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Abstract

We address the problem to minimize the weighted sum of completion times in nonpreemptive
parallel machine scheduling. We consider the stochastic variant of this problem in which the
processing times are exponentially distributed random variables. We discuss the phenomenon
of deliberate idleness. For some cases we prove that optimal policies are idle time free, but
the general question remains unanswered. We extensively study the WSEPT list scheduling
policy, and show that its perfomance guarantee is not better than 1.243. This constitutes the
first lower bound for WSEPT in this setting. In particular, this bound is larger than the (tight)
bound for WSPT for deterministic scheduling, which is 1

2
(1 +

√
2) ≈ 1.207. Furthermore, we

show that for any list scheduling policy, the objective value of the deterministic counterpart
is an upper bound for the objective value of the stochastic instance. This result holds for
arbitrarily distributed processing times. For a WSEPT policy, we show that the expected
objective value for an instance with exponentially distributed processing times is at least

m
2m−1

times the the objective value of the deterministic couterpart, where m denotes the
number of machines. Finally, we conclude with some consideratons about the computational
complexity of finding an optimal policy, and of calculating the objective value corresponding
to a given policy.

Keywords stochastic scheduling, WSEPT, exponential distribution, deliberate idleness,
computational complexity
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1 Introduction

In a typical scheduling problem we are given a set of jobs that has to be processed on a number of
machines. The goal is to find a feasible schedule that minimizes some sort of cost function. These
problems often have nice combinatorial aspects, which makes them interesting for research. The
main difference of scheduling problems compared with other combinatorial optimization problems
such as graph theory, is that scheduling problems have a ”time” dimension. A solution is typically
specified via start times of jobs on a time axis, subject to certain combinatorial constraints. Sched-
ules are therefore usually depicted using so-called Gannt-diagrams, where the jobs are represented
with boxes on a horizontal time line (see Figure 1).

Figure 1: A Gannt diagram of two jobs with length 2 and one job with lengt 3 processed on two
machines.

Throughout this thesis, unless stated otherwise, the following model is considered: We are given
a set J = {1, ..., n} of n jobs that must be processed on m identical parallel machines. Each job j
has length pj and weight wj . Preemption is not allowed, which means that once we have placed a
job on a machine, we cannot take it off until it is finished. The goal is to minimize the weighted
sum of completion times. Note that the completion time of a job j depends on boh pj and its
starting time, which is determined by the schedule. Let Cj denote the completion time of the jth

job in a given schedule. In the classical 3-field notation for scheduling problems [2], this problem
is denoted P | |

∑
wjCj . The first field contains the machine environment, in this case P stands

for parallel machines. The second field can contain job characteristics such as release dates or
precedence constraints, but in our case it is empty. The third field contains the objective function.

Most of the literature has concentrated on deterministic scheduling. Considerably less attention
was drawn to stochastic scheduling. This models a situation where job lengths are not precisely
known in advance, but rather are considered a random variable. Clearly this would be a more
suitable model for many applications. There was considerable research on stochastic scheduling
in the 1970s and 80s. After that, there were few publications in this field until recently. In my
opinion stochastic scheduling deserves more attention than it has received so far. The relatively
unexploited area leaves plenty of room for new results.

The general motivation of this thesis is to compare deterministic and stochastic scheduling prob-
lems. We will highlight some of the well-known differences and discuss some results from determin-
istic scheduling that transfer to the stochastic case. We point out new differences and results that
follow from our research, and thereby contribute to a better understanding of stochastic scheduling
problems within combinatorial optimization. Using the same approach as for their deterministic
couterparts often leads nowhere, as stochastic scheduling problems are conceptually different. In
fact, it is not clear whether the set of feasible solutions for a stochastic scheduling problem can
be reduced to a discrete set. Therefore it is in general uncertain whether stochastic scheduling
problems even qualify as combinatorial optimization problems. We avoid this issue by restricting
the problem to exponentially distributed processing times.
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1.1 Deterministic scheduling

In deterministic scheduling it is assumed that the weight and length of all jobs is known in advance.
The problem for two machines was proven to be NP-complete in the seventies. Later, the problem
for m machines was proven to be NP-complete by a reduction from 3-Partition.

Theorem 1.1 [7], [1] Deterministic scheduling is strongly NP-complete.

Proof Clearly the problem is in NP. To prove it is NP-hard, we will reduce 3-Partition to it.

A 3-Partition instance is given by a set S = {s1, s2, ..., sn} of n = 3m positive integers. The
problem is to decide whether S can be partitioned into subsets of size 3 such that the sum of the
numbers in each subset is equal.

The scheduling problem asks whether or not there exists a feasible schedule with
∑
wjCj ≤ k for

a given number k. Given a 3-Partition instance, every integer is mapped to one job in a scheduling
instance, with pj = wj = sj for each job j ∈ J . (Clearly this transformation preserves the strong
NP-completeness.)
Furthermore, we adopt the following notation: Let Ji be the set of jobs scheduled on machine i, for
i = 1, ...,m. If job x is scheduled before job j, we write x < j. Note that the completion time of job
j is the sum of the processing times of all jobs x ≤ j that are scheduled on the same machine as j.

Then
∑
j∈J

wjCj =

m∑
i=1

(
∑
j∈Ji

wj
∑

r∈Ji,r≤j

pr) =

m∑
i=1

(
∑
j∈Ji

sj
∑

r∈Ji,r≤j

sr) =

m∑
i=1

1

2
(
∑
j∈Ji

sj)
2 +

1

2

n∑
j=1

s2
j

If we let li denote the load of machine i,

∑
j∈J

wjCj =
1

2

m∑
i=1

l2i +
1

2

∑
j∈J

p2
j

Note that the last term is independent of the schedule. Also we know that

m∑
i=1

li =

n∑
j=1

pj is

constant. The objective is therefore a strictly convex function in the li’s, which is minimized if

and only if all li’s are equal. So when choosing k = m 1
2b

2 + 1
2

n∑
j=1

s2
j , yes-instances of 3-Partition

are mapped to yes-instances of scheduling, as well as no-instances to no-instances. It is clear that
the transformation is computable in polynomial time.

1.2 Stochastic scheduling

In stochastic scheduling instances, the joblengths are random variables. We are only given their
distribution, or at least expectation EPj . The realization of a processing time becomes known
upon completion of the job. Therefore we cannot predict what a schedule is going to look like.

Figure 2: A Gannt diagram for stochastic scheduling.
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Solutions are scheduling policies instead of schedules. For example, one can think of an order in
which the jobs are placed on available machines. If at any time t that a decision has to be made,
the policy is described as a linear ordering L(t) on the set of jobs not started, it is called a list
schedule. If the ordering at any decision time t is equal to the ordering at time 0 (restricted to
the set of jobs not started before t, of course), the rule is said to be static. However, a policy may
use information from realizations in the past to decide what jobs to schedule next. If L(t) varies
with t, the rule is said to be dynamic. Note that all list scheduling rules are greedy. Policies in
general do not need to be greedy, they can contain deliberate idle time [8].

In general it is not possible to find a policy that minimizes the objective function for all realizations
of processing times. We therefore seek a policy that minimizes the objective function in expecta-
tion. That is, we want to find a policy that attains the minimum of E(

∑
wjCj) =

∑
wjE(Cj)

over all policies.

