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Chapter 1

Introduction

The premise of this thesis is to (attempt to) generalize the construction of in-
duced transformations of measure preserving dynamical systems (which we will
call classical systems) to general (not necessarily commutative) C*-dynamical
systems.

The fact that classical systems can be written in the C*-formulation of dy-
namical systems without much difficulty (where the obtained C*-algebra is al-
ways commutative), begs the question whether induced transformations of clas-
sical systems can also be translated into the C*-formulation.

A deeper question that also arises, is whether in general, we can altogether
forget about commutativity in the C*-setting and still construct induced trans-
formations which remain consistent with the classical construction of induced
transformations (when the C*-algebra is indeed commutative).

Classical induced transformations also, to some extent, inherit ‘mixing prop-
erties’ from the systems that they are induced from. We raise the question as
to whether this can be translated to the (not necessarily commutative) C*-
formulation in a consistent manner.

The structure of this document is divided into two layers. Part I is a
layer which introduces and concerns itself purely with classical systems. Part
IT presents the ‘denser’ theory of the non-commutative. Appropriately, being
denser, Part II has sunk to the bottom.

In Chapter 2 we provide a quick survey of measure preserving dynamical
systems and well known results which we will need subsequently. The author
assumes the reader has a reasonable knowledge of Measure Theory, as terms
like ‘o-algebra’ and ‘measure’ are not defined in the text.

Chapter 3 introduces classical recurrence by means of the Poincaré Recur-
rence Theorem, which is crucial to the construction of classical induced trans-
formations. We present the construction of classical induced transformations
in detail and provide proof of how ‘mixing properties’ are inherited by induced
systems.

The first taste of the non-commutative is introduced in Chapter 4. Some
essential preliminaries are provided in highly concentrated form, which may be
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difficult to swallow whole for a reader encountering the concepts for the first
time. The basic definitions and results C*-dynamical are presented before we
prove the equivalence of classical systems to their C*-formulations.

Chapter 5 is the main chapter of this thesis. Our goal in this chapter is
to generalize induced transformations to the non-commutative case. This is
easier said than done. As will be seen, a big drawback to working with general
C*-dynamical systems is the absence of point sets and a o-algebra, which can
be ‘got at’ when working with classical measure preserving dynamical systems
(or commutative C*-dynamical systems). However, if the C*-algebra in a C*-
dynamical system is not commutative we are at a loss, since we cannot obtain
(anything remotely like) a classical probability space to work with. This is quite
a significant problem because the Poincaré Recurrence Theorem was crucial in
the classical construction of induced transformations, and in no way can it be
applied, as it now stands, in this setting. Therefore, in achieving our goal of
generalizing induced transformations to the C*-setting, we are forced to find
some analogue or generalization to the Poincaré Recurrence Theorem in the
C*-setting. This we do, and then in much detail, construct generalized induced
transformations in close analogy to what was presented in Chapter 3.

In Chapter 6 we present illustrative examples and some slightly unrelated
(though not uninteresting) theory which were of immense help to the author in
understanding and developing the theory of the directly previous chapter. For
reasons that will become clear, the examples presented here float somewhere
on the interface of the classical and the denser non-commutative theory. Dense
enough to sink through the classical, penetrate the non-commutative, yet not
quite weighty enough to sink any further.

Much work is being done in the fields of non-commutative geometry, dy-
namical systems and stochastics. The interested reader might do well to read
some of the work of L. Accardi [2] and the Fields medalist A. Connes [4], both
of whom have published prolifically in the field with a view toward applications
in quantum mechanics.
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Classical Dynamical Systems






Chapter 2

Introducing Measure
Preserving Dynamical
Systems

2.1 Definitions and Basic Results

This section is based on [13].

Definition 2.1.1. Let X be a set, X a o-algebra over X, and p a probability
measure defined on ¥. We call the triple (X, X, 1) a probability space.

Definition 2.1.2. Let (X, X, u) be a probability space. A measurable trans-
formation 7' : X — X is called measure preserving (with respect to p) if
w(T~1A) = pu(A) for all A €X.

Definition 2.1.3. The tuple (X, 3, u, T), where (X, X, 1) forms a probability
space and the map 7 : X — X is measure preserving, is called a measure
preserving dynamical system.

Definition 2.1.4. Two measure preserving dynamical systems (X;, 3;, u;, T;),
i = 1,2 are said to be isomorphic if there exists sets N; € X; such that
wi(X;\N;) = 0 and T;N; C N; and a measurable bijection v : N; — Ny such
that p1 (v =1(C)) = pa(C) for all C € ¥y and Ty 01 = 1h o T}.

Definition 2.1.5. A measure preserving dynamical system (X, %, u, T') is called
ergodic when for any A € ¥, T-'A = A implies that either u(A) = 1 or
pu(A) = 0.

We will denote the vector space of all y-measurable functions on a measure
space (X, %, u) by L°(X,3, ). For any p > 0, the vector space of all (equiva-
lence classes of) p-integrable, u-measurable functions (that are equal u-almost

5
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everywhere or p-a.e.) will be denoted by LP(X, 3, ). It is well known that with
the norm defined for every f € LP(X, X, u) by

£l = ( /. fm) "

that LP(X,%,p) is a Banach space, and L?(X,X, u) is a separable Hilbert
space. We will denote the vector space of (equivalence classes of) essentially
bounded p-measurable functions (that are equal p-almost everywhere or u-a.e.)
by L (X, 3, 1) which is a Banach space when endowed with the norm defined
for every f € L>®(X,%, ) by

[/ lloc := ess sup,e x| f(x)].

By definition, it is clear that LP(X, X, u) € L°(X, %, u) for every 0 < p < oco.
More detail can be found in [3].

Definition 2.1.6. Let (X, X, u, T) be a measure preserving dynamical system.
We define the operator Ur : L°(X, %, u) — LY(X, X, u) by Urf := foT. The
operator Ur is sometimes called the Koopman operator.

The properties of the Koopman operator Ur can be summarized in the
following result

Theorem 2.1.7. [13, p. 25] The operator Ur has the following properties:

1. Ut is linear

For all f,g € L°(X, %, 11),Ur(fg) = Ur(f)Ur(g)
If c € L°%(X, %, ) is constant p-a.e. then Urc = c.

If B € ¥ then Urxp = X7-1B-

Svo e

For every f € L°(X,%, 1), [y Urfdu = [y fdu, where if either side of the
equation does not exist or is infinite, the other side has the same property.

6. Forp > 1, UrLP(X,Z, ) C L(X, S, p1) and [Urfl, = [[f]l, for every
f € LM(X, %, p).

Theorem 2.1.8. [13, p. 28] Let (X, X, u,T) be a measure preserving dynamical
system. The following are equivalent:

1. (X,3,u,T) is ergodic.

2. If f € LOX, 2, 1, T) and (Urf)(xz) = foT(z) = f(x) for every x € X,
then f is constant u-a.e.

8. If f € LO9(X, S, 1, T) and (Urf)(x) = foT(x) = f(x) for u- almost every
x € X, then f is constant pi-a.e.
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4. If f € XX, 2,0, T) and (Urf)(z) = foT(zx) = f(z) for every x € X,
then f is constant u-a.e.

5. If f € LA(X, 3,1, T) and (Urf)(z) = foT(z) = f(x) for u- almost every
x € X, then f is constant pi-a.e.

The following famous result is known as ‘Birkhoff’s Ergodic Theorem’. (Note
that we do not state the result in its full generality.)

Theorem 2.1.9. [13, p. 84] (Birkhoff’s Ergodic Theorem) Let (X,%, u,T) be
a measure preserving dynamical system and let f € L*(X,%,u) be arbitrary.
Then there exists a function f* € L' (X,%, u) such that

n—1
li - Tk *
Jim Z fo = f*(x)
for p-almost every x € X. Moreover f* oT = f* u-almost everywhere, and
fxf*dﬂz fxfdﬂ-
Combining the two previous results yields the interesting corollary:

Corollary 2.1.10. [13, p. 34] If (X, %, 1, T) is ergodic then for every f €
LY(X, %, u) and p-almost every x € X

lim — T (x d
nggonz:fo /fu

k=0

Corollary 2.1.11. [13, p. 37] Let (X, X, u, T) be a measure preserving dynam-
ical system. (X, X, u,T) is ergodic if and only if for for every A,B € &
1 n—1
lim ~ 3" u(ANTB) = p(A)u(B)

n—oo N,
k=0

In light of the previous corollary, stronger ‘mixing’ notions have been defined.

Definition 2.1.12. [13, p. 40] Let (X,%, u,T) be a measure preserving dy-
namical system.

1. (X, %, 1, T) is called weakly mizing if for every A, B € &

n—1
lim gZW (ANT™"B) — w(A)u(B)| = 0.
k=0

2. (X,%,p,T) is called strongly mizing if for every A,B € &

lim p(ANT™"B) = p(A)u(B).

n—oo
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It is possible to weaken the hypotheses of the previous corollary and defini-
tion to obtain the slightly stronger, though not unexpected result.

Theorem 2.1.13. [13, p. 41] Let (X, %, u, T) be a measure preserving dynam-
ical system and S a generating semi-algebra for X.

1. (X,%,u,T) is ergodic if and only if for for every A,B € S

n—1
.1 _
Jim > " u(ANTB) = w(A)u(B)
k=0

2. (X,%2,u,T) is weakly mizing if and only if for every A,B € S

n—1

.1 _
Jim kZ:O |W(ANT™*B) - p(A)u(B)| = 0.

3. (X, %, 1, T) is strongly mizing if and only if for every A,B € S
lim p(ANT™"B) = pu(A)u(B).

n—oo

2.2 Example

Let S' := {e"™ : § € [0,2)} denote the unit circle in C, with B the Borel o-
algebra on S' and )\ normalized Lebesgue measure. Let a € R be fixed. The
map T, : S* — S' is defined by T, e := ¢/ *+)7  The map T, is measurable,
and since Lebesgue measure is translation invariant, T, is measure preserving.

Therefore (S1, B, \, T,,) is a measure preserving dynamical system, which we
will henceforth call a rotation, and when « is irrational, we will call the system
an irrational rotation.

Proposition 2.2.1. Rotations are ergodic if and only if they are irrational.

Proof. Let (S, B, )\, T,) be a rational rotation. We prove that it is not ergodic.

If a = g # 0 mod 2 is rational (p,q € Z with % < 2, ged(p,q) = 1). We
define the set A, := {e?™ : § € [0,¢]}, then T27A. = A.. We can choose ¢ > 0
small enough such that 0 < A (Uzqzl As) < 1, while ;1 ( ) As> =i, A
Hence the system is not ergodic.

Conversely, let (S, B, \, T,) be an irrational rotation.

The collection {e,}nez € L?(SY,B,\) defined by e, (e'®) := e™"®, where
x € [0, 27}, forms an orthonormal basis for L?(S, B, \).

In light of Theorem 2.1.8, if we can show that if f o T, = f implies that f
is constant (M\-a.e.) for any f € L?(St, B, \), we are done. Let f € L*(S', B, \)
be such that foT, = f.

We express f as the Fourier series f =Y _, ane, (Ma.e.). Now

nez

Zanen:f:foTa:ZanenoTom

ne”Z nez
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so that for every z € [0, 27|

0 = Z an(en(e™) — e, 0 To(e™™))
— Z an(einw _ ein(z+a))

By the uniqueness of the Fourier expansion we must have that a, (1 —e"®) =0
for all n € Z. But 1 — e # 0 for all n € Z\{0}, because « is irrational, and
hence for all n € Z\{0}, a,, = 0. Therefore f = > _, ane, = ageo = ao, i.e.
constant (A-a.e.), the result now follows from Theorem 2.1.8. O
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Chapter 3

Classical Recurrence and
Induced Transformations

3.1 Poincaré Recurrence

The following famous, (though not difficult, and seemingly unassuming), lit-
tle theorem by Poincaré lays the foundation toward the definition of induced
transformations.

Theorem 3.1.1. [13, p. 26] (Poincaré’s Recurrence Theorem) Let (X, %, u, T')
be a measure preserving dynamical system and A € ¥ be such that u(A) > 0.
Then the set

F:={zxc AlT*z ¢ A for all k € N}
has measure zero.

Proof. We note that T"*F N F = () for all k € N, since if z € T"*F N A then
x ¢ F because TFz € F C A and if x € T"FF N (X\A) then 2 ¢ A and hence
x ¢ F since F C A. Then for m,n € N, m # n (we may assume n > m without
loss)

p=T""p=T""(T"""™FNF)=T"FNT ™F.

Therefore the sets in the collection {T~%F},cn are pairwise disjoint and hence

L= () > p(|J T74F) = S w0 4F) = 3 u(F).

keN keN keN

Now, if u(F) > 0, the right of the above will diverge, while being bounded above
by 1, which is absurd. We conclude that u(F) = 0. O

Corollary 3.1.2. Let A € ¥ be such that u(A) > 0. Then there exists ann € N
such that u(T-"ANA) > 0.

11
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3.2 Induced Transformations

The following two sections are based on work outlined in [1].

Throughout this section (X, X, u, T') will be an arbitrary measure preserving
dynamical system and A € ¥ an arbitrary measurable set with p(A) > 0.

The Poincaré Recurrence Theorem, proved in the previous section, allows us
to define the following function.

Definition 3.2.1. For any A € ¥ with u(A4) > 0. The function ng : X — N
defined by
na(x) :=inf{n e N: T"z € A}

is called the first return time function to A (under T).

Remark 3.2.2. By invoking the Poincaré Recurrence Theorem from the previous
section, we may assume that n4(z) < oo for all z € A, by removing the set of
measure zero of all z € A where ns(z) = oco. Measure theoretically, we have
not changed A if we view measurable sets that differ by a set of measure zero
as equivalent. Henceforth we assume that n4(z) < oo for all z € A.

We define the subsets {A;}3, of A and {B;}32, of X\A recursively as
follows, for all j € N,

Ay = T'ANA
By = T 'An(X\A),

and
;= (T‘jAmA)\]L_JAk
k=1
B; = (T‘jAﬂ(X\A))\OBk.
k=1

X
|

It takes no great stretch of the imagination to see from their definition that
both the collections {A;}52, and {B;}72, are pairwise disjoint collections, and
that A; ={z € A:na(z) =j} and B; = {z € X\A:na(zx) =j} forall j € N.

Proposition 3.2.3. Let A € ¥ with u(A) > 0. The map na, when restricted
to A, is measurable with respect to the induced o-algebra XN A.

Proof. Notice that for any a € R, with a > 0,

where the right lies in the o-algebra ¥ N A, since each A; € ¥ N A and ¥ N A is
closed under countable unions. O
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By the Poincaré Recurrence Theorem, and the fact that we assumed that
na(r) < oo for all z € A, we see that A = [J7Z, A;. The collection {A;}32,
being pairwise disjoint, forms a partition of A.

Definition 3.2.4. We will call the partition {4;}52; of A, the return time
partition of A (under T ).

We are now in a position to define induced transformations.
Definition 3.2.5. The map T4 : A — A defined by
Taz :=T"4@) g

is called the induced transformation of T on A or if no confusion arises just the
induced transformation.

The induced transformation T4 has somewhat surprising properties. First
of all:

Proposition 3.2.6. The map T4, is a measurable function with respect to the
induced o-algebra ¥ N A.

Proof. Let B € 3N A be arbitrary, then

Ti'B = {zcA: T @y c B}
= An{zeA:T@gc B}

= G A ﬂ{z eA:T®)y e B}

j=1

= UAjﬁ{:EGA:zjEB}
j=1

= G A;NT7IB.
j=1

The map T, being measurable, ensures that T/B € ¥, so that A;NT 7B €
3N A for every j. Being a o-algebra, ¥ N A is closed under countable unions,
therefore T, 'B = J52, A;NT7B € £ N A. O

Lemma 3.2.7. For every j e NU{0}, T™'B; = Bj11 U Aj1 when By := A

Proof. We first note that

T4

T'ANA(JT7'AN(X\A)
Al U Bl.
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For any j € N,

T'B, {r € X : Tz € B;}
{reX nalx)=7+1}
{reA:nas(x)=7+1}U{z e X\A:na(z)=7+1}

= Aj+1 @] Bj+1.

More surprising is

Proposition 3.2.8. The map T4, is measure preserving with respect to the
measure [i.

