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Knobbels

De talenknobbel had ik, manifest
Geen knobbel dus voor mathematica?
Ik zou dat bijgeloof niet honoreren

Integendeel, ik hield van algebra

Aan weinig vakken had ik echt de pest
Chemie, dat vond ik maar zo zo la la
Pipetten, kolven, lakmoesproef, titreren

Nee - potlood en papier en algebra!

Daar werd een puriteinse dorst gelest
Door orde, denktechniek et cetera
Formules kon je leren en hanteren

Jazeker, ik genoot van algebra

En u? Misschien vond u het vak funest
(Gebrek aan knobbel of aan goed doceren?)

En zag u het als algeblablabla

Drs. P & Marjolein Kool, Wis- en Natuurlyriek, met Chemisch Supplement (2008)
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Abstract

Certain linear recurrence sequences have a divisibility property, namely that a term u,, divides
another term wu,, if n divides m (e.g., the Fibonacci sequence). Such divisibility sequences can be
characterised, namely they can often be written as a product of second order divisibility sequences.
E.g., a power of the Fibonacci sequence will again give a divisibility sequence, but of a higher
order. In this thesis we characterise divisibility sequences of orders 2, 3 and 4. A theoretical basis is

provided by Ritt’s theorem on factorisation of exponential polynomials.
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CHAPTER 1

Introduction

A linear recurrence u in Z of order n is a sequence of integers g, u1, ug, . .. with the property that
Uktn = AlUgyn—1 + -+ + Ap_1uk+1 + Apug, for Ay, ..., A, € Z fixed (A, # 0) and ug, ..., Up—1

chosen. The characteristic polynomial of a linear recurrence with such a recurrence relation is the

polynomial X™ — A4; X n=l_ ... _ A, 1 X — A,. If we assume the characteristic polynomial has n
distinct roots 6y, . . ., 0,, then for all k € Z, the terms of u are of the form u, = \16% + - + \,.0F,
for algebraic numbers Ay, ..., A, and algebraic integers 61, .. ., 0, [1].

A linear recurrence is called nondegenerate if none of the quotients 6;/6, (for1 < i < j < n)isa
root of unity. A divisibility sequence is a nondegenerate linear recurrence v in Z such thatif k | ¢
and u, # 0, then u; | up. An example is the famous Fibonacci sequence Fj, (with initial values
Fy = 0 and F; = 1), which has recurrence relation Fj 1o = Fi41 + Fj. To illustrate the divisibility

property, we give the first ten terms of the Fibonacci sequence:

Furthermore, the characteristic polynomial of the Fibonacci sequence is X? — X — 1 and it has roots
01 = 3+ + 2v5and 6, = 3 — $1/5. The terms are of the form Fj, = (6} — 65)/(61 — 6), so indeed
Fy =0and F; = 1. Sequences of this form (o — %) /(a— ) for a, B € Z are called Lucas sequences,
named after the 19th century French mathematician Edouard Lucas. Like Lucas [2] and Ward [3],

we wonder whether all divisibility sequences can be written in such a form.

This thesis consists of two parts: In the first part (Chapter 2) we connect linear recurrence sequences
to exponential polynomials. In particular, we prove the unique factorisation of such polynomials, a
theorem due to Joseph Ritt [4], given in Section 2.1. In the second part (Chapter 3) we relate divis-
ibility sequences to Lucas sequences and actually characterise them. Theorems 3.3.1 and 3.4.1 give
the characterisation of divisibility sequences of orders 2 and 3, respectively. There are a number of

cases for divisibility sequences of order 4, which are treated in Section 3.5.
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CHAPTER 2

The ring of exponential polynomials

In this chapter we study the ring of exponential polynomials. In Section 2.1 we treat closure un-
der addition and multiplication, associativity and distributivity, units, the zero element and zero

divisors. In Sections 2.2 through 2.6 we study unique factorisation of exponential polynomials.

2.1 Definition and properties

Definition 2.1.1

An exponential polynomial over C is an expression of the form
age®°” + -+ 4 ap e, (2.1.1)
with ag, . ..,a, € C and «y, .. ., o, € C distinct.

From now on we speak of exponential polynomials instead of exponential polynomials over C,
unless mentioned otherwise. We show that the ring of exponential polynomials is closed under

multiplication and addition: consider two exponential polynomials:

m
P:Zaiea”, Q:ijeﬁf””.
; =

Then their product is:

PQ = iiaibje(aiJrﬁj)m

i=0 j=0

n m
5is
- Y

i=0 j=0

p
= ) e, (2.1.2)
£=0
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CHAPTER 2: THE RING OF EXPONENTIAL POLYNOMIALS

where d;; = a;b; and 6;; = «o; + §;. Since the J;; are not necessarily distinct, we can collect the
terms with the same exponent and obtain the exponential polynomial (2.1.2), for ¢, € Cand v, € C

distinct, and where p < mn. Hence exponential polynomials are closed under multiplication.

We also consider the sum of P and Q:

n+m-+1
P+Q= Z dgeéw,
(=0
where
i ap for 0</<n
Z pr—
by—p_1 for n<f<n+m+1,
and
5 Qy for 0</l<n
Z p—
Bor—m_1 for n<f<n+m+1.

Note that d¢, 6, € C, but the , are not necessarily distinct. Again we can collect the terms with
the same exponent and obtain an exponential polynomial with p + 1 terms, where p < mn. Hence
the sum of two exponential polynomials is again an exponential polynomial. The associative and
distributive properties are easily checked. In the following lemma we find the units of exponential

polynomials:

Lemma 2.1.2

Unit elements of exponential polynomials are expressions of the form ae** witha € C* and o € C.

PROOF First note that the multiplicative identity element is 1e°* and that multiplication in the ring
of exponential polynomials is commutative. We denote the identity element by 1. The set of units
consists of all exponential polynomials P such that PQ) = QP = 1 for some exponential polynomial

Q. Consider two exponential polynomials P, Q:

P= Zaie‘“”, Q= ibjeﬂjm.
; o

Consider their product:

1=0 7=0
n m
- 33 et
i=0 5=0
p
£=0
where ¢, € C and v, € C distinct as before. Assume P = 1. It then follows thatyg =--- =7, =0,
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2.1. DEFINITION AND PROPERTIES

ie.p=0andy =0. Then¢y = --- = ¢, = 1. As each v, coincides with a §;; forsome 0 < i < n
and 0 < j < m, it follows that d;; = 0 for every ¢, j. Recall that §;; = «; + ;. Since fori =0,...,n
the o; are distinct and for j = 0, ..., m the §; are distinct, it follows that n = m = 0. So write a; =
and a; = a for every i and §; = § and b; = b for every j. Then f = —« and from ¢y = 1 it follows
that ab = 1. Hence b = 1. We conclude that units are expressions of the form ae®” with a € C* and

a e C. ]

For the zero element we consider the following lemma:

Lemma 2.1.3

Letag,...,a, € Cand ay,...,a, € C distinct. Then age®°* + --- + a,e** = 0 for all x € C if and
onlyifag=---=a, =0.

PROOF Assume ayg = --- = a,, = 0. Then, for any z € C, ape®* + --- 4+ a,e*"* = 0. Conversely,

assume age®°® + - - - 4 a,e®"* = 0 for all x € C. We substitute e” by its power series and obtain:
oo

k

o~ - k k X
age™” 4+ + ane™” =Y " (apaf + - + anal) E
k=0 )

This can only be equal to zero if its coefficients are zero, i.e. apaf + -+ + a,af = 0 forall k > 0.

Consider these coefficients for k = 0,...,n:
1 (a7} e ag“
1 (a5} e a"l’b
(ao,-..,an) | . . ) = (ag,...,a,)A=1(0,...,0).
1 (7% “e azf

So (ag, . ..,an)A = (0,...,0), which implies that either det(A) = 0 or (ao,...,a,) = (0,...,0). Note

that A is a Vandermonde matrix, hence its determinant [5] is of the following form:

det(4) = [ (a5 —ai).
0<i<j<n
If det(A) = 0, then there are 0 < 4, j < n distinct such that a; = «;, which contradicts the assump-
tion that v, . . . , o, are distinct. It follows that the coefficients of the exponential polynomial are all

Zero: ag = -+ = a, = 0. ™

It follows from Lemma 2.1.3 that the zero element of the ring of exponential polynomials is the

element age®°® 4 - - - 4 a,e“"* with all coefficients equal to zero.
We arrange the terms of an exponential polynomial as Ritt [4] does, namely in the following man-
ner: «; comes before a; when Re(a;) < Re(e;), or when Re(;) = Re(eyj) and Im(o;) < Im(cy;).

We use this to prove the following proposition:
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Proposition 2.1.4

The ring of exponential polynomials has no zero divisors.

PROOF Let P and @) be two nonzero exponential polynomials, so that after ordering:

P = qge®® + .. +a,e*”

Q = boeﬁoz+-~+bmeﬁ"ﬂ,

where the coefficients are nonzero. By the ordering given above, the product of the last terms of
P and Q gives the last term of the product PQ, i.e. the last term of PQ is a,b,e(®5m)* Now
suppose that PQ = 0. By Lemma 2.1.3 all the coefficients of P} must be equal to zero, hence also
anb,, = 0. But a,,,b,, € C*, and since C* has no zero divisors, either a,, = 0 or b,, = 0. But this
contradicts the assumption that P and () have nonzero coefficients. Hence PQ # 0, so indeed there

are no zero divisors in the ring of exponential polynomials. n

Next we look at factorisation of exponential polynomials. It will appear that not every exponential
polynomial factors into irreducible polynomials. These turn out to be so-called simple exponential

polynomials.

Definition 2.1.5

A simple exponential polynomial over C is a polynomial of the form 1 — ae®*, with a,« € C*.

Proposition 2.1.6

A simple exponential polynomial has an infinite number of factors.

