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Abstract

There are various ways of constructing spectral sequences from the infinity category of towers of
spectra. Classically there is the approach via exact couples; we will also discuss the décalage functor as
constructed by Hedenlund. We will show that this construction of spectral sequences from towers and
the construction via exact couples give isomorphic spectral sequences. This can be proved by showing
that both methods of can be related to another third construction method by Lurie, using recent work
by Antieau. Furthermore, the décalage construction yields a functor of infinity operads and provides
a way to construct multiplicative spectral sequences. Then we can define Massey products on such
a multiplicative spectral sequence. Lastly, we will discuss a possible relation between these Massey
products and Toda brackets on homotopy groups of spectra, analogous to Moss’ theorem for the Adams
spectral sequence.
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Introduction

Spectral sequences are tools used to compute many objects in algebraic topology. Notable historical
examples are the Atiyah-Hirzebruch spectral sequence, relating generalized cohomology theories to
singular cohomology of spaces and the Adams spectral sequence, which arises from cohomology and
is used to determine stable homotopy groups of spectra. There are many more, see for example [19].
In certain cases a spectral sequence has a multiplicative structure. This can be used to determine
the differentials of the spectral sequence and to compute multiplicative structures on the objects the
sequence converges to. For instance, multiplication in the cohomological Serre spectral sequence is used
to determine ring structures of cohomology rings. Furthermore, there are also higher multiplicative
structures, such as Massey products and Toda brackets, which we will explained later.

There are several ways of constructing spectral sequences; often they arise from towers or filtrations
of spectra. For instance, Lurie provides a way of constructing spectral sequences from filtrations in
a stable co-category in Higher Algebra [16], which we will also discuss in this thesis. However, the
focus will be on Hedenlund’s method of constructing spectral sequences from towers in the co-category
of spectra, since this method yields multiplicative spectral sequences [12, Paper II|. She constructs
spectral sequences via the décalage functor. This is an oco-categorical functor

Tow(Sp) := Fun(N(Z)°,Sp) — Tow(Sp)

and defined using the Beilinson t-structure on Tow(Sp). Let X € Tow(Sp). Then the Beilinson-
Whitehead tower of X is the tower of towers arising from the Beilinson ¢-structure on the co-category
of towers of spectra:

Pl (X) —— PUX) —— DY (X)) —— ...

For each k, we can take the colimit of the tower Tf,fi(X ), which yields another tower of spectra

. — colim;ey, TZB,Si_l(XZ’) —— colim;ey Tgﬁi(Xi) —— colim;ey, TZBSi_IXi — ...

This resulting tower is called the décalée of X, which yields the décalage functor Déc: Tow(Sp) —
Tow(Sp). The décalage functor turns out to be a lax symmetric monoidal functor and can be iterated.
The functor E**: Tow(Sp) — SSeq is then defined by mapping a tower X to the spectral sequence

E™3(X) = m, Grlr=Dn+s(Dec 1 (X)).

That is, we take the homotopy groups of the ((r—1)n+s)’th associated graded of the (r—1)-fold décalee
of X. This construction generalizes several spectral sequence. Among them is the Atiyah-Hirzebruch
spectral sequence, see [7].

A classical way of constructing spectral sequences is via exact couples. This method can also be
applied to towers of spectra. That is, from a tower of spectra we get exact couples

@H,SWH(X(S)) : @n,sﬂ—n(x<3))

Ey(X) = @y smp Gr¥(X)

from which we can derive another exact couple. Iterating this precess will yield a spectral sequence,
see [13|. Therefore, it makes sense to ask the question whether Lurie’s method, décalage and the
construction via exact couples yield isomorphic spectral sequences when applied to towers in the oo-
category of spectra. Indeed this is true and part of this thesis will be focussed on showing this. In
particular, we will relate Lurie’s method and the construction via exact couples and discuss Antieau’s
recent proof relating the décalage constructing with Lurie’s method. This is an important result, as it
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will allow us to use the language of either method in proofs and discussions on these spectral sequences.

As mentioned, the construction of spectral sequences via décalage yields multiplicative spectral se-
quences. In particular, we shall see that it is possible to define higher multiplication structures on
these spectral sequences as well, called Massey products. Furthermore, we want to relate them to an-
other higher multiplication structure, Toda brackets, on homotopy groups of spectra. Massey products
were initially introduced by Massey in 1958. They were later used by him to topologically describe
Borromean Rings and their n-fold generalizations, Brunnian links in knot theory [18]. They have also
been used to describe elements or differentials in various spectral sequences, such as the Adams spec-
tral sequence, see [20], the Eilenberg-Moore spectral sequence [19, Ch. 8| and the Atiyah-Hirzebruch
spectral sequence on twisted K-theory, see [2].

Generally, they are defined as follows, see also [19, p. 302,303]. Let I' be a differential graded
algebra and consider its corresponding cohomology ring H*(I"). Let a = [a], 8 = [b],y = [¢] € H*(T")
and write a = (—1)!%*1a. Suppose a8 = 0 and By = 0. Then the Massey product is defined as

(a, B,7) := {[ay + Zd]: d(z) = ab, d(y) = be} ¢ HI*HBFHNI+L(T),

Furthermore, Toda introduced the Toda bracket originally to compute stable homotopy groups of
spheres. They can be defined on general triangulated categories as follows. Let C be a triangulated
category. Suppose we have a sequence of maps

xLhvszhw

in C such that go f =0 = hog. Then we get an induced diagram

x -ty Cy X1]
P R
x 1oy z - w

where C is the cone of f. Note that neither the factorization of g into ¢ o7 and the factorization
of h o ¢ through C} are unique. Therefore the Toda bracket (f,g,h) is defined to be the set of maps
Y: X[1] = W arising from such diagrams as the one above.

Moss discussed Massey products on the Adams spectral sequence and used them to describe the
differentials in this spectral sequence, see [20]. Furthermore, in the same paper he proved that under
certain conditions for a convergent Adams spectral sequence one can find an element in the Massey
product of permanent cycles converging to an element in the corresponding Toda bracket. This was
generalized by Belmont and Kong for spectral sequences arising from towers in an arbitrary symmet-
ric monoidal stable topological model category and with a multiplicative Toda bracket instead of a
composition Toda bracket, see [4].

We will use the multiplicative structure of décalage spectral sequences on associative algebra objects
in Tow(Sp) to define Massey products on these spectral sequences. The goal then is to discuss a similar
statement as the result by Belmont and Kong and give a potential proof strategy. In particular, we
will need the result relating spectral sequences from exact couples with the décalage spectral sequence,
as the paper by Belmont and Kong is written in the language of exact couples. The statement is as
follows.

i

g

Pretheorem. Suppose we have a tower X € Tow(Sp) with a multiplication p: X®X — X, associative
up to coherent homotopy; and X (—o0) := colimz X. Consider the associated multiplicative décalage
spectral sequence E;"*(X) = m, X (—00), which we assume to be weakly convergent. Let

a€ EY(X),d e EV(X),d" e B (X)
be permanent cycles converging as in the set-up of Section 6.2 to

a € T X (—0), a' € myX(—00),a” € m X (—o0)

Page 4 of 54



Julie Creemers — January 22, 2025

such that aa’ and a’a” are d,-boundaries and o’ and o’a” are null-homotopic. Then under a certain
hypothesis, there exists an element in the Massey product ([a], [¢], [a"]) C Er+1(X) converging to an
element in the multiplicative Toda bracket («, o/, ).

For this thesis, we will assume knowledge of category theory, basic knowledge of co-categories as well as
a background in algebraic topology. For a first introduction in oco-categories, we refer to [14]. We will
provide an introduction in stable and (symmetric) monoidal co-categories as well as a description of
the oo-category of spectra in Chapter 2 and 3. Before this, in Chapter 1, we will briefly discuss spectral
sequences and spectra, hence prior knowledge of spectral sequences is not necessary, but it is advisable
as spectral sequences can seem rather complicated at first sight. In Chapter 4, we will discuss the
décalage functor and Hedenlund’s proof of multiplicativity of the resulting décalage spectral sequence.
In Chapter 5, we will relate the décalage spectral sequence to one obtained via exact couples. In
Chapter 6, we will define Massey products and Toda products and discuss their relation. In particular,
we will give a proof strategy for our main statement.
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1 Spectra and Spectral Sequences

We will start with some preliminaries on spectra and spectral sequences. Spectra of spaces are histor-
ically used to determine stable behaviour of spaces, which is motivated by Freudenthal’s suspension
theorem. We can also view spectra as (co)homology theories and vice versa, see [10, §. 4.E].

On the other hand, spectral sequences are a useful tool for computations of homotopy and (co)homology
groups. They can be used to relate generalized (co)homology theories with (co)homology of spaces,
amongst other applications.

1.1 Spectral Sequences

We will start with a discussion of spectral sequences and the way they can be graded, as well as what
it means for spectral sequences to converge.

Definition 1.1. Let R be a ring. Then a spectral sequence of R-modules consists of
e R-modules E, for r > 1,
e R-module homomorphisms d,: E, — FE, with the property that d. od, =0,
e isomorphisms ¢,: E.1 — H(E,) := ker(d,)/im(d,).

We refer to a spectral sequence (E,,d,) as a cohomological spectral sequence if all modules E,
are bigraded and the differential has bidegree (r,1 — r). That is, for each i,j € Z we get that

. 1,7 i+ri—r+1
dy: E}7 — E} ,

and B, = ker(d,: B} — EF " /im(d,: EY — B Similarly, a homological spec-
tral sequence has a differential with bidegree (—r,7 4+ 1) and a spectral sequence is Adams graded

if the differential d,: F, — E, has bidegree (r,r — 1).

Remark 1.2. The grading conventions are somewhat arbitrary; one can move from one to another via
linear transformations. When visualizing a spectral sequence, the first index is usually placed on the
x-axis and the second is placed on the y-axis. The exception is the Adams graded spectral sequences.
This is often written down with s on the vertical axis, and ¢ — s on the horizontal axis, where ¢ — s is the
total degree of an element x € E2'. This changes the bidegree of the differential d, to (—1,r) relative
to the z and y-axis. That is, if E¥ denotes an Adams graded spectral sequence, then by placing s on the
z-axis and ¢ — s on the y-axis, we obtain the spectral sequence E which then satisfies Ej? = EZ" T,
with n on the z-axis and ¢ on the y-axis. The total degree then changes to n 4+ q¢ — ¢ = n. The latter
grading convention will be used in this thesis.

Classically, one can construct spectral sequences using exact couples, see [13] for more details. In
short, the method goes as follows. Consider R-modules (E, A) together with maps i, 7, k such that the
triangle

is exact at every corner. This is also called an exact couple. Set d = jok. Then dod = 0. From this
we can derive another exact couple

A 2 As
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where A :=im(i) C A and Ey := H(E,d) = ker(d)/im(d) and the maps are defined by
® i3 =1 |im@i);
o kale] = k(e);
o ja(a) = j(b) for a = i(b)

We leave it to the reader to check that these maps are indeed well-defined and yield an exact couple.
Iterating this process on the resulting derived exact couple, we get a spectral sequence where
E,1(X) = H(E,,d, = jyk,) by definition. In fact, as a quotient of the Ej-page, the E,.—page of this

spectral sequence can be rewritten as
—1/; sr—1
o /@' (1m.(z )
j(ker(im—1)

Remark 1.3. Applying this method to double cochain complexes and its total complex, this con-
struction is what results in the well-known cohomological Serre spectral sequence. Furthermore, if the
double complexes are multiplicative, this yields a product structure on the spectral sequence. For a
precise construction, we refer to [6]. Other spectral sequences which can be constructed using exact
couples include the Atiyah-Hirzebruch spectral sequence, see [13].However, if we want to consider prod-
uct structures on spectral sequences in general, looking at them from the perspective of exact couples
makes it very hard to determine well-defined product structures on spectral sequences.

Next, we remark that we can form a of spectral sequences, SSeq, by defining morphisms as follows.

Definition 1.4. Let (D,, d{?, ¢?) and (E,, df, qﬁ,E) be two spectral sequences. Then a map of spectral
sequences g: D — E consists of morphisms

9r: Dr — E;
such that the maps g, are compatible with the structure maps of the spectral sequences. That is,
gr © d? = df o gy and H(g;) o QZ)P = ¢7E O gr+1-

Often one is interested in whether a spectral sequence converges or not and if so, to what. We follow
Boardman [5, p. 63] for the definition of convergence.

Definition 1.5 (E-page). Let (E;"® d,, ¢,) be a spectral sequence. Then we have subgroups
0=DB""C By’ C...Zy° C Z"" = E}"",

where Z;"® consists of those elements of E}"® which are killed by d,...d,, i.e. d,-cycles. Similarly,
B consists of those elements of E;L’s which lie in the image of dy,...d,, i.e. d.-boundaries. Then
we have

n,8
B} 2 o
r—1
Furthermore, we define
Zns =) 22,

T

of which the elements are called the infinite cycles, and

n,s .__ n,s
By =By,

T

of which the elements are called the infinite boundaries. Next, we define the E.,—page by

n,s
Enzs —— ZOO

oo T n,s -
B

Hence on E all in- and outgoing differentials are zero.
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Example 1.6. In the case of the spectral sequence obtained via exact couples we have Z, = ! (im(i" 1))
and B, = j(ker(i""1)).

Definition 1.7 (Convergence). Let (E;"°,d,, ¢,) be a spectral sequence. Let M* be a graded ring.
Then we say that E, converges weakly to M, often written Ey® — M™, if

e there is an exhaustive filtration on M* i.e.
0C---CF'MCF'MCF'MC.---CM
with M = J F*M,

e there are isomorphisms
S n
s o M
oo T Fstlpn

for all n,s € Z.

We say that E, converges to M if E, converges weakly to M and the filtration is Hausdorff as well.
That is, 0 = (| F'M. Lastly, we say that FE, converges strongly to M if E, converges weakly to M
and the filtration is complete Hausdorff. For a precise definition of this, we refer to |5, Part IJ.

1.2 Spectra

In this section we discuss spectra from several points of view. Firstly we look at them from the
perspective of spaces.

Definition 1.8. A spectrum consists of an infinite sequence of pointed spaces { X, }nez together with
maps XX, = Xn41-

Example 1.9. The simplest example is the sphere spectrum S, which is defined by S,, = 3" (%), i.e. the
n-sphere. More generally, for any pointed topological space X, we have the suspension spectrum
3° X, defined by ¥*°X,, = ¥"X and the obvious maps, with X_,, = X for all n € N.

Example 1.10. Another important example of a spectrum consists of the Filenberg-MacLane spaces.
Recall that for an abelian group A, n € N, the Eilenberg-MacLane spaces K (A, n) are determined by

me(K(Am), A= et

{A fork=n

and unique up to weak homotopy equivalence. Furthermore, we have weak homotopy equivalences
K(A,n) — QK(A,n+ 1), which makes the Eilenberg-Maclane spaces of A into a spectrum by taking
the adjoints of these equivalences.

Such a spectrum, where the adjoint maps of the suspension maps into the loop spaces are in fact

weak equivalences, is also called a Q-spectrum. A space Xy admits a delooping if we can write
X()ZQXl ’:QXQ

Originally, the motivation for came from studying homotopy groups of spheres and the Freudenthal
Suspension Theorem, which states the following, see also [10, Cor. 4.24].

Theorem 1.11. Let X be an (n — 1)—connected CW complex. Then mj(X) — miy1(XX) induced by
taking the suspension functor is an isomorphism for i < 2n — 1 and surjective for i = 2n — 1.

As a consequence, for any suitable pointed space X, the sequence
(X)) = T (BX) = o (B2X) — .

must eventually stabilize.
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Definition 1.12. The k’th stable homotopy group of a pointed space X is defined as
(X)) := colimy, g (2" X)

In other words, we consider the suspension spectrum of X and its homotopy groups and see where
they stabilize. For the sphere spectrum S, the k’th homotopy group of S is given by i (*). In general,
if we have a spectrum {X,, },>n, its k'th homotopy group is given by

73 colimy, T (Xn).

Alternatively, we can view spectra as generalized reduced cohomology theories. Indeed, the suspension
isomorphisms of a generalized cohomology theory give rise to spectra and in turn any spectrum defines
a generalized (co)homology theory by Brown’s Representability Theorem, see [10, Thm. 4E.1].