Let Pj denote the random variable corresponding to the processing time of job j. In this thesis we
focus on processing times governed by independent, exponentially distributed random variables.
That is to say, each job comes with a parameter λj > 0, and

P[Pj > t] = e−λjt .

We denote this by writing Pj ∼ exp(λj). Exponentially distributed processing times somehow
represent the cream of stochastic scheduling, in particular when juxtaposing stochastic and deter-
ministic scheduling: The exponential distribution is characterized by the memory-less property,
that is,

P [Pj > s+ t |Pj > s] = P [Pj > t] .

So for any non-finished job it is irrelevant how much processing it has already received. This is
obviously a decisive difference to deterministic scheduling models, and puts stochastic scheduling
apart. Next to that, the model with exponentially distributed processing times is attractive be-
cause it makes the stochastic model analytically tractable.

Since the exponential distribution is memory-less, we do not gain extra information unless a job
finishes. Therefore optimal policies belong to the so-called class of set strategies [8]: they only
need to make decisions at t = 0 and at job completion times. Also, the information on the set of
jobs already finished and the set of currently running jobs is sufficient to make optimal decisions.
In particular, set strategies do not depend on t.

Attempting to solve stochastic scheduling problems by considering the jobs as if they were deter-
ministic with length EPi generally results in an overestimation of the objective value. For example,
suppose we (list)schedule three jobs in the order 1, 2, 3 on two machines. The third job can then
start at the minimum of the first two completion times, which is expected at 1

λ1+λ2
. This is clearly

earlier than the minimum of 1
λ1

and 1
λ2

. For the precise result, see Corollary 3.9

The main result of this thesis is a lower bound on the approximation ratio for the WSEPT list
scheduling policy (weighted shorted expected processing time first). This result will be pub-
lished [4], and is found in Section 3.4. The bound is in fact larger than the tight bound for the
deterministic variant; WSPT.

We also adress the complexity of stochastic scheduling. Since deterministic scheduling is a spe-
cial case of stochastic scheduling, finding an optimal policy for stochastic scheduling in general is
np-hard. However, it is an open question whether this still holds when we restrict the problem to
exponentially distributed processing times. Also, the complexity of calculating the objective value
corresponding to a policy is unknown.
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The thesis is organized as follows. In Section 2 we discuss the notion of deliberate idleness and
whether it is ever needed in an optimal policy. Section 3 is about the performance of the WSEPT
heuristic. In Section 4 we try to answer how difficult it is to find an optimal policy, or to calculate
the objective value corresponding to a policy. Each section starts with relevant previous work,
followed by some new results or conjectures. We end with our conclusions in Section 5 and a
discussion of the research in Section 6.

2 Deliberate idleness

Definition Deliberate idleness occurs when one or more machines are left empty while there is
at least one unscheduled job available for processing.

Intuitively, the reason for an optimal policy to contain deliberate idleness is the following. If we
had more information about the processing times of currently running jobs, we might be able to
make a better decision on which job to schedule next. It could then be benifical to wait a small
amount of time, in order to gain information about the realizations. An optimal scheduling policy
might therefore depend on this information.

This idea is used in the following example.

Example [16] There are 5 jobs to be scheduled on m = 2 machines, with the objective to
minimize E(

∑
wjCj).

w1 = w2 = 1, p1 = p2 = 1

w3 = w4 = k, k ≥ 5, k ∈ N, P3 = P4 =

{
1 w.p. 1− 1/k3

2k4 − k3 + 1 w.p. 1/k3

w5 = 2k3 P5 =

{
1/k5 w.p. 1/2
k5 w.p. 1/2

Then EP3 = EP4 = 2k. An optimal policy in this case needs idle time.

Proof First, consider the situation that jobs 1 − 4 are to be scheduled on a single machine.
Then a WSEPT policy is optimal [12], say in the order 1,2,3,4. The expected objective value is
6k2 + 4k + 3. If one of jobs 3 or 4 is scheduled first, this leads to an expected objective value
of at least 6k2 + 6k + 3; a difference of 2k. If jobs 1 − 4 are to be scheduled on two machines,
a case analysis of list scheduling in the order 3, 4, 1, 2 shows that the expected objective value is
4k2 + 4 + o(1). A tedious case analysis shows that any policy which does not start with jobs 3 and
4 leads to an expected objective value of at least 4k2 + k + 3− o(1); a difference of k − 1− o(1).
In other words, the optimal scheduling policy depends on the number of available machines.

Now consider the given instance and a policy that schedules job 5 at time 0, leaves a machine
ide until time 1/k5, and then, depending on the realization of the processing time of job 5, opti-
mally schedules the remaining 4 jobs. The maximal total processing time of the remaining 4 jobs
is 4k4−2k3 +4. Hence, if job 5 turns out to be long (time k5), irrespective of the realizations of the
processing times of the remaining jobs, there is only one machine available for them, since k ≥ 5.
If job 5 turns out to be short (time 1/k5), there are to machines available. With the above ob-
servations, the expected weighted sum of completion times of this policy is k8+5k2+2k+7/2+o(1).

Next, observe that any idle time free policy that schedules job 5 not at time 0, can only schedule
it at time 1 or later. This yields an expected objective value of at least k8 +2k3−o(1). Since k ≥ 5
this cannot be optimal. So consider a scheduling policy that greedily starts job 5 and some other
job at time 0. Then, with probability 1/2 it turns out at time 1/k5 that this decision was not
the optimal one. According to the above argumentation, this yields an expected weighted sum of
completion times of at least k8 +5k2 +(5/2)k+3−o(1). In other words, any optimal policy is not
idle time free, since it must leave one machine idle until time 1/k5 to make the right decision.
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Of course, the question arises whether deliberate idleness is ever necessary for a problem with
exponentially distributed processing times. For this case decision times of an optimal policy only
need to be at 0 or at completion times of jobs. The presence of idleness would therefore imply
a machine is left empty for at least one joblength. From now on we are dealing with jobs whose
processing times are exponential random variables.

For a few cases we are able to show that optimal policies are idle time free. They are described in
the rest of this section.

Theorem 2.1 [14] When m = 2 an optimal policy is idle time free.

Intuitively, the reason for idle time being suboptimal is the following. With one machine idle,
there is only one job processed at a time. The next decision will have to be made upon completion
of this job. The set of finished jobs, as well as the set of unscheduled jobs at that time, are already
known when we start the idle time. Therefore the only information we gain by waiting, is the
completion time of the currently running job. Since a set strategy is optimal, we do not need this
information to make an optimal decision.

Proof The proof consists of two steps: in the first step we assume that a policy leaves one ma-
chine empty at time 0. We replace the policy by one that does not leave a machine empty before
the first job completion, and show it performs better or equal. The theorem then follows by an
inductive argument.

Step 1 Assume that policy Π leaves one machine empty at time 0. W.l.o.g. let k be the job that
starts at t = 0. The next decision is made at the completion of k. As there is no new information
gained by then, the decision on what job to schedule next will be the same as it would have been
at time 0. As it is clearly suboptimal for a policy to leave all machines idle, at least one job has
to be started. Let i be that job. Whether or not Π leaves the second machine empty again is
does not matter, we will write ’*’ for this position. We write ’**’ for what is scheduled at the
completion time of i.
We define a policy Π1 by:

• Start jobs k and i at time 0.

