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Abstract

In the context of String Theory, orbifold compactification has proven to be

an effective method for breaking supersymmetry (SUSY) [1]. Specifically,

freely acting orbifolds can be tied to spontaneous SUSY breaking, and the

description on the closed string sector has been thoroughly studied [2]. This

thesis aims to explore the effects of freely acting orbifold compactification in

the open string spectrum. We first show that the orbifold compactification

works as a projection on the spectrum of the non-orbifolded theory, where

projection makes the spectrum invariant under the orbifold group action.

Then, we link this result to a Scherk-Schwarz dimensional reduction that

shifts the masses of all charged fields in accordance with the projected spec-

trum.

The main examples will be a D9-brane, for its simplicity, and the D1/D5

brane system. This system is closely linked to black hole solutions of the low

energy supergravity, and in the last section we give predictions as to how

the orbifold projection acts on the low energy worldvolume CFT and thus

the black hole theormodynamics in the system with broken supersymmetry.
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1. Introduction

Physics aims to describe the dynamics between all the fundamental con-

stituents of nature. In the one hand, we can use Quantum Field Theory to

describe Particle Physics, and in the other we can use General Relativity

to describe gravity. These two theories are fundamentally different in the

sense that the first is a quantum theory, while the second one is not, and the

most naive attempts to convert it to quantum language fail fundamentally.

String Theory is a paradigm change to the way Particle Physics is built,

because the fundamental objects are no longer point-like, but extended one

dimensional strings. This theory has provided a rich framework which has

helped understand very complex physical systems, i.e., quark-gluon plasma

[3], black holes [4], but the most notable result might be that it is a theory

of Quantum Gravity [5]. Thus, being a promising candidate for a unifying

theory of physics.

Bosonic String Theory has a tachyonic vacuum, implying an instability

in the theory, and also does not predict fermionic particles. These two fea-

tures can be solved by considering Superstring Theory, adding fermionic

excitations to the world-sheet of the strings. This theory has two features

that make conflict with the physics we can observe at current experiments.

Firstly, the theory predicts supersymmetry in space-time, but the spectrum

of the Standard Model is not supersymmetric. Secondly, the theory is de-

fined in 10 dimensions for internal consistency, but we have only ever ob-

served 4.

These two problems can be approached at the same time through a tech-

nique called orbifold compactification. We will consider compactifications

of type IIB String Theory via freely acting toroidal orbifolds of the type

(S1 × T4)/Zp. This construction will spontaneously break supersymmetry,

meaning that some particles of the spectrum acquire a mass, thus breaking
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1.1 Outline

the original supermultiplet they belonged to.

The effect of freely acting toroidal orbifolds in type IIB String Theory

with a focus on the closed string spectrum has been studied in the past [2].

The orbifold group action charges some fields, and in the low energy effec-

tive SUGRA this charge can be identified with a duality twist in a Scherk-

Schwarz (SS) dimensional reduction that gives masses to the fields propor-

tional to their charges.

In this thesis we will focus on the open string spectrum, which has not

yet beef fully understood in orbifold backgrounds. This work will be in

close contact with the developments in the closed string sector. First, we

will identify the charges of all relevant particles according to their represen-

tations under the local symmetry group of the orbifold. This process will de-

fine a projection in the spectrum because ultimately the orbifold group has

to be gauged. Then, we will propose a SS dimensional reduction, following

the orbifold charges of the fields that will grant them mass in agreement

with the spectrum.

The motivation for this thesis comes from the original black hole found

in String Theory, which is described microscopically by a D1/D5 brane sys-

tem [4]. The system was first proposed in a flat background String Theory

compactified on a T5, but we would like to extend the results to more re-

alistic String Theories with less supersymmetry. The first step towards this

goal is to understand the high energy dynamics of D-brane world-volumes

in orbifold backgrounds, which will be achieved in 3 and 5.

To properly understand the thermodynamics of black holes coming from

D-brane systems, one has to be able to take the infrared (IR) limit of the

respective world-volume gauge theory and extract the central charge of the

resulting CFT. This step will be left for future research.

1.1 Outline

This thesis is organized as follows. In Chapter 2 we briefly describe general

aspects of String Theory relevant for developing the latter calculations. In
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Introduction

Chapter 3 we describe the massless spectrum of the open string sector of

type IIB String Theory from a group theoretical point of view. We use this

spectrum to find the orbifold charges and projection in 4.

Lastly, in Chapter 5 we give a dynamical description to the spectrum

found in previous chapters, and understand the orbifold projection as a SS

dimensional reduction.

1.2 Conventions

The Minkowski metric in any dimension is mostly positive, i.e., ηµν = diag{−1, 1, . . . , 1}.

Representations of SO(N) or SO(1, N − 1) for N ∈ N will be labeled

by the number of components (highest weight) in boldface numbers, i.e.,

vector representation N, Dirac spinor 2⌊N/2⌋, etc.

In the case of Weyl spinors, both chiralities have the same number of

components, so we will denote + chirality with an s subscript, and − with

a c subscript.

Often times, we will need to discuss representations of direct products of

Lie groups of the type SO(1, N − 1)⊗ SO(N′). In that case, the irreducible

representations will be labeled by irreducible representations (irreps) of the

individual products in parentheses in the same order as the direct product,

i.e., (N, N′), (2N/2−1
s, 2N‘/2−1

c), etc.
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2. Preliminaries

In this chapter we will present some basic concepts of String Theory to give

a foundation to this thesis. Only the necessary steps will be presented in or-

der to give context for future chapters. An extensive review on Superstring

Theory is contained in [6], [7].

2.1 Type IIB String Theory

String Theory is, in its most simple realization, one of the most straight-

forward generalizations of the quantum theory of Particle Physics. The

fundamental object is a 2 dimensional object that sweeps a world-sheet in-

stead of a 1 dimensional one that traces a world-line. This world-sheet is

parametrized by coordinates σα = (σ, τ), through the embeddings Xµ(σ, τ),

µ = 0, . . . , 9.

Superstring Theory, as the name implies, also has fermionic degrees of

freedom, ψµ and ψ̃µ, that give rise to world-sheet SUSY. This symmetry, as

it turns out, gives rise to space-time SUSY when the String Theory is treated

carefully. This procedure is known as the GSO projection, and will be an

integral part in future chapters.

Consider the following action [8],

S =
1

4π

∫
M

d2σ

{
1
α′

∂αXµ∂αXµ + iψµ(∂τ − ∂σ)ψµ + iψ̃µ(∂τ + ∂σ)ψ̃µ

}
, (2.1)

with M is σ ∈ [0, 2π) and τ ∈ (−∞, ∞).

We can start by solving the classical equations of motion, which can be

read as ∂α∂αXµ = (∂τ − ∂σ)ψµ = (∂τ + ∂σ)ψ̃µ = 0. These imply the fields
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Preliminaries

can be written in terms of right moving and left moving functions,

Xµ = Xµ
L(τ + σ) + Xµ

R(τ − σ),

ψµ = ψµ(τ + σ),

ψ̃µ = ψ̃µ(τ − σ).

To find a mode expansion we have to impose boundary conditions for these

fields. In order to find the closed string spectrum, we impose periodicity

conditions. For the bosonic fields these are Xµ(τ, σ + 2π) = Xµ(τ, σ), while

the fermions can close up to a ± sign. This allows for two sectors in the

spectrum, called Rammond (R) and Neveu-Schwarz (NS), given by the pe-

riodicity conditions,

R : ψµ(τ, σ + 2π) = +ψµ(τ, σ),

NS : ψµ(τ, σ + 2π) = −ψµ(τ, σ),

and the same for ψ̃µ. All fields can then be expressed in terms of Fourier

modes. The bosonic modes will be called aµ
n, ãµ

n, n ∈ Z, while the fermionic

modes are bµ
r , b̃µ

r , with r ∈ Z in the R sector, or r ∈ Z+ 1/2 in the NS sector.

Let us write the full expansion for the bosonic fields for future reference,

Xµ
L(τ + σ) =

xµ

2
+

α′pµ

2
(τ + σ) + i

√
α′

2 ∑
n ̸=0

aµ
n

n
e−in(τ+σ)

Xµ
R(τ − σ) =

xµ

2
− α′pµ

2
(τ − σ) + i

√
α′

2 ∑
n ̸=0

ãµ
n

n
e−in(τ−σ)

(2.2)

Focusing on the left movers, we identify the NS vacuum to be a space-

time scalar |0⟩NS, while the R vacuum is degenerate under the action of bµ
0 .

The zero-modes of the R sector generate the D = 10 Clifford algebra,

{bµ
0 , bν

0} = ηµν, (2.3)

so the R vacuum is a priori a Dirac spinor, |a⟩R. This spinor can be character-

ized by the eigenvalues of the Cartan subalgebra generators1 |s0, s1, s2, s3, s4⟩,

1We identify the gamma matrices as Γµ =
√

2bµ
0 , and si are eigenvalues of the Cartan
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2.1 Type IIB String Theory

si = ±1/2, spanning a 32 dimensional complex space. This is a Dirac spinor

32 of SO(1, 9).

The closed string spectrum will consist of both the right and left moving

spectrum along with the level matching condition. This can be summarized

in the mass-shell formula of a string,

M2 =
1
α′

(
∑
n,r

a−n · an + rb−r · br − a

)
=

1
α′

(
∑
n,r

ã−n · ãn + rb̃−r · b̃r − a

)
,

(2.4)

with a = −1/2 in the NS sector and a = 0 in the R sector. Notice that

in the NS sector the zero-point energy is negative. This means that the NS

vacuum |0⟩NS has M2 = −1/2α′, so it is a tachyonic state. Having a tachyon

in the spectrum leads to instabilities in the vacuum, so in an attempt to

remove it, and fix many other issues2, we introduce the GSO projection.

This projection keeps states with an odd number of fermions. In the NS

sector this can be achieved by the following operators,

PGSO =
1
2

(
1 − (−1)F

)
, F = ∑

r>0
b−r · br,{

(−1)F, bµ
r

}
= 0, r ∈ Z + 1/2.

(2.5)

Notice that the operator (−1)F has eigenvalue +1 when acting on a state

with an even number of fermionic excitations, and −1 on states with odd

fermionic excitations. Then, the vacuum |0⟩NS, has (−1)F|0⟩NS = |0⟩NS,

so it is projected out of the spectrum. Moreover, all states with an even

number of fermion excitations, i.e. F ∈ 2Z, are projected out. In particular,

the massless vector bµ
−1/2|0⟩NS survives.

The R sector is a bit more complicated since the vacuum is a chiral space-

time spinor. We need to generalize the operator (−1)F to Γ11(−1)F, where

Γ11 = −iΓ0 . . . Γ9 is the 10D chirality matrix, in order to preserve the anti-

commutation with all fermionic modes. Thus, in the R sector the projection

subalgebra generators Si = −i/4[Γ2i, Γ2i+1]. A full derivation is contained in Appendix A.
2Modular invariant partition function, space-time supersymmetry, etc.
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Preliminaries

is defined as follows,

PGSO =
1
2

(
1 ± Γ11(−1)F

)
, F = ∑

r>0
b−r · br,{

Γ11(−1)F, bµ
r

}
= 0, r ∈ Z.

(2.6)

In this case, the projection chooses a chirality for the R vacuum. Precisely,

the projection is equivalent to the equation Γ11(−1)F|a⟩R = ±|a⟩R. Since

there are no fermionic excitations on this vacuum, F = 0, and the condition

reduces to Γ11|a⟩R = ±|a⟩R, meaning that |a⟩R has to be a chiral spinor in

10D. Choosing the + or − in the projection leads to different chiralities of

the R vacuum. The only physically meaningful difference comes when there

is a relative sign difference between the left and right moving vacuum.

In the end, the full spectrum of the closed string is the product of the

right and left moving spectrum, which have independent GSO projections.