Theorem 1.13. Ewery reduced cohomology theory on the category of base-pointed CW complezes and
base-point preserving maps has the form h™(X) = [X, Ky ]+, where {Ky }nez. is a loop spectrum.
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2 Monoidal co-categories

2.1 Monoidal co-categories

Since we will look at spectral sequences from an infinity-categorical perspective, the following two
chapters will be concerned with generalizing certain 1-categorical concepts to an co-categorical setting,
which go somewhat further than a first introduction in co-categories such as in [14]. In this chapter,
we will consider what it means for oo-categories to have a monoidal structure. Recall that an ordinary
monoidal category C is a category with a pairing ® and certain natural transformations which satisfy
certain associativity conditions, also called MacLane’s pentagram, see [21, App. E.2|.

Alternatively, it turns out that we can encode the monoidal structure of a monoidal category in
one single map, which is a Grothendieck opfibration, see [9, §. 4.1]. It is via this viewpoint we can
define monoidal oco-categories, as defining associativity conditions via a "pentagram" would result in
an infinite amount of conditions to set. In this section we mostly use the survey made by Moritz Groth
[9], which in turn relies heavily on multiple works by Lurie. We start with the following analogue of
ordinary categorical coCartesian lifts.

Definition 2.1. Let C, D be co-categories, p: C — D a functor. Then a morphism f: ¢; — ¢o in C is
p-coCartesian or a p-coCartesian lift of a« = p(f): di — da if the map

¢:Cpy = Ceyy XDyey)) Poi)/
is a trivial Kan fibration.

Here the map ¢ is induced by the diagram

p
Cr)— Dypyy

| |

p
Cer) — Dpler))s

where the vertical arrows are given by the forgetful functor. This means that if we have a 2-simplex o

do
p(f/ \
d ———— d

and a lift ¢y — e in C of d; — d then we have a unique lift of the above 2-simplex in C, i.e.

C2
% \
g —— ¢,
up to equivalence. Next, consider a map p: C — D between oo-categories. Then we have the following

defintion as analogue of Grothendieck opfibrations for ordinary categories.

Definition 2.2. A map p: C — D between oco-categories is a coCartesian fibration if p is an inner
fibration and for every vertex ¢ € C and morphism «a: p(¢) — d in D there is a p-coCartesian lift
f:c—dofainC.

We can then define monoidal co-categories as follows.

Definition 2.3. (Monoidal co-category) A monoidal oco-category is a coCartesian fibration p: C® —
N(A°P) =2 N(A)° such that the Segal maps

. 0® &

On: C[n} — (C[l]

induced by (i —1,4)°P: [n] — [1] in A° are equivalences. The fiber C := Cﬁ’] is the underlying monoidal
oo-category.

)><n
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%] is contractible. Also, the map

so: [0] — [1] in AP induces a functor s: x ~ C% — Cﬁ which yields a unit in Cﬁ] up to equivalence.
Furthermore, by definition the maps (0,1): [1] — [2] and (1,2): [1] — [2] yield an equivalence

In particular, this implies that for a monoidal co-category the fiber C

09: Cf% — C[% X C%
Write o, ' for a homotopy inverse. Then together with the functor induced by dy: [2] — [1] we get a
map

—1
® ® %2 ® ®
Cry * €y — g = Cpypy
®

defined up to equivalence. This yields an associative and unital structure on C[l] up to coherent

homotopy. Furthermore, for a monoidal co-category C = Cﬁ’] the homotopy category h(C) is in fact a
monoidal category in the ordinary categorical sense.

Example 2.4. One way of generating monoidal oco-categories is by taking the nerve of ordinary
monoidal categories. That is if p: C°" — A is an ordinary monoidal structure, then taking the nerve

N(p): N(C®) — N(D°)

yields a monoidal co-category. In particular, since id: A°? — AP is isomorphic to the Grothendieck
construction on the one-point category and thus a monoidal structure, we have that

id=N(id): N(A?) — N(AP)
is a monoidal co-category. For more on this, as well as a generalization we refer to [9, Ex. 4.15].

Analogous to the ordinary categorical sense, we can define algebra objects of a monoidal co-category.
We note that for ordinary categories, these are defined as objects A within a monoidal category C
together with maps yu: A® A — A and n: 13y — A compatible with the monoidal structure in C. For
instance, monoids or algebra objects in (Ab, ®) are rings. Again, such a definition is hard to translate
in a convenient way to the oo-categorical setting. However, the algebra objects can also be described
using maps, see |9, Prop. 4.21], which we can take as a definition for co-categories.

Definition 2.5. Let a: [m] — [n] be a morphism in A. Then « is convex, if « is injective and the
image is an interval, i.e., im(a) = [@[0], «(m)] C [n].

Definition 2.6. Let p: C® — N(A°) be a monoidal oo-category. Then an (associative) algebra
object of C is a section s: N(A%) — C® such that arrows in N(A°) defined by convex maps « in A
are sent to p-coCartesian arrows in C%.

This results in a map on A[1] which is associative and unital up to coherent homotopy. Furthermore,
algebra objects are in fact a special case of functors between monoidal oo-categories which preserve
the monoidal structure to some extent. To be more precise, algebra objects are lax monoidal functors.
These are defined as follows.

Definition 2.7. Let p: C® — N(A) and q: D®¥ — N(A) be two monoidal co-categories. Then a
functor F': C® — D® over N(AP), i.e.

c® r D®
A

N(A°P)

is called lax monoidal if it sends p-coCartesian lifts of convex maps in N(A) to g-coCartesian
maps in D®. Furthermore, such a functor F is called monoidal or strong monoidal if it sends all
p-coCartesian arrows in C® to g-coCartesian maps in D®.
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In particular, we write Fun®®(C®, D?) and Fun™°"(C®, D®) for the full subcategories of the co-category
FunN(Aop)(C®,D®) of lax and strong monoidal functors respectively. Also, we get an oco-category of
associative algebra objects of a monoidal co-category p: C® — N(A) via

Alg, _(C®) := Fun'®(N(A),C®).

Indeed, sections of p: C® — N(AP) lifting convex maps to p-coCartesian arrows are precisely the lax
monoidal functors between the identity on N(A°) and p.

2.2 Symmetric Monoidal co-categories

So far we have only discussed monoidal oco-categories and functors between them. However, it is
desirable to have an oco-categorical definition of symmetric monoidal categories as well. For this we
note that A, since it is ordered, cannot give us the notion of symmetry we want. Therefore we consider
the following category.

Definition 2.8. Let Fin, be the category of finite pointed sets, which is spanned by objects (n) =
{0,...,n}, n € N, with 0 as base-point and base-point preserving maps.

First, as an analogue of the maps (i, — 1): [1] — [n] in A, we consider projection maps p;: (n) — (1)
in Fin, defined by p;(j) = 0 for j # ¢ and p;(i) = 1. We then have the following definition.

Definition 2.9. A symmetric monoidal co-category is a coCartesian fibration p: C® — N(Fin,)
such that the Segal maps

(n)

induced by projections p;: (n) — (1) are equivalences.

$p: C® — (C%)Xn,

Then for a symmetric monoidal co-category, the map m: (2) — (1) by 1,2 — 1 induces a map

-1
® ® Sn ® ®
Coy xCay = €y = €y

1is an inverse for the equivalence given by the Segal maps. Furthermore, as before, we get a

where s,
unit induced by the constant map (1) — (0). Additionally, the twist map t: (2) — (2) will give C% a

commutative structure, up to homotopy.

Example 2.10. As for ordinary monoidal categories, an ordinary symmetric monoidal category can
also be defined by a Grothendieck opfibration p: C® — Fin, satisfying the Segal condition and taking
the nerve then yields a symmetric monoidal oo-category. Also, N(id): N(Fin,) — N(Fin,) is a
symmetric monoidal oco-category. Conversely, the homotopy category of a symmetric monoidal oco-
category is an ordinary symmetric monoidal category.

As before, we can define commutative algebra objects and symmetric monoidal functors. In particular,
as an analogue of convex maps, we have the following definition.

Definition 2.11. A morphism a: (m) — (n) in Fin, is called inert if «=1(4) is a singleton for every
1> 1.

In particular, the projection maps p; from before are inert. We can then now define the desired algebra
objects and functors.

Definition 2.12. Let p: C® — N(Fin,) and ¢q: D — N(Fin,) be two symmetric monoidal oo-
categories. Then a functor F': C® — D® over N(Fin,), i.e.

c® D®
KN( )/

F

AP
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is called lax symmetric monoidal if it sends p-coCartesian lifts of inert maps in N(Fin,) to ¢-
coCartesian maps in D®. Furthermore, such a functor F is called symmetric monoidal or strong
symmetric monoidal if it sends all p-coCartesian arrows in C® to ¢g-coCartesian maps in D®.

As before, we have oo-categories Fun®/9®(C® D®) ¢ Fun*M°"(C®,D®) spanned by lax and (strong)
symmetric monoidal functors in Fun N(Fin*)(C@’, D®). We then define commutative algebra objects
E of a symmetric monoidal oco-category C® to be the lax monoidal functors between the identity
N(Fin,) — N(Fin,) and C® — N(Fin,). We write

Algg_(C®) = Fun*"**(N (Fin.),C%)
for the oo-category of commutative algebra objects on C®.

Since we want to be able to determine whether functors are monoidal or not, we note that we can
construct new monoidal functors from previously existing ones in the following way.

Proposition 2.13. Let C®, D%, E® be symmetric monoidal co-categories.

e Then the composition G o F: C® — &% of two (lax) symmetric monoidal functors F,G is (lax)
symmetric monoidal.

e There is an inverse equivalence between the co-category of lax symmetric monoidal right-adjoints
C® — D% and oplaz symmelric monoidal left-adjoints D® — C® [11, Prop. A]

Remark 2.14. As is mentioned on [11, p. 2|, a symmetric monoidal co-category can be described via
a coCartesian fibration C® — N(Fin,), but also by a Cartesian fibration C® — N(Fin’). An oplax
symmetric monoidal functor is then a functor between Cartesian fibrations over N(Fin,) which sends
Cartesian lifts of inert maps to Cartesian maps. In particular, any strong symmetric monoidal functor
is also oplax symmetric monoidal.

Remark 2.15. Symmetric monoidal co-categories are in turn specific cases of co-operads. Indeed,
ordinary symmetric monoidal categories are specific kinds of coloured operads, which are collections
of objects together with some kind of "multilinear" maps. This in turn can be generalized to the
oo-categorical setting. For the precise formulation of this we refer to [16, §. 2.1.1].
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3 Stable oco-categories

3.1 Stable oco-categories and t-structures

In this section, we will discuss stable co-categories, t-structures and the co-category of spectra. An
interesting property of stable co-categories is that their homotopy category is triangulated and fiber
and cofiber sequences are the same. We will follow the approach of Groth [9, Section 5| and Lurie [16,
Ch. 1] in defining stable infinity categories and further discussion.

Definition 3.1. Let C be an oco-category. We say that C is pointed if it has a zero object. That is,
if it has an object which is both terminal and initial in C.

In particular, let C be a pointed oo-category, say with zero object 0. Then for all objects x,y € C the
mapping spaces Mape(0,y) and Map,(z,0) are contractible, hence we have a map

0z,y
r— Y

NS

0

uniquely defined up to a contractible Kan complex.

Example 3.2. Let C be an co-category with a terminal object . Then the coslice co-category C, is a
pointed oo-category, with a zero object * — «. In particular, we write S, := S,/ for the co-category of
pointed spaces. Note that * := A% The zero object A — A®in S is also referred to as the O-sphere,
and denoted by SY.

Definition 3.3. Let C be a pointed co-category. Then a triangle in C is a diagram ¢: A! x Al = C
given by

fﬁ

Y

g

O R

|

z

where 0 is a zero object of C. Furthermore, we say that a triangle ¢: Al x Al — C is exact or a
fiber sequence if it is a pullback square in C, i.e. ¢: Al x Al = (A2)< — C is a limit cone. Similarly,
we say that ¢: Al x Al — C is coexact or a cofiber sequence if it is a pushout square in C, i.e.
q: Al x Al = (A2)” — C is a colimit cone.

If we have a triangle ¢: A' x Al — C by

fh

Y

g

OS8R

|

z

which is a fiber sequence, we refer to x as a fiber of g, whereas if ¢ is a cofiber sequence, we refer to z
as a cofiber of f. In particular, fibers and cofibers are unique up to equivalence.

If enough limits and colimits exist in an co-category, we can define the loop and suspension functors.
In particular, suppose C' is a finitely complete and cocomplete, pointed oco-category. Then we can

consider the full subcategory
C¥ C Fun(A! x AL, Q)

spanned by cofiber sequences in C with zero objects in both the upper right and the lower left corner,
i.e. pushout squares
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<

L |

0
.
Note that in a way, these diagrams are determined by the objects z € C. Similarly, we can consider

the full subcategory
C? C Fun(A! x A',C)

spanned by fiber sequences

S

O 8
J Ll
< —

in C. In a way, these diagrams are determined by the objects « € C, in particular, as a consequence of
[15, 4.3.2.15] the evaluation maps
eV(0,0) . CZ —C

and
eV(l,l) : CQ — C

are trivial Kan fibrations. Hence they admit sections s> and s which are unique up to equivalence
[17, Cor. 1.5.5.5]. We then define the suspension and loop functors as follows.

Definition 3.4 (Suspension and loop). Let C be a pointed finitely complete and finitely cocomplete
oo-category. Then we define the suspension functor X as the composition

eV(l_yl)

Y. C3ZC C.

Similarly, the loop functor is defined as the composition
Q:c e X% ¢

In particular, for any object ¢ € C, ¥(c) fits into a diagram

— 0

— X(c).

S0

which is unique up to equivalence. We have a pullback diagram instead of a pushout for Q(c). Moreover,
the following theorem holds.

Theorem 3.5. Let C be a finitely complete and finitely cocomplete pointed oo-category. Then the
suspension functor X is left adjoint to the loop functor Q.

Remark 3.6. Technically, we can define the suspension functor and loop functor if every morphism
in C admits a cofiber and fiber respectively. We do not require the existence of all finite (co)limits for
the definition of each to be well-defined. Also, the adjunction above holds if both functors are defined.

Proof sketch. The unit of this adjunction n: id¢ — € o ¥ is given by setting, for every ¢ € C the
morphism 7, to be the map 7.: ¢ — Q¥(c) induced by the diagram by universal property of the
pullback
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— 0

— X(c).

SO

In turn, we can define a co-unit €: X o 2 — id¢ by setting €.: XQ(c) — ¢ to be the morphism induced
by the diagram

/

ja)

Qc) ——
-
0

Intuitively, it is not hard to see that these indeed yield an adjunction in the sense of [17, 6.2.1.1]. This
can also be proved by using that Map,(—,d): C°? — S preserves limits. O

 —

)

For stable oco-categories, the suspension and loop functor satisfy an even stronger statement. In
particular, we have the following definition |16, 1.1.1.9].

Definition 3.7. Let C a pointed oco-category. Then C is stable if
e every morphism in C admits a fiber and a cofiber
e every triangle is a cofiber sequence if and only if it is a fiber sequence.

Note that if C is stable, then both suspension and loop functor are well-defined and C* = C®. So then
¥ and Q are mutually inverse equivalences. Even stronger, we have the following theorem [16, Cor.
1.4.2.27] [9, Thm. 5.12].

Theorem 3.8. Let C be a pointed co-category. Then the following are equivalent.
o C is stable
e C has all finite colimits and %: C — C is an equivalence.
e C has all finite limits and Q: C — C is an equivalence.

Furthermore, if C is pointed and finitely complete and cocomplete, then C is stable if and only if every
square 4s o pullback if and only if it is a pushout.

Another kind of nice co-categories are presentable oo-categories. These are defined as follows, see also
[15, p. 312].

Definition 3.9. An oo-category C is presentable if it has all (small) colimits and is accessible.
Roughly this means that C is generated under suitable filtered colimits by a small full subcategory.

Example 3.10. The co-category S of spaces is presentable, in particular it is generated under colimits
by one object, A? = x.

The reason why presentable co-categories are relevant is mostly because as with ordinary categories,
we have an adjoint functor theorem, see also [15, Cor. 5.5.2.9]. This states the following.

Theorem 3.11. Let F': C — D be a functor between presentable oco-categories. Then
o I has a right adjoint if and only if it preserves small colimits.

o F has a left adjoint if and only if it preserves small limits and it is accessible.
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3.2 The homotopy category of a stable co-category

In this section, we will describe the structure of the homotopy category of a stable co-category. For the
notion of an additive category we refer to [16, 1.1.2.1]. We will state the definition of a triangulated
category, as defined by Verdier |16, 1.1.2.5].

