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A B S T R A C T

We can use artificial atoms created by manipulating CO chemisorbed
on atomically flat Cu(111) at 5 K to form artificial molecules. Unlike
real molecules, artificial molecules can be made for non equilibrium
geometries. We examine the quasi-1D necklace-diamond chain, an
artificial molecule that hosts compact localised states on both ends.
Compact localised end states are highly localised eigenstates of the
Hamiltonian, that are more strongly localised than the topological
end states found in the Su-Schrieffer-Heeger chain. The presence of
compact localised states on three atoms of each end of the necklace-
diamond lattice is theoretically proven using the tight-binding model
and density functional theory, and experimentally verified using scan-
ning tunnelling spectroscopy. We show that manipulating the cou-
pling strength of the first atom to the bulk of the chain alters the
exact localisation of the compact localised end state.
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1
I N T R O D U C T I O N

If one wants to gain full control on how molecules behave and tune
the interactions and orientation between the atoms precisely, simply
using real molecules is not good enough any more. In this work,
we will present a system where we can make and measure artificial
atoms and molecules made from CO molecules on an atomically flat
Cu(111) surface at 5 K to build the necklace-diamond chain.

This introduction will guide the reader through the concepts be-
hind the necklace-diamond chain and its properties. We first describe
the scanning tunnelling microscope, which is the host and measur-
ing instrument for our system, and continue with the properties of
the materials used to build artificial molecules. We then explore the
chemistry of artificial atoms, with tight-binding theory and density
functional theory, and exemplify this with the SSH chain. Finally, we
examine how we can improve upon the SSH model by considering the
physics of compact localised states found in the necklace-diamond
chain, and see how these translate to experiments.

1.1 scanning tunneling microscopy

1.1.1 Birth of an atom

Already in 1993 Crommie et al. devised the "quantum corral", demon-
strating the first artificial atom [1]. He used an 2D system of Fe atoms
adsorbed on an atomically flat Cu(111) surface at a temperature of 4

K. With an scanning tunnelling microscope, he was able to manipu- (111) are the Miller
indices that describe
the set of planes that,
in case of the FCC
lattice of Cu, form a
hexagonal packed
surface, similar to a
honeycomb.

late the individual atoms, chemisorbed on the hexagonal Cu(111) sur-
face, into a circle, trapping electron density within (Fig. 1). This was
a real-life version of the particle-in-a-box, nowadays one of the first
concepts taught to quantum chemistry undergraduates. He was even
able to observe the discrete states associated to the different quantum
numbers. As we shall see, the exact size and shape of the artificial
atom greatly influences its properties. In 2012, this concept was ex-
tended to full artificial lattices by Gomes et al., using CO molecules
to build artificial graphene [2].

1.1.2 Scanning tunnelling microscope

In 1981 at IBM, Gerd Binnig and Heinrich Rohrer were the first ever
to measure a tunnelling current through a vacuum barrier with their
Scanning Tunnelling Microscope (STM) [3]. The working principle of the

1
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(b)(a)

Figure 1: (a) Constant current STM image (V = 0.01 V, I = 1.0 nA) of a
quantum corral consisting of a ring with a diameter of 142.6 Å
built from 48 Fe atoms on the Cu(111) surface. Inside the standing
wave patterns are visible that are a linear combination of several
particle in a round box eigenstates. (b) Cross section of data at (a)
showing the interference pattern. Figure reproduced from [1].

STM is based on quantum tunnelling. Even when an electron wave
function enters an area with a potential barrier higher than its own
energy V0 > E; it still does not cease to exist abruptly like a classi-
cal particle would, but it exponentially decays. An prime example ofWe will come back

to this example in
Sec. 1.2.4

this is an electron moving through an ideal, conducting, solid, and
encountering the edge of the crystal.

This tunnelling effect can be put to use by moving an atomically
sharp Pt/Ir tip in a grid about 5 Å to 10 Å above a conducting sub-
strate to acquire an STM image. When applying a bias voltage Vb with
respect to the Fermi level EF in the order of 0.1− 10 V between the tip
and substrate; a small current I(t) in the order of 0.1− 10 nA can be
measured. Now it is possible to construct a PID feedback loop that
tries to keep I(t) constant by constantly adjusting the tip height [4].

PID stands for the three factors in the control function u(t) = P(t)+
I(t)+D(t) that is used to minimise the error value ∆I(t) = Iset− I(t):
proportional gain P(t), integral gain I(t), and differential gain D(t)

P(t) = Cp∆I(t) I(t) = Ci

∫t
0

∆I(τ)dτ D(t) = Cd
d

dt
∆I(t) (1)

where Cp, Ci and Cd are tunable constants [5]. When the feedback
loop is in effect, the height of the tip moving across the surface effec-
tively follows the local density of states of the surface (Fig. 2a). The
resolution obtained is high enough to image individual molecular or-
bitals [6]. A thorough introduction on STM can be found in [7, 8].

1.1.3 Local density of states

The Density Of States (DOS)D(ε) is the number of states present in the
system that lie between ε = E and ε = E+ dE. We can add an extra
argument dependent on the relative tip position rt = xı̂ + ŷ + zk̂ı̂, ̂ and k̂ are the

unit vectors(
1
0
0

)
,
(
0
1
0

)
and

(
0
0
1

)
in the directions x, y

and z respectively.
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to get the Local Density of States (LDOS) D(ε, r). The LDOS is the
specially resolved number of states present in the system within a
certain energy range between ε = E and ε = E + dE, and can be
described by

D(ε, r) =
∑
i

|ψi(r)|2δ(ε− Ei), (2)

where the sum i goes over all states |ψi〉with wave function ψi(r) and
energy eigenvalue of Ei in the system [7]. The square of the modulus
of the wave function is equal to the probability of finding an electron
at location r, and the Dirac delta function δ(ε− Ei) ensures that only
states with an energy Ei = ε are counted.

Cycling back to the STM, we can understand that what the STM
measures is the ability to tunnel resonantly through all the states It is also possible,

though very weak, to
tunnel
non-resonantly
without an available
state D(ε) [10].

D(ε, rt) of the substrate that have an ε between EF = 0 and Vb

I(t) ∝
∫eVb
0

D(ε, rt)dε (3)

were we assume that Dtip(ε) does not play a significant role in de-
termining I(t) [11, 12]. Since D(ε, r) ∝ |ψi(r)|2, an STM image is also Because the wave

function is
exponentially
dependent of r in the
vacuum, we can
now appreciate both
the high sensitivity
of an STM, and its
need for vibration
isolation through a
spring suspension,
Eddy current
dampening and
active vibration
isolation.

roughly a measure of the surface topography. Just as with MO theory,
the spatial overlap and energy mismatch between the states involved
in the tunnelling process determine the coupling between substrate
and tip, and therefore the tunnelling current. Even though the main
contributor to the shape of the surface LDOS is the surface topology,
we shall see that the deviations thereto due to electronic effects are
even more interesting.

1.2 the cu(111) surface

Now the question arises what the properties of D(ε, r) of the Cu(111)
surface are; the substrate that artificial molecules are build upon. The
electronic structure of materials can be described using two comple-
mentary methods. This also holds for surface states, which are elec-
tronic states that can be found on the surface of materials only. This
section is based on [7, 13–15].

The first is the "bottom-up" approach, where the wave function of a
solid can be expressed as a linear combination of atomic orbitals (LCAO).
Chemists will call this the Hückel method, using this approach on in-
dividual molecules, whereas physicists, expanding the description
to crystals, will call this the tight-binding method. The surface states
that arise in this approximation are called Tamm states. The second
approach is the "top-down" approach, where the solutions of the
Schrödinger equation

Ĥψ = Eψ

−
 h2

2me

d2ψ

dx2
+ V(x)ψ = Eψ

(4)
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Figure 2: (a) Schematic representation of an STM taking a image in con-
stant current mode utilising a PID feedback loop. When the tip
encounters a step edge, the tunnelling current I(t) rises above the
setpoint Iset, and the feedback loop will increase the tip height d
until I(t) = Iset. (b) Schematic of the tunnelling mechanism for
Cu(111) for bulk states (blue) and surface state (red) at Vb = −0.45
eV. The DOS of the tip get depleted to eV below EF, at (and above)
which point resonant tunnelling of the surface state to the tip oc-
curs. (c) Illustration of taking a dI/dV spectrum using a lock-in
amplifier. The input signal Vref results in an output signal Iref,
which is proportional to the slope, or dI/dV , of the I(V) spectrum.
(d) Example of a dI/dV spectrum of Cu(111). The steep slope in-
dicated is the onset of the surface state as depicted in (b). Figures
adapted from [9].
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Figure 3: Hybridisation of N molecular orbitals. Note that the energy dif-
ference between the most bonding and anti-bonding orbitals does
not tend to infinity for N→∞, and the DOS is highest at the ends
of the band. Figure reproduced from [13].

are found by starting with a free electron, and restricting its move-
ment with a periodic potential V(x) that resembles atomic structure
on the surface. This is called the nearly free electron model, and the sur-
face states that arise in this approximation are called Shockley states.
Both Tamm and Shockley states describe the same physical phenomenon,
but do so from a different theoretical perspective.

1.2.1 Tight-Binding model

We will first grasp some intuition by briefly inspecting the Tamm
states. The tight-binding description of a crystalline solid treats it as A more detailed

description of
tight-binding and
Hückel theory in the
context of finite
molecules will be
given in Sec. 1.5.

a molecule of infinite size. When two atomic orbitals (AO’s) approach
each other such that the physical extent of the wave functions overlap,
they will form a linear combination, or hybridise, and make a bonding
and anti-bonding molecular orbitals (MO’s). The energy difference of
these orbitals is increased by high spatial and energetic overlap. This
concept of hybridisation still holds when a chain of N atoms is made.
Hybridising in N orbitals with energies that are so close to each other
(∆E � kT ), they will form a band where electrons can move freely
between the levels (Fig. 3). The different atomic orbitals 1s, 2s, 2p, etc.
will each form a separate bands, between which a band gap can occur
when two bands do not overlap (Fig. 5b).

The bands formed by the HOMO and LUMO are called the valence
band and the conduction band respectively. If the Fermi level lies within
a half-filled band, the solid would be described as a metal. If it lies
in the band gap and the band gap is � kT , it would be described
as an insulator. If the distance between the bands is of the order of
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kT , it is a semiconductor, which only starts to conduct when enough
electrons are exited to the valence band.

1.2.2 Tamm states

Unlike the infinite solid described above, a real solid has edges. The
Cu atoms situated at the edges of a solid have less overlap with their
neighbouring atoms, since some of them are missing and replaced by
vacuum, leaving the surface 4pz orbitals unbound [16]. This causes
the hybridisation of those dangling orbitals to be less than it would
have been in the bulk, resulting in a smaller energy splitting for the
surface atoms, which is dependent on the magnitude perturbation in-
duced by the presence of the surface [7]. This breaks the translational
symmetry and introduces an additional band that is attributed to the
hybridising dangling surface orbitals, which is heavily confined to
the surface. This is called a surface state, or in the context of the tight-
binding model, a Tamm state.