Since the physical differences come only from the relative sign, we can fix

the left moving R vacuum to be + chiral, and we arrive at the two string

theories,

IIA: (NS, NS), (NS, R−), (R+, NS), (R+, R−)

IIB: (NS, NS), (NS, R+), (R+, NS), (R+, R+)
(2.7)

Where we denote the sectors by (left, right), their boundary conditions, and

the chirality coming from the GSO projection.

In the massless sector we will then have all the massless states corre-

sponding to the different sectors outlined in 2.7,

bµ
−1/2|0⟩NS ⊗ b̃µ

−1/2|0⟩NS,

bµ
−1/2|0⟩NS ⊗ |ã⟩R,

|a⟩R ⊗ b̃µ
−1/2|0⟩NS,

|a⟩R ⊗ |ã⟩R,

where |a⟩R and |ã⟩R are the left and right moving R vacua, with no special

notation for the chiralities, which will depend on the GSO projection we
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2.2 D-branes

choose.

Since applying the GSO projection removed the tachyon from the spec-

trum, these are the lowest energy excitations of the closed string of type IIB.

All these states belong to irreducible representations of SO(1, 9)⊗ SO(1, 9),

but it is common to state the spectrum in lightcone gauge. In this gauge

we loose vector degrees of freedom corresponding to µ = 0, 1, and the

fermions satisfy the massless Dirac equation pµΓµ|a⟩R = 0. Choosing pµ =

(−E, E, 0, . . . ), the equation reduces to Γ−
0 |a⟩R = 03, which amounts to s0 =

−1/2. The remaining spinor is spanned by |−1/2, s1, s2, s3, s4⟩ and has half

the degrees of freedom of the original spinor. The right movers also follow

the same rules.

To summarize, going to lightcone gauge can be seen as going to the lit-

tle group SO(8) ⊂ SO(1, 9), where the vectors loose 2 degrees of freedom

10 → 8, and the spinors retain their chirality while loosing half the com-

ponents 16s → 8s. In the closed string spectrum, lightcone gauge affects

both right and left movers, and we can classify its particles as irreducible

representations of the little group SO(8)⊗ SO(8),

(8v, 8v)⊕ (8v, 8s)⊕ (8s, 8v)⊕ (8s, 8s).

Notice how the number of bosonic degrees of freedom is the same as the

fermionic ones in this gauge. This check is a hint that the theory is space-

time supersymmetric, and indeed if one calculates the action describing

these degrees of freedom, one would find a supersymmetric theory.

2.2 D-branes

In the last section, we used periodic boundary conditions to describe a closed

string propagating through space-time. But this choice could be extended

to non-periodic boundary conditions. Strings can indeed end on hypersur-

faces that are called D-branes.

3The operators Γ±
i are defined in Appendix A. They raise or lower the eigenvalue si of

the spinor |a⟩R.
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Preliminaries

Consider the bosonic fields of the world-sheet action 2.1. Instead of im-

posing periodic boundary conditions, we can instead consider the string

endpoints fixed on a surface of dimension p, so that ∂σXa(σ, τ)|σ=0,π = 0,

∂τXi(σ, τ)|σ=0,π = 0, with a = 0, ...p, i = p + 1, ..., D. In this case, the end-

points of the string are free to move in the direction a, which are the Neu-

mann conditions, but are fixed in the i directions, the Dirichlet conditions.

It is crucial to note that the symmetry group of a Dp-brane is no longer

the full 10D Lorentz group, but is broken to SO(1, p)⊗SO(9− p) ⊂ SO(1, 9).

This happens because rotations between the N and D directions rotate the

brane, thus describiing a different system.

In order to produce the open string spectrum, we start by considering

the mode expansion 2.2. If we add the right and left movers, we get

Xµ = xµ + α′pµτ + i

√
α′

2 ∑
n ̸=0

1
n

(
aµ

ne−in(τ+σ) + ãµ
ne−in(τ−σ)

)
. (2.8)

In the Neumann direction we will have the following condition,

∂σXa|σ=0,π =

√
α′

2 ∑
n ̸=0

(aa
n − ãa

n) = 0, (2.9)

which imposes the condition on the modes aµ
n = ãµ

n. We can do the same for

the Dirichlet directions,

∂τXi|σ=0,π = α′pi +

√
α′

2 ∑
n ̸=0

(ai
n + ãi

n) = 0, (2.10)

and this is solved by pi = 0, ai
n = −ãi

n. In the end, we can write the full

mode expansion for the bosonic fields as,

D: Xa = xa + α′paτ + i
√

2α′ ∑
n ̸=0

aa
n

n
e−iτcos(nσ),

N: Xi = xi +
√

2α′ ∑
n ̸=0

ai
n

n
e−iτsin(nσ).

(2.11)

The conclusion is that in the open string there is no such thing as right or

left movers. Instead, we have just oscillator modes aa
n and ai

n. The process
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2.3 Supersymmetry

for the fermionic fields is equivalent, and we end up with mode expansions

in terms of ba
r and bi

r, with r ∈ N + 1/2 in the NS sector or r ∈ N in the R

sector.

The construction of the vacua of the open string follows the same steps as

in the closed string, leading to the NS scalar vacuum |0⟩NS. The R vacuum

has a new feature, because it cannot be a SO(1, 9) spinor, since there open

string does not in general have SO(1, 9) symmetry (unless we only consider

the D9 brane). The Clifford algebra 2.3 splits,

{ba
0, bb

0} = ηab,

{bi
0, bj

0} = δij,
(2.12)

and this generates the Clifford algebras of SO(1, p) and SO(9 − p) indepen-

dently. The R vacuum is formed by independent spinors |aN⟩ in the Neu-

mann directions and |aD⟩ in the Dirichlet directions. The full R vacuum is

the tensor product of these two spinors |a⟩R = |aN⟩ ⊗ |aD⟩. The GSO pro-

jection in the R vacuum is the same we defined in 2.6, Γ11|a⟩R = |a⟩R. The

chirality operator splits into subgroup chirality operators as Γ11 = Γp
c Γ9−p

c ,

which are respectively chirality operators of SO(1, p) and SO(9 − p). Thus,

the + chirality of the 10D spinor splits into (+,+) and (−,−) chiralities for

the SO(1, p)⊗ SO(9 − p) spinors.

The excitations of the open string can also carry a mass, following the

same mass formula as the closed string 2.4. The detailed calculation of the

massless spectrum will be postponed until Chapter 3. We will construct it

from the NS and R vacua of the open string with special focus on the irreps

of the broken Lorentz group they belong to.

2.3 Supersymmetry

Supersymmetry is a symmetry of systems that exhibit a transformation be-

tween bosons and fermions that leaves the theory invariant. As a global

symmetry, the existence of a conserved charge, called supercharge, follows

from Noether’s theorem. The most basic example of supersymmetry can be
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Preliminaries

found in a 2D theory with a massless Majorana-Weyl4 (MW) spinor and a

scalar,

S =
∫

d2z
(

∂ϕ∂ϕ + ψ∂ψ
)

. (2.13)

This theory is invariant (on-shell) under the spinor valued transformation,

δϵϕ = ϵψ

δϵψ = ϵ∂ϕ
(2.14)

In this case, there will be only one supercharge Q in the same representation

as the spinor field ψ following the algebra {Q, Q} = 2P, where P is the

generator of translations. This illustrative example can be generalized to

the case of D dimensions and N supercharges. These supercharges will

follow the algebra,

{Qi, Qj} = 2δijΓµPµ, (2.15)

where Qj = Q†
j Γ0, and Γµ are the gamma matrices suitable to the represen-

tation of Qi, and i, j = 1, . . . ,N

The number of components carried by Qi represents the amount of con-

served supercharges of the theory. Assuming these supercharges are Weyl

spinors, and D = 2ν, each Qi would have 2ν real components, for a total of

2νN supercharges.

There is an extra internal symmetry between the supercharges called R-

symmetry. It is given by the index i of the supercharges. In our case, we will

make a slight abuse and say that the R-symmetry is SO(n), while in reality

it is its double cover Spin(n), and the indices of supercharges in Spin(n)

will be spinor indices of the spin group.

Now imagine that we want to write a theory containing a massless vec-

4In D = 2 and D = 10 we can impose both a Majorana and Weyl condition in order to
have effectively real Weyl spinors. Details can be found in Appendix A
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2.3 Supersymmetry

tor and a massless fermion. Massless vectors in D = 2ν dimensions have

D − 2 degrees of freedom, while Weyl fermions have 2ν−1. In D = 10 it

turns out that fermions can be Majorana and Weyl at the same time, so the

number of components gets further reduced to 2ν−2. Equating these quan-

tities, we find that N = 1 supersymmetry without extra boson fields can

only be realized in D = 10, and for D > 10, we would need spin 2 fields

to be able to match degrees of freedom. This is what we will call maximal

supersymmetry, the case where only one supercharge pairs a fermion to a

boson of a particular spin value supersymmetrically.

Maximally supersymmetric gauge theories will then have 16 supercharges

and in this thesis will all come from dimensional reduction of D = 10 N = 1

Super Yang-Mills (SYM). Maximal supergravity has 32 supercharges and

come naturally from D = 11 N = 1 supergravity.

For example, Superstring Theory in a Minkowski background has 2 su-

percharges Q+, Q−, which are MW spinors in D = 10 of opposite chiralities.

Each of them has 16 real components, for a total of 32 supercharges.
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3. Open string spectrum

In this chapter we will describe the spectrum of D-brane systems in the con-

text of type IIB String Theory. In type IIB only odd p branes exist. We start by

discussing single brane spectra, and then move on to general brane configu-

rations. We conclude with a D9-brane and the D1/D5 systems as examples.

3.1 Dp-Dp spectrum

Consider a single D9-brane, i.e., strings with Neumann boundary condi-

tions in every direction. The NS vacuum is a scalar |0⟩ := |0⟩NS, while the

R vacuum is a 10D MW spinor |a⟩ := |a⟩R of + chirality. The massless spec-

trum can be found from the mass formula 2.4 and setting M2 = 0. This

leads to the modes bµ
−1/2|0⟩ and |a⟩, which follow the 10 and 16s of SO(1, 9).

As we discussed in the last chapter, a Dp-brane is not symmetric under

the full 10D Lorentz group (unless p = 9). This breaks the Lorentz group

SO(1, 9) → SO(1, p)⊗ SO(9 − p). In terms of the representation theory of

the spectrum, in the closed string we found that the states arranged them-

selves into representations of the Lorentz group SO(1, 9), but in a Dp-brane,

they will be arranged into representations of SO(1, p)⊗ SO(9 − p).

The D9 brane spectrum contains a 10D vector and MW spinor. The rest

of the single Dp-brane spectra can be computed from the D9 spectrum by

dimensional reduction. For the vector, the index µ = 0, ..., 9 splits into

two indices a = 0, ..., p and i = p + 1, ..., 9, so that a vector bµ
−1/2|0⟩ →

(ba
−1/2|0⟩, bi

−1/2|0⟩). The components with an a index are vectors of SO(1, p),

but are singlets under SO(9 − p), while components with an i index are the

inverse. These fall into the (p + 1, 1) and (1, 9 − p) respectively.

The dimensional reduction of spinor representations is outlined in detail

in Appendix A. In short, the basis for the D9 R vacuum can be written as
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3.1 Dp-Dp spectrum

|s0, s1, s2, s3, s4⟩ with the chirality condition 25 ∏ si = +1. Upon dimension-

ally reducing, the index i splits leading to |s0, . . . , s(p+1)/2−1⟩⊗ |s(p+1)/2, . . . , s4⟩.
The chirality condition for the 10D spinor splits into independent conditions

for the (p + 1)D spinor and the (9 − p)D, effectively splitting the + chiral-

ity into (+,+) and (−,−). The dimensionally reduced spinors fall into the

(2(p+1)/2−1
s, 2(9−p)/2−1

s) and (2(p+1)/2−1
c, 2(9−p)/2−1

c) of SO(1, p)⊗SO(9−
p).

