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Abstract

Recent developments in string theory, such as the AdS/CFT correspondence, have increased the
interest in higher dimensional curved spaces. The Randall-Sundrum model, a five-dimensional
spacetime with strongly warped extra dimension, is a promising model that offers potential
solutions to some of the major theoretical physics problems. However, some of the black holes
in this model appear to be unstable. We study the mode stability of Randall-Sundrum black
holes, focusing on linear perturbations of a specific complex frequency. The instability is a
generalization of the Gregory-Laflamme instability, which affects torus shaped black holes in
five-dimensional flat space. While previous studies have been numerical, this thesis analytically
proves the Gregory-Laflamme instability using spectral theory. We extend this instability
to warped spaces to determine the mass range for unstable black holes. We conclude that
black holes with a mass below that of the Earth are unstable in the Randall-Sundrum model,
suggesting that solar-mass black holes could still exist in this model.
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Chapter 1

Introduction

Almost a hundred years after Einstein published his theory of general relativity, gravitational
waves were finally detected by the LIGO and Virgo detectors in September 2015 [1]. The
existence of gravitational waves is one among the profound features of Einstein’s theory. Nev-
ertheless, this detection might also be foreshadowing the downfall of general relativity, because
gravitational waves opened the door for new tests of gravity. Dozens of modified gravity the-
ories are ready to compete with general relativity [2, 3]. Additionally, opportunities arise to
improve bounds of fundamental parameters and to test other theories.

An example of another theory which many physicists believe, but for which no observational
evidence has been found yet, is string theory. In string theory it is assumed that particles
are one-dimensional strings instead of the usual point-like objects [4]. One of the remarkable
aspects of string theory is that it predicts that the universe consists of ten dimensions rather
than the four dimensions that we experience in our daily life. If these extra dimensions would
exist, how would it be possible that we do not notice them?

There are several possible explanations for this. One possibility is that these extra dimensions
are too small to influence us. This process is called compactification [5]. In this process,
extra dimensions of finite volume are combined with the original four-dimensional space, for
example by taking the product space with a torus. Experiments done at CERN have put
restrictions on the possible size of these extra dimensions [6]. They have shown that these
extra dimensions cannot be larger than ~ 1 mm. At first glance, this bound does not seem
so troubling. However, when considering higher dimensional theories it is important that the
effective 4-dimensional theory still agrees with our current theories, like the standard model of
particle physics and general relativity. It can be difficult to adhere both requirements

A way to avoid this problem, is to consider higher dimensional models where the standard
model is restricted to a 3-brane. The word brane originates from string theory, an n-brane is
a n + 1-dimensional subspace of the higher dimensional space that includes the time-direction.
Since the standard model is restricted to a 3-brane, it is automatically included in the higher
dimensional model. An example of such a space is the Randall-Sundrum model [7, 8]. The
Randall-Sundrum model is a five-dimensional model that includes two 3-branes. The visible
brane, which is also called the TeV-brane, is where the standard model is located. The other
brane is called the hidden or Planck brane. A schematic picture of this scenario is shown in
figure 1.1. The space between the branes is strongly warped. This has the consequence that
gravity is much stronger on one of the branes compared to the other.

In summary, there are two types of physically feasible higher dimensional models. These
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Figure 1.1: A schematic picture of the Randall-Sundrum model. The grey
surfaces represent the hidden and visible brane. The two branes are parallel
to each other. The directions parallel to the branes represent the usual four
dimensions, the extra dimension is in the y-direction.

models either include very small extra dimensions or dimensions that are inaccessible for the
standard model particles. So how can we ever detect these extra dimensions? According to
Einstein’s theory, gravity is a consequence of the geometry of spacetime. Consequently, gravity
cannot be restricted to a brane and must be influenced by these extra dimensions. Therefore,
gravitational waves make it possible to find evidence for extra dimensions [9, 10]. If this is
successful, then this would be a hint towards the validity of extra dimensional theories.

A possible test can be done by using standard sirens [10]. A standard siren is a cosmolog-
ical event that emits both gravitational waves and electromagnetic waves. An example of a
standard siren is the coalescence of binary neutron stars. Through theory, the strength of
the electromagnetic wave that is emitted during the coalescence is known. With this we can
estimate the distance to the source by observing the electromagnetic wave [11]. Additionally,
the gravitational wave measurements also predicts a distance, and we can see whether the two
values agree. For example, if the electromagnetic wave is restricted to some 3-brane, then the
gravitational wave could ‘leak out’ into the extra dimensions, resulting in a weaker signal and
thus a different estimate for the distance to the source. So far we have only once detected
such multimessenger signal from coalescing binary neutron stars [12, 13|, but with the next
generation of detectors we predict that such events will be detected more frequently. It is
predicted that the next generation of ground based detectors, such as the Einstein Telescope,
will observe around 7 x 10% binary neutron stars in one year [14].

To enable these standard siren tests we will need models for the gravitational waves in extra
dimensions that can be cross-correlated with the data. Models have already been constructed
for flat compact extra dimensions [9]. For flat spaces, the conclusion is that a gravitational
wave signal from a binary in the five-dimensional theory has 20.8% less luminosity and a phase
difference of 26% compared to a four-dimensional binary with the same characteristics. These
numbers disagree with the current observations of gravitational waves, so these models are un-
realistic. Nevertheless, constructing more gravitational waveforms for other higher dimensional
models, might improve our understanding of these spaces and may lead to a waveform which
matches better with our observations. Furthermore, if waveforms only fit for certain values of
parameters, it can lead to new restrictions on higher dimensional models.

In this thesis we study the Randall-Sundrum model. This is a five-dimensional model where
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the extra dimension is warped and negatively curved. This means that the four-dimensional
metric also depends on the extra-dimension. Consequently, the size of the extra dimension
does not need to be small to retrieve four-dimensional gravity on the brane. Furthermore,
warped spaces are a generalization of flat spaces, so by studying them we are studying a wider
range of models.

Before studying gravitational wave signals in the Randall-Sundrum model, we need to make
sure that the generation of gravitational waves is possible in this model. So far, the vast
majority of detected gravitational wave sources are binary black holes with masses between
3 —100Mg [15, 16]. Therefore, we need to check if solar mass black holes exist in the Randall-
Sundrum model. It turns out that the Schwarzschild solution can be extended in the extra
dimension to form a black hole solution in the Randall-Sundrum model, such a solution is
called a black string [17]. However, for this solution to be physical, it needs to be stable under
small perturbations.

It is known that the Randall-Sundrum black string is modally unstable [17, 18|. If Randall-
Sundrum could be a model to describe our universe, we require the existence of stable solar
mass black holes in this model. A natural question to ask is then: Does this instability also
apply to solar mass black holes? To answer this question we study the stability of the Randall-
Sundrum black strings. This mode instability has so far mostly been studied numerically. In
this thesis we analytically study the instability and find unstable modes of the RS black string.

To prove this analytically we combine results from general relativity and spectral theory and
apply these to the black string in the Randall-Sundrum model. The necessary background is
explained in chapters 2 and 3. The stability is proven in chapter 4. In the following sections
we discuss the content and most important results from each chapter. The following theorem
describes our main result. It is more rigorously stated and proven in Section 4.3.

Theorem 1.0.1. In RS1 there exists a My > 0 such that the Randall-Sundrum black string of
mass M is modally unstable if M < M.

1.1 Stability theory in general relativity

The goal of chapter 2 is to introduce the notion of stability in general relativity and gather
tools from spectral theory with which we can prove stability of spacetimes.

In Section 2.1 we define the most important concepts in general relativity. General relativity is
a theory on semi-Riemannian manifolds (M, g), where the dynamics of the metric are governed
by the Einstein equations. There exists an action of the group of diffeomorphisms on the set
of Einstein metrics. The Einstein equations are invariant under this action. This introduces
the important concept of gauge fixing. By gauge fixing the metric we choose a representation
of the metric by picking an element in the orbit of g.

In Section 2.2 we define different notions of stability. A metric is stable if small changes in the
metric do not have big consequences. To study the stability of a metric we can define a new
metric on a suitable initial surface, and use the Einstein equations to determine the evolution
of the other metric. It is not a given that a metric which is initially close to the original
metric, stays close at any time. A slight change in the metric might drastically change the
resulting metric. If a metric is almost unaffected by perturbations we call it stable. However,
if there exists a certain perturbation under which the metric diverges from its original state,
it is unstable.

We define different levels of stability. For stability we perturb the metric g with a 2-tensor h.
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There are three different levels of stability that we define.

e (Non-linear) stability: the evolution of the metric g+ h is determined by the full Einstein
equation.

e Linear stability: the evolution is determined by the linearized Einstein equations.

e Mode stability: only considers the linear evolution of modes h of a particular complex
frequency w € C.

It is important to note that these are really different types of stability, and one type does not
imply the other. However, due to the increasing complexity it is common to first study mode
stability, then linear stability and finally full stability. Even though mode stability does not
imply linear stability, it can improve the understanding of the problem. The stability analyses
in Chapter 4 only focuses on mode stability of spacetimes. The most important result for mode
stability problems is that most problems are described by a master equation of the form

a2

da?

+ V()Y = w?p. (1.1)

Here V : R — R is some potential and ¢ € L?(R) is some function related to the perturbation.
This type of master equation is useful, because it turns the stability problem into an eigenvalue
problem. In particular, if there exist negative eigenvalues, then there exist unstable modes.

The eigenvalues can be studied with spectral theory, which is introduced in Section 2.3. For a
well behaved potential, the left hand side of Eq. 1.1 can viewed as a self-adjoint operator. For
a self-adjoint operator A we can define the spectrum o(A), which intuitively describes the set
of eigenvalues of A. In this section we derive that, if V' is non-negative, then o(A4) C [0, 00).
Additionally, we state a result that is crucial for the proof of Theorem 1.0.1.

Lemma 1.1.1. Let A : D(A) — H be self-adjoint. If there exists a f € D(A) such that
(f,Af) <0, then there exists a E € o(A) with E < 0.

This is especially useful in proving the existence of unstable modes, because now there only
needs to exist one function in the domain such that the inner product becomes negative.
Finding such a function for an operator such as in Eq. 1.1, implies the existence of unstable
modes.

1.2 The Randall-Sundrum model

After defining stability theory in Chapter 2, we want to apply it to spacetimes. Chapter 3 is
dedicated to illustrating the motivation behind the Randall-Sundrum model, to derive different
examples of the model, and to prove important properties of the model.

In Section 3.1 we give some arguments why one should consider the Randall-Sundrum model.
The most important reason is that it offers a solution to the hierarchy problem. The hierarchy
problem is the lack of explanation for the huge difference between the electroweak and Planck
scale. It is explained in detail in Section 3.1.1. Another reason to consider the Randall-Sundrum
model are the recent developments in the AdS/CFT correspondence.

In Section 3.2 the model is defined and we derive an easy way to construct RS models. A RS1
model has a topology of R* x [0,1] and can be constructed from two parameters and a Ricci
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flat four-dimensional metric ¢(¥). The parameters are the curvature scale x and the distance
between the branes y.. A RS1 metric has the following form in standard coordinates

g=e W (@) +y2dy?, (1.2)

where x are the coordinates parallel to the brane and y is the extra dimensional direction. A
RS2 model has a topology of R* x [0, 00) and only needs the curvature scale xk and a Ricci flat
four-dimensional metric.

The RS models have nice properties, some of which we derive in Section 3.3. First of all, due
to the exponent in Eq. 1.2, lengths seem smaller and energies seem lower on the visible brane
at y = 1. Therefore, RS1 models offer a solution to the hierarchy problem if ky. ~ 35. For
this value, the global electroweak scale is of the order of the Planck scale, but the effective
electroweak scale is of the order that we observe. Additionally, we show that models with
these values can be constructed in a natural way. Finally, we see that the same exponential
causes gravity to be much stronger on one of the branes compared to the other. It turns out
that as a consequence, one experiences four-dimensional gravity even though the RS model is
five-dimensional.

With the construction in Eq. 1.2, a way to obtain black hole solutions is by substituting the
Schwarzschild metric for the four-dimensional metric ¢*). The resulting space is called the RS
black string. A point of infinite curvature, also called a singularity, appears at y = oo in the
RS2 black string. Therefore, Hawking postulates that the black string pinches off away from
the brane, instead of reaching all the way to infinity [17]. The resulting black hole has a cigar
shape and is therefore called a black cigar. This hints to the existence of an instability. If there
exists an instability in RS2, then there might also exist unstable black holes in RS1.

In summary, the RS1 model can be constructed naturally and has the potential to solve the
hierarchy problem. Therefore, it could be a representation of our universe. However, it seems
that some black holes are unstable in this model. From Earth, we observe black holes that
have a mass of at least one solar mass [19]. Therefore, for RS1 to be a good representation of
our universe, we want solar mass black holes to be stable. Consequently, this requires a study
of the stability of the RS black string. This is the motivation behind the main Theorem 1.0.1.

1.3 Mode stability of black holes

In Chapter 4, Theorem 1.0.1 is proven. To prove this, we first study the mode stability of
the Schwarzschild metric and the five-dimensional flat black string in Sections 4.1 and 4.2,
respectively. The techniques and results from these studies can then be generalized to the
stability of the RS black string in Section 4.3.

The Schwarzschild solution in four-dimensions has proven to be modally stable. This has first
been done by Regge and Wheeler [20], and later more rigorously by Vishveshwara [21] and
Zerilli [22]. We follow these derivations in Section 4.1. The perturbations of the metric can be
decomposed into scalar, vector and tensor spherical harmonics of different parity and angular
momentum. The linearized Einstein equations decouple for components of different parity
and angular momentum, so these components can be studied separately. In this section, we
conclude that both types of parity have similar behaviour and only contain stable modes.

Section 4.2 focuses on the stability analyses of the flat black string. In five-dimensional flat
space with compact extra dimension, there are two types of black holes: hyperspherical black
holes and black strings. If the size of the extra dimension is large compared to the mass of
the black hole, the hyperspherical black hole state is entropically favourable over the black
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string state. Therefore, an instability of the black string is expected. This is known as the
Gregory-Laflamme instability [23] and was first studied numerically.

In this thesis we analytically analyse the instability. We derive a master equation of the form
as in Eq. 1.1. The potential of this master equation will be well-behaved such that the left
hand side of Eq. 1.1 can be viewed as a self-adjoint operator A : D(A) C L*(R) — L?(R). As
discussed in Section 1.1, in order to prove the existence of unstable modes, we need to prove
the existence of negative eigenvalues. To do this we make use of Lem. 1.1.1. For this lemma
we need to construct suitable test functions f, such that (f, Af) < 0. We use an intuitive
way to construct the test functions. Namely, we approximate the potential by the asymmetric
finite well potential. This is a step function that is a generalization of the finite well operator
that might be known from basic quantum mechanics books [24, Section 2.6]. This potential
has very similar behaviour as the potential we obtain. By constructing eigenfunctions of the
asymmetric finite well operator, we obtain a big set of test functions that can be used to find
negative eigenvalues. With this technique we are able to prove the existence of unstable modes
if the mass of the black string M is in the range M € [%, O'ﬁL], where L is the size of the
extra dimension.

Now Theorem 1.0.1 can be proven by generalizing the unstable modes of the flat black string
to the warped RS black string. In Section 4.3 we finalize the proof by constructing modes of
the RS black string that reduce the master equation to the same master equation as the flat
black string. This can be done with the aid of Bessel functions. In RS1, due to boundary
conditions caused by the branes, we can derive for which black holes there exist unstable
modes. Consequently, the My in Theorem 1.0.1 depends on the two parameters x and y.. In
particular, for the value ky. ~ 35, the value which solves the hierarchy problem, it holds that
My < Mg, where Mg denotes one solar mass. In RS2, there exist unstable modes for any
mass black string.

Remark. A full analytical proof of the Gregory-Laflamme instability has been constructed
in 2021 by S. Collingbourne [25]. Although many of the ideas in his article are similar to
the ones used here, it is important to note that this analyses has been done completely inde-
pendently from [25]. Only when finalizing the thesis I discovered the article. There are also
some differences with Collingbourne’s proof. His proof is completely analytical, whereas our
approach uses some numerics to compute integrals. Additionally, we both make use of Lem.
1.1.1 to prove the existence of negative eigenvalues, but use different techniques to construct
the test functions. Collingbourne constructs these functions by hand [25, Prop. 4.5], whereas
in this thesis the eigenfunction of the asymmetric finite well form a set of test functions.
Consequently, successfully using the simplified model to find negative eigenvalues helps gaining
insights into the origin of the instability problem. Moreover, in this thesis the instability is
proven in the range M & [0'1L 0'85L] , whereas Collingbourne only proved the instability in the

0.3L 0.8L droAn
range M € [23L OBLI

Remark. Throughout this thesis we use the convention Gy = ¢ = 1 unless stated otherwise.



Chapter 2

Stability theory in general relativity

The aim of this thesis is to formulate, understand and analyse the stability problem of the
Randall-Sundrum black string. The required background and tools are introduced in this
chapter.

First of all, deriving the Randall-Sundrum model requires knowledge about the theory of
general relativity. The concepts of general relativity that are important to us are defined in
Section 2.1. General relativity describes the interaction between matter and the geometry or
curvature of spacetime. This can be described using Lorentzian manifolds, where a metric
tensor ¢ solves the Einstein equations. Moreover, we show how symmetries of the system can
be used to simplify a problem.

Once we have defined general relativity we can formulate the stability problem in Section 2.2.
The idea behind stability theory is that a small change in initial conditions of the object has
no big consequences on the evolution. Even though the Einstein equations form a system of
non-linear coupled partial differential equations, it turns out that it is possible to set initial
conditions on a hypersurface such that the Einstein equations determine the evolution through
the entire manifold. Using this fact it is possible to define stability of a spacetime. We consider
three types of stability: (non-linear) stability, linear stability and mode stability. The mode
stability is the type that is studied in Chapter 4. The most important result of this section is
that many mode stability analyses lead to a master equation of Schrédinger form, as in Eq.
1.1.

The left hand side of Eq. 1.1 can be viewed as a differential operator. In Section 2.3 we
define spectral theory, which is the theory behind such operators. Results from spectral theory
simplify the mode stability analyses. In particular, the following theorem which is proven in
Section 2.3.3, makes the mode stability analyses in some cases almost trivial once we have the
master equation.

Theorem 2.0.1. IfV is piecewise continuous, non-negative and bounded then the Schrédinger
operator in Eq. 1.1 has no negative eigenvalues.

Additionally, in Section 2.3.1 we derive Lem. 1.1.1, which is crucial when deriving the main
result in Chapter 4.

12
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2.1 General relativity

According to general relativity, matter interacts with the geometry of spacetime and causes
curvature. Consequently, the geometry of spacetime becomes dynamic. On the other hand,
matter is influenced by curvature as well. The dynamics of these interactions are governed
by the Einstein equations. Lorentzian manifolds are used to describe this interaction. In this
section, we define Lorentzian manifolds and curvature tensors to describe these interactions.

In particular, in Section 2.1.1 Lorentzian manifolds are introduced, which are central objects
in the theory. They consist of a manifold M and a metric tensor g. The metric describes the
curvature of the manifold. To see this we define several curvature tensors in Section 2.1.2.
With these curvature tensors we can define a functional called the Einstein Hilbert action
which represents the total curvature. In Section 2.1.3 we derive that the Einstein equations
are obtained by varying this functional. The Einstein equation describe the interaction between
matter and curvature. Finally, we look at how we can simplify general relativity problems by
using symmetries of the systems we consider in Sections 2.1.4 and 2.1.5.

2.1.1 Lorentzian manifolds

General relativity describes the interaction between curvature and matter within a spacetime
manifold. The central objects to describe the curvature are Lorentzian manifolds. In this
section we define these manifolds and look at ways to construct them.

The curvature of a manifold is described by a metric.

Definition 2.1.1. Let M be a manifold. A metric tensor is a non-degenerate, symmetric,
bilinear form g : TM @ TM — R. g is positive-definite if g(X,X) > 0 for all non-zero
XeTM.

A 2-tensor g is non-degenerate if for all X € T, M there exists a Y € T, M such that g(X,Y) #
0. For an orthogonal basis {Ei,...,E,} of T,M, it must hold that ¢g(E;,E;) # 0. This
can be used to assign a signature to a metric tensor g. Namely, if we define the quadratic
form ¢ : TM — R by ¢(X) = g(X, X), then for every orthogonal basis of T,M, the map ¢
produces n real numbers. Each of these numbers can either be positive or negative. We define
the signature of the metric g as (p, q), where p is the amount of positive numbers and ¢ the
amount of negative numbers. Note that because of non-degeneracy and continuity, if M is
connected, then the signature of g in a point p is consistent with the signature of g over the
entire manifold.

Another consequence of the non-degeneracy of the metric is that g defines an identification of
the tangent bundle T'M with the cotangent bundle 7M. Namely, a vector X € T, M can be
mapped to a covector in Ty M by the map

X = g(X,-). (2.1)

Due to the fact that g is non-degenerate, this map is in fact a bijection. In a coordinate chart,
if X% is a vector field, we denote the covector associated to it by the map in Eq. 2.1 by
X, = gabXb-

Definition 2.1.2. A semi-Riemannian manifold (M, g) consists of a n-dimensional smooth
manifold M together with a metric tensor g. We say (M, g) is a:

e Riemannian manifold if g has signature (n,0),
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e Lorentzian manifold if g has signature (n — 1,1).

If ¢ has signature (p,q) with ¢ # 0, then it is possible for vectors X € T,M to have negative
length g(X, X) < 0. We call vectors of negative length timelike and vectors of positive length
spacelike. Due to continuity of the metric, if both positive and negative length vectors exist,
then there must also exist non-zero vectors of zero length. Vectors of zero length are called
null or lightlike.

The idea in general relativity is that nothing can move faster than light. Massive matter,
such as electrons and protons or human beings, can only follow timelike trajectories, whereas
massless particles move on lightlike trajectories. In our universe it seems like there is only one
time-direction. Therefore, it is common in general relativity to focus on Lorentzian spacetimes.
The prime example of a Lorentzian manifold is Minkowski space.

Example 2.1.3. Minkowski space is the Lorentzian manifold (R™,n), for which in Euclidean
coordinates (t,xz', ..., 2™) the metric is given by

n = diag(—1,1,...,1).

Definition 2.1.4. Let M be a manifold. We denote by M the space of all Lorentzian metrics
on M.

If we have a semi-Riemannian manifold (N, g) and a map f : M — N, then f induces a metric
on M by using the pullback. This pullback metric is defined by

frg(v,u) = g(dfv,dfu), for v,u € TM. (2.2)

This works especially well if f is a diffeomorphism, because then f*g is also non-degenerate
and therefore a metric tensor. In particular, note that f*¢g and g have the same signature.
With this observation, Eq. 2.2 defines an action of the group of diffeomorphisms, which we
denote by Diff(M), on the space of Lorentzian metrics M of M.

When (M, ¢’) is another semi-Riemannian manifold we can compare ¢’ and f*g. This gives us
a notion for when two semi-Riemannian manifolds are equivalent.

Definition 2.1.5. Two semi-Riemannian manifolds (M,g') and (N,g) a diffeomorphism f :
M — M’ such that f*g = ¢’ is called an isometry. If such an isometry exists then (M, g")
and (N, g) are isometric.

Definition 2.1.6. Let (M, g) be a semi-Riemannian manifold. Then (M, g) is:

e Homogeneous if for every p,q € M there exists an isometry f : M — M such that

fp) =g

e Isotropic at p € M if for any two tangent vectors v,w € T,M such that |v| = |w|, there
exists an isometry f: M — M such that f.(v) = w.

e Maximally symmetric if it is homogeneous and isotropic everywhere.

In this thesis we focus on a class of Lorentzian manifolds. In particular, we consider a class
where the spacetimes are constructed by taking the product of two semi-Riemannian manifolds.

Definition 2.1.7. A warped product M x ;N of two semi-Riemannian manifolds (M, g) and
(N, h) with respect to a function f : N — R, is the manifold M x N with metric h & (f2 - g).
f2 is called the warping factor.
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2.1.2 The connection and curvature tensors

In the previous section we saw that a metric describes the curvature of the manifold. However,
to improve our grip on this we can define curvature tensors, which are tensors that depend on
the metric. In this section the necessary curvature tensors are defined.

In order to talk about the curvature of space we need to fix a connection V. For any vector
bundle 7 : E — M, let I'(E) be the space of sections

I'(E):={s: M — E|ros(z) =x,Vz € M}. (2.3)

The connection can be viewed as a map V : I'(E) — I'(T*M ® E). We say a connection is
compatible with the metric g if

Vxg=0, foral X e (TM), (2.4)

where I'(TM) = {X : M — TM|X(p) € T,M} denotes the set of all vector fields. Addi-
tionally, we want the connection to be torsion free. For a connection we can define the torsion
map T :T'(TM) x T'(TM) — I'(TM) by

T(X,Y) = VxY — Vy X — [X,Y]. (2.5)
Here [X,Y] denotes the Lie bracket, and it is defined by
(X, Y](f) = X(Y(f)) = Y(X(f)), for feC™(M), X,Y e (TM).

A connection is torsion-free if T[X,Y] =0 for all X, Y € I'(T'M). To find the connection we
want, the following lemma from [26, P. 99] is useful.

Lemma 2.1.8. For any Lorentzian manifold (M, g) there exists an unique connection V on
M which is both compatible with the metric g and torsion-free.

This connection is called the Levi-Civita connection. In all cases we fix the connection to
be this unique connection.

Given a coordinate chart and corresponding frame {FE,} on a neighbourhood U C M, we can
define the Christoffel symbols I' € T'(T*M®3) as

Lape = g(Eaa VEZ)EC)'

It is important to note that the Christoffel symbols can be viewed as a tensor only in a fixed
frame. Under a coordinate transformation, the Christoffel symbol does not transform as would
be expected from a tensor. For this reason we can also cannot compute the covariant derivative
of the Christoffel symbols. However, the difference between two Christoffel symbols is a tensor.

For the Levi-Civita connection the Christoffel symbols can be expressed in a nice way.

Lemma 2.1.9. Let (M, g) be a semi-Riemannian manifold, and let V be the Levi-Ciwita con-

nection. Furthermore, let (U, ®) be a local chart with coordinates x;, i = 1,...,n. Finally, let
us denote P
9ii =9(5 5 ) (2.6)
J 3961 8mj
Then 1
1_‘abc =3 [acgab + abgac - aagbc] . (27)

2
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Proof. For X,Y,Z € T(TM) we have
Vx(9(Y;2)) = Vxg(Y, 2) + 9(VxY, Z) + 9(Y,Vx Z).

Due to the metric compatibility Vxg(Y,Z) = 0. Furthermore, with this connection we can
rewrite g(Y,VxZ) = g(Y,VzX) + g(Y, [ X, Z]), which we can use to get the following linear
combination
Vx(g(Y,2))+Vy(9(Z, X)) = Vz(9(X,Y)) =29(VxY, Z) + g(X, [Y, Z])
- g(Y> [Za X]) - 9(27 [Xv Y])

This can be rewritten to

1
9(Z,VxY) = §{VX(9(Y7 Z))+ Vy(9(Z, X)) = Vz(9(X,Y)) (2.8)
We can express the vector fields using the coordinate chart by

X(@) =Y file) g (2.9)

Then the Lie-bracket of two vector fields X and Y expressed in the coordinate chart is given
by

X v = Y pi 28D 0y 25 O (2.10)

4,j=1

In particular, in a coordinate basis the Lie brackets will vanish for vector fields of the form

%, so we obtain the expression for the Christoffel symbols

1
Fabc = g(Eaa vic) = 5 [abgca + 8cgolb - 8agbc] .

O

Another consequence of a curved spacetime is that covariant derivatives generally do not com-
mute. To get a measure of how well they commute on vector fields we define the Riemann
tensor R € ['(T*M®3 ® TM) as a (1, 3)-tensor

R(X,Y)ZZVX(VyZ)—Vy(VXZ)—V[X’y]Z, XY, Z eT(TM). (2.11)

Using the identification map in Eq. 2.1 the Riemann tensor can be transformed to a (0,4)-
tensor, i.e. a section of T*M®*. Then it is defined by

RX,Y,Z,W)=g(R(X,Y)Z,W), X, Y, Z, W eI(TM). (2.12)
In a coordinate chart, there exists a useful expression for the Riemann tensor
R%cd = g(Ea?R(ECaEd)Eb) (213)
= acrgd - ad]'—‘l?c + Fge lc;d - ge gc'

The commutation relation of the covariant derivative on tensors is different than for vector
fields. However, it still depends on the Riemann tensor. This will be a useful relation later on.

Lemma 2.1.10. Let T € T'(T*M @ T*M), and let V be the Levi-Civita connection. Then in
any coordinate basis

(va; Vb - vaa) TCd = 7R7Z}abde - RrrrllabTmC'
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Proof. Note that the Christoffel symbol is not a tensor, therefore Val"gd does not make sense.
However, V,T}. is a tensor. Therefore, we should start with the outer covariant derivative and
work inwards.

(Va, Vol Tea =0aVTeq — Th Vo Tha — ThgVoTer — 06VaTea + T5VaTka + TigVaTer
= — (8aL.) Tra + (OT,) Tha — (9uT5y) Tt + (B6T%,) Tor
—TE T} Tha + Do, Tha — T T, Top, + TET  Tok
== RY,Tha — Ry Tore.
O

Another tensor that describes the curvature of the manifold is the Ricci tensor Ric, €
D(T*M ® T*M). For an orthonormal frame of the tangent bundle {Fy,..., E,} it is defined
by

Ricy(X,Y) =Y R(X,E;, E;,Y), X,Y €T(TM). (2.14)
=1

In a coordinate basis we denote it by
Rap = RS (2.15)

The trace of the Ricci tensor gives the Ricci scalar or scalar curvature. This is an invariant
of the metric. It is denoted by

scaly = Z Ric(E;, E;), (2.16)
i=1
or in a coordinate chart by
scal, = ¢"" Ry, = R, (2.17)

The Ricci scalar describes the curvature of the manifold.

