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1.INTRODUCTION

Morse Theory gives another way to determine the topology of a given manifold M by
considering Morse functions f : M → R. For example, as J. Milnor proves in [17], if a
compact manifold admits a smooth function with only one maximum and one minimum,
then we know that it must be a sphere. We say that f is a Morse function if all its critical
points are non-degenerate, that is, the Hessian matrix is non-singular in these critical
points.

One of the consequences of these functions is that given two regular values a < b ∈ R
with no critical values in between, then f−1[a, b] is compact in M. Moreover, Ma =
f−1(−∞, a] is isomorphic to M b = f−1(−∞, b] and Ma is a deformation retract of M b.
From these results, in fact, we can analyse the decomposition of the cell structure of
the manifold M. However, in order to construct Morse-Smale homology groups, S.Smale
added one more condition to these Morse functions, that is, the Morse-Smale transversality
condition for the stable and unstable manifolds (we will give the definitions in Section 2.1).

In this paper, we first consider a finite dimensional smooth and compact Riemannian
manifold together with a Morse-Smale function in order to define the Morse-Smale com-
plexes and the corresponding homology groups. As an application of such a homology
groups we get the so called Morse inequalities. However, the main objective of this paper
is to give a detailed construction of such chain complexes and homology groups over Z2

(in order to simplify the computations).
Note that the chain complexes are constructed by considering the critical points of

a given Morse-Smale function, that is, by the points on M in which the differential is
equal to zero. Equivalently, we can consider a gradient-flow generated by a Morse-Smale
function and analyse its solutions. Recall that a gradient flow is defined by the following
equation:{

x′ = −∇f(x)
x(0) = x0

We denote by φ : M × R → M the dynamical system obtained by φ̇(x, t) = x(t;x)
where x(t;x) is a solution curve and which satisfies the following properties:

(a) φ is continuous

(b) φ(0, x) = x and φ(t+ s, x) = φ(t, φ(s, x)) for all t, s ∈ R and x ∈M

(c) φ(·, t) ∈ Diff(M)

Furthermore, Smale proved in [23] that if we consider a Morse Smale function, then
this will also define a Morse-Smale gradient system. We consider gradient-flows so that the
given Morse-Smale function decreases along the flow and thus, the flow lines will connect
distinct critical points without having closed orbits.

Even though all the concepts and results in this paper have already been proved in [23],
[20] and [2], we want to approach them from a different point of view, by fixing a metric
and by perturbing the smooth functions or without making use of Conley index theory.
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Nevertheless, if a manifold is not compact, then the Morse inequalities do not hold in
general. Whenever M is not compact, we consider isolating invariant sets S ⊂ M, under
the given Morse-Smale gradient-flow φ(·, t). As Conley claims in [5], these isolated invariant
sets can be continued nearby due to their stability. Furthermore, this continuation is
determined by its isolating neighborhood N which always exists and it has the property
that S is the maximal invariant set that is contained in the interior of N. Equivalently,

S = {x ∈ N : φ(x, t) ∈ N, ∀t ∈ R} ⊂ int(N)

Note that in this case we are considering a compact set with boundary together with
a Morse-Smale function and thus, we need to be sure that the flow lines do not touch the
boundary of N , denoted by ∂N. In particular, we need to make sure that whenever we
consider homotopies (or more generally, homotopies of homotopies), the connecting flow
lines do not intersect the boundary. After avoiding this situation, we can just construct
the chain complexes and the corresponding homology groups as in Section 2.

We would also like to point out that the construction we developed in Section 2 is just
a particular case for the isolated invariant sets, because when M is compact itself, it is
enough to consider S = M = N.

1.1 Overview

In the second section, we state the basic definitions for Morse-Smale functions and for
chain complexes as transversality condition, the space of connecting flow lines and we also
recall some important results as the Gluing theorem in [8]. Actually, these concepts are
important for the compactification of the manifold of flow lines. Since all these groups
will be defined under the assumption that the given function is Morse-Smale, we also
show the existence of such a functions by the Kupka-Smale theorem or the Morse-lemma.
Moreover, we also prove that under small perturbations of the function we do not loose the
transversality condition. This will be a very important result in order to prove invariance
properties of the homology groups in the next chapter. In the end of this section, we prove
that such a chain generated by the critical points with the boundary operator is a chain
complex and thus, we can define the corresponding homology groups. We will also give
some examples.

In the third section, we show the invariance of the homology groups. That is, we first
prove that the homology groups do not depend on the particular Morse-Smale function
we choose. In order to show this invariance, we consider homotopies or homotopy of
homotopies between two given Morse-Smale functions over compact manifolds (e.g. M ×
S1). Then, we consider the gradient systems generated by these functions and thus,
construct chain complexes exactly as in Section 2. Finally, we conclude from these chain
complexes that the homotopies defined before, induce isomorphism on homology.

Moreover, we define the homology groups for a generic smooth function and finally,
we state the well known Morse-Homology theorem which says that the Morse homology
group is isomorphic to the singular homology.

In the fourth section, we consider the isolated invariant sets so that we can construct the
chain complexes and the corresponding Morse-Smale homology groups by using the results
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from Section 2. However, we first give some basic definitions together with some useful
results and then start constructing the chain complexes. As for the compact manifolds, we
do expect to have the same invariance as before and we just recall that we can conclude
the same results as before by observing that we also have a compact set together with
a Morse-Smale gradient system. The unique difference is that in this case N is compact
with boundary and thus, we need to show something more. That is, we need to prove that
whenever we either perturb some smooth function to a Morse-Smale function or we define
homotopies, then non of the complete solutions of the differential equations touches the
boundary of N, denoted by ∂N.
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2. Morse-Smale function and Homology

2.1 Morse-Smale function

In this section we consider (M, g) a m-dimensional smooth, oriented and compact Rie-
mannian manifold and we define Morse-Smale function on it. We would like to give basic
definitions and results so that we can analyse the topology of the connecting orbits. In
fact, it is important to conclude that the connecting trajectory space is a smooth manifold
which can always be compactified by the broken flow lines. Furthermore, the boundary
map will be defined depending on these flow lines.

Since we want to define a Morse-Smale Homology we need to define a Morse-Smale
chain complex as well as its boundary operator which for simplicity will be done over Z2.

2.1.1. Basic definitions and Transversality

Definition 1. Let f : M → R be a smooth function. Then f is a Morse function if all its
critical points (i.e. p ∈M such that df(p) = 0) are non-degenerate, that is, if the Hessian
at such a points is non-degenerate.

One of the consequences of considering these kind of functions is that the critical
points are isolated. Consider the Hessian of a critical point p which by definition is non-
degenerate. Then, by the implicit function theorem, the gradient of such a function is a
local diffeomorphism in a neighborhood of p and thus, this point will be the unique critical
point.

Furthermore we associate an index λp to each point which by definition is the number
of negative eigenvalues of the hessian, Hessp(f).

Consider the gradient flow φ̇(x, t) = −(∇f ◦ φ(x, t)) where φ(·, t) ∈ Diff(M) is a
1-parameter family such that φ(x, 0) = x and φ(x, t + s) = φ((φ(x, s), t), ∀t, s ∈ R and
∀x ∈M. Define the stable and unstable manifolds of the critical point p ∈ Cr(f) as follows:

W s(p) = {x ∈M : limt→∞ φ(x, t) = p}

Wu(p) = {x ∈M : limt→−∞ φ(x, t) = p}

Definition 2. Let f : M → R be a Morse function. Then, f is said to be a Morse-Smale
function if it satisfies the Morse-Smale transversality condition, that is, for every p, q
critical points of f , Wu(q) and W s(p) intersect transversally. By definition, transversal
intersection means that for every r ∈ W s(p) ∩Wu(q), then TrM = TrW

s(q) + TrW
u(p)

and we denote it by W (q, p) = W s(p) tWu(q).

Even more, for such Morse-smale functions, W s(p) and Wu(q) are m− λp and λq di-
mensional embedded submanifolds of M, respectively, as it is proven in [3] (check appendix
B to see the definition of immersion and submersion). Furthermore, under the assumption
of transversal intersection of these manifolds, we can also claim that their intersection will
also be an smooth manifold. In order to show this, we first recall the following statement
which can again be found in [3] (section 5.2):
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Theorem 1 (Inverse Image Theorem). Let Z ⊂ N be an immersed submanifold and
f : M → N a smooth map. If f and Z intersect transversally, the f−1(Z) is a submanifold
of M whose codimension1in M is the same as the codimension of Z in N, i.e.

dimM − dim f−1(Z) = dimN − dimZ.

Now, what we would like to show by making use of this theorem is that in fact,
W (q, p) = W s(p) t Wu(q) is also a smooth submanifold of M. So, consider W s(p) ⊂ M
an immersed submanifold of M and consider i : Wu(q)→M the inclusion map (smooth).
Note that we have i t Wu(p). Then, by the Inverse Image Theorem, i−1(Wu(p)) is a
smooth submanifold of M. In addition, by the local immersion theorem the inclusion map
can be given by: (x1, · · · , xs)→ (x1, · · · , xs, 0, · · · , 0) and hence,

i−1(Wu(p)) = {(x1, · · · , xs) : (x1, · · · , xs, 0, · · · , 0) ∈Wu(p)} = W s(p) ∩Wu(q)

is a smooth submanifold of M.

This definition of the manifold shows that there is an order relation between the critical
points since if W (q, p) 6= ∅ then there is at least one flow line from q to p and in this case,
it is said that q is successed by p; q � p. Moreover, for every pair (q, p) of critical points
with indices λq and λp respectively, W (q, p) is a λq − λp dimensional manifold (from the
Theorem 1 as well). Note that this implies that W (q, p) is invariant under the flow and
that there is a free action of R on it.

We observe that such an ac-
tion identifies all the flow lines
that can be translated by the fol-
lowing transformation t → t + c.
In order to illustrate the effect of
this action we consider the picture
in the right side. Note that all
the flow lines are identified by one
flow line which is just the vertical
line (in red) from q to p.

Define M (q , p) = W (q, p)/R
as the space of connecting flow lines from q to p. Furthermore, this space is a λq − λp − 1
dimensional manifold. There is also an equivalent definition of this space in terms of level
hypersurfaces [13]:

M(q, p) = W (q, p) ∩ f−1(c) where c ∈ (f(p), f(q)) is a regular value.