Definition 3.12. A triangulated category is an additive category C together with an equivalence
¥: C — C, also denoted by X +— X[1], and a collection of distinguished triangles

X =Y -7 X[1],

satisfying Verdier’s four axioms, see [16, 1.1.2.5] for the precise formulation.

Remark 3.13. For X € C a triangulated category, we write X [n] for the n-fold interation of 3, for
any n € Z.

Theorem 3.14. Let C be a stable co-category. Then hC has the structure of a triangulated category.

Proof sketch. While we will not check all axioms, but we will give a description of the triangulated
structure on the category hC. Firstly, since C is stable, it is in particular pointed. Hence C has a zero
object, which also yields a zero object of hC. Furthermore, the suspension functor is an equivalence
3. C — C, which also yields an equivalence X: hC — hC.

For additivity, to see that hompc(c,d) is a group, we note that hompc(c,d) = w9 Mape(c, d).
Furthermore, since pullbacks and pushouts in the co-category of (pointed) spaces are precisely (pointed)
homotopy pullbacks and pushouts of simplicial sets, we have that the suspension functor X is in fact
determined by equivalences Map(X(c),d) ~ QMap,(c, d). Furthermore, as for spaces, we have that
€ >~ w11, hence we get that

1

homp¢(3(c), d) = mo Mape(3(c), d)
€2 Mape (¢, d)

71 mape(c, d).

1

1%

So hompe(X(c),d) is a group. Since ¥ is an equivalence, every object in hC can be written as X(c)
for some object ¢ € C. Therefore for all ¢,d € C, we have that homy¢(c, d)isagroup. Also, hC has all
finite products and coproducts, see |16, 1.1.2.9], so hC is an additive category.

Next, we can define the distinguished triangles as follows [16, Def. 1.1.2.11] [9, p. 62]. In a stable
oo-category C, we can extend any cofiber sequence

.

g

-
—

S8
N <

to a diagram

<

— 0

N

N
g
-
—

o8

-
_h W

N

Since a pasting lemma holds similarly for oo-categorical pushouts as in the ordinary categorical sense,
it follows that the outer diagram is also a cofiber sequence, hence we get a morphism ¢: X(z) ~ w by
definition of the suspension functor. This yields a sequence

xéyﬂzﬂw[l],
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and a well-defined triangle in hC when passing to homotopy classes. We then set a triangle in hC to
be distinguished if it is isomorphic to a triangle

T ﬂ Y ﬂ z —>[¢Oh]

as discussed above. In [16, Thm. 1.1.2.14] it is proved that this class of distinguished triangles in fact
satisfies Verdier’s axioms, hence hC is a triangulated co-category. O
3.3 t-structures

In addition to being triangulated, some categories also come with a t-structure, which where introduced
first by Beilinson, Bernstein and Deligne in [3]. However, we will mostly follow Lurie’s discussion of
this in [16, §. 1.2.1].

Definition 3.15. Let C be a triangulated ordinary category. Then a ¢-structure on C consists of a
pair of full subcategories C<o and C>¢ satisfying the following properties:

e for every X € C>p and Y € C<p, we have that hom¢ (X, Y[—-1]) = 0.
e We have inclusions C>¢[1] € C>¢ and C<o[—1] C C<p.
e For any X € C, there exists a distinguished triangle
X - X —-X"—= X'[1]
where X’ € C>o and X" € C<o[—1].

Remark 3.16. For convenience, we write C>,, := C>g[n] for the image of C>¢ under the n-fold iteration
of the map ¥. Similarly, we write C<,, := C<q[n].

Theorem 3.17. Let C be a triangulated category with a t-structure. Then ¥Yn € Z, the inclusion
C<n — C admits a left adjoint. Similarly, the inclusion C>, — C admits a right adjoint. We denote
these left and right adjoints by T<y, and T, respectively [3, Prop. 1.8.5].

For stable oco-categories, we saw that hC is in fact a triangulated oco-category. Hence we can define
t-structures on stable co-categories as follows, see also [16, Def. 1.2.1.4].

Definition 3.18. Let C be a stable co-category. Then a t-structure on C is a t-structure on the
homotopy category hC. We write C<y,,C>y, for the full subcategories spanned by objects of hC<, and
hCx>y, respectively.

As in the ordinary categorical case, we have the following theorem, see also [16, Prop. 1.2.1.5].

Theorem 3.19. Let C be a stable oo-category. Then Vn € Z, the inclusion C<,, — C admits a left
adjoint. Similarly, the inclusion C>, — C admits a right adjoint. We denote these left and right
adjoints by T<p and T>, respectively. Furthermore, for every n € Z, the maps T<p, T>n map C<y, into
itself and for any object X € C, there is a cofiber sequence in C

TZTLX - X = Tgn—lX-
As a consequence, all C>,, are closed under colimits and all C<,, are closed under limits.

Remark 3.20. Note that cofiber sequences 7>, X — X — 7<,,_1 X are also fiber sequences. Also, any
cofiber sequence 7>, X — X — 7<,—1X in a stable category C corresponds to a diagram

ronX —L 5 X

[

0 —— Tgnle
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which, since C has all finite colimits and hence all cofibers, can be extended to a diagram

X — 1 5 X o

[

0 — Tgn_lX — W

which will precisely yield a distinguished triangle in hC as defined in the previous section. Indeed, in
general distinguished triangles in hC are given by (co)fiber sequences in C, hence the terms distinguished
triangle and cofiber sequence are sometimes used interchangeably.

Definition 3.21. Let C be a stable co-category. We define C¥, the heart of C, to be the full subcat-
egory of C given by C<oNC>o C C.

Remark 3.22. We have that h(C¥) = (hC)” := hC<o N hC>c. Hence as a property of t-structures on
ordinary categories, h(CV) is an abelian category, see [3, Thm. 1.3.6]. Furthermore, C¥ is equivalent
to the nerve of its homotopy category h(CY) [16, Rk. 1.2.1.12].

Lastly, we define a homotopy group functor on stable oco-categories by
Tp ' =T>00T<p©0[—n]: C — co.
Remark 3.23. There is an equivalence of functors C — C<;, NC>p
O: T © T>p — To>p O T<m

for every m,n € Z [16, Prop. 1.2.1.10], hence it does not matter if we define my = 7> 0 7<¢ or the other
way around.

We conclude this paragraph with a discussion of a possible interaction between t¢-structures and
monoidal structures.

Definition 3.24. Let F': C — D be a functor between stable oo-categories. Then F' is exact if and
only if F' preserves 0-objects and maps fiber sequences (or exact triangles) to fiber sequences.

Remark 3.25. This is equivalent to F' preserving finite limits or colimits [16, 1.1.4.1].

Definition 3.26. A t-structure on a symmetric monoidal stable co-category C is compatible with
the monoidal structure [12, App. IL.A] if

(1) the tensor product ®: C x C — C is exact in both variables,
(2) the monoidal unit is contained in C>,

(3) C>p is closed under tensor products.

3.4 The oo-category of spectra

In the last paragraph of this section we define and discuss the oco-category of spectra. In particular,
we will look at the oo-category of spectrum objects in C, written as Sp(C), for a sufficiently nice
pointed oo-category, as well as the co-category Sp of spectra of spaces and its monoidal structure and
t-structure. For (pre)-spectrum objects, we mostly follow [9, §. 5.2].

Definition 3.27. Let C be a finitely (co)complete pointed oo-category. Then we define a pre-
spectrum object of C to be a functor

X:N(Zx1Z)—C

such that for all ¢ # j the object X (7, j) is a zero object in C.
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We can visualize a pre-spectrum object via a diagram

0 — X(nt1n+1)

I ]

0 Xy ——— 0"

| ]

X(n— 1n—1) — 0"

By definition of the suspension and loop functor, we have induced maps
an: XXpy1 — Xp and By X — QX4

Definition 3.28. Let X be a pre-spectrum object of C. Then X is a spectrum below n if for every
m < n the maps fn: Xy — QX141 are equivalences. We write Sp,,(C) for the full subcategory of
Fun(N(Z x Z),C) of spectra below n on C. Furthermore, we say that X is a spectrum object if the
maps [, are equivalences for all m € Z. We write Sp(C) for the co-category of spectrum objects of C.

Note, for an oo-category C which is not pointed with suitable limits, we can set Sp(C) := Sp(Cx).
In particular, for a pointed oco-category, there is an equivalence Sp(C.) ~ Sp(C). Lurie actually first
defines spectrum objects in oo-categories before defining them for pointed oo-categories, see [16, §.
1.4.2], but this is in fact equivalent.

Remark 3.29. The definition of spectrum objects is equivalent to the following notion. For C an
oo-category with finite limits, the loop functor on the pointed oco-category C, exists. We can define
Sp(C) to be the limit in Cats of the tower

Q Q Q
oo = Cy = Cy — C,

see also [16, Rk. 1.4.25]. Indeed, the objects of Sp(C) are then precisely sequences of pointed objects
{Xn}nez together with equivalences X, ~ QX1 [17, 7.6.6.12]. This yields a spectrum object by
setting X (n,n) = X,, and 0 else.

Example 3.30. Consider S, the co-category of spaces. Then we set Sp := Sp(Sx) to be the co-category
of spectra of spaces, often simply referred to as the oco-category of spectra.

Groth refers to the spectrum of an oo-category C as the stabilization of C, indeed, the following holds
[16, 1.4.2.17].

Theorem 3.31. Let C be an oo-category with finite limits. Then the oo-category Sp(C) = Sp(Cy) is
stable.

In particular, Sp is a stable co-category, as S as all small (co)limits. We can define loop and suspension
functors on oo-categories of spectrum objects as follows.

Definition 3.32. Let C be a pointed co-category with finite limits. The n-th loop spectrum functor
is the evaluation functor 2°°~": Sp(C) — C by X — X (n,n). If C is also a presentable oco-category
and has all finite colimits, this functor has a left-adjoint ¥°°~": C — Sp(C), which we refer to as the
n-th suspension spectrum functor, see [9, p. 66].

Example 3.33. In particular, the oco-category of pointed spaces is presentable, hence we have an

adjunction
D B O

Furthermore, for the oco-category of spaces, we can in fact give a nice description of X'/, see |9,
p. 65]. Let D,, C Sp,, be the full subcategory of spectra below n such that a,,: ¥X,, — X,,41 is an
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equivalence for all m > n. Then X € D, is determined by X,, and the evaluation map ev,: D, — S,
is a trivial Kan fibration. Hence we have a section of this map, s,, and we set

S S, — PSp

to be the composition of s, with the inclusion functor D,, — PSp. Composed with a localization
functor L: PSp — Sp, this yields the n’th suspension spectrum functor.

Remark 3.34. We refer to the sphere spectrum S as the image of the zero-sphere Sy € S, under X°.
As A% does for S, the co-category Sp is generated under colimits by the sphere spectrum. Furthermore,
colimit preserving functors F': Sp — C, for C presentable, are determined by their value on the sphere
spectrum, as are colimit preserving functors on S by their evaluation of the point [9, Prop. 5.3, Cor.
5.27].

For the remainder of this paragraph we will look at a symmetric monoidal structure and a t-structure
on the co-category Sp. We can look at the oco-category of stable, presentable co-categories, Prét, which
can be endowed with a closed symmetric monoidal structure |9, 5.34], for which Sp is the monoidal
unit. The following theorem will then yield a way to endow Sp with a monoidal structure.

Theorem 3.35. For every symmetric monoidal co-category C¥ — N(Fin) the oo-category Algg_(C)
has an initial object. Moreover, a commutative algebra object E is initial if and only if the unit map
S — E(y 15 an equivalence.

Hence Sp corresponds to an initial object in Algy__ (Pré’t). Now, via straightening-unstraightening,
we have that commutative monoids in Caty, are precisely symmetric monoidal co-categories, see also
[9, p. 58-59], hence AlgEoo(Prgt) ~ Préf@, the oo-category of stable, presentable, symmetric monoidal
closed oo-categories and symmetric monoidal, colimit-preserving functors. This means Sp can be
endowed with a symmetric monoidal structure Sp®, of which we call the tensor product the smash
product.

Theorem 3.36. The smash product on Sp is uniquely determined by the following properties:
(1) The functor ®: Sp x Sp — Sp preserves colimits in both variables.
(2) The sphere spectrum S is the monoidal unit of Sp® .

Next, we define a t-structure on Sp as follows. We set Sp<_; to be the full subcategory of Sp on those
objects X for which Q°°(X) is contractible. This yields a ¢-structure via [16, Thm. 1.4.3.6.]. The proof
of Theorem 1.4.3.6 also yields that Sps is the full subcategory of Sp spanned by

{X €Sp | m(X)=0Vn <0}
and Sp. is the full subcategory of Sp spanned by
{X €Sp | mp(X) ~0Vn > 0}.

Here m, refers to the usual homotopy group functor of spectra. Furthermore, Theorem 1.4.3.6 also
states that the heart of Sp with this t-structure is equivalent to the nerve of the category of abelian
groups, i.e. Sp¥ ~ N(Ab) and the homotopy group functor m,: Sp — Sp¥ corresponds to the usual
homotopy group functor.

Theorem 3.37. The t-structure on Sp is compatible with the monoidal structure on Sp given by the
smash product [16, Lemma 7.1.1.7].
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4 Deécalage

In this section we look at a way of constructing spectral sequences from towers in the oo-category of
spectra. Furthermore, we can endow the oco-category of towers of spectra with a symmetric monoidal
structure and we will see that the construction of spectral sequences is in a way compatible with this
structure. This yields a recipe for constructing multiplicative spectral sequences, which are difficult
to get via traditional methods. This theory is laid out by Hedenlund in her PhD thesis [12] and we
also used De Potter’s master thesis |7] as an overview of Hedenlund’s theory. For the most part we
will not give proofs, as they are already done in detail by Hedenlund. For interested readers, we
note that both Hedenlund and De Potter give an application: Hedenlund uses décalage to construct
multiplicative Tate spectral sequences and De Potter applies the theory to construct the multiplicative
Leray-Serre-Atiyah-Hirzebruch spectral sequence.

4.1 The oo-category of towers and the associated graded

We start with a discussion of towers of a stable co-category and the associated graded functor.

Definition 4.1. Let C be a stable co-category. Then Tow(C) is the oo-category of towers given by the
functor category Fun(N(Z%),C).

Note that for a stable co-category, the oco-category Tow(C) is stable as well since limits and colimits
are computed pointwise. We can visualise a tower as a sequence

= XA+ =2 X0E) - XGE—-1) — ...
of objects in C.
Provided C is endowed with a symmetric monoidal structure, we get a symmetric monoidal struc-
ture on Tow(C) via Day Convolution. See [12, §. I1.1.3] for further references. In particular, for

X,Y € Tow(C), we have
(X ®Y)(n) := colim;yj>, X (1) @ X(j).

In this case, a map X ® Y — Z in Tow(C) is called a pairing of towers. The unit of this monoidal
structure is the tower defined by

l¢ forn <0

Lrow(c)(n) = {O

else
where 1¢ is the monoidal unit of C. We can visualize this as

x>k = x>l =1l — ..

Aside from a monoidal structure, if C is a stable co-category with a t-structure, we can define a
t-structure on Tow(C) in the following way [12, §. I1.1.4].

Definition 4.2 (Canonical ¢-structure on Tow(C)). Suppose C is a stable oo-category with a t-
structure. Then we define 75¢": Tow(C) — Tow(C) where for X € Tow(C),

50" X (n) :== 1>, X (n).

Here 7>, comes from the t-structure on C. The essential image of this functor we denote by Tow<('(C),
and it is spanned by the objects

{X € Tow(C) | X(n) € Con}.

Remark 4.3. To show that this is indeed a well-defined ¢-structure, by the dual of [16, Prop. 1.2.1.16|
it is enough to show that Tow<S({'(C) is closed under extensions, which Hedenlund does in [12, Prop.

11.1.22].
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Also, if C is endowed with both a symmetric monoidal structure and a ¢-structure, this ¢-structure
works nicely with Day convolution. In particular, the following holds [12, Prop. 11.1.23].

Proposition 4.4. Let C be a symmetric monoidal stable co-category, with a t-structure that is com-
patible with the monoidal structure. Then the canonical t-structure on Tow(C) is compatible with the
monoidal structure via Day Conwvolution.

