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Abstract

In this thesis, the possibilities of using the AR sandbox as embodied learning environment to
learn about vector geometry are discussed. Two new features are added to the open source
code of AR sandbox to support mathematical tasks. These features are the projection
of a coordinate system and symbol feedback. Complementary tasks were designed such as
creating a vector such that the symbol feedback is equal to a given vector. A case study of two
high school students completing the task sequence was analyzed with focus on the embodied
framework. The affordances of the AR sandbox allowed students to test their hypothesis
and to act in a three dimensional space to elaborate on their ideas. The AR sandbox, as an
embodied learning environment, enabled students to build perceptual structures and create
new grounding experiences through their interactions, both with each other and with the
sandbox itself.



Introduction

As kids, we learned by playing, so why should that change as we grow older? Let me
introduce the AR sandbox, an augmented reality (AR) system that brings geographical phe-
nomena to life using a dynamic visualization in which colors and height lines are projected
onto the sand, see Figure 1. The sand surface can be shaped freely by the user, changing
what is projected (Wellmann et al., 2022). In the paper of Wellmann et al. (2022), the AR
sandbox is used to visualize height lines of mountains or water flow, or to model rainfall
through a mountain area. The hands-on sandbox experience makes learning interactive and
fun for students. But this thesis is not about using the AR sandbox to learn geographical
concepts. Instead, we will explore using the AR sandbox to learn mathematical concepts. In
2022, Bos et al. (2022) published a paper on using the AR sandbox to learn multivariate cal-
culus. In their study, the geography learning environment was repurposed for mathematics
education. A task sequence was designed consisting of mathematical tasks that use features
of the AR sandbox as source of feedback. For example, they used height lines projected onto
the sand as feedback about the steepness of the slope of a plane. Their results showed that
the AR sandbox has potential as a mathematical learning environment, but they mentioned
that more research has to be done on how learning trajectories can be designed in the AR
sandbox. Therefore, the idea and main motivation for this project was to extend the oppor-
tunities of the AR sandbox by turning it into a ‘proper’ mathematics learning environment.

Figure 1: AR sandbox as developed by Wellmann et al. (2022).

The AR sandbox is an example of an educational setting in which physical movements and
technology are combined to facilitate learning. Such an environment is called an embod-
ied learning environment (Duijzer et al., 2019). Using an embodied learning environment
allows for an active environment in which students can make gestures that are meaningful
to them to enhance the learning process (Radford, 2009). Duijzer et al. (2019) presented a
literature review on embodied learning environments. In the paper, the benefits of using em-
bodied learning environments for teaching motions, in particular helping students visually
and physically experience the connection between real-world motion and abstract mathe-
matics, are emphasized. Hincapie et al. (2021) concluded in their bibliographic study that



the publication rate of AR applications is increasing yearly. This shows that AR becomes
increasingly popular to use as an educational system. AR fuses virtual materials with real-
time situations to facilitate teaching and learning (Saundarajan et al., 2020). Not only is
AR an efficient digital tool to learn mathematics, it also increases the motivation of students
to learn mathematics (Liono et al., 2021). In a literature review on AR for mathematical
creativity, Hidajat (2024) mentions that among others, educational benefits are that AR
increases understanding of abstract and complex mathematical principles, mathematical di-
dactic skills, and mathematical geometric construction.

In a systematic literature review by Bulut & Ferri (2023), different studies on the use of
AR for mathematics education are discussed. In the review, 42 articles published since 2017
are included. Almost half of the papers studied used AR to teach geometry. For example,
Geogebra AR is an AR application where students use a tablet to record their surroundings.
Then, three dimensional objects or graphs are shown on the image of their surroundings,
see Figure 2 (Tomaschko & Hohenwarter, 2019). Students perform tasks such as taking a
screenshot of the object from different angles. Another example of an AR application, is an
AR system for teaching euclidean vectors (Anabel Martin-Gonzalez & Uc-Cetina, 2016). In
the study by Anabel Martin-Gonzalez & Uc-Cetina (2016), a depth sensor faces the user to
capture the distance from the sensor to the user. The hands of the user are tracked and
used to visualize vectors on a screen. But in these AR systems the user still interacts with
objects on a two dimensional tablet or screen, limiting their ability to engage directly with
the virtual environment. Without the ability to use gestures within the same space as the
visualized objects, they cannot fully make use of what the embodied framework has to offer.

Take screenshots of all solids that: Take screenshots of all solids that: Take screenshots of all solids that:
a) are pyramids a) are pyramids a) are pyramids

b) are prisms b) are prisms b) are prisms

c) consist of only triangles c) consist of only triangles c) consist of only triangles

d) consist of only squares d) consist of only squares d) consist of only squares

¢) have six faces e) have six faces e) have six faces

f) have twelve edges f) have twelve edges f) have twelve edges

Figure 2: Example of Geogebra from Tomaschko & Hohenwarter (2019).

