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Chapter 1

Introduction

�Contrariwise, if it was so, it might be; and if it were so, it would
be; but as it isn't, it ain't. That's logic.�

Lewis Carroll, Through the Looking Glass

This thesis focuses on the logical nature of the word `if', or any non-English
equivalent also denoting a conditional. Conditionals are widespread in daily
conversation. They are for instance used to give descriptions of causality, or to
discuss future or hypothetical situations.

The use of conditionals displays an ability to imagine abstract situations
and reason about them. Without conditionals, discourse and reasoning would
be limited to situations which are in fact the case. There would be no ability
to reason about the consequences of facts or to discuss what would be true in
situations which are not currently the case. The whole of science is built on
the idea of using theories and models to describe reality, to allow predictions
for the future. This requires the ability to reason in terms of facts and their
consequences, which requires the use of conditionals. It can therefore be said
that the ability to use conditionals is a vital part of human intelligence.

A formal description of sentences with a conditional nature can play an
important role in the development of arti�cial intelligence (Thomason, 2009).
It may be a crucial element in building computer systems capable of human
reasoning. These systems could be used to greatly enhance human-computer
interaction by allowing computers to more quickly understand human rationale
or to learn causal relationships in the same way as humans. Being able to
formalize conditionals in a reliable manner would be a crucial part of building
a system capable of understanding and synthesizing natural language as spoken
by humans. Also, in order to create an autonomous robot capable of making
decisions based on expectations of the results of its actions, this robot must be
capable of understanding and using conditionals. These are only a few examples
of the many situations in which a formal theory of conditionals will be helpful
or even vital for applications of arti�cial intelligence.

1.1 Conditionals

Conditionals connect two statements in an asymmetrical manner. For instance,
the sentence `If it rains, the streets will get wet', may be separated into two
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statements: `it rains', and `the streets will get wet'. Here `if' acts as a binary
operator connecting the two. An important task when developing a formal sys-
tem is determining a semantical theory. This theory should answer the question
of the nature of the conditional.

A straightforward way to formalize a complex sentence, like a sentence built
around a conditional, would be to de�ne its meaning in terms of the truth
conditions of its parts. It is to be expected that the truth conditions of a complex
sentence, as a whole, depend on the truth conditions of its constituents. For
example the usage of `and' as a connector of two statements can be interpreted
using truth tables, as is done in many introductory classes of logic. In this
case the complex sentence containing `and' is true, if and only if both of its
arguments are true (Carnap, 1985, p. 7).

As will be shown in chapter 2, unwanted, yet derivable, conclusions quickly
arise when trying to de�ne `if' in a classical way by using Boolean truth values
naively. Di�erent logical systems have been developed to avoid these so-called
paradoxes of the material conditional. Some attempt to do so by de�ning the
truth value of conditionals in a more complex form of logics, while others com-
pletely deny the idea of conditionals having any form of truth value, in stead
turning to ideas of acceptability and belief systems to formalize the conditional.

The aim of this thesis is to determine what problems arise when trying to
formalize `if' using compositional semantics, and whether the word `if' can be
formalized in a satisfactory manner at all in this way. To determine the answer
to this question a comparison will be made between two approaches on condi-
tionals: The work by Robert Stalnaker, which relies on possible world semantics
to de�ne the truth conditions of `if' (Stalnaker, 1968), and an epistemic theory
of conditionals developed by Peter Gärdenfors, which de�nes conditionals in
terms of acceptance rather than truth (Gärdenfors, 1979).

1.2 Intuition

A question which must be answered before we can compare logical systems is
how we are to determine which formal interpretation of conditionals is prefer-
able. On what grounds should we decide which system should be chosen? An-
swering this question is not as simple as it may seem.

One approach is to view logical systems as a simpli�ed model for human rea-
soning. In this case, the system should be able to interpret statements containing
conditionals in a way comparable to how humans would intuitively interpret the
same statement (Veltman, 1985, pp. 7-23).

This immediately leads us to a rather di�cult question: How can we de-
termine how humans intuitively interpret complex statements? Although there
are logical statements whose interpretation may seem obvious, it is clearly not
the case that logical intuitions are equal among all humans. Trained math-
ematicians, for instance, have rather di�erent intuitions on implications than
four-year-olds.

Another problem which arises when striving towards human-like intuition, is
the fact that humans do make mistakes. A rather innocent looking logic puzzle
known as the `Wason selection task' tends to show human failures in conditional
logic in as much as ninety percent of all test subjects (Wason and Shapiro, 1971).

3



The Wason selection task is a simple puzzle concerning four cards. Each
of these cards has a number on one side and a color on the other. The four
cards are placed in such a way that the faces show 3, 8, red, and brown. A test
subject is now asked which card(s) should be turned over in order to test if the
statement `If a card shows an even number on one face, then its opposite face
is red' is true.

In Wason's original experiment less than ten percent of his test subjects
gave the correct answer, i.e. that the cards showing 8 and brown should be
turned, and no other cards. In other words, intuitively most humans failed to
correctly interpret the simple conditional statement. It should be noted that,
when explained the rationale for the only correct answer, most people quite
easily understood and accepted this explanation. This may signify a discrepancy
between what we have as intuitions and what we are prepared to accept as
correct interpretations of conditionals when given a systematic explanation.