1.2.3 Nearly-Free electron model

When trying to approach the electronic structure of Cu in a FCC lat-
tice, one could also start with the solutions ψk(x) of the Schrödinger
equation (Eq. 4) for a free electron gas for different wave vectors
k = kx = 2π

xAll wave functions
will be displayed in
their unnormalised

form. To normalise
means to define the

probability of
finding an electron
ψ2 somewhere in

space as to be
exactly 1∫

|ψ(r)|2dr = 1

ψk(x) = eikx Ek =
 h2k2

2me
(5)

with me being the electron rest mass,  h the reduced Planck constant
and Ek representing the eigenvalues of the Schrödinger equation cor-
responding to eigenvectors ψk. We only considered the linear mo-
mentum in the positive x direction, thus neglecting e−ikx, and con-
strained k to be real-valued to give only bulk solutions. This 1D ex-

An imaginary k
would lead to a

exponentially
increasing,

non-normalisable,
wave function
ψ(x) = e±Cx

ample is readily expanded to 3 dimensions. The solutions ψk of Eq. 5

are only valid solutions for a box with a uniform potential V(x) = 0,
and do not contain any information about the crystal lattice. In a real
solid, though one without a surface, V(r) modulates periodically with
the lattice constant a to describe the attractive iteration of the nuclei
V(x+a) = V(x) (Fig. 4). The free-particle solutions ψk(x) = eikx then
no longer hold, and we should consider the solutions according to the
Bloch theorem

ψk(x) = uk(x) · eikx uk(x+ a) = uk(x) (6)

where we introduced the periodic Bloch functions uk(x).
We shall, however, simplify this 1D model further by approximat-

ing the potential energy of the electron by a square wave of periodic-
ity a, with V(x) = 0 near the nuclei, and V(x) > 0 in the interstitial
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Figure 4: 1D electron potential V(x) that in the crystal x < 0 is a Bloch
function (black), or Kronig-Penny step function (blue) periodic in
a with width b, and has a constant value in the vacuum region
x > 0. Figure adapted from [7, 13].

region, illustrated in Fig. 4. This is called the Kronig-Penney model. In
this model, uk(x) can be expanded to a set of differential equations
and solved with some rigorous maths, where the continuity of uk(x)
at the region boundaries is ensued [13]. There will only be solutions
to ψk(x) = uk(x)eikx when

γ
sinαa
αa

+ cosαa = coska with α =

√
2meE

 h2
γ =

meVba

α h2
(7)

where α is a constant α ∝
√
E, and γ is a measure for the height and

width of the barrier γ ∝ Vb.
Since the right-hand side of the equation only exists for cos ka ∈

[−1, 1], the left-hand side should have a non-zero ψk(x) in this region. The notation
x ∈ [−1, 1] can be
read as "x has a
value between (and
including) −1 and
1".

When we plot the left-hand side of this equation against αa in Fig. 5a,
it is visible that the regions in which the left-hand side can and can’t
exist alternate. The regions in which ψ(x) can exist get increasingly
wider at higher energies because αa ∝

√
E. The region where ψ(x)

exists are called bands, and each region is also known as a Brillouin
zone.

Another way to visualise this solution is by plotting the energy
against the potential well size γ, as is done in Fig. 5b. Here, the bands
get broader and approach the continuous free-electron model when
γ → 0. It should be appreciated that whenever there is a potential
V 6= 0 in the Schrödinger equation, band splitting between the regions
occurs. Inversely, γ → ∞ corresponds to barriers of infinite height,
and the solution matches a series of identical particles in a box of size
L, depicted in Fig. 6, that do not have any interaction with each other

Cf. energy
expression Eq. 5
using k = nπ

L .
ψk(x) = sinkx E =

 h2n2

8meL2
(8)

with k = nπ
L given by the boundary conditions detailing that ψ = 0

at the edges of the box x = 0 and x = L.
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Figure 5: (a) Plot of the solution of the Kronig-Penny equation Eq. 7. The
permitted solutions are those in which the curve lies between −1

and 1, and are indicated by the solid bars at 0. (b) Plot of the en-
ergy against the potential well size. The blue bars represent bands
that arise due to coupling (or hybridisation in tight-binding lan-
guage) of the individual levels (or AO’s). In the absence of barriers
γ = 0 the levels are continuous and represent a free electron, the
opposite limit γ → ∞ describes a number of non-interacting par-
ticles in boxes with an infinite barrier height. Figures reproduced
from [13].

For a defined system with a certain lattice constant a and barrier
size γ, it is possible to solve Eq. 7 numerically for α as a function of
k and plot the dispersion of the energy E against k, as is shown in
Fig. 7a. The gaps where ψ(x) does not exist can be calculated to be at

k =
nπ

a
n ∈ ±1,±2, · · · (9)

Compared to the parabolic dispersion of Eq. 5, there are now gaps
opening up between the Brillouin zones. It should be noted that the
value of coska in Eq. 7 is cyclic for k2πn/a with n ∈ ±1,±2, · · ·, so
this plot can also be condensed into a reduced wave vector represen-
tation within the domain k ∈ [−πa , πa ], depicted in Fig. 7b.

The number of states in each band is equal to the number of atoms
N. This can be appreciated by comparing this with the case of the
individual particle limit. If γ → ∞, the atoms are identical and there
would be a flat dispersion in k. The dispersion plot then resembles
the energy diagram of a particle-in-a-box, Fig. 6a, where there are
N-fold degenerate states in each Brillouin zone that, when including
spin, can be occupied by 2N electrons. If we then want to know the
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(a) (b)
(c)

(d)

Figure 6: (a) Plot of wavefunctions and corresponding energies for a particle
in a 1D box in the z-direction with a infinite potential at V(z =

0) = V(z = d). (b) The shaded bars indicate the energy range
available per bound state. Increasing energy inside the shaded area
corresponds to increasing motion in the xy plane. (c) A row of
square wells separated by infinite barriers, showing the ground
state wave functions. (d) The same row assembled in a "crystal"
without barriers, showing the five lowest energy wave functions.
Figure reproduced from [14].

DOS, we only have to sum the dispersion plot horizontally, counting
all the states E(k) that exist for a certain energy

D(ε) =
1

2π

∫
δ(ε− E(k))dk (10)

where the normalisation factor 2π is included and the Dirac delta
function ensures only states with E(k) = ε are counted.

1.2.4 1D Shockley states

Thus far we only looked at bulk solutions to the Bloch equation which
had to be periodic with the crystal lattice. We will now discuss the
implications of a non-infinite crystal; one with a surface. Let us pre-
sume a 1D crystal in the z-direction, with a 0D "surface" (a point) at The "surface" of a

1D material is
merely a 0D point,
just as the "surface"
of a paper thin 2D
material is a 1D line,
and the surface of a
3D cube is a 2D
plane.

z = 0, with the solutions for ψbulk we used in Eq. 5 for the bulk

ψbulk(z) = uk(z) · eikz (11)

At the crystal surface, the wave function cannot abruptly stop, but has
to be joined with an appropriate ψvac, as is demonstrated in Fig. 8a.
This function will not have the Bloch form, since it just penetrates the
vacuum that has a constant potential V0.

ψvac(z) = e−kz (12)

On its own, this function is not normalisable, but when joined with
ψbulk(z) at the crystal surface, the complete function is normalisable
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Figure 7: (a) Plot of the dispersion relation for an free electron Eq. 5 (black)
and the Kronig-Penny model (blue). The dashed lines indicate
the Brillouin zones. (b) Reduced wave vector representation of (a)
where all bands are compressed in the domain k = [−πa , πa ]. Figure
adapted from [13].

and a proper solution of the Schrödinger equation. To join both func-The Bloch equations
(Eq. 11) are

normalisable in
infinite crystals by
integrating over a

unit cell.

tions, ψbulk(z) and ψvac(z) should be continuous and continuously
differentiable at the surface z = 0

ψbulk(0) = ψvac(0) (13)
∂ψbulk(z)

∂z

∣∣∣
z=0

=
∂ψvac(z)

∂z

∣∣∣
z=0

(14)

These equations are solvable for all real values of k, so everything
that has been derived thusfar for the infinite crystal still holds.

However, we can now also introduce new solutions for imaginary
k values k = k ′ + iκ, where k ′ = Re(k) and κ = Im(k)

ψbulk(z) = uk(z) · ei(k
′+iκ)z =

(
uk(z) · eik

′z
)
e−κz (15)

A non-zero value for κ gives an exponentially increasing wave func-
tion, which grows without bounds if it does not encounter a surface.
Wave functions with imaginary k values are thus non-valid solutions
for infinite crystals since they cannot be normalised. However, as we
have seen before, when a wave function encounters a surface, it is met
with the exponentially decreasing ψvac from Eq. 12. This means that
for finite crystals, imaginary values for k are permitted, as is shown
in Fig. 8b. Since this solution has an exponential decreasing tail on
both the bulk and vacuum side of the surface, it is localised within
several Å near the surface [7]. These states are therefore called surface
states or, taking into account we found those states in the context of
the nearly-free electron model: Shockley states.
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(a)

(b)

(c)

Figure 8: (a) Real part of an 1D bulk Bloch wave function, matched to a ex-
ponential decaying tail at the crystal surface z = 0. (b) Real part of
a 1D surface state wave function. Notice the oscillatory behaviour
decays in the bulk z < 0, and is again matched by an exponential
decaying tail at the surface. (c) Schematic of the band structure of
a 3D crystal, with the vector k‖ collapsed onto a single axis k‖.
The blue areas are the bulk bands from k⊥ = [0, πa ] projected (grey
dashed lines) on k⊥ = π

a . The red dashed line indicates the 1D con-
tour of the surface state, which is only present at k⊥ = π

a . Figure
reproduced from [9, 7].

There is one caveat: if κ 6= 0, real values of E are only found if
k ′ = ±πa . This indicates that surface states can only exist on the Bril- Since E is an

observable, it cannot
have an imaginary
component. The way
to mathematically
account for this in
the Schrödinger
equation is by
making Ĥ
Hermitian.

louin zone boundaries. Further restrictions come from the continuity
conditions (Eq. 13, 14), that only yield one single electronic surface
state per bulk band [17].

1.2.5 2D surface states

This 1D Shockley surface state model is readily expanded into 3 di-
mensions. We will now consider a 3D solid that is infinite in x and
y, but not in z, yielding a 2D infinite surface. The z-direction has the
same physics as the 1D case. The real part of the 1D wave vector k in
the direction of the surface will now be called k ′z, more commonly de-
noted as the wave vector perpendicular to the surface k⊥. The other
two, (kx,ky) behave like bulk wave vectors, so they are not allowed
to be imaginary, and are grouped together in the vector parallel to
the surface k‖. All k-values are allowed to vary in k ∈ [−πa , πa ], and
gaps between the Brillouin zones are now 3D gaps in E, defined by Remember we are

not describing a 3D
shape in Cartesian
coordinates (x,y, z),
but rather a 3D
shape in reciprocal
space (or k-space)
with the coordinates
(k ′x,k ′y,k ′z).

k⊥ and k‖, instead of a 1D gap in E, defined by k ′. Surface states,
however, still only occur at k⊥ = ±πa , as shown in Fig. 8c, and have
a 2D contour in reciprocal-space described by k‖, which may or may
not lie in the bulk band gaps.

The surface state described thus far in real-space is an infinite slab
in (x,y) with a finite thickness d of a few Å in z. We can now model
the surface state wave function ψss with a travelling wave in the xy-
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plane (Cf. free electron Eq. 5), and as a standing wave (Cf. particle-in-
a-box Eq. 8) for z with

ψss(x,y, z) = eikxxeikyysin(k⊥z) (16)

where k‖ has been split in its components kx and ky. If we model
the box with V →∞ walls, we impose the boundary condition ψ = 0

at the borders z = 0 and z = d. To satisfy this condition the wave
vector is restrained to k⊥ = nπ

d with n = 1, 2, . . . , giving rise to the
following energy expression

Ess(k‖,k⊥) =
 h2

2m∗e
(k2x + k

2
y + k

2
⊥) =

 h2|k‖|2

2m∗e
+
n2h2

8med2
(17)

where the electron effective mass m∗e is included instead of the rest
mass me to help account for discrepancies in the electron dynamics
of the model [14]. The final term, corresponding to the energy levels
due to the spatial confinement in z, has an energy difference between
the ground state n = 1 and n = 2 of 3 h2

8med2
, which exceeds kT at room

temperature for m∗e = me and a thickness d up to approximately 60
Å [14]. This means that the electrons are all confined in the same
state k⊥ = π

d in the z-direction and the second term of Eq. 17 can be
replaced by a constant

Ess(k‖) = E0 +
 h2|k‖|2

2m∗e
(18)

This makes a surface state truly 2D, so it can be described as a two-
dimensional electron gas (2DEG).