Proof. Let C' € XN A be arbitrary. As was shown in Proposition 3.2.6, TglC =
UjZ, A; N T~7C. Therefore, by the fact the the sets in {A4;}52, are pairwise
disjoint and the additivity of p,

T C)=p | |JANTVC| = uA;nT0).

j=1 j=1

The collection {B;}52, is also pairwise disjoint and therefore additivity of
also implies

1>p| JT7CNB; | =) w(T7CNBy),

j=1

while each p(T—7C N B;) > 0. We may conclude u(T7C N B;) — 0 as j — oc.
Also, since T is measure preserving with respect to j, by the previous lemma
for every n € N,

(©)

= wT'C)
w(T~HCN A))
wTronT1A)
(T

(T

(T

(T

=

w(T2C'N (AL U By))

wW(TrCNA) + (T CNB)
wW(TrCNA) + (T 1T 'CnBy))
T'CNA) + (T 2C N (A2 U By))

= Y w(T7CNA)+uT "CNB,).
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Taking the limit as n — oo on both sides above we see, by addivity of p,

m(C)
= lim Y u(T/CNA;)+ lim u(T7"CNB,)
j=1
= Y w(T7CNA))
j=1

i U 770N Aj
j=1
= u(T;'0).

O

Remark 3.2.9. We define 4 as the normalized probability measure on X N A,
i.e. for every B € ¥ N A we define pa(B) := u(B)/u(A). Since T4 is measure
preserving with respect to u, it is clear that it is also measure preserving with
respect pa. Hence (A, XN A, 1a,T4) is a measure preserving dynamical system!

Definition 3.2.10. We will call the measure preserving dynamical system
(A, 2N A pua,Ta) the system induced from (X,X,u,T) onto A, or just the
induced system. We call the act of constructing (A,X N A, pua,Ta), inducing
onto A.

3.3 Inherited Ergodicity of Induced Transforma-
tions
We continue with the same definitions and notations as in the previous section.

What is somewhat surprising, is that induced transformations inherit ergodicity
from the original system.

Theorem 3.3.1. [1, p. 42] If (X, %, u, T') is ergodic then so is (A, XNA, pia,Ta).

Proof. Let C € ¥N A be such that T;'C = C. We show that either 114(C) = 1
or pa(C)=0.
Since A = U2, 4j,

c=T1,'C=JA,nT'C=JA4nTC

j=1 j=1

We define £ := U;’il B; N T73C. Note that E and C are disjoint since
Ujz14; € Aand UjZ, B; € X\A. We define FF := EUC. By Lemma
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3.2.7,
T-'F
= T l'cuTrT'F

= 1 (CcnAlr (G B; mTjC)

=1

= (T7'Cn(A1UB)) U (G T-'B; mTa‘lc)

=1

= (r'cna)J@'ens) (G B; nTJ’O) U (G A; nTJ’O)

j=2 j=2
= (UBinTiCc|ullJAnTC
j=1 j=1
= FEuC
= F

But (X, %, u,T) is ergodic, hence u(F) =1 or p(F) = 0.
If u(F) =0 then pu(C) =0, and hence pu4(C) =0, since C C F.
If u(F) =1, then p(X\F) = 0, and X\F = (A\C) U (X\A)\E D A\C
implies
H(A\C) < p((A\C) U (X\A\E) = u(X\F) =0,

and since C' C A, u(C) = u(A), so that pa(C) = 1.
We conclude that (A, XN A, ua,T4) is ergodic. O

Even more surprising is that ergodicity of the original system can (under
certain circumstances) be derived from ergodicity of an induced system.

Proposition 3.3.2. [1, p. 42] If (A,SNA, pa, Ta) is ergodic and p (Jp— T*A) =
1 then (X, %, u,T) is ergodic.

Proof. Let C € ¥, such that T~1C = C. We will show that either u(C) =1 or
w(C) =0.

We show that T, (ANC) = ANC. Ifz € T, (ANC), then z € T, A= A
and T"@z = Tyx € C implies x € T-"@C = C. Therefore T, (AN C) C
ANC. Conversely, if z € ANC, then Thqx € A and hence x € T;lA, and
Taz = T" @z € C since T~"#)C = C. Therefore ANC C Ty (ANC), and
hence Ty (ANC)=ANC.

Since (A, XN A, pa,Ta) is ergodic, either pa(ANC)=0o0r ua(ANC)=1.

If ua(ANC) =0, then u(ANC) = 0 and since T is measure preserving with
respect to p and T71C = C we see for all k € N

0=u(ANC) =T HANC)) =u(T'ANC) = (T FANC).
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Since p (Upy T7*A) = 1, by sub-additivity

u(C)_u<GT’“AﬂC> i T-*ANnC) =o.

k=0

Hence p(C) = 0.
On the other hand when ps(ANC) =1 then p(ANC) = p(A) and we see

w(A\C) = p(A) — n(ANC) =
so that since since T is measure preserving with respect to y and T-'C = C
— u(A\C) = p(T~+A4\0).

Therefore, by sub-additivity

w(X\C) = (UT kA\C) i T7*A\C) = 0.

k=0 k=0

We conclude p(C) =1 and hence that (X, %, u, T) is ergodic. O

3.4 Example

Let (S*,B,\,T,) be an irrational rotation. We will point out some interesting
specific induced transformations of this system. We can of course induce onto
any A € B, and by the results in the previous section the induced system
(A, BN A, X4, Ta) will be ergodic since (S', B, \, T,,) is ergodic.

For certain sets A € B, the induced transformation is quite interesting.

Choosing A := {e¥™ : § € [0,a]}, we see that the induced system (A, BN
A, X4, Ty) is ergodic and isomorphic to ([0,«],C, N, S), where C is the Borel

algebra and )\ is normalized Lebesgue measure and S is given by Sz =

z + ' mod o, with v/ = 2 — [2]|a. We may recognize this system as (be-
ing isomorphic to) a rotation (S, B, \, 7(O[)), where v(a) = 27'/a, by scaling
appropriately. The system (S*, B, A, Ty(ay) is ergodic, being isomorphic to the
ergodic induced transformation, hence we conclude that «(«) is irrational from
Proposition 2.2.1.

Choosing A := {e*™ : § € [0, ]}, with 8 € («,2) we see that the system
(A, BN A N4, Ta) is ergodic and isomorphic to ([0, 5],C, N, S), where C is the
Borel o-algebra, and )\’ is normalized Lebesgue measure. With v := (2 — 3) —

V ﬁJ a, S is given by

T+« :L‘E[O,ﬂ—a]
Sz = x—(ﬁ—a)—f—a—’}/ xe(ﬁ_a7ﬁ_a+’y]
x—(8—a)—1y re(B—a+y,0.
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Paying careful attention to S, we see that it merely exchanges the three intervals
according to

[Oaﬂfa] - [aaﬂ}
B-aB-a+] — (a—70]
B-a+.0 — (0,a—7]

For the obvious reason, such a system is called a three interval exchange.



Part 11

Non-commutative Dynamical
Systems
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Chapter 4

Introducing C*-Dynamical
Systems

4.1 Preliminaries

In making the transition from classical measure preserving dynamical systems
to C*-dynamical systems, we will need to introduce some fundamental concepts
in highly concentrated form.

Definition 4.1.1. [5, p. 187] An algebra over a field F is a vector space .4
endowed with a multiplication that makes it into a ring, such that for all « € F
and a,b € A, a(ab) = (xa)b = a(ab).

Definition 4.1.2. [5, p. 232] An involution on an algebra A over C is a map
such that a € A — a* € A satisfying

1. (a*)*=a
2. (ab)* = b*a*
3. (aa+b)* =aa* +b*

for all a,b € Aand o € C. An algebra endowed with an involution will be called
a *-algebra. We will assume that every *-algebra A is endowed with an identity
element, denoted by 1 4. Such *-algebras are called unital.

Definition 4.1.3. Let A, B be *-algebras. A linear map h : A — B is called a
*-homomorphism if h(ab) = h(a)h(b), and h(a*) = h(a)* for all a,b € A.

Definition 4.1.4. Let A be a *-algebra.

An element a € A will be called positive if there exists some r € A such
that @ = r*r and we will write @ > 0 or a > 0 when we know a # 0. For any
elements a,b € A, we define a > b to mean a — b > 0.

We call an element p € A a projection if pp = p and p* = p.

21
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We call a projection q¢ € A a sub-projection of p if pg = gp = q, and we say
p and ¢ are orthogonal if pq = gp = 0.

Proposition 4.1.5. Let A be a *-algebra with p,q € A projections, such that q
is a sub-projection of p. Then (p — q) is a sub-projection of p and p > q.

Proof. That (p — q) is a projection follows from
p-—a)p—q)=pp—pg—qp+9g=p—q—q+q=(p—q)

and
- =p" —¢" =09
Now
plp—q)=pp—pPg=p—q=pp—qp=(p—q)p
implies that (p — ¢) is a sub-projection of p.

Projections are positive since, p = pp = p*p. Therefore p — ¢ > 0 implies
P =g O

Definition 4.1.6. [5, p. 187] A Banach algebra A is an algebra over a field T,
endowed with a norm || - || making it a Banach space, while the norm satisfies
lad]| < |la||||b]] for all a,b € A.

Definition 4.1.7. [5, p. 232] A C*-algebra A is a Banach algebra that is also
a *-algebra, satisfying |la*a| = ||a||? for all a € A.

Proposition 4.1.8. [5, p. 247, p.234] If A;, i = 1,2 are C*-algebras and
T : A1 — Ay a *-homomorphism, then ||7(a)|| < ||la| for all a € Ay, the image
7(A1) is closed in Ay, hence a C*-sub-algebra of Ay and 7(14,) = 1-(4,) (note
that it is not necessarily true that 1,4,y = 14,).

If H is a Hilbert space, we denote the C*-algebra of all bounded linear
operators from H into H by B(H). We note that the projections in B(H),
as defined above, are exactly the orthogonal projections on H. Moreover if
p,q € B(H) are projections, ¢ is a sub-projection of p exactly when range(q) C
range(p), and p and ¢ are orthogonal exactly when range(q)_Lrange(p).

Definition 4.1.9. [5, p. 248] Let A be a C*-algebra. A representation of Ais a
pair (m, H) where H is a Hilbert space, and 7 : A — B(H) is a *-homomorphism
such that m(1.4) = 15(3). A representation is called cyclic if there exists a vector
e € H such that H = 7(A)e (norm-closure).

Definition 4.1.10. [5, p. 250] Let A be a C*-algebra. A bounded linear
functional f : A — C is called positive if f(a) > 0, when a > 0 and f is called
hermitian if f(a*) = f(a) for every a € A.

The following is known as the Gelfand-Naimark-Segal Construction, or the
GNS-construction.
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Theorem 4.1.11. [5, p. 250] (GNS-construction) Let A be a C*-algebra and
f: A — C a positive bounded linear functional. Then there exists a cyclic

representation (¢, Hy) of A with a cyclic vector e € Hy such that f(a) =
(r(a)e, e) for all a € A.

Remark 4.1.12. We give an outline for the proof of the above theorem. We
define the closed, left ideal

L:={ze A: f(z*x) =0}.

Viewing the quotient A/ L as a vector space. We denote the bounded linear map
t:a+— a+ L, and define an inner product on A/L by (c(x),c(y)) := f(y*x)
for all =,y € A, making A/L an inner product space, which we can complete to
obtain the Hilbert space Hy.

The representation 7y : A — B(Hy) is then be defined as follows. For any
x € A we define 7y(x) on A/L by my(z)(y+ L) = zy+ L, which can be uniquely
extended to Hy, because A/L is dense in H ;. The vector e := 14+ L is then a
cyclic vector for 7y.

Definition 4.1.13. A net of operators {T»} C B(H) is said to converge strongly
to T € B(H) if Tau — Tu, for all u € H.

Theorem 4.1.14. [10, p. 11}] Let {p»} C B(H) be an increasing net (in the
sense of Definition 4.1.4) of projections. The net {p} converges strongly to the
projection p € B(H) which projects onto the closed vector subspace (Uxpx(H))
(norm-closure).

Definition 4.1.15. [10, p. 116] A von Neumann algebra A acting on a Hilbert
space H, is a strongly closed C*-sub-algebra of B(H).

Definition 4.1.16. Let A be any *-sub-algebra of B(H). We define
A ={T € B(H): TA= AT for all A € A}.

We call A’ the commutant of A. A von Neumann algebra A satisfying AN A" =
Clp(n is called a factor.

The following is often useful.

Theorem 4.1.17. [10, p. 119] A von Neumann algebra A equals the norm-
closure of the linear span of its projections.

4.2 Definitions and Basic Results

This section is based on definitions and results in [8, 6].

Definition 4.2.1. Let A be a C*-algebra. A positive, hermitian bounded linear
functional ¢ : A — C is called a state (on A) if p(14) = 1.
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Definition 4.2.2. Let A be a C*-algebra, ¢ a state on A. A bounded linear
transformation 7 : A — A is called a Markov operator if 7(14) = 14 and is
called state preserving (with respect to ) if ¢ o 7(a) = p(a) for all a € A.

Definition 4.2.3. Let A be a C*-algebra, ¢ a state on A and 7: A — A state
preserving, Markov operator. We call the tuple (A, ¢, T) a state preserving
C*-dynamical system or just a C*-dynamical system.

Remark 4.2.4. With (A, ¢, T) a state preserving C*-dynamical system, we may
often require that .4, ¢ and/or T possess further properties, for example A being
a von Neumann algebra, ¢ possessing some additivity property and 7 being a
*_homomorphism in addition to being just linear. These extra assumptions will
be explicitly mentioned as they arise.

Definition 4.2.5. Let (A, ¢, 7) be a state preserving C*-dynamical system.

o We call (A, p,7) ergodic if

n—1

LS G(art () = p(a)p(b)
k=1

lim —
n—oo n

for all a,b € A.
e We call (A, p, 7) weakly mizing if

n—1

1 Z lo(ar®(b)) — ¢(a)p(b)| =0
k=1

lim —
n—oo N,

for all a,b € A.

e We call (A, o, 7) strongly mizing if

lim @(a7™(b)) = ¢(a)p(b)

n—oo

for all a,b € A.

The following will often be useful to us.

Let (A, ¢, 7) be a C*-dynamical system, and (7, H) the cyclic representation
representation, with cyclic vector e € H, obtained from applying the GNS-
construction on (A, p).

Recalling the definitions in Remark 4.1.12, we define the bounded linear
operator U : A/L — A/L by Ui(z) := t(r(x)) for all z € A. Since A/L is dense
in H, U can be uniquely extended as a bounded linear operator to the whole
of H, [7, p. 100] (also denoted by U). The fixed point space of U : H — H is
defined to be {x € H : Uz = z}.

Theorem 4.2.6. [6, p. 47] A C*-dynamical system (A, p,T) is ergodic if and
only if the fized point space of U : H — H (as defined above) is one-dimensional.
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Remark 4.2.7. Duvenhage uses a different definition as we do for ergodicity
when proving the previous theorem, he does however later prove [6, p. 53] that
his definition is equivalent to ours above.

Remark 4.2.8. We implore the reader to consider the similarity of the operator
U and the previous theorem to the Koopman operator Ur and Theorem 2.1.8
in Section 2.1.

4.3 Classical dynamical systems in the C*-formulation

In this section we show that our *-algebraic formulation of dynamical systems
generalizes classical measure preserving dynamical systems.

We will show that for any given measure preserving dynamical system, we
can construct an analogous C*-dynamical system which has exactly the same
‘mixing properties’ as the measure preserving system. Conversely, we will show
that it is possible for each of a small class of C*-dynamical systems we can
construct a measure preserving dynamical system that has exactly the mixing
properties of the C*-dynamical system.

Proposition 4.3.1. Let (X, %, u, T) be any measure preserving dynamical sys-
tem. Then defining A == L>(X,%,u), ¢ : A — C by o(f) == [y fdp and
T L(X, 2, u) — L®(X, X, u) by 7(f) := foT, the tuple (A, o, T) forms a
C*-dynamical system.

Proof. The algebra A is in fact a von Neumann algebra (acting on L?(X, X, i)
hence a C*-algebra. That ¢(1 4) = 1 follows from u being a probability measure.
That ¢ is positive and hermitian is clear. That 7 is linear and state preserving
follows readily from Theorem 2.1.8. O

Proposition 4.3.2. Let (X,X, u,T) and (A, p,7) be as in the previous result.
The system (X, X, u, T) is ergodic, (weakly mizing, strongly mizing) if and only
if (A, ,7) is ergodic, (weakly mizing, strongly mizing).

Proof. Let (A, ¢, 7) be ergodic, then

T -3 plar () = el)e)
k=1

for all a,b € A. Let A, B € ¥ be arbitrary, so their characteristic functions
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X4, XxB are elements of A and hence

n—1
1 k
nh_)rrgon ;M(AHT B)

- gmz/m
= nlggoﬁz/xw (xs)d

n—1

= lim =% o (xam"(x5)
k=1

= ¢(xa)e(xs)

= ([ ) (f o)

= u(A)u(B)

establishes the ergodicity of (X, 3, u, T') by Theorem 2.1.13.

