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Abstract

We propose a near-linear complexity algorithm for uniform sampling of simple random graphs with
bi-colored edges imposed by two given colored degree sequences. This problem is also known as
three-colour discrete tomography and is closely related to the sequence packing problem, both of
which are known to be NP hard in the general setting. That being said, our algorithm provides a
fast means of asymptotically uniform sampling for large graphs. The algorithm is applicable when
the maximum degree, d,q, is of order O(mi_T) with m being the total number of red and blue
edges, and any small enough 7 > 0.

Keywords: Random Graphs, Simple Graphs, Colored edges, Randomised Approximation Al-
gorithms



Symbols and Notations used

[n] All numbers 1 to n

d, € Arbitrary small real numbers

i~ J The edge connecting vertex ¢ to j

i~p J The blue edge connecting vertex ¢ to j

i~R J The red edge connecting vertex ¢ to j

dB, di Blue degree sequence and Red degree sequence

dAB, R Residual blue and red degree sequence

mp, MR Total number of blue edges, red edges respectively

kg, kgr Number of blue edges, red edges formed at stage k

O(z), Qx), o(x) Different order of growth of functions, defined on page 4

E(X) Expectation of a (random) variable

P(X) Probability of an event X

qx Probability of removing an edge (or an edge not present at stage k)
D Probability of keeping an edge (or an edge present at stage k)
M(G) Set of matchings that leads to G

N e S(M) Set of all orderings, N, of a fixed matching M

Gpg Expected state of the algorithm at stage k

E,, [X] Expectation of X within the G, model

H,, m-th Harmonic number

E,iB , E,f‘ Set of all suitable matchings at k-th stage of an ordering

Disjoint union of sets
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Chapter I

Introduction and Preliminaries

1 Introduction

The theory of random graphs lies at the intersection between graph theory and probability theory.
Ever since its first definition by Paul Erdds and Alfréd Rényi [15], it has brought together different
fields of research, such as discrete mathematics, probability theory, theoretical computer science,
and statistical physics. Since then, it have been extensively studied since their introduction, and
became one of the central themes of contemporary mathematics, partly because they are closely
related to various random discrete structures such as random surfaces, random maps, random
matrices, random satisfiability problems[12]; and these mathematical concepts have found very
natural applications in different real life problems. An example would be analysis of human inter-
actions and communication where one of the oldest and best-known examples is the ‘six degree of
separation’ phenomenon describe any two people can be connected by a chain of acquaintances on
average six persons long.

A graph is simple if it has no self loops and multi-edges and a degree sequence is graphical if
there is a graph that satisfies it. Erdés and Gallai provided a necessary and sufficient conditions
for a finite sequence of natural numbers to be the degree sequence of a simple graph [10]. The
study of generating graphs satisfying a degree is an interesting, especially in the areas of hypothesis
testing. Hence formally, one could ask the following related problem:

1. Given the sample space of all graphs that satisfies a given degree sequence, can we ensure we
sample only the simple graphs?

2. Can we perform the sampling uniformly ?

One possible way to solve question one is to use rejection sampling with respect to the configuration
model. In essence, this naive method constructs a graph that satisfies the degree sequence, however
we reject the output whenever there is an multi-edge or self loops. According to a result by [4],
this method is exponential in (the square of) the average degree, which is not ideal. So what
we learnt is that enforcing simplicity in sampling is not a trivial problem and there have been
numerous research undertaken to resolve this. Two such methods are the Markov Chain Monte
Carlo (MCMC) algorithms that approximate the desired sample by taking the last element of
an ergodic Markov chain [16][6][11]|17]|1] and Fast sequential construction algorithms that build
a graph by placing m edges one-by-one, starting with an empty graph[13]|3][2]. Both methods
greatly improve in terms of complexity as both have polynomial (in fact linear) time complexity
with respect to the degree sequence. However in this thesis we are mainly interested in the latter.
Steger and Wormald’s algorithm [18] samples from regular graphs and the algorithm by Bayati,
Kim and Vu[13] generalizes it further to arbitrary degree sequences while still maintaining linear
complexity with respect to the number of edges. However these algorithms only solve the first
problem posted. The one downside is that the proposed algorithm only achieve uniform sampling
asymtoptically, meaning the bias and the error of the sampling as n (or number of edges) tend to
positive infinity.

In this thesis we will focus on generalizing the algorithm by Bayati, Kim and Vu|13| by generalizing
the algorithm to receive two input sequences-a blue and red sequence. Specifically we will sample



a simple graph with colored edges satisfying the input sequences. At the end we will show that
the run-time of the algorithm is still linear in n (or the number of edges) while still achieving
uniformity asymptotically.

Perhaps as a starting motivation for this thesis, we can revisit the context of human interactions
and connectivity. We know that any two people can be connected by a chain of acquaintances on
average six persons long. But one can also decide to impose conditions like social status, financial
standings, gender, races etc and investigate how it affects connectivity between individuals.

The thesis will be structured into six core chapters, beginning with the preliminaries and notation.
From there we will formally introduce the notion of configuration model and the modification
proposed by Bayati, Kim and Vu [13] to generate simple graph. In chapter two, we will propose a
more generalize version of [13] and explore the relevant heuristics. Chapter three, four and five will
be a three part analysis with the focus on investigating the asymptotic behaviour of our algorithm.
We then end off with a conclusion to summarize our findings and possible future works. Last we
wish to acknowledge the admirable work of |7] who not only worked on the directed version of the
algorithm by Bayati, Kim and Vu [13], but also serves as the basis of inspiration for this thesis.

2 Notations

We will begin by introducing some important notations and preliminaries that will be used through-
out the thesis. As we proceed deeper into the chapters, new notations will be introduced as new
concepts and definition arise.

We start by defining a graph. A graph G is an ordered pair (V, E), where V is a set of n vertices

and £ C V x V is the set of edges connecting the vertices. We use v; ~ v; to denote the ordered
paired (v;,v;) which represents vertex ¢ being connected to vertex j.
A graph G is undirected if for every v;,v; € V,v; ~v; <= v; ~ v;. Since there are n vertices in a
graph, for simplicity, we will denote each v; € V' by simply ¢ € [n], meaning the ¢ — th vertex of G.
In the future chapters, we will frequently be performing summation indexed by edges. Example as
follow:

Si=m=1Yd

g i€[n]
This example illustrate a simple counting of total number of edges in a graph G, which we will

denote by m, from here on out. Finally we say a graph is simple if there are no self loops and for
every i #* j, there is at most one edge connecting i to j.

Figure I.1: Example of self-loops and multiedge in an undirected graph

In this thesis, unless otherwise stated, we will assume all graphs that we fixed to be undirected
and simple. Every ¢ € [n] has an associated degree d;, which is the number on edges connecting
to it. Hence a degree sequence of length n is of the form (d1,...,d;,...d,), where each d; is the
degree of i. Throughout the thesis, we will denote this by d. Naturally when given d, one might
ask if there is a graph G such that each vertex i has precisely d; many adjacent vertices.If there
is, we then say G satisfies the degree sequence d and that the degree sequence is graphical.



Figure 1.2: Example of a graph satisfying the degree sequence (2, 2, 2)

In our thesis, we are interested in two degree sequences differentiated by the colors blue and red
. Specifically we have the degree sequences dB = (dP,...,d?) and df = (df,...,d?) where each

i € [n] has d? many adjacent vertices connected via a blue edge and df* many red edges connected
through a red edge. This meant that we have the following:

di = dP 4 daft

d=dB +dR
With the introduction of colored edges, we would then have the need to indicate if ¢ and j is
connected via a blue edge or red a red edge. We will use i ~p j and ¢ ~r j to denote vertex

1 being connected to vertex j via a blue or red edge respectively. Like before, in the upcoming
chapters, we will be frequently performing summation indexed by blue and red edges.

Zlmef ZdB

i~BJ ze[n]
Z 1= mpr = Z dR
i~RJ

The above example illustrate a simple counting of blue and red edges using the notation we
introduced. Since the number of blue edges is mp and the number of red edges is mpg, we get that

m=mp-+ Mg

We say that a two colored degree sequence is satisfiable if there is a there is a graph G such that
each vertex i has precisely d” adjacent vertices via blue edges and d? adjacent vertices via red
edges. We will sometimes refer to such a G as a bi-colored edged graph. Finally we will assume
throughout the thesis the following

e mp and mp are of the same order as m. Hence, mpg, mp = O(m)
e The maximal blue and red degree is of the same order as dyae = Maz (d;) i)

In future chapters, we will be performing detailed analysis on some on the algebraic expressions.
In particular, we will be comparing the growth rate between functions f and g. Thus we will be
introducing the following definition.

Definition. We say f(z) = O(g(x)) if and only if there exist a constants and C > 0 and a real
number xq such that
|f(@)| < Clg()|

for all x > xy.

Furthermore, We say f(x) = o(g(x)) if and only if for every positive € > 0 there exists a real
number xq such that
|f(@)] < elg(z)]

for all x > xg.

Intuitively one may view the former definition as saying f ’does not grow faster than’ g and
the latter definition as f ’grows strictly slower than’ g.

Remark 1. One can also say f ’grows at least as fast as’ g with the definition f = Q(g(x)).



3 Configuration Models

The first and perhaps most important definition that we will introduce is the notion of config-
uration model. Intuitively, a configuration model is nothing more than a (random) graph that
obtained through a random matching of half edges. We will go into details on the specifics in a
while, but the main caveat is that the process accepts input of a degree sequence d which is fixed
beforehand, and its main goal is to construct a G that satisfies such a d. Hence, it is not hard to
see why configuration model lays the foundation for all future algorithm and analysis in this thesis.

We will now begin explaining what exactly this random matching process entails. First let us
begin with just one degree sequence d, and without loss of generality assume that each d; > 0.
The reason being if d; = 0, then vertex 7 is isolated and hence not relevant in the construction.
Next to each vertex i, we associate d; many half-edges, denoted by w; to it. A half edge of 7 only
becomes an (full) edge when paired with another half-edge of j, connecting 7 to j.

@ ()
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Figure 1.3: Example of half edges and matchings

The above example concerning the degree sequence (3,2, 1,4, 2, 2) shows the assigned half-edges
to the vertices and we see on the right picture that we paired one half edge of vertex 1 to another
half edge of vertex 4, forming an edge connecting these two vertices. Now let [,, be the total number
of half-edges assigned, the randomness of the process comes into play when we consider pairing the
half-edges in a uniform way. Meaning that by fixing one half edge w; of vertex i, with probability
ﬁ we paired it with another arbitrary half-edge of our choice at the k-th iteration of the process.