A possible answer to the somewhat strange results of Wason's experiment
also lies in the ambiguity of natural language. It may be the case that in this
particular use of the conditional people tend to understand its meaning as `only
if', rather than just `if'. The mistakes subjects made tend to support this
idea. Also the fact people accepted the explanation given afterward, might be
interpreted as those people only then understanding the form of `if' intended.

The low scores would then be a result of human pragmatism in language,
rather than the inability to have logically sound intuitions. This pragma-
tism could well be explained with Grice's theory of conversational implicatures
(Grandy and Warner, 2009).

Whatever the cause may be, we should note that the explanation given for
an interpretation of conditionals may be used to determine the correctness of
this interpretation when human intuition is unclear.

In the �eld of arti�cial intelligence the connection between human reasoning
and logics plays an important role. Modeling parts of natural intelligence using
computers is still a very active �eld of research. For instances the �elds of
automated reasoning or natural language understanding would pro�t greatly
from a formal theory of conditionals founded upon their human interpretation.
A theory of conditionals which is to be used in these �elds of arti�cial intelligence
should therefore be able to produce results similar to human thinking. A logical
system will however o�er an idealization of human thought at best.

The discussion on the relation between human reasoning and logic is far
from decided. Giving a complete description of this topic would go beyond the
scope of this thesis. It is however important to note the connection between one's
stance in this discussion and what one would expect from a logic of conditionals,
and to also note the role this discussion plays in determining what makes a
logical theory acceptable in general.

For the comparison made in this thesis it will su�ce to hold the following
criterion: The preferred logical theory will be the theory which de�nes condi-
tionals in a way that is most comparable to human intuition, or, in cases where
human intuition is unclear, the theory whose explanations of these cases is most
acceptable. It may, after all, not only be useful to recreate and apply human
intuition using arti�cial intelligence, but also to be able to use a logical theory
to help interpret the way human reasoning works.
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Chapter 2

Material implication

In this chapter we consider the most naive interpretation of what conditionals
are. First we will give the common de�nition of this so-called material con-
ditional. Later we will show in detail what problems arise when using this
de�nition.

2.1 De�nition

Classical logic has treated `if' as a two-place logical connective, similar to `and'
and `or'. Like the other Boolean connectives, this material implication (for
which I will use the symbol `⊃') is de�ned depending on its arguments: The
logical compound p ⊃ q is true if and only if either the antecedent p is false or
the consequent q is true, or both are true. This also means p ⊃ q is false if and
only if both p is true and q is false. The material implication p ⊃ q is therefore
equivalent to ¬p ∨ q:

p ⊃ q ≡ ¬p ∨ q (2.1)

By de�nition the material implication is truth-functional. This means it is
used as a function from the truth values of the arguments to a resulting truth
value. The material implication is therefore either true or false, and nothing
but the truth values of the input determines the resulting value. The validity
of a material implication thus by de�nition entirely and only depends on the
truth value of its arguments, and all its possible valuations can be captured in
the four-row truth table 2.1.

p q p ⊃ q
0 0 1
0 1 1
1 0 0
1 1 1

Table 2.1: Truth table of the material implication, 0 stands for false and 1
stands for true
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If limited to a truth-functional interpretation of conditionals, the de�nition
given above is the most correct of the 16 possible de�nitions of a binary operator.
It for instance correctly classi�es a sentence of the form `If it rains, the ground
will get wet' as true in cases where it rains and the ground does get wet, and as
false in cases where it rains but the ground stays dry. As mentioned above, it
in fact interprets the sentence equivalently to `Either it does not rain, or it does
and the ground will get wet', an intuitively acceptable rewriting of the former
sentence.

2.2 Paradoxes

The truth-functional de�nition of the conditional introduced above does quickly
lead to unwanted, yet valid logical formula's (Wikipedia, 2010b). These so-called
paradoxes of material implication are shown by applying regular rewriting rules
for classical logic to simple formula's. Starting with perfectly acceptable logical
formula's containing a material conditional, one can easily reach generally unac-
ceptable formula's while cohering to the material de�nition of the conditional.

Many of the problems with the material conditional can be summed up in
a single paradox: the paradox of entailment. This paradox may become more
obvious when keeping in mind the equivalence between p ⊃ q and ¬p ∨ q. As
can be seen from the last formula, or from just looking at the truth table 2.1
directly, any conditional containing an invalid antecedent (p in this case) will
be valid.

This means for every false p and every q whether true or false, p ⊃ q holds.
As this means for instance (p ∧ ¬p) ⊃ q will always hold, this is a very unintu-
itive interpretation of the conditional. Translated back into natural language,
this means a sentence like `If it is summer and it is not summer, then it is win-
ter' would be valid. Undoubtedly, nobody with a decent grasp of the English
language would �nd that sentence a certain truth.

One problem caused by this paradox of entailment is the material condi-
tional's inability to correctly handle counterfactual conditionals. This cate-
gory of conditionals consists of implicative statements where the antecedent is
thought to be false, but assumed to be true.

Counterfactual conditionals are used to discuss what would be the case when
something which is now false were true. They are therefore used when describing
a hypothetical situation. This is in contrast with so-called indicative condition-
als, which are used to discuss what is actually the case if an antecedent is

actually true. An indicative conditionals is for instance `If they improve their
o�ense, Holland will win the cup next year', while a counterfactual conditional
could be `If they would have had a stronger o�ense, Holland would have won
the cup this year'.