Conversely, let (X, 3, u, T) be ergodic. To show that (A, p, 7) is ergodic we
are required to show that

n—1

nlggogZ@ at* (b)) = p(a)p(b)

for all a,b € A. Now the argument is more complicated, yet follows from
standard measure theoretic arguments.

Let r,s € A= L>(X,X, u) be arbitrary simple functions, hence there exists
a finite partition {Xo,..., Xas} of X into measurable sets of positive measure
so that we may write

M M
r= E TmXXm s = E Sm/ XX, -
m=0

m’=0
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Now by Theorem 2.1.13, taking the limit as n — oo in the fourth step,

! i P7(5))
M
B (E ) (S
m=0 m’=0
= Z rmsmf—Z/XmeT rx,  dp
N ME AT
e
- Z Tmsm'M(Xm)U(XW)
m,m’=0
M M
= (Z TmM(Xm)> <Z Sm/.U(Xm’)>
m=0 m’=0
- () (1
= p(r)e(s)

Therefore the required result holds for all simple functions in A = L (X, 3%, u).
Let a,b € A = L*>(X, X, ) be arbitrary non-negative functions, and let {r;}
and {s;} be increasing sequences of non-negative simple functions converging
pointwise to a and b respectively.
Then for every [ and n € N,

! i olar(5)) ~ p(a)e(t)

IN

- Z [p(at® (b)) — (" (b))
+— Z ‘gp ik (mrk(sl))’

4 % Sl ) — (gl
k=0

+ le(r)e(si) — ela)e(s)]
+ |p(a)e(si) — w(a)p(d)].

We now treat each term on the right separately.
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For the first term, notice that for every n
1 n—1
=3 [elart(8) — ol )
k=0
1 n—1
= 3 felta - n)rt )
k=0

1 n—1
LS [la=nlibo 7¥a
k=0

where for each k, the sequence {|a — r;||b o T*|}; is a monotone decreasing se-
quence converging pointwise to zero, hence by the Lebesgue Monotone Conver-
gence Theorem taking the limit at [ — oo on both sides of the above inequality
yields for every n that

IN

l—oon

n—1
1
— E lim/\afsleoTk\du
n l—o0

k=0

n—1
1
= E /lim la — s1||bo T"|dp
n l—o0

k=0

= 0.

lim & z_: lo(ar®(b)) — (sim" (b))]
k=0

IN

For the second term, for every n, since s; < b and |r;| < |ja]|w for all I and
n € N, we see

n—1
S lelrr ) — ol (s0)
k=0

n—1

1
< gz /rsz(b—Sz)du’
k=0
1n71
< 23 [Inlirt o sl
k=0
<

n—1
1
fallay 3 [ 1756 = s0)dn
k=0
1 n—1
Jallwy 3 [ 16~ s0) 0 ¥
k=0

n—1
1
Jalls S [ 1o sld
k=0
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by Theorem 2.1.7. As before {|b — s;|} is a monotone decreasing sequence
converging pointwise to zero, hence by the Lebesgue Monotone Convergence
Theorem applying the limit as [ — oo on both sides yields

tim = 37 [ (1) — i (s1)|
k=0

l—ocon

1 n—1
a||wnkzolgrgo/b—sl|du

n—1
1 .
fallwy > [ Jim b= sildn
k=0
= 0.

IN

A similar argument as for the first and second terms establish for the fourth
and fifth terms that

Jim fo(r)e(s) —pla)e(s)] = 0
Jim fp(a)e(s) — pla)e(d)] = 0.

Therefore, given an arbitrary ¢ > 0, it is possible to choose a fixed [y such
that for every n

p(at™ (b)) — p(a)p(b)

3
|

SRS

it
= O

(p(rloTk(Slo)) - @(rlo)w(slg) + %

k=0

S|

<

and now, since r;, and s;, are simple, choosing n large enough, our result for
simple functions establishes

We conclude that

n—1

Jim = " p(ar’ (b)) = p(a)e(b)
k=1

for all non-negative a,b € A.

From here, the result in its full generality follows easily by decomposing
a,b € A into their four constituent, respectively positive and negative, real and
imaginary parts and applying the previous to finally obtain

n—1

LS o(ar () = pla)e(d)

lim —
n—oo N,
k=1
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for all a,b € A.
(Proof for weakly mixing and strongly mixing follows by the same argumen-
tation) O

Remark 4.3.3. In rewriting classical measure preserving dynamical systems in
the C*-formulation, by construction, the obtained C*-algebra is always commu-
tative, and is in fact a von Neumann algebra as well.

We will now present a class of C*-dynamical systems that allow us to regain
an underlying classical measure preserving dynamical system.
We will need the following quite famous results from [10].

Theorem 4.3.4. [10, p. 135] Let A be a commutative von Neumann algebra
acting on a separable Hilbert space H, which contains the identity operator on H
and has a cyclic vector. Then there exists a second countable compact Hausdorff
space X, a positive, reqular Borel measure u on (the Borel o-algebra of ) X, and
a unitary operator u : H — L*(X,p), such that uAu* is the von Neumann
algebra of all multiplication operators on L*(X, ).

Theorem 4.3.5. [10, p. 136] Let A be a commutative von Neumann algebra
acting on a separable Hilbert space H. Then there exists a second countable
compact Hausdorff space X, and a positive reqular Borel measure p such that
A is *-isomorphic to the C*-algebra L>=°(X, ).

Let (A, ¢, 7) be a C*-dynamical system, such that A is commutative and
7 a surjective *-homomorphism. Applying the GNS-construction to (A, ) we
obtain a cyclic representation (7, H), with cyclic vector e € H (see Remark
4.1.12). We assume that H is separable and 7(A) C B(H) is a von Neumann
algebra acting on H.

The two theorems above applied to 7(A) yield a second countable compact
Hausdorff space X and positive regular Borel measure p on (the Borel o-algebra,
%, of) X such that 7(A) is *-isomorphic to L>°(X, X, 1) and there exists a uni-
tary operator u : H — L%(X, %, i), such that ur(A)u* is the von Neumann alge-
bra of all multiplication operators on L*(X, 3, u), i.e. um(A)u* = L>®(X, %, ).

We will assume that ue = yx € L?(X,%,u). This is not unreasonable,
because xx € L?(X,X, ) is a cyclic vector for L>(X, X, 1) as a von Neumann
algebra acting on L?(X, Y, 1) through multiplication.

Now, for any A € ¥, there exists an a € A such that ur(a)u® = x4 (as
a multiplication operator, or M, , if the reader is pedantic). Moreover m(a) is
idempotent and self-adjoint as can be seen from

um(a)*u* = (ur(a)u™)* = x% = xa = un(a)u
and
um(a)m(a)u® = ur(a)u*ur(a)u® = xaxa = xa = un(a)u*

implying 7(a)* = 7(a) and 7(a)7w(a) = w(a) by canceling out the u and u*’s.
Since ur(-)u* is a *-homomorphism, it should be immediately clear that
urm(14)u* = xx, by Proposition 4.1.8.
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Therefore we may conclude

1(A)

= /XAd,U

— / (axx)* (eaxx )dp

XAXX, XAXX)2

* * * *
U AuU XX, U X AU XX )2

(
(
(
(
(

= (m(a)e,m(a)e)y
= (m(a)"m(a)e,e)n
= (m(a)e,e)n

= o(a),

and in particular that u(X) = ¢(14) = 1, establishing that (X, %, u) is a
probability space.

We denote the collection of all sets of measure zero in ¥ by ¥y. By X/%,
we mean the o-algebra of equivalence classes of sets in ¥ whose symmetric
difference lies in Y.

Using the map ¢ : x4 € L™(X,X,u) — A € ¥/¥ defined on measurable
characteristic functions, we define the transformation T7-!: ¥ — X/%¢ by

T7'A = c(u(ro7(a))u*)

where a € A is any such element that un(a)u* = x4. The map ¢ makes sense in
this context, because when « is self adjoint and idempotent, so is u(wo7(a))u* €
L*°(X,X, u) which implies that it equals a characteristic function (u-a.e) and
we can apply c to it with a clear conscience.

Remark 4.3.6. It is extremely important for the reader to note that the resem-
blance of the map T! as the ‘inverse image map’ of some point map T : X — X,
is (as of yet) purely notational. In the sequel we will construct just such a point
set map, such that 7! is (analogous) to its inverse images.

The map, T-! : ¥ — /% as defined above, is well defined, for if a;,as € A
are both such that um(a;)u* = xa for i = 1,2 we have that

u(m(ar — az))u” = um(a)u” —um(ag)u” = xa = xa =0

implies that 0 = w(a; — az) € B(H). Therefore for all x € A we have m(a; —
as)(x + L) = 0 hence (a1 — ag)z € L (see Remark 4.1.12) and, since 7 is state
preserving,

0 = ¢(((a1 = az)z)"((a1 — az)x))
= yor(((a1 —ag)z)"((a1 — az)x))
= yo((r(ar —az2)7(x))"(7(a1 — a2)7(x))).
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Now since 7 was assumed to be surjective we obtain
0=¢po((r(a1 — az)x)*(r(a1 — az)x))

for all « € A, which implies that 0 = 7o 7(a; — a2) € B(H), hence u(mw o 7(a; —
az))u* = 0, and therefore

*

u(mor(ar))u* = *

(mo7(az))u

u
as characteristic functions in L (X, X, u). Therefore the symmetric difference
of ¢ (u(m o 7(ay))u*) and ¢ (u(m o 7(az)u*) must have measure zero. Hence 7!
is indeed well defined.

By what we have established previously and by definition of 77! we see
X7-14 = u(mo7(a))u* when a € A is such that ur(a)u* = x4, so that

(T~ A) = por(a) = p(a) = u(A).

We will now show that we can regain a point set map S : X\ Xo — X where
1#(Xo) = 0 such that the inverse images of this map coincide with the forward
images of 1.

We will need the following from [12].

Definition 4.3.7. [12, p. 318] If 3; and X, are o-algebras on X; and X a map
P : ¥y — X, is called a o-homomorphism when @ (| J,—; Ax) = Upe; ®(4y) for
any {Ax}2, C .

Theorem 4.3.8. [12, p. 329] Let (X, %, 1) be a measurable space, Y a complete
separable metric space, and ® a o-homomorphism from the Borel sets of Y into
¥ /%0, with ®(Y) = X. Then there exists a set Xo € Xy and a point map
¢ : X\Xo — Y such that for every Borel set B of Y, ¢~ 1(B) = ®(B) (modulo
a set of measure zero).

In light of the hypothesis of the previous, the following famous theorems
allow a very welcome transmogrification of X.

Theorem 4.3.9. [9, p. 215] (Urysohn’s Metrization Theorem) Every regular
second countable topological space is metrizable.

Theorem 4.3.10. [9, p. 276] (Heine Borel Theorem) A metric space is compact
if and only if it is complete and totally bounded.

Theorem 4.3.11. [9, p. 191] If a topological space is second countable, it has
a countable dense subset, i.e. it is separable.

We recall that X is a compact (hence regular, since it is Haussdorff), second
countable Hausdorff space and therefore is metrizable by Urysohn’s metriza-
tion theorem, complete by the Heine-Borel Theorem and separable by Theorem
4.3.11.

We would like to have that 7! is a o-homomorphism. In aid of showing
this, we first prove:
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Lemma 4.3.12. Let {ax} C A be any net such that un(ay)u* — un(a)u*
strongly, for some a € A, as multiplication operators in L>°(X,%, u) acting on
L?(X,%, ). Then um o 7(ay)u* — um o 7(a)u* strongly.

Proof. Let b € A be arbitrary, so that b + £L € H (see Remark 4.1.12) is an
arbitrary element of a dense subset of H. Now, since w is unitary, hence an
isometry,
[lum o T(ax)uu(b+ L) — um o 7(a)u*u(b + L’)||§
= |[lror(a)(b+ L) —mor(a)(b+ L)
= [lmor(ax —a)(b+L)|
= o{(r(ax —a)b)*T(ax — a)b).
Since 7 is assumed to be surjective, there exists a b’ € A such that 7(b’) = b so
that, 7 being state preserving and a *-homomorphism then implies
|lum o 7(ax)u*u(b + L) — um o 7(a)u™u(b + £)||§
= ¢((r(ax — a)b)*T(ax — a)b)
= @((r(ax = a)r(¥))"(ax — a)7(V))
= ¢(((ax —a)t')"(ax — a)b)
= lm(ar —a)(¥' + £)II°
= Jur(axy)u u(t) + £) — ur(a)u*u® + L))
— 0

with A, by hypothesis. So since (b + £) was arbitrary in a dense subset of H,
we have that ur o 7(a))u* — um o 7(a)u*strongly in L (X, X, ). O

We can now show

Proposition 4.3.13. The map T~! : ¥ — ¥/ is a o-homomorphism satis-
fying T='X = X (modulo a set of measure zero).

Proof. First let A,B € ¥ be arbitrary and a,b € A such that ur(a)u* = xa
and ur(b)u* = xp. Then
um(ab)u® = un(a)u*ur(b)u™ = xaXB = XAnB,

so that by definition ur o 7(ab)u* = XT-1(AnB) and hence

XT-1ANT-1B
XT-1AXT-1B

urm o T(a)u*um o 7(b)u*

= umorT(ab)u*

= XT-1(ANB)
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as elements of L°°(X, ¥, 1), hence the symmetric difference of T-(A N B) and
T~'ANT~!B has measure zero.
Now also notice that

XAuB = XA tXB~ XAnB
= wun(a)u” +ur(b)u* — ur(ab)u”
= un(a+b—ab)u”,

so that by definition, x7-1(aup)y = um o 7(a + b — ab)u™ implies

XT-1(AUB)
= urot(a+b—ab)u”
= wumoT(a)u” 4+ uror(b)u* —umro7(ab)u*
= Xr-1A+tXr-1B — XT-1AnT-'B
= XT-'AuT-'B

as elements of L>°(X, X, u). So the symmetric difference of T-'AU T~ !B and
T~!(AU B) has measure zero.

Now, let {A;}72; C ¥ and {ax} € A such that um(ap)u” = x4, It
should be clear that um(ay)u* — xy=, 4, strongly in L>(X, X, u), as k — oo
by Theorem 4.1.14. Let a € A be such that xy= a, = um(a)u*. Now by the
previous paragraphs and the previous lemma, we have that

XUle T-1A;
XT_l(U;c:l Al)
um o T(ag)u”

*

1

um o 7(a)u

X1=1(Us2, Ar)

strongly in L>*°(X, X, 1) as k — oo. But it should be clear that the strong limit
of the sequence {XU;C:l 7-14,} 18 X, 7-14, by Theorem 4.1.14, therefore we
conclude that the symmetric difference of 77 (U;2, 4;) and U;=, T~ "4, have
measure zero.

Since 7(14) = 14,

Xr-1x = uroT(la)u” = ur(la)u” = xx,

implies that the symmetric difference of 7! X and X has measure zero.
Therefore we may conclude that T7-! : ¥ — ¥/%; is a o-homomorphism
such that 771X = X (modulo a set of measure zero). O

Now T~! satisfies the hypothesis of Theorem 4.3.8, hence there exists a set
Xo € ¥ of measure zero and a map S : X\ Xy — X such that for every Borel
set B of X, S™'B =T~!B (modulo a set of measure zero).
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We define the set X' := X\ Up—; S~ Xo. Since u(Up—; S™'Xo) = 0 we still
have u(X') = 1. We define the map 7" : X’ — X’ as the restriction of S to X'.
Then (X',¥ N X', u, T") is a measure preserving dynamical system.

Moreover, (X', XN X', u, T") preserves the ‘mixing properties’ of (A, p, 7).
To see this, suppose (A, p, ) is ergodic, let A, B € XN X', and a,b € A be any
such elements that ur(a)u* = x4 and un(b)u* = xp. We convince ourselves
that u(mo7%(b))u* = xr-r5 = xg o T"F because T~ B := ¢ (u(r o 7(b))u*) and
hence u(m o 7(b))u* = xp-15 = xp o T'. We then investigate

XANT-*B
= XAXT-*B
= wur(a)u*u(m o 78 (b))u*
= wu(n(a)mo7*(b))u*

= ur(arh(b))u*,
which, with what we had established before implies
WANTB) = plar* (b))

and therefore
1 n—1
lim — Y " pu(ANT'~*B)
n—oo N, k=0
1 n—1
= lim =Y o(ar¥(b))
= p(a)p(b)
— u(Au(B)

establishes the ergodicity of (X',X N X’ u,T") by Theorem 2.1.13. (Similar
argumentation establishes the weakly mixing, or strongly mixing of (X', % N
X', 1, T") when (A, p, T) possesses the same respective property).