Proof. By Definition 3.26, there are three things to check, namely that the tensor product is exact
in both variables, that Tow<'(C) contains the monoidal unit and that Tow<{'(C) is closed under the
tensor product. Exactness of Day convolution follows from the fact that Day convolution is defined by
taking a colimit over tensor products in C. Since colimits commute with colimits, see the dual of [15,
5.5.2.3], and the t-structure on C is compatible with the monoidal structure on C, the tensor on C is
exact in both variables, therefore so is the tensor on Tow(C).

The monoidal unit 1qayc) is contained in Tow<(C), since 1¢ is contained in C>o. Next, suppose

X,Y € Tow(C)>o. For each i, j we have that X (i) ®Y (j) lies in C>;4; as X (i) € C>; and Y (j) € C)> j.
Since for m > n we have C>,, C C>, and all co-categories C>,, are closed under colimits, indeed
X ®Y(n):= colimjyj>, X (1) ® X(j) lies in C>y,. So X ® Y is in Tow>(C). O

Definition 4.5 (Whitehead Tower). Let C be a stable co-category with a ¢-structure. Then we define
T>4: C — Tow(C) by

T2x(X)(n) := T2n(X).
In other words, 7>, is the composition of the constant functor C — Tow(C) mapping X to the constant
tower at X and the functor 75" : Tow(C) — Tow<(C).

Proposition 4.6. Let C be a symmetric monoidal stable co-category, with a t-strucutre that is com-
patible with the monoidal structure. Then the Whitehead tower functor is lax symmetric monoidal.

Proof. One can show that the constant functor C — Tow(C) is strong symmetric monoidal. In turn, the
functor ¢>g: Tow C>g — Tow(C) is symmetric monoidal, since the canonical ¢-structure is compatible
with Day Convolution, see also the dual of |16, Prop. 2.2.1.9]. The functor 7$§" is its right adjoint.
Since strong symmetric monoidal functors are in particular oplax symmetric monoidal functors, see
Proposition 2.13, it follows that 74" is lax symmetric monoidal. The composition of lax symmetric
monoidal functors is lax symmetric monoidal, hence indeed T>4 18 lax symmetric monoidal. O

We have for now gathered all information needed on the oo-category of towers. We will continue with
the associated graded functor.

Definition 4.7 (Associated Graded). Let C be a stable co-category, X € Tow(C). For ¢ € Z, we write
Gr?: Tow(C) —» C

for the functor sending a tower X to X(q)/X(q+ 1) := cofib(X(q + 1) — X(g)). This is the q’th
associated graded functor. We can then define a total associated graded functor Gr: Tow(C) —

HZC by
X = (X(q)/X(q+1))¢ez-

The following useful proposition was proved by De Potter in his thesis [7, Prop. 4.4].

Proposition 4.8. Leti > j >k >1; X € Tow(C). Then

X(k)/X (1) —— X()/X ()

| |

X(k)/X(j) — X(1)/X()
is a pushout square.
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Proposition 4.9. Let C be a symmetric monoidal stable co-category. Then the total associated graded
functor Gr: Tow(C) — [[,C is strong symmetric monoidal with respect to Day Convolution. In
particular, for all ¢ € Z, we have

Gri(XeY)~ @ Gri(X) @ Gr/(Y).
i+j=¢q

For the proof we refer to |12, Prop. I1.1.3]. Eventually we wish to construct a chain complex using the
associated graded, hence we define a differential as follows.

Definition 4.10 (Differential). Let X € Tow(C), for C stable. Then for each i € Z, we have a map
5 Gri(X) — Gr'™(X)[1] in C via

Gritl(X) — X(3)/X(i+2) ——

| L

00— Gri(X) —%— Gr'tY(X)[1]

Remark 4.11. Note that the left square is a push-out square, as well as the outer diagram, which
induces §* and means that the right square is also a push-out square. As it turns out, one can prove
that 6’ is indeed a differential, i.e. 6 0§ ~ 0, via pasting push-out squares. In particular, for i > j > k,
we have commutative diagram

X)) — X(y) X (k) 0
| ! | |
0 —— X()/X() — X(k)/X (i) —— X()[1]

|

| | |

0 ——— X(j)/X (k) —= X()1] —L= X(j)/X (k)]

in which all squares are pushouts. This immediately implies that we can factor § as j o k.

Furthermore, if C is a symmetric monoidal stable co-category, the differentials work nicely with the
monoidal structure [12, Prop. 11.1.21].

Proposition 4.12 (Leibniz Rule). Let ¢: X @ Y — Z be a pairing of towers in Tow(C). Then we
have a commuting diagram in C as follows

4 N kY
Gr'(X) @ Grd (V) X225

Gr* (¢)J
6i+j

Griti(Z) Z Criti T (Z)[1].

Gritl(X) ® Gr? (Y))® (Gr'(X) ® Ger(Y))

l@r”lvjw)eacrw“w)

4.2 The Beilinson t-structure

From now on we will only consider the case where C = Sp. Recall that Sp is a symmetric monoidal
oo-category, with a compatible t-structure, hence we can use all results from the previous paragraph.
In this paragraph we will discuss an additional ¢-structure on Tow(Sp) besides the canonical one. The
heart of this t-structure is particularly important, as it is equivalent to the category of chain complexes
of abelian groups. We will follow Hedenlund’s approach in Chapter [12, I1.2], for original sources on
the Beilinson t¢-structure we refer to the ones listed by her in [12, §. I1.2.1].
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Definition 4.13 (Beilinson ¢-structure). For n € Z we define the Beilinson t-structure by setting
Tovv(Sp)BeZ to be the full subcategory of Tow(Sp) spanned by

{X € Tow(Sp) | Gr?(X) € Sp,,_, Vq € Z}.
Furthermore, we set TOW(Sp)B‘” to be the full subcategory of Tow(Sp) spanned by
{X € Tow(Sp) | X(q) € Sp<,,—, Vg € Z}.
Proposition 4.14. The Beilinson t-structure is well-defined and compatible with Day Convolution.

Proof. We mostly give an overview of the steps in the proof. For more details, we refer to Hedenlund
[12, Prop. I1.2.1 & I1.2.7]. To show that the t-structure is well-defined, we note that the first con-
dition of a t-structure holds by construction. For the other two conditions, the idea is to construct
T<_1: Tow(Sp)P¢ — Tow(Sp)B‘”1 and show that it indeed maps into Tow(Sp)B” The construction

Bei

of 7<_1 is as follows. Since Tow(Sp) is presentable and Tow(Sp)£§’ is closed under colimits, the inclu-

sion map has a right-adjoint as a consequence of the adjoint functor theorem. This we call 7§ Bei Then

T<_1 is defined by mapping each X to the cofiber of T>BOEZ(X) — X.

To show that the t-structure is compatible with Day convolution, we remark that we only need to
show that the unit is contained in Tovv(Sp)]ESZ and that Tovv(Sp)BeZ is closed under the tensor product,
as we already saw that the tensor product is exact in both variables. Firstly, we note that the ¢'th
associated graded of 1pgy(sp) is given by the unit of Sp for ¢ = 0 and 0 otherwise. The unit, which is
the sphere spectrum, is in Sps because the t-structure of Sp is compatible with the smash product.
So it follows that indeed 1T0W(_spc) is in Tow(Sp)Z¢.

Furthermore, to show that for X,Y € Tow(Sp)fSi, their tensor X ® Y is in Tow(Sp)Z¢, we note
that the total associated graded functor is lax symmetric monoidal. Combined with the fact the ¢-
structure on Sp is compatible with the smash product, this means that all Gr'(X) ® Gr/(Y) lie in
Sp>_;_; - Using also that Sps,, is also closed under colimits for all m € Z, the result will follow by a
similar reasoning as in Proposition 4.4. Ul

For discussing the heart of the Beilinson t-structure and its isomorphism to Ch(Ab), we need to
understand the Eilenberg-MacLane functor. It is defined as follows.

Definition 4.15. Let Ch(Ab) be the ordinary category of chain complexes. Then the Eilenberg-
MacLane functor is the canonical functor

H: Ch(Ab) — Sp.

Formally, this is the composition of (1) the localization functor L from Ch(Ab) to the derived oo-
category D(Ab), (2) the oo-categorical equivalence E: D(Ab) ~ Modpyz, see [16, Thm. 7.1.2.13| and
(3) the forgetful functor U: D(Ab) ~ Modyz — Sp.

Remark 4.16. This functor is lax symmetric monoidal, as the monoidal structure on D(Ab) is such
that N(Ch(Ab)) — D(Ab) is lax symmetric monoidal, the forgetful functor is lax symmetric monoidal
and so is the equivalence D(Ab) ~ Modpz, see [16, Thm. 7.1.2.13]. The model structure on Ch(Ab)
has as weak equivalences those chain maps which induce isomorphisms on homology, see [16, 7.1.2.8|.
These then become actual isomorphisms in the homotopy category of D(Ab).

Corollary 4.17. Let C € Ch(Ab). Then we have a natural isomorphism
H,(C)=nm,H(C)
Proof. First, we note that the forgetful functor sits in an adjunction

F
I

Modyz Sp ,
P ¢
U
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where the free functor F' is given by — ® HZ. Hence we have
T (C') = Ho(Sp)(X"S, H(C))
=~ Ho(Mody)(X"H (Z), EL(C))
>~ Ho(D(Ab))(X"Z, L(C))

Here X"Z is the chain complex -+ = 0 — Z — 0 — ... with Z in degree n. By definition of the
model structure and definition of the derived category, we have that Ho(D(Ab))(X"Z, L(C)) is precisely
H,(C). O

We will now state the theorem given by Hedenlund which relates the heart of the Beilinson t-structure
with chain complexes of abelian groups.

Theorem 4.18. There is an equivalence of abelian categories Tow (Sp)P¢Y ~ Ch(Ab). Here the
equivalence is given by the functor ®: Tow (Sp)P*Y — Ch(Ab) where

X == m(Gr (X)) — m(Gr(X)) — ...

and the differentials are induced by the differentials from Definition 4.10.
Its inverse U: Ch(Ab) — Tow (Sp)PY is defined by

C— ®C: Z°? — Sp; where VC(n) = H(0<,C),

where H s the Eilenberg-MacLane functor and o<yp: Ch(Ab) — Ch(Ab) is the stupid truncation
functor.

The proof of this consists of showing that ¥ is well-defined and has a right-adjoint, which is shown to
be naturally isomorphic to ®. Lastly, Hedenlund shows that this adjunction is in fact an equivalence of
categories. For the details, which require quite some work, we refer to [12, Prop. 11.2.10]. This theorem
essentially makes the décalage functor and the corresponding construction of spectral sequences work
the way that it does.

Note that we can define a symmetric monoidal structure on Tow (Sp)B Y Via
X ®peioY =12(X®Y),
where X ® Y comes from Day Convolution.
Theorem 4.19. The equivalence in Theorem 4.18 is strong symmetric monoidal.

We will not prove this in detail, this is done in [12, Prop. I1.2.11], but it is worth mentioning that the
proof uses the lax symmetric monoidality of the homotopy group functor

Ty Sp — H Ab,
z
which is lax symmetric monoidal by compatibility of the t-structure on Sp. The proof also uses the

fact that the total associated graded functor is strong symmetric monoidal.

Remark 4.20. Under the isomorphism of Theorem 4.18, we can view the Beilinson homotopy groups
B¢ X as the chain complexes

oo = T (Gr (X)) = m (Gr%(X)) = -+ = 1 (GrY(X)) — ...,
with 7,(Gr%(X)) in degree 0. The resulting functor

mB¢: Tow(Sp) — H Ch(Ab)
Z

is lax symmetric monoidal, see also [12, Prop. 11.2.12 and 11.2.13|.
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4.3 Deécalage and the Construction of Multiplicative Spectral Sequences

We will now define the décalée of a tower of spectra. We start with the definition, see also [12, 11.2.15].
Next, we will give Hedenlunds construction of the spectral sequence.

Definition 4.21 (Décalage). Let X € Tow(Sp). Then the Beilinson-Whitehead tower of X, similarly
to Definition 4.5, is the tower of towers

oo B8 (X)) = rEEX) - B (X)) -

Since for each k, we have that 7>1(X) is a tower, we can take the colimit of this tower. This in turn
yields a tower of spectra

-+ — colim;ey, Tfﬁil(X)(i) — colim;ey, Tf,?(X)(z) — colim;ey, Tgﬁi_l(X)(i) — ...
This resulting tower is the décalée of X.
Proposition 4.22. Definition 4.21 yields a laz symmetric monoidal functor Déc: Tow(Sp) — Tow(Sp).

Proof. The proof is also stated in [12, 11.2.19]. Firstly, note that taking the Whitehead tower is lax
symmetric monoidal, see Proposition 4.6. Furthermore, we can commute colimits and this is symmetric
monoidal, by exactness of Day convolution and the smash product. O

Remark 4.23. This functor is not idempotent, so we can iterate it. Thus we write Déc™ for the n-fold
iteration.

We now state an important theorem that will be necessary for the construction of spectral sequences
from towers.

Theorem 4.24. There is a lax symmetric monoidal equivalence of functors
GroDéc ~ H o Xt o gBe,

Here H: ], Ch(Ab) — [], Sp is the Eilenberg-MacLane functor and X' : [], Ch(Ab) — [], Ch(Ab)
is the shift-functor defined by

EtOt({Cf}keZ) = {Cffk}kGZ-

Remark 4.25. For the proof of this we refer to [12, Thm. I1.2.20,11.2.22]. The fact that the composi-
tions are equivalent can be seen via a degree wise computation and commuting certain colimits, whereas
the monoidality of the equivalence follows mostly from the monoidality of the functors involved, and
the monoidality of the previous equivalence in Theorem 4.18.

We will now construct spectral sequences using décalage. For the definition of spectral sequences, we
refer to Definition 1.1.

Theorem 4.26. Let X € Tow(Sp) be a tower of spectra. Then we have a spectral sequence defined by
B} o= m, Gt (D1 (X)),

or r > 0 with differentials d": E] . — EI induced by the push-out
n,s n—1,s+r

r—1)n+s+1 s r—1 Décr_l(X)((r—l)n-l—s)
Gr(r=1) (Déc" (X)) — Dé T (r Dt s 19) 0

J | |

0 Gr(rfl)n+s(X) L Gr(rfl)n+s+1(Décr—l(X))[1]

as in Definition 4.10.
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Proof. We will include the proof as in [12, Thm. I1.3.2]. Firstly, note that as in Definition 4.10,
0" 0 6" = 0, which must then also hold for d" = 7,(d"). It remains to show that for each n,s,r, we
have isomorphisms

ElN > H(E] , d).

n,s’

First, note that by Theorem 4.18
7 (Gr? Déc(X)) = o (H (17 (X))
Next, by Corollary 4.17, we have that

T (H (g (X)a])) 2 Hn (7 (X)[a])

_ ker(d,,: m,(Gr9™™(X)) — m,_1(Gra"T1(X))) _
im(dpy1: T (Gra™ " 1(X)) — 7, (Gr? (X))

If we apply this to E %!, we get

n,s

Ertt = m, Gr™ ¥ (Déc” (X))
- ker(dn: m (Gr" =" (Dac" (X)) — mp_y (Grl" D"t (Dec (X))
im(dy : g (GRS (Dec (X)) — i (G (Dee (X))
= H(E" . d,).

n,s» T

O

We will now discuss the multiplicativity of these spectral sequences. For this we first go back to the
category of spectral sequences SSeq. On this category we can define a structure which is not quite
a monoidal structure, but we can talk about multilinear maps. In particular, SSeq is a (coloured)
operad, see Remark 2.15. The multilinear maps are built by iterating the construction below.

Definition 4.27. Let (F,d}y), (D, d}) and (C,d,) be spectral sequences, for convenience we assume
they are Adams graded, i.e. have bidegree (—1,7). A bilinear map ¢: (C, D) — E consists of maps

T . T ‘s T
¢ : Cn,s &® Dn',s’ — En+n/’s+sl,

where
dr ) gbr = ¢7.(dr &® 1 + 1 ® dT)I CZ;,,S X _DZ/7S/ — E:L+n/71,8+s/+7‘

and the diagram

¢r

CZ‘L,S ® D:L/,S/ E— E:LJrn/,ers/
l H(¢"™) l
H(C’Z,S ® DZ’,S’) — H(E:L—l—n’,s—l-s’)

commutes for all n, s, n’, s, r.

We now claim that the construction of spectral sequences via décalage preserves the operad structure.
In particular, the following theorem holds [12, Thm. II1.3.5].