• If k finishes first, continue as in Π (with ’*’)

• If i finishes first, leave one machine empty until k finishes. As soon as k has finished, continue
as in Π (with ’* ∪ **’ )

Let J be the set of all jobs. Then

E(
∑
j∈J

wjC
Π
j ) =

∑
j∈J

wj

λk
+ %(J − {k})

where %(I) is the objective value of an optimal policy for job set I.
Assuming Π was optimal, it is also optimal for the subproblem J − {k}. For Π1 then holds:

E(
∑
j∈J

wjC
Π1

j ) =

∑
j∈J

wj

λk + λi
+

λk
λk + λi

%(J − {k}) +
λi

λk + λi

( ∑
j∈J−{i}

wj

λk
+ %(J − {k, i})

)
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Which yields

E(
∑
j∈J

wjC
Π1

j )− E(
∑
j∈J

wjC
Π
j ) =

1

λk + λi

(∑
j∈J

wj + λk %(J − {k}) +
λi
λk

∑
j∈J−{i}

wj + λi %(J − {k, i})

−λk + λi
λk

∑
j∈J

wj − (λk + λi)%(J − {k})

)
=

1

λk + λi

(
λi
λk

(
∑

j∈J−{i}

wj −
∑
j∈J

wj) + λi (%(J − {k, i}) − %(J − {k}))

)
≤

1

λk + λi

(
− λi
λk

wi − λi(wiPi)

)
≤ 0

Therefore Π1 is better or equal than Π.

Step 2 Π1 is optimal and leaves no machine idle at time 0. Starting from Π1, we can use a
construction as in step 1, to obtain a policy Π2 that also after the first job completion leaves no
machine idle. In case Π1 leaves a machine idle, we simply repeat the above construction. This
way we obtain a finite series of policies with

E(
∑

wjC
Π
j ) ≥ E(

∑
wjC

Π1

j ) ≥ E(
∑

wjC
Π2

j ) ≥ ... ≥ E(
∑

wjC
Πj

j )

Where finally Πj is an idle time free policy. This gives us a solution without deliberate idleness
that is at least as good as Π.

The same does not hold for m > 2. In that case we can leave one machine idle while two or more
jobs are running. The completion of a job then gives us information on the set of finished jobs,
that we did not have before. This information might be used in an optimal policy.

Lemma 2.2 For any time t holds; if at the next completion time there are enough machines
available to process all unscheduled jobs, idleness at time t is suboptimal.

Proof Assume there exists an optimal policy Π that leaves at least one machine deliberately idle
at time t. An optimal policy must schedule all remaining jobs at the next completion time, since
there are enough machines available by then. Scheduling any one of these remaining jobs at time
t would decrease the objective value. To see this, say that job k is one of the jobs scheduled at the
next completion time t′, and note that t′ > t. More precisely, t′ = t+ (

∑
j∈J(t) λj)

−1, where J(t)
is the set of jobs that is in process after time t. When scheduling k at time t instead, the expected
completion time of k itself decreases by t′ − t > 0. Moreover, the expected next completion time
now becomes t′′ = t+ (

∑
j∈J(t)∪{k} λj)

−1. Clearly t < t′′ < t′, hence our new scheduling policy is

expected to start all remaining jobs (including k) earlier than Π. This is an obvious contradiction
to Π being optimal.

Corollary 2.3 A policy with deliberate idle time is suboptimal when n ≤ m+ 1.

Theorem 2.4 When m = 3 and n = 5, an optimal policy is idle time free.

Proof Inserting idleness when only one job is left unscheduled is clearly suboptimal, as there is
only one decision possible. Starting an idle period when there are only two jobs left unscheduled
is also suboptimal, by means of Lemma 2.2.
Therefore we can restrict ourselves to policies where the only idle time starts at t = 0. Assuming
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such a policy is optimal, it starts two jobs at the first completion time. Which two jobs these are,
may depend on which job finished first. (If not, the proof is trivial.) W.l.o.g., assume jobs 1 and 2
are started at time 0. If job 1 ends first, w.l.o.g. say the optimal policy continues with jobs 3∪ 4.
If job 2 ends first, say the optimal policy continues with jobs 4 ∪ 5. Since (3 ∪ 4) ∩ (4 ∪ 5) = 4, a
policy that schedules job 4 at time 0 is better than any policy that leaves a machine idle.

Note that this proof does not extend to larger cases, as the intersection of the two job sets can
then be empty.

This implies that when looking for an instance that requires deliberate idle time, the smallest
option is m = 3 and n = 6. Our attempt to find such an instance has been unsuccessful.

Open question 2.5 When scheduling exponentially distributed jobs for P | |E
∑
wjCj, do optimal

policies ever require idleness?

3 The WSEPT list scheduling policy

As long as the question of deliberate idleness is unanswered, we won’t be able to find optimal
policies for all instances. Instead, we consider a well known list scheduling policy:

Definition WSEPT greedily schedules all jobs in order of decreasing wi

EPi
, i.e. weighted shortest

expected processing time first.

We will now discuss some of the previous work on WSEPT and add some new results. We will
focus on comparing WSEPT with WSPT, the variant for deterministic scheduling. Some of our
proofs require properties of the exponential distribution, others are valid for stochastic scheduling
in general. In order to quantify the performance of WSEPT, we need to define approximation for
stochastic problems:

Definition A policy is called an α-approximation if its expected performance is within a factor
α from the expected objective value of an optimal policy.

For exponentially distributed processing times, WSEPT turns out to be a 2− 1
m -approximation.

This bound is determined by using an LP relaxation, as described in Theorem 3.7. In some cases
it can even be proved that WSEPT is optimal.

3.1 Special cases where WSEPT is optimal

Theorem 3.1 [13] For deterministic scheduling, WSPT (weighted shortest processing time first)
is optimal for 1| |

∑
wjCj

The proof is based on a simple job exchange argument.

Theorem 3.2 [12] For general distributions of processing times, WSEPT is optimal for 1| |E
∑
wjCj

Note that the processing times are stochastically independent and independent of the start times
of the jobs. Therefore the proof of Theorem 3.1 transfers directly to the stochastic case.

Theorem 3.3 [5] Consider jobs with Pj ∼ exp(λj). If there exists an ordering of the jobs, such
that:

λ1w1 ≥ ... ≥ λnwn
and w1 ≥ ... ≥ wn

}
(1)

then scheduling the jobs greedily in the order 1, 2, ..., n is optimal. (Note that this is a WSEPT
policy.)

Corollary 3.4 When all weights are equal, SEPT is optimal for scheduling jobs with exponentially
distributed processing times.
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3.2 Preliminaries for analyzing the WSEPT heuristic

One might try to use Theorem 3.3 to construct an approximation algorithm that performs better
than WSEPT, by using the described optimal policy for cases with equal ratios wi

EPi
. However, we

will now show that such an algorithm will in general not perform better than WSEPT.
Let zOPT (J) denote the expected weighted sum of completion times of an optimal policy for job
set J . Let zWSEPT (J) denote the maximum expected objective value over all WSEPT policies
on job set J . The following theorem was stated in [6] for deterministic scheduling. We show that
with a slightly altered proof it also holds for stochastic scheduling.