In this study, I focused on an AR system that allows for lots of gesturing, namely the AR
sandbox. The aim of this study is to explore the possibilities of using the AR sandbox as



an embodied learning environment to foster students’ learning of vector geometry. More
specific, how concepts related to vector geometry can be grounded in motor experiences and
gestures that emerge using the embodied framework (Abrahamson, 2009). This is done by
designing a learning trajectory and developing software for the AR sandbox to support this
learning trajectory.

This thesis presents the findings of a case study on the use of the AR sandbox to learn
about vector geometry. First, a theoretical framework will be provided that outlines the
literature related to embodied learning and the AR sandbox. Then, the development of the
software for the AR sandbox will be discussed as well as the setup and design of the case
study. The results of the case study will be presented and related to the existing literature
in the conclusion. Lastly, the restrictions, future work, and validity of the research will be
discussed.

Theoretical framework

Embodied framework

Abrahamson (2014) has created a research-based framework to build educational resources
for mathematics called embodied design. This framework outlines an approach to creating
STEM learning environments that combine intuitive and disciplinary orientations toward
phenomena relevant for targeted conceptual learning. It aims to ground mathematical con-
ceptions in the natural capacity of students. This is achieved by focusing on building ac-
tivities that take advantage of students’ perceptual capacity and the ability to achieve new
motor coordination to implement solutions to manual control problems. Respectively, these
two areas of focus are a perception-based and an action-based genre (Abrahamson et al.,
2020).

Perception-based activities are described as activities designed to engage students’ sensory
experiences as a way to deepen their understanding of concepts Abrahamson (2014). Stu-
dents actively engage with the material and concepts through their senses. This helps them
to construct meaning in a more embodied and interactive way. In perception-based tasks,
students are asked to express their naive view of a situation. Then, they engage in modeling,
reflecting and discussing to integrate formal concepts with their intuitive views Abrahamson
(2009). Action-based activities aim to ground mathematical concepts in students’ innate
abilities as well, but in these tasks, the students are asked to solve a problem where they
need to use their motor-control skills to manipulate an object. The theoretical justification
for these tasks is that when students perform complex movements, they naturally identify
new sensorimotor perceptual structures that facilitate and regulate effective motor control
(Abrahamson et al., 2020).

In action-based tasks, students often solve an exploration problem by completing so called
perception-action loops. Perception-action loops are the continuous interplay between sen-
sory feedback, such as seeing results on a screen, and physical movement or interaction with
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the tool (Shvarts et al., 2021). The goal of the perception-action loops is to avoid the divi-
sion between action and knowledge, as well as between the body and mind. For example,
in an application that uses the unit circle to build understanding of a sine graph, the user
receives continuous feedback (Shvarts et al., 2021). While the user works on a task they are
continuously presented with a color on a scale from red to green depending on their motor
actions. If the feedback is on the green part of the spectrum, they know that what they are
doing is relatively nearing a correct solution, while feedback on the red part of the spectrum
indicates being further from a correct solution. Furthermore, the scale between red and
green has an additional value. The color scale allows a student to fiddle with the system
to figure out in what direction they should go to change the color feedback to green. This
continuous color feedback is especially effective while doing exploration tasks (Abrahamson
et al., 2020). At first, the student may first do the wrong motion triggering red feedback, but
while trying different things, they can stumble upon the correct motion resulting in green
feedback. This immediate feedback guides students through trial-and-error, helping them
intuitively recognize patterns and refine their actions.

For my study, I chose to implement symbolic feedback. Instead of showing the user a color on
how they are doing, I present them with mathematical symbols. In addition, the feedback is
not completely continuous nor immediate. After the student manipulates the artifact, they
need to pull their hands away from the sandbox before the system can give them accurate
feedback. The system is thus less suitable for learning completely new concepts where a lot
of exploration has to be done. Instead, the feedback requires the student to think about the
task on a higher cognitive level to make motions of which they think they will influence the
task completion positively. In this study, we assume the student has knowledge on vectors,
but not necessarily in three dimensions.

AR sandbox: case of the gradient

Previously, a study has been done on the use of the AR sandbox to foster meaningful rea-
soning about bivariable calculus (Bos et al., 2022). In the study by Bos et al. (2022), a
micro-ethnographical analysis of a case study was done. They studied how mathematical
concepts such as a plane equation and the gradient can be learned using the AR sandbox as
an embodied learning environment. To do so, they designed a task sequence to be performed
by a bachelor student in the AR sandbox. In addition to action-based and perception-based
tasks as described in the embodied framework by Abrahamson (2014), they introduced a
third type of task; incorporation-based tasks. These are tasks where the student has to
repeat a task, but now while they do not receive any visual feedback. This is achieved by
letting the student complete the task with closed eyes. An example of a task that was given
to the student, is “The student traces a projected height line in the AR sandbox, first with
eyes open (A), then with eyes closed (I). Then they describe how they are doing it” (Bos et
al. 2022, p. 130). For this task, the student first performs an action-based task. He looks
at the projection of the height lines and traces it. For the second task, the student cannot
rely on his sight anymore. This task grounds the student’s concept of height lines in a motor
experience. For the data collection, the session was recorded from two angles. One facing
the sandbox, and one showing an overview of the room. Then, for data analysis, the videos



were watched with attention for hypothesized student behavior that included motor action,
gestures and verbal utterances.