In English, counterfactuals are often recognized by the use of words like
`could', `would', `should', and `might'. These statements are often heard in daily
conversation in sentences like `If I were not a physicist, I would be a musician',
`If you would have touched that wire, you would have hurt your hand', or `Even
if John would be here in 10 minutes, he would still miss the game' (where it is
not likely that John will be able to arrive that soon). All of these statements
can be categorized as counterfactual conditionals because their antecedent is
false or highly unlikely.
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Because of the required falsity of the antecedent in counterfactual statements
and the paradox of entailment described above, if the counterfactual conditional
behaved as the material conditional, every counterfactual conditional would
by de�nition be true. The material implication is therefore not a satisfactory
formalization of a counterfactual conditional.

Another paradox of the material implication can be summed up in the for-
mula q ⊃ (p ⊃ q). The validity of this formula can be read from the truth
table 2.1. For every row where the consequent of a material implication (q in
this case) is true, this implication is automatically valid. Therefore, for any
currently true q, and for any p whether true or false, p ⊃ q holds. This means
a sentence like `If the sun shines, the streets will be wet' is valid whenever the
streets are wet, only because the streets are then wet, regardless of the an-
tecedent of the implication or any relation between antecedent and consequent.
A sentence like `If the world explodes, the streets will be wet' is equally true
whenever the streets are wet. This behavior is obviously counterintuitive.

Because of the paradoxes that the equivalence between p ⊃ q and ¬p ∨ q
causes, the truth-functional material implication cannot be used as a correct
formal description of the human interpretation of conditionals. The truth-
functional interpretation leads to counterintuitive validities, and its explana-
tions for these validities are unacceptable. Alternative theories of conditionals
have been given. In the next chapter we will look at an interpretation based on
possible world semantics.
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Chapter 3

Possible worlds

This chapter will introduce the concept of possible worlds in respect to condi-
tionals. Because of the use for conditionals in discussing hypothetical situations,
using a semantic theory for conditionals based on possible worlds seems like an
attractive idea. In this chapter we discuss two very di�erent interpretations of
the conditional both based on possible worlds.

3.1 Strict conditional

This section introduces the strict conditional, a fairly naive theory on condi-
tionals, based on the material conditional, but pertaining to possible worlds.
We will �rst give a de�nition of this interpretation of conditionals, before dis-
cussing its �aws and shortcomings, which show its close relation to the material
implication.

3.1.1 De�nition

A �rst possible solution to the paradoxes of the material conditional may be
found in the so-called strict conditional. This interpretation of the conditional
(for which I will use the symbol `J') builds on the idea of possible worlds in
modal logic. This interpretation de�nes the conditional `if p then q' as 2(p ⊃ q).

The placement of the modal operator (2) over the material implication gives
this formula a meaning roughly equivalent to `in every possible world where p
holds, q also holds'. The modal operator serves to make the implication valid
only when it is a necessity. This means the implication is invalid whenever there
is a possible world in which the material interpretation of the conditional does
not hold. This leads to the following equivalence:

p J q ≡ 2(p ⊃ q) ≡ ¬3¬(p ⊃ q) ≡ ¬3¬(¬p ∨ q) ≡ ¬3(p ∧ ¬q) (3.1)

The strict conditional was developed by Clarence Irving Lewis as a solution
for the paradoxes of material implication described above (Hunter, 2008). It
does avoid the problems with counterfactual conditionals described in the pre-
vious chapter: While p ⊃ q is by de�nition valid whenever p is currently false,
p J q, i.e. 2(p ⊃ q), is not automatically valid in this case. Using modal logics
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allows us to imagine a possible world where the antecedent, which is false in the
current or actual world, may be true.

Let for instance p stand for `Einstein was not a physicist', a statement which
may be assumed to be false in the current world, since the opposite is true,
and let q stand for `Einstein was an artist', of which the validity in the current
world is not relevant. Let us now interpret the compound statement `If Einstein
wasn't a physicist, he would have been an artist'. This is a paraphrased version
of an actual quote by Einstein. We intuitively do not interpret this statement
as a necessary truth, as we can imagine a situation where the antecedent is true,
yet the consequent is false.

Using the material implication, because of the falsity of the antecedent and
the paradox of entailment, this implication would be immediately valid. Using
modal logics however, we can imagine possible worlds, di�erent from the ac-
tual world, where the antecedent is true, i.e. worlds where Einstein was not a
physicist.

The question the strict implication asks now is whether in every possible
world where the antecedent is true, the consequent is true as well. Or: Is there
no world possible where Einstein was not a physicist, but neither was he an
artist?

Of course, we can easily imagine such a world. We could imagine an awful
world where Einstein would have been killed by lightning as a child. This would
lead him to never become a physicist. Even though this world is quite distant
from the current world, this is a possible world we may assume to exist. This
will make the antecedent of our compound statement (p) valid in this world. He
would have never been able to become an artist in this world either. Therefore
the consequent of the implication (q) would be invalid. In the sad and completely
improbable Einstein killing world imagined here, the statement (p ∧ ¬q) would
thus be valid.