4.4 Examples

As outlined in the previous section, we can obviously construct a C*-dynamical
system from any given measure preserving dynamical system. For more inter-
esting examples (where the C*-algebra is actually non-commutative) we refer
the reader to Chapter 6.
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Chapter 5

(Generalized Recurrence and
Induced Transformations

5.1 Classical induced transformations in the C*-
setting

Let (X,%,T,p) be a measure preserving dynamical system and A € ¥ with
w(A) > 0. Let (A4, XNA, pa, Ta) be the system induced onto A from (X, X, T, ).
Let (A, ¢, 7) and (A4, @a,7a) be the C*-dynamical systems derived from (X, 3, T, )
and (A,X N A, ua,Ta) respectively as in Proposition 4.3.1. Note that the C*-
algebras A = L>®(X,%,u) and Ay = L>®(A, XN A, ua) are von Neumann
algebras acting on the Hilbert spaces L?(X, X, u) and L?(A,¥ N A, ) respec-
tively through multiplication, therefore we may refer to von Neumann algebra
theory.

If our goal of defining induced transformations for general C*-dynamical
systems is indeed achievable, it should certainly be possible to obtain the system
(Aa,0a,7a) directly from (A, ¢, 7) without relying on the underlying classical
systems (X, %, T, ) and (A, XN A, pa,Ta) (too much).

We notice that x4 € A is a projection and AS) = xaAxa = xaAis avon
Neumann algebra acting on L?*(X, 3, u) [10, p. 116], while we actually want
it to act on L2(A,X N A, ua). It should however be clear that AS) = xaAis
*_isomorphic to A4 through the map xaf — f|a. Moreover, it is clear that
this *-isomorphism is weakly continuous, so that we may view .A(Al) = xaA as
a von Neumann algebra acting on L%(A,X N A, ua) [10, p. 132]. Hence, not

more than a moment’s reflection convinces us that qul) and A4 are actually
‘the same’ von Neumann algebra, as they act on the same Hilbert space and
their elements are in bijective correspondence respectively through restriction
to A and extension to X from A by zero.

We can define a state go(Al) : AS) — C by cp(Al)(f’) = o(f")/e(xa) for all

37
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e qul). On comparison with the state ¢ 4 we see for any f € A4, by denoting
f’s extension to X by zero by f’' € AS),

/. raua
= M(lA)/Afdu

1 ,

T olxa) /x fap
1 !

- @(XA)w(f )

= ¥u(f)

wal(f)

that they are indeed equal.
If we partition A € ¥ by return time, say {Aj}z?';l according to Definition

3.2.4, we can define a transformation 71(41) : A(Al) — Afj) as follows. For any

/e Ay
Th(f") =D xa, 7 () =D xa, f o T,
Jj=1 j=1

When we restrict both sides to A (as they are L>° functions on X, which equal
zero (p-almost everywhere) outside A), we see that for (u-almost) every z € A,
there exists a unique jo such that z € A;, and hence na(x) = jo, since {A;}32,

is a partition of A, so that when we denote the restriction of f’ € AS) to A by
feAa

()@ = (Xxarer | @

= Y @f T @)

= floT%(x)
= foT"")(x)
= foTa(x)
(ra(f)) (@).

It should also be easily seen that the fact that 7'1(41) is state preserving with

respect to L,DS) is implied by 74 being state preserving with respect to pa.

1) . . . .
Moreover 7'5,) is a *-homomorphism, since 74 is.

Hence (A(Al), QDS), TS)) is not only a C*-dynamical system, but is ‘the same’
as (Aa,¢a,7a), and obviously therefore possesses the same ‘mixing properties’
as (Aa,pa,7a) which it had inherited from (A4,X N A, ua,T4), which (4,X N

A, pa,Ty) in turn, had inherited them from (X, 3, u, T).
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The above discussion gives us a good clue as to how to go about defining
induced transformations for general C*-dynamical systems.

We might make the educated guess that constructing an induced transfor-
mation on some general (A, ¢, 7) C*-dynamical system will revolve around a
(suitable) projection p € A, in analogy to the projection x 4 (as a multiplication
operator) as used above, so that we may work with the *-algebra A, := pAp.
Also, because the return time map n 4 looses all meaning and use in this general
setting, we will likely require that the projection p admits a ‘partition’ {p;}32,
of (hopefully) mutually orthogonal projections, such that p = Z;’il p; (at least
strongly, when A happens to be a von Neumann algebra). This would permit
us to define an analogous induced transformation 7, : A, — A, by

(@) =Y pir(a)

for any a € A, in analogy to what was done above, which is then expected to
be state preserving with respect to the state ¢, : A, — C defined by ¢,(a) :=
p(a)/p(p) for all a € A.

If this is managed, (A,, ¢p, 7p) would be a C*-dynamical system, which we
might guess inherit ‘mixing properties’ from (A, ¢, 7) in analogy to the way that
(A, XN A, pia,Ta) inherits ‘mixing properties’ from (X, %, T, p).

5.2 Generalized Recurrence

This section is based on [6]. The reader will do well to remind himself/herself
of the definitions in Section 4.1.

Definition 5.2.1. [6, p. 57] Let A be a *-algebra and B a unital *-algebra. Let
¢ : A — B be a positive mapping (i.e. ¢(a*a) > 0 for all a € A).
We call ¢ additive if

Z e(pr) <15
k=1

for any projections pi,...,p, € A for which ¢(prpipr) =0if k <.

We call ¢ faithful if it is linear, A is unital, ¢(14) = 1z and p(a*a) > 0
when a € A is non-zero. (This obviously requires that a*a # 0 when a # 0,
which at least holds for all C*-algebras).

We will say ¢ is tracial if it has the property ¢(ab) = p(ba) for all a,b € A.

The following can be viewed as a generalization of the Poincaré Recurrence
Theorem

Theorem 5.2.2. [6, p. 57] Let A be a *-algebra, B a unital C*-algebra and
¢ : A — B an additive map. Let 7 : A — A be a *-homomorphism such that
o(T(pgp)) = w(pgp) for all projections p,q € A. Then for any projection p € A
with (p) > 0, there exists a positive integer n such that ¢(p7™(p)p) > 0.
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Proof. Note that since 7 is a *-homomorphism, it preserves projections (i.e. if
p € A is a projection so is 7(p)). Therefore

pr"(p)p = pr"(P)T"(P)p = (7" () P") " (p)p = (7" (p)p)"T" (p)p

implies
(et (p)p) = (7" (p)p)" 7" (p)p) > 0.

Suppose, contrary to what we want to prove, that ¢(p7"(p)p) = 0 for all
n € N. Then for all k,n € N we see, by hypothesis, and our supposition, that

o(T* ()T ()" (D)) = w(v* (pr"(p)p)) = (p7" (p)p) = 0.

Therefore {7%(p)}r.en forms a collection of projections such that (7% (p)7™ (p)7*(p)) =
0 when k < n.
Now, since ¢ is additive, for every n € N

> el (p) < 1s.

k=1

n

Moreover, since p is a projection, p = ppp, so that

n n

D e ) => e o) =Y elp) = ne(p).
k=1 k

=1 k=1

Therefore ng(p) < 1, and n|le(p)|| < ||15]| = 1 by [10, p. 46], which implies
that ||¢(p)|| = 0 and therefore ¢(p) = 0, contrary to our hypothesis that ¢(p) >
0.

In conclusion, we have established the existence of an n € N such that

@(pt™(p)p) > 0.
O

We can adapt the proof of the previous theorem to obtain the related result

Theorem 5.2.3. Let A be a *-algebra, B a unital C*-algebra and ¢ : A — B
an additive map. Let 7 : A — A be a *-homomorphism such that o(7(pgp)) =
w(pgp) for all projections p,q € A. Then for any projection p € A with p(p) > 0,
there exists infinitely many positive integers n such that o(pr™(p)p) > 0.

Proof. Suppose to the contrary, that there exist only a finite number of integers
n such that o(p7™(p)p) > 0. Then there exists an integer ng such that n > ng
implies ¢(p7™(p)p) = 0. Then for any k,n € N with n > ng

(" (p)T* T ()" (p)) = @(r* (pm" (p)p)) = @(p7" (p)p) = 0,

so that the collection of projections {7%+7m0(p)},cn is such that

(T (p) 7 (p) 740 () = 0
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when k < n.
By additivity of ¢ we then obtain

> p(rhtmo(p)) < 1.
k=1
Since p = ppp, also

D e o) =D et (ppp)) = Y @(p) = ne(p).

k=1 k

n n

1 k=1

Therefore np(p) < 1, and again n||e(p)|| < ||1g|| = 1 by [10, p. 46], which
implies that ||¢(p)|| = 0 and therefore ¢(p) = 0, contrary to our hypothesis that

p(p) > 0.
We conclude that there must exist infinitely many positive integers n such
that o (pt™(p)p) > 0. O

Corollary 5.2.4. If under the same hypothesis as the previous theorem, we
assume that ¢ is tracial, then for any projection p € A and any sub-projection
q € A of p such that p(q) > 0, there exist infinitely many positive integers n
such that o(pt™(q)p) > 0. Also, there exist infinitely many positive integers n
such that ©(q™(p)q) > 0.

Proof. Because ¢ is a sub-projection of p, (p — ¢) is a projection as can be seen
from

P=—q) =@ —-q¢)=@—0q
and
P—q)p—q)=pp—qp—pg+qg=p—q—q+q=(p—q).

Since ¢ is positive and tracial by hypothesis and 7, being a *-homomorphism,
preserves projections, we see that for all n € N

|
€

| I
S S
A A A 222

= ¥
> 0.

Hence o(pm™(q)p) > ¢(q7™(¢)q). But by Theorem 5.2.3 the existence of in-
finitely many n € N such that ¢(q7™(g)q) > 0 implies

o(pm"(9)p) = v(q7"(q)q) > 0,
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for such all such n, establishing the first result.
For the second result we investigate,

elg"(p)a) — »(g7"(9)q)
"(p)) — (gt ()

qT

(
(g7"(
= (g (p—q)
(g7"(
(

S

n

= @l p-9" - 9)q)
= o(("(p -9 " (p - 2)q)
> 0

)

which holds since ¢ is tracial and positive, (p — ¢) is a projection and 7 is a
*-homomorphism. Therefore

(g™ (p)q) > w(q7"(q)q) > 0

for infinitely many positive integers n by Theorem 5.2.3, establishing the second
result. O

The same proof as for the previous result allows us to also establish:

Corollary 5.2.5. If under the same hypothesis as Theorem 5.2.83, p € A any
projection and q¢ € A any sub-projection of p such that p(q) > 0, pt"(q) =
7(q)p and g7 (q) = 7"(q)q for all n € N, there ewxist infinitely many positive
integers n such that p(pr™(q)p) > 0.

And also:

Corollary 5.2.6. If under the same hypothesis as Theorem 5.2.8, p € A any
projection and q € A any sub-projection of p such that p(q) > 0, ¢7"(p) =
T™(p)q and g™ (q) = 7™(q)q for all n € N, there exist infinitely many positive
integers n such that p(qm"(p)q) > 0.

We will use these results in the coming sections to define generalized induced
transformations.

5.3 Generalized Return Time Partitions

In this section we will investigate the possibility of defining a consistent return
time partition as was done for classical measure preserving dynamical systems
in Section 3.2.

Let (A, p,7) be a C*-dynamical system, with 4 a von Neumann algebra
(that is not a factor) acting on a Hilbert space denoted by H. We assume that
H is the same Hilbert space as is obtained from the GNS-construction on (A, ¢)
(see Remark 4.1.12), and that the representation 7 obtained is just an inclusion
map. We therefore suppress mention of 7w and justify writing ¢(ab) = ac(b) for
all a,b € A. Let 7 be a *-homomorphism and let p be any projection in AN A’,
such that ¢(p) > 0 and 77(p) € AN A’ for all j € N.
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We recursively define for all j € N

p1 = T(p)p
pj = Tj(p)(p*Zpk)
k=1

and

7(p)(1a —p)

) a—p-Y ).
k=1

q1

4j

Because A N A’ is a von Neumann algebra [10, p. 117], we can conclude that
pj,q; € ANA for all j € N, since their constituents lie in AN .A’. Moreover,
since both p, (14 —p) € ANA’, p; and ¢; are sub-projections of the projections
p and (14 — p) respectively for all j € N.

Remark 5.3.1. We will remark that when (A, ¢, 7) is constructed from a measure
preserving dynamical system (X, Y, i, T') as in Section 4.3, then for any A € &
with p(A) > 0 we have that x4 € A = L>®(X,X, ) also lies in A’, by the
commutativity of A. In this case, it takes no great stretch of the imagination to
see that p; = x4, and ¢; = x, for each j € N where {A;}52, and {B;}52, are
as they are were defined in Section 3.2. Therefore {p; }]O';l is indeed a partition
of p (in some sense), since {A;}22, is a partition of A. This hints that we are
indeed on the right track in our search for a consistent definition of a generalized
return time partition.

We can prove the following:

Proposition 5.3.2. The collections {p;}32; C ANA" and {q;}32, C ANA
respectively consist of pairwise orthogonal projections.

Proof. We can easily see that p; € A is a projection, since p € AN A" and 7 is
a *-homomorphism,

pip1 = pr(P)pT(p) = P*7(p°) = T(p)p =M
and
pi = (p7(p))" =7(p)*p" = 7(p")p=7(P)p = p1.

We can show that pips = pap; = 0, since p; € AN A’ for all j € Zx,
p1p2 = pop1 is clear. By definition,

p1p2
= 7(p)p7*(p)(p —p1)
7(p)p7*(p)(p — T(p)p)
= pr(p)73(p) — pr(p)7*(p)
0.
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By strong induction we can now show that the p; are mutually orthogonal
projections. Suppose for some ky € N, for each [ < kg, p; is a projection and
the collection {pl}fil of projections are pairwise orthogonal.

We can show that pi,+1 is a projection, for the pairwise orthogonality of
{pl}fil and the fact that all operators involved lie in A’ , implies

Pro+1Prot1 = TOFH(p) (p - im) T (p) <p - im)
oo ) £

(- ZWZW(Z“) (=)
(p) | 1a— Zpk —Zpﬁ Z Pipr

k,r=1

= prhoty( <1A Zpk—zpk‘szk)

= 7" (p) (p - im)
k=1

- pko"l'l?

ko *
Phot1 = (T’“"“(p) (p - Zm))

g

= 7t (p) (p — im)
k=1

= DPko+1,

_ k0+1

— prioti(p)

and

establishing that py,41 is indeed a projection.

We can now show that the projections in {p;};°1!

are pairwise orthogonal.
By assumption, the projections in {pl}l:1 are pairwise orthogonal, thus it only
remains to show that py,41 is orthogonal to every element in {pl}fil. It is clear
that pr,11p1 = Pipre+1 for every I < kg since p; € AN A’ for all j € N. Since

the projections in{pl}fil are pairwise orthogonal and each is a sub-projection
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of p, we see that

Pko+1P1

ko
= 7 (p) <p - Zm) P
k=1
ko
= 7 (p) <pl - ZPkpl)
k=1

= 7Rt (p) (p—pi)

implies that the projections in {p;}; ko“ are pairwise orthogonal.

But the induction hypothesis holds when ko = 1, therefore each element of
the collection {p] ©, is a projection, and the projections in the collection are
pairwise orthogona]

Analogous argumentation establishes the result for {g;}32;. O

Definition 5.3.3. If r € A is a projection, we will call a countable collection of
pairwise orthogonal projections in A a potential partition of r if each projection
in the collection is a sub-projection of r.

We call Py := {p; 52 the basic return time potential partition of the pro-
jection p.

Let P":= {p}}32; C Aand P" := {p//}32, C A both be potential partitions
of some prOJectlon r € A. We will say ’P” 1s a compatible expansion of P’ and
write P’ < P"if for all j,j' € N

Pipy = P = 05y
Proposition 5.3.4. The relation ‘<’ is a partial order on the collection of all
compatible expansions of Py.

Proof. Clearly, if P’ := {p}}72, is a compatible expansion of Py, then P’ < P’
because the pairwise orthogonahty the projections in P’ establishes p p , =
pj,pj 5”/}9] for all 7,7’ € N. Hence the relation is reflexive.

If P = {p}}32, and P := {p/}32, are compatible expansions of Py such
that P* <P” and P < P’, then

/1 )

Pipy = pjip; = 8ij by

and
Pipje = Dp = 8 by
implies d;;:p% = pipj = 631/;0],, and therefore p = p’ for all j € N. Hence
P’ = P". Therefore the relation is anti-symmetric.
If PO) .= {p;i)};";l for i = 1,2, 3 are compatible expansions of Py such that
PL < PR and PG < PG) then

1,(2) (), (

1) 1)
p; 'Dj =D;iD; —5”'19]
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and
)
But then
o = =
and similarly p(g) 1 _ = J; /p b , which establishes P() < P®) and therefore
transitivity of the relatlon
We conclude that the relation ‘<’ on compatible expansions of P is indeed

a partial order. O

Proposition 5.3.5. Every chain of compatible expansions of Py ordered by ‘<’
has an upper bound.