We repeat this random matching process for % iterations, where at each stage after pairing,
the half-edges are removed from the list of half-edges that need to be paired. The resulting graph
G is called the configuration model with degree sequence d, abbreviated as CM,,(d).

(a) Bayati’s algorithm

The matching process described by the configuration model this does not exactly provide the
answer to our problem if we insist on the output being a simple graph as the process we describe
will likely produce a multigraph - a graph with self loops and multi-edges. In fact, a result by [14]
shows that the probability of the process in configuration model producing a simple graph is in
essence

P(CM,,(d) = simple) e A

Here A5, AM are both proportional to the degrees, d;’s, of the degree sequence. Thus what this
means is that the bigger the values of d;’s the more unlikely we are able to produce a simple graph
from the process.

However, the solution to this conundrum turns out to be quite elegant, as we need only to insist
that at each iteration, we only focus on pairing vertices i # j that have no edge connecting them.
The only caveat is that we can can no longer do the pairing uniformly. This idea was explored and
proposed in [13]’s thesis, and the following is the proposed algorithm.



Algorithm: Graph sampling

Input : n-length degree sequence d
Output : G satisfying the input degree sequence or output failure

1. Let E be the set of edges formed. Let d= (cil, ...,dn) be a vector of n integers.
Initialize E to empty set and d = d.

2. Choose two vertices v;,v; € V with probability proportional to d;d;(1 — dijj )
among all pairs v;, v; with i # j and {v;,v;} ¢ E.

3. Add {v;,v;} to E and decrease d; and (fj by 1.

4. Repeat step 2 until no more edges can be added

5. If |E| < m, output FAILURE. Otherwise output G = (V, E).

Perhaps it is worthwhile to explore some of the heuristics in this algorithm, in particular step
2 of the algorithm. The first thing to note is that the algorithm it no longer allows for arbitrary
matching between half edges, which is reflected by the checking for {v;,v;} ¢ E. However if we
choose to maintain uniform matching of half-edges and proceed to step 3 at this point, this will
result in a bias during the sampling. Consider the following:

1

Figure 1.4: Vertex 1, 2 with high degree

The above diagram illustrates vertex 1,2 with very high degree (compared with other vertices).
Now if we were to match half edges uniformly, then very likely we will end up matching a half edge
wy of vertex 1 with another half edge ws of vertex 2 as shown in the diagram. This will result in
a bias towards graphs containing the edge (v1,vs). It is precisely because of this reason, that we
have to offset this bias in the latter step of step 2, which is reflected by the term d}d}-(l - Cffgj)
We will explain in detail how such a bias offset is being derived in

It is shown in the paper by [13] that when given a graphical degree sequence d, the probability of
failure due to mismatching of half-edges tends to 0 asymptotically as the number of edges, m tends
to co. This means that if a given d (with sufficiently large degree sum) produces a FAILURE
output, then the algorithm by [13] provides statistical evidence that such d is in fact not graphical.

Now we shall move on to the next important notion in our thesis - execution tree.

(b) Execution Tree

An FEzecution tree is an important tool to help us analyze and understand the (asymptotic) analysis
of algorithms in the upcoming section, and it is a tool to study the algorithm proposed in |13]. In
essence, a execution tree, T,is a data-structure that keeps track of all possible states of the partial
graph by stage k. As an example, let us consider the execution tree when we run the algorithm
with input sequence (1,2,1)

0,
ORORONO,

Now node I would be the initial state with no pairings of half edges, and nodes I1,III,IV,V
would then store the following possible states of the partial graph after one matching of half-edges
has been performed; do note that the half-edges are labelled.



Node Il Node Il

Node IV Nede V
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So by viewing all states of the algorithm in terms of an execution tree, it makes it much easier to
analyze the algorithm at each stage k as every path from the root to any node in stage k represents
one way to form a subgraph. In fact if we were to go back to the topic of biases caused by uniform
matching of half-edges, this fact can be reflected in the execution tree, T'. Consider the following
arbitrary execution tree T

ORORCNONORORORCRT)

Each path from the root to the leave will represent one graph G, and the edge connecting the
parent to its child is weighted by py defined to be probability of transitioning from the parent state
to the children state.With this, the probability of obtaining such G is simply by multiplying (and
possibly summing) the relevant pg’s from the root to the leave(s) corresponding to G. Suppose we
perform uniform matching of half edges, then one can verify there is bias towards certain graph
by simply computing the probability of reaching certain leaves. Conversely, to obtain uniform
sampling, the problem becomes ensuring that every path to the leave(s) corresponding to G has
equal total weight. This idea will actually be used in the upcoming section when we are deriving
the bias and the offsets for the generalized algorithm that we will propose.

Remark. To be more explicit, technically there is one more nodes in the evecution tree in the
above example if we consider pairing the half edge of vertex 1 to the half edge of vertex 3. But we
omit this in the illustration as we only intend to demonstrate the key idea of what an execution
tree does - the storing of states/partial graphs up to stage k.

Before we end the chapter, it is worth pointing out that the algorithm by [13] only samples
graph that satisfies one degree sequence uniformly at an asymptotic level. We however wish to
generalize it one step further for it to sample graphs to satisfy two degree sequences.



Chapter 11

Algorithm and Heuristics

In this chapter we will formally introduce our proposed generalization of the algorithm by [13]. As
we proceed deeper into the chapter, we will discuss the related heuristics and a more generalized
execution tree induced by our algorithm. Finally we end the chapter by formerly stating the main
theorem about our algorithm - uniform sampling of bi-colored edged graphs that satisfies two
colored degree sequences.

1 Algorithm

The algorithm of [13] only solves half of our problem as the input is a single degree sequence d. We
require an algorithm that accepts two (colored) degree sequences. If we do not want to reinvent
the wheel, it would be natural for us to try to generalize the algorithm in |13]. Hence we propose
the following modification to the algorithm.

Algorithm: Bi-colored graph sampling

Input : n—length Red degree sequence df* and Blue degree sequence dZ
Output : G satisfying the input degree sequences or output failure

Let Ep, ERr be the set of Blue edges and Red edges respectively. Let dB = (52{3, ey (if) and
dR = (dE, ....,dR) be two vectors of n integers.
1. Initialize Eg, ER to empty set and dB = dB, dR = qR.

2. if there are i,j, s.t. 02{3 > O,d? > 0 then
| P ~ Uniform|0, 1]

else if for all i, (f? =0 and there is j s.t. d? > 0 then
I P=1

else if for all j, cif = 0 and there is i s.t. dAF > 0 then
‘ P=0;

else
‘ Go to step 4;

end

3. if P < TE then
dB 4B
——L) among all pairs v;, v; with

a Choose two vertices v;,v; € V with probability proportional to d?cif(l -~

i # j and {v;,v;} ¢ Ep, ER.
b Add (v;,v;) to Ep and decrease cZF and d}g by 1.
¢ Go to step 2

PEEN dftalt . .
a Choose two vertices v;,v; € V with probability proportional to dfdf‘(l — —4-) among all pairs v;, v; with
i # j and {v;,v;} ¢ Ep, ERr.

b Add (v;,v;) to Eg and decrease cha and (if“ by 1.

¢ Go to step 2

end




4. if |Eg| < mp or |Er| < mpg then
| Output FAILURE

else
| Output G = (V, Ep, ER)

end

The proposed algorithm follows a very similar structure to the algorithm of [13], with the key
difference being step 2 and step 3. Now let us compare it with step 2 of the algorithm by [13]. In
the algorithm by [13], since there is only one degree sequence d, so any graph G that satisfies d
will have single colored edges. This means during the construction process, we know at by the end
of k-th iteration, there will be exactly & many single colored edge(s) formed.

However in our case of two colored degree sequences, at each k-th iteration, we have to decide
whether we are going to form a blue edge or red edge. We have decided to propose that we make
this decision in a probabilistic manner instead of deterministic. The reason for this will be elabo-

rated in fubsection (D)

The next thing to note is the difference in interpretation of the out FAILURE between the

algorithm by [13] and our proposed algorithm. We have discussed in [subsection (a)|that an output
of FAILURE is statistical evidence that the given (single) degree sequence d is not graphical. In

our case, our algorithm is less conclusive in that regard as a FAILURE in our case only provide
evidence that there is no graph G that can satisfies the two colored sequence simultaneously,
however we cannot conclude whether or not the individual degree sequence is graphical.

The next and perhaps the most noteworthy difference is that of the execution tree. Since the
new execution serves as visual foundation for all future analysis, we will discuss it formally and in
detail.

(a) Generalized Execution tree

Before we delve into the heuristics and analysis of our algorithm, it is vital that we spend some
time to analyze the new execution tree since it serves as the main tool to model our algorithm up

to each stage k < m and is heavily used in

To help understand the new execution tree, let us run the our algorithm with the input colored
sequences d® = (0,1,1),d" = (2,1,1). We will get the following partial execution tree 7" at depth
1.

mg
> Red edge with probability —
m

i
> Blue edge with probability o
m

In the diagram above, the red arrow represents forming a red edge with probability 72, likewise
for the blue arrow. Nodes I to VII store the following states of the algorithm.

Nede Il Node lll Node IV

: z A
ey ey

Nede V Node VI Node VII

1

A
S D R N R

=l

Figure II.1: Execution tree nodes
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We now draw our attention to node IV. Observe that there is now no way to produce a graph
G that satisfies the residue red degree sequence dR = (2,0,0) and residue blue degree sequence
dB = (0,1,1) and hence our algorithm will output FAILURE. Now compare this to the execu-
tion tree of the algorithm by [13]. Without colors, node IV is still able to output a valid graph
satisfying the uni-colored degree sequence (2,2, 2).

So the first difference is that the new algorithm has fewer nodes that leads to successful output,
however, what is more important is perhaps the reason why this is the case. The crux of this issue
lies with the order in which we decided to form our blue or red edges. Using again, we see
that if we form a blue edge first, we will always have a successful output but this is not the case if
we start with forming a red edge. This provide a good intuition that the ordering of the formation
of the edges directly influence the success rate of the algorithm. In fact, the ordering also affects
uniformity of the sampling process, this will be thoroughly explored in the upcoming chapters.

