V of H @& H with the property that 0@ k € V = k = 0 and
linear operators on .

Say that a subspace V C H@®H is anti-linear when for h &k and ho@® ks we have (hy + ha) B (k1 + ko) € V
and for A € C and h@® k € V we have \Ah @ Mk € V. If V is anti-linear and has the property that
0® k € V= k =0 then in a similar way we conclude that V is the graph of some anti-linear map A.
So again we find a one to one correspondence between anti-linear subspaces V with the property that
0® k € YV = k =0 and graphs of anti-linear maps A. An anti-linear map is called closed if its graph is
a closed anti-linear subspace and it is called closable when there is some anti-linear map B such that B
is an extension of A and graph (B) is a closed anti-linear subspace of H & H.

Lemma 6.1.0.20. An (anti) linear operator A is closable if and only if graph(A) is a graph.
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Proof:

Suppose that graph (A) is a graph, that is, there is some B : H — H such that graph (B) = graph (A)
then obviously we have graph (A) C graph (B), for h € D (A) we have that h & Ah € graph (B) so that
h @ Ah = h @ Bh that is Ah = Bh, clearly D (A) C D (B) so that B is a closed extension of A, hence A
is closable. On the other hand suppose that A is closable then it allows for a closed operator B such that
D(A) C D(B) and Ah = Bh for all h € D(A), suppose that 0 & k € graph (A) then 0 ® k € graph (B)
so then by our remarks k = 0, thus graph (A) is a graph. O

6.1.1 The Adjoint

The notion of the adjoint generalizes naturally to unbounded linear operators. Suppose that A is a linear
operator on ‘H and that A is densely defined. Let D (A) be the domain of A and set

D*(A):={keH; k:D(A) — C, ,k(h) := (Ah,k) defines a bounded linear functional on D (A)} .

Since k defines a linear functional on D (A) it is given by pairing with some vector f € H, that is
k(h) = (Ah,k)y = (h, f). Suppose that f; and fy satisfy this relation, that is, k (k) = (h, f1) = (h, fa).
Then for all h € D (A) we have (h, fi — f2) = 0, now we use that D (A) is dense in H and the boundedness
of k (h) to conclude that f; = fo. So the correspondence k — f such that k (h) = (h, f) is unique, we
define A* on D* (A) by setting A* (k) = f so that the relation (Ah, k) = (h, f) = (h, A*k) holds for all
heD(A) and k € D*(A) =D (A*).

Now we will construct the adjoint for anti-linear operators. R
Given an anti-linear bounded operator A : H — H then for k € H we define a map k : H — C by
setting

k (h) := (Ah, k).
We see that the following equalities hold

~

(h+v)=(A(h+v),k)=(A(h) + A(v), k) = (A(h), k) + (A(v), k) =k (h) + k (v)
k(Ah) = (A(M), k) = (A (), k) = A(A(R), k).

It follows that & is a linear functional on H so that & (h) is given by paring h with some unique vector
fx € H, that is k (h) = (h, fr). We define A* by setting A*k := fi. For all h we have the following

A* (k) (h) = far (h) = Xk (h) = (Ah, \K)
= M h, A*k)
= (h, XA"E),

hence A* (Ak) = AA* (k). Via a similar argument we conclude that A* is additive. In total we conclude
that A and A* are both anti-linear and satisfy the following relation for all h, k € H :

(AR, k) = (h, A*k).

We also note that ||A*|| = ||A| and that ||A*A|| = ||A]|*. For unbounded anti-linear operators A we apply
the same construction as with linear operators. So given an anti-linear operator A with dense domain
D (A) then set

D*(A) := {k €M ; k:D(A) —> C, k(h) := (Ah, k) defines a bounded linear functional on D (A)} .

We apply the same argument to find for each & € D*(A) some unique vector fr € H such that
k (h) = (h, fr) and define A*k = fj. It follows that A* is anti-linear on its domain D (A*) = D* (A4).
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Note that if we construct A** as above then an examination of its domain reveals the following; Sup-
pose that k € D (A*) then k (h) := (h, A*k) defines a bounded linear functional on D (A), then nat-
urally h : D(A*) — C defined by h (k) = (Ah,k) = (h, A*k) defines a bounded linear functional on
D (A*). If one would just formally construct the double adjoint A** of A then we would conclude that
D (A) C D(A*) so that A** is an extension of A. However it is not necessarily true that D (A*) is dense
in ‘H so it could be that A** is not well defined. We will partially solve this issue and give a sufficient
criterion for A** to be well defined.

Lemma 6.1.1.1. given a densely defined linear operator A and let I : H® H — H & H be the
isomorphism defined by
I(h®k):=(—k)®h.
Then it follows that N
graph (A”) = [I (graph(A))]™ .
Proof:

Pick k ® A*k in graph (A*) and let h @ Ah € graph (A), then it follows that

(k® Ak, (—AR) ® h) = — (k, Ah) + (A*k, h)
= —(k, Ah) + (k, Ah) = 0.
As such graph (A*) C [I (graph (A))]L On the other hand suppose that k@ f € [I (graph (A))]l then

for all h € D (A) we have
0= (ko f,(—~Ah) ® h) = — (k, Ah) + (f, h),

so that (f,h) = (k, Ah) for all h € D(A). We conclude that f = A* (k) hence k& f = k& A*k €
graph (A*). In total we find

graph (A) = [T (graph (4))]",
as desired. O
Proposition 6.1.1.2. If A is a densely defined linear operator then the following statements hold
1. A* is a closed operator.
2. A* is densely defined if and only if A is closable.
3. If A is closable then its closure is given by A** := (A*)".
Proof:

1
By 6.1.1.1 we have that graph (A*) = [I (graph (A))]" in particular it is closed, so indeed A* is a closed
operator.

2
Suppose that A* is densely defined then its adjoint (A*)" is closed, also we have seen that (A*)" defines
an extension of A as such A is closable.

On the other hand, suppose that A is closable and let ky € D(A*)l. Then, by 6.1.1.1, we that
ko @ 0 € [graph (A*)]" = [I (graph (A))]"" = I (graph(A)). It follows that I* (ko & 0) € graph (A).
The map I* is given by I* (h @ k) = k @ —h so then 0 ® —kq € graph (A). By the fact that A is closable
it follows that graph (A) is a graph, thus kg = 0, we conclude that A* is densely defined.