Proof. Let
{73(" = {pj j= 1} >0

be an arbitrary chain of compatible expansions of Py. We may as well assume
that P(©) = P, because Py is a lower bound for the collection of all compatible
expansions of Pg.

We define P := {p;}52, as follows. For each j € N, {pgn)}nzo is an increas-
ing net of projections in A, therefore converges strongly to a projection in A,
by Theorem 4.1.14, which we denote by p;.

We will now show that P is an upper bound for the chain.

Let n € N be arbitrary but fixed, and m € N arbitrary such that m > n.
Then for all j,7' € N, and u € H

77} — 859\ u

_ ||10729§ " — p§ m) ( )u—l—p( )p(,)u—(s”/p]/ UH
< @5 - ™)l u|| + 107505 — 85590
= |57 — i)\ u|

— 0

as m — oo, while the left hand side is independent of m. Therefore for all n > 0,

p]pj = 5]]’p§n)

Similarly, because for any projection p in a C*-algebra we have ||p|| = |[p*p|| =
lp||?, implying that ||p|| equals either 0 or 1. Hence

1P B — 05505

IpS B = pS )p§ b pp™

(n) (n) (m)

u— 5]1’79]/ UH

< 5 mu — 5P ul| 4+ 15 P — 65505
< rdllmre — Sl + ||6jj/pj/ u— 850\ u
< lpyu —p{™ull

— 0
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(7,1)

J

(7)_

as m — oo while the left is again independent of m. Therefore p,'p; = 6jj/pj

So we may conclude that for all 5,7’ € N and all n > 0,
pyl)ﬁ = pﬁpﬁ) = 5jj/p§-7).
We now prove that the projections in P are pairwise orthogonal. Let j,j’ €

N, u € H and m > 0 be arbitrary. Then, by invoking the just established fact

pps = el = 8yl

PP — 655 Dyull
(71)

Ip7m7w — D3 7w + 9 B — 8,50 B5ul
< \mmu — o ull + 105 55w — 85557l
< IBlllmrr — oS ull + 855 195w — Pyl
< e — 95wl + 8550 105w — BruH|
— 0
as m — oo while the left is again independent of m. Hence p;p; = 0,;/Dj,

establishing the pairwise orthogonality of the projections in P.
We now show that every projection in the collection P is a sub-projection
of p. Let m >0, j € N and u € ‘H be arbitrary

lpPiu — pjull
= llppru —ppi™ u + pp{™u — pru

< lppyu — ppl™ull + lpp\™ u — Brul

IpllF7e — p§™ull + [PV — prul
— 0

as m — oo, while the left is independent of m, hence pp; = pj.
Similarly

[Pjpu — pjul
= ||pjpu— p§m)pu + p;m)pu — pyul|

< Agpu— ™ pull + [Ip§™ pu — prul

= @5 — " pull + 08w — prul

— 0

as m — oo, while the left is independent of m, hence p;p = p;. B
We conclude that P is a compatible expansion of Py and P™ < P for all
n > 0, hence is an upper bound for the chain. O

Corollary 5.3.6. There exists a mazimal compatible expansion of Py.
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Proof. The result follows immediately by invoking Zorn’s Lemma on the previ-
ous results. O

As an aside we might raise the following, in analogy with so many other
statements of this form:

Conjecture 5.3.7. The ezistence of an upper bound for every chain of com-
patible expansion of Py is equivalent to Zorn’s Lemma.

Proposition 5.3.8. Let P(*>) := {pg-oo)};?';l any maximal compatible expansion
of Py- The strong limit Z;’;lpg-oo) exists and is a sub-projection of p.

Proof. Since the projections {pé.oo) 22, are pairwise orthogonal, {Z§:1 pg.oo)}z‘;l
is an increasing sequence of projections which, by Theorem 4.1.14, to a projec-
tion in A, which we denote by p’ := >>72, pjoo) We show that p’ is a sub-
projection of p. The assumption p € AN A" establishes pp’ = p’p. For any
u € 'H, and any k € N, since each p3° is a sub-projection of p

lpp'u — pul|

k k
= pp'u— | Do fut [ D1 | u—pul
j=1 j=1

k k
< ppu—p [ D080 ul 1 o6 | u—pul
j=1 j=1
k k
< pllellpu = | P8 | ull + 11D p0 | w—pul
j=1 j=1
— 0
as k — oo while the left is independent of k. Hence pp’ = p'p = p’. O

Proposition 5.3.9. Let P(>) := {p§.°°)}]‘?°:1 any mazimal compatible expansion
of Py- Then

e | S0 ] =),
J=1

(where the limit of the series is the strong limit).

Proof. By the previous proposition the strong limit p’ := Z;‘;l p§»°°) exists and
is a sub-projection of p. Therefore py := (p — p’) is also a sub-projection of p

and
@(po) = wlp—p) =¢((p—p)(-1")) >0
so that ¢(p) = ¢ (p').
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Suppose that p(po) = ¢(p — p’) > 0. By Corollary 5.2.6, there exists an
n € N such that o(po7™(p)po) > 0. Let ng be the least such n. The assumption
that 77 (p) € AN A’ and the fact that p’ is a sub-projection of p then implies

0 < (ot (p)po)
= o™ P-1))
= o™ (P (1a—17p))
= o(py,)

where we define p;, = pr"(p)(14 —p') € A. It is clear that p;, is indeed a

oo

projection. Now for any p§»°°) € {pﬁoo)} 221, the fact that pgoo) is a sub-projection

of p’ establishes

D™ = pr(p)(1a — 9}
= pr(p)( —p'p\>)
= )@ - ™)
= 0,

and since both p, 7 (p) € AN A’

P, = PP () (14— )
= pro(p) (e — p™p)
= )y - )
= O’

so that p;,  is orthogonal to every p(oo).

J
We define the collection of projections P as P(°°) where psl?) is replaced
with with pﬁi’;’) + p},,- Because pimp;w) =0 for all j € N, P is a collection of
mutually orthogonal projections, and is indeed a compatible expansion of P(>).
We now show that P is a compatible expansion of Py. For any projection

pj €Po CANA, pl, pj = p;jpl,, and

Poopi = p70(P)(1a -0 )p;
= pr™(p)(p; — P'p))

pT"°(p)(pj — pj)

= 0,

which then implies that

(P + Pl )y = Pipy = pip ) = 6nop;

and for any j/ € N with j/ # ng, by definition of P(°°),

p;?o)pj = pjpg?o) = 0j;'Dj-
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Therefore P is a compatible expansion of both Py and P(>),
But since ¢(p), ) > 0 we cannot have that P = P(>), because

o) # o) + ply,)-

Hence P is strictly greater than P(°°) as a compatible expansion of Py. But this
is absurd, because P(>) was assumed to be a maximal compatible expansion of
Po.

We therefore conclude that ¢(pg) = ¢(p — p’) = 0, and hence

v ij’o) = o(p') = ¢(p)-

O

Remark 5.3.10. The result above is not unexpected. For a C*-dynamical system,
(A, p,7), constructed from a classical measure preserving dynamical system,
(X, %, u,T), the Poincaré Recurrence Theorem immediately implies that Py, as
constructed above, is already a maximal compatible expansion of itself.

5.4 Generalized Induced Transformations

In this section our aim is to construct generalized induced transformations,
which are consistent with classical induced transformations. We continue under
the assumptions made in the previous section.

We will assume that Py := {p; };";1 is a maximal compatible expansion of
itself. This assumption is not unreasonable, as this is the case classically, and
for the example in Section 6.2. We define pg := p — Z;’;lpj, where the limit
of the series is the strong limit. As mentioned in the previous section pg is a
sub-projection of p, and then Z;io p; = p (strongly).

We can prove the following result which is suspiciously similar to the classical
result, Lemma 3.2.7.

Lemma 5.4.1. With {p;}32, and {q;}72, as defined in Section 5.3,
7(q;) = Dj+1 + ¢j+1
for all j € NU {0} when we take gy := p.
Proof. The first equality follows easily:
T(p) =7(P)(la —p) +7(P)P = @1 + p1.

We will prove the second by strong induction. Suppose for some ky € N,
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7(qk) = qr+1 + P41 for all k < kg. Then, since 7 is a *-homomorphism,

T(Qro+1) = (’“”“ (la—p— Z%)

= 7P (p)(r(1a) — T(p Z%+1 Zkarl

ko-‘rl ko+1

= 2 (p)(1a — 7(p)p — 7(p)(La — p) Z L Z P)

ko+1 ko+1

= P a-p—a - Y - Y o)
k=2 =2
ko+1 ko+1
= PP Aa-p= D a+p— Y pr)
k=1 k=1
ko+1 ko+1
= 7RT2(p) 14 —p— Z ar) + 72 (p)(p — Z Dk)

= Qko+2 T Dko+2-

Hence the relation holds for kg + 1 if it holds for all & < kg, The required result
follows. O

Remark 5.4.2. The previous result is remarkable. For every a € pAp, since 7 is
state preserving and ¢ is linear, it allows us to write

p(a)
= (ap)
= ¢(7(ap))
= ¢(r(a)7(p))
= p(r(a)(p1 +q1))
= @(r(a)p1) + ¢(t(a)qr)
= p(r(a)p) + o(r*(@)7(q1))

k
ijTj(a) +o(m*(a)qr)

for every k € N. Therefore if we can show that for every a € pAp the sequence
{Zf 1P (a)}22, converges in some sense in pAp, while {o(7%(a)qr)}32, con-
verges to zero, we are close to establishing that the map a — Z 2, piT(a)
preserves ¢, as it happens classically. Comparing the proof of Proposmon 3.2.8
with this remark, might give the observant reader an eerie sense of déja vu.
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Proposition 5.4.3. For any (fired) a € pAp the sequence {2?21 p;T(a)}3e,
converges strongly in pAp.

Proof. Since {Zfzo Pj 1, converges strongly to p, we have that the tail {3272, p;}p2,
converges strongly to zero.

Let u € H and a € pAp be fixed but arbitrary. For any m,n € N with
m > n, since 7 is a *-homomorphism |77 (a)|| < ||a|| for all j € N by Proposition
4.1.8. We remember that {p;}32, C A’ N A and is pairwise orthogonal, so by
the Pythagorean theorem,

m n 2
> pir(@)u > pii(a)u
3=0 3=0

2

m
= Z 7/ (a)pju
j=n-+1
" 2
= Y |7@pu|
Jj=n-+1
m
j 2
< > @) Ipjull
j=n+1
m
2
< Alal® > llpsul
j=n-+1
2
[eS)
< lal?|| Y pu
j=n+1

2
hence choosing n ‘large enough’ ‘Z;’in 41 pjuH can be made arbitrarily small.

We conclude that {Z;C:o p;T/(a)u}ie, C His a Cauchy sequence and converges
since H is complete. Therefore, for each a € pAp, the sequence

k
> pim (@)}, C pAp
j=0

converges strongly. Since pAp is a von Neumann algebra, it is strongly closed,
hence the strong limit of the mentioned sequence lies in pAp. O

We define the map 7, : pAp — pAp by
()= pim(a),
j=0

where the limit is the strong limit, which exists by the previous result.
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Proposition 5.4.4. The map 7, : pAp — pAp, as defined above, is linear.

Proof. The a finite linear combination of strongly convergent nets converges
strongly to the corresponding finite linear combination of their strong limits. [

Proposition 5.4.5. For every a € pAp the sequence {HZ;LO p;TI (a)H} is

bounded (by ||al|).

[e'S)
k=1

Proof. Let u € H and k € N be arbitrary. By the Pythagorean theorem, since
{p;}i—o € A’ N Ais pairwise orthogonal and >0 pj = p (strongly)

2

k
> pir(a)u
j=0

k ‘ ,
= Y |7 (a)pjul]
=0

k
j 2
< Dol @] flpsul
§=0
k
2
< > lal? lpsul
§=0
k
2
= Jal*_ Ipjul
§=0
oo
2
< al*) lpsul
§=0
2
e}
= Jal*||>_pju
§=0
2
= lall?|lpul
< lal[lpl* lull?
< lal?flull®.
Taking the supremum over all such u that ||u|| = 1 on both sides above, estab-
lishes the result. O

Corollary 5.4.6. The map 7, : pAp — pAp, as defined above, is bounded as a
linear operator on pAp, and ||7,|| < 1.

Proof. Implied by the two previous results. O

Proposition 5.4.7. The map 7, : pAp — pAp, as defined above, preserves
products in pAp.
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Proof. Let a,b € pAp and v € 'H be arbitrary. Then for any k£ € N, since the
{pj}32o € A’ N A are pairwise orthogonal and 7 is a *-homomorphism

I (ab)u = 7p(a) 7 (D)
k

< ||mp(ab)u — ij’l'j (ab)u
3=0

k k
+ [ pr @by = 3 py (@) (B)u
§=0 §=0

k
+{[D_ 2T ()T (b)u — (@) (B)u
§=0

k

= ||mp(ab)u — ij’l'j (ab)u

Jj=0

k k k
H D @) | | D prr (0) | u =Y pir(a)m(b)u
j7'=0 j=0

=0

k
+|1 D i (@) (b)u — (@) (b)u
j=0

k

< ||mp(ab)u — ijrj (ab)u
j=0

k k
13 i @) |1 pir (B)u — 7, (b)u
7=0 3'=0

k
I S piri@) @) | )
j=0
— 0

with increasing k, because {Z?ZO p;jTi(a)}72, converges strongly in pAp and
the sequence {“Zfzo pjTj(a)H},g";l is bounded by Proposition 5.4.5. But the
left is independent of k, hence we conclude that 7,(ab) = 7,(a)7,(b). O

We cannot conclude by a similar argument as in the previous result that 7,
also preserves involutions, since involutions are not necessarily strongly contin-

uous, as is illustrated by the example in [10, p. 113]. We can however obtain
this result through other means.

Lemma 5.4.8. The map 7, : pAp — pAp, as defined above, preserves projec-
tions in pAp.
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Proof. Because r is a projection, {p; G20 C A’ N A is a collection of pairwise
orthogonal projections and 7 is a *~homomorphism, we see for each j that

(py ™ (1)) (07 () = P37 (%) = p; 7 (r)
and
(o577 (r)* =77 (r*)p} = pi (r),

so that each p;77(r) is a projection. By the pairwise orthogonality of the col-
lection {p;}32, and the fact that each p; lies in the commutant of A it is easy
to conclude that the sequence

k
O pim ()
j=0

is an increasing sequence of projections, which converges strongly to a projection
by Theorem 4.1.14. By definition, 7,(r) is equal to this projection. O

Proposition 5.4.9. The map 7, : pAp — pAp, as defined above, preserves
involutions in pAp.

Proof. We first show that the result holds for finite linear combinations of pro-
jections. Let {d;}}_; C C be arbitrary and let {r;}!_; C pAp be arbitrary
projections. Then by linearity of 7,, conjugate linearity of the involution and
the previous lemma,

*

| [ D dim = > dim (r})
j=1

*

The linear span of projections in pAp is norm-dense in pAp by Theorem
4.1.17. Therefore for any a € pAp there exists a net {s)} C pAp of finite linear
combinations in pAp converging (in norm) to a. The linear map 7, is bounded
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by Corollary 5.4.6, and the involution is an isometry, so for any A

I7p(a”) =7 (a)"]|

I7p(a”) = (s3I + 17p(s3) = (@)’
I7p(a” = s3I + lI7p(s2)" = 7p(a)”||
lla® = Xl + lImp(sx) = 7p(a)l

2||la — sz

IAIA

— 0

with increasing A, while the left is independent of A. Therefore 7,(a*) = 7,(a)*.
O

Corollary 5.4.10. The map 7, : pAp — pAp, as defined above, is a *-
homomorphism.

Proof. Follows from the linearity, and preservation of products and involutions,
all shown above. O

Remark 5.4.11. Comparing Corollary 5.4.6 together with the previous result,
is reassuring as to the correctness of our argument, when considered in light of
Proposition 4.1.8.

We will now set out to prove that 7, is preserves (.
We we first prove the following:

Lemma 5.4.12. Let {pp} C A be an increasing net of projections (in B(H))
converging strongly to p € A, then ¢(py) — ¢(p).

Proof. Since {p,} is increasing, p — py is a projection. Therefore p(p —py) >0
and by Remark 4.1.12,
e(p—pr) = @((P—pr)"(P—pr))
= lp—p2)I?
= [llpla) — elpala)?
= pe(1a) = pae(1)?