These expressions are a bit unwieldy, so we will specify the results to the

case of a dimensional reduction of the D9 spectrum to the D5 spectrum,

SO(1, 9) → SO(1, 5)⊗ SO(4),

10 → (6, 1)⊕ (1, 4),

16s → (4s, 2s)⊕ (4c, 2c).

(3.1)

In terms of a 6D theory with SO(1, p) Lorentz group and SO(4) internal

symmetry, the 10D vector reduced to a 6D vector, and 4 scalar. The 10D +

chiral spinor reduced to 2 + and 2 − chiral 6D spinors.

This concludes the discussion of single Dp-branes, but this analysis can

be generalized to a stack of branes in a straightforward manner. Stacking

several branes on top of each other adds a Chan-Paton factor to both string

endpoints, which labels the adjoint representation of U(Np), and can be

seen as a gauge symmetry. Thus, the full spectrum is classified under the

group, schematically SO(1, p)⊗ SO(9 − p)⊗ U(Np).

Lastly, we can count on-shell degrees of freedom to make sure the spec-

trum is supersymmetric as a sanity check. Let us consider a single D5-brane,

for which we already know the spectrum from 3.1. By on-shell we refer to

adopting light-cone gauge, meaning that the Lorentz group reduces to the

little group. For massless particles this is SO(1, 5) → SO(4), effectively

identifying 2 degrees of freedom for the vector, and specifying a s0 eigen-

value for the spinor, as we saw in Section 2.1. Scalars have the same on-shell
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Open string spectrum

and off-shell degrees of freedom, thus,

(6, 1) → (4, 1),

(1, 4) → (1, 4),

(4s, 2s) → (2s, 2s),

(4c, 2c) → (2c, 2c).

This spectrum will be on-shell supersymmetric if the number of bosonic

degrees of freedom are equal to the number of fermionic degrees of free-

dom. We count 4 from each the vector and scalar, and 2 from each of the

4 fermions, for a total of 8 bosonic and 8 fermionic degrees of freedom. In-

deed, the spectrum is still supersymmetric.

3.2 Dp-Dp’ strings

Now consider two D-branes of dimensions p and p′, and a string stretching

from one brane to the other. In general, some directions will have the pure

boundary conditions, i.e. DD or NN, while some will have mixed boundary

conditions, i.e. DN or ND. This is illustrated in Figure 3.1.

Figure 3.1: Schematic representation of a stack of Dp branes and a single Dp’
brane with strings attached. The blue string will have the same boundary con-
ditions in all directions while the green string will have mixed conditions in
some. Figure taken from [9].

We already know what happens in the directions where there are pure
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3.2 Dp-Dp’ strings

boundary conditions. In the DD and NN directions, we will have an ex-

pansion in Fourier modes equivalent to 2.11. In the case of mixed boundary

conditions, an interesting phenomenon happens. Consider a bosonic degree

of freedom, and let us omit the space-time index for brevity. Assume that it

has N boundary conditions in one endpoint and D in the other. This is,

N: ∂σX(τ, σ)|σ=0 = 0,

D: ∂τX(τ, σ)|σ=π = 0.
(3.2)

We again start from the Fourier mode expansion of the closed string 2.8, and

the boundary conditions read,

N:

√
α′

2 ∑
r
(ar − ãr) = 0,

D: α′p +

√
α′

2 ∑
r

(
are−irπ + ãreirπ

)
= 0.

(3.3)

First, from the D condition we see that in mixed directions, the strings can-

not carry momentum. The solution to the first equation is the usual N con-

dition ar = ãr. If we apply this condition to the D condition, we arrive at

cos(rπ) = 0, which can only be solved if r ∈ Z + 1/2. So for a bosonic

coordinate, the mixed boundary conditions shift the modes by 1/2. The

boundary conditions modify the fermionic modes in the same way, so br

will be r ∈ Z in the NS sector and r ∈ Z + 1/2 in the R sector.

In the end we are most interested in the massless spectrum. The mass

formula for any excitation of the string will still be given by 2.4, but with a

modified normal ordering constant a. Let us consider the case of ν mixed

directions, and 10 − ν pure directions. The zero point contributions from

each type of field are [10], where the X row represents the 0 point contribu-

DD/NN DN/ND
X -1/24 1/48

NS -1/48 1/24
R 1/24 -1/48

tions from bosonic degrees of freedom in directions with either DD/NN or

DN/ND conditions. The NS and R rows represent the analogous quantities
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Open string spectrum

for fermions of those sectors.

To calculate the zero point energies, we need to fix a gauge. If we go to

lightcone gauge using 2 of the NN directions, we would have 8− ν DD/NN

contributions and ν DN/ND contributions. With all this in mind, the calcu-

lation of a is straightforward for both the R and NS sector. For the R sector,

aR =

(
− 1

24
+

1
24

)
(8 − ν) +

(
1

48
− 1

48

)
ν = 0, (3.4)

while for the NS sector,

aNS =

(
− 1

24
− 1

48

)
(8 − ν) +

(
1

48
+

1
24

)
ν = −1

2
+

ν

8
. (3.5)

We see that there is a special case for ν = 4. In that case, both zero point

energies will vanish aR = aNS = 0. Thus, both vacuums are massless, and

any excitation of the vacuum will have a positive mass.

3.3 D1/D5 spectrum

We now know the case ν = 4 is a very special case of brane system, so to

study it further, we should consider a specific example of such a system.

The particular D1/D5 system we consider in this thesis is of great impor-

tance because it was the first example of a brane system dual to a black

holes. The black hole thermodynamics can be studied through the CFT of

the intersection world-volume of the brane system, and a lot can be under-

stood through the study of the spectrum.

First, let us define the system. Consider a stack of N5 D5 branes covering

the x5, x6, x7, x8, x9 directions. Next, consider a stack of N1 D1 branes laying

inside the D5 stack in the x5 direction. Table 3.1 gives a summary of what

was described.

0 1 2 3 4 5 6 7 8 9
D1 - . . . . - . . . .
D5 - . . . . - - - - -

Table 3.1: Schematic representation of the D1/D5 system.
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3.3 D1/D5 spectrum

As we can see, the number of mixed directions is ν = 4, so from equation

3.5, the zero point energy of the NS sector of 1-5 and 5-1 string vanishes.

Then, the massless spectrum of excitations of these strings will be both the

R vacuum and the NS vacuum. Take for instance a 1-5 string, meaning that

the endpoint at σ = 0 lays in the D1 brane, while the one at σ = π lays in

the D5 brane. The massless modes will be generated by,

NS: bi
0, i = 6, 7, 8, 9

R: bM
0 , M = 0, 1, 2, 3, 4, 5

(3.6)

Both of these sectors generate Clifford algebras separately of the respective

subgroups of SO(1, 9). At first glance, we could think the important sub-

group is SO(1, 5)⊗ SO(4) ⊂ SO(1, 9), but the SO(1, 5) is not a symmetry of

the system, because in x0, x5 we have NN conditions, and in x1, x2, x3, x4,

D conditions. Let’s define an index α = 0, 5 and m = 1, 2, 3, 4 for the

SO(1, 1) and SO(4)E symmetries respectively. The full symmetry group is

then SO(1, 1)⊗ SO(4)E ⊗ SO(4)I ⊂ SO(1, 9), where the subindices indicate

the directions x1, x2, x3, x4 for E and x6, x7, x8, x9 for I.

According to this splitting, the Clifford algebras of Equations 3.6 gen-

erate spinors of SO(1, 5) and SO(4)I respectively, let us define them as |a⟩R

and |a⟩NS respectively. The SO(1, 5) spinor then splits into various SO(1, 1)⊗
SO(4)E, which in an abuse of notation1 we will define as |a⟩05 ⊗ |a⟩1234. The

representations these spinors follow can be derived from the GSO projec-

tion. The projection on either the NS or R sector will have the same shape

as outlined in 2.5,

PGSO =
1
2
(
1 + Γ

)
, (3.7)

where this operator Γ will be defined differently in each sector to respect the

condition
{

Γ, bµ
r
}
= 0, with r in the respective range.

1In this section we give the name a to a generic spinor index regardless of the repre-
sentation. It is enough to know which Clifford algebra, bα

0 , bm
0 or bi

0 generates the spinor,
and the GSO projection will tell us which Weyl components of the spinors survive.
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Open string spectrum

In the NS sector, we can start by defining the fermion counting operator,

F = ∑
r∈N+1/2

(b−r)
M(br)M + ∑

r∈N+1
(b−r)

i(br)i. (3.8)

So that (−1)F anticommutes with all bµ
r , r > 0. For the r = 0 modes, there

exists an anticommuting operator, Γ4
c = (−i)2Γ6Γ7Γ8Γ9, that anticommutes

as,

{
Γ4

c , bi
0

}
= 0. (3.9)

This is precisely the chirality operator on SO(4)I . Then, the GSO projection

can be defined by the operator Γ = Γ4
c(−1)F, and as such, the NS vacuum

will satisfy the equation Γ|a⟩NS = Γ4
c |a⟩NS = |a⟩NS. We read from this that

the NS vacuum is a chiral SO(4)I spinor in the 2s, while being a singlet in

SO(1, 1)⊗ SO(4)E.

We can repeat the same story for the R sector. In this case, the problem

comes from the M = 0, 1, 2, 3, 4, 5 directions. The fermion counting operator

is now,

F = ∑
r∈N+1

(b−r)
M(br)M + ∑

r∈N+1/2
(b−r)

i(br)i, (3.10)

And to make Γ anticommute with all fermionic modes we need to multiply

(−1)F by Γ6
c = (−i)3Γ0Γ1Γ2Γ3Γ4Γ5. This is the chirality operator of SO(1, 5),

which can be split as,

Γ6
c = (−i) (Γ0Γ5) (−i)2 (Γ1Γ2Γ3Γ4) = Γ2

c(Γ
4
c)

′, (3.11)

where Γ2
c = (−i) (Γ0Γ5) is the chirality matrix in the x0, x5 directions and

(Γ4
c)

′(−i)2 (Γ1Γ2Γ3Γ4) is the chirality matrix in the x1, x2, x3, x4 directions.

Again, Γ6
c anticommutes with all the fermionic zero modes of the R sec-
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3.3 D1/D5 spectrum

tor,

{
Γ6

c , bM
0

}
= 0, (3.12)

so the operator Γ = Γ6
c(−1)F anticommutes with all the fermionic modes

of the R sector. The GSO projection on the R vacuum is equivalent to the

equation Γ6
c |a⟩R = |a⟩R, so Γ2

c |a⟩05 ⊗ Γ4
c |a⟩1234 = |a⟩05 ⊗ |a⟩1234, which de-

fines the possible chiralities of the spinor as (+,+) and (-,-). The R vacuum

can be seen as the dimensional reduction of the 4s of SO(1, 5), and follows

the (1s, 2s) + (1c, 2c) of SO(1, 1)⊗ SO(4)E.

Let us summarize the 1-5 massless spectrum in a few lines. First, both

the R and NS sector vacua are massless because their zero point energies

vanish when ν = 4. Both vacua are spinors because the fermionic zero

modes bi
0 and bM

0 generate Clifford algebras. The GSO projection works

similarly as in the single brane, picking chiralities in the vacua. In this case,

the chiralities are both positive, but in the R sector, the spinor lives in a space

with broken symmetry SO(1, 5) → SO(1, 1)⊗ SO(4)E, so it is dimensionally

reduced accordingly. The results can be summarized as representations of

SO(1, 1)⊗ SO(4)E ⊗ SO(4)I ,

NS: (1s, 2s, 1)⊕ (1c, 2c, 1) (3.13)

R: (1, 1, 2s) (3.14)

Note that the 5-1 strings will produce the same zero modes, so that the vac-

uum will be identical.