Now the next thing to take away from the execution tree is that it is possible for multiple leaves
to store the same graph G that satisfies the input. In fact using our example dB = (0,1,1),d" =
(2,1,1), there is exactly one graph that satisfies it, so this means the leaves of the execution tree
must all store such a graph. So now suppose the input blue and red sequences are graphical, hence
there is a graph G that satisfies the sequences. One could ask then how many leaves stores such a
G?

Lemma 1. For any G that satisfies dB and d®, the size of leaves in the execution tree that stores
G is m! ] (dB)(df).

i€[n]

Proof. We know there are m! ways for the edges to be form. Once an order is fixed, for each i,
there are (dP!)(d?!) ways for the half-edges of i to be paired, and each way represents a path from
the root leading to the leaves storing G. Hence we have that the total number of leaves storing G
is m! J[ (a2 (d®). O

i€[n]

Remark. From the above lemma, one sees that the number of leaves is actually independent of G
and only depends on the degree sequences.

(b) Heuristics

This section will be dedicated to the heuristics behind our proposed algorithm. Mainly, we will
discuss in detail the motivations behind some of the steps in our proposed algorithm. We will
start by addressing the elephant in the room - why do we use probabilistic means to decide which
colored edge to form at stage k

[[T.1] shows us that the order in which the edges are formed directly affects how successful the
algorithm is in generating a graph that satisfies the input. This would motivate the question on
how do we come up with a suitable ordering of red and blue edges so that it not only maximizes
the success rate but also generates all possible graphs uniformly at random.

However coming up with such a deterministic sequence of blue and red is not a trivial task, as
the order has a huge impact on the uniformity. To illustrate this, let us simplify the matter by
once again using uniform matching of half-edges. Consider the following picture:

N

The above picture focuses on vertices 1 and 2 among the n vertices, where they have a much
higher blue and red degree compared to other vertices. Now if we decide (deterministically) to
form a blue edge here, then there will be a bias towards graph containing a blue edge between
vertices 1 and 2. The same goes if we decide to form a red edge. This conundrum motivates the
probabilistic choice between blue and red edges, as we are essentially flipping an unfair coin with

11



probability Pg of obtaining blue and Pg of obtaining red . This then reduces the problem from
choosing a suitable ordering of red and blue to choosing a suitable probability weight for the coin
flip.

Remark. The example given above also provide an intuition on why it is not wise to perform the
algorithm by [15] on the blue degree sequence first, follow by the red degree sequence. Because this
essentially is equivalent to the following ordering:

(blue, ..., blue,red, ..., red)

where the blue edges appear mp times first, follow by the red edges appearing mp times after.

It turns out there is a natural choice for Pg and Pgr which we will derive in the upcoming
section. However before we proceed, it might be worthwhile to consider why it is not wise to set
Pp = P = % straight away at the start. Let us first consider the scenario where mpg > mpg. If we
set Pp = Pp = % in this case where there are much more blue edges than red edges, then we are
forming red edges much more often than required. The same can be said if after some k iterations
the remaining red edges becomes much more than the remaining blue edges. This motivates the
idea that a good choice of Pg and Pr would be one that respects the remaining colored edges, and
this idea will be explored in the upcoming section.

12



Chapter 111

Analysis Part One: Coin-flip and
offsets

The main goal of this section is to determine what would be a suitable value for Pp and Pgr
using the intuition discussed in After which we will give a proper treatment to the
derivation of the bias when performing the matching of half edges by following similar technique
used in [13]. It should be noted that the derivation and analysis taken will have an asymptotic
focus, meaning when m is sufficiently large.

1 Derivation of Pg and Pp

The main goal of this section is to determine what would be a suitable value for Pg and Pg, defined
to be the probability forming a blue edge or red edge in each iteration of the algorithm. At the
end of we analyze why it is not ideal to propose a fair coin flip right off the start.
We also discussed that a good choice of Pp, Pr would be one respects the remaining colored edges.
Now let kg be defined as the number of blue edges formed by the end of stage k, with kr defined
symmetrically. Then the following would be a reasonable, albeit naive definition.
k __ mp—kp
Py = p—

Here PE =1- Pg is defined symmetrically. We now note that kg and kg is a random variable for
k > 0. This means that for & > 0, P& and P{ is also random. As mentioned, we are interested in
asymptotic results; which is why at this point it is worthwhile to investigate around which value
does Pk and P}% concentrates. The first step to do this is to make use of the notion of a martingale.

Definition. [5j/Martingale is a discrete-time stochastic process (i.e., a sequence of random vari-
ables) X1, Xo, X3, ... that satisfies for any time n,

e E[|X,]] < o0
b E[Xn+1|Xla"'7Xn] :Xn

That is, the conditional expected value of the next observation, given all the past observations, is
equal to the most recent observation.

With this, it is now reasonable to claim that Pg and P}% is in fact a martingale since we are
choosing to form a blue or red edge in each stage k base on their respective ratio of unpaired
half-edges to the total amount of unpaired half edges, which is why in expectation we should see
P]’§ and P}% follow the properties of a Martingale. Hence define X, := P§

Claim. For all0 <k <m—1, Xy is a Martingale.

Proof. Clearly E[X}] < oco. Now E[X}41|Xk] = Xk(m?i:ill:’jzl) +(1 —Xk)(szigfff) This is because

by definition X}, is the probability of entering the blue case and hence 1 — X, is the probability
of entering the red case. Next by substituting the definition of X}, we arrive at the expression

(mp=hp)(mb—hpl) 4 (] — mo—kp)(msobp) Al that remains is to simplify this expression and

13



we arrive at the equation E[Xy11/Xx] = Xg. The proof that Pk is a martingale is completely
symmetric. O

This simple yet extremely useful result tells us one very important fact, that is the ratio of
un-formed blue edges to the total remaining un-formed edges is expected to remain constant.
Furthermore, by using the law of total expectation, we arrive at the following.

mp

EE[Xti1]Xk]] = E[Xpy1] = E[X] = ... = E[X,] = = 9 :=Pp

So what we have arrived at is that the the expectation of P§ is -2, The next step is to show that
in fact, PE concentrates around its expectation. If this is true, then we arrive at a very natural
choice for P (and Pg). In order to show this concentration, we will make use of the following
theorem.

Theorem 1. [9/[Azuma] Suppose {Xy : k =0,1,2,3,...} is a martingale and for all k, | X411 —
Xkl < cx. Then for all positive integers N and all positive reals ¢, P(| Xy — Xo| > ¢€) <
—e2
2 exp (72 SN2 ).
This is theorem by [9] is extremely useful in showing that PE concentrates around its expec-
tation, which is precisely X in this case. And all we have to do now is to bound the difference

between PEt! and P, which we will show in the following lemma.

Lemma 2. Let X}, := P]’;, then for all k, | Xp+1 — Xi| < ¢ for some c.

Proof. | Xy — Xp41] < |7’L£:ZB - mﬁ::fl_l\ = |(T(”m_fl)c)_2(1”(fnik§) |. Since mp — kp is non negative,
(m—k)—(mp—kp) (m—k) _ 1 _
we have that | (m_k)l,_(ﬁb_]f)‘ | < TR (R = k=T = Ck O

With this and theorem by [9]. We see that with high probability (w.h.p) that PE concentrates
around its expectation and thus this is a good motivation for us to set
mp

Pt=...=Py=Pg=—
B B B m

The case for P can be argued symmetrically.

Remark. Perhaps it is worthwhile to remark that the reason that it took some effort to justify our
choice of Pg and Pg is due to the fact that kp, kg is a random variable, that means a lot of times
we have to deal with its expectation and investigate how much its actual value deviates from it. We
will see a similar conundrum soon in [section 3

2 Proposition of bias and offset

Now that we have proposed a choice for Pg and Pgr, what remains is to propose a suitable set of
bias for choosing which v;, v; to form an edge with, for the reason that is discussed in [subsection (a)]
In order to motivate our choice, we will use similar technique as in [13]. The idea is that we start
off by assuming we form an arbitrary edge (red or blue) uniformly, then lets assume our algorithm
terminates successfully and output a G that satisfies the input red and blue degree sequence. So
fix such a G, we will then compute what is P(G), the probability that our algorithm produces such
a G in general. From there we derive the bias towards G' and an offset for it.

Remark. Before we continue, we will remark that we will be working a lot with the expectation
of a random variable and use it as a motivation behind most of our proposed definitions or values.
However the formal justification for them will be discussed in the later chapters on the analysis.

The first question that is perhaps worth addressing is what is the residue blue / red degree or

unpaired blue / red half-edges of vertex i, which we will denote as d? and df* from here on. This
is because in the setting in which we match half-edges uniformly, the probability of there being
an edge (whichever color) connecting to vertex ¢ is directly proportional to the respective residue
degree. However the residue degree is a random variable and hence we will investigate its value in
expectation.
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Lemma 3. Leti € [n], 0 < k <m—1. If the matching of the blue half edges is done uniformly at
random, then

o The expected number of unpaired blue half-edges at the end of stage k for v; is dP (1 — %)
o The expected number of unpaired red half-edges at the end of stage k for v; is df¥(1 — %)

Proof. Fix and i and k, the expected number of (total) blue edges formed is kPg. Since the

matching of half edges is done uniformly at random, the expected number of matched/paired half
B B
edges for v; is kPpg - 1(7153 . Hence the expected number of unpaired half edges for v; is d® —kPp - 7%3.

Since Pp = 2 the expression simplifies to dP(1— %) The proof for the red case is completely
symmetric. O

Remark 2. From the proof above, let q = 1 — % Observe that now q can be viewed as the

probability that an arbitrary edge is not present by stage k. Further more observe that by our
choice of Pg and Pg, this probability becomes independent of the colors.

Now since we are interesting in the probability that our algorithm output a graph G which is
simple, it is then worthwhile to investigate how many ways are there to there for valid matchings
of half edges at stage k so that we have a successful output. As an example, the number valid

matchings of blue half edges is
2 -2k
( e ) B) — AB (IIL.1)

Where (27”32_ 2’“3) is the number of arbitrary ways that to match blue half edges at stage k and
AP is the number of matchings of blue half edges at stage k that leads to blue self loops and blue
multi-edge.

Remark. blue multi-edge in our context, we are counting both the following cases:

o _» (>

The case for red is also the same symmetrically.