PROOF Let 1 — ae®”* be a simple exponential polynomial. Then we can view it as a Laurent poly-
nomial in the variable e®/?, for any t € Z. Therefore it has degree at least ¢. Let ¢ be a tth primitive

root of unity and let aj, = ¢*al/t. We see that:
(1 - alea”"/t) e (1 - ate‘m/t) ‘ (1 —ae*®),
for any ¢t € Z. Hence 1 — ae®* has an infinite number of factors. n

Clearly, an irreducible exponential polynomial cannot be simple. Therefore we consider factorisa-
tion of exponential polynomials into simple factors and irreducible factors. In order to do this, we
only need to look at nonzero elements. Following Ritts approach [4], we can multiply a nonzero

exponential polynomial of the form (2.1.1) by units such that ay = 1 and o = 0, i.e. it is of the form

n
14> ae™®, (2.1.3)
i=1
with aq,...,a, € Cand ay,...,a, € C* distinct. This form with first term unity is useful because

then factorisation gives factors that also have first term unity. We prove the following theorem [4]:
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2.1. DEFINITION AND PROPERTIES

Theorem 2.1.7 (Ritt)

An exponential polynomial P (distinct from unity) can be factored uniquely (up to units) as a finite
product of simple exponential polynomials and irreducible exponential polynomials. Irreducible
polynomials are unique up to units and simple exponential polynomials are unique if we require

that they do not divide other simple divisors of the exponential polynomial P.

To prove this theorem, we use an approach that is similar to the one by Ritt [4], but some parts are
substituted by more modern mathematics. It is clear from Ritts approach that in 1926 linear algebra
was not what it is today. For example, Ritt goes through a lot of trouble to show that every set of
complex numbers can be written as a linear combination of rational numbers, i.e. every C-vector
space has a Q-basis. Our approach begins as that of Ritt: we transform exponential polynomials
into Laurent polynomials. Then we use unique factorisation of Laurent polynomials into Puiseux
polynomials, which is treated in a different manner than by Ritt. This is worked out in the next
four sections. In Section 2.6 the proof of Ritts theorem is completed. Ritts article [4] starts with the

following proposition on the shape of the factors of an exponential polynomial:

Proposition 2.1.8

Consider an exponential polynomial of the form

n
14+ E a; e,
i=1

with a; € C and where each «; € C* is a Z-linear combination of a Q-linearly independent set

{14, ..., 1p}. Suppose the polynomial factors into two exponential polynomials:

14 ae™” = <1 +y bkeﬂ”> <1 +y c@ew> . (2.1.4)
=1 k=1 /=1

Then for every k = 1,...,m, 0 is a Q-linear combination of oy, . . . , vy,

PROOF We follow Ritts proof: Suppose there is a §, that is not a Q-linear combination of a1, . .., ay,
say 3. As the «; are Z-linear combinations of u, ..., up, it follows that 5, 1, . . ., yp, are Q-linearly
independent. Therefore we write 8 = 9. Expand the independent set {uo, . .., tp} to an indepen-
dent set {yo,..., 1}, for some t > p, such that every «;, 8; and ~, is Q-linearly independent in
Hos - -5 Kt

We can order the terms of 1+b;e%1% +- - - +b,,,e’m® such that the frequency of the last term, say it has
frequency B, has the largest coefficient of 1. If there are other terms that have the same coefficient

of 119, then B has the largest coefficient of i, etc. Then B = ugpuo + - - - + ugpir with ug > 1.

Similarly, if we introduce cpe?® = 1 (i.e. ¢g = 1 and vy = 0), then we can order the polynomial

1+ cieM* + -+ 4 ¢e’* such that the frequency of the last term, say with frequency C, is of the

7



CHAPTER 2: THE RING OF EXPONENTIAL POLYNOMIALS

form C = wvopo + - - - + v with vg > 0. Then the frequency of the last term of the product (2.1.4) is
B + C, which is unequal to every other 3, + .. Hence B 4 C does not cancel out and must equal

one of the «;.

Now B + C = (ug + vo)to + - .. + (u¢ + v) e equals an «;, and ug + vg > 1. But the a1,...,
only depend on p1, .. ., ptp. This implies that p, . . ., i1, are not independent, which contradicts our

assumption that they are. Therefore, 5 = py is also a Q-linear combination of oy, . . ., ay,. -
By the argument given in the above proof, we conclude that for every £ = 1,...,m and every
{ =1,...,r, the 8, and v, are Q-linear combinations of aq,...,a,, and therefore also Q-linear
combinations of i1, ..., lp.

2.2 From exponential polynomials to Laurent polynomials

In this section we show how exponential polynomials can be viewed as Laurent polynomials. Let

1+a1e™® +---+a,e“® be an exponential polynomial. Consider the Q-vector space (a1, ..., an)q,
spanned by the coefficients of =. Let {u1, .. .,y } be a basis for this vector space. Then every «; for
i =1,...,n can be written as a Q-linear combination of y1, ..., ip:

Qi = gitft1 + 0+ Giplp

with ¢;; € Q (for j = 1,...,p). We can even choose the basis {y1,...,u,} such that the «; are

Z-linear combinations, i.e. g;; € Z. Then:

n n n p
1+ E :aieaiz =1+ § :aie(Qilﬂl‘i’""i’Qil}U’p)w =1+ E a; H it
i=1 i=1 i=1 =1

with y; € C* and ¢;; € Zfori = 1,...,nand j = 1,...,p. In other words, we can write and

exponential polynomial of the form (2.1.3) as a Laurent polynomial in the variables e#1*, ... e#»®.

In the following lemma we show that there is an isomorphism between the ring of exponential

polynomials and the ring of Laurent polynomials.

Lemma 2.2.1
Let 1, ..., pp € C* be Q-linearly independent. Then there is an isomorphism between the rings

Cletm= ... eFt®] and C [yfl, ... ,y;fl].

PROOF Lety: C [yfl, e y;tl] — CleTme ... et be given by y; + e#i® for j = 1,...,p. Then

¢ is surjective: let P € C [e**17, ... e*#¢?]. Then P is of the form

n

P
P(em,... o) = 3 a; [ [ erstse.

i=1 j=1

o]



2.2. FROM EXPONENTIAL POLYNOMIALS TO LAURENT POLYNOMIALS

Then, for
n P
Q(yla”'vyp)zzai y?” G(C[yitl,”.’y;tl]
i=1  j=1
we obtain:
n P
@(Q(yla“-,yp)) = a; H‘p(yj)q“

eidt;®

I
= iM4-

£

i~

1 x
et el

Soforall P € Cle*m®, ... ettr] thereisa Q € C [y, ... ,y=!] such that p(Q) = P.

Recall that ¢ is injective if its kernel contains only the zero element, i.e. if

ker(p) ={Q € C [yi",....yF"] | v(Q) = 0} = {0}.

Note that indeed 0 € ker(y). Let Q € C [y, ..., y'] be nonzero. Then:

QY1 yp) = ¢

%

p
1 j =

qij
Yj
1

?

<

n

a; e%iibhi®

i=1 j=1
_ uleq)1m+._.+useqjsac7

n D

with us,...,us € C* for some s € Z>; and vy,...,vs € C distinct. Hence:

uie’? + - +uge”” = 0impliesu; =--- =ug =0.
This is a contradiction of uy,...,us € C¥, so the kernel of ¢ indeed consists only of the zero poly-
nomial, i.e. ¢ is injective. Hence ¢ is an isomorphism. n

We conclude that an exponential polynomial can be written as a Laurent polynomial:
n n P
1+ Z ;e = 1+ Z a; H ediiti®
i=1 =1 j=1
n P
1+ Z a; H y}z” .
=1 j=1
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We have thus transformed exponential polynomials to Laurent polynomials, which was the goal of
this section. We end this section with an important theorem, but first we give the following defini-

tion of a Puiseux polynomial.

Definition 2.2.2
A Puiseux polynomial over C in p variables is an element of U C [yfl/t, ce yfl/t] .
t>1
From now on we speak of Puiseux polynomials instead of Puiseux polynomials over C. The units
are elements of the form ay‘fl/ b ~yg”/ ‘ fora € C* and q1,---,qp € Z. The identity element is the

elementwitha =land ¢ =--- =¢, =0.

Definition 2.2.3

A simple Puiseux polynomial over C in p variables is a Puiseux polynomial with two terms.

To prove Theorem 2.1.7, we want to factor Laurent polynomials into Puiseux polynomials. The
approach is as follows: since the ring of Laurent polynomials is a unique factorisation domain, we
start with a Laurent polynomial and split it into a finite product of simple Laurent polynomials
(i.e. Laurent polynomials with two terms) and irreducible Laurent polynomials. We set aside the

simple factors and consider an irreducible factor:
n p
Q(yla"'7yp) =1 +Zal Hyg”'
i=1 =1

Suppose that Q(y1, ..., yp) has a non-trivial Puiseux divisor P (y}/t, . ,yzl,/t). Then Q(yi,...,y})
has a non-trivial Laurent divisor P(y1,...,¥,). According to Ritt [4] “the problem thus becomes:
Given an irreducible polynomial Q(y1, ...,¥,), to determine for which positive integers t1,...,t,

the polynomial Q(yil e yf,‘” ) is reducible.”

Let t = lem(ty,...,t,). If we can find ¢4, ...,t, such that Q(y}", . . ., y;,p) is reducible, then certainly
Q(yt, ..., yL) is reducible (in the ring C [yi™', ...,y !]). Consequently, Q(y1,.. ., ,) is reducible in
the ring C {yfl/t, el y;tl/t] So choose a t € Z such that Q(yt,. .. ,yf,) splits into T irreducible
Laurent polynomials Q¢ (y1,...,yp) for £ =1,...,T. To prove that t and T are bounded we follow

a different direction than Ritt. We will prove the following theorem:

Theorem 2.2.4

A Laurent polynomial P can be factored uniquely (up to units) into a finite product of simple
Puiseux polynomials and irreducible Puiseux polynomials. Irreducible Puiseux polynomials are
unique up to units and simple Puiseux polynomials are unique if we require that they do not

divide other simple divisors of the Puiseux polynomial P.

We will prove this theorem in Section 2.5. To do this we need some background information, which

will be treated in the next two sections.
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2.3. SUPPORT AND NEWTON POLYTOPE

Note that since Q(yf,...,y}) = Qi(y1,.-..%p) - Qr(y1,...,yp), forany N € Z3, there exist Lau-
rent polynomials @, . .., Q7 such that:

QA" ) = Q) Qe yy)

= Qll(y17ayp>Q/T(ylv7yp)

It seems as if there are infinitely many ¢ € Zx; such that Q(y1,...,y}) is reducible. In Section 2.4
we will make an assumption that eliminates this problem. First we need to know more about the

support and Newton polytope of Laurent polynomials.

2.3 Support and Newton polytope

In this section we give the definitions of support and Newton polytope of a Laurent polynomial

and we show two properties of Newton polytopes [6].