The only missing piece for a full description of the D1/D5 massless spec-

trum is the 1-1 and 5-5 massless spectrums. We already know that these

come from the dimensional reduction of the 10 and the 16s of SO(1, 9).

The only difference with the spectrum discussed in Section 3.1 is that now

the symmetry group is broken down from SO(1, 5)⊗ SO(4)I to SO(1, 1)⊗
SO(4)E ⊗ SO(4)I .
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Open string spectrum

In the 5-5 NS sector we have bosons that split as,

bµ
−1/2|0⟩NS =

(
bα
−1/2|0⟩NS, bm

−1/2|0⟩NS, bi
−1/2|0⟩NS

)
, (3.15)

which we can see as 3 components that follow the (2, 1, 1), (1, 4, 1) and

(1, 1, 4) respectively.

In the R sector we have a spinor in the 16s of SO(1, 9) that breaks into the

(1s, 2s, 2s) + (1s, 2c, 2c) + (1c, 2s, 2c) + (1c, 2c, 2s), according to the chirality

eigenvalues of Γ11 = Γ2
c(Γ4

c)
′Γ4

c . In short, the + chirality turns into all posible

combinations of (±,±,±) that multiply up to +.

The 1-1 massless spectrum is perfectly equivalent. In the end, the full

D1/D5 spectrum can be written as,

1-1 strings 5-5 strings 1-5 strings
Bosonic (2, 1, 1) + (1, 4, 1) + (1, 1, 4) (2, 1, 1) + (1, 4, 1) + (1, 1, 4) 2(1, 1, 2s)

Fermionic (1s, 2s, 2s) + (1s, 2c, 2c)+ (1s, 2s, 2s) + (1s, 2c, 2c)+ 2(1s, 2s, 1) + 2(1c, 2c, 1)
(1c, 2s, 2c) + (1c, 2c, 2s) (1c, 2s, 2c) + (1c, 2c, 2s)

Table 3.2: Massless spectrum of the D1/D5 system before projecting charged
states.

As a last comment, we should calculate how much supersymmetry this

spectrum has. We count the supercharges in terms of right or left moving

spinors of SO(1, 1). These supercharges are carried by the fermionic repre-

sentations of the spectrum, and the R-symmetry group will necessarily be a

subgroup of SO(4)E ⊗ SO(4)I .

Just considering the 1-1 string, and counting the number of fermions, we

see that this subsector of the spectrum allows for the full SO(4)E ⊗ SO(4)I

to be the R-symmetry. Thus, we count 8 left moving supercharges fol-

lowing (1s, 2s, 2s) + (1s, 2c, 2c), and 8 right moving supercharges following

(1c, 2c, 2s) + (1c, 2s, 2c). So in total, we say this system has N = (8, 8)2, for

a total of 16 supercharges, as it should be since this is the same as the spec-

trum of a single D1 brane, which we know to be maximally supersymmetric

SYM.

We could consider the same case for just the 5-5 sector, but the conclu-

2This notation means 8 right moving and 8 left moving supercharges.
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3.3 D1/D5 spectrum

sion is the same, it has 16 supercharges and is a multiplet of maximal SYM.

The interesting bit comes from the 1-5 and 5-1 strings, which cannot carry

as many supercharges since there are not enough degrees of freedom. In-

stead, this sector only allows for supercharges following the (1s, 2s, 2s) and

(1c, 2c, 2s) for a total of 8 supercharges, or N = (4, 4).

A heuristic explanation of these 8 supercharges can be made if we think

of the representations as indices. If we want to transform the (1s, 2s, 1) into

the (1, 1, 2s), we first need a spinor index in the 1s in the x0, x5 directions

to contract with the first 1s of the spinor to make it a scalar. Then we need

a 2s index in the x1, x2, x3, x4 directions to contract it with the second com-

ponent 2s to make it another scalar. Lastly, we need a free 2s index in the

x6, x7, x8, x9 directions to match the free 2s index of the boson. This very

wordy explanation can be summarized as,

(1s, 2s, 1)

1s

y 2s

y 2s

y
(1, 1, 2s)

For the other fermion of this sector, the transformation works similarly,

(1c, 2c, 1)

1c

y 2c

y 2s

y
(1, 1, 2s)

Thus, the full D1/D5 system only preserves 8 supercharges in the form

N = (4, 4), or more explicitly, (1s, 2s, 2s) + (1c, 2c, 2s).
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4. Orbifolds

String Theory can be defined on a vast number of different target spaces,

that can be classified as Calabi-Yau spaces [11]. Smooth Calabi-Yau mani-

folds are a good tool, but since we don’t have a metric in general, the best

we can do is obtain topological results. We can consider toroidal compact-

ification, which is a special case of Calabi-Yau manifold, and String Theory

on these target spaces is an exactly solvable theory [12]. The problem now is

that toroidal compactification does not produce phenomenologically plau-

sible results, because tori preserve all supercharges of the flat non-compact

background [13].

The next thing to consider is singular Calabi-Yau spaces for compactifi-

cation because they can break supersymmetry [14], but again we run into

the issue of not knowing the metric for these spaces. Toroidal orbifolds are

to singular Calabi-Yau spaces the equivalent of tori to smooth Calabi-Yau

spaces. Their metric is flat, and their construction requires only knowledge

about the discrete symmetry group of tori.

The effect of orbifold compactification is to project states that are not

invariant under the discrete group with which we construct the orbifold.

This process can break supersymmety, and was first introduced in [15] for

toroidal orbifolds.

In order to understand singular Calabi-Yau spaces as a compactification

scheme in general, it is a good idea to focus our effort first in the case of

toroidal orbifolds.

4.1 Orbifold compactification

We are interested in target spaces of the type,

R1,4 × S1 × T4. (4.1)
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4.1 Orbifold compactification

Consider the world-sheet scalars XM = (Xµ, Z, Ym) with indices according

to the decomposition of the target space above M = 0, . . . , 9, µ = 0, 1, 2, 3, 4,

m = 1, 2, 3, 4. We can arrange the coordinates along the torus directions as,

W i =
1√
2
(Y2i−1 + iY2i), i = 1, 2. (4.2)

The torus structure is contained in each complex torus coordinate as an

identification of the type W i ∼ W i + 1 ∼ W i + τi, where τ ∈ C is the

complex structure of the torus. The scalars split on-shell into left and right

movers as,

W i(τ, σ) = W i
L(τ + σ) + W i

R(τ − σ). (4.3)

It is now apparent that there can be 4 independent Zp rotations acting on

each of the torus coordinates that we have split into right and left movers.

W1
L → e2πiũ3/pW1

L

W1
R → e2πiu3/pW1

R

W2
L → e2πiũ4/pW2

L

W2
R → e2πiu4/pW2

R,

(4.4)

The S1 coordinate will be identified with a shift, Z ∼ Z + 2πr/p, mak-

ing the orbifold freely acting. A freely acting orbifold is an orbifold with

no fixed points, so it has no singularities. In this case, even if the T4/Zp

has singular points, for example at the origin, the S1/Zp coordinate always

shifts, leaving no point in (S1 × T4)/Zp invariant.

This story is not complete, as we should have introduced the discrete

symmetry as a subgroup of the T-duality group of the 4-torus SO(4, 4; Z).

This T-duality group rotates between left and right moving coordinates of

the torus, but in this thesis we focus on the open string, which has no con-

cept of right/left movers. The rotations SO(4; Z) ⊂ SO(4, 4; Z) suffice. The

detailed derivation of the allowed values of the parameters ui and ũi are

contained in [2], [16] and the integers are characterized by mass parameter
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mi,

2πũ3

p
= m1 + m3,

2πu3

p
= m2 + m4,

2πũ4

p
= m1 − m3,

2πu4

p
= m2 − m4.

(4.5)

Notice that the mass parameters may not be equal in certain cases. When the

right movers and left movers are rotated in equivalent ways, i.e. m1 = m2

and m3 = m4, we refer to the orbifold as a symmetric orbifold. Whereas if

they rotate inequivalently, we say it is a symmetric orifold.

Only some values of p are actually allowed for 4-tori, because not ev-

ery rotation leads to the same complex structure. In our case, we want to

restrict to orbifolds that can preserve some supercharges, so we restrict to

p = 2, 3, 4, 6, 12.

In order to fully characterize the action of the orbifold on the massless

spectrum of the superstring, we still need to know the charges the R vacuum

(the NS vacuum is a space-time scalar, so it is uncharged by definition, and

the vectors are charged according to 4.4).

Take a basis element |s0, s1, s2, s3, s4⟩L/R of the R vacuum. The eigenval-

ues si = ±1/2, i = 1, 2, 3, 4, by construction, are eigenvalues of the SO(2)

rotations of the plane (2i, 2i+ 1). Since the orbifold acts precisely as separate

discrete subgroups of these SO(2) rotations for both left and right movers,

we can conclude that the orbifold action on spinors is,

|s0, s1, s2, s3, s4⟩L → e2πi(ũ1s3+ũ2s4)|s0, s1, s2, s3, s4⟩L, (4.6)

|s0, s1, s2, s3, s4⟩R → e2πi(ũ3s3+ũ4s4)|s0, s1, s2, s3, s4⟩R. (4.7)
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By specifying values for s3 and s4 we can find the charges of the different

spinor components. For the left moving R vacuum the charges are,

s3 s4 Charge
1/2 1/2 m1
1/2 -1/2 −m3
-1/2 1/2 −m3
-1/2 -1/2 −m1

Table 4.1: Charges under the orbifold group action of the left moving R vac-
uum depending on the values of s3 and s4.

while for the right moving R vacuum they are,

s3 s4 Charge
1/2 1/2 m2
1/2 -1/2 −m4
-1/2 1/2 −m4
-1/2 -1/2 −m2

Table 4.2: Charges under the orbifold group action of the left moving R vac-
uum depending on the values of s3 and s4.

We are ready to give all the charges of the NS and R massless states,

Sector State L charge R charge

NS

b1
−1/2|0⟩ m1 + m3 m2 + m4

b
1
−1/2|0⟩ −(m1 + m3) −(m2 + m4)

b2
−1/2|0⟩ m1 − m3 m2 − m4

b
2
−1/2|0⟩ −(m1 − m3) −(m2 − m4)

R

|s0, s1, s2,+1/2,+1/2⟩ m1 m2
|s0, s1, s2,−1/2,−1/2⟩ −m1 −m2
|s0, s1, s2,−1/2,+1/2⟩ m3 m4
|s0, s1, s2,−1/2,−1/2⟩ −m3 −m4

Table 4.3: Here we outline all the massless states of the NS and R sector that
are charges non-trivially under the orbifold action. The NS vector modes bi

−1/2

and b
i
−1/2 come from the expansion of W i

L/R, thus they are charges in the same
way as the torus coordinates. The R vacuum is charged according to Tables 4.1
and 4.2.

We can notice that only 2 aspects mattered to find out how all these ob-

jects were charged by the orbifold action. First, we need to know if the state

is left or right moving. Second, since the orbifold action acts as discrete
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SO(4) rotations in the torus directions of the Lorentz group SO(1, 9), we

only need to know which representation of the Lorentz group the state fol-

lows, and we will automatically know how it is charged under the orbifold

action.

To make contact with representation theory, we can take the states from

Table 4.3, and analyze which representations they follow. The vector com-

ponents come from W i rotate naturally under SO(2) × SO(2) ⊂ SO(4),

in which each SO(2) = U(1) component rotates W1 or W2 independently

through a phase. As such, we say that W1 follows the (2, 1) and W2 follows

the (1, 2).

The R vacuum states have already been identified in 3.1. Half of the

components of the R vacuum follow the 2s of SO(4), and the other half the

2c. The first kind comes from a + chiral spinor in the torus directions, thus

s3 = s4 = ±1/2, and the second comes from a − chiral spinor, s3 = −s4 =

±1/2. From this description, we can read the charges of the different SO(4)

representations, which can be summarized as,

SO(4) rep L charge R charge
(2, 1) m1 + m3 m2 + m4
(1, 2) m1 − m3 m2 − m4

2s m1 m2
2c m3 m4

Table 4.4: Orbifold charges for relevant representations of the subgroup of the
Lorentz group corresponding to the torus SO(4) ⊂ SO(1, 9).