However in our example, the number of arbitrary blue and red pairings at stage k is a random
variable because kg and kg is a random variable. So once again, we will investigate its expectation.
In other words, we wish to know what is E[(sz; 2’“5)]. A wishful thinking is that we could simply
push the expectation function into the choose function as follows

E| <2mB N 2k3>] _ (2mB —22E[k3])

However, the ”choose-2” function is not linear, which means that if kg and dP deviates from its
expectation even by a little, we would end up with more choices by a factor! Hence before we
proceed, we need to investigate how much the R.H.S of the equation deviates from the L.H.S. The
result can be phrase in terms of the following lemma.

1-06

Lemma 4. For each k < m —m"~°, where § is small and positive, then w.h.p the following holds

. E[(2m32—2k3)} _ (2m5—22]E[kB}) +0(m2)

Proof. We need to make use of Azuma’s inequality [I| once again. We will use the ¢ in the
proof of Now let € = (m — k)~1/277/2 for some small 7 > 0. Then by |I| this means

2

that P(| Xy — Xo| > €) < 2exp (=) < 2€Xp(_1/(m_k)7177(m_k)2). Since asymptotically

25 F o2 2k/(m—k—1)2
m—k—1 = m—k, we further simplify to 2 exp (_(mgilf)lﬁ) < 2exp (_(mz_in’j)lﬁ) Since k < m'~m,
T -3 T
this means 2 exp ( %) is at most 2 exp (%)7 which we can choose a suitable 7 (that
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depends on §) so that the exponent goes to —oo.

So we know that with with low probability, | X y — Xo| differs by more than (m—k)~'/277/2, This
would imply with high probability (w.h.p), | Xy — Xo| is bounded by (m — k)~/2=7/2, Explicitly,
w.h.p, we have the following
mp —kp mp —1/2—7/2
mp—Fkp _MB 0
B RE T8 (g )
= |(mp — kp) — mpax| < (m — k)72

= (mp — k) =mpqr +o(m)

Now to get the conclusion we want, we substitute (mp — kg) = mpqr + o(m) into (sz;%B) =

(2mB72]€Bf§)(2TI’LB72k}B) D

Now we are ready to approximate the expected number of arbitrary matchings at stage k.

Lemma 5. For any k < m(1 — =), if mp (and mpg) is of O(m), then the expected number of
arbitrary matchings is asymptotically

e 2(mp)%(qx)? as m — oo for the blue case
e 2(mp)%(qr)? as m — oo for the red case

Proof. Once again we make use of and we have that ]E[(QmB;%B)] = (szEQPBk) +o(m?).
Next we will expand this expression as follows,

2 — 2Pk 2 —2Pgk)(2 — 2Pk —1
(7257 o) = e Z2EBRIEn Z2BRZA) ot
Pgk 1 Ppk
=2m%(1 — - 1- 2
(1= 22 - R o)
Since 1 — %B: = qi, we get that 2m%(1 — —ISka - 7277113)(1 - —1;13;) +o(m?) = 2m%q2 (1 — 7m5?;’;7k) +

%) Finally since mp is of O(m), this means the last 2 terms — 0 as m — oo, and with
B

that, we have the conclusion we want. The proof for the red case is completely symmetric. O

Perhaps it is worthwhile now for a quick summary on what we achieved. We started by
investigating what is the number of valid matchings of half edges at a given stage k and we arrive
at equation |[ITI.1} From there we decide to estimate (QmB;%B) by its expectation, and by
we conclude that we can push in the expectation function into the choose 2 function at a cost of a
deviation of o(m?). After which we can finally come up with a approximation for the expectation
of (2m32_ 21”3) by [Lemma 5/ However we still need to come up with a good approximation for AkB
in |[Equation III.Il Once again, we will estimate its value by its expectation, but for the moment

we will postulate that the following remark holds.

Remark 3. For each 0 < k < m — 1, the following holds

> (%)
o 7 7 _ i€[n]
1. The expected number of blue self loops at stage k is ~ 2m(q)*A(d?) where A\(dP) = =5—
The red case is defined symmetrically.

2. The expected number of blue multi-edge at stage k is ~ Y dPdP(qx)*(1—qi). The red case
i~pj
is defined symmetrically.

With the above lemmas, we are ready to approximate P(G), where G is the output of our
sampling algorithm. Now let L(G) be the set of all leaves in the execution tree storing G. Next,
Let Eg,fg are the number of suitable blue matchings and red matchings in stage k respectively.
Then we arrive at the following,

m—1 1

L(G) k=0

m—1 1
=L@ [T e
,EO Eh+ €5

16



By we know the expression for |L(G)| explicitly and that it is actually independent of
G. So all that remains is to approximate 55“9 and fg. Once again, we will approximate them by
their expectation by using |[Lemma 5l Remark 3| With this, we arrive at

&5 ~ 2mpqp — 2mg A (d®) — dmpai(l — qu)VE

where /& = Dy _dfdf (q1)*(1 — qx)/4mp and &% is evaluated symmetrically. Thus we have the
1~BJ
following:

1

€+ € = 2ma} - (PR + PR — (@) + M) - 22

(P& + Pr7E))

Since P3 + P2 = (Pp + Pr)? — 2PgPg = 1 — 2Pg Py, Hence

ol 1 2(1 —
Il e = 110~ m(A(dB» ;@) - 2 (pyg ) - 2Py pe
k=0 >B R k=0

= exp[— Z In (1= —(A(d")) + A(d")) - W(ng + PpE) — 2PpPR))]

Now we will use the approximation In (1 — z) = z + O(z?). In our case, the terms in O(z?) — 0
as m — oo, with the exception of the term (P3P3). Thus we can rewrite the above as

m—1 m—1 m—1

1 1 2(1 —
[~ — )+ AT + Y (7%)(13372 + Pry&) + f(Pg, Pr))]
k= 0§B_+€R 07n k=0 m

m—1
In which f(Pp,Pr) = Y, 2PpPr+4P3P3. At this point, it would be helpful to observe that the
k=0

m—1

only term in the evaluation of P(G) that depends on G is the factor exp [ > W (PpvE + PryE)],
k=0

the rest of the factors only depends on the input red and blue sequences. This means the proba-

bility of outputting G, and hence the bias, is only dependent on that factor. Evaluating further,
we arrive at the following:

ot T arar] [ % dfa
i~ i
exp Z ) (Por& + Prvl)] ~ exp | e [T
k=0
dBd?
So what this means is that adding one blue edge connecting 4, j in G produce a bias of exp [~ -].
B B B 4B
Hence at every stage we will offset the probability connecting i,; by exp [4—;]_1 ~1-— %.

The same reasoning applies to the red case.

Before we conclude this chapter, it is useful what we have achieved. The goal of this chapter is
to give motivation and intuition behind our choice of the weights for the coin-flip Pg, Pr and the
bias-offsets when performing the matchings of colored half-edges. However, the main goal of this
thesis is to show that given our definitions, we can show the following theorem

Theorem 2. For an arbitrary 7 > 0 and for any degree sequences d®, d™ with mazimum degree of
1 . . .

O(m1~7), our algorithm generates any graph G that satisfy the aforementioned degree sequences

with probability within 1 £ o(1) factor of uniformity.
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Chapter IV

Analysis Part Two: Asymptotic
results

The work so far is mostly heuristic in nature, where we provide motivation on the proposed
generalization of |13]’s algorithm. However we still need to prove that our generalized algorithm
does in fact generate all graphs that satisfies the input colored degree sequences uniformly at
random as m — oo. The goal in mind is formally stated in However the proof of
is an endeavor, and we will summarize, in essence, the key milestones involved as
followings

Milestones 1.

1. Analyze our algorithm with the proposed value, and identify expressions that will affect uni-
formity of the sampling

2. Propose an approzimation for the expression in step 1
3. Show that our approzimated value proves
4. Prove that the actual expression in step 1 concentrates around our proposed approrimation

At this point, the steps described will seem convoluted, and it will be our main focus to shed
light on them. To this end, we will omit some cumbersome computation that does not provide any
extra useful insights on the main ideals of the different notions that we will introduce.

1 Asymptotic Behaviour

We will start by tackling the first step in[l} Formally we will be showing the following proposition.

Proposition 1. For all for G that satisfies the input degree sequences, the probability of our
algorithm generating it can be written as

BB RyR
B(&) = L@@ [T 0 - "0 TLa- "0

1€[n] i~BJ i~RJ

1
X
N(;M)ogkgn_l (Prmey 2Ry —WB(N) + (27 2R) — WE(N)

for some values W2 (N) and WE(N).

Proof. To begin proving the proposition, we use a similar technique as used in We
first wish to find an expression for P(G), where G satisfies the colored degree sequences, with
our proposed Pp and Pr and the relevant bias-offset now. So let M(G) be the set of all valid
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matching of half-edges that lead to G. Observe that for any M, M’ € M(G), M, M’ differ only by
a permutation of the half edges belonging to each vertex i. So this means that

PG = Y PO =[] @P)@rnp)
MeM(G) i€[n]

for a fixed M € M(G). The reasoning is similar to that used in So we reduce the
problem to finding an expression for P(M). The next observation is that once we fix a matching
M, we can denote S(M) to be the order in which the red/blue edges occurs. This further reduces
our problem in the sense that we can rewrite P(M) = >~ yc g P(V).

This is where our real work begins as we proceed to find an expression for P(IN). Now for each
N = (e1,...,em), P(IN) is nothing more than

IP(N) = H P(€k+1 | €1,..-,ekr) (IVl)
0<k<m—1

Now this can then be rewritten in terms of our algorithm. Let us first have the following definition.

Definition 1. EZ, EE is the set of all possible blue and red pairings, respectively, after choosing
(e1,...,ek).

Then we can rewrite ([V.1]

P(N) = H Plegs1 | e1,... ex) (IV.2)

0<k<m—1

_ H weight of e, (1V.3)

- . . . . . - B R .
0<hsm_1 SU of weights of all other pairings in E;’and Ej

dBdb dRak 1

=JJa-=—") J[a-—=2) - (IV.4)

i~pj 4m i~Rj 4m 0<k<m-—1 Cp+Cr

Here Cp = 5. dBdB(1—dBdB/4m)and Cr= 5  dRAR(1— dRdR/4m).
(u,v)GEE (u,v)EE,f'
However Cp and Cr are too cumbersome to work with and does not provide insights into
further analysis, hence we need to rewrite it further. Denote the number of unsuitable blue
matchings after choosing the edges after choosing (eq,...,ex) by A,’f , similarly for red . Now if we

focus on the factor o
> didy

(u,v)EES

By definition of EZ, this means we are summing over all possible valid matchings to form blue
edges at stage k where we account for the different choices of blue half edges for each matching.

