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Abstract

The black hole information paradox has been troubling the minds of physicists since the
discovery of Hawking radiation. The contradiction between Hawking’s result and the unitarity
postulate of quantum mechanics, reached a potential resolution in favor of unitarity, with the
discovery of AdS/CFT, which promised that black holes in AdS must evolve unitarily due to
their dual description being manifestly unitary.

However, studying the black hole information paradox in AdS can be tricky, with black
holes above a certain mass being unable to evaporate due to the usual reflective boundary
conditions. One particular paper that sparked hope for resolving both this evaporation issue
and the information paradox, proposes a method for black hole evaporation via different
boundary conditions, which allow the emitted Hawking radiation to be absorbed into an
auxiliary bath. This evaporation process is shown to be unitary in the gravitational theory,
with the innovative incorporation of regions behind the event horizon, which contribute to the
entropy of the Hawking radiation. However, the dual description of this evaporation model is
not as well-understood.

In this work, we motivate the need for an auxiliary absorbing system by verifying that
radiation cannot be absorbed into the holographic boundary. We review the previous work on
why coupling the bath to one side of the double-sided black hole does indeed lead to one-sided
black hole evaporation, and motivate why the method is unitary, at least in the gravity theory.

A simple toy-model for the black hole evaporation in the dual theory is then proposed,
which mimics the proposed evaporation protocol in the bulk. We show that if the bath, which
is described as a local operation, acts as a unitary operator, it cannot achieve the claimed
one-sided black hole evaporation. However, a non-unitary local operation of the bath has
been used to derive an LOCC (Local Operations Classical Communication) operation that
can achieve the one-sided black hole evaporation.
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Introduction

1.1 Black Hole Thermodynamics

The notion of black hole entropy is at the heart of black hole thermodynamics. Its discovery is
mostly accredited to Jacob Bekenstein, who is associated with the famous Bekenstein-Hawking
entropy formula. However, it should be noted that this realization was greatly motivated by
his PhD supervisor John Wheeler who was first to raise the question about the effect of black
holes on the entropy of the Universe. It was in the early 70s when Wheeler started pondering
what happens to the entropy of the Universe when matter falls into a black hole and disappears
forever. This so-called Wheeler’s demon, named by Bekenstein, was responsible for a violation
of the second law of thermodynamics. Every time matter fell into a black hole, its entropy,
however high, would disappear behind the horizon, hence lowering the entropy of the Universe.

This concern was a consequence of the black hole no-hair theorem, also named by Beken-
steinﬂ which states that black holes can be described entirely only by their mass, charge and
angular momentum, so any specific properties of matter that falls into a black hole are lost to
an outside observer. The no-hair theorem was a consequence of the uniqueness theorems de-
veloped by Brandon Carter and Werner Israel |1, 2|, which led to the Carter-Israel conjecture.
It stated that the solution, exterior to an event horizon, formed from gravitational collapse
in a flat spacetime, eventually approaches the Kerr-Newman solution, which is, in turn, en-
tirely described by the mass, charge and angular momentum parameters. It is a generalization
which followed from work done in the late 60s by Israel, who showed that this is true for the
simplified case of the Schwarzschild metric |3].

Soon (merely several months) after it originated, Bekenstein proposed a resolution to
Wheeler’s demon [4]. His revolutionary idea, however instinctive to physicists now, was that
black holes have entropy themselves. When matter falls in, its entropy is not lost from the
Universe, but gets added to the black hole, whose entropy increases.

It was in that same year (1971) that Steven Hawking developed the black hole area theorem,

Tt is commonly believed that Wheeler coined the name, though in an interview he revealed it was indeed
Bekenstein who did.
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according to which the area of a black hole is never decreasing, i.e. d4/at > 0 always holds
truel5|. This is now referred to as the second law of black hole thermodynamicsEIHe considered
the merging of two black holes to form one bigger Kerr black hole, and showed that the area of
the event horizon of the resulting Kerr black hole is at least as big as the sum of the areas of the
event horizons of the two individual black holes that were used to form it; i.e. Akerr > A1+ As.

It is interesting to note that around the same time, Sir Roger Penrose and Roger Floyd
also reached a somewhat similar result, although via a different route. They studied if it
would be possible to extract energy from a black hole - a puzzle which Penrose had already
proposed mechanisms for, though it was later that him and Floyd showed that it was indeed
possible for the case of the Kerr black hole solution[6|. They considered a test particle entering
the ergosphere, which is the region between the event horizon of the Kerr black hole and the
so-called ergosurface, defined as the radius at which particles remain stationary to an outside
observer if they travel at the speed of light. Because this region is outside the event horizon,
particles can enter and escape it. If a test particle enters the ergosphere, it can split into two
particles, one of which must have negative mass, as required by energy conservation. It is this
particle that falls into the black hole, while the positive mass particle escapes with energy
greater than the energy of the original test particle. Penrose and Floyd showed that although
the mass of the black hole decreases in this so-called Penrose process, the area of its event
horizon cannot decrease, hence recovering the area theorem.

Having ascribed entropy to black holes, and motivated by Hawking’s area theorem, Beken-
stein suggested that the black hole entropy is proportional to the area of its event horizon such
that

SBH X k?QA , (1.1)
P

with a proportionality constant (credited to Wheeler) of O({5 2), where /p is the Planck length,
given by fp = \/hG/c3, and kg is Boltzmann’s constant |7]. This is in great contrast to the
familiar entropy of ordinary matter, which scale with the volume of the system, rather with
its surface area. Furthermore, this law implied a deep connection between different theories
in physics, namely thermodynamics (due to Spy), gravity (due to A) and quantum mechanics
(due to ¢p), which breaks in the classical limit of &= — 0. Combined with Hawking’s area

theorem, this implied that the entropy of a black hole is increasing monotonically since
dA S dSBH

a4 > 0. 1.2
x =V ¢ 20 (1.2)

Bekenstein later (1973) interpreted this entropy as Shannon entropy, meaning it quantified the
level of uncertainty, or the lack of information about the internal structure of black holes [§].
He conjured that the required increase in the entropy of the Universe (including black holes and
any matter falling into them) is a direct consequence of the loss of information about the initial
conditions of any infalling matter. When it falls into a black hole, any information about the
properties of the matter gets lost as the black hole evolves into a thermodynamic equilibrium,
due to the no-hair theorem, hence increasing the entropy of the black hole. Despite the loss

2To avoid confusion, note that this law was derived before the discovery of Hawking radiation and no black
hole evaporation was taken into account. The law was purely classical, hence only matter falling into the black
hole was accounted for, and did not take into account any quantum effects, such as the existence of Hawking
radiation.



3 1.1. Black Hole Thermodynamics

of entropy of the black hole exterior due to the matter crossing the event horizon, the loss of
information associated with the initial conditions being irrecoverable to an outside observer,
is reflected in an greater increase of the black hole entropy. Although the black hole entropy
increases in the process, for this to lead to an overall increase in the entropy of the Universe,
it needs to be able to compensate for the decrease in the entropy outside the black hole, which
occurs once the matter has crossed the event horizon, making its entropy inaccessible to the
rest of the Universe.

Bekenstein raised a further question which seemed to violate Hawking’s area law, namely
that the black hole entropy is always increasing; i.e. dSsu/d¢t > 0. He suggested that it would
be possible to gain information about the black hole, hence lowering its entropy, by simply
obtaining information about any infalling matter prior to its fall into the black hole. This
would lower the entropy of the black hole, while increasing the entropy outside of it. To
reconcile this with Hawking’s area theorem, Bekenstein proposed that both the black hole
and matter entropies need to be taken into account in properly defining an entropy law in
accordance with the second law with thermodynamics|8|. In this way, Wheeler’s demon was
resolved by generalizing the area law, such that the change in the entropy of a black hole,
combined with the change in the entropy of the outside matter, must never decrease, such
that

dStotal _ dSBH + dSmatter

>0. .
dt dt dt =0 (13)

This is known as the generalized second law of black hole thermodynamics and meant that
even though the entropy of matter gets lost when falling into a black hole, the increase in the
area of the event horizon causes the entropy of the black hole to increase sufficiently so as to,
overall, increase the entropy of the Universe.

Bekenstein’s work faced a step back, following the realization that an earlier (1971) thought
experiment proposed by Robert Geroch (another one of Wheeler’s PhD students) violated the
generalized second law, which meant that Bekenstein had to reconsider his equation. Geroch’s
thought experiment, known as Geroch’s heat engine, considered a heat engine, which made
use of a Schwarzschild black hole as an energy sink. It involved a massless box and a massless
rope used to slowly lower the box very close to the event horizon of a black hole. The box,
filled with radiation, is opened once close to the event horizon, releasing the radiation into the
black hole. The weight of the radiation in the box was used to do work on the box, generated
by the gravitational field. Geroch showed that the amount of work that can be extracted
is precisely the energy of the radiation dropped, meaning that the energy of the black hole
remains unchanged, while the energy of the radiation is converted to energy in the reservoir.
The main concern arose with the result that this process can be used to run a Carnot cycle
with perfect efficiency, in which case the temperature of the black hole was zero. Geroch’s
belief that black holes are systems of zero temperature violated the generalized second law of
black hole thermodynamics, which assigned a positive entropy to black holes. It meant that
the entropy of matter falling into a black hole would be lost; i.e. dSmatter/at < 0, while the
entropy of the black hole would remain unchanged; i.e. dSsu/at = 0, which would, naturally,
lead to a violation of the second law of thermodynamics if the generalized law of black hole
thermodynamics was to hold true.

In attempt to salvage the situation, Bekenstein imposed that the proportionality constant
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of the entropy-area formula contained an additional factor of 1/a, so

SBH X ?g , (1.4)
This implied a that black holes have enormous entropies and raised concern among the physics
community, with most physicists objecting to Bekenstein’s entropy law (including Hawking),
except for his supervisor Wheeler. It seemed counterintuitive for an objet containing no atoms
or molecules, but just a singularity, to have such an enormous entropy.

In 1973, in response to Bekenstein’s claim of an entropy-area relation|7|, Hawking and
Carter, together with James Bardeen formulated the laws of black hole thermodynamics, in
accordance with the ordinary laws of thermodynamics|9|, given by

The zeroth law : For a stationary black hole, the event horizon has a constant surface
gravity, k.
The first law : Perturbations of stationary black holes can be quantified via

dEzgsdA+QdJ+q>dQ, (1.5)
s

where F is the total energy of the black hole, A is the area of the event horizon, € is the
angular velocity, J is the angular momentum, ® is the electrostatic potential and @ is the
electric charge.

The second law : The area of the event horizon is never decreasing; i.e.
dA
— >0. 1.6
% 2 (1.6)

The third law : A black hole cannot be formed with a zero surface gravity, so all black
holes must have x > 0.

There was, indeed, a strong analogy with the ordinary laws of thermodynamics, but the paper
still contained some flaws, one of which was about the temperature of the black hole, which
was at absolute zero, implying they had no thermodynamic entropyE] This was based on the
classical result that a black hole could not be in a thermodynamic equilibrium with radiation
at any non-zero temperature, because although radiation can always enter the black hole, no
radiation can be emitted from it (at least in the classical picture). This issue was soon to be
fixed with the incorporation of quantum mechanics.

A progress followed with Bekenstein’s proposal, in response to Hawking, Carter and
Bardeen, that black holes have temperature and hence also a thermodynamic entropy. He
was first to assign a temperature to black holes, which was proportional to the surface grav-
ity|8]. However, the notion of black hole temperature kept baffling physicists, such as Hawk-
ing, who were faced with the choice that either black holes have no temperature and hence
no thermodynamic entropy, which violated the second law of thermodynamics, or they had a
temperature, meaning they could emit particles - an idea just as silly at the time, since no

3Note that the entropy that Bekenstein ascribed to black holes was Shannon entropy and should not be
confused with the thermodynamic entropy. These different notions of entropy and their distinctive property
under unitary evolution will be reviewed in Chapter 3.
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particles were expected to be able to escape the gravitational pull of a black hole once behind
its event horizon.

Things took a turn the following year (1974), when Hawking discovered that black holes can
indeed radiate|10|, and hence do have a temperature, as previously proposed by Bekenstein.
Hawking’s approach involved studying a massless scalar field in an asymptotically flat space-
time around a spherically symmetric collapsing star, and using quantum field theory on the
spacetime before and after a black hole forms. The basic idea behind his calculation involved
taking a positive-frequency wave on the future null infinity I, corresponding to a particle
at late times, and propagating it backwards through spacetime. Hawking showed that the
curvature of the Schwarzschild spacetime will cause part of the wave to scatter back towards
the past null infinity I~ with the same positive frequency, while the other part propagates
backwards into the star, through the origin and again out towards the past null infinity /~. He
wrote the scalar field in terms of solutions representing ingoing and outgoing waves crossing
the horizon, and obtained an expression for the number of particles that would be created (and
emitted) to the future infinity of the collapsing star, which was shown to be infinite in some
frequency range. Hawking identified this infinite number of particles with a steady emission
rate at late times, implying that the black hole will emit particles and eventually evaporate
completely. Comparing absorption and emission, Hawking was able to show that the radiation
was thermal, with a temperature proportional to the surface gravity, namely

h Kk
T=——. 1.7
ckp 27 (1.7)
Following his discovery of the quantum nature of black holes, in the following year of 1975,
Hawking showed that the black hole temperature is inversely proportional to the mass M of
the black hole for the case of the Schwarzschild solution, such that

Aho1

= Gkp87M ’ (1.8)

deeming these black holes thermodynamically unstable|11]. However, it was another equation
that stole the spotlight in Hawking’s paper, namely the famous Bekenstein-Hawking entropy
formula

kBC3é
Gh 4~

SBH = (1.9)
While in accordance with the entropy equation proposed by Bekenstein, namely the pro-
portionality to the area, Hawking had now fixed the proportionality constant. The main
difference between their approaches was that Hawking tried to incorporate quantum mechan-
ics into general relativity, while Bekenstein’s approach was to combine general relativity and
thermodynamics. Although Bekenstein’s generalized second law was valid is many thought
experiments, there was no proof of the law, and there were also cases (more gedanken exper-
iments), in which it appeared to be violated. These violations occurred precisely due to the
assumption that black holes do not radiate, which was immediately resolved with the discovery
of the thermal emissions by Hawking, who also provided a proof of the generalized second law.

The formulation of Hawking’s radiation only became more precise in the following years.
Several months after his original proposal, Hawking worked on providing an explanation as to
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how a black hole can actually emit these particles, which were not allowed to escape it clas-
sically. Being a quantum process, Hawking interpreted the emission of Hawking radiation as
the quantum tunneling of particles across the event horizon|12|. A black hole could evaporate
if a spontaneous creation of a pair of particles and anti-particles occurred in the gravitational
field of the black hole, such that the particle with negative energy fell back into the black
hole, while the other one escaped out to infinity as Hawking radiation. It was soon after that,
that Hawking used quantum field theory to show that vacuum fluctuations cause such pairs
of particles and anti-particles to be continuously created and annihilated. It is only when
the pair is produced in the vicinity of a black hole event horizon, it is possible for it to be
separated, with one of them falling into the black hole, while the other one escapes|13].

The discovery of Hawking radiation immediately seemed to have a direct implication on the
area law , which appeared to be violated. In the process of emitting Hawking radiation,
a black hole would evaporate, decreasing the area of its event horizon|14]. What is more, the
generalized second law of black hole thermodynamics now also faced a problem, since
once completely evaporated, the entropy of the black hole would vanish, causing the Universe
to lose entropy. Since the black hole evaporation is inherently a quantum mechanical process,
while both the area law and the generalized second law were, so far, purely classical results,
it meant that they had to be modified.

The key was, as pointed out by Bekenstein[15], to assign entropy to the Hawking radiation,
such that the entropy of the emitted radiation is enough to overcompensate for the loss in
entropy of the black hole, as seen in the decrease of its surface area. The final (quantized)
version of the generalized second law of black hole thermodynamics hence required that the
total entropy of the black hole, together with the total entropy of the Hawking radiation,
should be non-decreasing, hence increasing the entropy of the Universe.

Although a lot of the basics of black hole thermodynamics had been well-established at
this point, a Pandora’s box had been opened as soon as Hawking radiation was discovered,
leading to the famous black hole information pa,radoxﬁ

1.2 The Information Paradox

The Information paradox began with the discovery of Hawking radiation. If one were to
imagine a black hole formed from the gravitational collapse of matter in a pure state, then
this initial black hole, being in a pure state, would have a vanishing von Neumann entropy.
E| However, as Hawking discovered, black holes emit thermal radiation, which is not pure.
This means that after the complete evaporation of the initially-pure black hole, one would
be left with only thermal radiation, which is in a mixed state. However, the evolution from
a pure to a mixed state is not a unitary process since the von Neumann entropy, which is a
quantum entropy, is invariant under a unitary evolution. For the black hole evaporation to be
a unitary process, the final entropy of the Hawking radiation needs to somehow be purified, so
that the von Neumann entropy of the system is brought back to zero. But why is the entropy
of the Hawking radiation non-zero? The reason lies with the fact that Hawking modes are
entangled, with a combined von Neumann entropy of zero. However, with the creation of

4A much more comprehensive review of the history of black hole thermodynamics can be found in [4].
5This is just a definition for the von Neumann entropy of a pure state. Properties of the von Neumann
entropy will be discussed in Chapter 3.
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each Hawking pair, one of the Hawking modes remains trapped behind the horizon, while the
other one escapes to infinity. This leads to a continuously increasing von Neumann entropy
of the emitted Hawking radiation, as illustrated by the green line in Figure 1.1. As the
black hole evaporates, its mass decreases and the area of its event horizon shrinks, causing its
thermodynamic entropy to decrease. This has been illustrated by the black curve in Figure
1.1, where a the blue curve has been used to illustrate what a unitary evolution would look like
for the von Neumann entropy of the Hawking radiation. Such unitary evolution curve, namely
one bringing the von Neumann entropy back to its original value is called a Page curve.

Su

t

Figure 1.1: (green) The monotonically increasing entanglement entropy of the emitted
Hawking radiation due to the increasing number of unpaired hawking modes. (black)
The thermodynamic black hole entropy, which decreases as the black hole evaporates,
due to the area of the event horizon getting smaller. (blue) A Page curve for the
entropy of the Hawking radiation, which would bring the entropy back to its initial
value, expected from a unitary evaporation model.

This discrepancy between the unitary evolution expectation in quantum mechanics and the
non-unitary result following Hawking calculations established the Information paradox. There
have been multiple attempts to resolve the paradox, such as the black hole Complementarity
[16], which was later shown to be self-contradicting by [17], which introduced the so-called
AMPS or Firewall paradox, hence bringing the information paradox the back to the drawing
boards.

In recent years, there has been a lot of progress in the context of AdS, following the
development of the AdS/CFT correspondence, which settled the issue in favor of unitarity
and conservation of information. It meant that black hole evaporation in AdS must be a
unitary process, since its dual description, namely the CFT that lives on the holographic
boundary, is inherently a unitary theory. However, as we will see in this thesis, studying black
holes in AdS, despite resolving some ambiguities about the expected unitary evolution, present
other issues.
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Structure of Thesis

The aim of this thesis is to review recent developments in resolving the Information Paradox,
as well as raise some potential questions about their description.

In Chapter 1, we introduced the history of black hole thermodynamics, which gave rise
to the Information Paradox. The paradox was explained, as well as how the discovery of
AdS/CFT helped resolve some debates surrounding it.

In Chapter 2, we review aspects of the AdS/CFT correspondence. After describing the
basic features of AdS spacetimes, the dynamics of a scalar field in AdS is reviewed, which
is shown to depend on the signature of the metric. We show that while in Euclidean AdS,
there does not exist a normalizable solution, in Lorentzian signature, one of the solutions is
normalizable. We then review some features of CFTs, such as the state-operator map, and
we give an example, in which we summarize some results for the massless free boson. After
describing both AdS and CFT, the AdS/CFT duality is reviewed.

In Chapter 3, we introduce entanglement entropy in quantum mechanics, which is then
derived for a general quantum field theory. We show how the AdS/CFT correspondence can
be applied to the entanglement entropy, and introduce the RT prescription, as well as a short
review of its derivation. Subsequent generalizations of the RT formula are stated, including
the latest version of the generalized gravitational entanglement entropy.

In Chapter 4, we use the theoretical background from Chapter 2 to study black holes
in AdS. We explain the motivation for studying black holes in AdS, as well as the issues
surrounding these solutions, due to the nature of the AdS geometry and its reflective boundary
conditions. We explain why large black holes do not evaporate in AdS, with all the Hawking
radiation bouncing off the AdS boundary, and why making them smaller presents further issues.
With that in mind, we show that changing these boundary conditions to being absorptive into
the holographic boundary is not possible, since any particle that escapes the bulk will no
longer have a description at the holographic boundary. This is used to motivate the need for
an auxiliary system, where the Hawking radiation could be absorbed, hence allowing the black
holes to evaporate.

In Chapter 5, we review one such recent model in the context of JT gravity |18|, which
proposes the attachment of an auxiliary bath to the AdS boundary, making one-sided black
hole evaporation into the bath possible. To explain this model, we first review features of JT
gravity, and use its semiclassical description to review how coupling to the bath achieves the
evaporation protocol. The discussion in Chapter 3 is then used to explain how the proposed
black hole evaporation model was used to produce a unitary Page for both the evaporating
black hole and the emitted Hawking radiation, hence leading to a possible resolution to the
Information paradox. We then look for a way to describe this one-sided black hole evaporation
model, but using a toy-model for the boundary theory, namely working in the TFD formalism.
We model the bath in the gravity theory as an operator in the dual theory, and we find such an
operation which successfully reproduces all the expected results in the dual theory. However,
this operation is shown to be non-unitary and we argue that a unitary bath operation may
not be possible, at least with the way the bath is described to act on the bulk. As will be
explained, this does not exclude the possibility for a global unitary bath operation, although
the way that the bath is coupled to the bulk might have to be different. We also show that
the one-sided evaporation can be modeled via an LOCC protocol, which uses the bath as a
way to transfer classical information.



AdS/CFT

The AdS/CFT duality provides a powerful tool for studying the Information paradox. Due to
the unitary evolution of the CFT on the holographic boundary, AdS/CFT also guarantees a
unitary evolution inside the bulk, where one could choose to study how black holes evaporate.
In this chapter, we will discuss aspects of the AAS/CFT correspondence, which will be used
later in the thesis. In Section 2.1, we will review the basic features of AdS spacetimes, such as
the dynamics of a scalar field in AdS, which will be shown to depend on the signature of the
metric. We show that while in Euclidean AdS, there does not exist a normalizable solution, in
Lorentzian signature, one of the solutions is normalizable. In Section 2.2, we will review some
features of CFTs, such as the state-operator map, and review the massless free boson theory.
In Section 2.3, we will review the correspondence between these two descriptions. Although it
will not include any new calculations, the results in this chapter will be used for calculations
later on in the thesis.

2.1 Anti-de Sitter Spacetime

2.1.1 Coordinates

Anti-de Sitter (AdS) spacetime is a maximally symmetric spacetime and a solution to Ein-
stein’s equations with a negative cosmological constant. A (d+ 1)-dimensional AdS spacetime,
namely AdSg,1, can be obtained from a submanifold of (d + 2)-dimensional Minkowski space-
time with a (2,d) signature R%2, described by

ds? = —dT? — dT§ + dX7? + ... +dX3. (2.1)

AdSg4, is then defined as the submanifold

TE+T? —X?— ... — X3 =", (2.2)
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where fpqg is referred to as the AdS radius (i.e. radius of curvature). The cosmological

constant depends on the AdS radius, such that A = —C;(ZQH).
AdS

coordinates that can be used to describe the AdS spacetime|l9]. A common choice are the
so-called global coordinates (T, p,€;), defined as

There are different sets of

Ty = €aqs cos T cosh p
Ty = laqssinTcosh g,
Xi = EAdSQi sinhﬁ 5 (23)

where the ; with i € {1,...,d} parameterize the S?~! sphere and >, Q% = 1. The global
coordinates cover the entire AdS;; 1 spacetime. In these coordinates, the AdS;;1 metric (2.1)
can be written as
ds? = (3 4s(— cosh?5d7? + dp? + sinh?5dQ3_,) . (2.4)
Here 0 < 7 < 27, p > 0 and d93—1 is the sphere metric on S¢~'. The periodicity of the 7
coordinate indicates the presence of closed timelike curves. To resolve this issue, we “unwrap”
the time circle and take —oo < 7 < 0o to obtain the so-called universal cover of AdS without
closed timelike curves|19].
The metric is also often written in terms of the coordinates (t,r,€2;), which are also
often referred to as global coordinates due to their full coverage of the AdS spacetime. They

are defined as
T = \/E?de + 72 COS(t/fAds) ,
T, = \/EQAdS + r2sin(t/lags)

X2=X2+.. . +Xi=r%, (2.5)
in which case it takes the form
r2 r2 -1
ds? = — <1 + €2> de? + (1 + £2> dr? +r2d02 | . (2.6)
AdS AdS

Here r € [0,00), t € (—00, 00) and the two sets of coordinates can be related via r = £aqg sinh p
and t = faqsT.

To study the causal structure of AdSgy1, it is useful |E| to make a further change of variables
r = laqs tan p, where p € [0,7/2], in which case the metric becomes

£2
ds? = A (—ds? + dp? + sin®pdQg_) . 2.7
(A 4 sintp ) (27)
The causal structure is invariant under a conformal scaling of the metric. A scaling trans-
formation to remove the Weyl factor Kids / cos? p shows that AdSgy; has R x S! topology
and hence the same causal structure as a cylinder, as illustrated in Figure 2.1 (left). In these
coordinates, the boundary is located at p = 7/2 (r = 00). |Z|

SFor example, in Section 4, we will focus on the AdS3/CFT2 duality and use this metric because the
cylindrical structure of AdSs makes it easier to see that the metric of the boundary CFT; is just the flat
Minkowski metric.

"As we will see later in this chapter, this is the so-called conformal boundary, which plays an important
role in the AdS/CFT correspondence, being the boundary where the CFT lives.
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Another convenient set of coordinates are the Poincaré coordinates, defined via

52 ’1“2
Ty = -AdS (1 + 1 ((Rgs + 7 —t2)> ,
2r Cias
T

Ty t,

lads

r

T2 T,

 Lags
Ras r? 2 | 42
T, = o (1—64 ((aqs — T+t )) : (2.8)
AdS

The coordinates cover only a portion of the AdS spacetime, called the Poincaré patch. This
can be seen in Figure 2.1 (right) which shows that the Poincaré patch covers only half of the
spacetime covered by the global coordinates. In these coordinates, the metric (2.1 can be
written as

2 f2
ds® = a2 (—dt* + dz?) + %dﬂ : (2.9)

A further change of variables z = (3 ;q/r allows us to write the metric as

0 . 0
ds? = % (dz® — dt? + d7?) = % (d2® + nudatda”) | (2.10)
where z# = (t,%) and 7, = diag(—,+,...,+). In these coordinates, the conformal boundary

is located at z = 0. In what follows we will set £aqs = 1 for simplicity.

L4 ——

(0.¢]

=
N
%
KNS | =77 77T T - | Z
I E 31> Poincaré
QW IS g “ | oo
F
z
b

~_ Global

Figure 2.1: (left) In the Poincaré Patch (grey), the holographic boundary is at z = 0,
which is equivalent to p = 7/2 in the global coordinates. right) A slice through the
AdS; spacetime, showing that the Poincaré Patch covers half of the full spacetime.

2.1.2 Scalar field theory in Poincaré AdS

In this section, we will study the dynamics of a massive scalar in AdSgy;. We will see that
in the Euclidean case there exist normalizable and non-normalizable bulk solutions, but the
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normalizable solution blows up at the centre of the bulk and is hence not physical. This issue is
not present in the Lorentzian case, where the normalizable solution is also regular everywhere
in the bulk [20]. The notion of normalizability will be explained in more detail later, but it
has to do with the regularity of the action, when evaluated on the particular solution. In what
follows, we will derive these results, starting with the Euclidean case.

A. Dynamics in Euclidean signature

For convenience, we will work in the Poincaré patch with metric defined in (2.10) and set
fags = 1. Since we are considering the FEuclidean case, we will Wick-rotate from Lorentzian
time ¢ to Euclidean time 7 by setting ¢ = —i7, in which case the metric becomes

1 By 1 a
ds® = > (d2? + dr? +d7?) = = (dz2 + 6apd dl‘b) ; (2.11)

where 2% = (7,%) with a € [0,d] and 64, = diag(+,...,+). In these coordinates, the action
for a scalar field ¢ of mass m is given by

5=t / A1z /G (8,00,69" + m2¢?)
2
_ ;/ddxdz Z*d‘i’l ((az(b)Z + (aad))Q + 7:2¢2> , (2.12)

where we have used that g = det(g,,) and in Poincaré coordinates, g = z72(d+1) Ty obtain
the equation of motion for ¢, we vary the action with respect to ¢ and set §.5/d¢ = 0 to get

1
78 7/ — MV8V = m2 s 213
which gives

22020 — (d — 1)20,¢ + 2202 = m?¢ . (2.14)

To solve the above equation, it is convenient to perform a Fourier decomposition in the x“
directions and use a plane-wave ansatz of the form ¢(z,z) = e** f.(2), where k.x = §pk%a?
[21]. The equation can now be written as

P02 fr — (d—1)20.fr, — (K222 + m?) fr = 0, (2.15)

where k% = 6,,k?kP. This is can be written in the form of the modified Bessel equation by
doing a change of variable fi, = z%/2g;,, which yields

202 d?
2702 gk + 20.9K — <

1 + k222 + mz) g =10. (2.16)

Taking gx = gr(kz), where k = |k| = V'k2, one finds two independent solutions in terms of the
modified Bessel functions of the first and second kind, given by

9k (kz) = ap K, (z|k|) + bp L, (2|k|) , (2.17)
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where ay, and by, are integration constants, and we have defined v = /d?/4 + m?|22|. Hence,
we arrive at

Fu(2) = apz2 K, (2k|) + bypz2 I, (2]k]) - (2.18)

Note that since each mode depends on the parameter k, the full solution for the scalar field is
obtained by the superposition of all of them, and so takes the form

d .
Pz, x) = / (gﬂl; e f(2) (2.19)

where ¢(z,z) is the Fourier transform of f(z). We have to impose that the solution remains
regular everywhere in the bulk, including the centre of the bulk at z — oo and boundary,
located at z — 0. To check this regularity, we will use the asymptotic behaviour of the Bessel
functions for v > 0, given by

K, (z|k|) ~ F(;) <22k‘>y , (2.20)

I (z|k|) ~ r(y1+1) (Zgﬁ) : (2.21)

which allow us to write the solution (2.18) near the boundary behaves as

fr(z) ~ Apz® + B2t , (2.22)
where we have defined
d d d?
= Z -z 2
Ay Qiy 2i 1 +m (2.23)

and

A= (B 2t

1 2\
By = bkm <|k|> . (2.25)

In position space, one can therefore write the full scalar field solution near the boundary
(z—0) as

Pz, ) = A(x)z> + B(x)z>+ | (2.26)

where A(z) and B(z) and the Fourier transforms of Ay and By respectivelyﬁ The Ay is
the so-called normalizable mode, while A_ is a non-normalizable mode. This normalizability
criterion will be discussed in more detail later on. Having checked the behaviour near the
boundary, it remains to check the behaviour of the solution near the centre of the bulk, where
z — 00. Using the asymptotic behaviour of the Bessel functions, one finds that

K, (z]k|) ~ e 2k (2.27)
I (z|k|) ~ ekl (2.28)

8Note that we can deduce these scalings much quicker from (2.14) with an ansatz ¢(z,z) = f(2)g(z) and
ignoring terms of O(2?) since we are only interested in the behaviour of the field near the boundary at z = 0.
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While the first solution K, (z|k|) remains regular at the centre of the bulk, the second solution
I,(z|k|) diverges exponentially. Hence, in order to impose regularity in the interior, we need
to omit this solution by setting by = 0. Hence, B(x) = 0 and near boundary

Pz, ) = Alz)22 (2.29)

meaning that in the Euclidean signature only the non-normalizable solution is admissible. This
is not the case in Lorentzian spacetime. In what follows, we will repeat the above analysis to
Lorentzian signature, and show that in this case, there exists a solution which is normalizable
at the boundary, while also being regular everywhere in the bulk.