4.2 Branes in orbifold backgrounds

Building D-branes on orbifold backgrounds is not as easy as one could have

expected. The orbifold action may break the boundary conditions of the

open strings attached to the D-brane, forbidding it from existing in the the-

ory. As we will see in the following, both the D1 and D5 branes we are

interested in can survive if we restrict our study to symmetric orbifolds.

First, consider the general scenario of a single Dp-brane as discussed in

2.2, that is extended in the xa, a = 0, . . . , p directions and point-like in the xi,
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4.2 Branes in orbifold backgrounds

i = p + 1, . . . , 9 directions. We introduced the conditions on the open string

modes that enable us to define Dp-branes,

aa = ãa, (4.8)

if the boundary conditions were Neumann, or

ai = −ãi, (4.9)

if they were Dirichlet. The a and i indices are in the vector representation

of the corresponding subgroups SO(1, p) and SO(9 − p) of SO(1, 9). The

Dp-brane corresponding to these boundary conditions will be able to exist

in the orbifold background if the boundary conditions are respected by the

orbifold group action.

As the orbifold group action only charges the T4 directions, we can re-

strict the study of the boundary conditions to these directions. First, taking

the complex coordinate definition 4.2, we define the modes,

wi =
1√
2
(a2i−1 + ia2i), (4.10)

w̃i =
1√
2
(ã2i−1 + iã2i). (4.11)

The orbifold action on these complex modes is as in 4.4. We can use equa-

tions 4.5 to translate between the ui, ũi to m1, m2, m3 and m4 parameters,

wi → ei(m1±m3)wi,

w̃i → ei(m2±m4)w̃i,
(4.12)

where the i = 1 takes the +, and i = 2, the − sign.

Now, take for instance the first left moving complex coordinate w1 and

left moving w̃1. If the brane we wanted to construct had only N or D condi-

tions on this T2, say a1 = ±ã1 and a2 = ±ã2, this translates as w1 = ±w̃1.

In the other hand, if we had mixed conditions on these directions, a1 = ±ã1

and a2 = ∓ã2, they would imply w1 = ±w̃1.1

1The overline represents complex conjugation.
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Since the orbifold action is a phase on the complex modes, the only dif-

ference between different brane constructions will be if they imply complex

conjugation in the boundary conditions. This leads to essentially 4 differ-

ent cases that we can treat without loss of generality. The cases work in the

same way if we exchange D and N conditions, sin it will just imply sign

flips.

Case 1: We consider a brane that has N boundary conditions along all

directions of the torus. Thus, w1 = w̃1 and w2 = w̃2. The group action on

these conditions is, ei(m1+m3)w1 = ei(m2+m4)w̃1

ei(m1−m3)w2 = ei(m2−m4)w̃2
(4.13)

From which we extract the condition on the mass parameters,m1 = m2

m3 = m4

(4.14)

This is what is known as a symmetric orbifold, one in which the left and

right movers are rotated in the same manner. The D1 and D5 branes defined

in Table 3.1 are examples that follow this case.

Case 2: We consider a brane with N conditions in the x6, x8 directions,

and D in the x7, x9 directions. In this case w1 = w̃1 and w2 = w̃2. The group

action on these conditions is,e−i(m1+m3)w1 = ei(m2+m4)w̃1

e−i(m1−m3)w2 = ei(m2−m4)w̃2
(4.15)

From which we extract the condition on the mass parameters,m1 = −m2

m3 = −m4

(4.16)

This is the definition of an anti-symmetric orbifold. The right movers rotate
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4.2 Branes in orbifold backgrounds

with opposite phase from the left movers.

The last two cases are not particularly useful for this thesis but are left

here for the sake of completeness. There is no special name for the orbifolds

that allow these kinds of branes.

Case 3: We consider branes with N conditions in the x6, x7 and x8 direc-

tions, and D in the x9. Thus, w1 = w̃1 and w2 = w̃2. The group action on

these conditions is, ei(m1+m3)w1 = ei(m2+m4)w̃1

e−i(m1−m3)w2 = ei(m2−m4)w̃2
(4.17)

From which we extract the condition on the mass parameters,m1 = m4

m2 = m3

(4.18)

Case 4: For the last case, we consider branes with N conditions over

x6, x8 and x9, and D over x7. Thus, w1 = w̃1 and w2 = w̃2. The group action

on these conditions is,e−i(m1+m3)w1 = ei(m2+m4)w̃1

ei(m1−m3)w2 = ei(m2−m4)w̃2
(4.19)

From which we extract the condition on the mass parameters,m1 = −m4

m2 = −m3

(4.20)

In the following section we will study in more detail the D1/D5 system de-

fined in Table 3.1, and as we have seen in Case 1, only symmetric orbifolds

allow the branes in that system. The D1 brane has D condition on all direc-

tion of the torus, while the D5 has N conditions on all. Thus, we will restrict

to m1 = m2 and m3 = m4 for the rest of the thesis.
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4.3 Orbifold group action on the spectrum of the

D1/D5 system

The effect of orbifolding on the spectrum of a theory projects out states that

are not invariant under the orbifold action, gauging away the global sym-

metry that defined the orbifold in the first place [14]. It was discovered

that for freely acting orbifolds, this process happens through a Higgs-like

mechanism that gives mass to states charged under the obrifold action [2]

(thus the name mass parameters). So in this chapter, whenever we speak of

the orbifold projection, we actually mean that the charged states acquire a

mass, thus getting effectively projected out of the massless spectrum.

In this section we will study the resulting spectrum of the D1/D5 sys-

tem defined in Table 3.1 after orbifolding the target space. The field content

will lead us to discover the amount of supercharges in the orbifolded the-

ory, from which we will read and classify the remaining supersymmetry for

different orbifolds.

First, let us summarize the results of section 3.3. Note that the notation

(·, ·, ·) labels the representations under SO(1, 1)× SO(4)E × SO(4)I in that

order.

1-1 strings 5-5 strings 1-5 strings
Bosonic (2, 1, 1) + (1, 4, 1) + (1, 1, 4) (2, 1, 1) + (1, 4, 1) + (1, 1, 4) 2(1, 1, 2s)

Fermionic (1s, 2s, 2s) + (1s, 2c, 2c)+ (1s, 2s, 2s) + (1s, 2c, 2c)+ 2(1s, 2s, 1) + 2(1c, 2c, 1)
(1c, 2s, 2c) + (1c, 2c, 2s) (1c, 2s, 2c) + (1c, 2c, 2s)

Table 4.5: Massless spectrum of the D1/D5 system before projecting charged
states.

Case 1: mi = 0, corresponds to the spectrum in 4.5, so the spectrum

has N = (4, 4), or 8 supercharges. The full supersymmetry of the original

spectrum is preserved, as expected, since this orbifold is just the plain torus.
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Case 2: m1 = m2 = 0 and m3 = m4 ̸= 0. In this case, all representations

containing the 2c or 4 of SO(4)I are projected out. This projection leads to

the following spectrum,

1-1 strings 5-5 strings 1-5 strings
Bosonic (2, 1, 1) + (1, 4, 1) (2, 1, 1) + (1, 4, 1) 2(1, 1, 2s)
Fermionic (1s, 2s, 2s) + (1c, 2c, 2s) (1s, 2s, 2s) + (1c, 2c, 2s) 2(1s, 2s, 1) + 2(1c, 2c, 1)

Counting states in each sector of the spectrum we see that supersymme-

try can still be present and the supercharges will be in the (1s, 2s, 2s) and

(1c, 2c, 2s), since all sectors allow for these supercharges. The supersymme-

try is then the unbroken N = (4, 4) supersymmetry, or 8 supercharges. The

supercharges will be in the (1s, 2s, 2s) and (1c, 2c, 2s)

Case 3: m1 = m2 ̸= 0 and m3 = m4 = 0. This case is similar to the

previous but now the 2c survives, and the 2s is the one projected out.

1-1 strings 5-5 strings 1-5 strings
Bosonic (2, 1, 1) + (1, 4, 1) (2, 1, 1) + (1, 4, 1) -
Fermionic (1s, 2c, 2c) + (1c, 2c, 2c) (1s, 2c, 2c) + (1c, 2c, 2c) 2(1s, 2s, 1) + 2(1c, 2c, 1)

In this case, just looking at the 1-5 sector we notice that only fermions

survive. This is a clear indication that all supercharges were broken, as the

superpartners of the 1-5 fermions are not in the spectrum anymore. The

remaining supercharges are N = (0, 0).

Case 4: m1 = m2 ̸= 0 and m3 = m4 ̸= 0, with m1 ̸= m3. In this case,

every object that is not a singlet under SO(4)I is charged under the orbifold

action.

1-1 strings 5-5 strings 1-5 strings
Bosonic (2, 1, 1) + (1, 4, 1) (2, 1, 1) + (1, 4, 1) -
Fermionic - - 2(1s, 2s, 1) + 2(1c, 2c, 1)

It is clear again that no supercharges remain in the theory. It was always

expected that turning all the mass parameters would break all supersym-

metry as it was already known for the closed string.

Case 5: m1 = m2 = m3 = m4 ̸= 0. In this special case when all param-

eters are equal, we see that we should split the representations according
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to SO(2)× SO(2) ⊂ SO(4)I . In this special case, half of the 4 of SO(4)I is

uncharged.

1-1 strings 5-5 strings 1-5 strings
Bosonic (2, 1, 1) + (1, 4, 1) + (1, 1, (1, 2)) (2, 1, 1) + (1, 4, (1, 2)) -
Fermionic - - 2(1s, 2s, 1) + 2(1c, 2c, 1)

Although the field content is enlarged in this case compared to the pre-

vious, again all supersymmetry is broken to N = (0, 0).

In conclusion, toroidal orbifold compactification can either preserve all

supercharges of the D1/D5 spectrum (Case 1 and 2), or break all SUSY (Case

3, 4 and 5). Even then, the spectra in each case are different from each other,

so the effects of the orbifold should be seen in the theories describing the

system. For instance, we can expect to see the effects of the orbifold in the

CFT describing the IR limit of the system, and thus a difference in the cen-

tral charge which we could compare to the SUGRA black holes dual to this

system.

As a last note, we want to remark that partial supersymmetry breaking

can happen on the single brane spectrum. If we consider for instance a D1

brane, its spectrum will be given by the first column of Table 4.5. Recall that

this system is maximal SYM, so it has 16 supercharges, or N = (8, 8). If we

now consider orbifolds of Case 2, we see that the supercharges following

the (1s, 2c, 2c) and (1c, 2s, 2c) are projected out, so the orbifolded spectrum

has half the supercharges of the original one, for a total of 8 supercharges,

or N = (4, 4). All the other cases of orbifolded spectrum of single D-branes

can be read from the tables of the D1/D5 spectrum if we focus of the 1-1 or

5-5 strings. Only the trivial orbifold preserves all supercharges, Case 2 and

Case 3 break half the SUSY, but have different R-symmetry since the SO(4)I

representation of the supercharges is 2s and 2c respectively. Case 4 and 5

break all SUSY as expected.
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In this chapter we will discuss the actions that correspond to the spectra dis-

cussed in Chapter 3. In the context of D-branes, string endpoints can move

through the world-volume of the brane. The massless excitations describe

p dimensional U(N) maximal SYM for a stack of N Dp-branes. Later on,

we will study the world-volume theory of the D1/D5 system, this will be a

gauge theory on the intersection of the two branes, leading to a 2D action.