Then what this means is that > A d:lfd;’? can be written as (zme—ka) — AB. Using this
(u,v)EEL

expression, and performing substitution into C'z, one finds that C'z can be written as (™, 2") —

UB(N) where UE(N) = AP+ Y d;?d?(dfdf/llm). The red case, ¥ can be defined sym-
(u,v)EEE
metrically.

Now combining what we know so far we arrive at the following:
dBdB dBdR
= By gk 1—- 7 _
P(G) = T @Py@m [T - =5 [T a- =20

i€[n] i~BJ i~RJ

1
X Z H (2mb—2kb) 7 \I/kB(N) + (2mT2—2k,«) - \Ifg(N)

NeS(M)0<k<m—1 2

Which completes the proof of our proposition. O
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What comes next is that we now make use of the assumption we made in [Theorem 2| that CZB
k7 . 1 . . . .
and df has maximum degree of O(m~7), combined with the approximation 1 — 2 = e~ t0E7),

We can conclude the following

B_. Ry 1 1
P(G) = H (dzB')(dzR') e e ~rgte() Z H (mefzkb) _ \Ika(N) + (2m7v72k,v) _ \I/kR(N)

1€[n] NeS(M)0<k<m-—1 2

At this stage we are done with step one of|1} as the terms above that depend on G are 757 vg, \IlkB (N)
and WE(N). As such, these are the terms that affect uniformity in sampling.

Now we are ready to tackle steps two and three in where the first order of work cut
out for us is to come up with an approximation, 12,9 for WB(N) and WE(N). After which we
will show the following lemma regarding z/;,]f and w,f.

Lemma 6. If d,.. = O(mi_T), then with high probability, the following relation holds

1 L o YEFVENEE )X (@P) M@ A (@) Fo(1)
mp— B My —2Kr R
0<k<m—1 () =l () — ok

Suppose we manage to prove then this means we can substitute ¥;’s with 1;’s and
combining it with the expression we got for P(G) in[Proposition 1} we see that asymptotically P(G)
is independent of G that satisfies the input degree sequences. This would then imply
which is the goal of this thesis.

(a) Gp, model and its heuristics

The goal of at hand is to propose a good approximations ¥Z and ¢ for ¥B(N) and WF(N).
Before we begin, we note that we will be making a few changes to the notation throughout this
(sub)section. The first is that since we are working with a fixed ordering N € S(M), we will write
UB(N) as simply P (likewise for U£). The next thing to note is that discussion is completely
symmetric between the blue and red case , and hence our discussion will only revolve around the
blue case.

Before we proceed to the computations, it is indeed worthwhile to have another discussion on
the the heuristic behind how we are going to define 7,/},? . First let us recall that \I/kB = AkB +

> dBdB(dBdB/4m), where AP counts the number of unsuitable blue edges that can be
(u,v)EEE
formed at stage k, and EP is the set of suitable blue edges that can be formed after choosing the
edges (e1,...,e;) of N. Then UZ is a random variable and naively we might just decide to take
it’s expectation as an approximation. However this is extremely difficult to compute, if we consider
the following

strzgr:(}------g *******

sfrrgtr:k-----'i‘@j """"""

Figure IV.1: Stage k execution tree

Here the diagram depicts an execution tree up to stage k, and the nodes ki to k, are the partial
graphs of G at stage k. Then for each partial graph stored in k; to k., it can have it’s own variation
of (the expectation of) U2 | Hence we need a more effective way to approximate WZ. As it turns
out, we have another way of looking at this problem. Consider the following graph that satisfies
the sequence d® = (1,1,1,1),d® = (2,2,2,2).
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So let’s assume that our algorithm output this graph after m = 6 iterations. Now one could
ask what would be it’s expected partial graph at, for example, stage 4 ?

Remark 4. In order for the question to make sense, one need to assume some kind of distribution
on S(M), which if we recall, is the set of all orderings of the edges of G. So throughout the rest of
the section, we will impose uniform distribution on S(M).

Turns out we can define the expected partial graph of G, as the outcome of the following steps:
1. Tterate through all edges, e;, i € {1,...,m}, of G
2. For each edge, e;:

e For some probability q,? we remove e; if it is blue .

e For some probability q,f‘ we remove e; if it is red .
3. The end result would be the expected graph of G at stage k.

Perhaps what is really interesting to note about this process is that choice of q,? and qf. If we
recall , from our choice of Pg and Pr we can set q,? = q,? =q,=1-— % Which means
the the process we just described becomes independent of the colors of the edges.

1. Tterate through all edges, ¢;, ¢ € {1,...,m}, of G
2. For each edge, e;, remove e; with probability gy.
3. The end result would be the expected graph of G at stage k.
We will henceforth call this expected partial graph the G, model, where py =1 — gy.

Remark 5. One might notice at this point is that by definition G, might not have exactly k edges
as Gp, 1s the result of m coin flips. In fact one can observe that if we look at all the possible G,
with exactly k edges, this is in 1 — 1 correspondence with the nodes of the execution tree at depth
k. And the probability of Gp, having exactly k edges is bounded from below by the following lemma
due to [15]

Proposition 2. For all k, P(|E(Gp,)| =k) > %

Now let us summarize what we have done. By we realize it is impractical to compute
the different possible variations of 5 for each partial graph stored in node ki to k.. So now we
instead propose to compute the expected value ‘Ilf in the G,, model, which is what we will define
@ZJE to be.

(b) Computing ¥ (and )

With the discussion in subsection (a), we will now begin computing ¥7 in the G, model. We first
need to perform some bookings as we rewrite the current definition of ¥2. From its definition, we
observe that U can be written as AP + AP where

CAT= (TR T e

(i,j)eEE
T dPdB n mdPdP
B __ BB % % B B %i %
e Ay = Zldi d7 —gm > d; A7 —gm
i#] (6.5)¢EF
i#]
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Now by definition AkB counts the number of unsuitable pairings which is simply the sum of number
of self-loops with multi-edges. We will denote them by A,(CB’I), A,(CBQ) where

AP =Y (df ) (IV.5)

i€[n]

AP — AR _ABD (IV.6)
Next we will also rewrite Af as follows

B _ B 1B 1B 1B B 1B 1B 1B
dmAp = dPdPdPdP — > dPdPdPd

73 (L) EER
7]
(Cicpu PP = 3, (dP)2(dP)? o
_ i€[n] 1 1€(n % 7 ‘B 1B 3B ;B
= 5 - E didi d;’d;
(i) B
i#]
We will rewrite the three-terms as A,(CB’l), A,(eB’z) and AéB’S) respectively. Thus we have

B, B, B,
k 8m 4am )

Since our goal is to approximate \IlkB , it would be extremely useful to prove some bounds.

Lemma 7. For all k, the following holds:

B (2m—2k)dmaax
1. AP < Gm=2dies

2. AP < dya(2m — 2k)

2m—2k)%d2

3. AkB < ( 8731 max
Proof. For 1. we first try to bound the number of possible blue self-loops. At stage k, there are
at most 2m — 2k half-edges left regardless of color. Now fix an half edge that belongs to vertex i.
There are at most d,n.. — 1 other possible half-edges to pair with to form self loops. Thus total
blue self loops is bounded by w. Next for the blue multi-edge, following the same
argument, we fixed one half edge of vertex i and another half edge of vertex j # i¢. Then there
are at most (dyuez — 1)? many ways to form double edges when i is already connected to j. So we

2

upper-bound blue multiedges by w Using the fact AP = A,(CB’Q) + AEB’U, we get

the bound that we want.

For 2., we have the following chain of inequalities: AéB’l) < dmaz Zie[n] d;B < dmaz Zie[n] CZi =
dnLaw (2m - Qk)

~ ~ B ;B ~ ~
Finally for 3. By definition, AP = 3 dPdPLl < fmee 5 BB < pa (7 20) [

4m — 4m 7
(i) e By (L)EEY
Now we are ready to begin to compute 1/),?. Before we begin, we will use the subscript py to
denote properties and computation performed involving our approximation model G,,. Our first
tasks is to compute the terms in AP and AP as defined in [Equation IV.7 and |[Equation IV.5 The
computation can be summarized in the following lemma:

Lemma 8. For every k, the following holds:

] > ()

i By, [Af] = 2B AR ppere \(dB) = S —

2 m

ii. By [AP?] = Qoo (1 57 (@P — 1)(dF — 1)/2mP)
invj
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iii. By AP D] = (2m — 2k) <L

> (d)?

1
2m
> (@) > (d7)?

iv. By, [ALY] = (2m — 2k)2 T — + 2k(2m — 20) o —

B,3 2m—2k)2% , i<
v. By, [A7Y] = Bm2H (=

4 4m?2

B ;B B B
k'S dPdP (df —1)(af 1)

2m3

Proof.

i.

ii.

For i. We first note that in the G,, model, the probability of an edge to be removed is
g = 1— % Now fix an ¢ and consider any two arbitrary j, k(j # k) and consider the

following:

Only when edges e; and es is removed, can we formed a self loop. Furthermore since G is
simple and and satisfies the input blue sequences, that means all the d® many half-edges of

1 are paired in a valid way. So there are (df ) many ways for ¢ to be connected to arbitrary
J, k. And for each ways, it is with probability (gx)? that the edges are removed in the G,

dB

model. Thus the expected number of self loops for vertex i in G, is (% )(qx)?. So now if we

sum over all i € [n], we get the following

B (0 = 3 (%)

i€[n]
= 2m( )2 Z @
= dk 4 om
i€[n]
_(2m — 2k)? (/\(d_B))
N 2 m

()
where \(dB) = =5 —

For ii., the proof is similar. Fix 4, 7 and consider any two arbitrary k, [ and consider the
following:

Then only when e; remains and eg, eg removed. Can we form a multiedge between i, j. By
the same reasoning as in i., there are (df —1)(d? — 1) ways for arbitrary k, I to be connected
to i and j via some e; and ey. And with probability (gz)? that they are removed from Gp,-
Furthermore it is with probability py = % that the edge e; = (4, j) remains. So summing over
all i ~ j we get the following:

B [AY) = Y0 (1= 2P - @l - )

(2m — 2k

_ % kZ(df —1)(d? —1)/(2m?)