3

Suppose that A is closable then by 2 we find that A* is densely defined, as such, A** is well defined.
Using 6.1.1.1 we find that graph (A**) = [I (graph (A4*))]". Note that I2 = —1 and I3 = I*, so for any
subspace V C H @& H we have I (V) =V thus I (V) = I* (V) = I* (V). Using this we conclude that

graph (A™) = [I*graph (A*)]J‘ = [I* [Igraph (A)]J‘] . .

103



For any isomorphism J and subspace V we have J (V)J‘ =J (VL). We conclude that

graph (A7) = [ [Tgraph ()] ]

= [I*Igraph (A)]""
= [graph (A)]"" = graph (A).

So indeed the closure of A is given by A** when A is closable. Note here that if A is closed then we have
the identity A** = A. O

We would like a similar statement about anti linear operators. We will find a similar result but we
will approach the solution in a different way. The question really is: how much different are anti-linear
operators compared to ordinary linear operators? We have seen so far that a o-finite von Neumann
algebra A has a isomorphic copy on some Hilbert space constructed from A, on that Hilbert space we
could define an involution in a natural way. So in that sense one cannot just dismiss anti-linear operators
because they arise naturally. An other example is given by the Riesz representation theorem which states
that any bounded linear functional ¢ on a Hilbert space H is uniquely determined by some element
kg € H. The evaluation of ¢ in some point h € H is given by

¢ (h) = (h, k) -

So we have a nice correspondence between elements k of H and elements ¢, in the dual H* of H. However
the map ® : H — H* defined by

P (k) := ¢,

is anti-linear because of the following equalities:
® (Ak) (h) = (h, \k) = X (h, k) = A® (k) (h).

So the correspondence H <— H* is anti-linear. The proof of the Riesz representation theorem also works
for anti-linear bounded functionals on H. One can prove that if ¢ is a bounded anti-linear functional
on H then there exists a unique ky such that ¢ (h) = (ky, h) for all h € H. If we denote the space of
anti-linear functionals on H by H* then the map ¥ : H — H* defined by

U (k) (h) := (k, h),
is a linear correspondence between H and H*. We see that there is some (anti) symmetry going on here.

Given any Hilbert space H we can define a new Hilbert space H by defining a new scalar multiplication
and inner product in the following manner

Here -3, denotes the original scalar multiplication in H and (-,-),, denotes the original inner product in
‘H, we leave the summation in H unchanged. If A is any anti-linear map from H into itself then we can
consider A as a map from H to H. Since A is anti-linear it follows that A becomes linear viewed as a
map to H. If we denote the space of anti-linear operators on H by AL (H) and denote the space of linear
operators from H to H by £ (H, ﬁ) then it follows that

AL(H) = L (1) .

As such, to study anti linear operators it suffices to study linear operators but then one needs to make a
change in the Hilbert space structure.

So lets now consider the adjoint of a anti-linear operator A, by our previous consideration A becomes

linear when viewed as an element in L (’H,ﬁ) and its graph becomes a subset in H @ H. Naturally A*
is an element in L (H,H)
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Proposition 6.1.1.3. If A is a densely defined anti-linear operator on H, that is A € L (H,ﬂ) , then
the following statements hold

1. A* defines a closed operator in L (ﬁ, H).
2. A* is densely defined if and only if A is closable.
3. If A is closable then its closure is given by A** := (A*)".

Proof:
The same as the previous proposition but now we consider graph (4*) as a subset of H & H. O

The construction of the Hilbert space H is covered in greater detail in section 6.2. It is there that
we find that the structure of AL(H) is completely determined by the structure of £(H & H). In this
sense anti-linear operators are solved in terms of linear operators. Some constructions (such as the con-
struction of the adjoint) do not require the full Hilbert space H & H but can be done in H, therefor these
particular constructions are included here. However the notion of symmetry and selfadjoint operators
in the antilinear case require a more rigorous approach, as such, they are included in the next section.
While discussing symmetric and selfadjoint operators we will assume that they are linear. In section 6.2
we will make the generalization to antilinear maps.

Proposition 6.1.1.4. Suppose that A is a linear operator, then
[ran(A)]" = ker(A4*).
If A is a closed operator then also
[ran(A*)]" = ker(A).
Proof:
Given h € [ran(A)]", then (Af h) = 0 for all f € D(A). It follows that A* is defined on [ran(A)]",

using the density of D(A) we find that A* = 0 on [ran(4)]". We conclude that [ran(A)]" C ker(A4*).
Suppose that h € ker(A*), then for all f € D(A) we find 0 = (f, A*h) = (Af, h), thus h € [ran(A)]".

Suppose now that A is also closed, by 6.1.1.2 we find that A = A**. We use the first equality of
this proposition to find the second. O

Now we will review the notion of a selfadjoint linear operator. When A € B (H) is a bounded lin-
ear operator then A is self adjoint when A is symmetric ((Af, g) = (f, Ag)). If we are in the situation
that A is not bounded we need to consider the domain issues associated to the situation. Suppose that
the equality A* = A holds for some unbounded linear operator A. Since A* is closed (because it is the
adjoint of A) it follows that A is closed and thus also we find A = A* = A**. The equality A = A*
can only hold if D(A) = D (A*) so for h,g € D(A) we find that (Af, g) = (f, Ag) in particular for all
f € D(A) we have (Af, f) e R.

6.1.2 Symmetric operators

Definition 6.1.2.1. We say that a linear operator A is symmetric when for all f,g € D (A) it holds that
(Af.9) = ({f, Ag).

Suppose that A is symmetric then for f € D (A) we have (Af, f) € R, this implies that A* is a closed
extension of A because A*f = Af for all f € D(A). This in turn implies that A is symmetric so the
following are equivalent

e A is symmetric
o (Af, f)yeRforall feD(A)

e A* is a closed extension of A
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In particular we note that every symmetric operator allows for a closed extension, furthermore we note
that since A is closable its closure is given by A**, so how do A* and A™* relate? By definition we have
that graph (A*) is closed and contains the graph of A, since graph (A**) is the closure of graph (A) we
conclude that graph (A**) C graph (A*). Note that since A* is closed we have that A*** = A*. Consider
A** we find that (A**)" = A*** = A* is a closed extension of A** because graph (A**) C graph (A*). As
such, A** is also symmetric. We conclude that every symmetric operator allows for a closed symmetric
extension, therefor when considering symmetric operators we can assume they are closed.