5.1 Gauge theory on a brane stack and dimensional

reduction

There is a straight forward way of deriving the SYM action for the world-

volume theory of the Dp-brane fields. We can start by introducing the DBI

action for a single Dp-brane in a bosonic theory [17],

S = −Tp

∫
dp+1ξ e−ϕ

√
−det(Gαβ + Bαβ + 2πα′Fαβ), (5.1)

where the G, B and ϕ are the pullbacks of the 10D metric G, B field and

dilaton ϕ to the D-brane world-volume. And the indexes α, β = 0, . . . , p are

SO(1, p) vector indices. Meanwhile, F is the field strength tensor associated

to the gauge field Aα that represents the excitations of the brane in the trans-

verse direction. Basically, the endpoints of the strings attached to the brane

behave like gauge particles. Expanding to first order (and omitting factors

irrelevant to this discussion),

S = − 1
4g2

YM

∫
dp+1ξ

(
FαβFαβ +

2
(2πα′)2 ∂αXa∂αXa

)
+O(F4), (5.2)

from which we read a U(1) gauge theory in p + 1 dimensions with 9 − p

scalars coming from the directions a = p + 1, . . . , 9 perpendicular to the
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brane, with a YM coupling given by,

g2
YM =

1
4π2α′2τp

=
g√
α′
(2π

√
α′)p−2. (5.3)

The supersymmetric extension of the DBI action is possible to write but un-

necessary for this duscussion, because to first order it is effectively the su-

persymmetric completion of the previous action. The extension to multiple

coincident Dp-branes is also straightforward as we just need to consider

U(N) adjoint gauge fields instead of U(1).

Consider the case of a stack of N D9 branes. To first order, the world-

volume theory is D = 10, N = 1, U(N) SYM. We can absorb the coupling

gYM by redefinition of the fields so that it appears only in the covariant

derivative,

S =
∫

d10ξ

(
−1

4
Tr FµνFµν +

i
2

Tr ψ̄ΓµDµψ

)
. (5.4)

Here we see that the field content is a vector in the 10 and a MW spinor

in the 16s of SO(1, 9), in agreeance with the spectrum found on Chapter

3. Note that the gauge fields Aµ and the spinors ψ are both in the adjoint

representation of U(N), so the field strength will be,

Fµν = ∂µ Aν − ∂ν Aµ − igYM[Aµ, Aν], (5.5)

and the covariant derivative on the adjoint spinors will be,

Dµψ = ∂µψ − igYM[Aµ, ψ]. (5.6)

Dimensional reduction of the action 5.4 can be performed by assuming that

all coordinate dependence of the fields is on ξα with α = 0, . . . , p. In this case

the index µ is split into (α, a) with a = p + 1, . . . , 9, effectively splitting the

Lorentz symmetry group SO(1, 9) → SO(1, p)× SO(9 − p). All derivatives

∂a drop out of the action, and we are left with,

S =
1

4g2
YM

∫
dp+1ξ Tr (−FαβFαβ − 2(DαXa)2 + [Xa, Xb]2 + fermions). (5.7)
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The fermionic portion of the action deserves a careful treatment in order to

justify it splits as discussed in Chapter 3. In order to do this, it is convenient

to write the Gamma matrices in the chiral basis [18] and Wick rotate the time

component to be in Euclidean signature,

Γ0 = σ1 ⊗ σ1 ⊗ σ1 ⊗ σ1 ⊗ σ1,

Γ1 = σ1 ⊗ σ1 ⊗ σ1 ⊗ σ1 ⊗ σ2,

Γ2 = σ1 ⊗ σ1 ⊗ σ1 ⊗ σ1 ⊗ σ3,

Γ3 = σ1 ⊗ σ1 ⊗ σ1 ⊗ σ2 ⊗ 1,

Γ4 = σ1 ⊗ σ1 ⊗ σ1 ⊗ σ3 ⊗ 1,

Γ5 = σ1 ⊗ σ1 ⊗ σ2 ⊗ 1 ⊗ 1,

Γ6 = σ1 ⊗ σ1 ⊗ σ3 ⊗ 1 ⊗ 1,

Γ7 = σ1 ⊗ σ2 ⊗ 1 ⊗ 1 ⊗ 1,

Γ8 = σ1 ⊗ σ3 ⊗ 1 ⊗ 1 ⊗ 1,

Γ9 = σ2 ⊗ 1 ⊗ 1 ⊗ 1 ⊗ 1,

(5.8)

where σ1, σ2, σ3 are the Pauli matrices, and 1 is the 2x2 identity matrix.

Now, for a specific example, let us consider a free 10D Dirac spinor with

the action,

S =
∫

d10ξλ∂µ̂Γµ̂λ, (5.9)

with µ̂ = 0, ..., 9. Now dimensionally reduce by effectively dropping the ξ8

and ξ9 dependence of the spinor. We are left with,

S =
∫

d8ξλ∂µΓµλ, (5.10)

with µ = 0, ..., 8. Now, if we take a close look at the first 8 Gamma matrices

in the basis written in 5.8, we can see that they contain the full 8D Clifford

algebra as a subalgebra in the form,

Γµ = σ1 ⊗ Γ8
µ =

 0 Γ8
µ

Γ8
µ 0

 , (5.11)
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where Γ8
µ is the 8D Clifford algebra in Euclidean signature. Now, the 10D

chirality matrix is defined as Γ10
c = (−i)Γ0 . . . Γ9, and it is explicitly,

Γ10
c =

−1 0

0 1

⊗ 1 ⊗ 1 ⊗ 1 ⊗ 1. (5.12)

Thus, it is compatible with 5.11, in the sense that the 10D Dirac spinor splits

into its 16s and 16c Weyl components, and each follow the 8D free Dirac

equation. We can name the Weyl components λ+ and λ−, from which we

read,

S =
∫

d8ξ
(

λ−∂µΓ8
µλ− + λ+∂µΓ8

µλ+

)
. (5.13)

These 8D Dirac spinors can once again be split into their Weyl components

using Γ8
c = Γ8

0 . . . Γ8
8. The result is analogous to the previous,

λ− =

ϕ−

ϕ+

 , λ+ =

ψ−

ψ+

 . (5.14)

What is left is to check their 2D chiralities coming from the 2D subalgebra,

Γ2
c = −iΓ8Γ9 = σ3 ⊗ σ3 ⊗ 1 ⊗ 1 ⊗ 1 =

1

−1

−1

1

⊗ 1 ⊗ 1 ⊗ 1
(5.15)

From this we read that the 2D chiralities are +,−,−,+ respectively for

ϕ−, ϕ+, ψ−, ψ+. Consider for example ϕ−, it is by construction + chiral in

SO(1, 7), and its SO(2) chirality is − coming from equation 5.15. If we mul-

tiply these two chiralities we get a − SO(1, 9) chirality, which had to be that

was because ϕ− came from λ−, which is − chiral in SO(1, 9).

The spinors ϕ−, ϕ+, ψ−, ψ+ have chiralities −,+,−,+ in SO(1, 7) and

+,−,−,+ in SO(2) respectively, so the representations are indeed (8s, 1c), (8c, 1s), (8c, 1c), (8s, 1s)

respectively.
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This procedure that was explicitly discussed for the case SO(1, 9) →
SO(1, 7)× SO(2) can be generalized for dimensional reductions of all kinds

in a similar manner1. Notice how in this case, the 10D Dirac spinor splits

into 2 8D Dirac spinors. If we reduced instead to 6D we would have 4 Dirac

spinors, and they would carry an SO(4) R-symmetry. The details of this re-

duction are detailed in Appendix B and the interplay of the SO(1, 5) with

SO(4) indices is very enlightening.

The agreeance with the bosonic spectrum is easy to check, as the vector

Aα is on the (p, 1) and the scalars form the (1, 9 − p) just by looking at the

indices α and a. The fermions are not as easy to check from the action, but

they also follow the decomposition described in Chapter 3. Since we started

with 16 supercharges, 16 supercharges remain regardless of the value of p.

For example, in the case of a stack of D4-branes, the world-volume theory

would be maximal N = 4 SYM in D = 4. If we were to study a stack of

D1-branes, the action would be that of N = (8, 8) SYM in D = 2. The fact is

that since we started with maximally supersymmetric SYM, we always land

in a theory with maximal supersymmetry.

5.2 Gauge theory of the D1/D5 system

Now that we know that single brane stacks are described by SYM theories

with maximal supersymmetry, we want to discuss the case of the world-

volume theory in the intersection of Q1 D1 and Q − 2 D5 branes. As hinted

by the spectrum of Chapter 3, we will have 3 sectors [19]:

1-1 strings: As discussed in the previous section, the theory of this

sector will be the dimensional reduction of N = 1, U(Q1) SYM from D =

10 to 1+1 dimensions. In our case the theory will be defined in the (t, x5)

1For an in depth derivation of the dimensional reduction SO(1, 9) → SO(1, 7) ×
SO(4), we refer to Appendix B. All non-abelian terms are treated carefully, and the exam-
ple is less trivial, with more structure in the R-symmetry group.
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directions. The bosonic content of this sector is,

Vector multiplet: A(1)
0 , A(1)

5 , Y(1)
m , m = 1, 2, 3, 4,

Hypermultiplet: Y(1)
i , i = 6, 7, 8, 9.

(5.16)

5-5 strings: The field content of this sector is essentially the same of the 1-1

string when we dimensionally reduce to the 1+1 theory, but instead having

U(Q5) gauge group.

Vector multiplet: A(5)
0 , A(5)

5 , Y(5)
m , m = 1, 2, 3, 4

Hypermultiplet: Y(5)
i , i = 6, 7, 8, 9

(5.17)

Up until now, we have essentially two copies of N = (8, 8) SYM in 1+1

dimensions, with R-symmetry group SO(4)I , and all fields in the adjoint

representation of U(Q1) or U(Q5) depending on if they describe a 1-1 or 5-5

string. The next ingredient in the theory will break supersymmetry by half.

The R-symmetry group will be SU(2)R, to be thought of as a subgroup of

SO(4)I = SU(2)R × SU(2)L. Basically, the supercharges will have a 2s index

of SO(4) as we saw in Chapter 3.

1-5 and 5-1 strings: In Chapter 3, we argued that the bosonic spectrum

of 1-5 and 5-1 follows the (1, 1, 2s) of SO(1, 1)× SO(4)E × SO(4)I , this is, a

chiral spinor of SO(4)I that is a singlet under SO(1, 1)× SO(4)E. The fields

can be described by χ1 and χ2 and can be joined as χ = 1/
√

2(χ1 + iχ2) to

form a Weyl spinor of SO(4) with + chirality. It will be useful to split the

spinor into its components,

χ =

 A

B†

 (5.18)

It is only left to define the gauge indices. Since both the 1-5 and 5-1 string

have one end in the D1 and other in the D5 branes, the fields will carry

gauge indices in the fundamental representation of U(Q1) and of U(Q5).

This is commonly called the bi-fundamental representation in the sense that
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the object has 2 indices, one in each of the fundamentals. The important

difference is that now when χ gets coupled to the gauge fields A(1) or A(5)

they will do it as a fundamental field instead of an adjoint field.

We are now ready to write the action, we will go term by term,

S1−1 = k11

∫
d2ξ Tr (−F(1)

αβ F(1)αβ − 2(DαY(1)a)2 + [Y(1)a, Y(1)b]2), (5.19)

S5−5 = k55

∫
d2ξ Tr (−F(5)

αβ F(5)αβ − 2(DαY(5)a)2 + [Y(5)a, Y(5)b]2), (5.20)

these 2 terms are the dimensional reduction of the bosonic part of D = 10

SYM.

S1−5 =
∫

d2ξ Tr

(
|Dαχ|2 + χ†χ

2πα′
(Y(1)

m − Y(5)
m )2 + g

3

∑
I=1

(χ†τ Iχ)2

)
. (5.21)

In this last action, the first term is just the kinetic term with covariant deriva-

tive Dαχ = (∂α + iA(1)
α − iA(5)

α )χ. The last 2 terms come from supersymme-

try.