Definition 2.3.1

Consider a Laurent polynomial

k
Pyi, ... yp) = Z Ay ey Y1 -~-y§”,
(k1yeeskp) EZP

for ay,..r, € C and ky,...,k, € Z, where ay,.., = 0 for all ki, ..., k, but finitely many. The
support of P is defined as:

supp(P) = {(k1, ..., kp) € Z¥ | ag,..., # 0}.

Definition 2.3.2

Let P and  be Laurent polynomials. The joint support of P and () is supp(P) Usupp(Q). Notation:
supp(P, Q).

Definition 2.3.3

The Newton polytope of a Laurent polynomial P is the convex closure of its support, denoted by
N(P) = conv(supp(P)).

The following proposition from [7] states one of the two properties of Newton polytopes that we
need for the proof of Theorem 2.2.4.

Proposition 2.3.4

Let P and () be Laurent polynomials. Then N (PQ) is the Minkowski sum of N(P) and N(Q), i.e.
N(PQ) = N(P) + N(Q) in the sense that r € N(PQ) is of the form p + q withp € N(P) and
q € N(Q).

11



CHAPTER 2: THE RING OF EXPONENTIAL POLYNOMIALS

PROOF Consider two Laurent polynomials P and ) and their product PQ:

P = Z a’kl"'kpy]fl ...y§P7
(1 ,eerhp) EZP

Q = S byt
(€1,.001bp) €T

PQ = Z Z akl‘..kpbgl.,,@pyfﬁfl ce yngrfp_
(klt"'vkp) (517"')6;0)
Then the support of PQ is:
supp(PQ) = {(k1+ 01, .. kp +€p) € ZP | apy ., bey 0, # 0}

{(kl,. . .,kp) + (51,. .. ,fp) ez? | akl...kpbgl...[p 7£ 0}

C {(k1s. k) €ZP | apook, # 0+ {(Cry. . £p) € ZP | by, # 0}
= supp(P) + supp(Q)
C N(P)+N(Q).

So supp(PQ) C N(P) + N(Q) and therefore also N(PQ) C N(P) + N(Q). Conversely, let v be any
vertex of N(P)+ N(Q). Then there are vertices v; and v2 of N(P) and N(Q), respectively, such that

v = v1 + v2. Note that v; and vy must be vertices, for otherwise their sum would not be a vertex.

We now show that v; and v, are unique for any v € N(P) + N(Q): Letv; € N(P) and v5, € N(Q)
be vertices such that also v} + vj = v. Then:

1 1 1 1
v= g1+ v) + (01 +v3) = 501 +0h) + 5 (0] + v2).

Since both vy + v and v} + v are elements of N(P) + N(Q), it follows that v is the average of these
two points, i.e. v is a point on the line segment between v; + v5 and v] + vo. But v is a vertex, so
it cannot be a point on a line segment in N(P) 4+ N(Q). Therefore we have v; + vy = v] + v2 = v.

Recall that also vi + v2 = v} + v4 = v. Subtracting this equality from the latter gives v; = v} and

vy = V.
So indeed, for v € N(P) + N(Q) there are unique vertices v; € N(P) and vy € N(Q) such that
v = v1 + v3. Hence there are corresponding (ki,...,kp), (¢1,...,£4,) € ZP with ay,..,, # 0 and

be,...e,, 2 0 such that:

v o= U+ V2
= (k1,...,kp)+ (f1,...,4,) with Ay by b0y, 0
= (kl —+ gl, ey kp + ép) € ZP with akl.“kpbgl...[p 7é 0,

i.e. v € N(PQ) so thatalso N(P) + N(Q) C N(PQ). Hence N(PQ) = N(P) + N(Q). =

12
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Another important property is treated in the following proposition:

Proposition 2.3.5
Let P(y1,...,yp) be a Laurent polynomial. Then, for any t € Z:

N(P(yl,....yp)) =t-N(P(y1,- -, yp))-

PROOF The support and Newton polytope of P(y1,...,y,) are:

supp(P(y1, -+ 4p)) = {(k1,.. kp) € 28 [ agy ok, # 0},
N(P(y1;---9p))

conv(supp(P(y1,--.,Yp)))-

For P (yi,...,y}) = Z A, i,y - yhv?, we find the support and Newton polytope:

(kryormp)
supp (P (yi,...,up)) = {(kat,... kpt) € Z | ap, ..k, # 0}
= {t(kr. .. k) € ZP | agy.r, # 0}
N(P(yi,---.yp)) = conv (supp (P (yi.....9))))
= t-conv(supp(P(y1,- .., ¥p)))
= - N(P(y1,---,9p))- ]

We continue our quest for an upper bound of T', where 7' is the number of irreducible Laurent
polynomials into which Q(y{,...,y}) factors. We do this in the next section, by bounding ¢ and

finding a relation between T  and t.

2.4 Finding an upper bound for T’

The situation is as follows: Let Q(y1, ..., yp) be an irreducible Laurent polynomial and let t € Z>4
such that @ (y},...,y!) factors into a finite product of irreducible (non-unitary) Laurent polynomi-
als in the variables y1, . .., yp:

Q- ul) (W) (24.1)

HEH

In this section we prove that both 1" and ¢ are bounded.

Theorem 2.4.1

Let Q(y1,...,yp) be an irreducible Laurent polynomial and let t € Z3, such that Q(yi,...,y})
factors into T irreducible Laurent polynomials Q1(y1,...,Yp),.-.,Q7r(¥1,...,yp). Then T has an
upper bound depending only on Q.

13



CHAPTER 2: THE RING OF EXPONENTIAL POLYNOMIALS

As the proof contains many steps, in order to maintain an overview, each step is formulated as a

proposition.

Let ¢ be a tth primitive root of unity and consider Q1(¢”*y1,...,{?yp) for o1,...,0, € [0, — 1].
Note that Q1(¢?'y1, . ..,( ?y,) is also irreducible as a Laurent polynomial. Since Q1 (y1,...,¥,) isa
divisor of Q(y1, ..., y}), it follows that

Qu (¢ w1, 7 yp) [ Q (€7 w) -, (C77p)") = Q (W1, 1) -

Therefore, Q1((7'y1,...,(?y,) must be equal to some Q;(y1,...,y,). We conclude that for every
(01,...,0p) € [0,t — 1]P thereis an ¢ € [1,T] such that Q1 (C7*y1,...,C(7?yp) = Qe(y1,- -, Yp)-

For the converse, consider the following proposition:

Proposition 2.4.2
Forevery(=1,...,T thereis at least one (01, ...,0,) € [0,¢ — 1] such that

Q1 (C7' Y1, C7yp) = Qe(Y1s - - Yp)-

PROOF Consider the product:

t—1
H Ql (Calylv"'acapyp)'

01,...,0p=0

Expanding this product gives a Laurent polynomial in the variables 41, .. .,}. Therefore, define
t—1
Pt ...ovt) = J] @, .¢"). (242)

Foroy =--- = 0, = 0 we have Q1 (("'y1,...,¢(7?Yp) = Q1(y1,. -, ¥Yp), from which it follows that
Q1(y1,- .., yp) is a divisor of P (y1,...,y"). From definition (2.4.1) we know that Q1 (y1,...,¥p) is

also a divisor of Q (y1,...,45). Therefore,

Qu(y1s---yp) | ged (P (41, 9p)  Q (W1:- - wp)) -

We know that Q (y1, .. .,y}) isirreducible in C [y, ..., y']. So either the ged isone or Q (y1, ..., y/h)
divides P (y},...,5). ButQ1(y1, . .., yp) isnon-unitary, hence indeed Q (v}, ...,45) | P (vi,....4}),

ie.
T t—1
HQZ(yla---7yp) H Ql (Calyla"'7capyp)'
/=1 01,...,0,=0
Consequently, for every ¢ = 1,...,T there is at least one (01, ...,0,) € [0,t — 1]? such that

Q1 (C7y1, -, ¢ yp) = Qe(y1, -, Yp)- -

14



2.4. FINDING AN UPPER BOUND FOR T

We know that every ¢ = 1,...,T corresponds to at least one p-tuple (o1,...,0,). Now we want
to know how many of such p-tuples correspond to each /. Suppose there are m € Zx; p-tuples
(01,...,0p) € [0,t — 1]P for which Q1(¢”'y1,....¢(7?yp) = Q1(v1,-..,Yyp). We will show that for

every ( there are m corresponding p-tuples in [0, ¢ — 1]P.

Let G be the group consisting of all (o1, ..., 0,) such that Q1 ((7'y1,...,C?yp) = Q1(Y1,---,Yp)-
E.g., (0,...,0) is an element of G. Then m is the order of G. By G/, denote the set consisting of all

p-tuples (p1,...,pp) € [0,t — 1P such that Q1 (¢"'y1,...,(Pyp) = Qe(y1,...,yp) forl=1,....,T. In
the next proposition we show that m is also the cardinality of G.

Proposition 2.4.3

Foreveryl{ =1,...,T, the set G, has m elements.

PROOF Let?¢ € [1,T] and let (p1,...,pp) € G¢. Then Q1 (¢Pry1,...,CP?yp) = Qu(y1, ..., yp) and:

(0'17-"a0-p)€G ad Ql (Cglylv"'?ggpyp):Ql(yl?'--ayp)
<~ Ql (Calﬂlyl» cee 5C0p+ppyp) = Ql(colyla RN Cppyp)
< Ql (C01+p1y17"'acgp+ppyp) = Qf(ylw"vyp)
& (01+p1,...70‘p—|—pp)€Gg.
Since G has m elements and (0, ...,0) € G, every G, also has m elements. n
From Proposition 2.4.3 it follows that every ¢ = 1,...,T corresponds to m p-tuples (o1, ...,0,).
Therefore,

t—1 T m
H Ql (Cglylv"‘acgpyp): (HQZ(yla-“»yp)> .
l=1

01,...,0p=0

From definitions (2.4.1) and (2.4.2) it follows that:
Pylt) = (Q kb))

Next we compare the Newton polytopes of P (yi,...,y}) and (Q (4}, ..., yzt,))m to bound t.