2.1.3 The Einstein-Hilbert action and Einstein equations

In the previous section, several curvature tensors were defined. In particular, we defined the
scalar curvature. In this section we define a functional of the metric called the total curvature.
It turns out that a physical metric is an extremal point of this functional. This gives us the
Einstein equations.

By integrating the Ricci scalar over the entire manifold we get the total curvature, which gives
a sense of how strongly curved the total space is. However, a volume form or n-form is
necessary for integration. A natural candidate would be the volume form dV, which in any
oriented coordinate basis is described by

dV, = /| detg| dz* A -+ A dz™. (2.18)
Lemma 2.1.11. The volume form dV, given in Eq. 2.18 is well-defined.

Proof. In order to show that Eq. 2.18 is a definition for dV,, we need to show that the expression
is independent of the choice of coordinates, as long as they have the same orientation. Let
(¢,U) be any chart with coordinates x1,...,x,. Then we define the determinant of ¢ in the
chart ¢ to be det g = det g, Note that this definition is not coordinate independent. Namely,
if we have another chart (¢/, V) with coordinates zj, ...z}, then the metric transforms as
c d
Gab = Gop = %%gcd. (2.19)
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let A = d¢odd’ ! be the transition function of the coordinate transformation from x to 2.
b
Then A can be represented as a matrix A% = g;f,a which is the Jacobian of the coordinate

transformation. Using the Jacobian, the metric transforms as ¢/, = ASg.q4A¢. Therefore,

det g/, = (det A)* det gap

Using this result, we can compare dVj in the different charts

dVy = +/(—1)2det gdz' A--- A da"
= det A\/(—1)7det gdz™* A --- A da'™
=+/(=1)adet g'dx’ A--- Adx™.

We conclude that the expression in Eq. 2.18 is independent of the choice of coordinates. [

If M is orientable, then all dV, defined by coordinate basis of an oriented atlas will be identical,
making dV; the associated form of M. We are now ready to define the Einstein-Hilbert
functional or total curvature.

Definition 2.1.12. Let M be a manifold and let M denote the set of all Lorentzian metrics
on M. Then the Einstein-Hilbert functional or total curvature is defined by

S:M—=R,

g '—>/ scaly dVy.
M

The total curvature gives an indication of how strongly curved the spacetime with metric g
is. If two manifold are diffeomorphic, we cannot distinguish one from the other. Therefore,
both manifolds describe the same physical situation and must have the same total curvature.
However, the metric can still change under the action of a diffeomorphism. To prevent this to
be a problem we would want the Einstein Hilbert action to be invariant under this action.

Theorem 2.1.13. The Finstein Hilbert action

Seu(g) = /scalg vy (2.20)

is invariant under the action of diffeomorphisms.

Proof. Let M, N be two manifolds and f : N — M a diffeomorphism between them. We want
to show that

/ scalg dV :/ scalyr dVy, (2.21)
M N

where we used ¢’ = f*g. This equality follows from the coordinate invariance of the volume
form dV;. Namely, suppose we have a chart on U C N and f(U) C M with coordinates y* and
2* respectively. Then

/f(U) \/(Wscalg(x)dxl codx = /U det g(f(y))scalg(f(y))A(y)dy1 Ly
= /U \/(W’(y)scalg/ (y)dy" ... dy".

Now if {U;} is a locally finite open cover of M, then there exist a partition of unit subordinate
to this open cover, which is a set of functions 7; : U; — R such that ), 7; = 1 everywhere.
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Then

/ scaly dV, = Z 7 / V/det g(x)scaly(z)dx’ ... da"
M i Ui,
= Z M / v/ det ¢'(y)scaly (y)dy' ... .dy" = / scaly V.
i F=1(Uy) N

O

This theorem indeed shows that for a diffeomorphism f : M — N and a metric tensor g on N,
that (N, g) and (M, f*g) describe the same physical situation.

If the system does not contain any matter fields, then this system is in vacuum. In this case
the full action of the system is given by the Einstein-Hilbert functional. If we include matter
fields then there exists a Lagrangian which is a function of the matter fields {¢;}icr, the
covariant derivatives of these fields, and the metric. Then the matter action associated to
the Lagrangian is defined by

Suntle) = [ LY, (2.22)

The equations of motion of the fields are obtained by requiring that the action is station-
ary under variations of the fields. Applying this to the fields would give the Euler-Lagrange
equations.

In general relativity, we are not only interested in the dynamics of the matter fields, but the
metric is dynamical as well. Therefore, we want to obtain equations of motion of the metric
g. The action in Eq. 2.22 also depends on the metric. Therefore, to obtain the equations of
motion of the metric, we also have to vary the matter action. The contribution of the matter
action is described by the energy-momentum tensor 7 € I'(T*M®?) which is defined by

2 0Smat

T=———-—
v—detg dg

(2.23)

The total action is given by combining the Einstein-Hilbert functional with the action from
the matter fields. Finally, to cover all possibilities a cosmological constant A € R needs to
be included as well. Altogether, the action becomes

S = / [2M]' 3 (scaly — 2A) + L] dV, (2.24)
M
where n is the dimension of the spacetime and M), denotes the n-dimensional Planck mass.

If we require this action to be stationary under variations of g we end up with the Einstein
equations [26].
Definition 2.1.14. The Finstein equations describing the dynamics of the metric tensor

Gap are
1

2M; 2
The Einstein vacuum equations are the special case when T' = 0, i.e. when no matter is
present.

1
Rop — §scalg “Gab+ A gap = Tup. (2.25)

Consider the case T'= 0. Then by taking the trace of the Einstein equations we get the relation

2n

scaly = 3 A,
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where n is the dimension of our space. If we define y = %A, then we can rewrite the vacuum
Einstein equations from Eq. 2.25 to the form

Rab = 11 Gap- (2.26)
Therefore, in vacuum the Ricci tensor is proportional to the metric.

Definition 2.1.15. We call (M, g, A, L) an Einstein manifold with cosmological constant
A and Lagrangian L, if (M, g) is a Lorentzian manifold and g solves the Finstein equations in
Eq. 2.25. A Lorentzian manifold (M, g) is an Einstein manifold if there exists a p € R such
that

Ricg=p-g. (2.27)

Example 2.1.16. The four-dimensional Schwarzschild metric of mass M, is given by the
Lorentzian manifold (R*, gs) such that in spherical coordinates (t,r,0,p) the metric takes the

form
T

1
e (1)
T

1_ s

T

dr? + r2d6? 4 r* sin 0 d?, (2.28)

where rg = 2M is called the Schwarzschild radius.

The Schwarzschild metric is derived using Brikhoff’s theorem [26, Section 5.2].

Lemma 2.1.17 (Birkhoff’s theorem). Any spherically symmetric solution to the vacuum Ein-
stein equations 2.27 with u = 0, is static. Therefore, there exists a frame in which the metric
has the following form

g = —f(r)?dt* + g(r)*dr® + r2dQ3. (2.29)

Using this result and plugging it into the Einstein equations, one can derive that f(r) = g(r)~!

and that it must be of the form as in Eq. 2.28. Therefore, the Schwarzschild metric is the
unique spherically symmetric solution to the vacuum Einstein equations with g = 0. The
metric describes a spacetime around a static black hole.

Definition 2.1.18. A trapped surface is a co-dimension 2 surface S C M, such that the
two outward pointing light rays are converging.

A spacetime contains a black hole if there exists a compact trapped surface. In the case
of the Schwarzschild metric, note that at »r = r, the factors in front of dt?> and dr? change
sign. Therefore, inside the compact surface r = r,, 7 gets the role of time and all time- and
lightlike trajectories are forced to r = 0. This makes the surface r = r4 a trapped surface,
since both outgoing light rays eventually reach the point = 0. Therefore, the Schwarzschild
metric describes a black hole.

The Schwarzschild metric has spherical symmetry, but there exist spacetimes with even more
symmetries. Recall, the definition of maximally symmetric spaces in Def. 2.1.6. Weinberg
showed that an Einstein manifold (M, g) that is maximally symmetric is locally unique [27,
section 13.2].

Theorem 2.1.19. Let u € R, then any two mazximally symmetric metrics that solve Eq. 2.27
and have the same signature are locally equivalent.

There are three different cases we can consider, u < 0, u = 0 or p > 0. In the case that =0,
then the Ricci tensor vanishes, and therefore also the Ricci scalar. We call such spaces Ricci
flat. Examples are Minkowski space which saw in Ex. 2.1.3, and the Schwarzschild metric
which we will define in Section 3.2.6. However, it is important to note that the Schwarzschild
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solution is not maximally symmetric. If g > 0 then the space is positively curved. A maximally
symmetric example in this case is called de Sitter space. In this thesis we will focus on spaces
with negative cosmological constant, ¢ < 0. The maximally symmetric space in this case is
called Anti-de Sitter space, we define this space in Section 3.1.2.

2.1.4 Gauge fixing

In the previous section we derived the Einstein equations. Recall that the Einstein Hilbert
action is invariant under the action of diffeomorphisms from Theorem 2.1.13. This also applies
to the Einstein equations. Consequently, a diffeomorphism f : M — N and (N, g,A, L) an
Einstein manifold give rise to another Einstein manifold (M, f*g, A, f*L). This has as an
advantage that we can choose a representation that fits the problem that we want to solve
of the physical system that we want to describe. In this section we will show how we can
manipulate the metric to make a suitable choice, which we call gauge fixing.

Definition 2.1.20. Let (M,g,A,L) be an FEinstein manifold. Gauge firing is picking a
representative
g € {d*gle: M — Mis a diffeomorphism}. (2.30)

Large parts of this thesis is focused on showing the stability or instability of spacetimes. The
theory of stability will be discussed in Section 2.2, but it turns out that we want to study to
behaviour of linear perturbations of the metric. Such a linear perturbation can be seen as
a point (g, h) € T M, the tangent space of all Lorentzian metrics on M. We can represent this
by a metric ¢ € M and a symmetric 2-tensor h € T'(Sym?(T*M)). For simplicity we will use
the suggestive notation g + h for the point (g, k).

Gauge fixing can also be used on this linear level. To do this, we have to approximate the
diffeomorphism on the linear level. This can be used to our advantage by choosing a gauge
that simplifies the problem. If we use diffeomorphisms that we control, then we can transform
the problem to a nice form.

Let X € I'(TM) be a vector field, then X generates diffeomorphisms from M to itself. These
diffeomorphisms are generated by the flow of X. The flow of X is a map ¢x : M x R — M.
In [28, P. 209] the flow is defined by the differential equation

S ox (e, limty = X (6w, 1), (231)
ox(z,0) = z.

Definition 2.1.21. Let f : M — M be a diffeomorphism and X € T(TM). We say that [ is
generated by X if f(x) = ¢x(x,1), where ¢x is the flow of X.

Note that not for every X € T'(T'M), the flow ¢x(z,1) exists, because the flow could diverge
already for a time smaller than 1.

Definition 2.1.22. A gauge transformation is a diffeomorphism generated by a vector field
X e(TM).

Gauge transformations are in fact diffeomorphisms that slightly move our system. Therefore,
according to theorem 2.1.13 gauge transformations do not change the physics of the system. It
turns out that because of this property, gauge transformations can be a useful tool to simplify
a problem. This is because a diffeomorphism not only changes the coordinates, but it also
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transforms the metric. Once we have transformed the metric in a desired form we can fix
this gauge to filter 'unphysical’ degrees of freedom out of the problem. Not choosing the right
gauge might lead to divergencies that only arise due to a bad choice of gauge. These degrees
of freedom are called unphysical because we can get rid of them without changing the physics
of the problem.

For our purpose we are only interested in the linear order of the transformation of the metric.
Let g+ h be a perturbed metric, where g is a metric tensor of a manifold M and h a 2-tensor.
Then how does the metric transform under gauge transformations?

Lemma 2.1.23. Let (M, §) be a Lorentzian manifold and let g = g+ h be a perturbed metric,
where h is a symmetric 2-tensor. Under a gauge transformation generated by X € T'(T M), the
2-tensor h transforms as

h—h'"=h-Lxg. (2.32)

Proof. Let X be a small vector field. Recalling how the metric transforms from Eq. 2.19 we
get
(') = (65 — 8 X) (0} — 0uX")(gea(a’) — X7 0, gca(2"))
~ gab(xl) - (8aXC)gcb(xl) - (ach)gca(x/) - Xcacgab(xl)
= gab(x/) - @aXb(x/) - ﬁbXa(m/) (233)
It turns out that we can rewrite this in a coordinate invariant way using the Lie derivative

along a vector field X, denoted by Lx. The Lie derivative Lx : I'(E) — I'(E) can be defined
on the sections of any vector bundle £ — M, and is defined by

d
LxT = £|t:0¢x(t)*T’ T eI'(E),

where ¢x (t) denotes the diffeomorphism induced by the flow of X at time ¢. The Lie derivative
of g along any vector field X is given by

(LxG)ab = VaXp + V3 Xa, (2.34)

where V denote the covariant derivatives with respect to the background metric g. Note that
indeed Lxg € T'(Sym?(T*M)). Combining Eq. 2.33 and 2.34 find that we can express the
transformation of the perturbed metric in a coordinate invariant form

g =9—-Lxg. (2.35)

Writing ¢’ = § + I/, we can subtract ¢ from both sides of Eq. 2.35 to see how h transforms.
This gives the desired expression in Eq. 2.32. O

We conclude that gauge transformations are a way to linearly transform the metric. This is
used in Chapter 4 to simplify the analyses of the mode stability.

2.1.5 Stationary spacetimes

In Lem. 2.1.23 we derived that the metric linearly transforms with the Lie derivative Lxg.
A natural thing to ask is what happens in the case that Lxg = 0. In this case a vector field
conserves the metric g. We call this a Killing vector field and this indicates that this vector field
represents a symmetry of the Lorentzian manifold. In this section we derive that if a timelike
Killing vector field exists, then there exists a chart such that the metric is time-independent.
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Definition 2.1.24. Let (M, g) be a Lorentzian manifold. A Killing vector field of g is a
vector field K € T(TM) that preserves the metric

EKg =0. (2.36)

In a coordinate chart an equivalent definition is
ViaKp) = 0. (2.37)

where the brackets denote the symmetric part of V,K}. So for any (0, 2)-tensor T' the sym-
metric part is defined by

1
T(ab) = § (Tab + Tba) . (238)

Equation 2.37 is also called Killing’s equation. It turns out that not only the Lie derivative
vanishes, but we can actually find a metric that is independent of the Killing field.

Lemma 2.1.25. Let (M,g) be a spacetime manifold and K € T'(TM). K is a Killing vec-
tor field if and only if around any p € M there exists a coordinate chart with coordinates
{zt,...,2"} such that K = 0y and the metric is independent of ' in this chart.

For the proof of this lemma, we will use a general result for vector fields which is theorem 9.22
from Lee [28].

Theorem 2.1.26. Let V be a smooth vector field on a smooth manifold M, and let p € M
be a point such that V(p) # 0. Then there exist smooth coordinates {x',... z"} on some
neighbourhood of p in which V' has coordinate representation ;.

Now we can prove lemma 2.1.25

Proof. Let K be a Killing vector field. According to theorem 2.1.26 we can find coordinates x®
around every point p € M where K (p) # 0, such that K = 9;. Pick such a coordinate system,
then K can also be written as K¢ = (01)* = 6¢. If K satisfies Killing’s equation 2.37, then in
this coordinate chart the equation becomes

0uKp + O K, = 2I', K.
Note that K, = guK® = ga1. Using this and the definition for the Christoffel symbol we find
Bagbr + Obga1 = 91c9°" (agbd + Ovgad — agas)-

Since g1.9°? = 6¢, it follows that
algab =0.

We conclude that the metric is independent of z!.

Conversely, consider a metric g, independent of the coordinate z° , and define K = 0,-.
Then by the same steps as in the first part of the proof we can see that K satisfies Killing’s
equation. ]

Definition 2.1.27. An Einstein manifold (M, g) is stationary if it admits a Killing vector
field K that is asymptotically timelike. This means that there exists a surface such that outside
of this surface the Killing vector field is timelike.
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Therefore, we can associate a time coordinate ¢ to this Killing vector field in a stationary
Einstein manifold. Then there exist coordinate charts such that the metric is time independent
in these coordinates. In these coordinates the system is invariant under time translations.
Stationary manifolds are convenient to do calculations with because of this time symmetry. In
the next section we see that we require stationary manifolds to analyse mode stability.

To summarize, we have derived the Einstein equations and defined when a Lorentzian manifold
is an Einstein manifold. Unfortunately, not all Einstein manifolds are physically realistic. For
example, let (M, g) be a stationary Einstein manifold, then there exists a time-independent
frame. However, in nature a stationary state does not exist. Due to quantum effects even
the vacuum state is already very dynamic. Therefore, a stationary state can never be a true
description of a physical state, because there will always be some dynamics. Nevertheless,
as long as small perturbations on the manifold do not have a big impact on the evolution of
the system, the solution can be used to approximate a physical system. This is the study of
stability of a solution and we describe it in the next section.

2.2 Stability theory

Now that we understand Lorentzian manifolds and the Einstein equations, we can formulate
the stability problem. For a manifold M and a Lagrangian L there may be many metric tensors
that solve the Einstein equations. Sometimes there exist solutions that are particularly useful
because of a certain symmetry or another desirable property. To study the behaviour of such a
solution we also have to study the metric solutions ‘close’ to it. If there are nearby metrics that
diverge from it eventually, then the solution is unstable. It is unlikely that unstable solutions
describe physical systems, because if they occur, they probably only exist for short periods of
time. To study the behaviour of these metrics we have to perturb the background metric and
analyse the Einstein equations.

A stability problem can only be formulated if there exists a way to set initial conditions.
Luckily, in general relativity there exist Cauchy surfaces and initial conditions can be set on
these surfaces such that the evolution is determined by the Einstein equations. We derive this
in Section 2.2.1. The definition of stability is stated in Section 2.2.2. There are quite some
difficulties in proving stability of spacetimes. Therefore, we also consider two other types of
stability. Namely, linear stability in Section 2.2.3 and mode stability in Section 2.2.4.

2.2.1 The Cauchy problem

In this section we derive how we can set initial conditions to define stability. It turns out
that there exist Cauchy surfaces in Lorentzian manifolds that influence the entire manifold.
To get a feeling of what is meant by stability, consider the following example of an ordinary
differential equation.

Example 2.2.1. Consider the ordinary differential equation

dy _ 1+y, y(0)=1. (2.39)
dt

This equation has a constant solution given by y(t) = 1. However, to see if it is stable we have
to look at solutions that have slightly different initial conditions. Now take as initial conditions
y(0) = 1+e€. With these initial conditions the solution is given by y(t) = 1+ee'. This solution
diverges from the original solution for large t. Therefore the solution of 2.39 is unstable.
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For ordinary differential equations, the definition for stability is quite intuitive. Namely, if
f: R — R is a solution to a differential equation with initial conditions f(0) = fo, then the
differential equation is stable at f, if for any other solution g : R — R with initial condition
g(0) = go, it holds that if |fo — go| is small, then |f — g| is small.

We want to construct a similar definition for metric solutions to the Einstein equations. How-
ever, for such a definition we have to be able to set initial conditions and have a notion for
when two metrics are close to each other. Normally, we could use the boundary of our manifold
to set boundary condition, but in many cases the space does not have a boundary. Therefore,
in order to set some boundary conditions we need to find a hypersurface that influences the
entire space. In other words, every geodesic should pass through this surface.

Definition 2.2.2. Let (M, g) be a Lorentzian manifold. A map v : (0,1) — M is an inex-
tensible Cauchy curve in (M, g) if

1. v is differentiable,
2. y(t) is timelike for each t € I,

3. v(t) does not approach a limit as t approaches 0 or 1.

The collection of all inextensible timelike curves describes is the collection of all paths that a
particle could possibly take in the manifold M. If we can find a hypersurface such that each
curve crosses the hypersurface exactly once, then we could choose such a surface to set the
initial conditions, since every path would be influenced by these conditions.

Definition 2.2.3. A subset S C M is called a Cauchy surface if every inextensible differ-
entiable timelike curve in (M, g) has exactly one point of intersection with S. If (M, g) admits
a Cauchy surface, then we call (M, g) globally hyperbolic.

Using Cauchy surfaces, perturbations of the metric can be defined. Suppose (M, g, L) is an
Einstein manifold with Cauchy surface S. Then we view § has a background metric. If a
metric g is specified with inital data on S in the form of g|s and Vxg|s with X a vector field
not tangent to S, then the Einstein equations fully determine g on the rest of the manifold
uniquely up to diffeomorphisms. This may be surprising since the Einstein equations are a
set of very non-linear partial differential equations, but this is one of the beautiful aspects of
general relativity and the working of it is explained by Hawking and Ellis [29, chapter 7]. This
initial value problem is called the Cauchy problem.

Let (S, §) be an Einstein manifold. Another Einstein manifold (M, a, g) is called a devel-
opment of (5,g) if there exists an embedding « : S — M such that a*g = §. Another
development (M’,a/, g") of (S, g) is an extension of M if there exists a diffeomorphism ¢ of
M into M’, which leaves S pointwise fixed and such that ¢*¢’ = g. With these definition
Hawking and Ellis [29, Section 7.6] prove the following theorem.

Theorem 2.2.4. Let (S, §) be initial data such that § satisfies the constraint equations [29,
Eq. 7.17 and 7.18], then there exists a unique (up to a diffeomorphism) development (M, ., g)
that is an extension of any other development.

For this maximal extension a(S) is a Cauchy surface of M. We do not prove this theorem.
However, we give some intuition why it is only necessary to specify the metric along the surface

S.

Let (M, g) be a maximal development of (S, ¢g|s). Suppose ¢ : M — M is a diffeomorphism
that keeps S pointwise fixed. Then this gives an induced map ¢* which takes g at p € S to
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¢*g. For n € TyM which is orthogonal to S and normalized such that nag®ny, = —1, we
can give any value to n,¢.g® by choosing the right diffeomorphism ¢ [29]. Consequently, the
components n,g%" are insignificant. Similarly, we can give n, XV ¢* gy any value we want, so
not all components of XV .gqp|s are relevant as well.

This setup with initial data gives rise to an interesting question. Namely, if we choose the
initial data (S,g) and (S,¢’) such that § and ¢’ are close, is the development (M, g) also
close to the development (M’ ¢")? If g does not change much under a slight change of initial
conditions, then we call (M, g) stable. There are some difficulties though. Due to the invariance
under diffeomorphisms and different coordinates, it can occur that a slightly deformed metric
diverges from g even when (M, g) is stable. This is merely a consequence of a bad choice of
gauge. However, such occurrences make the search for stability much more difficult.

2.2.2 Non-linear stability

With these Cauchy surfaces we can formulate stability of an Einstein manifold. This allows
us to set initial conditions and derive what happens if we slightly alter the inital conditions.
Similar to example 2.2.1 we want to call a spacetime unstable, if there exists a metric which
is close to the original metric on a Cauchy surface, but which diverges asymptotically. For
a physically realistic metric, small perturbations need to remain small. Therefore, we would
want any metric that is close to it initially, to stay close to it.

Definition 2.2.5. Let (M, g, L) a globally hyperbolic Finstein manifold and S C M a Cauchy
surface. (M,g,L) is (non-linearly) stable if for any € > 0 there exists a § > 0 such that if
(M,g', L) is an Einstein manifold and ||g’ — glls < &, then there exists a f € Dif(M) such
that ||f*g" — gllm < e.

Here ||.||s and ||.]|as denote some norm on the jet bundle of 2-tensors over the Cauchy surface S
and manifold M, respectively. It is not possible to give an general expression for these norms,
since these depend on the situation and the tools that can be used to solve the problem. We
call (M, g) unstable if it is not stable.

Unfortunately, the study of stability is extremely complicated since it requires the full under-
standing of the six coupled non-linear differential equations coming from the Einstein equations.
This number is even bigger for higher dimensional spaces. Additionally, there is the problem
of gauge fixing. By choosing the wrong gauge it is possible that metrics that are actually close
to each other appear far apart. In simple spaces such as Minkowski space, the gauge choices
are easier to understand than in more complicated spaces. Stability has only been solved in a
few cases, for example for Minkowski space [30] and for slowly rotating Kerr black holes [31].

2.2.3 Linear stability

Due to the difficulties with stability, there exists a weaker notion of stability which does not
necessarily imply stability, but can highlight some of the aspects and can be useful for the
full proof. This weaker form of stability is linear stability and is described in this section. In
the case of linear stability, we linearize the Einstein equations around the background metric
and consider metrics that solve this linearized equation. This way we avoid having non-linear
partial differential equations that we have to solve and only have to solve linear equations.
In order to linearize the Einstein equations, we need to determine how the curvature tensors
transform under perturbations.
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Recall that the difference between two connections is a 1-form that takes values in the space
of two tensors. Therefore, we can represent the transformation of the connection or Christoffel
symbol under a linear perturbation g = g+ h as I = I' + 6T, where 6T' € T'(TM ® T*M®?).

Lemma 2.2.6. Let (M,§) be a Lorentzian manifold. Under a perturbation g = g + h, the
Christoffel symbols transform as I'S, = 1'C, 4+ 0I'¢, with

1.y /e . .
ol'gy = 59 ¢ (Vahbd + Vihae — thab) ; (2.40)

where V denotes the covariant derivative with respect to the background metric g.

Proof. If we only consider terms linear in h then

1

Loy = i(QCd — 1) [0 (Gba + hva) + O (Gda + hdaa) — Oa(Gab + Pab)]

I ~edi 1 NG
~ 15y, — 7 Tphai + 59 * (Oahba + Ohda — Oghas) , (2.41)

where T’ denotes the Christoffel symbol associated to the background metric §. Using the
symmetries of the Christoffel symbols can derive that

@ahbc + ﬁbhca - ﬁchab = aahbc + abhca - 8ch/ab - 21:‘gbhcd- (242>

Applying Eq. 2.42 to Eq. 2.41 gives the desired result. O

Recall that 0I' is tensorial. Therefore, the covariant derivative of 6I';, exists, even though
this was not possible for the Christoffel symbol I". We can apply this to determine how the
Riemann tensor varies.

Lemma 2.2.7. Let (M, §) be a Lorentzian manifold. Under a perturbation g = g + h, the
Riemann tensor transforms as

SR% .y = VDL, — Va0Te.. (2.43)

Proof. This follows from
6R%cd :acdrgd - 8d6rgc + 6Fgm Agfi + fgm(srg?i - 5Fgm AZZ ~1 gmdrﬁ
=V.0Tg, — VaoT'g.
O

The variation of the Riemann tensor in Eq. 2.43 is simple and will be useful. However, to
determine how the Ricci tensor transforms we need the full expression in terms of h. Using
the expression for the variation of the Christoffel symbol in Eq. 2.40 and substituting this into
Eq. 2.43 we get

1 A A PN PN PN PN PN

5R%cd = igam <VCVbhdm + vcvdhbrn - chmhbd - VdVbhcm - vdvchbm + vdvmhbc>
(2.44)
Unfortunately, the covariant derivative does not commute on (0,2)-tensors. Instead, recall

Lem. 2.1.10 to rewrite Eq. 2.44 to

6R%Cd = gam (?c@bhd'm - ﬁc@mhbd - ﬁd@bhcm + @d@mhbc - chdhmn - R?ncdhbn>

(2.45)

N |
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Lemma 2.2.8. Let (M, §) be a Lorentzian manifold. Under a perturbation g = g + h, the
Ricci tensor transforms as

1 - vk v = i » c Hc
6Bt = 5 (~Dhap = VaVoh + V(aVhyye = 2Racaah™ + 2R3, hy.) (2.46)

Here [ = gabﬁﬁb denotes the wave operator.

Proof. Using that 0Rq, = 0R;,, and Eq. 2.45 we get
OR . :5 (VLVahbc — Ohgy — ViV h + vachac — Racbdth + Rcbhac) (2.47)

We can rewrite this expression using the fact that the trace is a scalar valued quantity, so the
covariant derivative commutes

VaVih = VyVah. (2.48)

Additionally, using again Lem. 2.1.10
VNVahpe = VaVehpe + [V, Valhoe = VaVehye — Racpah® + RS hye. (2.49)
Combining Eq. 2.47, 2.48 and 2.49 leads to the expression in Eq. 2.46. [

So for a perturbed metric ¢ = § + h the Ricci tensor takes the form

1
Ry = Rap + 6Rap = Rap — §ALhab-

Wecall Ap :T(T*"M @T*M) — I'(T*M ® T*M) the Lichnerowicz operator [18] and using
Lem. 2.2.8 it is given by

Aphay =0 hap + VaVoh = 2V (o Vhy)e + 2Rapeah™ — 2R,y (2.50)

Definition 2.2.9. Let (M, §) be an Einstein manifold. A perturbation g = g + h solves the
linearized Einstein equations if and only if

Aph =0. (2.51)

Definition 2.2.10. Let (M, §) be an FEinstein manifold and ¥ C M a Cauchy surface. The
spacetime (M, §) is linearly stable if any perturbed metric g = § + h that is close to § on
Y and solves the linearized Einstein equations, has h decaying sufficiently fast in time with
respect to an appropriate frame of (M, g).

This definition is again vague. What does sufficiently fast decay mean for example? In non-
linear stability we need full control over the perturbed metric. Due to the non-linear terms
in the Einstein equation it necessary to not only bound the perturbation but also know the
decay of the curvature tensors and their derivatives. By contrast, in the linear theory, any sort
of control over the solutions is satisfactory. Additionally, the problem again depends on some
choices. In particular, a frame of the background space needs to be chosen and a gauge needs
to be fixed. According to [31] the strategy to prove linear stability is as follows:

e Find components of the metric that are invariant under gauge transformations as in
Eq. 2.32 for which the linearized Einstein equation 2.51 become simple, decoupled, wave
equations.

e Analyse the components and derive at least one of the properties:
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— There are no exponentially growing modes.
— The component is bounded for all times.

— The component decays in time.

e Find a vector field X such that after a gauge transformation all gauge dependent com-
ponents inherit the above property.

In many cases solving the linearized Einstein equation is still very difficult. As shown in [18,
P. 7], in vacuum we can simplify the problem by working in a smart gauge.

