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Abstract

We look at n-dimensional rational projective spaces. On these spaces we define a height function
and we count the number N(B) of points with height smaller than or equal to a bound B. In
particular we are interested in the growth rate of N(B) for large B. We give two different methods
to solve this problem. We will generalize the second method to specifically chosen subsets of n-
dimensional rational projective spaces.



Contents

(1__Introductionl

2 Problem description|

(3 The first method|

4_The second method
[4.1 p-adic spaces| . . . . . ..
[4.2  p-adic integration| . . . . . . . ...
4.3 Poisson Summation Formulal . . . . . . . . . ..

[4.5 Solving the problem|. . . . . . . . .. ... ... . oL

[> Expanding to subsets|

6__Outlookl

7 Appendix]

[7.1.1 Fourier transform of a(¢)] . . . . ... ... ... ... L.
[7.1.2  Fourier transform of B(¢)| . . . . . . . ... ... L
[7.1.3  Fourier transform of B,(¢) . . . . . .. ... ... ... ... .. ...
7.1.4  Fourier transform of g, ()] . . . . . ... ...




1 INTRODUCTION 1

1 Introduction

The interest in rational points stems from Elliptical Curve Cryptography, ECC for short.
The safety of these ECC algorithms depends on the number of rational points of an elliptic
curve on a projective space[l]. This is why we are interested in finding algebraic varieties
and other subsets of RP" with many rational points[2][3].

In this thesis we look at rational projective spaces of dimension n, denoted QP™. We
define a height function H : QP" — Z-o, which assigns a positive integer to each point on
such a space and our aim is to count the number N(B) of points with height smaller than or
equal to an arbitrary value called the bound B. Specifically, we are interested in the growth
rate of N(B) for large bounds B. The number of points with height at most B will only
depend on the space we work with and on the value of B. In this thesis we want to find the
exponent E such that limp_,oo B"PN(B) = C # 0 for QP" and specific subsets of QP". We
will not calculate the constant C' explicitly as this constant also depends on the space QP™
or, if applicable, its subset.

The first goal of this thesis is to find the exponent E for QP™. The first main theorem
we aim to prove states that £ = n + 1 for QP".

Theorem 1. Let n € Z~o. The number N(B) of points in QP™ with height at most B
satisfies

lim B~-"YUN(B)=C #0

B—oo

for a mon-zero constant C.

The second goal of this thesis is to expand Theorem [I]to subsets of QP". These subsets Xg
are constructed using sets S C Z>( with the requirement that 0 € S. The exact definition of
X can be found in Section[5] The second main theorem of this thesis states that £ = n+1/v
for Xg C QP", where v = min{z € S\ {0}}.

Theorem 2. Let S C Zso with 0 € S, let v = min{x € S\ {0}}. The number N(B) of
points in Xg C QIP™ with height at most B satisfies

lim B~/ N(B) =C #0

B—oo

for a non-zero constant C'.

In the Section [2] we describe the main problem more rigorously. We explain what QP"
is, and we define the height function. In the Section [3| we give the first method of solving
the problem for QIPP™. This first method uses a different way of thinking about the problem
which allows us to solve it using functions from analytic number theory. This method works
for QIP™ and allows us to prove Theorem This method even works for some subsets of
QP™, but we do not show this in this thesis. For more general subset of QP™ this method
becomes too complicated and we need a different method. In the Section [4 we develop a
second method to prove Theorem [I] For this second method, we first need to introduce
p-adic number and fields, which we do in Section .1} Next, in Section we explain how
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integration works on p-adic fields and we choose a measure. In Section [4.3] we introduce and
prove a Tauberian theorem, which in the end will give the exponent we are looking for. In
Section [4.4] we introduce and prove the Poisson Summation Formula. Finally, in Section [4.5]
we use both of these theorems along with our knowledge of p-adic fields and integration to
prove Theorem [I} This second method can relatively easily be expanded to certain subsets of
QP™. In Section [5], we introduce the aforementioned subsets Xg of QP". We start, in Section
5.1 by proving Theorem [2] for subsets Xg C QP" with S = {0,v} for any v € Z~¢. In the
next subsection, Section we prove Theorem 2| for Xg C QP" with S = {0} UZs>, for any
v € Zo. In Section [5.3] we prove Theorem [2| for sets Xg C QIP" for arbitrary S C Zxq with
0 € S. Finally, we give a short outlook on further research that could be done in this field.

2 Problem description

As mentioned in the introduction we will be working with a rational projective space. The
rational projective space of dimension n, denoted QIP", is a subset of RIP™ where we only allow
points which have some representation consisting of n + 1 rational numbers. This can also
be thought of as lines through the origin passing through at least one point of Q"' ¢ R"*!.
The height function mentioned in the introduction, denoted H(x) for x € QP™, is defined as
follows:

Let us use some representation for x by n + 1 rational numbers (zg : 1 : ... : z,). There
exist integers p;, ¢; such that z; = p;/q; for every 0 < i < n. Then (Pxg: Pzy :...: Px,)
where P = H?:o ¢; is a representation of = consisting of integers. Then (yo : y1 : ... : yn)

with y; = Pz;/ ged(Pxg, Pxy, ... Px,) is a representation of x of coprime integers. Now we
define H(z) = max{|y;| : 0 < i < n}. Note that this procedure always leads to a rep-
resentation of x consisting of coprime integers. Furthermore, note that any x € QIP" has
only two representations consisting of coprime integers, these will differ by a factor of —1.
This means that the height function always gives the same value independent of the chosen
representation of x by coprime integers. This means that the height function is well-defined.
Now the main problem we want to solve in this thesis is to find the number of x € QP™ for
which H(x) < B for some bound B. In particular, we want to find its dependence on B for
large B.

3 The first method

The first solution to this main problem comes from noticing that any ordered set of n + 1
coprime integers (Yo : y1 : ... : Ypn) is a representation for one unique x € QP", additionally
every x corresponds to two of these ordered sets of coprime integers. This means that the
problem reduces to counting ordered sets of coprime integers (vo, y1, - - - ) such that y; < B
for all 7 and dividing this by 2. To start the proof, we will look at the case when n = 1
which means we need to count how many pairs of coprime integers (yo,y1) exist such that
lvol, |y1] < B for some bound B, for this we will introduce a few functions from analytic
number theory.
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Definition 1 (Mobius function). The Mobius function of an integer m, denoted p(m), is
either 0 or +1 depending on the prime factors of m in the following way:

(m) (—1)#prime factors of m if m is square-free
m g
a 0 otherwise.

Here m being square-free means that m is not divisible by any square apart from 1. In
other words, all of its prime factors only appear once in its prime decomposition. We will
also introduce something we will creatively call the y-function given as follows:

Definition 2 (y-function). The x-function of an integer is given by x(m) = >, p(d)xa(m)
where the functions x4(m) for integers d are given by

0 otherwise.

1 if djm and m # 0
Xa(m) =

We need two results about these functions which we will put in the following lemmas:

Lemma 1. The Mébius function is multiplicative, meaning that for coprime integers a,b, we
have that j1(ab) = p(a)u(d).

Proof. Given two coprime integers a and b, assume that one of them is not square free and let
it be a without loss of generality. This means that a is divisible by some square greater than 1,
but this means that ab is divisible by the same square. Hence, we have that p(a) = p(ab) =0,

so clearly p(a)u(b) = p(ab).

Now assume both a and b are square-free, since they are coprime, they do not share any
prime factors, so the product ab will still be square free. In fact the primes dividing ab will
be exactly those dividing a and those dividing b with no overlap, so the number of prime
factors of ab is the sum of the number of prime factors of a and the number of prime factors
of b, hence we get:

1)#pr1me factors of ab

p(ab) =

(=
( 1)#pr1me factors of a+#prime factors of b
= (=

#prime factors of a #prime factors of b
1) (=1)

= p(a)p(b).

This shows that p is indeed a multiplicative function. ]
Lemma 2. The x-function has values x(1) =1 and x(m) =0 for m # 1.

Proof. Note that we can rewrite the definition for x(m) to be x(m) = >_,,, u(d). We use
induction on the number of prime factors of m. First of all, we can quickly see that (1) =1,
so x(1) = 1 and x4(0) = 0 for all d, so x(0) = 0. Next, we see that for any prime p, we
have x(p) = p(1) + pu(p) = 1 — 1 = 0. Now we will show that for any m > 1 and prime p,
X(pm) = 0 whenever x(m) = 0. To achieve this, we need to look at the prime factors of m
and distinguish two different cases, the first being the case where p|m, the second being the
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case where p { m.

Case 1: p|m:
In this case notice how every divisor d of pm also divides m or is divisible by p?, this means
that u(d) = 0 for every divisor d of pm that is not a divisor of m as d is not square-free.

Hence,
Xtom) =Y p(d) =) uld)+ Y pd) =) uld)=x(m).
dlm

dlpm dim d|pm,dtm

Hence we have shown that in this case x(pm) = x(m), and by the assumption that y(m) = 0,
we get x(pm) = 0.
Case 2: ptm:

In this case we can split the divisors of pm into two sets, those divisible by p and those not
divisible by p. The latter set is the set of divisors of m. Since p and m are coprime, these
two sets have the same number of elements. Indeed, if we consider some divisor d of pm with
p1d, then pd will be a divisor of pm with p|d and vice versa. This means that we can write
the following:

X(pm) = u(d) = p(d)+ > ppd) = (u(d) + plp)u(d) = (u(d) — u(d)) =0,

dlpm dlm dlm dlm dlm

where we used the fact that for the prime p, u(p) = —1. This shows that in this case we also
have x(pm) = 0.

We have shown that for m > 1, if x(m) = 0 then x(pm) = 0 for every prime p. Now we
can complete the proof by induction. Assume that we have some number k£ > 1 and some
prime p|k assume that for all 1 < &’ < k we have x(k’) = 0, then we have that either k/p = 1
or x(k/p) = 0 since k/p < k. In the first case, we have that k = p for which we already
showed that x(p) = 0. For the second case we use the fact that k& = pk/p to see that x(k) =0
because x(k/p) = 0. We conclude that x(1) =1 and x(m) = 0 for m > 1. O

These two lemmas are all we need to solve our main problem for the case n = 1. From
the way we rephrased this problem, it is easy to see that as B goes to infinity, so does the
number of points x with H(z) < B. This leads us to the following proposition.

Proposition 1. The number N(B) of points x € QP! with H(z) < B for some integer B
satisfies

lim N(B)/(2B%) = u(n)/(n®).

B—oo
n>0

Proof. As mentioned before, counting these points will be the same as counting pairs of
coprime integers (yo : y1) such that |yo|, |y1| < B and dividing the total by 2. We will
call such a pair (yo : y1) with |yo|, |y1] < B a valid pair. Now we only have to consider
positive integers yo and yi, since if (yp,y1) is a valid pair, then so are (—yo, —v1), (—%0, Y1)
and (yo, —y1). However, this breaks when yo or y; is 0, but since this only gives four pairs,
(0,£1) and (£1,0), all of which have height 1, we can count them separately. Writing this
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down in terms of the y-function, with the notation that y(gcd(0,0)) := 0, gives

Z Z (ged(i, 7)) —4+4ZZXng2j

i=—B j=—B =1 j=1

As we mentioned earlier, what we have found here is not exactly the number N(B) we are
looking for, but it is precisely 2N (B), so we have to divide it by 2. This can be done in the
following way:

Z Z (ged(, 7))

—B j=—B

i=1 j=1

=2+2) Y > uld)xalged(i. )

i=1 j=1 d>0

—2+2 Z“(d) Z Z Xa(ged(4, 7))

d>0 i=1 j=1

—242 Z“(d) Z Xa(?) Z Xa(J)

d>0

B 2
=242 p(d) (Z Xd(i)) ,
d>0 i=1
where in the second to last step, we used that d| ged(i, 7) if and only if d|i and d|j. We would
like to analyse the behaviour of this function for large B. Since Zil Xa(?) is the number of
integers smaller than B which are divisible by d, it always lies between B/d — 1 and B/d.
By dividing this by B, we can see that the proportion of positive integers below B divisible
by d lies between 1/d and 1/d — 1/B. So in the limit as B — oo, this fraction becomes 1/d.
This means that, if we divide both sides by 2B?% and take the limit B — oo, we get

Jm T L (2423 () (;xdu)) = 3" ()

d>0 d>0

This is what we needed to prove. O

Now that we have done the one-dimensional case, we can quite easily see how it generalizes
to n dimensions. The only thing that changes is the number of sums we have in the proof as
we show in the following theorem.