Proposition 6.1.2.2. Let A be a symmetric linear operator on H. The the following statements hold
1. If ran(A) is dense, then A is injective.
2. If A= A* and A is injective, then ran(A) is dense and A™1 is selfadjoint.
3. If D(A) = H, then A is bounded and selfadjoint.
4. If ran(A) = H, then A= A* and A™! is bounded.
Proof:

1.
By proposition 6.1.1.4 we have that {0} = ran(A)t = ker(A*). Since A is symmetric, we have that
ker(A) C ker(A*). We conclude that A is injective.

2.

By 6.1.1.4 we have that ran(A)l = ker(A*) = ker(A) = {0}, we find that ran(A) is dense. Set B = A~!,
we aim to show that B = B*. By definition we have that D(B) = ran(A). Consider z, f € D(B), it
follows that = Ay and f = Ah for some y,h € D(A). We find that

(Bz, f) = (y, Ah)
= <Ay7 h>

= (z,Bf),

as such, B is symmetric. Suppose that z € D(B*), then the map (Bf,z) defines a bounded linear
functional on D(B). We find the following identities:

<Bf"7;> = <f,B*$>
= (Ah,B*z) .

This means that B*x € D(A*) = D(A), as such, x € D(B). We conclude that B = B*.

3.

Since A is symmetric it follows that D(A) C D(A*). Using that D(A) = H we conclude that D(A*) = H.
We find that A = A*, in particular A is closed. We use the closed graph theorem to conclude that A is
continuous, hence bounded.

4.
We use 1 to find that A is injective and its inverse, denoted by B, is defined on the whole of H. Consider
fyh € H, it follows that f = Ah and x = Ay for some h,y € D(A). We find that

therefor B is symmetric. It follows from 3 that B is bounded and selfadjoint. We use 2 to conclude that
A = B! is selfadjoint. O
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The last statement gives a criterion for a symmetric operator to be self adjoint, namely if A is sym-
metric and its range is the whole of A then it is selfadjoint and furthermore its inverse is bounded. Note
here that the inverse of A is not invertible as an element of B (H).

We will now diagnose the spectrum of a symmetric operator, but before doing so we first need some
observations.

Let A be a symmetric operator, consider A = a + bi € C and h € D (A). We find that

I(A = X) R|I* = [[(A — a) h — ibh|?

= I(A—=a) h|* = ((A— a) b, ibh) — ((A — a) h, ibh) + |[bh||*

= (A= a)h|* + bR
In particular if b # 0 then A — X is injective. Suppose that b # 0, by considering A** we may assume
that A is closed. Consider the range of (A — \) and suppose that g € ran(A — X). Then there are
h; € D(A) such that (A—X)h; — g as i — oo. In particular for all € > 0 we can find i. such
that if 4,5 > i, then ||[(A—X)h; — (A= X) hj||2 < € thus (A — A) h; forms a Cauchy net. Note now that
b2 ||hi||> < [|(A— X) hi||* as such the set {h;} forms a Cauchy net in A, denote the limit of this net by
h. We find now that h; ® (A—X)h; — h @ g € graph (4 — \), since we assumed A to be closed. it
follows g = (A — A) h € ran (A — X) thus the range of A — X is closed. We conclude that if A is a closed

symmetric operator then for all A = a+ib € C with b # 0 we have that A — X is injective and ran (4 — X)
is closed.

Definition 6.1.2.3. If A is a linear operator then we say that A is boundedly invertible when there is a
linear operator B such that AB =1 and 1 is an extension of BA

It follows that A is boundedly invertible if and only if ran (A) = H and A is injective. As such the domain
of B is the whole of H and therefor B is bounded. Also the bounded inverse B of A is unique if it exists.

Definition 6.1.2.4. Given a linear operator, we denote by p (A) the set of all A\ € C such that A — X is
boundedly invertible. We define the spectrum of A to be the set o (A) :==C\ p(4).

Note that if A is unbounded then so is its spectrum.

Let A be a closed symmetric operator and let A = a + bi € C with b # 0. Suppose that p € C is
such that |A — p| < |b|, consider now

V= ker (A* — p) N [ker (A* — \)]*-.

If V # {0} then there exists h € V with ||h|| = 1. Note that [ker (A* — A)]* = ran (A=X) =ran (A - X)
because ran (A — X) is closed by our previous considerations. Let h € V with ||h| = 1 then there is g
such that (A — X) g = h. Since h € ker (A* — u) we find the following identity:

0= ((A" = p)h,g) = (h, (A~ T0) g)
=(h,(A=X+X—7)9g)
=12)* + (A= p) (h,g) .

We conclude that
L= [A=pl-[(hg) | < |A—=pul-llgll <ol - llgll-
On the other hand we have that H (A=X)g| > 1ol llgl, thus

L= [[(A=X)g| =16l lgll -
In total we reach the conclusion that

o] - [lgll < L < o] - llgll
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which is clearly a contradiction. It follows that V = ker (A* — u) N [ker (4* — \)]" = {0}, as such,
ker (A* — p) C ker (A* — \) when |A — u| < |b] = |S'(N\)|. Suppose that A — pu| < 1/2-|F(A) ], then in
particular

1218 < [S () [ <3/2[3 (V).

It follows that |\ — p| < [ (u)|. We use now the same argument to show that if |A — p] < 1/2|S(N) |
then

ker (A* — A) N [ker (A* — p)]" = {0}.
so that ker (A* — \) = ker (A* — ). In particular the map A — dimker (A* — \) is constant on space
{AeC; &(A\) >0} and also constant on the space {\ € C; () < 0}.

Why is this important? This statement allows us to classify how the spectrum of a symmetric oper-
ator looks like

Theorem 6.1.2.5. Suppose that A is a closed symmetric operator, the only possibilities for o (A) are
the following sets

A)={AeC; I\ >0}
o s(A)={reC; I()\) <0}

So if A is any closed symmetric operator then its spectrum is one and only one of the sets above.