Where the last equality comes from rewriting the first equality.

ili. For iii.), by definition E,, [A,(CB’U] = > diB]E[dzg]. By [Lemma 3[this is equal to > dP(dPqy),
i1€[n] i€[n]

which is exactly what we need.

A2
iv. To prove iv. We need only to evaluate what is E,, [dZ ] in the model of G, . However, this can
be rewritten as E,, [dzEg (dB— 1)+d23] =E,, [dzg(d;B —1)|+E,, [dzg] =2E,, [(df)]—i—qkdf. However
E,, [(déB )] is the expected number of blue self loops for vertex i in Gy, , which we already shown

A2
in i. Thus the expression further simplify to (qx)?(d?)(d? —1) + ¢.d? = E,, [dP ]. Performing

(B,2)
ko

subsition into E,, [A will conclude the required result.

v. Finally for v. by definition one only needs to evaluate E,, (d;BdAf) where i # j and (i,j) ¢ EB,

where EP is defined in [Definition 1L Now since i # j, d?d;g counts the number of ways to
match the residue blue half edges(degrees) of i to the residue blue half edges(degrees) of j

to form a blue edge. Since (i,7) ¢ EP, then there must already be an edge (regardless of
color) present between i and j. Hence we are counting the number of ways to form multiedges
between i and j and the value is simply ii. of Performing the relevant substitution
and we will arrive at the result needed.

O

Remark. The first two results of [Lemma § justifies the choice we made in the approzimation of
self loops and multi-edge in[Remark 3 We will further remark that the first two results shows the
elegance of the G, model in which the dependence on the colors of the edges is weaken significantly.
Consider the proof of ii. If we are still heavily dependent on the colors, we would then need to split
into two cases of blue and blue each with a different probability of keeping/removing an edge.

At this point, technically, we are ready to define ¢)Z. However once again, we wish to rewrite
it even further in terms of algebraic bounds for the analysis that lies ahead. To achieve this, we
will first prove a simple technical lemma.

Lemma 9. For all i € [n] and positive integer r, the following equation holds:
D@ =" ((@dP) "+ @) ") = O(mdy.))
i€[n] i~Bj
Proof. For the terms in Y, ((df)"~' + (dF)"!), we are summing (df)"~", df many times. Sym-

i~pj
metrically for (cl;v9 )"~1. Hence

@) @) = D @)+ @)= @dPy

i~Bj i,j€[n] i€n]
On the other hand, Y- ((dP)"™' 4 (dP)""') < 3 2(dmas)" " = O(md;,,}) O
i~BjJ i~BJ

We can state formally what we wish to rewrite with the following lemma:

Lemma 10. For all k, the following holds:

o By, [A) /8m] = B2 (0(Bage) + Oy 2 )

m2 2m—2k

o By, [AP /] = HEm 2R O (g

2 m3

Proof. The proof is simply by using [Lemma 9| and |[Lemma 8| O

Now we will formally define 1/},? (and hence 7,/},13 symmetrically) with the following lemma.
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Lemma 11. For every k, the following holds:

A(Bvl) 2 _ A(372) A(ng)
UP =, [APV] 4 B, [APD) 1 g, (L) M i

8m  Am )
— k dB — 1)(dB = diB 2)2
_ (zm—%)Q(/\(dB) n 123( P - n (iez[;z]( ) i)
- 2 m 2m?3 16m3 k

2
Where ), = O(kd’"’” + (nﬁd%‘)l;"nz ).

Proof. The proof is simply putting together terms from [Lemma 8| and [Lemma 10} O

Now that we have finish defining ¢ (and ¥}!) we have completed step two of [Milestones 1
The next task to complete to to show that our definitions satisfies the relation stated in[Lemma 6
To do that, we once again need a technical lemma for book keeping in the upcoming computations.

Lemma 12. For all k and dyer = O(ma~7), 9B is bounded above by O(M)

Proof. We will use |Lemma 9| on |Lemma 11| to get that Y2 = (2m— Qk) (O ( LLas kle” + 1"“” +

Rgs | g )). Now using the fact that k& < m and that dy,q. = O( %*T) then 0(7’”‘”(27” 2k) )

m3 (m—k)m?2
dominates all the linear terms written above. O

Now we have defined 1/1,? , with 1/),15 defined symmetrically. We are now ready to prove
which we shall recall as followings

Lemma. If dye, = O(mifT), then with high probability, the following relation holds

H —— 1 e o 16 FIEFNAP) N2 (@P)+A(@T)+2% (dF)+o(1)
ogkgm—1( b b) wk ( "y ) 7/%

Proof. For simplicity we will use x5 to denote > (df — 1)(dJ’-3 — 1). The red case is denoted
i~pj
symmetrically. We begin by first multiplying ] (2m52_2k3) + (2mR2_2kR) to [Lemma 6] Then
0<k<m—1
we can rewrite the new equation as follows:

_ _ (2 @+ @H?
m—1 A(dB)+X(dR) + k(xE+xE) + ie[n] i€[n] Tt
exp Zlog 1+ m 2m3 16m3

i (k)2 + (BASp)? — oobor — O(%hes)

m—k m—k

Now the key here is that we now use the fact that =2 :’;B and mﬂ’i::’% is a martingale and hence
by azuma’s inequality, we have that w.h.p they are equal to Pg and Pg respectively. Now using
the fact that P3 + P2 =1 — 2PgPr Thus we are able to rewrite the equation as follows:

(Z(dB))+(E(dR)) T

m—1 AdB)+A(dE) | k(x G+XG) i€ln) i€ln]

- - +t

exp Z log | 1+ m ;ﬂ — 16m3 k
k=0 1= gap — O(553%) — 2Pp PR

1 - (£ @5 (@)
m- 1 ( )m ( ) + (XG+XG) + i€[n] 16m;€[n] + tk
1— 2P, Pg

= exp Zlog 1+ ! : o . ;
- 1—2PBPR 2m—2k | (m) 1—2Pg Pr

k=0
At this point, we observe that PsPr = O(1) because mp and mpg are of same order as m, and
hence 1 — O(1) = O(1). This help us to further simplify to the following

(X @)+ @H??
&) i€

m-1 AAPVEAGR) | ROE A | i
+ + t
exp [ Y tog [ 1+ 0(1) —= L 16" Rl (IV.8)
=0 1=0(1) - (gt ) = O(%has)

we will make a technical claim to help simplify
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B, R 2 2 2 4
Claim 1. 445, - (390 + 0(%hae) + 0 (e + 0(%aa0)) ) ) = O

Proof. We first make use the of algebraic bound derived in to rewrite the equation of
the L.H.S of our claim to the following

0 (%) (200 + 0ty v (20 o) )

Next we expand the squared terms to arrive at
O( m )(2m2k+0< m )
+O<(2m—2k)2 +O( m2 ) +0 (m(m—k)

Now multiplying all the terms above, we arrive finally arrive at
d? d?
O maxr O maxr
((2m—2k;)m) * ( m? >

d72na:r d'rﬁna:r di’lax
o (m<2m—2k>2> +O< m3 ) o <m2<m—k>>

4
Now using the assumption that dye. = O(mi~7), we can see that the term O(d;’;l%) dominates

all other terms. Hence we arrive at the conclusion we need. O
B R

Now let us continue from [Equation IV.8] Rewrite the numerator as % and by using the

algrabraic estimate ﬁ =1+ 2+ O(2?), we see that we can write the terms in the big bracket of

Fquation IV .8 as

Vi Y o(1) o
1+Oﬂy(%n—%¥<l+2m—2k+0< m )

0(1) 20\’
o(gomo(%)))
B VB + R
*1+O@ﬁiﬁfﬁ¥
P +yf A
(2m — 2k)? +0( m?

HClaim 1

=1+0(1) )

We next wish to refine the algebraic bound a little by writing out

v + U Uas
1 1) ———— V.
+O(>(2mf2k)2+0 m? (Iv.9)
_ _ (2 (@P)?)?+ (X (df)?)?
AdB) + XdR)  k(xE+xE)  iem ien] ds
=1+ — + e 3 i+ O (TmaE ) (IV.10)
_ _ (2 @P)?)?+ (X (dff)?)?
L N@ AR | KOE ) | G0 (e, R
m 2m3 16m3 m? (m — k)m?

(IV.11)

B R 2
Where by [Lemma 12 (;b o t;ﬁ i = O(d";f,;”) to conclude that the constant O(1) has no influence in
B
the growth of (;%_%, so we can ignore it for the rest of the computation. Now we make use of

the fact that log(1 + x) = z — O(2?), then by taking logarithm of [Equation IV.9] we arrive at the
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following:

. . (X2 () + (X (d)?)?

AdB) + A(dB)  k(xE + xE) i€[n] i€[n] d kd?
O max max
m * 2m3 * 16m?3 +0( m?2 * (m — k)mz)
AdB) + X(dB)  k(xE + xE (2 (d?)%)° + (2 (dff)*)?
_ ol (dP) + A(c >+ ‘(Xa +_)\(;> L i€l | _)rrw
) m 2m? 16m?
+ (')((lllll(m' + ]"(].I_)IIH,!' )‘2
Tt m?2 (m — k)m? )
. _ (2 (@) + (X (df)?*)?
_ A+ M) | kGt xG) | e i€ln] L o(mar ke
N m 2m3 16m? m?2 (m — k)m?
Where the last equality is due to the highlighted terms is of smaller order than O( dj’;ﬁz + ﬁ%)
Now substituting the equation back to we arrive at
ml \ _ (2 @P)?)?+ (X (df)?)?
N ! MdB) + A(dR) N k(xE + x&) L i€ i€[n] N O(dfmz N kd?,,. )
P P m 2m3 16m? m? (m — k)m?
(IV.12)

We will now make another technical claim to aid in the simplification of the equation.

m—1
Claim 2. Y. —E. = O(mlog(m))
k=0

m—1 m
Proof. We can rewrite ﬁ as y, mch This is then equal to
k=0 k=1
m—k “ 1
Yo =D (my -1
k=1 k=1
=mH,, — m
= (m)(Hpm —1)

Where H,, is the m-th Harmonic number [§]. Now by a result in [§], H,, = O(log(m)) =

m(Hy, — 1) = O(mlog(m)).
Now we will continue from By summing over the index k. We arrive at

(X (@) + (3 (df)?)?
exp l)\(dB) + \(d®) + m(m — 22;2 +x8) i i€[n] 16m2ie[n]

+O(M+M.(Z

m m?2

d d - k))]

Now we invoke to simplify it the following:

- - m(m —1)(x8 + x& icn) icn]
exp [)\(dB) @) + 4)75130 d) T
d? d?
max max 1
HO(= + = og(m))]
(B 4 1) ( E[I](diBV)Q +( Z[I](df“)Q)Q
— 7B R Xa T Xa i€ln i€ln
= exp [)\(d )+ A(d™) + T 62
B R 4 2
_XG + Xa dmaw dmaa:
G (e s jog (gn))
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Now by definition of x5 (and hence x&), it is upper bounded by O(d2,,,) this means we can arrive
at the following

dzB 2\2 + df% 2\2
(& +x8) | (iez[;L]( ") (ie%]( /)
4m 16m2

exp [ A(dP) + \(d®) +

d2 d?
max max 1
+O(“maz . Cma og(m»]

Finally we will use the fact that dpa. = O(m%’T) to strength the algebraic bound O(—d%x +

LA log(m)) to o(1), thus arriving at

5 R > (dP)?)?+ (X (df)?)?
Xa + Xg) I i€[n] i€[n]
4m 16m3

(IV.13)

exp [A(dP) + \(d®) + ( +0o(1)

Finally we will make a final technical claim to arrive at the conclusion we want in

(> (@P)?? > ditd;
En '

Claim 3. \2(dB) = 14 - fﬁmg - iNBJ4m . The red case is defined symmetrically.