Theorem 3. For an n-dimensional rational projective space QP™, we have that the number
N(B) of points x such that H(x) < B satisfies

. n+1 n+1
Blgr;o N(B)/(2B) Z w(d)/(2d

d>0
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Proof. The proof is very similar to the 1-dimensional case, the only difference is that we are
now interested in a quantity with n + 1 sums:

Z (ged(ig, - - - 1)),

17, —

N
'Mw

where we again define ged(0,0. . ., O) = (. In this case however it is easier to skip the step
where we only consider the positive part of the sum to find:

N(B) = % Z Z x(ged(io, - . i)

N ( S alio)- S xd@n))
= % pi(d) (Z Xd(l)>
d>0 i=—B

We can see that, as for large B, the number of integers between —B and B divisible by d lies
between 2(B/d —1) and 2B/d. So the proportion of integers between —B and B divisible by
d lies between 1/d and 1/d — 1/B. Taking the limit as B — oo gives us that this proportion
becomes 1/d. Hence, we can divide by (2B)""! and calculate the limit;:

. N(B)
BIE;I;O (QB)HH - Bl_mo 2 ZB n+1 ZB Z X ng 10, .. 1 ))
i0=— ip=—
n+1

- Blglgo 2( QB ntl Z“ (Z Xd@))

d>0 i=—B
p(d)
L ot

d>0
[l

These constant terms in the form of Y, p(d)/(2d"**) can be calculated but we will not

show that here, what is important for us however is that they converge. This is quite easy

to check as |u(d)| < 1,50 Y, ‘;Ldsb—‘i)l

for n > 0, the proof of which can be found in theorem 1.59 of [4]. As we can see this method
gives us the behavior of N(B) for large B. However, we want to expand on this by taking
various subsets of QIP" and this method relies on the fact that we use all points of QIP™. This
is the reason we will introduce another method to get the same answer for N(B) when we
allow all x € QP", but this new method will be expandable to certain subsets of QIP".

< " 4e0 7o which is famously known to converge
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4 The second method

The second method that we will discuss hinges on two main theorems, one is called the
Poisson Summation Formula and the other one is a special version of the so-called Tauberian
Theorems. Before we use these theorems, we need to set up the mathematical framework
using p-adic numbers and p-adic fields, both of which we will refer to as p-adic spaces. This
will be done in the following section.

4.1 p-adic spaces

We will start with the definition of p-adic spaces. To understand this definition we need to
understand what the completion of a metric space M with respect to its norm ||.. .|| is. The
completion of M is given by the following

{(zn)nen is a Cauchy sequence}/ ~,

where for two Cauchy sequences (Z,)nenw and (Yn)nen, (Tn)new ~ (Yn)nen if and only if
lim,, 00 ||Zn — Yn|| = 0. This allows us to write down the definition.

Definition 3. The ring of p-adic numbers and the p-adic field are the completions of Z and
Q, respectively, with respect to the norm || ... |],.

This norm || - ||, : Q — R-0 is defined in the following way. For some nonzero integer
n € 7, which can be written as p°n’ for some e € IN and n’ such that p t n’, we define
l|n||, = p~¢. Additionally, we have that ||0||, = 0. For some rational number = € @, which
can be written as n/m with n,m integers, which can again be written as n = p°n’ and
m = p®m’ with again p{n’ and p { m’, then the norm of = will be [|z||, = p® ~°. Note that
this is well-defined since if we take a different representation for the fraction, we multiply
both n and m by A for some integer A. If pt A, it is clear that this will not change the norm.
If p|A, let € be the largest integer such that p¢|\, then we can see that e turns into e+ ¢ and €
turns into e’ + €. So we see that e — ¢/ will remain e — ¢’ so the norm will stay the same. For
completeness we will show that || - ||, is actually a norm on @ which will then immediately
imply that it is also a norm on Z. The definition of a norm can be found in [5], where it is
definition 1.1.

Lemma 3. The function || - ||, is actually a norm.

Proof. For || - ||, to be a norm, we have to show that ||z||, = 0 if and only if x = 0, which
is trivial from the definition since p=¢ # 0 for every e € Z. Next we have to show that
||z||, > 0, which again we always have since p~¢ > 0 for every e € Z.

Then we also need to show that ||z +y||, < ||z]|,+||y||, for all z,y € Q, but we will show
something stronger instead. We will show that ||z + y||, < max{||z||,, ||lyl|,}. Let us write
x =ny/my and y = ny/my with n;, m; integers for i € {1,2}. We write these as n; = p®n/
and m; = p“m) with p { n} and p { m} for again ¢ € {1,2}. We can easily see now that

el + [lyll, = p1~ + p=~2, and
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T4y = prn + pnh  pPteimin + p©teaml n1
= i / =
pelmll pGlez p61+62m1m2

Note that p 1 m{m). We can assume without loss of generality that (e; +e5) — (ex+¢€}) =
0. > 0. Then we can write

p62+el(m ny + Péemznl)

x + y = e’ +e’
pateamimyg

From this and the factlth/at p1 7,n’1n’2, we get that if d, # 0, then p ¥ m\n}, + p’emhn],
and hence ||z + y||, = platee)=(2Fel) = ||y||,, while if 6. = 0, we have that ||z + y||, <
plerted)=(eater) — ||y . If 6, < 0, a similar calculation shows that ||z + y||, = ||z|],. As we
can see in all cases we have that ||z + y||, < max{||z||,, ||y||,}-

Lastly, we need to show that ||zy||, = ||z||,||y||, which can be seen as follows using the
same notation as for the previous point:

Py

AT
perm/ peam!, catez—ermes — ][,
1 2

11,

ol = |
p
where we used that since n/,n5, m| and m), are not divisible by p, neither are n|nf, and

mims,. u

Next we want to find better representations for the elements of Z, and Q),, since the
definition using Cauchy sequences is not easy to work with. The easiest way to do this
is by noticing that any Cauchy sequence in Q, and Z, can be written as (z,),en with
Ty = Y i g a;p’ with a; € Q and a; € Z respectively. This is clearly a Cauchy sequence as
p*|@m — x, for any n,m € N with n < m, so ||z, — z,||, < p~™. Furthermore, in section 4.4
of [6], it is proven that all elements of Q, and Z, are of the form ) .~ a;p’ with a; € Q and
a; € 7 respectively. But we can do even better than this and give a nicer representation,
since there are multiple representations of this form that give the same elements in Q, or Z,,
for example in Zs3 we have 5-3° =2-3% +1. 3%,

Proposition 2. All elements in Z, can be represented by > x;p" with 0 < x; < p for all
i >0, and every element of Q, can be represented by Y oo xip' for some integer m and
0<zl<p foralli>—m.

Before we prove this proposition, we require one small lemma.
Lemma 4. Let p,q be two distinct prime numbers, then we have that 1/q € Z,.

Proof. All we have to do is to show that 1/¢ will have a representation of the form Y ;- x;p’
for any prime number ¢ # p. We can use the fact that p and ¢ are coprime to see that ¢ is
invertible in Z/p'Z for every i > 1. Write a; = 1/q mod p’ with 0 < a; < p', so p'la;q — 1.
This means that p’|q(a; — a;41), and, since ¢ and p' are coprime, p’|(a; — a;11). Let us now
look at Y2, x;p" where x; = (a;41 —a;)/p’ for i > 0 and z9 = a;. Then Y " 2;p" = @41 for
all n > 0, and hence, p"*!| (1 — ¢ Y 1" | 2;p'). This means that ||1/q — Y"1 z;p'||, < p~ Y.
So taking the limit as n — oo, we get ||1/q — D1, 2;p"||, — 0. This means that the Cauchy
sequence (Y1, z;p )nen converges to 1/¢, and implies that 1/¢ € Z,, for all ¢ # p. ]



4 THE SECOND METHOD 9

We can now prove Proposition [2]

Proof. For 7., the statement is obvious, since every element of Z, is a Cauchy sequence,
which is of the form Z;’io x;p' with z; € Z. For every ¢ such that z; > p or z; < 0, we can
write 2; = 7*p—+b with 0 < b < p, we can adjust our representations to > ., zip’ by setting
z; = b, vy, = vy +r and 2 = x; for all j # 4,1+ 1. If we first do this for i = 0 and
keep doing it for increasing ¢ we will find a representation we want. We can do this since
if we generate a new representation by doing this starting from ¢ = 0 until ¢ = N for some
integer N, the difference of the first NV terms of both of these representations will be divisible
by p¥, so the norm will be smaller or equal to p~». So if we set 2 = 0 for i > N and let
N — 00, we obtain the representation we want. This limit exists because Zﬁio (ip' — x;p")

is a Cauchy sequence with limit 0.

For Q,, we will use the fact that any element of Z, has a representation of the form we
want. Note that for any prime number ¢, 1/¢ has a representation of the form > °  z;p'
for some integer m and 0 < x; < p for all © > —m. For g # p, this follows from the fact that
by Lemma , 1/q € Z, and for ¢ = p, we have x_; = 1 and 2; = 0 for ¢ # —1. Next we can
see that for any a/b with a,b € Z, we can use the prime factorization of b. We know a has
a representation of the form Y >° x;p" and so will 1/¢ for any ¢ in the prime factorization
of b. Next we notice that the product of two these representations will be again of the same
form, which can be shown as follows

0 oo % 0 %

i /I /i) ", 1

E Tip E xp = § § zyp™ = § Typ
i=—n j=—m i=—n j=—m i=—(n+m)

with 2/ = E;ﬁfn x;x;_;. This representation only has the flaw that x; might not be between
0 and p — 1, but as we saw in the proof for Z,, we can change the representation to solve
this problem. All of this together shows that a/b will also have a representation of the form

in the proposition.

]

This representation becomes especially useful when we perform integration which we will
introduce in the next subsection. Finally in this section we will calculate the set of unit
elements of Z,, which we will denote Z.

Proposition 3. The set of unit elements of Z,, denoted Z.; C Z., are exactly those elements
with representation Y o, x;p', with 0 < z; < p for all i, where o # 0.

Proof. First of all we note that the prime p € Z, is not invertible. Next note that for any
element of Z, with representation Y > ;p’, the sum >  z;p" for some n € N is just an
integer. Furthermore since zg # 0, > i, x;p" is coprime with p* for all 1 < k < n. This means
it has an inverse in Z/p"Z, let us define ax_; = (3.1, xipi)_l mod p*. We can see that
p*|(ar — ag_1) since pt >°  xpt, but p*|(ax—1 — ax) >.i o x:p' and p is prime. Furthermore
since aj, < pF*1, we have that 0 < (ax —ay_1)p~* < p. Let us now define y, = (ar — ap_1)p "
and yo = ao. Then we see that Y27, y;p/ > g zip' =1 mod p™*'. If we now let n go to oo,
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we get that Y7 y;p' is the inverse of Y "  a;p'. This shows that if zg # 0, > ,z;p" is a
unit of Z,. If however xy = 0, let » > 0 be the smallest integer such that z, # 0, then we
can write Y i xp' = >0 ap' = p" Y i xipep'. This is now a product of a unit and p",
which is not a unit for » > 0, so this will not be a unit. Hence every unit of Z, is of the form
Sor o xipt with zg # 0. O

4.2 p-adic integration

We will choose to use the Haar Measure, the definition of which can be found in section 2.2
of [7], normalized such that pr dz = 1, which makes sense in both spaces Z, and Q, as
7, C Qp. This leads to the following lemma.

Lemma 5. The set of unit elements Z, C 7, has volume 1 — 1/p. The volume Ofp’Z; CQ
is (1—1/p)p~" for every i € Z.