Theorem 4.28. The functor E: Tow(Sp) — SSeq which sends a tower X to a spectral sequence E”
as defined in Theorem 4.26 is a map of oo-operads.

Proof. First note that the statement makes sense, as any ordinary operad can be made into an oo-
categorical operad using a nerve construction and any symmetric monoidal co-category is an co-operad.
We give an overview of the proof, for more details, see [12, I11.3.5]. Since SSeq is an ordinary category, all
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higher coherencies in Tow(Sp) are irrelevant for proving this, i.e. we only have to show that multilinear
maps in Tow(Sp) are mapped to multilinear maps in SSeq. For maps of co-operads, see [16, §. 2.1.2].

Note that the monoidal structure on Tow(Sp) is symmetric, hence it is enough to only consider
bilinear maps, i.e. pairings X ® Y — Z in Tow(Sp). Since both the total associated graded and the
décalage functor are lax symmetric monoidal, as well as the homotopy group functor m,.: Sp — [[, Ab,
it follows that any pairing ¢: X ® Y — Z immediately induces maps

¢r T Gr(r—l)n—i—s (Décr—l (X)) ® 7, Gr(r—l)n’+s’ (Décr—l (Y)) N, Gr(r—l)(n—i-n’)—i-s-‘rs’(Décr—l (Z))

In particular, the functors E™: Tow(Sp) — [[,., Ab are all lax symmetric monoidal. Hence it remains
to check the conditions of the previous definition. The first condition follows from the fact that both
the décalage functor and the homotopy group functor are lax symmetric monoidal, as well as the
Leibniz rule, see 4.12.

For the second condition, we note that the isomorphisms E}fgl =~ H(Ey ;,d") come from the
symmetric monoidal equivalence in Theorem 4.18. Combined with the fact that both the homotopy
group functor m,: Sp — [[, Ab and the Eilenberg-MacLane functor are lax symmetric monoidal, we

get a commutative diagram

7:(GrP('Déc(X))) ® m;(Grd(Déc(Y))) —— 7o (GrP+(Déc(Z)))

| |

Hiyjpqg(my(X) @ mf (V) ———— Hirjp—q(m5(Z))

Applying this with setting 1, j, p, ¢ the right indices and also with the iterated décalage functor, we get
that indeed, the second condition holds for the spectral sequence constructed via décalage. Hence the
functor E sends bilinear maps to bilinear maps. O

Remark 4.29. We end this section with a remark on signs. As is usual for (bi)graded abelian groups,
we tensor in accordance with the Koszul sign formula. That is, for maps f: C, s — Chyp s and
g: Dy o — Dy o417, where C, D are bigraded abelian groups, we have

feglrey) = (-1"Vf@) gy

when evaluating them. Here |z|, |g| denote the total degrees of z and the map g respectively. In the
case of Adams spectral sequences C, D with grading (—1,r), the total degrees |z| and |g| are n and &’
respectively. That is, the total degree depends only on the first grading index, see also Remark 1.2. In
particular, this means that in Definition 4.27, we have

(dr@1+10d)(z®y) = (1) () @y + (=1)" 'z @ d.(y).
So the first property in Definition 4.27 translates to
d-(a-d)=d-(a) -ad + (-1)"a-d.(d),

for a € C}, ; and o' € C7, ,. This is analogous to Property (ii) in [20, Thm. 2.1].
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5 Exact couples

In their paper [4], Belmont and Kong use the description of the spectral sequence they consider via
exact couples in order to rewrite the E"—page as a workable subquotient of the E'-page. Ideally, we
wish to do the same for the spectral sequence obtained via décalage. Originally décalage was defined
by Deligne [8]. The functor ‘turns the page’ in the spectral sequence of a filtered chain complex F.Cy,
which can be obtained via exact couples. Therefore, it makes sense to ask whether the spectral sequence
obtained via décalage on a tower of spectra is in fact the same as one arising from exact couples, that
is, whether the oo-categorical functor also ‘turns the page’. More precisely, let X be a tower of spectra
and consider the following exact couple.

Bn,sTn (X)(8) : Sn,s T (X)(8)

EYX) := @ smn Gré(X)

Here i is induced by the maps X! — X*, the map j is induced by the maps X* — Gr*(X) and the
map k comes from the map Gr®(X) — X**1[1] induced by the cofiber sequence. Recall from Chapter
1 that we can derive another exact couple from this by setting d = j o k and taking homology with
respect to this differential d. In particular, this yields a spectral sequence.

Note that the map d is precisely the map d' : 7, Gr*(X) — m,_1 Gr¥1(X) of the E'-page of the
décalage spectral sequence, see also Remark 4.11. Furthermore, by Theorem 4.26 the E2-page obtained
via décalage is isomorphic to H(E",d"). Also, the E2-page of the décalage spectral sequence fits in an
exact couple

®p, s Déc(X)(n + s) ®n, s Déc(X)(n + s)

E]%éc(X) = @n,sTn GI"TH_S(DéC(X))

which defines the differential of the E?-page of the décalage spectral sequence. Ideally, this differential
is compatible with the differential d?> = j2k? of the spectral sequence obtained via exact couples under
isomorphism H(E!, d') = 7, Gr""¥(Déc(X)). In fact, we want this to hold for all » > 1. Proving
this directly is quite complicated. However, Antieau has proved a link between the décalage spectral
sequence and another method of constructing a spectral sequence by Lurie [1, Thm. 4.13]. We will
prove that this third method of constructing a spectral sequence results in the same spectral sequence
as the one obtained via derived exact couples.

5.1 Spectral sequence: Lurie’s method and relation to exact couples

The third method of constructing a spectral sequence from a tower of spectra is one described by Lurie
in [16, Section 1.2.2] and by Antieau in [1, Section 4|. Let X € Tow(Sp). For convenience, we write
X(i,7) := cofib(X (j) — X(¢)). Then for every n,s € Z and r > 0, we have a commutative diagram of
cofiber sequences

X(s+r) — X(s) ———— X(s,s+71)

| ! !

X(s+1) — X(s—r+1) — X(s—r+1,s+1)

This in turn yields a commutative diagram of cofiber sequences
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X(s+rs+2r) — X(s,s+2r) —— > X(s,s+71)

| | |

X(s+1l,s+r+1) — X(s—r+1L,s+r+1) — X(s—r+1,s+1),

see also Proposition 4.8. We then set

By, (X) = im(e) X (s,5+7) = X (s — 7+ 1,5 +1)),

n,s

where e;, ¢ is induced by the above diagram of cofiber sequences. We define the differential via the

following commutative diagram.

™mX(s,s+r) —>» E;S(X) —— X(s—r+1,s+1)

J J

TnaX(s+rs+2r) — Bl (X)) —— X(s+1,s+7r+1).

The left and right-most vertical maps are given by the boundary maps induced by the previous diagram.
The desired, dotted arrow then exists as a consequence of functoriality of epi-mono factorizations, as is
also stated by Antieau [1, Not. 4.4]. This yields a spectral sequence, see also Lurie [16, Prop. 1.2.2.7].
We will not give the details of the proof as is given there, but we will briefly describe the isomorphisms

ker(d")
im(dr)’

ErTH(X) =

as are detailed in [16, Prop. 1.2.2.7]. Write
Iyt =ker(d: B, (X) = By (X))

and ) . .
BTTI,S: - im(dT: E:H—l,s—r(X) — E’Z,S(X))

For each n,s € Z we have that

Egﬁl(X) =im(m,X(s,s+r+1) =7, X(s—r,s+1)).

We can factor the map eﬁ;l that defines E,T;l as

X (5,541 +1) = 1 X(s,5+7) =5 1 X(s —r+1,5+1) = 1 X (s — 7,5+ 1).

The composition

il X (s, s+ +1) = mX(s,8+7) en—’SHTnX(s—T—i-l,s—i-l)

n,s

maps into Z; . and yields an epi-mono factorization

i~ zZr E"
X (s,s+r+1) > Z) »=" o =2 s mX(s—rs+1).
By s n,s

For details on this, we refer again to [16, Prop. 1.2.2.7]. Important is that 7751 is an epimorphism

n,s

= . . = zy, . .
onto Z" .. Thenwe have isomorphisms E/+!(X) & B as a consequence of uniqueness of epi-mono
) K

n,s

. . : . . ~ zr .
factorizations in Ab. In particular, the isomorphisms gb:{gl: E};:El (X)— ﬁ are given by
Pnis (@) = [t (y)], where e[ (y) = .

n,s
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. . Zr . ~ .
The inverse of ¢I,%! is given by ¢! : = E}H(X) with
n,s

nis (2] = ep i (y), where [ 5 (y)] = [a].

Note that Tﬁj;l is in fact an epimorphism onto ZZL’S, so we can always just pick y € 7, X (s,s +r+1)
such that Tflfs’l(y) = z. We will now give our own proof that for any tower of spectra X, this spectral

sequence is isomorphic to the spectral sequence arising from exact couples.

Theorem 5.1. Let X be a tower of spectra, r > 1. Let
E~77;7S(X) =im(m, X (s,s+7r) > mX(s—r+1,s+1))

be r-page of the spectral sequence discussed above. Write E], ((X) for the spectral sequence obtained via

exact couples as in the introduction of this section. Then E’};,S(X) = E}, (X) as subquotients of the
E'-page, in a way that is compatible with the differentials, i.e.

Ey, (X) —— B} (X)

drl J .

T T
En—l,s—H" En—l,s—i—r

commutes.
' vl . Zhs _ Zherseenn -
Proof. First, for every n,s € Z and r > 1 we define a map § e via the following
d. Bn,s Bn71,5+'r+1
iagram
r+1 -
~ n,s zr
ET+1 X ~n,s
n,s ( ) < 1 B:;’S
n,s
dr+1J \L5r+1
¢T+11 +r+1 7
~ n—1,s+r ZT' L
E;——'—gls s+r+1 —><7 ~7:71Y45+'+1 .
? ;tll N Bn—1,5+r+1
That is, 6" = ¢ T} |, d" Pyl We have a commutative diagram
entd
X(s) — _ X(s) = _ X(s—r+l1) X(s—1)
Tn X(s+r+1) n X(s+r) e . X (1) X (s+1)
dr-&-ll ldr-&-l
X (s+r+1) X (s4r+1)fn—1,s47+1 X (5+2) X (s+1)
Tn—1 X(s+2r+2) Tn—1 X(s+2r+1) Tn—1 X(s+r+2) Tn—1 X(s+r+2)°
r+1
Tnfl,err'Jrl
1
e;tl,s+r+l
Zy.s
Hence for [z] € Z=* we have
B, s
r—+1 _gr+1 r+1 ,r+1
5 [‘r] - (rbn—]_,sﬁ-r—‘,-]_d 1/]11,5 [x]
+1 1 r+1 1
= <Z>::1’S+r+1dr+ e;'; (y), where 7t (y) = = for some y € 1, X (s,5 +r + 1),
_ r+1 r+1 r—+1
- ¢n71,s+r+1enfl,s+r+1d (y)

= [Tnfl,s+r+1dr+1 (v)]-
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Indeed, clearly d"™(y) is a lift of e/,*} | d"™ (y) under e, 1 41 r11.

As mentioned at the start of this section, we obtain the exact couple spectral sequence from the
exact couple with maps
it X(s+1) = mpX(s),

Js,st1 X (s) = mpX(s, s+ 1)
Kost1: X (s,s+1) = m1 X(s+1).

. . Z), .
As in Example 1.6, note that for r > 1 we can write B} 11 (X) = Bro, with

Zy s = nfiﬂ(im(f: Tn-1X(s+r+1) > m_1X(s+1))) CmX(s,s+1)

S

and
By, = jssti(ker(i": mp X (s) = 1, X (s —7))) C 1 X (5,5 +1).

Then EJ 1 (X) becomes a subquotient of the E'-page. Under this identification, the differential dg;ipl.
becomes the map

kMm@ T X (s +r+ 1) = 7 1 X (s + 1)) . kM T2 X (s +2r + 1) = T2 X (s +7 + 1))
jlker(im: mp X (s) = X(s—1)) jlker(im: mp1 X(s+r+1) = m1X(s+ 1))

where for a class [z] with x € Zy, s we lift Ksst1(z) to mp_1 X (s + 7+ 1) along
i" i X(s+r+1) > X(s+1)

and then map into m,_1 X (s + 7+ 1,s+ 7+ 2) via j. In a diagram:

J X 1
T X (s + 7+ 1) = muo1 (1)
7
lift! {
X N
W”X(s(j-)l) — s T X(s+1).
Note that gzz is a subquotient of the Ej-page of the exact couple spectral sequence; but g’f_’s is a

subquotient of the ENT—page of Lurie’s spectral sequence in this notation. The first page of both spectral
sequences is defined by .
Erlz,';(X) = E;L,S(X) = WHX(S> 5+ 1)

together with the differential
dy T X(s,5+1) S 1 1 X (s +1) EN Tn—1X(s+ 1,5+ 2).

As a consequence

2 71 1
F2 d)ﬁf Zn,s Zn,s 2

n,s — 75 = = En s (X)

) 2 Bl Bl )

w'ms n,s n,s

We will now show that 6% and dzm.cpl are the same map. First, we note that

1
en,s

cmn X (s, 4+ 1) = X (s, s+ 1)

is simply the identity map. We then keep the diagram
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en.s
Ths
X(s) — _ _ X(s) X(s) X(s—1)
T X (552) TXGHD) ~ o "™MX(s+D) X (s+1)
H/ v oo ’ x
Tn—1X (s + 2) d? d?
j5+m
X (s4+2) X (s42) fn—1,542 X (s4+2) X (s+1)
Tn—1X(s+4) Tn-1X(s13) — 5 "™-1X(s+3) —  T™n-1X(s+3)
W
637,71,34»2

in mind. Note that in general "' : 7, X (s,s+7+1) = 7, X (s +7+1,s+7+2) from Lurie’s spectral
sequence factors as

Kg,s+r+1 ) Js4+r+1,s4+2r+2
R el

X (s,s+1r+1) Tn-1X(s+7r+1 TX(s+r+1,s+2r+2)

by Remark 4.11, as is also indicated in the diagram. Then, for [z] € g

1
=2 we have

n,s

0%[2] = [ 1 oy2d*(y)]

where 72 ;(y) = x. Note that the diagram of cofiber sequences

n,s

X(s+4) — X(s+2) — X(s+2,5+4)

| | |

X(s+3) — X(s+2) — X(s+2,5+3)

implies that the map 7'3_178_’_2 O jst2,5+4 1 SImply jspo 543 @ o1 X (s +2) = m-1X (s + 2,5 + 3).
Therefore,

2 2 2
d [‘T] = [Tnfl,s+2d (y)]
= [Jst2,5+3ks,s+2(Y)]-
Using again a diagram of cofiber sequences as above, we have a commutative diagram

2
Tn,s

X (s,s+1) «—— mpX(s,s+2)

ﬂs,s#»ll lns,s+2

Tn-1X(s+1) «— m1X(s+2).

Therefore rg s12(y) is in fact a lift of ks o4 1(77 (1)) = Kssp1(2) under i : 1 X (s+2) = m,_1 X (s+1)
and therefore

52 [2] = [Jst2,543Ks,512(y)] = dg:p.cpl (7]
by definition of d? which does not depend on the choice of lifts, as these are quotiented out. So

ex.cpl.’

for r = 1, the theorem holds.