2If N ⊂M is a submanifold, the the codimension of N is given by: codim(N)= dim(M)-dim(N). Note
that the codimension can only be defined for subspaces.
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2.1.2. Compactness

In order to define the Morse-Smale chain complex consider the case λq − λp = 1. Note
that W (q, p) is a 1-dimensional manifold and thus, M(q, p) is a zero dimensional manifold.
Furthermore, W (q, p) has finitely many components because on one hand, we know that
there is no any other critical point between q and p and therefore, this manifold contains
closed trajectories. That is, every flow line in W (q, p) starts in q and ends up in p, so
W (q, p) is closed. On the other hand, since M is compact W (q, p) ⊂ M is also compact.
Then, the flow lines from q to p cover the manifold and by compactness there is a finite
covering for W (q, p), i.e, it has finitely many components. So, from these lines we also
get that M(q, p) contains finitely many points and hence, it is a compact submanifold as
we will see later and it is proven in [13]. In this case, we define n(q,p) as the number of
elements corresponding to the flow lines from q to p in M(q, p), i.e., n(q, p) = ]M(q, p) in
order to define a boundary map.

However, observe that if λq − λp > 1, M(q, p) may not be compact and thus, n(q, p)
will not be well-defined. Nevertheless, if we regard M(q, p) as an intersection of W (q, p)
and f−1(c) for some c ∈ (f(p), f(q)) regular value, the topology on the space of gradient
flow lines together with the Gluing Theorem show the existence of the compactification of
M(q, p), denoted by M(q, p). As we can imagine such a compactification is not induced
from the topology of M and thus, the compactification is done by adding the so-called
broken trajectories, that is, flow lines which go through critical points. Moreover, such a
flow lines will be the boundary or ends of M(q, p).

These results can be found in [8] ( lemma2.5 and lemma2.6) with the corresponding
proofs. Nonetheless, we are only interested on the case that λq−λp is 1 or 2 and therefore,
we will state these lemmas for such a cases:

Lemma 1. Let p, q ∈ Cr(f) with λq − λp = 2 and let {γi} be a sequence of gradient flow
lines in M(q, p), then there exists a subsequence {γij}, a critical point r and real numbers
c1, c2 with c1 ∈ (f(q), f(r)) and c2 ∈ (f(r), f(p)) such that:

i) λq > λr > λp.

ii) the points b1j = γij (s) and b2j = γij (s) with f(b1j) = c1j and f(b2j) = c2j converge
to a regular point in M(q, r) for c1j and to another regular point in M(r, p) for c2j .

Remark 1. Note that this lemma gives the definition of the compactification of the space
of connecting orbits denoted by M(q, p). Any flow line in M(q, p) either converges to a
trajectory in M(q, p) or to a broken flow line (boundary of M(q, p)). In fact, whenever
the manifold M is not compact such a compactification is determined by the so called
Palais-Smale condition : given any sequence (xn) in M with f(xn) bounded and df(xn)→
0, then there is a subsequence of (xn) converging to a critical point.

Theorem 2 (Gluing theorem). Suppose that p, q, r are critical points of f : M → R with
λq = λr + 1 = λq + 2. Then, for sufficiently small ε, there is a diffeomorphism called
gluing map :

G : M(q, p)×M(r, p)× (0, ε) −→M(q, p)

mapping onto an open set in M(q, p).

There always exists the compactification of M(q, p) by the broken flow lines so that
n(q, p) = ]M(q, p) is always finite. Moreover, these results will be used to prove that the
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boundary operator defined by n(q, p) gives a Morse-Smale chain complex. In fact, we can
define n(q, p) = ]M(q, p) where n(q, p) counts the number of the broken trajectories over
Z2.

Before going to chain complex section, we should realise that all these definitions and
statements are done under the assumption that f : M → R is a Morse-Smale function. It
is a natural question to ask how we can find such functions or whether this theory could
be applied to any given smooth function. We will see that in fact, given any f smooth
and a fixed metric g on M , we can get a Morse-Smale function either by perturbing f or
g.

2.2 Existence of Morse-Smale functions

Suppose that M is a smooth finite dimensional compact Riemannian manifold with a
metric g. As we said before, we want to know if given any f : M → R smooth function we
can get a Morse-Smale function by either perturbing f or g.

First, suppose that f : M → R is a smooth function and perturb it so that f is a Morse
function. In fact, Y.Matsumoto proved in [22] that if M is a closed and finite dimensional
manifold, f can be perturbed to a Morse function for a fixed metric g. In order to show
this, Y.Matsumoto first proved it for a function defined over Rm using Sard’s theorem and
then, he generalized it for a function defined over M as above.

Given a smooth function f as before, it can be perturbed to a Morse function so that
its critical points are isolated and non-degenerate. Furthermore, we will prove that if we
perturb f to f̃ = f + h for a small perturbation h, their critical points are in one to one
correspondence.In order to show this, we will need the following result which is proven in
[4] (pages 52-54).

Lemma 2 (Morse-Lemma). Let f : M → R be a smooth function and let p ∈ M be a
non-degenerate critical points of index k. Then, there exists a smooth chart ψ : U → Rm
where U is an open neighborhood of p and ψ(p) = 0 such that:

(f ◦ ψ)(x1, . . . , xm) = f(p)− x21 − · · · − x2k + x2k+1 + · · ·+ x2m

Now, we would like to get a Morse-Smale function from a given f Morse. On one hand,
M.Schwarz proved in [20] that any Morse function can be transformed to a Morse-Smale
function by perturbing a metric g on M.

However, we are interested in keeping the metric unchanged so far, and thus, we state
the following theorem which can be found in [4], [24].

Theorem 3 (Kupka-Smale theorem). If (M, g) is a finite dimensional compact smooth
Riemannian manifold, then the set of Morse-Smale gradient vector field of class Cr is a
generic subset of the set of all gradient vector fields on M of class Cr for every r ≥ 1.

Definition 3. Suppose that X is a set and A is a subset of X. Then, A is a generic
subset of X if it contains a residual set B which is a countable intersection of open dense
subsets.

We can also find the following result in [8] in Appendix B which is a variant of the
Kupka-Smale theorem:
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Proposition 1. Let M be a finite dimensional, smooth and compact Riemmanian manifold
with a fixed metric g. Then, there is a Baire set C∞MS(M,R) ⊂ C∞(M,R) so that f ∈
C∞MS(M,R) is a Morse-Smale function.

Its proof can also be found in the Appendix B of [8] in which they show that the uni-
versal parametrization of the stable and unstable manifolds are transversal to the diagonal
by perturbing the gradient flow.

We conclude that given f : M → R smooth function, it can be perturbed to a Morse-
Smale function for a fixed metric g on M.

2.3 Stability of the Morse-Smale transversality condition

In this section we want to prove some nice properties of the Morse-Smale transversality
condition, that is, we show the invariance of this property under small perturbations. In
order to show the following results, we will recall the Proposition 1 written in [8].

Lemma 3. Let M be a finite dimensional compact manifold and suppose that f : M → R
is a smooth function. Then, there is a Morse-Smale function f̃ : M → R defined by a
small perturbation with the property that the critical points and their indices of f and f̃
are in one-to-one correspondence.

Proof. Let f : M → R be any smooth function defined on M. Then, from the previous
proposition, we know that there exists a C∞−close Morse-Smale function f̃ , to f. There-
fore, we may write f̃ = f + h where ‖h‖Cr < ε for some ε > 0 small and r ≥ 1. Actually,
since we will consider a critical point of f̃ and then, analyse f in its neighborhood, it
is enough to consider a perturbation h that is zero outside of the neighborhoods of the
critical points. Then, we know that whenever we are outside of such a neighborhood
|∇f̃(x)| ≥ δ > 0 because f is Morse and thus, the critical points are isolated. Moreover,
we will also have that

|∇f(x)| = |∇(f̃ − h)(x)| ≥ δ

2
> 0 (*)

In this way, we make sure that we do not create new critical points outside of the
neighborhoods.

Observe that this lower bound (*) is also valid on the boundary of the neighborhood
so that the critical point of f will also be isolated. What we want to show is that given
any p̃ critical point of f̃ and after choosing a neighborhood of p̃, say Up̃, then there is a
unique critical point p of f in Up̃ such that λp = λp̃.

Given p̃ a critical point of index k for f̃ , choose Up̃ a small enough open neighborhood,
so that by the Morse-lemma, there exists coordinates ψ in Up̃ such that:

f(x) = (f ◦ ψ)(x1, . . . , xm) =

= f̃(p)− a1x21 − · · · − akx2k + ak+1x
2
k+1 + · · · amx2m − (h ◦ ψ)(x1, . . . , xm) =

= f̃(p)−
k∑
i=1

aix
2
i +

m∑
i=k+1

aix
2
i − h(x).

Observe that in this expression all the coefficients ai are positive values.
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On one hand, note that given a critical point of f, we have to compute its Hessian matrix
in order to compute its index and we would like to have the same number of negative eigen-
values for both Hessian matrices which are given as follows:

Hp(f̃) =

−2a1 · · · 0
...

...
0 · · · 2am


and

Hp(f) =

−2a1 − ∂2x1x1
h · · · −∂2x1xm

h
...

...

−∂2xmx1
h · · · 2am − ∂2xmxm

h


Note that by hypothesis ‖h‖C∞ < ε, so h and its derivatives are very small values. In

particular, if we compare −∂xixi
h with 2ai for i = 0, . . . ,m then we may assume that this

derivative will not change the sign of such a term 2ai. That is, whenever 2ai is positive
(by assumption), then 2ai−∂2xixi

h is also positive. Further, the contribution of the mixed
second derivatives will also be very small. Then, we claim that both matrices have the
same number of negative eigenvalues and thus, both critical points will have the same
index k. Not only this, but for any point in this neighborhood the number of negative
eigenvalues remain unchanged.

On the other hand, in order to show that f has a unique critical point in Up̃, we will
make use of the degree theory (for basic definitions and results, see appendix A). We first
consider the vector fields generated by the gradient of these two functions and show that
their degree coincide. This will imply that since f̃ has a ciritcal point and hence, the
vector field has one zero, then f has at least one critical point in this neighborhood. The
next step will be to show the uniqueness of such a critical point.

First, consider the following vector fields:

X = ∇f : Rm → Rm

(x1, . . . , xm)→ (∂x1f, . . . , ∂xmf)

and
X̃ = ∇f̃ : Rm → Rm

(x1, . . . , xm)→ (∂x1 f̃ , . . . , ∂xm f̃)

Now we want show that they have the same degree so that we prove that X has at

least one zero. First, note that the zero of ∇f̃ is isolated and thus, 0 /∈ X̃(∂Up̃). We
want 0 /∈ X(∂Up) so that we can apply the invariance property of the degree through the
homotopies.