Proof:
Suppose that A is closed and symmetric, then for any A = a+bi with b # 0 we have that A— X is injective.
Suppose that A — X is not surjective and b > 0, then A € o (A) but if A— X is not surjective then because

its range is closed we conclude that ran (A — A\)" = ker (A* — X). Since 0 # dimker (A* — \) is constant
on {u € C; I(u) <0}, we conclude that { € C; I (u) <0} C o (A). If b < 0 then we would have that
{reC; I(u) >0} Co(A). Since o (A) is closed we have that if there is a+1ib € o (A) with b > 0, then
{AeC; ¥(N\) >0} Co(A)if there also exists a+1ib € o (A) with b < 0 then also {A € C; I (\) <0} C
o (A) and together they imply that o (A) = C. So far we have 0 (A) = C < {i,—i} C 0 (A4). Suppose
that o (A) # C and suppose that there exists a + bi € C with b > 0 then by our previous arguments
o(A)={peC; S(u) >0} If 0 (A) # C and a+bi € 0 (A) with b < 0 then by our previous arguments
o(A)={ueC; I(u) <0}. The last possibility is o (4) C R. O

We are now able to classify selfadjoint linear operators among symmetric operators

Theorem 6.1.2.6. If A is a closed symmetric operator then the following statements are equivalent
1. A is selfadjoint.
2. 0(A) CR.
3. ker (A* — i) = ker (A* 4+ ¢) = {0}.

Proof:

1= 2

Suppose that A is selfadjoint and let A € o (A4). If S (A) # 0, then A— X is injective and its range is closed
thus it must follow that A — X is not surjective. We have that {0} # ran (A — A\)= = ker (A* =) =
ker (A — X) = {0} clearly a contradiction, we conclude that  (\) cannot be nonzero, that is, A € R.

2= 3
Suppose that o (4) C R, then in particular {0} = H+ = [ran (A 4 i)]" = ker (A* F ).

=1
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We have that ran (A +4) closed, thus by assumption 3 we find ran (A4 4+ ¢) = H so that A + 1 is surjec-
tive. For h € D (A*) we find f € D (A) such that (A+14) f = (A* +4)h (because A + i is surjective).
Since A is symmetric we have that A* is an extension of A so that (A+1i)f = (A* +1i) f, we find
(A* +14) f = (A* 4+ i) h. Using 3 again we conclude also that A* + i is injective, as such, h = f € D (A4)
thus A is an extension of A*. We conclude A = A*. O

We now covered symmetric and selfadjoint linear operators. Normal operators are defined in the way one
suspects them to be, for completion the definition is included.

Definition 6.1.2.7. A linear operator A is called normal when A is closed, D(A*A) = D(AA*) and on
D(A*A) = D(AA*) the equality AA* = A* A holds.

What remains is to find the corresponding statements for anti-linear operators. But before doing so it
is instructive to formally introduce the conjugate vector space to see in detail how linear and anti-linear
maps can be interchanged at the cost of a change in the vector space structure.

6.2 Conjugate vector spaces

We will now describe the structure of the conjugate vector space associated to any complex vector space,
we will do this for Hilbert spaces but the generalization is simple enough. This section is devoted to make
precise the statement that an anti-linear operator can be viewed as a linear operator defined on the same
Hilbert space but with values in a conjugated space. At the end of this section it will be clear why this
is the case and how we can transfer statements about linear operators to anti-linear operators.

Given H a Hilbert space then we can formally associate to  the set # by defining
H = {E i he H} .

In order to make #H a Hilbert space we need to define addition and scalar multiplication on H as well as
an inner product. We define

h+

(h, ﬁ>ﬁ = (h,v)y.

With this structure H becomes a Hilbert space. Since H is again a Hilbert space we may apply the

same procedure again and we find the space H but luckily, as the following identities show, H and H are
linearly isomorphic. We find

SIS
Il Il

Ql ‘ =
=14

7+ T=h+o,

,0)

Q
>

),

so that the map i : H — H is a linear isometric isomorphism. We will henceforth identify H with H.
We define now a map c¢: H — H simply by setting

)

= W?—L = (h,v)H,

I
=
x|

c(h) := h,
by our previous arguments c is also defined on H and ¢? = 1. The map c satisfies the following identities

clh+v)=h+v=h+v=c(h)+c(v),
c(ah) = ah = ah = ac(h),

we conclude that c¢ is anti-linear, by construction c is an anti-unitary.
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Definition 6.2.0.8. The space H is called the conjugate space associated to H.

We see that H and #H are connected by the anti-unitary c¢. The map ¢ will be extended to give the
connection between operators on H and H.

Given an anti-linear map A : H — H then the map A := co A: H — H satisfies the identities:

A(ah+v)=c(@A(h)+ A(w)) =aA(h)+ A(v) =aA(h) +A(v).

As such, A becomes a linear map. On the other hand if A :H — H is anti-linear we can define a map
A :H — H by setting A := Aoc. It follows that

E(aﬁ—!—@) = A(c(ah) +c(@) =A@h+v)=aA(h)+A(v) = ag(ﬁ) + A(v),
we conclude that both A and A define linear maps. Furthermore it follows that any anti-linear map
A :H — H induces an anti-linear map A : H — H by setting
A=coA=coAoc=4Aoc.

It follows directly that co Aoc= Aoc= A so that the maps A and A are anti-unitarily equivalent. It
is easy to see that if L : H — H is a linear map then L := Loc:H — H defines an anti-linear map,
also L :=co L :H — H is anti-linear and L := co Loc:H — H becomes a linear map. Furthermore

we note for A linear or anti-linear we have A = A = Aoc = co Aoc = A so that the operations ”hat”
and ”bar” commute.
For vector spaces V and W we denote now
LWVW):={L:V— W, Lisalinear map}.

ALV, W) :={L:V — W ; L is an anti-linear map}.

The map c extends in a canonical way to a map C : £ (H,H) — AL (H,H) by defining
C(A):=A.

For all h € H we find that C satisfies the identities

C(A+B)(h)=A(h)+ B(h)=C(A)(h)+C(B)(h)

C (aA) (h) = aA(h) =aC (A) (h).