Because of the existence of at least one of such possible worlds, the formula
3(p∧¬q) is true. By the equivalence given in 3.1, this means 2(p ⊃ q) is false.
Therefore in this case p J q does not hold. This corresponds to an intuitive
understanding of the statement `If Einstein wasn't a physicist, he would have
been an artist'. Although a rather poetic thing to say, it is by no means an
absolute truth. Therefore we can agree with the strict implication dismissing
it as a false statement and its explanation, which refers to the possibility of a
situation where the implication is not ful�lled.

The strict implication also solves the paradox of q ⊃ (p ⊃ q): The current
validity of an implication's consequent is no longer su�cient for the validity of
the implication as a whole:

Let p stand for `the sun shines', let q stand for `the streets are wet', and
assume q is currently true, i.e. the streets are currently wet. Let us now con-
sider the compound statement `If the sun shines, the streets will be wet'. As
mentioned above, using the material implication for `if', this statement will be
valid because of the validity of the consequent. But, although q is said to be
currently valid, it is possible to imagine worlds where the streets are not wet,
and therefore in those worlds ¬q. It is also possible that in some of those worlds
the weather is sunny, and therefore p is valid. We now have that in some worlds
p ∧ ¬q holds, therefore, by de�nition of the modal operators, in the current
or actual world, 3(p ∧ ¬q) holds. So ¬(p J q) although (p ⊃ q). Therefore,
concerning this paradox, the strict implication better �ts human intuitions on
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implications as well.

3.1.2 Paradoxes of strict implication

There are also paradoxes of strict implication. These are similar to the para-
doxes of material implication. The �rst paradox of strict implication is akin to
the paradox of entailment for the material implication. It can be summed up
in formula 3.2. This means an impossible proposition, i.e. a proposition which
is not valid in any possible world, implies any consequent. This would mean
a sentence like `If 1 equals 2, you won't get any desert' is automatically valid
when interpreted according to the strict conditional.

¬3p ⊃ (p J q) (3.2)

2q ⊃ (p J q) (3.3)

The second paradox of strict implication is similar to the material paradox
concerning q ⊃ (p ⊃ q). This paradox is characterized by formula 3.3: If the
consequent of a strict implication is a necessary truth, the implication is valid,
regardless of the antecedent or how it is related to the consequent.

A statement is necessarily true when there is no possible world in which it
does not hold. This is for example always the case for propositional tautologies.
This means for instance the implication `If you don't eat your vegetables, 2 + 2
will equal 4' is valid when interpreted as a strict conditional.

This is certainly a strange thing to say. The correctness of this statement,
however, may be actually not so straightforward. Using Grice's theory of con-
versational implicatures, it can be said that although, in most conversations,
statements of this kind are inappropriate, they might actually be correctly seen
as valid (Grandy and Warner, 2009).

The Gricean Maxim of Quantity can explain the problems with the state-
ments. Their awkwardness is based on the fact that human conversation is
bound by economical rules: Speakers will prefer saying only what is needed to
share the information they are discussing. This also means that when speakers
do add extra words to a sentence, these words are expected to add information.

Social awkwardness for example arises when adding an unnecessary con-
junction to a proposition. The sentence `It is raining and 2 + 2 equals 4' is as
informative as just the sentence `It is raining', because `2 + 2 Equals 4' can be
expected to be understood as always valid. It is strange and socially unwanted
to needlessly complicate a sentence without adding information. This is exactly
what would be predicted through Gricean Maxims.

Similarly, when hearing a necessary truth, people do not expect these truths
to be embedded within an implication. When hearing an implication, people
expect the connection between antecedent and consequent to o�er extra infor-
mation. Why else would the speaker have chosen to speak an implication where
just speaking its consequent would have been enough?

It could therefore be said that 2 + 2 does really equal 4 when you do not
eat your vegetables, because 2 + 2 always equals 4. This means, claiming the
statement is valid, and using the idea of a necessary truth to explain this will
probably be accepted by most people. Although people will generally �nd this
interpretation somewhat annoying and forced. Similar to how responding to `Do
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you know what time it is?' with `Yes', is seen as a technically correct but socially
frustrating answer. This supports Grice's idea of conversational implicatures.

There has been much discussion about the connection between antecedent
and consequent required to make a valid implication. A branch of conditional
logics known as relevance logics is built around the idea that there should be
a connection between antecedent and consequent (Mares, 2009). Implications
would then base their validity on the existence of a derivable relevant relation-
ship between antecedent and consequent.

The logics discussed in this thesis are however not based on such a rela-
tionship. This is based on the idea that even implications that lack such a
connection are in general conversation sometimes accepted and are sometimes
not (Stalnaker, 1968). Take for instance the sentence `If an octopus had pre-
dicted Holland to win the cup, Holland would still have lost the �nal'. This
sentence may be accepted by someone that thought Holland lost because their
opponents simply had the better team. The predictions of an octopus would
not change that, therefore the antecedent may be considered irrelevant to the
consequent, yet the implication can be accepted or refuted.

The validity of the implication `If 2 + 2 equals 5, 2 + 2 will equal 4' is ac-
tually quite di�cult to convince people of. The correct interpretation of this
implication might be better explained by the variation in the accessibility rela-
tion used in modal logics. This relation determines which worlds are considered
accessible from the current world, and thus are considered possible worlds. In
general conversation, the rules of arithmetics are accepted as always valid, nec-
essary truths. However, using a contradicting arithmetic rule in the antecedent
might cause the listener to think worlds possible where the arithmetic rules are
di�erent.