1.2.6 Properties of the Cu(111) surface state

The Cu(111) surface state has a few properties that makes it a spe-
cial one. It has a onset energy E0 ≈ −0.45 eV relative to the Fermi
level EF = 0 eV and m∗e ≈ 0.40me determined by photo-emission ex-
periments [19]. Because E0 is only barely below EF, the band is only
partially filled which makes deviations from the theoretical quadratic
dispersion relation Eq. 18 small. Only above E ≈ 0.3 eV the disper-
sion starts to deviate from its parabolic behaviour [20]. The usable
window for scattering experiments is thus between 0.45 6 E 6 0.3 eV.
Compared to the bulk bands, this scarcely filled band also gives rise
to a large wavelength for the surface state Fermi electrons λF = 2π

kF
=

28.9 Å. This is an order of magnitude larger than the Cu interatomicAs can be shown for
solving Eq. 18 for

kF
distance of 2.55 Å [21], and implies that surface state patterns will
be easily distinguishable from those originating from the underlying
lattice and it can be marked as isotropic [22].
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Figure 9: Spatial dependence of dI/dV belonging to Friedel waves emerg-
ing from a step edge located at zero distance. Figure reproduced
from [18].

1.2.7 Scattering the surface state

The surface state 2DEG gives the ideal canvas for making artificial
atoms and molecules. The 2DEG is able to be manipulated by scatter-
ers on the surface, which can be observed as waves inD(ε), much like
the waves emanating from a pebble thrown in a still pond of water.
The oscillatory waves as a result of scattering on impurities and step
edges in crystals are known as Friedel oscillations [23], and we have
seen them already in Fig. 1. The wavelength λ = 2π

k of the Friedel
oscillations of the surface state is dependent on the energy the elec-
trons have above the surface state onset according to Eq. 18, shown
in Fig. 9.

Scatterers locally modulate the surface potential Vs(x,y) with a
positive (eg. for CO) or negative (eg. for Fe) amount, repelling and at- Indeed, even the tip

itself is a scatterer,
though its
perturbation on the
surface state is
negligible for small
bias voltages [22].

tracting electron density respectively [24]. Due to the long coherence
length of the Cu(111) surface electrons of 600 Å at EF for T = 77.3
K [20], the surface state oscillations impinging on different scatterers
can interfere with each other. This scattering is inelastic and thus not
perfect, owing to scatterer mediated coupling of the surface state to
bulk states, which causes part of the Friedel wave energy to disap-
pear [25]. Care should thus be taken to keep the concentration scatter-
ers on the surface as low as possible, or the surface state oscillations
get less pronounced.
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Potential ∆E (meV)
0 40 80 120 160

Figure 10: Experimental potential energy landscape for moving a CO atom
across the Cu(111) surface. It is visible that the energy minimum
(∆E = 0 meV) for CO absorption lies directly above a Cu atom.
Figure adapted from [24].

If we are able to place those scatters on the surface at will, it is
possible to make artificial barriers that confine the electron density
within to make artificial atoms. The effects of this can, again, be de-
scribed with the nearly-free electron model [26]. The scatterer poten-
tial confines electrons into a shape described by the scatterers, analo-
gously to the particle-in-a-box model. For the repulsive scatterer CO
on Cu(111), this means that the artificial atom is not created by any
attractive force on the electrons, but rather the repulsive potential im-As would be the case

for protons in a
regular atom.

posed by the CO scatterers on the surface state, confining the elec-
trons within.

1.2.8 CO on Cu(111)

The system used for our artificial molecules is a Cu(111) surface with
CO molecules chemisorbed as scatterers. CO is a two atomic molecule
with its MO shown in Fig. 11, and has a net dipole moment close to
zero [27]. CO binds with its carbon atom directly above a Cu in the lat-
tice with an experimental chemisorption energy of −0.52 eV [28]. The
diffusion barrier for CO hopping between the different lattice sites is
about 70 meV [24], as spatially graphed in Fig. 10, which means the
CO atoms are immobile for temperatures below 40 K [29]. Since the
CO molecules bind directly on top of the Cu atoms, the lattices made
from CO on Cu(111) are dependent on the hexagonal symmetry of
underlying Cu(111) surface.

The bonding of CO to metal surfaces, as described by experiments
and DFT calculations [31], has a mechanism very similar to the theory
describing carbonyl complexes [27]. The 5σ HOMO and 2π LUMO of
CO both bind with the Cu 3d and 4pz orbitals through a scheme of
bonding and backbonding, shown in Fig. 12. The filled CO 5σ can
donate electron density through σ-overlap into an unoccupied Cu 3d
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Figure 11: MO diagram of CO, where the real part of the CO wave function
has been plotted for the frontier orbitals. Notice the majority of
the electron density is located on the oxygen atom for the binding
orbitals 4σ and 1π, but on the carbon atom for the anti-binding
orbitals 5σ and 2π. Figure reproduced from [30].

Figure 12: The three types of interactions a CO molecule can have with a
metal (M), showing the bonding and backbonding mechanisms.
Figure reproduced from [30].
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(a)

(b)

(c)Lateral manipulation

Vertical manipulation

Figure 13: (a) Lateral manipulation whereby the tip is first lowered onto to
the adsorbate by increasing the tunnelling set point current, after
which the tip is moved across the substrate. (b) Vertical manipu-
lation whereby the tip picks up and drops the adsorbate on the
substrate using voltage pulses of opposite polarity. (c) Construc-
tion of the quantum corral depicted in Fig. 1 by manipulating Fe
adatoms on a Cu(111) surface using te lateral manipulation mode.
Figures reproduced from [26, 1].

or 4pz, traditionally called bonding, and the empty CO 2π can accept
electron density through π-overlap from an occupied Cu 3d, called
backbonding.

In the case of CO on Cu(111), the bonding of CO 5σ into the Cu
4pz surface state dominates all other interactions [16]. A consequenceRemember this

surface state is also
highly localised on
the surface and is

only partially filled

thereof is that the adsorbing CO lowers the LDOS, and appears on
STM images as a depression of approximately 0.5Å [32], even though
an adsorbed CO molecule protrudes 1 Å from the Cu(111) surface
[33]. CO binds via C to Cu because both frontier orbitals have the
highest wave function amplitude on carbon, hence allowing for greater
overlap with the Cu orbitals.

CO can be manipulated over the Cu(111) surface with aid of the
STM tip [34]. It can either be picked up by the tip and transferred to
its new location, or be moved laterally across the surface, see Fig. 13,
the latter being the method used to build the necklace-diamond chain.
First, the position of the CO molecule has to be identified by STM
imaging. Then the tip is positioned above the molecule and lowered
a few Å, resulting in increased interaction of the tip with CO. WhenRemember that the

tip height above the
surface during

imaging is 5 Å to
10 Å.

the tip is now moved in constant current mode, this interaction is
enough to overcome the diffusion barrier and move the CO on top of
another Cu atom on the surface. The tip can then be lifted to normal
imaging height.
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1.3 measuring the surface state

We can expand our repertoire of STM techniques beyond STM imag-
ing and atom manipulation with differential conductance (or dI/dV)
spectroscopy. This form of Scanning Tunnelling Spectroscopy (STS) can
be used to directly probe the local density of states D(ε, r) by differ-
entiation of Eq. 3 Where we neglected

−D(0, r) since that
is merely a constantdI(t)

dV
∝ D(eV , rt) (19)

This can be done at either a fixed location r and a variable bias voltage
Vb to give an dI/dV spectrum, such as is depicted in Fig. 14, or at a
fixed Vb and variable r to make a spatially resolved dI/dV map. The
advantage of a dI/dV map at a given Vb to a normal STM image
at Vb is where the STM image integrates D(ε, r) from EF = 0 to Vb
(Eq. 3), an dI/dV map is able to image solely the states that lie in a
small window ±12Vmod around Vb

I(t) ∝
∫eVb+ 1

2eVref

eVb−
1
2eVref

D(ε, rt)dε (20)

The workings of this technique are based on modulation of the bias
voltage. When the DC signal V0 is modulated with an AC reference
signal Vref with angular frequency ωref and phase θref we get

Vb = V0 + Vref sin(ωreft+ θref) (21)

This bias modulation results in modulation Isig of the outcoming
signal I(Vb), which is proportional to dI/dV . This process is also
schematically visualised in Fig. 2c. Isig can be calculated by taking
in the first order Taylor expansion of I(V) around V0 and filling in Vb
with Eq. 21

I(Vb) ≈ I(V0) +
dI

dVb

∣∣∣
Vb=V0

Vref sin(ωsigt+ θsig) (22)

I(Vb) ≈ I(V0) + Isig sin(ωsigt+ θsig) (23)

where the modulating part of the signal is renamed Isig [7]. The labels
have been changed to ωsig and θsig for completeness, but ωref =

ωsig for all dI/dV measurements, and a phase offset θref 6= θsig
only occurs when capacitive effects induce delay. The resulting Isig ∝
dI
dV ∝ D(eV , rt) gives direct access to the LDOS.

1.3.1 The Lock-in Amplifier

The value of Isig in the order of several nA, which is not measurable
unless a lock-in amplifier is used. This device increases the signal to
noise ratio by picking up only the signal with frequency ωsig that
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Isig oscillates at. This subsection is based on [35]. The lock-in ampli-
fier modulates Vb with a reference frequency ωref using an internal
frequency generator (Eq. 21). It then captures the returning tunnel
current signal Isig, turns it into a voltage based signal for signal pro-
cessing Vsig ∝ Isig, and multiplies that with the original signal in a
scheme called phase-sensitive detection (PSD)

VPSD =VrefVsig sin(ωreft+ θref) sin(ωsigt+ θsig)

=
1

2
VrefVsig cos([ωsig −ωref]t+ θsig − θref)

−
1

2
VrefVsig cos([ωsig +ωref]t+ θsig + θref)

(24)

where the product is expanded using the sine product formula. The
PSD output VPSD is composed of two AC signals, one at the differ-
ence frequencyωsig−ωref, which is 0, and one at the sum frequency
ωsig +ωref. All frequencies ωsig ±ωref that are not 0 (thus all AC
signals) can be filtered out with an low-pass filter, resulting in a DC
signal directly proportional to the signal amplitude Isig

VPSD =
1

2
VsigVref cos(θsig − θref) (25)

All signals that oscillate at a different frequency than ωref are not
a result of the modulating Vref. These signals are noise, induced by
other factors than the lock-in signal generator, and are now filteredFor STM

measurements, we
are free to choose

ωref. Prime
numbered

frequencies as
273 · 2π rad/s and
769 · 2π rad/s are

commonly used,
since they have less

chance of being
(overtones of)

electrical or
mechanical noise.

out.
The intensity of the signal still varies with the phase shift θsig −

θref. It is possible to optimise θref such that cos(θsig− θref) = 1, but
it is also possible to add a second PSD with a 90° offset to give two
signals

X = Vsig cos(θsig + θref) Y = Vsig sin(θsig + θref) (26)

or alternatively R and θ in polar coordinates. This also gives the op-
portunity to tune the system further by first hoovering the tip about
100 nm above the substrate and optimising θref for the highest possi-
ble signal on the off-axis component Y. This signal, however, is merely
the noise present at ωref, since no tunnel contact has been made yet.
If then bringing the tip into contact, the dI/dV signal can be read
out in the in-phase component X, since all unwanted noise has been
shifted to the Y-channel.