The conclusion from this study was that there is potential for the AR sandbox as an embod-
ied learning environment. The student had new grounding experiences that were meaningful
to him. For the learning trajectory, Bos et al. (2022) used a learning environment originally
developed to learn about geoscience. As Bos et al. (2022) mention, further research is needed
to investigate how learning trajectories can be developed. To design the learning trajectory
of my research, I have been inspired by the research done by Bos et al. (2022) With my
study, I aim to expand upon their work by exploring the possibilities when developing a
‘proper’ mathematical learning environment.

Related AR tools for geometry learning

Besides the AR sandbox, recently more AR systems have been introduced in literature. An-
abel Martin-Gonzalez & Uc-Cetina (2016) developed and evaluated an AR system to teach
Euclidean vectors. The system consists of a depth camera and a display. The camera is
positioned to capture the user and the display is used to visualize the real-world captured
by the camera. Based on the distance to the hands of the user, a vector is visualized on the
screen. Na & Sung (2025) developed a similar system. Their system uses the camera of a
tablet to record the user. On the screen, a two-dimensional visualization is shown based on
the position of hands. The interactions that can be done are using two hands to make an
angle, tracing alongside a line with a finger and picking a vertex of a polygon by making a
pinching motion with thumb and pointing finger. Though the tool by Na & Sung (2025) is
very cost-efficient and accessible, they argue that the key factor in designing gestures in em-
bodied learning should not be on simplicity or ease of execution. Rather, designers should
focus on designing meaningful and active gestures that enhance the learning experience.
This was not the only study in which the importance of designing activities that generate
meaningful gestures has been argued Johnson-Glenberg (2018). Thus, for the AR sandbox I
focused on designing tasks that allow students to make gestures that are meaningful to them.

Making meaningful gestures

Cognition is not seen as a purely mental process, but as something grounded in sensory and
bodily experiences that arise from interactions with the physical world (Radford, 2009). In
his paper, Radford (2009) introduces sensuous cognition as the interplay between the mind,
body, and sensor when learning. Gestures bridge the gap between abstract concepts and
sensory-motor experiences. Making meaningful gestures makes mathematical ideas easier
to grasp. This idea challenges the traditional view that cognition is purely mental, yet has
become the general consensus in literature (Drijvers, 2019). Gestures are more than just
movements and cannot be fully explained in kinesic terms. Instead, they have their own
meaning freely assigned by the speaker (McNeill, 1992). The different types of gesture are
described by McNeil. Iconic gestures are gestures that visualize the physical characteristics
of what is being described. Iconic gestures are often used to visualize a shape, size, or move-
ment. Pointing gestures are gestures made by pointing to an object, location, or in a certain
direction. Due to the importance of motions and gestures in embodied learning, there will



be a focus on the gestures and motions made by the students in the data analysis.

AR sandbox as an embodied learning environment

The AR sandbox is an interactive artifact that consists of a projector, a height sensor, and
a box of sand. Originally, the AR sandbox was created by Lake Visualization 3D with the
aim of increasing the understanding and stewardship of freshwater lake ecosystems using 3D
visualizations (Reed et al., 2014). Research done on the use of the AR sandbox for education
has mainly been on the topic of geoscience. In the study by Woods et al. (2016), the AR
sandbox was used as a tool to bridge the gap between two-dimensional representations and
real landscapes. Especially the real-time feedback that the AR sandbox provides was shown
to be effective in clarifying misconceptions. Performing tasks in the AR sandbox enhances
spatial thinking skills, skills that are important for geoscience as well as mathematics. There-
fore, the AR sandbox is well suited to be adapted into an embodied learning environment
for mathematics education.

Research question
For this two-part research, I formulated a research question for each phase. The first research
question is as follows:

How can we design a learning trajectory in the AR sandbox that fosters students’
learning of vector geometry?

This question will be answered by developing software for the AR sandbox. The second
research question is

How do features of the AR sandbox affect students’ interaction with each other
and with the AR sandbox as an embodied learning environment?

By interaction, I mean dialog by students, gesturing and simultaneously performing ac-
tions. This question will be answered from an embodied perspective. That is, by analyzing
perception-action loops and interaction.

Method

This study consisted of two phases. First, a phase of development was done. In this phase, it
was explored what features could be implemented in the AR sandbox software. The second
phase consisted of designing a learning trajectory consisting of a sequence of tasks that can
be completed in the AR sandbox using the developed software. Then, this learning trajec-
tory was used in a case study. The data collected from the case study was used to do a
micro-ethnographical analysis. In this section, I will discuss the details of both phases of the
research, starting with the development phase.