Definition 2.2.11. The transverse traceless gauge of a metric g + h is defined by

V.h$ =0, (2.52)
h = g®he = 0. (2.53)

We derive how to get to the transverse traceless gauge for each case specifically. In this gauge,
Eq. 2.50 simplifies to

Aphay = O hap + 2Rachah™ — 2R,y (2.54)
In non-vacuum it is still possible to fix the gauge such that
~ 1.
V.h — ivbh =0, (2.55)

just not each term separately [18]. This will still simplify the Lichnerowicz operator to the
form in Eq. 2.54. Even with this simplification the problem can be hard to solve. This is
because h depends on all coordinates.

2.2.4 Mode stability

The final simplification that we can make is to reduce the complexity of the coordinate depen-
dencies. Namely, we can only consider perturbations of a certain complex frequency w. This
works especially well in the case of stationary spacetimes. The stability of modes is called mode
stability. In this section we define mode stability and show the existence of a useful master
equation for mode stability problems.

To get a mode decomposition of the perturbation we use the Laplace transform.

Definition 2.2.12. A mode decomposition of a 2-tensor h is given by the Laplace trans-
formation [32]

h(t,z") = /e_mtx(w,a:i)dw, (2.56)

where x* denote the spatial coordinates. We call e~y (w,z) a mode of h.

The Laplace transformation can be viewed as a Fourier transformation with complex frequency
w. This splitting of the ¢ variable is a decomposition into modes, where w represents the
frequency of the mode, but a complex frequency rather than a real frequency. Consequently, if
the imaginary part is non-zero, a mode grows or decays over time. The mode grows if Imw > 0
and decays if Imw < 0. If the background space is stationary, then in the time-independent
frame, the Lichnerowicz operator is time-independent as well. Therefore, in this frame, we
get independent equations for each mode and it is possible to analyse the modes separately.
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Namely, if we insert the decomposition in Eq. 2.56 into the linearized Einstein equation 2.51
we get

Aphgy = / Ap (67 Yap(w, 2")) dw (2.57)
In particular, if Are™!yq,(w,2?) = 0 for each w, then hy, solves the linearized Einstein
equations. This is a nice first step in studying the stability problem. If the background metric
admits other symmetries as well it is possible to separate other variable of x. We will discuss
this in more detail when considering specific spacetimes.

Definition 2.2.13. Let (M, g) be an Einstein manifold. We say (M, g) has mode stability
if all mode solutions to A ‘
Are T hyy(w, ") =0, (2.58)

have Imw < 0.

Unfortunately, mode stability does not imply linear stability and vice versa. This is caused by
the interactions between different modes that may cause or cancel instabilities. This can be seen
by looking at Eq. 2.57. Observe that Aphg., = 0 does not imply that Ap, (e’mxab(w, x’)) =0
for all w € C. Therefore, even if all mode solutions have Imw < 0, there can still be linear
perturbations h that contain growing modes. On the other hand, if there is a mode solution
with Imw > 0, then this can still be canceled in the integral of Eq. 2.56, such that the linear
perturbation h is still stable. Nevertheless, in most cases proving mode stability does support
the understanding of the linear stability problem.

In Eq. 2.58 every time derivative gets replaced by a factor (—iw). In many cases the resulting
equation can then be rewritten to a Schrédinger type equation

d*ip

dx?
where V is a potential. This changes the problem to an eigenvalue problem. If we view the
left hand side of Eq. 2.59 as a differential operator, then the (M, g) is modally stable if this
differential operator does not admit any negative eigenvalue. This is because if w? > 0, then
w € R, thus Imw = 0. Conversely, if w? < 0, then w is imaginary. Therefore, in this case there
is an unstable mode.

+V(2) = w, (2.59)

The next section is about spectral theory. Here we define a class of operators called self-adjoint
operators. For such operators we can define the spectrum, which intuitively describes the set
of eigenvalues of the operator. If the spectrum contains negative elements, then there exist
unstable modes, whereas if the spectrum contains only positive elements, then all modes are
stable. In the next section we state Theorem 2.3.16, which is useful for proving the existence
of negative elements in the spectrum.

Mode stability is the first step on the long route to proving non-linear stability. In this thesis
the focus is on studying the mode stability of different black hole spacetimes. We look at the
mode stability of the Schwarzschild solution in four dimensions in Section 4.1 and we uncover a
regime where unstable modes appear in the case of a black string in five dimensions in Section
4.2. We use this instability to find which black holes are stable in Randall-Sundrum in Section
4.3. However, first we define Randall-Sundrum and look at its properties in the next chapter.

2.3 Spectral theory

In the previous section we saw that in many cases a mode stability problem can be reduced
to a Schrodinger type equation. The frequencies of the modes correspond to eigenvalues of
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the Schrodinger operator, which means that we need to study the eigenvalues of this equation.
By identifying the left hand side of Eq. 2.59 with an operator, we can use spectral theory to
analyse the spectrum of this operator. In this section we define spectral theory, which is the
theory behind such operators. Furthermore, we derive some important results to analyse the
spectrum of differential operators. Most of the definitions come from the book by Simon and
Reed [33, Sections 8.1 - 8.3].

In Section 2.3.1 we define the useful class of differential operators called self-adjoint operators.
For a self-adjoint operator A we can define the spectrum, which is the set of A € C for
which A — AI is not bijective. In Section 2.3.2 we derive that for well-behaved potentials, the
Schrédinger operator as in Eq. 2.59 is self-adjoint. This allows us to use the results from this
section for the stability analyses in Chapter 4. Finally, we state the spectral theorem and prove
Theorem 2.0.1 in Section 2.3.3. In the end we derive the following theorem.

Theorem 2.3.1. Suppose the mode stability problem of a spacetime (M,g) can be rewritten
to a master equation of the form of Eq. 2.59. If V is

e Piecewise continuous,
e bounded,

e non-negative,

then (M, g) is modally stable.

2.3.1 Self-adjoint operators

In this section we make definitions that allow us to view the left hand side of Eq. 2.59 as a
differential operator. For this we need to define Hilbert spaces and linear maps or operators
on Hilbert spaces. Furthermore, we define a class of operators with useful properties called
self-adjoint operators. As an example we take the Laplacian, which is an important operator
for Section 2.3.2.

Most functional spaces are infinite dimensional linear spaces.

Definition 2.3.2. A Hilbert space H is a real or complex inner product space that is complete.

Example 2.3.3. An important example of a Hilbert space is L?(R) which consists of functions
f: R — R which are square integrable, i.e. for which

o0
1A= [ f@Pds <.
— o0
This norm is induced by the inner product on L? given by

(f )1 = / T f@g@)de fog e L(R).

We can act on this Hilbert space with linear operators. Let H be a Hilbert space, then a map
A:D(T) C H — H is a linear operator if

T(af + Bg) = aT(f) + BT(9), (2.60)

for all f,g € H and «, 8 € R. Here D(T) is a linear subspace of H called the domain of T. We
say that T is densely defined if D(T') is dense in . We denote the set of linear operators
by L(H).
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Example 2.3.4. The smooth functions with compact support denoted by C5°(R) form a dense
subset of L*(R).

Since not all functions f € L*(R) are continuous, let alone differentiable, it is not trivial that
we can act with differential operators on L?(R). However, we can define a weak derivative.
The weak derivative of a function f € L?(R) is a function g € L?(R) such that

/ fh dx = / ghdz, for all h € C§°(R). (2.61)

Similarly, the k-th weak derivative is defined by taking k derivatives of h.

Example 2.3.5. The Sobolev spaces H*(R) represent the square integrable functions that have
k weak derivatives. They are defined by

H*(R) = {f € L*(R)| fis k times weakly differentiable}.

The inner product is given by

k

<f7 g>1"12 = Z<f(2)7g(l)>[/2a

i=0

where f) denotes the i-th weak derivative of f.

The following lemma on Sobolev spaces will later be useful [34][Chapter 8].
Lemma 2.3.6. Suppose f € H*(R) for k € N then f is bounded and

lim f(z) =0, mgrzloof(x) =0. (2.62)

T—r 00

With Sobolev spaces it is possible to define differential operators.

Example 2.3.7. Consider the Hilbert space L*(R). An example of a densely defined operator

is the one-dimensional Laplacian, A = —% with D(A) = H?(R). Note that since the smooth
functions with compact support form a subset of H*(R), we see that indeed A is densely defined.

For densely defined operators we can define the adjoint.

Definition 2.3.8. Let T € L(H) be densely defined. Let D(T*) be the set of f € H for which
there exists a g € H with

(Th, f) =(h,g) for every h € D(T). (2.63)

For each such f we define T* f = g. The operator T* is called the adjoint of T.

Since T is densely defined there is a unique g that satisfies Eq. 2.63. Namely, suppose that
9,9 € H both satisfy Eq. 2.63 and g # ¢’. Then there must be a h € H such that (h,g) #
(h,g"). However, since T is densely defined we have a sequence {h,} such that lim,_,o h,, = h,
for which by definition we have (h,, g) = (h,,¢’) for all n. This means that both sides have
the same limit, which contradicts our assumption that (h, g) # (h,¢’).

Definition 2.3.9. A densely defined operator T on a Hilbert space H is called symmetric
if T C T*, that is, if D(T) C D(T*) and Tf = T*f for all f € D(T). Equivalently, T is
symmetric if and only if

(Tf,9)=(fTg) forall f,ge D).
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Definition 2.3.10. T is called self-adjoint if T = T*, that is, if T is symmetric and D(T) =
D(T™).

Theorem 2.3.11. The one-dimensional Laplacian A = —% with D(A) = H%(R) is self-
adjoint.

Proof. Consider the one-dimensional Laplacian A = —j—; with D(A) = H?(R). Using inte-
gration by parts, we have for all f,g € H?(R)

(. Ag) = / fd'de
= f@) @+ / Jgde

- (@) — F@g @) e - [ " frgde
= (Af,g).

In the last equality we used Lem. 2.3.6. It follows that A is symmetric. Proving self-adjointness
now boils down to showing that D(A) = D(A*). Let f € D(A*) then there exists a g € L*(R)
such that

/OO f(AR)dz = /OC ghdz, for all h € D(A). (2.64)

In particular, since C§°(R) C D(A) = H?(R) it follows that Eq. 2.64 holds for all h € C§°(R).
Therefore, g is the second weak derivative of f. Consequently, f € H%(R) and we conclude
that D(A) = D(A*) and thus that A is self-adjoint. O

Suppose that an operator T': D(T') — H can be extended. In other words that there exists an
operator S : D(S) — H with D(T) € D(S) and T¢ = S¢ for ¢ € D(T'). Then the domain of
the adjoint would decrease D(S*) C D(T*). So if T is symmetric and S a symmetric extension

we have
D(T) c D(S) c D(S*) Cc D(T™). (2.65)

Therefore, a self-adjoint operator does not have a symmetric extension.

Definition 2.3.12. Let T € L(H). We say T is closed if its graph G = {(f,Tf) € HxH|f €
H} is closed.

Lemma 2.3.13. Let T € L(H) be densely defined. Then T* is closed.

Proof. Let {f,} C D(T*) such that f, — f and T* f,, — ¢. Then for every h € D(T') we have
(h, T* fr) = (Th, fn). (2.66)

Now taking the limit n — oo on both sides of Eq. 2.66 gives (h,g) = (Th, f). Since this is
true for every h € D(T'), and D(T) is dense in H, we can conclude that indeed f € D(T*) and
T*f=g. O

Combining the result of Lem. 2.3.13 and Theorem 2.3.11 it follows that A with D(A) = H?(R)

is closed. Since A is self-adjoint and its adjoint is closed.

Deﬁnltlon 2.3.14. A symmetric operator T' is called essentially self-adjoint if its closure
T is self-adjoint. If T is closed, a subset D C D(T) is called a core of T if T|p =T.
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For closed operators we can analyse the spectrum of eigenvalues. Recall from linear algebra
that a linear map A had eigenvalue A if there exist an eigenvector v with Av = Av, in other
words when ker(A —\I') # {0}. For linear operators T' € L(H) the story is a bit different. Now
there is not necessarily an eigenvector corresponding to each eigenvalue. However, we can still
analyse for which A € C the map T — Al is a bijection.

Definition 2.3.15. Let T € L(H) be closed. A complex number X is in the resolvent set of
T if T — M is a bijection from D(T) to H with a bounded inverse. We denote the resolvent set
by p(T). If X € p(T), then R(\) = (T — A\I)~" is called the resolvent of T at \.

We say A is in the spectrum o(T) if A is not in the resolvent set.

In equations such as Eq. 1.1, the spectrum of the operator on the left hand side can tell a lot
about the stability of the system. In particular, to determine the infimum of the spectrum the
following theorem from [35, Theorem 2.19] is useful.

Theorem 2.3.16. Let A: D(A) C H — H be self-adjoint. Then

info(A) = feD(jr)l,ﬁlfH:IU’ Af). (2.67)

This theorem is especially useful in proving the existence of unstable modes. In order to prove
that there exist a E € o(A) with E < 0, there only needs to exist a f € D(A) such that

(f,Af) =0.

2.3.2 The Schrodinger operator

In the previous section we stated the definition of self-adjoint operators and derived some useful
properties of these operators. The operators that are of interest of us when proving mode
stability are operators of the form of Eq. 2.59. In this section we introduce the Schrédinger
operator and show in Cor. 2.3.20 that this operator is self-adjoint if the potential is bounded
and piecewise continuous.

Definition 2.3.17. Let V : R — R be a map such that V - f € L*(R) for any f € L*(R). We
call an operator A : H*(R) — L*(R) of the form
d2

———
dx?

+V(z), (2.68)

a Schrodinger operator with potential V.

We are mainly interested in self-adjoint Schrédinger operators. This can be proven using the
Kato-Rellich theorem.

Definition 2.3.18. Let H be a Hilbert space, A : D(A) C H — H a self-adjoint operator and
B:D(B) C H — H a symmetric operator with D(A) C D(B). We say that B is A-bounded if
there exist constants o, 3 > 0 such that

|Bz|| < o[ Az|| + B[]
for all x € D(A), and we say that « is an A-bound of B

Theorem 2.3.19 (Kato-Rellich). If B is A-bounded with A-bound smaller than 1, then A+ B
is self-adjoint on D(A), and essentially self-adjoint on any core of A.
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Let A = —% denote the one-dimensional Laplacian with D(A) = H?(R). Let V : R — R
be a bounded and piecewise continuous potential with bound Viyax. Then V : L?(R) — L*(R)
can be viewed as an operator that maps u € L?(R) to

(Vu)(z) = V(x)u(z). (2.69)
With this construction V is a bounded operator, since
||VU|| < Vmax||u||~ (2'70)
Consequently, using Def. 2.3.18, V' has 0 A-bound.

Corollary 2.3.20. Let V : R — R be bounded and piecewise continuous, and let A= A+V
be the Schridinger operator with potential V. Then A is self-adjoint on D(A) = H*(R), and
essentially self-adjoint on any core of A.

If the potential V is non-negative, then the Schrédinger operator has even additional nice
properties.

Definition 2.3.21. An operator T on a Hilbert space H is non-negative if
(f.Tf)=0 Vfe D).
We denote this by T > 0.

Now suppose V' is non-negative and let 0 # f € C§°(R). For the Schrédinger operator A with
potential V' it holds that

ran= [ i@ PIE) v ) e

. da?
- /_O; (de))Q + V(x)f(x)*dr > 0.

Since C§°(R) is a core of A, it holds that (f, Af) > 0 for all f € D(A).

Corollary 2.3.22. If V is non-negative then the Schédinger operator of Eq. 2.68 is non-
negative.

2.3.3 The spectral theorem

In the previous section we have defined the Schrédinger operator and saw that it is self-adjoint
for well-behave potentials. In this section we derive the spectral theorem. With this theorem we
can act with functions on self-adjoint operators to generate new operators. With the spectral
theorem we can prove the main result of this section.

Theorem 2.3.23. Let A be a self-adjoint non-negative operator on a Hilbert space H. Then
o(A) C[0,00).

For a self-adjoint operator A on a Hilbert space H, we can define a map from the bounded
Borel functions to the set of self-adjoint operators on . The intuition behind this map is that
for a self-adjoint operator A we can find a set of eigenvalues {\,} and a corresponding set of
eigenfunctions {1, }. If we now have a bounded Borel function h, we can define a new linear
operator h(A) on this set of eigenfunctions by h(A)y, = h(A,)Yy,. Since A is self-adjoint this
can be made into a well-defined operator on the Hilbert space.
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Theorem 2.3.24 (functional spectral theorem). Let A be a self-adjoint operator on H. Then
there is a unique map ¢ from the bounded Borel functions on R into L(H) so that

1. QAS s an algebraic homomorphism, i.e. (Z;(f 0g) = Qg(f) o é(g)
2. ¢ is norm continuous, that is, ||¢A5(h)||£(g_[) < |1 oo-

3. Let hn(x) be a sequence of bounded Borel functions with hy(x) —— x for each x and

n— 00

\h ()] < |2| for all  and n. Then, for any ¥ € D(A), limp_o00 ¢(hn)1h = Ah.

4. If hp(x) = h(z) pointwise and if the sequence ||hy||oo is bounded, then ¢(h,) — ¢(h)
strongly.

5. If A = \ip, then ¢(h) = h(\)y.
6. If h >0, then ¢(h) > 0.

It is also common to use the notation h(A) instead of ¢(h). Note that the identity map
i : R — R indeed also maps i(A) = A. The spectrum of the new operator relates to the
spectrum of A.

Theorem 2.3.25. Let f be a bounded Borel function. Then we have the inclusion:

a(f(A)) C f(a(A4)).

In particular, for a measurable set 2 C R we can consider the characteristic function

Xa(z) = {? Ei i g : (2.71)

We can then define operators Py = xq(A).

Definition 2.3.26. A family of projection operators { Pa} indexed over measurable sets Q@ C R
is called a projection-valued measure (p.v.m.) if it has the following properties:

1. Each Pq is an orthogonal projection.

2. Pp=0, P_oo,00) = 1.

3. If Q=,, U, with Q, N Qy, =0 if n # m, then Py = limy_,00 Zﬁle Py,
4. Pa, Po, = Pa,nq,-

Lemma 2.3.27. The family of operators { Po} indexed over measurable sets Q C R is a p.v.m.

Note that some operators Py may be zero. Namely, if Q No(A) = 0, then by Theorem 2.3.25
it follows that o(Pq) C {0}. Nevertheless, if {Pq} is a p.v.m. then for any f € H, (f, Pxf)
defines a measure. Integration with this measure will generate an operator again. One can
show that for a Borel function h it holds that

oo

(f h(A)f) = / RNA(F, PAS). (2.72)

—00

This gives us a correspondence between p.m.v. and self-adjoint operators.
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Theorem 2.3.28. There is a one-to-one correspondence between self-adjoint operators A and
projection-valued measures {Pa} on H, given by

A:/ AdPy

With this theorem we want to work towards our main result.

Proof of Theorem 2.3.23. Let Py be the p.m.v. associated to A. Assume that there exists a
A€ 0(A) with A < 0. Then there exist a < b < 0 and let f € H such that P, ;) f = f. Then

(r.0)= [ aawra)

= / Ad(PxPap) [ f)- (2.73)
Note that because of property 4 of Def. 2.3.26, it holds that for every A ¢ [a, b] there exists a
0 > 0 such that Pix_s5x+6)FP(ap) = 0. Therefore, Eq. 2.73 becomes

b
(Af. 1) =/ Ad(Prf, ). (2.74)

In this equation we have that because of property 6 of Theorem 2.3.24 (Pier—e)f, f) is
positive, whereas A is negative in the range (a,b). This would mean that (Af, f) < 0 which
contradicts our assumption that A is positive. Therefore, such a non-zero f does not exist
which means that P, ;) = 0 for all a < b < 0. If (a,b) No(A) # () somewhere then P, ;) # 0,
so we conclude that o(A4) C [0, c0). O

This theorem makes the mode stability analyses in some cases much simpler. Once we have
derived a master equation of Schrédinger form, we only need to check whether the potential
is:

e Piecewise continuous,

e bounded,

e non-negative.

If all these three apply then it follows from Cor. 2.3.20 that the Schrédinger operator is self-
adjoint. Furthermore, by combining Cor. 2.3.22 and Theorem 2.3.23 we conclude that the
master equation only has positive eigenvalues. This proves the mode stability of the problem.
In particular, we have now proven Theorem 2.3.1.



Chapter 3

The Randall-Sundrum model

In the previous chapter we defined everything we need to formulate the stability problem. We
want to apply this to analyse the stability of the Randall-Sundrum black string. This chapter
is dedicated to defining Randall-Sundrum models and in particular deriving the black string
solution. Furthermore, we derive some properties of Randall-Sundrum models to show why
this model can potentially answer open question in theoretical physics.

In Section 3.1 we give some motivation behind the model. The Randall-Sundrum model gives a
solution to the hierarchy problem, which is the problem that we do not have a natural explana-
tion for the huge difference between the electroweak scale and the Planck scale. Additionally,
we explain the idea behind the AdS/CFT correspondence. This conjecture says that every
Anti-de Sitter space is equivalent to a lower dimensional conformal field theory. This idea of
another theory existing on the boundary of a negatively curved space has a lot of similarities
with the Randall-Sundrum model.

After giving motivation behind the model, we define the model in Section 3.2. The Randall-
Sundrum model is a five-dimensional space where the extra dimension is warped. On the
boundaries there are two 3-branes. We consider two types of models RS1 and RS2. In RS1
the branes are separated by a finite constant distance. In RS2 one of the branes is pushed
to infinity such that effectively there is only one brane. The most important result of this
section is Theorem 3.2.14 which gives an easy way to construct Randall-Sundrum models. Any
Ricci flat metric ¢ on R* and parameters &, 7. > 0 generate a Randall-Sundrum models. In
particular, we use this to construct black hole solutions using the Schwarzschild metric.

In Section 3.3 we derive properties of the Randall-Sundrum model. First of all, we show how
RS1 offers a solution to the hierarchy problem. In particular, we derive that we need ky. ~ 35
to solve the hierarchy problem. Furthermore, we show that it indeed natural to assume that
the branes are separated by a constant distance. Additionally, the Randall-Sundrum model
reproduces four-dimensional gravity, even if the extra dimension is infinite. We end this chapter
with a discussion on why we expect the RS black string to be unstable. This is caused by a
singularity in the RS2 model.

38
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Figure 3.1: The ratio between the Schwarzschild radius (dashed line), the
Compton length (solid line) and the Planck length (dotted line) for different
mass ranges. Note that when the mass is equal to the Planck mass, all three
lengths coincide.

3.1 Motivation

In this section we give some motivation to define the Randall-Sundrum model. Later in Section
3.2 we derive that the Randall-Sundrum model is a negatively curved warped spacetime. In
Section 3.1.1 we state the hierarchy problem. Flat higher-dimensional spaces can potentially
solve this problem, but this fails in five-dimensions since this would require a huge fifth dimen-
sion. To solve this problem, one can consider warped extra dimensions. In Section 3.1.2 we
define Anti-de Sitter space. Later we show that Randall-Sundrum represents a slice of Anti-de
Sitter space. Moreover, recently there have been developments in the AdS/CFT correspon-
dence. This is discussed in Section 3.1.3. Similar to the AdS/CFT correspondence, there is a
theory defined on the boundary of the space in the Randall-Sundrum model.

3.1.1 The hierarchy problem

In this section we describe the hierarchy problem and how it can be solved by including extra
dimensions. The hierarchy problem is related to the huge difference between the electroweak
scale and the Planck scale. This can be explained by the presence of extra dimensions. However,
we show in this section that this fails in the case of one flat extra dimension, because the
gravitational potential would disagrees with our observations.

In the last several decades theoretical physicists have been searching for a theory that combines
GR and quantum theory. GR is an exact theory, meaning that if we would know the position
and momenta of all particles at a certain point in time, we could in principle compute their
positions and momenta at all other times. On the other hand, quantum theory is a theory of
probabilities. In this theory we can only compute the probability that the system evolves from
a certain configuration into another configuration.

These theories both work well in their own regimes, GR on very large cosmic scales and
quantum theory on the miniscule particle level. There are regimes however, where the two
theories meet, and contradict each other. To combine the two, requires a theory of quantum
gravity. Even though, it is not yet known how we could construct this theory, there are ideas
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how quantum gravity could be defined. One of the ideas is that there exists a spin-2 particle
called the graviton that mediates the gravity interactions. This is a hypothetical particle, but
if it would exist it would be almost impossible to detect [36]. It is similar to the photon, which
is the particle that mediates electromagnetic interactions. Due to the fact that the photon
is a massless particle, the electromagnetic interaction is relatively strong over long distances.
Gravity is another force that is relatively strong over long distances, so we expect the graviton
to be massless too.

It is possible to quantize gravity as an effective field theory, and this method works well on
normal energy scales [37]. In the effective field theory, higher order curvature terms are also
included in the action

S = /d4x\/fg (4M£*2A + QM;“QR + clscaulf7 + coRicy - Ricg + .. ) , (3.1)

where the dots represent terms with higher power of scaly, Ric, and R. The higher orders
become more relevant on smaller length scales and on higher energy scales. In an effective
field theory, we cut off this summation at a certain power of the curvature terms. Since these
higher order curvature terms become small on scales of huge lengths and small energies, this
approximation works very well in most regimes.

However, there are places in the universe where energy scales are too high and the effective
theory breaks down. For example, near the horizon of a small black hole, or at the big bang
which is the origin of the universe. At these places singularities form in GR, which is a point
in spacetime of infinite curvature. Therefore, all geodesics stop at this singularity and time
and space stop to exist. This is an impossible phenomena in quantum theory, because a
singularity has precise position and momentum, whereas in quantum theory the uncertainty
principle forbids this. Furthermore, in the effective theory higher order curvature terms become
relevant at these high energy levels. Therefore, the effective field theory fails to give a valid
description at these regimes.

We can ask ourselves at what length scale GR starts to fail and we really need to include a
full theory of quantum gravity. Both GR and quantum theory have their own characteristic
length scales. In GR each massive object has a Schwarzschild radius r, which is given by

26N M

T's )
02

(3.2)

where M is the mass of the object, G is Newton’s gravitational constant and ¢ the speed of
light. If an object is smaller than its Schwarzschild radius, then it forms a black hole.

On the other hand, in quantum theory each massive particle has a Compton wavelength

h

Lo= -
c Mec'

(3.3)
where again M is the mass of the particle and A is the reduced Planck constant. At length
scales comparable to the Compton wavelength, the energies of quantum fluctuations become
comparable to the energy of the source. In other words, at these lengths we cannot neglect
quantum effects anymore.

These two length scales meet at the Planck length ry = L, = Lc. At this scale the mass is
equal to the Planck mass Mg = 2ZCN. This means that the Planck mass is a lower bound
for the mass of black holes as well as an upper bound for the mass of elementary particles.
Take for example a point source of M > M), then a horizon would form at r; > L,, way
before quantum effects come into play. It would not make sense to call this an elementary

particle. Similarly, if we approach a point particle with M <« M, then we will encounter
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strong quantum effects way before we reach the horizon. Therefore, we cannot describe this
horizon and we cannot call it a black hole. These different scales can also be seen in Fig. 3.1.

We conclude that we have found a natural candidate for the upper bound of the mass of
elementary particles, M, ~ 1.22 x 10'9GeV. Now this gives rise to a question which describes
the hierarchy problem. In 2012, the Higgs boson was discovered [38], it is the heaviest
boson we know and it is responsible for giving mass to other particles through interactions.
For example, the W and Z bosons, the particles that are responsible for mediating the weak
interaction, get their mass through interactions with the Higgs boson. Due to their mass the
weak interaction is only strong on very small distances. The electromagnetic force is mediated
by the photon, which is a massless particle. Therefore, electromagnetic interactions are still
relatively strong at long distances. At the electroweak scale Mgw =~ 159.5GeV, the W and Z
bosons lose their mass, and the electromagnetic and weak force merge into one fundamental
force.

We would expect fundamental scales such as the Planck and electroweak scale to be of the
same order. However, note that the electroweak scale is an order of 10'7 smaller than the
Planck mass. This feels unnatural. Additionally, the electroweak scale is related to the mass
of the Higgs boson. Due to the Weisskopf phenomenon, which is explained in more detail
in [39, Chapter 3|, quantum fluctuations would influence the mass we would observe for the
Higgs boson. If u is the mass of the Higgs boson, then quantum fluctuations should give an
uncertainty to the mass of du = fA, where f is some dimensionless coupling and A some
cutoff scale. The only natural candidate for this cutoff scale is A = M), which an order of
10'7 bigger then the electroweak scale. Therefore, to fix p + du to still be of the order of
the electroweak scale, a huge fine-tuning for the coupling constant f is required. The lack of
natural explanation for this observation is called the Hierarchy problem.

Definition 3.1.1. The Hierarchy problem is the problem that we have no natural explana-
tion for the fact that the electroweak scale is so much lower than the Planck scale.

A possible solution to this problem could be that the Planck scale we just derived is not the real
Planck scale and the true Planck scale is much lower. For example, if our universe consisted
out of more than four dimensions, we would observe an effective four-dimensional Planck mass,
whereas the global Planck mass could be much lower. We use the following lemma to illustrate
this.

Lemma 3.1.2. Consider an 4 + n-dimensional spacetime manifold (M x N,g), where M is
a four-dimensional manifold, and N a closed n-dimensional manifold. Furthermore, suppose
that the metric is a product metric g = g° ® h, where ¢° is a metric on M and h a Ricci
flat metric on N. Then relation between the 4 + n-dimensional Planck mass M, and the

(44n)
effective four-dimensional Planck mass M, is given by

2 24n
My = VolnMp(4+n),

where Vol, is the volume of (N, h).

Proof. The 4 4 n-dimensional Ricci scalar R is equal to the effective 4-dimensional Ricci scalar
R®. The 4 + n-dimensional action is given by

S = / / — det gsz?I_:'n) (Scalg _ 2A) dnyd4l'
M JN
= /M /N —det(g?) det(h)QMp?jfn) (scalyo(z) — 2A) d"yd*z

= /M 2V01”Mp%:fn) (scalgo(z) — 2A) d*z.
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Comparing this to the form of the four-dimensional action 2.24 we derive

2 24n
M2 = Vol, M2 .