Proof. The proof follows directly from the fact that pr dr = 1. Since Z; = 7Z, \ pZ,, the
volume of pZ, can be calculated in the following way:

/ dw:/ d(py) =/ |pllpdy = 1/19/ dy = 1/p.
TEPZy YEZp YyEZp YyEZyp

In the second equality we used a property of the Haar measure, which is d(ax) = ||a||,dz and
can be found in section 2.2 of [7]. This means that the volume of Zy = 7, \ pZ, is 1 — 1/p.
Next we calculate the volume of piZ; C Q, using a similar substitution:

[ o= awn= [ wilha=r [ a=ra-1m,
zep'LZ;; yGZ;; yEZ; yeZ;

4.3 Poisson Summation Formula

To understand what the Poisson Summation Formula is and where we can use it, we will
use the integration to define Fourier transformations on p-adic spaces. The space where we
will perform these Fourier transformations is not Q,, instead it will be a restricted product
of copies of @, for different primes, which we will call V. For notation we write P for the set
of all prime numbers, and we write Q. = R and Z., = Z. Then we define:

V= {(:Bp)peono € H Q, : x, € Z, for all but finitely many p € P U oo} :

pePUoco

As we mentioned, we want to perform Fourier transformations in this space. Intuitively
this should work similar to Fourier transformations over the field R, where we would have:

f(6) = / f(x)e™ S da.
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The theory behind this in R can be found in [§]. We want to do this for V', so we need to
take x € V and £ € Q. We cannot just fill this in since multiplying elements from Q and V'
is not yet defined, but we can define it as follows as Q C Q. and Q C Q, for every prime
p. For £ € Q and = = (2,)nepuce €V, 2§ = (20€)nepuco- S0 we multiply every element of
the sequence x by the rational number &. This solves most of our problems, but not all of
them, since raising e to the power of z£ is not yet defined. To fix this, we will insert an extra
function which will send 2§ to a real number, by taking what we will call the fractional part:

Definition 4. The fractional part of a number z € R, denoted by {z}. € [0,1), is the
unique number on this interval such that * = {2}, mod 1. On Q, the fractional part
{a}, of x = Y 0°  a;p" is the unique rational number £ € Q C Q, such that ¢ has the
representation Z;l_m z;p'. Note that this means that we can see {r}, as an element of R
since it is a finite sum of rational numbers.

We call this the fractional part of a number since {-}, is a function from @, to R that is
periodic with period 1 in the sense that {z}, = {z +1},. We can easily extend this function
to V by defining for any @ = (z,)nepuce € V, {2} = X cpiat®nty € R. Note that this
sum indeed gives an element of R, because by definition z, ¢ Z, for only finitely many p, so
{x,}, # 0 for only finitely many p € P. And since {z} € R, e{*} is defined.

The next thing we need to discus is how the integrals work on V. This is just as we
would expect, where for z = (2,)nepuse € V, dz = [[,,cpuoo dZn- Lastly we have to define
the domain of integration of the Fourier transform. If we look for inspiration at the Fourier
transform over R again when we have periodic functions, we set the integration bounds to 0
and 1 since the period is 1. We will be interested in periodic functions, where for any £ € @
and x € V, f(z) = f(z + ({)pepu)- Naturally it would make sense to choose our domain of
integration D such that if x € D, x +& ¢ D for any £ € Q. So if we denote the integration
region by D C V, then we require that if v € D, x +& ¢ D for all 0 # £ € Q. This defines
the following set:

D=V/~ with © ~y <= dz € Q such that (r —y), = 2Vn € PU .

There is an easier way to describe the set D as shown in the next proposition.

Proposition 4. Every equivalence class in the set D has precise one representation [x] with
z €D :=[0,1) X [[,ep Zp.

Proof. Since D’ C V', we have to show that for any two different z’,y’ € D', we cannot have
that ' ~ 9/, and that for every y € V| there exists an € D’ such that x ~ y. First of all
let us take ',y € D'. Then (' — '), € Z, for all p € P as (2'),, ('), € Z,, additionally
—1 < (¢’ = 9¥)e < 1. Now let us assume that there exists some z € @ such that for all
p e PUoo, (' —y'), = 2. Write z = a/b with a,b coprime integers and let ¢ be a prime
factor of b. Then (2 —y'), = > oo, x:iq" with m > 0, hence (z/ — v'), &€ Z,, so we have a
contradiction. This means that b cannot have any prime factors, and hence 2z will have to be
an integer. This means that (2’ — y')s = 2 is an integer, and hence z = 0. So we get that
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2’ = y'. Hence we cannot have two distinct 2/, 3’ € D’ such that 2’ ~ /.

Now let us take y € V. We can write y, = > oo a;p’. Since y € V, m > 0 for only
finitely many p, hence, {y,}, # 0 for only finitely many p, and so > _p{yy}, is finite. Next
we can use Lemma {4 to see that if p and ¢ are distinct primes, 1/p € Z,. This means that
{yp}, € Z, for any prime q # p, as {y,}, = Soo__a;p’ and p' € Z, for any —m < i < 0.
Additionally if we look at {y,}, € Q as element of Q,, we see that y, — {y,}, € Z,, which
gives us yp, — > cplypy b € Z, for every prime p. If we now take a look at >° p{y,}4, we
can view this sum as element of V' using the fact that we can view any element x € Q as
element of Q, for any p € P U {oo}. This also means we can view it as element of V' under
the map Q — V given by = — (2)pepuioc}- Using this sum we can construct the element
y— qu p{Yqs}q € V which is equivalent to y under the relation ~, however it does not quite
lie in D' yet, for this we need to have that (y — > cp{¥s}¢)e € [0,1), but this is quite easy
to fix, since we can just take:

=1y — Z{?/q}q - L(y - Z{?/q}q)OOJ'

qeP qeP

Where we again bring both sums from Q to V' using the same map as before. We can see
that z € V as the sum > _p{y,}, only has a finite number of non-zero terms. Furthermore,
we clearly have that  ~ y and we see that x € D’ as argued above. O

This proposition means we can use the definition D’ instead of more abstract definition
of D for any calculations. The first thing we can easily compute using this new description
for D is its volume.

Corollary 1. The volume of D is 1, meaning that fD de = 1.

Proof. The proof becomes easy when we write D as D'

1
/dx:/dx:/dxmn/ dz, = 1.
D ’ 0 vep Lo

This last step comes from the fact that pr dz, =1forallp € P. O

With this we are almost ready to introduce the two lemmas we will need for the Poisson
Summation Formula, but first we need to define the Fourier transform of a function f on V.
To introduce the Fourier transform, we need to be able to define continuous functions V' and
D, so we need a topology on V' and D. The spaces Q, are metric spaces and as such get
their topology from the norm. The space V' inherits the product topology from R and the
spaces Q,, and finally the space D inherits the quotient topology from V.

Definition 5. Let ¢ : D — R be a continuous function, periodic with period ¢ for all § € Q.
The Fourier transform of ¢, denoted ¢ is given by:

6 = [ sty e,
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For non-periodic but still continuous functions f : V' — R, we have that the Fourier
transform is given by:

f6) = [ f@peietas,

This definition is well-defined, taking a different representation of D C V' gives the same
result. The way to check this is to check if the integrant is invariant under addition of £ for
all £ € Q. This clearly does not change ¢, since it is periodic, so ¢(z) = ¢(z + n), however
we have to check if e*™{&#} = ¢2m{és+&n}  For this we have the following proposition.

Proposition 5. For every rational number n € Q, {n} € Z.

Proof. Let us first write n = a/b with a,b coprime. Note that we can assume 0 < 7 < 1.
Indeed, any integer k£ € Z has the property that k € Z, for every p € P. This means that if
we look at the definition of {n},, we can see that {n+ k}, = {n}, for all p € P, additionally
{k + n}oo = {N}, so we have that {k + n} = {n} for every integer k. This means that we
can assume that a,b > 0 and a < b. Let the prime factorisation of b be given by b =[]}, ¢}
for primes ¢; and integers e;. Note that if p # ¢; for all 4, then a/b € Z,, so {a/b}, = 0. This
means that:

{n}z{quiei}

If we look back at the proof of Proposition [2] we can see that:

{a H qiei} = jq;ej where b; = aqje-j H q; “ mod q;j.
i=1 q i=1

J

+Z{quﬁ} :quie”rZ{qui”} :
J=1 i=1 = j=1 i=1 q

00 4 =1 i

—e;

With 0 < b; < ¢ for all 0 < j < n. This means that bjq; [/, ¢/ = a mod g’
Combining this all we get that:

{nt=—a]]a"+>_ {quiez}
i=1 j=1 =1 q
— _a H q;ei + Z qu;ej
i=1 j=1
) (‘“* > bt Hqi’“> [Ta"
j=1 k=1 i=1

Note that qfi|quj_€j [Ti—; ¥ when i # j, and qf"|quj_ej [1i_, qi" —a when i = j. These
two together mean that ¢;'| —a + Y 7, quj_ej [T5—, gi* for all 0 < ¢ < n. This means that
{n} is an integer. O

J

Proposition |5 has shown that for any rational number 1, {n} is an integer, so e>™{" = 1.
The next lemma shows the Fourier inversion formula holds and behaves as expected.



4 THE SECOND METHOD 14

Lemma 6. Giwen a continuous function ¢ : V. — R, periodic with period § for all § € Q,
assume that 3 ccq |¢(§)| < 0o, then:

_ Z gg(é-)e%n{m.
§eQ

Proof. The proof requires more measure theory than we would like to go into in this thesis,
it can be found in theorem 4.21 of 7] or Lemma 4.2.2 in [9]. O

Lemma 7. If f : V — R is continuous with an existing Fourier transform f and zneQ flz+
n) is uniformly convergent for all x € D, then ¢(z) = >, o f(x +n) is a periodic function

from V= R and has the property that (&) = f(€).

Proof. The proof is quite straight-forward and involves just calculations and a few small

substitutions:
= / o(x)e 2 4y

/ Zf z +n)e & qg

neQ
= Z/ f(x +n)e ™o dy
neQ
— Z f(x)€_27“{£m_£n}dx
neQ D+n
_ Z e27rL{§77} f(x)e_QWL{EI}dx.

The exchange of sum and integral is justified because ZneQ f(x+n) is uniformly conver-
gent, so the sum inside the integral is also uniformly convergent. This justifies the exchange
as for every € > 0, we can find some finite subset Q(€) of Q such that >, o\ f(z+7) <,
and uniform convergence makes @)(¢) independent of x. This means that

Z /f x+n)e 2m{5x}dx</edx—e
neEQ\Q(e)

Next we note that 7 is a rational number, so {¢n} is an integer, so e 2™{&" = 1 this gives
us:

&)= [ [fla)e ™y = /V flw)e ™ & de = f(¢).

neQ D+7]

]

Now we have all we need to prove the Poisson Summation Formula which says the fol-
lowing.
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Theorem 4 (Poisspn Summation Formula). Let f : V — R be a continuous function with
Fourier transform f. Let de@ flz+&) be uniformly convergent for all x € D, furthermore

let Y eeq |f(€)] be convergent. Then:

Y FO =Y 1©.

£eQ £eQ

Proof. The main difficulty of this proof lies in the two the previous lemmas which we have
already proven. Let ¢(z) = > ¢ f(x + §). Since it is absolutely convergent, we can use

LemmaA to see that Aqg(f) = f(é“), so we have deQ f(f) = Z&Q é(f) We also have
Y ecq [T (O] = 2eeq [#(€)] and since the left hand side converges, so does the right hands

side. Now we can use Lemma @ on ¢ with z = 0 to see that ¢(0) = >_.q $(€). Combining
these with the definition of ¢ we get:

D FE) =)0 =6(0) =D f(9).

£eq £eQ £eQ
This proves the theorem. O

4.4 Tauberian Theorem

There are several slightly different theorems called Tauberian theorems. All of these start
with some function f(2) 1= ), <, @,2" with 2z being complex and this sum being convergent
on some region of the complex plane. These theorems then tell us some properties of the
constants a, given some restrictions on f. For example the original theorem by Tauber,
found in chapter /1.7 of [10], states that ) .,a, = [ if f(z) has radius of convergence 1,
lim, 1 f(2) =, f is real valued on the interval [0,1), and Y _ na, — 0 as x — oo. While
it is interesting, this theorem will not be useful for us. Instead we will look at a slightly
modified version of the so-called Ikehara-Ingham-Delange theorem, which is Theorem 7.13 in
[10].