This would mean there could be, in the context of the conversation, a possible
world where arithmetic is not as we know it. Therefore there might be a possible
world where both 2 + 2 equals 5 and 2 + 2 does not equal 4. In this world the
material conditional would not hold, therefore the strict conditional `If 2 + 2
equals 5, 2 + 2 will equal 4' would actually be invalid. This seems to be an
intuitive explanation.

The example shows how the variance of the accessibility relation helps de-
termine the validity of a strict conditional. How the accessibility relation should
be interpreted is a di�cult question. The strict conditional relies heavily on its
de�nition of possible worlds. Therefore, to be able to use the strict conditional
in a formal system, it would require a clear formalization of its accessibility re-
lation. The strict conditional by itself is therefore useless as an explanation of a
conversational implication without a decent formal theory of what is considered
possible by speaker and listeners.

It should be noted that possible worlds where the rules of arithmetics do not
hold are generally not used in possible world semantics. These worlds could be
said to be contradictory and therefore non-existent. There are however variants
of modal logic which do allow the reasoning about such worlds, or even worlds
where the rules of propositional logics are di�erent. These worlds are then
sometimes called impossible or non-normal worlds.(Zalta, 1997)

The strict implication also has some inherent characteristics which are dif-
ferent from the use of conditionals in daily conversation. These characteristics
will be discussed in the following sections.
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3.1.3 Transitivity

Let p stand for `John lived in Japan', let q stand for `John speaks Japanese
�uently', and let r stand for `John can come here every Wednesday to teach
us Japanese'. Now p → q stands for `If John lived in Japan, he would speak
Japanese �uently', and q → r stands for `If John would speak Japanese �uently,
he could come here every Wednesday to teach us'.

It is quite intuitive to accept both p → q and q → r, but to deny p → r,
which would mean `If John lived in Japan, he could come here every Wednesday
to teach us Japanese'. Therefore it seems intuitive for a preferred formalization
of the implication to not be automatically transitive. The strict conditional, on
the contrary, is transitive, because of the transitivity of the material conditional:

2(p ⊃ q) 2(q ⊃ r)
2(p ⊃ q ∧ q ⊃ r)

2(p ⊃ r)

This means, regarding transitivity, the strict conditional does not behave as
is intuitively expected of conditionals.

3.1.4 Negation

Another unwanted characteristic for the strict conditional has to do with its
negation. For instance, what would it mean to deny a sentence like `If Robben
had been in better form, Holland would have won the cup'? A possible view
on the negation of conditionals, based on work by Chisholm, is that while the
antecedent does not change, the consequent will be negated when an implication
is negated (Chisholm, 1946). It does indeed seem possible that someone would
reply to the previous sentence with `That's not true! If Robben had been �t,
Holland would still not have won the cup'. This negation is written as a strict
conditional in formula 3.4.

The naive negation of a strict conditional would however be interpreted
di�erently. Consider again the sentence `If Robben had been in better form,
Holland would have won the cup'. The naive negation of the strict conditional
interpretation of this sentence, as seen in formula 3.5, would be already valid
when it is possible that Robben was in better form, and Holland still had not
won. The more intuitive reading of the negation, as seen in formula 3.4, would
be valid only when it is impossible that Robben was in better form, and Holland
won the cup. This leads to the conclusion that the strict conditional does not
naively handle negation the way it is intuitively understood.

It could be said that the problem lies not with the strict implication, but
with the de�nition of the negation in this case. It would however require a
formal de�nition of the negation of the strict conditional, before this can be
used as a satisfactory interpretation of the implication.

p J ¬q ≡ 2(p ⊃ ¬q) ≡ ¬3(p ∧ q) (3.4)

¬(p J q) ≡ ¬2(p ⊃ q) ≡ 3(p ∧ ¬q) (3.5)
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3.1.5 Contraposition

A third unwanted characteristic of the strict conditional is that it allows the
inference of contraposition. This concept can be seen in formula 3.6. It is a
direct result of the characteristics of the material conditional described in 3.7.

(p J q)↔ (¬q J ¬p) (3.6)

p ⊃ q ≡ ¬p ∨ q ≡ ¬¬q ∨ ¬p ≡ ¬q ⊃ ¬p (3.7)

There are instances of the implication where the inference of contraposition
seems acceptable. By accepting `If it rains, the streets will get wet' it seems
intuitive to also accept `If the streets don't get wet, it does not rain'.

But, this inference cannot always be made. Take for instance the sentence
`If Robben was in better form, Holland still would not have won the cup'. This
could be accepted by someone who thought it was not Robben's physical con-
dition but maybe the Dutch defense that caused Holland to not win the cup.
The contraposition of the sentence would be `If Holland would have won the
cup, Robben was not in better form'. This would not be a necessarily accept-
able implication, although it is the contraposition of an accepted implication.
Therefore, the inference of contraposition does not generally hold for the impli-
cation in general conversation.

3.2 Stalnaker conditional

Robert Stalnaker proposed another de�nition of the implication, which is also
based on modal logics. This conditional, for which he used the symbol >, is
built around the idea of �nding a possible world which di�ers minimally from
the current one (Stalnaker, 1968).