Zi

%
n,s
i

We will now assume for 1 <+4¢ <r —1 we have that when viewed as a sub-quotient of E}L s = E}LS

n,s

Zys
Bl
also assume that these isomorphisms are compatible with the differentials. Here ¢! is simply the
identity E' = E'. That is, we assume the diagram

via applying the isomorphisms ¢', ..., ¢2, ¢! is the same as the sub-quotient of the Fi-page. We
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7
Zn,s
7
B}, s

i+1
67l ldem(:pL
i - .
anl,s+i+l — Z:’Lfl,s+i+1
B! B

l:?
{z

i ©
n—1,s+i+1 n—1,s4+i4+1

commutes. This in turn yields isomorphisms

zr A

8 ~

pr BT
Bn,s Bn,s

via the commutative diagram

IR

~ r Zr—1 r—1
E’I’ ¢ Zn,s Z’n,s
n.s Hr—1 r—1

’ Bn,s Bn,s

dTJ( (ST\L d;‘mcpll

7r—1 ~ r—1
E~1T ¢T Zn—l,s+r — Zn—l,s+r
n—1,s+r pr—1 r—1 .
’ + Bn71,3+7‘ Bn71,5+'r

Indeed, this diagram implies that Z};’S >~ 7r and Bl = By, ;- To clarify this, consider 7 = 2. Then

n,s s
the discussion of the base case satisfies the hypothesis and yields isomorphisms

Zn,s Zn—l,s+2
1

ZrQL,s ~ ker(dzx'Cpl' : Bl - B171,5+2) ~ ZTQL,S
~2 = . Zn+1,s—2 Zn,s = B2
Bus im(dl o P = Fr) D
via
(2] = [0 (2)] = [[77 s()]] = [1 5 (¥)], where €} (y) = .
and

[ s[2)) = [en,s(y)] = [[2']] = [2], where = =7 (y/).
In general, this means that the isomorphsims

1 or T
-1 Pnls Zn,s Pl Zn,s

n,s Dr T
Bn,s Bnas
are given by the following. Consider the diagram
ef{f’sl
T,T;l
Yr1 Yr zr=ep s (yr)

X (s,s+r+1) —— 7 X(s,s+7) e, mX(s—r+1,s+1) — mX(s—r,s+1)
Th,s
ent

yr—1€ m X(s,5+1r—1) — 71, X(s =7+ 2,5+ 1) 3z—1=€¢/ 2 (yr1)

g

2
y2€ X (8,84 2) _ e TnX (s — 1,8+ 2) sz2=€2 ,(y2)

2
Tn,s

FnX(S,S + 1) —_— WnX(S,S + 1) Sxy:=x
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r+1
n,s
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ess of taking

is mapped to e
y2 such that Tis(yg) =z,

y3 such that Tﬁ’s(yg) =2 = 6%75(‘@2),

Then a class [z] € g’:“s

lifts

-
! st

In particular, this implies that we simply choose y"*! as a lift of o(x) with
o:mpX(s,s+1) > mX(s—r+1,s+1).
Z’VL,S ¢7‘ .....
By

Similarly, we note that
r+1

is given by sending

o e Bl =im(m, X (s, s+ 7+ 1) = m, X (s + 1,8 + 7 + 2))

(y5)], where yo is the image of ¥, ; under the map g : 7, X(s,s +r + 1) = 7, X(s,s + 2) and

to [T,QL’S
ert(yl, 1) = 2’. We will now show that
El'r‘ wr-&-l Z:;;,s w'r ,,,,, 1 Z;‘L,s

n,s B”;‘L,S Ba,s

+1

dr+1J de.cpl.
r 1 %:‘L—l,s+'r+1 @ ! Zy_4 s+r+1
n—1,s+r+1 B;—l,s+r+1 Bl strl
commutes. We can combine the information above in a commutative diagram
e;;'j;.l
Tr+l
Yr+1 /“\ zr=0(x)
X(s) X (s) €n,s X (s—r+1) X(s—r)
n X(s+r+1 ™ X(s+r) n X(s+1 ™ X(s+1
9 g
X (s) n,s X(s—1)
TnX(s+2) Tn X (s+1)
T2
n,s d’"+1
X(s)
Tr”X(s—f—l) Sx

X (s+r+1)

Tn—1 X(s+2r+2)

X(s)
™ X(s+1)

+1

e;,tl,s+'r+1
1
/\
X (s4r41)Cn—1 54741 X (s+2) X (s+1)
Tn—1 X(s+2r+1) Tn—1 X(s+r+2) Tn—1 X (s+r+2)

X (s+r)
Tn—1 X(s+r+2)

g
o2
(s+r+1)n—1,s+rt1

X
Tn—1 X (s+r+3)
XQI;\SukT‘{»Q
X(s+r+1)
— T X (1)

X(s+r+1)
Tn—1 X (s+r+2)
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r

Then for [z] € gﬁ’s we have that

n,s

¢r,...,15r+1,¢}r,...,1[$] _ ¢r,...,1¢r+1dr+1eirsl (errl)
— ¢r,...,l¢r+le;—&;lldr+l<yr+1)
= [7—73—1,5—&—7‘4-1 ©cgo dr—i—l(yr—&—l)]_
Recall that we can factor "t : 7, X(s,s +7+1) = 71 X(s +7+ 1,5+ 2r +2) as

Ks,s+r+1
e,

mX(s,s+r+1) X(s+r+1)

As for the base case, note that jsy,41 6420420 7-37178““ o g is simply the map jsi,41,s4r+2. Therefore
., Lsr+1 r...1 _ -2 r+1/, r+1
¢ d ¢ [:U] - [Tn—l,s—l—r-l-l ©go d (y )]
= [str+1,5+r+26s,s4r+1 (Yr11)]-

Furthermore, we have commutative diagrams

Yr+1t XTr
r+1

X (s,s+r+1) LN X(s—r+1,s+1)

lﬁs,s+7‘+1 l’is—r+l,s+1

TI'n_lX<S +r+ 1) _— 7Tn_1X(S + 1)

and

T=T1t Ty

mX(s,s+1) 2 mX(s—r+1,5s+1)

Rs—r+4+1,5+1
m} l ’

7Tn_1X(S + 1)

This means that ks sir+1(y 1) is in fact a lift of ks s1(z) along T 1 X (s +7+1) = mo1 X (s + 1).
Therefore, by definition of d”ipl. we have that

EX.

¢T""’15T+1¢T"“71[x] = [Jstra1,str+26s,str+1(Yra1)]
_ +1
- dgx.cpl.[‘r]'

This completes the proof. O

5.2 Method IIT and relation to the Décalage spectral sequence.

We will now discuss Lurie’s method of constructing a spectral sequence and the link with the décalage
functor. Antieau proves the following result [1, Thm. 4.13|. He proves it for general stable co-categories
with sequential limits and colimits. We will only discuss it for Sp.

Theorem 5.2. Let X € Tow(Sp); write E~Z;7S(X) for the spectral sequence obtained via Lurie’s method
in Section 5.1. Then for all r > 1 we have

ELEHX) 2 B (Dée(X)),
compatible with d” and d"+1 respectively.

We will briefly give an overview of Antieau’s proof.
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Proof sketch. First, we will show that Egj;l (X) = Eﬁnﬂ(Déc(X)) are isomorphic. For this, we intro-

duce the following notation. Let i < j and let Grl*/)(X) be the cofiber of X (j) — X (i), which can be
filtered by the tower

= 0= X - 1)/X(G) == X(0)/X(G) = X(4)/X () ~ ...

Similarly, we write Grl#*)(X) for the cofiber of X (c0) — X (i), which we can also filter by

= X(i+2)/X(00) = X(i4+1)/X (00) = X(4)/X(00) ~ X(i)/X(c0) >~ ...,
and we write Gr(=>7(X) = cofib(X (j) — X (—00)), which we can filter by

=2 00X -0/ X)) 2 XG-2)/X(Y) — ...
Note for 7 < j < k that we have a fiber sequence
Gl R (X) = GelPR (X)) — Gl (x).
Then we also have a fiber sequence of towers
Déc(Grl®) (X)) — Déc(GrlP) (X)) — Deéc(Grlv?) (X)).

This is a non-trivial fact, which Antieau shows in [1, Lemma 4.20, 4.21].
For notational convenience we consider only the isomorphisms EgBl(X ) = Ejo(Déc(X)) and cor-
responding differentials. There is a commutative diagram

7m0 GrOT D (X)) L mo Grl®) (Dec(Grlm D (X)) —2» 1o Grl07) (Dec(Grl®™ V(X)) 2 — mo Grl%) (Dee(Gr) (X)) —— 1o G (Déc(X))

! | | ! |

mo Grl=D (X)) <2< mo G719 (Dec(Grl=mD (X)) 2> mo Grl=m+1) (Déc(Grl "V (X)) < mo Grl=+1) (Déc(Grl=m>) (X)) 2 mo Grl= 1) (Dec (X))

Here, when we take the décalée of the associated graded, we mean that we take the décalée of the
corresponding tower as discussed above. Furthermore, the vertical maps on the far left and the far
right respectively determine EgBl(X) and ES,O (Déc(X)). So if we can show that the maps in the above
diagram have the properties stated, then we indeed have an isomorphism ESBl(X) = E'670(Déc(X)).

Antieau discusses all maps separately; we will discuss the first three to give an idea of the proof
techniques he uses and to demonstrate where the maps actually come from. For (1), note that we have
a (co)fiber sequence

55 (GO (X)) — GrlO (X)) — 784 (GO (X)),

Here we again view Gr[O’TJrl)(X ) as a filtration. Then we can take the colimit, which yields a cofiber

sequence
Grl0°) (Dec(Grl0™ ) (X)) — GrlO V(X)) — Grloo~ U (Dec(Grl% D (X)).

Indeed,
p [0,r+1)
Gr[O,oo) (DéC(Gr[O,r+1) (X)) — Dec(Gr (X)(O)
Déc(Grlo D (X)(00)
ngi Gr[O,r—H) (X) (—OO)
- 0
~ 755 Grl0 ) (X)) (—o0)
and

B Déc(Grl%+D (X)) (—o0)
Déc(Grlo™ D (X)) (0
Gr[O,r+1)(X)
5 Gl (X)) (—o0)
(

~ TSBiil Gr[O’TH)(X) —00).

Gr= = (Dec(Grlo 1 (X))
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Then (1) is the map induced by Grl®®)(Dec(Gri®™(X))) — Grl®*+V(X). Furthermore, by the
above discussion on filtering the associated graded, we can filter Grl=°~1(Déc(Grl®™1 (X)) as

Grlrr D (X) Grl0m+D(x) Grlom D (X)
= 0= — = ~ ™oy
Déc(Grl" (X)) (0) Déc(Grl0m 1) (X)) (0) — Dec(Grl®m1(X))(0)

with associated graded pieces

Gr[s,r—H) (X) Gr[s+1,r+1) (X) N Gr® (X)
Déc(Grl*" 1 (X))(0)" Déc(Grlt1r+D (X)) (0)  Déc(Gr®(X))(0)

Since Déc(Gr?(X)(0)) = 7>_5(Gr*(X)) by [1, Lemma 4.24], it follows that
Gr(=>~U Déc(Gr¥ (X)) ~ 7«51 Gr*(X).

The objects in the filtration have 0 < s < r, hence it follows that Grl=>~1(Déec(Grl0m1 (X)) is
an iterated extension of objects in Sp<_;. Since Sp«_; is closed under extensions, we have that
Grlmoo = (Dec(Grl% (X)) € Sp._; . Therefore g 1 (Grl=>~(Dec(Grl0™+D(X))) 22 0, so indeed by
exactness the map (1) is an isomorphism.

Secondly, the map (2) is induced by the canonical map
Grl0°) (Dec(Grl0™ ) (X)) — Grl0) (Déc(GrO D (X)),
Similarly as in (1); we can filter both the source and the target of this map. The first one as
0 — Grl%®) (Dec(GrlP ™1 (X)) — - -+ — Grl®®) (Dée(Grl% V(X)) ~ Grl®%) (Déc(Grlo (X)) ~ . .
and the second one as
0 — Grl%") (Deéc(Grlm™ Y (X)) — - -+ = G0 (Dec(Grl D (X)) ~ GrlO) (Déc(Grl D (X)) ~ ...

Using Lemma 4.24 again, we have for 0 < s < r that the associated graded of these filtrations is given
by

Grl%)(Déc(Gr* (X)) = 75 s Gr*(X) and Grl07) (Déc(Gr*(X))) & 7« oy pms_s Gr*(X).

Hence the fiber of (2) has a filtration with associated graded objects 7>_gy, Gr®(X). Therefore, the
fiber is in Sps(, by analysing the long exact sequences induced by taking the associated graded. In
particular, m_q of the fiber of

Grl0°)(Deéc(Gri0™1) (X)) — Grl0) (Dec(Grl0+D (X))
is 0, so (2) is indeed an epimorphism.

Next, map (3) is the first map where the isomorphism from Theorem 4.18 comes into play. In particular,
we can filter the fiber Grl®™) (Déc(Grl"*1°°) (X)) of the map that induces (3) by

Déc(Grlr 1) (X)) (r — 1) o Déc(Grl 129 (X))(0) _ Déc(Grl 120 (X))(0)

O T T e G T (X)) (1) Dec(Grl" ) (X))(r) ~ Dec(Grl™ 1) (X)) (r)

)

with associated graded pieces Gr® Déc(Grl"™1:°0) (X)) = Tfjinfi(Gr[’"H’oo) (X)), which is precisely
wBet Grlrt129) (X)) [s]. By Theorem 4.18 we can view 752¢ Grl"t1:°)(X) as the chain complex

0= T s G (X) s 0y s G TR(X) L

with 7_,_14s Gr""(X) in homological degree (—r — 1). Note, then H (75 Grlr+1:20) (X)) = 0 for
b < r+ 1. It follows that the homotopy groups 7_j of 75¢ Grlr+1o0) (X) are zero for b > r 4+ 1, hence
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m_yrBe Grlr 120 (X)[s] = 0 for b < r + 1 — s. It follows in particular that the associated graded
objects of the fiber have zero homotopy groups m_; for b < 2. Via several long exact sequences, it
then follows that the fiber itself must also have zero homotopy groups 7m_; for b < 2, so (3) is an
isomorphism. Similar arguments yield the remaining maps and their corresponding properties. The

commutativity of this diagram yields isomorphic epi-mono factorizations of all vertical maps; hence
EgsH(X) = Ef o(Déc(X)).

Next, he shows that the isomorphisms E‘gfgl(X) = E{)”O(Déc(X)) induced by the 2x5-diagram above

are compatible with the maps d” and d"*!. This involves more complicated diagrams than before.
Firstly, there is a commutative diagram

Grlr 1242 (X)) «—— Gil"*) Dec(Grlm12r+2)(X)) —— Grl"?) Déc(Grl 1242 (X)) +—— Grl"?) Déc(Grl 129 (X)) ——— Gl (X)

| | | | |

Crlr+12r42) (X)) Grl0%) Dec(Grlm+1:2r+2) (X)) P Crl2) Dec(Grl0=) (X)) —— Grin?)(X)

l | | | |

Grl02r+2) (X))« Grl%) Dec(Gri®?+2) (X)) ——— Grl%?) Déc(Grl0?+2) (X)) «—n Grl%?) Déc(Gri0°) (X)) —— Grl027)(Déc(X))

| | | | |

Grl0 D (X) — Grl%) Dec(Grlom 1 (X)) ——— Grl%) Déc(Gri®™ (X)) «—— Grl%) Déc(Grl0®) (X)) ——— Grl%7) (Déc(X))

where the bottom 3x5-diagram consists of cofiber sequences in the columns and where P is the cofiber
of
Grl%2) Déc(Grl®2r ) (X)) — GrlO") Déc(Grl® ) (X))

Note that
Gr2) Deéc(Grlr 122 (X)) — Grl%?) Dec(Grl®? 2 (X)) — Grl%) Dec(Grl0m1 (X))

is zero, so the top vertical map into P indeed exists. This in turn induces a diagram

BTt (X) ¢— mo Gl (X) +F— 7y Grl®) Dée(Grl0m (X)) —— 7o Grl%) Dec(GrlP7+D (X)) +=— mp Grl%") Déc(Grl%*) (X)) — mo Grl®(Déc(X)) —» B (Déc(X))

! | |

ar+t 7_q Grlr L2 (X)) ) Grl0o®) Dec(Grlrt12742) (X)) P B 7_1 Grl"2) Déc(Grl9) (X)) — 7_y Grlr?

r)
H al I |
s )

LX) € 7oy Gl L2 (X)) 5 Gilrod) Dec(Grl 242 (X)) 5 oy Grln2) Dec(Grl 1242 (X)) & g Grl"2) Dec(Grl 1) (X)) » m_y Grl"?) (Déc(X)) » E71L (Dec(X))

(Déc(X)) -

S

where it is shown that the maps A and B have the desired properties by similar arguments as for the
maps (1)-(8); for details see the full proof. The bottom row and the top row come from the diagram
that defines the isomorphisms E‘gjgl(X) = E{)”O(Déc(X)) and Eilrﬂ(X) = EZLT(DéC(X)). Next, by
chasing this diagram, it follows that the two maps from mo Grl®°) Déc(Grl%™+1) (X)) to ECLT(DéC(X))
are the same. Here the first map is the top row composed with d" and the second one comes from
following the inverse of A and the bottom row. This then implies that indeed the isomorphisms are
compatible with the differentials. O

This has the following immediate consequence [1, Cor. 4.14].