The dI/dV spectrum of the Cu(111) surface only shows the in-
tegrated DOS coming from the surface state, which, owing to its
parabolic dispersion, manifests as a steep onset, followed by a de-
cline, as plotted in Fig. 2d. This is the Cu(111) background spectrum
and it also includes any non-local effects from the tip DOS that were
neglected in Eq. 3. To observe only the changes to the surface state
due to the scatterers, a specially averaged background is used to nor-
malise all spectra [2].
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Figure 14: (a) The Fermi levels of the tip and sample DOS line up at zero
bias. The DOS of the tip is ideal in the sense that it is constant
throughout the energy spectrum. (b) The Fermi level of the tip is
increased by eV by applying a bias voltage V . The magnitude of
the tunnel current (thickness of the yellow arrow) depends on the
density of states of the sample. (c) Traces of the changes in tunnel
current I and differential conductance dI/dV after increasing the
bias in (b). Figure reproduced from [36].

1.3.2 The Muffin-tin model

Since the surface state of Cu(111) can be described very well by a
parabolic dispersion within the nearly-free electron model (Eq. 18),
we only have to find an expression for the potential of the scatterers
to model this system. We can lean on the Kronig-Penney model and
model the CO scatterers as disks with radius R and a constant po-
tential VCO inside, adapting the Hamiltonian from Eq. 4 in what is
called the muffin-tin model Appropriately

named, since if
VCO(x,y) is plotted
in 3D, the shape
resembles an
muffin-tin turned
upside down; the
wells resembling the
circular symmetric
positive potential
surrounding each
CO molecule.

−
 h2

2m∗e

∂2ψ

∂r2
+ VCO(r)ψ = Eψ (27)

The muffin-tin model was first introduced for a 2DEG by Park and
Louie in 2009 [37], even though it had been used in the early days
of DFT by Slater in 1937 [38]. The values of R and VCO are fitted to
experimental data and are set to R = 0.3 nm, which is the apparent
radius of CO molecules in STM topographs, and VCO(r 6 R) = 0.9
eV relative to the onset of the surface state [9].

This system can be solved numerically for a periodic box contain-
ing multiple CO molecules where the wave functions, the band struc-
ture (and therefore also the LDOS) can be calculated [15]. This model
gives excellent agreement with experimental dI/dV spectra in the en-
ergy range −0.45 eV to 0.3 eV. Below this range, there is no surface
state, whereas above this range, the experimental dispersion deviates
too much due to coupling to the bulk. Moreover, the relative potential
barrier VCO poses will be smaller and the surface state will be less
confined, leading to an error in the predictions.
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Figure 15: (a) dI/dV spectra of a square artificial atom built from CO on
Cu(111), acquired for the locations depicted in the inset figure.
The peaks are labelled according to their quantum numbers. (b)
Experimental differential conductance maps (top) acquired at
bias voltages corresponding to the peaks of (a), and simulated
maps where wave function probability |ψ(x,y)|2 (middle) and the
real part of the wave function Re [ψ(x,y)] (bottom) are plotted for
the corresponding quantum numbers. Yellow colours depict high
intensity in the top and middle panes, and the colours in the bot-
tom panes correspond with the sign of the wave function. Notice
that for Re [ψ(x,y)], 0 nodal lines crossing the origin corresponds
with a s-like orbital, 1 nodal line crossing the origin with a p-like,
and 2 with a d-like orbital. Figure adapted from [39].

1.4 artificial atoms

Now we know how to describe the surface state DOS, how to measure
it, and even how to manipulate it with scatterers, we can look at how
we can put that to use to make artificial molecules. The first logical
step is to look at artificial atoms as building blocks. As we have seen,
is possible to place scatterers such that they enclose a shape in which
standing waves occur. We can implement a few concepts analogous
to real atoms to the artificial atoms.

1.4.1 Rectangular atoms

Let us now study rectangular artificial atoms consisting of almost
square boxes formed from several tens of CO molecules. The energy
of the standing waves is inversely dependent on the size of the box
that is made by the scatterers. The wave function becomes increas-
ingly confined when the box gets smaller, therefore the energy in-
creases. This is evident from the particle-in-a-box model Eq. 8, which
can be applied independently for each direction

E = εx + εy =
 h2π2

2m∗e

(
n2x
L2x

+
n2y

L2y

)
(28)
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where the restriction |k|2 =
(
nxπ
Lx

)2
+
(
nyπ
Ly

)2
is put on by the bound-

ary conditions ψ(0, 0) = ψ(Lx, 0) = ψ(0,Ly) = ψ(Lx,Ly) = 0. These
energy values are visible as peaks in de dI/dV spectrum, shown in
Fig. 15a. Since the surface state is only an ideal canvas in the range
−0.45 eV 6 EF 6 0.3 eV, care should be taken to adjust the size of the
atoms so that the desired feature falls in the detectable range.

The spatial extent of |ψ(x,y)|2 can be made visible with dI/dV

mapping, as is done in Fig. 15b. As the quantum numbers nx,ny Beware that
|ψ(x,y)|2 is not the
usual way a chemist
visualises orbitals.
Normally for AO’s,
Re [ψ(x,y)] is
plotted instead (Cf.
Fig. 11 with
Fig. 15).

increase, an increased number of nodal planes exist in the wave func-
tion. Analogous to real atoms, the principal quantum number n is
defined by the number of peaks in the direction from the centre to
the edge. The angular momentum quantum number l, usually de-
noted as s,p,d, · · · , is not defined for rectangular atoms, but we can
discern s-, p- or d-like character by determining the number of nodal
lines that cross the centre [40].

1.5 artificial molecules

Before we delve into making complicated artificial molecules, it is
useful to set up a theoretical framework to describe how artificial
atoms interact. For this, we will start with molecular orbital theory,
and will make use of the approximations found in the Hückel model. The Hückel model

extended to infinite
solids is the basis for
the tight-binding
model. We have used
the latter already to
describe how real
atoms bind with
each other to form
the Cu(111) surface.

This model was developed for (real) molecules with a conjugated π-
system, where it is possible to discuss the interaction of the s and p
orbitals separately due to the horizontal mirror symmetry (σh). Since
the artificial atoms are inherently 2D, they share this symmetry and
the Hückel theory still applies. With the approximations this theory
imposes on the interactions between (artificial) atoms, it is possible
to find the expectation value of the system energy E. This section is
based on [13].

1.5.1 Molecular orbital theory

Let us take a dimer of two square artificial atoms made with CO on
Cu(111) in Fig. 17 as example. This is a system of two artificial atoms
placed next to each other, with a few CO molecules removed from the
dividing line to form a bond. To build up the wave function of the
system ψ, we use a linear combination of atomic orbitals (LCAO)

ψ =

N∑
i

ciχi (29)

where χi are N normalised atomic orbitals (Eq. 28), and ci the corre-
sponding coefficients detailing how much each AO contributes to ψ.
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For both artificial atoms in our dimer, labelled A and B, we will take
the minimal basis consisting of only one 1s orbital.

ψ = cAχ
1s
A + cBχ

1s
B (30)

We can now find the expectation value of the energy by using theAlternatively, a
basis of pz orbitals

could be chosen. As
we will see later, this
minimal basis gives

a good
approximation of the

particle-in-a-box
wave function of

artificial atoms.

Rayleigh ratio and filling in Eq. 29

E =

∫
ψ∗Ĥψdr∫
ψ∗ψdr

=

∑
i,j
c∗icj

∫
χ∗i Ĥχjdr∑

i,j
c∗icj

∫
χ∗iχjdr

=

∑
i,j
c∗icjHij∑

i,j
c∗ic
∗
jSij

(31)

where the denominator ensures proper normalisation. We also intro-
duce the Dirac formalism for a matrix element of the Hamiltonian
Hij and the overlap matrix element Sij.∫

χ∗i Ĥχjdr = 〈χi|Ĥ|χj〉 = Hij
∫
χ∗iχjdr = 〈χi|χj〉 = Sij (32)

The energy can now be minimised using the variational principle
δE = 0 which leads to a set of N2 secular equations that can be solved
by setting their determinant equal to zero

|H − ES| = 0 (33)

We used the matrices H and S consisting of matrix elements Hij and
Sij to gather all secular equations.

The secular equations (Eq. 33) can now be solved for the dimer in
the minimal basis (Eq. 30)

|H − ES| =

∣∣∣∣∣
(
HAA HBA

HAB HBB

)
− E

(
SAA SBA

SAB SBB

)∣∣∣∣∣ = 0 (34)

If we assume that the wave functions are properly normalised, we can
substitute SAA = SBB = 1 and SAB = SBA = S, where S is the over-
lap integral. The overlap integral is a measure of the overlap density
(χ1sA )(χ1sB ) between two wave functions. HAA resembles the Coulomb
integral, which encompasses the kinetic energy of an 1s electron sta-
tioned on atom A and the interaction energy of (χ1sA )2 with the barri-
ers on both atom A and B. Since the interaction of the electron densityThe role that the

barriers, imposed by
scatterers, have in

artificial atoms is the
same as the nucleus

has in real atoms.

of atom A with the potential barriers of atom B is negligible, HAA is
also known as the on-site energy α of atom A. Since our molecule is
symmetrical, we can state that HAA = HBB = α.

The same argument can be made for the resonance integral HAB =

HBA = −β. This interaction had no classical analogue, and can be
thought of as the overlap density interacting with both barriers. There-
fore, −β is also known as the interaction energy or hopping parameter
(+β) between atoms A and B. We defined β positive, so a greaterIn real molecules, β

is inversely
dependent on the

bond length.
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interaction (more negative HAB) gives a higher β. Filling in these
substitutes in Eq. 34 gives

|H − ES| =

∣∣∣∣∣ α− E −β− ES

−β− ES α− E

∣∣∣∣∣ = 0 (35)

which can be solved for E

E± =
α∓β
1± S

(36)

to give two energy levels. The lowest one, E+ resembling the bond-
ing combination of χ1sA and χ1sB , and E− resembling the anti-bonding
combination. The coefficients cA and cB in Eq. 30 can now be found
by inserting the energy expression (Eq. 36) into the secular equations
(equation not printed) derived from the Rayleigh ratio (Eq. 31).

1.5.2 Hückel model

To expand this model to more than two atoms, we will make three
more, rather drastic, approximations. The first, and most drastic, is to
neglect the effect of the overlap integrals and define S = I, where I is
the identity matrix, or Sii = 1 and Sij = 0, which can also be denoted The identity matrix

I has all 1’s on the
diagonal, and 0’s
everywhere else, so
it effectively does
nothing when it
operates on another
matrix.

with the Kronecker delta notation Sij = δij, which is defined as

δrs =

1 if i = j

0 if i 6= j
(37)

This only shifts the energies in a way that keeps their relative order
intact [13].