3.2.1 Stalnaker's theory of conditionals

In his 1968 article `A Theory of Conditionals' Stalnaker lays out the ground
work for a system which tackles both what he refers to as the logical problem

of conditionals and what he calls the pragmatic problem of conditionals. He
de�nes these problems as follows:

The logical problem of conditionals is the search by logicians to �nd an
acceptable formal de�nition of the truth conditions of the implication. This
de�nition should provide the rules concerning the use of implication in logical
formula's and proofs. Solving the problem of conditionals would mean having
found a formal de�nition of conditionals which can be used to interpret impli-
cations and how they relate to the facts, in order to determine the validity of
the implications.

Even with a solid formalization of the conditional, it may be possible that
multiple valuations of a conditional are consistent with the facts. The task set
by the pragmatic problem of conditionals is, according to Stalnaker, `[...] to �nd
and defend criteria for choosing among these di�erent valuations'.

The boundary between these two problems is somewhat unclear. A stricter
semantic theory could leave less interpretation to pragmatics, while a more
vague semantic formalization could rely more heavily on a pragmatic theory
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to solve any ambiguities. A theory which does not give truth conditions, but
in stead o�ers a formalization of conditions for justi�ed belief, is considered
purely pragmatic. Stalnaker intends to provide a theory which de�nes truth
conditions for implications, but which also depends on the context of use, and
thus pragmatics.

Central to the theory is the concept of a possible world which di�ers min-
imally from the actual world. The bene�t of using possible worlds was shown
when introducing the strict conditional and its ability to handle counterfactual
conditionals in section 3.1.1. In order to discuss a situation where the antecedent
of an implication is not currently the case, it would help to be able to determine
a world where this antecedent is the case.

To be able to handle implications where the antecedent is impossible, Stal-
naker introduces a world λ. This world is called the absurd world. In this world
contradictions and all their consequences are true. This is an extension of usual
modal semantics, where impossible statements would have no world to discuss
them in.

Stalnaker de�nes a selection-function f which is used to �nd the nearest
possible world in which the antecedent of an implication is true. For instance,
f(A,α) would �nd the world, most similar to world α, where A is the case.
For antecedents which are true in the actual world, the function f will return
the actual world itself. This is because there would be no changes needed to
ful�ll the antecedent, and no world is more similar to the actual world, than the
actual world itself.

The function f adheres to the following conditions: where f(A,α) = β, A is
the antecedent, α is the base world, and β is the selected world.

Condition 1. For all antecedents A and base worlds α, A must be true in

f(A,α).

Condition 2. For all antecedents A and base worlds α, f(A,α) = λ only if

there is no world possible with respect to α in which A is true.

Condition 3. For all base worlds α and antecedents A, if A is true in α, then
f(A,α) = α.

Condition 4. For all base worlds α and antecedents B and B′, if B is true in

f(B′, α) and B′ is true in f(B,α), then f(B,α) = f(B′, α).

Stalnaker readily admits that these conditions do not de�ne this function
uniquely. Which selection-function is to be used di�ers between conversations.
Therefore the further de�nition of a selection-function would be a task for prag-
matics. The four conditions do allow the de�nition of a semantic theory of
conditional validity. He does so by de�ning the formal system C2.

The system C2 uses the standard propositional connectives ¬, ⊃, ∧, and
∨, the modal operators 2 and 3, and a conditional connective > (called the
corner).

The rules of inference for C2 aremodus ponens (if A and A ⊃ B are theorems,
then B is a theorem), and necessity (if A is a theorem, then 2A is a theorem).
The system has seven axiom schemata.

Axiom 1. Any tautologous formula is an axiom.

Axiom 2. 2(A ⊃ B) ⊃ (2A ⊃ 2B)
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Axiom 3. 2(A ⊃ B) ⊃ (A > B)

Axiom 4. 3A ⊃ ((A > B) ⊃ ¬(A > ¬B))

Axiom 5. A > (B ∨ C) ⊃ ((A > B) ∨ (A > C))

Axiom 6. (A > B) ⊃ (A ⊃ B)

Axiom 7. ((A > B) ∧ (B > A)) ⊃ ((A > C) ⊃ (B > C))

The resulting conditional connective �nds its place in between the strict
conditional and the material conditional. This means, A J B entails A > B,
and A > B entails A ⊃ B, through respectively Axiom 3 and Axiom 6.

Unlike the material and strict conditional, the Stalnaker conditional is not
transitive. Provided that its antecedent is not impossible, it handles the nega-
tion of a conditional as the negation of its consequent under the same antecedent.
This corresponds with the intuitive idea as described in 3.1.4. The inference
of contraposition is not possible for the Stalnaker conditional. Therefore the
strange behavior of the strict and material conditional does not apply to the
Stalnaker conditional.

3.2.2 Analysis

There is a great deal that Stalnaker's semantic theory does not cover. The selec-
tion of a nearest possible world, is only vaguely de�ned and therefore depends
completely on the pragmatic context. This selection-function is at the core of
the truth-conditions of the Stalnaker conditional. Therefore the question of va-
lidity of a conditional shifts from a semantic to a pragmatic problem, which
Stalnaker does not solve.