B. Dynamics in Lorentzian signature

In Lorentzian spacetime there are, again, two possible solutions - a normalizable and a non-
normalizable one, but unlike the Euclidean case, where the normalizable mode was not physical
at the origin, the normalizable mode is now well-defined throughout the whole bulk. In this
case, the metric is

ds® = 2172 (d22 — di? + d7?) = ;12 (dz2 + nabdmadxb> : (2.30)
where 1 is the standard Minkowski metric. Following the same procedure as before, we find
that the equation of motion for fi is the same as in , but now k% = nuk°kP. Now
the solution depends on whether k2 > 0 or k2 < 0[23|. For the case k? > 0, the results are
the same as the Euclidean case, and there is no regular normalizable solution. However, for
the case when k? < 0, the situation is more complicated and we have a regular normalizable
solution appearing as well. Again, there are two independent solutions, but now they are
in terms of the Bessel functions {J,(z|k|), J_,(z|k|)} if v is a non-integer, and in terms of
{J,(z|k|), Y, (z|k|)} otherwise. Hence,

22 J, (2)k]) + cxz2 J_y (2|k])  ifv ¢ Z
fe(z) = ) . (2.31)
dpz2 J,(z|k|) + crz2 Y, (2]k|) itveZ.

Let’s consider the case when v is an integer. At the centre of the bulk (as z — 00), the Bessel

functions with v > 0 are regular, so both sets of solutions remain regular. Approaching the
boundary as z — 0, the Bessel functions with v > 0 behave as

Ju(z|k]) ~ L ('Zm)y : (2.32)

Fv+1) \ 2
Y, (2]k[) ~ —FETV) (Z|2k‘> : (2.33)

so the boundary limit of (2.31)) becomes

fu(2) ~ Crz®~ + Dyt | (2.34)
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where

Cl, = —CkFET”) (é) , (2.35)

Dy, = dkF(V:_l) (";‘) . (2.36)

In position space, the scalar field solution near the boundary is
d(z,z) = C(x)z2 + D(x)z2+ (2.37)

where C'(z) and D(z) are the Fourier transforms of ¢ and dj, respectively. Similar discussion
follows for the case when v is not an integer. Hence, unlike the Euclidean case, now there is an
additional solution which is both normalizable and regular. This solution will be important in
Chapter 5.3, where it’ll be used to model the radiation from a black hole in an asymptotically
AdS spacetime. We will want to use a solution which is both normalizable near the boundary
and regular everywhere in the bulk. Hence, for future bulk calculation we shall use the
Lorentzian signature.

We wish to clarify the notion of normalizability of the bulk scalar solutions. In what
follows, we will focus on the Lorentzoan signature. We claimed that A, is a normalizable
mode, while A_ is a non-normalizable mode. This normalizability criterion comes from the
normalizability requirement for the action when evaluated using the particular solution. One
can check that the action remains finite when the integral over z is evaluated from z = 0
to some cut-off z = € using ¢ ~ 22, provided that A > d/2. Hence, the action is finite if
A = A, and so it seems as if this is the only admissible mode.

However, there exist examples of the correspondence, where the boundary theory allows
for operators of scaling dimension A < d/2. Hence, in order to preserve the duality, there
must be an oversight in the conclusion that A = A, is the only allowed solution. It turns out
that in the range

2, P
_— < —— .
LSS = +1, (2.38)

the action is also finite for A = A_. This can be shown with the following further analysis of
the action. By performing integration by parts, the action (2.12)) becomes

S = ;/dd“x \/§¢(_8H3N+m2)¢+;/dd“x\/ﬁ@#(qﬁ@”qb), (2.39)

where the second term is a boundary term, which does not contribute to the equations of
motion for ¢. By ignoring the boundary term, the restriction on A changes [24]. In this case,
the action becomes

S = ;/dd:pdz \/§¢(—Z2a§ + (d - 1)Zaz + Z2a¢3¢ + m2)¢ 9 (240)

where we can recognize the equation of motion for ¢. Using ¢ ~ 2z and evaluating the
integral over z from z = 0 to z = ¢, it can be seen that the boundary term in is non-zero,
and in fact diverges, if A < d/2 [25]. However, ignoring the boundary term, the action
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converges for A > d/2 — 1E| This modified bound implies that there can exist solutions with
d/2 —1 < A < d/2, in which case A = A_ is also an admissible solution. In this case, the
requirement A > d/2 — 1 corresponds to the upper bound for the mass in (2.38))). The lower
bound arises from requiring that the scaling dimension Ay € R, which imposes a further
restriction on the mass of the scalar field, namely that

2
m" > 7 (2.41)
This is known as the Breitenlohner-Freedman bound (BF). It implies that bulk particles of
negative mass can have stable solutionsB Hence, in the range (2.38)), both A+ are allowed
solutions, while for m? above this range, only A, is allowed.
Having described the dynamics in the bulk, in the next section, we will quickly review a
few of the properties of conformal field theories, while focusing only on the parts which will
be important in future calculations in the thesis.

2.2 Conformal Field Theory

A conformal field theory (CFT) is a relativistic quantum field theory with some additional
symmetries. We will consider a CFT with a metric tensor g,, in d spacetime dimensions.
Under a coordinate transformation ¥ — z/#, the metric transforms as

v () — g:“,(a:’) = 0%*(x) g () . (2.42)

A conformal field theory is invariant under this transformation and we say that a conformal
transformation is one that leaves the metric invariant up to some factor Q?(x). An important
feature of this invariance in Minkowski spacetime is that conformal transformations preserve
the angles between curves crossing each other. This has an important consequence, namely
that conformal transformations preserve the causal structure, so null/timelike/spacelike inter-
vals remain null/timelike /spacelike separated.

2.2.1 CFT Algebra

The group of transformations that satisfies this property is called the conformal group. The
conformal group in Minkowski spacetime contains as a subgroup the Poincaré group, which in-
cludes translations and Lorentz transformations. The conformal group contains two additional
transformations|27|, namely dilatations and the so-called special conformal transformations.
The conformal group transformations and their respective generators are

9This is identical to a unitarity bound arising from the properties of the CFT. The CFT unitarity bound can
be derived from demanding that matrix elements are positive definite, which yields that for a CFT4, A > %
|26].

0This is not the case in flat spacetime, where negative mass solutions are unstable.
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translations : 2™ = x# + a* P, =—id, (2.43)

rotations : 2'¥ = M* ,x¥ L, =i(x,0, — x,0,) (2.44)

dilatations : 2™ = \ x# D = —2"0, (2.45)
B plg2

SCTs : 2" = 1 j% . +:Cl)21:2 K, = —i(2z,2"0, — 2°0,,) . (2.46)

A special conformal transformation can be thought of as an inversion x# — 2# /22, followed
by a translation z# /2% — x#/x? — b*, which is in turn followed by another inversion like the
first one such that the full transformation can be expressed as

b g

The metric scale factor introduced from the special conformal transformation is given by
Q%(z) = (1 — 2b.x + b?2?)% . (2.48)

The conformal group generators P, L,,, D and K, satisfy a set of commutation relations,
which define the conformal algebra. If one defines a new set of generators, defined as

']p,V = L,ul/ (249)

J_10=D (2.50)
1

o1 = §(Pu - Ky) (2.51)
1

%M=§UL+KQ, (2.52)

then the conformal algebra can be written as

[Jab, Jed] = i1(NadIbe + Mbedad — NacIbd — MbdJac) (2.53)

where Ju, = —Jpg and 1y is the usual Minkowski metric with a,b € {—1,...,d}. The confor-
mal group is isomorphic to the group SO(d,2). For the remaining part of Section 2.2, we will
focus on CFT5 theories.

2.2.2 The state +> operator map

It is operators and (local) states in the CFT that we primarily interested in, and in CFTs,
there is a way to relate them, known as the state-operator map. While in a general QFT, local
states and operators are very different objects, with states living on an entire spatial slice,
while local operators being localized on a single spacetime point, in a CF'T, there exists an
isomorphism between these objects [28].

To make the state-operator correspondence more precise, we will use the notion of ra-
dial quantization. We can parameterize the CFTs theory in terms of the Cartesian plane
coordinates (7,z), which denote the time and space coordinate. One can also parameterize
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the theory in terms of the complex cylinder coordinates (w,w), defined as w = x — i7 and
w = x + iT, such that z € (0,2x]. The states live on spatial slices of the cylinder.

Another convenient way to parameterize the theory is to do a map from the complex
cylinder to the complex plane (z,%) via z = ¢ and z = e!”. While on the cylinder, the
states lived on constant time slices, in the complex plane, they live on circles of constant
radius |28]. This can be seen from the Hamiltonian generating time evolution on the cylinder,
given by H = J;, which is the dilatation operator in the complex plane coordinates, given by
D = 20, + z0s. E Hence, the state in the infinite past 7 = —oo of the cylinder is mapped
onto the complex plane at z = Z = 0. The state-operator map states that

0) = lim O(z,2)[0) (2.54)

22—
It should be noted that the state is defined by acting on the vacuum state with an operator at
z = Z = 0, which means that the state on the cylinder is defined at 7 = —oo. This is illustrated

in Figure 2.2, where the state on the cylinder at 7 = —o0 corresponds to an operator insertion
at the origin of the complex plane.

Figure 2.2: Constant time slices on the cylinder corresponding to constant radius circles
on the complex plane. The state-operator map, states that operators inserted at the
origin z = zZ = 0 of the complex plane get mapped to stated at 7 = —oo on the
cylinder. As states evolve on the cylinder, they correspond to circles of bigger radius
on the complex plane, as shown in blue. Adapted from [29]

A nice derivation of the state-operator map can be found in 28], in terms of the path integral
formulation of the wavefunction.

2.2.3 Operator product expansion

A concept of particular importance in CFTs is the operator product expansion (OPE). Even
though it is also a concept in a general quantum field theory, the notion of a “field” in CFT is
slightly more general, since the term also includes any operations (such as derivatives) of the
usual fields.

1This has rather interesting implications for the dynamics in the complex plane. The Hamiltonian in the
complex plane is the dilatation operator. Since [D, P,] = P, and [D, K,] = —K,, comparing to the usual
commutation relations between the Hamiltonian and the ladder operators, P, acts as a raising operator, while
K,, acts as a lowering operator [27].
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The OPE is a statement about what happens when operators are very close to each other.
For local operators O;, and only within time-ordered correlation functions, the OPE is defined
as

Oi(2,2)0;(w, W) = > _ Cf(z = w, 2 — ) O (w, ) , (2.55)
k

where the functions ij (z —w,z — w) depend only on the separation between the operators,
due to translational invariance. We will not go into the derivation of the OPE, but one can
see from its definition that it diverges for z — w (or Z — w).

A particular type of operator in CFT, called a primary operator is defined as an operator,
whose OPE with the stress-energy tensor truncates at (z —w) 2. Hence, the OPE of a primary
operator O with the stress-energy tensor is defined as

T(2)O(w, 1) = 2@$l+%?gfﬁ (2.56)
ﬂ@owwwzﬁg@§g+&€T%m, (2.57)

where h, h are called the weights of the operator. These are related to the scaling dimension
of an operator, which can be written as A = h + h. Note, h,h € R and h,h > 0 for a unitary
CFT. Under a general finite conformal transformation, namely z — 2/(z) and z — Z'(2),
primary operators transform as

O(2,2) = 0'(,7) = <‘Z> h(g":) 4—10(2,5) (2.58)

The significance of the primary operators is that the spectrum of the weights h, h of primary
operators is related to the spectrum of the masses of the particles in the field theory.

In the next section we will quickly review some basic aspects of an example CFT theory,
namely that of the massless free boson, without preforming any derivations.

2.2.4 Example: The Massless Free Boson

The dynamics of the free boson is governed by the action

1
S = 29/d233 Oupdtp (2.59)

where ¢ is a normalization parameter, which will be specified later [27]. The correlation
functions are given by

1

w@M@»:—@@mM—yP, (2.60)

which can be written in terms of the complex plane coordinates, introduced in the previous
section, to give

(o2 2)p(w, T)) = _471Tg{ |z —wf? + 1|z — o} . (2.61)
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Taking partial derivatives of (2.61)), it can be split into holomorphic and anti-holomorphic
contributions, given by

Oup(e)upw)) = g
(0=0(2)0asp (1)) = 47179<_1w> . (2.62)

Recall that to test if an operator in a primary operator, one needs to calculate its OPE with
the stress-energy tensor. The stress-energy tensor for the theory under consideration can be
written in terms of the complex plane coordinates as [27]

T(2) = —27g : Bup(2)0:p(2) :
T(zZ) = —27mg : Opp(w)dgp(w) : . (2.63)
It has been shown in [27] that by canonically quantizing the scalar field on the cylinder, the

partial derivatives of the scalar field, appearing in the expression for the stress-energy tensor,
can be written as

0.0(2,2) = — ! Zanz_"_l
_ 1
82()0(2:7 Z) = _\/W

where a, and a, are ladder operators for left- and right-moving excitations, and obey the
following commutation relations

anz "1, (2.64)

n

[@m an] = [Gm, Gn] = MOmin

[ama C_Ln] = [ama an] =0 y (2.65)
where
5 _Jm ifm=-n (2.66)
mn 0 otherwise . ’

The creation/annihilation operators act on the CFT vacuum state, such that

=0if n> -1
an|0)crT = 2.67
(O)crr {;A()ifng—1 (267)

and similarly for a,. |E|
These features of the massless scalar boson CFTy theory will be used later in Chapter 4,
to study the dual description of a massless scalar in AdSs.

12Note that this action of the creation/annihilation operators is specific to the operator, and in particular
to its weight h,h. In the above example, namely the mode expansion of the operator 9,¢, the weight of that
operator was h = 1, hence the factors of —1 in . For the mode expansion of a general operator of weight
h, such that ¢(z,2) = =3 bum 27" hz=m=" one must impose by, m|0) = 0 for n > —h and m > —h. The
reason for this requirement is the otherwise the state generated by the state-operator map will be non-singular
(and hence not well-defined) at z = z = 0 [30].
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2.3 AdS/CFT Correspondence

2.3.1 Statement of the correspondence

The map between observables on both sides is given by the so-called AdS/CFT dictionary.
There are two versions of the dictionary, namely the differentiate and the extrapolate dictio-
nary. The differentiate dictionary is stated in terms of the equivalence between the bulk and
boundary partition functions

ZBulk|®0] = ZcrT (o] 5 (2.68)

where ¢g(x) is the boundary condition on the fields. Correlation functions of the CFT op-
erators are then computed, as per usual, by differentiating the partition with respect to the
sources

0 0 J] : (2.69)

(O(z1) ... Oan))crr = 57(21) "'5J(xn)ZBulk[ .

where we set the sources J = 0 at the end. On the other hand, the extrapolate dictionary
evaluates the CF'T correlators by first computing the bulk correlators and then pulling them
to the boundary via

(O(z1)...0(xy))crT = ilg(l) 2T p(x1,2) . . (T, 2)) Bulk - (2.70)

It has been shown in |31] that (up to some proportionality constant) the two dictionaries
compute the same CFT correlators i.e.

0 0
8J(z1) " 6J(z)

ZBulk[J]] ~ hn(l] 2T P21, 2) - DT, 2) ) Buk - (2.71)
J=0 Z—

The AdS/CFT correspondence gives a relation between the mass m of the AdS bulk scalar
field and the scaling dimension A of the operator O on boundary CFT theory, given by the
roots of m? = A(A — d), which are

d [
Ap==+4/—+m2. (2.72)

Hence, for a general massive scalar field in the bulk, there exist two solutions for the scaling
dimensions of the dual operator O living on the boundary. These are the normalizable and
non-normalizable solutions of the bulk field and have different interpretations in the CFT
theory, as will be explained in the next section.

2.3.2 Boundary behaviour : the field <> operator map

We wish to use the AdS bulk scalar field solution and the AdS/CFT duality to explain what
it corresponds to in the CFT theory. To do that, it is convenient to consider the boundary
limit of the scalar field solution, which behaves as

b(z,z) = A(z)z> + B(x)22 | (2.73)
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where we found that there are two possible solutions for the scaling dimension, namely the
roots Ax of A(A —d) =m?. Choosing a particular solution for A implies a different physical
interpretation of the functions A(x) and B(z).

If we choose A = A, , the term ~ 2972+ = 22~ is the dominant term in the limit z — 0,
since A_ < A,. Hence, near the boundary, we find that

B(z) = lim 272 ¢(z,z) . (2.74)
z—0
By dimensional analysis [21], the function A(x), corresponding to the normalizable mode, is
identified with the vacuum expectation value of the dual field operator O, of scaling dimension
A4, while B(z) is identified as the source for this operator. In accordance with the extrapolate
dictionary, this suggests that B(x) sources the bulk field ¢(z, x).
If we, instead, chose A = A_, the roles of the functions A(x) and B(x) will be reversed,
with B(x) being identified as the vacuum expectation value of O, and A(z) as its source.

2.4 Conclusion

The AdS/CFT duality provides a powerful tool for studying the Information paradox. Due to
the unitary evolution of the CFT on the holographic boundary, AdS/CFT also guarantees a
unitary evolution inside the bulk, where one could choose to study how black holes evaporate.
In this chapter, we discussed some aspects of the correspondence, which will be used in later
chapters. In the next chapter, we will review the concept of entanglement and entanglement
entropy in both quantum mechanics and quantum field theory. The results from Chapter 2
will be used in deriving the RT prescription for the holographic entanglement entropy.



Holographic Entanglement Entropy

In this chapter, we review aspects of the entanglement entropy. In Section 3.1, we introduce
entanglement entropy in quantum mechanics, which is then derived for a general quantum field
theory. In Section 3.2, we show how the AdS/CFT correspondence introduced in Chapter 2
can be applied to the entanglement entropy, and introduce the RT prescription, the derivation
of which was reviewed in Section 3.3. Subsequent generalizations of the RT formula are men-
tioned in Section 3.4, including the latest version of the generalized gravitational entanglement
entropy.

3.1 Entanglement Entropy

3.1.1 Basics

One of the, undoubtedly, coolest features of quantum field theory, absent in its classical coun-
terpart, is the non-zero correlation between spatially separated field operators, arising from
the superposition of quantum states [32]. This correlation can be explained as entanglement
between distant regions, and it is this feature that presents one of the fundamental differences
between quantum and classical physics. Before diving into the discussion on entanglement, it
is helpful to recall and distinguish the different notions of entropy.

In classical statistical physics, entropy is often met in the form Sp = kpln ), where kp
is the Boltzmann constant and €2 is used to denote the number of available microstates for a
system in a particular macrostate. This is the so-called Boltzmann entropy and assumes that
each microstate is equally probably. For the case where miscrostates appear with different
probabilities {p;} with ). p; = 1, the Boltzmann entropy is generalized to the so-called Gibbs
entropy, defined as S¢ = —kp > piln pilr_g] When p; = 1/Q (for an equal probability distribu-
tion), Sg reduces to Sp. In information theory, the so-called Shannon entropy entropy H (p)
is defined in the same way; i.e. for a discrete random variable X with probability distribution

13The dimensionless entropy is obtained by dropping the Boltzmann constant kp.

23
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p(z), such that P(X = x) = p(z), Shannon’s entropy is defined aﬁ

H(p)=>_ p(x)logp(z) . (3.1)

zeX

The von Neumann entropy (or quantum entropy) of a quantum state p € H is a natural
generalization of the Shannon entropy, defined as

H(p) = —Tr[plogp] . (32)
Some of the properties of the von Neumann entropy include:

Non-negativity : H(p) > 0 with H(p) = 0 iff p is pure
Upper bound : H(p) < logdim H
Invariance under isometries : H(p) = H(Vp V1) for any isometry V. (3.3)

We will be interested in evaluating the entropy in a QFT, where the dimensionality of the
Hilbert space is infinite. Hence, for a QFT, the upper bound for the von Neumann entropy is
H(p) < OOE We should also note that the last property has the important consequence that
the von Neumann entropy is invariant under a unitary time evolution, namely i.e. H(p) =
H(UpU?'). This is different from the thermodynamic entropy, which obeys the second law of
thermodynamics and hence increases under a unitary time evolution. The distinction between
the von Neumann (also referred to as fine-grained) entropy and the thermodynamic (also
referred to as coarse-grained) entropy will be important later in Chapter 4 when discussing
the entropy of an evaporating black hole and its Hawking radiation.

To quantify entanglement, we can consider a system at zero temperature, divided into two
subsystems, namely A and B, where the latter is often referred to as the complement of A
and written as B = A, as illustrated in Figure 3.1 below.

B

Figure 3.1: A bipartite system with two subsystems, A and B, where B is the comple-
ment of A, namely B = A.

If the total system, described by a ground state |¥), is in a pure state, the density matrix is
defined adlf

pap = [¥)(¥]. (3.4)

To define the entropy of the subsystems A and B, it is assumed that the total Hilbert space
factorizes into a direct product of the Hilbert spaces of the subsystems; i.e. Hap = Ha Q Hp.

MNote, in information theory, the log denotes the logarithm to base 2., whereas the definition in physics
uses the natural logarithm In.

50One should really think of the entropy as being UV sensitive and dependent on the cut-off scale, rather
than being infinite.

16Recall that for a pure state p, Tr[p] = 1 so we have assumed the state is normalized such that (¥|¥) = 1.
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The system A is described by the reduced density matrix p4, obtained by tracing over the
Hilbert space Hp, such that

pa = Trp[pan] . (3.5)

The entanglement entropy of the subsystem A with the subsystem B, which provides a measure
of the entanglement between these two subsystems, is the von Neumann entropy of the reduced
density matrix and is hence defined as

Sa=—-Tralpalogpal, (3.6)

which for a pure state pap is independent of which subsystem we pick; i.e. S4 =S BE The
entanglement entropy vanishes for a pure state, so Sap = 0.

Any bipartite (one that consists of two subsystems) pure state |V sp) € Hap = Ha ® Hp can
be written as

min(da,dp)

Wap)= > /pili)a® |¥i)s (3.7)
=1

where d4 = dim H4 and dp = dim Hp. The p; > 0 satisfy >, p; = 1 and the basis
vectors {|vi)a} € Ha and {|¢;)p} € Hp form orthonormal basis for the subsystems A and B
respectively. This is known as the Schmidt decomposition. A state is called separable if it can
be written in the form |Uap) = [1;)a ® [1;)p. A separable state has pure reduced density
matrix pa and hence a vanishing entanglement entropy. Hence, separable states are also
referred to as unentangled. A state is called entangled (or inseparable) if it cannot be written
in the form |¥4p) = [¢;)4 ® |¢;) p and has the form of (3.7)). In the Schmidt decomposition,

the reduced density matrix becomes

da
pa =Y pilti)aaldil (3.8)

=1

and in this case, the entanglement entropy becomes the Shannon entropy

da
Sa=— pilogpi . (3.9)
i=1

Thus, evaluating the entanglement entropy requires computing the reduced density matrix
pa and diagonalizing it to obtain its eigenvalues p;. This is generally difficult to calculate,
particularly in a quantum field theory with infinite degrees of freedom [34, |35]. Instead of
having to deal with this diagonalization, a more convenient approach makes use of the so-
called replica trick, first introduced in the context of entanglement entropy in [36]. This
involves using another entanglement measure, namely the Reny: entropy, which is a one-
parameter generalization of the entanglement entropy, defined as 37|

Sn(A)

= logTralpl] (3.10)

"Note, this equality is no longer true of the total system is no longer a pure state. If the total state is mixed
(e.g. at finite temperature), Sa # S [33|.
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where n is an integer, commonly referred to as the replica parameter. The replica trick is a
method for calculating the entanglement entropy, by utilizing this new type of Renyi entropy,
which contains n copies of the density matrix. Indeed, in the limit n — 1, the Renyi entropy
reduces to the entanglement entropy; i.e.

Sy = lim Sy(A) . (3.11)
n—1

This can be seen from [38|

D7 log p;
log 30, p + (1 +n) SB{eer:

= lim
n—1 —2n

== pilogp;
%

=S4, (3.12)

where in the fourth line we have applied L’Hoépital’s rule, defined as lim @ = lim £®

m—)cgm) ey €9)
L

together with the logarithmic derivative, defined as i —log f(z) = e

)

Another way that

) T
the entanglement entropy can be written as as S4 = — lim,,_,; 9, Tr[p X] which can be shown
from
—}Ll_>m18 Tr[pA] = —hm@ sz —TlLi_>lepilogp¢ = S(A) (3.13)
T

In literature, both result from (3.12)) and (3.13]) are often combined to define the replica trick
as one that utilizes the following step:

1
= 1i
Sa = lim 7

log Tralpl] = — liml On log Tra[pf] . (3.14)
n—

where the density matrix is normalized such that Tra[pa] = 1. Note, in the definition of the
Renyi entropy, n € Z, but an analytic continuation to n € R is assumed in taking the limit
n — 1.

The entanglement entropy at finite temperature 7' = 37! is defined by replacing with
the thermal density matrix defined as pihermal = e BH /Z, where Z = Tr[e_BH | is the thermal
partition function and H is the total Hamiltonian of the system. The thermodynamic entropy
is defined in terms of the thermal partition function via

S(B) = (1 - pog)log Z(B) . (3.15)

The thermodynamic entropy will be used in Section 3.3 to evaluate the thermodynamic black
hole entropy from the gravitational path integral.
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3.1.2 Entanglement Entropy in a QFT: Euclidean Path Integral Represen-
tation

Obtaining the entanglement entropy is not that straightforward in QFT, as it was in the quan-
tum mechanical description, since one needs to take into account the path integral formalism
and the interpretation of what n copies of the density matrix signify is not that obvious. In this
section, we will provide the schematic derivation of the QFT entanglement entropy, following
closely the work in |37]. If we consider a d—dimensional QFT, the ground state wavefunctional
Ul (Z)] = (¢o(Z)|¥) has the following Euclidean path integral representation

__T=_ T
7=0,6(0,8)=¢o () : l
¥on(@) = [ Dy e teldl = (3.16)
T=—00
T=—00 .
% T
which is obtained by integrating from 7 = —oo to 7 = 0 and ¢¢(¥) = ¢(7, Z) is the eigenvalue

of the field operator ¢3(T, Z) at 7 = 0 |37]. Similarly, the conjugate of the wavefunctional,
namely U*[¢f(Z)] = (V|¢(Z)) has the following path integral representation:

wigh@) = [ e (3.7
7=0,6(0,8)=¢}) (Z) O
=S z

Assuming the system is at zero temperature and in a pure state, which is not necessarily
normalized, the density matrix is given by

p=S0)(¥], (3.15)

where Z is the partition function obtained via integrating over the entire space, namely

z:/D%vzm@wwm@ww. (3.19)

For a general bipartite state pap, the reduced density matrix of the A subsystem is obtained
by tracing over its complement A = B, which will be equivalent to connecting along the
B subsystem. In terms of the path integral representation, this is equivalent to gluing the
wavefunctional and it conjugate along a boundary in the B subsystem; i.e. by

integrating over ¢”(7 = 0,Z € B), where 7 is only in the B subsystem. The reduced density
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matrix is then given by

pa = 5T 0) (W] = / DoB(r = 0,7 € B) (6P| W) (]¢P) . (3.20)

The reduced density matrix has two indices, specifying the boundary conditions at 7 = 07 and
7 = 07. This is more easily explained by solving for the elements of the reduced density matrix
schematically [37]. A reduced density matrix with boundary conditions ¢*(7 = 0F) = ¢;' and
¢ (1 =07) = ¢7 (where ¢2, 7' € A), can be written as

[palab = (02 paldi))
! / DB (r = 0,7 € B) ((¢4] @ (P )W) (T](|67)] ® [61))

—1/D¢B(T:O,3?6B) B H o
’ SR
B: A E B z
:% %:igf (3.21)
Bi A iB &

where tracing over the B subsystem just glues the wavefunctional and its conjugate together
along the B subsystem, resulting in a path integral with a cut along the A subregion. To find
Tra[p'y], requires taking n copies of , which involves a matrix multiplication, and hence
the contraction of the matrix indices. One needs to remember that each of these n copies has
different independent boundary conditions qbfi € A at 7 = 0. Taking the trace over this
product of n copies is done by connecting the copies cyclically along the cuts (along A) such
that

Tralpll = [PA]¢A¢2 [PA]ququ [PA]MM\ . (3.22)

This decreases the number of independent boundary conditions, since now the boundary con-
dition at 7 = 0~ of any one sheet (representing the reduced density matrix (3.21))) is identified
as the boundary condition at 7 = 0T of its adjacent sheet, such that all sheets are connected
cyclically. This has been illustrated in Figure 3.2, where this n-fold cover is defined as Z,, in
terms of which we can write

1

Z
Tralpil = — /( - D$1Dy . .. Dy, e IEIO-IBld2) = —Iplon] — Zn
T,L)ERn

o o (3.23)
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where the partition function of the n-fold cover M,,, namely Z,, should not be confused with
the nth power of the partition function Z of the original manifold M.

n copies = Z,

) #
=5

Figure 3.2: The partition function Z, of the n-fold cover, which is often denoted as
M., consisting of n sheets, each representing the elements of one of the n copies of
the reduced density matrix. The sheets are glued cyclically along their cuts (along A),
which are labeled by the boundary conditions of the fields of A at the 7 = 0. Each line
in the diagram shows a connection between consecutive sheets, which always connects
regions of A with the same boundary conditions, such that the boundary condition of
any one sheet at 7 = 0~ (such as the ¢35 boundary condition at 7 = 0~ of the second
sheet) is identified as the boundary condition at 7 = 0T (such as the ¢4 boundary
condition at 7 = 0% of the first sheet) of its adjacent sheet. Figure adapted from [37].