The second approximation is that the on-site energy Hii of all
atoms is α. For our dimer this was the case anyway due to symmetry,
but for larger systems there is an approximation in setting all diago-
nal elements of H to α. This approximation is only truly valid if all
the artificial atoms are the same size, since α is inversely proportional
to the enclosed area of the box, see Fig. 16. Cf. Eq. 32 for i = j

with Eq. 28The last approximation is that only the off-diagonal elements of the
Hamiltonian that account for interaction with the direct, or nearest,
neighbours of each artificial atom is accounted for. The other interac-
tion parameters are set to 0. For an linear trimer with 3 atoms A, B
and C, of the same size where A and C are not nearest neighbours,
this would result in

∣∣∣H − ES
∣∣∣ =

∣∣∣∣∣∣∣∣
HAA − ESAA HBA − ESBA HCA − ESCA

HAB − ESAB HBB − ESBB HCB − ESCB

HAC − ESAC HBC − ESBC HCC − ESCC

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣
α+ E −β1 0

−β1 α+ E −β2

0 −β2 α+ E

∣∣∣∣∣∣∣∣ = 0
(38)
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Figure 16: (a) Designs of CO on Cu(111) artificial atoms with increasingly
small sizes. The red dots represent the Cu atoms arranged in a
triangular lattice on the FCC (111) plane of the Cu crystal, the
black circles depict adsorbed CO atoms on top of a Cu site. (b)
Differential conductance spectra taken at the centre of each of
the artificial atoms in (a). As the size of the atoms gets smaller,
the peaks move to an increasingly high on-site energy α due to
a higher confinement energy. The peaks also get broader since
the effective potential barrier height of the CO scatters is lower
at higher energies, and a higher CO density facilitates more cou-
pling to the bulk. Figure reproduced from [39].

where β1 and β2 are labelled uniquely to account for different bond-
ing strengths between atoms AB and BC, and HAC = 0. The Hamil-
tonian matrix can also be described independently as

H = −

 0 β1 0

β1 0 β2

0 β2 0

 (39)

where we have additionally set the energy reference (0-point) equal
to the on-site energy α = 0.

1.5.3 Dialling in the parameters

As discussed earlier, the on-site energy α has an inverse square re-
lationship with the box length L (Eq. 28). Therefore, this parameter
can be easily tuned in artificial atoms. The biggest use case for thisThe real atom

analogue of
changing the box

size is using another
atom with different

electronegativity (eg.
swapping C for N).
Remember that the

role of the nucleus in
real atoms is taken

up by the scatterers
in artificial atoms.

is to centre certain bands in the accessible bias range between −0.45
V and 0.3 V. If we would be interested in 2p states, for instance, they
would only be measurable for larger artificial atoms, since the 1s of
the smaller atoms is already on the edge of the accessible region, as
can be seen in Fig. 16.
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Figure 17: Gradually increasing the nearest neighbour hopping β1 < β2 <
β3 between two artificial CO on Cu(111) atoms by decreasing the
barrier between the two atoms from (a) to (d) through remov-
ing CO scatterers. Bottom images show the LDOS of the ground
state s-like wave function forming bonding and anti-bonding lin-
ear combinations. The anti-bonding orbitals have a clear vertical
nodal line. Notice that the energy difference between the bonding
and anti-bonding orbitals increases for a higher hopping param-
eters. The classical analogue of this process would be to shorten
the bond length between two (real) atoms from infinity to the
equilibrium length. Figure adapted from [39].

The hopping parameter β can also be tuned. This can be achieved
by physically moving the artificial atoms further away from each
other on the Cu(111) surface. This lowers the coupling strength β,
which results in a smaller energy difference between the bonding
and anti-bonding states (Eq. 36). Another way is to impose extra CO
barriers between the two atoms, as presented in Fig. 17, which also
lowers the coupling strength. This is arguably more useful, since it
now is possible to place the atoms in a lattice with the same lattice
parameters throughout, but with independently tunable hopping pa-
rameters.

1.5.4 Density Functional Theory

Several techniques of describing the properties of artificial molecules
have already been covered. We used the tight-binding theory to de-
scribe the behaviour of abstract atoms in a minimal basis set with
nearest neighbour coupling only (Sec. 1.5.2). We also laid out how
STM and muffin-tin calculations thereof conform to the tight-binding
calculations when a suitable artificial lattice is built (Sec. 1.3). Density
functional theory can be thought of as a middle ground of both. It can
theoretically calculate the properties of real molecules using a large
basis set and coupling between all atoms.
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Modern density functional theory (DFT) was established in 1964 by
Hohenberg and Kohn who proved that the ground state energy of
a system is uniquely determined by the electron density [41], which
had the advantage no molecular orbitals were needed for the calcu-
lation. The accuracy of this scheme was, however, significantly im-
proved by calculating the kinetic energy of the system by using the
(Kohn-Sham) orbitals of the non-interacting system [41]. This left only
a small part of the energy functional to be approximated by the
exchange-correlation (XC) functional.

To calculate the energy of a molecule using DFT, a number of
steps are followed. First one has to enter the molecular geometry, and
choose an appropriate XC-functional and basis-set. The basis-set deter-
mines how accurately the orbitals of each atom can be approximated.
Next, the coefficients of each basis-set function have to be optimised
to accurately describe the system. Because calculating each of those
coefficients involves integrating over all the orbitals in the system
(which are themselves dependent on all other wave functions), the
energy has to be approached in a cyclic self-consistent field calculation.
A thorough introduction on DFT can be found in [13, 42, 43].

To translate the design for an artificial molecule into one suitable
for DFT calculations, we need to find a way to translate the fea-
tures found in the tight-binding model to real molecules. The on-
site energy α can be tuned for real atoms by choosing different el-
ements from the periodic table with different electronegativity. The
interaction energy −β can be tuned by (artificially) altering the bond
lengths d between atoms. Unlike to real molecules, we can have non-
equilibrium ground states in DFT if we choose to not optimise the
molecular geometry. Lastly, we need to make sure the design has a
conjugated π-system that is delocalised over the whole molecule. This
reflects the particle-in-a-box wave function ψ, as is also modelled by
the minimal basis in the tight-binding model. We will use the DFT or-
bital energies and isosurface plots to give further justification to the
properties of artificial molecules.

1.6 the ssh chain

Artificial molecules are not merely useful for understanding basicThe term artificial
molecule will be

used in conjunction
with the more

commonly used
artificial lattice,
since the former
more accurately

describes the finite
nature of the built

structures.

quantum mechanical principals. Their properties are of interest for
research into the next generation of computers. For quantum comput-
ing there is need for a fault-proof way of coherently storing localised
quantum states, and to do calculations without the interference of
outside noise [44, 45]. Investigations into theoretical and experimental
properties are still an ongoing matter [46, 47], but interesting localised
zero-modes have been found in fractional quantum hall states [48],
and nanowires [49] such as the Kitaev chain [50].



1.6 the ssh chain 27

H
C

C
C

C

H H

HH

H

n

(a)

(c) β

AN = 6
n = 3

B C D E F
u g u g u g1 1 2 2 3 3

A B C D E F

A B C D E F

(b) β1 β2
β1  > β2

β1  = β2

β1  < β2

(d)

+ -

ui

gi

β1 β2

Figure 18: (a) Structure of trans-polyacetylene in the trivial resonance struc-
ture. The unit cell consisting of two carbon atoms is indicated.
(b) Predominant resonance structure of 1,3,5-hexatriene (N =

2n = 6) belonging to the trivial regime β1 > β2. Two labelling
conventions are demonstrated with either the individual atoms
(A,B,C, · · · ) or the unit cells (u1,g1,u2, · · · ) as basis. (c) Alternate
resonance structure where all bonds are identical β1 = β2. This
molecule has a completely delocalised π-system. (d) Alternate res-
onance structure belonging to the topological regime β1 < β2.
The ends can be depicted as oppositely charged, but can also
be conceptualised as having one unpaired electron each. Figure
adapted from [36].

1.6.1 Overview of the SSH model

We dive in the world of localised states with the SSH chain, as first de-
scribed by Su, Schrieffer and Heeger [51]. The SSH chain is a theoreti-
cal, spinless, tight-binding model of the real molecule trans-polyacetylene
[52]. The 2D analogue of trans-polyacetylene that can be built from ar-
tificial atoms [53, 54] is described by the same physics as the 3D SSH
chain. The advantage of making this system out of artificial atoms is
that we can fix the atoms positions (and thereby their interactions)
on any value we wish, in stead of being handed down to nature’s
wish of optimising the molecular geometry to the most energetically
favourable structure. We shall shortly see why this important for zero-
modes to be able to exist. This section is based on [55, 56].

Fig. 18 shows Trans-polyacetylene, a molecule consisting ofN atoms
with n = 2N unit cells. Each unit cell has two carbon atoms Cu, and
Cg. Whilst the atoms itself do not differ (thus having the same on-site
energy α), their interactions do. The predominant resonance struc-
ture of trans-polyacetylene hosts alternating double and single bonds,
starting with a double bond between Cu,1 and Cg,1 with hopping
parameter β1, followed by a single bond between Cg,1 and Cu,2 in
the second unit cell with hopping parameter β2, etc. This also means
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Figure 19: Energy bands (left) and wave function coefficients on each of the
atoms of a SSH chain (N = 10) for the HOMO and LUMO (right).
(a) Trivial case β1 > β2 where a band gap is observed and the
HOMO/LUMO wave functions are localised in the bulk. (b) Topo-
logical case β1 < β2 where two states can be observed in the band
gap with a exponential decaying localisation on the ends of the
chain. Figure adapted from [55].

that the hopping parameters are not equal and β1 > β2 for the equi-
librium form. We can introduce the following Hamiltonian for this
system, which is basically an extension of Eq. 39

H = −



0 β1 0 0 · · ·
β1 0 β2 0 · · ·
0 β2 0 β1 · · ·
0 0 β1 0 · · ·
...

...
...

...
. . .


(40)

1.6.2 Two different regimes

Given α remains constant and the number of carbon atoms is even,
there are two different outcomes of this Hamiltonian [55]. These are
distinguishable by the relative size of β1 and β2, and can be seen as
two resonance forms. The trivial regime β1 > β2 shown in Fig. 19a
is the most predominant resonance form and corresponds to how the
system was introduced above. This yields two bands with a distinct
HOMO-LUMO gap and the orbitals are delocalised over the whole
molecule.

The other regime is the topological one, shown in Fig. 19b, where
β1 < β2. Chemically, this corresponds to a zwitterionic resonance
where the two carbons on the edge of the chain are charged, and
strong bond β2 now lies between B and C. This again yields two
bulk bands, but no band gap, since that is occupied with two extra
non-bonding orbitals corresponding to the edge states.

The existence edge-states is only dependent on the relative size of
β1 and β2, but not on their actual values. This makes the system very
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Figure 20: (a) Energy spectrum of a SSH chain for n = 40 using the pa-
rameter δ = [−1, 1] such that β1 = 1 − δ and β2 = 1 + δ, with
δ = −1 yielding the trivial extreme, and δ = 1 yielding the topo-
logical extreme. Every point on the blue lines represents a MO
present for a certain value of δ. The blue lines show that the
splitting of the molecular orbitals due to hybridisation increases
as δ → 0. (b) Wave function isosurfaces of DFT calculations at
GGA:BP86/TZ2P level of theory for non-equilibrium geometries
of trans-polyacetylene (n = 10). The C-C bond lengths are varied
to qualitatively depict the different regions of the band structure.
Figure adapted from [57].

robust to perturbations. To grasp this intuitively, it is instructive to
look at the extremes of the two regimes for a SSH chain of N = 2n

atoms in the thermodynamic limit N → ∞. For the trivial extreme
β1 � β2, the resulting state is one consisting of n dimers that do not
have any interaction with each other. The MO diagram of this system,
as shown in Fig. 20a for δ = −1, thus is an 2-level system, with n-fold
degenerate states at E = ±β1. Cf. Eq. 36 with

α = S = 0.The topological extreme β1 � β2 also consists of dimers, only now
between the alternative atoms compared with the trivial extreme.
This results in one atom at either end of the chain not being bound to
any other atom at all. The MO diagram, shown in Fig. 20a for δ = 1,
now will be a 3-level system, with n− 1 degenerate bulk-like states
at E = ±β2, and 2 edge states at E = α = 0. One last interesting case
is when β1 = β2. This corresponds to a full metallic system where
all bonds are of equal length. The MO diagram of this state is thus
comparable to that of a 1D metallic solid, shown already in Fig. 3).