O

Using this result, we note that it is possible that the 4 4+ n-dimensional Planck mass is of the
order of the Higgs mass, whereas in four dimensions we still observe the Planck mass. Now
consider the case where we have n extra dimensions that are all compactified on a circle of
radius L. Then N = T"™, where T" is the n-dimensional torus. The volume of N is given by
Vol,, = (2w L)"™. With this volume the 4 + n-dimensional Planck mass would be of the order of
the Higgs mass, if [40]

L~10% Tem.

In the case with one extra dimension, n = 1, this would imply that L ~ 10'3 cm, which is
length similar to the size of our solar system. These are scales that we would be able to observe
using experiments, because the extra dimensions influence the gravitational potential.

Lemma 3.1.3. The 4 4+ n-dimensional gravitational potential is given by

M
Vir)= *G4+n7rn+1, (3.4)

where M is the mass of the source, r the radial distance to the source and Gy, the 4 + n-
dimensional gravitational constant
Proof. We want the 4 + n-dimensional gravitational potential of a point particle of mass m
located at the origin to solve the Poisson equation

AyinV = 47G M (1), (3.5)

where 2° denote only the spatial components of z. If we assume the potential to be time-
independent and spherically symmetric then

02 N-190
AgnV =(=— —)V.
At (8r2 + r 8r)
We can simply check by substitution that
m
V = —G4+n71rn+1
is a solution to Eq. 3.5. O

We conclude that in a higher dimensional universe, the gravitational potential would depend
on a different power of r. Since the observations by Kepler and Newton it is already known
that the gravitational potential is proportional to 1/r [41], so at first glance it seems like we
can discard the idea of extra dimensions being present. Nevertheless, the story changes in
the case of compact extra dimensions. Then the potential behaves as if there are an infinite
amount of particles, all separated by the length of the extra dimension. For example, in the
case of one extra dimension with radius L the potential would become

oo
1 4
V(z,y)=-Gsm Y TET G o °© R*y €R. (3.6)

k=—o0

Assuming that the observer lives on the same y coordinate as the source, we can set y = 0.
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Lemma 3.1.4. In the region where |xt| > L, the potential in Eq. 3.6 behaves as

_ G5m
2rL

V(z,y=0) = (1+2e 7 +0(e?1)), (3.7)

where r = |z*|. In the region where |x*| < R, the potential 3.6 behaves as

_Gm +0(%). (3.8)

V(x,y = 0) =

mr2

Proof. After setting y = 0, it is shown in [9, P. 6] that the sum in Eq. 3.6 over k reduces to

Gsm r
V(z,y=0) = — 22 th(—). 3.9
(z,y=0) 57 Ot 57 (3.9)
For a € R we can rewrite cotha as
1+e 2
thg = ———.
cotha (p=—r

Therefore, in the limit a — oo, we can approximate
cotha = 1+ 2e72* + O(e™*%).
Returning to Eq. 3.9, we conclude that in the limit r > L

7G5m
2rL

V(z,y=0)= (1+2e T +O(e?L)) .

In the limit ¢ — 0 it holds that 1
cotha = =~ + O(a™?).
a

Consequently, in the region r < L the potential 3.9 behaves as

_Gsm +O(%).

mr2

O

If our universe would be five-dimensional with the radius of the extra dimension equal to
L = 10'® cm, then for any distance r on Earth we would have that r < L. Therefore, using
Lem. 3.1.4 the gravitational potential would behave as Eq. 3.8. This is in disagreement with
our observations.

Instead, we would expect the extra dimension to be relatively small compared to ordinary
distances on Earth. Therefore, expect the potential to be of the form as in Eq. 3.7. Using
experiments in the LHC we can put a bound on the size of the extra dimensions. So far
tabletop experiments have restricted the size for one extra dimension to L < 160 um [42]. In
order to retrieve the ordinary gravitational potential from the five-dimensional one in Eq. 3.7,
we would need the five-dimensional Newton’s constant to be equal to

Gs = 2LGy. (3.10)

To conclude, we derived that the hierarchy problem can be solved by including extra compact
dimensions. In the flat five-dimensional case the extra dimension would need to be of the
order 10'3 cm to offer a solution. However, the gravitational potential would disagree with our
observations for such a large extra dimension. What about a five-dimensional space where the
extra dimension is warped? This is what is Randall and Sundrum considered. As we will see
later in this chapter, it is possible to solve the hierarchy problem with a small extra dimension
if this extra dimension is curved.
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3.1.2 Anti-de Sitter space

In the last section we concluded that we are interested in a curved five-dimensional space.
Recall, that the vacuum Einstein equations 2.27 requires the Ricci tensor to be proportional
to the metric by a factor that depends the cosmological constant A. We will later derive that
Randall-Sundrum requires the space to be negatively curved, so A < 0. When A < 0 there
exists a maximally symmetric Lorentzian solution to the Einstein vacuum equations. This
solution is called Anti-de Sitter space. In this section we will define Anti-de Sitter space.

Definition 3.1.5. Consider the semi-Riemannian manifold (R"*2 g), where in Euclidean
coordinates g is of the form

ds* = —dxy® + doy® + -+ dwy,® — dwgir

n + 1-dimensional Anti-de Sitter space, or AdS, 11, is defined by embedding the hyperboloid
in R"*2 defined by the equation

2 2 2 2 2
—T0" — Tpy1” FT1T A F T = T

We can use the Poincaré patch to describe the half space of Anti-de Sitter space. This
coordinate system is defined by

2 2 42
0o 2 ety =t
=—-11
v 2<+ 22 )’
w“zﬁy“, forl1<a<n-—1,
2
T
2 22 ’
gt = By
2

Where y € R*"! ¢t € R and z > 0. In these coordinates the induced metric on AdS,,,; is given
by

2
ds? = % (—dt? + bapdy”dy® + dz?) (3.11)

Definition 3.1.6. Let M be a semi-Riemannian manifold and g and h two metrics on M.
We say g and h are conformally equivalent if there exists a smooth real valued function f
on M, such that g = f? - h, in that case f is called the conformal factor.

Let (M, g) and (N, h) be two semi-Riemannian manifolds. A diffeomorphism ¢ : M — N is
called a conformal map if ¢*g is conformally equivalent to h.

Using this definition we see that in this Poincaré patch the half space of Anti-de Sitter is
conformally equivalent to the half space of Minkowski. Consequently, on a z slice, it is possible
to conformally embed n-dimensional Minkowski space in AdS,,41.

In the next subsection we define the AdS/CFT correspondence, which says that a so called
conformal field theory can be defined on the conformal boundary of AdS. To be able to see this
boundary, we have to compactify AdS. This conformal compactification AdS space using
the Penrose procedure [43]|. This can be achieved using another coordinate patch defined by

4
20 = /Lsin(> cosh<r>,
0 ju
% = puQ® sinh(r),
I

t
"t = ucos() cosh(r),
a
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where Q € S""! C R", t € [0,27u) and r > 0. In these coordinates the induced metric is

ds* = p? {— coshQ(ﬁ)dt2 +dr? + sinh2(;)dQ%_1] , (3.12)
where d),,_; is the standard metric on S”~'. Note that the 7 coordinate is not compactified

yet. To compactify r as well we redefine tan(ﬁ) = sinh(ﬁ), where now p € [0, %*). With this

new coordinate Eq. 3.12 transforms to

2
w 2 2 . 2,P 2
ds? = ————— | —dt* +d sin”(=)dS2 . 3.13
COSQ(B) |: + P + (‘u) n1:| ( )
n
Looking at this metric we note that there exists a null geodesic starting at the origin, which
can reach spatial infinity, i.e. p = %, and return within a finite amount of time. This is

depicted in Fig. 3.2. A consequence of this is that energy cannot escape to spatial infinity.
Instead there seems to be a boundary at p = %*. Furthermore, any point in the diagram in
Fig. 3.2 corresponds to a n — 1 sphere in the full AdS,,;+; model. Therefore, in the case n = 2,
every point corresponds to circle S, so the AdS; space is compactified inside the interior of a

cylinder D? x [0, 27 p) of radius “£.

Also for higher n the Penrose diagram in Fig. 3.2 represents a higher dimensional cylinder. To
study the boundary, note that in these coordinates AdS,,;1 is conformally equivalent to a flat
solid cylinder. The interior of the cylinder corresponds to the Anti-de Sitter space, while the
boundary of the cylinder is called the conformal boundary.

Definition 3.1.7. Let (M, g) be a semi-Riemannian manifold and let N be a manifold with
boundary and h a metric tensor on N. Then (ON, h|on) is a conformal boundary of (M, g)
if there exists a conformal map f: M — N.

The boundary at p = % in Fig. 3.2 is the conformal boundary of AdS, ;. According to
the AdS/CFT correspondence we can define a conformal field theory on this boundary that is

equivalent to the AdS space. We explain this in the next section.

3.1.3 AdS/CFT correspondence

Recent research in physics focuses a lot on studying conformal field theories on conformal
boundaries, especially on the conformal boundary of AdS.

Definition 3.1.8. A conformal field theory is a quantum field theory that is invariant
under conformal transformations.

In 1999, it was discovered that there exists a duality between n + 1-dimensional AdS theories
and n-dimensional CFTs [44]. An AdS theory is an Einstein manifold that asymptotically looks
like Anti-de Sitter space, and therefore has the same conformal boundary. However, it can be
the case that internally it looks completely different from AdS. Two theories are equivalent
or dual to each other if there exists a map between the quantities and configurations of the
theories that is conserved over time [45]. This means that both theories are different ways
to describe the same phenomena and dynamics. This discovery then lead to the AdS/CFT
correspondence.

Conjecture 3.1.9. Every n-dimensional CFT is dual to some n + 1-dimensional AdS theory
of gravity.
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Figure 3.2: The Penrose diagram of Anti-de Sitter space with a light signal
send from the origin as 45° lines. Here p is the compactified radial coordinate,
and ¢ the time coordinate which was already compact. As can be seen from the
light trajectory, it is possible to reach spatial infinity and return to the origin in
a finite amount of time. Every point inside the diagram corresponds to a n — 1
sphere in the full model.

t AdS CFT

>

Figure 3.3: An intuitive picture of the AdS/CFT correspondence for n = 2.
The AdSs theory is compactified in the interior of the cylinder and the CFTs is
described on the boundary of the cylinder.
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Consider the compactified AdS metric for n = 2 inside the cylinder. Then the 2-dimensional
CFT lives on the boundary of the cylinder. This is illustrated in Fig. 3.3. Intuitively, in
this correspondence the AdS theory is project on the conformal boundary, defining the CFT.
Conversely, it is possible to reconstruct the AdS theory from all the information in the CFT
on the boundary.

The AdS side of the correspondence will be represented by an asymptotically Anti-de Sitter
space. An asymptotically AdS space represents an AdS space at spatial infinity and will
therefore have a similar conformal boundary. However, matter and other structures may be
present in the interior. The CFT lives on the conformal boundary and can be seen as a
hologram of the AdS space [46].

An example of an asymptotically AdS space is the AdS black hole. The AdS/CFT correspon-
dence could solve the information paradox for a AdS black hole. The black hole information
paradox is explained in detail in [47, Sec. 2], but here follows a short explanation. Matter
can fall into a black hole, and once matter disappears behind the horizon it can never return.
Therefore, information is lost from the system. Nevertheless, in 1975 Hawking proved that
black holes are not black after all, but instead slowly evaporate by emitting Hawking radiation
[48]. Due to quantum effects, there is a constant creation and annihilation of virtual particle
anti-particle pairs around the black hole. Sometimes, the anti-particle will fall into the black
hole and the other virtual particle will not. Consequently, the particle that escapes becomes a
real particle which is still entangled to the anti-particle. Additionally, the anti-particle makes
the black hole lose mass, and it seems to an observer that the other particle came out of the
black hole as radiation. Now information returns outside of the black hole, because of the
entanglement between the particles. If this process continues, the black hole eventually com-
pletely evaporate. When the black hole disappears, the remaining particles can no longer be
entangled with a particle inside the black hole. However, the information that was initially lost
in the black hole was stored in this entanglement. After the black hole completely evaporated,
what is left is radiation that contains no information about the initial state at all.

The system changes from a pure state into a mixed state. This contradicts with the principle
of unitarity, which holds for both classical and quantum systems. This principle says that
the state of a system at one point in time should determine its state at any other time. In
general relativity the state on a Cauchy surface indeed should determine the state at any other
time. In quantum mechanics the state of a system is described by the wave function. The
wave function evolves by acting with a unitary operator on it. Therefore, using this operator,
the wavefunction can be determined at any point in time.

There are attempts to solve this entanglement problem. However, this does not solve the
information paradox due to the black hole no hair conjecture.

Conjecture 3.1.10. A black hole has no hair, it is completely determined by its mass, angular
momentum and charge.

Therefore, all attempts still end up with the remaining radiation only containing information
about the mass, angular momentum and charge of the black hole. When we consider a system
where a black hole is formed through gravitational collapse of matter and then fully evaporates.
It is impossible to reconstruct the initial state purely from the remaining radiation, because
many initial states can evolve in a black hole with the same mass, angular momentum and
charge. It seems as if information is lost!

The AdS/CFT correspondence solves the paradox, because even though the information para-
dox exists on the AdS side, we have unitarity on the CFT side of the duality. Therefore, to
solve the paradox, we can map a final state on the AdS side to the CFT, then determine how
this state evolved using the unitary operator. After applying the operator, the state can be
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mapped back to the AdS side, to observe the initial state before the formation of the black
hole.

The upshot is that, according to the above conjecture, there is some abstract boundary in AdS
space that connects a lower dimensional CFT to the AdS theory. Since our universe appears
four-dimensional, this result could be used to describe quantum processes using AdSs, if we
embed our universe on the conformal boundary. However, what if we embed our universe
in a less abstract way? Namely as a 4-dimensional subspace of AdS;. Such embeddings are
called 3-branes. As we will derive in the next section, but can already be seen in Eq. 3.11,
it is possible to conformally embed Minkowski space into AdS with constant conformal factor.
Therefore, the effective metric on the brane can even be the Minkowski metric. So if we embed
a 4-dimensional world into AdSs, do we still obtain 4-dimensional GR? And can we use any
result from the AdS/CFT correspondence or can we learn anything from this new construction?
These questions give some motivation to consider the Randall-Sundrum model.

3.2 The Randall-Sundrum model

In the previous section we looked at the hierarchy problem, which might be solved by consid-
ering warped spaces. Additionally, the AdS/CFT correspondence gave us the idea to consider
theories living on the boundary of other spaces. In the Randall-Sundrum model this happens in
the form of 3-branes. In this section we define the Randall-Sundrum model and derive metric
solutions to the Einstein equations.

In Section 3.2.1 we state the assumptions behind the model and derive how the branes lead
to extra terms in the action. In Section 3.2.2 we derive how the topology of Randall-Sundrum
models can be viewed as an orbifold, which is useful in some of the later derivations. The
curvature tensors are derived in Section 3.2.3. With this the Einstein equations are solved
for the RS1 and RS2 models in Sections 3.2.4 and 3.2.5, respectively. In these subsections we
derive the most important result of this section that gives an easy way to construct RS models.
With this we construct a black hole solution called the black string in Section 3.2.6.

3.2.1 A warped structure and brane tension

In this subsection we make some assumptions on the structure of the Randall-Sundrum space
and metric. There is an infinite amount of five-dimensional manifolds one can come up with
and for each of those manifolds there are infinitely many four-dimensional manifolds that can
be embedded in them. Nevertheless, based on observations and what we want to achieve we
can make some logical assumptions that simplify the problem and allow us to derive some
physical implications for the Randall-Sundrum scenario.

First of all, the four-dimensional subspace should represent our universe. Of course, we cannot
be sure that our universe is infinite, it could for example still be a very large sphere. However,
let us assume for now that it is infinite, because from our perspective it does seem that way.
Then we want the four-dimensional manifold to be M* = R*. Another assumption that we
make is that this brane is at the boundary of the five-dimensional space. Additionally, we want
the five-dimensional space to have a simple topology such that we consider the two possibilities
M3g, =R x [0,1] and M3g, = R* x [0,00). We call these models RS1 and RS2, respectively.
A simple sketch of the different models can be seen in Fig. 3.4. We first focus on RS1, and
from there derive the RS2 model.
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RS1 RS2
/ / / //,/

Hidden Visible Visible

\

0 Y 0 00

Figure 3.4: The branes and bulk space of the RS1 and RS2 model. Notice that
in RS2 the visible brane is located at y = 0.

In RS1, we assume that there is another brane at the other boundary of Mjg,. If we choose
Euclidean coordinates (2, 2!, 22, 23, ) then we fix the brane on which the standard model is
located at y = 1, this brane is called the visible brane. The hidden brane is embedded at the

other boundary at y = 0.

Secondly, we assume the geometry to be warped, so from Def. 2.1.7 the metric should be of
the form

g=(*-g) @h, (3.14)
where h is a metric on [0,1], § a metric on R* and f : [0,1] — R. In this way every slice of
M? looks the same apart from some scaling by the function f. Recall the following elementary
lemma.

Lemma 3.2.1. Let h = dy? be the Euclidean metric on [0,1]. Then for any Riemannian
manifold ([0,1],g) there exists a positive constant y> € R such that ([0,1],g) is isometric to

Proof. Let (]0,1],g) be a Riemannian manifold. Then in Euclidean coordinates we can repre-
sent g = g(z)%dz?, where g(z) > 0 for any x € [0, 1]. Define f : [0,1] — [0,1] by

fz) = ‘W/, (3.15)

where y, = fol 9(y)dy. In this way, f is a diffeomorphism, because f(z) is a smooth strictly
increasing function and f(0) =0 and f(1) = 1. Furthermore,

2 (df 2 2 2 52
feg = g(x) (m) dy* = y; dy”. (3.16)
O
Corollary 3.2.2. A general warped metric on M3,q, is of the form
g=e¢ - gayl-h, (3.17)

where o : R — R, § a metric tensor on R*, y. € R, and h the Euclidean metric on [0,1].

Proof. We can apply Lem. 3.2.1 to the warped metric in Eq. 3.14. Additionally, it turns out
that it is useful for our calculations to define o(y) = —log f(y), such that a general warped
metric is of the form as in Eq. 3.17. O
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Thirdly, we assume that the branes have a brane tension which we will denote by Apiq, Avis €
R for the hidden and visible brane, respectively. The brane tension describes the energy per
unit volume of the brane. This energy influences the gravitational interactions and therefore
has to be included in the action. In some theories the brane tension is considered to be variable,
however we will assume that they are constant. Consequently, RS1 is a non-vacuum state and
the Lagrangian is given by

Lrs1 = —Anidad(y) + —Avisd(y — 1), (3.18)

where § denotes the Dirac delta function. Due to the delta functions we only integrate the
brane tension terms in the action over their corresponding brane. For this reason it is useful
to define the effective metrics

g"(z) = g(x,y =0), ¢"%(x) = glz,y = 1), (3.19)
With this Lagrangian the Randall-Sundrum action can be written as [7]
SRSl = Sgrav + Shid + Svis (320)

Sgrav = / 2M (scaly — 2A) dVol,
Shid = — / Ahid dVolnia

Svis = _/)\vis dVOlgvis.

Recall the definition of the energy-momentum tensor in Eq. 2.23. The energy-momentum
tensor is obtained by varying the action in Eq. 3.20 with respect to the metric g. The
following lemma is useful for the derivation.

Lemma 3.2.3. The variation of the effective metrics with respect to the full metric is given

by
04/ — det g¥%s(x v
T ogMN (1. gy — det gV (2) g4’ 83038 (w — 2')8(y — 1).
Here M,N = 0,1,2,3,5 where 5 corresponds to the extra dimensional coordinate y, and

a,b=0,1,2,3. Furthermore, 0%, are Kronecker delta functions and §*(x —2’) and 6(y — 1) are
the four- and one-dimensional Dirac delta function, respectively. Recall that a prime feature
of a functional derivative is that

dpei(x) o m
Wié) =00 8bom 56 (x — ). (3.21)

Proof. We can rewrite

0/=detg"™(@) _ dg(x) &y/=detg" (@) (3.22)

5gMN(x7 y) B §gMN(x7 y) 6gv1s( )
Recalling the definition of ¢¥* from Eq. 3.19, and using the facts that
5gAB

(5 MN :6]\/16N7
04/—det g(x
6gMN( ——f\/—detg Ygund™(x — ),
we can rewrite the right hand side of Eq. 3.22 to

(SW —det gvls gV155M6N64 £L’ - )5(:’/ - 1)

5gMN (z,y)
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Figure 3.5: A scheme of the orbifolding procedure of the unit interval to the
unit sphere. On the sphere the points at the circles or crosses are identified with
each other.

We can apply Lem. 3.2.3 to both Syiq and Syis to find the energy-momentum tensor.

Corollary 3.2.4. In RS1 the energy-momentum tensor is given by

Y doGTE M LI sty -1, (3:23)
V—detg 7¢ v /=detg TN ’ '
Definition 3.2.5. Let § be a metric tensor on R*, o0 : R — R and ye, Avis; Ania; A € R. The

tuple (§, 0, Yey Avis, Ania, A) is RS1 if (R*, g, A, Lrs;) with g as in Eq. 3.17 and Lrs; as in Eq.
3.18 is an Finstein manifold.

TyvN = —Ahid 5%,0%6(y) —

In the next subsection we use the energy-momentum tensor to solve the Einstein equations.
By doing this we shall derive that there is a dependence between the brane tensions and the
cosmological constant.

3.2.2 Randall-Sundrum as an orbifold

The usual topology of a five-dimensional space with compact extra dimension is R* x S'. This
was also the topology induced on the five-dimensional flat space in Section 3.1.1. This topology
is not possible for the Randall-Sundrum model, because the branes are at the boundary of the
extra dimension and S' has no boundary. In the literature it is common to still think of
Randall-Sundrum as having this topology. For this we use the covering space of Randall-
Sundrum and quotient out equivalent points using an action. This structure simplifies some of
the calculations. This procedure turns the manifold into an orbifold.

Definition 3.2.6. An n-dimensional orbifold is a Hausdorff topological space X, called the
underlying space, with a covering by a collection of open sets U;, closed under finite inter-
section. For each U;, there is:

e an open subset V; of R™, invariant under a faithful linear action of a finite group T';,

e a continuous map ¢; of V; onto U; invariant under T';, called an orbifold chart, which
defines a homeomorphism between V;/I'; and U;.

The interval [0,1] can be given an orbifold structure. Let 0 < i < j < 1, we can cover the
closed unit interval with open intervals of the form U; ; = (i, ), U} = [0,7) and U} (1 — i,1].
For the open intervals U; ; we define the opens V; ; = U;; C R and ¢;; : V; ; — U;; the
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identity map and T'; ; the trivial group. For open sets U]Q we define Vj0 = (—4,7) C R, with
RN

0 T ifx >0,
) = 3.24
¢;(x) {—x ifz <0. (3:24)

Additionally, F? = {1, —1} with the action on x € Vjo defined by —1 -2 = —z. Similarly, for
opens U} we define V! = (1 —i,1+ i) with ¢} : V;! — U} defined by

¢;(z) = {x o<l (3.25)

2—x ifx>1.

Furthermore, we define the group I'} = {1, —1} with the action on z € V;! defined by —1-z =
2—x.

Lemma 3.2.7. The unit interval [0, 1] with the above defined structure is an orbifold.

Proof. The covering of [0, 1] by the sets U; ;, U jO and U} is clearly closed under finite inter-
sections. Furthermore, to each open set U we have associated an open set V' C R which is
invariant under an action of a finite group I'. Lastly, the map ¢ defines a homeomorphism
between V/T" and U. O

This construction also gives an orbifold structure on R*x [0, 1], since R* has a canonical orbifold
structure as a manifold, we can apply the above construction to the interval. In Fig. 3.5 it
can be seen how the interval is turned into an orbifold. In the next subsection we will use this
orbifold structure. A consequence of this is that we can lift the map o : [0,1] — R to a map
& : (—1,2) = R which has the following orbifold symmetries

g(-y)=2ay), o(l-y)=a(1+y). (3.26)

3.2.3 Curvature tensors

In the previous sections we defined the RS1 model (¢°, o, ¥, Avis, Anid; A). To Check whether
such a tuple indeed is RS1, we need to study the Einstein equations. For this we need to
compute the Ricci tensor and scalar for a warped metric as in Eq. 3.17. This is done in this
section.

First we compute the Christoffel symbols.

Lemma 3.2.8. Let (¢°,0,%c, Avis; Ania, A) be RS1. Then the non-trivial Christoffel symbols
are given by

c _ 10¢
ab*Fab’

/
e 9 25 0

ab — 726 9 abs
Ye

c ! cc
e, =—o'65.

Disregarding those that can be constructed using symmetries from these Christoffel symbols.

Here a,b,c = 0,1,2,3, and 5 denotes the extra dimensional component. I'° denotes the

Christoffel symbol induced by the metric ¢°, and o’ = ‘g—‘;.
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Proof. The Christoffel symbols can be computed from Eq. 2.7. Using that ¢°® = 0 we indeed
see that T'¢, = T°7, . For the second identity we have

/

1 o _
Fib = —5955359@ = yje 9 ab-

C

Similarly, for the last identity

1
Dis = 59 05u

= —0'g""gar = —0' 5.

Using the Christoffel symbols we can compute the Riemann tensor.
Lemma 3.2.9. Let (¢°, 0, e, Avis, Anias A) be RS1. Then the non-trivial components of the
Riemann tensor are
0a a” 2 0 0
Rbq =R pq — —5 €727 (029"pa — 039°c) »

2
c

1
5 _ —20 0 " /2
1%0‘5b*726 gab(o— -0 )a
c
a __ fa " 12
R5b5_6b(a —O')

Here we disregarded the components that can be constructed from the above using symmetries.
In this lemma R}, denotes the Riemann tensor of the semi-Riemannian manifold (R*, ).

Proof. Using the definition of the Riemann tensor 2.13 and Lem. 3.2.8, we can derive
Sea = 0Thy — 0alf. + Ty Thy — Tip i
a
= R%q + T3y — TsThe
09 a? 0 0
=R bed ~ T3 € 0(539 bd — 049 bc)'
Ye
For the second equality we have
R?mb = 85F2b - Fgc a5
12

1 950 2 0" _20 0
:726 Ug ab (O'//—20'/ )+72€ Ug ab

Ye Ye

i —20 0

=€ g (0'/170'/2).
(&

Finally, for the third equality

a _ a a e
R5b5 - _65Fb5 - F5cr5b
__ _Ilga 12 ga sc
=0 5() — 0 60 5b

=0 (U” — 0'2) .

Next we compute the Ricci tensor.
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Lemma 3.2.10. Let (¢°, 0, ye, Mvis; Anids A) be RS1. Then the non-trivial components of the
Ricci tensor are given by

1
Rab — Roab 4 ?6720921) (o_// _ 40_/) ,
c
R55 = 40’” - 40'/2.

Here R, denotes the Ricci tensor of the semi-Riemannian manifold (R*, g%).

Proof. Using the definition of the Ricci tensor in Eq. 2.15 we find
Rap = R0 + Ros

Applying Lem. 3.2.9 this becomes

12 1
0 9" —200 —20 0 " 2
Rab:Rab_BTe agab—’_?e Ugab(U — 0 )
c c

1
=Ry + e 2790, (0" — 40").
C

Where we used that 65 = 4. Likewise, for the (55) component

R55 == Rc565 = 40’” - 40'/2.

Finally, we can compute the Ricci scalar.

Lemma 3.2.11. Let (¢°, 0, ye, Mvis; Ania, A) be RS1. Then the Ricci scalar is

R=¢* R0+ % (80” — 200’2) )

c

Here R° denotes the Ricci scalar of the semi-Riemannian manifold (R, %).

Proof. Using Lem. 3.2.10 and the definition of the Ricci scalar in 2.17 it directly follows that

R= 620R0 + ig (0// o 40/2) + % (U” _ 012)
c c
= R0+ 1 (80" —2007%).

2
c

O

Now that we have the expressions for all the curvature tensors, we can solve the Einstein
equations in the next section.

3.2.4 Solving the Einstein field equations

In this subsection we solve the Einstein equations for a metric that satisfies the assumptions
that derived in Section 3.2.1. To summarize, we are considering the warped spacetime M?® =
R* x [0, 1] with a metric tensor of the form as in Eq. 3.17 and energy-momentum tensor as in
Eq. 3.23. It turns out that if we solve the Einstein equations for a Ricci flat metric ¢°, many
of the quantities in Def. 3.2.5 are related.
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Theorem 3.2.12. Let (¢°, 0, ye, Mvis; Anid, A) be RS1. If ¢° is Ricci flat then:

1. A <O,

2. 24M§’ _TA = Anid = —Avis;

Using the lemmas from Section 3.2.3 can compute the Einstein equation for a RS1 model. The
RS1 Einstein equations are given by

/ — det ghid ghid
J/—detg "%

v/ —det gvis vis
= pyaps det g Yab

The non-trivial components of this equation are the (55)-component and any other (ab)-
component where a,b =0,1,2,3. From the (55)-component we get the equation

1
Ray — iRgab + Agap = (Ania 85106%6(y) (3.27)

AM3

+ Avis 33,03 0(y — 1)).

1
—§y§R0 + 60" + y2A = 0. (3.28)
From the (ab)-components we get the equations

0 6 /273 /"
20RO, 4 R ( g _ g )
2 Y

c

0
9 ab
+ AL g% = =% (Ania6(y) + M\isd(y — 1)) . (3.29)
dy. M3

Now suppose that ¢° is Ricci flat. Then R® = 0 = R, for every a,b = 0,1,2,3. Therefore,
we can rewrite Eq. 3.28 and 3.29 to

A

o2 = _ygg (3.30)
o = % (Anid 0(y) + Avis 0(y — 1)) (3.31)
P

Here we used Eq. 3.28 to get rid of some terms in Eq. 3.29. The solution to Eq. 3.30 that
respects the orbifold symmetries 3.26 at y =0 and y =1 is

o(y) = S yeyr/ 2 ifo<y<i, (3.32)

Ye(2—yh/75 ify>1

For simplicity we will denote this by o = yc|y|\/%\. Note that this requires a negative

cosmological constant. Consequently, the five-dimensional space will have similar properties
as AdS space.