Proof. By expanding A\(dB), we see that A2(dB) can be written as

S (@B —dP\* [T (dP)? (Y (@P)?? (3 (dP)?)

i€[n] _ i€[n] _ 1 _ 1€[n] i 1 _ i€[n]
4m 4m 2 16m2 4 4m
(X @ X ditd;
. By [Lemma 9 16["31m = B O

Continuing from [Equation IV.13| we expand the definition of x& and x2 to arrive at the

following
B\2)2
7B TR iéj(d? ) <i62[;z](di ") 1
exp |A(d”) + A(d™) — pren + 162 + 1
> (aff+df)y (X (df)?)?
_i~Rj i€[n) n 1
4m 16m2 4
> dfdp 3 ditdf
i~Bj i~Rj
+ dm + 4m +o(l)

Now by using we have finally arrived at
(1+ 0(1)) exp [A(dB) + A(dR) + A2 (dB) + N2 (dF) + 75 +~E]

Which completes the proof of O
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Chapter V

Analysis Part Three:
Concentration results

With the first two part of the analysis, we have achieved step one, two and three of
All that remains is step four, and we will elaborate in details on what the task ahead entails. The
goal is to show that for an ordering N € S(M), V2 (N) concentrates around ¢ (G) as defined in
where the same goes for the red case. To put into more formal terms, we have the
following theorem:

Theorem 3. For every 0 < k <m—1, let P (G) be as defined in|Lemma 11, Then the following
relation is true

m—1
1

Z H 2m5 2k3 \IjkB(N)+(2me2kR) —\I’kR(N)

NeS(M) k=0 2
1
,(/}B( ) (QmR QkR) ¢R( )

Let us pry a little deeper into and multiply both side of the equation by [T}~ (27"32 k)
VE(G)+ (P 2kr )= E(G). Then we divide by m!. We would then arrive at the follovvlng equation

1+0 m' H ZmB QkB

1
> — (V) =1+0(1) (V.1)
NesS(M)

Where f(N) =[]} Lo2a t2) vl (@ (e, " 8) -wil(G)

k=0 (2m32—2k5)_‘IIE(N)+(2mR;2kR)_‘I,§(N).

Now if we recall from [Remark 4] we imposed uniform distribution on S(M) and there are
precisely m! many orderings in the set S(M). This means to each f(N) we are giving it a weight
of L., Then 1| becomes E[f(N)] = 1+ o0(1). Hence we will restate in terms

of the following equ1valent lemma

Lemma 13. For every 0 < k <m — 1, let P2 (G) be as defined in|Lemma 11 Then the following

relation s true
E[f(N)]=1+0(1)

rme1 (PTBIPFB)—pP (G)+ (PR PPR) B (G)
Where f(N) - k=0 (sz;ch)*\I"kB(N)+(2mR272kR)*‘I’f(N) .

Remark 6.

The Proof of [Lemma 13 can be achieve by the following steps:
1. Partition the set S(M) into smaller subsets.
2. For each partition, we study the deviation of f.

3. Show that which f concentrates in one particular partition.
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As before we will be fixing an arbitrary (satisfactory) G and an arbitrary N € S(M). Thus, we

will be writing 92 (G) as ¢ and ¥B(N) as UP. Perhaps as a foreword, the proof of
is rather involved and has several non-intuitive definitions and constructions. Like in the previous

parts of the chapters on analysis, we will, as much as possible, focus on the intuition behind rather
than the actual full computation.

1 Partitioning S(M)

At this moment, it is perhaps worthwhile to see how we can interpret W2 (and ¥2'). By the
discussion at the start of subsection (b), we can write U5 + U2 as

U2+ VR =AP + AR+ AL +Af

Where Ap’s counts the number of respective unsuitable pairings at stage k and the Ag’s can be
written sub of linear terms involving unsuitable pairings also. That means intuitively, we can view
UB 4+ WlV) as the sum of unsuitable blue pairings plus the sum of unsuitable red pairings at stage
k adjusted accordingly to some weight. This is useful in providing intuition on how to define the
partitions using the following steps.

1. In this first step, we consider orderings from N € S(M) where the the number of unsuitable
red and blue pairings (weight-adjusted) does not exceed a constant (strictly less than 1)
fraction of the number of all available blue plus red pairings. We can achieve this by first
defining S’ (M) as follows:

S0 {N € S(M | TB(N) + UP(N) < (1— ) [<2m32—2k3) N (2m32—2kR>1

:V0<kz<m}

Where 0 < e < 1. Now our first partition will be S(M) — S'(M). N € S(M) — S'(M) are
orderings that are extremely 'badly behaved’ where the number of unsuitable matchings are
- for all intends and purposes - unbounded.

2. Now we wish to remove ordering in which WB(N) — o8 + WE(N) — ¢/ deviates by more
than a certain function independent of G and N € S(M). We define A C S'(M) as:
A= {N €S (M) | TZ(N) — P + TR(N) — ¢ff > 2T) ((logn)* ™) }

Where the ¢ is small (e.g. 0.01) and the function T}, will be defined later on in the chapter.
However we will remark at this point that the function T}, is simply a mathematical construct
for the computations ahead. In essence, A captures the notion of W5 + W deviating 'too
much’ from 1/1,? + 7,[1,}5.

3. On this third step, we will define B C S’(M) — A. We wish B to contain orderings in which
towards the end of the algorithm, there are still unsuitable pairings. This is reflected in the
folllowing definition:

B:= {N € §'(M) — A | for some k with 2m — 2k < (logn)'*2°,

VB(N) + TH(N) > 1}

4. Finally for the last partition, we simply have C = S'(M) — (AU B)
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S(M) - S'(M) A B C
5(M)

Figure V.1: Partitions of S(M)

Now let 14 be the indicator function that returns 1 if N € A and returns 0 otherwise. (The
indicator functions for the other partitions is defined symmetrically). Our goal for the rest of the
chapter is to show the following algebraic bound

E[f(N)14] = o(1)

E[f(N)1s] = o(1)

f N c] <1+ 0(1
(

Suppose we manage to show all results from |[Equation V.2| to [Equation V.6l Then instead of
considering the entire S(M), we need only consider orderings N € C C S(M) instead. Then
follows immediately from [Equation V.4] and [Equation V.5

(a) Technical definitions and theorems

The goal of this subsection is to consolidate our "toolbox” as we introduce notations ,definitions
and technical theorems for the upcoming computations and proofs. Perhaps as a foreword, the
constructions of this subsection is extremely un-intuitive and readers who are not purist may just
take these constructions and theorems for granted and continue on to the next section.

Now the remainder of the thesis § will be a positive small real number smaller than 0.01. Next,
we let w := (logn)® and we have the following recursive definition.

Definition 2. For every i € N,
Ao = wlog(n)
Xi =2 i1 =200, i >1
Furthermore, let L € N such that for some large ¢, Aj,_1 < cd?,,,. logn < .

Hence from now on, We will now only consider i € {0,1,2,...,L}. Next we will now begin to
define T}, when we are defining A C S"(M). We first have the following

Definition 3. Let gy = 1— % and py = 1—qg. For all0 <k <m—1, let ¢ be some large constant.
Then

Bi() = e/ (mdB, 0002+ 22)(&2, 05 + ) (vV.7)
(@) = e f (M2} + 29) (Bp} + 2)
v = 8md72nmq2 (V.9)

Furthermore, for all 0 < k < m, define T, : R - R as

Th(z) {?:?k(x) + 2min(nk(z),v)  if 2m — 2k > wa

otherwise
w
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Remark. One need not be daunted by the un-intuitive constructions. As mentioned at the start
of section, these are purely mathematical constructs. Though as we proceed on with the chapter,
we will get some insights behind the definitions once we invoked the result by [19].

Now by the definition of we propose a simple but useful inequality that can aid
us further on.

Lemma 14. For all0 <k <m andi € {l,...,L}, Tr(N\;) < 8Tk(Ni=1)

Proof. Fix an i € {1,..., L}, we will show that the claim is true for every positive 2m — 2k < 2m
on the intervals below.

wAiq wd;

e Case I: We have 2m — 2k < wA;_1 and 2m — 2k < w);. By performing by applying T} to \;
and \;_; we get the following chain

N @R s )

T (N
k(%) w w w

= 8T, (Ni—1)

e Case II: So we have We have 2m — 2k > w);,_1 and 2m — 2k < wl;. Then by direct
computation, we see that

v |
Ti(Ni) = T < 8-30k(Ai—1) + 8- 2min(nr(Ni—1), vk)

2
Where the inequality holds because 7 and vy is non negative and 88 (A;—1) > iy

e Case III: So we have We have 2m — 2k > w);_1 and 2m — 2k > w);. So we are in the first
case of [Definition 3] We first apply 8 on the A;’s, using the fact that A\; = 2X;_1.