Theorem 3.5 Let α be the ratio zWSEPT (I)/zOPT (I) for a problem instance I in which tasks
have the same wj/EPj. Then there existst another instance J which satisfies zWSEPT (J)/zOPT (J) >
α− δ for any δ > 0, and in which all tasks have distinct ratios wj/EPj. This holds for instances
with generally distribute processing times.

Proof Let a be a constant such that ∀j ∈ I : wj = r EPj . W.l.o.g. assume that in (one of)
the worst WSEPT policies (one corresponding to zWSEPT (I)), the jobs are started in the order
1, 2, ..., n. Now we create a new instance J , with processing times distributed as in I. However, the
jobs in J have slightly reduced weights, in such a way that scheduling jobs in the order 1, 2, ..., n
is the only possible WSEPT policy:
∀j ∈ J wj = (1 − εj) r EPj , where 0 < ε1 < ε2 < ... < εn and εn < δ/α. Note that since all
weights are reduced, zOPT (J) < zOPT (I). Then

zWSEPT (J)

zOPT (J)
>
zWSEPT (J)

zOPT (I)
≥ (1− εn)zWSEPT (I)

zOPT (I)
> α− δ

The following theorem was originally stated for deterministic scheduling. It implies that when
looking for an upper bound on the performance of WSEPT, it is sufficient to restrict to instances
with equal ratios

wj

EPj
. Since E(

∑
wjCj) =

∑
wjE(Cj) the proof transfers directly to the stochas-

tic case.

Theorem 3.6 [6] If for all instances J with equal ratios
wj

EPj
holds

zWSEPT (J) / zOPT (J) ≤ α for some constant α (2)

then (2) holds for any instance J . This holds for instances with generally distributed processing
times.

Proof The proof is based on an induction on the number of distinct values of
wj

EPj
. The following

notation is used.
rj = wj / EPj
v: the number of distinct values of ratios rj
q: the number of jobs whose ratios are equal to r1 J

′: a set of n jobs whose processing times are

distributed as the ones in J , and whose weights are given by w′j =

{
εwj for 1 ≤ j ≤ q
wj for q + 1 ≤ j ≤ n

where ε = rq+1/rq < 1
r′j = w′j / EPj
W: a WSEPT schedule for J
OPT : an optimal schedule for J
W’: a schedule for J ′ in which job j′ is put in the position of job j determined by W, respectively
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OPT’: a schedule for J ′ in which job j′ is put in the position of job j determined by OPT, respec-
tively
x: the part of the expected objective value for W comprised of costs of the first q tasks
y: the part of the expected objective value for W comprised of costs of the last n− q tasks
x∗: the part of the expected objective value for OPT comprised of costs of the first q tasks
y∗: the part of the expected objective value for OPT comprised of costs of the last n− q tasks

By construction, the number of distinct ratios r′j is v − 1. Therefore in what follows, we shall
prove that if 2 holds for J ′, then it also holds for J .

From the definition of x, y, x∗ and y∗ we obtain

zW = x+ y and zOPT = x∗ + y∗ (3)

zW
′

= εx+ y and zOPT
′

= εx∗ + y∗ (4)

Note that if r′i > r′j , then ri > rj , so job i precedes j in W, and it follows that i′ precedes j′ in
W’. So W’ is a WSEPT policy for J ′. Therefore applying the inductive hypothesis (2);

zW
′
≤ α zOPT

′
(5)

Furthermore the first q jobs of J are earliest processed in W, and it follows from our assumption
that

x ≤ α x∗ (6)

If y ≤ α y∗ then by (3) and (6) the proof is completed. Otherwise, combining ε < 1 and (6) yields

(1− ε)x∗y > (1− ε)xy∗ (7)

Therefore by (3) and (4),

zW
′
zOPT = (εx+ y)(x∗ + y∗) =

εxx∗ + yy∗ + εxy∗ + x∗y > ( combined with ε < 1 and (7) )

εxx∗ + yy∗ + xy∗ + εx∗y =

(εx∗ + y∗)(x+ y) = zOPT
′
zW

This, together with (5) yields zW ≤ α zOPT . Note that this holds for any WSEPT policy W.
Therefore zWSEPT (J) ≤ α zOPT (J).

This implies that when looking for an upper bound on α for WSEPT, the search can be limited
to instances with equal ratios

wj

EPj
. The best upper bound for WSEPT known so far is desribed

in the following theorem.

Theorem 3.7 [9] When scheduling jobs with exponentially distributed processing times for P | |
∑
wjCj,

WSEPT is a 2− 1
m -approximation.

Proof We consider the following linear programming relaxation for instance J .

minimize
∑
j∈J

wjCj

subject to
∑
j∈I

E(Pj)Cj ≥ f(I), I ⊆ J, (8)
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Where for scheduling exponentially distributed jobs

f(I) =
1

2m

(
(
∑
j∈I

EPj)2 +
∑
j∈I

E(Pj)
2

)
for all I ⊆ J

It has been shown in [9] that this is indeed a linear programming relaxation for the stochastic
scheduling problem P ||

∑
wjCj . This follows from the fact that inequalities (8) are valid for any

scheduling policy. Moreover, since f is a supermodular set function, an optimal solution for (8) can
be computed using Edmond’s greedy algorithm. Under the assumption that w1/EP1 ≥ w2/EP2 ≥
... ≥ wn/EPn, let CLPj denote an optimal LP solution for this linear programming relaxation. As
described in [15], for exponentially distributed jobs the greedy algorithm results in the following
optimal LP solution:

CLPj =
1

m

j∑
k=1

EPk (9)

The jth job starts as soon as the first machine falls idle from processing jobs , ..., j − 1, which is

at time 1
m

j−1∑
k=1

EPk or earlier. Therefore

ECj ≤ 1
m

j∑
k=1

EPk + (1− 1

m
)EPj (10)

= CLPj + (1− 1
m )EPj (11)

Which yields ∑
j∈I

wjECj ≤
∑
j∈I

wjC
LP
j + (1− 1

m
)
∑
j∈I

wjEPj (12)

Since LP (8) is a relaxation for the scheduling problem and since
∑
j∈I

wjEPj is a lower bound on

the expected performance of any scheduling policy, the WSEPT rule for exponentially distributed
jobs is a 2− 1

m -approximation.

By theorem 3.2 we know that the objective value of a WSEPT schedule is at most twice the
optimal objective value. However, without knowing the optimal objective value, this does not
tell us anything about how large the objective value of our policy actually is. It is possible to
gain information about the objective value of a list scheduling policy by calculating the objective
value for the deterministic counterpart. The following two theorems give bounds on the difference
between the two objective values.

Theorem 3.8 Let ECSTOj denote the expected completion time of job j in a list scheduling policy

for a stochastic scheduling instance, and let CDETj be the completion time in the same list schedule
for the deterministic counterpart of this instance (with pj = EPj). Then

ECSTOj ≤ CDETj .

This holds for instances with generally distributed processing times.