Choose a homotopy between these two vector fields X and X̃, Ht : Up̃ × [0, 1] → R
given by Ht(x) = (1− t)X + tX̃ with 0 /∈ Ht(∂Up̃). Then, we have that:

deg(X,Up̃, 0) = deg(X̃, Up̃, 0)

which implies that X has at least one zero in Up̃, i.e., f has at least one critical point
in this neighborhood.
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The next step would be to check if this critical point is in fact unique. So, suppose
that X̃ has more than one, say s. Then, by definition, the degree of this vector field is
given by the determinant of the Jacobian matrix which in this case, is the same as the
Hessian matrix of f̃ :

Hp(f) =

−2a1 − ∂2x1x1
h · · · −∂2x1xm

h
...

...

−∂2xmx1
h · · · 2am − ∂2xmxm

h


Then, the Jacobian is just the determinant of the matrix, that is, JX(x) = det(Hp(f)).

Recall that for every point in the neighborhood this matrix has the same number of
negative eigenvalues; that is, the sign of the determinant of this matrix remains unchanged.
Furthermore, the local degree is always either 1 or −1. So, this implies that if we compute
the absolute value of the degree by using the definition, then the sum will give just the
number of zeros that the vector field has in the neighborhood, that is,

|deg(X,Up̃, 0)| = |
∑

x∈X−1(0)

sign(JX(0))| = s > 1

This will contradict that X and X̃ have the same degree. Therefore, X only has one
zero in this neighborhood or equivalently, f has a unique critical point in Up̃.

Hence, we have shown that given any critical point of index k of f̃ there is a unique
critical point with the same index in a small neighborhood of it for f. If we consider this
result and apply in a small neighborhood of every critical point of f̃ by knowing that we
do not create more critical points outside these Up̃, then we get the desired result.

Corollary 1. Given any F : M × S1 → R Morse function with the property that F (0, .)
and F (1, .) are Morse-Smale functions and M is a finite dimensional compact manifold,
then there is a C1-close function F̃ = F+h with the property that F̃ defines a Morse-Smale
gradient-system in M × S1.

2.4 Chain complex and Homology

Let Ck(f) be a free abelian group generated by the critical points of index k for f : M →
R Morse-Smale function and we define the Morse-Smale boundary operator as follows:

∂k : Ck → Ck−1

given by ∂k(q) =
∑
p∈Ck−1

n(q, p)p where as we said before n(q, p) = ]M(q, p) counts the

number of (broken-) flow lines from q to p over Z2 and thus, these values are just 0 or 1
(even or odd) modulo 2.

We need to show that the above relation gives a chain complex, that is, ∂k decreases
the degree by one and ∂k+1 ◦ ∂k = 0. The first condition is clear from the way we have
defined n(q, p). For the second condition, suppose that q ∈ Ck(f) and compute:
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(∂k−1 ◦ ∂k)(q) = ∂k−1(
∑

r∈Ck−1

n(q, r)r) =
∑

r∈Ck−1

n(q, r)∂k−1(r) =

=
∑

r∈Ck−1

n(q, r)(
∑

p∈Ck−2

n(r, p)p) =

= (
∑

r∈Ck−1

n(q, r).
∑

p∈Ck−2

n(r, p))p =

=
∑

r∈Ck−1

∑
p∈Ck−2

n(q, r)n(r, p)p

Note that n(q, r)n(r, p) represents the number of elements of M(q, p) where M(q, p) =
W (q, p)/R has dimension 1 since W (q, p) = Wu(q) ∩W s(p) is a λq − λp = 2-dimensional
manifold as we have seen in Section 2.1.1. Then, M(q, p) can only contain closed orbits
(circles) and open intervals (say, (0,1) ' R ) and the compactification of such manifolds
can be done by adding one or two points; or equivalently, by adding one or two broken
flow lines. Note that if we consider a circle without one point and assume that it can be
compactified by adding just one point, then we can approximate to such a point in two
different directions of the circle. But, this conclusion would contradict the Gluing theorem
from [8] which implies the uniqueness of such a compatification. Therefore, there must be
an even number of such a broken lines for the circles. Similarly, if we consider the open
interval (0,1) we will conclude that it must also be compactified by two points. As an
illustration, we consider the following picture:

Indeed, as it can be seen in the picture,
if we look at the ends of the interval (0,1)
when compactified [0,1], we need to add
two flow lines. If not, supposed that it can
be done with just one broken trajectory.
Then, if we connect q to 0 with a broken
line, then this type of trajectories cannot
compactify the other side. So, there must
be two flow lines and in general, there will
be even number of them.

In fact, this implies the following result:∑
r∈Ck−1

∑
p∈Ck−2

n(q, r)n(r, p) = 0

over Z2. Hence, ∂k−1 ◦ ∂k = 0 for every k ≥ 1.

We have seen that (C∗(f), ∂∗(f)) is a chain complex which will be called the Morse-Smale
chain complex of f.

Lemma 4. The Morse-Smale complex (C∗(f), ∂∗(f)) defined as above is a chain complex,
that is, (∂∗(f))2 = 0 .
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It is well-known that whenever there is a chain complex, then there exist the corre-
sponding homology groups and we get the following result:

Theorem 4. Given f a Morse-Smale function on a compact, smooth and m-dimensional
Riemmanian manifold M , the Morse-Smale homology is given by:

HMk(C∗, ∂∗) =
ker∂k
Im∂k+1

for every k ≥ 0.

2.5 Example

Example 1 (1.The Tilted Torus). Let T2 be a torus embedded in R3 and consider f : T2

→ R a height function f(x, y, z) = z. We first realise that if we just consider a torus with
this function, then it is not a Morse-Smale function because the flow would go from the
point r to q which have the same index (see the picture). However, we can perturb (in
this case, tilt) it a bit so that we get a Morse-Smale function, called f again. This can
be assumed by Kupka-Smale Theorem 3 which says that the space of all Cr Morse-Smale
function is dense in Cr(M, (R)). Furthermore, this perturbed function f will also have the
same number and indices of critical points as the height function by Lemma 3.

So, we start analysing the critical points: there are 4 critical points, namely, p, q, r
and s with indices λp = 0, λq = λr = 1 and λs = 2.

Then, we compute the following free abelian groups:

1. C0 = Z2〈p〉 ' Z2,

2. C1 = Z2〈q〉 ⊕ Z2〈r〉 ' Z2 ⊕ Z2,

3. C2 = Z2〈s〉 ' Z2

from which we get the next Morse-Smale chain complex:
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0 −→ Z2 −→ Z2 ⊕ Z2 −→ Z2 −→ 0

Now, we consider the critical points of relative index one and compute n(q, p) for every
p, q critical points, that is, the number of flow lines from q to p. Note that since we are
working over Z2 we do not need to consider the orientation of the flow, but the number
of the flow lines (even or odd):

1. Clearly, ∂0 = 0

2. n(s, r) = 1 + 1 = 0 = n(s, q) → ∂2 = 0

3. n(r, p) = n(s, p) = 1 + 1 = 0 → ∂1 = 0

Then, since all the boundary maps are zero, we have:

1. H0(T 2;Z2) = Z2,

2. H1(T 2;Z2) = Z2 ⊕ Z2

3. H2(T 2;Z2) = Z2

15



3.Invariance of Morse-Smale Homology

3.1 Independence of a Morse-Smale function

The main objective of this section is to prove the following theorem:

Theorem 5. Let f, f̃ be two Morse-Smale functions on a smooth, compact, oriented m-
dimensional Riemannian manifold M . Then, the Morse-Smale homology groups are iso-
morphic, that is,

HM∗(f) ∼= HM∗(f̃)

In order to show that this result holds, first consider a homotopy between f and f̃ over
M × S1 and use this function to define a Morse-Smale function called F : M × S1 → R.
Since this function is defined on a compact, smooth and finite dimensional manifold M×S1

and it is a Morse-Smale function then, from Section 2, if we consider the gradient-system
defined by this function, there is a chain complex defined by the critical points of F. More
generally, we could consider a Morse-Smale function defined over M ×S1×· · ·×S1 to get
the same results.

After observing this fact, our idea is to construct a homotopy that will induce a homo-
morphism between the homology groups and then, consider the homotopy of homotopies
to conclude that such a map is indeed an isomorphism.

(i) Homotopy:

Recall that a linear homotopy from f̃ to f can be given as follows:

hλ : M × [0, 1]→ R where hλ(x) = λf(x) + (1− λ)f̃(x), with λ ∈ [0, 1].

Nevertheless, we want to define this homotopy over S1 ' R/2Z and we define a function
ω : S1 → [0, 1] which will be used to define the linear homotopy. Furthermore, this function
will have the following properties:

1. ω(µ) = ω(2− µ) for µ ∈ S1.

2. ω(µ) = 0 for µ ∈ [0, δ] and ω(µ) = 1 for µ ∈ [1− δ, 1 + δ] and some δ ≥ 0.

Observe that the first condition shows the symmetry that the circle has when we
identify as a quotient of R/2Z. Note that the homotopy is constant for some values of µ
by the second condition as it is shown in Figure 1.

The reason for which we choose a linear homotopy is that in this way we make sure
that the connecting flow lines going from f̃ to f do not intersect their self and thus, there
is not any non-transversal intersection in between.

We define the function F : M × S1 → R as follows:

F (x, µ) = hω(µ)(x) + κΛ(µ)
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Figure 1: Function ω(µ)

where µ ∈ [0, 2], Λ(µ) = 1 + cos(πµ) and κ will be a ”sufficiently large” constant. As
we said before, we have defined this function F on a compact manifold and thus, now we
want to define a gradient-flow defined by it:

{
x′ = − ∂

∂xhω(µ)(x)
µ′ = −κΛ′(µ)− ∂

∂µhω(µ)(x)

where Λ′(µ) = π sin(πµ) and µ ∈ [0, 2].

Note that the system has been perturbed by adding the term ∂
∂µhω(µ)(x). But, we

know that depending on the value of δ, near to 0 and 1 we again get the original dynamical
system. Although this perturbation will change the values of the system, we would like to
define a system with the same behavior as the original one. Therefore, we need this new
term to be small compared to κΛ′(µ). Our idea is to get an upper bound for ∂

∂µhω(µ)(x) so
that we can choose some larger value κ and make sure that the behavior of such a system
remains unchanged.

First write:

∂

∂µ
hω(µ)(x) = ω′(µ)f(x)− ω′(µ)f̃(x) = ω′(µ)(f(x)− f̃(x))

On one hand, we define

K := max{|f(x)− f̃(x)| : x ∈M}

so that | f(x)−f̃(x)K | ≤ 1 for all x ∈M.