Corollary 5.3. Let X € Tow(Sp). Forr > 1, we have
E;,S(X) = E}L,(r—l)n+s(DéCril(X))
compatible with the d' and d” differentials respectively.

Note that the E,l%(r,l)nJrs(DéCT*l(X)) is precisely the definition of the E"-page of the décalage spectral
sequence. Hence combined with Theorem 5.1 this yields the following important result.

Corollary 5.4. Let X € Tow(Sp); write E, ((X) for the spectral sequence obtained via exact couples.
Then for r > 1, we have
(Dér1(X))

E:’;,s (X) = Erlz,(r—l)n-l—s

as sub-quotients of the abelian group m, Gr®(X), compatible with the d* and d" differentials respectively.

Page 40 of 54



Julie Creemers — January 22, 2025

In particular, this means that the E} (X) = m, Gr(r=bn+s Dec™1(X) is isomorphic to the sub-
quotient of E} ((X) = m, Gr*(X):

zn _ {a € m, Gr*(X): k(a) lifts to mp,_1 X (s+7)}
Biit {a€mGr*(X): alifts to ker(m X (s) = mp X (s —r+1))}

Since the spectral sequence via décalage and the one obtained by Lurie’s method are the same, it follows
that Luries convergence statement also holds for the décalage spectral sequence, as was conjectured by
De Potter in his master thesis |7, Conjecture 4.23]. It is formulated as follows.

Theorem 5.5. Let X € Tow(Sp) such that X(k) ~ 0 for some k >> 0. Then the spectral sequence
obtained via Lurie’s method converges strongly. In particular, we have

E}, (X) = m,colimg X,
with filtration on the target given by F*m, colimy X := im(m, X (s) — m, colimyz X).

A more general convergence statement is discussed by Antieau in [1, Chapter 6].
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6 Massey Products and Toda Brackets

In this section, we will discuss Massey products and define them on the resulting spectral sequence
from Section 4.3. We will also discuss multiplicative Toda Brackets on homotopy groups of spectra.
Moss showed that under certain conditions elements in the Massey product on the Adams spectral
sequence converge to elements in the Toda Bracket on homotopy groups [20]. As was also mentioned
in the introduction, a generalization of this was given by Belmont and Kong, see [4]. In the following
section we will formulate and provide a proof strategy for a similar statement for the spectral sequence
obtained via décalage. Before doing so we will define Massey products and discuss the ’crossing
differential hypothesis’, one of the conditions Moss, Belmont and Kong used in their proofs.

6.1 Massey Products and the Crossing differential hypothesis

We will define Massey products on the spectral sequence analogous to the definition in [19, p. 302,303]
and [4, Def. 3.6]. Consider the following setting. Let X be an associative algebra object in Tow(Sp).
This yields a pairing pu: X ® X — X, which is unital and associative up to coherent homotopy.
By Theorem 4.28, this yields a corresponding pairing of spectral sequences u: E} . (X) ® E} (X) —
B (X)), with B} (X) = m, Gr(r=Dn+s(Dec™1(X)). This is again associative. For convenience, we
will often write simply write zy for pu(z ® y).

Definition 6.1 (Massey Product). Suppose r > 1. Let [a] € E; LX), [d/] € E;,Jrsl,(X) and [a"] €
E;f,r;,,(X). Here we view [a] as a class of H(E], (X),d,) = E; {1 (X). Let [a] [a'] = 0 and [d'][a”] = 0.
Then the Massey product is defined as the set

([a],[a],[a"]) == {[a@- b +b-a"] with d.(b) = aa’ and d,(V') = a@'a"},

which is a subset of E;#Z Vi i1,srs s (X). Here we define z = (=1)lH+ 1y where || is the total

degree of = in E"t1(X), see Remark 1.2.

Note that as a consequence of the Leibniz rule

d-(@a-b+b-ad")=d.(a- b/)+d (b-a")
@) ¥+ (~)lla - (¥ + de(B) - o+ (~1) b - (o)

( 1)\a|( >|a|+1a . (_1)|a’|+1a/a// + (_1)\b\+1( )|a\+1aa " +0
1)11( )n+1(_1)n’+1a a/a// +( 1)n+n/+2(_1)n+1aa/ . CL”
)

1 na a/a//+< 1)n+1aa _a//

d
d
0+
(=
(=
0

So elements in the Massey product indeed define homology classes in E™1(X) as claimed.

As was mentioned before, Belmont and Kong base their proof on a similar idea by Moss. Moss in
particular uses the 'crossing differential hypothesis’, as the condition is called by Belmont and Kong,
to give a restriction on when we can find an element in the Massey product that converges to an
element in the Toda bracket. Here, this is defined the same as by Belmont and Kong [4, Def. 2.4].

Definition 6.2. Let EY , be a spectral sequence. Then EY , satisfies the crossing differential hypothesis
m—+1

in degree (r,n, s) if every element in E; /""" for 0 <m < s —r+1is a permanent cycle.

Remark 6.3. As is also explained by Belmont and Kong, for an element y € E, . with d"(x) = y, this
means that the crossing differential hypothesis is satisfied in degree (r,n, s) if there are no differentials
going from degree n + 1 to n where the filtration degree of the source is less than s — r and filtration
degree of the target degree larger than s. That is, similar situations like the one below cannot happen.
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We will now formulate a similar theorem as Belmont and Kong, but then for the décalage spectral
sequence, see also [4, Prop. 2.6]. For this, we first need to assume that the spectral sequence E"(X) is
weakly convergent, see Definition 1.7. In particular, we assume that

Ep o(X) = ma(X(~00)),
where X (—o0) = colim;ez X (i) and m,(Y) is endowed with the following filtration:

F*p(X(=00)) = im(m, X (k) — m. X (—00)).

Theorem 6.4. Let X € Tow Sp; and Ej, (X) := 7, Grr=Dn+s(Dec" =1 (X)) the corresponding décalage
spectral sequence converging weakly to 71'”( (—0)). Let a € m, Gr*(X) = E,. ((X) be a d"-boundary
and suppose o € (X (8)) is a lift of a such that o € ker(m, X (s) — m, X(—00)). If the crossing
differential hypothesis holds in degree (r,n,s), then a lies in ker(m, X (s) = mp, X (s —1)).

The proof needs the following lemma.

Lemma 6.5. Let £y, ((X) be weakly convergent. Write

Ry = m im(mp X (s +7) = m X ().
r>0

Then the map Rs11 — Rs is injective.

Proof. Recall that the filtration was given by F*(m,X(—00)) := imm,(X(s) — m,X(—00)); which
is precisely the filtration discussed by Boardman in [5, Lemma 5.6]. By Corollary 5.4, the décalage
spectral sequence is in fact the same as the one obtained via derived exact couples. Hence we have an
exact sequence

Fém, X (—00)
Fstlm, X (—o0)

0— — Eps = Rsi1 — Ry,

Since the spectral sequence is weakly convergent, it follows that % — E;% Is an isomor-

phism, hence Rsy1 — Rs is injective. O

Remark 6.6. The exact sequence implies that the converse holds as well; i.e. Ej (X) is weakly
convergent if for all s € Z the maps Rsy1 — Rs are injective.

We will now give the proof as done by Belmont and Kong [4, Prop. 2.6], with some additional expla-
nation; this proof is directly applicable to our setting.

Proof of Theorem 6.4. Firstly, we note that by Corollary 5.4, the d"-boundaries of the spectral sequence
E} (X) viewed as a quotient of the E'-page are precisely the elements in

B;, s = {a € m, Gr*(X): a lifts to ker(m, X (s) = m, X (s — 1))}

Hence the statement of the theorem makes sense. Indeed, we can always find some lift of a which lies
in the kernel of 7, X (s) — 7, X (—00), since this factors through 7, X (s — r) and we know that there
is some lift

B € ker(mp, X (s) = mp X (s — 7).
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So if @ = 3, we are done. If not, then o — 3 # 0, say v € m, X (s). Since
a € ker(m, X (s) = mpY),
we can find a minimal k such that
a € ker(m, X (s) = mp, X (s — k)).

We will proceed by contradiction. Suppose k > r. Then v = o —  maps to a — 0 in 7, X (s — ), hence
to 0 in m, X (s — k). So
v € ker(m, X (s) = (X (s — k))),

but
v ¢ ker(mp, X (s) = mo (X (s — k +1)).

Write i5_p41,5(7y) for the image of v in 7, X (s — k + 1). By Lemma 6.5, the map
iRt Rs— k41 — Rs—k
is injective. Hence we can conclude that is_j115(7) ¢ Rs—k+1. Indeed, if i5_g11,5(7) € Rs—k+1, then
iR(is—k+1,5(7)) = ts—k+1,5(7) = 0.

This is a contradiction as i5_g4+1,5(7) # 0 and ip is injective. S0 i5_g415(7) & Rs—p+1-
But then there must be some m such that is_g41 () lifts to some 4" € 7, X (s + m) but not to
any element in 7, X (s +m + 1). In particular m > 1. Indeed,

v=a—p € ker(m, X (s) = m, Gr*(X))

and therefore lifts to m, X (s + 1). This then means that is_sy1 47) lifts to 7, X (s + 1) and so m > 1.
We also note that since 75_p41,s = 0, we have that

Gs—k+1,5(7) € Im(k: Ty Grh X — X (s —k+ 1)),
say
is—kt1,s(7) = K(c).

Next we consider diy.,(c). By identification of the décalage spectral sequence with the spectral
sequence obtained via exact couples, dyim(c) = [j(7')] in E}, ,,,, as sub-quotient of the E'-page. We
know that j(v7') # 0, as

v ¢ im(m, X (s +m+1) = m, X (s +m)).

In fact, we have that [j(7')] # 0. That is, j(7') is not a d;-boundary for all ¢ < k+ m. Indeed, suppose
it is a d;-boundary for some i < k 4+ m. Then j(v') € m, Gr®T"(X) has a lift

7 € ker(mp, X (s +m) —» mp, X (s +m — 1)),
which then also lies in ker(m, X (s + m) — 7, X (s — k + 1)). In particular, j(v) = j(7'), so
Y —~" € im(m, X (s +m+1) = 7, X (s +m)).
Let § € m, X (s +m + 1) be a lift of v —~”. Then, since
v € ker(m, X (s +m) = X (s — k 4 1)),

it follows that ¢ is a lift of #*~1(v). But this is a contradiction with the definition of m. So [j(7')]

: k+m
cannot be zero in En7k+m.

Therefore, we have a differential
. k+m k+m
dk+m . En—l—l,s—k - En,s+m

which is non-zero. However, since k > r, we have that s — k < s—r and s+ m > s, as m > 1. This
yields a contradiction with the crossing differential hypothesis in degree (r,n,s), so we must have that
k < r, which is a contradiction. Hence indeed

a € ker(mp, X (s) = m X (s — k) > mp, X (s —1)).
This concludes the proof. O
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This theorem has the following consequence, which is an analogue of Lemma 2.12 in [4].

Corollary 6.7. Let a € 7, Gr®(X) be a d"-boundary; and let o € 7, X (s) be a lift of a such that
a € ker(ig—rs : mpX(s) = mX(s —r)). Then we have a null-homotopy h: is_rs0a ~ 0, ie a
commutative diagram

isfr+1,s

s —*— X(s) X(s—r+1) —— 0

D

0 — X(s—1r) — X(s—r) —— Gr* "(X).

Let B: £Y1S — Gr®7"(X) be the induced map. Write [3]" for the class in the sub-quotient E" =
Zr=Y/B™ of the E'-page. Then we have

y s
in By .

Proof. First note that for a € 7, Gr®(X) a d"-boundary, the lift « € ker(m, X (s) = 7, X (s—r)) indeed
exists by Theorem 6.4. Recall that d" is induced by

Js X(s

W?L—IX(S) Tn—1 X(s(+)1)
n
/
l’Lft'\ J’isr#»l,s
\
X(S—'/‘) Rs—r,s—r+1

an —_— Wn_lX(S —-7r+ 1)

Since « is a lift of a it remains to show that ks s—y4108 =~ is_r41,s0 . Note that we can equivalently
write 8 as the third map in the diagram

i57r+1,s

oS —% s X (s)

J/is—r,s

0 —— X(s—r) —— X(s—r)

X(s—r+1)

Zn—l—lS

Gr* " (X))

YX(s—r+1)

Z(isfrﬁ»l,sa)

En—HS

Hence indeed Ks—ps—ry1 © f =~ E(is—r41,s © @). This means that we can lift the homotopy class
k[B] € mpX(s —r+ 1) to mX(s —r+1+4+k)for 1 <k <r—1,s0[]is in fact a d¥-cycle for
1 <k<r-—1. Also,

d"[B]" = jlo]" = [a]",

where we write [8]" for the class in the sub-quotient E” 2 Z"~1/B"~1 of the El-page. O

6.2 Set-up

For the remainder of this section we assume that the spectral sequence induced by X is weakly con-
vergent. Furthermore, we note that the pairing p: X ® X — X induces commutative diagrams
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X(i+k)@X([J) — X))@ X(j) «— X(i)@X(j+1)

| | |

X(i4+j+k) — X(@i+j) «— X(i+j+1)
and

Wi ——— X(i) ® X(j) —— Gr'(X) @ Gr’(X)

! l !

X(i+j+1) —— X(i+j) ——— Gr'H(X)

Here the horizontal rows are cofiber sequences in Sp and W; ; := X (1) ® X (j + 1) Ux(i4+1)ex(j+1) X (7 +
1) ® X (j). For reference, see [12, p. 198,199]. Furthermore, we assume we have commutative diagrams

X(i)® X(j) —=— X(i+j)

| |

X(—00) ® X(00) —;— X(—00)

which is certainly true in the case we have a tower -+ — X (k) = -+ — X (i) ~ X(i) ~ ....

The following conjecture is an analogue of Assumption 3.14 (5) in [4]. In particular, we claim that
we do not have to assume anything in our setting; instead the result can likely be proved with the
theory we already have. Indeed both a - a and p(a ® o) arise from taking the associated graded of a
pairing induced by p: X ® X — X. We will assume this conjecture in the remainder of this chapter.

Conjecture 6.8. Let a € E} (X) = m, Gr—bnts(Dec™~1(X)) and o’ € ET, ,(X). Let a: ¥"S —
Gr*(X), o : S - Gr¥ (X) be representatives on the El-page of a,a’ respectively. Then

pla-a): TS @ TS - Grf(X) @ Gr¥ (X) — Gr*t¥ (X)
is a representative of a - @’ on the E'l-page.
Lastly, we have the following assumption on the E°°-page of our weakly convergent spectral sequence.

Assumption 6.9. Assume the isomorphisms

o . F°mX(—o00)  im(m,X(s) = m, X(—00))
Ens(X) = Fstlm X(—o00) © im(m, X (s + 1) = 1, X (—00))

Fémp,X(—00)

Fs+lm, X (—o00) to

are essentially given by lifting a representative a: ¥"S — m, X (—o0) of a class in
m, X (s) and then mapping into m, Gr®(X) and taking its class in EpS,.

This is usually the case with spectral sequences obtained via exact couples. For the remainder of this
chapter we will work in the following setting. Let

a: X"S = X(—00), o/: V'S = X (—00), o: V' X (—00)

be maps representing elements in m, X (—o0), m,y X (—00) and m,» X (—o0) respectively, such that aa/ ~
0 and o/a” ~ 0. Suppose also that they are detected by permanent cycles a € E}, ((X),d’ € E], ,(X)
and a” € E7, ,(X). That is, these permanent cycles have representatives

Qpe: IS = Gr¥(X), o, ZV'S — Gr¥'(X), Z,: ="'S — Gr*’ (X))
on the El—page, together with lifts

o, XS — X(s), al: 2V'S = X(s'), o 2V'S — X (5”)
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such that t5(a) = a, with 15: X(s) = X(—00) and js(ax) = au, with js: X(s) — Gr®(X) and
similarly for o/, a”. Then by Conjecture 6.8 and Assumption 6.9 we also have that

Lstst fi(eue, ) = pu(er, @) and Jopgr (s, @) = p( @, 0y),

where (., o, ) is a representative of a - a’. Note that this set-up is similar to the one by Belmont
and Kong [4, 3.5.2].

Lemma 6.10. Suppose that E*(X) satisfies the crossing differential hypothesis in degree (r,n+n’, s+s')
and (r,n' +n" s 4+ §"). Then the following compositions are null-homotopic

axal,

nrtn's 2% X (s + ) M)X(S—l-sl—?“)

and

alal!