As such C (aA + B) = aC (A) 4+ C (B) and we conclude that C determines an anti-isomorphism between
L(H,H) and AL (1, H).

We can also extend ¢ to a map C : £ (H,H) — AL (H,H) by defining

Q)

(A) := A.
For all h € H we find that

C(aA) (h) = aA(h) =

C(A+B)(h)=A(h)+B

~

aA (R) = aC (A) (),
(h) = A(h) + B (h) = C(4) () + C(B) ().

I
o)

We conclude that (/IL(aA +B)= aC (A)—i—a (B) and therefor C determines a linear isomorphism between
L(H,H) and AL (H,H).

It is now immediate that we can extend ¢ to a map C : £ (H,H) — L (H,H) by defining C (A) := A,
it follows that C defines an anti-isomorphism.

If we use the symbol = to denote a linear isomorphism and the symbol ~ to denote an anti-linear
isomorphism, then by our previous considerations we find the following identities

LOHH) = AL (FLH) ~ AL () = £ (B, H) ~ L (1, H).

Via similar arguments we conclude
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e C:AL(H,H) — L (H,ﬂ) determines an anti-linear isomorphism.

o C: AL (H,H) — L (H,H) determines a linear isomorphism.

o C:AL(H,H) — AL (H,H) determines an anti-linear isomorphism.
Summarizing this we find

AL (H, M) = £ (H,H) ~ £ (1) = AL () ~ AL (H,H).

It is worth noting that by construction the metric topologies on H and H coincide so that C de-
fines also an anti-linear isomorphism between B (H) and B (). We have for z,y € B(#) that
C (zy) = caye = caceye = C (x) C~'(y), as such C is multiplicative. By construction c¢ is an anti uni-
tary as such ¢ = ¢* = ¢! thus we find C (z)* = (cxe)* = ¢*z*c* = ca*c = C (x *) meaning that C defines
a faithful anti-linear representation of B () onto B (7—[) It is easy to see that Cis strongly continuous,
as such, every von Neumann algebra on H can be represented faithfully though anti-linear on H.

We concluded that C is a * preserving map form £ (#,H) onto £ (H,H). We now want to find out
how the adjoint behaves in the other cases. If given B € AL (ﬁ,?{) then B* defines an element in
AL (H,H). So how can B* be found from B? Because AL (H,H) = L (H,H) we have that B is given

by A for some A € L (H,H) thus B = Ac. In order not to be distracted by domain considerations we
assume B to be bounded, from there on it is easy to generalize to the unbounded case. By definition of
the adjoint the following equality should hold for all h € H and v € H

(B (h)v)y, = (b B )5

But now we use our formula for B to find that

(B (R)v)y = A()@H

(Ae

= (b, (Ae)"v)y
= (hycA >

= (b A)y.

We conclude that (E)* — (A%). 1t follows that if A € £(H,H) then C (A*) = C (A)*. On the other

hand we would like to have a formula for (Z)* via a similar argument we conclude that (Z)* = (74?) it
follows that C (A4)* = C (A*). To summarize: we concluded that for A € £ (#,H) it holds that

o C(A)"=C(4%).
o C(A) =T (4.
o C(A)" =C (4.
SIDC L (H,H) allows for a product and an involution, we can define a product and an involution in

(H
( ,’H) and AL (’H,ﬁ). In AL (ﬁ, ’H) we define a product - and a involution } as follows:

~

A.B:=AB
(@) = -F

similarly we define an involution { and a product - in AL (H,ﬁ) by setting

A-B:= AB,
= A*.

We use the notation t to avoid confusion between the involution and the adjoint. This is because the
adjoint has a meaning as a map, while { is just a formal construction (although it relates to the real
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adjoint but then in a different space). It is easy to see that the maps C, C and C are norm preserving
maps on L (H,H) to their respective targets, as such, the above introduced products and involutions
define C*-algebra structure’s on their respective target spaces. Note furthermore that since * defines an
anti-linear isomorphism of £ (H,H) we can define transformations derived from * and c¢ as follows: we
define

C*:L(H,H) — AL (H,H), C":=

ﬁ7H 9 ao*v
C" L(HH) — AL (H,H), C :=Cox,
C*:LMH,H) — L(H,H), C*:=Cox

It follows that
C* is anti-linear since C is linear,
C' is linear since C is anti-linear,

C™ is linear since C is anti-linear.

We will compare C with C* and leave the cases C, C" and C , C* to the reader. We found that that C
has the following properties:

C(aA+B)=aC (A)+C(B),
C(AB)=AB=AB=C(A)C(B),

Easy computations show that C* satisfies the following identities:
C* (aA + B) =aC* (A) + C* (B),

C*(AB) = C* (B)C" (4),

Cr (A =C* ().
So far we have discussed the similarity between the spaces £ (H, ), AL (H,H) , AL (H,H) and L (H,H).
However our main interest in this section is anti-linear maps, the space AL (H,H). By our previous
arguments AL (H,H) ~ L (H,H), considering A € AL (H,H) gives rise to A € L(H,H) and A €
L (H,H) and also A = cAc. We would like to extend the notion of a symmetric/selfadjoint operator to

anti-linear operators, we do this using the symmetry between the spaces L(H,H) and L(H,H). We note
that there are two canonical maps between £(H,H) and L(#H, H) namely

L(H,H) +— L(H,H)
A+ A=cAc
and
L(H,H) +— L(H,H)
A— A
B*«+— B

Definition 6.2.0.9. We say that A € L(H,H) is symmetric when A* = cA*c = (Z) defines a closed
extension of A, we say that A is selfadjoint when A = cA*c.

Given A € L (H,H) and h € D(A) and f € D(A) and suppose that A € £ (H,H) is symmetric. Then
it follows that

<Ah,?>ﬁ = <cA*c(h),?>ﬁ
= (hAf )5
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in particular <Ah,ﬁ>ﬁ € R for all h € D(A). Note also that if A is symmetric then cAc is symmetric.

The notion of the spectrum carries over to anti-linear maps in the following way; If given an anti-linear
map, then that map defines an element A € £L(H,H) and an element A = cAc € L(H,H). In total A
defines a linear operator in Ay € L(H & H,H @ H) as follows

0 cAc
woe ()
We see that Ay defines a linear map from H @ H into itself and as such we can consider its spectrum.