Theorem 5. Let A(t) be a non-decreasing function from R to R such that the function
F(z) := z [T A(t)e *'dt converges for Re(z) > a > 0. Let there be real numbers ¢ > 0 and
b > 0 such that the function

satisfies, for real x,

T
lim xb_l/ |G(2z + wy) — G(x + wy)|dy =0

z—0t -T

for every fixed positive real number T'. Then

: —aty1-b c
m A = way
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To prove this theorem we first need two lemmas, their use will become clear when we
start proving the theorem.

Lemma 8. Let g : R — R be an integrable and bounded function on R. Assume there exist
real numbers T and K such that

r<y<z+1/T

for every x € R and |7| <T. By g we mean the usual Fourier transform of g, the definition
of which can be found in the Appendiz. Then

[l9|]cc = sup |g(x)] < 16K.
zeR

Proof. Given g, T and K that satisfy the conditions in the statement, if we take the func-
tion h(z) = g(z/T), we find that the function h along with 7" = 1 and K also satisfies the
conditions, since §(r) = h(r/T)/T. Hence, we can assume that 7 = 1, as the general case
would follow from the inverse of this substitution.

Let us start by looking at the function

1 sin(t/2)?

This function is normalised such that ffooo pf(t)dt = 1 and it has the Fourier transform
B(r) = max(1 — |7],0), which can be found in Appendix 7.1.20 This means that outside the
interval [—1,1], B(7) = 0, but this means that g(7)(7) = 0, since §(7) = 0 on [—1,1]. We
can write out exactly what this means:

This is the Fourier transform of the function

f(a) = / " gz - Bt

[e.e]

Since the Fourier transform of f is 0 for every 7 and f is continuous, we get that f has
to be 0. Next we define o to be the a function of ||g||e, With ¢ € {—1,1} such that
|9]loc = Sup,er 0g(z). In the case where this holds for both o = 1 and 0 = —1, we just set
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o = 1. For every 0 < € < 1, there exists some zg such that og(xy) > (1 — €)||g||~, then for
T = x9 — bo we have:

0= O/OO g(xog — bo —t)p(t)dt

oo

s / g(r0)B(t)dt — o0 / (g(20) — gl — 50 — D)AWL + 0 / o(zo — 5o — )(1)dt

5 -5 |t|>5
5 5
> (1 —=e)llglle [ BlE)dE - 0/ (9(z0) — g(wo — 50 — 1)) B(t)dt — ||g|l [  B(t)dt
-5 -5 |t]>5
Next recall that sup,<,<,1(9(y) — g(x)) < K for all x from the assumption in the lemma.
Hence, for t € [-5,5] and 0 = 1 we have:

9(wo) — g(zo — 50 — ) < sup (9(y) — g(xo — 5o — 1))

zog—bo—t<y<zo—50—t+10
10

<> sup (9(y) — g(x0 — 5o — 1)) < 10K,
i—1 zo—bo—t+(i—1)<y<zo—5o—t+i

For t € [-5,5] and 0 = —1:

g(xo =50 —t) —g(xo) < sup  (g(y) — g(x0))

zo<y<zo+10
10

<> sup (9(y) — g(x0)) < 10K.

i—1 Tot+(i—1)<y<wo+i
So combining these two inequalities we get for ¢ € [—5, 5]:
o(g(zo) — g(zo — o —t)) < 10K.
We use this along with the fact that ffooo B(t) =1, to get:

0> (1-)llgl / Bt — 10K / A~ lgl(1 - / A

> (2= Ollgl|oe — 10K) / A ol

To conclude we use the fact that for ¢t > 0, we have 3(t) < 2/7t~2. Since §(¢) is symmetric,
we get [, B(t)dt < 4/m J.ot72dt = 4/(57), and hence, fi B(t)dt > 1 —4/(57). We can
choose € to be arbitrarily small, which gives us:

4 4
0 229l 1 —— | —10K (1 — —
lolle = 20l (1= ) = 1o (1 1)

10K (1 - &
lolle < 277
2(1-5) -1

< 16K
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It is quite easy to get a sharper bound for ||g||~ since we made some rough approximations
at times. However, this will not be necessary as all we need in the end is a bound for ||g||s,
it does not matter how sharp this bound is. The next lemma uses Lemma [§] so it will have
the same rough bound which could still be sharpened but this again will not be necessary,
as we will see later.

Lemma 9. Let g : R — R be an integrable and bounded function. If we assume that there
exist real numbers T and K such that:

sup  (g(y) —g(z)) < K
x<y<z+1/T

then

T
9]]eo < 16K + 6 / 3(r)\dr.
-7

Proof. We will introduce a new function. Let € > 0, then the function

o () = —— sin(et/2) sin((2T + €)t/2)

Tet?
has Fourier transform &.(7) given by &.(7) =1 on [T, T], &.(7) = 0 when |7| > T + ¢ and
Ge(r) = (T+e—7)/efor T < |r| < T+ e. The calculation for this can be found in Appendix
7.1.1 We use this function to define a new function f with the property that f = ga. We
define f to be the convolution of g and «, defined as gxa(z) = ffooo g(y)a(x —y)dy. Next we

note that since g is bounded, f T+6) |g(T)]dT < 2(T + €)]|g]]|0 < 00. We can use the inverse
Fourier transform, defined for example in section 6.2 of [§], to get the following:

|1 fllec = sup f(x)

zGR
= — sup/ f )et T dr
27 zeR

T+e R
= —sup/ f(r)e*dr

2T zer (T+e)
1 T+e€
<— [ Jamamldr
27 —(T+e¢)
1 T+e€
<o [9(7)ldT.
27 ) (T+e)

Next we look at the function g — f. Note that

sup (9= f)y) —(g—=N) < sup (9(y) = g(x)) +2[|flloc <K +2[|l]s0,

e<y<z+1/T z<y<z+1/T

which means we can use Lemma |8 on g — f but instead of the constant K, we have to use
K +2||f]|oo- This gives us ||g — f||ooc < 16K + 32||f||oo. The last step is the following:
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T+e

9lloe < 119 = flloo + [[flloo < 16K + 33 [ < 16K+6/( )IQ(T)IdT,
—(T+e

where the last step works because 33/(27) < 6. Now all we need to do is take the limit for
e — 0 to obtain the expression in the statement, which we are allowed to do since all steps
hold for all 0 < € < 1. O

Combining these two lemmas we can prove Theorem [5]

Proof of Theorem[J. We give this proof in four steps.

First step: We introduce a function g,(¢) and use Lemmald] to find a bound for ||g, ||
First of all, we can assume A(t) = 0 when ¢ < 0, because we are only interested in its behavior
as t — o0o. Let us introduce the following function

go(t) = A(t)e” (1 — ™)
for all positive real . This has Fourier transform

G.(y) = Gz + ) — G2z + ) + c((z + )" — (22 + wy) 7).
The calculation for this can be found in Appendix Note that we can write the last two

terms on the right hand side as the integral f22t2<—b)7_(b+1)d7' and we can bound this term
by
T+Ly Tty bl’
/ (=b)r~CHdr| = / br~(HDdr| < (TS
2x+Ly 2x+1y |l’ + Ly|

where this last inequality bounds the integrand by its supremum. This means that we can
write for z > 0,

T cbx

/T le((z + )™ = 22+ wy)")|dy < /

——d
7 T

< /T cbx d
= )y max(z, [yl Y

< /T cbx d
= )y max(a, [y Y

* cbx T chx

2¢b  2cx  2c 2c(b+1)
= pb-1 b T ob-1 = b1
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Now returning to the function g,(t), we can see that for real 2’,3’ > 0, we have that

/

e (a+z)(z'+y )(1 e x(z/er’)) . A(x/>€f(a+x)x’(1 . ef:m:’>

9:(2" +y) — gu(2') > A(2)
> A([L’l)e (a+z)(z'+y' )(1 _ e—zx’) o A($/)€_(a+x)xl(1 . e—x:c’)
> A(ZL‘/)G (a+z)z’ ( _ 6—x1”>(€—(a+1’)y’ o 1)
> go(@) (e —1) >~/ (a + 2)||x ]|,

where the last step holds because e™* — 1+ 2 > 0 for all x > 0, which can be seen by taking
the derivative, which is 1 —e™ > 0 for all x > 0 along with the fact that filling in = = 0 gives
0 > 0. If we instead have 2’ < 0, we get A(z') = 0, so g,(2') = 0 and since g,(2' +y') > 0
we clearly have that

9:(2" +9) — g2(2") > —y'(a + 2)[|gz|oo (1)

still holds. This means that we can use Lemma [0 on the function —g,(t) with K = (a +
z)||9z||oo/T which gives us

X oo = AZC d )
|92]| T G (y)|dy

(1—E&£EQ)MMWS6/ZWAMM%

T
6T T
xoog — Ax dy.
PNl T_m@+m%[ggwny

T
< 100t gl g "

-T

In last third line we divide by 7' — 16(a + z), however, since we are allowed to choose T', we
will just choose it such that 7' > 16(a + z) so this stays positive. Later in the proof we will
choose T arbitrarily large so this will not be a problem. If we now use the Fourier transform
of g, we obtain the final bound for ||g,||s:

6T r 2¢(b+1)

oo L G —G(2 d — . 2

lovlloe < 7007 ([ 1660+ ) = GCza 4 piay + 2252, 2)

Second step: We introduce a second function B,(t), and find a bound for B,(z' + ') —

B,(z").

We define the function B,(t) to be 0 for ¢ < 0 and for ¢ > 0 it is defined as B,(t) =

(¢/T(b))e (1 — e~ *)t*~!, where T is the usual gamma function. This function has the

Fourier transform B, (y) = c((x + ty)™® — (22 + 1y)~°) as can be seen in Appendix We

want to use Lemma [0 so we look at B,(z' 4+ y') — B,(«') for y’ > 0. To do this we notice
that B, is continuous and its derivative is, for ¢ > 0

cb—1)

e

B;:(t) = F(b) (]' - _It)tb_2 -

e—xt(l . 26—1‘t)tb—1

= ﬁe_mtb_2 (b—1)(1 —e ™) — at + 2twe ™).

We can use the fact that 1 — e™* > 2xte " — xt when xt > 0. To see why this is true
consider the function f(z) =1 — e * — 2ze™* + x, we can see that f(0) = 0. Now take the
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derivative of f, f'(x) =1 — e ® 4 2xe~* which is clearly bigger than 0 when x > 0, so the
function is increasing for positive x, and hence, f(x) > 0 for x > 0. Lastly consider f(xt)
and the inequality comes out. Using this fact we write:

(b) '(b)

Next we consider the case t < 0. In this case the derivative of B,(t) is just 0. We can use this
to write B, (2" +v') — By(2') = f;,ury/ B! (t)dt. Now we can distinguish three cases: =’ > 0,
¥’ <0 with 2/ +¢ > 0 and 2’ <0 with 2’ + 3 < 0. This last case is straightforward, since
then B,(z') = B.(2' + ') = 0, so we can assume that 2’ + 3" > 0. Let us first look at the
case where 2/ < 0. We have

:E/er x/er/
Bo(e +4) — Bu(e) = / BL(t)dt = / B (1)dt
x 0

In the case where 2’ > 0, we get

' +y
B.(z'+v') — B.(2') = / B (t)dt

< g ) = @),

We can improve this bound for b > 1 by considering the function

foly) = @ +4)" = ()" =o' +y)" "y,
which has derivative

d
dy’
This derivative is negative when ¢ > 0, so we get that for every ¢ > 0, f,/(y') < 0. Next

consider b < 1, in this case we just use the fact that (2’ + ') < 2" 4 ¢ since b € [0, 1] and
2,y > 0. This means that in general we have:

fz/(y’) — —(b o 1)5(%" + y/)b—2y/.