What we should mention at this point, is that the only terms that matter

for the discussion on this thesis are the kinetic terms of the action. Keep in

mind that the orbifold charges states through rotations in SO(4)I , which has

always been a symmetry of our system. Thus, the potential terms, even if

not explicitly, are invariant under SO(4)I rotations, and thus invariant un-

der the orbifold group action. The kinetic terms, although similar in the

sense that they are also globally invariant under those SO(4)I discrete rota-

tions, will have a dependence on the circle component in the next chapter

that will be affected by the derivatives of the kinetic terms.
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6. Orbifold gauge theory via Sherk-Schwarz

reduction

Until now, we discussed the open string spectrum in Chapter 3, where we

found how the orbifold acts on the different representations of the inter-

nal symmetry SO(4). After successfully finding the massless spectrum in

orbifold backgrounds, we presented the world-volume effective actions of

D-brane stacks and a very special brane system in Chapter 5, with the caveat

that all those theories lived in a flat background.

The goal of this chapter is to merge those two ideas and arrive at an

effective theory of brane world-volumes on orbifold backgrounds. We will

see that we can impose periodicity conditions on the S1 coordinate with a

duality twist for the charged fields, that will give them masses according to

the open string spectrum[2].

6.1 Gauge theory of the D9 brane stack on orb-

ifold backgrounds

The starting point of this section is the D9 effective action in a flat back-

ground,

S =
∫

d10ξ Tr
(
−1

4
F2 +

i
2

λDµ̂Γµλ

)
. (6.1)

Next, we are going to compactify on a T4. If we assume the volume of

the torus to be small, V4 ≈ O(α′2), then we can ignore all the KK momentum

modes and pick only the zero mode, leading to the same theory as the one

of a D6 described in Appendix B. For the sake of applying the knowledge
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6.1 Gauge theory of the D9 brane stack on orbifold backgrounds

developed in Chapter 3, we also want to have the T4 components of the 10D

vector in the (2, 1) + (1, 2) of SU(2)L × SU(2)R ⊂ SO(4), so we define the

complex fields N1 = 1/
√

2 (A6 + iA7) and N2 = 1/
√

2 (A8 + iA9). In terms

of these fields the world-volume action is,

S = Skin + Spot, (6.2)

where

Skin =
∫

d6ξ Tr
(
−1

4
FµνFµν + 2DµNiDµNi

+ ϕ†α
+ Dµγµϕα

+ + ϕ†α̇
− Dµγµϕα̇

−

)
,

Spot = i
∫

d6ξ Tr
(
[Ni, Nj][N

i, N j
] + [Ni, N j][N

i, N j] + ϕ†α
+ σi

αβ̇
γ5[Ni, ϕ

β̇
−] + ϕ†α̇

− σi
α̇β[Ni, ϕ

β
+]
)

,

(6.3)

where µ = 0, . . . , 5, i = 1, 2, α, β are 2s and α̇, β̇ are 2c indices of SO(4).

As representations of SO(1, 5)× SO(4), N1 and N2 are in the (1, (2, 1)) and

(1, (1, 2)). Now, in order to give masses to these fields, we resort to the

Scherk-Schwarz reduction [1]. Depending on the SO(4) representation the

fields belong to, different monodromies (in this case just phases) will be ac-

ceptable. The idea is that when compactifying on S1, fields can be expanded

via the Scherk-Schwarz ansatz as,

f (x, z) = eiMz/2πR
∞

∑
n=−∞

fn(x)einz/R, (6.4)

which is just a generalized Fourier expansion. Now, we can see that the field

is not periodic, f (x, z + 2πR) = eiM f (x, z), so an expansion of this type is

only admissible if the transformation f → eiM f is a global symmetry.

In our case, it’s clear that after T4 compatifications, some discrete sub-

grups of SO(4) are actually global symmetries of our system, and the pos-

sible charges associated to different representations of this group have al-

ready been classified. Thus, we can use the SS reduction to spontaneously

break supersymmetry in the gauge theory describing the branes. What re-

sults is the effective world-volume theory when the String Theory is defined

in an orbifolded background.

Now, in order to retrieve the spectrum desired, we need to consider the

limit where R → 0, effectively selecting the zeroth KK mode of the SS expan-
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Orbifold gauge theory via Sherk-Schwarz reduction

sion1. Besides that, remember that the action descends from a theory with

an SO(1, 9) global symmetry, thus SO(4) ⊂ SO(1, 9) will also be a global

symmetry, thus any potential term will remain unchanged.

The proposed expansions for the charged fields are,

N1(x, z) = ei(m1+m3)zN1(x)

N2(x, z) = ei(m1−m3)zN2(x)

ϕα
+(x, z) = eim1zϕα

+(x)

ϕα
−(x, z) = eim3zϕα

−(x)

(6.5)

Now, the only change happens in the kinetic part of the action, where the

derivatives ∂z now turn into masses,

∂zN1∂zN1 = (m1 + m3)
2|N1|2

∂zN2∂zN2 = (m1 − m3)
2|N2|2

ϕ†α
+ ∂zγzϕα

+ = ϕ†α
+ im1γzϕα

+

ϕ†α
− ∂zγzϕα

− = ϕ†α
− im3γzϕα

−

(6.6)

as we can see, the fields acquire a mass corresponding to their charge under

the orbifold action according to their SO(4) representation. Now, depend-

ing on the orbifold, the massless fields will correspond to the projected orb-

ifold spectrum described in Section 4.3, and supersymmetry will be broken

(partially or completely).

As we can see, the charged fields are not actually projected out from the

theory, but they acquire a mass, effectively leaving the massless spectrum.

This matches the results from [2] for the closed string.

The case for more complicated actions, like the one describing the D1/D5

system, works similarly. Since the potential terms are SO(4)I invariant, and

don’t involve any derivatives, they are unaffected by the orbifold group ac-

tion. The only affected terms are the kinetic terms, and they also transform

1There is an interesting story here about higher momentum modes. It turns out that
in certain orbifolds, for specific values of the S1 radius R, some momentum modes remain
massless since the orbifold charge and the KK momentum cancel out.
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6.1 Gauge theory of the D9 brane stack on orbifold backgrounds

into a mass term under a SS dimensional reduction.
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7. Conclusions

This thesis explored the extension of the well understood orbifold super-

symmetry breaking of the closed string spectrum to the open string spec-

trum. Firstly, we studied the spectrum of the open string, and found the

charges of the spectrum classified by the representation of the SO(4) ro-

tations in the torus directions. Secondly, in an attempt to reproduce the

spontaneous symmetry breaking known for the closed string effective su-

pergravity through a SS reduction, we proposed an analogous procedure in

the effective world-volume theory.

As it turned out, this process seems well-behaved, and it can be tuned to

reproduce the spectrum found in the high energy String Theory.

In single brane stacks, the number of supercharges can be broken from

16 to 8 or 0. While for the D1/D5 brane system, it can only be totally broken

from 8 to 0 or preserved.

Some questions still linger. At the hearth of this thesis, we wanted to

calculate the infrared limit of the D1/D5 orbifold world-volume theory, but

due to a lack of tools to describe that IR limit, it was not possible to perform

it. Besides, there is a story about theories with an S1 radius R > 1 that can

restore the supersymmetry normally broken by the orbifold, which could

be worthwhile to study.
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A. Spinors in various dimensions

In this appendix we will juntify some claims about spinors in general even

dimensions that are used throughout the thesis.

It is well known that the Dirac representation is not irreducible in even

dimensions, in which a chirality projection exists into the two different Weyl

basis. There is also always a Majorana condition that can induces a real

structure in the spinor spaces of all dimensions, but is only truncates the

degrees of freedom of Weyl spinors in some dimensions. All these topics

will be covered in the following sections in detail with the main objective of

describing irreducible spinors in all even dimensions D ≤ 10.

A.1 Weyl Spinors in D = 2, 4, 6, 8, 10

We start with the Clifford algebra,

{Γµ, Γν} = 2ηµν, (A.1)

and let the metric be ηµν = diag (−1, 1, . . . , 1) the D = 2k + 2 dimensional

Minkowski metric.

We first make a change of basis for the algebra elements so that the fun-

damental representation can be directly extracted from the algebra. Take the

following linear combinations,

Γ0± =
1
2

(
±Γ0 + Γ1

)
, (A.2)

Γa± =
1
2

(
Γ2a ± iΓ2a+1

)
, a = 1, . . . , k. (A.3)

50



A.1 Weyl Spinors in D = 2, 4, 6, 8, 10

Now the Clifford algebra A.1 can be stated in terms of the new operators as,{
Γa+, Γb−

}
= δab,{

Γa+, Γb+
}
=
{

Γa−, Γb−
}
= 0.

(A.4)

We can see that these operators are raising and lowering operators for k + 1

different eigenvalues. We can write an arbitrary basis element of this repre-

sentation as |s0, . . . , sk⟩, with si = ±1/2. An arbitrary spinor in this repre-

sentation is then in the complex span of this basis, which has 2k+1 complex

components. This is what is called a Dirac spinor, or 2k+1
Dirac.

These eigenvalues si are actually eigenvalues of rotations in planes given

by the grouping of A.2. To see this explicitly, we need to recover the Lorentz

algebra from the Clifford algebra. Let

Σµv = − i
4
[Γµ, Γv] . (A.5)

The elements Σµv define the Lorentz algebra os SO(1, 2k + 1). The genera-

tors Σ2a,2a+1 , a = 1, . . . , k, commute and have eigenvalues proportional to

sa when acting on the basis element |s0, . . . , sk⟩. To be precise, the operator,

Sa ≡ iδa,0Σ2a,2a+1 = Γa+Γa− − 1
2

, (A.6)

has eigenvalue sa.

Next, we can define the chirality operator,

Γ = i−kΓ0Γ1 . . . Γd−1, (A.7)

which has the properties,

(Γ)2 = 1, {Γ, Γµ} = 0, [Γ, Σµv] = 0. (A.8)

From the first property, we see that Γ has eigenvalues ±1. From the rest we

see that we can split the basis |s0, . . . , sk⟩ into two subspaces according to

the eigenvalues of Γ. We can rewrite the chirality operator in terms of the
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Spinors in various dimensions

rotation generators Sa as follows,

Γ = 2k+1S0S1 . . . Sk, (A.9)

which allows us to identify the two chiralities as +1 when the product of

the sa is positive and −1 when it is negative. The two subspaces defined by

the chirality operator are called Weyl representations and are labeled as 2k
s

and 2k
c for the +1 and −1 subspaces respectively. So we can finally state

that the dirac representation splits into Weyl representations as,

2k+1
Dirac = 2k

s ⊕ 2k
c. (A.10)

The classic example in string theory is D = 10, where we have the decom-

position,

32Dirac = 16s ⊕ 16c. (A.11)

A.2 Majorana condition

Up until now, we have been able to define Weyl spinors, that have a well

defined chirality and have half the degrees of freedom of Dirac spinors. It

will be shown in this section that a real structure can be imposed for some

values of D, effectively halving the degrees of freedom of a Dirac spinor.

From the definition A.2, and the action on the basis elements |s0, . . . , sk⟩,
we see that as matrices, Γa± are real. For the original gamma matrices de-

fined in A.1, we see that the matrices Γ2a are real, while the matrices Γ2a+1

are purely imaginary.

Now, take all of the purely imaginary matrices, and define the operators,

B1 = Γ3Γ5 . . . Γd−1, B2 = ΓB1. (A.12)

From the commutation relations of the Gamma matrices we have that,

B1ΓµB−1
1 = (−1)kΓµ∗, B2ΓµB−1

2 = (−1)k+1Γµ∗, (A.13)
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A.2 Majorana condition

and for the Lorentz generators,

BΣµνB−1 = −Σµν∗, (A.14)

for either B1 or B2.

Now, take a Dirac spinor ξ, and make a change of basis given by ξ → Bξ.