Proof For a given policy, let gΠ : Rn → R be the function that maps the realizations of the
processing times to the completion time of job j. That is, CSTOj = g(~p), where ~p denotes the
vector of realizations of the processing times. For any list scheduling policy, g must be a concave
function, since it consist only of addition and minima. Therefore by Jensen’s inequality:

E[g(~P )] ≤ g(E[~P ])

13



Which is equal to
ECSTOj ≤ CDETj

Corollary 3.9 Let zSTO denote the expected weighted sum of completion times for scheduling
stochastic jobs in a WSEPT order. Notice that this is defined for instances with generally dis-
tributed processing times. Let zDET denote the weighted sum of completion times for the same list
schedule in the deterministic counterpart. Then

zSTO ≤ zDET .

Theorem 3.10 Let zEXP denote the expected objective value when scheduling exponentially dis-
tributed jobs in a WSEPT order. let zDET denote the objective value for the same list schedule
for the deterministic counterpart. Then

zEXP ≥ m

2m− 1
zDET

for instances with exponentially distributed processing times.

Proof In particular, (8) is also is a relaxation for the deterministic scheduling problem. Therefore,
by the same arguments as (12):

zDET ≤ zLP + (1− 1

m
)
∑

wjpj (13)

Multiplying both sides by m
2m−1 yields:

m

2m− 1
zDET ≤ m

2m− 1
zLP + (

m− 1

2m− 1
)
∑

wjpj ≤ zEXP (14)

Where the second inequality holds because m
2m−1 + m−1

2m−1 = 1 and both zLP and
∑
wjpj are lower

bounds for zEXP .

3.3 A tight bound for WSPT

The main result of this thesis, which is found in Section 3.4, was inspired by a result from
Kawaguchi and Kyan [6]. They prove that for deterministic scheduling WSPT is a 1

2 (1 +
√

2)-
approximation. Their paper also considers a worst-case instance where this bound is achieved.
We briefly review this instance as the instance we will consider is a stochastic variant thereof. Let
n be the number of jobs and m the number of machines. Denote the processing time of job j by
pj and its weight by wj . The (deterministic) instance is then given by:

m = h+ b(1 +
√

2)hc
n = mk + h
pj = wj = 1/k for 1 ≤ j ≤ mk
pj = wj = 1 +

√
2 for mk + 1 ≤ j ≤ mk + h .

Here, h denotes an integer, and k is an integer that can be divided by b(1 +
√

2)hc. Notice that
wj

pj
= 1 for all j. This means that any list schedule is in fact a WSPT schedule. Let us refer to

the first mk jobs as short jobs, and the remaining h jobs as long jobs.

Let SL be the total weighted completion time of a schedule in which all short jobs are processed
first, and S∗ be the total weighted completion time of a schedule where the long jobs are processed
first. Figure 3 depicts these two schedules. The schedule on the left of Figure 3 has value S∗. Here
the last jobs of length 1/k finish at time t ≈ 1.4 (for large values of m and k). The schedule on the
right of Figure 3 has value SL, it finishes the last jobs of length 1/k exactly at time 1. In Figure 3
we used h = 5 and k = 32. It can be verified (see [6]) that SL = (1+

√
2)(2+

√
2)h+(m/2)(1+1/k)

and S∗ = (1 +
√

2)2h+ (m/2)(m/b(1 +
√

2)hc+ 1/k). The ratio SL/S
∗ then tends to (1 +

√
2)/2

as h→∞ and k →∞.
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Figure 3: Two different WSPT schedules with values S∗ and SL respectively.

3.4 A lower bound for WSEPT

Theorem 3.11 When scheduling jobs with exponentially distributed processing times on parallel,
identical machines in order to minimize E[

∑
wjCj ], the performance guarantee of WSEPT is not

better than α with α > 1.243.

To obtain our result, we carefully adapt and analyze the worst-case instance described in Section
3.3. Note that the originality of this result lies in the fact that 1.243 > 1

2 (1 +
√

2) ≈ 1.207.
Hence, stochastic scheduling with exponentially distributed processing times has worse worst-case
instances than deterministic scheduling.

This result may seem counterintuitive: For exponentially distributed processing times and weights
that are agreeable in the sense that there exists an ordering such that w1 ≥ · · · ≥ wn and
w1λ1 ≥ · · · ≥ wnλn, scheduling the jobs in this WSEPT order is optimal (see Theorem 3.3),
while the corresponding deterministic problem is already NP-hard, and in particular, WSPT is
not optimal. That is to say, there are examples where the stochastic version with exponentially
distributed processing times is computationally easier than the deterministic version of the same
problem. Our result shows that with arbitrary weights, the situation is again fundamentally dif-
ferent.

The crucial insight when stochastifying the instance by Kawaguchi and Kyan is the following. The
schedule with value SL is essentially identical to the expected situation in stochastic scheduling.
However, the schedule with value S∗ has a significantly different realization with exponentially
distributed processing times. In the next section we will analyze the behaviour of such jobs in
order to understand the situation better.

3.4.1 Expected behaviour of exponentially distributed jobs

The key concepts that we need to understand in order to calculate the value S∗ are expressed in
the following lemmas, where λ and x are arbitrary positive parameters. In the following we denote
by

Hn :=

n∑
i=1

1

i

the nth harmonic number, with H0 := 0.
The first lemma gives an estimate on expected job completion times for parallel jobs with Pj ∼
exp(λ).

Lemma 3.12 When scheduling in parallel m jobs with i.i.d. exponential processing times Pj ∼
exp(λ), the expected number m(t) of machines that are idle at a given time t is bounded as follows,

m(t) ≥ bm
(
1− e−λt

)
c .
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Proof The first completion time is distributed as the minimum of m independent exp(λ) distri-
butions. This is an exp(mλ) distribution, hence it is expected at time t1 = 1

mλ . After the first
job completion, we have m− 1 jobs remaining. Since the exponential distribution is memoryless,
the next completion is expected a time 1

(m−1)λ later, so t2 = 1
mλ + 1

(m−1)λ . By continuing this

argument we find that the kth job completion is expected at time

tk =

k∑
j=1

1

(m− j + 1)λ
=

1

λ

m∑
l=m−k+1

1

l
=

1

λ
(Hm − Hm−k) . (15)

Note that m(tk) = k, for k = 1, . . . ,m. We now use that Hi ≥ ln(i) + γ for all i, where

γ := lim
i→∞

(Hi − ln i) ≈ 0.57721

denotes the Euler-Mascheroni constant. Furthermore, Hi − ln(i) is monotonically decreasing in
i. Hence we may conclude that

tk ≤
1

λ
(ln(m) + γ − ln(m− k)− γ) =

1

λ
ln

(
m

m− k

)
. (16)

Here, k is the expected number of finished jobs at time tk. Hence, (16) yields

m(tk) = k ≥ m(1− e−λtk) (17)

for k = 1, 2 . . . ,m. Together with the fact that m(t) is integer valued, (17) yields

m(t) ≥ bm
(
1− e−tλ

)
c .

for all t ≥ 0.

Note that the last job is expected to finish at time 1
λΘ(logm). Nevertheless, the average expected

completion time of the jobs is 1/λ; see also Figure 4 for an illustration.