— 0

with increasing A, since {py} converges strongly to p. Therefore ¢(py) — ¢(p).
O

Corollary 5.4.13. Let {p;} C A be a collection of pairwise orthogonal projec-
tions then 3272 p(p;) = ¢ (Z;’il p]) where Y777 | p; denotes the strong limit.
Proof. The sequence {2?21 p;} is an increasing sequence of projections, there-
fore has a strong limit, denoted E;; pj, by Theorem 4.1.14. Hence, by the
previous proposition, Z?Zl o(p;) = ¢ (Zlepj) — @ (Z?’;lpJ) as k — oo.
Hence 337, (py) = o (352125 ). O
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Lemma 5.4.14. The map 7, : pAp — pAp, as defined above, preserves the
p-states of projections in pAp.

Proof. Let r € pAp be any projection. Since the collection of projections
{qj ©, are pairwise orthogonal and lie in the commutant of A, the sequence
{q;77(r)}32, is a sequence of pairwise orthogonal projections. By the previous
corollary,

oo o0
> el () =¢ | > g (r) | < oo,
j=1 j=1

Because, ¢(g;77(r)) > 0 since projections are positive, we must have that
©(g;7(r)) — 0 with increasing j.
Now, by the statements made in Remark 5.4.2, for every k € N

k
> opim () | +elar* ().
j=1

Taking the limit as k — oo on both sides above we see, by the previous corollary,
that

p(r) = lim oo | > pir(r) | + Jim (g (r)
k: .
= kllngozgw(pjTj(r)) +0
j:

= ) elpm(r)

<.
—

= o> pi(r)
j=1
= pon(n

O

Proposition 5.4.15. The map 7, : pAp — pAp, as defined above, preserves .

Proof. We first prove the result for arbitrary finite linear combinations of pro-
jections in pAp. Let {r;}!_; C pAp be arbitrary projections, and {d;}7_; C C
arbitrary. Then by linearity of 7, and ¢ and the previous lemma

P OTp Zdﬂj ZdJ‘POTp (r5) Zd]go (r5) Zdjrj
j=1 j=1
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The linear combinations of projections in pAp is norm dense in pAp, by
Theorem 4.1.17. Let a € pAp be arbitrary and {sx} a net of finite linear
combinations of projections in pAp such that sy — a. By what was established
in the previous paragraph, we see that for every A, po7,(sx) = ¢(sx). But both
¢ and 7, are bounded, hence norm-continuous, therefore

pomp(a) =pomnlimsy) =limpom(sy) =lime(sy) = ¢(limsy) = p(a).

O

Remark 5.4.16. In light of what was proved in this section, we define A4, :=
pAp and ¢, : A, — A, by pp(a) = ¢(a)/¢(p), and can then conclude that
(Ap, @p, p) is a C*-dynamical system!

Comparing the results of this chapter thus far, with those in Section 3.2, it
doesn’t take much imagination, to see that what we have achieved is a consistent
generalization of induced transformations to this setting.

Definition 5.4.17. We will call the C*-dynamical system (A, ¢,, 7,) the sys-
tem induced from (A, p,T) onto p, or just the induced system. We will call the
act of constructing (A,, ¢p, 7p), inducing onto p.

5.5 Inherited Ergodicity of Generalized Induced
Transformations

In this section we show that as in the classical case, ergodicity of a C*-dynamical
system implies the ergodicity of an induced C*-dynamical system.

We continue under the assumptions imposed on (A, ¢, 7) in the previous two
sections and will make the additional assumption that 7 is strongly continuous,
i.e. that when a), — a converges strongly in the von Neumann algebra A,
implies 7(ay) — 7(a) converges strongly.

Remark 5.5.1. The assumption of 7’s strong continuity is not unreasonable. For
a few classical systems (X, X, 4, T) this is indeed true. We define the Perron-
Frobenius operator £ associated with T by

1
(Lg)(x) = ye;{w} mg(y)

for any map g : X — C, where |T"(y)| denotes the Jacobian determinant of
T evaluated at y. If £ is such that £(L*(X,X,u)) € L?(X,%,pu), then 7 :
L>® (X, %, pu) — L™®(X, %, u) defined by 7(f) := f o T is strongly continuous.
This can easily be seen by considering any net f\, — f converging strongly
as multiplication operators in L>°(X,¥, ) then for any v € L*(X,%,u), by
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administering the change of variables z = Tz,

I (f)u = 7(f)ull3

= Ifa(Lu) = F(Lw)ll3

— 0.

It is clear that £(L?(X, %, u)) C L?(X, %, 1) indeed happens for (the) classi-
cal measure preserving dynamical systems (like) irrational rotations, the Baker’s
map and [-transformations.

Similar to the definition of 7, : pAp — pAp in the previous section we can
define p;, : pAp — (14 — p)A(1a — p) by

ppla) == Z ;7 (a)

where the limit is again taken to be the strong limit. The existence of this limit
follows by the same argument that established the values of 7, as such strong
limits. The linearity and boundedness, hence continuity of p,, also follow exactly
as it did for 7,.

We establish the following

Lemma 5.5.2. The following equality holds for all a € pAp

7o ppla) = ppla) + 1(a) — (p1 + q1)7(a).

Proof. Let a € pAp, u € H and k € N be arbitrary, then by Lemma 5.4.1 and
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the assumed strong continuity of 7,

70 pp(a)u — pp(a)u — Tp(a)u + (p1 + q1)7(a)ull

k
= lroplau=r | Yo @ | ul
j=1
k .
Hir (@) | u = pylayu =@+ @1+ a)rau]
j=1

k
= ropplau—7 (> g¢7(a) | ul
j=1

k k
+ Z %+1Tj+1(a)u + ZP;‘HTJH(CL)U = ppla)u — p(a)u+ (pr + q1)7(a)ul|
j=1 j=1
k
< roppla)u—7 (> g (a) | ul
j=1
k+1
+1 D 57 (@)u — pyla)ul
j=1
k+1 _
+1 Y pim (@)u — 7y (a)ul
j=1
— 0

with increasing k, while the left is independent of k. We conclude 7 o p,(a) =
pp(a) + 1p(a) — (p1 + q1)7(a). O

The inclusion ¢ : A — H defined in the GNS-construction (see Remark
4.1.12), is a bounded linear map.

We define the following operators U : «(A) — H, Uy, : «(pAp) — pH and
Ry 1(pAp) — (La — p)H by

Uila) = (7(a))
Upia) = urp(a))
Ryla) = 1(ppla))

Since the sets 1(A), ¢«(pAp) are norm-dense in H and pH respectively, and the
operators are bounded and densely defined, they can be uniquely extended to
bounded linear operators (denoted by the same symbols) U : H — H, U, :
pH — pH and R, : pH — (14 —p)H [7, p. 100].

We can prove the following

Corollary 5.5.3. For any u € pH, URyu = Ryu + Upu — (p1 + ¢1)Uu
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Proof. The result follows from the previous lemma, and the definitions above.
O

Lemma 5.5.4. For any u € pH, Uu= (p1 + ¢1)Uu

Proof. Let u € pH be arbitrary, then since ¢(p.Ap) is norm dense in pH, there
exists a net {ax} C pAp such that ¢(ay) — w in norm. Since {ar} C pAp,
pay = ay, by Lemma 5.4.1, 7(p) = p1 + q1.

Then for any A, because 7 is a *~homomorphism to boot,

[Uu = (p1 + q)Uul|
[Uu = Uslax) + Ur(ax) = (pr + 1) Uul|

< Uu—=Udlar)[| + lle(r(ax)) — (p1 + @) Uul|

< Ul[uw = ela)| + [le(m(par)) — (p1 + q)Unl|

= [[U[lllu = t(a)[| + le(r(p)T(ax)) = (p1 + q1)Uu]

= NUllu = e(ax) |l + [[e((p1 4+ q1)7(ax)) — (p1 + 1) U]
= Ul — t(ax)]l + [[(p1 + q1)e(r(ax)) — (p1 + q1)Uul|
= |U|lllu = t(ax)|| + I(p1 + @1)Ut(ax) = (pr + q1)Uul|
< Uw = elax) | + llpr + @l U [ le(ax) — ull

— 0

with increasing A, while the left is independent of A. We conclude Uu = (p1 +
q1)Uu. O

We can now prove the main result of this thesis.

Theorem 5.5.5. If (A, ¢, T) is ergodic, then the induced system (A, ©p, Tp) is
ergodic.

Proof. By Theorem 4.2.6, it is enough to prove that the fixed point space of the
operator U, : pH — pH is one dimensional, (equal to Ci(p)). To this end, let
¢ € pH be an arbitrary fixed point of Up,.

Then, by the previous two results

U(c+Ryc) = Uc+URpye
(p1 +q)Uc+ Rye+ Upe — (p1 + q1)Uc
= Upc+ Rye

c+ Ryc,

hence ¢ + R,c is a fixed point of U.

By Theorem 4.2.6, Since (A, ,7) is ergodic, the operator U : H — H has
fixed point space Ci(1.4). Hence there exists some d € C such that ¢ + Ry,c =
du(14). But Ryc € (14 — p)H, hence pRyc = p(1a — p)Rpc = (p — p)Rpe = 0.
Also ¢ € pH so that pc = c. Tt is then seen that

c=pc=p(c+ Ryc) =dpt(14) = de(pla) = du(p).
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We conclude that the fixed point space of U, is one-dimensional and, by Theorem
4.2.6, (Ap, p, 7p) is ergodic. O

Generalizing Theorem 3.3.2 requires some more work.

It can easily be seen that the proofs of results 5.4.3 up to and including
5.4.10, go through when a € A just as well as when a € pAp. This allows us to
define the *-homomorphism 7, : A — pAp, just as before

)= p;7T(a)
j=0

where the limit is the strong limit. As before, we define the operator U,:H—
pH as the unique bounded linear extension of Uy, : t(A) — «(pAp) defined by
Upi(a) = o(Tp(a)).

Lemma 5.5.6. The equality 7,(pa) = 7,(a) holds for all a € A and Up,p = U,
holds.

Proof. Let a € A and u € H be arbitrary. Since each p; is a sub-projection of
79(p), by their definition in Section 5.3, for any k € N, by the definition of the
images of 7, and 7, as strong limits,

I (pa)u — Ty (a)u]

k k
< lmp(pa)u =Y pyr (payul + 1| > p;m (pa)u — T(a)u|
j*O j*O
= [Imp(pa)u — ZP;TJ pajul[ + || ZP 7 (p)7 (a)u — Tp(a)ul|
7=0
k _ k .
= |mppa)u =Y py/ (pa)ull + (| > pym (a)u — T(a)u]
7=0 j=0

— 0,

with increasing k, while the left is independent of k. We conclude that 7,(pa) =
7(a).

Now, for any u € H, by the density of +(A) in H, there exist a sequence
{an}22, C A such that ¢(a,) — u in norm. By the just established equality we
see

[Uppu — Upu|
< NUppu = Uppt(an)|| = [|Uppt(an) = Upu]
= |Uppu — Uppt(an)|| = le(rp(pan)) — Upul|
= ||Uppu ppb(an)H - ||iﬁ(an)) _Epull
= |Uppu — Uppt(an)|| — |Upt(an) — Upul|
\

< NGwplllu = t(an) | = [Tplllle(an) — ull

0

l
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with increasing n, while the left is independent of n. We conclude Upp = @
O

Lemma 5.5.7. The following equalities p;7,(a) = p;jTi(a), for all a € A, and
p;Up, = p;U7 hold for all j € NU{0}.

Proof. Leta € A, u € H,and k, j € N be arbitrary. Then since {Z?:o pjTj(a)}k
: =1

converges strongly to 7,(a) and the projections in {p; };?C:O are pairwise orthog-
onal, we see for k > j

lpi7p(@)u — p; 7 (a)ul

k K

= pTp(@)u—p; > ppr? (@)ul + llp; Y pyrr? (a)u — p; (a)u]

Jj'=0 j’'=0
< ApllIiFp(a)u = > pyrr? (a)ull + ||p;7 (a)u — py (a)u]

J'=0

k
< mp(@u— Y pyr’ (a)u]
§'=0

— 0

with increasing k > j, while the left is independent of k. We conclude that
p;iTp(a) = pj77(a), establishing the first equality.

For the second equality, let a € A be arbitrary. We first note that by the
first equality proved above,

p;iUpt(a) = pju(7p(a)) = u(p;Tp(a)) = u(p;™ (a)) = pju(77(a)) = p;U7u(a).

Now, for any u € H, by the density of ¢(A) in H, there exist a sequence
{an}s2, C A such that ¢(a,) — u in norm. By the above equality we see
that

Ip;Upu — p; U7 ul|

Ip;Upu — piUpt(an)|l + [1p;Upt(an) — p;U7ul|
p;Upu — piUpt(an) || + ;U7 (an) — p;U7ul|
< sl = wlan)ll + ;11T [ le(an) = ull
0,

l

with increasing n, while the left is independent of n. Hence p,;U, = p;U7. [

.y 00

Lemma 5.5.8. The sequence of operators {Z?:o ijJ}k converges strongly
=1

to U,.
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Proof. Let u € H, and k € N be arbitrary. By the previous lemma, the fact that

R —_ PR o0
pU, = U, since U, maps into pH, and since {Z?:o pj}k:1 converges strongly
to p, we see that
E
1D piU7u — Uyul
j=0
k
= 1> piUpu—pUpul
j=0
k
= I (D_pi—rp| Tl
j=0
— 0,
with increasing k, establishes the result. O

Lemma 5.5.9. The equality 77/ (p)U’ = Up holds for every j € NU {0}
Proof. Let a € Aand j € NU{0} be arbitrary, then since 7 is a *~homomorphism
 (p)Ua(a) = 7 (p)e(r (@) = (77 ()7 (@) = o(77 (pa)) = U7pu(a).

Now, for any u € H, by the density of ¢(A) in H, there exist a sequence

{an}22, C A such that ¢(a,) — w in norm. By the above equality we see
that

IA
=
.
<
S
:.
=
\
=
Q
z
+
<
:.
=
=
Q
z
|
=

!

0,

with increasing n, while the left is independent of n. We conclude 77 (p)U’ =
Uip. O

Theorem 5.5.10. If the induced system (A, pp, 7p) is ergodic and p—i—Z;il q; =
14 (the limit is the strong limit), then (A, @, T) is ergodic.

Proof. By Theorem 4.2.6 it is sufficient to prove that the operator U has a one
dimensional fixed point space. To this end let ¢ € H be an arbitrary fixed
point of U, i.e. Uc = ¢. Now by Lemmas 5.5.6 and 5.5.8, and the fact that



5.5. INHERITED ERGODICITY OF GENERALIZED INDUCED TRANSFORMATIONS65

oo
{Z?:o pj}kil converges strongly to p,

|Uppc — pcl|
k k
< e = > piUcl+ 1) piU7e—pe|
=0 =0

k k
= 1| T=D U7 |el+1{D pi—p]cl
3=0 j=0

— 0,

with increasing &, while the left is independent of k. We conclude that Uppc =
pe. But (Ap, ¢p,7p) is ergodic by hypothesis and hence by Theorem 4.2.6, U,
has a one dimensional fixed point space equal to C¢(p). Hence there exists some
d € C such that pc = du(p).

For every j € N we see that, by definition of ¢;, and Lemma 5.5.9,

gic = qujc
j—1
= PP Aa-p-Y_ a)Uc
k=1

j-1
= (la-p=Y_a)(pUc
k=1

j-1

= (la-p—Y a)U'pc
k=1
j—1

= (la-p—Y_ a)U'd(p)
k=1

= d1a-p- 3 a B))
k=1

- A S @)
k=1

= du(g)
= dgji(la).
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We define ¢ := Z;il g; (strong limit), which exists by Theorem 4.1.14. Then

lgc — dqu(14)]|
k k
< llge=> gl + 1) aje — dge(14)]]
j=1 j=1
k k
= g = gl + 1> dgje(14) — dgu(14)]]
j=1 j=1
k k
= N{a=D_a|cl+ldl D a—a] (1l
Jj=1 j=1
— 0,

with increasing k, while the left is independent of k. We conclude that gc =
dgi(1a) = di(q).
By hypothesis p+¢=p+ Z;’;l g; = 14 (strong limit), so that

c=1lgc=(p+q)c=pc+qc=dulp)+di(q) =du(p+q) =di(ly)

and we conclude that the fixed point space of U is one dimensional. And hence
that (A, p, ) is ergodic, by Theorem 4.2.6. O



Chapter 6

IMlustrative Examples

In this chapter we (attempt to) present concrete examples of non-commutative
C*-dynamical systems to which the theory outlined in the previous sections is
applicable.

We may note to the reader, that the examples given here illustrate well the
relationship between classical return times and the generalized recurrence results
presented in Section 5.2 where return times are meaningless. The example
presented in Section 6.2 was indeed a great aid to the author in understanding
and developing the theory presented in the previous chapter.