If we take the second derivative of 3.32 then due to the orbifold symmetry

7" (y) = 200y) 5 (65(0) ~ 5y — 1)) (3.33)

Comparing Eq. 3.33 to Eq. 3.31 we can relate A to the brane tensions Ayjq /vis

[—A
24M3 - = Mnia = ~Avis: (3.34)
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Consequently, the hidden brane has positive brane tension and the visible brane has negative
brane tension. We can use the relation in Eq. 3.34 to replace the three constants in the model
with one constant. For this we define the curvature scale k as

A=—6r>Ana=—Avis = 24M k. (3.35)

Going back to Lem. 3.2.11, we can see why & is called the curvature scale. Namely, away from
2

the branes, for a Ricci flat ¢° we have R = —20%. Therefore, for higher x the space is more

strongly curved. The warping factor scales with x as well, since from Eq. 3.32 we can rewrite

o to

o(y) = yelylr. (3.36)

Therefore, the metric becomes
g = e Welvlng0 02 (3.37)

Definition 3.2.13. The tuple (¢°,y., ) is flat RS1, if ¢° is a Ricci flat metric tensor on R*
and y.,k € R.

Theorem 3.2.14. If (¢°,y., ) is flat RS1, then (¢°, ye|y|k, ye, 24M5’/{, —24M5’/~@7 —6k2) is RS1.

With this result, it is possible to construct many RS1 spaces. Namely, any Ricci flat metric
and constants y., x € R will generate a RS1 space. In Chapter 2 we already saw two examples
of Ricci flat spaces.

Example 3.2.15. Let ) be the Minkowski metric on R*. Then (0, y., ) is for any y.,k € R.
We call these spaces standard RS1.

In the original Randall-Sundrum paper, the focus is on standard RS1 spaces. The advantage
of these spaces is that they admit Poincaré symmetry on the branes and are therefore easy
to work with. The other Ricci flat space we considered was the Schwarzschild black hole. In
Section 3.2.6 we focus on this RS black hole solution.

Lemma 3.2.16. Consider standard RS1 (1, yc, k). Then this manifold can be embedded into
AdSs.

Proof. In the standard coordinates on R* x [0, 1], the metric g in this RS1 model becomes

ds? = e~ 2 velvly  dada® + 42 dy?. (3.38)

Recall the AdS metric in the Poincaré patch in Eq. 3.11. For the Poincaré coordinate patch we
denote the coordinates by (z',z) where 2/ € R* and z > 0. We can define a map f : (R, g) —
AdS5 which on these coordinate charts is defined by

Flasy) = (a, e,

eﬁyc

Let’s denote z = %e“yC‘yM then in the image of f it holds that % <z<
induced metric is given by

—. Furthermore, the

1 a..b 2
feg = prye) (Napda®dx® + dz?) . (3.39)

This corresponds to the AdS5 metric in the Poincare patch 3.11. We conclude that standard
RS1 can be embeded in AdSs. O

For this reason RS is also called a slice of AdSs.
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3.2.5 The infinite Randall-Sundrum model

So far we focused on RS1 models, consisting of two four-dimensional branes at the boundary of
a finite fifth dimension. RS2 consists of only one brane, the visible brane, in a semi-infinite five-
dimensional space. Luckily, the construction of RS2 works very similarly to the construction
of RS1. To transform RS1 into RS2, we first map the interval f : [0,1] — [0, y.]. The idea is to
follow the same steps and in the end take the limit y. — co. With this limit one of the branes
disappears to infinity. Since it would not be desirable to make the visible brane disappear,
the location of the two branes needs to be swapped. The RS2 action is of similar form as the
action in Eq. 3.20, where now the gravitational action is given by

Sgray = / d*z / dzy/—det g{—A + 2M> R} (3.40)

Where z = y.y is the new coordinate. Additionally, the branes are swapped, so the definitions
of the reduced metric are modified to ¢¥'(x) = g(x, 2 = 0) and ¢"4(z) = g(z, 2z = y.).

Definition 3.2.17. Let ¢° be a metric tensor on R*, o0 : R — R and Ayis, Aic; A € R. The
tuple (g°, 0, Ayis; Ania, A) is RS2 if (R*, g, Srss) with g as in Eq. 3.17 and Sgrss as in Eq. 3.40
is an Einstein manifold.

Following the same steps as in the previous sections, there exist many solutions when ¢°
Ricci flat.

Definition 3.2.18. The tuple (¢°, k) is flat RS2, if ¢° is a Ricci flat metric tensor on R*
and Kk € R.

Just like for RS1, the cosmological constants and brane tensions are related. The difference is
however, that in RS2 the visible brane has positive brane tension. Let (¢°, ., ) be flat RS2,
then the RS2 metric g has the following form

g=e 2=lg0 @ qz2, (3.41)

The standard RS2 space (7, ) can also be embedded in AdSs, where now the z coordinate
in the Poincaré patch is valued between % < z < 0o. The visible brane is located at z = %

3.2.6 Black strings

Now that we found a simple way to construct RS spaces, it makes sense to look for Randall-
Sundrum black hole solutions. In four-dimensions the simplest black hole is described by the
Schwarzschild solution g, from Ex. 2.1.16. The Schwarzschild metric is Ricci flat which makes
it a natural candidate for RS. With Cor. 3.2.14 it follows that (gs, y., ) is flat RS1. We call
this solution the RS1 black string. We call it a string instead of a hole, because it only forms
a black hole on the 3-brane. This black hole is stretched out along the direction of the extra
dimension. The result resembles the shape of a cylinder or string, as can be seen in Fig. 3.6.
The RS metric for the black string in spherical coordinates is given by

s 1 .
g = e 2rvelyl {— (1 — %) dt? + ﬁdﬁ +72d6? 4 r?sin 0 d? | + y2dy*. (3.42)

These results also apply to RS2. However, we will now derive that there is some unwanted
behaviour for the RS2 black string.
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] 7

Figure 3.6: A schematic picture of the RS1 black string solution.

Lemma 3.2.19. The effective four-dimensional black hole mass at a constant y-slice is

M, = Me™ VY.

Proof. Let us fix a y € [0,1]. Then using Eq. 3.42, we can rescale the ¢ and r coordinate to
r= er»cyc.\y\?a7

t = e"elylf,

Applying this rescaling to Eq. 3.42 leads to a metric that resembles the Schwarzschild metric

2M .
g = —(1 — 787Kyc‘y|)dt2 + md?Z + ’I:Q(LZH2 + 722 sin2 9d(p2 + dy2 (343)
Reading off the mass from Eq. 3.43 gives M, = Me "¥elvl, O

A consequence of this result is that the mass of the black hole on the visible brane seems
smaller as y. increases. Consequently, in RS2, the black hole appears massless near the AdS
horizon. This is a weird phenomenon. In Section 3.3.4 we derive that the metric also becomes
singular at the AdS horizon.

Finally, it is important to note that a spherical black hole solution is hard to construct in RS.
To illustrate this consider the most natural candidate, a five-dimensional Schwarzschild-AdS
black hole, whose metric in spherical coordinates is given by

ds* = —U(r)dt* + U(r) " 'dr® + r? (dx* + sin® xdQ?) , (3.44)
where d? is the standard metric on S? and
2M
Ur)=1-"—+r%
r

If we consider the RS2 case, with only one brane with positive tension present, then we should
be able to write the position of the brane by x = x(r). However, there only exist spherical
solutions in the non-vacuum case [17]. We are only interested in vacuum solutions since these
describe the system in its final state after gravitational collapse on the brane.
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3.3 Properties of the Randall-Sundrum model

Now that we defined the Randall-Sundrum model, we can look at the most important properties
of Randall-Sundrum. As explained in Section 3.1.1, this model was originally introduced as a
new way of solving the hierarchy problem. We derive how the hierarchy problem is solved in
Section 3.3.1. Then we show that not much fine-tuning is necessary to construct a model that
solves the hierarchy problem in Section 3.3.2. Additionally, if we believe that Randall-Sundrum
models could represent our universe, it is required that four-dimensional gravity is retrieved
on the brane. In other words that the gravitational potential is proportional to r—!. This is
proven in Section 3.3.3. Finally, it turns out that there is a singularity at z = oo in the RS2
black string in Section 3.3.4. This is a big hint for the existence of an instability in the RS
black string.

3.3.1 Solution to the hierarchy problem

The original motivation behind the Randall-Sundrum model is that it offers an original solution
to the hierarchy problem [7]. In Section 3.1.1 we saw that the hierarchy problem can be solved
by adding compact flat extra dimensions. Due to the extra dimensions, it is possible that the
Planck scale is of the same order as the electroweak scale, but the effective four-dimensional
Planck scale is much higher.

The solution of Randall and Sundrum works the other way around. The idea is that in the
five-dimensional space, the electroweak scale and Planck scale are of the same order. In this
model the effective four-dimensional Planck scale is still of the same order as the Planck scale.
Due to the warping, the effective electro-weak scale greatly decreases on the visible brane.
Namely, in this section we shall prove that the observed electroweak scale is an order e™"¥e
lower than the five-dimensional electroweak scale.

Lemma 3.3.1. In flat RS the relation between the five-dimensional Planck scale My, and the
effective four-dimensional Planck scale M), is given by

3
_ M5

M? =

_ e 2KYc
» o (1 e ) (3.45)

Proof. Consider the gravitational part of the RS action
1
S, = / d'x /0 dy\/—det g 2M,2 (R —2A). (3.46)
Next we use that in flat RS the metric is warped g = e~ *¥lvlg0 @ y2 - h for some metric tensor
g" on R*. Therefore,
det g = 6_8”‘9”|y|y3 det ¢°,
R = ¥l RO — 2042,

For now we focus on the curvature term only, since from there we can read off the Planck mass.
The action in terms of the four-dimensional metric is now

1
Sy = /d4x/ dy~/ — det ¢° 2Mp§e*2"y”|y‘ch0.
0

Note that ¢° is independent of the y-coordinate. By evaluating the y-integral, the effective
four-dimensional action is obtained,

3
Sg= | d*z/—det gO MT” (1—e 2%) RO (3.47)
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Comparing Eq. 3.47 to the standard Einstein-Hilbert action 2.24 with vanishing cosmological
constant, we derive the desired relation 3.45. O

From this result we derive that if both M. and r are of the Planck scale and ry. is relatively
big, then ]\/[p2 is of the Planck scale. Another interesting consequence is that in the flat limit,
i.e. when k — 0, we retrieve the relation for a flat extra dimension

M =y.My,. = V1M,

Lastly, we note that in the RS2 model this construction also works, but the exponential term
vanishes.

Even though the Planck scale is not altered by the warping, it greatly influences fields that are
restricted to the brane. To illustrate this we will take a look at the Higgs field, which is the
field related to the Higgs Boson. The action of the Higgs field has the following form

S = / (9220, HYO, H — N(H? — v3)?) dVolgvis, (3.48)

where A € R is a coupling constant and HT denotes the complex conjugate of the field H. The
second term in the integral, the term without derivatives, represents a potential. The vacuum
expectation value of the Higgs field is the minimum of this potential, and it is the value the
Higgs field takes in the absence of particles. For the action in Eq. 3.48 the vacuum expectation
value is vg.

The electroweak scale is related to the vacuum expectation value vy of the Higgs field H, which
is also the mass of the Higgs boson. Unlike other known scalar fields, the Higgs field has a
non-zero expectation value in vacuum. Since the Higgs field is part of the standard model, it
is restricted to the visible brane. So vy represents the vacuum expectation value in the RS
model, but as we will derive in the following lemma, it is possible that the effective vacuum
expectation value observed on the visible brane is much lower.

Lemma 3.3.2. Let vy be the vacuum expectation value of the Higgs field H in the flat RS1
model (§,ye, k). Then an observer on the visible brane will observe an effective vacuum expec-
tation value of the Higgs field of voe™"¥e.

Proof. Let g be the four-dimensional metric. Then we can use the definition of g,;s from Eq.
3.19 to express gyis in terms of the four-dimensional metric §. The action in Eq. 3.48 then
becomes

S = / d*z\/— det g0e 21 ( 0% o HO, H — Ae~2xve (H? —03)2).

Next we can rescale the field by H = e"¥<h, then the action for this new field is

dhz/=det g0 (9" 0uh1Oh = X (b2 = vfe )%, (3.49)

Note that Eq. 3.49 closely resembles the four-dimensional action for the Higgs field as we
know it. However, now the vacuum expectation value 9y in four dimensions relates to the five
dimensional expectation value by

Uy = ’er_ﬂyc.

O

Note that the ratio between the mass of the Higgs particle and the effective mass of the Higgs
particle on the brane is the same as the ratio between the mass of the black string and the
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black hole on the brane. So it seems that we can generalize the result of Lem. 3.3.2 to any
mass parameter mg [7]. If we assume vy to be of the Planck scale and we want our observed
vacuum expectation value of the Higgs field to be around 1 TeV, then we need e*¥c to be of
the order 10'6. Therefore, in this model the hierarchy problem is translated to a new type of
hierarchy, now between the curvature scale x and the size of the extra dimension y.. To solve
the hierarchy problem we demand xy. ~ 35, which is a much smaller hierarchy.

3.3.2 Fixing the distance between the branes

In the previous subsection we derived how the length of the extra dimension y. has to be tuned
to solve the hierarchy problem. The RS1 model gives a much more natural explanation for the
huge ratio between the electroweak scale and the Planck mass than we are able to do with the
four-dimensional standard model. However, we still have to show whether the RS1 model is
natural as well. In particular, one of the assumptions we made in the construction of the model
in Sec. 3.2.1 is that the metric is warped. Consequently, we ended up with a space where the
extra dimension has a constant length y.. However, is this a natural assumption to make? If a
lot of fine-tuning is required to construct a model that solves the hierarchy problem, it is not
really a solution because it just moves the problem to another fine-tuning problem. Therefore,
in this section we show that not much fine-tuning is required to construct a standard RS model
with ky. ~ 35.

Without the assumption of the branes being separated by a constant distance, y. should be
replaced by a scalar field T'(x). This field would only depend on = because using Lem. 3.2.1,
the y-dependence can be integrated out. Therefore, an even more general metric would have
the form

g=¢*g+T(z)h. (3.50)

This can be interpreted as that the distance between the branes is not constant. Therefore,
instead of the branes forming flat sheets as in Fig. 1.1, they would be more wrinkled, such
that at some points they are closer to each other than at other points.

This field T'(x) would then fluctuate around a vacuum expectation value. This vacuum expec-
tation value can be denoted by y.. These fluctuations correspond to a field called the radion.
For the assumptions to be valid, we need a mechanism to fix T'(x) to take the value of its vac-
uum expectation value. Goldberger and Wise succeeded in this using a potential associated to
a bulk scalar field with interaction terms that are localized on the 3-branes [49]. In particular,
without much fine tuning the minimum of the potential can be arranged such that xy. ~ 35.
In this section we follow their derivation.

Consider a bulk scalar field ® with the bulk action

1 1
S=3 /d%/ dyy/— det g ("N Oy @ON® — m*D?)
0

where gy ny with M, N = 0,1,2,3,5 is standard RS. There are also interaction terms on the
hidden and visible branes given by

- /d4”3/\hid\/m (@2 — )"
Suie = — / d* 2 A s/~ det gois (% — v2)°

These terms on the branes cause ® to have a y-dependent vacuum expectation value ®(y).

Shid
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This value is determined by the equation of motion for ®

1 5
0=— =0, (c770,®) + m*e™ "7 ® + 4e™*" Ayiq ®(®* — vpiq) )
c c
§(y—1
+ 4™ N\ i (D — vsis)b, (3.51)

C
where o(y) = ky.|y|.

Lemma 3.3.3. The above action and equations of motion for the field ® yield an effective
potential with minimum ky.. With minimal fine tuning the value of this potential can be set to
KYe ~ 35.

Proof. First of all, Eq. 3.51 has a solution away from the branes given by

®(y) = 7 (Ae”” + Be "), (3.52)

with v = /4 + 7:—; The coefficients A and B are determined by the boundary conditions

at the branes. By integrating the equation of motion over a infinitesimal region around the
branes. This gives the conditions

0=k[(24+v)A+ (2—v)B] — 2X4ia®(0) [®(0)* — viyq]
0 =ke®™¥e [(2+ v)e" ¥ A+ (2 — v)e " B] + 2\ ®(1) [@(1)% — vZ,] -

V1S
Rather than solving these equations, we focus on the limit when Aniq and Ayis are very large.
In this limit the equations are solved when ®(0) = vpq and ®(1) = vy;s. Which is a realistic
limit recalling that both these constants are of the order of the Planck scale. Additionally, we
will assume Ky, to be relatively large, such that using Eq. 3.52 the coefficients are given by

—(2+v)Kye —2vKyc
)

A =vyiee — Unid€

-2 c —(2 c
B =Vhid (1 +e veY ) — Vyis€ (2+v)ry s

where we neglected higher powers of e~ %<, Finally, assuming m/x < 1 it holds that v ~ 2+,
with € = m?/4x%. Plugging Eq. 3.52 with these coefficients into the scalar field action and
integrating over y yields the effective four-dimensional potential for y,

V(ye) =revisg + dre” e (vyis — vhid€765y6)2 (1 + i)
— kevpiae” TV (24 — vpiae ) (3.53)

where terms proportional to €2 are neglected, but exy,. is not treated as small. Ignoring the

terms proportional to € the minimum of this potential is at

2 .
Ko = 4% log (”hld ) . (3.54)

Uvis

With the requirements that log(vhia/vvis) is of order unity and m? / k2 of order 1 /10 we end up
with ky. ~ 40. O

Even though this shows that RS is physically possible, there are still quite some assumptions
made in the proof. For example, it is assumed that the brane tensions are A /niq are large,
which is a fact that followed from the derivation of RS. Something that fails in standard RS is to
retrieve a small positive effective cosmological constant on the brane, which is what we observe
in our universe [50]. Hawking and Hertog have tried to construct a RS space which better
represents our universe [51]. Once we alter some of the assumptions, the above lemma does
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not hold anymore, and the scalar field T is generally not stabilized anymore. The excitations
of this field then lead to the productions of radions, which serve as dark matter candidate [52].

To conclude, in this subsection we have seen that standard RS realistically offers a solution to
the hierarchy problem. In another regime RS spaces could also offer a solution to other big
open questions in theoretical physics, such as dark energy and dark matter.

3.3.3 Localizing the graviton

In Section 3.3.1 we showed how RS solves the hierarchy problem. We described the hierarchy
problem as the open question why the Planck scale is so much bigger compared to the elec-
troweak scale. For this reason the Randall-Sundrum model is a candidate model to describe
our universe. If it is a true candidate, then four-dimensional gravity must be retrieved on the
brane. In this section we will derive that due to the warping factor, the graviton is ‘bound’ to
the brane with positive tension. Therefore, the gravitational potential is proportional to »~!
even for very large or even infinite extra dimensions.

Recall from Sec. 3.2.4 that in RS1, the hidden brane has positive tension and the visible
brane has negative tension. Therefore, the absence of the graviton at the visible brane will be
explanation for the fact that gravity seems so weak. On the other hand, in RS2 the visible
brane has positive tension and the extra dimension is infinite. Therefore, from Lem. 3.1.3 we
might expect that the gravitational potential is proportional to r—2. However, The fact that
the graviton is bound to the visible brane will ensure that four-dimensional gravity is recovered
even though there is a infinite extra dimension in the model.

We make use of Kaluza-Klein theory to describe the graviton. Before defining the concepts of
Kaluza-Klein theory, it is important to note that even though it looks similar to perturbation
theory and we use some of the same techniques as we use later on in proving stability of
spacetimes, it is not related to the stability proofs that will be done in the next chapter.
Kaluza-Klein theory is a method to describe the dynamics of particles such as the graviton,
photon and radion in five-dimensional spacetimes. It also works by perturbing a background
metric g by a 2-tensor £,

g=g"+h. (3.55)
However, now this perturbation h describes several fields. Namely the four-dimensional re-
striction hg, where a,b = 0,1,2,3 represents the gravitational field of the spin-2 graviton.
Similarly, the h,s component represents the electromagnetic field and the hs; component, as
we saw in the previous subsection, a scalar field related to the radion. The equations of motion
of these fields are obtained by the linearized Einstein equations. It is then possible to separate
the fields into modes of different masses. The zero-modes or massless modes of the gravitation,
electromagnetic and scalar field correspond with the graviton, photon and radion, respectively.
We apply Kaluza-Klein theory to the RS1 and RS2 model, to find the wavefunction of the
graviton.

Theorem 3.3.4. In standard RS the wavefunction of the graviton peaks at the negative tension
brane.

Let g be the metric of standard RS with curvature scale x and distance between the branes y..
To obtain the linearized Einstein equations we first make use of a coordinate transformation
to express our metric in a useful way. We introduce a coordinate z such that

e"‘yclylycdy =dz,
1

]
(14 rlz[)?

e
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For this new coordinate it holds that 0 < z < %(e”yc — 1) = z.. Then the metric in standard
coordinates from Eq. 3.38 transforms to

1
ds? = —— daMdzN = 72402 deMdz™, 3.56
(1+R‘Z|)277MN NMN ( )
where we defined
A(z) = log(1 + &|z]). (3.57)
For later purposes we note that
sgn(z2)k
A/ — .
()= (359)
I 2K K2
A'(z2) = (6(2) = 0(z —20)) — (3.59)

(14 kl2)*

Using this new coordinate we can rescale h such that the perturbed metric takes the form

1+ k|z|

g=e G (n4 ). (3.60)
To obtain the linearized Einstein equations we can apply the following result form [53].

Lemma 3.3.5. Let g and g be two conformally equivalent metric tensors on a n-dimensional
manifold such that g = e=24§. Then the Einstein tensors of g and § are related by

Gun(g) = G@) + (n—2) [ViAVNA + Vi VA — Gun (@R@RA - @RA@RA)} . (3.61)

where V denotes the covariant derivative with respect to §.

Furthermore, we simplify the problem by a convenient choice of gauge

Definition 3.3.6. Let (M, g+ h) be a RS space with an effective four-dimensional background
metric g. The RS gauge is given by

h5M :Oa
Ve =0,
gabhab :05

where M =0,1,2,3,5 and a,b=0,1,2,3.

Since h is a symmetric metric tensor, it originally had 15 degrees of freedom. In this gauge
we reduce it to 5 degrees of freedom. This also corresponds to what we would expect from a
five-dimensional spin-2 particle such as the graviton [54]. Furthermore, note that this gauge
corresponds to setting the photon and scalar field to zero such that we are only left with the
tensor component associated to the graviton.

If we apply Lem. 3.3.5 to the metric in Eq. 3.60, we find that the Einstein tensor associ-
ated to g is given by
GJVIN(Q) = GMN + 3[(9MA8NA + 8M8NA - f‘]\R/[N(Q)RA
— GuN (aRaRA +TRO5A - aRAaRA) ], (3.62)
where T are the Christoffel symbols associated to § = 1 + h. For now we focus on the Gqp
components of the Einstein equation, where a,b = 0,1,2,3. Since A only depends on the z-

coordinate the relevant Christoffel symbols are fgb and f‘gs. In the RS gauge and using Lem.
2.2.6, the linearized form of these Christoffel symbols are given by

- 1 -
s, = = 50-hab, Ik =o. (3.63)
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Furthermore, in this gauge the Einstein tensor associated to g becomes
- 1 .
Ga, = —5338 hap- (3.64)

Combining Eq. 3.63 and 3.64 with the expression for the Einstein tensor in Eq. 3.62 we get
that the Einstein tensor equals

1 3
Gab(g) = _iaRaRhab + 5azha,,A' — 3(Nab + hav) (A" — A”) (3.65)

Recall the RS energy-momentum tensor in Eq. 3.23. We want to express this tensor in terms
of the function A(z). Using Eq. 3.35 the energy-momentum tensor can be written as

Ty = —12M° (A" + A™) (Nap + hap)- (3.66)
Finally, using Eq. 3.35 again, the cosmological constant term can be written as
Agab = _6A/2 (nab + hab)~ (367)

Now we can plug Eq. 3.65, 3.66 and 3.67 into the Einstein equation 2.25 to find the equation
of motion
OrO%hap — 30 hap A’ = 0. (3.68)

We would like to get rid of the term with a single derivative. For this we use the following
lemma from [55, Lemma 6.4].

Lemma 3.3.7. The substitution

= v exp <—1/2 /0 pdm) (3.69)

transforms
' + p(z)u’ + q(x)u =0 (3.70)
mto )
1 P
" ——p == )v=0. 3.71
v + <q 5P~ ) v (3.71)

According to Lem. 3.3.7 this can be achieved by the rescaling
h— e34h. (3.72)
This transforms Eq. 3.68 to

8R8Rhab + <3AN - ZA/2) hap = 0. (3.73)

In flat five-dimensional space with compact extra dimension of length L, the linearized Einstein
equations would reduce to

OrO%hay = 0. (3.74)
Due to the translational symmetry in the flat case, it is possible to decompose h into a Fourier
series . . ‘
hap(z,2) = Y hpy(x)e 7. (3.75)
neZ

Plugging Eq. 3.75 into Eq. 3.74, we get a Klein-Gordon equation for the modes

(0:0° = my.) hipy(x) = 0, (3.76)
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Figure 3.7: The potential in Eq. 3.79 plotted for the values y. = 1, K = 1. The
low energy modes will be trapped inside the steep well at z = 0.

where m,, = 7 are the masses. This is a decomposition in Kaluza-Klein modes. In the RS
case we want to do something similar. However, now there is no translational symmetry in the
z direction. Instead, we decompose the tensor h into Kaluza-Klein modes

hav(x,2) = Y i () (2), (3.77)

where the h7, still solve the Klein-Gordon equation: 9.0°h™, = m2h?,, for some mass spectrum
{my}. However, now v, (z) represent wavefunctions of the graviton modes with mass m,, that

solve the equation

Yo+ <mi + gA” - ZA’2> Y, = 0. (3.78)

The zero-mode, corresponding to the graviton, is the n = 0 mode for which mg = 0. Therefore,
we want to solve Eq. 3.78 for n = 0.

Note that Eq. 3.78 is a Schrédinger type equation with energy levels given by m?2 and a
potential

V(z) :ZA@ - gA”
15 K2 3K

_Z(1+/<;|z|)2 + T+ Al (6(z — z.) — 0(2)) . (3.79)
This potential has the shape of a volcano as can be seen in Fig. 3.7. The mode functions
1, represent wavefunctions of the graviton and describes the probability distribution of its
location for different energy levels or masses. Due to the deep well at z = 0 we expect the low
mass modes to be trapped inside this well. Recall that we expect that the graviton is massless.
Therefore, the zero-mode will be the most interesting for us.

Lemma 3.3.8. The zero-mode graviton wavefunction is given by

1

O e

(3.80)

Proof. Before we solve Eq. 3.78, we have to determine the boundary conditions at the branes.
This can be determined by integrating Eq. 3.78 in a small region around the visible and hidden
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Figure 3.8: The wavefunction for the massless graviton mode in Eq. 3.80 for
ye=1and k = 1.

brane. For the brane located at 2z = 0 we find

ot

0=/ v+ (mi e 9A’2> ¥
o 2 4
=t (07) = 95, (07) + 3k¢, 0). (3.81)
According to the orbifold symmetry ¢ is an even function. Therefore, ¢'(z) = —¢'(—2).

Consequently, the boundary condition becomes

3
Y1(0) = S 0). (352)
Similarly, we can derive the boundary condition for the brane at z = z,

3K

P(ze) = )

VYn(2e)- (3.83)
Now we can check whether Eq. 3.80 solves Eq. 3.78 and adheres to the boundary conditions
in Eq. 3.82 and 3.83. O

As can be seen in Fig. 3.8 the wavefunction of the zero-mode graviton peaks at the hidden
brane located at z = 0. Therefore, matter at the visible brane only experiences the tail of the
graviton wavefunction. This explains the weakness of gravity on the visible brane.

It is shown in [53, P. 20], the gravitational potential can be computed from the graviton modes.
We can analyse this potential to see if RS gravity agrees with our observations.

Lemma 3.3.9. The gravitational potential V(1) in terms of graviton modes is given by
2 —mpr

Vir)=->_ Z—;e —, (3.84)

n=0

where .
e§A1/)n(z)

N (3.85)
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Note that the zero-mode term dominates the potential in Eq. 3.84. If we plug in Eq. 3.80 the
leading term of the potential is given by

1 1
Vo) == ar
__Gxn
=-

We conclude that this reproduces four-dimensional gravity. Note that this applies to both RS1
and RS2. Therefore, even though RS2 has infinite fifth dimension, as a consequence of the fact
that the graviton is located close to the brane at z = 0, we still experience four-dimensional
gravity on the brane.

3.3.4 Singularity of the black string

In the previous sections we have shown that the Randall-Sundrum model solves the Hierarchy
problem with minimal fine-tuning and that four-dimensional gravity is retrieved on the brane.
The final thing we require for RS to be a good model for our universe is the existence of solar
mass black holes. In Section 3.2.6 we already constructed black hole solutions in the form of
RS black strings. We noted that in RS2 the black string seems to become massless at z = co.
In this section we derive that there is a singularity at z = oco.

In 1999, another undesirable property was discovered by Chamblin, Hawking and Reall. They
discovered that the black string is singular at the horizon [17, P. 4].

Lemma 3.3.10. The square of the Riemann tensor of the black string is

ABM2eAvey
Rurnier RMNEL — 4061 4 7"72 (3.86)

The square of the Riemann tensor is singular both at the centre of the black string » = 0, and
in RS2 at the AdS horizon z = y.y — oo. A singularity is a point of infinite curvature. Any
geodesic that reaches a singularity, stops at the singularity and can never leave it. The theory
breaks down at a singularity. Note that the square of the Riemann tensor becomes infinite
both at r = 0 and z = oo, therefore there are singularities at these points.