Definition 6.2.0.10. If A is linear map form H into H then we define its spectrum o(A) as follows
0 cA
o(A):=0(A2) =0 ( 2 COC ) .

It is easy to see that A is symmetric <= Az is symmetric. Suppose that A € L(H,H) is bounded, then
consider the map Ay € L(H ®H,H & H). Since A is bounded so is As, furthermore since Ay € B(H & H)
it allows for a polar decomposition. Note that |Ag| := /A% A5 has the following form:

g ((VEA 0
2 0 VcA*Ac )

By the polar decomposition, there exists some partial isometry U € B(H @ H) such that U - |Ay| = As.
A small calculation yields that U is of the following form:

_ 0 w2
U= ( Qoo ) |
We see that qux/A*il = A and ui;aVcA*Ac = cAc. By definition we have that us; defines a partial
isometry from H to H and thus we found a polar decomposition for A and also one for cAc. Note also

that VeA* Ac = cv/A* Ac so that uis = cuaic. We conclude that any anti-linear operator A on H can be
decomposed as u|A| = A with u a partial anti-isometry.

The notion of a normal operator carries over to anti-linear operators in the following way: A is called
normal when A is closed and the equality A*A = cAA*c holds. We conclude this intermezzo by saying
that the embedding L(H,H) > A — Ay € L(H & H,H & H) as described above can be used to trans-
fer known statements about linear operators to corresponding statements about anti-linear operators,
basically solving anti-linear operators in terms of linear operators.

6.3 The polar decomposition and Spectral theorem for unbounded
(anti-) linear operators

In this section we will cover the spectral theorem and the polar decomposition for linear operators. We
will cover the spectral theorem for bounded normal operators, for the general case we refer to [1]. The
generalization of the polar decomposition to antilinear operators then follows from the observations in
made in 6.2. These theorems allow us to classify abelian von Neumann algebras. Also the Tomita
Takesaki theorem 4.1.0.7 relies on the polar decomposition and the spectral theorem. We start out with
definition of a spectral measure.

Definition 6.3.0.11. Let (X, Q) be a measurable space (with Q a o-algebra of subsets), a spectral measure
on (X,Q) is a map P : Q — B(H) such that the following holds

1. P(E) is a projection for all E € Q;
2. P(0)=0and P(X)=1;
3. P(El n Eg) = P(El) P(Eg),
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4. If {E,},2_, are pairwise disjoint then P (J,—, En) = > oo P(Ey).

n=1

Note here that for such a spectral measure P we have that Py j (E) := (P (F) g, h) defines an ordinary
complex valued measure on X. We will show that the this measure P} is of bounded total variation
and use this to show how we can integrate with respect to a spectral measure.

Proposition 6.3.0.12. If P is a spectral measure on (X,Q) then for all g,h € H the measure Py,
defined by
Pyn(E) := (P(E)g,h),

defines an ordinary complex measure with total variation ||g|| - |h]l-

Proof:

Consider a spectral measure P on (X, Q) and let g,h € H. It is obvious that P, ; satisfies the require-
ments for a complex measure, so we will show that it is of bounded total variation. The total variation of
a measure p, denoted by ||u||, is defined as the supremum of Z?=1 | (E;)| where {E, ..., E,} runs over
the finite partitions of X, so

| Pyl == sup Z |Pyn (Ej)| 5 {Ej}?zl is a finite partition of X

Jj=1

Consider a partition { £, ..., E, } of X and pick complex numbers o such that |Py j (E;) | = o Pyp (E;) =
(a; P (Ej) g, h). Note that |o;| = 1. It follows that

S IPn (Ej) =D a;Pyn(Ey)
j=1 j=1

= a5 (P(Ej)g.1)

= <iP(Ej)ajg, h>

n

> P(Ej)ajg| - 2]
j=1

IN

n

< ZP (E5)|[ gl 1Al

We use that {E1, ..., E,,} is a partition to conclude that 377, P (E}) is a projection. We find that

n

> P(E)|| =1

j=1

The conclusion is that || P || < ||gl| - [|h]|, as desired. O

The next result shows how to integrate with respect to a spectral measure. Denote by B (X, Q) the
bounded measurable functions f: X — C.

Theorem 6.3.0.13. If P is a spectral measure on (X,Q) and f € B(X,Q). Then there exists a unique
operator A € B(H) such that for any € > 0 and {Ex, ..., E,} a partition of X with
sup {|f (z1) — f(z2) | ; z1,22 € E;} <€ for all j <n the inequality:

A=>"f(x;) P(Ej)| <e,
j=1
holds for any x; € Ej.
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Proof:

Let B(g,h) := [ f dP,, then B defines a sesquilinear form on H. As such B defines a unique op-
erator A € B(H) with the property that

(Ag,h) = B(g,h).

Let € > 0 and let {E;, ..., E, } be a partition such that sup {|f (z1) — f (z2) | ; z1,22 € E;} < € for all
j < n. Then it follows that

n

(Ag.) = > £ (@) (P(E g.)| = | [ £(@)aPon =D (@) (P (Ey) g,

j=1

j=1"5;
<> [ £ @ = @l E) g.h)
Jj=1""
<eligl-lnl-
Pick h = Ag and take the supremum over ||g|| < 1 to conclude that this convergence is in norm. 0

The operator A obtained in this way is the integral of f with respect to the spectral measure P, it

is denoted as
A= / f dP.

Note that B (X, Q) with the supremum norm is a unital C*-algebra, we define a map = : B (X,Q) —
B (H) by setting

7w (f) = /f dP.
Proposition 6.3.0.14. The map 7 is an isometric representation of B(X,Q) into B(H).
Proof:

If f is a simple function in B (X, (), meaning that f is of the form 2?21 Ajlp,; for some partition
{E, ..., By} of X, then ||7 (f)|| = || f|l- By density of the simple functions in B(X,2) we conclude that
7 is an isometry. It is not hard to see that 7 is linear and respects the star operation. However it is not
immediate that 7 is multiplicative. To see this let f,g € B (X, ), and consider a partition {F, ..., E,}
with the property that for f,g and fg we have sup {|r (z1) — 7 (22)|; z1,22 € E;} < €, here r denotes
f,g or fg. We find the following

(f9) = f9(x) P(Ey)|| = |7 (Fg) — | D[ () P (E;) (Zg(xi)P(Ei)> <e
j=1 j=1 i=1

so 7 is multiplicative. O

We conclude that spectral measures give rise to representations, the converse to this is also true, namely
representations give rise to spectral measures.