Then, by the transformation rules of ξ and the relation A.14, we see that Bξ

transforms as a conjugate spinor ξ∗.

The fact that we are able to linearly transform into conjugate spinors

means that we may be able to relate the real and imaginary components of

a spinor in a way consistent with Lorentz transformations. Concretely, we

propose the Majorana condition,

ξ∗ = Bξ. (A.15)

Now, taking the conjugates (Bξ)∗ = ξ = B∗Bξ, so B∗B = 1. Now, we can

calculate explicitly using the definitions for B1 and B2 that,

B∗
1 B1 = (−1)k(k+1)/2, B∗

2 B2 = (−1)k(k−1)/2. (A.16)

So the condition B∗B = 1 can only be satisfied with k = 0, 1, 3 (mod 4).

Which means that Majorana spinors can exist in D = 2, 4, 8 (mod 8) but not

in D = 6 (mod 8).

We are ultimately interested in Majorana-Wey spinors, so we need to dis-

cuss whether a Majorana condition can be applied to a Weyl spinor. Take

the chirality matrix Γ. We need to check if a Majorana change of basis can

keep the chirality consistent. Otherwise, there would be mixing between

right and left moving spinors, making them inconsistent with Lorentz tran-

sofrmations.

From the properties of the chirality matrix A.8, we calculate,

B1ΓB−1
1 = B2ΓB−1

2 = (−1)kΓ∗, (A.17)

so when k is even, each Weyl representation transforms as its own conjugate,
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Spinors in various dimensions

while for k odd, the transformation rules get exchanged.

This automatically forbids Majorana-Weyl spinors from existing in D =

4, 6 (mod 8), so that both conditions are only compatible in D = 2 (mod 8).

This is a very interesting result, because Supertring Theory is formulated

from MW spinors in the world-sheet, this is D = 2, and produces MW

spinors in space-time, which is necessarily D = 10, it is quite a beautiful

coincidence.

A.3 Table of irreducible spinors in even dimen-

sions

To wrap up this brief lesson on spinors, we can list all the minimal degrees

of freedom of a spinor in any (even) dimension mod 8. For the sake of

completeness I will also list the minimal representations in odd dimensions

without any derivation (see [6] for details),

d Majorana Weyl Majorana-Weyl minimal dof
2 yes self yes 1
3 yes - - 2
4 yes complex - 4
5 - - - 8
6 - self - 8
7 - - - 16
8 yes complex - 16
9 yes - - 16
10 yes self yes 16

Table A.1: Summary of spinors in D ≤ 10. A dash implies that the condition
cannot be applied. Under Weyl, self means that the spinor is conjugate to it-
self, while complex means that conjugation transforms a Weyl spinor of one
chirality into the opposite.
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B. Dimensional reduction of SYM

Consider the SYM action in D = 10 with gauge group U(N), with Euclidean

signature (Wick rotation will yield results for other signature). Consider

gYM = 1 because it is of no relevance for this analysis,

S =
∫

d10ξTr
(
−1

4
Fµ̂ν̂Fµ̂ν̂ + iλDµ̂Γµ̂λ

)
, (B.1)

where all field content is adjoint, µ̂ = 0, . . . , 9,

Fµ̂ν̂ = ∂µ̂ Aν̂ − ∂ν̂ Aµ̂ + i[Aµ̂, Aν̂],

Dµ̂ = ∂µ̂ + i[Aµ̂, ·],
(B.2)

and the fermions are MW in the sense,

Γ10
c λ = λ,

Cλ = λ
T

,
(B.3)

with C the charge conjugation matrix defined in Appendix A, so that they

have 16 real components.

We choose the chiral basis of the gamma matrices in order to be able to
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Dimensional reduction of SYM

split the spinor via chirality as it was stated in Appendix A,

Γ0 = σ1 ⊗ σ1 ⊗ σ1 ⊗ σ1 ⊗ σ1,

Γ1 = σ1 ⊗ σ1 ⊗ σ1 ⊗ σ1 ⊗ σ2,

Γ2 = σ1 ⊗ σ1 ⊗ σ1 ⊗ σ1 ⊗ σ3,

Γ3 = σ1 ⊗ σ1 ⊗ σ1 ⊗ σ2 ⊗ 1,

Γ4 = σ1 ⊗ σ1 ⊗ σ1 ⊗ σ3 ⊗ 1,

Γ5 = σ1 ⊗ σ1 ⊗ σ2 ⊗ 1 ⊗ 1,

Γ6 = σ1 ⊗ σ1 ⊗ σ3 ⊗ 1 ⊗ 1,

Γ7 = σ1 ⊗ σ2 ⊗ 1 ⊗ 1 ⊗ 1,

Γ8 = σ1 ⊗ σ3 ⊗ 1 ⊗ 1 ⊗ 1,

Γ9 = σ2 ⊗ 1 ⊗ 1 ⊗ 1 ⊗ 1,

(B.4)

and the chirality and charge conjugation matrices are defined as,

Γ10
c = i ∏̂

µ

Γµ̂ = σ3 ⊗ 1 ⊗ 1 ⊗ 1 ⊗ 1,

C =
5

∏
i=1

Γ2i−1 = −σ2 ⊗ σ3 ⊗ σ2 ⊗ σ3 ⊗ σ2.
(B.5)

Consider that we dimensionally reduce from D = 10 to D′ = 6 as it is the

easiest non-trivial exaple. The indices split into µ̂ = (µ, i), µ = 0, . . . , 5,

i = 6, . . . , 9. Let’s discuss the two parts of the action independently. First

the vector goes as follows,

Sboson = −1
4

∫
d6ξTr

(
FµνFµν + 2FµiFµi + FijFij

)
=

= −1
4

∫
d6ξ

(
FµνFµν + 2Dµ AiDµ Ai + i[Ai, Aj][Ai, Aj]

)
,

(B.6)

where we can see that Aµ is in the (6, 1), and Ai in the (1, 4).

The fermion part after dimensional reduction is,

Sfermion = i
∫

d6Tr
(

ξλ†DµΓ0Γµλ + λ†Γ0Γi[Ai, λ]
)

. (B.7)
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Now, let us define the following lower dimensional gamma matrices,

Γ6
0 = σ1 ⊗ σ1 ⊗ σ1,

Γ6
1 = σ1 ⊗ σ1 ⊗ σ2,

Γ6
2 = σ1 ⊗ σ1 ⊗ σ3,

Γ6
3 = σ1 ⊗ σ2 ⊗ 1,

Γ6
4 = σ1 ⊗ σ3 ⊗ 1,

Γ6
5 = σ2 ⊗ 1 ⊗ 1.

(B.8)

We can write,

Γ0Γµ = 1 ⊗ 1 ⊗ Γ6
0Γ6

µ. (B.9)

The spinors λ can be split according to their SO(1, 5) and SO(4) chirality, as

eigenspinors of,

Γ6
c = 1 ⊗ 1 ⊗ σ3 ⊗ 1 ⊗ 1,

Γ4
c = σ3 ⊗ 1 ⊗ σ3 ⊗ 1 ⊗ 1.

(B.10)

The projection split the spinor as,

λ =

λ+

0

 , λ+ =

ϕα
+

ϕα̇
−

 . (B.11)

The spinors ϕα
+ and ϕα̇

− belong to the (4s, 2s) and (4c, 2c). With this construc-

tion in mind, we can calculate the following matrices,

Γ6
0Γ6

0 = 1 ⊗ 1 ⊗ 1,

Γ6
0Γ6

1 = 1 ⊗ 1 ⊗ σ3,

Γ6
0Γ6

2 = 1 ⊗ 1 ⊗ σ2,

Γ6
0Γ6

3 = 1 ⊗ σ3 ⊗ σ1,

Γ6
0Γ6

4 = 1 ⊗ σ2 ⊗ σ1,

Γ6
0Γ6

5 = σ3 ⊗ σ1 ⊗ σ1.

(B.12)
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Dimensional reduction of SYM

So we see that depending on the 6D chirality of the spinor, they will couple

through different vectors, akin to a 6D generalization of the Pauli matrices.

Let us define γµ and γµ, the 4x4 matrices resulting from,

Γ6
0Γ6

µ =

γµ 0

0 γµ

 . (B.13)

We are finally ready to write the kinetic term of the fermion action, which

results in,

Skinetic = i
∫

d6ξTr
(

ϕ†α
+ Dµγµϕα

+ + ϕ†α̇
− Dµγµϕα̇

−

)
. (B.14)

The potential term involves the matrices,

Γ0Γ6 = 1 ⊗ 1 ⊗ σ2 ⊗ σ1 ⊗ σ1,

Γ0Γ7 = 1 ⊗ σ3 ⊗ σ1 ⊗ σ1 ⊗ σ1,

Γ0Γ8 = 1 ⊗ σ2 ⊗ σ1 ⊗ σ1 ⊗ σ1,

Γ0Γ9 = σ3 ⊗ σ1 ⊗ σ1 ⊗ σ1 ⊗ σ1.

(B.15)

Taking into account that for the first index, every spinor has eigenvalue +1,

we can reduce the problem to,

Γ0Γ6 = 1 ⊗ 1 ⊗ σ2 ⊗ σ1 ⊗ σ1,

Γ0Γ7 = 1 ⊗ σ3 ⊗ σ1 ⊗ σ1 ⊗ σ1,

Γ0Γ8 = 1 ⊗ σ2 ⊗ σ1 ⊗ σ1 ⊗ σ1,

Γ0Γ9 = 1 ⊗ σ1 ⊗ σ1 ⊗ σ1 ⊗ σ1.

(B.16)

From the discussion of the kinetic term we defined γ5 = σ1 ⊗ σ1, which we

can now use to find,

Spotential = i
∫

d6ξ
(

ϕ†α
+ σi

αβ̇
γ5[Ai, ϕ

β̇
−] + ϕ†α̇

− σi
α̇β[Ai, ϕ

β
+]
)

. (B.17)

The matrices σi
αβ̇

and σi
α̇β are the corresponding intertwiners between the

different representation of SO(4) that exist in the action. i is an index in the

4 of SO(4), α, β in the 2s and α̇, β̇ in the 2c

Further dimensional reductions follow the same procedure described in
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B.1 Supercharges under dimensional reduction

this appendix. Note that we chose to show the details for D = 10 → 6

because this is the smallest dimension in which the R-symmetry group has

indices with more than one component, so intertwiners appear in a non-

trivial manner.

B.1 Supercharges under dimensional reduction

The action resulting from the dimensional reduction described in Appendix

B does not break any supersymmetry (this is apparent since all fields re-

main massless), so the total number of supercharges is always 16. Before

dimensional reduction, these could be written as,

δϵ Aµ̂ = ϵΓµ̂λ,

δϵλ = −1
2

Fµ̂ν̂Γµ̂ν̂ϵ,
(B.18)

where ϵ is A MW spinor in the same representation as λ, the 16s. Since the

expression for the fermions get rather cumbersome, we will only derive in

detail the dimensional reduction of the vector transformations. The only

matrix calculations we need to check for the following are the commutators

Γµν.

Γµν = Γ[µΓν] = Γ[µ(Γ0)
2Γν] = 1 ⊗ 1 ⊗ Γ6

[µΓ6
ν]. (B.19)

Then, the transformation rules are simply,

δϵ Aµ = ϵ†α
+ γµϕα

+ + ϵ†α̇
− γµϕα̇

−,

δϵ Ai = ϵ†α
+ σi

αβ̇
γ5ϕ

β̇
− + ϵ†α̇

− σi
α̇βγ5ϕ

β
+,

(B.20)

where we have split ϵ into ϵα
+ and ϵα̇

− in the same manner we split λ. As we

can see, the transformation δϵ → δϵ+ + δϵ− . The 16 spercharges remain, but

they are split as N = (2, 2) in the sense that they are carried by 2 4s and 2

4c, with the appropriate R-symmetry group.
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