By(¢' +y') = Bx(a') < 6_”'%(@(5 = Db +y)" 7y + (1= 00— 1))y").
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where O(t) =1if ¢t > 0 and O(¢t) = 0 if £ < 0. We want to improve this bound by making it
independent of 2’ and ¢’ for 0 < <1 and 0 < ¢y < 1/T < 1. Note that this bound is an
increasing function in 3/, so if we set ¢y’ = 1/T in the bound, the inequality still holds. This
means that for b < 1, we have

— _ 1 1
e y/b S y/b S l/Tb S bb(l +62 bbb—l-l) (xb_1T + ﬁ)

We have, for y < 1/T<1and b>1,

b—1 1
b(x' 4+ 9) Yy < bz’ +1/T) YT <o’ ).

T T°
We used that for real a;,as > 0 and a3 > 1, (a1 +a2)® < (1+a3)*(a}® +a3®). Now we want
to use the fact

14+ €20+ > supe Pt > e (22/)" 7L
t>0

To see this holds, we first find the value of ¢ > 0 for which e **~! attains its maximum.
Setting the derivative equal to 0 givest =b—1or t =0. So

b—1
sup e_ttb_l — 6_(b_1) (b o 1)1)—1 S 1 _|_ (6_(b_1)(b o 1)1)—1) <bL1) b2€ _ 1 + el—(b—l)bb-‘rl
t>0 _

as t = 0 gives a minimum. We use this fact to see that for b > 1,

- . . 1 1
e " h(a’ +y) Ty < B+ TP (:pb—lT + ﬁ) :

This means that we can write
c 1 1
Bx / A Bg; / < —bb 1 2—bbb+1 - . ) 3
(@ +) = Bele!) < b (14 ) ( o+ o 3)

Third step: We want to use the equalities found in the previous steps to use Lemma (9] on
the function B,(t) — g.(t).
Using the bounds for ||g,||s and B,(z' + ¢') — B,(2') from equations (), and (3)), we
obtain for 0 <y < 1/T <1

c _ 1
(Bz — g2)(@' +4) = (By — g2)(2) <= (L+ 20070 + ﬁ) +9'(a+2)]|gx]]

=T0) <Ta:b—1
c N 1 1 67y (a + )
< ¢ 2-bpb+1Y7b L
Sty re <Txb—1 +Tb) T ¥ i6a+ )
r 2c(b+1
(/ |G (z + ty) —G(2x+by)|dy+%)
-7

c _ 1 1 6(a + z)
< 1 2 bbb—i-l bb =
Sttt I T ) Y T 6 )
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Additionally, this new function has Fourier transform

A

(Br = 92)(y) = G2z + 1y) — G(x + 1y).
This means that Lemma [0 tells us that

T

1By — gulloe < 16K + 6 / G e + 1) — G2 + )|y, (4)
-T

Final step: To finish the prove we use the inequalities from the previous steps an take limits

to acquire the right result.
We look at the function °~*|(B, — g,)(1/)| for x — 0*. By equation (4, we have that

T
2" (B, — g.)(1/2)] < 16K2"! + 6:cb1/ |G(z + y) — G(2x + wy)|dy.

-T
The first thing we notice is that by assumption,
T
lim 2! / |G(z 4+ wy) — G(2x + wy)|dy = 0,
$~>0+ -T

which means this terms vanishes in the limit z — 0. We now want to show that in this
limit the 'K term also vanishes. To achieve this, we look at the following:

1 2t 6(a + x)
lim 1627 'K = lim 16——(1 + e2 ')t [ = 2e(b+ 1
s, 162 Jim 165y (1+e WA\T T T ) " T t6(ar ) Y
c 6a
=1 1+ 2ty 2¢(b+1).
STrm (e Wt T g2+ )

Let us call this constant M(7T'), so we have that
lim 2"|(B, — g.)(1/)| < M(T).

z—0t

This can be rewritten using

(Boc - gw)(l/x> = (_A(l/x>ea/x + F(b)cxb—l) : _2 17

and by substituting z = 1/z, we see that

A(z)
e zb=1c/T'(b)

lim
Z—> 00

B r'(b)e?
1’ < e-1e 1)CM(T).

The last thing to note is that we can choose T arbitrarily large, and since limy_, . M (T) = 0,
we can choose T' such that M (7T") becomes arbitrarily small. From this we see that

A(z)
lim ————— = 1.
) e®?20=1¢c/T'h

This is exactly what we needed to prove.
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Corollary 2. Let us have a convergent sum Y .-, a;/\; for positive integers a;, \; € R for
alli € N and z € C. Assume there exist real numbers a,c > 0 and a function h(z) which is
holomorphic for Re(z) > a—e for some € > 0, with h(a)/a = c and Y ;> a;/ i = h(z)/(z—a)®
for some integer b > 0. Then limp_,o B~*log(B)'™" 3, _pa; = ¢/(al'(b)).

Proof. Tf we choose A(t) = > A <et @iy which is clearly an increasing function, we get that

F(s) = s/ Alt)e™'dt = s Z/ ae”*tdt = Zai/)\f = h(s)/(s —a)’.
0 i=1 7/ In(Ai) i=1

Now all that is left to show is that

7 | hQetyta) _ h(a)  hztwta)  h(a)
hm ZEb_l/ 2x+Ly+a a  ztwta a d —0.
z—0+ 7 (2z + 1y)? (x 4+ wy)® Y

To achieve this, we notice that since h(z + a) is holomorphic for Re(z) > 0, the function
h(z 4+ a)/(z + a) — h(a)/a is also holomorphic on this same region, as a > 0. This means
that (h(z +a)/(z + a) — h(a)/a)z" is holomorphic for Re(z) > 0 except in the point where
z = 0. We will now decompose the integral into a sum of three integrals, let ¢ > 0, then we
have that

7 | hQx+wy+a)  h(a) h(z+wy+a)  h(a)

b—1 2z+1y+a a r+Ly+a a
x — dy =15 + I, + Is,
/_T (20 +w)’ CET N

with

¢ | h@x+w+a)  h(a) h(z+w+a)  h(a)
I — xbl/ 2x+Ly+a a T+iy+a a d 7
! | et @+wp |7
7 | h(2x+1y4a) o M h(z+iy+a) __ h(a)
I, = xb—l/ 2z+Ly+a a  zhwta a d ’
: | Qerw) (+w) |
_e | h2zt+yta)  h(a) h(z+wy+a)  h(a)
I — l‘b_l/ 2x+wy+a a ztwta a dw.
: | Qo) @rwy |

Let us start with Iy, define f(2) := (h(z + a)/(z + a) — h(a)/a)2°, this is holomorphic for
Re(z) > 0 except for z = 0, so on this region its derivative exists. Notice that this means
that as x approaches 07,

fQRr+w)  flrt+w)

2z +wy)b (x4 w)? = £ (w)l (5)

for y # 0. But for y = 0, we have that the limit as x — 0" diverges. We can therefor
conclude that the following holds:

-1

lim x
z—0+

fQatw)  flztwy)

2z+w)®  (z+w)®
fex)  f=@)

(2z)® zb

lim

z—0t
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for any y € R. This is obvious for y = 0 as it will be 1, and for y # 0 we use equation to
see the limit is 0. This means that for y # 0, there exists a ¢ such that for z < 4,

fQRz+wy)  [flztw)
(2z+wy)® (z+uw)?
f(2z) (z)

(2z)° xb

This clearly also holds for y = 0. we can take the integral over y to find that for all x < ¢,

JEe

fRatw)  flztwy)
2z+uw)®  (z+w)®

dy

<1

b

f@2x) _ f(2)
2 ‘W o

This now allows us to write:

Qo+wy)®  (z+w)®

[@riw) _ Jarw)| g,

R
lim

z—0t 9

<1
f2z) _ f(x) -

(2z)b xb

Next we look at the limit

fQx+wy)  fz+w) ‘ 2z 4 1y) B [z +wy) ‘ (6)

b1 x

b—1

= lim
z—0t

lim z« b o

z—0t

Since h(2z + a) and h(z + a) are holomorphic we can use a series expansion in z[I1], this

will have constant term h(a). Since we can write f(z) = ——(h(x + a) — h(a) — zh(a)/a),

f(z) will have a zero in x = 0 with a degree of at least 1. This means the limit the limit in
equation @ converges to some limit L. This means that we can write

[Qaty) _ farw)| 4
Cotiy) Gt
/o) _ f(@)

(2z)® xb

o — €
lim,_,q+ x° 1f76

lim,,_,o+ 20~12¢

where the limit in the numerator converges because the limit in the denominator converges.
fRx+w)  flz+w)

This leads to .
li b—1 /
vt | Q4w (z+y)

For the other two integrals, I, and I3 we will use the fact that f(z) is differentiable on
the region of integration, so for every ¢ > 0, there exists some 6 > 0 such that 0 < z < 0
implies that

dy < 2eL. (7)

/
<€,

= f'(2)l

for all z € [T, —€] U [¢, T|. Using the product and chain rules we find that

X

’|f(2$+2) — flz+2)|

h'(z4a) _ h(z+a) h(z4a) _ h(a)

’ _ zta (2+a)? z4a a
f'(z) = b —b b1
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Since h(z) is holomorphic for Re(z) > 0, both it and its derivative are bounded. Hence,
|f'(2)] is bounded by M/|z|**! for some constant M on the intervals [T, —e] U [¢, T]. This
means that in this region, |f/(2)| is bounded by M/e**!. We also have that for 0 < z < 6,

p /T |f(2z + L?/)x— flotw)l !f’(by)‘dy‘
_ :L’b/T [fQ2z+w) - fle+w)| |f’(b3/>|‘ dy
< l‘b(ji —€)e.

Since .
1ty < (7 =g,
for x < §, we get by the triangle inequality that
L <aT —e€) (M/e +€).
And because of symmetry, we also get

I3 <a"(T —¢) (M) +¢).

Note that we can choose € arbitrarily small. By these two inequalities and equation ([7)), we
see that if we let € = \/x, in the limit as x — 07 all three integrals, I1, Iy and I3 converge to
0. Hence we conclude that

T | hQetwta)  h(a)  hatwta)  h(e)
lim Ib_l/ 2x+1y+a a ztwta a duy = 0.
ot S| ety (@rwp |7

This means we have all the requirements for Theorem 5| and we get that as B — oo

> a4 =A(In(B)) = ) BIn(B)"*.

\<B

4.5 Solving the problem

Now that we have all the framework we need, we can take a second look at the problem
we want to solve. We will follow the same step as the interlude in [3], but we will do it in
general n-dimensions. We need to find the number of points © € QP™ with height H(z) < B
for large B. To do this we view QP" as Q™ U QP"!. Here elements of Q" are of the form
(1:2y:...:x,) for rational numbers x;...z,. The elements of QP"! are of the form
(0:29:...:2,1). We will find for how many r € Q* C QP* we have H(z) < B, if we do
this for every k£ < n, we can use induction to find for how many = € QP"™ we have H(z) < B.
We can calculate the height of an element of the form (1 : x; : ... : z,) using the following
lemma.
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Lemma 10. Let x = (1 : 1 : ... : xy,), then the height of x, introduced in Sectz’on 1S grven
by
H(z) = max{1, |2;] [0 <i < n} | [ max{1, ||:]|,J0 < i < n}.

peEP

Proof. We write N = [ .pmax{1, ||z;|[,[0 < i < n}. It is clear since N # 0, that we can
represent x as
x=(N:Nxy:...: Nx,).

In fact, all of the coordinates in this representation are integers, since for any p € P, we
have that ||[Nxz;||, = ||N||pl|zill, < 1 since if ||z;||, > 1, it divides N. Furthermore, these
coordinates are a set of coprime integers. To prove this assume that a prime ¢ divides all
of these coordinates, let e > 0 be the largest integer such that ¢°|N, then there has to
be an index ¢ such that ||z;||, = ¢°, but then ¢ { ||Nz;||, which is a contradiction. So this
representation is the representation of coprime integers we have to use to calculate the height.
The height of z is now given by the maximum of all of the coordinates of this representation
of x, however since N > 0 we have that

max{N, N||z;||,|0 < i <n} = Nmax{1,||z;||,|0 < i < n}.