If we would now start in the topological extreme, and slowly in-
crease β1, the bulk states start to hybridise with each other and the
MO diagram splits. As we have seen before, hybridisation of orbitals
occurs when orbitals have both good spatial and energetic overlap.
The energetic overlap is high, the bulk states are degenerate, but the
orbital overlap between the bulk states is now increased by increas-
ing the hopping parameter between de dimers β1. This results in the
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forming of a band. The edge states, however, remain at E ≈ 0 un-
til β1 ≈ β2. They do not have a favourable energetic overlap with
the bulk orbitals, and hence are approximately zero in the thermody-
namic limit N→∞ [56].

This can be further illustrated by solving the secular Hückel deter-
minant for a chain of N = 4 atoms from the bulk of the SSH chain

∣∣∣H − EI
∣∣∣ =

∣∣∣∣∣∣∣∣∣∣
−


0 β1 0 β2

β1 0 β2 0

0 β2 0 β1

β2 0 β1 0

+


−E 0 0 0

0 −E 0 0

0 0 −E 0

0 0 0 −E


∣∣∣∣∣∣∣∣∣∣
= 0

(41)

where we made the system bulk-like by replacing the interaction
HDE = −β2 by the equally sized interaction HDA = −β2. In other
words, we enforce periodic boundary conditions by coupling atoms A
and D with HDA = HAD = β2, which is equivalent to connecting the
ends of butadiene to form cyclobutadiene. When we solve Eq. 41 for
E, we get the solutions

E1 = β2+β1 E2 = β2−β1 E3 = −β2+β1 E4 = −β2−β1 (42)

with E1 being the lowest and E4 the highest energy.
Now we can see that at the topological extreme where β1 ≈ 0,

the two bonding orbitals are degenerate E1 = E2, just as the two
anti-bonding orbitals E3 = E4, and the system behaves as two non-
interacting ethene molecules. However, when we start to introduce
coupling β1 between the two dimers, we see that the bonding and
anti-bonding orbitals each split with a factor of ±β. The amount of
splitting increases with increased coupling, until all energy states are
equally divided in the metallic state at β1 = β2. The same trend is
visible starting from the trivial extreme where β2 ≈ 0, and increasing
β2. The difference being that there is no edge state in this regime,
since there are no unpaired atoms at the edge of the chain.
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1.6.3 Localised edge states

Another interesting detail of the SSH lattice can be described with aid
of cyclobutadiene, which is that the lattice is bipartite. Since the order
of the rows and columns in the Hamiltonian matrix H is arbitrary, we
can rewrite the Hamiltonian from Eq. 41 in a block-diagonal form Going from the

second to the third
line, the 2nd and 3rd

columns are
switched, and the
columns are
reordered in the form
(2nd, 4th, 1st, 3rd).

H = −


0 β1 0 β2

β1 0 β2 0

0 β2 0 β1

β2 0 β1 0



= −


0 0 β1 β2

0 0 β2 β1

β1 β2 0 0

β2 β1 0 0

 = −

(
0 Hug

HTug 0

) (43)

Since we can write this Hamiltonian in this block-diagonal form (due
to the absence of the on-site energy), we have proven that this lattice
possesses chiral symmetry. A Hamiltonian is said to possess a certain
symmetry if there exists a unitary operator Û for that symmetry that
satisfies ÛĤÛ† = Ĥ. A system has chiral symmetry if there exists an
operator Γ̂ that satisfies Γ̂ ĤΓ̂† = −Ĥ, which is true for Γ̂ =

(
1 0
0 −1

)
. As This chiral

symmetry is a
mathematical
property that bears
no connection with
the similarly named
concept of chirality
in chemistry.

a result, it is possible to describe all the uneven atoms u = {A,C,E, ...}
and even atoms g = {B,D, F, ...} separately. A wave function localised
on site A, can therefore only delocalise on other atoms belonging to
sub-lattice u, which also holds for the edge states calculated in Fig
20b. As illustrated in Fig. 21, this is equivalent to charge localisation
in a phenyl ring, where a charge can hop to only all even or uneven
atoms. Another consequence of this chiral symmetry can be found
the energy pairing in Eq. 42 where E1 = E4 and E2 = E3.

The edge state wave functions are only strictly localised on the two
outermost atoms for the extreme β1 = 0 [58]. This can be proven by

1 b1 a2 b2 a3 b3

NH2

a1 ba 1 a2 b2 a3 b3

+-
a1 b1 a2 b2 a3 b3

+-
a1 b1 a2 b2 a3 b3

+-
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Figure 21: Top: delocalisation of charges in 1,2,3-hexatriene (N = 3) in the
topological regime. The rightmost resonance form is how the
topological SSH chain is most often drawn, but due to the equiva-
lence of the sublattices, the localised states can also reside on any
of the other depicted sublattices in the 2

nd and 3
rd pane. Bottom:

A comparative structure of aniline, with similar delocalisations.
Figure adapted from [36].
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using the Schrödinger equation with a trial function |ψ〉 = (1, 0, 0, 0, · · · )TThe superscript T
stands for the

transposed matrix,
which is the

operation of flipping
a matrix about its

diagonal
(1, 0)T =

(
1
0

)
.

localised on the first atom only.

Ĥ|ψ〉 = E|ψ〉

α −β1 0 0 · · ·
−β1 α −β2 0 · · ·
0 −β2 α −β1 · · ·
0 0 −β1 α · · ·
...

...
...

...
. . .





1

0

0

0
...


= α



1

−β1/α

0

0
...


(44)

with eigenvalue E = α→ 0. This is only a proper eigenvalue equation
if −β1/α = 0, which is satisfied for β1 = 0. This proves that only for
the topological extreme the edge state is strictly localised on the first
atom.

As soon as β1 6= 0, the small coupling that occurs with the bulk
states causes the edge state wave function to exponentially decay into
the bulk [56], see Fig. 19. Notice that, since the first and last atoms
are on different sub-lattices for an SSH chain, end mode delocalisa-
tion only occurs on the respective sub-lattice. This coupling has been
calculated to be on the order of E ∝ (β1/β2)

−N, and increases for de-
creasing N [56]. This poses a problem for doing actual quantum com-
puting, since one should take care to use chains of sufficient length
to avoid unwanted coupling between qubits [59].

1.6.4 The topological invariant

The underlying reason these two sets of solutions are distinct is be-
cause they belong to different topological classes. Topology is the branch
of mathematics that describes the properties of materials that are pre-
served under continuous deformations. The prime example is that a
coffee mug can be continuously deformed into a donut, which leaves
one of its intrinsic properties in place, namely that both have one
hole. Since it is not possible to adiabatically transform, for instance, aPoking a hole is not

an adiabatic process,
since it is not

possible to slowly
transition from "0"
hole through "0.5"

hole to "1" hole.
There either is a hole,

or there is not.

β1

β1

 > β2

β2

β1

β2

β1  < β2
dy

dx

dy

dx

(a) (b)

Figure 22: Plot of the end points of d(k) for the SSH chain tracing k = [0→
2π] in phase space with basis (dx,dy). (a) Trivial case. The path of
d(k) does not wind around the origin, therefore γ = 0. (b) Topo-
logical case. The origin is encircled, thus γ = 1. Figure adapted
from [60].
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sphere to a donut, the number of holes, or genus, is the property that
is conserved for this transformation.

For the SSH chain, the property that is conserved when varying the
hopping parameters within the trivial and topological regimes is the
winding number γ, where γ = 0 for the trivial phase β1 > β2, and
γ = 1 for the topological one β1 < β2. Because it is not possible to
adiabatically transform γ = 0→ 1 without closing the bulk band gap
at β1 = β2, this material is said to be topologically non-trivial [61].
The calculation of the winding number can only be done for infinite
chains, and is thoroughly described in [60, 56].

It entails taking the bulk 2x2 Hamiltonian of the unit cell where the
translational symmetry is described by the Bloch theorem In similar fashion as

in our discussion of
1D and 2D surface
states, we only need
a k-vector for the
directions a lattice is
infinite in (Cf. Eq. 5
with Eq. 16).

H(k) = −

(
0 β1 +β2eik

β1 +β2e−ik 0

)
(45)

where k is the wave number, and plotting this in the basis spanned
by the three Pauli-matrices

σx =

(
0 1

1 0

)
σy =

(
0 −i

i 0

)
σz =

(
1 0

0 −1

)
(46)

giving

H(k) = dxσx + dyσy + dzσz

= (β1 +β2 cos(k))σx +β2 sin(k)σy
(47)

The plotted path k ∈ [0 → 2π] shown in Fig. 22 is a circle with a
radius of β2 and centre (β1, 0), that only traverses two of the three
dimensions of this phase-space since dz = 0. The winding number
is then defined by the number of times that this circle winds around
the origin (dx = 0,dy = 0). The winding number is undefined for
the edge case where β1 = β2. The existence of edge modes in finite
chains can subsequently be proven to be a function of the winding
number by the bulk-boundary correspondence principle [62].

1.6.5 Robustness to perturbations

Now we can appreciate the robustness of the topological edge states
to changes in the actual values of β1 and β2 without changing the
winding number. We can also address some perturbations that do
destroy the topological phase boundary of the SSH chain. One of
them is altering the on-site energy on one of the sub-lattices u and
g. This can be achieved by altering the size of artificial atoms, or, in
the case of real molecules, changing the atom type. This will inhibit
Eq. 43 to be reduced to a blocked form

H = −

(
0 Hug

HTug A

)
(48)
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Figure 23: Plot of the end points of d(k) for the SSH chain tracing k = [0→
2π] in phase space with basis (dx,dy,dz) for different values of
β1 and β2 (red and blue closed circles). (a) Starting in the topo-
logical phase with β1 = 1 and β2 = 0, the value of β2 is step-
wise increased to 2.3. In this process, the band gap was closed at
β1 = β2 where the circle intersects with the origin, and subse-
quently reopened. The winding number changed from 1 to 0. (b)
We again start at β1 = 1 and increase β2 from 0 to 2.3. However,
this time we include a variable potential A = dzσz between the
two atoms in the sublattice. The chain can now change between
topological and trivial states without closing the band gap, al-
though the chiral symmetry has to be broken. The winding num-
ber changes from 1 to 0, but is undefined while dz 6= 0. Figure
adapted from [56].

since inclusion of A = αu −αg destroys the chiral symmetry, and un-
defines the winding number, which is illustrated in Fig. 23. Now that
there is a contribution dz 6= 0, the Hamiltonian has to be described
with all three Pauli matrices. Then, the whole concept of encircling
the origin loses its meaning, since trapping a point in a circle only
works in 2D, and there cannot be topological states.