Theorem 6.3.0.15. If 7 : C(X) — B(H) is a representation then there exists a unique spectral
measure P, on the Borel o-algebra of X, such that

w(f)= [ 1ap
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Proof

For g,h € H define a linear functional [g,h] : C'(X) — C by setting [g, h] (f) := (7w (f) g,h). There
exists some element p,, € C(X)" such that [g,h] (f) = pgn (f) = [ f dpgn. Because pg p also makes
sense for ¢ € B (X, Q) (with 2 being the o-algebra generated by the topology) we have that [g, h] extends
to a linear functional on B (X, ). So for ¢ € B(X,Q) we define a sesquilinear map on H as follows

h) =/¢ dpig -

Note that [¢] defines a bounded operator A on #H such that [¢] (g,h) = (Ag, h). Define 7 (¢) := A. It is
obvious that if f € C (X), then 7 (f) = 7w (f). The claim is that 7 is a representation. We first show that 7
is multiplicative. Consider functions ¢ and £ in B (X, Q) and consider them as elements of C' (X)**. Thus
if p € C(X)" then f(u) = pu(f) = [ f dp. Recall that the natural embedding i : C (X) — C (X)™
maps the unit ball of C'(X) into a dense set of the unit ball of C'(X)"™, dense in the ¢ (C (X)™,C (X)" )
topology (thus l; — lin o (C'(X)™,C(X)") when for all u € C (X)" it holds that [; (u) — ( ). W
conclude that there is a net {¢;} C C'(X) such that [ ¢;du — [ ¢ dp for all p € C (X)". Note also that
7 is weakly continuous because if ¢; — ¢ then (7 (¢;) g, h) = [ idpgn — [ ¢ dpgn = (T (¢) g, h).
Now if £ € B(X,Q) and p € C(X)" then £u € C (X)) simply because &u (f) = [ f€ du. We find that if
¢; — ¢ then

7 (¢i§) — 7 (¢),

in the weak operator topology. In particular if £ € C'(X) then
7 (66) = 7 (91€) = limm (6:€) = limm (60) 7 (€) = 7 ()7 (£).

Thus we conclude that if ¢ € B(X,Q) and £ € C(X) then 7 (¢§) = 7 (4) 7 (£). But now the result
follows easily because if {¢;} is a net in C (X)) converging to ¢, and £ € B (X, ), then by our previous
arguments we have

7 (66) = I (5,6) = lim7 (6) 7 (6) = 7 () (©).
We conclude that 7 is multiplicative. That it is linear follows immediately from the linearity of the

integral. Now to show that 7 is *-preserving, let ¢ € B (X, Q) and let {¢;} be a net in C (X) converging
to ¢. Then it follows that ¢ — ¢; because if p is a measure then fi is a measure, using this we find

that
p) = / Gidp

— [un— [0 dn=50 =5 0.

so ¢F — ¢F. We find that 7 (¢7) — 7 (¢*) (since 7 is weakly continuous). We conclude that

7 (6) = lm 7 (67) = limm (67) = lim (¢)" = Him7 (d0)"

Now we investigate the limit lim; 7 (¢;)*, we have

ta (7 (¢0)" 9. h) = lim (7 (61) P g)

Combining these results we conclude
7 (¢7) =lim7 (¢7) =lim7 (¢:)" =7 (9)",

SO T is *-preserving.
So far we have concluded that 7 : B (X,Q) — B (H) is a representation. We will now construct the
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spectral measure associated with 7. For each measurable subset E define yg as the indicator function
for E, define now

P(E):=7(xn)-
It follows that P (FE) is a projection for each measurable subset E. If E is the empty set then xg is the
zero function so P(E) =0, if E = X then xgp = 1so P(E) =1. For E,F € Q we have P(ENF) =
7T (xenr) = T (xexr) = T (xe)7T (xr) = P(E)P(F). Let {E;},. be a countable pairwise disjoint
collection of measurable sets of X, we aim to show that P ({J2; E;) = Y .oy P(E;). Set F = ;2 E;
and set F,, = (JI, E;, consider ||P (F'\ F,) h||*. We find

1P (F\ Fo) h||* = (P (F\ Fy) b, P(F\ F,) h)
= (P(F\ Fo)h, h)

= / XF\F, AP,

= Y Pun(E:).

1=n+1

P(F)h = >2, P(E;)h, that is, P(F) = >.;°, P(E;), hence P is a spectral measure. It remains to
be shown that 7 (f) = [ f dP for all f € C(X), and that a spectral measure with this property is
unique. We shall show this for all ¢ € B(X,Q). Let ¢ € B(X,Q) then for all ¢ > 0 there exists a
partition {E1,..., E,} of X such that sup {|¢ (z) — ¢ (2')|; =, 2’ € E;} < € for all i < n. It follows that
¢ —> i, & (z) xg,|| < € (here for all z; € E;). Since 7 is a *-homomorphism we have ||7|| < 1 thus it
follows that

But Pp, 5 is a countably additive measure so Z?On+1 P (E;)) — 0 as n — oo. We conclude that

< <e

T <¢— Zfb(%‘)XEi) H =

In other words 7 is the integral of ¢ against P. For uniqueness just note that if 7 (¢) = [ ¢ dP = [ ¢ dP»
then in particular for all E € Q we have 7 (xg) = P (F) = Py (E) thus P, = P. O

7 () — Z ¢ (wi) P (E;)

= () xn,
=1

Note here that any representation 7 : C'(X) — B (H) extends uniquely (by the previous argument) to
a representation of B (X, ). Now we can prove one of the most powerful tools in functional analysis, the
so called spectral theorem. It completely describes normal operators and as a consequence it describes
abelian operator algebras.