This leads immediately to

H(z) = max{N,|Nz;| |0 <i<n}=max{l,|z;] |0 <i<n} Hmax{l, l|zil|p]0 <@ < mn}.

peEP
L]

This allows us to extend the definition of the height function to a function over V' in the
following way.

Definition 6. The height function defined on V" is given by

H(z) = max{1, |rx,| |0 <i<n} H max{1l,||z,||,/0 <i<n}

peEP

Note that Lemma [10] means we can split the height function into a product over primes
in the following way:

H(z) = H max{1,||z,|[,]0 <i<n} = H H,(zp).

pePUco peEPUco

We want to end up using Corollaryto find the number of points = with height H(z) < B.
To achieve this, we will look at the function H(z)™* for s € C and the following sum

S Hm) = 3 H(m,s)

meQn men"
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for Re(s) > 0, where H(m,s) is the Fourier transform of H(z)™* with respect to z. This
equality follows from Theorem [} which we are allowed to use as

Z H((2; + 6;,€)1<i<n)
I35

converges uniformly for all z € D™ and all indices 1 < j < n. This is however still a sum
over ", which is not easy to deal with, but using the following lemma, we can write it as a
sum over Z" instead.

Lemma 11. Let f(x) = [ cpuoo fo(2p) 1 [0,1) X ,cp Qp — R where fy(x,) has the property
that f,(z, +1) = fy(x,) for all z, € Q, and all p € P U oco. Assume that f(x) =0 for all

2 €1[0,1) x [[ep Q \ V., then f(k) =0 for all k € Q\ Z.

Proof. Let us assume that k € Q \ Z, we write k = a/b with a,b coprime. Let ¢ be a prime
factor of b which has to exist since k ¢ Z. We get that

_ / f(x)€727n{k:p}dx _ foo 727nk:vd H 727rL{k:rp}pd$p
\%

[0,1] peP

_ foo —2mkdeH fp ZEP—F(S ) —27rb{k((wp)i+5p,q)}pdxp7
[0,1]

peP

where by 9, , we denote the usual delta function which has value 1 if p = ¢ and 0 otherwise.
The second equality holds even though V is not equal to [0, 1] x Hpe p Qp, because the function
fis zero on [0,1) x [[,cpQ, \ V. Now since {c + d}, = {c}, + {d}, + 7 for some integer ~
combined with the facts that f,(z, +1) = f,(z,) and €*™ =1 we can write this as

Flk) = o2mike g H fp z,)e —2mu{kap+kbp.q}p dz,
[0, 1] P
_ o 2mikE g H Y~ 2milknaby g ~2milkanto s
o, 1] 2P
— o—2mikl, 2Tk g H Je~2milkantody
o, 1] P

— 6—27n{k}qf<k)
Now this means that e 2™{%}s = 1 or f(k) = 0. Since k = a/b with ¢|b and ¢ { a, we have
that {k}, # 0, and since 0 < {k}, < 1, we get that e 2™tk}s £ 1 50 f(k) = 0. O
This lemma also works in n dimensions as we can see in the following corollary.

Corollary 3. Let f(z) = [[,epuoo fo(x) 1 [0,1)" x [[,epQp — R be a function with the
property that f,(x,) = fo(yp) when x, —y, € Z" for all p € P Uoco. Assume that f(x) =
forx €10,1)" x [[,ep Qp \ V". Then we have that f(m) =0 if m € Q" \ Z".
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Proof. This proof follows straight from Lemma . Since m € Q" \ Z" would mean that
there exists an index i such that m; € Q \ Z and we can use Lemma [11] on the function
f(m1...mi,l,x,miﬂ,...,mn). ]

We now show that the function H*(x) has the required properties to use Corollary
Let us write z; = p®a/b for some a, b, e € Z such that p t ab. We have that ||z;||, = —e, while
we have z; +1 = (p°a+0)/b = p®(a+bp~°)/b. From this we see that if e > 0, ||z; +1||, = 0,if
e <0, ||z; + 1|, = —e = ||zi||, and if e = 0, ||z; + 1||, < 0. Note that for e = 0 we do not
get ||z; + 1|, = 0 when p|(a + b). This means that

H,(z) = max{l, ||z;||,|0 <i < n} =max{l, ||z; + 1||,|0 <i <n} = H,(z+1).

This shows that if z, —y, € Z", we have Hy(z,)™* = H,(y,) * for every s € C and p € PUooc.
Additionally, if for some 4, z; € [0,1) X Hpe pQp \ 'V, there are infinitely many p € P such
that x; € Q, \ Z,. Let us call @ the set of these p. We have v,(z;) > 1 for every p € @,
and as such H,(z) > p. This gives |H,(z)"*| < |p~°| for all s € C with Re(s) > 0. From
this follows that [] ., [H,(2)°| < [(I],cop)~°| = 0 as there are infinitely many primes p in

(). This means that we can use Corollary [3| to see that I:I(m, s) =0 for m € Q" \ Z". This
means that we can write

Z H(m,s) = Z H(m,s)
meqQn mezZ™

for all s € C with Re(s) > 0. In this sum, we can calculate every term separately. We start
with the special case m = 0. By using that H(z)™* =0 for z € [0,1)" X [[cp Q, \ V", we
can write

H(0,s) = . H(z)*dz

:/ max{1, |ry| 0 < 7 < n}~* [[ da,
[0,1]" i=1

I1 /Q max{1, [[(z,)e 10 < 7 < n}~* [ d(xy)
P i=1

peP
=1 [ max{1,[|(zp)ellpl0 <@ <n} ] dz,):
pep’ Qp i=1

Let us now focus on these integrals for one prime p at a time and define

A

Hy(0,5) = | max{L,||(z)all,0 <i" < n} ™ [ d,):

Qp i=1

Note that this is not the Fourier transform of H,(x)~°. Additionally, we can write the integral
as
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Hy(0,5) = | max{L,||(z,)allp0 < < n} ™ [ d(z,)i

Qp i=1

= > [ me{lptallo < ¢ < n)~t [T
; (Zp)" i=1

J1yeees Jn=—00

) n
_ Z / N P’ min{0,j;/|0<i' <n} Hp—]i da;
S ——o0 Y (Z}) i=1

J1yeosdn=
o0 n
_ s min{0,5,/|0<i'<n} —1\n —Ji
= > p i (L=p )" ||
Jlseesjn=—00 i=1

The way we evaluate this expression is by considering k£ = min{0, j#|0 < i’ < n}, if k =0,
we have that j; > 0 for all 0 < 1 < n, if £ < 0 and (j;)o<i<n € [k,00)" \ [k + 1,00)" C Z".
Now we can sum over all possible values of k to get:

n

o=y % pra=p )t [Ir s 3 a=p ) I

k=—o00 (4i)o<i<n€ J1--jn=0 i=1
[k,00)™\[k+1,00)"

Using the fact that Y~ p™* =1/(1—p~'), we get

—1
& s —1\n — i —1\n 1
H,(0,5) = Y > oo opra-p ) [[p - —
k=—0c0  (ji)o<i<n€ i=1
[k,00)™\[k+1,00)™

_ Z psk(l _pfl)n Z Hp*]'i +1.

k=—00 (Ji)o<icne =1
[k,00)"™\[k+1,00)"

Similarly, for any k € Z, we have Y .=, p~* = p~*/(1 — p~!), which we can use when we
split the sum over [k, 00)™\ [k +1,00)™ into a sum over [k, c0)™ minus a sum over [k + 1,00)"
to get:
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Hy(0,s)= > p*1—-p )" > f[p”" +1

k=—o0 (Ji)o<i<ne =1
[k,00)"\[k+1,00)"

P (B0 INED DI | = D DR | el B

k=—o00 (4)o<i<n€lk,00)™ i=1 (4i)o<i<n€lk+1,00)m i=1
-1 —nk _ —n(k+1)
sk —1\n [P p
= pr(l—p) ( — ) +1
k:Zoo (L—=p7)
-1
= > P -+
k=—00
=> p A —p ) —(1-p ) +1
k=0
_ L—p™ -n
T P

where this last equality only holds when Re(s — n) > 1, otherwise this sum may diverge.
Now what we really want to know is for what s € C the function H (0,s) converges. More
specifically we want to know the largest real number a > 0 such that for all s € C with
Re(s) > a, H(0,s) converges. Clearly it diverges for real s with s < n since then H,(0, s)
diverges. To see that it converges for real s > n + 1, we will write it in the following way:

H(Os (0, 8) HH (0, s) (8)

peP
o I—p™

_ (1 —(l—p ™)+ %) (10)

= 1+(1_p—n)ﬂ (11)
1—p )"

Note that if this product converges if it converges absolutely. And because the term %
is positive for real s > n, convergence of the product and absolute convergence of the product
are the same for real s > n. To figure out how to deal with this product we will need one

more theorem from chapter /7.1 of [I0] and one more lemma.
Lemma 12. Let f : Z-o — R, then the product [ ,cp(1+ [f(p)]) converges if and only if
the sum > p|f(p)| converges.

Proof. Let us first define the set P, for n € Z( as the set of the n smallest primes. We will
first show that if the product converges, the sum also converges.
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Let us take a look at the product [] cp (14 |f(p)]) for some n > 0. We get

[Ta+1rw) —1+Z > ﬁ

pebn kePi :
ki=k; = i=i

m|,_.

The * ; term is there to avoid double counting. This equation follows from expanding the
product on the right had side.

Note that all terms in this sum are positive since we take absolute values, which means
that the following holds:

EDTCIESES SRS SIS | (10

kepy, J=1 kePi
ki:ki/ = =7’

as the left side is just the right side for j = 1. This then means that for every n > 1

0< Y Ifm) < [T+

kep, pEP,

And since limy, 00 [ [ p, (14 f(p)]) converges, so does limy, 00 3 pep, [f(K)] = D pep | f(K)]-

Let us now assume that ), . |f(k)| converges, and let M, = >, _, |f(k)|. We again
use

[Ta+1fw) _1+Z > l,]j

pEP, 7=1 k’GP]
ki:ki/ = =7’

but now we want to use

1 J
R | (O I
kepl - i=1 kEPn
ki=k; = i=1
This is clearly true for j = 1 since both sides will be equal to >, p [f(k)]. We use
induction to show that it is true for every j. Assume that it is true for j = m > 1, we can
multiply both sides of the inequality by >, |f(k)] to get:

DI DR TUEN (TGS BILCT

k'eP, kepPm: : kep,
ki:ki/ = =7’
If we now take a closer look at the left hand side, we can see we have all terms in
Do peptmth m [T%, |f(ki)| exactly m + 1 times and some additional positive terms.
kiZki/ = =1’
This means that we can write
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Ol | LG DD DR TG § (]

kep(mTl) . i=1 k’eP kepi : ’ i=1
k’izki/n:> i=i’ ki ]f = i=1’
<———(3" I
“m+1 m'
keP,
E ‘f m+1
" kEP,

And hence we have shown by induction that

) %H HOEETPINT

kePi : i=1 - kePy
hi=ky = i=i

Taking into account that M,y = >, p [f(k)| < D ucp |f (k)] = M, we can write:

[Ta+1fk) <1+Z M3
peEP,
iy v
< 1+ZﬂM .
j=1
Taking now the limit as n — oo, we get
= 1 < j —
[T+ 1@ = tim T+ 1) < Jim 1+Z Lo =t

n—oo
peP peP,

Lastly since [[,cp(1+ [f(p)]) > 0, this means it converges when > p [f(p)| converges.

With this we have shown that [[ (1 + [f(p)]) converges if and only if > 5 |f(p)|
converges. O

Theorem 6. Let [ : Zi~qg — R be a function with the property that for coprime integers a,b,

f(ab) = f(a)f(b). Then
I ( Ly )

peP u>1

converges absolutely if and only if Zm€Z>g fgj) converges absolutely. Furthermore if they

converge absolutely, both expressions converge to the same function.