Br(A) = ey/27i 1 (2,007 + AN2 ) (A + 20 1)

86k (Ni—1) = C\/64>\i*1(md$namqi + A )(d2,0qk + Aic1)

Now we make use of the fact that the \;’s is monotone increasing and the (; function is
non-negative to enable us to compare them without the square root function. Then one can
see that

QCAi—l(md%@axqi + 4>‘12—1)(d?naqu + 2)‘2'—1) < 646/\i—1(md3naxq12f + A?—l)(dfnaka + >‘i—1)

So Br(Ai) < 8Bk(Mi—1). In fact using the same argument, we can also show that ng()\;) <
8k (Ai—1). Then we can conclude the following:

min (7 (Ai), i) < min(8nx(Xi—1), vk) < min(8ng(Ni-1), 8vx) = 8min(n(Ni—1), Vi)

Hence Ty (N\;) < 8Tk (Ni—1)

2 Alternate Partitioning of S’(M)

Now we have the required tools to begin proving |[Equation V.2| [Equation V.3| |[Equation V.4] and
Heuristically speaking, to prove we sub-partition A and show that
the probability of N landing in each sub-partition bounded, and if N did land in these partitions
then f(N) is also bounded by some "nice” function. Hence the first matter at hand is to define
the sub-partitions, first consider the following chain of inclusion defined on S’(M)
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Figure V.2: Chain of inclusion of A<, C S’(M)

Where Ag C A1 C Ay C ... A, C S'(M) is defined as follows:
Ai={N e S'(M) | VZ(N) = ¢f(N)+ UF(N) = (N) < Tp(X;), VO<k <m}  (V.10)

Furthermore, this will induce a partition defined by A4; — A;_1, as seen by and to
partition the entire S’(M) we simply define

(N e S(M) |30 <k <m, WE(N) - 6E(N) + WR(N) - 6R(N) = To()} = /(M) Ay
(V.11)
It is perhaps worthwhile to discuss on what we are trying to achieve with the partitioning S’(M)
again when are have already done it in Heuristically, one can view the partitions in
as a consequence of Mv_d and [Equation V.11} In fact we will be writing the
partltlons A, B and C in terms of the A;. The idea is that we will be dealing with the A;’s from
here on as they are much easier to work with.

(a) Rewriting A, B, C
By we can write

A= {N € S/(M) | WE(N) — o + WE(N) — pff > QTk(/\o)}

L
=8 (M)— Ay = Ao + | |(4i — A1)

i=1

Since A, B and C are partitions, this means B 4+ C C Ag. Hence we will carve up Ag into smaller
subsets B; C Ag so that we can write B and C in terms of them. To achieve that, lets consider an
integer K such that 2K-1 « wAy < 2K, Now consider the chain of subsets By C By ... C Bx = A
defined by

Bj:=={N € Ay | VZ(N) + U (N) < 27,Vk > (2m — w)o)/2}

Claim 4. C = By

Proof. Recall by definition C = S'(M) — (AU B). Pick any N € By, then N ¢ A because
A=A, + Ule A; — A;_q. At the same time N ¢ B as well because

By :={N € Ay | UZ(N) + TF(N) < 1,Vk > (2m — who)/2}

Hence N has the negation to the conditions defined on B, thus By C C. In fact, by definition
By is precisely B¢. So if we pick any N € C, then N ¢ B because B is a partition and thus
N eB*=By = (CC By. O

Corollary 1. B = [_|JK:1 B; — B

Proof. If we refer to [Figure V.1} we see that C + B = S'(M) — A= Ag. This means B= Ay —C =
K
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Once again for the purist, we will address the some issues involving the construction of the A;’s
and the B;’s. Let us focus on A; first, after we fix k then inclusion chain is well defined because
of the monotone increasing nature of T. The next issue to address is - why is it enough to just
consider the inclusion chain of length K. Note that a priori we might need an inclusion chain of
length greater than K to cover the entirety of Ag. To answer this we first fix any N € Ay, then by
definition for every 0 < k < m, we have

UE(N) = + UF(N) — v < Tie(Mo)
Now if we consider 2m — 2k < wAg <= k > m — wo, then by we have

VP (N) = + UE(N) = i < (logn)® <= VZ(N)+ VF(N) < (logn)® + ¢ + off

Claim 5. For all k > m —wlo, Y52 +¢F =0(1)
Proof. By , we have 9B + ¢f = O(W). Since 2m — 2k < whg <= k >

d? d? . -
m —wg, we have ¥f + ff = w?A3 - O(“paz) = O(%pex) since w? A3 is independent of m. Now we

make use of the fact the dpmqz = O(mi~7) to conclude that VP + Yl = o(1). O

So by using the above claim we have the following inequalities

UZ(N) + UE(N) < (logn)? +of + i
— \IlkB(N) +\IIE(N) < (logn)2 +o(l) = \IlkB(N) +\I/,1§(N) < (logn)2 +1

Now we use the fact that for every real number x there exist integer K such K —1 <z < K. So
for log,((logn)? + 1) there exist integer K such that

K —1<logy((logn)? +1) < K = 2571 < (logn)? +1 < 2¥

Hence we need only consider the K-length inclusion chain as defined above.

(b) Bounding E[f(/N)] on the partitions

Since we have rewritten A, B and C, it is perhaps worthwhile to update the diagram of
to the following.

SM)-s'M) | Aw + UL Ai-Ay | LUSB-B Bo

i}
X
I Ap

s ()
Figure V.3: New partitions of S(M)

Now with respect to each of the partitions, we have the following lemma.
Lemma 15. For all1 <i< L,
(a) PIN € A; — A1) < e~ )
(b) For every N € A; — A;_y, f(N) < e°O)
Lemma 16. For a large enough constant c, the following holds
(a) P(N € As) < e=dmaslogn
(b) For every N € Ao, f(N) < e*dimazlogn
Lemma 17. For all1 < j < K, the following holds
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(a) P(N € B; — Bj_y) < e~ " logm)
(b) For all N € Bj *Bj—l, f(N) < 60(231/4)
Lemma 18. For all N € C, we have f(N) < 1=+ 0(1)

Now the above four lemmas allow us to show [Equation V.2[Equation V.3, [Equation V.4 and
which we will state the the following corollaries with proof.

Corollary 2. Assuming [Lemma 15 and[Lemma 16, then [Equation V.4 holds.
Proof. For a fixed N, We rewrite as

L
[Equation V2= 3 | E[f(N)1a,a, ] + E[f(N)1a.]

:Z]P(NEAi—Aifl)'f(N)+]P(N€Aoo)'f(N)

i=1

Now we invoke [Lemma, 15| and [Lemma 16| to see that

L
Y PN € Ai— A1) f(N) +P(N € Ax) - f(N)
i=1

L
< 2 :e—Q(Ai)—&-o(Ai) + e—cdfnaz logn+4d2, . logn

Now it suffices to check the the individual summand is o(1). First we have

—Q)to(h) e0(Ai)
e (N:)

Where the numerator grows strictly slower than A; and the denominator grows at least as fast as
Ai = the fraction is of order o(1). Now

1

7cdfnaz log n+4dfmm logn o
elc—=4)(d?, ., logn)

e

Now choose any large enough ¢ > 4 and we see that the above is also of order o(1). O

Corollary 3. Assuming|[Lemma 17, [Equation V.3 is true.

Proof. Once again for a fixed N, By rewriting [Equation V.3 we now have

K K 0(23J/4)

ZPNEB B] 1 Z 21/210gn

Jj=1 J=1
Since j < K and by definition of K, we can deduce that 25/ <« logn. Then we can conclude that
231/4 <« 27/2logn). Hence the equation above is of o(1). O

Corollary 4. Assuming|[Lemma 18, then|Equation V.4 and[Equation V.5 holds.

Proof. This is because if the actual value is bounded, then the expectation follows the same bound
as well. O

3 Research limitation

Regrettably at this moment due to time constraint, we are unable to prove the above lemmas and
In essence we feel that the proof should be somewhat symmetric to that of the
single color case in . However as our results so far is a generalization of the work in , hence
it is likely that some aspect of the proof discussed in will also need to be changed. Hence, we
feel that it is worthwhile as a future endeavor to delve into the technicality and provide a thorough
treatments to proving the above lemmas.
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Chapter VI

Conclusion

In this thesis, we investigated how one might generalize the algorithm by [13] to two colors. The
main contribution of this thesis is that, we proposed to use a biased coin flip to generate a m-length
sequence of blue and red edges to decide which edge is to be formed at the current k-th iteration
of the algorithm. Using the notion of a martingale, we managed to arrive at the choice of the bias,
P,f and P,f‘ for the coin flip. Our first main result, and perhaps also the most crucial one in this
thesis is that PP and P/ can be defined independent of k.

The second key result that we arrived at with this thesis is with the G/, model - a model that
we used to approximate the state of our algorithm at stage k. Due to our choice of P,’; and P}fz, we
are able view the edges as independent identically distributed random variable regardless of their
colors. This is extremely interesting and vital in future analysis because firstly we see that the
dependence between the blue and red edges is gone in the G, model. Furthermore we see that
the i.i.d nature of the edges allow us to disregard colors and orderings, reducing many parts of our
analysis to a single color case. Ultimately, it is this that led us to the final main result of our thesis
in which we show that in the G}, model, our algorithm does in fact generate a satisfactory graph
G uniformly at random.

Remark. We would also like to discuss a little on the time complezity of the algorithm. One can
see that if we are not concerned with whether the output is successful, then the complexity can be
no worse than perform the algorithm by Bayati[13] twice. And it has been shown that Bayati’s
algorithm has a runtime complexity of O(mdmaz)

Future work

We believe there are many interesting prospective future work directions besides from what we
discussed in the research limitations.

I. The further generalization from 2-color to arbitrary n-color. We feel that this is perhaps the
closest next step to our work in this thesis as a lot of the heuristics remains largely the same.

II. In this thesis, the key modification we proposed in our algorithm is the use of a coin-flip
to generate a random sequence of blue and red edges. However, we feel that there might
be a deterministic sequence that still preserves the uniformity of the sampling, so long as it
respects the ratio of the blue (or red ) edges.

The application of our algorithm is quite diverse as (random) graphs is a very natural tool for
modelling and understanding problems at both application and abstract level. Perhaps one of
the most notable example would be in the area of hypothesis testing and economy where human
interactions need to be modeled; the colors can be used to represent social status, race, age etc.
However other prospective application can be found in the areas of discrete tomography.

As a final word, we are confident and excited over the prospect that our algorithm can find its use
by professionals in different fields and we feel elated that our effort, however small, plays a part in
their work.
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