Development phase

The software developed during the development phase is an adaptation of the open source
AR sandbox code written by Wellmann et al. (2022). The open-source code consists of differ-
ent modules that each consist of a set of features to model a specific situation in geoscience.
These features are written in python. Jupyter notebook is used as an interactive notebook
to choose a module to run and to interact with possible settings. The backbone of the code
is very adaptable. Therefore, this code was chosen to adapt for the development phase. I
developed a new module that consists of different features to ensure the ability to design
mathematical tasks to learn vector geometry. In addition, I wrote a matching task sheet in
Jupyter notebook that includes functionality to project task descriptions on the sand surface
and to turn the features on and off required to complete certain tasks.

The hardware for the AR sandbox is the Kinect V2, a projector and a box with sand. The
Kinect V2 and projector are connected to a computer on which the code is run. In Figure 3,
an image of the setup is shown. The Kinect is mounted above the sandbox and collects data
about the height of the sand surface, and the color of the sand surface and color of objects
placed in the sandbox. The Kinect saves the collected data into so-called frames. This
happens 30 times per second. continuing, the data will be referred to as height frame and
color frame. A user can place a stick in the sandbox with a red and a blue endpoint. These
will show as distinct points in the color frame. Using the color frame, the relative location of
the colored endpoints can be found. Using the relative location, it can be retrieved from the
height framework what the height is of the colored endpoints. Then, the relative position
is translated to a point in the coordinate system. These points are then used to calculate
the values of the components of a vector. In the upper right corner, the components of
the vector are shown. This is called symbol feedback. In the following three sections, the
implementation of the coordinate system, the calibration of the color frame, and the symbol
feedback are discussed in more detail.

Coordinate system

In the original AR sandbox, primarily a heat map is projected onto the sand. The color
of each pixel is based on the height of that pixel. For this study, I do not use the heat
map. Instead, I implemented the projection of a visualization of a coordinate system. An
image of what is projected onto the sand can be seen in Figure 4. The height frame is a
two-dimensional array with a size of approximately 450 by 250 pixels. The value at each
point, is the distance from the Kinect sensor to the sand surface. This is translated into a
coordinate system where the range on the X is from -6 to 6, the range on the y is from -4 to
4 and the range on the z is from 0 to 4.

This translation for X and Yy is fairly straight forward. The width and height of the height
frame is known as. The X value is found by calculating f(X) = x 12=width 6 and the y
value is found by calculating g(x) = x 8=height 4. To make sure the values are integers,
we round them to the closest integer. For the z coordinate, we compare the value to the
original distance at that point from the Kinect to the sand surface. That value is divided
by 10 to yield a value between 0 and 6 when holding the stick between the sand surface and
the border of the sandbox.



Figure 3: Setup of the AR sandbox.

Calibration

Originally, the AR sandbox open-source code had two calibrations to be completed before
using the AR sandbox. Because of the addition of the color sensor, another calibration
is added. The goal of the calibration is to align the color frame with the projector. The
calibration of the color sensor is done analogous to the calibration of the height sensor. An
extra step is taken to then check if the color frame is aligned correctly with the projector.
To do so, a small red object is place in the sandbox and a red dot is projected onto the
sand. In addition, the upper right corner shows the coordinates of the red object relative
to the coordinate system projected onto the sand. The calibration has been done correctly
if the red dot is projected onto the red object and if the coordinates and the location of
the red object match. For this test, in addition the the functions discussed previously, two
functions are used to translate the coordinates back to find their position in the color frame.
The functions for this are the inverse functions of f(X) and g(x). Namely, the X and y in
the original frame are calculated by calculating respectively f 1(X) = (x +6) width=12 and
g }(x) = (x+4) height=s.

Symbol feedback

By symbol feedback I mean the abstract mathematical symbols that are projected in the
upper right corner of the sandbox. When a user places a stick in the sandbox, the software
calculates the position of the stick relative to the coordinate system. The symbols of this
vector are shown in the upper right corner. For example, a user places the stick down in
the sandbox such that one endpoint lies on (0; 1;0) and the other endpoint lies on (0;2;0).
The symbol feedback shows vector:(0;3;0). A visual example can be seen in Figure 5. The
algorithm for calculating what vector should be shown as symbol feedback, can be seen in
Function 1.



Figure 4: Coordinate system projected onto the sand surface.

Figure 5: Example of symbol feedback.

Design phase

A task sequence was designed consisting of tasks to learn vector geometry. The target audi-
ence for this task sequence is high school students that already have an idea of what vectors
are. The task sequence starts with a task to get acquainted with the AR sandbox. Building
physical understanding of an artifact enables recognition of the affordances of the artifact
in further mathematical problem solving (Shvarts et al., 2021). Later, the tasks require the
students to explore more properties of vectors and vector representations of lines. The se-
quence of tasks can be seen in Table 1. This table also shows a brief motivation, learning
goal, and hypothesised behaviour for each of the tasks.

Case study
During the case study, students were asked to complete tasks in the sandbox. A tutor, the
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Function 1 Calculate_Vector(color_frame).