Proof. The proof can be found in chapter 7.1 of [10] where it is theorem 1.3, however, in
this proof the author assumes the result from Lemma [12| but does not prove it. O
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By choosing f(p*) = (1 —p~™)p™, we can immediately use Theorem [f] to see the product
in equation converges absolutely if and only if

S e IT -
k€Z~0 pEP, plk

converges. Note that we have []
and only if

peP, p|k(1 —p™™) < 1, so we get that this sum converges if

> i)

k€Zx>o

converges. We know this converges when Re(s) > n + 1, but it diverges for s = n + 1. This
means that if the product in equation converges absolutely for Re(s) > n + 1, which
means it converges for Re(s) > n + 1. However, since for s = n + 1, all terms in the product
in equation are positive and it diverges absolutely, the sum itself diverges.

Next we look at the case m # 0 with m € Q". This means there is an index 0 < k < n
such that my # 0, we will do the same integral but this time we have to consider the extra
term e2m{me},

H(m,s) = H(z) s 2mimelqy
Vn
= / max{1, |z;||0 < i <n}~* H e~ 2mdmiziteo g,
[0,1]" i=1
[T [ max{nliello < < s [Leimeda,),
peP’ i=1
n 1 n
_ H/ e2r{miztos 4. H/ max{l, ||(5Ep)z’||p|0 <i' < n}—s He—27rb{mxi}pd(xp)i
i=1 70 pep” Qp i=1
=0.

This last equality holds because fol e?mdmetteody = (0. From this we gather that our

original expression ) ., H(n,s) has a pole at s = n 4 1 and no poles when Re(s) > n + 1.
Furthermore this pole at s = n+ 1 has degree 1 as can be seen by Theorem [6] along with the

fact that
Yok I -

k€Z~o pEP, plk

has a pole of order 1 at s = n + 1. Furthermore because

(s=(n+1) > KO I @-p™)

k€Z>() pEID7 plk‘
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is holomorphic for Re(s) > n + 1, the function (—(n + 1))H(0,s) is also holomorphic for
Re(s) >n+1.

This now means we can use the Corollary 2 on >, o H(m)™* = H(0,s). More specif-
ically since Q" is bijective to IN, we can choose a bijective function ¢ : N — Q™ such that

> ovew H(9(k)) ™ =32, cqn H(m) ™, for which Corollary [2] then gives us that

lim B~ ™+ Z 1=C

B—oo
H(¢(k))<B

for a nonzero constant C, this is done by setting A, = H(¢(k)) and a, = 1. Alternatively we
can sum over Q" instead to get

lim B~0tD Y 1=C. (12)

B—ro0
meQm:H(m)<B

If we now return to the observations made at the start of this section, we have viewed
QP" as QU QP" !, we discovered that the number of points x € Q" satisfies equation ([12)).
We can now write QP" = Q" U Q" U... U Q" to see that

lim B-"TYUN(B) = C.

B—oco

This proves Theorem [I}

5 Expanding to subsets

Now that we have this new method for calculating the number of points of QPP with height
below some bound B, we can expand it to certain subsets of QP". We will denote these
subset Xg and they will depend on a set S. The way we will choose these subsets is by
considering some = € QIP" represented as a sequence of n + 1 coprime integers (xq : ... : z,)
and imposing restrictions on xy. The restrictions we will put on xy is that we limit its p-
adic valuation v,(zo). More specifically we take the set S C IN with 0 € S and only allow
points x € QP™ with v,(x¢) € S for all p. In the calculations we will not want to use this
representation of coprime integers. Instead, similarly to in the previous section, we will look
at the elements of the form (1 : 2] : ... : 2/) with 2} € Q for all 1 < i < n. On these
elements, the restriction is equivalent to stating that max(0, —v,(z;)|1 <i < n) € S for all
peEP.

We will start with two specific cases, S = {0,v} and S = {0} U{n € Z : n > v} for
some v > (. For both of these cases we will prove Theorem [2] and the general case will follow
straight from these two cases.

5.1 The first case.

The first case will be the easiest, we will pick S = {0,v} for some 0 < v € IN. If we
go back to the sum > . H(m)™®, we now only want to consider m € Q" such that
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max(0, —v,(m;)|1 < i < n) =0 or max(0, —v,(m;)|1 <i <n)=wvforall p € P. However,
if we no longer sum over Q" we can no longer use Theorem [5| so instead we will sum the
function H(m) *d,(m) with é,(m) = 0 when max(0, —v,(m;)|1 < i <n) & S forallp e P
and 1 otherwise. Note that we can write 6,(m) = [[,cpdvp(m) where d,,(m) = 0 when
max(0, —v,(m;)|1 < i < n) ¢ S and 1 otherwise. The next steps are similar to what we
already did in the previous chapter.

First we use Theorem (] to write:

Z H( Z /H 35 27rL{m:r}d

meQ" meQ"

We can again use Lemma |l1|to see that the part of the sum where m € Q™ \ Z" vanishes.
To use this lemma, we have to show that H(m) *0,(m) is periodic over the integers, we
already know from the last chapter that H(m)~* is periodic over Z", so all we have to show
is that for z € Z" and m € Q", §,(m + z) = §,(m). To do this, notice that if v,(m;) > 0,
then v,(m; + x;) > 0 for any ¢, since if v,(m;) > 0, m; is an integer, so m; + x; is an integer
and we get v,(m; + x;) > 0. If v,(m;) < 0, then we can write m; = p~**(™)a/b, with a,b
integers coprime to p, this means we can write m; + z; = p* ™) (a4 bp~**(™)z;) /b, and since
z; is an integer and v,(m;) < 0, a + ba;p~ (™) is an integer coprime to p. This means we
get that v,(m; + x;) = v,(m;). Both of these facts together mean that J,(m) is periodic over
7", which means we have H(m) *,(m) = H(m + x)~*,(m + x) for all z € Z".

This means that by Lemma [11], the sum over Q™ becomes a sum over Z" as all other
terms are 0. This means we are left with the following:

Z H( Z /H 55 27”{mm}dl'.

meQn mez"

Now we can explicitly calculate the integrals in the same way as in the previous chapter.
Note that similarly to last chapter, for m # 0, the integral is 0, as there is some ¢ such that
m; # 0, so fol max{1, |zo|} fe?™Temidy,, = fol e?meemidy = (. In the case where m = 0,
the integral becomes

/ H(z) %0,(z)dx = / max{1,|z;| : 0 <i<n}* dei
v [0,1]

i=1

H/ max{1, ||z||, : 0 <i < n} 0, ,(z1,..., 2 del

peP

:H max{1l,||z|, : 0 < i <n} %6, p(z1,...,2 I_Ida:Z
peP Qn

We will again calculate this for one specific prime p and take the product later. This will
be done in a similar way to the previous chapter:
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n

a max{L, |[(zp)v]|p[0 < @' < n} 6 p(z1,. .., 70) H d(p);
P i=1

= Z / max{ 1, [P ][]0 < & < 0} 00,0, ) Hp i

Tl =

— Z / smm{O Jr|0<d’ <n}5 Hp ]de

-----

_ Z »° min{O,ji/|O<i’§n}(1 - p—l)névvp(pjl’ o 7pjn) Hp_ji
JlseeesJn=—00 i=1

So we get the same except for this extra term 9, ,, which is 0 for min(j;|1 <i <n) <0
and min(j;|1 < i < n) # —v and 1 otherwise. This allows us to rewrite the sum into three
different sum and remove the 4, in this way:

do@a-py Hp’j”r

Jiyeensdn>0
Sopra-p - Y eI
Jlseensn>—v =1 J1serjn>1—v i=1

where the first sum deals with the case where min(j;|1 < ¢ < n) > 0 and the second two

sums together deal with the case where min(jz|1 < i < n) = —v. Using the fact that for
Re(s) > 1, we have that Y = p~* =1/(1 — p~'), we get the following expression:
n 1 - n pv - n pU,
1— n 51 1\n sv 1 - n

=14+ pfsv (pnv o pnvfn)
-1 _i_p(nfs)v (1 _pfn) )

So we find that for Re(s) > 1, the final product will be:

/ H(x) %0,(z)dx = H (1 1 4 pr=slv (1-p™)).

peEP

We proceed in the same way as in the Section 4.5| M, this time we choose f(p*) = 0 for u # v
and f(p’) = (1 — p~™)p™. This allows us to use Theorem [6] which tells us this product
converges absolutely if and only if

Mo fR)k = D0 R =Yk ] =p )

.Z‘EZ>0 $6Z>0 IEZ>0 pEP,p‘k
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converges absolutely. Similarly in Section [4.5] this converges absolutely if Re(s) > n + 1/v,
but it diverges absolutely for s = n + 1/v. This means the product diverges absolutely for
s = n + 1/v, but for this value of s, all terms in the product are positive, so the product
diverges for s = n 4 1/v. Furthermore because the function

> I -y

TEZ>0 pEeP, plk
has a pole of order 1 in s =n +1/v, so does >, o« H(z) 0,(z). Additionally, since
(s —(n+1/v)) Z fn=s)v H (1—p™")
r€Z>0 pEP, plk

is holomorphic for Re(s) > n + 1/v, the function (s — (n +1/v)) >° con
holomorphic for Re(s) > n + 1/v. This means we can use Corollary [2on > on
h(s)/(1+v(n —s)) and again use a bijection ¢ between Q™ and IN to get that

H(z)*6,(x) is also
H(m)™* =

: —(n+1/v) _
BlgroloB Z dy(m) =C
meQ:H(m)<B

for a nonzero constant C'. And once again this sum is the number of points in our subset of
QP"\ QP" ' N X5, this time however, we can use Theorem [1| that

: —(n+1/v) _
BIEI;OB Z 1=0.

zeQPr—1:H(z)<B
This means we have

lim B~/ > 5,(m) = C # 0.

B—oo
r€XgCQP™:H(x)<B

This proves Theorem [2] for S = {0, v}.

5.2 The second case

For the second case we will pick S = {0} U{v+k : k € Z>,}. The approach is very similar
to the first case in the sense that we still want to calculate , q. H(m)~* but we again add
a function ¢, defined by d,(m) = 0 if for some p € P, —min(0,v,(m;) : 1 <i <n) ¢S and
1 otherwise. We want to calculate

> H(m) =) / H ()0, (z)e 2™ maddy, (13)

meQ™ me”

This equality follows from Theorem [4]

By the same argument as in the previous case, we can again see that if v,(m;) > 0, then
vp(m;+x) > 0 for all primes p, x € Z and m; € Q and if v,(m;) < 0 then v,(m;+z) = v,(m;).
Hence we can again conclude that 6,(m) = 0,(m+z) for all x € Z" and m € Q™. We already
know that the height function has the property that H(m) = H(m + z) for all m € Q™ and
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x € Z", as we showed this in Section[d.5| So we get that H(m)~*d,(m) also has this property.
This means that we can use Lemma [11] to see that, on the right hand side of equation ,
the sum over Q" becomes a sum over Z" as the other terms are 0. Hence, we get:

Z H(m) Z / H ()6, (x)e” 2 mal g,

meQm mEZ"

We can evaluate these integrals, we do this for general m but we quickly see that they
are 0 for all nonzero m € Q". We get:

0u(7) {ma} / , S TT o
— e Ty = max{l,|z;|: 0 <i<n} | |e ™M d,
v H(x)* 01" E

n

H max{1, ||z;||, : 0 <i <n}%0,,((xi)i<i<n) H e~ 2mdmazide 4,

pep’ Qp i=1
n 1
_ H / e—QTeriacidl,i
=170
n

I [ max{t, llzll, : 0 <@ <n} 6, ((z:)i<icn) [ [ e 0 da,

peP Qp i=1

If there exists an index i such that m; # 0, then [ ' e2mmizidy, = (. Hence, the whole
expression is 0. This means that we only have to consider the case m = 0. This gives us:

S H(m)~*6,(m) / (L[], £ 0 < i < n} =0, ((2)s200n) [ e

meQ™ peEP i=1

We can compute all of these integrals for an arbitrary prime p and we take the product
afterwards. Expanding the integral gives:

max{L, |[zi[[, : 0 < i <n} 0, ((x:)1<i<n) [ [ do
Qp i=1

-----

= Z / 8““”’”"0<i’§"}6v,p<<pﬁ>lgign>Hp—ﬁdxi
(Zp)" i=1

.717 7]n
n

_ Z psmln{on \O<¢/§n}(1 )n(; ’p((p] )1<i<n) Hp_ji

J1yeesJn=—00 i=1
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The way we solve this integral is by defining [, C Z" such that for (j;)o<i<n, we have
min{0, j»|0 < i’ < n} = —k. Note that I, = () for £ < 0. This allows us to rewrite the sum
to

n

Z Z ps min{O,ji/|0<i/§n}(1 _ pil)ndu’p((pji)lgign) Hpiji- (14)

k=0 (ji)o<i<n €Ik i=1

Note that the d,,((p)1<i<n) term is 0 if max(0,v,(p’) : 1 <i < n) € S and 1 otherwise.
This means that it is 1 if and only if there exists an index ¢ such that j; > v or for all
indices i, j; < 0. We can write this in terms of k, we have that 0, ,((p/)1<i<n) =0 if k & S
and 0, ,((p")1<i<n) = 1 if k € S. Next, we can see that for k& > 0, we have (j;)1<i<n €
([=k,00)" \ [1 — k,00)") N Z", while for k = 0, we have (j;)1<i<n € [0,00)" N Z". We will
now calculate the sum in equation by calculating the summand for all values of k. For
k = 0, the summand becomes:

i psmin{O,ji/\0<i’§n}<1 . p—l)n ﬁp—ji — i (1 . p—l)n ﬁp—ji
J155dn=0 i=1 F1yeeesin=0 i=1
= (1L—p™)" (Zp‘])
j=1
=1.