Proposition 2.4.4
Let m be the number of (01, ...,0,) € [0,t — 1]? such that Q1(¢7*y1,...,C?yp) = Q1(Y1,---,Yp)-
The Newton polytopes of Q1(y1,- - -, yp) and Q(va, - - -, yp) have the following relation:

m
N(@1) = = - N(@). (2.4.3)
PROOF By multiplying Q1(y1, - - -, yp) with units, we can assure it has constant term 1. Then:
QY- 4p) = Z ey UL+ YRP, (2.4.4)

(k1,...,kp)Esupp(Q1)

15



CHAPTER 2: THE RING OF EXPONENTIAL POLYNOMIALS

with ag...o = 1. Now:

Q1(¢7yr, -, ¢ yy) = > Wyt Y1 ooy CRITTEHRR, (24.5)
(k1,...,kp)Esupp(Q1)

Since (Frorttkpop oL ()

supp (Q1 (C7'y1, - -+, C7"yp)) = supp (Q1 (Y1, - -, ¥p)) (2.4.6)

forevery (o1,...,0,) € [0,t—1]P. We combine equality (2.4.6) with definition (2.4.2) and Proposition
2.3.4,s0that N (P (y},...,y5)) =t* - N(Q1(y1,- .., yp))- Using Proposition 2.3.5 we moreover find

that N ((Q (y1,---,9p))") = m-t- N(Q(y1,--.,yp)). Since P(yi,....yp) = (Qyi,--- yp)™ it

follows that N(Q1) = 7% - N(Q). n
To bound ¢, we need to know more about m. Recall that m is the number of p-tuples (o1, ...,0,)

in [0,¢ — 1]? such that Q1 (¢”*y1,...,(?yp) = Q1(v1,---,Yp). From equalities (2.4.4) and (2.4.5)
it thus follows that m is the number of (oy,...,0,) such that for all (ki,...,k,) € supp(Q1),
(hort+ho — 1. Since ( is a tth primitive root of unity, (¥ 71T T* = 1 is equivalent to
kio1+ -+ kpop =0 (mod t).

Before we continue to find out more about m, we introduce the following definitions:

Definition 2.4.5
Let Z C Z". The content of Z is the largest N € Z>, such that Z C N Z”. Notation: content(Z).

From equality (2.4.6) and Proposition 2.4.2 it follows that supp(Q¢) = supp(Q1) for every ¢ € [1,T].

The following proposition states the assumption mentioned at the end of Section 2.2:
Proposition 2.4.6
For Q(y1, .- .,yp) and Q1(y1, .- ., ¥p) as above we may assume that ged(content (supp(Q1)),t) = 1.

PROOF Assume ged(content(supp(Q1)),t) =d € Z>y, and lett = d - t'. Since d | content(supp(Q1))
and supp(Q¢) = supp(Q1) for every £ = 1,...,T, it follows that there are Laurent polynomials @),
such that Q¢ (v1,...,yp) = Q)(ve, . .. ,yg) for every /. Therefore, we can rewrite (2.4.1) as:

Consequently, QY. .. ,y;;/) = Q1 (y1,---,Yp) - Qp(y1,...,yp). Hence we may as well assume
that d = ged(content(supp(Q1)),t) = 1. n

We conclude that if Q(yi, . .., y}) is reducible for t € Z, then ¢ is maximal.

Define the lattice A := ((k1,...,kp))(k,....k,)esupp(Q,), i-€. the lattice generated by the elements of
the support of Q1. As A C Z, we denote by Ag the extension of A to Q7, so that A C Ag. Let

16



2.4. FINDING AN UPPER BOUND FOR T

§ = [(AgNZP)/A|, i.e. the index of Ag NZP over A, where AgNZP is the plane spanned by the lattice
A and can contain more points with integer coordinates than A. We call AgNZ? the saturated lattice

or saturation of A.

We can find an s-dimensional basis (with s < p) of A, say

{ki,. kol ={(k11, - k1p) (kars e kap)s oo Kty - Kap) ).

Recall from the beginning of the proof of Proposition 2.4.4 that a...c = 1. It follows that (0,...,0)
is a point on the lattice A. Suppose (0,...,0) is a vertex of N(Q1). Recall that m is the number of
p-tuples (o1, ...,0,) such that for all (k,...,k,) € A, kyoy + -+ + kpop = 0 (mod ¢). Since A has
basis {ki,...,ks} (for s < p), every (ki,...,k,) € Ais a linear combination of k1, ..., k.. Hence

kioy + -+ + kyo, =0 (mod t) is equivalent to:

kior + -+ 4+ ko, = 0 (modt)
koior + -+ + kopop = 0 (modt)
ksior + -+ 4+ kgop, = 0 (modt)

In short, Ko = 0 (mod t), where K is the matrix (k;;) fori =1,...,sand j = 1,...,p, and where
o= (o1,...,0p)and 0 = (0,...,0).

We can normalise the matrix K to its Smith normal form [8]: there exist invertible s x s and p x p
matrices ¥ and II, respectively, with integer entries, such that the Smith normal form ¥ KTI of K is

an s X p matrix

m 0 0 0

0 ne 0 0
] (2.4.7)

0 0 ns 0 0

where n1 | n2, 72 | 3, . ., ns—1 | ns. After applying ¥ and II, the lattice A lies in a new coordinate
system with a new basis. The s rows of the matrix (2.4.7) represent the new basis of A, with respect
to X and II, which we denote by A”:

A = SAI = ((n;,0,...,0),(0,12,0,...,0),...,(0,...,0,n,0,...,0)). (2.4.8)

Proposition 2.4.7
Letd, A and Ag N Z* as before and let A’ as (2.4.8). Then d =ny - - - ns.

PROOF We can also apply ¥ and I to Ag: %(Ag NZP)IT = A N ZP, since £ ZP 11 = Z". Then:

Ay NZP =((1,0,...,0),(0,1,0,...,0),...,(0,...,0,1,0,...,0)).

17



CHAPTER 2: THE RING OF EXPONENTIAL POLYNOMIALS
Consider the homomorphism:

w:Af@ﬂZp = Z/MmZx---XZ/nsZ
(a1,...,a5,0,...,0) — (ar(mod n),...,as(mod ns)).

Then the kernel of ¢ is precisely A’ and obviously ¢ is surjective, so by the First Isomorphism
Theorem [9] the image of ¢ is isomorphic to (Ag N Z?)/ ker(v)), i.e.:

(AN ZP)/N = Z/mZx - x L /15,

and therefore:
6= |(AgNZP)/A| = [(AgNZP) /N[ =m 5.

Proposition 2.4.8
Let K, ¥ and I1 as before, and let m be the number of p-tuples (o1, ...,0,) € [0,t — 1]? such that for
all (ki1,...,ky) € supp(Q1), Ko =0 (mod t). Thenm | ged(8, 1) - tP~=.

PROOF Let z = (21,..., %) € Z” such that o = IIz. Then:

21
m 0 0
z
0 ny - e 0 nz
YKo =YXKIlz = ) L L ) Zs =
: : i
0 0 ns 0 0 s
Zp
We see that there is no restriction modulo ¢ on the variables z,11, ..., z,. Therefore each of these
has ¢ possible values. In total we thus have t*~* choices for the variables z,t1, ..., 2p.

In general, an equation of the form 7z = 0 (mod t) has ged(n,t) solutions modulo ¢. The total

number of solutions z to X K11z = 0 (mod t) is therefore
ged(n1,t) -+ - ged(ns, ) - 777 (2.4.9)

As the lattice A is generated by the elements of supp(Q1), its basis {ki,...,ks} is a subset of
supp(Q1). Recall from Proposition 2.4.6 that ged(content(supp(Q1)),t) = 1. Therefore we also
have that ged(content(basis of A),t) = 1, hence also ged(content(basis of A’),¢) =1, i.e.

ng(Content({(T]1707 . 70)7 (07"72’ 07 M) 0)7 M) (07 M 07 173) 07 A 70)})7t) = ng(’r]17t) = 17
since n; | n; foralli = 2,...,s. Therefore,

ged(ny,t) - - - ged(ns, t) = ged(ne, t) - - - ged(ns, t),

18



2.4. FINDING AN UPPER BOUND FOR T

which divides ged(ns - - - 15, t°~1). Recall from Proposition 2.4.7 that § = 7, - - - 1. Since ged 1, ¢ = 1,
it follows that ged(n1, ) - - - ged(ns, t) | ged (6, t571).

Now we see that the number of solutions (2.4.9) of z to the equation XKIIz = 0 (mod t) is a
divisor of ged(d,t*~1) - tP7%. Since m is the number of ¢ = (01,...,0,) € [0,t — 1] such that
Ko = 0 (mod t), it follows that m is also the number of solutions o to the equation XKo = 0

(mod t), which corresponds to the solutions z to XKIIz = 0 (mod t). Hence:

m | ged (6,71 - P75, (2.4.10)
[ |

In particular, m | ¢571 - P75 = P~ 1,

Proposition 2.4.9
LetQ(yt,. .., yf)), Q1(y1,---,Yp), A and § as above. Then ¢ depends only on Q.

PROOF Define A(Q1) := (vertices of N(Q1)) and A(Q) := (vertices of N(Q)). By equality (2.4.3),
AQ) =p-A(Qq) for p = % Hence A(Q) is a sublattice of A(Q;) and A(Q1) is a sublattice of A.
Moreover, A(Q)g = A(Q1)g = Ag. Now consider ¢:

§ = |(AgnzZP)/Al
[(A(Q1)g NZP)/A(Q1))
(AQ)eNZ)/(p™" - AQ))]

P~ [(AQ)e NZM)/AQ),

1IV/AN

where s is the dimension of the basis of A, hence of A(Q). It follows that § dependsonlyon ). m

In equality (2.4.3) we saw that the size of N(Q1) depends on N(Q) by a factor 1. Since m | t*~!,

there is a constant ¢ € Z>1 depending on @, such that

Pt

< Q- 2.4.11
C, ( )

1 g co-m < ¢g - ged(, ts_l) P

so that t*7! < cg - ged(d,t°71) < cg - 6.
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For the final stage of bounding ¢, we eliminate the case where s = 1. Namely, if s = 1, then the
lattice A has only one basiselement, so the support of (); is one-dimensional. This means that for
(k1y.ookp), (K, ..o k) € supp(Q1), (K1, ..., k) = c(ki,..., k) for some ¢ € Z. As explained in
Section 2.1, it follows that @), is simple. But at the beginning of this section we assumed @); to be

irreducible, i.e. it cannot be simple. Therefore s > 2, and we conclude that
t<t < eg - 0, (2.4.12)

where cg € Z and § = |(Ag N Z”)/A|. Hence ¢ only depends on Q.