In a later article, Stalnaker admits that his theory does not o�er a reduction
of the problem of conditionals (Stalnaker, 1975). He does however state that
his theory o�ers insight into the form of the truth conditions for conditionals.

Can the Stalnaker conditional actually be seen as su�ciently speci�ed, when
the actual truth-conditions depend so much on the selection-function chosen by
individual agents? As discussed in relation to the strict conditional, what is
considered a possible world is subject to change. Stalnaker refers to the set of
worlds considered possible as the context set.

According to Stalnaker, this context set is determined by the content of
the statements uttered in a conversation. This happens because statements are
only appropriate within a certain context. Therefore by uttering a statement, a
context can be deduced.

It is however not certain that two people will deduce the same context from
the same utterance. A more `closed minded' speaker, for instance someone who
would never doubt the existence of a Christian god, will hold a di�erent context
possible than an agnostic listener. It seems the context set is subject to the
beliefs of the agents involved in the conversation.

If we were to look at this context set in a more objective way, there is no
reason why we would not consider, for instance, a world in which the laws of
physics do not hold. Why is the context set not the set of all possible worlds?
The only reasons for excluding worlds from the context set can be personal
beliefs. The selection function, which acts on the context set, seems therefore
to be based more on personal beliefs than on an ontological theory of possible
worlds.
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Chapter 4

Conditional belief

In this chapter we will discuss a theory of conditionals based on belief. The
theory which will be examined is developed by Peter Gärdenfors and relies on
changes of belief to allow for the analysis of counterfactual conditions. We will
give a general description of Gärdenfors's theory, compare this with Stalnaker's
theory of conditionals and provide a general analysis of the strengths and weak-
nesses of Gärdenfors's theory.

4.1 De�nition

In his article `Conditionals and Changes of Belief', Gärdenfors sets out a the-
ory of conditionals based on epistemic notions, rather than ontological notions
(Gärdenfors, 1979). The fundamental concepts of his theory are states of belief
and changes of belief. The criteria of acceptability he de�nes are based on a
suggestion made by Ramsey: `Accept A → B in a state of belief P if and only
if the minimal change of P needed to accept A also requires accepting B'.

Gärdenfors de�nes a belief set P as a set of formulas which satis�es the
following conditions:

Condition 1. P is non-empty

Condition 2. if A ∈ P and B ∈ P , then A ∧B ∈ P

Condition 3. if A ∈ P and A ⊃ B is a truth-functional tautology, then B ∈ P

Here A and B are formulas in a truth-functional, propositional logic. The
belief set contains all sentences which an agent accepts or knows to be true. This
is of course an idealized view on beliefs as, according to Gärdenfors's de�nition,
every agent would believe all truth-functional consequences of his beliefs. It is
however also allowed for belief sets to contain contradictory beliefs. This means
it is perfectly possible for a formula p, that a belief set P contains both p and
¬p. This could obviously never be the case for possible worlds.

Belief sets need not be complete: It is not the case that for every sentence
A, either A or ¬A is part of an agents belief set. If this were the case, the agent
would be omniscient.

A special belief set is the set of all formula's. This set is called the absurd

belief set, as for any formula A, both A and ¬A will be an element of this set.
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This absurd belief set is of use when discussing conditionals with an impossible
antecedent. This is similar to Stalnaker's introduction of an absurd world λ
which is used in the same way.

The concept of a belief set can now be used to facilitate a change in beliefs.
This allows us to discuss conditionals with an antecedent which is not currently
part of a persons belief set. This is for instance the case for many counterfactual
conditionals.

For each belief set P and each sentence A, Gärdenfors assumes that there is
a unique belief set PA, which represents the state of belief which is the result
of minimally changing P to include A. Using this idea, A > B ∈ P i� B ∈ PA.
The conditional is thus accepted if and only if its consequent is accepted in the
closest belief set which accepts the antecedent.

Gärdenfors gives some conditions to which the function which allows a
change of belief to a minimally di�ering belief set will need to adhere:

Condition 4. for all belief sets P, A ∈ PA.

Condition 5. for all belief sets P, if A ∈ PB, and B ∈ PA, then PA = PB.

Condition 6. for all belief sets P, if A ∈ P , then P = PA.

This change of belief sets reminds us of the selection-function in Stalnaker's
theory. For every change of belief there is a unique belief set the result of
applying this change of belief, similar to how Stalnaker's selection-function re-
turns one single minimally di�erent possible world for an antecedent which is
interpreted as true.

4.2 Analysis

In Gärdenfors's theory, belief sets take up a similar role as possible worlds do
in Stalnaker's theory. They both allow for the analysis of situations which are
not currently the case. Possible worlds however correspond with complete belief
sets. As explained above this means in a possible world w, for every sentence
A, either A or ¬A is the case.

In general, a distinction can be made between two forms of belief change:
A belief update concerns adapting beliefs after a change in the situation, facts
which were previously believed to be true may have changed in the new situa-
tion. A belief revision concerns adapting previously held beliefs because of new
information on a situation. Although the situation has not changed in this case,
added information may require an agent to change some previously held belief,
which turns out to be unreliable.

As was the case with Stalnaker's selection-function for the closest possible
world, �nding the minimal required change of beliefs to allow for an antecedent
to be accepted is a somewhat vague task. If we view this problem as related to
belief updates, this problem seems to be closely related to the epistemic frame
problem.