(po[X]; poly])  Find red endpoint in color_frame
(p1[X];paly])  Find blue endpoint in color_frame
Po[z]  Find height in depth_frame

p1[z]  Find height in depth_frame

Po  translate(po)

p1  translate(p;)

vector  (p1  Po)
Print vector

author of this thesis, was present to guide the student through the tasks and to ask follow-up
questions. For each task, the main question was projected onto the sand for the students to
read before starting on the task. The case study and data analysis were done in Dutch.

Participants

The students who participated in this case study were found by convenience sampling. They
are two pre-university, natural science stream students that take part in the U-talent pro-
gram. Both students follow the courses WisB and WisD at their high schools and thus they
have already come into contact with vectors in two and three dimensions. Their self-reported
knowledge on the topic of vectors was that they are good at vector calculations. The exper-
iment took place in December 2024. For the remainder of this thesis, I'll rever to the two
students as Alice and Bob, not their real names.

Data collection and analysis

The data was collected in accordance with the ethical guidelines of the Science Faculty. The
raw data can be accessed by emailing the author of this thesis. The case study was recorded
on video from two viewpoints. One camera was positioned above the sandbox facing down.
This was done to make sure the motions students made in the sandbox were captured clearly.
The other camera was placed to give an overview of the room. This camera was positioned
such that any gestures made by the students outside of the sandbox would be captured as
well. The speech, gestures, and motions of the students were transcribed. The transcription
was then coded from the bottom up. Episodes in which the affordances of the sandbox or in
which interesting gestures were made were selected and analyzed in depth. With interesting
gestures, I mean gestures that stood out from the hypothesized learning trajectory.
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Task

| Learning goal

Theoretical background

la. Vectors
Find vectors for which one of
the components is equal to 0.

After this task, the stu-
dent knows on which
planes one of the com-
ponents is zero.

The students explore the meaning of the components of a vector. The student is required to look at the symbol
feedback to see what happens when they move the stick. Assuming the student has some familiarity with analytical
geometry in two dimensions and the three-dimensional coordinate system, the student should be able to deduct
when di erent components of the vector are equal to 0. The student needs to express the mathematical rule for
which a component of a vector is equal to 0. That is, if a vector is parallel to the x-axis, the only non-zero component
is the x component. The rules for the other two axes are similar.

1b. Vectors
Is the vector you just made
unique in its location?

After this task, the stu-
dent knows that a vec-
tor is only unique in
its direction and mag-
nitude.

This question is asked as a follow up question. Assuming the students have placed the stick somewhere in the
sandbox, they are asked if the vector is unique. The symbol feedback allows the students to explore how to move
the stick to keep the symbol feedback the same and how to move the stick to receive di erent symbol feedback.

2. Recreating a vector

Place the stick in the sand-
box such the symbol feedback
is equal to the given vector.

After this task, the
student knows how to
make a speci c vector
in the AR sandbox.

The student has created some familiarity with the AR sandbox and now should be able to use the stick as an
artifact to solve a new mathematical problem (Shvarts et al., 2021). The student receives symbol feedback when
they manipulate the stick. The student must combine intuitively moving the vector as they did in task 1, with the
symbol feedback on the stick.

3. Vector representation
Place the vector such that it is
on the line of the given vector
representation.

After this task, the stu-
dent knows the mean-
ing of the di erent
components of a vector
representation.

A new mathematical concept is introduced. It could be that the student does not know what a vector representation
is. Using the stick and the symbol feedback, they can explore what a vector representation is. It could be that
the student knows what a vector representation is. Then, the student still can explore the meaning of the di erent
components of the vector representation by placing the stick in the sandbox.

4. Vector representation
What are the di erences and
the similarities between the
vector representations t ¥
(1; 2;0) + (1;1;0)t and t

After this task, the stu-
dent knows how to see
if di erent vectors have
the same direction.

This task requires the students to manipulate in a manner they have not used before: changing the magnitude.
The magnitude of the second vector they need to make is twice as big as the rst vector they need to make. The
students places the stick into the sand to create one of the two vectors. Then, they manipulate the stick to create
the second vector. The manipulation they need to do to change the symbol feedback from one to the other should
make the students realize how the vector representations are di erent and similar.

(1; 2;0)+(2;2;0)t
5

(a) Place the stick in the sand-
box such that it intersects the
given vector. (b) Place the
stick in the sandbox such that
it crossing the given vector. (c)
Place the stick in the sandbox
such that it is parallel to the
given vector.

After these tasks, the
student knows if two
vectors intersect, cross
or are parallel by look-
ing at its components.

For this task, the students are given a second stick to place in the sandbox to indicate the given vector. It is
important to note that the AR sandbox only gives symbol feedback on the primary stick. Therefore, they need to
use the primary stick to create the vector and then replace the primary stick with the second stick. Then, they can
create vectors that (are) intersect/cross/parallel (to) the given stick. After the student has created a vector, they
are asked by the tutor to re ect on the symbol feedback that is shown. This should result in the students making
the connection between the visualized sticks and the abstract mathematical symbols.