There are different ways if thinking about what the arrows in Figure 3.2 mean. One way is in
terms of boundary conditions on the quantum fields, living on each of the sheets. There are
boundary conditions on each of the cuts (at 7 = 0%), with the arrows connecting regions with
the same boundary conditions, and these boundary conditions are summed over. Another way
to think about it as as simply gluing the manifold together along the cuts, which is invariant
under the cyclic permutation of the fields. To find the entanglement entropy one can now use

the result in (3.23)) and apply the replica trick (3.14]), which yields

Sa = — lim 0, log Tra[p'4]
n—1
. Zn
— o oloe
= — lim 0, (log Z, —nlog Z) . (3.24)
n—1

This is the formula used to calculate the entanglement entropy in a QFT. An example of this
is the evaluation of the entanglement entropy in a flat CEFTy [39], which has been shown to
have an entanglement entropy across an interval of length [, given by

c l
Sa = zlog-,

473 & €
where ¢ is the central charge of the CFTsy and € is a UV cut-off that needs to be imposed
across the region A (where the interval [ is located) and its complement A, since there is

(3.25)
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an infinite amount of entanglement across any boundary El In this case, there would be an
infinite amount of entanglement between the A and A, so a cut-off is imposed at the interface
between them.

The von Neumann entropy of a CFT is an important tool in the study of the black hole
information paradox in the context of AdS/CFT, where the it is used to study the entanglement
entropy of the Hawking radiation, with the hope of obtaining a Page curve and resolving the
paradox. This thesis does not perform any calculations of CFT entanglement entropies, so
a derivation of will not be provided. However, in Section 5.2.4, will be used to
review the way the the CFT entanglement entropy can be used to calculate the entanglement
entropy of the Hawking radiation, which will involve using an interval across spacetime regions
with different metrics.

3.2 Ryu-Takayanagi conjecture

The Ryu-Takayanagi (RT) formula, named after Ryu and Takayanagi, was conjectured in the
context of AdS/CFT, giving an expression for the entanglement entropy of a region in the
CFT with the help of holography [40]. Since it assumes holography, the RT formula is referred
to as a holographic entanglement entropy formula. This section will simply introduce the RT
formula. A review of its later proof by Lewkowycz and Maldacena [41] will be presented in
the next section.

As introduced in Section 2.3, one way to write the AdS/CFT correspondence is in terms
of the differentiate dictionary , according to which the partition functions of the two
theories are equivalent; i.e. Zpuk|[B] = Zcrr[0B], where B is the bulk spacetime and the CFT
lives on its boundary dB. One can write the CFT partition function Zcpr[0B] in terms of the
bulk action Ipy[B] by using the semiclassical (also known as saddle point) approximation,
which assumes that the partition function is dominated by the contribution from the on-shell
bulk action; i.e.

ZBulk[B] — e_IBulk[B]+-~~ ~ e—IBulk[B] , (3.26)

where Igyk[B] is the on-shell gravitational action in the bulk. Substituting into the differentiate
dictionary, one obtains the so-called GKP-W relation |42} |43|, given by

Zcpr|0B] = e~ BulBl (3.27)

In order to use to write the entanglement entropy in terms of the bulk action,
also requires an n-fold cover bulk solution By, with a boundary 0B,. Assuming the existence
of such a spacetime, such that Zcprp[0B,] = e~ IBulBnl one can re-write the replica trick
entanglement entropy for the case of the bulk theory, which yields

SA = 7111_>H11 8n(IBu1k[Bn] — nIBulk[B]) . (3.28)

80ne can think of this as arising from the way the correlation functions behave across a boundary. Since
they are inversely proportional to the separation between the two points, correlation functions diverge at
small distances, such as across a boundary. This high correlation across a boundary is indicative of the high
entanglement between the two regions across the boundary.
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This holographic entanglement entropy is a formula for the von Neumann entropy associated
to a subregion on the dual CFT boundary of the bulk AdS theory. Ryu and Takayanagi
conjectured that the formula takes the form

A

SA:@

(3.29)

where A is the area of a static surface v 4 in the bulk that ends on the boundary of region A,
as illustrated in Figure 3.3. The surface 4 is homologous to the region A and is such that it
extremizes the area A; hence being called a minimal surface. In the case there exist multiple
extremal surfaces 4, the one with the least area is chosen to compute the entropy.

AdSg4q

CFT,

Figure 3.3: The RT formula states that the entanglement entropy of a region A in the
CFT, theory can be calculated via the area of a static minimal surface (one with the
minimum area) 74, which extends from the holographic boundary into the AdSgyq
bulk. Figure adapted from [37].

The RT formula can be used to reproduce the entanglement entropy of for a flat
CFTs theory [37]. However, a more interesting example of using the RT formula is for cal-
culating the black hole entropy. The entropy appearing in the RT formula seems to resemble
the black hole entropy area law, which can indeed be derived from the RT formula. Since
the RT formula applies to static spacetime, one could use it to calculate the entropy of the
usual Schwarzschild eternal black hole; i.e. one not formed by a gravitational collapse. If the
black hole is placed in an asymptotically AdS spacetime, and the region A is chosen to cover
the entire spacetime, it can be shown via the RT formula, that the surface «4, which both
minimizes the area and is homologous to A, is precisely the black hole event horizon.

Following the RT conjecture, a derivation of the RT formula was provided by Lewkowycz
and Maldacena (LM) [41], with a simpler, more heuristic version later provided by Dong [44].
In the next section we will outline the key steps of the proof, following the work in [44], without
going into details, since this thesis does not deal any explicit entropy calculations.
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3.3 Generalized gravitational entropy

Lewkowycz and Maldacena (LM) provided a derivation of the RT area law for entanglement
entropy in a general Euclidean spacetime, entirely from the Euclidean path integral formalism
[41]. An earlier attempt to derive the RT conjecture was proposed in [45|, which was later
proved to be incorrect [46]. Before looking at the approach used in [44], it is nice to review
an earlier work by Hawking and Gibbons (HG) [47], which used the Euclidean path integral
formalism and correctly arrived at the black hole entropy area law. The LM proof was a
generalization of the work done in the HG paper. While the HG paper used the assumption
of a general U(1) symmetry, LM provided a result for a general Euclidean spacetime without
a general U(1) symmetry.

3.3.1 Introduction to the gravitational path integral

The usual path integral in QFT is represented by the partition function

Z = / D e 15l (3.30)

where Ip[¢] is the Euclidean action and we integrate over all fields ¢ (except for the metric
guv). In particular, the thermal partition function is defined as the Euclidean path integral
with the boundary condition that the Euclidean time is periodic; i.e. 7 ~ 7+ (3, so

Z(B) = Trle PH] = /¢< e D¢ e 819! (3.31)

The periodicity g of the Euclidean time is related to the temperature of the QF T and is given
by 8=1/T[

The (quantum gravity) argument by Hawking and Gibbons was based on the idea of adding
gravity to the path integral. In this case, the partition function has contributions from both
gravity, via the Euclidean Einstein action, and also from the quantum fields. The gravitational
path integral in d spacetime dimensions is given by , but now requires also to integrate
over the geometry itself, which give

7 — /Dg'Dd) e~ 1E[9:9]

Ig(g, 6] = d%z \/gR + (boundary term) 4 (coupling to ¢) , (3.32)

B 167 M
where ¢ is used to denote a set of matter fields and M is a manifold with a boundary. It is
important to note that in performing the integral, the manifold is not specified. Instead, the
metric is treated as a field, which is integrated over. Since the manifold M has a boundary,
a cut-off is imposed at some large constant r = rg, which is where the manifold boundary
OM is located. In the presence of a boundary, a boundary term, commonly known as the

19Recall the thermal partition function Z = Tr[e™?7], where 8 = 1/T. There are multiple ways to see
why this is identified with the periodicity of the Euclidean time coordinate. One way is to consider the time
evolution of the thermal Green function, Gg(7,z) = =T [pthermai O (7, £)O(0, 0)], which can be shown to be
periodic in Euclidean time, with periodicity 8; i.e. Gg(T,2) = Gg(T + 3, ).

20We have implicitly set Newton’s constant Gy = 1 here for simplicity.
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Gibbons-Hawking-York (GHY) term needs to be added to the action. This was first shown by
York in [48] and later by Gibbons and Hawing in [47]. Writing the GHY term explicitly, the
Euclidean action (3.32)) becomes

1 1
Islg, ¢] = 1o s d%z \/gR — o /8 " A4tz VhK + (coupling to ¢) , (3.33)

where h = det(h;;) is the induced metric on the boundary and K = h/ K;; is the trace of the
extrinsic curvature, defined as K;; = V(;n;. The vector n; is a unit inward-pointing normal
to OM, so hiyn? = 0. The GHY term arises from requiring the variation of the Euclidean
action to be stationary around the classical solutions. Although the geometry is not fixed, the
boundary conditions are specified. In analogy with the thermal partition function in QFT,
the quantum gravity thermal partition function is subject to the boundary condition that the
FEuclidean time is periodic@

Z(B) = / +BDgD¢ o~ 15l9.9) (3.34)

The periodicity of the Euclidean time; i.e. 7 ~ 7+ [ for all § € R is the underlying U(1)
symmetry of the spacetime, represented by the U(1) operator ePH where H = 9; is the time
translation generator. The Euclidean action is invariant under the translation 7 — 7+ f3, i.e.
Iglg, ] — Iglg,¢]. It is this U(1) symmetry which is the key assumption of the Gibbons-
Hawking paper which was later neglected by the LM paper.

This path integral is difficult to compute, but one can use the saddle point approxima-
tion, which assumes that the path integral is dominated by the extrema. The semiclassical
approximation states that

Z(,B) ~ Z eflE[90:¢0]+I(1)+I(2)+...’ (335)
saddles

where Ig[go, ¢o] is action on the saddle point; i.e. the on-shell Euclidean action, with (go, ¢o)
obeying the classical equations of motion. This gives the leading approximation and is of order
(’)(G;,l) The next terms are the 1-loop, 2-loop and the subsequent higher-loop contributions,
which are subleading corrections, including fluctuations (dg, d¢) of the quantum fields around
their classical values; i.e. g = go+dg and ¢ = ¢o+0d¢. These terms are of order O(GY,), O(GY),
etc. In what follows we take the leading contribution of the semi-classical approximation of
the path integral and only use the first term; i.e. Z(3) ~ e~ [elg0.90],

In order to evaluate the partition function, we need to evaluate the Euclidean action. The
particular solution to the Euclidean Einstein action that Gibbons and Hawking focused on
is the Euclidean Schwarzschild black hole solution. We will focus on the d = 4 case. The
Euclidean black hole metric can be obtained from the Lorentzian Schwarzschild metric by
doing a Wick rotation to Euclidean time. The Schwarzschild metric is

Ts

ds? = — (1 - ?) 2 + (1 - %)_1 dr? + r2d032 (3.36)

21(Spoiler Alert) The reason we are talking about the thermal partition function in the first place is because
we would like to use it to compute the entropy later.
*2That is since the gravitational action is of order O(GJ").
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so performing a Wick rotation to Euclidean time via t — —i7 gives the Euclidean black hole
metric

-1
ds® = g datda® = (1 _ %) ar? + (1 . %) dr? + r2d02 (3.37)

where 7 = 2M and M is the black hole mass. The Euclidean time coordinate is now an
angular coordinate which is periodic, with period 5, so 7 ~ 7 4+ . Unlike the more familiar
Lorentzian black hole solution, which has a horizon at r = rs and a singularity at r = 0,
the Euclidean black hole has no interior and no singularity. Instead, the radial coordinate
is restricted to r > rg, with the black hole origin being located at r = rs;. To avoid the
conical singularity at r = rs, we need to fix the periodicity of the Euclidean time coordinate
to 8 = 4nrg, so T ~ T 4 47rg, or equivalently, T ~ 7 4+ 87 M E This periodicity is precisely
the inverse of the black hole temperature; i.e. T'=1/87 M.

Figure 3.4: Euclidean black hole cigar geometry, periodic in Euclidean time; adapted
from |49

Now we wish to evaluate the action. The black hole solution is a vacuum solution, so we need
to set ¢ = 0. The spacetime of the Euclidean black hole, as described by the metric in (3.37)
has no boundary and is thus infinite. However, since in this case R = 0, we see that in the
absence of a boundary, the action will vanish. Adding a boundary does fix this issue, because
the GHY term in the action is no longer zero. Since only the GHY term contributes to the

action in (3.33)),

log Z(B) = % /W dle VK . (3.38)

We imposed a radial cut-off at rg, so the boundary hypersurface 9M is at some fixed r = rg
so dr = 0. The metric on the boundary is thus

i1, s
ds% g = Teide da’ = (1 — m) dr? 4+ r2 dO3 . (3.39)

23To see this, we can consider the simple metric ds?® = dr? + r2d6?, which has a coordinate singularity
at r = 0. Unlike a physical curvature singularity, a coordinate singularity can be removed via a coordinate
transformation. By defining = rcos@ and y = rsiné, we can rewrite the metric as ds? = da? + dy?. For
the coordinate transformation to be well defined, 6 has to be periodic in 27, or we end up with a conical
singularity, instead of the Euclidean spacetime manifold. Now we wish to see how this works for the Euclidean

black hole. We can do a coordinate transformation to the coordinate p, defined as dp? = (1 — %)d?ﬁ, in which

case the metric |D becomes ds® = dp? + p? (2(1[2)2 +72d0%. In analogy with the previous example, imposing

regularity at the p = 0 origin needs to have a period of 2. Hence, 7 ~ 7 + 47rs.

T
? 2rg
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r=T"T

Figure 3.5: Euclidean black hole with a boundary at ry and the inward-pointing normal
vector n; adapted from 49|

To evaluate the extrinsic curvature, we need to find the unit normal vector to the boundary.
Since n is along the r direction, n = n*d,, = n"0,. Imposing the unitarity condition n#n, = 1,
leads to n" = 1/,/g,r. Using the components of the induced metric, namely h;; = diag(1 —
rs/T0, 78,72 5in 62), the determinant of the metric is given by h = det(h;;) = (1—rs/ro)ra sin 62.
Hence, the extrinsic curvature can hence obtained via

K =vV,n"
=V,n"

= i8r(7“2n’") (3.40)

r2

r=rg

2 T T 1

/1= 5 ———

To To 2’1“0 1— %
\/ 0

The GHY term can now be evaluated via

1 1 B8 2r w/2
—/ A4 e \/EK:—/ dT/ d¢/ do VhK
81 Jom 87 Jo 0 0
= —B <T0 - 329) . (341)

As pointed out before, in the absence of a boundary, the action vanished, so a boundary was
placed at some fixed r = 9. The end goal of this calculation will be to compute the entropy
of the Euclidean black hole. To do this only the black hole geometry needs to be taken into
account without any of the asymptotically flat spacetime at large r > r¢. This requires taking
the limit r9 — oco. However, we can see from that the GHY term — oo as rg — oo.
Hence, if we add a fixed boundary and we then take that cut-off to infinity, the action will
go to infinity. To regulate this divergence and ensure that the action remains well-defined at
large r, a further counterterm needs to be added to the action, given by [50]

1
~ | VhKy=75 (ro _ E) , (3.42)
8 OM 2
where K is the extrinsic curvature of OM embedded in a flat spacetime manifold with the
flat metric
Ts

ds?, = (1 — ) dr? + dr? + r2dQ3 (3.43)

To
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In the evaluation of (3.42) terms of O(1/rg) are neglected since we have take the limit of
ro — oo. This counterterm acts as to cancel out the flat spacetime contribution to the
integral. Hence,

prs 62
I = = — .44
plo) =t = 1 (3.44)
To obtain the entropy, one can use the standard relation from thermodynamics (3.15])
S(8) = (1 — B log Z(8) = 4xM> = 71 (3.45)
where we have used that the area of the event horizon is A = 4772 = 167 M?2. This is precisely

the black hole entropy area law!

The work by Lewkowycz and Maldacena [41] is a generalization of the above computation,
without the U(1) symmetry assumption, and it provided a proof of the RT formula. It should
be noted that while the RT formula was motivated by the AdS/CFT duality, the derivation by
Lewkowycz and Maldacena was gravitational. The outline of the derivation will be discussed
in the next section, following the approach presented in [44].

3.3.2 Gravitational entanglement entropy - no U(1)

To proceed with the review of the derivation, we should recall some results in Section 3.2 from
the semiclassical approximation, namely the expression for the entanglement entropy in terms
of an n-fold cover bulk manifold B,,, with a boundary 0B, given by

SA = 7111_>H11 8n(IBu1k[Bn] — nIBulk[B]) . (3.46)

Note that the case we are considering now is a spacetime without a general U(1) symmetry.
Instead, we consider a bulk manifold B, whose boundary has just one U(1) symmetry, namely
T ~ T+ 2m, as illustrated in Figure 3.6 (left).

Figure 3.6: (left) A bulk manifold B with a boundary that has 7 ~ 7 + 27 symmetry.
(right) A bulk n-fold cover manifold B,, with a boundary that has 7 ~ 7+27n symmetry.
adapted from [41]

With a boundary of the original manifold, invariant under 7 ~ 7 + 2m, the boundary of the
n-fold cover manifold must have periodicity of 7 ~ 7+ 27mn, as illustrated in Figure 3.6 (right).
This can be motivated using Figure 3.7 and Figure 3.2 by considering the n-fold cover and
following the arrows as before. Starting from one of the sheets, a period of 27 will takes us
to the sheet above it. Similarly, another period of 27 will take us to the next sheet above
that one. To reach the original sheet, one needs to repeat this process n times, hence the
periodicity of the n-fold cover boundary being 27n. This means that the boundary 98, of the
n-fold cover manifold B,, has a Z, symmetry.
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T~T+2T
G .
—————

Figure 3.7: The single-sheet cover B with a cut along the A region; adapted from [37]

To derive of the entanglement entropy expression , we used the Renyi entropy, which
is where the n copies of the n-fold cover came from. Recall that although the n-fold cover
assumes that the parameter n € Z,, in the evaluation of the right-hand side of , due
to the partial derivative with respect to n, one needs to analytically continue to n € R [37].
However, it is not immediately clear how deal with an n-fold cover partition function in the
case where n € R. To circumvent this issue, the key assumption in [41] is that the Z,, symmetry
of the boundary 9B, of the n-fold cover manifold B,,, also extends into the bulk, such that B,
also has a Z,, symmetry. This analytic continuation into the bulk means that we can focus on

the bulk orbifold

~

By = Bp/Zn (3.47)

which is illustrated in Figure 3.8 (right). Note that although the boundary of this orbifold
is the same as the boundary of the original manifold, namely 9B, = 0B, the bulk is not the
same, due to the conical singularity along the cut, which means that B,, # B.

oB

Figure 3.8: (left) Original manifold B with a boundary 9B; (center) n-fold cover B,
with a boundary 0B5,, for the case of n = 4, where the dotted line is used to represent
the Z,, (in this case Z4) symmetry; (right)

It is this continuation of the boundary symmetry into the bulk which is a key step in the (LM)
proof of the RT formula. However, since this thesis does not go into explicit QFT entropy
calculations, we will not proceed further with more details about the proof.

The RT formula refers to the case of a static spacetime (and in the absence of quantum
corrections). In the next section, we will provide a bit of a history on the generalizations of
the RT formula. We will not go into any details, but we will explain the current version of the
generalized entanglement entropy formula and how to use it.

3.4 Generalized Entanglement Entropy

Following the conjecture of the RT formula, there have been several generalizations it. Al-
though it provided a simple geometric way of calculating the entanglement entropy, the RT
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formula was only applicable to static spacetimes and could not be used for time-dependent
spacetime solutions. Even though, as mentioned in Section 3.3, the RT formula can be used to
calculate the entropy of the eternal black hole, this is not sufficient to study the information
paradox, which deals with evaporating black holes, and hence non-static solutions.

A generalization of the RT formula that resolved this issue was done by Hubeny, Rangamani
and Takayanagi (HRT) [51]. In the HRT prescription, the minimal area surface, which we will
now refer to as x, extending from the holographic boundary and into the bulk, is no longer
defined on a constant time slice.

The next important generalization to the gravitational entanglement entropy was done by
Faulkner, Lewkowycz and Maldacena (FLM) [52], who still focused on static spacetimes, but
incorporated the contributions from quantum corrections. The new formula still contained the
previous term proportional to the area A(x) of the minimal area surface, but also included a
contribution from the entanglement entropy across the minimal surface x due to the quantum
fields in the bulk. Note, in the FLM proposal the area of the surface is extremized before the
addition of the quantum corrections.

The final, and most recent, generalization to the gravitational entanglement entropy, was
done by Engelhardt and Wall (EW) [53|, who generalized the FLM proposal to non-static
spacetimes. Hence, the final formula included both the incorporation of dynamics, and also of
quantum corrections into the original RT formula. The formula is given by

S = Min, [Extx{fgfv) o+ Stemia1(Z) | = Miny [ExtySgen(x)] (3.48)
where the surface x is now referred to as a quantum extremal surface (QES), the X, is a region
bounded by the QES and a cut-off surface (which depends on the situation considered) and
Ssemi-c1(Xy) is the von Neumann entropy of the quantum fields on X,. The formula works
by first extremizing the generalized entropy Sgen(X) respect to the position of the QES x;, in
order to find its location. The resulting entropy is then minimized over all possible choices
of x. Note, a key difference between the EW and FLM a method is that in the EW formula,
the area of the surface is extremized in relation to the whole entanglement entropy, including
the quantum correction term. The formula also allows for disconnected regions X, which can
sometimes provide a global minimum of the generalized entropy.

In Chapter 5, where a specific black hole evaporation model will be discussed, this formula
will be used to explain the evolution of the black hole entropy, as well as the evolution of the
Hawking radiation entropy.

3.5 Conclusion

In this chapter, we reviewed some key features about the entanglement entropy. We reviewed
entropies in quantum mechanics, in quantum field theories, and the subsequent generalization
of gravitational entanglement entropy formula. The results from this chapter will be important
in Chapter 5, where the thermodynamics of a particular black hole evaporation protocol will
be studied.



Black holes in AdS

In this chapter, we use the theoretical background from Chapter 2 to study black holes in AdS.
In Section 4.1, we motivate the reason for studying these black hole solutions, even though our
Universe is not AdS. In Section 4.2, we compare the thermodynamic stability of the AdS black
hole solution to black holes in an asymptotically flat spacetime. In Section 4.3, we explain the
issues surrounding these AdS black holes, arising from, the nature of the AdS geometry and
its reflective boundary conditions. We explain why large black holes do not evaporate in AdS,
with all the Hawking radiation bouncing off the AdS boundary, and why making them smaller
presents further issues. With that in mind, in Section 4.4, to resolve the problem with the
boundary conditions, we show that changing these boundary conditions to allow absorption
into the holographic boundary is not possible, since any particle that escapes the bulk will no
longer have a description at the holographic boundary.

4.1 Why AdS?

Based on the fact that an extensive amount of experimental data from cosmology points
towards evidence that the Universe is asymptotically de-Sitter (dS), it is not too far-fetched
for members of the community to keep asking themselves why bother studying a Universe which
is asymptotically AdS at all. The possible pure-to-mixed state evolution of an evaporating
black hole pointed towards a discrepancy between the evaporation mechanism (leading to a
thermal radiation in a mixed state) and the laws of quantum mechanics (requiring unitary time
evolution). Either the Hawking radiation was not exactly thermal and had subtle correlations
or quantum gravity was not a unitary theory.

The motivation for using AdS has to do with the development of the AdS/CFT corre-
spondence, which settled the issue in favor of unitarity and conservation of information. The
fact that a gravitational theory in AdS spacetime is dual to a quantum field theory, namely
a CFT, that lives on its boundary, has strong implications for black holes in AdS. Since AdS
black holes can be, equivalently, described by a quantum field theory, which is manifestly uni-
tary, means that black hole evaporation must be a unitary process (at least for asymptotically
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AdS spacetimes). This consequence of the duality shifted the general opinion on black hole
evaporation, including famously that of Hawking [54], since it implied that the continuous
monotonic increase in entropy of the Hawking radiation could not be the full story.

However, AdS black holes present certain challenges as well. In the following section we
will review some key differences in the behaviour of black holes in asymptotically flat and
asymptotically AdS spacetimes. We will explain why the current focus is on large, rather than
small, AdS black holes, as well as why they make it difficult to study the information paradox.

4.2 Black hole evaporation in AdS

The Schwarzschild black hole, i.e. the black hole in an asymptotically flat spacetime, has a
negative specific heat and a temperature given by
1

T= Sl (4.1)
as derived in Section 3.3.1. This shows that smaller black holes have higher temperatures.
That is why this black hole solution is not thermodynamically stable. Small fluctuations that
decrease the temperature outside the black hole will cause it to lose some extra energy to
the outside. This will cause the black hole’s mass to decrease, making its temperature rise,
since T oc 1/M. This will in turn cause the black hole to lose energy to the outside and get
hotter again. The black hole will keep getting hotter and hotter until it has shrunk all the way
down to zero. If we, instead, introduce a fluctuation of higher temperature outside the black
hole, this will get absorbed by the black hole. The black hole’s mass will increase and it’s
temperature will drop. Again, this is a runaway process, if we keep supplying energy to the
black hole. The black hole will keep consuming the radiation and get infinitely large. That’s
why the asymptotically flat black hole is not thermodynamically stable. As we will see, the
black hole in an asymptotically AdS spacetime, is much better-behaved!

Hawking’s effort to make the solution stable involved putting the Schwarzschild black hole
in a finite box of a positive heat capacity |[11]. He found that that, provided the energy of the
radiation in the box Fraq < M/4, there can exist a stable solution, where the black hole is in
thermodynamic equilibrium with the radiation. A nice derivation of this can be found in [55|.

Although not physical, Hawking’s model yielded a thermodynamically stable solution.
A perhaps more natural model is placing the black hole in a “fancier” box, namely in an
asymptotically AdS spacetime. As opposed to the asymptotically flat case, the asymptotically
AdS black hole has a positive specific heat. The derivation of the temperature profile of AdS
black holes follows the same approach as the Schwarzschild case derived in Section 3.3.1. We
will again focus on the d = 4 case, in which case the AdS-Schwarzschild metric is given by

2M 2 2M 21
dsass = — (1 - = gg Jaez+ (1~ = e;'—) dr? + r2d02 . (4.2)
AdS AdS

In the limit of small r, the metric approaches the Schwarzschild solution, while for large r, it
approaches the AdS metric. The horizon ry is given by the vanishing of the ggg component of
the metric, which is the largest root of the three solutions to [55|
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To find the temperature of this black hole, one can either use the extrinsic curvature, or the
Euclidean method, which will be used here. Performing a Wick rotation to Euclidean time
via t — —i7, and using the periodicity 8 = T, the black hole temperature is given by

B ﬂids + 37“_2|r

T = (4.4)

2
Amly 4gT+

This is the temperature at which the black hole exists in stable thermodynamic equilibrium
with the evaporated thermal radiation|56]. The temperature of the black hole can be written
as a function of its mass M by using the relation between the radius of the event horizon r,
and the mass in . This has been illustrated in Figure. 4.1, which shows that, unlike the
Schwarzschild case (left), the temperature of the AdS black hole (right) no longer decreases
monotonically as the black hole evaporates. In fact, the temperature has a minimum of
Ty = V3/2mlags at 7o = faqs/V/3, when the mass of the black hole is M = 20xq5/3V/3.
At temperatures T' < Ty, there are no black hole solutions, but only Hawking radiation. At
temperatures T' > Tj, there are two black hole solutions. One of the solutions has a negative
specific heat, namely the one that has a negative gradient (47/dm < 0), which occurs when M <
My. These smaller black holes, just as the Schwarzschild black hole, are thermodynamically
unstable. The other solution has a positive specific heat, namely the one with the positive
gradient (d47/anm > 0), which occurs when M > Mj. Hence these larger black holes, unlike the
Schwarzschild black hole, are thermodynamically stable.

TA TA

> i >
> M A > M

Figure 4.1: (left) The temperature of the Schwarzschild black hole decreases mono-
tonically with its mass, demonstrating a thermodynamically unstable solution. (right)
Small AdS black holes show the same thermodynamic instability as Schwarzschild black
hole. However, large AdS black holes are thermodynamically stable solutions, as can
be seen by their positive specific heat behaviour. Adapted from [55].

While they resolve the stability issue, large AdS black holes introduce another problem, namely
their evaporation. Above a certain size, black holes in asymptotically AdS spacetime, do not
evaporate since they reach a thermodynamic equilibrium before they have had the chance
to emit all the Hawking radiation. This is due to the AdS reflective boundary conditions,
which cause all radiation that reaches the boundary to reflect back into the black hole, hence
preventing it from evaporating. This is not an issue for small AdS black holes which do
manage to evaporate completely before reaching a thermodynamic equilibrium. The AdS
reflective boundary conditions will be discussed in the next section.



Chapter 4. Black holes in AdS 42

4.3 Reflective Boundary Conditions

Even though the AdS boundary is infinitely far away, massless particles follow null geodesics,
which take a finite affine parameter (proper time) to reach the AdS boundary from within the
bulk [57]. One would compute this time from the AdS metric, and any choice of coordinates
could work. Supposing there is no black hole, using global coordinates , null geodesics
satisfy
r2 2\ !
ds’ =0=— <1 + 2) dt* + (1 + 2) dr? +r2dQ3_, (4.5)
ZAdS

Radial null geodesics would therefore satisfy

2 r? - 2
dt” = {1+ — dr?, (4.6)
Cras

which can be integrated to find that the proper time for a photon to go from r =0 to r = o
is given by

00 2
At = / (1 + r > dr = ggAdS , (47)
0

2
EAdS

which is finite. The finite amount of time it takes null geodesics to reach the boundary at
infinity precisely the reason for reflective boundary conditions to be usually imposed at the
AdS boundary. Since energy must be conserved, there could be no net flux of energy across
the AdS boundary, so these waves must reflect back into the interior [58, |59|. In this sense,
the spacetime acts as a box, as illustrated in Figure. 4.2.

t = o0

b

t =—00
Figure 4.2: Null geodesics reach the AdSs boundary in a finite amount of time, where
reflective boundary conditions are imposed to ensure energy conservation.