The singularity of Eq. 3.86 at » = 0 is hidden behind the horizon of the black string. This
type of singularity also occurs at regular black holes. Since it is unclear whether black hole
solutions give a valid description of the interior of black holes, we do not worry about such a
singularity too much. The singularity at z = co is a so called naked singularity, not hidden
behind any horizon and can be reached by anything. Since our theory breaks down at such
a singularity, we want to avoid them in our theories. Therefore, this observation hints to an
instability of the black string. This instability was first postulated by Chamblin, Hawking and
Reall. To avoid the formation of the singularity they proposed that the black string would
pinch off near the AdS horizon, forming a black cigar. A sketch of the black cigar can be
seen in Fig. 3.9.

So far there is no exact solution for the black cigar, let alone for the transition from a black
string to a black cigar. At first, there was even some debate about whether static solutions
for black holes could exist. Due to effects of the AdS/CFT correspondence, it was argued
that black holes would quickly evaporate [56]. Therefore, time-independent solutions could not
exist. In 2011 however, the first numerical solutions were constructed for black holes in RS2
with a wide range of masses [57]. It turns out that large black holes behave as AdS;/CFTy
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Figure 3.9: A schematic picture of the black cigar solution in the RS2 model.

solutions, whereas small black holes behave as if they are in flat extra dimensional space. Later
in 2021, even numerical solutions for rotating black holes in RS2 were constructed [58].

We conclude that the RS2 black string seems unstable. In the state of the RS2 black string the
forming of the singularity needs to be avoided. Therefore, when reaching this state it quickly
pinches off close to the AdS horizon. In this process it transforms to a different state. Using
the definition of stability in Def. 2.2.5, this describes an instability. If the RS2 black string is
unstable, it would make sense if there are cases where the RS1 black string is unstable as well.
We want solar mass black holes to exist in RS1, but they cannot exist for long periods of time
if they turn out to be unstable. In the next chapter we therefore analyse the mode stability of
the RS black string. Furthermore, we derive the masses for which black strings are stable in

RS.



Chapter 4

Mode stability of black strings

In the previous chapter we defined the Randall-Sundrum model. This model offers a solution to
the hierarchy problem. However, black holes seem to be unstable in this model. This chapter
aims to analyse the mode stability of the RS black string. In this chapter, we apply results
and techniques that were derived and explained in Chapter 2.

First of all, the mode stability of the Schwarzschild metric is analysed in Section 4.1. Due
to the spherical symmetry of the Schwarzschild metric, the metric perturbations can be de-
composed into modes of different angular momentum and parity. These different components
are expressed in terms of Regge-Wheeler harmonics. These harmonics are also useful for de-
composing the black string perturbations. We derive that the Schwarzschild metric has mode
stability by using Theorem 2.3.1.

In five-dimensional flat space, there are two types of black holes: hyperspherical black holes and
black strings. If the extra dimension is compact and the size L is large, then the hyperspherical
black hole is entropically favourable over the black string. Therefore, we expect the black string
to be unstable. In Section 4.2, we analytically prove the mode instability of the black string
in five-dimensional flat space. After the deriving the master equation of Schrédinger form, we
approximate the potential by an asymmetric finite well potential. This potential defines the
asymmetric finite well operator. By computing the eigenfunctions with negative eigenvalues of
this operator we obtain a set of test functions. We apply Theorem 2.3.16 and use this set of
test functions to estimate the lowest eigenvalue of the master equation. In this way, we prove
0.1L 0.85L]

that the black string of mass M is unstable in the range M € [?, e

In Section 4.3, we generalize the flat black string instability to warped spaces. First, we derive
the master equation for the RS black string. Then we construct perturbations such that this
master equation reduces to the same master equation as for the flat black string. Consequently,
the results from Section 4.2 apply to these perturbations as well. We derive that there exists
an upper bound My, such that RS1 black strings of mass M are modally unstable if M < Mj.

4.1 Mode stability of the Schwarzschild metric

In this section we prove the mode stability of the 4-dimensional Schwarzschild metric. We
primarily follow the paper by Regge & Wheeler [20] where this has first been claimed. However,
to finalize the proof we will also use a papers by Vishveshwara [21] and Zerilli [22], who proved

70
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the mode stability more rigorously.

Recall the Schwarzschild metric from Eq. 2.28. Let us consider a perturbation of the Schwarzschild
metric g = gs+h. The spherical symmetry of the Schwarzschild metric allows us to decompose
the perturbation tensor h into components of different angular momentum and parity. This
decomposition will allow us to analyse the stability of each component separately instead of
having to analyse the stability for general h. In Section 4.1.1 we derive this decomposition into
so called Regge-Wheeler harmonics. In Section 4.1.2 we apply this decomposition to the per-
turbations of the Schwarzschild metric and simplify the problem using gauge transformations.
Then we analyse the odd and even parity modes in Section 4.1.3.

4.1.1 Scalar, vector and tensor spherical harmonics

The Schwarzschild metric is spherically symmetric. For such spaces we want to use the symme-
try to decompose scalars, vectors and tensors in to components of different angular dependence.
In this section we derive a useful complete set of functions that does this.

Definition 4.1.1. The spherical harmonics are scalar functions Y : S? — R, which are
eigenfunctions of the Laplacian
Ag2Y = \Y. (4.1)

We derive the scalar spherical harmonics, and we shall see that they have useful properties.

Let us start with the Laplace equation in spherical coordinates

10, ,0f 1 of 1 0%f
7“287"( 8r>+rzsin989( n989) r2sin? 0 Op?

Af = —0, (4.2)

For f € C*°(R3®). Now we make the ansatz that we can split variables, so f(r,0,¢) =
R(r)Y (6, ). Then we can rewrite Eq. 4.2 to

lﬁ(ﬂaj)__#g(singal)_#ﬁ
ROr Or’  Ysin# o6 907 Ysin?6 0p?”

Note that the differential operator on the right hand side is the S? Laplacian. The left hand
side is completely independent of # and ¢, and the right hand side is independent of r. So
we must have that both sides are equal to some constant A € R. Now we can again make a
separation of variables by making the ansatz Y = 0(0)®(¢). Then we can rewrite the equation
to

sinf 0 (si 98@) 182@)
0 00 00 S 92’

Note that again the left hand side only depends on 6, whereas the right hand side only depends

on ¢. Therefore, both sides must be equal to some constant m?. On first sight, m could be

imaginary. However, consider the resulting differential equation

id

Op?

n’ 6+ —— (4.3)

= —m?®.

Then it follows that ® is a linear combination of e**™¥. If we demand that ® is periodic and
its period can be evenly divided by 27, then m must be an integer.

Now going back to Eq. 4.3 we can rewrite it to the form

d do m?
de(blneﬁ) + )\smﬁ@ = m@
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Next, we define P(cos#) = ©(0) and x = cosf. By this change of variables the above equation

is equivalent to
d dP m?
—(1-2>= —— | P(z) =0. 4.4
2 (-5 + (- ) P =0 (1.4)

With complicated analysis [59], of which we will not go into detail here, one can show that
solutions of this equation are regular on the sphere if and only if

A=1(l+1), withl=|m|,|m|+1,|m|+2,....
In that case Eq. 4.4 is solved by the associated Legendre Polynomials P, ().

Definition 4.1.2 (Legendre Polynomials). The associated Legendre polynomials P'™(z) are
solutions to the differential equation

;i«lﬁfiT)+(w+l)ﬁf;>Bmu)&

They can be expressed in the form

(71)m dl+m

lm —_ _.2\ym/2
P @) = g 0= 2"

(x> — 1)\

We can now define the spherical harmonics.

Lemma 4.1.3. The spherical harmonics Yy, : S> — R are defined for every non-negative
integer | and integer m = —1, =1+ 1,...,l. They are given by

Yhn(97 QO) = Nlmplm (COS G)eim“",

with Ny, a normalization constant

20 +1 (1 — |ml)!

Ny = —_—
! ar (14 |m))!

The spherical harmonics have the following properties

1. The spherical harmonics are eigenfunctions of the angular momentum operator

2 AYn (0, 0) = =11+ 1)Yin(0,), 7> 0.
2. The spherical harmonics are orthonormal on the sphere

[ Yo Y2 = 8.6

3. The spherical harmonics form a complete set in L*(S?)

00 l

Z Z Ylm(evw)ylm*(glvcpl) =

=0 m=—1

1

sin 0

(6 = 6")6( — ¢).

We say that Y™ has an angular momentum I, with projection on the z-axis m. This has to
do with the eigenvalues of the spherical harmonics when acted on by the corresponding oper-
ator. Using the completeness property of the spherical harmonics, any well-behaved function
f(r,0,¢) can be decomposed into spherical harmonics.
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Lemma 4.1.4. Let f € C*(R3) for k > 0. Then we can decompose f into spherical harmonics

f(r,0,9) = Z Z Fim (1) Yim (0, ), with

=0 m=-—1
Fim(r /er,so Yio, (6, 0)d9.

Furthermore, for the coefficients it holds that fi,, € C*(R).

Proof. For f € C*(R?), in spherical coordinates we have that for constant radius 79 > 0 the
function f(rg, 0, ¢) is square integrable on S2. Therefore, the f;,,, are well defined. Furthermore,
note that indeed

£0,6,9) = Zz/frw Y (0, ) Vi (6, )Y

=0 m=—1

/f (r,0',¢") Z Z Yim (0 )Y

=0 m=-1
f(r 0. ¢")

_ o I _
e~ 5(0 —0)d(p — ¢")dQ = f(r,0,¢).

We prove the regularity of fj,,, by induction. First, we prove that f;,, is continuous if f is
continuous. Let » > 0 and € > 0. Since f is continuous at r and S? is compact, there exists a
d > 0 such that for any |r’ — r| < § it holds that

|f(7“/,9,(p) - f(?“ 9,(,0

€

< Tman (4.5)

Consequently, it also holds that

[ fim (1) = frm (r)] =] /(f(r'ﬁ,so) = J(7,8,0))Yim (6, )dC)|

< / £(3,60,0) — £(r,0,0)|[Yim (6, 9)|d2 < .

By induction it follows that if f is k-times differentiable, then so is fj,,. Since a derivative

of fi» can be moved inside of the integral and only effects f, then using the fact that 2 or 21 s

" fim

continuous it follows that =57 is continuous using the same procedure as above. O

We conclude that any scalar function can be written as a sum of spherical harmonics. A
natural next step would be to try to express all vector and even tensor functions in terms of
spherical harmonics. For this we will need to define vector and tensor spherical harmonics.
These were first introduced by Regge and Wheeler in 1957 [20]. Later others, including Zerilli
in 1970 [22], developed different definitions of vector and tensor spherical harmonics, each
useful for a different application. Finally, in 1980 Kip Thorne [60] wrote a paper comparing
all different definitions and showing how they relate to each other. In this section we focus on
the definitions by Regge & Wheeler. Even though, these definitions might seem a bit out of
the blue they are most useful to us in proving the stability of the Schwarzschild metric.

Regge & Wheeler structure the vector and tensor spherical harmonics in terms of parity. A
parity transformation is a transformation where the coordinates are reflected in the origin,
(x,y,2) = (—x,—y,—z). On the 2-sphere we define the parity map p : 52 — S? that maps
a point on the two sphere to the point on the opposite side

(9750) Hp(e»sﬁ) = (7‘(’*&,@4»71').
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Note that under this parity transformation, the spherical harmonics transform as
p*lem(H, (P) = }/lm(ﬂ' -0, o+ 71-)
= Ny P (cos(m — 0)) gim(e+m)
= (=1)"™ Ny, P (—cos ) e™?.

Now looking at the expression from definition 4.1.2, we see that P,,,(—x) = (=1)"*™ Py, (z),
so the spherical harmonics transform under the parity transformation as

P*Yim(0,9) = (=1)" 2" Ny Pi (cos 0)e™ = (=1)"Yim (0, ).

It turns out that we can distinguish different vector and tensor spherical harmonics based on
how they transform under the parity transformation.

Definition 4.1.5. Let A;,, (0, ¢) be a scalar, vector, or tensor defined on the 2-sphere which is
an eigenfunction of the S? Laplacian with eigenvalue —I(1+1). We say Ay, has even parity
if Ay, transforms under the parity transformation as

p*Alm«(aa SD) = (71)1Alm(9, SD)
A has odd parity if it transforms under the parity transformation as

p*Alm(ea SD) = (_1)l+1Alm(07 30)

Now we can define the Regge-Wheeler harmonics, which is a set of scalar, vector and
tensor spherical harmonics. From Lem. 4.1.3 it follows that the scalar spherical harmonics are
just given by the regular spherical harmonics. Furthermore, we just derived that these have
even parity. The vector spherical harmonics are sections on T*S2%. For each non-negative
integer [ and m = —I,—[ 4+ 1,..., there exist two types of opposite parity which in spherical
coordinates are given by:

(Vim)a = %Ylm(@, ®), even parity, (4.6)
a .
(im)a = EZ@Ylm(@ ®), odd parity. (4.7)

Here a,b = 2,3, where 22 = § and 2® = ¢. The tensor €,, is defined by =e=0,6= _siie

and €3 = sin@. For the tensor spherical harmonics we also need to introduce the 2-tensor 7
on the sphere, where in spherical coordinates 722 = 1, 723 = 732 = 0 and 733 = sin?6. The
tensor spherical harmonics are sections of Sym?(T*S?), for non-negative integers [ and
m=—l,—l+1,...,l they are given by

(im)ab = VaVpYim (6, 9), even parity, (4.8)

(ﬂlm)ab = ’Yabyvlm (97 @)7 even paritY7 (49)
1 .

(&m)ab = 3 e (Uim)eb + €5(Yim)eal » odd parity. (4.10)

Here again a,b = 2,3. Thorne proved that any scalar, vector or tensor can be expressed in
terms of Regge-Wheeler harmonics [60, P. 12].

Theorem 4.1.6. Any scalar, vector, or symmetric 2-tensor on S? can be decomposed in terms
of Regge-Wheeler harmonics. In particular, let X € T'(TS?), then there exist Upm,vim € R
such that

00 l
X = Z Z ul’rnq/lm + Ulm(blnv (411)

=0 m=-1
Similarly, for any T € T'(Sym?(TS?)) there exist Uy, Vim, Wim € R such that

T = Z Uim@im + Vi Bim + VVlmglm- (412)

) l
=0 m=—1
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In the next sections we use these harmonics to decompose the perturbations.

4.1.2 Mode decomposition of perturbations to the Schwarzschild met-
ric

With the Regge-Wheeler harmonics, we can decompose perturbations of the Schwarzschild
metric and analyse the mode stability. The Schwarzschild metric describes the spacetime
around black holes. We want to derive whether this metric is a stable spacetime configuration.
We are quite sure that black holes exist and that they are stable. Therefore, if we believe the
Schwarzschild metric is a good description, small perturbations of the metric should not have
big consequences. Therefore, there should not be any exponentially growing modes.

Let g = g®+h be a perturbation of the Schwarzschild metric ¢°, where h € I'(Sym?(TR*)). Due
to the spherically symmetric background, the components of h of different angular momentum
split in the linearized Einstein equations. It turns out that in order to prove stability, it is
enough to separately prove stability for perturbations with different angular momentum I,
projection to the z-axis m, and parity, with { =0,1,2,... and m = -, -l +1,...,l.

Proposition 4.1.7. A general perturbation h € T'(Sym?(TR*)) which has angular momentum
l, whose projection on the z-axis is m, and with odd parity is given by

00 —ho(t,r)siiQ% ho(t, ) sin@%
00 —hl(tﬂ")siig% hi(t,r) sinﬁ%

1 _0° 0 0 1 19 )
hab =|* * hg(t,’f‘) (sin0 900¢p s(;?lsz 9%) §h2(t’r)(sin087¢2 + COSH% }/lm (413)

. 02
—sin BW)

* ok * —ho(t,r) (sin 9% — cos 9%)

Here the x indicates components that are determined by the symmetry of the tensor. The
perturbations of even parity will take the following form

Ho(t,f‘) Hl(tﬂ‘) fo(tﬂ’)% f()(t,’l‘)ai
H1(t,7’) HQ(t7r) fl(t7r)% fl(tﬂn)%
hay = | o (K +Gungs) G (a0 — 25) [ Yime (419)
* * * G(t,r)(aa—;JrSin@

cos0%) + K(t,r)sin? 0

We refer to Eq. 4.13 as the odd type of perturbation and to Eq. 4.14 as the even type of
perturbations.
Proof. In spherical coordinates we can decompose the tangent space as follows

TR* = TR @ TR>o & T'S%. (4.15)
Therefore, the vector bundle Sym?(TR*) will consist of blocks of the following form

Sym?(TR*) =Sym*(TR) @ (TR ® TR>) ® (TR ® T'S?) (4.16)
@ Sym*(TR>¢) & (TRxo ® T'S?) & Sym*(T'S?). (4.17)

There is an identification between TR and R. Therefore, we can use scalar functions on
R* to represent sections on Sym?(TR), TR, Symz(TRzo) and TR>(. Using Theorem 4.1.6
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these scalars can be decomposed into spherical harmonics. Additionally, we can apply the
same theorem to the sections on 7'S? and Sym?(T'S?) to decompose these into Regge-Wheeler
vector and tensor spherical harmonics, respectively.

Using the definitions from Section 4.1.1, we can now construct a general perturbation with an-
gular momentum [, projection to the z-axis m and odd or even parity. In spherical coordinates
this construction will precisely give the tensors in Eq. 4.13 and 4.14. O

Recall from Sec. 2.2 that for a stationary background space we can focus on proving mode
stability. The Schwarzschild metric is independent of the time-coordinate ¢, so it is sensible to
do a mode decomposition here. With Eq. 2.56 we split the perturbation in modes of different
frequencies w. As a consequence of the time translation symmetry it is possible to analyse the
stability of the modes separately. For a mode of h the time dependence will be given by a
factor exp(—iwt). So altogether, we can separately solve the linearized Einstein equations for
the different modes of the perturbation, each mode with a specific frequency w, I and m value,
and parity. A general perturbation will then be a superposition of these modes with coefficients
that fit the boundary conditions and initial values. However, recall from section 2.2 that having
only stable modes does not imply linear stability. Namely, it is possible that this superposition
is just a formal series and that it does not converge to a solution. Moreover, the integral in
Eq. 2.56 does not necessarily have to consist purely out of modes that solve the linearized
Einstein equations. It is possible that there are modes such that Ape™!y(w,z?) # 0, but
in the integral it gets cancelled by another non-zero mode. Nevertheless, we focus on mode
stability for now.

Proposition 4.1.8. The Einstein equations will be independent of the projection to the z-axis
m.

Proof. Since the background is spherically symmetric, we can always apply a rotation such
that the projection to the new z-axis is equal to any desired value. O

Therefore, we can specialize to m = 0, which will take away all ¢ dependency and is for that
reason the most sensible choice.

Before computing the Einstein equations, we note that the perturbations can still be simplified
by gauge transformations. For a small vector field X € T'(TR*) the metric transforms as in
Eq. 2.32. Keeping g; fixed, the perturbation transforms as

oy = hap + Vo Xy + Vi X, (4.18)

where V? denotes the covariant derivative with respect to the Schwarzschild metric. Since
we do not want to disturb the angular momentum or parity of our perturbation, we only
want to transform the perturbations using vector fields of the same angular momentum and
corresponding parity. Using the splitting of TR* in Eq. 4.15, we can split

[(TR*) = T(TR) ® T(TRx() ® T(T'S?). (4.19)

Therefore, the vector fields are decomposed in Regge-Wheeler harmonics by using scalar spher-
ical harmonics for Xy and X; and vector spherical harmonics for (X2, X3).

Lemma 4.1.9. After a suitable gauge transformation, a gemeral odd parity perturbation of
angular momentum | and frequency w takes the from

0 0 0 ho(r)
hop = 8 8 8 hlér) « e—iwt sin 9%3(005 9), (420)
ho(r) ha(r) 0 0
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where P, is a Legendre polynomial. An even parity perturbation is of the form

Ho(t,’l") Hl(t,T) 0 0
Hi(t,r) Ha(t,r 0 0 iw
hap = 1(tr) - Ha(t,r) K(t,7) 0 x e~ "' Py(cos ). (4.21)

0 0
0 0
Proof. Let us first focus on odd type perturberbations. Odd parity X, will then have the form

d
Xo=0, X; =0, X, =A(t, r)egwylm (a,b=2,3).

If we then compute covariant derivatives of this covector, we find that

cosf O 1 92 )Ylm,

Vo Xy = A(t,r) (sin2 9% Y 000y

. 0?2
VoXs = A(t,r) smelem,
1 02 o
V3Xs = A(t,r) (_Sin06g02 — cos 980) Yim,

V3Xs3 = A(t,r) siné’ai2 —0059i Y,
3 3 — ) 89890 8@ lm-

Consequently, by setting A(t,r) = —%hg (t,r) we can precisely cancel the contribution of the
tensor spherical harmonic. Note that other covariant derivatives such as Vi X3, will also
not vanish. However, we can solve this by redefining ki, such that after the redefinition the
component of the perturbation did not change. With this gauge transformation in mind and by
setting m = 0, a general perturbation of odd parity, with angular momentum [ and frequency
w takes the form of Eq. 4.20.

Similarly, the even parity perturbations can also be simplified. Using the scalar spherical
harmonics and the even vector spherical harmonics from Eq. 4.6, a gauge transformation of
even parity, and of (I,m) type is of the following form

XO = MO(ta 7/')lerna
X1 = M(t,r)Yim,

0
X2 = M(t7r)%yvlm7

0
X3 =M(t,r)=—Yim.
3 ( )8(,0 Im
Note that we have three degrees of freedom, My, M; and M, which we want to use to cancel
the factors of G, fy and f; in Eq. 4.14. By examining the covariant derivatives of the covector
field X, the following equations need to be satisfied in order to cancel the desired terms

oM
— 4+ My=—
ot + 0 f07
oM 2M
87—7+M1—_f1a
r
M:i
2
This simply leads to the following solution
-1 10G 106G G
M=— My=-— — My ==-————f1. 4.22
g O Mo=g% —h Mi=gg mo—h (4.22)
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Here again, this gauge transformation also shifts the other terms. Nevertheless, no new terms
are introduced, such that we can just redefine of the functions Hy, Hy, Hs and K. Finally,
just as in the odd case we set m = 0. With this the even perturbations can be written in the
form of Eq. 4.21. O

Now that we have each mode in this simple form, we can compute the linear Einstein equations
for each mode separately. This is done in the next section.

4.1.3 Mode stability of the Schwarzschild metric

In this section we solve the linearized Einstein equations 2.51 for odd and even parity per-
turbations of the Schwarzschild metric. We prove that all modes are stable for both types of
parity. We combine this to prove that the Schwarzschild black hole has mode stability.

Theorem 4.1.10. The Schwarzschild metric (R*, gs) has mode stability.

To prove this theorem we first have to analyse the linearized Einstein equations of the Schwarzschild
metric. We start with analysing the equations for odd parity modes.

Lemma 4.1.11. The linearized Einstein equations of the Schwarzschild metric for odd parity
modes can be rewritten into a odd parity master equation of the following form

d*Q

——5 + Voaa Q@ = W?Q, (4.23)
dr*
where i1 3
Ts + T
Voaa(r) = (1 - 7) ( 2 3 ) : (4.24)

Proof. First we compute the Linearized Einstein equations for odd parity modes of the form
as in Eq. 4.20. Most components of the linearized Einstein equations will vanish, but there
will remain three non-trivial equations

Ts -1 d Ts _ _
(1 - 7) iwho + = (1 - 7) hi=0 (0Ra3 = 0), (4.25)
rs\~1. [dhy . 2hg hi _
(1 - 7) iw {dr +iwhy — r} +(+2)(-1)5 =0 (6R15 = 0), (4.26)
d /(. dho I re\-1 (2ry 11+ 1)
a <zwh1 + d’l‘> + 21&)7 + (1 - 7) ( 7‘3 - T2 ho =0 (5R03 = 0) (427)

The third equation can be derived directly from the other two, so we will focus on the first
two. We define the tortoise coordinate using the differential relation

dr r
= (1- —S) . 4.28
dr* ( r ( )
This leads to the following relation
r* =1+ r,log (: —1) , —00 < 1" < 0. (4.29)

Furthermore, we define a new quantity
s\ h
Q) = (1= ) )
r r

If we eliminate hg out of the equations, then we end up with a second-order Schrédinger-like
equation for ), which is the master equation in Eq. 4.23. O
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Let us take a step back and look at what Eq. 4.23 can tell us about the mode stability of
the Schwarzschild metric. Recall from section 2.2 that a metric has mode stability if there
are no exponentially growing modes. If we now look back to the master equation for the
odd parity perturbation in Eq. 4.20, we see that an imaginary w would lead to exponential
growth of the perturbation, whereas modes with real w are oscillatory and will for that reason
not grow in size over time. Therefore, what we need to prove is that the spectrum of the
operator on the left hand side of Eq. 4.23 consists of positive numbers. Then any mode has
real frequency w. Consequently, we prove that the Schwarzschild metric has mode stability
under odd perturbations.

In 1957, Regge & Wheeler proved this by constructing solutions to Eq. 4.23 at the ranges
r — oo and 7 — r; and then argued that these solutions cannot be matched together for
imaginary w [20]. Later, in 1970, Vishveshwara not only redid this proof, but also gave a
mathematically more rigorous alternative proof [21, Section 5A]. Vishveshware used spectral
theory to analyse the spectrum of the frequencies. We already did most of the work in Section
2.3. The mode stability is proven by applying Theorem 2.3.1.

Lemma 4.1.12. All odd parity modes of the Schwarzschild black hole (R*,g,) have a real
frequency.

Proof. Now that we have a master equation of Schrédinger form we can use results from
section 2.3 to find the frequencies of the modes. The first step is to translate the problem to
an eigenvalue problem. We define the operator

2

A= ——
dr*

+ Voda-
According to Theorem 2.3.1, we have mode stability if V44 is piecewise continuous, bounded
and non-negative in the range r; < r < co. Looking at Eq. 4.24, V44 is indeed bounded and
continuous in this range. To observe the non-negativity note that 1 — = > 0 in this range.
Furthermore, if [ > 2 then

I(14+1) 3rs - I(1+1) 3

3 = 2 20 (4.30)

This proves the stability for [ > 2.

For the case [ = 0, note that Py(x) = 1 such that the odd parity perturbations in Eq. 4.20
vanish. In the case of I = 1, it is shown in [21, P. 37] that the odd parity perturbations are
pure gauge. Therefore, they can be removed with a gauge transformation. O

Next we derive mode stability of the even parity perturbations. In [20, P. 5] it is shown that the
even [ = 0 perturbations correspond to the difference between two Schwarzschild solutions of
mass M and M +JM. Furthermore, the even [ = 1 perturbations correspond to a displacement
of the black hole by dx. These are stable transformations. Therefore, we only need to show
the stability for [ > 2.

Lemma 4.1.13. The linearized Finstein equations of the Schwarzschild metric for even parity
modes and | > 2 can be rewritten into a even parity master equation of the following form

P’K - .
—o T Vewn K =K, (4.31)

with the potential

(r —7rs)(8r3A(1 + A) + 12r,r2A2 + 187:2r X + 9r3)
r4(3rs + 2r\)2

Veven(r) - . (432)
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Proof. Perturbations of even parity can be written as in Eq. 4.21. The linearized Einstein
equations in the even parity case for [ > 2 give two algebraic relations, three first order
differential equations, and three second order differential equations. From §Rs2; = 0 we derive
that Hy = Hy, = H. Using this relation to replace Hy and Hs, the first order differential
equations are

dK 11 +1) 1 r—3n,
—_— H--H+—2"K=0 0Ry1 =0 4.33
dr 2iwrz Y r + r(r—rs) (0Ro1 ): ( )
dH Ts wr wr
+ Hy + H+ K=0 (0Rp2 = 0), (4.34)
dr r(r—ry) r—rs r—rs
dH iwr (1+1) T — 27, r—3r,
— H K=0 0R12 =0). 4.35
dr + r—r, 2iwr? ] ! r(r—rs) + r(r—rs) (0R12 ) ( )

The other algebraic relation follows from §R1; = 0, from which we get

H dK
— —(2r - 27“3)% + diwrHy— (4.36)

dr
(I+2)(1—1)H + [(z+2>(z - f“f:d} K=0.

If we substitute the derivatives in Eq. 4.36 with the expressions we get from Eq. 4.33 and
4.35, then we end up with the relation

I+ 1D)rg 31
iwr + (2:;727“} Hy — [(l+2)(l —1+= ] H+ (4.37)
re(r — %Ts) 2w?3r3 B
{(l+2)(l—1)+ | K =0

It can be shown that the three second order equations follow directly from these relations. For
the full set of equations we refer to the Regge & Wheeler paper 20, P. 5].

We would like to obtain an equation of Schrédinger type, where we can describe the system
with one function. Using the algebraic relation from Eq. 4.37, we can already get rid of
one function. We choose to solve it for H, and substitute this expression in the differential
equations for H; and K. Additionally, it turns out to be convenient to define R = % Using
R the differential equations will be of the following form

dK _

= = [ao(r) + az(r)w?] K + [Bo(r) + B2(r)w?] R, (4.38)
(ili]f = [v0(r) + 72 (r)w’] K + [6o(r) + 02(r)w?] R, (4.39)

where the «, 8,7 and ¢ functions only depend on r, m* and [ and not on w.

We now want to make a transformation [22]

K = fi(r)K + fo(r)R, (4.40)
R=g1(rK + g:(r)R, (4.41)

such that these new functions K and R satisfy the differential relations

en (1.42)
iR _ V(r) -] K, (4.43)

dr*
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Figure 4.1: The odd and even potentials belonging to the master equations 4.23
and 4.31, respectively. The horizontal axis represents the tortoise coordinate 7.
Weset rs =2and A =1=2.

where r* is the tortoise coordinate 4.29, and V(r) is some potential. If such a transformation
exists, then we can combine the two differential relation to find a master equation of the desired
Schrédinger form 2.59.