Theorem 6.3.0.16 (The Spectral Theorem, bounded case). Let A € B(H) be a normal operator. Then
there exists a unique spectral measure P on the Borel subsets of o (A) such that the following statements
hold

1. A= [z dP(z);
2. If U C o (A) is open, then P(U) #£0;

3. If B€ B(H) then AB = BA and A*B = BA* if and only if BP (E) = P (E) B for every Borel set
E ino(A).

Proof:

Since A is normal we conclude that C* (A), the unital C*-algebra generated by A and 1, is abelian.
By the Gelfand transform we have C* (A) = C' (0 (A)). The inverse Gelfand transform, p~—!, is therefor
a representation of C' (o (A)) into B(#H). By 6.3.0.15 every operator in C* (A) is given by integration

against the unique spectral measure P associated to p~!.

1.
The image of A € C* (A) in C (0 (A)) is the identity function of o (A). We conclude A = [z dP
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2.

Suppose U C o (A) is open. There exists some nonzero continuous function f with the property
that f(x) < xy. Although xy cannot be assumed to be in C*(A), it is a Borel function. By
6.3.0.15 we have that p~t(xy) = P(U) is well defined. Since p~! is an isomorphism we find that

P(U)=p""(xv) 2 p~ (f) #0.

3.
Suppose that B commutes with A and A* then B € C* (A)" we will show that B in fact commutes with

every operator of the form p~! (¢) with ¢ a bounded Borel measurable function on o (A). Let {¢;} be a
net in C' (0 (A)) converging to ¢ € B (o (A)), we find

57 (6) B =Timp (6) B = lim By~ (&) = Blimp~" (90) = B~ (9).
Note here that we can in fact take B out of the limit because multiplication with an operator is weakly con-
tinuous. In particular we find that B commutes with every element of the form p~! (xg) but p~! (xg) =
P (E) thus P (F) B = BP (E) for every measurable set. Suppose that BP (E) = P (E) B for every Borel
set E. Then B also commutes with the weak closure of span {P (E) ; F is a Borel measurable set}. Note
now that the weak closure of
span{P (E) ; F is a Borel measurable set} contains A and A*. O

Now the most general version of the spectral theorem. For proof see [1].

Theorem 6.3.0.17 (The spectral theorem for linear operators, general case). Suppose that A is a normal
linear operator, then we can find a spectral measure P defined on all Borel subsets of C satisfying the
following properties:

1. A= [z dP.

2. P(E) =0 when ENco(A) =0.

3. If U C C is open and U No(A) # 0 then P(U) # 0.

4. If B € B(H) is bounded such that AB is an extension of BA and AB* is an extension of B* A then

(foar)s
(o)

The integral appearing in the spectral theorem should be considered as the usual integral appearing in
the bounded version of the spectral theorem.

defines an extension of

for all Borel functions ¢ on C.

We will now cover the polar decomposition for linear operators.

Theorem 6.3.0.18. Suppose that A is a closed densely defined (anti) linear operator then we can de-

compose A as
A=UvVA*A.

Here U is a partial isometry.

Proof:

For h € D(A) := dom(A), we note that
|Ah||® = (Ah, Ah) = (A*Ah, h)

- <\A|2h7h>
= (|A[h, |A) ).
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We define a map Uy : H — H as follows: for h € ker(|A|) we set Up(h) = 0, for |A|h € ran(|A|) we
set Up(|A| h) = Ah. Note that ran(]A|) = ker(]A|)* by 6.1.1.4, it follows that Uy is densely defined. For
all g in ran(|A|) we have the identity |[|[Uy(g)|| = |lgll, as such, U is a densely defined partial isometry.
We extend Uy to the whole of # and denote its extension by U. Consider h € D(A) if h € ker(A) then
0 = Ah = U|AJh, so A and U|A| agree on ker(A). Suppose that h € ker(A)* then U|A|h = Ah by
construction. It follows that U|A| = A as desired. Note that we can also pick other partial isometries
U , as long as U agrees with U on ran|A|. The partial isometry U constructed above is precisely the one
that gives the isomorphism between the Hilbert spaces ker(A)L and ran(A). If A is anti-linear then we
can linearize it using the construction explained in the section on conjugate vector spaces and obtain a
similar decomposition. O

6.4 Integrals of operators

Given any Hilbert space H and a measure space (T', X, u) with T' the space, ¥ the o-ring of subsets and p
the measure, we can consider collections {A, ; v € I'} of operators in B(H) indexed by I'. We call such
a collection measurable if for all h,v € H it holds that the map

Y <A’Yhav> )

is a C measurable map. Suppose that {A,} defines such a measurable collection and suppose furthermore
that
sup {[(Ayh,v)| 5 v €T, [[Al < 1,[lv[ <1} = M < oo,

For any g € LY(T', 1) we can then consider the map

/ 9(7) (Ayh, v) dp.
T

By construction it follows that

/ 9(7) (A, 0)
T

dp< M- ||h] - o] / 90| dji < oo,

Derived from the collection {A, ; v € I'} and the function g, we define now a new sesquilinear form on
‘H as follows:

{ /F 9(A, du] (h,v) = /F o) (Ao} di

It is easy to see that [ fr g(v)A, d,u] is sesquilinear, as such it gives rise to a bounded operator on H
which we will also denote as

/F g(MA, dp.

By construction we have that

<(/F9(7)A~/ du) h,v> z/rg(v) (Ayh,v) dp.

Consider, for fixed T' € B(H), the map
T </F9(’Y)A'y du) :

For h,v € H we find the following identities

(r(fon o)
[
g
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g(v)A, du) h7T*v>
r

—

(
(7) (Ayh, T*v) dp
(1) (

7)
9(v) (TAyh,v) dp.

—



It follows that

T </Fg(v)Av du) = /Fg(v)TAw dp.
</F9(’V)Aw du)*,

we aim to find an expression for this in terms of g and A,. For h,v € H we find

(oo ) )~ ((rom ) )

Consider

T

— [ 900 T dn
I

= [a0(Asho0) dn

it follows that

</Fg(v)Av du)* = /FﬁAi dp.

Using this identity we derive that for fixed T € B(H) it holds that

(/Fg(v)Av du) T= /Fg(v)AwT dp.

We see that integration in this sense behaves well with respect to multiplication and the star operation.
There is much to say about integrals of operators, for example we can now examine the average of
a collection of operators as a linear operator, but we will not go into this as we only need the basic
construction.
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