Lemma 3.13 Consider kT jobs with i.i.d. processing times Pj ∼ exp(k) and weights wj = 1/k,
scheduled on a single machine. Then for all ε > 0 there exists k large enough so that

E
[∑

j wjCj

]
≤
∫ T

0

t dt+ ε .

Proof As there is an expected job completion each 1/k time steps, one easily calculates that

E
[∑

j wjCj

]
= 1

2T
2 + 1

2kT , so for k ≥ T
2ε the claim is true.

Lemma 3.14 Let m(t) ≥ 0 denote the number of available machines at time t, and assume m(t)
is non-decreasing. When greedily scheduling jobs with i.i.d. processing times Pj ∼ exp(k) and
weights wj = 1/k from time 0 until T on the available machines, for all ε > 0 there exists k large
enough so that

E
[∑

j wjCj

]
≤
∫ T

0

m(t) t dt+ ε .

Proof Let Ti (i = 0, 1, 2, ..) be the times that a new machine becomes available, with T0 := 0. For
k large enough, we expect m(Ti)k(Ti+1 − Ti) jobs to be scheduled between times Ti and Ti+1. It
is straightforward to extend Lemma 3.13 to this case, which yields for the jobs scheduled between
times Ti and Ti+1,

E
[∑

j wjCj

]
≤ m(Ti)

∫ Ti+1

Ti

t dt+ εi .

Therefore we get for all jobs,

E
[∑

j wjCj

]
≤
∑
i

m(Ti)

∫ Ti+1

Ti

t dt+ εi =

∫ T

0

m(t) t dt+
∑
i

εi .

So for ε =
∑
i εi and k accordingly large, the claim is true.
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The next lemma is concerned with the total weighted completion time of short jobs that succeed
a set of long jobs.

Lemma 3.15 Suppose we first schedule m i.i.d. long jobs with processing times Pj ∼ exp(λ),
followed by xmk i.i.d. short jobs, with processing times Pj ∼ exp(k) and weights wj = 1/k, where
k is large. Let Sshort be the expected weighted sum of completion times of the short jobs. Then for

any T such that 1
λ (e−λT − 1) + (m−1)T

m ≥ x, and k large enough we have that

Sshort ≤
∫ T

0

(
m(1− e−λt)− 1

)
t dt . (18)

Proof Denote by m(t) the number of machines at time t that are available for processing short
jobs, and by T ∗ the earliest point in time such that we can expect all short jobs to be finished
by time T ∗. Notice that the total expected processing of short jobs equals xm. Therefore, for k
large enough, T ∗ can be approximated arbitrarily well by the solution of the equation

xm =

∫ T∗

0

m(t) dt . (19)

With T ∗ as in (19), Lemma 3.14 yields that Sshort ≤
∫ T∗

0
m(t)t dt+ ε. Now recall that m(t) can

be bounded as in Lemma 3.12. Define

f(t) = m(1− e−λt)− 1 . (20)

Then m(t) ≥ f(t) for all t ≥ 0. If we require for T that∫ T

0

f(t) dt ≥ xm

⇔ 1

λ
(e−λT − 1) +

(m− 1)T

m
≥ x ,

then

xm =

∫ T∗

0

m(t) dt ≤
∫ T

0

f(t) dt

We therefore conclude that ∫ T∗

0

m(t) t dt <

∫ T

0

f(t) t dt , (21)

because m(t) ≥ f(t), and m(t) is a step function while f(t) is continuous. Intuitively, the expres-

sion
∫ T

0
f(t) t dt equals the total weighted sum of completion times for infinitesimally small jobs

(i.e., when k →∞), with total expected processing at least xm, scheduled on a set of “machines”
that become available no earlier than m(t). We finally conclude from (21) that

Sshort ≤
∫ T∗

0

m(t) t dt+ ε ≤
∫ T

0

f(t) t dt ,

because ε can be chosen arbitrarily small for k large enough.

A variation of this lemma will be used later in the analysis. Notice that the technical condition
on T as stated in Lemma 3.15 only makes sure that all short jobs can be processed by time T
when the machine availability is governed by f(t) rather than m(t). Finally, we make a statement
about scheduling a block of (short) jobs.

Lemma 3.16 Suppose we schedule xmk i.i.d. short jobs with processing times Pj ∼ exp(k) greed-
ily on m machines. Then the average expected machine completion time equals x, and for any
δ > 0 there exists k large enough such that the earliest expected machine completion time is at
time t ≥ x− δ.
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t < 1.4

Figure 4: Schedule with value S∗: long jobs starting at time 0.

Proof The claim about the average expected machine completion time is clear, because the total
expected processing is xm. For the second claim, consider the first time, say t, that a machine
runs out of jobs. Then there are m− 1 jobs still in process. We know from Lemma 3.12 that the
last machine that runs out of jobs is expected to be at time t+

∑m−1
i=1

1
i k . For m large enough, we

have
∑m−1
i=1

1
i k ≤

1
k [ln(m) + γ]. So for k ≥ (m − 1)/(δ(ln(m) + γ)), the last machine completion

time is expected no later than t + δ/(m − 1). Now the claim follows, as the average machine
completion time is x.

Even though other instances may lead to comparable results, we find it instructive to consider the
stochastic analogue of the instance presented by Kawaguchi and Kyan [6]. Indeed, it turns out
that the analyses for such instances use identical arguments, the core of which is represented by
the lemmas given in Section 3.4.1.

We keep all parameters the same as in Section 3.3, except that the processing times of long jobs
will be Pj ∼ exp(1/(1 +

√
2)), and the processing times of short jobs will be Pj ∼ exp(k). So

the expected processing times of long and short jobs are identical to the deterministic processing
times in [6].

Intuition about the schedules Suppose we start all long jobs first and then fill up the re-
maining machines with short jobs. By Lemma 3.12 we expect the ith long job to finish at time:

ti =

i∑
j=1

1 +
√

2

h− j + 1
(22)

Therefore, we expect the last short job to be completed significantly earlier than in the determin-
istic case. For a finite number of machines, the schedule will look like depicted in Figure 4. The
crucial point is that the average expected time that machines finish processing short jobs will be
smaller than in the deterministic case. This happens because many long jobs finish much earlier,
and the late finishing of few long jobs doesn’t matter for the short jobs. Hence, the contribution
of the short jobs will decrease when compared to the deterministic case.

Suppose on the other hand that we first start all the short jobs. The set of short jobs is not
likely to produce the ideal rectangle as it did in the deterministic case. However, as suggested by
Lemma 3.16 the gap between the time the first machine runs out of short jobs and the time the
last machine runs out of short jobs can be made arbitrarily small, by letting k, the inverse of the
expected processing time of short jobs, be large. The crucial point is that, in this situation, the
expected cost of the schedule is almost the same as the cost in the deterministic case.
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t = 1.0

Figure 5: Schedule with value SL: long jobs starting only after short jobs.