We have found an upper bound for ¢. In the next proposition we find a relation between ¢ and T,

the number of Laurent polynomials into which Q(y1, . .., y;) factors.

Proposition 2.4.10
Let T be the number of Laurent polynomials in which Q(y1, . .., y;,) factors. Then T' = %

PROOF Using Proposition 2.4.2 and equality (2.4.6), we have that forall ¢ =1,...,T"

N(Qe(yrs-- - yp)) = N(Qu (€71, -, C77yp)) = N(Qu(y1, - -+ Up))-

Moreover, by definition (2.4.1) and Proposition 2.3.5,

t-NQ--w) = N(@Q@L- )

Finally, we can prove Theorem 2.4.1:

PROOF In Proposition 2.4.10 we found a relation between 7" and ¢, namely 17" = % By equations
(2.4.11) and (2.4.12) it follows that:

tP 9
T = - <cg -9, (2.4.13)
where both ¢ and § only depend on the known Laurent polynomial Q(y{, ..., 5). m
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2.5. FACTORISATION OF LAURENT POLYNOMIALS INTO PUISEUX POLYNOMIALS

2.5 Factorisation of Laurent polynomials into Puiseux
polynomials
We now return to the situation of Theorem 2.2.4: We need to factor an irreducible Laurent polyno-

mial Q(y1,- . .,yp) into a finite product of irreducible Puiseux polynomials. Suppose Q(y1,---,Yp)

splits into M Puiseux polynomials @, (yi/t, e ,y;/t) for{=1,..., M and for some t € Z>;. Then:

M=

Qs ) = || Qelyr,- - mp).

L

1

From the previous section it follows that M < cﬁz -d (see equation (2.4.13)). Consequently, the num-
ber of Puiseux polynomials into which Q(y1,...,y,) factors is bounded. We want these Puiseux

polynomials to be irreducible, so consider the following lemma:

Lemma 2.5.1

Suppose Q(y1, - . . ,Yp) factors into M Puiseux polynomials and M is maximal in this respect. Then

the polynomials Q) (yi/t, N ;/t) for?{ =1,..., M are irreducible as Puiseux polynomials.

PROOF Suppose there is an ¢ € [1, M] for which Q, (yi/ L ,y})/ t) is reducible. Without loss of

generality we assume ¢ = 1. Then there are Puiseux polynomials A and B into which @); factors:

Q1 (y}/t,---y i/t) ZA(yi/t,---7y§/t/)B(y}/t7--.,y$/tl),

where t | t’. Then we obtain:

M
Qi m) = [T@e (/o up)
(=1

M
A(yi/t ’“_’y;/t)B(y}/t ,...,y;,/t)HQz (yi/ta---ay;/t)
=2

Now Q(y1,- - .,yp) factors into M + 1 Puiseux polynomials, which contradicts M being maximal.

Hence all @, (y% / t, ey y,l,/ t) for ¢ =1,..., M are irreducible as Puiseux polynomials. n

Now we can prove Theorem 2.2.4:

PROOF At the end of Section 2.2 we explained the following: Start with a Laurent polynomial, and
factor it into simple Laurent polynomials and irreducible Laurent polynomials. The simple Laurent
polynomials can be factored infinitely into simple Puiseux polynomials. Moreover, in Section 2.4
we saw that irreducible Laurent polynomials can be factored into a finite number of Puiseux poly-

nomials, and from Lemma 2.5.1 it follows that these Puiseux polynomials are in fact irreducible. g
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2.6 Unique factorisation of exponential polynomials

Finally, we can prove Theorem 2.1.7:

PROOF From the isomorphism proved in Lemma 2.2.1, it follows that exponential polynomials can
be written as Laurent polynomials. By Theorem 2.2.4 we can factor Laurent polynomials uniquely
into a finite product of simple Puiseux polynomials and irreducible Puiseux polynomials. There-
fore, exponential polynomials can be factored into simple exponential Puiseux polynomials and
irreducible exponential Puiseux polynomials. Since exponential Puiseux polynomials are just ex-

ponential polynomials, the statement of the theorem follows. n
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CHAPTER 3
Divisibility sequences

In this chapter, we use Q to denote the algebraic numbers, i.e. roots of polynomials with integer
coefficients. Furthermore, we use Z to denote the algebraic integers, i.e. roots of monic polynomials
with integer coefficients. Integers are roots of monic polynomials of degree 1, hence algebraic. As
rational numbers are roots of polynomials of degree 1, an algebraic integer is a normal integer if

and only if it is a rational number: Z N Q = Z.

3.1 Properties

Recall from Chapter 1 that a divisibility sequence is a nondegenerate linear recurrence sequence u
with the property that if k | £ and uy, # 0, then uy, | u,. Furthermore, if 6, . . ., 6,, are the n distinct
roots of the characteristic polynomial of a divisibility sequence u, then the sequence can be written
as u = )q@’f + o+ A 0F for every k € Zxo, with Ay,..., A\ € Q. Note that 6 - - - 6, is the constant
term of the characteristic polynomial, hence it is nonzero. Therefore §; # 0 for every i = 1,...,n.

We can rewrite the sequence as

n n n
up =y N0 =" NieFloeli =N "\ ek
=1 =1 =1

where «; = log0; foralli =1,...,n.

Now uy, is an exponential polynomial over C, restricted to N (where we assume 0 € N). We say
that uy, is an exponential polynomial over N. Furthermore, note that since we can multiply u;, by

scalars, we may assume that not only §; € Z,butalso )\, € Z,fori=1,...,n.

By the definition of a divisibility sequence given in Chapter 1, divisibility sequences are sequences
in Z. For the characterisation of such sequences, we extend the concept of divisibility sequences to
Z: a sequence is a divisibility sequence in Z if the divisibility property (if £ | £ and u;, # 0, then
uy, | ug) holds in Z.
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Lemma 3.1.1
Let u be a divisibility sequence in Z as above. Then, for every k such that u;, # 0 and for every

i=1,...,n,uy divides
nof -0k T (0 —6F).

1<i<jsn

PROOF Let u; be a nonzero term of u. Then wy is of the form uy = M\ 0¥ + --- + \,.0F, with
A,.., A € Zand 04, ...,0, € Z distinct. Consider the following determinant:

oF 6% ... ok 16y .. gV
ok g2k ... gnk 1 ok ... g(n—l)k

det(@)=| [ T |=ekees| T
gk g2k ... gnk 1 @k gv(ln,—l)k

which is a Vandermonde determinant, hence:

det(@) =07 ---08 [ (0% —0b).

Note that, since divisibility sequences are nondegenerate and every 6; # 0, the determinant of © is

nonzero. Now consider A\; det(©):

N W I WL
A det(©) = o5 g2k ... gk
9.?; eﬁk eék
Uy Uk ccc Unk
i 6.15 agk %'lk =0 (mod uy).

Obviously, replacing A, by any \; gives A; det(©) = 0 (mod uy). Therefore,

ug | \idet(©) = Nof---0F [ (0% —06F).

1<i<j<n | |
From Lemma 3.1.1 it follows that A; det(©) is a linear recurrence sequence divisible by uy, for every

i=1,...,nand k > 0. We would therefore like to know more about factorisation of linear recur-

rence sequences. For this we can use the Hadamard Quotient Theorem:
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Theorem 3.1.2 (Pourchet-Van der Poorten)
Let u and v be two nondegenerate linear recurrence sequences of (algebraic) integers and suppose
that uy, divides v, whenever u, # 0. Then there exists a linear recurrence sequence w such that

Vi = UL W forall k > 0.

According to Rumely [10]: “The Hadamard Quotient Theorem in its general form was first consid-
ered by Charles Pisot in 1959” (see [11]), and ”Van der Poorten’s proof is independent of [Pisot’s
approach,] the dominant-root method, but its last step relies crucially on the Pélya-Cantor lemma”
[12]. Van der Poorten’s proof is based on an incomplete argument by Pourchet [13]. For this reason,

we credit the Hadamard Quotient Theorem to Pourchet and Van der Poorten.

Combining the result of Lemma 3.1.1 with Theorem 3.1.2, we find that there exists a linear recur-
rence sequence v such that A\; det(©) = wuyv; for all & > 0. As linear recurrence sequences are
exponential polynomials over N, it seems possible that Theorem 3.1.2 can be lifted to exponential

polynomials. However, the following example shows that this is not always easy:

Example 3.1.3

Let u and v be linear recurrence sequences:

of + (=p)*
Vg — oz2k+2(foz,3)k+52k.

Uf

Then ui = v, so u and v satisfy Theorem 3.1.2. Lift these linear recurrence sequences to exponen-

tial polynomials, and we obtain:

ar | e(ﬂi+b)z

Uy = e
vy = 6211:1: + Qe(ﬂ'z+a+b)z + ewa'
Then u? has last term e2(7+0)* = 212V yhereas v, has last term e2b*.

We see that we can not easily lift Theorem 3.1.2 to exponential polynomials over C. But since uy,
is a divisor of \; det(©), which is a product of constants and simple exponential polynomials over
N, it seems likely that wy, is itself a product of simple exponential polynomials over N. However,
the following example shows that there are irreducible exponential polynomials that are divisors
of simple exponential polynomials:

a+ B a* - B2 (3.1.1)

Therefore, uj, can be a product of irreducible exponential polynomials and simple exponential poly-

nomials. As we are uncertain of the shape of u;, we consider the obvious divisors of \; det(©),

k

namely sequences of the form [’_, (o — §}), where a;, 3; are algebraic integers and j = 1,...,7.
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In the next sections we will relate this form to Lucas sequences and characterise divisibility se-
quences in Z of orders 2, 3 and 4. We will also present an example of a fourth order divisibility

sequence that is not a product of simple exponential polynomials over N.

3.2 (General) Lucas sequences

Definition 3.2.1
A Lucas sequence is a nondegenerate linear recurrence sequence u in Z of order 2 with terms uy, of

the following form:
ak _ Bk
a—fB"

for k > 0 and where «, § are distinct algebraic integers.

up = (3.2.1)

Note that the terms of a Lucas sequence are integers. Lucas sequences are useful when considering
divisibility sequences in Z. Ward [3] even speaks of Lucasian sequences instead of divisibility se-
quences. He also remarks that “it appears probable that all Lucasian sequences may be exhibited as
resultant sequences or divisors of resultant sequences”, where resultant sequences are divisibility

sequences of the form [, ;(af — f)/(cw — ;). This is what we found as a result of Lemma 3.1.1.