Since a large enough black hole in AdS is thermodynamically stable, and any Hawking radiation
from it is reflected from the boundary back into the black hole, these black holes do not
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evaporate, but rather bathe in their radiation. Considering that evaporation is a key aspect
to the information paradox, being the reason it started in the first place, large black holes in
AdS make it difficult to resolve it.

One might ask the obvious question, namely: Why not simply study small black holes in
AdS, which would indeed be able to evaporate completely? These black holes are expected to
behave similarly to black holes in asymptotically flat spacetime, since they both have negative
heat capacity. This is because small black hole do not exist in lower dimensions |60]. As we
will discuss in the next chapter, due to the non-renormalizability of 4d Einstein gravity, it is
prefferable to work in lower dimensions.

Besides considering smaller AdS black holes, the other way to tackle the problem with
their evaporation is to change the boundary conditions at the holographic boundary. This will
be discussed in the next sections, where we will focus in the AdS3/CFTy duality and check if
it is possible to absorb a bulk field into the holographic boundary.

4.4 Absorbing Boundary Conditions

Following the discussion so far, it can be concluded that is difficult to study the information
paradox for large black holes in AdS/CFT, since large black holes in AdS do not evaporate. To
reinstate the information paradox, we need a protocol that would allow the Hawking radiation
to escape the bulk and be absorbed somewhere else. One mechanism, and the one we will
consider in this chapter, is allowing the Hawking radiation to be absorbed from the bulk into
the conformal boundary. We will focus on the case of AdS3/CFTy and use the duality to
find out what a disappearing bulk mode means for the field operator on the boundary. To do
this we will first study the bulk field and impose that it gets annihilated when it reaches the
boundary at ¢t = 0. We will then study its dual CFT operator in the conformal field theory
and verify that the annihilation of the bulk field also causes the CFT operator to also get
annihilated.

Figure 4.3: Removing the reflective boundary conditions at the AdSs; boundary and
imposing absorbing boundary conditions at ¢t = 0.
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4.4.1 Free Scalar Field Quantization in Global AdS

We will consider a scalar field theory in Lorentzian AdS;, 1, described by the action

S = ;/dd“x V=9 (9" 0,00, ¢ + m*¢?) . (4.8)

We choose to work with the Lorentzian signature, since we derived in Section 2.1.2, that only
the Lorentzian signature admits a normalizable mode solution. As explained in Section 2.3.2,
this normalizable mode is identified as the boundary operator. In what follows we will use the
metric in global coordinates, which covers the entirety of the bulk. It was defined in and
we will set £aqs = 1 for simplicity. To obtain the equation of motion for ¢, we vary
the action with respect to ¢ and since y/—g = tan®"!p/ cos?p, the equation of motion for the
scalar field becomes

COS2

—cos”p 6 + - cos® S 15 ,(tan?p 8,0) + L RS = m?¢ . (4.9)

n’p
To solve this equation of motion, we assume a separation of variables and a basis of the form
Spem(t, 0, Q) = e P pe(p) Yom (Q) (4.10)

where Yy (Q) are the spherical harmonics on S¥~! and / is the angular momentum. Yy,;(Q)
are eigenfunctions of the Laplacian with eigenvalues —¢(¢ 4+ d — 2). The Laplacian acts on the
spherical harmonics as

Va1 Yo (Q) = =00 +d — 2)Y3() . (4.11)

Using the above separation of variables, we obtain an equation of motion for ¢ g(p), given by

cos2p82w + (d - ) Spﬁpw +1 <E2 cos’p — (0 +d — 2)0082'0 A(A — d)) =0, (4.12)
sin“p

where we have used that the mass of the scalar field can be related to the scaling dimension
of the CFT operator via m? = A(A — d). The above can be solved numerically to obtain two
possible solutions for ¥(p), but only one of them is regular at the origin p = 0 and it has the
form [61]

0+ —;sin?p

S e S (4.13)

w<p>=<cosp>ﬂ+<smp>%m(A++“E At F, d )

The hypergeometric function is a function of sin?p. To study the behaviour at the boundary
p — /2, it is more convenient to express it in terms of cos?p. This can be achieved using the
following identity for the hypergeometric function:

I'(e)l'(c—a—b)
I'(c—a)l'(c—b)
F'(e)l'(a+b—rc)
I'(a)l'(b)
This allows us to Write as

Y(p) = CTYT(p) +C797 (p) (4.15)

2F1(a7 ba G Z) =

oF i (a,b,a+b—c+1;1—2)

(1—2) " 3R (c—a,c—b1l+c—a—b1—2z2). (4.14)
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where

AL +l+FE AL +0—F
2 ’ 2

VE(p) = (cos p)2+ (sin p)t 2 Fy < A +1— g; cos? p) (4.16)

and we have defined

c*t =

(4.17)

P+ Hr(E - Ay)
d—A +£+E —Ai+l—F
D(EEGHEE) P (R
Approaching the boundary at p = 7/2, ¥*(p) ~ (cosp)®* and it can be seen, following
the same arguments as in Section 2.1.2, namely by substituting into the action and testing
its regularity, that ¥*(p) is a normalizable solution, while ¥~ (p) is a non-normalizable one.
Hence, for the total solution (4.15)) to be normalizable, we need to set the non-normalizable
mode ¥~ (p) to zero, which is achieved by imposing C~ = 0. This can done if a Gamma
function in its denominator has a negative integer argument, which imposes a restriction on
the allowed energies in the bulk modes. Namely, the allowed energy spectrum is

E=Ey=Ay+2n+/0 n=0,1,.... (4.18)

In terms of this quantized energy, the normalizable and non-normalizable solutions in (4.16)
can be written in terms of Jacobi polynomials aﬁ

d_qd_
wgg(p) = (cos p)2* (sin ;))£P7§£Jr2 b A¥)(cos 2p) . (4.19)

Now we can finally write the full general solution by using and including both solutions
for wa(p) in . However, this will only give us the general single-particle solutions at the
classical level. To describe the field, we need to expand it in terms of those solutions using
creation and annihilation operators and summing over all possible mode energies and angular
momenta. This results in the Heisenberg solution for the scalar field given by

Ot p, Q) = ¢"(t,0,Q) + 67 (t, 0. Q) , (4.20)
where
d g A, _d
t(t,p,Q ZZe Enety, - ( )(cosp)A*(sinp)éRgngz LA+ 2)(cos 2p)by +cc.  (4.21)
n=0 ¢m
d A _d
(t,p, Q2 ZZe ety ( )(cos.p)A—(s.in,o)ER(f+2 A 2)(cos 2p)b_ +c.c., (4.22)
n=0 ¢m

are the full general normalizable and non-normalizable modes respectively, expanded in terms
of their own sets of creation and annihilation operators, namely {b, bi} for the normalizable

mode and {b_,b' } for the non-normalizable mode [61].
Since we wish to work with AdS3/CFTy, the global coordinate metric ([2.7)) is just

1 .
dsid83 = @(—dtQ + d,o2 + 51n2p d92) . (4.23)

**One of the Gamma functions in (4.17), namely I'(£ — A1) = I'(Fv), depends on whether v > 1 or v < 1
|23]. Here we have implicitly assumed the former case.
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We wish to study what a massless scalar field corresponds to on the conformal boundary, so
we will only consider the normalizable mode . We know from Section 2.3.2 that near
the boundary, this normalizable mode is related to the conformal field theory operator. In the
case we are considering d = 2, so (A4, A_) = (2,0) and the scalar field can be written as [62]

¢ t pa Z Z <¢En[€m noim + ¢E el nfm) ) (424)
n=0 ¢m
where ‘
Op, o = € FY 5 (0) cos®p sin’p PV (cos 2p) . (4.25)
The creation and annihilation operators in (4.24) act on the AdS bulk vacuum as
b |0)Buik = 0 (4.26)
nfm‘O>B111k - |n£m> ) (427)

where |nfm) is a generic single-particle state described by the quantum numbers (n, ¢, 7).
Similarly, many-particle states can be constructed by acting on the vacuum state with the
multiple creation operators such that a generic k-particle state can be written as

bLlelTﬁl T bjzkﬁmﬁk ‘O>Bulk . (4.28)

The creation/annihilation operators satisfy the following commutation relations

[bnﬁﬁiv bil/g/m/] = 5nn’562’57‘n‘m/ , (4.29)
which come from requiring that the solutions ¢ g7 to have a unit norm

(PE, s PE, 1) = Onn Oper Sz - (4.30)

In terms of the creation/annihilation operators, the bulk Hamiltonian can be written in the
familiar form

Hyyie = Z > Ene bl bue (4.31)

n=0 ¢m

where N, 7 = bnembnhﬁ is the number operator, specifying the number of particles that can
be described by the quantum numbers (n, ¢,7m). The bulk state is given by

o(t, p,0)|0)Buik = Z Z O, o b s 10) Bulk

n=0 ¢m
e .

= Z Z etBnety . () cos?psin’ pP{Y (cos 2p) bizhﬁ |0)Bulk » (4.32)
n=0 ¢m

which represents a superposition of single particle states. However, what we are really inter-
ested in is the state near the boundary. The boundary value of the bulk field, which is related
to the dual field theory operator, is given by

: t ) 3 *
Spay(t,0) = lim p,0 Z S ety () PEY (<1) b, (4.33)

2
2 COS
p—w/ "0 tm
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in accordance with the extrapolate dictionary (2.74) in global Coordinatesﬂ We can use this
to write the bulk state near the boundary |¢)pday = dnay(t, )|0)Bulk as

’¢>bdy = Z Z eiEnétY;;ﬁ(e)Pg’l)(_l) bLgm ’0>Bulk : (434)

n=0 ¢m

Imposing absorbing boundary conditions requires a mechanism by which the bulk field vanishes
at the boundary and hence the boundary state |¢)p is returned back to the bulk vacuum
|0)Buik- To study such absorption into the conformal boundary, we first check what the bulk
mode is dual to in the CFT theory.

4.4.2 Boundary Field Theory

To study the physics of the dual CF'T boundary we first need the CFT metric. This can be
obtained by using the bulk metric and approaching the boundary. There are multiple ways
to do this, depending on the coordinates used, but in any case, one finds that the CFT lives
on a conformally flat manifold. This can be obtained by approaching the boundary (p = 7/2)
at the same rate for all (¢,0) via p — 7/2 — €f(t,0), where f(t,6) is some general regulating
function. The cut-off € is small and we take ¢ — 0 at the end [26]. In this case, the metric
(79) becomes

dshpas, = (6})2 (=dt? + [1 — (ef)?]d6?)
~ (6})2 (—dt* +d6?) , (4.35)
where we have used that
cos?p = cos? (g - ef) ~ (ef)? — (6?4 +... (4.36)
4
sin?p = sin? (g—ef>%1—(ef)2+(€‘§)+... . (4.37)

This is related to the flat Minkowski metric via a Weyl transformation and since null geodesics
do not care about the Weyl factor 1/(ef)? of the metric, we will take the CFT metric to be

dsgpr, = —dt? +do” . (4.38)

Having picked a bulk scalar of a specific mass, the AdS/CFT duality imposes a restriction
on the CFT operator. We are considering a massless bulk scalar in AdSs, so m = 0 and
d = 2, which means that there are two possible scaling dimensions for the dual CFT5 operator,
namely A =0 and A = 2. The A = 0 has been studied in more detail in [63]. However, for a
number of reasons explained in [64], the A = 0 solution is undesirable. One of these reasons
is that the A = 0 scaling dimension saturates the unitarity bound. But most importantly,
we already chose the A = 2, since we chose to work with the normalizable mode solution.
Hence, we will use the A = 2 solution and pick the easiest form for our CFTy operator. As an
example, we will choose to work with the free massless boson ¢ and pick the CFT operator

#Note that the (—1) in Pff’l)(—l) is an argument of the Jacobi polynomial.
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with A =2 to be O = 8‘@06“90@ The dynamics of the massless boson is described by the
action

1
§= 10 / Pz 900" (4.39)

where ¢ is a normalization parameter and the metric is the flat metric with coordinates
x# = (t,6). Although we are ultimately interested in the result in the Lorentzian signature,
it is much more convenient to work in the Euclidean signature. So we Wick rotate to the
Euclidean time; i.e. t — —i7 and use the coordinates 7, 0. It is further useful to introduce the
complex coordinates (w,w) on the cylinder, defined as

w=40—ir,
w=0+1i0, (4.40)
in terms of which the CFT metric becomes
dsgpr, = dr? + d6? = dwdw . (4.41)

As mentioned in Section 2.2.2, it is useful to work in terms of the coordinates on the complex
plane, defined as

oW — eT+z0

w
Il

el = 70 (4.42)

Y
I

The CFT operator O = 0Hpd,p = 0-00:¢ + Oppdypp can be written in terms of the complex
plane coordinates as

O(z,2) = 40,005 . (4.43)

The AdS/CFT correspondence relates bulk fields to boundary primary operators. We need
to verify that the above proposed CFT operator is indeed a primary operator. This can be
done, as outlined in Section 2.2, by evaluating its OPE with the energy stress tensor. The
holomorphic energy stress tensor for the theory under consideration is [27]

T(z) = —2mg : 0,0(2)0,0(2) :, (4.44)
so the OPE can be evaluated as
T(2)O(w,w) =
= —8mg : 9:0(2)0:p(2) : Ouwip(w)0g (W)
= —8mg {: 0:¢(2)0:0(2)Dwp(w)Opp(W) : +2 : ,0(2)Ouip(w) : D:0(2) (W)

+2:0:0(2)0pp(W) : 0:p(2)Dwip(w) + 20:¢(2) D (w)d2p(2)dpp(w) } + non-singular

O(w,w) = 0yO(w,w)
= S+ )

(4.45)

(z —w) z—w

26Note, that this is not the only available choice for an operator with the desired scaling dimension. Since
the scalar field is dimensionless, one could have also picked, for example, the more “meaningful” operator
O = 0"(p*)0,.(p*?). However, it not only will not provide the answer to “the ultimate question of life, the
Universe, and everything” [65], but will also complicate the calculations unnecessarily.
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In computing the above expression, we have used Wick’s theorem, defined as

Qi Pn=:@i...pn:+ all contractions , (4.46)
as well as
()p(w) =~ In (= — w) (1.47)
o(2)p(w) = Tng n(z—w .
p(2)p(w) =0, (4.48)

which arise from the correlation function (2.60)) More details about these calculations can be
found in [44]. One can similarly compute the OPE with the antiholomorphic energy stress
tensor T'(Z) to obtain

+ : (4.49)

Comparing to (?7?), we can confirm that O(z,2) = 40,¢0z¢ is indeed a conformal primary
operator with A = 1 and h = 1. Hence, the scaling dimension of the operator is indeed A = 2,
as expected.

Now, using the mode expansion , we can write an expression for the operator in
in terms of the right- and left-mover ladder operators

O(z,z) = _1 Z Z Atz " lz7m=L (4.50)

The state-operator map introduced in Section 2.2.3 can be used to find an expression for the
CFT state at z,z = 0, which gives

|0) = lim O(z,2)[0)crr

2,Z2—0

1
=——a_10a_ 4.51
g1 110)crFr , (4.51)

where was used in the last step. This state represents a pair of left- and right-moving
boundary excitations.

So far, we have found an operator O in the CF Ty theory, which is dual to the massless field
in the AdS3 bulk. We have also found the state, which this CFTy operator corresponds to.
However, note that the state is defined at z,zZ — 0, which is equivalent to 7 — —oco, namely
|O) = |O)r=—oo. The boundary conditions that we will choose to impose on the bulk field is
that it gets annihilated at 7 = 0, as illustrated in Figure 4.3. To find out what the CFTs state
|O)r=— is at 7 = 0 and what vanishing of the bulk field implies for O operator, we need to
first evaluate the state |O);—_o at 7 = 0. This requires time-evolving the state in by
using the CFT Hamiltonian H = 0. In radial quantization, the time evolution is governed
by the dilatation operator and states live on circles of constant radius |28|. Hence, in radial
quantization, the Hamiltonian H = 0, becomes

H=1Lo+ Lo, (4.52)
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where Lo = 20, and Lg = z0; are the scaling generators (2.45)) in complex plane coordinates.
They act on the vacuum state as Lo|0)cpr = 0 and Lo|0)cpr = 0 and so H|0)cpr = 0
as expected. The Hamiltonian and the ladder operators share the following commutation
relations:

[H,a—p] = ma_p ,
[H,a ] = Ma_m . (4.53)

Using the above commutation relations with m = 1, the time-evolved CFT state can be
evaluated as

|0)7=0 = "27|0)

1
= —76HATU«—15«—1’0>CFT
7Tg

:_72 (HAT)"a_1a_1]0)cFT
— _72 (AT)"a_1(H + 1)"a_1|0)crr
:_72 (AT)"a_1a_1]|0)cFT

1 _
= _7e2A7—a71a71|0>CFT , (4.54)
9
where A7 is the amount of time with which we have time-evolved the state. To verify this, it
can be seen that when A7 = 0, there is no time evolution of the state and one recovers (4.51)).
The normalization g = 1/47 and Wick-rotating back to Lorentzian time,

|O>t:0 = —462iAta_1@_1’0>CFT. (4.55)

Now we have the full description in the bulk, namely the bulk field, its boundary value and
the bulk state at the boundary at ¢ = 0. We also have the full description in the CFT, namely
the CFT operator dual to the bulk, and the CFT state at ¢ = 0. These results can now be
used, to show whether absorption into the holographic boundary is possible by checking what
a field leaving the bulk means for its dual operator. This will be explored in the next section.

4.4.3 Conformal boundary “absorption”?

We should recall that the reason we are looking at whether this absorption mechanism is
possible is because we are looking for a way to change the boundary conditions at the AdS
boundary to allow large black holes to evaporate. This section will use results from the previous
section to check if absorption into the holographic boundary is indeed possible.

We will consider a bulk mode that has been propagating in the bulk from t = —oco and
vanishes once it reaches the conformal boundary at ¢ = 0, where it gets absorbed. This requires
a function that would annihilate all of the single-particle states at the boundary. We will call
this function F' and impose that

F|¢)bay = 10)Buik - (4.56)
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To further simplify matters, we will focus only on the s-wave, hence the £ = 0 mode, in which
case Enp = 2(1+n), so

|P)bay = Z(—l)"(n)| 2t bl 10) Bulk » (4.57)
n=0 ’

where we have used that the Jacobi polynomial can be written in terms of the Pochhammer’s
symbol, defined as (z),, := I'(z + n)/I'(x). In this case, the function that annihilates (4.57) is
given by

(o]
| .
F=Y (-1 e 20y, (4.58)
n=0 ( )n
because [bn,bl,] = 0,n. For the simple case of a single bulk particle in the ground state

(n = 0), the above simplifies to

|6)bay = €% b |0)Buik (4.59)
F =e 2t (4.60)
and this is the case we will focus on for now. We have found the operator that annihilates the

bulk field at the boundary at 7 = 0. What we wish to examine now is how this operator acts
on its duel CFT state at 7 = 0, found in (4.55)), which gives

F|O),—o = e 2 by (—4e* a_1a_1|0)crr). (4.61)

The first time-evolution factor of e 2" came from the time-evolution of the bulk field, which

was propagating from t = —oo until it was annihilated at t = 0. The second time-evolution

factor of e came from the time-evolution of the CFT state, which was also time-evolved
from t = —oo to t = 0. Hence, the two exponentials cancel out and we obtain

F|O)r=0 = —4bga_1a—1|0)crr. (4.62)

Since the boundary limit of the bulk field is identified as the CFT operator, according to the
AdS/CFT dictionary, then the function F' that annihilates the boundary value of the bulk
field, must also annihilate its dual, and hence bring the CFT state at 7 = 0 to the vacuum

CFT state; i.e. we need to impose that F|O),—o = |0)crr. This is indeed satisfied if

b = —ia,ld,l . (4.63)
Hence, a bulk particle is dual to a left- and right-moving particle at the CFT boundary@
This agrees (up to a normalization) to a result by [63]. The result in implies that
any process, which leads to the annihilation of the bulk particle, would certainly lead to the
annihilation of its dual CF'T operator. Due to the direct proportionality between the bulk and
boundary ladder operators, an absorption into the holographic boundary, which would imply
bringing the bulk state to the bulk vacuum state (since the bulk field will no longer be in the

2TOne can easily verify this by substituting a_1a_; = —4b$ into 1| which can be used to show that
b0b8|0>CFT = (bgbo + 1)|0)crr = |0)cFT-
Z8Recall from Section 2.2.4 that the operators a_; and @_1 are not lowering operators, but raising operators.
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bulk) would inevitable lead to the left- and right-moving excitations in the CFT also being
brought to the CFT vacuum. Equivalently, higher excitations on the holographic boundary
would correspond to a higher number of particle states in the bulk.

However, in the above computation, we picked the simplified case of a single bulk
particle in the ground state. This should also be applicable to the more generic case of .
Using the AdS/CFT dictionary as before, for the function F' in to also bring the CFT
state |0)cpr to the CFT vacuum state, would require identifying

= Dn_2i(14n 1
F = Z(—l)”(n)'eQ (+n)tpt — 10-10-1, (4.64)
n=0 ’

which can be seen as the superposition of single-particle states in the bulk being dual to a left-
and right-moving particle at the CFT boundary.

In this section we saw that we cannot have a mechanism where the radiation gets absorbed
from the AdSs bulk into the CFT5 dual conformal boundary, since the two descriptions are
dual to each other and the a field disappearing from the bulk will have its dual also disappear
from the holographic boundary. It is precisely because of this dual description that one expect
that this result can be generalized to the case of AdS;y1/CFT, and show that the AdS;y;
radiation cannot be absorbed into the CFT; boundary.

4.5 Conclusion

In this chapter we studied AdS black holes. We began by explaining why studying black holes
in AdS is a great tool for resolving the Information paradox, namely due to the AdS/CFT
correspondence which guarantees that black hole evaporation in AdS must be a unitary process,
since its dual description is inherently unitary.

We then explained how large black holes in AdS, unlike black holes in an asymptotically
flat spacetime, are thermodynamically stable. We explained how the usual AdS reflective
boundary conditions do not allow these large AdS black holes to evaporate, since they reach a
thermodynamic equilibrium before they have emitted all of their Hawking radiation. Although
this is not an issue for small AdS black holes, which are thermodynamically unstable like the
Schwarzschild black hole, these smaller black holes do not exist in smaller dimensions. The
only way to resolve the issue with the evaporation of large AdS black holes without changing
their size, is to change the boundary conditions at the holographic boundary to allow all the
Hawking radiation to escape the bulk, way before the black holes falling into a thermodynamic
equilibrium.

However, using results from Chapter 2, we showed that allowing the Hawking radiation to
escape the bulk and be absorbed into the holographic CFT boundary is not possible, due to the
AdS/CFT duality, since both descriptions are dual to each other, and any Hawking radiation
leaving the bulk would result in its dual description on the holographic CFT boundary also
disappearing.

However, recent work |18] has proposed that the radiation can be absorbed into an auxiliary
CFT, namely a bath CFT system, described by CFT4,; if we were to “attach” it to the
AdSg. 1 bulk and introduce the appropriate transparent boundary conditions. Describing this
mechanism, and showing it allows black hole evaporation, will be the topic of the next chapter.



Coupling black holes to a bath

In the previous chapter we found that we cannot model absorption into the holographic bound-
ary, since the AdS/CFT duality provides a description of the same physics, even though one is
computed in the bulk, while the other one is computed on the holographic boundary. Hence,
a field disappearing from the AdS bulk description will also disappear in its dual CFT de-
scription. Instead, there have been many other proposals for resolving the large black hole
evaporation issue, based on changing the AdS boundary conditions, as well as coupling the
bulk to an auxiliary system which can collect the Hawking radiation |66, 67, (68, |69].

In this chapter, we review one such recent model in the context of JT gravity [18], which
proposes the attachment of an auxiliary bath to the AdS boundary, making one-sided black
hole evaporation into the bath possible. In Section 5.1, we begin by reviewing some important
aspects of JT gravity, including why one would use it, in the first place, to study black holes,
and the black hole information paradox in particular. The semiclassical description of JT
gravity, which incorporates effects from quantum matter and can be used to study Hawking
radiation, is also reviewed. In Section 5.2, we show how coupling one side (of the double-sided
black hole) to the bath achieves the evaporation protocol. The discussion in Chapter 3 on the
generalized gravitational entanglement entropy is then used to explain how this proposed black
hole evaporation model produces a unitary Page for both the evaporating black hole and the
emitted Hawking radiation, hence leading to a possible resolution to the Information paradox.
In Section 5.3, we look for a way to describe this one-sided black hole evaporation model in
the dual theory, by using a toy-model for the boundary theory, namely working in the TFD
formalism. We model the bath in the gravity theory as an operator in the dual theory, and
we find such an operation which successfully reproduces all the expected results in the dual
theory. However, this operation is shown to be non-unitary and we argue that a unitary bath
operation may not be possible, at least with the way the bath is described to act on the bulk.
As will be explained, this does not exclude the possibility for a global unitary bath operation,
although the way that the bath is coupled to the bulk might have to be different. We also
show that the one-sided evaporation can be modeled via an LOCC protocol, which uses the
bath as a way to transfer classical information.

93
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5.1 Review of JT Gravity

5.1.1 Why JT?

The issue with the non-renormalizability of (3-+1)-dimensional Einstein’s gravity has motivated
the study of lower-dimensional gravity models. However, this still gives rise to some issues,
including finding a suitable model to study. For example, the plain (1+1)-dimensional Einstein
gravity action for some manifold My (in Euclidean signature) is given by

1 1
I[g] = — d4 - dz Vh K 1
[g] 167Gy /M2 I\/ER 87G N /{9/\/(2 x\f ’ (5 )

where the second term is the GHY boundary term, that needs to be added if the manifold has
a boundary OMs.

When d = 2, this action is purely topological. There are several ways to see this. One
way would be to see that when d = 2, the action I[g] = x(M2)/4G N, where x(My3) is the
so-called Fuler characteristic, which is a topological invariant and hence does not give rise to
any dynamics. A way to see this is to consider the Einstein equations; i.e. G, = Ry, — % Ju R,
which for the case d = 2 become R, = %QWR (due to general symmetries of the curvature
tensor), so Gy, = 0 [70]. This is simply the vacuum solution. Furthermore, if the action is
coupled to a matter action; i.e. I = I[g] + I, one can compute the energy stress tensor via
T = —%fglﬁ”;,. Since T;, = G, /87G N and we established that symmetries lead to G, = 0,
then T}, = 0 |71]. The vanishing of the energy stress tensor implies there is no energy flow.
Hence, this model cannot be used to study dynamical systems such as black hole formation
or evaporation and will be of no obvious use when trying to resolve the information paradox.

Another motivation for the need of a different model is in the context of AdS/CFT. In
the case of the My manifold being the AdSs spacetime, it can be described by its dual
holographic CFT; theory, also known as conformal quantum mechanics. This is a (0+41)-
dimensional theory, and since for any CF T, the stress energy tensor is traceless; i.e. 7%, = 0,
and the only component of the energy stress tensor in CFT; is T%, then Ty = 0. But this is
precisely the Hamiltonian of the theory. Hence, the theory has zero energy and can describe
only zero-energy states. To introduce dynamics into the picture, one can consider coupling
the Ricci scalar R to a scalar field ¢, known as the dilaton.

Another way to motivate the addition of this extra degree of freedom is to look at the
number Ngor of gravitational degrees of freedom, which is given by Ngof = d(d — 3)/2 and
hence becomes meaningless when d = 2, in which case Ny, = —1. To bring more sense into
this, we add another degree of freedom by introducing the dilaton field.

In what follows, we will follows closely the JT gravity review in [72].
A very general form of the d = 2 dilaton-gravity action takes the form

—WlGN /M2 &z G SR+ US) + ... , (5.2)

where U/(¢) is the dilaton potential. Jackiw-Teitelboim (JT) gravity, first introduced by Jackiw
[73] and Teitelboim |74], refers to the special case where the dilaton potential takes the form
U(¢) = —A¢p, where A is the cosmological constant. Hence, the JT action is given by

1 2
167TGN/M2dx\/§¢>(RA)+..., (5.3)

Ilg, 4] =

IfT[ga (b] =
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where for a physical classical solution, we require that the effective Newton’s constant Geg(z) =
Gn/¢(x) > 0, since the gravitational constant should remain positive everywhere.

This dilaton-gravity model was later examined for AdS spacetimes by Almheiri and Polchin-
ski [75], and is known as the Almheiri-Polchinski (AP) model. In the case of AdS spacetime,
the cosmological constant A = —2 /@xds < 0. For convenience one can choose fagqg = 1, in
which case the action becomes

1
B 167TGN Mo

1
87TGN OMs

Iyrlg, ¢ = &’z /g (R+2) - de Vhe(K=1),  (54)

where we have included the GHY term and the “—1” term is needed for the action to be
well-defined at the boundary. It is important to also add the topological contribution, given
by Ilg] = —¢ox(M2)/4GN in (B.1]), where ¢ is a constant contribution to the dilaton, so the
full action can be written as

®o / 2 Po /
— d — dx vh K
].67TGN Mo o \/gR 87TGN OMs o f

1 9 1
~tons o Pevaere - e [ a Vit )Lkl 59)

Ilg, ¢] =

where we have also included a matter action I,[g] if we want to couple JT gravity to matter,
such that Ij,[g] couples only to the metric and not to the dilaton field. Note, adding the
topological part of the action can be thought of as a result of shifting the dilaton field in
as ¢(x) = do + ().

Of course, if the theory does not admit a black hole solution, it will be of no use. But as
we will see soon from the equations of motion of , JT gravity indeed does have a black
hole solution.

5.1.2 Equations of motion

The classical equations of motion for the metric and the dilaton field can be evaluated by
varying the action . In what follows we will work in the Lorentzian signature. Setting
0I[g,#]/6¢ = 0 imposes R = —2, which in d = 2 is sufficient to find that the metric is the
AdSsy metric, up to a coordinate transformation, which would correspond to just a different
AdS patch.