3.4.2 A lower bound on the approximation ratio

Let S∗ denote the objective value E
[∑

j wj Cj

]
=
∑
j wj E [Cj ] for the case when we first schedule

all long jobs. Similarly, let SL denote the objective value for the schedule that starts long jobs
only when there is no short job left to be scheduled. S∗ is in fact optimal, whereas SL is the worst
case, but this is inessential. Both are in fact WSEPT, he
We choose h sufficiently large, and k, a multiple of b(1 +

√
2)hc, we may choose arbitrarily large

in comparison to h (i.e., k >> h). In fact, we can make the choice of these two parameters in such
a way that all our technical lemmas from Section 3.4.1 do apply.

The optimal case, S∗. We split S∗ up into the contribution of the long jobs S∗long and the
contribution of the short jobs S∗short. So

S∗ = S∗long + S∗short (23)

The value S∗long. We start all h long jobs at time 0. Their expected completion time is

1 +
√

2 each. Hence the contribution of the long jobs is simply given by

S∗long = h(1 +
√

2)2 , (24)

which is actually the same as in the deterministic case.

The value S∗short: This is a bit more complicated to calculate. We expect the short jobs to
be located in the light and dark gray areas, as depicted in Figure 6.

Figure 6: For T large enough, all short jobs fit in the light and dark gray areas R and B.
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The expected total processing of short jobs B that fit in the light grey area is given by

B =

∫ T

0

(m− h) dt

According to (20) in the proof of Lemma 3.15, the number of finished long jobs at time t ≥ 0 is
at least:

f(t) = h(1− e−t/(1+
√

2))− 1 .

Therefore, the expected total processing of short jobs R that fit in the dark grey area is bounded
by

R ≥
∫ T

0

f(t) dt

We want to find a value for T such that all short jobs are expected to be finished by T , i.e.
B +R ≥ m. We have not attempted to solve this equation analytically, but one can easily check
that

T = 1.2933 (25)

suffices.
Then S∗short, the expected weighted sum of completion times for all mk short jobs, can be bounded
similarly as in Lemma 3.15. We now find, for h and k sufficiently large,

S∗short ≤
∫ T

0

(m− h) t dt +

∫ T

0

f(t)t dt . (26)

With (25) and (26) we can calculate

S∗short ≤ 2.266h− 0.836 . (27)

Combining (24) and (27) gives

S∗ = S∗long + S∗short ≤ (1 +
√

2)2h+ 2.266h− 0.836 . (28)

The worst case, SL. Now we switch to the case where we first schedule all the short jobs. Again
split the objective value into the two parts contributed by the short and long jobs, respectively.

SL = SshortL + SlongL .

The value SshortL : We have m machines working on mk jobs with processing times Pj ∼
exp(k). According to Lemma 3.16, on average a machine is expected to finish with these jobs at
time 1, and for any δ > 0, we can find k large enough so that we expect all machines to be filled
with short jobs at least until time 1−δ. Hence, we conclude that the average expected completion
time of a short job is arbitrarily close to 1/2. Therefore, for any ε > 0, there is k large enough so
that

SshortL ≥ m

2
− ε/2 . (29)

The value SlongL : Remember that the schedule is expected to look like depicted in Figure 5.
Using Lemma 3.16 again, we know that long jobs are expected to start no earlier than 1− δ. So
by assuming they all start at this time, we get a lower bound for their completion times (and also

for SlongL ). If all long jobs start at 1 − δ, the average expected completion time is 2 − δ +
√

2.
Multiplying this by the weight and summing over all h jobs, we may conclude that for any ε > 0
there is k large enough so that

SlongL ≥ (2 +
√

2) (1 +
√

2)h − ε/2 . (30)

With (29) and (30) we now have

SL = SshortL + SlongL ≥ m

2
+ (2 +

√
2) (1 +

√
2)h − ε . (31)
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The ratio. Finally, let α be the approximation ratio of Smith’s rule for exponentially distributed
processing times. Then

α ≥ SL
S∗

.

Remember that m = h + b(1 +
√

2)hc. Now for carefully chosen k >> h, and taking h → ∞,
equations (28) and (31) give

SL
S∗
≥ m/2 + (2 +

√
2) (1 +

√
2)h− ε

(1 +
√

2)2h+ 2.266h− 0.836
> 1.229 .

So we conclude that α > 1.229. Note that this is strictly larger than the approximation ratio for
WSPT in the the deterministic case, which is 1.207.

Optimizing the parameters. What remains to be done is to optimize over the parameters of
the instance to improve the obtained lower bound. To that end, recall that the considered instance
has h long jobs and m = h+ b(1 +

√
2)hc ≈ 3.4h machines, and long jobs have processing times

Pj ∼ exp( 1
1+
√

2
) ≈ exp(0.41). However, these parameters are optimized for the deterministic

instance. Taking slightly more longer jobs, namely by letting m = 2.3h, with somewhat shorter
processing times, namely Pj ∼ exp(0.56), we obtain a ratio of at least 1.2436, which proves
Theorem 3.11.

4 Complexity considerations

A common problem in stochastic scheduling is that we are not able to calculate values such as
an objective value or approximation ratio, because the situation is too complex. It is not easy to
oversee what happens for all realizations, and how this affects the value we want to calculate. As
before, we restrict the instances to jobs with exponentially distributed processing. This narrows
down the situations that can occur in a schedule, and therefore we hope to be able to prove more
statements. We ask ourselves, how difficult can it be to calculate the objective value for a certain
policy, and how difficult is it in general to find an optimal policy.

4.1 Calculating the objective value given a policy

A policy can base the next decision on all realizations in the past, and calculating the corre-
sponding objective value can therefore become computationally intractable. But even for a static
list scheduling policy, it is not always clear whether the expected starting time of a job can be
determined in polynomial time.

But let us start with a simple setting in which the objective value can be calculated in polynomial
time.

Observation 4.1 [15] If ∀i Pi ∼ exp(λ) the expected comletion time of the jth job in a static
list schedule is given by

ECj =

{
1/λ for j = 1, ..,m
j/(mλ) for j = m+ 1, ..., n

By using this observation the objective value can clearly be calculated in polynomial (linear) time.

We continue with the case with two types of jobs; Pj ∼
{
exp(λ1) for j = 1, .., k
exp(λ2) for j = k + 1, .., n

Even when we ignore the weights, difficulties arise. We consider a policy where the jobs are sched-
uled greedily such that the jobs of one type (w.l.o.g. say type 1,) are all started before the jobs
of the other type. One might hope there is an easy way to calculate the objective value for this
policy. If we had some way of knowing that every machine was assigned at least one job of type 2,
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it would in fact be easy. We can calculate the completion times of the jobs of type 1 by observation
4.1, and use that on average a machine is expected to start on the jobs of type 2 at time 1

m
k
λ1

.
However, note that regardless of the values of λ1 and λ2, there are always realizations for which
not all machines have a job of type 2 assigned to it. For those cases we then need to obtain rather
complex conditional expectations. So even for this relatively simple case, the situation still seems
too complicated for us to easily calculate the objective value.

However, we are able to make a statement about the space complexity of calculating the objective
value. Note that the crucial difference is that space can be reused, whereas time cannot. What
we can show is the following.