On the other hand, ω′(µ) can also be bounded by 2 if we choose δ ∈ [0, 14 ] because the
slope is determined as follows for µ ∈ [0, 1] :

m =
1− 0

(1− δ)− δ
=

1

1− 2δ
≤ 2↔ 1 ≤ 2(1− 2δ)↔ δ ≤ 1

4
.

Hence, we get the following upper bound:
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| ∂
∂µ

hω(µ)(x)| = |ω′(µ)(f(x)− f̃(x))| = |ω′(µ)||(f(x)− f̃(x))| ≤ 2K.

Finally, choose κ ≥ 2K so that the perturbation does not change the behavior of the
dynamics neither in (δ, 1− δ) nor in (1 + δ, 2− δ).

(ii) Morse-Smale transversality condition:

In the previous step we have constructed a system by defining a homotopy between f and
f̃ which satisfies the Morse-Smale transversality condition near to µ = 0, 1mod2. However,
we would like to conclude that the system itself can be perturbed to a Morse-Smale system.
First of all, we know that its critical points are precisely the critical points of f and f̃
which by definition are non-degenerate. So, this implies that the original system itself is
Morse.

Furthermore, by Lemma 3 in Section 2.3, F can be perturbed to a Morse-Smale system,
say F̃ , so that the critical points of F and F̃ are in one to one correspondence. Moreover,
since we have defined F by a linear homotopy, we know that the transversality conditions
will not be lost under such a perturbation and that there will not be more transversal
intersection in the connecting orbits. In fact, we conclude that F̃ is Morse-Smale.

So, even though F is a Morse system, we know that it can be perturbed to a Morse-
Smale system which will have the same amount of critical points with the corresponding
indices. Note that this is all we need to define the free abelian groups and therefore, the
homology groups of the system. Hence, denote the perturbed function by F again so that
we can construct its homology groups as we have done in the previous section.

Remark 2. Note that in the images above we have drawn straight lines even though we
have defined the homotopy over S1. Recall that S1 has been regarded as Z2 and thus, we
have a periodic homotopy from f to f through f̃ for the intervals of length two, say [0,2].
Similarly, the periodic homotopy can be considered from f̃ to f̃ through f. However, the
circle is symmetric and the homotopy can be regarded as a unique ”double” line from f̃ to
f of length 1. So, for simplicity we will consider straight lines to represents the homotopies
as we have done above.
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(iii) Chain maps:

We have already seen that the critical points of F (x, µ) are given by the critical points of f
and f̃ . Furthermore, we also know that such a function is defined on a finite dimensional,
smooth, compact and oriented manifold M × S1 by hypothesis and therefore, by Lemma
4 from Section 2.3 we know that there exists the corresponding chain complex denoted by
(C∗(F ), ∂∗(F )).

So, we define Ck(F ) := Ck(f)⊕Ck−1(f̃) to be the free abelian group generated by the
critical points of F (x, µ). In order to define the boundary map, we need to consider the
maps that connect critical points of relative index one. That is, the boundary maps ∂∗ and
∂̃∗ corresponding to the chain complexes of f and f̃ respectively, and the homomorphism
induced by the homotopy which connects the critical points of f and f̃ of relative index
one. Note that in order to get the critical points of index k of F we need to consider
the critical points of index k − 1 of f̃ and due to this construction we need to define the
boundary map as follows:

∂k(F ) :=

(
∂k hk−1
0 ∂̃k−1

)
where ∂∗ and ∂̃∗ are the boundary maps associated to f and f̃ respectively and h∗ :

C∗(f̃)→ C∗(f). We have defined a Morse-Smale chain complex (C∗(F ), ∂∗(F )) and as we
said before this will give the following relation:

∂k−1(F ) ◦ ∂k(F ) :=

(
∂k−1 ◦ ∂k ∂k−1 ◦ hk−1 + hk−2 ◦ ∂̃k−1

0 ∂̃k−2 ◦ ∂̃k−1

)
From ∂k−1 ◦ ∂k = 0 we get that ∂k−1 ◦ hk−1 + hk−2 ◦ ∂̃k−1 = 0, that is, ∂k−1 ◦ hk−1 =

hk−2 ◦ ∂̃k−1 over Z2. This implies that h∗ also induces a homomorphism on homology. In
order to show this, we have to check if this map preserves the kernel and the image:

i) if x ∈ Ker∂̃k, then ∂̃k(x) = 0 ∈ Ck−1(f̃). Since hk−1 is a homomorphism 0 =
hk−1∂̃k(x) = ∂khk(x)⇔ hk(x) ∈ Ker∂k. So, the kernels are in correspondence.

ii) if x ∈ Im∂̃k+1 with ∂̃k+1(x′) = x, then hk(∂k+1(x′)) 6= 0. Now, from the above
equality: ∂k(hk(x′)) 6= 0⇒ hk(x′) ∈ Im∂k. Hence, the images are also in correspon-
dence.

Therefore, we have seen that h∗ induces a homomorphism on homology denoted by
h∗ : HM∗(f̃)→ HM∗(f).

(iv) Homotopy of homotopies:

In order to show that the previous homomorphism is an isomorphism, suppose that we are
given four Morse-Smale functions on M , namely, f1, f2, f3 and f4; that is, f i : M → R
for i = 1, 2, 3, 4. Then, the linear homotopy can be defined as follows:

hλ1,λ2 : M × S1 × S1 → R

given by

hλ1,λ2
(x) = λ2(λ1f

1(x) + (1− λ1)f2(x)) + (1− λ2)(λ1f
3(x) + (1− λ1)f4(x))
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for λ1, λ2 ∈ [0, 1].

Nonetheless, we define a linear homotopy over M × S1 × S1 and we again identify
S1 ' R/2Z. Hence, we need to follow the same steps as before.

First, let ω(µ1), ω(µ2) to be defined as in Figure 1 and denote by hω(µ1),ω(µ2)(x) the
linear homotopy. Now, define:

F (x, µ1, µ2) = hω(µ1),ω(µ2)(x) + κ1Λ(µ1) + κ2Λ(µ2)

over M × S1 × S1, where µ1, µ2 ∈ [0, 2], Λ(µ1) = 1 + cos(µ1π), Λ(µ2) = 1 + cos(µ2π) and
κ1, κ2 are sufficiently large constants.

Consider the gradient-system generated by F, that is:
x′ = −∇hω(µ1),ω(µ2)(x)
µ′1 = −κ1Λ′(µ1)− ∂

∂µ1
hω(µ1),ω(µ2)(x)

µ′2 = −κ2Λ′(µ2)− ∂
∂µ2

hω(µ1),ω(µ2)(x)

Clearly, we have the same situation as with the system defined by the previous homo-
topy, that is, we have perturbed the original system by adding the terms ∂

∂µ1
hω(µ1),ω(µ2)(x)

and ∂
∂µ2

hω(µ1),ω(µ2). In order to make sure that the behavior of the original system does
not change we can always find an upper bound for these values because we have considered
δ ∈ [0, 14 ] and then, it is enough κ1 and κ2 to be large compared to such an upper bounds.

Furthermore, since under the perturbation the non-degeneracy of the critical points
will still remain unchanged and in every ”corner” the system will still be Morse-Smale,
we can assume that the whole system will also be a Morse-Smale system by applying the
results from Section 2.2 as before.

Now, we will consider the Morse-Smale chain complex of this Morse-Smale gradient
system. So, denote by C∗(F ) the free abelian group generated by the critical points of
F (x, µ1, µ2). Note that, this group is also determined by the critical points of the given
Morse-Smale functions, namely, f1, f2, f3 and f4. More precisely, we have the following
relation:

Ck(M × S1 × S1, F ) ' Ck(M,f1)⊕ Ck−1(M,f2)⊕ Ck−1(M,f3)⊕ Ck−2(M,f4)

We are only interested in the case in which f1 = f3 = f and f2 = f4 = f̃ and we will
develop the theory for this case because both the notation and the computations will be
easier than for the general case (in fact, the general case can be found in [13]). So, for this
case, the groups generated by critical points are given as follows for k ≥ 0:

Ck(M × S1 × S1, F ) ' Ck(M,f1)⊕ Ck−1(M,f2)⊕ Ck−1(M,f1)⊕ Ck−2(M,f2)

In order to define the boundary map associated to Ck(M × S1 × S1, F ), we need to
consider all the critical points of relative index one of f1 and f2. Clearly, ∂ik : Ck(f i) →
Ck−1(f i) for i = 1, 2 are the boundary maps of f1 and f2 and let h12k : Ck(f2)→ Ck(f1)
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for µ2 = 0 and h̃12k : Ck(f2) → Ck(f1) for µ2 = 1 be homomorphisms induced by the
homotopy which also relate the critical points of relative index one.

Note that for us, the induced homomorphisms h31∗ and h42∗ are just the identity maps
and finally, we define an extra map, namely, Gk : Ck(f2)→ Ck+1(f1).

Now we can define a boundary map associated to Ck(M × S1 × S1, F ) given by:

∂k(V ) :=


∂1k h12k−1 I Gk−2
0 ∂2k−1 0 I

0 0 ∂1k−1 h̃12k−2
0 0 0 ∂2k−2


Therefore, we have defined a Morse-Smale chain complex (C∗(F ), ∂∗(F )) and by Lemma

2 in Section 2.2 we know that ∂2(F ) = 0. Note that this composition is given by the fol-
lowing matrix:


∂1k−1∂

1
k ∂1k−1h

12
k−1 + h12k−2∂

2
k−1 ∂1k−1 + ∂1k−2 ∂1k−1Gk−2 + h12k−2 + h̃12k−2 +Gk−3∂

2
k−2

0 ∂2k−2∂
2
k−1 0 ∂2k−2 + ∂2k−2

0 0 ∂1k−2∂
1
k−1 ∂1k−2h̃

12
k−2 + h̃12k−3∂

2
k−2

0 0 0 ∂2k−3 ◦ ∂2k−2


Since this matrix is zero, we get the following results:

(I) ∂ik−1 ◦ ∂ik = 0 for i = 1, 2 (clearly, because these maps are boundary maps)

(II) ∂1k−1h
12
k−1 + h12k−2∂

2
k−2 = 0 and ∂1k−2h̃

12
k−2 + h̃12k−3∂

2
k−2 = 0 This implies that h12∗ and

h̃12∗ induce a homomorphism on homology as we showed in the previous section.In
particular, if hij = id.