This philosophical problem concerns the uncertainty for an agent performing
an action, and thereby changing the world, in readjusting its beliefs to take in
account the consequences of this action (Shanahan, 2009). For instance, after
pushing a cart across a room, an agent needs to adjust its beliefs concerning
the location of the cart. It is natural to assume that the agent does not need
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to adjust its beliefs concerning the color of the walls of the room, or the atomic
weight of carbon, after moving a cart.

There is however no way to tell what beliefs need to be adjusted without a
substantial knowledge of relevance relations in the world of an agent. And even
with a perfect knowledge of all relevance relations, the computational complexity
of a change of belief would still span the total of all beliefs. For each belief an
agent holds, it should decide whether, based on his knowledge of relevance, the
belief still holds after performing an action. This makes the epistemic frame
problem a large hurdle in, for instance, developing autonomous agents in open
world environments.

Determining the change of beliefs required to make the antecedent of a con-
ditional true, leads to the same need for a substantial knowledge of relevance
relations and an unmaintainable computational complexity. There is again sub-
stantial knowledge of the world required for an agent to correctly revise its
beliefs without missing any required changes.

If we take for instance the sentence �If I push this cart to the north of the
room, the color of the northern wall of the room will become red�. For an agent
to correctly accept or reject this sentence, it is required to know the consequences
of pushing the cart to the north of the room. The agent should perhaps have
knowledge of the in�uence of colored lights on nearby surfaces, the behavior of
things mounted on top of cars, and so on. Without this knowledge, the agent
will be unable to reach the correct belief set when revising its beliefs based on
the antecedent of the conditional.

To illustrate the problem with belief updates, take for example an agent α
which holds the following beliefs:

1. I am in a room.

2. In this room there is a cart.

3. I can push the cart from the southern end of the room to the northern
end or back.

4. The cart is at the southern end of the room.

5. On the cart is a bomb.

6. The bomb is at the southern end of the room.

How would agent α now respond to a sentence like `If you move the cart to
the northern end of the room, the bomb will be at the northern end of the room'?
The agent will �rst have to revise its fourth belief, since in the antecedent of the
conditional, the cart is no longer at the southern end of the room. The agent
must change its beliefs to accommodate this.

The agent should however also revise any beliefs which are in�uenced by the
fourth belief. One of these is the last belief of the list. How is agent α supposed
to know to also revise this last belief, without knowledge on the behavior of
bombs placed on top of carts?

To correctly accept or reject conditional statements using Gärdenfors's the-
ory of conditionals seems to require knowledge of the consequences of the an-
tecedents of these statements. This theory can therefore be said to o�er no
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reduction of the problem of conditionals. Being able to make correct judge-
ments of conditional requires the ability to perform correct changes of belief.
The ability to make correct changes of belief requires being able to know the
consequences of any antecedent, which would already solve the problem of con-
ditionals.

Gärdenfors's theory can therefore be said to o�er no reduction of the prob-
lem. It can however provide a formal framework which could also be of use in
multi agent systems. Being able to discuss the consequences of beliefs of indi-
vidual agents, based on their individual beliefs, could be useful in determining
the behavior of agents in complex models. This is something Stalnaker's theory
of minimal change cannot account for.

Gärdenfors's theory also is at its current form of no direct practical use in
the development of an arti�cially intelligent reasoning agent capable of judging
conditionals. The mechanism for changing beliefs requires a signi�cant knowl-
edge of the world and would lead to an unmanageable computational complexity
when implemented naively.
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Chapter 5

Conclusion

The truth-functional material conditional quickly leads to unwanted behavior
and is therefore no usable formalization of the conversational implication. The
strict conditional does avoid some of the more obvious paradoxes of the material
implication, and is still extremely straightforward and simple in terms of de�-
nition. There are however still certain characteristics to the truth-conditions of
the strict conditional which make it un�t as a proper description.

Stalnaker's theory, based on the ontological notion of possible worlds, leads
to many doubts: Although it is only meant as a basis for a more complete
conditional theory, the use of a unique closest possible world leads to some dif-
�culties. Determining the validity of a counterfactual conditional would even
require omniscience. It does therefore seem that certainly concerning coun-
terfactual conditionals the use of truth-values leads to an unsolvable problem.
Concerning counterfactual conditionals, nothing more than acceptability based
on belief could in practice be formalized.

Gärdenfors gives a usable formal description of belief states. It seems plau-
sible to found a theory of conditionals on personal beliefs. This does however
lead to the inability to assign truth values to conditional statements. In an AI
environment where an arti�cial agent would partake in general conversation, a
theory based on beliefs could provide enough certainty. In general conversation,
humans are not required to be objectively certain of the validity of their state-
ments, although their willingness to accept a statement is generally important.

The formalization in both cases still lacks a most important tool. The selec-
tion of a closest situation where a counterfactual antecedent is made true, is at
the core of the problem of conditionals. The mechanism of belief revision and
world selection seems to be closely related to the frame problem, which prevents
much practical use to both of these theories. This selection function depends
largely on context and knowledge of the world. It would therefore seem that
the development of a strong pragmatic theory of conditionals could be helpful
in the path to a usable formal system describing conditionals.
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