6. Plane intersection Let there
be a plane on y = 3. Place the
stick such that it intersects the
plane.

After this task, the stu-
dent knows if a vec-
tor intersects a plane
by looking at its com-
ponents.

This task cannot be visualized completely in the sandbox as we can not make a plane that goes to in nite. The
students can place a physical plane on the line y = 3, but they cannot place the plane and the stick intersecting
it in the sandbox at the same time. The student need to reconstruct the location of the vector or the plane in the
sandbox using gestures to indicate where they are. The AR sandbox allows for an environment where students can
make these gestures in a meaningful way to solve the mathematical problem.

7. Dot product

Explore how the result of the
dot product between two vec-
tors changes when you change
the orientation of one of the
vectors.

After this task, the stu-
dent knows that the
dot product of two vec-
tors is zero if and only
if the vectors are per-
pendicular.

For this task, the student is asked to place a separate stick in the sandbox to represent one of the vectors. Then,
they use their known stick to create a dot product between the two vectors. The symbol feedback the student is
given is new. Besides the vector the stick create, they also receive the dot product. By manipulating the vector and
looking at the symbol feedback, the students connect intuitive ideas with abstract symbols. They should realize
that the dot product is zero when the sticks are perpendicular.

Table

1: Task sequence and theoretical background.




Results

In this section, I will discuss the results of the transcript of the case study. After the speech
was transcribed, a description of the the motions made by the students were added to the
transcript. Then, the transcript was coded bottom-up. In Figure 6, the resulting coding
tree can be seen. 1 will elaborate on the different codes in context of the task in order of
occurrence. The case study was done in Dutch. For this section, the coding tree and the
episodes have been translated to English.

lconic gestures Line Student makes a gesture to indicate a line.
EPlane Student makes a gesture to indicate a plane.
Direction Student makes a gesture to indicate a direction.
Pointing gstures ?:Edb;’;ck Student points at the symbol feedback
Task Student peoints at the task
Coordinate Student points at a coordinate in the AR sandbox
;Zcr::::rulation E Slide student slides the starting point on the stick
Tilt Student tilts the stick
Move Student moves the stick
Hypothesis Student tests a hypothesis
Mark Student makes a marking in the sandbox
Measure Student measure the distance between two points.
Limits Studerjt encounters a limit of the sandbox as instrumental
genesis

Figure 6: Coding tree.

For reference, a visualization of the projection onto the sand in the sandbox can be seen in
Figure 7. The terms introduced in this visualization will be used throughout the results.

Task description Create vector:(1, 2, 2) Vector: (2,2, 0) Symbol feedback

y-axis

X-axis

Stick

Figure 7: Overview of sandbox.
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Task 1a: Gesturing a plane

The main goal of task 1 was to become familiar with making vectors in the sandbox. That
is, getting familiar with placing the stick in the sandbox and seeing what symbol feedback
is yielded by the action. Part of the transcript of this task can be seen in Episode 2. This
episode starts after the students have familiarized themselves with the sandbox. They were
asked to find vectors in which one of the components is 0. Although the students were asked
to make some vectors in the sandbox, Bob immediately started talking about general cases.
He started talking about planes, even though the concept of planes had not been mentioned

before by the tutor.

Episode 2: Making a vector in which one of the components is zero.

[ Speech [ Motions [ Codes
Bob picks up the stick and lays it down on the y-axis.
Bob: Yes, look. Everything | The symbol feedback \vector: (0, -2, 14)" appears. Bob points at this | Pointing ges-
that lies on the ground, be- | symbol feedback. Right then, the symbol feedback disappears and Bob | ture: symbol
cause then it doesn’t move on | pulls his arm back. Now the symbol feedback \vector: (0,2,0)" appears. | feedback
the y, you would say. Bob again points at the symbol feedback Limit

Bob: Everything that is on this
plane, ...

Bob holds is at hand above the sand with his ngers pointed forward
and his hand palm facing down. He moves his hand above the y-axis away
from him. He then moves his hand up parallel to the z-axis.

Iconic gesture:
plane

Alice: And everything that is
like this.

Alice holds her at hand above the sand with her ngers pointing down
and her hand palm facing her body. She moves her hand to the left and
right along the x-axis.

Iconic gesture:
plane

Bob: Because then it doesn’t
move the x and everything that
is on this plane, because then it

Bob holds his at hand above the sand with his ngers pointing down
and his hand palm facing his body. He moves his hand to the left and
right along the x-axis.

Iconic gesture:
plane

doesn’t move the y.

In Episode 2, we see a nice example of the students making iconic gestures to indicate a
plane. The gesture Bob makes is complementary to his verbal explanation. Immediately,
his gesture is picked up by Alice. Even before Bob has finished his sentence, Alice builds on
what she has just seen by copying the iconic gesture and making it to indicate another plane.
Gesturing has become a form of communication between the two students to transfer ideas
without the need of using abstract mathematical terms. There also seems to be value in the
verbally explained definition Bob gave while making the iconic gesture. During task 2, Bob
uses the phrase “x is zero, thus it is on the plane on the y-axis”. This time, he does not
gesture, yet Bob and Alice have an understanding of what is meant by this phrase allowing
them to quickly complete the task.