For the construction of third and fourth order divisibility sequences, we use a generalisation of

Lucas sequences to Z.

Definition 3.2.2
A general Lucas sequence is a nondegenerate linear recurrence sequence u in Z of order 2 with

terms uy, of the following form:
ak _ Bk
a—p"

for k > 0 and where «, § are distinct algebraic integers.

Uk =

The initial values of a (general) Lucas sequence u are ug = 0 and u; = 1.

Let M = o + B and N = aff. Then «, 3 are roots of the polynomial X? — M X + N. This is the

characteristic polynomial of the sequence, as the recurrence relation is given by:

ak+2 _ ght?
Ukte = T g
(a4 p)eFt = gEY) — aBar - BF)
= o
= Mug41 — Nuy.

Note that if u is a Lucas sequence, M and N are integers. In the general case: M, N € Z.

A famous example of a Lucas sequence is the Fibonacci sequence:
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Example 3.2.3

For M =1 and N = —1, the Lucas sequence with terms uy, is the Fibonacci sequence, with recur-
rence relation uj42 = up41 + ug and initial values ug = 0 and u; = 1. The characteristic polynomial
is X2 — X — 1, with roots

1+5 1-5
a= 5 b= 5

As mentioned in Chapter 1, the Fibonacci sequence is a divisibility sequence. Its first ten terms are:

Indeed we can see that if k | £, then uy, | uy.

Another example is the sequence of Mersenne numbers:

Example 3.2.4
For M = 3 and N = 2, the Lucas sequence with terms uy, is the sequence of Mersenne numbers:
Ugt2 = Sup+1 — 2uy, withug = 0 and u; = 1. The roots of the characteristic polynomial X2-3X+2

are a = 2 and § = 1. Therefore, Mersenne numbers are given by

ak—ﬁk_

ok _ 1.
a—p

Uk =

Williams [2] remarks that “Lucas discovered that primality testing for certain integers could be ef-
fected (.. .) without having to perform a very large number of trial divisions”. One of the numbers
Lucas proved is prime, is the 127th Mersenne number. Later, Lehmer simplified Lucas’s test, which
is nowadays known as the Lucas-Lehmer primality test. In [14], Lehmer defines an extension of
Lucas sequences, i.e. he defines a particular form of general Lucas sequences, which in this thesis

we call Lucas-Lehmer sequences.

Definition 3.2.5
A Lucas-Lehmer sequence is a general Lucas sequence u with terms uy, as (3.2.1), but with the

following recurrence relation:
Uk+2 = vMuk_H — Nuk,

where VM = a+ f and N = af for «, § distinct algebraic integers such that M, N € Z. The initial

values still are ug = 0 and vy = 1.

Note that the terms of a Lucas-Lehmer sequence satisfy:

U =

ak — gk Z for k odd
VMZ for k even.
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Proposition 3.2.6

General Lucas sequences are divisibility sequences in Z.
PROOF Let u be a general Lucas sequence. Then the terms uy, for k > 0, are of the form:

Ozkfﬂk

a—pB"

U =

where «, 3 are distinct algebraic integers. Suppose k | £ for k,£ > 1 and uy, # 0. Then:

4
¢ ¢ ®
Uy o —f l—ik p(i—1)k ~ 77
— == a " €Z
up ok — gk ; ’

so indeed uy, | uy in Z. m

From Proposition 3.2.6 it follows that products of general Lucas sequences are divisibility sequences

in Z. Moreover:

Corollary 3.2.7

Lucas sequences, i.e. general Lucas sequences with terms in Z, are divisibility sequences in Z.

PROOF Let u be a Lucas sequence and suppose k | £ for k,¢ > 1 and u; # 0. From the proof
of Proposition 3.2.6 it follows that uy/ui € 7. Moreover, since the terms of a Lucas sequence are
integers, us/u, € Q. As explained at the beginning of this chapter, therefore u,/uy, € Z, hence w is

a divisibility sequence in Z. m

Clearly, products of Lucas sequences are divisibility sequences in Z, but we can also construct
divisibility sequences in Z from products of general Lucas sequences. These are sequences u in Z

with terms of the form

LAV, g
7P
wp = , (3.2.2)
j[[l aj — B
where «, 8; € Z such that a; # j; forevery j = 1,...,r, and where r € Z.

In the following theorem we connect the integer r to the order n of the sequence wu.

Theorem 3.2.8
For a divisibility sequence u of which the terms uy are of the form (3.2.2), the order n of w is

restricted by the length r of the product as follows: r +1 < n < 2".

PROOF Recall that the order n of a divisibility sequence u is the number of terms of which wy
consists. Consider the case where the order is the largest, and where it is the smallest. The largest
possible order is attained when all o5, §; in the product (3.2.2) are distinct. In that case, the product

has 2" terms, so n = 2". The sequence has the smallest possible order when oy = --- = o, = @ and
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(Ozkﬂk T
= a—B)

and by the Binomial Theorem uy, has r + 1 terms. Hence r + 1 < n < 2". n

B1 =--- = p, = . This gives:

As we are interested in divisibility sequences of orders 2, 3 and 4, using Theorem 3.2.8 we conclude

the following:

Order n | Length of the product r

2 1
3 2
4 2o0r3

In the next sections we consider divisibility sequences of abovementioned orders separately. There
we find what restrictions on the coefficients of the general Lucas sequences are necessary so that

the resulting divisibility sequences are in Z.

3.3 Divisibility sequences of order 2

Let u be a divisibility sequence of order 2 that is a product of general Lucas sequences. From the

previous section we know that u has terms uy, for k£ > 0 of the form

Oék—ﬁk

a—fB"

Uk =

where «, § are distinct algebraic integers. The initial values are vy = 0 and u; = 1. So w is itself
a general Lucas sequence. For u to be a divisibility sequence in Z we need the coefficients of the
recurrence relation to be integers, i.e. u is a Lucas sequence. Since divisibility sequences are non-
degenerate, this is the only form of second order divisibility sequences. This is proven in [15] by

Hall. We have thus proven the following theorem:

Theorem 3.3.1

Divisibility sequences in Z of order 2 are Lucas sequences.
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3.4 Divisibility sequences of order 3

Let u be a divisibility sequence of order 3 that is a product of general Lucas sequences. In the table
at the end of Section 3.2 we find that the terms uy, for k¥ > 0 are a product of two general Lucas

sequences (r = 2 for n = 3):

af — B o555

ar— B az— fa

(ra2)f — (a1 B2)" — (a2 B1)" + (B18a2)F
(a1 = 1) (a2 — Bo) ’

U =

where «;, 8; € Z and since u is nondegenerate, o; # 1 and o # 2. As u has order 3, it follows
that a1 32 = 1. Let A = \/as/a;. Then aj\ = Jajaz = asA~!. So we may as well assume

a1 = a =: a. Then also 51 = B2 =: . The terms are therefore of the form

up = (ak —B’“)Q _ (@)F —2(aB)* + (82
T\ a-3 (a—B)? '

The initial values are ug = 0, u; = 1 and uz = (o + 3)?. So w is not only the product of two general
Lucas sequences, it is the square of one general Lucas sequence. But we still need to figure out
which conditions on the coefficients of the general Lucas sequence are necessary to be sure that u

has terms in Z. For this we consider the characteristic polynomial:
(X —a®)(X —ap)(X = %) = X* — (@ + af + ) X* + af(a® + aff + f*)X — (ap)’.

Define P = a? + aff + 82 and Q = af3. Then P € Z as it is the coefficient of X2 and since Q is the
quotient of the coefficient of X and P, it follows that @) € Q. But since the constant coefficient is

Q3 € Z, it follows that Q € Z. So both P, Q € Z. Now the characteristic polynomial becomes:
X3 - PX? 4+ PQX — Q3
so the recurrence relation of the terms of w is:
U3 = Pugro — PQuitq + Q%uy,

where P, Q € Z. The sequence u has initial values ug = 0, u; = 1 and us = (o + 8)? = P + Q. Note
that the characteristic polynomial splits into a linear factor and an irreducible quadratic factor:

X?-PX*+PRQX -Q*=(X-Q)(X*+(Q—-P)X + Q).

It follows that third order divisibility sequences cannot have an irreducible characteristic poly-

nomial. This is one of the properties of divisibility sequences that Hall shows in [15]. Now let
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R=P+Q = (a+p)? € Z. Then a+ 3 = VR and since af = ), we see that o and 3 are roots of the
polynomial X2 — v/RX + @, which is the characteristic polynomial of the Lucas-Lehmer sequence
Vo = VRuj41 — Quy, with initial values vy = 0 and v; = 1. Hence u;, = vi. Hall [15] explains
that this is the only possibility for third order divisibility sequences, i.e. he proves the following

theorem:

Theorem 3.4.1

Divisibility sequences in Z of order 3 are squares of Lucas-Lehmer sequences.

3.5 Divisibility sequences of order 4

In Sections 3.3 and 3.4 we saw that divisibility sequences in Z of orders 2 and 3 are always products
of (general) Lucas sequences. At the beginning of this chapter, we made clear that for fourth order
divisibility sequences, this is not necessarily the case. First we study divisibility sequences that are

indeed products of general Lucas sequences, then we show an example where this is not the case.

At the end of Section 3.2 we saw that if a divisibility sequence is the product of general Lucas
sequences, then this product consists of either two or three general Lucas sequences (r = 2 or r = 3

forn =4). Forr =2,

af — Bt of — B

ar— B az— fa

(q2)? — (01 82)F — (Bro2)® + (B182)"
(1 — B1) (a2 — B2) ’

U =

for o, v, B1, B2 € Z distinct. This is the case where uj;, = viwy, the product of two general Lucas

sequences v and w, treated in Section 3.5.3. For r = 3, the terms uy, are of the form

ok B} of— B} b

a;—B1 o — P2 az— B3

Uk =

and after expanding;:

(anas)® — (a1a2B3)* — (a1 Baasz)® + (a1 B2B3)F — (Brasas)® + (BiaaBs)* + (B1B2a3)* — (818283)F
(a1 = B1)(2 — B2) (a3 — f3) '

For uy, to have four terms, there are two possibilities. The first possibility is the following:

aanfls = aifeas = Prosas

a1fafls = Praefs = Bifaas,

which results in a; = a3 = a3 and 1 = By = B3 so that u, = v,%, i.e. w is the cube of a general

Lucas sequence v.
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The second possibility is

a1feas = Pragas
a18283 = fBi1faas
aanfls = Bragfs,

sothat a; = ag, a3 = o, 1 = B2 and B3 = B1. In this case uy = vivag/va, for v, a general Lucas
sequence.