Another way to destroy the existence of two different phases is
to break chiral symmetry by disturbing the bipartite nature of the
lattice. A simple example is a SSH chain with an uneven number of
(artificial) atoms, shown in Fig. 24. This lattice has a non-degenerate,
singly occupied molecular orbital (SOMO) for both all values of β1Tracing back to

Fig. 8c, this is also
the origin of why
there can only be

one surface state per
bulk band for metals.

and β2, and which is localised on only one end. When switching from
β1 > β2 to β1 < β2, this localisation will appear on the opposite
end of the chain. However, Fig. 25 illustrates the two solutions are
identical by symmetry, and hence we cannot speak of two different
phases. It is impossible to define a winding number for this system,
owing to the lattice not being able to be described by a repeating unit
cell, which we used in the derivation of the winding number (Eq. 45).
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Figure 24: Energy bands (left) and wave function coefficients on each of the
atoms of an odd SSH chain (2N = 21 atoms) for the SOMO and
SOMO±1 (right) with β1 = 2 and β2 = 1. Both the SOMO+1 and
SOMO-1 depict bulk states, whereas the SOMO is localised on
just one end of the chain. There is no topological regime and no
defined winding number. Reversing the values of β1 and β2 just
localises the zero mode on the left side instead. Figure adapted
from [55].
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Figure 25: Resonance configurations for the allyl cation. (a) Hybrid form
with all bond lengths equal (β1 = β2). (b) Resonance form where
the SOMO is located on the right side. (c) Alternate resonance
form where the SOMO is located on the left side. Figure adapted
from [36].

1.7 the necklace-diamond chain

In this section we address the problem of exponentially decaying
edge states in the SSH model by proposing the necklace-diamond
chain. The necklace-diamond chain is a quasi-1D artificial lattice that Meaning the lattice

has a unit cell that
can only be extended
in one direction.

can host compact localised states, highly localised eigenstates of the
Hamiltonian that do not decay into the bulk of the lattice. Compact
localised states have already been described experimentally for pho-
tonic Lieb lattices, which use photons, instead of electrons, that are
confined in a lattice by optical waveguides [63, 64]. This section is
based on [65].

1.7.1 Opening a band gap

The necklace-diamond chain in its most simplest form is a finite chain
of N atoms build up from unit cells of 4 atoms arranged in a diamond
with hopping parameter β, drawn in Fig. 26a. The unit cells are in-
terconnected with β in a quasi-1D chain and the chain ends with a
single atom, also connected to the bulk with coupling strength β. We
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Figure 26: (a) A segment of the isotropic periodic necklace-diamond chain
with hopping parameter β connecting all four sites. The red sites
indicate where the CLS is situated. (b) Band structure of the
isotropic lattice depicted in (a). Notice the flat band at E = 0,
which is a consequence of the CLS. (c) The anisotropic necklace-
diamond chain with hopping parameter β1 between sites A-C
and B-D, and hopping β2 between sites A −D and B − C. (d)
Band structure of the anisotropic lattice depicted in (a) with
β1 = 2β2. A band gap opens as soon as β1 6= β2.

first describe an infinite chain similar to Eq. 45 with the following
Hamiltonian

H(k) =


α −βe−ik −β −β

−βeik α −β −β

−β −β α 0

−β −β 0 α

 (49)

where sites A and B of adjacent unit cells have been coupled with aid
of the Bloch theorem.

Using a similar approach as was used in Eq. 44, but now used on
the infinite lattice Eq. 49, we can show that there is a compact lo-
calised state on atoms C and D for |ψ〉 = (0, 0, 1,−1)T with E = α = 0.
Compact localised states (CLS) are states that have a solution |ψ〉 that is
localised on the smallest number atoms, and zero on all others [66].
Since this state is independent of k, it gives rise to a dispersionless
flat band in the periodic band structure, shown in Fig. 26b. Since we
can proof the existence of this state for an infinite chain, there are
localised states on every unit cell. However, since these states are in
relative close vicinity of each other, they can hybridise over the length
of the chain. Moreover, one of the bulk bands crosses E = 0, so it is im-
possible to differentiate in the LDOS between E = 0 states attributed
to bulk, and those attributed to the edge modes.
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Figure 27: (a) Finite necklace-diamond chain ending with a bond β3. The
red circles indicate the atoms on which the CLS resides. Notice
the atom numbering is different to the periodic structures pre-
sented in Fig. 26. (b) Energy spectrum of the chain depicted in
(a) with 82 atoms and β3 = β1, where β2/β1 is varied between 0
and 2. The compact localised zero mode (red line) is present for
both β1 > β2 and β1 < β2 but not β1 = β2. Notice that its en-
ergy becomes distinguishable from the energy attributed to bulk
orbitals for a very small β2/β1.

We can introduce a band gap into this system by breaking the sym-
metry of the unit cell and introducing the hopping integrals HAC =

HBD = −β1 and HBC = HAD = −β2, drawn in Fig. 26c. However,
with this operation we have also made the flat band k dependent, ie.
not flat, and the localised states disappear, shown in Fig. 26d. This
can be illustrated by filling the trial function |ψ〉 = (0, 0, 1,−1)T in the
Schrödinger equation using the updated Hamiltonian

Ĥ(k)|ψ〉 = E|ψ〉
α −β1e−ik −β1 −β2

−β1eik α −β2 −β1

−β1 −β2 α 0

−β2 −β1 0 α



0

0

1

−1

 = α


−(β1 −β2) /α

−(β2 −β1) /α

1

−1


(50)

This is not a proper eigenvalue equation if β1 6= β2, so the localised
states are destroyed and the flat-band disappears.
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1.7.2 Edge mode

However, in the finite version of the chain as drawn in Fig. 27a, highly
localised zero modes do present themselves on either end of the chain
in the form of compact localised states. This state has as advantage
over the SSH zero-modes, since it has no exponential decay, but is ro-
bustly localised for all possible values of β1 and β2. It should also be
noted that this chain does not present the topological behaviour the
SSH chain has. Rather, the necklace-diamond chain realises the exis-
tence of zero-modes by making use of destructive interference [67].

We can show that there is a wave function that belongs to a compact
localised state which is completely localised on sites A, D and E of
the finite chain, and zero everywhere else. We use the trial function
|ψ〉 = (1, 0, 0, r1, r2, 0, · · · )T where the coefficients r1 and r2 of this
state can be computed by acting the Hamiltonian on this ansatz

Ĥ|ψ〉 = E|ψ〉

α −β3 0 0 0 0 · · ·
−β3 α 0 −β1 −β2 0 · · ·
0 0 α −β2 −β1 −β1 · · ·
0 −β1 −β2 α 0 0 · · ·
0 −β2 −β1 0 α 0 · · ·
0 0 −β1 0 0 α · · ·
...

...
...

...
...

...
. . .





1

0

0

r1

r2

0
...


= α



1

−(β3 +β1r1 +β2r2) /α

−(β2r1 +β1r2) /α

r1

r2

0
...


(51)

with eigenvalue E = α, and where we included the hopping pa-
rameter HAB = −β3. This wave function is only a solution of the
Schrödinger equation if β3 + β1r1 + β2r2 = 0 and β2r1 + β1r2 = 0.
This set of equations can be solved to calculate the coefficients

r1 =
β3β

β22 −β
2
1

r2 = −
β3β2

β22 −β
2
1

(52)

and filling in

|ψ〉 =
(
1 0 0

β3β1

β22 −β
2
1

−β3β2

β22 −β
2
1

0 · · ·
)T

(53)

The hopping parameters β1, β2 and β3 can be changed to alter
the localisation of the edge state between the sites A, D and E. For
instance, a stronger β1 would increase the edge mode amplitude on
atom D, and increasing β2 has a similar effect on atom E. However,
the ratio β2/β1 still has an impact on the size of the bulk band gap, as
shown in Fig. 27b, and dictates whether the CLS is degenerate with
the bulk bands or not. For the case β1 = β2, the trial wave function
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of Eq. 51 fails. We have to use |ψ〉 = (0, 0, 0, 1,−1, 0, · · · )T , similar
to Eq. 50, where the amplitude on site A is zero and the compact
localised state is entirely situated on atoms D and E.

The value of β3 dictates how much of the amplitude falls on atom
A. A weak coupling between A and the rest of the lattice increases the
localisation on atom A. In fact, if we would take the extreme β3 = 0,
and decouple atom A entirely from the rest of the lattice, we get back
to the particle-in-a-box model for a single atom (Eq. 28) and find a
wave function |ψ〉 = (1, 0, · · · )T completely localised on atom A with
E = α.

Unlike the SSH chain, the solutions β1 > β2 and β1 < β2 do not
fall into different topological classes since the lattice is symmetric
under exchange of β1 and β2. There always is a compact localised
state, independent of the hopping parameter values. In fact, the value
of all parameters except for those interacting with sites A, D and E,
can be chosen freely. The end modes are therefore very robust against
perturbations.





2
M E T H O D S

All STM measurements were performed on a Scienta Omicron LT
STM equipped with a separate chamber for sample preparation and
measurement. The system had a base pressure of 10

−11 mbar which
was maintained by an ion getter pump and a titanium sublimation
pump.

The Cu(111) crystal was prepared with 8 cycles of sputtering and
annealing until it was atomically flat and a 200 nm by 100 nm defect
free area could easily be located. Sputtering was performed by bom-
barding the crystal surface with Ar+ ions for 20minutes with a partial
Ar pressure of 3.5× 10

−6 mbar, sputter energy of 1 kV, ion emission
of 10 mA and sputter current of 0.19 µA between the sputter gun and
crystal. Annealing was done at 480 °C for 7 minutes in the same Ar
atmosphere. Defects were localised by scanning at a bias voltage of
3 V, were CO molecules imaged as circles, and all non-CO adsorbates
and surface defects appeared as solid disks.

The measuring head was equipped with an cut Pt/Ir tip and kept
at ∼ 5 K using a liquid helium bath cryostat with a holding time of
∼ 60 hours. CO was evaporated on the cold Cu(111) surface for 90
seconds with a partial pressure of 2× 10

−8 mbar until a coverage of
0.03 CO molecules per nm2 was reached on the surface.

STM images were acquired using constant current STM. Differen-
tial conductance spectra were taken using a lock-in amplifier, mea-
suring the X channel after the noise was maximised on the Y (out of
phase) channel. The lock-in used a prime reference signal of 769 Hz,
a modulation voltage of 10 mV RMS and a time constant of 50 ms.
The spectra were recorded with a raster time of 150 ms for 301 points
between −0.6 V and 0.4 V, starting with a current of 1 nA at −0.6 V.
All spectra were averaged using at least 18 reproducible dI/dV curves.
Differential conductance maps were taken with similar settings, apart
from a lock-in time constant of 20 ms and a raster time of 20 ms per
pixel.

Spin polarised DFT calculations were performed with the Amster-
dam Density Functional code using GGA:BP86/QZ4P level of theory
and numerical quality setting "Very Good" [68–74]. Each site of the
diamond-necklace chain is represented by a carbon atom, and hydro-
gen atoms were added to ensure every carbon atom has one unbound
electron. The geometry of the structure was first minimised using C2h
symmetry after which the C-C bond lengths d1, · · · ,d4 were adapted
to represent different bonding parameters β1, · · · ,β4. Single point
calculations were then carried out for those altered structures.
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3
R E S U LT S A N D D I S C U S S I O N

In this experimental section, we want to confirm the existence of com-
pact localised edge states (CLS) in the diamond-necklace chain, and
examine the localisation changes under manipulation of β3.

We represent each site of this chain by an artificial atom made from
CO on Cu(111), which are connected by hopping parameters β1 to
β4, where β4 is introduced to describe the interaction connecting the
diamonds (indicated in gray in Fig. 27). To investigate the effect of
β3 on the CLS localisation, three different lattices are made, with a
"strong", "medium" and "weak" coupling between the last artificial
atom and the rest of the chain. This coupling is tuned by altering the
distance between two highlighted CO molecules in Fig. 29a bordering
the edge of sites A and B between 1.28 nm ("strong") and 1.024 nm
("weak").