(III) ∂1k−1Gk−2 + h12k−2 + h̃12k−2 +Gk−3∂
2
k−2 = 0 ⇐⇒

∂1k−1Gk−2 +Gk−3∂
2
k−2 = h12k−2 + h̃12k−2

This equality implies that G∗ induces homotopic maps h12∗ and h̃12∗ , that is, these
maps induce the same homomorphism on homology. In order to show this, note
that since the homology groups are just quotient groups by the kernel and the image
(or boundary) of the chain maps, the two elements (in our case, two functions) are
the same, if their difference equals to an element on the image. Therefore, suppose
that x ∈ Ker∂2k−2. Then, Gk−3∂

2
k−2(x) = 0 because G∗ is a homomorphism. Then,

note that the remaining term in the left side of the equation ∂1k−1Gk−2(x) is just the

boundary of some element y = Gk−2(x). Hence, h12k−2 and h̃12k−2 differ by an element
in the boundary and thus, they induce the same homomorphism on homology.

Remark 3. Note that in the last case, we have said that h12∗ and h̃12∗ differ by an element
on the boundary even if in the right side we have a sum of these values. Recall that this
is still true because we are working over Z2.

Now, what we want to prove is that these homomorphisms on homology are isomor-

phisms, that is, for the homomorphism h
ij

∗ : HM∗(f
i) → HM∗(f

j) we want to see that
the following holds:
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a) h
ii

= 1

b) h
ij

= (h
ji

)−1 for i = 1, 2.

Note that the first result is clear because the identity maps induce identity maps on
homology, and therefore, this is done. In order to show the second result we will consider
the diagrams drawn below:

Figure 2: Diagram of homotopies between f and f̃

Consider the circle S1 as the following diagrams in Figure 2 where the horizontal lines
”represent” the interval [0, 2]. Note that if we move on the circle from 0 to 2, this can
be understood as a constant homotopy from f1 to f1 or as a composition of two maps,
namely, h12 ◦ h21. Furthermore, we know that the constant homotopies induce an identity
map on homology and thus, we have:

h12 ◦ h21 = h
12 ◦ h21 = h

11
= I

Equivalently, we can also move in the circle from -1 to 1 and this can be understood
as a constant homotopy from f2 to f2 or as a composition of two maps, namely, h21 ◦h12.
As in the previous case, the constant homotopies induce identity maps on homology and
therefore,

h
21 ◦ h12 = I

Hence, we conclude that h
12

∗ = (h
21

∗ )−1, that is, these maps are isomorphism and in
particular, HM∗(f) ∼= HM∗(f̃).
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3.2 Morse-Smale Homology for smooth functions

In the previous section we have seen that given two any Morse-Smale functions over
a smooth, oriented, compact and m-dimensional manifold, then their Morse-Homology
groups are well-defined and moreover, they are isomorphic. Now, the next question would
be what happens if we just have a smooth function. We have seen in Section 2.2 that given
any smooth function f, we can find a Morse-Smale function f̃ by Kupka-Smale Theorem.
Even more, we have also shown in Lemma 3 that for such a smooth function we can
find a Morse-Smale function with the same number of critical points and with the same
indices. So, the Morse-Smale homology group for any function is defined in the following
statement:

Definition 4. Given any smooth function on M as above, then denote by f̃ any approxi-
mation to a Morse-Smale function. Then,

HM∗(f) := HM∗(f̃)

is its Morse-Smale homology group.

Observe that this homology group is an invariant since it does not depend on the
perturbation of f. That is, if a given smooth function f can be perturbed to two different
Morse-Smale functions, say f1, f2, then by Theorem 3 of Section 2, we know that the
corresponding Morse-Smale homology groups are well-defined. Moreover, by the previous
theorem we know that they are isomorphic and thus,

HM∗(f
1) ∼= HM∗(f

2) ∼= HM∗(f)

3.3 Computation of Morse-Smale Homology

3.3.1 Main Result and Examples:

From the previous sections we know that for any Morse-Smale function its Morse-Smale
homology group is well-defined. Even more, we have seen that given any smooth function,
its Morse-Smale homology groups is also well-defined. This implies that these groups do
not depend on the function we consider. However, now we want to state a more general
result:

Theorem 6 (The Morse Homology Theorem). Let (C∗(f), ∂∗(f)) be a Morse-Smale chain
complex. Then, its homology is isomorphic to the singular homology H∗(M ;Z2) of a
manifold.

Instead of showing this result, we give an example as in the previous section.

Example 2 (Homology group of a manifold M of genus g). Let M be a smooth, finite
dimensional, compact riemannian manifold of genus g embedded in R3. Consider f : M →
R a height function. Note that as in the example of the torus (g=1), this function connects
the consecutive critical points of index one, namely all the saddle points. Therefore, we
need to tilt it so that we ”break” such connections.

Let f be a height function defined over a manifold M of genus g. Then, this function
has one critical point of index 2 namely, the maximum, denoted by p2g+2; there are 2g
critical points of index 1, that is, the saddle points p2, · · · p2g+1 and there is a unique
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Figure 3: Saddle point

minimum p1 of index 0. Furthermore, from Section 3, we know that this function can be
perturbed to a Morse-Smale function f̃ so that both the critical points and their indices
are in one-to-one correspondence. As a result, f̃ does not connect the critical points of
the same index, that is, there is no any gradient- flow line between the saddle points and
this holds as follows:

Consider any saddle point, say pk.Note that the unstable and stable manifolds, W s(pk),
Wu(pk) have dimension 1 as it can be seen in Figure 3. Every point in the unstable
manifold of pk converges to a critical point of index < λpk = 1 since we are considering

a gradient flow generated by a Morse-Smale function f̃ . Observe that the unique critical
point of index 0 is p1 and thus, both flow lines in the Figure 3 converge to it. Similarly,
every point in the stable manifold of pk converges to a critical point of index > λpk = 1
in negative time. Note that the unique critical point of index 2 is in fact, the maximum
p2g. Therefore, both flow lines converge to the maximum.

So, even though there are infinitely many flow lines going out from the maximum p2g,
there are exactly two of them going to the saddle points and from each saddle point exactly
two flow lines converge to the minimum p1.

In order to compute the homology groups, we first determine the free abelian groups
generated for these critical points together with the boundary maps:

1. C0 = Z2〈p1〉 ' Z2,

2. C1 = Z2〈p2〉 ⊕ Z2〈p3〉 ⊕ · · · ⊕ Z2〈p2g+1〉 ' Z2g
2 ,

3. C2 = Z2〈p2g+2〉 ' Z2

We have the following chain complex:

0
∂3−→ Z2

∂2−→ Z2g
2

∂1−→ Z2
∂0−→ 0
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Figure 4: 2-torus

Finally, we compute the boundary maps in order to construct the corresponding ho-
mology groups:

I Clearly, ∂0 = 0, and thus, Ker∂0 ' Z2.

II Note that for every for every pi with i = 2, 3, · · · , 2g + 1, ∂1(pi) = 2p1 = 0 because
from every unstable manifold there are two flow lines converging to p1. And thus,
< p2, · · · , p2g+1 >∈ Ker(∂1) ⊆ Z2g

2 . Then, since 2g different points span a rank 2g

group in Z2, Ker(∂1) ' Z2g
2 .

III In the last case, we only have to compute one sum for p2g+2, that is, ∂2(p2g+2) =
2p2 + 2p3 + · · ·+ 2p2g+1 = 0 over Z2 because again, every stable manifold of a saddle
point contains two flow lines. Thus, ∂2 = 0 so that Ker∂2 ' Z2.

Hence, the boundary maps ∂i : Ci(M) → Ci−1(M) for i = 0, 1, 2 are given by the
following matrices respectively: (

0
)

(
0 · · · 0

)
and  0

...
0
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and therefore, the homology groups are given as follows:

HMk(M) =

{
Z2 if k = 0, 2.

Z2g
2 if k = 1.

In fact, note that these homology groups coincide with the singular homology groups
H∗(M) as we expected.

3.3.2 The relation between manifolds and their homology groups:

By the previous example we have seen that the homology groups of a finite dimensional,
smooth and compact Riemannian manifold do not depend on the function defined on
M. Therefore, it is a natural question to ask whether there is a relation between the
homology groups and the manifold itself. That is, we would like to know if there is
any equivalence relation between isomorphic homology groups and isomorphic manifolds.
Intuitively, we claim that if the given two manifolds are isomorphic (or diffeomorphic)
then so are the corresponding homology groups. However, the other direction does not
seem to be true, because the isomorphism or diffeomorphism relation is stronger than the
homotopy relation. Thus, it would be enough to give an contraexample.

On one hand, let N,M be diffeomorphic finite dimensional compact Riemannian man-
ifolds with f1 : M → R and f2 : N → R Morse-Smale functions and ψ : M → N a
diffeomorphism .

We want to show that HM∗(M,f1) ' HM∗(N, f2).

First note that given ψ : M → N a diffeomorphism and f2 : N → R a Morse-Smale
function, then f̃2 = f2 ◦ ψ : M → R is also a Morse-Smale function. Under this relation,
there exists an induced map ψ∗ between the free abelian groups generated by the critical
points of f̃2 and f1. The idea is to consider the gradient-flows generated by f1 and f̃2 and
construct the chain complexes connected by ψ∗. Furthermore, by the following remark we
conclude that HM∗(M, f̃2) ' HM∗(M,f1).

Remark 4. Given f1 : M → R and f̃2 = f2 ◦ ψ : M → R, consider the following
gradient-system:{

x′ = −∇g1f1(x)

x′ = −∇g̃1 f̃2(x)

where g1 is a metric on M and g̃1 = ψ∗(g2) is also a metric on M defined by the
pull-back of the metric g2 on N. Even though we have not proved the following result, we
claim that these two gradient-systems are independent of the metric we choose and thus,
equivalent.

Hence, by this remark and by the invariance of the Morse-Smale homology groups, we
conclude that HM∗(M,f1) ' HM∗(M, f̃2).

As we said before, after considering the chain complexes corresponding to f2 and f̃2,
we get the following diagram:
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· · · → Ck(M, f̃2)→ Ck−1(M, f̃2)→ · · · → C0(M, f̃2)→ 0

↓ ψ∗k−1
· · · → Ck(N, f2)→ Ck−1(N, f2)→ · · · → C0(N, f2)→ 0

We need to show that the kernels and boundaries are in one-to-one correspondence to
get that the Morse-Smale homology groups are isomorphic.