We can substitute Eq. 4.40 and 4.41 into Eq. 4.38 and 4.39. If we combine the resulting
equations with our requirements, then we have four equations to solve for the four unknown
functions f1, f2, 91 and go. This can be done to find

A+ )72 4 3m*rA 4 6m*?

= =1 4.44
fl(T) Tz(%Ts-f—T)\) ) fQ(T) ( )
(12X — 3o — 3m*?) ir?
_ , _ , 4.45
91(r) (re —m)(3rs +7A) 92() r—Ts (4.45)
where A = £(I — 1)(I + 2). Finally, we find the master equation from Eq. 4.31. O

On first sight the potential in Eq. 4.32 looks very different compared to the potential in the
odd case in Eq. 4.24. However, if we look at Fig. 4.1, then we see that they are actually
very similar. With this fact, we conclude that there is no difference between the behaviour of
odd and even perturbations. In particular, by Cor. 2.3.20 and Theorem 2.3.23 we conclude
that the even perturbation modes all have real frequency and that there are no exponentially
growing modes.

Lemma 4.1.14. All even parity modes of the Schwarzschild black hole (R*,gs) have a real
frequency.

With Lem. 4.1.12 and 4.1.14 it follows that all modes of the Schwarzschild black hole are
stable. In particular this proves Theorem 4.1.10.
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4.2 Gregory-Laflamme Instability

In the previous section we have proven the stability of the Schwarzschild metric in four di-
mensions. In this section we analyse the stability of black holes in five-dimensional flat space.
According to Gregory and Laflamme [18], there exist unstable five-dimensional black holes.
We analyse this instability such that we can generalize it to the instabilities in the RS model
in the next section.

In Section 4.2.1, we derive two different five-dimensional black hole solutions: the hyperspher-
ical black hole and the black string. In Section 4.2.2, we use an entropy argument to argue
that the hyperspherical black hole is preferred over the black string if the extra dimension is
large. This indicates the existence of an instability of the black string. We analytically prove
this mode instability in the rest of the subsections.

We prove it by first deriving the master equation of the modes of the black string in Section
4.2.3. This master equation defines the black string operator with a potential. The strategy
to prove the instability is to construct proper test functions and use Theorem 2.3.16 to prove
that the black string operator admits negative eigenvalues. In Section 4.2.4 we define the
asymmetric finite well potential, which is a good approximation of the black string potential.
We can use the eigenfunctions of the asymmetric finite well operator as test functions. The
eigenfunctions are derived in Section 4.2.5. Finally, we use these eigenfunctions and apply
Theorem 2.3.16 to prove the existence of negative eigenvalues in Section 4.2.6.

4.2.1 Black holes and black strings

In this section we derive two black hole solutions in five-dimensional flat space. In four di-
mensions, the Schwarzschild solution is derived by solving the vacuum Einstein equations 2.27.
The Schwarzschild solution is the unique, static and spherically symmetric solution solving the
vacuum Einstein equations for ;¢ = 0. However, in higher dimensions, there are multiple black
hole solutions.

Birkhoff’s theorem 2.1.17 can be generalized to five-dimensions [61, Theorem 1]. In that case we
consider the five-dimensional spherical symmetry. This gives a five-dimensional generalization
of the Schwarzschild solution. This leads to a hyperspherical black hole with metric in spherical
coordinates given by

gus = —fs(r)dt* + f5(r)"'dr? 4+ r?dQ3, (4.46)

where dQ3 is the standard metric on S® and f5 is given by

r? 8GsM
f5(T):1—i, T%: 32_ .

r2
Here r5 denotes the radius of the horizon and M the mass of the five-dimensional black hole.

(4.47)

However, also non-spherically symmetric black holes exist in five-dimensions [62]. Namely, we
can still construct solutions which are spherically symmmetric in a four-dimensional plane.
Similar to RS, there exists a black string solution in five-dimensional flat space. Any metric of
the form
@ dy? 4.48
9D (@) + dy?, (4.48)

is Ricci flat if the four-dimensional metric ¢(* is Ricci flat. Therefore, a solution is obtained
by substituting the Schwarzschild metric for g . This is the black string solution given by

T 1
gBs = —(1— 7)dt? + @dﬁ + r2dQ3 + dy?, (4.49)
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Figure 4.2: The spherical black hole in a space with compact extra dimensions
of length L. It interacts with itself along the extra dimension.

with the Schwarzschild radius
re = 2G4 M. (4.50)

One could ask why this does not give a string-like black hole in four-dimensions using the
same construction. However, in three dimensions general relativity is much simpler. In fact
the Riemann tensor is fully determined by the Ricci tensor [63, Eq. 7]. Therefore, a Ricci
flat space is completely flat. Therefore, there are no Ricci flat black hole solutions in three
dimensions.

Now we found two different black hole solutions in five dimensions. We can ask ourselves which
type of black hole is more natural, i.e. which type would form after the collapse of a star. Let
us consider the five-dimensional case with one compact dimension of length L such that the
manifold would become (R* x S* g). Then the black string metric in Eq. 4.49 is still valid.
However, the hyperspherical black hole is not an exact solution any more. As can be seen in
Fig. 4.2, the hyperspherical black hole will now interact with itself along the extra dimension.
This will cause a distortion in the black hole. When the size of the black hole is much smaller
than L, one can use construct a solution using Weyl metrics as is explained in [64], it turns
out that the metric in Eq. 4.49 is still a good approximation. When the size of the black
hole becomes comparable to L an exact solution can no longer be constructed and numerical
computations are necessary.

For very big masses, when the size of the black hole becomes bigger than L, a hyperspherical
is no longer possible. Therefore, in this case it is clear which solution is favourable. The
hyperspherical black hole no longer fits into the cage, and a black string solution is forced.
The story is different for small black holes. When M is small we can still approximate the
hyperspherical black hole by the solution in Eq. 4.46. Likewise, the black string is still a
solution. Normally, a physical system evolves to the state with lowest energy. However, in this
case both solutions have the same energy M. Instead, we have to study the entropy of the
black holes. According to the second law of thermodynamics, the entropy of a system is always
growing. Therefore, the state with the highest entropy will be the preferred one.
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4.2.2 Entropy of black holes

In the previous section we derived that there exist two types of black holes in five-dimensional
flat space. We want to determine which state is the preferred physical state after for example
gravitational collapse of a star. In this section we use an entropy argument to prove the
following lemma.

Lemma 4.2.1. Let (R* x S gys) and (R* x S*, gps) be the hyperspherical black hole and
black string, respectively. Suppose both spaces have mass M and size of the compact dimension
L. Then the hyperspherical black hole is entropically favourable over the black string if

8L
M < — =~ 0.09L. 4.51
277 ( )

According to Bekenstein and Hawking [65], information of a black hole is stored on its boundary.
Therefore, the entropy of a black hole Sgy is proportional to its surface area A

A

—. 4.52

Spu =
We can compare the entropy of the spherical black hole to the entropy of the black string.
Using Eq. 4.52 and the surface areas, the entropies are given by
w2rd 7 LG2r?

Sps =

G} 4.
5T e (4.53)

SpH =

With these expressions for the entropy, we can determine which state is preferred.

Proof of Lemma 4.2.1. From Eq. 3.7 we can read off how the four-dimensional Newton’s con-
stant relates to the five-dimensional one. It is given by

Gs=LGy =1L,

if we set G4 = 1. Using this relation and Eq. 4.47 and 4.50, we can express the entropy of the
black holes in terms of the mass

1287 LM3
Spr = 7;77 Sps = dn M2, (4.54)
Clearly, by fixing M and raising L, then at some point the hyperspherical black hole becomes
entropically favourable over the black string. From Eq. 4.54 we read off that the hyperspherical

black hole is favourable when Sl
M< —. 4.55
27T ( )

O

Therefore, we expect long wavelength instabilities for the black string in this range. We derive
the existence of these instabilities in the next subsections.

4.2.3 Perturbations of the black string

According to the entropy argument that was just derived, a long wavelength instability in the
black string can be expected. In this section we take the first step in finding this instability
by perturbing the metric.
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Let gps denote the black string metric from Eq. 4.49, and let ¢ = ggs + h be the perturbed
metric. We would expect this instability to already occur on the spherically symmetric level.
This corresponds in terms of spherical harmonics to the [ = 0 case. Odd parity perturbations
vanish at the [ = 0 level. Therefore, we can decompose the perturbation in one even parity
component. Additionally, since the background metric is independent of both ¢ and y we can
take a Fourier-Lagrange transform over both of these coordinates. We define

hap = /dw / dm e“ ™ hyy(w, m, 7). (4.56)
Since we are looking for an instability we decomposed the perturbation in a way such that the

modes with w € R>( correspond to an instability. It is only necessary to analyse each mode
individually. Therefore, we can decompose the perturbation as

Hy H, 0 0 Hs
H, Hy 0 0 H,

hyn =e“e™ | 0 0 K 0 0|, (4.57)
0 0 0 Ksin?0 0
H3 H4 0 0 H5

where the H; and K are scalar functions that only depend on the r-coordinate. In this section
we derive the following master equation for mode perturbations of the black string.

Lemma 4.2.2. The modes of the flat black string (R* x S, ggs) from Eq. 4.57 that have
w € R are determined by the black string master equation given by

NFr 27
with potential

(=14 7) (14 3m%(3 — 47)7% + O + 3P0 (-3 4 27
Vm(T)Z( ) ( — ) —— ( )). (4.59)
74 (1 4+ 1h273)

By Def. 2.2.9 the modes from Eq. 4.57 need to satisfy Aph = 0, where Ay, is the Lichnerowicz
operator defined in Eq. 2.50. Note that so far we have assumed spherical symmetry, however
we have not done any gauge fixing yet. Since we are in vacuum, we can fix h to be in the
transverse traceless gauge, which simplifies the Lichnerowicz operator.

Lemma 4.2.3. There exist a gauge transformation such that the metric ggs + h is in the
transverse traceless gauge from Def. 2.2.11.

Proof. Using the Regge-Wheeler harmonics from section 4.1.1 a spherically symmetric covector
has components

Therefore, we have three degrees of freedom. One can show for perturbations as in Eq. 4.57
we already have
théw = Vth/I = théw =0.

Therefore, only have to fix the three quantities h3%, Vrh! and V kM to be zero. This we
can do using the three degrees of freedom we have. O
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Another simplification happens because the background metric is Ricci flat. With these facts
the Lichnerowicz operator becomes

Arhyy = Oggshary + 2Rarpngh’@. (4.60)

Lemma 4.2.4. The y-components of the Riemann tensor associated to the black string metric
i Eq. 3.42 vanish.

Proof. Note that a Christoffel symbol with a y-component vanishes, T,z = 0 for M, N =
0,1,2,3,5. Therefore, also all y-components of the Riemann tensor vanish. [

From the lemma it follows that the (55)-component of Eq. 4.60 is given by

2r —ry\ Hf H.
Aphss = Ogpehss = HY + <r ! ) =5 — (m®r(r —ry) + w’r?) > __—0. (4.61)

T — 1T, r (r—rs)?

Close to the horizon of the black hole and at r — oo solutions to Eq. 4.61 behave as

Hy ~etveitm’r as r — 00, (4.62)
Hys ~(r —rg)Ters as r — rs. (4.63)

For a proper perturbation we expect that Hs € H?(R). Then according to Lem. 2.3.6, Hj
vanishes both at the horizon x — —oco and asymptotically x — oo. To show that hs; does not
contribute to the instability the following lemma is useful.

Lemma 4.2.5. Let f € C?((a,b),R) non-zero such that lim,_,, f(z) = 0 and lim,_,, f(z) = 0,
then there exists a turning point x € (a,b) for which f'(x) =0 and

/(=)
f(z)

<0. (4.64)

Therefore, there exists a r € (ry,00) with HL(r) = 0 and HY(r)/Hs(r) < 0. From Eq. 4.61 at

this » we have
HY  m2r(r —rg) + w?r?

Hs (r—rs)?
This can only become negative when w is imaginary. In our decomposition unstable modes
had real w. Consequently, an unstable mode has Hs = 0.

(4.65)

With the same arguments we can conclude that Hs and H, are zero for unstable modes. So
any unstable mode can now be reduced to the form

Hy H; 0 0
hab — ewteimy I({)l %2 [0( 8 , (466)
0 0 0 Ksin?0

for a,6=0,1,2,3 and hp;s =0 for M =0,1,2,3,5.

Lemma 4.2.6. For an unstable mode of the black string, the Lichnerowicz operator reduces to
the four-dimensional Lichnerowicz operator plus a mass term

Aphay = Af hay — mPhap, (4.67)

here A3 denotes the Lichnerowicz operator associated to the four-dimensional Schwarzschild
solution.
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Proof. Since both the y-components of the Riemann tensor and the perturbation vanish for
unstable modes, we have Aphys = 0 already. For the other components of the equation we
have

ALhab :DQBS hab + 2*Ra,MbNh/JMN
=0gshap + hily + 2R5,.4h"
:ASLhab — m2hab.
Here g° denotes the four-dimensional Schwarzschild metric and R?® the corresponding Riemann

tensor. Furthermore, the second equality is a consequence of the fact that all y-components of
the Christoffel symbol vanish. O

We have now simplified the linearized Einstein equations enough to be able to compute the
master equation.

Proof of Lem. 4.2.2. Using this result we can compute the equations we get from the linearized
Einstein equations Aphysny = 0. This leads to two differential equations and one relation. They
are given by

H_ (2r°w? +r?m?V — (1 -V?)/2)  rH (4w? + m?(1 - 3V))
H, =2= 2 . (4.68)
V (r2m?2+1-V) w (r2m?2+1-YV)
H,+H) (+V)H
A CLE — 4.
2V rv. (4.69)
°H  H, (1-5V)H_
= e 4.
e e (4.70)

where we defined

rs

V=1- ) (4.71)
H, :% + VH,, (4.72)
H =H,. (4.73)

By redefining R = wH_ and using the relation in Eq. 4.68 to get rid of H, we obtain a system
of two differential equations of the form

dR

= =0+ w?as)R + (Bo + w?p2) H, (4.74)
dH , ,

ar =(70 +w™72) R + (do + w”d2) H. (4.75)

This is system similar to the even parity Schwarzschild case. Therefore, we again define a
transformation to R and H with

R=f(r)R+ fo(r)H, (4.76)
H =g1(r)R+ go(r)H. (4.77)

In order to obtain a Schréodinger equation we want the derivatives of the new variables to be
equal to
dH - dR 9 N
= = -V H 4.78
dr* T dr (@ m(r) H, (4.78)
where again r* is the tortoise coordinate. Additionally, the potential V;,, should only depend
on m and not on the frequency w. There are multiple solutions that solve this. The solution
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we will use is the following:

- m?r? +mirt — (6 +m?r?)V 4 6V?2

hi(r) =1, falr) = 2r2 (r + m2?r3 —rV) ’
I (=14 V) (1 +m*r? +5V)
gi(r) =— BV ga(r) = 42V (=1 —m2r2 + V) :

To simplify the equation it is useful to work with the dimensionless variables, x = r*/rg,
F=r/rs, m =rsm and & = r;w. The coordinate 7 has domain (1,00) and is related to x by

x =7+ log(f — 1). (4.79)

With these new variables the potential in Eq. 4.78 for this solution is given by Eq. 4.59. We
can combine the two differential relations in Eq. 4.78 to find the Schrédinger type master
equation in Eq. 4.58. O

We have found a m-dependent potential. To determine if modes with wavenumber m are stable
we need to analyse these potentials. We can derive some properties that are independent of

m.

Lemma 4.2.7. The black string potential Vy;, from Eq. 4.59 has the following limits

EIP Vin(z) =0, (4.80)
lim Vs, (z) = m?. (4.81)

Proof. From Eq. 4.79 we see that 7 goes to 1 as x goes to —oo, and 7 goes to oo as x goes to
00. Using Eq. 4.59 we indeed see that

lim Vi (x) =lm Vi (7) =0,
F—1

Tr—r — 00
lim Vi (x) = lim Vi, (7) = 02
Tr—r00 T—>00

O

Since we have written Eq. 4.58 in Schrédinger form we can turn the left hand side into an
operator.

Definition 4.2.8. The black string operator A; : H*(R) — L*(R) of wavenumber 1 is

the Schédinger operator
d2
Ap = —— + Vi, 4.82
pro (4.82)

with potential Vi, (7) as in Eq. 4.59.

Lemma 4.2.9. The black string operator Ay, is self-adjoint on D(Az) = H?(R) for any
m e R.

Proof. Note that the potential Vj from Eq. 4.59 is bounded for any . Therefore, by Cor.
2.3.20 the black string operator is self-adjoint on H?(R). O

We conclude that unstable modes correspond to eigenfunctions of the black string Schréodinger
operator with negative eigenvalue. The self-adjointness of A, allows us to study its spec-
trum. In the next subsections we will try to estimate the lowest eigenvalue of the black string
operator.
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4.2.4 The asymmetric finite well potential

In the previous subsection we derived the master equation 4.58 for spherically symmetric
perturbations on a black string spacetime. This equation is written in Schrédinger form. In
this subsection we will take the first step in finding negative eigenvalues of the black string
Schrédinger operator by approximating the potential by a step function.

Looking at the numerical results of Gregory and Laflamme [18, P. 11], we expect the lowest
negative eigenvalue of the operator to be around m = 0.4. The plot of the potential for this
wavenumber can be seen in fig. 4.3. Note that by Lem. 4.2.7 the potential converges to 0 as
x — —o0 and to m? = 0.16 as x — co. Around x = 0, there is a dip in the potential and it
has a negative minimum. The fact that the potential takes negative values indicates that there
might exist negative eigenvalues.

The strategy that we use to find these negative eigenvalues is the strategy explained in section
2.2. According to Theorem 2.3.16 a negative eigenvalue exists, if there exists a f € D(A,,) =
H?(R) such that (f, A,,f) < 0. To find such a f we try to approximate the black string
potential by a simpler potential such that we can analytically derive eigenfunctions of the
new Schrodinger operator. Once we have these eigenfunctions we can estimate the negative
eigenvalues of the black string operator.

Let us try to determine what such a function f should look like. We have

tanf) = [ =GE 1) + Vi) 0 o
/Z (;Zf + V(@) f (2)? da.

We want this to be negative. Therefore, we want f to be a bump function that peaks at
the minimum of the potential Vj;. However, this bump function must have a very gradual
slope, since a non-zero derivative will have a positive contribution to the inner product. This
contribution should not cancel the negative contribution from the potential term.

To find a bump function that has this behaviour, we construct eigenfunctions of a Schrédinger
operator with a potential that has similar behaviour as the black string potential. Recall the
asymptotic behaviour from Lem. 4.2.7. If we combine this with the fact that there is a dip
around z = 0, we can approximate the potential by a discontinuous step function that has
precisely these three properties.

Definition 4.2.10. Let a,Vy,m € R>g. The asymmetric finite well potential V5, : R —
R of width a, depth Vo and a wall of height m? is defined by

0 if x < —a,
Vapw(x) = ¢ Vo if —a <z <a, (4.83)

m?  ifa <.

We can then approximate the black string potential of wavenumber m by an asymmetric finite
well potential that has V[ equal to the absolute value of the minimum of the black string
potential, a equal to the distance from the minimum to the first zero of the potential, and
m = m. In Fig. 4.3 we can see how the asymmetric finite well approximates the black string
potential.

Note that the asymmetric finite well potential is bounded for any choice of parameters. Let
A be a Schréodinger operator with an asymmetric finite well potential. According to Cor.
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Figure 4.3: The black string potential for 7 = 0.4 compared to the asymmetric
finite well potential with a = 1.5, Vo, = 1.7 and m = 0.4.

2.3.20 A is self-adjoint on H?(R). By constructing eigenfunctions with negative eigenvalues
of this operator, we generate a set of test functions that we can use to prove the existence
of negative eigenvalues of the black string operator. Therefore, we are interested in finding
negative eigenvalues of A. These eigenfunctions will be constructed in the next section.

4.2.5 Eigenfunctions of the asymmetric finite well operator

In the previous section we derived a simple potential that is a good approximation the black
string potential. This potential is called the asymmetric finite well potential. In this section
we construct the eigenfunctions with negative eigenvalues of the Schrédinger operator with
asymmetric finite well potential 4.83. It turns out that not for every set of parameters (a, Vp, m)
a negative eigenvalue exists. In particular, as one might expect the existence of a negative
eigenvalue is less likely if m is really large, or when the well is shallow. In this section we prove
the following relation.

Theorem 4.2.11. The Schrédinger operator A with asymmetric finite well potential Vo of

width a, depth Vo and height m?, has at least one negative eigenvalue if and only if

m
2y/Voa > t — . 4.84
ba > arc an(\/vo> (4.84)

If this inequality is satisfied, then every E € o(A) with —Vy < E < 0, has a corresponding
eigenfunction 1 € H*(R) given by

CeV_E(“'“),/l—&-% if v < —a,

P(z) = ¢ Ccos (x/Vo + E(z + a) — arctan( \/7‘/0_-&2)) if —a<z<a, (4.85)
Ce*VmQ*E(I*“),/i‘ZOjfZ ifa <z,

where C' € R is a normalization constant.

Let us construct a solution ¢ € H2(R) such that Ay = Ey for E € R with —Vj < E < 0. To
achieve this we analyse what 1 should look like in each region of the potential and try to glue
these solutions together.
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First of all, if x < —a, then it holds that % = —FE1. This is solved by
Y(z) = AeV~F% 4 Be VP2, (4.86)

with constants A, B € R. Since 9 should decay when x — —oo, we can discard the e~V—Ex
solution and we are left with ¢(z) = AeV~F.

Secondly, in the region where —a < x < a the equation becomes Z%f = —(Vo + E)¢. Now

there is a negative value on the right hand side, therefore it is solved by

P(x) = Ccos(\/mx + 6), (4.87)

with coeflicient C' € R and phase shift 6 € (—=, 7.

Thirdly, for > a the equation becomes d%’ = (m? — E)1. Now the factor on the right hand
side is positive again, so this is solved by

Y(z) = FeV™ —Er 4 Gemvmi—Er, (4.88)

with constants F,G € R. Since we want ¢ (z) to vanish as z — oo, we have to set F' = 0.
Combining Eq. 4.86, 4.87 and 4.88 a solution of Ay = Ev is given by

AeV—E® if x < —a,
Y(x) = Ceos(vVVo + Ex+6) if —a<z<a, (4.89)
Ge—Vmi—Ezx if a < x.

We want 1) € H2(R), to achieve this we have to fix the constants A, C, D and G such that both
v and v’ are continuous. This gives us the following conditions

Ae~V=Fe _¢ cos(—\/m a+ 5), (W(—a))  (4.90)

Ge V" =Fa _¢ cos(\/ma + 5), (W)  (4.91)
AV=EeVFo— Vo + E sin(—\/m a+ 5), W'(—a))  (4.92)
G\/m? — Ee~Vm"Fa :C\/V0+Esin(\/Vo+Ea+6), W' (a)).  (4.93)

As we will see shortly, these conditions put relations on the coefficients A, C, G and the phase
shift §, but also restrict the possible eigenvalues E.

Let us first focus on the terms that come from the continuity conditions at x = —a. From Eq.
4.90 we can find an expression for A, namely
A=CevEa COS(*\/V0+EG,+(5>. (4.94)

If we substitute this into Eq. 4.92, we end up with

C\/fEcos(—\/Vo ¥ Ba+ 5) = Vot Esm(ﬂ/vo ¥ Ba+ 5). (4.95)

Therefore, we either have C' = 0 or

tan(—\/VO + Ea + 6) = —\/%. (4.96)

Setting C' = 0 would lead to the trivial solution, so we discard this possibility.
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Similarly, using the conditions that we got from demanding continuity at x = a, we can use
Eq. 4.92 to derive an expression for G. It is given by

G:C’eva*E“cos(\/%+Ea+5). (4.97)

Then this can be substituted into Eq. 4.93 to find

tan(\/Vo +Ea+5) = \/7‘7;57_:5 (4.98)

Now we have two equations for § that should both hold. By eliminating § from the equations
we get restrictions on the allowed values of E.

To simplify the resulting equation we define new variables zg = v/V; and z = v/Vj + E. Using
this new variable and combining Eq. 4.96 and 4.98 we find an equation for z, which is given

by
2 2 2
arctan ( Z—g — 1> + arctan ( M - 1) = 2za — km, (4.99)
z z

where k € Z. We define the functions f,,(z) : (0,z0) — R and lx(z) : R — R, as the left
and right hand side of Eq. 4.99, respectively. Now each point of intersection between f,, and
I, for some k € Z corresponds to a negative eigenvalue of the Schrédinger operator A. Even
though the left hand side of Eq. 4.99 is well defined in the point z = zj, we excluded it from
the domain of f,, since an intersection in the point z = zy would correspond to an eigenvalue
E = 0, whereas we are interested in strictly negative eigenvalues. In Fig. 4.4 we see a plot of
both side of Eq. 4.99. In this figure we see that when the height of the wall m increases, the
function f,, moves up. As a consequence, it is possible that fy has a point of intersection with
li, but f,, does not.

Lemma 4.2.12. If f,, and lx have a point of intersection, then k > 0.

Proof. The function f,, monotonically decreases on the domain (0, z] and has a range (7, arctan (2)].
If k£ < 0 then on this domain [, monotonically and has range (—km,2z9a — kx]. There is no
overlap between these ranges, so there cannot be a point of intersection. O

Lemma 4.2.13. If f,, has a point of intersection with Iy, for k € N and k # 0, then f,, has a
point of intersection with lx_1.

Proof. Suppose that f,,(2) = lx(2). Note that lp_1(z) = lx(z) + 7. Furthermore, f,, is a
positive function and monotonically decreases on the domain (0, %) from 7 to I;(2). On the
same domain I;_; monotonically increases from (1 — k)7 to l;(2) + 7. Now we have

(0 =0 -kr <7
lk 1(2) = 1k (2) + 7 > 1 (2).

Therefore, there must be a point of intersection between f,,, and ly_; on the domain (0, 2). O

Combining these two lemma’s, we get a improved requirement for the existence of a negative
eigenvalue.

Corollary 4.2.14. The Schridinger operator A with asymmetric finite well potential has a
negative eigenvalue if and only if f, and ly have a point of intersection.
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Figure 4.4: The functions on both sides of Eq. 4.99 for different m and k. In
these plots we set a = 7, Vo = 0.49 and compare the cases m = 0 and m = 1. Each
intersection corresponds to a negative eigenvalue of the Schrodinger operator.

Proof. If f,, and [y have a point of intersection, then this corresponds to a negative eigenvalue
of A.

If A has a negative eigenvalue, then we derived that f,, has a point of intersection with a I,
with k € Z. From Lem. 4.2.12 it follows that k£ > 0. Additionally, by applying Lem. 4.2.13
repetitively, it follows that f,, has a point of intersection with [g. O

We now have all the ingredients we need to prove Theorem 4.2.11.

Proof of Theorem 4.2.11. By Cor. 4.2.14 we know that A has a negative eigenvalue if and only
if f,,, and Iy have a point of intersection. Since f,,, monotonically decreases on its domain (0, z]
from 7 to arctan (%) and [y monotonically increases on this domain from 0 to 2zga, there is a
point of intersection if and only if

2zpa > arctan (?) . (4.100)
0

Using that zg = +/Vj, we find the inequality from Eq. 4.84.
The corresponding eigenfunctions can be computed from the previous derivation. An eigen-
function of the asymmetric finite well operator is of the form as in Eq. 4.89. We can substitute

the coefficients A and G by the expressions in Eq. 4.94 and 4.97, respectively. Furthermore,
from Eq. 4.96 we get an expression for §

vV —F )
6 =+/Vo+ Ea— arctan | —— | .
0 (\/Vo—i-E

This gives the eigenfunction in Eq. 4.85.

Finally, if f,,,(2) = lx(2) then a negative eigenvalue is given by

E=22-2. (4.101)
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Figure 4.5: The eigenfunctions of the Schrédinger operator with parameters a =
7, zo = 0.7 and m = 1. The eigenfunctions correspond to the three intersections
in Fig. 4.4 from left to right. the red dashed lines are the lines z = £7, indicating
the different regions of the potential.

Note that in the limit m = 0, the potential is no longer asymmetric. This case is called the
finite well potential and it is a well-studied problem in quantum mechanics. As a sanity check,
we can see if our results agree with the literature on the finite well in the case that m = 0.
From Eq. 4.84 it follows that for a,Vy > 0 and m = 0, a negative eigenvalue always exists.
From Eq. 4.99 it follows that an eigenvalue solves the equation

tan(za) = 1/ z—g -1 (4.102)

This corresponds with the results from any quantum mechanics textbook [24].

The story changes once m # 0. In Fig. 4.4 the end point of the function is moved slightly up
compared to the end point in the m = 0 case in Fig. 4.4. When m # 0, the left hand side of

Eq. 4.99 still has a domain (0, zp) but now a range between arctan ’:—22) and w. Therefore,
0

fm can have less points of intersection compared to fy. In Fig. 4.4 we see that fj intersects
l3, whereas f; does not. In Fig. 4.5 the eigenfunction are plotted corresponding to the case
m=1.

When the inequality 4.84 is not satisfied, there is no negative eigenvalue. This happens for a
very shallow well as can be seen in Fig. 4.6. For a wide and deep well a negative eigenvalue
always exists. Namely, note that the right hand side of Eq. 4.84 is always smaller than /2.
Therefore, as long as v/Voa > 7/4 there always exists a negative eigenvalue.

If we look at the n = 0 eigenfunction in Fig. 4.5, we see that this function meets the require-
ments we set for a suitable bump function in Sec. 4.2.4. Namely, this function peaks at the
minimum of the potential, and it decays very gradually at the asymptotes. Furthermore, note
that the peak is slightly moved towards the side where potential equals 0. In the next section
we use these eigenfunctions to prove the existence of negative eigenvalues of the black string
operator.
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Figure 4.6: The two functions in Eq. 4.99 for a = 2, z0 = 0.16 and m = 2. In
this case there is no intersection.
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Figure 4.7: The eigenfunction in the original 7-coordinate for the asymmetric
finite well potential with a =7, Vo = 0.49, m = 1.
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Figure 4.8: The black string potential for different wavenumbers.