Another point to note in Episode 2, is that Bob refers to both the y- and z-axis as the y-axis.
This could be induced by his lack of experience in performing tasks in a three dimensional
space. He continues to confuse the z-axis during the rest of task 1. He and the other student
do not seem to notice his error and the tutor never corrects him either. In addition, during
task 2 he refers to an increase in both the y and z directions as “up”. Later during task 3,
Bob makes a specific vector. What he says and does can be seen in Episode 3. While he says
that he should move the vector down, he moves his hand towards his body. This leads to
him realizing that his speech does not match his motion. He corrects himself and describes
his movement as moving the stick towards himself instead of moving it down.
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Episode 3: Correcting wrong terminology.

[ Speech [ Motion [ Code |
Bob: | think a little more | Bob picks up the stick from the sand and moves his hand to be closer to | Vector manipu-
down. his body. He sticks the stick back in the sand. lation: move
Bob: Or, towards us.

Task 1b: Hypothesis testing

As a follow-up question, the students were asked the question if vectors are unique in their
location. The passage that followed can be read in Episode 4. In Figures 8, 9 and 10

supplementary images can be seen of the gestures made.

Episode 4: Hypothesis testing.

Speech [ Motion

[ Code

Tutor: The vector you just made, is it unique?
You made the vector (1;0;6). Is this the only lo-
cation where you could make the vector (1;0;6)?

Alice: | think so.

Bob: Well, | don’t think so, because | don’t think | Bob picks up the stick while keeping the orientation
it considers the starting point of the vector when | of the stick. He moves his hand to the left and sticks
calculating it. the stick back in the sand at another location. The
orientation is still the same. The symbol feedback in
the upper right corner shows \vector (1;0;6)".

Vector manip-
ulation: move
Hypothesis
testing

Bob: So you can just move it. Bob points at the symbol feedback in the upper right
corner.

Pointing  ges-
ture:  symbol
feedback

Although Alice was quick to answer the question, Bob waited before answering. It seemed
he doubted what the answer should be, thus instead of giving an answer, he mentioned what
he expected to happen. Then he used the sandbox to verify his idea. By performing the
motion that embodies parallel transport, he tested his hypothesis that vectors do not take
their starting point into consideration in their symbols. The symbol feedback confirmed
his hypothesis and made him confidently answer that you can just move it. This situation
is a good example of how the symbol feedback of the AR sandbox can be used to test a
hypothesis. During tasks 2 and 3 the AR sandbox was used again by the students to test a
hypothesis. In particular, near the end of task 2, the students again were asked if the vector
they made was unique. Bob answered with ‘no’ continued by listing all the directions the
stick could be moved to to still yield the same vector. Meanwhile, Alice tested the hypothesis

and moved the stick to make the same vector at a different starting point.

Task 2: Vector manipulation

During task 1, the students only used the motion ‘move’ on the stick, but more motions
could be made and were made throughout the rest of the tasks. There are three ways in
which the students manipulated the stick. The first is to slide the starting point on the
stick, Figure 11. This is done to increase or decrease the distance between the starting and
ending point on the stick and thus changing the magnitude of the vector. The second is to
tilt the stick, Figure 12. This causes the angle between the stick and the sand to increase
or decrease, and thus the direction of the vector to change. The last is to move the stick,
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Figure 9: Parallel transport part 2.

Figure 10: Pointing at the symbol feed-
back.

Figure 13. Sometimes, this motion is done intentionally keeping the orientation of the stick
equal. More often, the stick is also rotated or tilted. Rotating the stick around the z-axis is
a motion that has not been seen during the case study without the stick also being moved.
In Episode 5, the transcript is shown of students working on task 2. In this episode, the
students try to create the vector (2;0;3)".

W

Figure 11: Slide start point. Figure 12: Tilt the stick. Figure 13: Move the stick.

In combination with symbol feedback, the stick was an important factor of the perception-
action loops. In Episode 5, you can read how there is a series of alternating actions and
perceptions. The episode shows how the students placed the stick in the sandbox and then
acted upon what the symbol feedback showed. Alice said that she thinks that it should be
a little lower and points and the symbol feedback. As reaction, Bob tilts the stick. Alice
expresses aloud what the symbol feedback shows. Again, the stick is tilted until the symbol
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Episode 5: Perception-action loop.

[ Speech [ Motion [ Code |
Bob: (...) Then he has to go | Bob picks up the stick from the sand and tilts it. He then sticks it back | Vector manipu-
three like this, so | would ... | in the sand. lation: tilt
maybe a little higher ... some-
thing like this.

Alice: No, | think lower, be- | Alice points at the symbol feedback. The symbol feedback shows \vector | Pointing ges-
cause ... (2;0;6)". ture:  symbol
Bob: Eh, this is already 6. feedback

Alice: A little lower.

Bob picks up the stick. He tilts it and then he sticks it back in the sand.