3.1 tight-binding and muffin-tin calculations

The resulting artificial molecule has 116 CO atoms and the LDOS
has been calculated by muffin-tin calculations. To this spectrum, we
were able to fit the tight-binding on-site energy α = −0.1 eV, hopping
parameters

β1 = 0.095 eV β2 = 0.1β1 β3 =


0.8β1 → "Strong"

0.5β1 → "Medium"

0.3β1 → "Weak"

β4 = 0.4β1

and break the Hückel approximation of Sij = δij by including the
next-neighbour overlap parameters

S1 = 0.1 S2 = 0.1S1 S3 =


0.8S1 → "Strong"

0.5S1 → "Medium"

0.3S1 → "Weak"

S4 = 0.4S1

where S1 = 〈ψB|ψC〉 etc. are the nearest neighbour overlap integrals
belonging to the same atom pairs as β1 = 〈ψB|Ĥ|ψC〉 etc. (Cf. Eq. 32).

The comparison between the LDOS of the muffin-tin and tight-
binding calculations in fig. 28 shows that there is a clear similarity
between the two spectra. This indicates that the defining features of
the tight-binding model, including the CLS, can indeed be identified
in our designed molecule. The deviations can be attributed to failure
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Figure 28: LDOS from Muffin-Tin and Tight-Binding calculations for strong,
medium and weak hopping parameters. A legend for the colours
representing the LDOS probed at different sites in the lattice can
be found in Fig. 29a.
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Strong Hopping Intermediate Hopping Weak Hopping

Figure 29: Experimental configurations and dI/dV spectra of the necklace-
diamond chain with β1 > β3 and varying β3 for "strong", "inter-
mediate" and "weak" coupling. (a-c) STM topographs (Vb = 0.1
V I = 0.1 nA) of the build lattices, where black depicts low ar-
eas. CO adsorbates are imaged as black dots and the emerging
Friedel waves are visible on the Cu(111) 2DEG. The CO molecules
highlighted with white circles determine the strength of β3. The
atomic sites are labelled with coloured dots: red → A, blue→ B,
magenta→ D, cyan→ E, etc. (d-f) Experimental dI/dV spectra
(solid) and tight-binding LDOS (dashed) of the sites indicated in
(a). Only the corresponding to the end sites A, D and E exhibit
a peak around V = −0.10 V. As β3 is decreased, we observe that
the main difference is in site D (magenta), which decreases in
intensity.

of the tight-binding model to capture all the physics present in the
diamond-chain molecule as described by our design of the diamond-
chain molecule. The tight-binding model assumes all atoms to be
points, whereas the molecules in our design are rectangular shaped., Remember from fig.

16 that square
shaped atoms are not
even possible on a
hexagonal grid.

which lifts the nx = ny degeneracy in Eq. 28 since Lx 6= Ly, resulting
in broadening of the peaks.

The tight-binding model also assumes all on-site energies to be
equal, which is not the case for all sites in the CO lattice, for instance
C and E. Lastly, we recognise that the tight-binding model neglects
to describe other couplings besides nearest neighbour interaction. In-
teraction between sites opposing each other in the diamonds such as
HBC and HDE are zero by definition in the tight-binding description,
whilst they are not forbidden in the muffin-tin calculations or the
STM measurements.

3.2 differential conductance spectra

The experimental realisation of this artificial molecule is shown in Fig.
29. The edge state on site A (red) is clearly visible at −0.1 V, indicating
the existence of a CLS with energy E = α = −0.1 eV (Cf. Eq. 51). Site
A lies in the band gap of the bulk sites B (blue), C (black) and M

(green) that have amplitude at roughly −0.2 V and 0 V. Furthermore,
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Figure 30: Experimental dI/dV maps, purple indicates high electron density.
(a) Map of strong hopping β3 at V = −0.213 V, where the wave
function is localised in the bulk of the chain. (b) Map of strong
hopping β3 at the CLS on-site energy V = −0.122 V, where the
wave function is localised on the ends of the chain. Due to the
sample tilt, the maps show deviations between both ends of the
chain. (c-e) Map of the chain end taken at V = −0.122 V for
decreasing coupling β3. The relative weight of the wave function
on site D compared to site A decreases for decreasing β3.

with decreasing coupling β3 between sites A and B, we detect that
the localisation of the CLS changes away from site D (magenta) by its
diminishing peak at 0.1 V.

Interestingly, the LDOS of atom E at the CLS energy of −0.1 V
does not change under manipulation of β3. We can appreciate that by
filling β2 = 0.1β1 in |ψ〉 Eq. 53, where we can see that the amplitude
|ψ|2 = 〈ψ|ψ〉 of the CLS on site E is two orders of magnitude lower
than on site D. Combined with the low CLS fraction on sites D and ERemember from Eq.

2 that the LDOS
D(ε, r) is

proportional to the
probability

amplitude |ψ|2 at a
specific energy and

location, which is
proportional to the

dI/dV measurement
(Eq. 19).

due to a small denominator β22 − β
2
1, makes the changes on site E to

fall under the noise floor.

3.3 differential conductance maps

The CLS localisation can be further illustrated by examining the dif-
ferential conductance maps in Fig. 30a and 30b, which are taken for
the strong β3 coupling (as depicted in Fig. 29a). Fig. 30a is taken in
the conductance band at V = −0.213 V and shows the LDOS locali-
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Figure 31: MO diagram of the necklace-diamond chain as calculated by un-
restricted DFT (GGA:BP86/QZ4P) for β1 > β3 (d1 < d3) and
β1 = β3 (d1 = d3). The singly occupied HOMO and HOMO-1 of
β1 > β3 are split by 0.03 eV, the HOMO and HOMO-1 of β1 = β3
are degenerate. The LUMO and LUMO+1 of both regimes are de-
generate, and are separated with 1.5 eV from the HOMO and
with 0.46 eV from the LUMO+2.

sation in the bulk of the chain (bright colours), and no intensity on
the edge sites A, D and E (dark colours). The map taken on the CLS
energy of V = 0.122 V shown in Fig. 30b the LDOS becomes more
pronounced on atoms A and D, whereas the LDOS intensity has di-
minished in the bulk, and in particular on site B. Figures 30c, 30d and
30e show a close-up of the left end-sites of the artificial molecule for
strong (Fig. 30c), medium (Fig. 30d) and weak (Fig. 30e) boundary
coupling β3. Here we can discern the same trend as described for the
spectra in Fig. 29 where the intensity on site A is high for all three
couplings, is constantly low on site B, and gets increasingly lower on
site D as β3 increases.

3.4 density functional theory calculations

To gain insight whether the tight-binding theory provides an accurate
description of CLS in the necklace-diamond chain, we performed DFT
calculations. A model of the necklace-diamond chain was made out
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of carbon and hydrogen exhibiting a conjugated π-system that spans
the whole molecule, analogous to how trans-polyacetylene models
the SSH chain. To let every carbon atom have one (but only one) de-
localised π-electron, a spin polarisation of S = 1 was used. The bond
strength between two adjacent atoms is controlled via the bond length
d, resulting in non-equilibrium geometries.

For two regimes, "strong" coupling β1 = β3 (d1 = d3) and "weak"
coupling β1 > β3 (d1 < d3), the MO are plotted in Fig. 31. The
HOMO and HOMO-1 plotted in Fig. 32 depict an edge mode of this
molecule. For β1 = β3 the two singly occupied orbitals are degener-
ate and identical up to a sign change on one of the ends of the chain.
The localisation of this edge mode is not strictly on sites A, D and E,
but also on sites C and H. For β1 > β3, the exact same orbitals are
drawn, which now have slightly split in energy due to hybridisation.
These edge modes are thus not compactly localised.

This splitting is not visible, however, for the LUMO and LUMO+1

shown in Fig. 33. These end modes are completely degenerate, so no
hybridisation is taking place, and are situated in the bulk band gap,
as can be seen in Fig. 31. The end modes strictly localised on sites A,
D and E for both β1 = β3 and β1 > β3. In accordance to the dI/dV
maps of Fig. 30, we can see that the amplitude on siteD is bigger than
on site E. This shows that compactly localised end states are not an
artefact of tight-binding, and can be modelled with a geometrically
deformed molecule including coupling between all atoms, and using
a large basis set.
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(a) Bg, ∆E = 0.15 eV, β1 > β3 (b) Bg, ∆E = 0 eV, β1 = β3

(c) Au, ∆E = 0.18 eV, β1 > β3 (d) Au, ∆E = 0 eV, β1 = β3

Figure 32: Isosurfaces of the HOMO (a,b) and HOMO-1 (c,d) of the necklace-
diamond chain acquired by a single point unrestricted DFT cal-
culation using d1 = d4 = 1.30 Å, d2 = 1.65 Å, with d3 = d1 for
(b,d) and d3 = 1.80 Å for (a,c). ∆E is defined as the difference to
the binding energy of (a), and the colours represent the phase of
the wave function.

(a) Bg, ∆E = 0.02 eV, β1 > β3 (b) Bg, ∆E = 0 eV, β1 = β3

(c) Au, ∆E = 0.02 eV, β1 > β3 (d) Au, ∆E = 0 eV, β1 = β3

Figure 33: Isosurfaces of the LUMO (a,b) and LUMO+1 (c,d) of the necklace-
diamond chain acquired by a single point unrestricted DFT cal-
culation using d1 = d4 = 1.30 Å, d2 = 1.65 Å, with d3 = d1 for
(b,d) and d3 = 1.80 Å for (a,c). ∆E is defined as the difference to
the binding energy of (a), and the colours represent the phase of
the wave function.





4
C O N C L U S I O N A N D O U T L O O K

4.1 conclusion

We have analytically proven that there can exist compact localised
states on the end sites of the diamond-necklace chain within the tight-
binding framework. DFT calculations showed that the existence of
localised states is not an artefact of tight-binding. These features can
be transferred to an artificial molecule design which can be built with
CO on Cu(111). We have shown that the LDOS of this lattice features
two bulk bands that are mainly localised on the bulk sites, whereas
localised edge states on sites A, D and E can be found in the bulk
band gap. The relative intensity of site D can be tuned by varying the
boundary hopping parameter β3.

4.2 outlook

Off course, β3 is not the only parameter that can be changed for this
lattice. It would be interesting, though experimentally more involved,
to investigate the effect of altering the ratio between β1 and β2. This
would then be visible in the CLS intensity on site E, and give addi-
tional validation that the CLS wave function from Eq. 53 represents
the true ground state measured in the dI/dV spectra.

Another interesting topic to delve into is the exact localisation of
the edge states. Tight-binding theory with nearest neighbour cou-
pling only found a strict edge state localisation on atoms A, D and
E. This does not include the intensity that was visible in the DFT
image on sites C and H. If the model presented in Eq. 51 would be
augmented with next-nearest neighbour coupling, this model could
explain the slightly lower localisation observed in DFT, but still give
rise compact localised edge states.

Furthermore, the influence of the bulk on the existence of the edge
states could be further investigated. Since the compact localised edge
state solution of Eq. 53 is not localised in the bulk, defects in the bulk
should not have any effect on the existence of the edge state. In fact,
it could be interesting to see it the bulk is important at all, or the edge
states can still exist if we cut the necklace-diamond chain in half.

Awaiting further theoretical development on whether the compact
localised edge states in the necklace-diamond chain are useful for
quantum computation, it would be interesting nonetheless to con-
struct a quantum gate from several artificial atoms displaying the
CLS. The proposal of Boross [75] could be adapted to make use of the
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necklace-diamond chain instead. The difficulty of realising quantum
gates out of artificial molecules is that they operate by slowly and
adiabatically modulating the hopping parameters. This would pose
an interesting challenge inside an STM, where every CO atom has to
be moved one by one. Tunnel-coupled optical waveguides would at
first glance be a more suitable platform for such experiments [76, 77].
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