In order to show this, consider f̃1 = f1 ◦ ψ−1 : N → R a Morse-Smale function and
denote by ϕ = ψ−1. By the previous remark, we know that HM∗(N, f2) ' HM(N, f̃1).
Denote by ϕ∗ = (ψ−1)∗ to get the following diagram:

· · · → Ck(M, f̃1)→ Ck−1(M, f̃1)→ · · · → C0(M, f̃1)→ 0

↓ ϕ∗k−1

· · · → Ck(N, f̃2)→ Ck−1(N, f̃2)→ · · · → C0(N, f̃2)→ 0

From these two diagrams above we conclude that φ∗ ◦ ϕ∗ = id and ϕ∗ ◦ ψ = id, that
is, ψ∗ and ϕ∗ are isomorphisms. Then, the kernels and boundaries are in one-to-one
correspondence and therefore, we have that the homology groups of both chain complexes
are isomorphic, i.e., HM∗(M, f̃1) ' HM∗(N, f̃2).

Furthermore, note that those homology groups do not depend on the function we choose
and we conclude that given two diffeomorphic finite dimensional compact manifolds as
above, their homology groups are isomorphic HM∗(M) ' HM∗(N).

On the other hand, as we said before, the fact that the homology groups are isomorphic
does not imply that the manifolds are diffeomorphic in general. Nevertheless, people made
use of the fundamental groups in order to classify the 3-dimensional manifolds. Thus, there
are some specific classifications as for Seifter manifolds for which the homotopy equivalence
implies the diffeomorphism of the manifolds. Waldhausen [11] and Heil [26] also proved
that if M,M̃ are Haken 3 closed manifolds with isomorphic fundamental groups (homotopy
equivalent), then M ' M̃. But, there are examples of non-homeomorphic and homotopic
Haken manifolds with boundary as the circle of a thrice-punctured sphere and the product
with the circle of a once-punctured torus given in [14].

So, even for 3-dimensional manifolds there is no a generalized relation between homo-
topic and diffeomorphic manifolds and it gets worse if the dimension of the manifold is
increased.

3.3.3 Morse Inequalities and Poincaré Polynomial:

In the introduction we have said that one of the applications of the homology groups are
the so called Morse inequalities in Morse Theory. As an illustration, consider f : M → R
a Morse-Smale function defined on a finite dimensional smooth manifold M and consider
the gradient-system x′ = −∇f(x) so that we define a chain complex (C∗(f), ∂∗(f)) as in
Section 2.
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Now, suppose that we consider for the same function the following gradient-system:

x′ = −∇(−f(x)) = ∇f(x)

and define Ck(f) to be the free abelian group generated by the critical points of f or
equivalently, by the zeroes of ∇f(x) of index k.

Observe that the zeroes of both gradient-systems coincide and thus, C∗(f) = C∗(f)
where C∗(f) = ⊕k≥0Ck(f) and C∗(f) = ⊕k≥Ck(f).

Furthermore, if p ∈ Cr(f) has index k, then the Hessian of f at p has k negative
eigenvalues. If we compute the Hessian of−f at p, this will have m−k negative eigenvalues.
Hence, we get the following relation between the free abelian groups:

Ck(f) ' Cm−k(f)

for every k ≥ 0.

Moreover, for the latter gradient-system, the flow lines go from critical points of index
k to index k + 1 since the flows are in correspondence by reversing the time t→ −t. This
also implies that the boundary map δk corresponding to C∗(f) is defined as follows:

δk : Ck(f)→ Ck+1

with δk(q) =
∑
p∈Ck+1 n(q, p)p

Observe that δk and ∂k are equivalent since Ck(f) ' Cm−k and Ck+1 ' Cm−k−1(f).

It is well-known that if we consider the chain complex generated by this last gradient
system, (C∗(f), δ∗(f)), then the corresponding homology groups are called the cohomology groups of f.
Hence, we get the following result:

Theorem 7. If M is a m-dimensional smooth, oriented and compact manifold with no
boundary, then the kth cohomology group is isomorphic to the (m− k)th homology group.
That is:

HMk(M) ' HMm−k(M)

for every k ≥ 0.

Now, we can define bk to be the kth Betti number, that is, the dimension ofHMk(M,Z2)
and ck to be the number of critical points of index k so that we can get the Morse inequalities :

m∑
k=0

(−1)kck ≥
m∑
k=0

(−1)kbk.

Note that this inequality says that the kth Betti number gives the low bound of the
number of the critical point of index k.

In addition, the Poincaré Polynomial is very related to these concepts since it is defined
as follows:

Pt(M) =

m∑
i=0

bit
i
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Note that if we consider the Poincaré Polynomial at t = −1, then we get the well-known
Euler characteristic, that is:

P−1(M) =

m∑
i=0

bi(−1)i = χ(M)

For example, if we consider as an example a torus, then we have that the Poincaré
Polynomial is given by Pt(T ) = 1 + 2t + t2 which is called perfect because the Betti
numbers coincide with the number of the critical points. Finally, note that in this case
χ(T ) = 0 as we already know.
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4. Morse Homology for isolated invariant sets

4.1 Basic definitions and results

If M is an infinite dimensional manifold we are not able to define the Morse-Homology
groups as in Section 2. Therefore, in this section we consider isolated invariant sets in
any manifold M so that we can construct the chain complexes with the corresponding
homology groups as before.

Nevertheless, Conley showed in [5] that these isolated invariant sets might be too
complicated to be analysed since for example, they are not stable under small perturbation
and thus, their structure can be dramatically changed. Due to this instability, Conley
proposed to approach these invariant sets by analysing the so called isolating neighborhoods
which are stable under small perturbations as it is proven in [6] (and as we will show).

Suppose that M is any manifold and f : M → R is a Morse-Smale function. As in
Section 2, suppose that φ : M ×R→M is the corresponding gradient-flow. Now, we give
some definitions:

Definition 5. A set S ⊂M is called invariant under the (gradient-) flow φ(·, t) if φ(S, t) =
S for every t ∈ R.

Definition 6. An invariant set S is called isolated if there exists a compact neighborhood
N of S in which S is the maximal invariant set. That is,

S = Inv(N) = {x ∈ N |φ(x, t) ⊂ N, ∀t} ⊂ int(N)

Remark 5. This isolating neighborhood is not unique and furthermore, F.Wesley Wilson,
JR and J.A. Yorke proved in [10] that such an isolating neighborhood always admits an
isolating block contained in N which has some nice properties. Moreover, he also proved
that it is equivalent to work with such blocks or isolating neighborhoods.

Lemma 5. Let f : M → R be any smooth function on M defining a gradient dynamical
system φ(·, t) and let N be an isolated neighborhood for S ⊂ M. Now, consider φ̃(·, t) to
be the gradient dynamical system defined by f̃ = f + h, where ‖h‖Cr < ε for all r ≥ 0 and
for a sufficiently small ε > 0. Then, N is also an isolating neighborhood for φ̃(·, t).

Proof. We would like to show that S̃ε = Inv(N, φ̃(·, t)) ⊂ int(N) is isolated by N for
a sufficiently small ε > 0 where φ̃(·, t) is the gradient-flow generated by the following
equation:

x′ = −∇f̃(x) = −∇f(x)−∇h(x)

Assume the contrary, that is, suppose S̃ε is not an isolating invariant set by N for
φ̃(·, t) and for any sufficiently small ε. This implies that there exists a sequence {εn} such

that εn
n→∞−−−−→ 0 with fε = f + hε, ‖hε‖ ≤ εn and Sε is not isolated by N.

Equivalently, this means that there exists a sequence {εn} with εn
n→∞−−−−→ 0 and that

there is a sequence of orbits {γxn
} ⊂ Sε such that γxn

(0) = xn ∈ ∂N (after rescaling the
time, if necessary).
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Note that {γxn
} are solutions of the differential equation defining the flow with xn ∈

∂N. Furthermore, ∂N is compact and this implies that there exists a subsequence {xnk
}

converging to a point in the boundary, say xnk
→ x ∈ ∂N.

Even more, each of these orbits γxnk
= xnk

(t) ⊂ N is a complete trajectory that
satisfies the following differential equation:

γ′xnk
= −∇f(γxnk

)−∇h(γxnk
)

We know that the right hand side is a bounded function (it is a continuous function
defined in a compact set N) and thus, there exists a finite number C > 0 such that
‖γ′xnk

‖ < C.

So, since we are considering the trajectories {γnk
} in a compact set, these complete

orbits are also bounded. Hence, we can apply Arzela-Ascoli theorem to conclude that this
sequence converges uniformly to a flow line in N for any compact interval I = [−T, T ] ⊂ R
for some T > 0.

Remark 6. Arzela-Ascoli theorem: If a sequence of real-valued functions {fn} is bounded
and equicontinuous,2then it has a subsequence converging uniformly in any interval I ⊂ R.

Moreover, note that I is any compact interval and we can make it as large as we want.
This trajectory can be extended to a complete solution of the differential equation, since
the sequence is uniformly convergent. The latter implies that the convergence does not
depend on t at all.

More precisely, fix any t0 > T and consider a sequence {γn(t)} in the interval [−t0, t0]
with γn(0) = xn ∈ ∂N. We know that since ∂N is compact there is a subsequence γnk

(0) =
xnk
∈ ∂N which converges uniformly to some x ∈ ∂N.

On the other hand, by Arzela-Ascoli theorem, these orbits converge uniformly in any
interval, in particular in [−t0, t0] and this limit is the same as the previous one in the
interval [−T, T ]. Therefore, we can extend the interval I = [−T, T ] to [−t0, t0] for an
arbitrary t0 > T and thus, I can be extended to R.

In conclusion, we have shown that the subsequence of trajectories {γnk
(t)} has a limit

function x(t) for every t ∈ R such that x(t) ⊂ N and x(0) = x ∈ ∂N.

Now,we would like to conclude that this complete orbits satisfies the original differential
equation x′ = −∇f(x) with x(0) ∈ ∂N. Note that this would contradict our hypothesis,
that is, N would not be an isolating neighborhood of S by φ(·, t).

In order to show this, we want to prove that γ′nk
(t)

nk→∞−−−−→ x′(t) and −∇f̃(γnk
)
nk→∞−−−−→

−∇f(x(t)).
The latter convergence is clear because when nk → ∞, then ε → 0 and xnk

→ x(t).
Furthermore, by hypothesis ‖h‖C∞ < ε and thus,

−∇f(γnk
(t))−∇h(γnk

(t))
nk→∞−−−−→ −∇f(x(t))

2Since the sequence of the derivatives is bounded, then the sequence is equicontinuous, i.e. if d(x, y) <
δ → ‖f(x)− f(y)‖ < ε
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So, we need to prove that γ′nk
(t) → x′(t). However, we have seen that every γ′nk

is
bounded on a compact set and thus, {γ′nk

} converges in N. Moreover, this convergence is

uniform in N and thus, we know that x′nk

nk→∞−−−−→ x′(t).