Zn'—i—n”S * X(S/ + S//) i5/+5”77',s/+5// X(S, + S/l _ T)

Proof. As a consequence of the assumptions and Conjecture 6.8 note that asa, and oo are repre-
sentatives of the permanent cycles aa’ and a’a”; with lifts aa’ ~ 0 and o/a” ~ 0. Then by Moss’
theorem, see Theorem 6.4, it follows directly that both compositions are null-homotopic. O

6.3 Toda brackets

We will now define multiplicative Toda brackets on m, X (—o0) of a tower X € Tow(Sp) analogously to
[4, §. 3|. After that, we will state our main conjecture and give an idea of a possible proof. For this,
we use the assumptions on the multiplication as stated in the previous section.

Definition 6.11 (Toda bracket). Let X € Tow(Sp) and let a,a/,a” be representatives of elements
in m, X (—00), Ty X (—00), my X (—00) respectively, with the assumptions as in Section 6.2. Suppose
0 ~ p(a,a’) and 0 ~ p(a/,a”), via null-homotopies h and k respectively. Then this also induces
null-homotopies h : 0 ~ aa’ ® id and k : 0 ~ id ®a’a”. Recall that p: X — X — X is associative up
to coherent homotopy, hence we get a commutative diagram

0@ Y"'S —— X(—00) @ 2"'S
H p(id,e””)

T/"

n n' n!! - n!! _ _

m

S @ BV'S @ 07 MOV sns @ X (—o0) 2Ey X (—o0) @ X (—o0) X (—00)
|

SPS®0 —— Y"S® X (—00)

Since — ® — preserves zero objects in both variables, this induces a map g: S+ +7"S 5 X (—o0).
Then we define the Toda bracket of a, ¢/ and o” as

(a,d,a"y == {[g] € Tnin'snr41X(—00) | g arises via the above construction}.

Remark 6.12. The reason why we get a set of maps is because the diagram depends on the choice
of null-homotopies h, k. In line with this, recall that for zero objects, we have that mapg,(z,0) and
mapsp(O, y) are contractible Kan complexes for any x,y € Sp. Therefore, also zero maps 0y y: v — y
are defined up to contractible choice. So the class of ¢ : LTt +n's X (—o0) does not really
depend on the choice of zero maps.

Furthermore, we note that Fun(A2, Sp) — Fun(AJ, Sp) is a trivial Kan fibration. Hence if we have

maps X i> y 4 Z, they form a fixed diagram A} — Sp; and the possible compositions which are
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given by the fiber of X Sy s g along Fun(A?2, Sp) — Fun(Al, Sp) form a contractible Kan complex,
see also [14, Cor. 1.3.44]. Therefore it also does not matter much which compositions we pick in the
above diagram and the associativity of p: X ® X — X specifies the commuting square in the middle
of the diagram, so the homotopies h and k are also really the only objects which yield different maps.

We will now formulate our main statement and give a proof sketch.

Pretheorem 6.13. Let X € Tow(Sp) an associative algebra object. Write p: X ® X — X for the
resulting pairing. Consider the associated multiplicative décalage spectral sequence

E;’S(X) = T X (—00)

and assume it is weakly convergent. Assume the spectral sequence satisfies the properties in the set-up
of Section 6.2. Let
a € E”VFL,S<X>7 a/, € E?Z’,S’<X>7 a/” S E:L”,S”<X)

be permanent cycles converging as in Section 6.2 to «, o', o’ € 7,(X(—00)) such that aa’ and a’a”
are d"-boundaries and aa’ and o’a” are null-homotopic. Assume the crossing differential hypothesis
holds in degrees (r,n+n',s+s') and (r,n’ +n",s" + s”). Then there exists an element in the Massey
product ([a], [a'], [a"]) C E;ﬂ,s+s/+s/ur(X) converging to an element in the Toda bracket («, o/, o).

Proof sketch of Pretheorem 6.13. The idea of the proof is to construct a map
ypttndn s X (s 8 5" =)
via a similar diagram as in the definition of the Toda bracket and show that its composition with
Lsisits—r: X(s+8 +8"—r) = X(—00)
is an element of the Toda bracket and that it lifts to an element in the Massey-product under
Jonsiasr—r: 1 X(s+8 +5"—r)— Gr5+5/+5//7’"(X).

Indeed, by the set-up of Section 6.2 and in particular the way the spectral sequence converges, the class
of jsis4s—p07yin the E" 1 —page converges to the class of s g4 g7—p0Y in Tpppynri1 (X (—00)). Soif
[Js1s/+s7—r0Y]r41 is an element of the Massey-product ([a], [@], [a”]) and 151 g1 v 07 is a representative
of an element in («, o, "), the statement holds. We will construct + as follows. Consider lifts

ax € mpX(8),al, € mp X ('), allmpn X (s")

of a, &, " as in Section 6.2. Then by Lemma 6.10 we have null-homotopies hy : 0 >~ ig4 gy o4 500,
and hy 1 0 > gy gy gy ralal and therefore a commutative diagram:

00X"'S ———— X(s+5 —r)@X"'S

T e e

YISRYVS@YY'S —— X(s4+5 —r)¥Y"'S —— X(s+5 —r) X (") — X(s+5 +5" —7r)
’ i, ®id id @a! H H

, ,, id®iaiay a.®id "
YS@YXTS@YTS —— Y'S@ X(s'+8 —1r) — X(8) @ X(s'+5"—1r) — X(s+5 +5" —7r)

| T ] P

S0 ——— X"S® X (s + 5" —7)
Figure 1

Note that we supressed the indices to make the diagram less complicated. This diagram yields a map
o St n"s X (s + 5’ + 5" — 7). Then we first want to prove the following.
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Conjecture 6.14. Let 15 g1 g2 X(s+8 +5"—r) = X(—00) be the colimit map. Then tgy ¢y gr 07y
represents an element in the Toda bracket (o, o/, o).

The idea for proving this is as follows. Firstly,
bopstsr—r 07 D(E"S®@ TS @ EY'S) = X (—00)
corresponds to a commutative diagram A! x Al — Sp

S YVSoyV'sS —— 5 0

| !

0 ——— X(—00).

We want to show that we can be more specific. In particular, we want to show that ¢ o~y comes from a
diagram as in Definition 6.11. Note that by the assumptions in the set-up of Section 6.2, we have that

. / / /
lsts'—rlsts' —rs+s' QxQly = Lgp o Oy, = QO .

This yields a horn A: — Sp

s+s

X(s+s) ®E”

1
%@d s+s

oS @ TS @ ¥ aa/Gid (—00) ® 'S

Similarly, we can fill a second horn which results in a filled diamond

X(—00) @ 2"'S

X(s+5)@8"'S == X(54)QX"'S ~--rmme-- e, » X(—o0) @ 2'S

0 /
W\ 0

s @ RVSE'S

Here the left 2-simplex or null-homotopy surrounded by thick arrows is b1 and we write H; for the null-
homotopy 0 ~ ao’ ®id surrounded by thick arrows on the right. Similarly, ho induces a null-homotopy

:id ®a’a” ~ 0. Furthermore, since p : X ® X — X is associative up to coherent homotopy in a
Way that is compatible with the filtrations, we get a cube A! x Al x A! — Sp obtained from:
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0@ 2"'S X(—o0) ® 2"'S
/ L.:V
00 2"'S X(s+5 —r)@3u"'s
n n' !’ (I(I/}Cll n' id ®a” 12
YPS@YTS®X™S 00) ®E"'S X(—00) ® X(—o0) X(—o0)
. y doa Logs/4slr
YIS @ YVS @ =S s | A X(s+s —r)@3u"'s %X(s+s/fr)®X(s”) = X(s+s+s" =)
n n' !’ id @ia’ o’ n a®id ‘
Y'S@YTS® XS Y"S @ X(—o0) X(—00) ® X(—00) X (—o0)
/d gt Al ‘ L s+s !+ I
ZRS®Zn,S®Zn”S id @ipe, o EnS®X(8/+S,—7’) H X 9+8 +9//_7
X"S®0 X(s+5)®S
¥"S®0 TS ® X (s + 8 — 1)

where the back diagram is

0@¥"'S ———— X(—00)@X"'S

T /}1 H u(id,o”)

S @ LS @ B'S —oh X(—o0) @ E"'S qam X(00) ® X(00) —— X(c0)

’ [e7e 1 H

S @ En S® En S id®ao’'a’ a®id iz

TS @ X(—00) <B4 X(00) ® X(00) X (s0)
| |

Y"I®0 ———— ¥"S® X(00).

This yields a map ~/ : S+ +7"S 4 X (—00) . By definition, this defines an element in the Toda-
bracket. Also, because H; and Hs are constructed by composition with ¢ from hy and he, intuitively
this means that in fact

v =0

It still needs to be made precise when two diagrams and homotopies induce the same maps on suspen-
sion.

Next, we assume n,n’,n” = 0 and we will give an idea for showing that v maps to an element in
the Massey product ([a], [@], [a"]), where a,d’,a” are permanent cycles detecting a, o/, as in Sec-
tion 6.2. For this, we will first construct an element which is in the Massey-product and we will then
show that jsygys7—r 0y can be written as a representative of this element, up to homotopy. Here
Jsts/4s—p 18 the map Joips4s7—p X(S +s +5" - 7”) — GI"SJFS,JFSH (X)

Conjecture 6.15. Consider v : XS — X (s + s + s” — r) induced by Figure 1. Then jsi g1 g7 07y is
homotopic to a representative of an element in the Massey-product ([a], [], [a"]).

We will now discuss a proof strategy for this second conjecture. To fill in the details, as well as working
it our for higher degrees, is a possible subject for further research.

Proof sketch. First, we will construct an element in the Massey product ([a], [@], [a"]). Consider the
following diagram:
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S ~ S®S—>Xs+s ) —— X(s+8 —r+1) ——— 0

| S fores | |

00— X(s+s —7) X(s+¢ —r) —— Gt (X).

Write 7 : ©S — Gr*+*"~"(X) for the induced map. Then similarly, 5 : £S — Gr*+t¥'~7(X) is the
map induced by

///
* Uokk

S~S®S 2 X(s/+5") — X(s'+5 —r+1) —— 0

J \h2 JZS,+S,,7T ol 45! l l

0 — X( S + s -r) X(Sl+s’/ —r) ——— Grs’+s”fr(X).

Here h; and hy are homotopies induced by hj : 0 ~ iaal, and hs : 0 ~ ia,a/ by taking compositions
as in the discussion of Conjecture 6.14. We then claim that the class

[a-[87] = [87]"-a"l € By g, (X)

is an element of the Massey product (a,a’,a”). Here [3T]" refers to the class in E"(X) determined
by the d,.-cycle BT, see also Corollary 6.7. By that same corollary, we have that d"[3T]" = ad’ and
d'[~]" = d'd”. Tt follows that

d"(—[B8T]") = —ad' = ad’
and
dT(_[ﬂf]T) _ _a/a// — a/a//.
Then by Definition 6.1,
a- (57 + BT o
is an element of the Massey product ([a], [@], [a”]). The degree of —[37]" is (1,s + s' — ), hence

[a- 17 +=[87] - d"| = [~a- ~[67] = (-1)*[7]" - a”]

So indeed [a - [BT]" — [87]" - a”] is in the Massey product.
Now, by the assumptions in Section 6.2 and specifically Conjecture 6.8, we have that a representative
of [a - [B1]"] is given by the map

i(e, B7) : BS = S @ B(S) 220 Grs(X) @ G (X)) B Gt (X)),

By definition of 87, this means that p(aus, 87) is the map induced by

id ®al, o) A ®tgr gy ot s

SS®S — S@X (s +5) — SOX(d+8" —r+1) —— S®0

l \’m lﬂ@zsqs —rsl s l hN l \

S@OHS@XS—!—S” )ZS@X(8/+S//—T)4>S®GYS+S —r —>Gr8+5+5/’_T(X).
id ®jgry g, L(a**®1d)

Note that
(s ®1d) 0 (id @ gy g7—r) 0 (id @igrgr ) 0 (Id @A) = fopgrpor—pp(s, 7;8’+S”fr,8’+8”04;a:</)

by compatlblhty of p with the associated graded and the fact that . =~ jsa. Similarly, the map
w(B,0") 8BS~ ¥S @S — Gr* T+ (X)) is induced by
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axal ®id Tsys! —rt1,s4s!

SRS®S — X(s+ ) ®S*>X(s—+—s —r+1)®S —— 0®S

[N [

00S — X(s+s —r ®S—X(3+s -7 ®S ; Gr5+5( ) ®S — Gr5+5/+5"_r(X),
]s+s r_,®id u(id ®O¢;/*)

Note that we have
. 17 . . . . / . . ./ / "
p(id ®@ar,) o (Jstsi—r ®@1d) 0 (isys—rsts ®1d) o (o, ®@id) =~ ]s-l-s/-l-s/’—T‘M(Zs+s’fr,s+sa*a*v )
. . ’on
2 Jopsipst—r b (O Gs/ g 51y 5 QLO0)

where the first is obtained from similar reasoning as before and the second via associativity. We will
now try to relate this to the map js ¢4/ 0. Note that jovy: XS — Gr¥ts 5 ~"(X) is the map
obtained from the diagram

0®0S —— X(s+5¢ —-1r)®S

T /h)l' H W

S~S®S®S — X(s+5 —1) @S — X(s+5 —r)Q@X(s") — X(s+5 +5" —r) — Gr ¥ +"=7(X)
H iaxal,®id id ®al H H J ‘

Yl

id ®1 «®id j 1ol
S~S®S®S ia§®X(s + 5" — r)aﬂl X(s)@ X(s'+s" —r) e X(s+s+s" —r) s Grs+es (X)

| T~
p(ou,id)

S0 —— S X (s + " —r).

See also Figure 1. We again suppressed indices in the maps to make the diagram more readable. To
be more precise, j o« is the map induced by the diagram

SS®S ———  0®S

)
o, iy,
Ho &)

S®0 —— Grets+"—7(X)

where Hj is obtained from hj by taking compositions according to the above diagram, together with
the associativity relation, and Hj is induced by hy by taking compositions as well.

We now want to write jsi g g7 07 as p(aus, f7) — u(B7,a,). The idea is to do this similarly
as one would for topological spaces. That is, show that j o~ is homotopic to a map which is zero in
the 'middle’ of the suspension and therefore is homotopic to a map on XS @ XS. This is the approach
Belmont and Kong use as well [4]. We want to translate this idea to the oo-category of spectra. In
particular, we consider the following statement.

Lemma 6.16. Suppose we have a diagram

X ——

¥

0
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in Sp, where K1, Ko are squares A1 X Ay — Sp. Then the outer square yields a map k : ¥ X — Z,
which defines an operation on [XX, Z]. Furthermore, this operation coincides with the usual addition
X 57260 7Z — Z. That is, k ~ k1 + ko, where k1 and ko are the maps XX — Z corresponding to
squares Ky and Ko respectively.

A proof strategy would first involve showing that the operation is well-defined; and then possi-
bly an Eckmann-Hilton argument to show that the two operations coincide. Note that the maps
p(as, ), (B, ) and jgy 4 g7 0y are all obtained from diagrams with essentially the same map
on the diagonal. Furthermore, the homotopies ﬁl and H; and 712 and Hs are nearly the same and
both hs and hy4 come from taking cofibers. For a rigid proof, one would have to show that we can
indeed relate the homotopies in the way we think they can be related, so that we can use the following
statement to write [Jsis 57— 07| as

(e, B)] = [(B™, )],

Lemma 6.17. Let hy, ho, hy : A? — Sp be three null-homotopies of the same map f : X — Z. Write
[hi,he] : ¥X — Z for class of the maps in [XX, Z] induced by

X —
f m
ho

5]

Then [hl, hg] + [hQ, hﬂ + [hg, hl] =01n [ZX, Z].

For proving this, the idea is to use Lemma 6.16 to note that we can write [h1, ho] + [ha, ha] as the map
induced by diagram

Then the goal is to show, probably by considering the homotopies as morphisms in mapping spaces,
that the middle diagram is essentially the same as taking the identity homotopy from f to itself. That
is, this induces the same map as the diagram

X —0

|
hs3

0O — 7

and therefore, since swapping diagrams is the same as inverting, see[16, 1.2.2.10], we have indeed that
[hl, hg] + [hg, hg] + [hg, hl] =0. O
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