To the author’s great frustration, he must confess that he was unable to
construct an example of an ergodic non-commutative C*-dynamical system to
which the previous theory can be applied. This remains a great and lamentable
shortcoming of this thesis. The author however still remains convinced of the
following:

Conjecture 6.0.11. There exists an ergodic C*-dynamical system (A, o, T),
with A a non-commutative von Neumann algebra (that is not a factor), acting on
the Hilbert space obtained from the GNS-construction on (A, @) and T a strongly
continuous *-homomorphism, to which the theory of the previous sections may
be applied.

The following will present interesting musings encountered along the road to
(attempted) proof of the previous conjecture. These musings lie on a strange in-
terface of classical measure preserving dynamical systems and non-commutative
C*-dynamical systems — dense enough to sink through the classical and to pen-
etrate the ‘denser’ theory of the non-commutative, yet still floats (for lack of
weight that proof of the previous conjecture would provide).

The most promising example that might provide proof for the above conjec-
ture is given in Section 6.3.

67
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6.1 (Not entirely uninteresting) Preliminaries

Let (X, X, 1) be a probability space
Define the algebra

Ay :={A: X — My(C): A% : X — C measurable; ess sup,c x || 4.2 < 0o}

where for A, B € A multiplication is defined by (AB), := A, B,. We will define
the quotient algebra A := A;/{A € A, : ess sup,¢x||Az]]2 = 0}.
We note that for every M € My(C), tr(M*M) = Z?,j:l |M 9|2 that

IM]l2 = /Amax(M*M). Also that tr(M*M) = Apax(M*M) + Apin(M*M)
(where Apax(-) and Apax(-) respectively denote the maximum and minimum
eigenvalues of a positive matrix in M(C)).

Proposition 6.1.1. A € A if and only if its entries A% : X — C lie in
L>~(X, %, ).

Proof. Let A € A, we see that

o > ess sup,exl|Aal3

= eSS SuP,ex Amax(A;Az)

1
> ess supzeXi (Amax(ArAz) + Amin (A5 Az))

1
= gess sup,cxtr(AyA;)
1 2
= 5088 SUDpcx Z |AGD) |2
1,7=1
1 g
> Zess sup,ex |G
for any 7,5 = 1,2. Therefore for i,57 = 1,2 ess SupweX|A§fj)| < o0, and we
conclude that the components of A as functions of z € X, lie in L>(X, X, u).

Conversely, let A7) : X — C lie in L>®(X, %, u), for 4,5 = 1,2, and denote
the components of A : X — My(C)

ess sup,c x[|4a 3

€SS SUP ¢ x Amax (ArAz)

< ess SuP,ex (Amax(ApAz) + Amin(A43A42))
= ess sup,cxtr(4;A;)
2
= eSS SUp,cy Z | AL |2
i,j=1
2
<3 e supexl AP
i,j=1

< ©o0.
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Therefore A € A. O

Proposition 6.1.2. With the norm | A| s = ess supycx || Az||2, A is a Banach
algebra.

Proof. We prove that A is complete. Let {A(y)} C A be an arbitrary Cauchy
net. Then, given any € > 0 there exists a A\g such that A\;, Ao > A\g implies

e>[[Axy) — Aol = ess sup,ex A ) e — Ay ell2-

Therefore for a.e. x € X, {A(y).} C M2(C) is a Cauchy net, hence converges,
because M3(C) is complete. We denote this limit by A,, and define the map
A X — M5(C) accordingly, (setting A, := 0 when for the almost no z € X
where {A ()} is not Cauchy). Hence ||A(y,),, — Azl]2 < € for a.e. x € X when
A1 > Ao, and therefore

[Ax) — All = ess supgex[| Ao .0 = Aell2 <e,

and hence A(y) — A. We prove that A € A. Since A(y) € A, for every A, there
exists a number k) < oo such that ess sup,cx||A(x) || < kx. Hence for a fixed
A, satisfying A > Ao, for a.e. x € X

[Azll2 < [[Az — Ay zlle + [[A0y ell2 < &+ Ea,

implies that ess sup,||Az|l2 < ess sup, (e + kx) =€+ ky < o0.
Clearly for A, B € A,

[ABlloc = ess sup,c x| Az Bzl
< ess supex [ Az ll2l| Bell2
< ess supge || Az 2088 supex || Bello
= [ All<llBll-
We conclude that A is a Banach algebra. O

Proposition 6.1.3. With involution defined by (A*), := A%, Ais a C*-algebra.

Proof. We only need to verify that C*-identity. Let A € A be arbitrary, then
since M5(C) with norm || - ||2 is a C*-algebra

[A"Allsc = ess sup e x || A7 Azl
ess sup,c.x | As3

(ess sup,e x[| Az |2)”
= [4lZ%.

We define the state ¢ : A — C by @(A) := [, $tr(Az)dp(z).
Proposition 6.1.4. For all A€ A, o(A*A) =0 if and only if ||Allcc = 0.
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Proof. Let ¢(A*A) =0, so that

_¢(A*A)=/X%tr(A* Z/ |AUD) 12y

1,j=1

Therefore [, |ASD2dp(x) = 0, so that that ALY = 0 implying that || A, ]2 = 0
for a.e. € X. Hence ||A] s = ess sup,cx||4l]2 = 0.

Conversely, let ||Allc = 0. Because 0 = ||A|lcc = ess sup,ecx||4]l2, we
have that 0 = ||A,]|3 = M(A%A,) for a.e. = € X. Since A%A, is positive, its
spectrum lies in [0, 00), and therefore 0 < Apin(A%A;) < Amax(A%A,) = 0, so
that tr(AXA,) =0, for a.e. z € X and therefore

P 4) = [ Su(ALAduta) =0
O

Corollary 6.1.5. The ideal T := {A € A: p(A*A) = 0} is a singleton and in
particular only contains the zero element of A. Hence the quotient A/T which
arises in the GNS-construction is (isometrically isomorphic to) A.

We define the set

. 1
Hy:={A: X - My(C): AW . X - C rneasurable;/ itr(A;Ax)du(x) < oo}
b'e

We define ¢ : Hy — C by ¢(A) := [ 2tr(A,)du(x). Note that we use the
same symbol ¢, for the map on A and H1 We deﬁne the inner product space
H:=H1/{A € H;: p(A*A) = 0}with inner product (A, B) := p(B*A).

Proposition 6.1.6. A € H if and only if its entries AW : X — C lie in
L2(X,3, ).

Proof. Let A € H, then

oo>/ —tr(A4; A,
x 2

hence [ |A§Jij) |?du(z) < oo for 4,5 = 1,2. We conclude that the entries of A as
functions on X are elements of L?(X, X, ).

Conversely let [ |A§fj)\2du(x) < oo for i,j = 1,2, then

/X Str(ALA, Z / AL Pdu(z)

1]1

Z/IA Pdpu(z

1]1

and we conclude that A : X — My(C) with entries AW : X — C lies in H. O
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Proposition 6.1.7. H is a Hilbert space.

Proof. That (-,-) is an inner product is clear. We denote the norm induced by
this inner product by || - ||,.

We show that H is complete. Let {A(y)} C H be an arbitrary Cauchy net.
For any given € > 0, there exists a A\g such that when A\, Ao > A

62 > HA()\l) _A()\Q)”?p

1 ,
= /X (Ao e = Apw)e) (Ao e = Ao 2))du(z)

1 ,
= /X gtr((A(Al),x —Apy)e) (A e — Ay ) du(T)

- Ly 148~ AR Pduto)
3,j=1
from which we see [, |A8\j1)) —AE;JZ)) LPdu(z) < 26 for i, j = 1,2 when Ay, Ay >
Ao and, by the previous proposition, conclude that {AEZAJ))} C L3(X,%,p) is a
Cauchy net for 4,7 = 1,2. Since L?(X, 3, u) is complete, this net converges to
a limit in L2(X, %, ) which we denote by A(¥) € L?(X,¥, 1) and define the
map A : X — My(C) accordingly to have entries AW, for i,j = 1,2. Since
AW € [2(X,%, 1) it is clear that A € H, because

| sutaa, 'y [ 1A Raua

z_] 1
Also choosing A3 ‘large enough’ that [ |Agi\j))7$—A§fj) |2du(x) < % when A > \s,
we then see

1 *
[Ap — A2 = /X (A — Ae)* (A — Ao))dp(a)

2
= 3 Z [ 148, - A9 Pduta)
4,j=1
< &
showing that A,y — A. We conclude that H is a Hilbert space. O

Corollary 6.1.8. A is dense in H.

Proof. Since L*°(X, Y, i) is dense in L?(X, ¥, 1), an element in H can be ap-
proximated by elements in A entrywise. O

Corollary 6.1.9. The Hilbert space arising from the GNS-construction on
(A, ) is H.
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We remind ourselves that L>° (X, %, 1) is a von Neumann algebra acting on
the Hilbert space L?(X,Y, 1) when viewed as a subset of the bounded linear
operators on L?(X, ¥, i) defined by multiplication.

Proposition 6.1.10. The C*-algebra A is a von-Neumann algebra acting on
the Hilbert space H.

Proof. Tt is sufficient to prove that A is a strongly closed subset of B(H). It
is clear from the GNS construction that A C B(H) when an element A € A is
viewed as defining a bounded linear operator on H through pointwise matrix
multiplication, i.e. for every h € H, Ah € H is defined by (Ah), := A,h, for
every x € X.

It remains to prove that A is strongly closed. To this end, let {4} €A C
B(H) be an arbitrary net converging strongly to some A € B(H), i.e. for every
h € H the net {A(y)h} C H converges to Ah € H. We aim to show that A € A.

We define the following operators A%) ¢ B(L?(X, 1)) by

o Foo T\
=] 7))

for i,7 = 1,2 and every f € L%(X,X, ). Linearity of these four operators is
clear, and their boundedness follows from

1A% £3

-G

2

2 (i5)
f 0
: ..2 (413 fD 2
_ [0
= a[f 0
< 1| ]
AL

for every i,j = 1,2 and f € L?(X, %, u).
Now for any given ¢ > 0 and f € L?*(X,%, ), the strong convergence of
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{A(\} to A implies that there exists a Ag such that A > A\ implies

v

1,7=1 - - 2

2 - 1 (i) 2
1 0 ij
9 (A(/\) 0 f ) — AW f

1,7=1 - - 2

(a0, 42, 709 ?

A amr | -y
2L AN T AN S ,
1

L (i3) ¢ AGiH) 2
5[4 - a1,

Implying that Ag\j)) — AUJ) strongly, as operators defined on L?(X, ¥, u) for

each 4,7 = 1,2. But since {A(5)} C A, we have that AE;\J)) € L>(X,X, n)
for every A and i,j = 1,2 by Proposition 6.1.1 and since L>(X,X, ) is a
strongly closed subspace of B(L?(X, ¥, 1)) we have that the operators A7) lie

in L*(X,X%, u). Therefore A’ := {

6.1.1.

We show now show that A(A) — A’ strongly. For any h := { B2D)

A12)
A22)

A1)

A1) ] € A, again by Proposition

h(ll) h(12)

h(22)

|«
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H, where each h(¥) lies in L?(X, ¥, ) by Proposition 6.1.6,
2
|Ayh — A'h]|

2
1 (i5)||?
S VO
2
‘(A(n) A(“))h(“) T (AE;? B A(12))h(21)H2

2
;1) B A(11))h(12) T (Agﬁ) _ A(lz))h(zz)H2

1 (21) 21 (22) 2
5 [[(ABY — ACY)RAD 4 (48D — 4G h<22>H
H( ) ) +( )

2
A(S) _AOD) h(n)H 4=

IN

H A(12) A(12) ,(21) H
2

_ A h(lQ)H 4z _A(12))h 22)”

2 H &

H(AE?\;) — A@D)paY H n 5 H A(22) _ A(22))h(21)H2
2 2

1 (21) (21) (12)”2 H 22) (22) (22)”2
5 H(A(A) ] - Ay
— 0

with ), since each h("¥) € L?(X,u) and each net {A( ])} converges strongly to

Al when viewed as bounded linear operators on L2(X , ¥, 1). By the unique-
ness of limits we can now conclude that A = A’ € A, and finally that A € A,
establishing that A is strongly closed, and hence A is a von Neumann algebra
acting on H. O

6.2 Irrational rotations, with a twist

We denote the four Pauli spin matrices as follows

) 1 0 ) 0 1 0 =i |1 0 |
gp = 0 1 g1 = 1 0 09 = i 0 ; 03 1= 0 -1 3
The set {09, 01,02,03} forms an orthonormal basis for the vector space M3(C)
with inner product defined by (A, B) := $tr(B*A) for all A, B € M(C) [11, p.
10).
Let (S*, B, A\, T,) be an irrational rotation. On the system (SY,B,\,T,) we
construct the von Neumann algebra A with state ¢(A) := 3 [, tr(A;)dA(z) as

in Section 6.1.
We define the unitary element R € A by rotation matrices

cosfr  sinfr

R ion = .
¢ —sinfmr cosfr
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We define the map 7 : A — A by 7(A), = Ry Ar,aRr,. for all z € St
Defined as such, 7 is a state preserving *-homomorphism, hence (A, p,7) is a
C*-dynamical system.

The multiplication by the ‘rotation element’” R € A is introduced in an
attempt to ‘mix’ the non-commutative part of this system to such an extent
as to hopefully make it ergodic. The extension of 7 from A to H, denoted
U :H — H takes the ‘same form’ as 7, i.e. that (UA), = R}, ,Ar,.Rr,. for
all A e H.

Alas, the two elements in H which equal oy and o5 almost everywhere on S*
are linearly independent and are both fixed points of U. Therefore by Theorem
4.2.6 (A, p,7) is not ergodic.

We may however still consider what happens when inducing onto an appro-
priate projection.

Projections in A’ N A, are exactly the projections which are equal to oy on
a set of positive measure in B, and zero elsewhere. It is easy to see that for any
such projection P € A'N A, that 7/ (P) € A/'NA for all j € N and is again such
a projection as described. Therefore, inducing on such a projection P € A’ N A,
is indeed possible by the previous theory to yield the induced C*-dynamical
system (Ap, op,Tp).

The ‘underlying’ classical measure preserving dynamical system, makes it
easier to make the connection between return times and the classical Poincaré
Recurrence Theorem and the recurrence results in Section 5.2

Why do we require, in the theory presented in the previous chapter, that a
projection that we induce on lies in A’ N A? We may ask what happens if we
were to attempt to induce onto a projection that does not lie in A’ N A. For
10
0 0
is again a projection, but (its range, when (incorrectly) visualized as a copy of
R at every point of S!, not unlike an infinite mobius band) is ‘twisted’ around
S1 through the multiplication by R € A, and A-almost nowhere coincides with
(the range of) P. Even though it may happen that o(P7(P)P) # 0 or even
> 0, the disparity of (the ranges) of P and 7(P) makes P a lousy candidate to
induce onto and clouds our minds (or certainly the author’s) as to how to go
about defining an induced system onto this projection.

example onto P € A with P, = [ for every = € S'. The element 7(P)

6.3 Irrational rotations, with a striped twist

Let ([0, 1), B, A\, T,) be (isomorphic) to an irrational rotation, such that B is the
Borel o-algebra, A is the Lebesgue measure, and T, = x + « mod 1 for all
x € [0,1) (remember that « is irrational).

Let ¢ be the state and A be the von Neumann algebra (acting on H) be as
constructed from ([0, 1), B, A) in the preliminaries of this chapter.

We define the unitary matrices

|1 0 | cospB —sing
W’_[O —1] R'_{sinﬂ cos 3 }
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where 8 € (R\Q)~ is fixed, and define S € A by

gn—1_1 9n_j
Sy = R* we€ [2”7*1’ )
W else

for any x € [0,1), and thereby define the transformation 7: .4 — A by

(7(A)); == Sz AT 5%
Then (A, ,7) is a C*-dynamical system, with 7 a *-homomorphism. The form
of S € A suggests the name ‘striped twist’ for the *-homomorphism 7.

We will assume that A C H (as sets) and hence suppress mention of ¢ from
the GNS construction. In attempting to prove that this system is ergodic, by
Theorem 4.2.6 it is enough to show that the bounded operator U : H — H
defined (densely) by UA = 7(A) for all A € A C H, has a one dimensional fixed
point space.

We define Q2 € A C H by

0
1
for all z € [0,1).

Suppose A € H is such that A, is constant in = € [0,1) almost everywhere

(this implies A € A), and that it is a fixed point of U, i.e.

4 :[an am}

a21 Aa22

1

for almost every = € [0,1), and UA = A. But this implies that

{an a2 } :R[ ai; a2 }R*:Rz[an ai2 :|R*2:W|: ai; Q12 ]W*
azy a2z azy Q22 az1 a2 az1 Q22
which reduces (with some work, best done by some computer algebra software)
to a11 = ags and a2 = ao; = 0. Therefore the only element A € H such that
A, is constant in = € [0,1) and UA = A, must equal a multiple of Q.