Therefore, we conclude that for nk → ∞, x′(t) = −∇f(x(t)) and hence, x(t) satisfies
the original differential equation with the property that x(0) ∈ ∂N. So, this contradicts
our hypothesis of N being an isolating neighborhood for S by φ(·, t).

In conclusion, we have shown that S̃ε = Inv(N, φ̃(·, t)) for a sufficiently small ε and
where φ̃(·, t) is the gradient-flow generated by the perturbed function f̃ .

4.2 Chain complex and Homology

In this section we are not going to give a detailed construction of a chain complex for S
because we have already done it in Section 2 for compact manifolds. So, let f : M → R
be a Morse-Smale function with W s(q) tWu(p) for every p, q ∈ Cr(f). Since we want to
define the Morse-Smale homology groups for S, we first restrict the stable and unstable
manifolds to S as follows:

W s
S(p) = {x ∈ S : limt→∞ φ(x, t) = p}

Wu
S (p) = {x ∈ S : limt→−∞ φ(x, t) = p}

Note that S is invariant under the flow and therefore, W s
S(q),Wu

S (p) ⊂ S for every
p, q ∈ Cr(f). In particular, WS(q, p) = W s

S(q) tWu
S (p) is a λq−λp- dimensional manifold

contained in S ⊂ int(N).

Denote by MS(q, p) = W (q, p)/R the space of connecting flow lines of dimension λq −
λp − 1. Note that all such flow lines connecting the critical points of f in S are contained
in S ⊂ int(N). Then, MS(q, p) satisfies the same properties as in Section 2 because it is
contained in the interior of N with N compact. Finally, define n(q, p) to be the number of
broken trajectories modulo Z2, that is, n(q, p) = ]MS(q, p) as in Section 2 where MS(q, p)
is the compactification of MS(q, p).

In order to define the chain complex, denote by Ck(N, f) the free abelian group gen-
erated by the critical points of f in N (in fact, by the critical points of f in S) and define
the boundary map ∂k : Ck(N, f)→ Ck−1(N, f) by ∂k(q) =

∑
p∈Ck−1(N,f)

n(q, p)p

Corollary 2. (Ck(N, f), ∂k) given as above is a chain complex, that is, ∂k ◦ ∂k+1 = 0 for
every k ≥ 0.

We do not need to prove this corollary because it is just a consequence of the Lemma
4 in Section 2 and we can define the corresponding homology groups restricted to N :

HMk(N, f) ' Ker∂k
Im∂k+1

for every k ≥ 0.
Finally, in this point, we are able to define the homology groups corresponding to the

isolated invariant set S.
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Definition 7. Let f : M → R be a Morse-Smale function that defines a flow φt on M.
Suppose that N is an isolating neighborhood for φt with S = inv(N) an isolated invariant
set. Then, the Morse-Smale homology group of S can be defined as follows:

HC∗(S) := HM∗(N, f)

So, in order to show that this homology group is well-defined, we need to verify that
HM∗(S) does not depend neither on f nor in N. But, note that since the critical points
are in S and not in N \ S, then if we take any other isolating neighborhood N ′, we will
still have the same chain groups generated by the critical points and thus, the homology
groups will also be isomorphic, that is:

HC∗(S) ' HM∗(N, f) ' HM∗(N ′, f)

4.3 Independence of the function:

In this section we would like to show that the homology group of an isolated invariant set
S is independent of the function f we choose. In order to prove this, we follow the same
steps as in Section 3.1. That is, first define a homotopy between two given Morse-Smale
functions f, f̃ with the same isolating neighborhood N so that we show the existence of
an induced homomorphism between the corresponding homology groups, HM∗(N, f) and
HM∗(N, f̃). Finally, we consider the homotopy of homotopies to conclude, in fact, that
this homomorphism is an isomorphism.

However, on one hand note that by a homotopy we define, N will always be the
same isolating neighborhood, but the invariant set S might change a bit for µ ∈ (0, 1).
Nevertheless, this will not be a problem for us since we will consider the critical points
of f and f̃ in order to construct the new chain complex and clearly, both have the same
isolated invariant set S. On the other hand, we also need to make sure that non of the
connecting orbits touches the boundary of N, say ∂N, for all µ ∈ [0, 1].

Hence, we first state the results that we would like to prove thorough this section:

Theorem 8. Let f, f̃ : M → R be Morse-Smale functions with the same isolated invariant
set S by N. Suppose that there is a family of functions fµ for µ ∈ [0, 1] connecting f with

f̃ such that N is an isolating neighborhood of Sµ for all µ ∈ [0, 1]. Then:

H∗(S) ' H∗(N, fµ)

for all µ ∈ [0, 1].

As we said before, we are not going to construct all the homotopies with the cor-
responding Morse-Smale gradient systems, because we have already done this work in
Section 2. So, the main objective of this section is to show that we can still define a
homotopy between two Morse-Smale functions, say f, f̃ , so that the perturbed homotopy
F defined in Section 3 has the property that non of the connecting flow lines touches the
boundary of N × S1, that is, ∂N × S1, for every µ ∈ [0, 1].

First, we assume that N is an isolating neighborhood for every µ ∈ [0, 1], that is,
Sµ = inv(N,φµ(·, t) ⊂ int(N) for every µ ∈ [0, 1].

In order to show that it is not possible to exist a connecting flow line from f̃ to f
touching the boundary, we will use the same construction as in Lemma 5. That is, we
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would like to consider a sequence of connecting flow lines touching the boundary for some
point of time and some µ ∈ (0, 1) so that after considering their limit function we get a
contradiction by showing that such a complete solution satisfies the original differential
equation.

First, consider the gradient system generated by F (x, µ) = hω(µ)(x) + κΛ(µ) and we
consider the metric corresponding to the system, denoted by g⊕gS1 . The idea is to perturb
it so that the gradient-system depends on the sequence of small values {εn}.

Recall that any differential equation x′ = −∇gf(x) can also be defined by the metric
as follows:

df(x).ξ = g(∇f(x), ξ)

Now, suppose we perturb the metric g to g̃ so that

df(x).ξ = g(∇f(x), ξ) = g̃(∇̃f(x), ξ)

In our case, we choose a small ε > 0 so that dF.ξ = ε−1g̃(−∇̃F, ξ) where −∇̃F = ε∇F.
Note that in this way, we perturb the original system to the following one:{

x′ = −∇hω(µ)(x)
µ′ = −εκΛ′(µ)− ε ∂∂µhω(µ)(x) for µ ∈ [0, 1]

The idea is to consider a sequence of {εn} converging to zero so that the metric is
perturbed (but note that these ε’s are never zero) and to consider a sequence of complete
solutions zn(t) = (xn(t), µn(t)) with zn(0) = zn ∈ ∂N × S1.

Note that N × S1 and in particular, ∂(N × S1) = ∂N × S1 are also compact sets and
therefore, we can apply the same results as before. That is, by Arzela-Ascoli Theorem,
we conclude that there exists a sequence {zn(t)} = {(xn(t), µn(t))} with a uniformly
convergent subsequence {znk

(t)} ⊂ N × S1 for any interval I = [−T, T ] as in the proof of
Lemma 5. Its limit will be denoted by z(t) = (x(t), µ(t)).

In addition, this solution can be extended to R because it is a uniform convergence.

Finally, we would like to see that this solutions satisfies the original system we consid-
ered above. So, take the sequence of solutions, substitute in the previous system and take
the limit to get the following:

−∇hω(µnk
)(xnk

)
nk→∞−−−−→ −∇hω(µ(t))(x(t))

and

µ′ = −εκΛ′(µnk
)− ε ∂

∂µ
hω(µnk

)(xnk
)
nk→∞−−−−→ 0.

On the other hand, as in the Lemma 5, we have that the derivatives of the sequence
converge to the derivative of the solution, that is:

z′nk

nk→∞−−−−→ z′(t) = (x′(t), µ′(t)).
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Hence, we conclude that µ′(t) = 0, that is, µ′(t) = µ0 for some µ0 ∈ [0, 1] and every
t ∈ R and thus, the solution x(t) satisfies the following equality: x′(t) = −∇hµ0

(x(t)).
Therefore, this means that we have found a complete solution z(t) = (x(t), µ(t)) inN×{µ0}
for some µ0 ∈ [0, 1] with the property that z(0) ∈ ∂N ×µ0. But, note that this contradicts
our assumption of N being an isolating neighborhood for every µ ∈ [0, 1] (note that here
µ0 is just a constant value representing the function µ(t).)

We have defined a homotopy F between f, f̃ defining a Morse-Smale gradient system
with Sµ = Inv(N,φµ(·, t) ⊂ int(N)×{µ} for every µ ∈ [0, 1] and z(t) ⊂ int(N×S1) ∀t ∈ R.
Hence, from Section 3.3 we conclude that this homotopy shows that the existence of the
homomorphism between the corresponding homology groups, that is, F∗ : HM∗(N, f) →
HM∗(N, f̃) is a homomorphism.

Recall that the next step is to consider the homotopy of homotopies to conclude that
the homomorphism F obtained above is an isomorphism. Denote by F (x, µ1, µ2) the
perturbed homotopy defined in section (iv). Actually, we also want to make sure that
there is no any complete orbit in N ×S1×S1 passing through its boundary ∂N ×S1×S1.
So, first assume that N is an isolating neighborhood for the gradient-flows defined through
the homotopy of homotopies, i.e.,

Sµ1,µ2 = Inv(N,φµ1,µ2(·, t)) ⊂ int(N × T 1).

We can again perturb the metric g ⊕ gS1 ⊕ gS1 = g ⊕ gT 1 to g ⊕ ε−1gT 1 so that we
define the following Morse-Smale gradient system:

x′ = −∇hω(µ1),ω(µ2)(x)
µ′1 = −εκ1Λ′(µ1)− ε ∂

∂µ1
hω(µ1),ω(µ2)(x)

µ′2 = −εκ2Λ′(µ2)− ε ∂
∂µ2

hω(µ1),ω(µ2)(x)

for µ1, µ2 ∈ [0, 1].