While for 0 < k < v, we have —k € S, so the summand is 0. Finally for k£ > v, we get:

n

o prmnl00sE= (g — s, (0 ) 1<icn) [ [ 7

(J)o<i<n €l i=1
= > p = )" (i) [[ 77
(Ji)o<i<n €Ik i=1
S IOl | RS ol 1 )
Jiyenjn=—k i=1 J1yeeerin=1—k i=1

=p~ 1 —p7)" (Zp‘j") —<' p‘”’))
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Now that we have calculated the summand of equation for every k, we can calculate
the whole sum:

n

ooy a0 g s, (0 )1<ica) [ [ 7

k=0 (ji)o<i<n€lx =1

VD
k=v

:1+(1_ (n svzp(ns
k=0
1—p™ (n—s)v
I el 0
1 —p_(s_”)

If we now return to our product over all primes, we get our expression for »

> wom =TT (14 =™ )

meQ” peP

H(m)™*:

meQn

We now want to check for which values of s this product diverges. We use Theorem [6] with
f(p*) =0 for u < v and f(p*) = (1 — p~™)p™ for u > v, to see that it converges absolutely

if and only if
> fk)/E

k€Z>0

converges. Note that for real s we have

kavkvs<2f k‘ <M kav Evs

k€Z~0 k€Z~0 k€Z~0

for a bound M (v), this means >, _, ~f(k)/k™* converges if and only if

ST fR = S ke I a-p.

k‘eZ>0 kEZ>0 per plk

This sum diverges for s = n+ 1/v, but it converges absolutely for Re(s) > n+ 1/v. Further-
more it has a pole of order 1 in s = n+1/v and the function (s — (n+1/v)) >°, 5 f(k)/k™*
is holomorphic for Re(s) > n+ 1/v. From this we find that 0. H(m)™*d,(m) has a pole
of order 1 in s = n + 1/v and the function

(s— (n+1/v)) > H(m)*6,(m)

meQn

is holomorphic for Re(s) > n + 1/v. This means that we can use the same trick we did
in the previous chapter with a bijective function ¢ : IN — Q" and use Corollary 2] on

Y kew H(o(k))726,(0(k)) to see that
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i —(n+1/v) —
Blgrgo B Z dy(n) =C

meQm:H(m)<B

for some constant C'. Once again this sum is the number of points in our subset of
QP" \ QP! N Xg, this time however, we can use Theorem |1| that

lim B~ "+/v) Z 1=0.

B—oo
zeQP"1:H(x)<B

This means we have

; —(n+1/v) —
Jlim B > 8,(m) = C #0.

z€XgCQP™:H(x)<B

This proves Theorem [2| for S = {0} U Z>,.

5.3 The case for general sets

Lastly, we study the case for general sets S. For any set S C Z>, with 0 € S, let v be the
smallest nonzero integer such that v € S. Let now S’ = {0,v} and S”" ={0}U{n€Z:n>
v}. Note that since S C S, if we let z € QP™ be represented by a sequence of n+ 1 coprime
integers x, ..., x,, if v,(zg) € S’ then v,(xg) € S. And since S C S”, if v,(xy) € S then
vp(zo) € S”. From this it follows by definition that

Xg C Xg C Xgn.

This immediately leads to the following inequalities

o € Xg : H(z) < BY < |{z € Xs: H(z) < B}| < [{z € Xg» : H(z) < B}|.

Inserting the limits and the power B~"+/v) gives:

Cs = lim B~z € Xy : H(x) < B)|
—00
< lim B~ € X ¢ H(z) < BY

" B—oo

S lim B_(n+1/v)|{l’ S XS” . H(l‘) S B}| = OS”-

B—oo

So we have limp_ o, B~/ |{z € Xg : H(z) < B}| = Cg for some constant Cg and
general S where v is the smallest nonzero integer in S.

6 Outlook

We have proven Theorem [I] and Theorem [2 The logical next step is to expand The-
orem [2| to more subsets of QIP". The subsets Xg C QIP" restrict the first coordinate
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of (kg : @y : ... ¢ x,) € QP", we could instead restrict any other coordinate. Define
Xg; C QP", for 0 < ¢ < n, to be the subset of QP" that restricts the ¢th coordinate of
(xo:xy ... x,) € QP™ in the same way Xg restricts the first. By symmetry, Theorem

should still hold if we consider Xg; instead of Xg. If we try to apply the method of section
to Xg; for ¢ # 0 we run into a problem. First we have to change the d-function, if we do this

however, we can no longer use Lemma |11{ on ZmEQ"
with a sum over Q" which we are unable to solve.

A

H(z,s)d(z). This means we are stuck

This becomes a problem when we try to restrict multiple coordinates of QIP™ at the same
time, as we can no longer use symmetry to get a result. Let Xg, g, C QP" be the subset
that restricts the ith coordinate of (zg: x1:...: x,) € QP" using S; for all 0 < i < n. So if
(xg:x1:...:x,) € QP™ is a representation of coprime integers, (o : x1 :...: x,) € Xg,..s,
if and only if v,(z;) € S; for all p € P and all 0 <4 < n. We can no longer use the method
from section [5| to calculate the growth rate of N(B) belonging to Xg, . s,, however, it may
be possible to combine the method from section |3| with the results of Theorem |2| to find this
growth rate.
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7 Appendix

7.1 Useful Fourier transforms

The Fourier transform of a function f: R — R is given by

fo) = [ e,

o0

which can be found in section 6.2 of [§]. The Fourier transform of a continuous function f
has the property

fo) =5 [ e

:% N

In the following subsections, we will calculate the Fourier transforms of functions used in the
proofs in this thesis.

We will use the fact that for two functions f and g, the Fourier transforms of the product
h = fg satisfy

hie) = 5 [ Fwite - )y (15)

This can be easily shown by substituting z = x — y in the following way:

1 oo [oe) N ) . 1 D o " R Sz
b0) =1 [ [ st psedr = o [ [ fa)e iyt = gt
These are all the tools we need to calculate the Fourier transforms.

7.1.1 Fourier transform of «.(t)

The function . (t) is defined as
2
a(t) = @sin(et/Q) sin((27" + €)t/2)
Note that we can write this as
1 2sin(et/2) 2sin((27 + €)t/2)
27e t t ’

a(t) =

SO We can use equation together with the Fourier transform of sin(at)/t to get the Fourier
transform of a.(t). Let us now define f,(¢) = sin(az)/z, this function has Fourier transform

fa(T) _ /oo Sin(ax) e~ T g

o T
- / sin(az) cos(—zxT)dx + L/ sin(az) sin(—z7)dzx.
o T e X

The second of these two integrals is 0 since it is the convergent integral of an odd function
over a domain that is symmetric around 0. Using the identity sin(a + b) = sin(a) cos(b) +
cos(a) sin(b) and the fact that sin(bz)/x is an even function for all b, we can write this as:
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fa 5

N * sin((a + 7)x) + sin((a — 7))
=/ dr
_ /OO sin((a + T)$)dx N > sin((a — T).I')dx

2x 2x

_ /°° sin((a + T)x)da: N / sin((a — T)x)dm
0 xr 0 x
o(a+T)oo s o(a—T1)oo
:/ sm(:c)dx +/ sin(z) .
0 0

T T

Here o is the sign function. This immediately gives us that this integral is 0 when o(a —7) =
—o(a+ 7). This means that we need to compute the integral [;° sin(z)/zdz. We proceed as

follows:
/ sin(:z;)/:z:dx:/ / e” " sin(z)dydx
0 o Jo

:/ / e "sin(x)dzdy
o Jo

[ [ et

y2 +1 =0

> 1
= d
0 92+1y

= arctan(y)|,2y = 7/2.

Combining everything we get that fo(7) = 7 when —|a| < 7 < |a| and f(7) = 0 everywhere
else. For the Fourier transform of a(t), we need fE/Q(ZE)fT+6/2(T—I'), which is 0 for |z] > |¢/2]
or |T—x| > T+¢/2 and 72 otherwise. This means it is 72 on the interval z € [—¢/2,¢/2]N[T—
(T'+¢€/2), 7+ (T +¢/2)] and 0 outside this interval. This interval has length 0 if |7| > T + ¢,
it has length € if |7| < T and it has length T+ ¢ — |7 if T < |7| < T +e.

Using this we find

du(r) = - / Jopa(2) frseps(r — 2)da,

m2€

which is 0 for |7| > T +¢, it is 1 for |[7| < T and it is (T'+ ¢ — |7|) /e for T < |7| < T + .

7.1.2 Fourier transform of j(t)

The function 3(t) is defined as
1 sin(t/2)?
0= 2 e

=2 (22

s t

This can we written as
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So by equation (|15]), we can write
1 [ . A
= ) N f1/2($)f1/2(7—$>dx-

In the previous section we calculated f,(7), which is 7 for |7| < a and 0 otherwise. This
means the function f1/2<33’)f1/2(7' — ) is 0 for |[x] > 1/2 or |7 — x| > 1/2 and 7 otherwise.
It is 72 on the interval z € [—1/2,1/2] N [t — 1/2,7 + 1/2], which has length max(0,1 — |7]|),
and it is 0 everywhere else.

This means we get

B(r) = max(0,1 — |]).
7.1.3 Fourier transform of B, (t)
The function B,(t) is defined as

0 ift<0
Bx(t>={ L=

F(Cb)e_xt(l —e )=l if ¢ > 0.

We can calculate the Fourier transform straight from the definition. We get

—LtT(c/F( )) —zt(l _ e—xt)tb—ldt

B,(1) = / ) e~ B, (t)dt
/

7t(w'+m . (L‘r+2x))tb71dt

—t(LT+:v tb 1dt /OO e—t(LT+2$)tb—1dt>
0

c

-1 du /°° o, vt dv
— e
(vr + x)b Lir+a ) (o1 4 22)0~ Vot + 22

') ()
T+a)b (7 + 22) )

b (LT +2x)70).

I'(b)
(®)
= c((r

We used substitutions v = t(¢7 + ) and v = t(v7 + x).

'—J

w
F(b (
(L
S

Q

7.1.4 Fourier transform of g,(t)
The function g,(t) is defined as
ga(t) = A(t)e™ (1 — =)

with a +2 > 0 and A(t) a non-decreasing function which is O for t < 0. We will calculate
the Fourier transform in terms of the function G(z) = [~ A(t)e~“!dt — ¢/2*. We get
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a—i—z)t(l e xt)e—Ltydt

/ —(a+z+wy) tdt / A —(a+2z+wy) tdt
G(z

w) + ¢/ (z + w)® — G2z + wy) — ¢/(2z + y)°.
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