In the following sections, we therefore disinguish the abovementioned three cases: For each case
we construct the characteristic polynomial to find the conditions on the coefficients of the general
Lucas sequences v and w of which the sequence wu is a product. After that, we show an example of

a fourth order divisibility sequence that is not the product of general Lucas sequences.

3.5.1 Case 1: u; = vivoy/vo

Let u be of the form u; = vivgk /v2, where vy, are the terms of a general Lucas sequence v:

Oék—ﬂk

a—f3"

Vi =

for a, 8 distinct algebraic integers. Note that v, = o+ 8. Let « + 8 = M and a8 = N, and let the
corresponding characteristic polynomial of v be X? — M X + N. The recurrence relation of v is then

Vgro = Muvg11 — Nvg. The terms uy, are:

2
up = Vi V2k
V2
B (ak5k>2 a2kiﬂ2k 1
B a—p3 a—pB a+f

a4k’_2a3k 2a3k_ 4\k
LS GLRs CaBY 651

From the form (3.5.1) we derive the characteristic polynomial of u:

(X —a")(X —a®B)(X —af®)(X — %)

= @pr-ahx -0 (25 -0?) (55 7)
= B (X — (o' + )X + (af)?) ((Of;)? — (M2 - 2N)O% n N2>

= (X?—(M*—4M?N +2N?)X + N*)(X? — aB(M?* - 2N)X + (a3N)?)
= X' - M*(M?-3N)X3+ (M°N —6M*N? + 10M?N3 — 2N X? — M2N*(M? —3N)X + N°&.
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The initial values are ug = 0, u; = 1 and

up = (a+p)*(®+B%) = M*(M? —2N)
uz = (& +af+ 2% +a?p% 4+ B4 = M® —6MON + 12M*N? — 10M>*N3 + 3N

For u to be in Z, we need the initial values and the coefficients of the characteristic polynomial
to be integers. The coefficient of X divided by the coefficient of X? is N4, hence N* € Q. But
the constant coefficient is (N*)? € Z, so N* € Z. Subtracting the coefficient of X3 from us gives
M?N € Z. Subtracting this from the coefficient of X3 gives M* € Z. As M?N € Z, also M*N? € Z.
Hence N2 € Q. But we already saw that N* € Z, hence N? € Z. We therefore define P = M* and
Q = M?N. Then P,Q € Z such that P | Q2. The characteristic polynomial now becomes:

Q Q°

Q?
4 3 3 2 2 3 2
X = (P =3Q)X° + 55 (PP~ 6P% + 10PQ* — 2Q°)X* — (P =3Q)X + =

and the initial values are ug = 0, u1 = 1 and

Uz = P—QQ

Uus = .

This proves the following theorem:

Theorem 3.5.1
For divisibility sequences u in Z of order 4 with terms u;, = vivgk /va, where vy, are the terms of a

general Lucas sequence v, the terms uy, satisty the recurrence relation:

2 8

Q(P3 — 6P +10PQ? — 2Q*)up 12 + %(P —3Q)ups1 — Q—uk, (3.5.2)

ks = (P = 3Q)unts — 5 i

for P,QQ € Z such that P | Q. Hence the conditions on the coefficients of the general Lucas

sequence v, with recurrence relation vyo = Mvp41 — Nuy, are: M = vPand N = %.

3.5.2 Case 2: u, = v}

Let u be of the form uy, = v}, where vy, are the terms of a general Lucas sequence v of the form

Oék—ﬁk

a—p3"

Vi =

where «, 3 are distinct algebraic integers. Let the corresponding characteristic polynomial of v be

X2 — MX + N with roots «, . The recurrence relation of v is then vy 2 = Mwi,1 — Nvy and the
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terms wuy are

ok — g 3
- (522

and the initial values are ug = 0, u1 = 1 and

(a+B)* = M°
us = (a?+af+p%)°% =M% —3M*N +3M?N? — N3,

U2

Using the integrality of the coefficients of the characteristic polynomial of u, we can find conditions

on M and N. The characteristic polynomial is

(X = o®)(X = a®B)(X — af®)(X - %)

- () (5 (5 G-
- on{(E) o) () 3

= (X?—-a’MX +a*N)(X? - B2MX + *N)

= X* - M(®+8H)X?+ (N(a* + B4 + (aBM)*)X? — MN(af)*(a® + %)X + (aB)*N?
= X'~ M(M?-2N)X3+ (M*N —3M*N? + 2N3)X? - MN3*(M? — 2N)X + N°.

The coefficient of X divided by the coefficient of X3 is N3, hence N* € Q. But the constant coeffi-
cientis (N?3)? € Z, so N? € Z. Subtracting the coefficient of X from the value of us gives 2M N € Z,
hence M N € Q. The value of uy is M3, so M? € Z. Thus we see that M2N? = (M N)? € Z, so also
MN € Z. Therefore we define P = M3 and Q = M N. Then P, Q € Z such that P | Q3.

The characteristic polynomial now becomes

Q6
ﬁ7

Q3
P

Xt (P-2Q)X3 + %(P—Q)(P—%?)X? (P—-2Q)X +
and the initial values are ug = 0, u; = 1 and

Uy = P

us =

We have thus proven the following theorem:
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Theorem 3.5.2
For a fourth order divisibility sequence w in Z with terms u;, = v}, where v, are the terms of a

general Lucas sequence v, we see that the terms uy, satisfy the recurrence relation:

_p_ _Qp_ _ @ p @
Ukt = (P —2Q)upy3 P(P Q)(P —2Q)up12 + P(P 2Q)ug11 Pz ks (3.5.3)

for P,Q € Z such that P | Q3. So the conditions on the coefficients of the general Lucas sequence v,

of which the recurrence relation is vy = Muvi+1 — Ny, are the following: M = {/Pand N = %.

3.5.3 Case 3: U = VW

Let u have terms of the form u; = vjwy, where v, and wy, are the terms of two general Lucas
sequences v and w:
Ozk _ 6k 7k . (sk
Vg = Oé—ﬁ’ WE = 7_67
where «, 3,7, 0 are distinct algebraic integers. Let the corresponding characteristic polynomials of
vand wbe X% — M; X + N; with roots a, 3 and X? — M X + N> with roots v, 6. Note that, as long

as the product v wy, is unchanged, we can multiply v, by a scalar A\* and wy, by A~*. Therefore we
can assume that M; = M, (unless M; = 0 or My = 0), say M; = My = M. The recurrence relations

are then vg 1o = Mvgy1 — Nivg and wi42 = Mwg41 — Nawy. The terms uy, are

U = VpWg
af — gk Ak — gk
T a-p 49
_ (ay)F — (ad)* — (B7)* + (B6)F (3.5.4)

(= B) (v —9) ’

with characteristic polynomial

(X —a)(X = ad)(X — f9)(X - B9)

R ORC(ORERY

= (X2 —aMX +a’Ny)(X? - BMX + 32N>)
= X'—(a+B)MX®+ ((o®+ )Nz + afM?) X — af(a + B)MN2 X + (afN,)?
= X*— M2X3 4+ (M?*(Ny 4+ Ny) — 2N; No) X? — M?NiNo X + (N1 No)?2.

The initial values are ug = 0, u; = 1 and

(a+ B)(y +6) = M?
uz = (®+ab+ %) (Y + 70 +0%) = (M? = N1)(M? — N).

U2
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For u to be in Z, we need the initial values and the coefficients of the characteristic polynomial to
be integers. The coefficient of X divided by the value of u; is N1V, so N1 N2 € Q. But the constant
coefficient is (N1 N2)?2, so N1 Ny € Z. From the coefficient of X? we derive that M?(N; + N») € Z.

We therefore define

P = M?
Q = M?*(Ni+N)
R = NiNs.

Then P, Q, R € Z. The characteristic polynomial now becomes
X* - PX% 4+ (Q—-2R)X? - PRX + R?,
i.e. the recurrence relation of the terms vy, is
Uhya = Pugis — (Q — 2R)up o + PRujy1 — R*uy. (3.5.5)

This relation is not the same as given by Williams [16], due to a different choice of Q). It does

however not affect the conditions on M and N. The sequence has initial values ug = 0, u; = 1 and

Uy = P
us = P2*Q+R

As R = N1N; and Q = P(N; + N3), it follows that N7, N, are roots of the polynomial Y2— %Y +R.
So far, we know the following about the coefficients of the recurrence relations of the general Lucas

sequences v and w:
e M?cZ
e NN, €Z
e N1+ N eQ

We see that v and w are similar to Lucas-Lehmer sequences, since their recurrence relations are of

the form

Vg2 = VPupyr — Nivg
Wry2 = VPwgyr — Nowg

with P € Z. However, since N;, N are roots of Y2 — %Y + R, we are not sure whether Ny, N, are
integers; they aren’t even necessariy algebraic integers. In Section 3.6 we find a possible solution to

this problem using so-called twists of the general Lucas sequences v and w.
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3.5.4 Another case

We have characterised the divisibility sequences in Z of order 4 that are products of general Lu-
cas sequences. However, these are not all possible divisibility sequences in Z of order 4. At the
beginning of this chapter we saw and example (3.1.1) of an irreducible exponential polynomial di-
viding a simple exponential polynomial. Similarly we find the following example of a fourth order

divisibility sequence u with terms that are not a product of general Lucas sequences:
up = (o + BF) (o — gI), (3.5.6)

where «, 3 are distinct algebraic integers and d € Z odd.

We cannot confirm the integrality of the sequence yet, so for the time being we let it be in Z. There-
fore we also only consider divisibility in Z. First we check u is indeed a divisibility sequence. To

do this, consider the following proposition:

Proposition 3.5.3

Letd € Z be odd. For every m € Z, (x + y) (2% — y?¢) divides (z™ + y™)(z%™ — y9™) in Z.