Observe that in this case N ×T 1 is also compact and thus, if we consider the sequence
of complete solutions touching the boundary, we will get the same results as for the
homotopy by Arzela-Ascoli, that is, this sequence will converge to a complete solution
z(t) = (x(t), µ1(t), µ2(t)) ⊂ N × T 1 satisfying the equation x′ = −∇hω(µ1),ω(µ2)(x) for
some µ1, µ2 ∈ [0, 1] and with z(0) ∈ N×T 1 for some µ1, µ2 ∈ [0, 1]. Hence, this contradicts
our assumption and we get the desired result.

4.3.1. Morse-Smale homology for smooth functions

Consider f any smooth function from which we define the gradient flow φ(·, t). Let N
be an isolating neighborhood for S by φ(·, t) and now, from Lemma 3, we know that
this function can be perturbed to a Morse− Smale function without changing the num-
ber and the indices of the critical points. Moreover, we choose such a perturbation so
that N is still an isolating neighborhood for the perturbed flow, say φ̃(·, t). Clearly, this
can be done by Lemma 5. Therefore, we can assume that given any smooth function
with an isolating neighborhood N of S and for φ(·, t), this flow can be perturbed to a
Morse-Smale gradient-flow with N being an isolating neighborhood for S′ close to S.

Definition 8. Let f : N → R be any restricted smooth function defined on any smooth
manifold M. Suppose that N is an isolating neighborhood for S by φ(·, t) where φ(·, t) is a
gradient flow generated by f. Consider f̃ = f +h the perturbed Morse-Smale function with
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‖h‖C∞ < ε and for a sufficiently small ε. Then, the Morse-Smale homology group defined
for an isolating neighborhood N is given by:

HC∗(S) ' HM∗(N, f) ' HM∗(N, f̃)

Note that the definition of the Morse-Smale homology groups is well-defined and that it
does not depend on which perturbation of f we choose. That is, if we consider another one,
say f̃ with N being also an isolating neighborhood for S, then its Morse-Smale homology
groups are isomorphic to the previous ones.

Finally, we would like to point out (although we will not re-write them now) that all the
results we obtained in Section 3 will hold for isolated invariant sets as the Morse-inequalities
as well as the definition of the Poincaré Polynomial.
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APPENDIX

Appendix A: Degree Theory

Degree Theory is a topological tool that can be used to get the number of solutions of
some function (or vector field in our case). There are different kind of degrees: for smooth
maps, the Brouwer degree, Leray-Schauder, etc. However, we are interested in recalling
some results for smooth function over Rm, because we have used this theory for a manifold
M in coordinates.

Suppose that f : U ⊂ Rm → Rm is a smooth function and p /∈ f(∂U) is a regular value,
then by the inverse function theorem, f−1(p) is a finite set and thus, the degree of f at p
can be defined as follows:

deg(f, U, p) :=
∑

x∈f−1(p)

sign(Jf (x))

where

Jf (x) = det

∂x1f1 · · · ∂xmf1
...

...
∂x1fm · · · ∂xmfm


Now we recall some basic properties that hold from the above definition:

(i) deg(id, U, p)=1, because there is always a unique point in the pre-image of any
regular value and its Jacobian is always constant equal to 1.

(ii) deg(f,U,p)=deg(f-p,U,0) because the Jacobian of f at p and the Jacobian of f − p
at 0 coincide, i.e., Jf (p) = Jf−p(0).

(iii) If U = D1 ∪D2, then:

deg(f, U, p) = deg(f,D1, p) + deg(f,D2, p)

However, in the beginning of this section we have said that the degree is a topological
tool and therefore, it is a topological invariant. On one hand, we can consider a homotopy
ft between two given smooth functions f and f̃ and consider a regular value p such that
p /∈ ft(∂U). Then, we have that:

deg(f, U, p) = deg(f̃ , U, p) = deg(f1, U, p)

On the other hand, we can also consider regular values p0 and p1 connected by some
curve, t→ pt and we have the following result:

deg(f, U, p0) = deg(f, U, p1) = deg(f, U, pt).

Note that this last result implies that the degree can also be defined for critical points,
because we can always connect them to a sufficiently closed regular value by some curve.
Furthermore, the existence of such a regular values hold from Sard’s theorem.
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Appendix B: Immersion and Submersion

In this section we would like to recall some results (without the proofs) that can be found
in [3] :

Definition 9. Given M,N two smooth manifolds of dimension m and n, respectively;
f : M → N is said to be an immmersion if for every point x ∈ M with y = f(x), the
differential map dfx : TxM → TyN is injective.

Definition 10. Given M,N two smooth manifolds of dimension m and n, respectively;
f : M → N is said to be an submersion if for every point x ∈ M with y = f(x), the
differential map dfx : TxM → TyN is surjective.

Corollary 3. Given a smooth map f : M → N between smooth manifolds, then:

(i) If f is an immersion at x ∈M, then f is an immersion on some neighborhood of x.

(ii) If f is a submersion at x ∈M, then f is a submersion on some neighborhood of x.

Even though we have already defined what the transversal intersection means, when-
ever the given manifolds are embeddings, there is an equivalent definition given as follows:

Definition 11. Let f : M → N and g : Z → N be smooth maps between smooth manifolds.
Then, f is said to be transversed to g, f t g, if and only if dfx(TxM) + dgx(TxZ) = TyN
with y = f(x) = g(x).

Furthermore, if Z ⊂ N and g : Z → N is the inclusion map with f and g are transverse,
we denote it by: f t Z.

Finally, we also state the following theorems, because we have made use of one of them
to show that Wu(q) tW s(q) is a manifold:

Theorem 9 (Local Immersion Theorem). Let f : M → N be an immersion between two
manifolds and let x ∈M with y = f(x) ∈ N. Then, f is locally an inclusion, that is, there
are coordinates around these two points such that f can be given as follows:

f(x1, · · · , xm) = (x1, · · · , xm, 0, · · · , 0)

Theorem 10 (Local Submersion Theorem). Let f : M → N be a submersion between
two manifolds and let x ∈ M with y = f(x) ∈ N. Then, f is locally a projection, that is,
there are coordinates around these two points such that f can be given as follows:

f(x1, · · · , xm) = (x1, · · · , xm)

Appendix C: Isolating Blocks and Lyapunov function

Suppose that φ : M × R → M is a (gradient-)flow defined by an ordinary differential
equation (in our case, we have a gradient-flow defined by a Morse-Smale function). We
have already defined in section 4 the isolated invariant sets and isolating neighborhoods,
that is,

S = inv(N) = {x ∈ N : φt(x) ∈ N, ∀t ∈ R} ⊂ N
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is an isolated invariant set with N an isolating neighborhood.

As we said before, the invariant sets are not stable under small perturbation and their
structure might be very complicated. In order to avoid their direct study, C.Conley intro-
duced the concept of the isolating neighborhoods in ??. Furthermore, he also showed that
these isolating neighborhoods determine the Morse index of the isolating neighborhood
(even though we do not know what S exactly is).

Note however that these isolating neighborhoods are not unique since if we consider
any S ⊂ N ′ ⊂ N open subset of M, then N ′ is also an isolating neighborhood for S.

Moreover, C.Conley and R.W. Easton defined the so-called isolating blocks in [7]. Now,
we define these submanifolds:

Definition 12. B ⊂ M is an isolating block for an invariant set S ⊂ M if B is a m-
dimensional compact submanifold and its boundary is decomposed as ∂B = B+ ∪ B− ∪ τ
where

(a) B+ = {x ∈ ∂B : φ(−ε,0)(x) ∩B = ∅} for some ε > 0.

(b) B− = {x ∈ ∂B : φ(0,ε)(x) ∩B = ∅} for some ε > 0.

(c) τ = {x ∈ ∂B : the flow is tangent to the boundary}

(d) τ = B+ ∩B−

Therefore, any point in the boundary of B leaves in one of the directions defined above
immediately.

It has also been proved that it is equivalent to work with isolating neighborhoods or
isolating blocks and thus, we could also define an isolated invariant set as follows:

S ⊂M is an isolated invariant set if it is invariant, i.e. φt(S) = S for every t ∈ R and
there exists an isolating block such that S = inv(B) ⊂ int(B).

Moreover, the interior of B, int(B), is an isolating neighborhood for S. Even more, the
Conley index can also be defined by them and in both cases for isolating neighborhoods
and isolating block we get the same invariance (for more details see [7]).

Another important result that F. Wesley Wilson and James A. Yorke proved in [10] is
that the existence of such isolating blocks is equivalent to the existence of the Lyapunov functions.
We give the following definition of Lyapunov function although in [10] they distinguish
between generalized, monotone and hyperbolic Lyapunov functions.

Definition 13. Given U ⊂ M an open neighborhood of an isolated invariant set S, a
continuous function V : U → R is a Lyapunov function if:

(i) V (x) = 0↔ x ∈ S

(ii) d
dtV (φt(x)) < 0 for all x ∈ U S, i.e. V decreases along the flow lines.

39



As an illustration of such a Lyapunov function we could consider a gradient-flow over
a compact manifold defined by a Morse function so that the critical points are isolated.
Then, every critical point is an isolated invariant set where a unit ball (for example) is an
isolating neighborhood for it. Note that in the critical point the flow is constant (in fact,
it is zero) and outside of the critical point the function decreases along the flow lines.
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CONCLUSION AND FUTURE QUESTIONS

In this paper we have considered gradient-flows generated by Morse-Smale functions, be-
cause on one hand the gradient-flow decreases along the regular values and on the other
hand Morse-Smale functions do not allow to connect critical points of the same index.
Furthermore, the compactness of the manifold has been an important property to assume
the compactness of the manifold of connecting flow lines.

Therefore, these facts allow us to define the boundary map by counting finitely many
flow lines connecting the critical points of index k with index k − 1 for every k ≥ 1.

We concluded that the Morse-Smale homology defined under these conditions in iso-
morphic to the singular homology and in particular, we have proved its invariance of the
function.

However, note that we can also consider any manifold M and if M is not compact,
the above construction fails. So, we consider isolated invariant sets in the manifold and
define the corresponding Morse-Smale homology groups exactly in the same way as before.
The unique difference is that M was a closed manifold with no boundary and the isolated
invariant set, denoted by N, is a compact manifold with boundary and that is why we had
to do a bit more work. That is, we have shown that the connecting flow lines considered
in the homotopies do not intersect the boundary of the Morse-Smale gradient system.

Note that we could consider M to be an infinite dimensional manifold and try to
construct the homology groups as Floer did in [2]. Moreover, another question we could
think of is if we can generalize this construction for non-gradient or gradient-like flows.
That is, we could generalize these results by analysing them for any flow generated by a
general vector field X : M → R.
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