Alice: Thatis 1 ... Alice grabs the stick and tilts it. Vector manipu-
lation: tilt

Alice: .. 4 .. Alice pushes the stick down a little. The symbol feedback then shows | Vector manipu-
\vector (2;0;3)". lation: tilt

feedback shows the desired numbers. The AR sandbox requires students to use their motor
skills to exactly replicate a vector. Logically, they do not succeed on their first try. They
need to adjust the stick a few times before the symbol feedback matches the given vector
exactly. This teaches them one of the properties of vectors: the steeper the slope, the higher
the third coordinate in the vector. Perception-action loops have been seen in almost all
tasks. Anytime the students change the direction or magnitude of the stick, they take a
look at the symbol feedback as well. The perception-action loops seem to occur often when
students are not completely sure if what they do is correct.

Task 3a: Markings

For task 3a, students were asked to make a vector that complies with a given vector repre-
sentation of a line. In Episode 6, a conversation between the two students can be read. A
visualization of the motions made can be seen in Figures 14 and 15.

2 V4
2 5 y
i 1
2 1 2 4 © b
A ——)b =2 -1 < 1 24
/b — — 9
]
Figure 14: Visualization of the movement Figure 15: Visualization of the movement
made in the AR sandbox by hovering made in the AR sandbox by hovering over
over the sand from (0;0;0) to (1;0;0) to the sand from (1; 2;0) to (2; 2;0) to
(1, 2;0). (2; 2;1).

Quite a lot happened in a few minutes. It is clear that Bob and Alice have completely differ-
ent approaches to tackling this problem. Where Alice uses the linear algebra she knows to
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Episode 6: Disagreement between students.

[ Speech [ Motion [ Code

Alice:  Yes, so it is from

(1; 2;0) to (2; 2;1).

Bob: Sothen1. .. -2,0. Bob hovers his pointing nger above (0;0;0). He then moves his pointing | Pointing  ges-

nger along the x-axis to the point (1;0;0). Then, he contineous his | ture:  coordi-
movement by moving his pointing nger towards himself to the point | nate
(1; 2;0). Here, he makes a marking by making a dent in the sand. See | Mark

Figure 14.

Bob: Plus, 1 0 1. Bob hovers his pointing nger above the point (1; 2;0). Starting here, he | Pointing ges-
moves his pointing nger to the right to the point (2; 2;0) and continuous | ture:  coordi-
his movement by moving his pointing nger in the z direction up to the | nate
point (2; 2;1). See Figure 15.

Bob: From here to here.

Alice: No. That one has to be | Alice points at the exercise. Then, Alice points with her pointing nger | Pointing ges-

two as well. at the dent in the sand and from there she moves her nger to the right | ture:  coordi-
to (2; 2;0). nate

Bob: But there is no t in this | Bob points with his thumb and pointing nger to the starting vector of | Pointing ges-

one. the vector representation. ture:  coordi-

nate

Alice: No, butif tis 1, ... Alice draws an imaginary circle around the vector representation.

Alice: Then this will be, ... | Alice points rst with a at hand with her palm facing up to the starting

Then you yield, .... Then you | vector and then the direction vector of the vector representation.

must do this plus that vector.

Alice: So you do this compo- | Alice points with her pointing nger to the rst component of the starting

nent plus that component. vector. Then she points with her pointing nger to the rst component
of the direction vector.

Bob: Yes but look, if that one | Bob points rst with his pointing and middle nger spread out at the

is zero, ... starting vector and then points at the t in the vector representation.

Alice: Yes.

Bob: Then we only have this | Bob points rst with his pointing and middle nger spread out at the

vector. starting vector.

Alice: Yes yes yes.

Bob: And that is here. Bob points at the dent in the sand at point (1; 2;0).

Alice: Thus then is that, ... | Bob and Alice both point at the dent at point (1; 2;0). Starting here, | Pointing ges-

but then this one goes to two | they moves their pointing ngers to the right to the point (2; 2;0) and | ture:  coordi-

and then here one up. continuous their movements by moving their pointing ngers in the z | nate

direction up to the point (2; 2;1). See Figure 15.

Bob: Yes, that is what | said.
Alice: Oh sorry.

calculate what the vector should be, Bob uses the sandbox to visually construct the vector.
It is not a surprise that this led to a misunderstanding. If one were only shown the verbal
conversation that they had without the description of the motions that were made simulta-
neously, one would not understand what the students were talking about, as the students
often did not finish their sentences and they used a lot of reference words.

Making gestures and being able to point at the exercise gave the students the ability to ex-
plain their ideas without having to know the correct terminology. Especially the last motion
the students made, which can be seen in Figures 16, 17 and 18. They both followed the
same path with their finger which helped Alice understand what Bob meant.

In addition, Bob introduced a new way of using the sandbox: to make a dent, Figure 16. In
literature, this is referred to as a process of instrumental genesis where the object or artifact
is turned into an instrument. Instrumental genesis is about developing both the methods
and the mental strategies to work with the tool to use it for specific tasks (Drijvers et al.,
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