This already a step up from the example in the previous section, for which
U had (at least) two fixed points which were constant in = € [0, 1).

Suppose A € H is such that the entries of A, are simple functionsin z € [0,1)
almost everywhere (this implies A € A, and we will call such elements of .4 and
‘H simple elements), and that it is a fixed point of U. Then there exists a finite
partition of [0,1) into intervals, such that A, is constant almost everywhere on
every interval of the partition. There then exists an interval (1—¢,1) with e > 0
such that A, is constant in = € [0,1) almost everywhere on both the intervals
T (1 —¢,1) and (1 —¢&,1). We will assume

a2 reT;H(1—¢1)
a1 a

A, = 21 G922
bi1 bi2

re(l—gl).
bar  boo
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Let ng be large enough that (270~ — 1)/2m0~1 > (1 —¢). Then UA = A
establishes,

R™o air a2 R*no  — bi1 b2 —  Rno+l air a2 R¥no+1
a21  A22 ba1 oo a21  A22

which implies (with some work, best done by some computer algebra software)
that a1 = age and a12 = as; = 0, and hence that A, equals a multiple of the
identity almost everywhere on both intervals T, 1(1 —¢,1) and (1 —¢,1). But
since ([0,1), B, A\, T,,) is ergodic, for almost every y € [0,1) there exists an m
such that y € T, (1 — ¢,1) and so that for some ¢ € C,

4, = (T"(4)),
j— Sy"'ST&"’IyATglyS;;ﬂfly S:;k
t 0 . *
pr— Sy...ST(:n,—ly |: 0 t :| T;n_1y...Sy

We conclude that all the simple elements A € H that are fixed points of U,
must equal a multiple of 2.

Here is where the water gets muddied. The above arguments do not yet
imply that all the fixed points of U lie in a one dimensional subspace of H.
(As of yet) the author has been unable to prove the offending statement or find
a counterexample (of two linearly independent fixed points of U), yet remains
quite convinced of:

Conjecture 6.3.1. The system (A, o, T), as described above, is ergodic.

Still we can make some interesting observations about fixed points of U and
consider some programs devised for proving that the fixed point space of U is
indeed one dimensional.

Program 6.3.2. Since the simple functions are dense in L*°([0,1), B, A), given
any fixed point A € H of U and any € > 0, we can find a simple element
S € A C H such that ||[A—S|| < e. If it is possible to prove that the assumption
implies ||S — ¢(A)Q|| < e, we would be done, since every net of simple elements
converging to A also converges to ¢(A4)f2, and by the uniqueness of limits, we
would have that A = ¢(A)Q — a multiple of Q.

Program 6.3.3. For every A € 'H, we write

_ | an(z) a(z)
Am_ CL21(£E) CLQQ(JL‘)

b
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and can define a ‘eigenvalue functions’ by

(a22(x) + a11(2)) = \/(a22(x) + a11(2))? — 4arz(x)az (z)
5 .

V(@) =

If A € His a fixed point of U then A, = (UA), = StAr, .S, for almost
every x € [0,1). Since for each z € [0,1), S, is unitary, the matrices A, and
Ar , are similar for almost every x € [0,1). But similar matrices have the same
eigenvalues, therefore y* (z) = v*(T,,x), and since ([0, 1), B, \, T,,) is ergodic, by
Theorem 2.1.8, both v™ and = must be constant almost everywhere on [0, 1).
Suppose that A is linearly independent of €2, then we might as well assume that
A1Q, and hence 0 = (A, Q) = p(A) =y ++, implying v© = —y~. By scaling
appropriately, we may assume that v= = 1, and hence that A, is self-adjoint
and unitary for almost every z € [0,1). If we can now somehow show that
~T =7, it would imply that A = 0, and we would be done.

Program 6.3.4. We may (perhaps) define (an analogy to) a weak derivative. We
call an element ® € A a test element if its entries, ¢;; : [0,1) — C, i,j = 1,2,
are continuously differentiable and ¢;;(2) — ¢;(0) and ¢};(x) — ¢;;(0") when
z — 17, and say B : [0,1) — M2(C) is the weak derivative of A : [0,1) — M>(C)
if

<A7 (I)/> = <37 CI)>

for all test elements @, where @' : [0,1) — M>(C) is defined to be the to have as
‘entry functions’ the derivatives ¢;j. We might guess, when denoting the ‘entry
functions’ of A by a;; : [0,1) — C, and and their weak derivative by a;;, and
assuming ((®')*), = ((®*)"),, the the following

1
o) = 3 [ul@la)ine
1 / 1 / 1 / 1 /
= 5 ¢11a11d)\ + 5 ¢21a21d/\ + 5 ¢12a12d)\ + 5 ¢22a22d/\

1 R 1 [— 1 [— 1 [
= §/¢11a31d)\+5/¢21a/21d/\+§/¢12a/12d>\+§/¢22a'22d)\
= <A/,<I>>

/
ij

Let the author be the first to criticize the above for its vagueness. However, if
the theory described in the previous can be developed, it might be used to prove
that any fixed point of U must have a weak derivative equal to zero, implying
that it is constant almost everywhere, and hence a multiple of 2. Developing
this theory (if even possible) will take us too far afield.

may well hold for all test elements ®, where A’ has a’; as entry functions.

To the author’s great frustration, all three of the proposed programs above
have been fruitless (thus far) in proving (A, ¢, 7) ergodic.
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6.4 Irrational rotations, with secondary irrational
rotations

It is very important to note that the transformations in this and the next two
sections, are not *-homomorphisms. This prevents us from applying the theory
developed in the previous chapter.

Let (S',B,\,T,) be an irrational rotation. (see Section 2.2).

On the system (S!,B,\,T,) we construct the von Neumann A with state
@(A) := 5 [¢1 tr(Az)dA(z) as in Section 6.1.

It is clear that we may decompose every element A € A as A = Z?:O fioj
where f; € L>(S*, B, \) for each j =0,1,2,3.

We define a linear transformation 7, : A — A as follows. Let 5y, 81, 82, 33 €
R, be such that Sy = 0 and §; € (0,2)\{ramod 2 : n € Z} . For all f; €

L>(SY, B, \) we define 7,(Y7_ f;0) 1= 31— €97 (f; 0 Ta)o.

Multiplication by the €% ™ could be viewed as a secondary rotations to the
primary rotation T, (which can be viewed as multiplication by e**™, see Section
2.2).

Proposition 6.4.1. The linear transformation 7, is state preserving with re-
spect to .
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Proof. Let A € A be arbitrary and consider, by Theorem 2.1.8,

poTy(A) = %/Sltr(T(Ah)d)\(x)

which establishes the result. O

Therefore (A, , 74) is a C*-dynamical system.

Let H be the Hilbert space arising from the GNS construction on (A, ¢), see
Corollary 6.1.9. As shown in the Section 6.1, A is dense in H (with respect to
the norm induced by the inner product on H). It is again clear that we may
express any element A € H as A = Z?:o fjo; with f; € L?(S*, B, \) for each
j=0,1,2,3. Let U : H — 'H be the unique bounded linear extension of 7, to
the whole of H.

Proposition 6.4.2. The operator U takes on the same form as T, i.e.

3 3
UD fiog | =D P (fj0Ta)o;
=0 i=0

for any f; € L*(S',B,\) and any j = 0,1,2,3.

Proof. It is clear that the map Z?:O fio; — Z?:o eBim(f; 0o Ty)o; equals T
when restricted to A, therefore if we show that said map is bounded (with
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respect to the norm || - ||, on H) it must equal U, since U is the unique bounded
linear extension of 7. To that end, let A € H be arbitrary which we express as
A= Z?‘:o fjo; with f; € L?(S*, B, \) for each j = 0,1,2,3. Now consider

3
DT (fro Ta)0k>

k=0

Il

A
N -

<.

L]

ms

=

3

S

o

&

Q
-~

= /S1 Z e*iﬁjﬂeiﬁkW(fj OTa)(fk OTa)tl“(Uj(Tk)d/\(x)

J,k=0

3
= / e~ Bime BT (F1 0 To)(fi © Ta)djrd(z)
St k=0

3
Z fi(@) fr(2)tr(ojor)dA(z)
k=

1 3 E

= 5/51 tr ij(x)aj (I;)fk(l’)(fk> d)\(;p)
5 2

= > fios
§=0

@
_ 2
= |4l

which establishes the boundedness of the map Z?:o fio;— Z?:o eBi(fj0Ty)o;
on H, hence U equals this map.
O

Proposition 6.4.3. The system (A, p,7,) is ergodic.

Proof. By Theorem 4.2.6 it is enough to show that the map U : H — H has a
one-dimensional fixed point space.
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Let F' € ‘H be an arbitrary fixed point of U, i.e. UF = F. We will show
that F' = cog where ¢ € L?(S!, B, \) is constant A-a.e. on S'. Since the (\-a.e.)
constant L2(S!, B, \) functions is a one dimensional subspace of L?(St,B,\),
this would establish the result.

We express F = Z?=o fjoj, with each f; € L?(S', B, \), and consider

3 3 3
ijO’j:F:UFZU ijO’j Zzeiﬁjﬁ(ijTa)O'j
=0

Jj=0 j=0

which together with the linear Independence of {oq, 01, 02,03} in M5(C) implies
that f; — e¥i™(f; o T,,) = 0 for each j =0,1,2,3.

Since fy = 0, the ergodicity of T, together with fy = fyo T, implies that fj
is constant (M-a.e.).

Now, for each j # 0, we consider the Fourier expansion of f;. We write
fi(€®) =3, ez ¢jme™ for all z € [0, 27] and substitute into f; —e™%i (f;0T,) =
0 to obtain

0 = § ijelnm _ ezﬂjﬂcj,nein(z+om)
neZ
— § Cj,n(l _ ez(ﬁj-‘rna)ﬂ)eznw.
nez

The uniqueness of the Fourier expansion implies that ¢; (1 — ei(ﬁj“‘”u‘)”) =0
for each n € Z. If 1 — ¢!Bitn)™ = 0 then (8; + na)r = 2k for some k € Z,
which implies 8; = —na mod 2 which is impossible by the assumption on 3;,
for j = 1,2,3, and hence ¢; , must equal zero for all n € Z and j = 1,2,3. This
implies that f; =0 for j = 1,2, 3.
We conclude that F' assumes the form that was required to establish the
result.
O

Remark 6.4.4. Tt would be desirable to have the transformation 7, to be a *-
homomorphism and still remain ergodic, because this would place this example
firmly on the footing of the previous chapter. Unfortunately, this can only
happen when an even number of the numbers 3y, 51, 82, 33 equal zero and the
others equal 1. But because we already assume [y = 0, this implies that at least
one of the (31, 32, 33 must equal 0, say (;, = 0 for some jy = 1,2,3, and then as
a consequence for the (M-a.e.) constant 1 function 1 € L?(S*, B, \), it is easily
seen that lop and 1o, are linearly independent fixed points of the operator U,
thereby breaking the ergodicity by Theorem 4.2.6.

6.5 Induced transformations (1)

We continue under the definitions of the previous section. The fact that 7, is not
a *-homomorphism prevents us from directly using the results in the previous
chapter.
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For simplicity we only consider a small class of possible induced transforma-
tions.

As in Section 3.4, let (S*, B, A, Ty (4)) be the ergodic (system isomorphic to
the) system induced onto C:={e"" :0€0,a]} from (S, B,\,T,). As shown
previously, v(a) = 2L where v/ =2 — | 2] a.

We may now ask as in Theorems 3.3.1 and 5.5.5, whether the induced system
(A, ¢, Ty(a)), With the 8o, B1, B2, B3 kept as before, is ergodic. For this to happen
it is sufficient for j = 1,2, 3 that 5; € (0,2)\{ny(a) mod 2 : n € Z}. Suppose
to the contrary that for some j = 1,2,3 and some n € Z

Bjmod 2 = ny(a)
2/
Bj mod 2 = nL
@
22— |2
B; mod 2 = n( LO‘JOZ)
@
2
Bjamod 2 = 4n—2 Ja
e
2
Bjamod 2 = 2{ «
a_
2
ﬂijdQ = —2{
a_
Bjmod2 = 0

which is false by hypothesis. Therefore (A, ¢, 7(q)) is indeed ergodic, by Propo-
sition 6.4.3.

Remark 6.5.1. The previous argument confirms our intuition on a very small
class of possible induced transformations - specifically inducing onto an interval
of St of length a.

We may investigate the situation of inducing onto an arbitrary interval of
S1. In this case the classical induced transformation becomes a so-called three
interval exchange map as was seen in Section 3.2. This complicates matters,
for our ‘Fourier expansion argument’ used in Theorem 6.4.3, is significantly
complicated in that the Fourier expansion of f o T facilitates establishing the
result quite well when T is a rotation map, but this becomes less obvious when
T is a different type of map to a rotation.

We may also ask whether the result goes through for an arbitrary subset of
S1 of positive measure as it does in Theorems 3.3.1 and 5.5.5. For the same
reason as the in the previous paragraph, answering this question is complicated.

We are still prompted to raise the following;:
Conjecture 6.5.2. Consider (A, ¢, 7,) (as constructed above from (S*,B,\,T,)).

For any C € B of positive measure, let the system (Ac,pc,7c) with Ac and
wo constructed from the classical induced system (C,BNC,N,T¢) as described
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in Section 6.1 and 7 defined by
3 3
TC(Z fio) = Zew-?’”(fj oTc)oj.
§=0 i=0

where each f; € L*°(C,BNC,\).
The ergodicity of (A, v, Ty) implies the ergodicity of (Ac,vc,Tc).

6.6 Induced transformations (2)

We again continue under the definitions of Section 6.4.

Another candidate for an induced transformation can be constructed as fol-
lows. It is indeed closer to our definition in the previous Chapter than what was
investigated in the previous section, as the induced transformation will apply 7,
iteratively according to the classical first return time function defined in Section
3.2.

Let C' € B be a set of positive measure, and let (C,B8N C,X,T¢) be in-
duced from (S*,B,\,T,). The system (C,BN C,\,T¢) is ergodic, by Theo-
rem 3.3.1, since (S',B,\,T,) is ergodic. Let Ac and ¢c be constructed on
(C,BNC,N,T¢) as in the Section 6.1. We define 7(, : Ac — Ac as follows for
any z € C'and f; € L>®(C,BNC,X)

3 3
o0 fioy) | =) ePime@T fo T (x)o,
=0

Jj=0

where ne(z) denotes the first return time of z € C under T, to C.
Partitioning C' into sets according to return times, say {Cj}7, and defining
Py := xc,00 € Ac, it is easily seen that for any A € Ac

T6(A) =Y Ptk (A)
k=1

which is more reminiscent of the induced transformations defined in Sections
5.1 and 5.4 than the transformation 7¢ from the previous section.
However, our efforts to prove that ergodicity of (A, ¢, 7o) implies ergodicity
of (Ac, ¢, 1) is again met with difficulties in even the simplest of examples.
Consider again C' := {¢*" : § € [0,a]}. The first return time map nc then
only takes on two values, [y := L%J +1orly+1, on C. Hence 7/, takes on the

form
3

3
6 fio) =Y _hi(fj o Tc)o;
=0

j=0
where h; : C — C is given by

hj(x) = {eiﬁm ne(z)

eiﬁj(lo-‘rl)ﬂ' nc(x)

0

l
lo-l—].'
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Since T¢ is again a ‘rotation map’, we might express this system as we did
in the previous section, in the hope to apply the ‘Fourier expansion technique’
used in Proposition 6.4.3 to prove ergodicity of (Ac¢, pc, 74), but the fact that
the hj, for j = 1,2,3 are no longer constant, significantly complicates things in
taking that approach.

We might also try an approach using the original definition of ergodicity
as in Definition 4.2.5, but this path is also complicated by the structure that
iterates of 7/, take on, because the h; are not constant. We see that for any
kEeN

3 3
O fiog) = @) ert (Y fio))
=0 =0

3

= ()" Qi 0 To)oy)

=0

3

= (72O hi(hy o To)(f; 0 TE)o;)

Jj=0

3 k—1
> (H hj o T5> (fj o T&)oj,
=0

7 r=0

and the product H]:;é hj o T( significantly complicates things when considering
averages of terms involving this iterate.
We still raise the following:

Conjecture 6.6.1. Consider (A, p,74) (as constructed above from (S, B, \,T,)).
For an arbitrary C € B of positive measure, let the system (Ac,oc,TH) with
Ac and pc constructed from the classical induced system (C,BNC, N, T¢) as
in Section 6.1 and 1/, defined by

3

3
Té«(z fioij) | = Zeiﬁj”C(z)“(fj oTc)(z)o;.
7=0

=0

where each f; € L=°(C,BNC,\).
The ergodicity of (A, p,T,) implies the ergodicity of (Ac,vc, 7).
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