To verify this, it is convenient to work in the conformal gauge (which can always be
reached by an appropriate coordinate transformation) and write the metric in terms of some
coordinates (z4,z_) as

ds? = —e?@+2-)dz da_ | (5.6)

where the Weyl factor ¢2*(®@+2-) ig still unspecified. Solving for the Ricci scalar of this metric
yields

R=28e2"0,,0, w. (5.7)
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Imposing R = —2 gives that e?¥ = —40,, 0,_w, which is just the Liouville’s equation with a
solution given by

4

2w(rt,z—) _
‘ (x4 —2-)*

(5.8)

The coordinates {zy} are precisely the AdSy lightcone coordinates. One can arrive at the
more familiar AdSs Poincaré patch coordinates (¢, z) via x4+ = t £ z, which yields

_ Adzyda _ —dt? +dz? ‘ (5.9)

ds* =
° (xy —x_)2 22

The asymptotic boundary, where the holographic boundary dual theory lives, is timelike and
located at ;. = x_ = t, where ¢ is the proper time in the boundary dual theory and will be
referred to as the boundary proper time.

To study the dilaton dynamics requires varying the action with respect to the metric and
setting dI[g, ¢]/dg"” = 0, which yields the following equation of motion for the dilaton field

vuvy¢ - gul/v2¢ + guud’ = —87['GNT;W ) (5'10)

where T}, appears from varying the matter action with respect with the metric; i.e. 61, /0g"".
Using that V2¢ = (v/—¢) 710, (v/—99"" 0, ¢), together with form of the conformal gauge in

(5.6]), and using ([5.8))), then (5.10]) can be written in terms of the lightcone coordinates (x4, x_)
as [72} [69 [18]

8TGN Tz, = —€2V0y, (€72Y0,, ¢) = —;agg+ (x4 — )% 00, 8) (5.11)
(r4 —2-)?
w —2w 1
87TGN T$7m7 = —62 83;7 (e 2 8.7;7 (;5) = —maa;7 ((.’17+ - 37_)2 8x7¢) (512)
w 4
167TGNTI+I_ = 28z+8x_¢+e2 QS: 28x+8x_(,25+ mqb . (513)

However, is not the only solution to the equation of motion for the metric. As mentioned
before, in the d = 2 case, the constant curvature constraint R = —2 fixes the metric to be
AdS,, up to topology |76]. Hence, there are other coordinates { Xy}, which can be reached
via an appropriate coordinate transformation x4+ — X4 (z4), in terms of which the metric can
also be written in the usual ‘Poincaré’ forn@ In fact, the most general solution to Liouville’s
equation is given by

48x+X+(l'+)az_X7(l'7)

e2w(x+,x_) _ |
(X (zy) — X_(z_)]2 (5.14)

where Xy (z4) and X_(z_) are a set of chiral functionﬂ of the respective lightcone coordi-
nates, in terms of which the metric (5.6 can be written as

48m+X+ (.’L’+)8w7X_ (I’ )

. 4d X (z4)dX_(z_)
(X (24) = X (2)]?

(Xy(zg) =X (2-))

ds? = — (5.15)

deydzr_ = —

29

30The chirality of these functions arises from requiring that the metric is asymptotically AdSa, as will be
seen later when discussing boundary dynamics.
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Again, this can be written in the usual ‘Poincaré’ form, as illustrated in Figure 5.1, via

Xe=TxZ

—dT? + d2?
ds? = — - (5.16)
In these coordinates, the asymptotic boundary is at X, = X_ =T, but T', often referred to as
the Poincaré time or the dynamical boundary time, should not be confused with the boundary

proper time t.
AT
0 X +

AN

Figure 5.1: The Poincaré patch for AdSs and the lightcone coordinates X4, adapted
from [72].

An vital feature of JT gravity for the study of the information paradox is that it admits
black hole solutions in the first place. Black holes can be dynamically formed by throwing in
matter from the boundary. To see this, one needs to solve the dilaton equations of motion.
A particular example is the vacuum solution, defined by T}, = 0, in which case, Tx, x, =
Tx_x_ =Tx,x_ =0. The most general solution for the dilaton field is then given by [75]

a+b(X;+X_)+eX X
X, - X_ ’

d(ry,z_) = (5.17)
where a, b, ¢ are integration constants. This is obtained by integrating (5.11]) and (5.12f) and
imposing ([5.13). The parameter b is not physically meaningful and can be set to zero by using
the isometry of the AdSs metric, which can be used to rewrite the vacuum dilaton solution as
73]

a— pXy (@) X (z_)

Y ) = T ) - X ()

(5.18)

Note that this solution diverges at the X, = X_ =T boundary, as illustrated in Figure 5.2.



Chapter 5. Coupling black holes to a bath 58
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Figure 5.2: The dilaton profile is plotted for different values of p at a constant T'= 0
slice, showing that it diverges at the holographic boundary Z = 0.

One can also consider the dilaton solution with matter; i.e. 7, # 0. For simplicity, we
will consider the case of the matter being a CFTg, in which case, Tx, x_ = 0, because of
the tracelessness condition for any CFTE Taking into account that T'x, x, and T'x_x_ are
non-zero, and using the dilaton equations of motion 7 the dilaton solution is given

Ca—pXy(rp )X (zo) 8GN
) = R ) - X ) Xa(en) - X @ e 69)
where
/XOO ds(s — X4 )(s = X )Tx, x,(s) (5.20)
= / (s =X )(s— X )Tx_x_(s) (5.21)

and Ty, .. dz} = Tx, x,dX3. As revealed already, a black hole can be formed in JT gravity
my throwing in matter from the boundary. To prove this, one can consider starting with
the vacuum solution ([5.18)) and throwing an infalling energy pulse with £ > 0 given by
Tx_x_(X_) = E6(X_) (and Tx, x,(X4) = 0), which describes a pulse entirely along the
X_ =0 curve.

XX

3Tgnoring quantum anomaly contributions, T, =0=g""T, =2g “Tx,x_,s0Tx x_=0.
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Figure 5.3: An inward positive-energy pulse (red) sent from the boundary, that can be
used to create a black hole in the bulk. The black hole horizon of the newly formed
black hole is shown in blue; Adapted from [72].

In this case, Iy =0 and I_ = EX; X_6(X_), so the dilaton solution in (5.19) becomes

a—8TGNEX (xy) X _(x_)0(X_)

P ) = N ) — X (o) ’

(5.22)

where we have used the relationship between the delta function and the Heaviside step function
0(z) = [*_dsd(s). Comparing this to the vacuum solution (5.18), one can identify the
parameter u = 8rGn E. This is the dilaton profile around a static black hole solution, formed
as a response of an inward-falling matter pulse from the boundary, where the parameter p is
related to the mass of a black hole, which is identified as M = E.|75|. In particular, through

the substitution
Xi(aci) = \/Etanh <\/ﬁxi> (5.23)
7 a

the metric ([5.15)) can be written in the form

4 4p —dt? + dz?
ds? = -2 deydr_ = p A+ d=m (5.24)

@ sinh? (\/%(au - x,)) @ sinh? <\/%2,z>
This is the so-called black hole patch (or black hole exterior coordinates) and the corresponding
dilaton profile ([5.22)) becomes

$(a4,2_) = /G coth (\/E(“ - g;_)> = /i coth <\/522> . (5.25)
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The black hole patch is contained within the Poincaré patch, as illustrated in Figure 5.3, as
the black hole patch, as defined in ([5.23f), only cover the range —\/% <Xy < \/% The black

hole horizon in these coordinates is located at z = oo.
One can further motivate that the metric (5.24]) corresponds to a black hole solution via

the further substitution r = 24/#/a coth (2\ /#/az ), in which case the metric can be written in
the more familiar Schwarzschild-like form as

4 ap\
ds? = — (r2 — ,u) dt* + (7“2 — H) dr? . (5.26)

a a

This solution has a horizon at r = 2\/M/ahe metric l' and the dilaton solution ([5.25|)
are both periodic in imaginary time with a period f = m4/%/u. This can be used to find the
Hawking temperature of the black hole via

_ 1 /1 /87GNE
To=8"t==,/E ==y —== 2
0="F 77\/; T a (5:27)

which is the expected scaling with temperature of the energy of a near-extremal RN black
hole |78]. As E — 0, the Hawking temperature of the black hole Ty — 0 [79]. The presence
of black hole solutions to the JT gravity action is what makes JT gravity a good contender to
study the black hole information paradox.

5.1.3 Boundary dynamics

Due to the divergent behavior of the metric (and dilaton) at the holographic boundary, it is
often convenient to express JT gravity in terms of the so-called ‘boundary particle’ dynamics,
which is a reparameterization between the Poincaré coordinates near the boundary and the
proper coordinates on the boundary. In particular, this simplifies to a reparameterization
between the Poincaré time near the boundary 7' and the boundary proper time ¢. This
is achieved via the appropriate boundary conditions and we demand that the spacetime is
asymptotically AdSo, such that in the limit z — 0,

5 —dt? +dz?
=== T
z

ds . (5.28)
where {...} represents terms subleading in the limit z — 0. It can be shown that in order to
preserve this asymptotic behavior, one needs to impose that at the boundary: (1) 9,, X_ =
0, X+ = 0, which leads to the chirality constraint and (2) Xy (z4,2_) = X_(z4,2_), which
implies X (x4) = X_(x_).|72| Imposing that the holographic boundary x4 = x_ = t coin-
cides with the AdS boundary X, (z4+) = X_(z_) implies that X, (t) = X_(t) = T'(¢), where
the Poincaré time (or the dynamical boundary time) T'(¢) is a function of the boundary proper
time ¢[69].

32This solution clearly resembles the BTZ black hole solution, with the exception that the BTZ black hole
is a solution in a (2+1)-dimensional gravity theory. One can perform a dimensional reduction of a (2+41)-
dimensional Einstein’s gravity with a negative cosmological constant to obtain a solution similar to the (141)-
dimensional JT gravity solution in , which is shown to correspond to the (¢,7) section of the BTZ black
hole; i.e. with the same causal structure |77].
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However, the metric diverges at the holographic boundary (z = 0) and needs to be
regularized in order to extract the effective boundary dynamics. This is done by introducing
a small distance z = “*3%= = ¢ from the holographic boundary at x, = 2_ = t, as illustrated
in Figure 5.4 (left), and hence regularizing the boundary by moving it slightly inwards from
z=0to z =¢€via

ry=t+z—>t+e
r_=t—z—>t—c€. (5.29)

oMy

M

Figure 5.4: (left) The Poincaré patch with the location of cut-off surface. (right)
Euclidean boundary disc with location of cut-off, where the holographic boundary
(T'(t), Z(t)) is parameterized in terms of the boundary time t adapted from [80].

The coordinates X (z+) on the new boundary; i.e. where x4 =t 4 ¢, can be translated into
new (regularized) Poincaré time and radial coordinates (F,Z) via X1 = F 4+ Z, such that

F(t) = %(Xm O+ X (=€) = X(t) + O(2) ~ X4 (1) (5.30)

20) = S (Xt 40—~ X_(t — ) = XL (1) + O() = eF'(1) + O() = eF'(1) . (531)

The regularized boundary dynamics, illustrated in Figure 5.4 (right), is hence determined only
in terms of the function F(t) via the Poincaré coordinates (T' = F(t),Z = eF’(t)), which are
now parameterized in terms of the boundary proper time ¢, so the metric can be written as

de? — —dT'(t)? + dZ(t)?
° T Z(1)?

(5.32)

We saw that the function 7" = F(t) is a diffeomorphism giving the bulk Poincaré time T
near the boundary in terms of boundary proper time t. More generally, this diffeomorphism
determines X4 in terms of the lightcone coordinates x4 via X4 = F(x4) and X_ = F(z_),
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and one can use this to rewrite the bulk AdS metric ([5.15]) aﬁ

s AP@IF(@)
ds? = Ty _F(L)Pd wda_ (5.33)

T—x—

where the cut-off is located at € =

Using the ‘boundary particle’ description, one can compute the holographic energy-stress
tensor [69], which in the (0+1)-dimensional case is just the total energy (ADM energy) in the
spacetime. It can be written in terms of the reparameterization F'(t) using the Schwarzian
derivative as

a

B= o (.1} (5.34)

where the Schwarzian derivative is defined as
ya 3 /F" 2

Having defined the ADM energy of the spacetime, it is only natural to have to impose a
conservation of the energy within some boundary. This can be written in terms of the net
flux of energy moving across the holographic boundary in terms of the proper (dual theory)
coordinates {z4}, which yields the energy balance equation

dE(t)

dt

[T’”“"”‘ () = Toyay (t)} ‘8/\42

(458 et (S5

= F/(0)?|(Tx_x_(t) = Tx.x, (1)) ‘

) 5.36
OMo ( )

where we have used the reparameterization X4 = F(x1) to write the expression in terms of
the energy stress tensor in the Poincaré patch coordinates { X }.

We have seen in this section that JT gravity admits black hole solutions and soon it will
be used as a model to address the issue with the evaporation of large black holes in AdS, by
adding an auxiliary system to absorb the radiation.

The energy conservation equation will be used to calculate the change in energy as
a result of Hawking radiation. However, since it is a quantum mechanical result, involving
quantum matter, the classical JT gravity discussed so far is not sufficient to describe it. Hence,
in what follows, we will review the semi-classical regime, where quantum effects of the CFT
matter sector are taken into account, namely the trace anomaly of the stress-energy tensor.

5.1.4 Semi-classical regime

It has been shown that there exists a direct relationship between the conformal anomaly, which
governs quantum effects in the CF'T matter sector, and the appearance of Hawking radiation.

33We can see this from (5.30) and (5.31)), since T = F(t) = X implies that X; = X_ = T. This means
dF(t) _ dXy _ dX_ dF(t) _ dXy _ dX_ dXy _ dF(eg)
dz

=5 = —q; - Hence, o= = =575, s0 X+ =F(xz).

that T T Q. T Tar and
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The JT gravity discussed until now was purely classical, which was sufficient to study the
classical equations of motion, governing the black hole solution and the dilaton dynamics.
However, a crucial ingredient in the study of Hawking radiation is the effect of backreaction,
namely the effect of quantum matter (such as Hawking radiation) on the classical geometry.
The backreaction of the Hawking radiation on the geometry has an important implication on
black hole thermodynamics, namely, it helps explain why the first law of black hole dynamics
is identified as the first law of thermodynamics. The classical derivation works only after
identifying a relation between the Hawking temperature and the extrinsic curvature of the
event horizon, which raises the conceptual question of how Hawking radiation is aware of
the event horizon geometry at all [81]. This is addressed in the semiclassical regime, which
takes into account the effect of backreaction and helps understand why the temperature of the
Hawking radiation is identified as the temperature of the black hole.

In this semiclassical regime, one considers quantum effects (such as the existence of Hawk-
ing radiation) to study quantum matter while still remaining in the classical gravity regime.
For this to be plausible, the classical gravitational effects need to dominate the quantum effects
of the quantum matter, which is a valid approximation for large black holes@l’ he semiclassi-
cal regime approximation is valid if the central charge of the CFT is ¢ > 1, with ¢ — in the
classical limit [81].

Promoting the classical matter sources to be quantum mechanical has an effect on the
energy stress tensor, namely 7, — (T},), so allowing for the backreaction, the net energy
flow across the holographic boundary becomes

P e Doy~ T g, - (5.37)
The Einstein equations G, = 87GnT),, become G, = 8GN (T),). Using the conformal
anomaly (T%,) = —cR/24x, together with the conformal gauge Ricci scalar in , given by
R = 8e_2“’0m+8x_w, leads to

c
<T$+$—> = _maz+8$,w , (5-38)
where we have used the conformal gauge where the only non-zero components of the metric
are guy = gou = —< /2. To find the other components of the stress-energy tensor, one can

use ([5.38)) and substitute it into the equations of motion (5.1145.13). It has been shown |72
75, [69] that imposing conservation of the energy-stress tensor; i.e. V, 7" = 0, yields that its
components acquire some additional contributions and take the form

(T} = =15 (O, w)? = 02, w) + : Toa, ) (5.39)
(Too) = g5 (O w) = w) +{: Ty ) (5.40)

where the additional contributions, namely (7, », ) are normal-ordered components, also often
referred to as operational. Being normal-ordered means that these contributions are frame-
dependent (i.e. measured by local observers), since the normal-ordering is always with respect
to a certain vacuum, according to

Teior i =Toyer = (0o | Toyay [02y) (5.41)
Ty o =Ty o — (04 |Ty_ o |04 ). (5.42)

34To be more precise, this is valid as long as the black hole is not Planck-scale sized.



Chapter 5. Coupling black holes to a bath 64

Due to the conformal anomaly, they transform between different frames {x1} and {Xy(z1)}
according to

dx; 2 ¢
T, :=—) : T ——{ Xy, 4
+T4 <dx+> Xy Xy 247T{ 4Tt} (5.43)
dx_\? ¢
Ty o= — | ITx_x_:—{X_,z_}. .44
_ <dx_> X_X 247r{ z_} (5.44)

From (5.33), one can write the conformal factor in terms of the reparameterization Xy =
F(xy) as

_4dF(x+) dF(x_) 1
dzy  dao (Flzq) — F(z-))?’

eQw(x+ 71—) —

(5.45)
which when differentiated with respect to the holographic boundary coordinates x4 yields

(0, w0)? — 2w = — {F(ay),24)
(05 w)2 — 02 w = —%{F(x,),x,} . (5.46)

The reason this is important is that when evaluated at the boundary, where z, = x_ = t,

these expressions become equal, so substituting them into (5.39)) and (5.40) gives

(To_a_ ()| ppr, = ﬁ{F(z&),t} +( Toa (1) )| pae,
(Toae ()| gpr, = ﬁ{F(t),t} oo (8) Y pp, - (5.47)

which shows that the energy conservation equation (5.37), when evaluated at the boundary,
can be written purely in terms of the normal-ordered contributions, such that
dE(t)
T (T o (t»‘BMQ - <Tx+$+(t)>‘a/\42 = (Toa (1) :>’8M2 — (Toya, (1) 3)‘3/\42 :
(5.48)

This energy conservation equation provides an expression for the energy flow across the holo-
graphic boundary (as seen from the first equality), which is equivalent to the energy conser-
vation measured locally, by a local observer, at the holographic boundary (as seen from the
second equality). Together with the expression for the ADM energy in terms of the boundary
reparameterization, defined in , these will be the key results in the computation of black
hole evaporation. This will be seen in the next section, where the black hole is coupled to an
auxiliary bath.

5.2 Coupling the black hole to a bath

5.2.1 Setup

In this section we review the model proposed in [18] which allows large black holes in AdS
to evaporate. We will show how this is computed for one-sided black hole evaporation by
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coupling the right black hole exterior to an auxiliary bath which is allowed to absorb the
Hawking radiation.

The model is that of a 2-dimensional JT gravity coupled to 2-dimensional CFT}; i.e. gravity
coupled to matter in the special case (chosen for simplicity) where the matter is a CFT. The
action describing the theory is given by

I = Iyrlg, ¢] + Icrrlgl , (5.49)

where Icpr[g] is a general CFT which couples directly to the metric, but not to the dilatonﬁ
This is equivalent to the action we considered in (?7), with the additional constraint that the
matter sector is a conformal field theory, as discussed in the example in the previous section.
The JT gravity action is given by and in the Euclidean signature,

Iyrlg, ] = — %0 1/ d?x \/—gR—F/ dr v—-h K
87TGN 2 Mo OMs

! [1 /M2d2wfg¢<R+2>+¢b/

B 87TGN 5 OMo

dz vV/—h (K — 1)] , (5.50)

where, as before, ¢ = ¢g + ¢ is the dilaton, which has a constant contribution of ¢g and a
dynamical contribution ¢. The dilaton has a boundary value of ¢, = ¢¢ + ¢p, where ¢y, is the
boundary limit of ¢ and assuming it is constant, it has been written outside of the integral
above. Again, the first bracket in is purely topological and equal to 2mwx(Mz), where
X(Mz) =2 —2g — b is the Euler characteristic of My, which depends on the genus g and the
number of boundaries b. Hence, ¢y controls the topological expansion of the theory. It is in
the second bracket of where all the dynamics ocurs.

As we saw in the previous section, the AdSy boundary is located at X, = X_ = T (or
Z = 0) and both the metric and the dilaton diverge at the boundary. Hence,
boundary conditions need to be specified in order to regulate these divergences.

Metric: A boundary condition is imposed on the metric requiring that it is asymptotically
AdSs; i.e. approaching the boundary at Z = 0,

,  —dT?+dZz?

= 7
However, as discussed in the previous section, in order to regulate the divergence at Z = 0,
one can cut the geometry along some boundary curve (T'(t), Z(t)), parameterized in terms of
the boundary proper time ¢ via 7" = F'(t), which is diffeomorphism giving Poincaré time 7" in
terms of boundary proper time t@ The metric ) can then be written in terms of the
proper boundary time as

o —dAT@)?+dz(t)* ([ dT(@)? | dzZ@t)*\ 42  -T'(t)+ Z'(t)
- Z(t)? - (‘ dt2 dt2 >Z(t2) - Z(t)

ds (5.51)

ds dt? (5.52)

35Note that Iopr [g] is a general CFT in the AdS2 bulk (i.e. with the same dimensionality as the bulk)
and it should not be confused with the boundary dual theory, which is a CFT; (i.e. with one less dimension
compared to the bulk). Also, the action is a bulk gravitational action and has boundary terms because
the manifold has a boundary. These boundary terms should also not be confused with the holographic dual
CFT; description living on the boundary.

36To compare notation with [75], their (x4,z-) correspond to the (X4, X_), their (y4+,y—) correspond to
the (z4+,x—) and their t = f(u) corresponds to T' = F(t) here.
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Using the boundary conditions discussed in the previous section, namely Z(t) = €T"(t), where
€ is a cut-off distance from the boundary, the induced metric on the boundary satisfies the
following cut-off condition

2 1 0 2 de?
ds®|j, = —6—2+O(e) dt* ~ ——-, (5.53)

and the only component of the metric is

1

Howt, = 9tlops, ~ — 2 » (5.54)

which is the time-time component of the metric near the boundary along the physical boundary
time .

Dilaton: The dilaton solution blows up at the boundary, as seen in . To regulate this
divergence, a boundary condition is imposed on the dilaton, such that

¢ =¢p~ 5= —, (5.55)

My 2e €

where ¢, is the renormalized value of the dilaton. From this boundary condition, it can be
seen that the model considers the case of a large dilaton value at the boundary.

These are the standard Dirichlet-Dirichlet boundary conditions, where the dilaton and the
boundary metric are fixed (and when the cosmological constant in JT gravity is set to be
negative). However, this is not the only possible choice of boundary conditions and the different
choices are classified in [82].

One can use this renormalized dilaton value to rewrite the dilaton profile as

4 2q_57« < 4Gy E

. L 5.56
X, - xX_ + > (5.56)

which we saw is the dilaton profile for the black hole solution. Using the result for the black
hole energy in (5.27)), the dilaton solution (5.56) can be written as [1§]

(5.57)

In the previous section, the temperature of the black hole was found from the periodicity of
the metric, in terms of its energy (mass), which came from the parameter p in the vacuum
dilaton solution. This result is closely intertwined with the ADM energy of the spacetime,
which was simply stated in[5.34] but can be easily verified for this case. The ADM energy can
be written in terms of the renormalized dilaton such that
BEe— tp@)i) . (5.58)
STG N ’

One can check that using the black hole exterior coordinates in (5.23) and substituting the
periodicity of the black hole solution obtained in (5.27)), the static black hole reparameteriza-
tion can be written as F(t) = 1/xTy tanh (77pt). Using the renormalized value of the dilaton
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(a = 2¢,), this can be used to find that the energy (or mass) of the black hole (i.e. the energy
of the pulse used to create it), is related to the black hole temperature Ty via

7r<;_5TT02
4G N

¢ g 1
E=- —tanh (2 Tpt) ¢} =
87rGN{7rT0 anh (r75¢) }

=: B, (5.59)

where we have defined Ey to be the energy of the eternal black hole solution of temperature
Ty. This result recovers the black hole energy-temperature result from the previous
section. m Note, the reason this black hole solution is called static is precisely because its
energy is constant (since Fjy is not time-dependent), and hence, it does not evaporate. Even
though the Schwarzian derivative parameters are time-dependent, the Schwarzian derivative
itself is not; i.e. O{F(t),t} = O(—27m2T%) = 0@

As seen before, with this reparameterization one can write the metric and dilaton in terms
of the black hole exterior coordinates as done in and respectively. Using the
renormalized value of the dilaton and the black hole energy-temperature relation, these can
be written as

42T —dt? +dz?

ds? = ———5—— =0 drydo_ = dn?T2—o T2 (5.60)
sinh® (7Tp(x4 — x_)) sinh® (27 Tpz)

¢ = 217 Top, coth (7To(ry — x_)) = 27Ty, coth (27 Tyz) (5.61)

where the coordinates x4 cover the exterior of the black hole. This black hole has two exterior
regions, namely the right exterior region and the left exterior region, as illustrated in Figure
5.6.

Figure 5.5: Double-sided black hole with locations of horizons (black), cut-offs (blue),
constant t-lines (green) and constant z-lines (i.e. constant dilaton lines) (orange).

Figure 5.5 shows the locations of the cut-offs, but most importantly, the constant time slices,
which show that time moving up in the right exterior, moves down in the left exterior.

37This result will be important later for computing the thermal entropy within the system.

38The reason for paying special attention to this is because it will be important when looking at the no-static
black hole case, namely the evaporating black hole solution. In that case, the energy becomes time-dependent
and has a time-dependent Schwarzian derivative; i.e. 9:{F(t),t} # 0, because the reparameterization, also
commonly refered to as the gluing function, is different.
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Left Exterior Right Exterior

Past Interior

Figure 5.6: The AdS black hole has two exterior regions, called the right exterior region
and the left exterior region.

In this thesis, the focus is on the one-sided black hole evaporation. In particular, we will be
focusing only on the evaporation of the right black hole exterior, by coupling the bath to the
boundary of the right exterior region. However, since the model we will be discussing imposes
energy conservation by transferring the emitted Hawking radiation back into the bulk and the
left black hole exterior region, we really need to have transparent boundary conditions along
both the right and left holographic boundaries.

5.2.2 Eternal black hole in a bath

Since AdS spacetime acts as a box which reflects back the emitted Hawking radiation, coupling
it to an external auxiliary system which can collect the Hawking radiation is analogous to
removing this box and hence allowing the Hawking radiation to escape. The way this has
been achieved in |75] is by coupling the right-ride R of the (one-sided) eternal black hole to a
so-called bath B. The bath is chosen to be a CFTs theory, analogous to the matter CFTs in
the bulk E‘;L with the exception that the bath is chosen to live in a flat spacetime.

39The bath CFT5 should not be confused with the the AdS, dual theory, which is a CFT; living on the
boundary.
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AdSs
JT + CFT,

Flat
T | CFT,

Figure 5.7: Coupling the right exterior of the eternal black hole to an auxiliary flat
bath system, with tha same CFT theory as the CFT theory in the bulk region.

The bulk is still described by the AdSy metric
—dT?+dZ? —4dX dX_

2 _
dSBu]k - Z2 - (X+ o X_)2 ) (562)

which we saw, with the appropriate reparameterization Xy = F (x4 ), namely F'(t) = 1/xT, tanh (7Tpt),
can be written in terms of the black hole exterior coordinates as

AT (5.63)

dsd . = 40T ——5——— =
Bulk % sinh? (27Thz) % sinh? (27THz)

The reason for bringing up the black hole exterior coordinates is that these coordinates cover
only the region outside the black hole and, importantly, extend naturally to the coordinates
in the flat bath spacetime, which is described by

—dt? + dz2 doxdx_
dsfan = ——5—— =——5 - (5.64)

Figure 5.8: Constant t-lines (green) and constant z-lines (i.e. constant dilaton lines)
(orange) get naturally extended into the bath spacetime, since the black hole exterior
coordinates are extended into the bath spacetime.

So far the black hole solution discussed represented a static black hole solution (up to a repa-
rameterization), solved by a constant Schwarzian {F(t),t} = —27*T¢ as seen from (5.59).
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Coupling this near-extremal black hole to the auxiliary bath, successfully incorporates evapo-
ration into the model, due to an important consequence of the coupling, namely the subsequent
injection of positive energy into the black hole, as shown in Figure. 6.13. This positive en-
ergy shockwave is required in order to prevent the wormhole connecting the two black holes
from becoming traversable, as demanded by general relativity. The initial shockwave is also
required for considerations of causality. In the absence of the positive energy impulse, it would
be possible for something that was initially behind the horizon to escape to infinity once the
black hole is coupled to the bath. The inward shockwave causes a change in the location of
the event horizon, which resolves this issue. Adding the positive-energy shockwave means that
the black hole is no longer static and does allow evaporation. Quantifying this process will be
the central theme of the rest of this section, which will rely greatly on the concepts discussed
in section 6.1.4.

Figure 5.9: The black hole with coupling at ¢ = 0 and inward shock and change in
the location of the horizon from its initial location (dotted line) to its final location
(solid line). Note that at this point we have not yet imposed transparent boundary
conditions, so the AdS, boundary is still reflective.

It should be noted that black hole evaporation in JT was already studied way before the
proposal of implementing absorption of the Hawking radiation via the auxiliary bath, from
simply assuming the injection of the positive-energy pulse and some (unspecified) absorption
mechanism at the boundary [69]. This is the approach that will be used here too. Along the
way, we will also compare the results to those where the absorption was achieved specifically
via the bath, hence also deriving the evaporation result in [18§].

For completeness, we will further assume that the initial state (before the pulse) was just
the Poincaré patch vacuum (extremal black hole) solution. The addition of the shockwave
contributes to the energy conservation equation , namely [83]

B — Bsb) + (e e (lgngy — T O]y, (5.65)
where Eg denotes the energy of the shock, which goes inwards from the holographic boundary.
The same example was depicted in Figure. 6.3, where the inward-falling pulse was used to
create the black hole solution. We will split the derivation into 3 parts, starting from the
solution before the pulse, and then moving on to study the solution after the pulse, both with
and without reflecting boundary conditions.
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t < 0: Before the pulse, the solution is a vacuum solution describing an extremal black
hole. Since extremal black holes have a temperature of absolute zero, meaning that they
emit no Hawking radiation and remain stable, nothing goes in or out of the holographic
boundary. Hence, <ng_+g3+(t)>‘a/\/t2 = <T$f$f<t>>‘a/v(2 = 0, and using gives dE/ar =
<ng_95_(7§)>|8]\/[2 —(Toyas (75)>}8M2 = 0, as expected. Using , this can also be written as
0{F(t),t} = 0. Furthermore, a local observer at the holographic boundary of the static black
hole solution would simply measure the Poincaré vacuum, so the normal-ordered components of
the energy-stress tensor vanish as well, such that (: T., . (t) :>|6M2 =(Ty o (t) :>‘8M2 = 0.
Hence, using the result from (5.47)), further implies that {F(¢),t} = 0. The equations that are
left to solve are therefore

(F(t),t}=0  and  &{F(t),t} =0, (5.66)

which are solved by F(t) = t.