4.2.6 Unstable modes of the flat black string

In the previous subsection the eigenfunctions of the asymmetric finite well operator were con-
structed. The eigenfunctions corresponding to the lowest negative eigenvalue have the be-
haviour that is required for bump functions with (f, Af) < 0. Therefore, these eigenfunctions
form a set of suitable test functions. In this subsection we use these test functions to prove
the existence of a negative eigenvalue of the black string operator. We use Theorem 2.3.16 for
this. We compute (f, Az f) for different test functions. If there is a test function for which
this becomes negative, then the black string operator admits a negative eigenvalue. With this
we can determine at which mass black strings become unstable.

Theorem 4.2.15. The Einstein manifold (R* x S1, gps) with compact extra dimension of
length L, and gps the black string metric 3.42 with mass M admits unstable modes when

(4.103)

1L 0.85L
ME[O 0.85 }

Aw T Ax

The asymmetric finite well potential is not a good approximation of Vj; for all m > 0. The
black string potential has the same asymptotic behaviour for every m, which we derived in
Lem. 4.2.7. However, not for every m there is a minimum around z = 0. In Fig. 4.8 the
black string potential 4.59 is plotted for different /m. At /i = 0 there is no minimum. For
small m # 0 the dip appears. For m = 1.2 there is still a dip, however it seems negligible
compared to the high wall. Around m = 2 the dip completely disappears again. According to
Theorem 2.3.23 if the potential is non-negative, then there cannot exist a negative eigenvalue.
Therefore, to find the unstable modes we only need study the operators where the potential
becomes negative somewhere.

As discussed in section 4.2.4, for the m for which the potential does become negative somewhere
we need to find a f € D(Ay,) such that (f, Ay f) < 0. We use the eigenfunctions with negative
eigenvalue of the asymmetric finite well operator as test functions.

It is important that we make smart choices for the parameters of the asymmetric finite well,
such that it approaches the black string potential as good as possible. For V and m it seems
clear what good choices would be. Namely, for /m we can set Vj to be equal to the absolute
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Figure 4.9: A lower bound for the negative eigenvalues of the black string
operator using eigenfunctions of the asymmetric finite well operator. The black
string operator admits negative eigenvalues for 0.1 < m < 0.85.

value of the minimum of the potential V;, and m to be equal to . For a the choice is less
trivial, with some trial and error we found that the best choice is around a = 1.2 + m?2.

We compute (¢, Azt for different normalized eigenfunctions of the asymmetric finite well
operator in Eq. 4.85, where the parameters are close to the best approximation described
above. In Fig. 4.9 the estimated eigenvalues are shown which are found using this procedure.
From this plot we conclude that the black string operator admits a negative eigenvalue when
0.1 < m < 0.85. Comparing this plot with the negative eigenvalues Gregory and Laflamme
found by numerically integrating the equations, we see that the estimates are quite good.
Another way to estimate the eigenvalues is by approximating the black string potential by the
asymmetric finite well potential and determine the negative eigenvalues for this operator. In
Fig. 4.10 these eigenvalues are plotted. The plot has very similar shape as the plot in Fig. 4.9,
however it seems like it overestimates the eigenvalues.

Proof of Theorem 4.2.15. Recall the decomposition of the perturbation h in Eq. 4.66. We
require that h(y) = h(y + L). This limits the amount of possible values for m. This requires
m = % for k € N. The smallest m > 0 then has kK = 1. According to our calculations, an
unstable mode has 0.1 < m < 0.85, where m = mr,. This can be rewritten to

1L .85L
L <M< 0.85 . (4.104)
47 47

O

Comparing this result with Lem. 4.2.1, we see that the range when the black string becomes
unstable according to the analysis agrees very well with what is expected from the entropy
argument. However, we expect that there also should be unstable modes in the range M < %.
To fully prove the instability it is important to show that these modes are physical. Therefore,
we have to show that they cannot be removed by a gauge transformation.

Lemma 4.2.16. The unstable modes in Eq. 4.66 with w > 0 are not pure gauge.



CHAPTER 4. MODE STABILITY OF BLACK STRINGS 98

0.15

3 0.10

0.05

000kl . . oo
0.0 0.2 0.4 0.6 0.8

A

m

Figure 4.10: An estimate of the negative eigenvalues of the black string operator
for different m. The eigenvalues are obtained by approximating the black string
potential by the asymmetric finite well potential. For the asymmetric finite well
potential we fixed a = 1.7 and set V4 to match with the minimum of the black
string potential.

Proof. If these modes were pure gauge then there should be a small vector field X € T'(TR*xS?)
such that

hyun =Vu Xy +VnXuy. (4105)

Suppose that hysy is of this form. Then X should be of the form X = e“!e™Yy(r) for some
v € T(TR* x S1), similar to the modes. However, if m # 0, then either X = 0 or hsys # 0 for
some M =0, 1,2,3,5. However, for unstable modes we showed that hsy; = 0. O

We conclude that there are unstable modes that cannot be removed by a gauge transformation.
Therefore, the black string is modally unstable. An intuitive picture of what this perturbation
looks like is shown in Fig. 4.11. For unstable modes, the notches grow until the black string
‘snaps’. What remains is an array of hyperspherical black holes. This procedure is explained
in more detail in [66]

4.3 Unstable modes of the Randall-Sundrum black string

In the previous section we have seen that the black string in five-dimensional flat space is
unstable under long wavelength perturbations. It turns out that we can generalize these insta-
bilities to curved five-dimensional space, such as RS. Recall the black string solution which we
derived in Section 3.2.6. In this section we will derive the instabilities of the RS black string.

Theorem 4.3.1. The RS1 black string with curvature scale K, size of the extra dimension y.

and mass M has unstable modes if
0.12

KYc

M <

erve. (4.106)

This section is dedicated to prove this theorem. However, let us first analyse some of the
consequences of this theorem. If RS1 would represent our universe, then for sure the black
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Figure 4.11: The shape of the perturbed black string.

holes we observe should be stable. If a black hole has mass M in the RS1 model, then recall
Lem. 3.2.19 where it was shown that on the visible brane we would observe a black hole of
mass My = Me ", Black holes that form through stellar collapse have a mass of at least
three solar masses. Therefore, we would expect black strings with M,;s > Mg, where Mg
denotes one solar mass, to be stable. In the RS1 model a solar mass black hole on the visible
brane would correspond to a black hole of mass

M = Mge"e. (4.107)
Assuming Theorem 4.3.1 is valid we can already deduce the main result of the thesis.

Corollary 4.3.2. The RS1 black string with ky. ~ 35 and M < Mge"¥e is modally unstable.

Proof. From Theorem 4.3.1 it follows that a RS1 black string is stable if the inequality in Eq.
4.106 holds. Converting this to the effective masses on the visible brane, we have to multiply
both sides of Eq. 4.106 by e~ "¥c. For ky. ~ 35, This becomes

12
Myis = Me ™ < 0
KYe

~2x 107°M,, (4.108)

In particular we conclude that solar mass black holes are stable. O

Let us now prove Theorem 4.3.1. We perturb the RS black string metric § from Eq. 3.42
g=g+h.

We need to determine the linearized Einstein equations 2.51. For this we need the following
lemmas.

Lemma 4.3.3. Let (M =R* x I, §) with § a warped metric of the form
g = A%(y)gW (z) + dy>. (4.109)

Let g = g+ h be a metric tensor, with hes = hss = 0, and Uy the wave operator associated to

g. Then
1 0%h AN A
Ogh = ﬁmg(“)h + a—yz - (4 (X) + 27> h.
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Proof. The non-trivial Christoffel symbols associated to § are given by
TGy = F(4)ab’
4
Loy = _A/Ag((zb)7
A/
FZS = 163’

where a,b,¢ = 0,1,2,3 and I'® denotes the Christoffel symbol associated to ¢(*). Keeping this
in mind we can compute the wave operator acting on h. We have

Dghab :gMNVMthab

1 d
:Pg(@c VeVa+ VsVisha
1 d
:ﬁgu)c (0cVahay — L2V arhay — T2V ahary — T Vahanr)

+ V5 (Oshay — Tathare — D3 hanr)
1 cd
:ﬁgu) (acvdhab - FZdvehab - FZavdheb - szvdhae
— T2 Vshay — T2, Vahsy — o Vahas) + Vs (shay — Tighare — Ty hanr)
Now we can substitute the expression for the Christoffel symbols that we found

1 cd
(4)
a29

a/
+ AL (gﬁﬁ)vzshab + 98 Vahsy + gﬁﬁ)thas)) + Vs <55hab - 2ahab) :

Oghay = (0:V ahay = TV ohay — TWE Vahe, — T, Vahige

Note that even though we assumed h,5; = 0, we still have that

a/

vcha5 = *Fg5had = *Eha(h

Additionally, note that

vchab = 6chab - F%hMb - F%haM
= a(:hab - F(4)Zah’)’b - F(4)tha"/ +0
= V£4)hab

Where V®) denotes the covariant derivative induced by ¢g*. We use this to find

1 A’ M M A A
Oghab :ﬁmg(‘l)hab + a 4(05hap — Tghae — Tgphanr) — zaahdb - Z(Sb haa)

2 M M M A" AN
+ O5hay — U's500hap — Usq05hare — sy Oshas — 2 7 \7 Rap

!/

A
—2Zw&mw—rﬁmn—r%mM)

/

1 A A Al A AN
:ﬁmgm)hab + T (465hab — 10Ahab> + 852]1@17 - 2X85hab — QIhab + 2 (A) hab

Al Al
- ZZ <85hab - 2Ahab>

1 AN? A"
=3 gt ftab + Bhap —4 <A) hap = 2—hap-
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Lemma 4.3.4. Let (M = R* x I,§) with § a warped metric of the form
§=A%y)gW () + dy’.

Let g = g+ h be a metric tensor, with hys = hss = 0,. Then

cd 1 (4) cd A’ 2
Refhea = o5 Righ™ + (5 ) han,

where we used g* to raise the indices of h, and R((:i)bd is the Riemann tensor associated to
4)
g\v.

Proof. Note that

Racbd :gacRchd
=JGac (abrcd 8Ull—‘cb + Iy MF% - F;Mri\g)

=Yac (R(4 cba + Tisl0q — I‘%I‘ib)
:A2R((1i)bd _ A/2A2gc(l4)g£4) A’2A2g(4)g£g)
Using this we find
R, _gdchdRacbdhdc

4) (4 c
A4 (A2 acbd AIQAQQ ab g( + A/2A2 b)) h ‘

2
) ;e A
7Racbdhd <A) hab-

O

We want to find unstable modes. Therefore, we can fix our modes into any form we want, as
long as they are unstable. We gauge fix our metric in the RS gauge from Def. 3.3.6. The
linearized Einstein equations are given by

Arhan = Oghan + 2Ry S hpg =0 (4.110)

The RS black string metric § is of the form of Eq. 4.109, with A = e=*%/¥l and ¢ = g, the
Schwarzschild metric. Using Lem. 4.3.3 and 4.3.4 together with the fact that the y-component
of both the Riemann tensor and the perturbation h vanish in the RS gauge, the equations for
the metric reduce to

1 AT (AN
A (Dgshab + 2Ra(’bdh0d) + - 2 ( A + (A) ) hab - 0 (4111)

Here Oy, and R, denote the wave operator and Riemann tensor associated to the Schwarzschild
metric, respectively. If we can somehow rewrite this equation into the form of Eq. 4.67, then
the modes of the flat black string can be related to the modes of the RS black string. In par-
ticular, we can use the results from the previous sections to find unstable modes of RS black

string. This requires
A A’ 2 m2
-2 — ab = ——5hab- 4.112
<A+(A>>hb Azhb ( )

To find a suitable h for this, we make an ansatz

hab = um(y)Xab(z)- (4113)
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We want to find suitable functions wu,,, such that h solves Eq. 4.112. Substituting the ansatz
and the expression for A, Eq. 4.112 becomes

u’ = 4%y U — ARy (8(y) — 0(y — 1)) tpy = —mZe2Velvly, . (4.114)
This can be solved with Bessel functions.

Definition 4.3.5. The Bessel functions of the first kind J, and second kind Y, are two
linearly independent solutions of the differential equation

d*u du
2 2 2\, —
“ o —l—zdz + (2 = a®)u=0. (4.115)
According to [32, P. 361], the Bessel functions have the following useful differential relation.

Lemma 4.3.6. Let f, be a Bessel function and n € N then
zdz

<1d>n (2% fa(2)) = 25 fan(2). (4.116)

With these Bessel functions we can construct the following solution to Eq. 4.114.

Lemma 4.3.7. The functions

Um(y) = BJy (,:Z enycw) 1+ CY, (I:Z erayc|y) (4.117)

with coefficients B,C € R such that

BJ, ( m ) e ( m ) (4.118)
KYe Ky

Ji ( mn ) Yy ( mn e“’y°> —J (me“yc> Y ( mn ) (4.119)
RYc RYc KYc KYc

are solutions to Fq. 4.114.

and m such that

Proof. To solve Eq. 4.114, we define z = %e“ycy. Then away from the branes, the equation
in terms of this new variable becomes 4
o A2, Ay,

2 T T (2% — 4)u,, = 0. (4.120)

Comparing this to the differential equation defining the Bessel functions in Eq. 4.115, we see
that this is solved by Eq. 4.117. The coefficients B and C' are determined by the boundary
conditions at the branes. The boundary conditions are obtained by integrating over a small
area around the branes. By integrating around y = 0 we obtain the condition

2ul (0) — 4kycum(0) = 0. (4.121)

Using the differential relation of the Bessel functions from Eq. 4.116 in the case n = 1, a = 2,

we get the relation
mJé(m)—&—QJg(m):mJl(m). (4.122)
KYc KYc KYc KYc KYc
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The same can be done for the Y5 term. By using the solution in Eq. 4.117 and these differential
relations of the Bessel functions, we can rewrite the boundary condition in Eq. 4.121 to the

relation
BJy ( m ) -0y, ( m ) . (4.123)
KRYc RYc

This applies to both the RS1 and RS2 model.

In the RS1 model, we obtain an additional boundary condition due to the presence of a second
brane at y = 1. In a similar fashion this boundary condition is given by

BJy < m ewc> - oy, ( m ewc) . (4.124)

KYc KYc

This puts a restriction on the allowed values of m, since the two boundary conditions in Eq.
4.123 and 4.124 can be combined into the requirement in Eq. 4.119. [

We conclude that with the ansatz from Eq. 4.113 and u,, of the form as in Eq. 4.117, the
linearized Einstein equations of the RS black string reduce to the linearized Einstein equations
of the flat black string. Therefore, for 0.1 < 2Mm < 0.85 we can find unstable modes of the
RS black string using our results from the previous sections. Nevertheless, there are boundary
conditions caused by the branes such that the wavenumbers m have to satisfy Eq. 4.119.
Therefore, fixing a value for the curvature scale x and the size of the extra dimension y., limits
the amount of allowed values for the wavenumber m in the RS1 model. We are interested in
the smallest m > 0 that solves Eq. 4.119, because this will give an upper bound to the mass of
unstable black holes. Recall that RS1 solves the hierarchy problem if xy. ~ 35, in which case
e™¥e > 1. Therefore, Ji(7-€"*) and Y1(7-e") oscillate very quickly, so we expect the first
m to be very small.
Lemma 4.3.8. The smallest wavenumber m > 0 of the RS1 black string modes with Ky, > 1
is equal to the smallest m > 0 for which

Ty (2 erve) = 0, (4.125)

KYc

Proof. We know that the wavenumbers satisfy Eq. 4.119. We want to prove that for ky. > 1,
we can approximate the first m > 0 solution to this equation by solutions of Eq. 4.125. For
z < 1 the Bessel functions have the following asymptotic form

Ji(2) = % 1O, Yi(2) = f% +0(1). (4.126)

For z > 1 the Bessel functions behave as

Ji(2) = \/Zcos (z - 31) +OGEY, Vi) = \/Zsin (z - 32) LOGY. (4127)

For big ky., we expect for this m that Kﬂyc < 1, but Kﬂyce”yc > 1. Using the asymptotics

from Eq. 4.126 and 4.127 we see that in this range the functions J; ( ) ~ 37— < 1 and

f@ﬂyc 2KYe
Y, (%6”96) is oscillatory in m. Therefore, the left hand side of Eq. 4.119 will be an oscillatory
function of m with a small amplitude.

On the right hand side of Eq. 4.119, in this range it holds that Y; (ﬁ) ~ —% > 1 and
J1 (Rﬂyce"‘y“) is oscillatory as a function of m. Therefore, the right hand side of Eq. 4.119 will

be an oscillatory function of m with a big amplitude. We want to determine the first point
of intersection between the left and right hand side. According to our observations this would

approximately correspond to the point where Jy (ﬂe"%) =0. O

KYec



CHAPTER 4. MODE STABILITY OF BLACK STRINGS 104

In [32] we find that the first zero of Jy(z) is at z = 3.8317. Therefore, the smallest m > 0 for
which the eigenfunctions w,, exist is

m = 4dry.e” Ve, (4.128)

With this we can prove Theorem 4.3.1.

Proof of Theorem 4.3.1. In section 4.2.6 we saw that unstable modes of the flat black string
exist when 0 < 2mM < 0.9. In Lem. 4.3.7, we constructed functions such that the RS black
string linearized Einstein equations reduce to the black string linearized Einstein equations.
Therefore, also for the RS black string, unstable modes exist when 0 < 2mM < 0.9. In the
RS1 model, due to the boundary conditions, the spectrum of allowed values of m is discrete.
In Lem. 4.3.8 we derived that the smallest allowed m > 0 is equal to the first zero of Eq. 4.125.
Using the zeroes of the Bessel function this is given by Eq. 4.128. By combining the results
we indeed find that the RS1 black string is unstable if

8Mky.e”"¥e < 0.9.

This can be rewritten to the inequality from the theorem in Eq. 4.106. O

On the other hand, since in the RS2 model there is only one brane which is located at y = 0,
the only boundary condition is the condition in Eq. 4.123. Consequently, there is a continuous
spectrum for allowed values of m. Therefore, there exist unstable modes for the RS black
string of any mass. This agrees with Hawking’s expectation that the black string cannot reach
the AdS horizon, which was discussed in section 3.2.6. However, instead of resulting in the
black cigar that Hawking postulated, it seems that this instability causes the black string to
split apart into an array of disc shaped black holes, which become smaller and smaller as the
y-coordinate increases. Therefore, towards the AdS horizon this would lead to Planck mass
black holes stacked together as can be seen in Fig. 4.12.

Lemma 4.3.9. Let m be the wavenumber of an unstable mode of the RS black string. Then
in the y-direction, consecutive zeroes of the mode are separated by

Sy = —e=rvelyl, (4.129)
m

Proof. The distance between black holes corresponds with the consecutive zeroes of the function
Upy. According to the asymptotic behaviour of the Bessel functions from Eq. 4.127, the
consecutive zeroes are separated by a distance of w. Therefore, suppose u,,(yo) = 0 and let
Um (Yo + 0y) be the next zero. Then we can approximate dy using the fact that

m eYe(yo+dy) _ m e Yeyo

RYc KYc

= T.

We can rewrite this to T
Ky:0y = log (1 + e e""yﬂyo) .
m

Recall that Kﬂ%e*“yf > 1, such that we can approximate this by

T
Sy = —e el
m

O

So indeed the distance between black holes decreases as y increases. As the mass of the black
holes also decreases in the positive y-direction, the instability results into an accumulation of
mini-black holes stacked together towards the AdS horizon. This might be a consequence of
the singularity at y = oo. Note that this array of black holes can always be prevented or
stopped by adding another brane in front of the AdS horizon.
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Figure 4.12: The shape of the perturbed RS black string. Notice that the
distance between consecutitive peaks decreases quickly as y increases.



Chapter 5

Conclusion and outlook

5.1 Discussion and conclusion

In this thesis we analysed the mode stability of black strings in the warped spacetime called
the Randall-Sundrum model. In particular, we derived the range of masses for which Randall-
Sundrum black strings are unstable for both the finite and infinite model.

In Chapter 2 we defined the stability problem in general relativity in accordance with the
literature. Furthermore, we stated some results from spectral theory there were powerful tools
for solving stability problems. We saw that once we can rewrite a stability problem in a
Schrédinger type of equation, the problem analysis comes down to studying the potential.
We proved that bounded and piecewise continuous potentials induce self-adjoint Schrédinger
operators. We followed the ideas of Visheswara to show that if the potential is non-negative
as well, then mode stability follows immediately.

We wanted to apply this to the Randall-Sundrum model. We considered both the finite RS1
model and infinite RS2 model. We showed how Randall and Sundrum constructed this model
and came up with a unique solution to the hierarchy problem. The hierarchy problem was
solved due to the warping factor. Additionally, we saw that four-dimensional gravity was
retained on the brane where the standard model is located. We were also able to construct
black hole solutions in the form of RS black strings. However, Hawking derived that the
Riemann tensor has a singularity at the AdS horizon for the RS2 model. This indicated the
existence of an instability.

To understand this instability we first analysed the stability of other black holes. By combining
the results from Regge and Wheeler [20], Vishveshwara [21] and Zerilli [22], we were able to
show the mode stability of the Schwarzschild black hole in four-dimensions for both even and
odd parity perturbations. We saw that both type of perturbations have similar potentials in
the final Schrédinger equation, showing that these have similar behaviour.

One of the main results of the thesis was the analytical prove of the Gregory-Laflamme insta-
bility for the black string in flat space. This long wavelength instability was expected because
in large extra dimensions the hyperspherical black hole has a higher entropy compared to the
black string. We analytically showed that there is an instability for

mr, € 0.1,0.8]. (5.1)

This is in agreement with the numerical results in [23]. These unstable modes were derived using

106



CHAPTER 5. CONCLUSION AND OUTLOOK 107

0.10
0.08

0.06 |

0.04

0.02

OOO - 1 1 I L L L I L I L I L n L in 1 I
0.0 0.2 0.4 0.6 0.8

m rg

Figure 5.1: The comparison between the approximation of negative eigenval-
ues using test functions from Section 4.2.6 (red dotted line) and the numerical
frequencies Gregory & Laflamme found (black line) [23]. For consistent results
one would expect the red graph to be below the black graph.

the self-adjoint Schrédinger operator and using eigenfunctions of a similar potential, which is
the asymmetric finite well potential. We saw that these eigenfunctions have negative energies
also for the black string operator which meant that this operator admits negative eigenvalues.
This shows that functions of the simplified potential have the same type of behaviour as for
the black string potential. This improves the understanding of the black string.

However, some of the negative values we found disagree with the results of Gregory and
Laflamme. According to Theorem 2.3.16 the test functions should always find a value higher
than the lowest eigenvalue. In Fig. 5.1 it can be seen that for mry ~ 0.7 we found higher fre-
quency values, which means that these modes have an energy lower than the lowest eigenvalue
found by Gregory and Laflamme. Therefore, either our calculations are not precise enough
and the value we found is incorrect, or the numerical values found by Gregory and Laflamme
are incorrect. The error on our calculations is estimated to be 107%.

The other method we tried was to approximate the black string potential with the asymmetric
finite well potential. One would expect that this overestimates the negative eigenvalues, since
now the potential takes its minimal value over an entire range instead of just at one point.
This is indeed the case as can be seen in Fig. 5.2. We can combine our two methods to find a
region where we would expect the negative eigenvalue to be located. This is shown in Fig. 5.3.
As we just discussed, the values found by Gregory & Laflamme fall out of this region around
mrs = 0.7.

Furthermore, in 2021, Collingbourne [25, Prop. 4.5] analytically proved the Gregory Laflamme
instability in the range mr, € [0.3,0.8]. His proof used test functions that were constructed
by hand. The advantage of this was that he could compute the integrals analytically. In this
thesis we have improved this result to the range in Eq. 5.1. Furthermore, in Fig. 5.1, we
see that the test functions approach the eigenfunctions really well at some points. Therefore,
we can improve our understanding of the black string perturbations by studying the quantum
physics problem of the asymmetric finite well. This observation improves our understanding
of the mode instability.



CHAPTER 5. CONCLUSION AND OUTLOOK 108

0.20
[ 'ﬂ - .~
4 ~
r 4 ~~
. ' ~
4
0.15 - ’ N
L V4
I 4
[ 1 4
o ,
’
” i
o ’
0.10 7
3 L I - - - -
L —~ -
| 1
]
[ 1
0.05F
L
|
1
[a
OOO L L L | L L L 1 L L |
0.0 0.2 04
m rg

Figure 5.2: The comparison between the estimation of the eigenvalues by ap-
proximating the potential by the asymmetric finite well potential and the negative
eigenvalues Gregory & Laflamme found through numerical results [23] These es-
timates overshoot the negative eigenvalues of Gregory & Laflamme.

Finally, we could generalize the Gregory Laflamme instability to the RS black string. We
concluded that in the RS1 model with xy. ~ 35, black holes with a mass below the mass of
the Earth, are unstable on the visible brane. Moreover, in RS2 black strings of any mass are
unstable. This prevents the formation of the singularity at the AdS horizon. Nevertheless,
as a consequence there appears to arise an array of Planck mass black holes closely packed
together at the AdS horizon. This can be prevented by adding an additional brane as in the
RS1 model. We conclude that Hawkings intuition was right and that the RS2 black string is
modally unstable. Nevertheless, we note that, at least on this mode level, this instability does
not form the black cigar shape as postulated by Hawking.

5.2 Outlook

Of course the story does not end here, and there are many topics that are interesting to study
further. First of all, the analyses in this thesis does not yet prove the mode stability of solar
mass black holes. The construction in Section 4.3 only considers perturbations of a suitable
form, such that the linearized Einstein equations of the RS black string reduce to the same
form as in the flat case. In order to prove mode stability one needs to consider the full set of
perturbations of a particular mode. Nevertheless, observe that the bound for the mass under
which black holes become unstable that we found is equal to My < 2 x 107M¢,. This is six
orders of magnitude lower than the mass of the sun. Therefore, we conjecture that solar mass
black holes are indeed stable.

Conjecture 5.2.1. The RSI black string with ky. ~ 35 and M > Mge"™¥e has mode stability.

The first motivation to study this topic was to derive the waveform of gravitational wave signals
originating from binary black hole mergers in Randall-Sundrum. This study has already been
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Figure 5.3: Combining the overestimation and the underestimation we would
expect the true frequencies to be in the red-zone. However, around m/rs = 0.7
the numerical values found by Gregory & Laflamme lay outside of this zone.

done for small compact flat extra-dimensions [9], but is interesting to study for warped spaces.
Especially now that we believe that solar mass black holes are stable in RS1 it makes sense
to study gravitational waves from binary black holes in this model. Comparing the waveforms
with gravitational wave observations, could be a new way of restricting the parameters of the
Randall-Sundrum model.

Conjecture 5.2.2. Gravitational waveforms in the RS1 model agree with gravitational wave
observations.

Another gravitational wave related topic is the study the [ > 0 perturbation modes of the black
string. To derive the Gregory-Laflamme instability we assumed that the perturbations are
spherically symmetric. For the non-spherically symmetric modes one can derive a Schrédinger
operator with bounded positive potential. Therefore, these modes are stable. This potential
only slightly differs from the four-dimensional potential we obtained from the Schwarzschild
solution. In particular, in the case m — 0, the two potentials agree. This extra m-dependent
terms would effect the quasi-normal modes emitted during the ringdown of a black hole. Using
an Eikonal approximation [67], it is possible to derive differences between waveforms from
a black string and a four-dimensional black hole. This is another nice way to probe extra
dimensions using gravitational waves.

Question 5.2.3. What is the m-dependence of the quasi-normal modes of the black string?

Additionally, it is interesting to improve the analyses of the Gregory-Laflamme instability. We
analytically proved the instability in the range in Eq. 5.1, but according to the numerical
simulations there should exist unstable modes in the range mrs € (0,0.9). Other hints for the
existence of unstable modes in a wider range are that the potential already becomes negative
for any small m > 0. It would be a great achievement to prove the stability in this whole
range. This could be done by improving the approximation. For example, extra steps could be
included in the step potential. As can be seen in Fig. 4.3, there are still maxima of Vj 4 around
r = —3 and z = 5. By adding two extra steps in the potential, these properties could also
be taken into account and the resulting eigenfunctions might even be a better approximation.
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One could also try the method of Coulingbourne, who computed the test functions by hand.
Possibly different functions are required at the edges of the range, but one can analyse the
required behaviour and try to construct suitable functions.

Conjecture 5.2.4. The black string is modally unstable in the range 0 < mrys < 0.9.

Another way to increase our understanding of the black string is to analyse the linear instability.
A possible way would be similar to the proof of Price’s law [68]. The equation describing the
linear problem is obtained by replacing each w term by a time-derivative. Then the equation

becomes )

d
() + Ap() =0

where ¢ : R — L?(R), and A is the self-adjoint Schrédinger operator. Then by using results
the spectral theorem 2.3.25, the solution with initial conditions ¥(0) = f and ¢'(0) = g is

given by

sin(tv/4)
Rz
where operators such as v/A are defined by the spectral mapping. Studying the linear stability

then comes down to understanding the operators cos (t\/Z) and %. The black string

P (t) = cos (t\/Z)f + (5.2)

would be linearly unstable if there exist arbitrarily small f and g such that 1 (¢) diverges as
t — oo.

Conjecture 5.2.5. The black string (R* x S1, gps) is linearly unstable.

Finally, the main reason to study the RS black string instability was because of Hawking’s
discovery that the RS2 black string is singular at the AdS horizon. He postulated that instead
a black cigar would form. Since then black cigar are interesting objects, and there are many
studies on them [69]. By studying the mode instability, we saw that this instability could
be visualised as in Fig. 4.12. Instead of forming a black cigar, it seems that an array of
mini-black holes is formed. It is interesting to study whether there is a relation or a possible
transformation from this mode instability to a black cigar solution.

Conjecture 5.2.6. The RS2 black string unstable modes can be combined to form a black
cigar.
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