Theorem 4.2 Calculating the objective value of a given set strategy is ∈ PSPACE

Proof We can represent the given policy by a tree. The tree is structured as follows. A state
consists of the set of completed jobs and the set of jobs in process at that time. Each node
is a state the schedule can be in. The arcs are alternatingly either the starting or ending of
a job, or a decision ”continue by immediately scheduling another job” (which is of course only
possible if there are a machine and a job available) or ”wait for the next job to finish”. If the
decision was to wait for the next job to finish, the successor has at most m outgoing arcs (each
corresponding to one of the currently running jobs being the next to finish). Otherwise, the suc-
cessor has only one outgoing arc. An example might make this description more clear, see figure 7.

Figure 7: A tree respresenting a policy that greedily schedules jobs in the order 1, 2, 3 on two
machines. The notation used in the tree is as follows. Sx means ”start job x”, C means ”continue
by immediately scheduling another job”, W means ”wait for the next job to finish” and xE means
”job x ends”.

Since eventually there are no more jobs available, this construction is finite. The result is a tree with
at most n! nodes, each corresponding to a different order of completion times. We go through the
tree by depth first search. For every leaf, the conditional expectation of the objective value given
the order or completion times corresponding to the leaf, can be calculated in polynomial time (and
therefore also polynomial space). In order to calculate the objective value, we introduce a variable
v, which we initially set to be 0. For every leaf, we compute the conditional expectation of the
objective value multiplied with the probability of the jobs completing in the order corresponding
to this leaf. We add this value to v and store only v. When successively going through all nodes,
we can reuse space as we only need to store one number.

The calculation desribed in the proof above takes exponential time. There may exists a faster,
better way to calculate the objective value, but we believe that in general it is still hard. We are
not able to prove the time complexity, but state the following conjecture.

Conjecture 4.3 In general, calculating the expected weigthed sum of completion times given a
policy is #P-hard.
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To get an intuition why #P would be the right class, think of a discrete probability distribution
for every job length. There does not seem to be a way of calculating the objective value without
considering every possible realization. There exists a stochastic scheduling problem that is proven
to be #P-hard [3]. In this problem, the joblenghts are independent random variables with discrete,
finite ranges. There are precedence constraints among the jobs, and the objective is to minimize
the completion time of the last job (also known as the makespan). The network reliability problem,
which is #P-complete [11], can be reduced to the described scheduling problem. However, the
problem we are considering is much less structured due to the lack of precedence constraints.
Therefore a hardness will probably not be similar to the one in [3].

4.2 Finding an optimal policy

Independent of the question if the objective value of a given policy can be computed efficiently,
an even greater challenge is to find an optimal policy. We conjecture the problem is difficult, yet
haven’t found a proof.

A policy makes its decisions based on realizations in the past, and the distributions and weights
of the unfinished jobs. Other than restricting to set strategies, there is no way known to exclude
certain types of decisions from optimal policies in general. Comparing the perfomance of two
policies by explicitly calculating their objective values, also seems to be difficult (see Conjecture
4.3). Therefore we suspect it is hard to find an optimal policy

Finding an optimal policy when we request that the jobs are distributed over the machines at
time 0, is NP-hard. This is very similar to the deterministic variant, see Theorem 1.1. However,
we know that assigning jobs to certain machines in advance, is suboptimal whenever n > m.
And anyhow, this observation is not sufficient to prove that finding an optimal policy is NP-hard.
Still, giving some thought to optimal policies in stochastic scheduling, quickly raises the suspicion
that they are hard to find. The large amount of possible policies, combined with the fact that it
is unclear how to compare the objective values without explicitly calculating them, leads to the
following conjecture.

Conjecture 4.4 When scheduling exponentially distributed jobs in order to minimize the weigthed
sum of completion times, finding an optimal policy is most probably NP-hard, and probably even
PSPACE-hard.

A typical PSPACE-hard problem is the quantified Boolean formula problem:

∃x1∀x2∃x3...∀xn : ϕ(x1, ..., xn) (32)

This can describe generalized versions of games such as Go and chess, where one plays against an
optimizing opponent. We can consider scheduling to be a game where our goal is to find a policy
with objective value ≤ k for a given number k, and we play against a randomizing ”opponent” who
decides on the realizations of the processing times. By slightly altering problem (32) we obtain
a variant SSAT (stochastic satisfiability) that contains the stochastic nature of our scheduling
problem.

∃x1Rx2∃x3...Rxn : P [ϕ(x1, ..., xn) = true] >
1

2

With a new kind of quantifier Rx, for random x. Playing against a randomizing opponent turns
out to be computationally as hard as playing against an optimizing opponent. Note that in our
scheduling problem we accept if the expected objective value is less than k, while SSAT accepts
if the probability of acceptance is more than half. In order to make SSAT a suitable description
for our problem, there needs to be a correction. [10] contains a proof of PSPACE hardness for a
version of stochastic scheduling that has a lot more structure than our problem.
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However, obtaining a hardness result for our problem is probably difficult, since the problem has
much less structure compared to the one adressed in [10]. This potentially makes it hard to define
an appropriate transformation.

5 Conclusion

Let us summarize the results we have obtained in this thesis.

For stochastic scheduling on parallel machines in order to minimize the weigted sum of completion
times, an optimal policy is idle time free when m = 2. Also, for any time t holds; if at the next
completion time there are enough machines available to process all unscheduled jobs, idleness at
time t is suboptimal. When m = 3 and n = 5, we proved that an optimal policy is idle time free.
For larger instances, it remains an open question whether optimal policies ever require idleness
when scheduling exponentially distributed jobs.

On one machine, WSEPT is optimal for minimizing E
∑
wjCj . When we consider multiple ma-

chines, WSPT for deterministic scheduling is an α-approximation, where α = 1+
√

2
2 . This bound

is tight. For exponentially distributed jobs, WSEPT is an α-approximation, with 1.243 < α < 2.
When looking for an upper bound on α, it is sufficient to consider only instances with equal ratios
wj

EPj
.

In general, attempting to solve stochastic scheduling problems by considering the jobs as if they
were deterministic with length EPj results in an overestimation of the objective value E

∑
wjCj .

We show that for a WSEPT scheduling policy, the objective value for an instance with exponen-
tially distributed processing times is at least half the objective value of the same (WSPT) list
scheduling policy for the deterministic counterpart.

Calculating the expected weigthed sum of completion times for a given set strategy for exponen-
tially distributed jobs is ∈ PSPACE. It is probably #P-hard. Finding an optimal policy is most
probably NP-hard, and probably even PSPACE-hard.

6 Discussion

Note that all numerical calculations have been performed using Mathematica.

We deliberately did not state a conjecture for the question of idleness in optimal policies. The
fact that no one came up with an example where it is necessary, makes it appealing to think that
optimal policies are idle time free. However, situations can become so unclear that we hesitate to
make any statement at all.

For the performance of WSEPT, small improvements in the ratio 1.243 might be possible. We
stated some theorems that might be useful for further research regarding the upper bound. How-
ever, the value (2− 1/m) seems out of reach for any instance. This leaves the question to improve
the upper bound on the performance guarantee for WSEPT; in that respect, it is interesting to
note that the analysis of [9] does not explicitly exploit the exponential distribution; it is valid in
more generality.

For the complexity analysis, the lack of structure in our problem seems to be a recurring issue.
For a problem with more structure, such as precedence constraints, it might be easier to find a
hardness transformation.
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