The inward positive-energy pulse causes the extremal black hole solution to become a
non-extremal solution. These black holes do not have an absolute zero temperature and do
emit Hawking radiation. However, simply allowing the black hole to emit Hawking radiation
is not sufficient to allow the black hole to actually evaporate, since the boundary conditions
at the holographic boundary also need to be changed. In what follows, we will focus on
the more trivial case and we assume the boundary is still reflective, so all radiation bounces
off the boundary and falls back into the black hole. In this case, the black hole eventually
reaches a thermal equilibrium with its surroundings. This case is equivalent to coupling the
black hole to a bath, such that the black hole and bath are at the same temperature, and
hence in a thermodynamic equilibrium [84]. Although it may seem obvious, from the point
of thermodynamics, that this will not lead to actual evaporation, we will now show this more
rigorously.

It should be noted that even though it does not actually evaporate (due to the Hawking
radiation reflecting off the boundary back into the black hole), the non-extremal black hole in
thermal equilibrium keeps emitting Hawking quanta, though with no net evaporation, since
Hawking radiation keeps moving back and forth between the black hole and the AdS boundary
(or equivalently, between the black hole and the (bath).

t > 0 + Reflective boundary conditions : After the pulse has been sent, the matter
is still described by the Poincaré vacuum and since nothing else is being sent in or out of
the spacetime, (T, ., (t)>|8M2 = <Tx_x_(t)>}aM2 = 0. The net energy F «x {F(t),t} in
the bulk spacetime will keep being constant; i.e. O,{F(t),t} = 0, but due to the additional
energy of the pulse, the total energy in the spacetime is now Eg. Therefore, to find the new
reparametrization, one needs to solve

(F(t),t} x Es  and  8{F(t),t} =0, (5.67)

which gives a reparameterization, which is the same as that of the static black hole solution
discussed in . That is because, just like this black hole, the black hole discussed in ([5.59))
was precisely one formed from sending an inward pulse of energy from the boundary.

Since the holographic boundary has reflecting boundary conditions, all the incoming energy
that a local observer would measure at the boundary will be balanced by the energy that they
would measure to be going backwards into the black hole after being reflected at the boundary.

Hence, the local observer would still not measure any influx of energy; i.e. (: Ty, 0. (¢) 1| oMy =
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(: To_o_(t) 1) orm, However, the observer would no longer measure a vacuum at the boundary;
e, (: Tpiay (1) )] om, 7 0s since the black hole is no longer extremal and does emit Hawking
radiation. In fact, due to (T%, 4, (t)>|aM2 =Ty o (t)>’8M2 = 0, their measurement will be

governed by the conformal anomaly, according to (5.47)), which yields

Cc

<: T33+I+ (t> :>‘8M2 - <: Ty o (t) :>‘8M2 - _E{F(t%t} (5'68)

As viewed from the black hole, i.e. using the black hole frame reparameterization (5.23), this
gives

. . J— . . — Cﬂ-

<- Tm+m+ (t) '>‘8M2 - < Ty o (t> '>‘8M2 - TﬁQ : (569)
This is known as the Unruh heat bath@To emphasize again, even though the black hole is
emitting Hawking radiation, it is not evaporating because of the reflective boundary conditions.

To make the black hole actually evaporate would require introducing transparent boundary
conditions for the Hawking radiation.

Figure 5.10: (left) The static two-sided black hole with reflective boundary conditions;
(center) coupling the one-sided black hole to a bath with reflective boundary condi-
tions; (right) coupling the one-sided black hole to a bath with transparent boundary
conditions.

5.2.3 Evaporating black hole in a bath

To have an evaporating solution requires a mechanism that takes away the Hawking radiation.
Removing the reflecting boundary conditions, and imposing absorbing boundary conditions
for the matter fields, allows the black hole to evaporate. The case we are interested in the one
where the absorption is achieved via the coupling to an auxiliary bath, again accompanied
with an inward flux of energy. Before deriving the evaporation, which is almost identical to
the one derived above, we should explain what these absorbing (or equivalently transparent)
boundary conditions really mean for the black hole-bath system.

The transparent boundary conditions are imposed at the boundary between the right
exterior region of the black hole and the flat bath. Since the bulk solution considered is a black
hole solution, and hence a vacuum solution, the stress-energy tensor in the right exterior region
vanishes; i.e. (T, 4, )ads, = 0. To model absorption by the bath requires imposing transparent

49This result is equivalent to the result in [84], where an eternal black hole was coupled to a bath of the
same temperature, and radiation was allowed to flow between the black hole and bath. In the same way as
discussed in the example here, there is no actual evaporation of the black hole and the gravitational system
reaches a thermodynamic equilibrium, with the black hole bathing in its radiation.
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boundary conditions and determining the stress-energy tensor in the flat bath region. This is
achieved via a Weyl transformation of the right black hole exterior from an AdSs spacetime to
a flat spacetime. This transformation causes the, otherwise vanishing energy stress tensor for
the right exterior, to pick up a contribution from the conformal anomaly according to (|5.44))
and , which means that (T, », )riat 7 0. The resulting non-zero energy-stress tensor
in the now flat region is able to freely flow into the flat bath region and is hence identified
as the energy stress tensor in the bath. Another way of looking at this is that this non-zero
stress-energy tensor in the bath is the stress-energy tensor needed to support the eternal black
hole, which has a vanishing stress-energy tensor in AdSs. So, the energy in the black hole
region determines the energy in the bath region. If the temperature of the bath is lower than
the temperature of the black hole, positive stress energy will leave the black hole until they
system has reached a thermodynamic equilibrium.

AdS, Flat Flat Flat

Figure 5.11: Transparent boundary conditions are achieved by first performing a Weyl
transformation of the right exterior AdSs; spacetime to a flat spacetime, and then
identifying the stress-energy tensor in this spacetime as the stress-energy tensor in the
bath.

t > 0 4+ Transparent boundary conditions : Before the bath model was proposed, it
was already shown that the black hole evaporates in the case of a general transparent boundary,
without specifying where the Hawking radiation went after the evaporation [69]. Without
specifying the precise absorption method, one can imagine an observer at the holographic
boundary, collecting all the Hawking radiation that reaches it. From the perspective of this
boundary “collector”, assuming they are perfectly efficient at their job, no Hawking radiation
is going back into the black hole, so the normal ordered inward component of the stress-energy
tensor vanishes; i.e. (: Ty 5 ) ‘8/\42 = 0. While the outward component (T}, . ) ‘8M2 = 0, now
we need to take into account the inward pulse, which means that (7}, x_)’ oMo # 0. Hence,

from (5.27),

c c
(: Toyas ;>\8M2 = —%{F(t),t} and (TLLMWQ = E{F(t),t} . (5.70)
which, when substituted into the energy conservation equation (5.48]), yields
dE c
— = —A{F(),t} . .71
= = P, 1) (571)

From the other energy equation ([5.58)), by differentiating, one can write another energy con-
servation equation, namely
iE_ G
dt  87G N

B{F ()t} . (5.72)
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Combining both energy conservation conditions yields the differential equation

Or c
— F(t),t} = —{F(t),t .
STFGNat{ ( )a } U ( )a } ) (5 73)
which, when solved, yields an energy decay profile, given by
_CNy
E(t) = Ege 3¢r . (5.74)

This energy decay is analogous to a decay in the mass of the black hole, hence describing an
evaporating black hole solution. To re-emphasize, this black hole evaporation was achieved by
forming a black hole by means of throwing a pulse of energy from the holographic boundary
into the bulk and imposing transparent boundary conditions, without specifying where the
Hawking radiation went.

The aim is now to incorporate the bath into this result, and hence derive the result in
[18]. To do this, we need to first impose that the initial state was not the Poincaré vacuum
state, but an already formed static black hole of some energy Ey. Then we need to use that
the addition of the bath also leads to an inwards positive-energy pulse Eg. The last difference
between the model discussed here and the one in [18] is that the bath absorbs the Hawking
radiation, rather than some unspecified perfect “collector” living at the holographic boundary,
though this last detail does not affect the evaporation calculation. Incorporating these changes
into the result is simple and results into an energy decay given by

E(t) = Eof(—t) + (Eo + Es)0(t)e 3" (5.75)

where Ej is the energy (mass) of the initial black hole, defined in , before the coupling
to the bath. The black hole is then coupled to the bath at ¢ = 0, via the additional pulse
injection, leading to a solution of total energy Ey + Eg, which decays at the same rate as in
(5.59). Hence, this model starts with a black hole of some energy Ey, and after the injection
of the positive energy pulse Eg, it evaporates until it reaches its original energy.

For the evaporation-via-bath model in , reparameterization F'(t) before the pulse is
simply the one for the black hole solution, given by F(t) = /=T, tanh (7Tyt), which we found
was the solution to the constant Schwarzian {F(t),t} = —272T3. However, after the pulse,
the total energy is Ey + Es =: F; with temperature 71, evolving according to the exponential

c

decay in ([5.75)), so the Schwarzian becomes {F(t),t} = —272T2e 3¢ !. This can be solved to
find that the new reparameterization after the pulse is given in terms of the modified Bessel
functions [18|

L I35 Ko(35e” ) — Io(35e ) Ko(351)
Kt

k
D) Ky (BL) 4 (ED) Ko (e 7))

F(t) = : (5.76)

7T I ( 27rkT1 o

where k := c¢G /3¢, was defined for convenience.

In this section, we have shown that, via an injection of a positive-energy pulse (such as
by coupling to the auxiliary bath), and by imposing transparent boundary conditions are the
holographic boundary, black holes evaporate at an exponential rate. However, just because
the large AdS black hole evaporation issue has been resolved, that does not mean that In-
formation paradox has been resolved. In the next section, we review some aspects of black
hole thermodynamics and explain how a unitary Page curve was achieved for the black hole
evaporation model.
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5.2.4 Thermodynamics: Review

The bath evaporation model, just as any other proposed evaporation model, needs to be uni-
tary if it is to resolve the information paradox successfully, so we need to be able to recover
unitary evolution of both the black hole and the Hawking radiation individually. This section
will provide a review of the way the entanglement entropy is calculated, but will not go into
too much detail.

Calculating the gravitational entanglement entropy
Before calculating any entropies for the black hole bath evaporation model, one should begin
with studying entropy in JT gravity for a simpler model, such as the eternal black hole, whose
temperature was calculated in (5.59)). Using the second law of thermodynamics, relating the
change in entropy to the amount of heat transfer (familiarly written as AS(8) = dQ/T), the
entropy of the eternal black hole system can be found from

as) _ 1 _ [ wd,

dE T \ 4GNE’

(5.77)

which can be integrated and gives an expression for the thermodynamic entropy, given by

/ 7['(]57, _ /77(;57" 7T¢r
1Cn dE =5y + =5y + 2GN (5.78)

It can be shown that this thermal entropy matches the Bekenstein-Hawking black hole entropy

A doton
4G o () 4Gy

S = (5.79)

One way to motivate Why the last equality in is true is by using that the volume of
S92 is Vga—z = =o' /F(d 1), This leads to the area of the event horizon being A = 1 for
the d = 2 case. The effective Newton’s constant is related to the value of the dilaton, as
explained in Section 5.1.1 and this is evaluated at the location of the horizon (z — o0), where
#(2)| 200 = @n|72]. The reason this is evaluated at the event horizon can be seen from the
RT entropy formula. As discussed in Chapter 3, for the AdS black hole, the surface which
minimizes the entropy, is the event horizon itself. It has been shown that the RT formula for
the JT black hole yields

b0 + ¢(2)

= M‘ 2
S in 1Gn

(5.80)

which is minimized at the location of the event horizon where z — oo.

A more formal way to derive is to use the definition of the thermal entropy in terms
of the thermal partition function , and then follow the same approach as in Section 3.3.1
for finding the entropy of the Euclidean Schwarzschild solution. To do this, we need to use the
Euclidean JT gravity action in [5.50] and evaluate it on-shell. The on-shell JT action in d = 2
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with coordinates x € {t, z} is given by

o |1 2 /5
IJT[Q, 90] ‘on—shell = _87TGN 9 Ma d*z \/ng + oMy de v—-hK el
1 1
— [/ d®z /—gp(R+2) + <z5b/ dz vV—h (K — 1)}
8GN |2 Mo IMo on—shell
) Pb /
= — 27 — dt /gy (K — 1
87TGN( ) 8nG N IMo g ( ) on—shell
%0 & ( 1471'262)
- 4GN  8mGye\ € 2/2
®o Q_ﬁr ™
9 _ Z .81
4Gy  4GN B (5:81)

where we have used that the first square bracket on the first line is simply related to the Euler
characteristic and it evaluates to 27, and the first term on the second square bracket goes to
zero, since R = —2 on-shell. We have also used the boundary conditions, (5.54) and (5.55)),
and that the extrinsic curvature at the boundary dMs (at z = €) can be evaluated to give
K= 4ﬂ262/262ﬂ The on-shell JT action Iyr[g, ¢] ‘on—shell
eternal black hole solution at temperature 371 i.e. I;7[Eternal Black hole (3)].

Hence, the thermal entropy can be evaluated by using the saddle point approximation

, which giveﬁ

is really the action evaluated for the

S(B)=(1- 585) log Z
=~ —(1 - /Baﬁ) IJT[Q> SO] on—shell

U] -y

4Gy 4Gy B
1 - 2w
= @ (¢0 + Cbr?)
Qo+ ¢n
i Teak (5.82)

Comparing this to the Bekenstein-Hawking entropy, we can see that the area of the event
horizon in d = 2 JT gravity is given by the dilaton value at the horizon. It was claimed above
that this entropy can be related to the thermal entropy in . This can be easily shown
by substituting the expression for dilaton profile of the eternal black hole into the RT

formula (5.80)).

“IThis can be (more easily) evaluated using that the extrinsic curvature at the boundary can be written in
terms of the way we choose to parameterize the boundary curve. This has been derived in Section 2.3.4 in
[72] and the result is that K = 1 + ¢2{F(t),t} + O(e*). Substituting the reparametrization for the black hole
solution, namely F(t) = 1/xT, tanh (7Tpt) gives that K = 47°¢* /a2,

42To avoid confusion, in what follows, ¢, # ¢n. ¢, is the renormalized value of the dilaton at the holographic
boundary, while ¢y, is the value of the dilaton at the black hole event horizon. The latter can be evaluated
from the black hole dilaton profile in by taking the limit z — oo, where the black hole horizon is, which
gives that ¢, = 276, /B.
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As introduced in Chapter 3, the gravitational fine-grained entropy contains a von Neumann
entropy contribution. The formula is given by

S = Min, [EXtX{ZlC(;](V) + Ssemi-c1(Xyx) H

= Min, [Extx{w + Seomia(T) | (5.83)

where x is the codimension-2 QES, ¥, is the region bounded by the QES and the cut-off
surface (located at the AdSy boundary) and Ssemi-c1(Xy) is the von Neumann entropy of the
quantum fields on ¥,. The formula works by first extremizing with respect to the position
of the QES x in order to find its location. The resulting entropy is then minimized over all
possible choices of . This method has been used to reproduce a Page curve for the black hole
[18] and a Page for the Hawking radiation [85|. The outline of the approach will be reviewed
for completeness, though without showing any details of the calculation.

The matter sector in both the bulk and the bath is the same CFTy theory. For a CFTy
with a flat metric, the von Neumann entropy of a region A (with a complement B = A) was
introduced in . For an interval between the points w; and we, it is given by 86|

lwi — wo
NS

(wf— — w;)(wl_ — w2_) (5.84)

)
[ + — + —
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where in the second line we have used the lightcone coordinates (w™,w™) and the €; and ey
are the UV cut-offs at the interface between A and B as shown in Figure. 5.12 below.

w1 w2

B/-\A/-\B
) %
—> >
€1 €2

Figure 5.12: An interval A and its complement B, with the locations of the cut-offs ¢;
and e at the interfaces between them, namely w; and ws.

Note that if the CFT5 interval is such that the end-points are no longer described by a flat
metric, then there is a contribution from the conformal factor needed to transform the metric
to the flat CFTy metric, in order to use . To be more precise, if the CFTy metric is not
flat, but given by ds = —Q~2dwTdw™, then the von Neumann entropy of a region A between
the interval {w]",w] } and {w;,w; } is given by

Sy = Clog (Wl —wa)(wy —wy)

O Jerered ey Qwn)Qws)

where Q(w;) and Q(wg) are the conformal factors needed to transform the metrics at the
end-points (w; and wy respectively) to the flat metric. If the interval being considered is
such that the two endpoints are in different space-times, hence described by different metrics,
the conformal factors that the metrics receive, namely Q(w;) and Q(wsz), will be different.
This has been illustrated in Figure 5.13 below, showing two different (unspecified) spacetime
metrics, and the middle interval has one endpoint in each.

(5.85)
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7\

Figure 5.13: A spacetime with two distinct regions (blue and red), which are described

by different metrics (not necessarily flat), but have the same CFT5 matter sector. The

three intervals (black lines), each have a different von Neumann entropy (5.85)), since

their endpoints are at different locations and hence the conformal factors Q(w;) and

Q(w9) will be different. The left interval has its endpoint in the same spacetime, so the

Q(wy) and Q(ws) will be the same. The same applies for the right interval. However,

the middle interval has each endpoint in a different spacetime, so Q(w;) and Q(ws) will

be different.
This is important when calculating the entropy of the Hawking radiation, in which case the
entanglement entropy is calculated across an interval with one end-point in the AdS, bulk and
the other in the flat bath region.

One could then pick intervals in the bulk, the bath or across both regions, and calculate
the von Neumann entropy across the intervals in each case. The locations of the quantum
extremal surfaces are then found by extremizing the generalized entropy. Minimizing across
all possible x then gives the entanglement entropy in the region.

Using this approach, it has been found that the black hole entropy has contributions from
two sets of quantum extremal surfaces, both located in the bulk, while the entanglement en-
tropy of the Hawking radiation has not only quantum extremal surfaces in the bath (where
the Hawking radiation is collected), but also quantum extremal surfaces behind the horizon
of the black hole, which also extremize the entropy of the radiation. These quantum extremal
surfaces will be discussed in more detail in what follows.

Entropy of the evaporating black hole
Despite not having derived the locations of the quantum extremal surfaces, in this section we
will use them to motivate the entropy evolution without having to mathematically calculate
it. We will follow closely the review in [87] and refer to the gravitational entanglement entropy
formula

S = Min, [ExtX{M + Ssemi_d(zx)H . (5.86)

4G N

After the black hole has formed from the initial inward shock of energy FEy, it has some
initial entropy Spa(Ep). This is the eternal black hole solution, which has not yet began to
evaporate, so at this early time, no Hawking radiation escapes the black hole region. There
are no quantum extremal surfaces and the region ¥, extends all the way down to the bifurcate
horizon, where x has zero size. Hence, this surface is commonly referred to as the wvanishing
surface. The bifurcate horizon is illustrated in Figure 5.14 as a green circle. Note that the
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bifurcate horizon in question is the original one (drawn with a dashed line); i.e. before the
spacetime has been coupled to the bath, which introduces the inward positive-energy shock
and hence causes the location of the event horizon to move outwards (drawn with a solid line).
Since the vanishing surface has a vanishing area, then all contribution to the entanglement
entropy comes from the von Neumann entropy of the quantum fields on ¥,. Note that if we
were to consider a black hole which formed from the gravitational collapse of matter that was
initially in a pure state, then the von Neumann contribution will also vanish at this early time.
However, the black hole we are considering has a non-zero initial entropy entropy S(Ep+ Eg).
This has been illustrated by the dotted line in Figure 5.17, which is located at some S > 0.

Figure 5.14: Location of the quantum extremal surfaces, adapted from [18|, where the
green line is the vanishing QES and the pink line is the non-vanishing QES. The green
dot is at the location of the initial bifurcate horizon. The initial and final location of
the event horizon are indicated by a dashed and solid line respectively. Due to the close
proximity of the vanishing QES to the original bifurcate horizon, it can be expected
that the area contribution to the entanglement entropy from this QES will be very
little. This will not be the case for the non-vanishing surface, whose area contribution
to the entanglement entropy will be large.

The coupling to the bath introduces a pulse of energy Eg causes a sharp increase in the black
hole entropy, which becomes Spu(Ep+ Eg). Following this inward pulse, the black hole starts
evaporating. It has been illustrated in Figure 5.14, that the location of the QES x changes,
forming a locus of quantum extremal surfaces (drawn in green) still very close to the bifurcate
horizon. This locus of quantum extremal surfaces is often referred to as the early time branch.
This causes the region ¥, to evolve such that it moves up, as shown in Figure 5.15 (left), where
the 3, regions at different times are drawn as black lines starting from the AdSs boundary.
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Figure 5.15: (left) The locus of vanishing quantum extremal surfaces (green line) and
the respective extremal surfaces X, (black lines), each of which has one of their end-
points on the quantum extremal surface y, and the other located at the AdS, boundary.
With time, the extremal surfaces ¥, move upwards, with the right endpoint moving up
the AdS; boundary. (right) Entangled Hawking pairs of the same color cross different
extremal surfaces X, showing that the late time extremal surfaces capture mostly the
region inside the horizon, and hence contribute to an increasing entanglement entropy
over time.

As the black hole evaporates, the entropy of the black hole increases, since the pile-up of
unpaired Hawking modes across the X, region causes its von Neumann entropy to increase.
This has been illustrated in Figure 5.15 (right), where the entangled Hawking modes have the
same color. It can be seen that at earlier times, when X, covers a bigger region outside the
horizon, there will be less unpaired Hawking modes, and hence a lower increase in Sgemi-c1(Zy)-
As the location of x moves up, so does the ¥, region. At later times, the endpoint of 3,
moves up the AdSs boundary but also gets closer to the event horizon, so it covers less of the
region outside the event horizon. This means that there are more unpaired Hawking modes
contributing to the black hole entropy. This has been illustrated in Figure 5.15 (right), where
both entangled modes of the blue Hawking pair contribute to the von Neumann entropy of the
early X, while only one of them (namely the one that goes into the black hole) crosses the
later ¥, . Hence, as the black hole evaporates, the contribution from this QES causes the black
hole entropy to keep growing. This has been illustrated in Figure 5.17, where the green line
represents the increase in the black hole entropy due to the QES discussed above. It should
be noted that Figure 5.17 also shows an initial drop in the black hole entropy. This is because
once the black hole starts evaporating, it takes some time until it recovers the information
about the emitted Hawking modes. This time is known as the scrambling time, tsc, |88|.

As illustrated in Figure 5.17, the increase in the black hole entropy due to the increasing
von Neumann entropy of the outgoing radiation (drawn in green), eventually surpasses the
thermodynamic entropy of the black hole (drawn in black), which decreases due to the decrease
in the area of the event horizon. As discussed in the Introduction, for the evaporation to be
unitary, it needs to follow the Page curve, which is bounded from above by the thermodynamic
entropy. Hence, there needs to be a process which lowers the black hole entropy.
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Figure 5.16: (left) The locus of non-vanishing quantum extremal surfaces (pink line),
located very close to the event horizon, and the respective extremal surfaces X, (black
lines), each of which has one of their endpoints on the quantum extremal surface y, and
the other located at the AdS,; boundary. With time, the extremal surfaces X, move
upwards, with the right endpoint moving up the AdSs boundary. (right) Entangled
Hawking pairs of the same color cross different extremal surfaces X, showing that the
late time extremal surfaces capture barely any Hawking modes and the contribution
from the non-vanishing surfaces to the gravitational entanglement entropy is dominated
by the area term, hence causing the entanglement entropy to decrease.

This is resolved by the appearance of another QES, referred to as the non-vanishing surface,
which appears soon after the black hole starts evaporating. Its location is also time-dependent,
and the locus of these quantum extremal surfaces, often referred to as the late time branch, is
very close to the event horizon, as illustrated in Figure 5.14 by the pink line. As it evolves,
the X, also move up, with their endpoint along the AdS; boundary, as illustrated in Figure
5.16 (left). Although the generalized entropy now gets a contribution from both the area term
(since now the QES is not at the bifurcate horizon) and the von Neumann entropy across X,
the contribution is greatly dominated by the area term. This can be explained with the aid of
Figure 5.16 (right), which shows that due to the proximity to the event horizon, the regions 3,
do not capture many Hawking modes, especially at later times. Hence, the contribution from
this QES simply follows the evolution of the thermodynamic black hole entropy and decreases
as the black hole evaporates, as illustrated in Figure 5.17 by the pink line.

Since the gravitational entropy formula requires taking the minimum over all quantum
extremal surfaces, the entropy does indeed follow a Page curve as illustrated in Figure 5.17 by
the blue line. There are two quantum extremal surfaces to consider. The entropy increases
at early times, since the contribution from the vanishing surface (green) is smallest. However,
at some later time, namely the Page time, the contribution from the non-vanishing surface
(pink) is smaller, so the entropy starts decreasing.

Although the entropy of the black hole has been shown to follow the Page curve, this is
not sufficient to resolve the information paradox, which is concerned with the entropy of the
Hawking radiation. Hence, one needs to show that the entropy of the radiation also follows a
Page curve. This will be discussed next.
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Figure 5.17: The contribution to the gravitational entanglement entropy from the van-
ishing QES (green), from the non-vanishing QES (pink) and the thermodynamic black
hole entropy (black). It can be seen that the gravitational entanglement entropy of
the non-vanishing QES, being dominated by the area of the event horizon, closely fol-
lows the evolution of the thermodynamic black hole entropy. A Page curve (blue) is
achieved by minimizing the gravitational entropy over all quantum extremal surfaces.
At early times the entropy is minimized by the vanishing QES, while at later times it
is minimized by the non-vanishing QES. Figure adapted from [89].

Entropy of the Hawking radiation

The Hawking radiation is absorbed into the flat bath region. Even though there is no black
hole present in this spacetime, and the gravitational effects are very small beyond the AdSs
boundary cut-off, the generalized entanglement entropy can still be used. However, although
the regions >, considered so far were all connected, this is not a necessary condition for the
formula. As will be explained in this section, for the case of the entropy of the Hawking radi-
ation, it is a disconnected region which minimizes the generalized entropy. This disconnected
region consists of two intervals. One of the intervals, called XR.q, is in the flat bath region,
starting from the AdSe boundary, as illustrated in Figure 5.18 (left), where the endpoint of
this region is shown to move up along the AdS, boundary as time evolves. The other interval,
called Ygand, is a region behind the black hole horizon, such that one of its endpoints is at
the original bifurcate horizon, while the other one is very close to the final horizong As
illustrated in Figure 5.18 (right), the endpoint of this region is close to the final horizon and
also moves up with time. This region, known as the Island, becomes important at late times.
Since the gravitational entropy will include contributions from two disconnected regions, X.gaq
and Yigand, it needs to be modified such that the region ¥ is the union of the two disconnected
surfaces, which gives the so-called Island formula

. A
SRad = Mlnx [EXtX{KlC(;](V) + Ssemi—cl(ERad U EIsland) }] . (5-87)

We will begin by discussing how the radiation entropy evolves without the Island contribution.

43Note that any number of islands is allowed in the computation, including no islands.
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Figure 5.18: (left) The regions ¥g.q in the bath region, which have one of their end-
points on the AdSs boundary. With time, these extremal surfaces evolve to move up,
with the endpoint moving up along the AdSs boundary. (right) The regions Yraq, each
of which starts at the bifurcate horizon and ends at a region very close to the event
horizon (pink dashed line). These regions evolve such that the bifurcate end point does
not move, but their other endpoint gets closer to the event horizon.

As time evolves, the endpoint of Yg.q moves up along the AdS; boundary. As illustrated
in Figure 5.19 (left), the early regions capture less Hawking modes than the later ones. This
can be demonstrated with the purple Hawking mode, which only crosses the later regions,
and not the early ones. Hence, without the Island contribution, the entropy of the Hawking
radiation in the bath increases with time. This has been illustrated by the orange curve in
Figure 5.20.

However, the contribution from YR,q is not always the global minimum of the generalized
entropy and one needs to take into account the contribution from an island which forms soon
after the black hole has formed, and also extremizes the entropy. The island causes a decrease
in the entropy because for any time slice, the Hawking modes captured by the Yg.q region have
their entanglement partner captured by the ¥iganq region. Hence, the incorporation of the
island causes the Hawking modes which contributed earlier (i.e. without the island) to become
purified. Instead of looking at YRr.q U Yigland, another way of explaining the entanglement
evolution of the union between the island and radiation regions is to look at the complement
region. One can see from Figure 5.19 (right) that the complement region of ¥raq U Xigland
gives the same contribution as that from the non-vanishing QES in Figure 5.16 (left), namely
starting very close to the horizon and ending on the AdSs boundary. Hence, the entanglement
entropy of the region Yraq U Xiglang decreases with time, as illustrated in Figure 5.20 by the
red curve.
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Figure 5.19: (left) Entangled Hawking pairs of the same color cross different Ygaq
regions, which contribute towards an increase in the entanglement entropy, since more
unpaired Hawking modes cross the regions at later times. (right) The disconnected
region YraqUX1s1and, Which contributes towards a decrease in the entanglement entropy,
since the island purifies most of the Hawking modes that are collected by the YRraq
region. The complement of the Xgr.q is the region between the AdSs boundary and the
near-horizon region endpoint of the island region (pink dashed line).
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Figure 5.20: An increasing contribution to the gravitational entanglement entropy of
the radiation due to the radiation region Xg.q (orange) and a decreasing contribution
from the disconnected region Xga.q U Xigland containing the island contribution. Since
the gravitational entanglement entropy requires minimizing over all surfaces, a Page
curve is achieved, by considering only ¥gr.q at early times and only YXg.q U Xis1and at
later times [89].

This section reviewed how a Page curve was achieved for both the evaporating black hole and
the Hawking radiation, indicating that the proposed evaporation model is unitary. Thinking
back on how it was the AdS/CFT conjecture which motivated that AdS black holes should
evolve unitarily due to their dual being described by a quantum field theory, which is a
unitary theory, it makes sense that the dual description of the evaporation model discussed so
far should have a dual description which also evolves unitarily. This will be discussed in the
next section, where a toy model will be used for the dual of the black hole evaporation.
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5.3 One-sided evaporation of the eternal black hole in the dual
theory

The black hole bath evaporation model |18] was shown to be unitary via entropy calculations
in the gravity theory, i.e. without examining how the dual CFT; theory evolves. Transparent
boundary conditions were imposed at the AdS boundary, in contrast to the usual reflective
AdS boundary conditions, which were required for energy conservation. However, the issue
with energy conservation has now returned, since the auxiliary bath spacetime has absorbed
energy from the bulk. The bath model employs energy conservation by imposing that after
the evaporation of the one-sided black hole in the right exterior into the bath, all the collected
radiation is transferred back into the bulk, into the left black hole exterior. In this section, we
will study this process in the dual theory and try to find out if this transfer of radiation can
be achieved unitarily. Although JT gravity is dual to an SYK model at the boundary, in this
section we will employ a simplified toy model which uses the dual of the eternal black hole
solution, namely the thermofield double state (TEFD) |90].