PROOF If mis odd, then z +y | 2™ +y™ and 2¢ — y? | 29™ — y¥™, 50 the statement holds for m € Z
odd. If m is even, then, since d is odd, both = + y | 29™ — y9™ and z¢ — y? | 9™ — 3™ Hence also

for m € Z odd, the proposition holds. n

Assume k | ¢ and uy, # 0 and write £ = km. Then by Proposition 3.5.3:
(Oék +Bk)(adk o 6dk) | (akm +ﬂkm)(adkm o Bdkm)7

hence uy, | u¢ in Z. We conclude that linear recurrence sequences with terms of the form (3.5.6) with
d odd are divisibility sequences in Z. It follows that uy | uy for all k& > 1, so we can normalise the

sequence by dividing every term by u;. The terms of u then become:

oF + gF qdk _ gk
a+f . ad — B’

U =

where d is odd and the initial values are ug = 0, u; = 1 and

d d
uy = (a2+52)'%

(a2 —aﬂ+ﬁ2)(a2d+adﬁd+ﬁ2d).

us
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Example 3.5.4

Let d = 3. Then w is a divisibility sequence with terms

Ozk—i—ﬂk .a3k_ﬁ3k
a+p a3 =p37

U =

for a, f € Z distinct. If weleta + = M € Z and a8 = N € Z, then the initial values are uo = 0,

u; = 1 and
u; = (o +p%)(a® —af+p*) =(M*—-2N)(M* - N)
uz = (& —af+ B (b + a3+ 8% = M® + TMON 4+ 15M*N? + 12M>N3 + 3N*.
Note that:
V2L U3k
Uk = T
Vg + Vg U3

where vy, is a Lucas sequence (3.2.1). The characteristic polynomial of u is the same as that of
Section 3.5.1:

X* — M?(M? - 3N)X3 + (M®N — 6M*N? + 10M*N? — 2N*) X2 — M?N*(M? — 3N)X + N&.

As the coefficients of the characteristic polynomial and the initial values are integers, u is in Z,
hence uy/uy, € Q. Moreover, since uy, | u, in Z, it follows that uy, | u, in Z. Hence w is a divisibility
sequence in Z. The differences with the case from Section 3.5.1 are the initial values, and therefore

this sequence is of a different shape.

Theorem 3.5.5

For divisibility sequences in Z of order 4 with terms

U2k Vdk

Vg - V2 Vg

U =

for d odd, and where vy, are the terms of a Lucas sequence v, we see that the terms uy, satisfy the

recurrence relation:
Up g = M*(M?*=3N)up3—(MON—6M*N2+10M2 N3 2N ) up o+ (M N*(M?=3N)ug1—NBuy,
for M, N € Z the coefficients of the Lucas sequence v: vi4+2 = Mgy — Nug.

In conclusion: divisibility sequences in Z of orders 2 and 3 are always products of (general) Lucas
sequences (see Section 3.3 and Section 3.4, respectively), there are three forms of fourth order di-
visibility sequences in Z that are products of general Lucas sequences (see Sections 3.5.1, 3.5.2 and

3.5.3), but there are also forms where this is not the case (an example is shown in this section).

The following conjecture covers all possibilities of divisibility sequences:
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Conjecture 3.5.6

Suppose u is a (nondegenerate) divisibility sequence with terms uy, for k > 0 and let 04, . .., 0,, be
the roots of its characteristic polynomial. Let " be the subgroup of Q" generated by the ;. Then
there exists a c € Q, elements A, v1,...,vm € I' and Lucas polynomials p1, . . . , p,, such that

U = cAkpl (’Yf) - 'pm('yrlﬁz)’
forallk > 0.

Lucas polynomials are polynomials p € Q[z] such that p(z) divides p(z*) for every k € Z>;. For
example, z — 1 or 2¢ — 1 for d € Z.

Example 3.5.7

Let u be a third order divisibility sequence, i.e. with terms

(ak_ﬁk 2
Uk = 0!6)7

for «, 8 distinct algebraic integers and for every k > 0. We saw in Section 3.4 that the roots of the

characteristic polynomial of u are o2, o3, 2. SoT' = (a2, a3, 3%) C Q. Rewrite the terms as

i (OR)

= CAk(’yk - 1)27

force QA=p2€cTandy = o/ = % (aB)~! € I. The Lucas polynomial is p(z) = (z — 1).
And indeed, uj, = cA*p(y*)? for every k > 0.
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3.6 Twists of divisibility sequences

As promised at the end of Section 3.5.3, we introduce twists of divisibility sequences. These twists
change general Lucas sequences into Lucas sequences, and simplify the cases of fourth order di-
visibility sequences in Z treated in Section 3.5. Namely, products of Lucas sequences are already
divisibility sequences in Z. In Section 3.6.3 we twist the divisibility sequence of Section 3.5.3 so
that it becomes a proper product of general Lucas sequences, instead of something that looks like

a product of two Lucas-Lehmer sequences.

Definition 3.6.1

Let u be a divisibility sequence in Z with terms uy, for k > 0 satisfying the recurrence relation:
Uptn = AtUpgn_1 + -+ Ap_1upq1 + Apug,
for Ay, ..., A, € Z. A twist of u is a divisibility sequence @ with terms @, = T"uy, for some 7 € Z.

It is obvious that u itself is a divisibility sequence, but not necessarily in Z. However, 7 can be

chosen such that @ is in Z. The terms @y, of the twist satisfy the recurrence relation:

Tk+nuk+n

ak+n =
_ TA1(Tk+”_1uk+n,1) N Tn_lAnfl(Tk—HukJrl) + T"An(Tk’u,k)

= TAlak-‘,-n—l +---+ Tn_lAn—lﬂk:-‘rl + TﬂAnak-

3.6.1 Twist of uj, = vivy, /vy

Consider the fourth order divisibility sequence u with terms uj, = vZvay /vo from Section 3.5.1. Here
v is a general Lucas sequence with recurrence relation vy 12 = Mvg41 — Nvg, where M = Pi and
N = P*%Q for P,Q € Z such that P | Q*. We twist this general Lucas sequence v with 7 = Pi,

obtaining the twist & with terms @, = P*uy, satisfying the recurrence relation

’l~)k+2 = 7']\47~]}<;+1—7'21\7’(7]C

= Pigp1 — PQuy.
Since P, Q € Z, ¥ is a Lucas sequence. We twist the fourth order divisibility sequence uy, as follows:

(Tkvk)2(7'2k1}2k)/1}2 = T4kvivgk/vz = 74y, = Pk,

So for the fourth order divisibility sequence u in Z, there is another fourth order divisibility se-
quence in Z corresponding to u, namely the twist @, with terms 4 = P3y, € Z. In particular,

while uy, is a product of general Lucas sequences, @y is a product of Lucas sequences.
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Recall the recurrence relation (3.5.2) of the terms uy:

8

2
upta = (P —3Q)upq3 — %(P?’ — 6P? +10PQ* — 2Q*)up42 + %(P —3Q)up41 — %Uk.

By Definition 3.6.1 the terms @, then satisfy the following recurrence relation:

lpra = PP(P = 3Q)lipqs — P'Q(P? — 6P + 10PQ* — 2Q*) g4z + PPQ*(P — 3Q)tip11 — P*Q%.

3.6.2 Twist of u;, = v}

Consider the fourth order divisibility sequence u with terms u;, = v; from Section 3.5.2. Here v
is a general Lucas sequence with recurrence relation vy42 = Muvgy; — Nvg, where M = P35 and
N = P*%Q for P,Q € Z such that P | Q3. We twist this general Lucas sequence v with 7 = P53,

obtaining the twist & with terms @, = P3*uy, satisfying the recurrence relation

’l~)k+2 = TMQN)k+1_7-2N’(~)k

= PUgy1 — PQUy.
Since P, Q € Z, ¥ is a Lucas sequence. We twist the fourth order divisibility sequence uy, as follows:

(TFup)3 = 3%} = 73k, = Py,

As in the previous section, the divisibility sequence w in Z corresponds to the twist @, with terms

k

g = P?fuy, = (t%vy,)? = 03, Since © is a Lucas sequence, iy, € Z. While uy, is a product of general

Lucas sequences, 1y is a product of Lucas sequences. Recall the recurrence relation (3.5.3) of the

terms wuy:

3 6

Upys = (P —2Q)up i3 — %(P - Q)(P —2Q)upy2 + %(P —2Q)ug+1 — %“k

By Definition 3.6.1 the terms @, then satisfy the following recurrence relation:

g = P?(P = 2Q)i43 — P°Q(P — Q)(P = 2Q) k12 + P*Q* (P — 2Q)tn 1 — P°Q 1.
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CHAPTER 3: DIVISIBILITY SEQUENCES
3.6.3 Twist of U = VpWg

Consider the fourth order divisibility sequence w with terms u;, = viwy, from Section 3.5.3. Here v

and w are general Lucas sequences with recurrence relations

V2 = Muogpr — Nivg

Witz = Muwgyr — Nowg,

where M = VP, Ny + Ny = % and N; Ny = R. We twist these general Lucas sequences v and w
with 7 = VP, obtaining the twists ¥ and w with terms 7, = ngk and @ = Pgwk., respectively,

satisfying the recurrence relations

~ ~ 2 ~
V42 = TM’Uk+1—7' vak

= PUpy1 — PN1og
and

1I)k+2 = TMﬂ}k_H — TQNQ'LDk
—  Piyy1 — PNody.
Recall that N;, N, are roots of Y2 — %Y + R. Then PN, PN, are roots of Y2 — QY + P?R. So

now we are certain that PN, PN, are algebraic integers. So the twists © and w are general Lucas

sequences. We can twist the divisibility sequence uy, as follows:

(TFop) (TFwy) = T vpwi = 7%y, = Pruy,.

Recall the recurrence relation (3.5.5) of the terms uy:
Upyqa = Pugys — (Q — 2R)Uk;+2 + PRuj41 — R2uk.
By Definition 3.6.1 the terms @, then satisfy the following recurrence relation:

g ya = P?lprs — P?2(Q — 2R)iyy 2 + P*Riiyy 1 — P* Ry,

So for the fourth order divisibility sequence u in Z, there is also the fourth order divisibility se-

ko) (TFwy) = Ok In particular, while wuy, is a product

of second order sequences that look a lot like Lucas-Lehmer sequences, 1y is the product of two

quence 4 in Z, with terms @i = PFuy = (1

general Lucas sequences, 0, and wy.
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