5.3.1 Review of the TFD formalism

It has been shown that the eternal black hole in AdS is dual to a thermofield double state on
the boundary [90], which is an entangled state of two copies of the CFT theory, which will
be labeled as CFTy, and CFTR. The state on the boundary before coupling to the bath (i.e.
while the black hole is still eternal) is hence

TFD) = —— i 53BN @[V, 2= ie—ﬁEz‘ (5.88)
i=0 i

where |i)1, are the energy eigenstates of a single copy of the CFT living on the boundary of
the AdS, namely the CFTy, and Z is the thermal partition function. The set {|i)z} forms
an orthonormal basis spanning Hy, and the set {|i)r} forms an orthonormal basis spanning
‘H g, which can be arbitrary, but have been chosen to represent the energy eigenstates of the
theory.

CFT.| L R |CFTy

Figure 5.21: The eternal AdSs black hole is dual to two entangled copies of CFT1,
labeled as CFT and CFTp.
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The density matrix for the TFD state is hence
_B . . .
pLr = [TFD)(TFD| = Z S e 4B (i, (Gl @ 1) rali]) (5.89)
=0 5=0

such that the reduced density matrices of the subsystems, obtained via a partial trace of ([5.89)),
are

pr = TrrpLr = ZZ BB |iy () rﬁ"[’ RR Jq Ze PEliye(il (5.90)

=0 j=0
pr=Trpin = iie §E+E)Tr[\ >LL<]|} Ze PP iy re(il . (5.91)
Z A
=0 j=0
where we have used that Tr[|)(j|] = (i|j) = ¢;;. The Hamiltonian, also sometimes called

modular Hamiltonian, satisfies Hy|i)r, = F;|i)r and Hgli)gr = E;|i) g, so the reduced density
matrices can be written as the more familiar Gibbs states

BE: |; _ e s Ze
Zze @ LL Z’ LL L (5.92)
o BHR X2
Ze BE: | RR Z |Z LL fefﬁHR , (5.93)

where we have used that ), |i)(i| = I. The TFD state is a pure state, so the von Neumann
entropy S(prr) = 0. A further property of a pure bipartite state is that the entropy of any
of the subsystems is the same; i.e. S(pr) = S(pr), and the entanglement entropy is given by
S(pr) = S(pr). This can be evaluated using the definition of von Neumann entropy, but
since the reduced density matrix is diagonal (hence in a Schmidt decomposition), it is easier
to use the eigenvalues and the definition of the Shannon entropy. This yields

S(pr) = —Tr[prlog pr]

- _ Z Xi(pr)log Ni(pr)
=0

ZZeﬁE (BE; +1og Z) (5.94)

where \;(pr) are the eigenvalues of pp and we have used that log pr = > ;2 log Ai(pr) 7) rr (| @
Evaluating the entanglement entropy using p; would yield the same result by deﬁmtlon but
it is also obvious from , since both reduced density matrices have the same eigenvalues.
Having reviewed the TFD state, the goal of the next section will be to model the one-sided
evaporation of the eternal black hole, which is dual to the TFD. Recall the result from Chapter

44This comes from the more general property that a function of a Hermitian operator with a decomposition

p =22 Xi(p) [i)(i] takes the form f(p) =3_; f(Ai(p)) |é)(il.
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2, where we found that absorption from the bulk into the holographic boundary is not possible
due to the two descriptions being equivalent, and hence describing the same physics, hence
the need for the auxiliary bath. In the next section we wish to incorporate this bath into the
evolution of the TFD state, expected from the black hole evaporation into the bath.

To avoid having to write CFT /g every time, since the discussion will be primarily about
the dual theory, we will refer to the CFTy g subsystems as simply the L /R subsystems.

5.3.2 On a quest for a unitary evaporation toy model

The paper [18| goes into great detail as to how the one-sided evaporation is achieved on the
gravitational side of the theory, while also mentioning what should be expected in the dual
theory. The evaporation in the dual theory is claimed to begin with the R and L subsystems
in a pure entangled TFD state and result in another pure state, where the ADM energy in the
right exterior is lower than that in the left exterior, with smaller entanglement between the
R and L subsystems. In this section, we will establish the evolution in the dual theory, based
closely on these claims, and argue if this can be achieved unitarily. We need to emphasize that
we will NOT be looking for an operator that transfers the radiation from the right exterior
into the bath, and then from the bath into the left exterior, while acting on the WHOLE
(AdS bulk + bath) system. Instead, we will try to model the bath itself as an operator that
transfers the radiation from the right to the left exterior. The reasoning behind this choice
will be explained in the following section.

Mimicking the claimed one-sided evaporation protocol
Coupling the eternal black hole to the bath at ¢ = 0 can be modeled as

im0 = {\% ;e—‘é& e e} @), (5.95)

where |Q2) g represents the vacuum state of the bath. The bath is attached to the right exterior,
so the radiation will move from the right exterior to the bath. The energy of the state |i) g will
decrease and the bath will no longer be in the vacuum state |2) 5. The bath is then decoupled
from the right exterior and attached to left exterior, so the radiation is then transferred to
the left exterior. Even though there is an effective radiation transfer from right to the left
exterior, there is no direct interaction between these two entangled subsystems, which are still
connected via a non-traversable wormhole. The claims in |18] are that the final state will have
the following properties:

1. A pure state;

2. Lower energy in the right than the left exterior (with the state of the quantum fields
on the left exterior being more excited than those on the right exterior), and lower than
the initial energy in the right exterior;

3. Smaller entanglement between the two subsystems.

These claims are naturally expected from unitary one-sided evaporation of the black hole.
If the process is unitary, Claim 1 is obviously satisfied, since the von Neumann entropy is
invariant under unitary evolution. Claim 2 also makes sense, since the transfer of radiation
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from the right to the left exterior will definitely lower the energy in the right exterior, while
lowering the energy in the left one. Although the reason for the entanglement entropy change
in Claim 3 may not be as obvious in the dual theory, it can be motivated by events in the bulk.
The two boundary theories are entangled, and being dual to a double-sided black hole in the
bulk, they are connected via a wormhole. As a result of the one-sided evaporation of the black
hole, the geometry of the spacetime, and hence of the wormhole, must have changed, hence
changing the entanglement between the boundary theories. It should be noted that this is also
expected from a double-sided evaporation; i.e. the simultaneous evaporation of both exterior
regions, since this will also cause the wormhole to shrink, hence lowering the corresponding
entanglement entropy between the boundary regions.

In our quest for a unitary evaporation model in the dual theory, we will look for one which
reproduces these claims.

Note: One way to approach the question about unitarity in the dual theory is to search
for an operator that would achieve the unitary one-sided evaporation by acting on the whole
initial system, including the bulk and the bath, described by the state |¢);—¢ in . Such
an operator would need to act on the initial state in such a way, that the final state has higher
energy in the L subsystem (since the left exterior has absorbed all the radiation) and there is
a vacuum state in both the R subsystem (which is the completely evaporated right exterior)
and the bath (since all the radiation has been transferred from the bath to L).

However, instead of an operator that acts on the whole (AdS bulk + bath) system, we will
model the action of the bath as an operator acting on the AdS bulk, and hence search for such
a bath operator that achieves the one-sided evaporation unitarily. The reason why we choose
to model the bath as this operator (rather than looking for an operator that acts of the whole
bulk and bath system) is motivated by the reason these models study black hole evaporation
in AdS in the first place. It is useful to recall that this reason was due to the AdS/CFT
correspondence, which guarantees that AdS black holes must evolve unitarily, due to their
dual description being a conformal field theory, which is inherently unitary. However, having
coupled the bulk to the bath, which is an additional gravitational system, the gravity side of the
correspondence has been altered. Of course, one might argue that since the bath is described by
a flat spacetime, it should not affect to the “AdS” part of the AdS/CFT duality. However, even
though the exact metric of the bath should not make a difference to the evaporation protocol,ﬁ

4To explain this, it is helpful to recall the transparent boundary conditions between the bulk and the bath,
which allowed the black hole evaporation into the bath. They were achieved by the following steps: First,
a Weyl transformation was performed on the AdS bulk, transforming it to a flat spacetime. This caused
the originally vanishing AdS stress-energy tensor (since the black hole is a vacuum solution) to pick up a
contribution, hence resulting in a flat bulk spacetime with a non-vanishing stress-energy tensor. It was this
stress-energy tensor that was identified as the stress-energy tensor in the bath, allowing energy flow from the
flat bulk to the flat bath. Since this choice for the bath stress-energy tensor was achieved by performing a
Weyl transformation that maps the bulk and bath to the same metric, one could have, identically, just used an
AdS bath and identified the vanishing stress-energy tensor in the AdS bulk as the stress-energy tensor in the
AdS bath. However, even though an AdS bath would also achieve the evaporation, this solution to the issue
with large black hole evaporation in AdS is a bit trivial. It would be equivalent to simply considering a small
black hole in AdS, since the addition of an AdS bath would enlarge the AdS space, effectively making the black
hole smaller. This is not the approach in [18|, where the effective size of the black hole is not changed (since
the size of the AdS bulk is not changed), and the issue is fixed by changing the boundary conditions. Another
way to think about why the metric in the bath does not affect the evaporation protocol, is to remember that
the evaporation protocol, as previously established in [69], and discussed in Sections 5.2.2 and 5.2.3, did not
specify where the radiation was absorbed, except that it was collected at the holographic boundary. This
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since the total spacetime is now no longer simply AdS, unitary evolution of the whole (AdS
bulk + bath) system is not necessarily guaranteed by the AdS/CFT correspondence (since
the dual description is not necessarily simply a CFT). Hence, to summarize, it is a unitary
evolution in the AdS bulk that is guaranteed by the AdS/CFT correspondence, rather than
unitary evolution of the whole (AdS bulk + bath). Therefore, in our search for a unitary dual
description of the one-sided black hole evaporation, we will not focus on the whole (AdS bulk
-+ bath) system, but rather on just the AdS bulk theory, which should definitely be unitary,
since its dual is definitely a CFT theory.

Indeed, as discussed in Section 5.2.4, the black hole evolution in the bulk was shown to
be unitary, as illustrated by the black hole Page curve in Figure... And since all computation
for this black hole evolution took place in the bulk, with all quantum extremal surfaces con-
tributing to the black hole entropy being in the bulk, one should expect that the dual to this
one-sided evaporation evolves unitarily too. The aim for the rest of this section is to model the
evolution in this dual theory (which we will describe with the TFD), and check if it is unitary
indeed, as one should expect. Note that this is not necessarily true for the dual description
of the evolution of the Hawking radiation, which although was argued to be unitary in the
gravity theory (since it also resulted in a Page curve for the Hawking radiation), the gravity
theory used for the calculation was not just the AdS, but the whole (AdS bulk + bath), since
the entropy of the Hawking radiation contained contributions from extremal surfaces in the
bath region.

Hence, the question we wish to address is: Can the action of the bath on the TFD state, be
used to model the dual of the one-sided black hole evaporation unitarily, while also satisfying
the three claims about the final state? Based on Claim 2, the energy in the right exterior is
lowered, while the energy in the left exterior is raised. This can be modeled via lowering the
excitations of the energy eigenstates in R, while increasing the excitations of those in L. The
reason for this was discussed in Section 4.4, where we found that the raising operator in the
AdS3 bulk can be related to the excitation operators in the dual CFTy theory. Although we
have not derived this specifically for the AdSy/CFT; duality, we will assume that this still
holds true. So any radiation that has entered the left exterior will be dual to higher excitations
in the Lsubsystem (the CFT, theory). Conversely, the radiation leaving the right exterior will
be dual to lower excitations in the the R subsystem (the CFTpg theory. An intuitive choice
for such a protocol is to use the ladder operators {ar, /g, dTL / g} of the CFT theory. The energy
eigenstates can be constructed from the creation operators acting on the CFT vacuum state,
which is annihilated via the lowering operators; i.e. ar, rl0) = 0. To be more precise, the
ladder operators raise and lower the excitation of the energy eigenstates according to

ar/rli) = Ci—li =) /R (5.96)
&TL/RW =Citli+ /R, (5.97)

where C;+ are constants that depend on the quantum numbers 4, required to ensure the
ladder operators do not Commuteﬁf he total TFD Hamiltonian depends on the individual

model, however, did not transfer the collected radiation back into the bulk.
46The precise form of these functions depends on the theory in use. Although the theory is a CFT, the
dimensionality of the theory has not been specified here, and this would have implications on the C; + functions.
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Hamiltonians of the subsystems, namely H = Hgr — H,, such that
Hy=Ealar
Hp = E g , (5.98)

where the reason both subsystems have the same energy (and temperature) is a property of
the TFD formalism, in which the subsystems are not interacting with each other. |E|

Using the ladder operators, an operator that would achieve the desired lowering of excita-
tions in R, while raising the excitation in L is the operator

A=dl ©ag, (5.99)

where for now we focus on the simplest case, in which there is a single excitation exchange
between the subsystems. The A operator should not be confused with the number operator
which appears in the Hamiltonian and is defined as

NL/R:&E/R&L/R, (5100)

where Nj, and Ny count the number of particles in the L and R subsystems respectively, such
that NL/R| )r./r = nr/Rl1) L r- Acting on the TFD state with the A operator yields the state

B

. 1 & _8m /% . :
AITED) = 72 3 e85 (a] @ ) (100 © lide) = \FZH i+ Ci i+ 1) @i — 1)
(5.101)

where the sum over energy eigenstates now begins at ¢ = 1, since the lowest energy eigenstate
must be the vacuum state |0). However, the operator A is not unitary; i.e. AA" = ATA £ I,
since the ladder operators are not Hermitian. This means that modeling the evaporation in
this way will not be unitary, and hence not reversable.

The same final state can be achieved by acting on the TFD with another operator, which
we define by

=33 li+ Dralil@li - Drrll, (5.102)

i=0 j=1

where one of the sums in the definition of the operator starts from j = 1 because the lowest
energy eigenstate is always the vacuum state |0); i.e. |j — 1)r does not make sense if j = 0.
The operator acts on the TFD state such that

O |TFD) = ZZZG 2B (Ji+ 1) 006l @ 1 = VarGl) (1) @ k) r)
i=0 j=1 k=0

ZZZe 2P|+ 1)1 (ilk) ® 1f — D rr(ilk)r

zO]lkO

1 B . .
= ﬁze*% i+ 1)@ |i—1)g. (5.103)
=1

47Since the two subsystems are entangled, they are connected via a wormhole. The interaction restriction
comes from the requirement that the wormhole is non-traversable. Allowing interaction between the two
boundaries makes the wormhole traversable [91]. This will be discussed more later on.
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Note that, unlike the ladder operators, which contributed additional factors, depending on the
specific theory, when acting on the energy eigenstates, this operator is independent on any
specific properties of the theory, and does not contribute any additional factors when acting
on the energy eigenstates. The density matrix of this new state is given by

oo oo
1 A A 1 _B(E+EN (1 . . .
plik = O TEDNTEDIO)) = 7= 353 e 355 (i 4 1) + 1] 9 i~ awls - 11)
i=1 j=1
(5.104)
where to have a properly normalized quantum state; i.e. one that satisfies Tr[pgj)%] = 1,

we have re-defined the partition function, such that Z) = Y oict e PEi. When compared
to the partition function of the TFD state in , one can notice that the new partition
function is smaller, since it no longer has a contribution from the ground state energy Ej.
This decrease in the value of the thermal partition function demonstrates a decrease in the
number of available microstates and will naturally have implications on the thermodynamic
properties of the system, some of which will be explored later. It can be seen from the density
matrix that the new L subsystem seems to have higher excitations than it did in the TFD
state. On the other hand, the new R subsystem seems to have lower excitations than it did
in the TFD state. This will be more clear when looking at the reduced density matrices later.

Besides lowering the excitation in R and raising the excitation in L, Claim 1 for the final

state in the dual theory is that it should be a pure state. One can verify that p(LlI)% is indeed

a pure state by calculating the purity, defined as Tr[(p(Ll])%)Q]. For a pure state p, by definition
p? = p, so Tr[p?] = Tr[p] = 1, while for a mixed one, Tr[p?] < 1. Indeed, this can be shown to

be true via

Tel(py' )] =
1

2
N

N
Nk
7

(Ei+E;+E,+E) (‘Z +1) @i — 1>R>

(ci+Uert—1)(k+ 126 k- 1r)(0+ 12 R -1])]

(S S e A (1 1y 6 i 1) 0+ 1 - 1)
1) Ti=1 j=1k=11=1
_ Z%TY_ZZG—%EMZ)(M 1)@ li—1r) (0 +1e Rl —1]) D e ]
1) i=1 1=1 =
- zil)Tr S EEEE (i) @ i - ) (0 + 1@ (- 1])]
=1 [=1
= Tr[py}]

=1, (5.105)

showing that coupling to the bath does result in a pure final state. To verify Claim 2 more
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precisely, one needs to look at the reduced density matrices which are given by

1 = _gE . .
P = Tepplp = Zny Y e P+ )i+ 1 (5.106)
=1
1 < _ap . .
P = Trp ) = 7o) > e PEi i~ 1) pp(i—1] . (5.107)
=1

Looking at these expressions, it can be seen that acting with the @(1) operator on the TFD
state, the quantum numbers of the energy eigenstates of the R subsystem got lowered (with
1), while those of the L subsystem got raised (with 1) as required. The system R has lost
energy and the system L has gained energy, as required by Claim 2. It is interesting to also
notice that while the lowest energy eigenstate in the R subsystem is still the vacuum state
|0)r, the lowest energy eigenstate in the L subsystem is now the |2)] state.

The next claim that we need to check is Claim 3, namely whether the coupling to the

bath acts in a way that lowers the entanglement between the two subsystems. Since the

density matrix ([5.104)) is pure, its entropy is still S (p(Lll)%) = 0 by definition. The system is also

still entangled, because the state (5.103]) cannot be written as a product state. However, the
entanglement entropy between the subsystems, namely S (pg)) =8 (p(Ll)), could have changed.

This can be checked, as before, by using the reduced density matrices, which gives

S(ply)) = =Trloly) 1og iy
= =" Xilpl) log Xilpy)
=1

0 eﬁEil eBE;
= — Og
= Zu 2o

1

— oy > PP (BE; +log Z(1)) (5.108)
i=1

where )\i(pg)) are the eigenvalues of pg). Comparing this to the entanglement entropy |D

of the TFD state, it is clear that the entropy has decreased due to the new partition function
Z(1) no longer containing one of the energy eigenstates, which is contained in the original
partition function Z.

So far we have come up with an operator which reproduces all three claims made in [18§]
for the properties that the dual theory state should have following the coupling to the bath.
However, we have not yet checked the most important property of the operation, namely
whether it is unitary. Using the Hermitian conjugate of the @(1) operator , one can show that
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the unitarity requirement yields

o
—
Il
—

:ZZZZ%I LL{k| ® d5l7) rRA|
:ZZ|¢)LL(1'|®U>RRU’

o0

:Z\Z )LL(i |®ZU RR(J

=7, ® (Ip — \0>RR<OD
#1rR (5.109)

where the last step follows from noticing that there is a state missing from identity operator
of the L subsystem, namely the ground state |0)r, so Z;io |}>LL<Z| =1 # 2219
Similarly, to be unitary, the operator also needs to satisfy (’)(1)(’)21) =1, which is also violated.

Repeating the above calculation gives (’)( )(9(1 = (I — 0)1.(0]) ® Zp # Zrr. Hence, even
though it satisfies all claims we expect from the evolution of the dual theory, this operator,
just like A, is not unitary.

Although we have used a non-unitary operation, we have still ended up with another pure
state@ The final state is still a TFD-like state with more-excited energy eigenstates in the
L subsystem and less-excited energy eigenstates in the R subsystem formed by transferring a
single excitation from R to L. It is interesting to note that such an operator can also produce
a state that one could expect from the complete evaporation of the right exterior. A complete
evaporation of the black hole right exterior would result in a vacuum state in R. A slightly
different version of the @(1) operator can be used to transfer all the excitations from the R
subsystem to the L subsystem, ending up with a vacuum in R, while keeping a superposition
of excited states in L. This is achieved via the operator @(i), defined as

oo o0

Ow =YD 20 rlil © [0)rr{j] . (5.110)

i=0 j=0

Note that, unlike @(1), both summations starts from 0, so the partition function will not have

48Note that it is not necessary to use a unitary operator to go from one pure state to another, if one
recalls, for example, the projection operator, P. Consider a simple pure state |¢); = «|0) + |1), such that
|a|® + |B]* = 1. Now, acting on this state with the projection operator P = |0)(0|, yields P|¢); = «|0). Of
course, this new state is not normalized yet, since Tr[P¢);] # 1. Normalizing it yields that the final state
is |¢); = P|d)i/\/i(¢|P|p); = |0), which is, again, pure. The projection operator has projected the initial
pure state onto the |0) pure state. However, the projection operator is not unitary, since PT = |0)(0| = P, so
PfP=P+#1.
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to be changed. The operator @(i) acts on the TFD state such that
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The density matrix of this state is hence given by

Pk = zze 2EE (123),1,(27] ©10) rr(0)]) (5.112)

zO]O

One can see that the state is, in fact, a product state, since it can be written in the form

(@) (4)

PLr = P ® p(z) Since the state is now a separable state, it is no longer entangled. It is

(%)

a general property that a pure reduced density matrix pp’, irrespective of the purity of the

other one, namely p(L), means that the state p( )

density matrices are pure and given by

is not entangled. In our case both reduced

i i 1 Sl _B(E. ) . .
py) = Trpll), = 72> ¢ 2 I 20y (2] (5.113)
i=0 j=0
i i 1 —BE;
o = Treplh = Z[0)mr(0] 32?5 = 10) a0 (5.114)
=0

Starting from the TFD state and completely evaporating one side of the black hole, we
have gone from an entangled pure state to an unentangled pure product state. One could,
again, motivate this result by considering what a complete evaporation of the one-sided black
hole would look like in the bulk. Since the right exterior has evaporated completely, resulting
in a vacuum state in R, this means that the black hole on the right side of the wormbhole,
which initially connected the two subsystems, is now gone. Since the final geometry has a
single black hole, there is no wormhole connecting the two boundaries, so the entanglement
between them has been destroyed.

Besides the fact that the operator does not satisfy the unitarity condition, another way to
show why both this method and the ladder operator method are irreversible is via the following
highly simplified example. What we, effectively, want to achieve is reversibly lower and then
raise the energy eigenstates of one of the subsystems. We will focus on the R subsystem and
assume, for simplicity, that it is (d + 1)-dimensional; i.e. the energy eigenstates {|i)r} form
an orthonormal basis of the (d + 1)-dimensional Hilbert space, Hg. Consider a generic state
in the R subsystem, given by

V)R = a0l0)r + 1|1)r + @2|2)r + a3|3)r + ... + aqld)r , (5.115)

such that in order for the state to be properly normalized; i.e. g(¥|t))r = 1, requires to
impose a condition on the amplitudes «;, namely that Zf olail* = 1. Acting on this state
either with the lowering operator ag or with the operator >, , |i — 1) gg(i| (the part of (’)(1),
which acts as to lower the eigenstates), yields

W/)R = a1|0>R + 042|1>R +043‘2>R + ...+ Ozd|d — 1>R , (5.116)
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which should now be normalized, such that 25:1 |a;|> = 1. Although this has successfully
lowered the eigenstates, one can see that the process is irreversible since we have effectively lost
one of the states (by having annihilated the vacuum state), which is not recoverable. This can
be seen by performing the reverse process, namely acting either with the raising operator d};

or with the operator >, |i+1)rr(i| (the part of @(1), which acts as to raise the eigenstates),
which gives

|¢”>R = a1|1)R + a2|2>R +OJ3‘3>R + ...+ ad]d>R , (5.117)

showing that the vacuum eigenstate |0)z has been lost from the system. This loss of informa-
tion is expected from an irreversible and hence a non-unitary model. Additionally, one can see
that acting with the lowering operator on the state in d times, gives simply ay|0)g,
which is simply the vacuum state (after normalizing). Reversing this process by acting on
this vacuum state with the raising operator d times would simply give the highly excited |d)r
state, rather than a superposition of states. Hence, due to the annihilation of the vacuum
states, this method would not be able to recover the initial state .

This naturally gives rise to the question: What if one lowers the energy eigenstates, but
never annihilates a vacuum state? Consider starting with the same state in the R subsystem,
namely . Suppose there exists an operator which acts on the state, such that it lowers
all energy eigenstates, except for the vacuum state, which is kept the same. An example of
such an operator is

d
Q =[0)rr(0| +>_ li — 1) rrlil (5.118)

i=1

such that Q|0)z = |0)r, Q|1)r = |0)r, Q|2)r = |1)r etc. When Q acts on the state in (5.115)),

it gives

~

Q) r

d
(100rA (0] + 3 1 = Daa(l) (aol0)r + a11)r + azl2) g + asl3) s + ... + adld)r)
i=1

=ao|0)r + 1|0)r + 2[1)r + a32)r + ... + aqgld — 1)r
= (Oéo + 041)‘0>R —|—OQ|1>R + a3|2>R +...+ ad|d— 1>R , (5.119)

which should now be normalized according to |ag + a1]? + 3%, || = 1. Although the
vacuum state was not annihilated this time, reversing the process by simply raising each of
the energy eigenstates would, again, result in losing information about this initial vacuum
state. This is because using the inverse of the O cannot only raise the vacuum state with the
«q prefactor, while not acting on the vacuum state that has the g prefactor. Hence, reversing
the process would result in a state similar to , though with different amplitudes. This
is more evident if one considers acting with the Q% operator, which results in

QU)r = (a0 +a1+...+ag)0)r (5.120)

which once normalized would become simply the vacuum state |0) . As before, reversing this
process would not result in a superposition of states, such as in , but rather a single
excited energy eigenstate |d)g. In any way, these operators cause a loss of information when
acting on a state, and are hence irreversible.
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So far, we have come up with an operator which acts on the initial TFD state, satisfying
all claims in 18] for the final state. Although the final state obtained agrees with what is
expected from, either partial, or complete one-sided black hole evaporation, the bath operator
used to achieve this was shown to be non-unitary. Hence, our proposed model for the evolution
in the dual theory is not unitary. However, the evolution of the black hole inside the bulk was
shown to be unitary. The questions we need to address now are: What went wrong? What
is unitary way to model our bath operator? Is there a unitary bath operator that satisfies all
the claims expected from a one-sided unitary black hole evaporation?

What went wrong?

The goal of the previous section was to employ the claims in 18] about the dual of the pro-
posed one-sided black hole evaporation. We also motivated the reason why these claims are
indeed what should be expected from the process (if it is unitary). As claimed, a bath op-
erator was found that acted on the pure TFD state and successfully transferred excitations
from the R to the L subsystems, lowering their entanglement, resulting in a final pure state.
However, the operation found was shown to be non-unitary. The key to resolving this issue
lies in recognizing that there are different types of unitary operations, namely global unitary
and local unitary operations. A general local (unitary or non-unitary) operator Olocal is one
that can be written as a tensor product of local operations, such that @Local = @L ® @R
A global operator is one that cannot be written as a tensor product of local operations; i.e.
OGlobal %+ 0L ® (’)R Although a global unitary should exist from a pure state of a Hilbert
space to another pure state of that same Hilbert space, this is not the type of operator that
we have considered so far. Instead, we tried to model the bath operator as a local operator,
such that both the partial evaporation operator @(1) in and the complete evaporation
operator @(i) in are local operators. This can be seen more clearly by rewriting them
as

Z|Z+1 Lo !®Z|J—1RR (Ul = 0(1 ®OR) (@é>®fﬁ))(fﬁ)®@ﬁ))

Ouy = Zm Yrr(i |®Z\0 Yrr(jil = Of @ Off = (Of ® ZH)(Zf, @ OF) (5.121)

One might wonder about the reason why a local operator was considered, instead of a global
one, since it is global unitarity that is required to validate the operation. The reason we
modeled our bath operator as a local operator is due to the way the bath is described to
operate in the one-sided black hole evaporation model. The bath is first only coupled to
the right exterior to absorb all the radiation from the evaporating black hole, and then only
coupled to the left exterior to release all the collected radiation back into the bulk. This is
the reason we Chose to model the bath via a local operator, which first acts only on the right
subsystem via (Z% H® O(l)) and then acts only on the L subsystem via (@(LZ) ®f(lf)). To be more
precise, since the bath operator acts on each of the subsystems independently of the other
subsystem, namely first acting only on R and then acting only on L, it seems to be acting
locally.
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Figure 5.22: The action of the bath operator is local, since the bath operator acts
on each of the subsystems independently of the other subsystem. Such a local bath
operator, if unitary, will not be able to change the entanglement structure between the
two asymptotic CFT theories. The only way for this local bath to achieve the desired
lowering of the entanglement entropy due to the black hole evaporation will be if it is
a non-unitary operator.

Although the local operation achieved the desired lowering of entanglement, the reason
why it is not unitary, and most importantly, why it cannot be unitary, is because local unitary
operations cannot change the entanglement structure. We modeled the bath as a local oper-
ator, and effectively forced it to act in a way such that it lowered the entanglement, which
can only be achieved locally via a non-unitary operation. Hence, if we wish to model the
locally-acting bath as a unitary operator, we cannot expect it to change the entanglement
between the R and L subsystems. Similarly, if we with to model the bath operation as a
unitary operation that indeed changes the entanglement, it cannot be local.

Note that so far we have looked at the entanglement change at the end of the evaporation
process. However, the emission from the right exterior happens before the absorption into the
left exterior, since the transfer of the radiation is not continuous (the bath is not a traversable
wormhole connecting both exterior regions), so bath needs to first be disconnected from R
and then connected to L. However, the entanglement entropy should change even before
the radiation has been transferred to the left exterior, since the right black hole now has a
lower mass (or no mass if it was completely evaporated). This means that we would need to
already see entanglement change from the bath operation on just the right exterior. Again,
this operation was modeled as the local operator (i(Ll) ® @g)), which, if indeed causes an
entanglement change, cannot be unitary. If we impose it to unitary, it cannot change the
entanglement entropy, unless we make it global.

This naturally raises some confusion, since the entanglement between the boundary theo-
ries should inevitably change during a one-sided black hole evaporation, precisely because the
evaporation would change the geometry and hence the wormhole connecting the two bound-
aries. Hence, to achieve the one-sided black hole evaporation, we need an operator that is
either a local non-unitary operator or a global unitary operator. Since a non-unitary
evolution is not desirable (since it is not reversible), we will focus on the global unitary case.

Of course, as mentioned before, there should indeed exist a global unitary operator that can
achieve the one-sided evaporation, while transferring excitation and lowering entanglement,
since global purity (of the total state) has been preserved during the process. Such an operator
should enable an interaction between the two subsystems. @ However, this does not necessarily

“ONote that besides an interaction between the two subsystems, the entanglement between them can also be
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mean that this operation can be achieved via the bath, especially by the way it is described to
be acting. The questions we wish to address now are: 1) Can a bath be modeled as a global
unitary operation? and 2) Can such a global unitary bath achieve a one-sided evaporation?

One might still say that even though that is not how we defined our bath operator, when
coupled to the right exterior, the bath somehow ALSO affects the left exterior. However,
to address this possibility, one should recall that in the TFD formalism, even though the
entanglement between the two boundary CF'Ts is reflected in the presence of a wormhole in the
bulk, the two subsystems in the TFD are non-interacting, and the wormhole is non-traversable.
Hence, coupling the bath only to the right exterior should not affect the left exterior, unless
there is an interaction between them, and hence a traversable wormhole. Equivalently, acting
with an operator on just the R subsystem (i.e. locally), should not affect the L subsystem,
unless there is an interaction between them.

It is precisely an interaction between the subsystems that we need our global bath operator
to enable, such that it can unitarily decrease the entanglement between the two subsystems.
However, we do not seek an interaction via the traversable wormhole inside the bulk, as that
would: 1) not necessarily lead to Hawking radiation leaving the right exterior of the wormhole
into the bath; 2) defeat the whole purpose of attaching an auxiliary system to the bulk.

One scenario to consider is the coupling of the bath to both exterior regions, as illustrated
in Figure 5.23. To achieve an evaporation of only the right exterior, one would need to use
different baths (with different temperatures) on each side, such that the left exterior does not
evaporate into By,. However, this also does not imply an interaction between the regions. The
baths would need to be disconnected from the bulk, joined together so that the the radiation
collected from R into Bgr can now be transferred from Bpg to By, and then re-attached to the
bulk again, so that the radiation can not be transferred from By to L. This is identical to
the previous case, since the evaporation of the right exterior into By still does not affect the
left exterior, hence acting. This model, however, has been used to study the double-side black
hole evaporation, in which case both exterior regions evaporate into the bath [92, 93|

Figure 5.23: A bath attached to both exteriors of the black hole. However, since there
is still no interaction between them, this should lead to the same issue. Furthermore,
unless the two baths are at different temperatures, this arrangement will not lead in
just a one-sided black hole evaporation, but to an evaporation of both black holes,
which is not what we require.

destroyed via a measurement on any one of them. However, this is also not a unitary process, since it causes
the collapse of the wavefunction, which is not reversible.
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Figure 5.24: A globally-acting bath that causes an interaction between the left and right
exterior regions. However, to achieve the one-sided evaporation from the right to the
left exterior, the bath would need to have a continuous temperature gradient starting
from very low temperature at the right exterior, and having a very high temperature
at the left exterior.

A bath that enables an interaction between both subsystems can be one that is coupled
to both of them, as illustrated in Figure 5.24, which resembles the traversable wormhole so-
lution. However, the bath is still described by a flat spacetime. The issue now is that if we
were to use the same evaporation protocol as the one for the one-sided evaporation, both the
right and the left exterior regions will evaporate into the black hole. To have only the right
exterior region evaporate, the Hawking radiation to go into the bath and travel to the left
exterior, there needs to be a controlled temperature gradient all the way across the bath, such
that the temperature of the bath region close to the right exterior is very low (lower than the
temperature of the right exterior), while the temperature of the bath region very close to the
left exterior is very high (higher than the temperature of the right exterior).

That being said...

It should be noted that a huge assumption was also made in the search for the bath operator,
namely the temperature was assumed to be constant. The initial state is an entangled state
between two subsystems which are at equal temperatures 7' = 1/5. Having moved energy
from one system to the other adiabatically; i.e. while keeping the entropy of the total system
fixed (at zero), should lead to a change in temperature in each of the two subsystems. One
way of seeing this more clearly is that evaporating the black hole, which is dual to R, its mass
has decreased, hence changing its temperature. Simultaneously, the mass of the black hole
dual to L has gained mass and hence its temperature has also changed. This needs to also
be incorporated into the model. That being said, the final state obtained from acting with
th complete evaporation bath operator was the vacuum state in the R subsystem, which is at
zero temperature, as expected.
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Although, the bath operator used to achieve the one-sided evaporation was not unitary,
the final state we achieved from acting with this operator on the TFD is indeed what we
would expect from the complete evaporation, namely: destroyed entanglement between the
previously entangled subsystems of the TFD, and a transfer of all the excitation from the
R subsystem to the L subsystem, leaving the former in a zero temperature vacuum state,
while the latter is still a superposition of energy eigenstates at some non-zero temperature.
Even though the TFD considered did not include an explicit interaction term between the
two subsystems, the transfer of classical information from the R to L subsystem, should be
possible via the bath, just as it would be possible via the traversable wormhole. This transfer
of classical information can be used to model the one-sided evaporation via an LOCC channel,
which is a type of quantum teleportation protocol.

5.3.3 Disentangling the TFD via an LOCC channel

The conformal boundaries of the TFD state, namely CFT; and CFTpg, are non-interacting.
The two systems are entangled, and so the geometries associated with them are connected
via a wormhole. Since traversable wormholes are not allowed in general relativity, because
of the possible faster-than-light signal transfer, it is the non-traversability of the wormhole
that ensures there are no interactions between the two TFD subsystems [94]. Nonetheless,
due to the entanglement between the two systems, it is natural to wonder if they might
be able to somehow “communicate” with each other. Despite the restrictions from general
relativity, interactions between the two quantum systems living on the boundaries have been
shown to be possible[95]. Due to the dual nature of the eternal AdS black hole, namely
its quantum mechanical description, one could introduce an interaction term in the TFD
formalism, hence allowing the two systems to interact. This makes it possible for the transfer
of classical information between the two boundaries via the resulting traversable wormbhole,
which can be modelled as a quantum teleportation protocol [91]. The interaction between
the two subsystems can be achieved via a double-trace deformation, which yields a symmetric
evolution of L and R, and hence of the left and right black hole exterior regions, such that
they both increase or decrease in size simultaneously [96]. This does change the entanglement
entropy between the L and R subsystems, but it does not describe a one-sided evaporation.
The question is: Can quantum teleportation be used to describe the one-sided evaporation
model?

In the next section we model the one-sided evaporation by exploring a different type of
quantum teleportation protocol, namely an LOCC channel, which does not rely on the double-
trace formalism that evolves both subsystems evenly. As we will see, an LOCC channel makes
use of classical communication between two entangled systems, and can be used to convert
from one pure state to another pure state with a lower entanglement entropy. Although the
LOCC channel is not invertible, and hence non-unitary, it is a model for a quantum channel
from an entangled TFD state to a disentangled state, which can be used to describe the one-
sided evaporation of the AdS black hole.



101 5.3. One-sided evaporation of the eternal black hole in the dual theory

Review of the LOCC protocol

At the heart of entanglement theory is the notion of the “distant lab”, where a multipartite
quantum system is distributed over several parties. Two parties, called Alice and Bob, can be
at a large distance from each other. They cannot perform global operations on the state they
share and are hence restricted to act only locally on their respective subsystems. However,
this local action does allow them to perform local measurements and transmit classical data;
i.e. share the results of their measurements [97].

In this section we will review this type of quantum operations, which are known as Local
Operations Classical Communication (LOCC). The name comes from the fact that these quan-
tum channels are implemented solely through local operations and classical communication.
Local operations (such as a local quantum channel) refer to operations restricted to act only
on one subsystem at a time; i.e. not on the density matrix of the multipartite system pap, but
only on one of the reduced density matrices (pa or pg). Classical communication describes
the exchange of classical data between the subsystems, such as results from a measurement.
It has been shown that entanglement cannot be increased via these processes. In particular,
if a state pap has been converted to a state p/y 5 via an LOCC, then pap must have at least
as much entanglement as p/; 5, since it cannot be increased via the LOCC.

The basic idea is the following: Alice and Bob share an entangled state. Alice performs a
measurement and sends this classical measurement outcome to Bob (via a classical channel).
Bob then applies a quantum channel, depending on this measurement, to obtain the desired
result. The LOCC protocol can be used to achieve different tasks, such as state discrimination
(uses communication to distinguish states which have the same reduced density matrices and
cannot be distinguished with local measurements alone), entanglement distillation (uses LOCC
to convert an arbitrary number of copies of weakly-entangled state to a smaller number of
maximally entangled pairs) and others.

To properly define an LOCC channel, it is useful to first recall some important concepts
in quantum information theory, starting with the notion of a measurement, which has been
schematically represented in Figure 5.25 [98].

Definition : (Measurement) A measurement on some Hilbert space H is a function p
that produces an outcome x in some finite set {2 such that

p:Q—>PSD(H) and > u(x) =T, (5.122)
e

where PSD stands for positive semidefinite. A € PSD(H) if A is Hermitian and all its
eigenvalues a; are nonnegative (i.e. a; > 0).

For a quantum system in a state p, the probability of a certain outcome x following a mea-
surement is given by Born’s rule, which states

P(z) = Trlu(x)p] . (5.123)

Indeed, using (5.122)) yields >, P(z) = > Tr[u(x)p] = Tr[>, p(x)p] = 1 as required.
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Figure 5.25: Measurement of a quantum state is an operation that acts on a quantum
state to produce a classical outcome x [98].

A convenient choice of measurement is the basis measurement, which is defined in terms of an
arbitrary orthonormal basis {|1)z)} € H as u = [1))(¢z], in which case the probability of a
certain outcome = becomes P(z) = (Y |p|tsz)

So far the state measured was the global state of the quantum system. For a multipartite
system, one can also define a measurement on one of the subsystems. For example, for a
bipartite state pap, a measurement a4 can be made on the subsystem A, as illustrated in
Figure 5.26.

PAB

Figure 5.26: Measurement of subsystem A, which acts on subsystem A to give a classical
outcome z, but it does not act on the other subsystem [98].

The probability of a specific outcome is then given by

P(x) = Tr[(ualz) ® Tp)pas)] , (5.124)

which closely resembles Bohr’s rule above. It should be noted, for completeness, that joint
measurements of the two subsystems are also possible, as illustrated in Figure 5.27. Applying
a measurement p4(x) on the subsystem A and a measurement pp(y) on the subsystem B, the
probability of outcomes x € 24 and y € Qp is given by

P(z,y) = Tr[(pa(z) @ pp(y))pas] (5.125)
— A e,
PAB

- f?q cN
KB — Y B
Figure 5.27: Joint measurement of subsystems A and B. The measurement gy on
subsystem A gives the classical outcome x, while the measurement pp on subsystem B
gives the classical outcome y [98].

As will be discussed later, local measurements on the subsystems play a key role in the oper-
ational principle of the LOCC channel.

Another important operation to consider is the quantum channel. As opposed to a classical
measurement outcome, the outcome of a quantum channel is a quantum state; i.e. a quantum
channel maps quantum states to quantum states, as illustrated in Figure 5.28, where ®[pa] =
pB, namely the channel acts on some state ps to give another state pg. The more formal
definition of a quantum channel is given below.

"0For example, for the qubit state p = |0)(0|, one can use the basis {|0), |1)}. Then P(0) = (0|p|0) = 1 and
P(1) = (1]p|1) = 0 as expected.
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Definition : (Quantum channel) The superoperatolP P 4_, g is a quantum channel; i.e.
g g € C(Ha, Hp), if it is

(a) Completely positive: For all Hr and Mar > 0, P45 € CP(Ha, Hp) if (Pap®
Ir)[Mar] >0

(b) Trace preserving: For all M4, Tr[® 4, g[Ma] = Tr[Ma]].

pa — ® — pB

Figure 5.28: A quantum channel ® maps a state ps to another state pp, such that
Plpa] = pp [98].

The trivial quantum channel is the identity channel T4, which maps the state to itself, namely
Zalpa] = pa (or, equivalently, is the absence of any operation).

The concepts of a measurement (i.e. a classical outcome) and a channel (i.e. a quantum
state outcome) can be combined into the notion of an instrument. Indeed, an instrument is
an operation that produces both a classical outcome and a quantum state, as illustrated in
Figure 5.29.

Definition : (Instrument) An instrument is a set of completely positive maps, denoted
by {@A%B,CE} S CP(HA,HB), such that Zw (I)AHB,(JC € C(HA,HB).

(A [ PBe
PA
{®z}

=)$

Figure 5.29: An instrument is an operation which acts on a quantum state to produce
both a classical output = (as a measurement does) and a quantum state pp, (as a
quantum channel does) |98].

Being equipped with the above definitions, one can define an LOCC channel, illustrated in
Figure 5.30

Definition : (LOCC channel) A channel Z44/_,pp is called a one-way LOCC channel
from A to B if

Eanpplpas] =) (®Pasa. @ Vg p,)pas], (5.126)

T

where {®4_, 4/, } is a collection of instruments acting on the subsystem A to generate a
set {z} of classical outputs and a set of quantum states, which are sent to the subsystem
B. These quantum states are then acted on by a set of quantum channels {¥p_,p/ .},
which reproduce the state required by the LOCC protocol.

SIA superoperator is an operator that maps operators to operators.
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A /ﬂ A’
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Bob 4

v, —m——

B B’
Figure 5.30: The way the LOCC protocol works is that subsystem A acts locally on
itself with a set of instruments {® 4, 4+, }, which generate a set {x} of classical outputs
and a set of quantum states, which are then sent to the subsystem B. These quantum
states are then acted on by a set of quantum channels {¥_, g .}, which reproduce the
state required by the LOCC protocol. [98].

Note, the more familiar quantum teleportation protocol is an example of an LOCC protocol.

Modeling the complete evaporation via an LOCC

In this section, we wish to check if the evolution from the TFD state ([5.88) to the completely
evaporated disentangled state (5.112)) can be described via an LOCC channel. Hence, we wish
to check if the following operation is possible:

Locc

PRL —>? PRL » (5.127)
where
l == _B(EE) (1 G
pre = 7 D> S (|i) pptjl @ Ji) ] (5.128)
i=0 j=0
I ™ BB, . .
=5 > e 2(E1+EJ)(|()>RR<0| ® 122>LL<2]|) . (5.129)
i=0 j=0

Since both states pry, and ply; are pure, one can use Nielsen’s Theorem, which provides a way
of checking if an LOCC protocol is allowed, by using just the initial and final states.

Theorem : (Nielsen) Let pry, and pp; be two pure states on Hp ® Hy. Then the fol-
lowing statements are equivalent:

(a) pr < Pg-

(b) There exists a one-way LOCC channel Z from R to L, such that Z[pgr] = plp;
Interchanging the roles of the R and L systems, the following statements are also equiva-
lent:

(c) pr < .-

(d) There exists a one-way LOCC channel = from L to R, such that Z[pgr] = pz; .

Nielsen’s theorem makes use of majorization, denoted by “<”.
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Definition : (Majorization) Consider two vectors x,y € R"™. Then z < y (“z is majorized
by y” or “y majorizes z”) if

k k n n
Yowr <Yy and > wmi=> ui, (5.130)
i=1 i=1 i=1 i=1

where k£ € {1,2,...,n — 1} and xf is used to denote the eigenvalues of x sorted in a

non-increasing order, such that :c% > :z:é > ... > xﬁ

We wish to check if there exists an LOCC from R to L, such that ZE[prr] = p/;,. By Nielsen’s
theorem, it is sufficient to verify that pr < pl, since the statements (a) and (b) are equivalent.
This requires using the “quantum extension” of majorization, which deals with Hermitian
operators instead of real vectors.

Definition : (Majorization for Hermitian operators) For two Hermitian operators A and
B, with eigenvalues A(A) and A\(B) respectively, A < B iff A(4) < A(B).

Using this definition for the case of the density matrices pr and pj implies that the ma-
jorization between the reduced density matrices can be written as majorization between their
eigenvalues, namely pr < pj <= A(pr) < A(p). Using the majorization definition (5.130)),
this gives the following requirement for the existence of the LOCC channel we require:

k k 00 00
D Ailpr) <D XilpR)t and D Ni(pr) = D> Nilok) (5.131)
=0 =0 =0 =0

To validate this expression, one first needs to evaluate the reduced density matrices and their
eigenvalues, which are given by

1 e BEy o—BEL e BEs
_ L — L
PR= 7 ;:0 e i) rR(i] with A(pg)" = { 7T g } (5.132)
Pk = 10)rr(0] with  A(pp)* = {1,0, e ,0} : (5.133)

To verify the second condition in (5.131)) is sufficient to recall that Z =), e PEi and thus

00
=0

i

Xilpr) = 1= Ni(pg) (5.134)
i=0

The first condition in (5.131)) can be verified by noticing that e 2% /Z < 1 for all i. Hence,

k —BEo —BE; —BEy, k
, L€ € € _ R
§ Xi(pr)™ = 7ttt <|[1+40+...40 *.E Xi(pR)*, (5.135)
=0 N N — N——. =0
<1 <1 <1

with the equality being satisfied only when k — oo. Hence, pr < p’, and by Nielsen’s theorem,
there exists an LOCC from R to L, such that Z[prr] = pl; .

Another theorem, which follows from Nielsen’s theorem is Uhlmann’s Theorem, which
states that this majorization condition implies the existence of a mixed unitary channel.
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Theorem : (Uhlmann) For two Hermitian operators A and B on some Hilbert space H,
then A < B iff there exists a mixed-unitary channel ® € C(H) such that ®[B] = A.

A mixed unitary channel is defined as a superposition of unitary channels.

Definition : (Mixed-unitary channel) A channel ® € C(#) is called mixed-unitary if

O[M] = q.U,MU] (5.136)

for a probability distribution ¢, and a set of unitaries U, € U(H).

However, note that the action of this mixed unitary channel (implied from Uhlmann’s theorem)
is in the opposite direction to the action of the LOCC (implied from Nielsen’s theorem).
Although it might seem irrelevant, Uhlmann’s theorem will be important in the derivation of
the LOCC protocol.

Having established that an LOCC protocol is possible, the aim for the rest of this section is
to find the LOCC that converts the TFD state into the disentangled state ([5.129)). This
would involve the R subsystem to use an instrument to send classical information obtained
locally to the L subsystem. The L subsystem can then apply a unitary channel, again locally,
to obtain the desired state. Using the LOCC definition, the LOCC is given by

Elprr] = > (Pra ® Uiz)[prL] = Prr (5.137)

x

We begin by finding the instrument ®g ,. This can be done by using Uhlmann’s theorem and
the definition (5.136) of a mixed-unitary channel. Since pr < pl;, this means there exists a
mixed unitary channel, such that

pr=  a:UraPRUL, - (5.138)
X

The instrument ®p , is defined as
Dpo[M] = Yro MY}, . (5.139)

where, using (5.138]), the unitaries Yg , can be written as

Yra = vVaa\ PRUL VPR (5.140)

Substituting the expressions for pr (5.132) and p, (5.133) into (5.138) yields the following

equation for the unitaries

L™ B e
EZe PE i rr(i] =Y GeUra|0)RR(OIUL, | (5.141)
1=0 =0
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which can be written in a matrix form that gives

e BE0 0 ... 0 10 0

1 0 e BEL ... 0 00 00 --- 0
A — =Y wUne | . | UL, (5.142)

: : . : = R

0 0 .. e BB 00 --- 0

To obtain the values of g, and the unitaries Ug, one can use permutation matrices. A
permutation matrix P is a square binary matrix with a single entry of 1 on each row and
column, with the rest being 0. The unit matrix I is a special case of the permutation matrix,
with every 1 being on the diagonal of the matrix. There are n! permutation matrices of size
n X n, also known as permutation matrices of order n. For example, the permutation matrices
of order 2 and 3 are given by

n:2:<(1) ?)(‘1) (1)) (5.143)

100 100 /010y /010 /001 00 1
n=3:{0 1 0],lo0o 1],[1 00],l00 1],[1 00],l0 1 0
00 1 010/ \0o 01 100/ \0o1o0 100
(5.144)

Permutation matrices satisfy PPT = 1, hence the transpose of a permutation matrix is its
inverse; i.e. P! = PT. For a matrix M, PM gives a permutation of the rows of M; i.e.
P acts as to move along the columns of M. Reversing the order of the multiplication, M PT
gives a permutation of the columns of M; i.e. P acts to move along the rows of M. Using
this property, one can use permutation matrices to move along the diagonal of a matrix M
via PMPT. Additionally, since these matrices are real, Pf = PT. This can be used in (5.142))
to move the entry 1 of p; down its diagonal in order to obtain the non-zero diagonal values
of PR-

For example, using the permutation matrices of order 2 in , the 2 x 2 case of ,
namely the case that only includes the contribution from {Ey, F }, given by

1 1
1 BB,
5 > e PP i) pr(il = 4:Ur|0)rr(OIUL , | (5.145)
1=0 =0
can be solved with
_ 10
go=e /7 Upo=Ul,= (0 1) (5.146)

_ 0 1
q=e)Z, Upy=Uk, = (1 0) : (5.147)
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Similarly, solving the 3 x 3 case, namely the one that includes contributions from {Ey, E1, Es},
given by

2 2

1 _BE; |- )

72 E i rntil = Y a:Urel0)rr(O|UY , . (5.148)
=0 =0

requires using only some of the permutation matrices of order 3, and is solved with

1 00
go=e"/7 Upo=Uly=10 1 0 (5.149)
0 01
010
q=ePP)Z Upy=Uh;=[10 0 (5.150)
0 01
010 0 01
p=eP2/7 Upa=10 0 1| ,Uk,=[1 0 0 (5.151)
100 010
This can be generalized to the d x d case, which includes all terms {Ey,...,E4_1}, and is
given by
Ze PE ) rR( \quIUny())RRmyUM. (5.152)
=0
This general case can be solved in the same way and the solution is given by
go=e/7 Upo=Ul,=1y (5.153)
g =e "7 Upy= P9, U}, =P (5.154)
qi1 = e PP )2 Upaoy = P, Ul gy = P (5.155)

)

Here we have defined the permutation matrix P( | 4 8 a permutation matrix of order d, which

(

switches row 1 and row d of a d x d matrix M via P} d) M. Hence, it moves the element (1,1)
of M to the position of the element (1,d). Similarly, its complex conjugate Pl(cfi)T = Pl(a;)T

(D)t

switches column 1 and column d of the matrix M via M Py ;'. Hence, it moves the element
(1,1) of M to the position of the element (d,1). Acting with both permutation matrices via
Pf(il)M PI(CQT acts as to move along the diagonal of M and moves the element (1,1) to the
po’sition of the element (d,d). The trivial permutation matrix is the identity matrix, given by
Pl(fll) = 14, such that Pl(ﬁ)M Pl(dl)T does not move the element (1,1). Hence, using the above

generalization, equation (5.142)) is solved by ¢, = e #F=/Z U Rz = Pl(x) ; and U;[2 . Pl(a;) 11
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This can be substituted into (5.140]) to find an expression for Y ,, which yields

Yo = Vo\/ Uk ov/PR

10 --- 0 e 2 0o ... 0
BEq
e R P I
00 - 0 o e
BEg
0 1 0 e 2 0 0
e |0 0 o[ o & 0
:e 2 . . . .
0 - 0 0 o 0 S
0 %3 0
gE: | 0 0 0
= e 2 .
0 0 0
0 - 1 0
0o ... 0 0
=1 . . s (5.156)
0o ... 0 ) 0
Coly Colyz+1 Colso

where we have used that the square root of a diagonal matrix is obtained by simply taking
the square root of all the eigenvalues (diagonal elements). In the third line we have used that
the permutation matrix Pl(z)il acts on a matrix M is such that the operation M Pl(,g;c)il moves
the first column of the matrix M to the location of its 4+ 1 column. Hence, the Yg , unitary

matrices have only one non-zero element such that

10 --- 0 01 --- 0 00 --- 1
00 --- 0 00 ---0 00 --- 0
Yro = S , Yp1 = S s ooy YRoo = A B (5.157)
00 --- 0 00 ---0 00 --- 0
These matrices can be written, more conveniently, in the Dirac notation as
YR = [0)(z]
Y, =l)0], (5.158)
where
1 0 0
1 0
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The instrument ((5.139)) is hence given by
®po[M] = Yoo MY}, = 0)(z|M][z)(0] = (x| M|z)[0)(0] (5.160)
Following the action of the instrument, the state pry, transforms into wgy, , given by

wrLz = (PR ® ZL)[pRL]
= (Yra ® Ir)pro(Y, ®11)

= (10}l ® > k) (k) o (J2) (0] @ D ) (m
IRl (I |k><k|;(|z'><j| ® 1) (1) (I2)(0] @ m)(m] )

= 30 I (o) o ) (tal o (k1) (1) 19) (1@ {31) (Ia) @ m)) (0] @ (o)
2

(109 ® 18)) 8010t g (401 @ (m)

Zvj7k7m Jxk 5ac'm
1 _
= —e (10} ®a) ) (0] © (a])
1
= Ze PE2(0)(0] @ [}, (5.161)
such that
1 0 0 0 0 - 0 0 0 0
00 0 0 1 0 0 0 0
WRL,0 = SR . , WRL,1 = T N AR -y WRL,00 =
00 0 0 0 0 00 1
(5.162)

The next step in finding the LOCC is to find a unitary channel that can act on this state to
give reproduce the state p’,; , as required. This unitary channel is applied by the L subsystem
and is defined in terms of the unitary operators Vz, . as

Uy [M] = Vi MV], (5.163)

Demanding that when acted on the state wgy, ., the unitary channel correctly constructs the
state p5, . is given by

(Tr @ Vi) wrLe (TR ® V] ,) = qupipr, - (5.164)

To find the unitary matrices V7, , is easier to first trace out the right system in (5.164)), which
gives

VvL,xU)L,m‘/g7$ = q:tp,L (5165)
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BEx

where wr, ; = Trr(wrr ] = S5 |x)(z|. Substituting this back into (5.165|) gives

1 BT Y e\ Je
Viala) @]V, = 2 > 3 e 3+ E)j2i) (2] (5.166)
T g

To solve for the unitary matrices V7, , one can expand can first expand them as
Z Z V.@|m (5.167)

where the basis |m) do not necessarily have to be the energy eigenstates as before, but they

will be in this calculation, and the components of the unitaries are (VT%))* = n(fn) . Using this

expansion and substituting into gives
(Z 2)lm) (n]) ) |(Zvl§f>|k><l|) = ;ZZe—é*(EﬁEﬂuwﬂ
> VRV Im) (nla) (a ZZZe ST i) (2,
klmon
ZV(I V. my(1) = ZZZe 2 (Pt 124) (24
}: 2 (n|m)(l|k) = §:§257E+E (n]2i)(2j|k)

v@ @ _ 7e—§(En/2+Ek/2)
Z
— V&) = \%e B2 (5.168)

where in the fourth line we have contracted both side of the equation with (n|...|k). We find
that since all the = dependence is summed over, the unitary matrices V7, , do not depend on
the parameter x, so

1 B
V; = —— e_iEn/2 nWxl = Vr . 5.169
=y STt = v 5100

The channel is hence also independent of z and given by

1

V] = VAV = 5 33 ) o
= 5 33 e R (| ) (5170)
m,n T,y

We can verify that this LOCC channel indeed reproduces the required state by substituting the
instrument (5.160)) and the channel (5.170)) into the definition ((5.137)) of the LOCC channel,
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which gives

Elpre] =
= (Pr.®VL.)[prL] =

z

=Y (Ve ®Vi)pre (Y, @ V) =
- Z <|O>RR<Z’ @ (\/12 ZzegEm/Z‘m>LL<LU‘)>PRL

1 _B
(’Z>RR<0| ® <ﬁznzzy:e SE"/2|?J>LL<”|)> =
- ZZZe 2 Em/2+E"/2)(]0)RR<z\ ® \m>LL(:E\)PRL<’2>RR(0\ ® MLL(”’) =

z m,n T,y

— % ZZZZe*%(Em/aJrEnm)e*g(EﬁEj) (|0>RR(Z! ® !m>LL<96!> (WRR(j\ ® WLL@’)

z mm Y 4,

(|z>RR<0| ®ly)rLnl) =
A ZZZZG Bt a) =5 (Bt By )(|0>R ® \m>L) (R<Z| ®L<f’3’>

z mmn T,y i,j

(1vr @ 1i)e) (=t © £4l) (12 @ y)2) (r0O1© Linl) =
= XX T S e D (1)1 ) gty 30 (01 10 =

o 3 Pt
- ZZe 2t B2l (10) . ). ) (r(0] @ (nl ) =

=3 2<Em/2+E“/2>(|o>R®rm>L) (rt0l @ c(n]) =

:% e 2(E’”/2+E”/2)(\0>1—‘£R(0\®\m>LL(n|> =

_ p/RL’ (5.171)

where to see the last equality one can simply relabel m — 2¢ and n — 2.

However, since an LOCC cannot be used to increase entanglement entropy, there is no
LOCC channel to model the inverse process, namely from p’,; to prr. This can also be seen
by verifying that the majorization condition in Nielsen’s theorem for the inverse process is not
satisfied. Since the channel is not invertible, the process is not unitary.
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5.4 Conclusion

In this chapter, we reviewed the recently proposed model for one-sided black hole evaporation
[18], which used an auxiliary bath and transparent boundary conditions to allow one-side
black hole evaporation. We reviewed the calculations in the bulk, which were based on results
in semiclassical JT gravity, to show that the black hole evaporates at an exponential rate,
following an inward positive-energy flux, induced from coupling it to the bath. We then
reviewed how the generalized gravitational entanglement entropy can be used to show that
the proposed black hole evaporation model produces a unitary Page for both the evaporating
black hole and the emitted Hawking radiation.

While looking for a way to model this one-sided black hole evaporation in the dual theory,
we stumbled onto some confusion as to how it would be possible. We argued that if the
action of the bath os modeled as an operator in the dual theory, one-sided evaporation can
be achieved vie either a local non-unitary bath operator or a global unitary bath operator.
The action of a global bath operator is still unclear, but we have argued that it should involve
some interaction between the two exterior regions of the black hole. However, this is not the
way we understand the bath to be acting in the original paper, where it seems to be acting
only locally.

Assuming such a local bath operator, we also modelled the one-sided black hole evaporation
via an LOCC channel, which is non-reversible and hence non-unitary, which as explained, is
expected from the operation of such a local bath.
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