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Introduction

Let G be a finite abelian group of order n > 2. For any h > 1, and nonempty subsets
Aq, ..., Ay of G, the Minkowsi sum is defined as

Ai+ ...+ Ay ={a1+...+ap:a1 € Ay, ...,ap € Ap}.

We write hA for the Minkowsi sum whenever A1 = Ay = ... = A, = A.

A subset A C @ is called a basis of order h, or h-complete if hA = G. If hA # G we
say that A is a nonbasis of order h, or h-incomplete. As an example, let G = Z3 x Zg and
A =1{(0,0),(0,4)}. We find that

2A = {(0’0)7 (074)7 (O’ 2)} # G,

and therefore A is 2-incomplete. Note that 24 in this case is the subgroup {0} x (2), where
(2) is the subgroup of Zg generated by 2. Since subgroups are closed under the operation of
G, we find that hA = 2A # G for every h > 2. So A is in this case h-incomplete for every
h>1.

The h-critical number x(G,h) is defined as the smallest positive integer m such that all
subsets A C G such that |A| > m are a basis of order h. In this bachelor thesis we provide the
h-critical number for every h. We also discuss the possible sizes of hA when A is a nonbasis of
order h of maximum size, so we look at |hA| whenever |A| = x(G,h) — 1. We give a complete
answer for h =2 and h = 3.

This thesis is based on the work of B. Bajnok and P. P. Pach [1, 2]. We start off with several
helpful results that will be used throughout the thesis. In the following section we determine
X(G, h) for each h, and after that we provide the size of sumsets of nonbases of maximum size
for h = 2 and h = 3 respectively.



1. Preliminary results

In this section we provide several helpful results that will be useful later. We start off with a
formal definition for the h-critical number.

Definition. For each finite abelian group G and h > 1, the h-critical number is defined as
X(G,h) =min{m >1: ACG,|Al >m = hA=G}.

Note that for all h, we have hG = G, so 1 < x(G, h) < n. Therefore x(G, h) is well defined.
Definition. Let G be a finite abelian group, and let x(G, h) be the h-critical number. Then

S(G,h) ={|hA|: AC G, |A| = x(G,h) — 1,hA # G}
is the set of sizes of sumsets of nonbases of maximum size.
Recall that for any subset A of GG, the stabilizer subgroup H of A is defined as
H={geG:9g+ A=A}

Our next theorem is a result that follows from a paper published in 1953 by Martin Kneser
[5]. It concerns the size of sumsets in relation to the stabilizer subgroup of the sumset.
Additonally, another proof can be found in a paper by Matt DeVos [3].

Theorem 1.1 [5]. Let G be a finite abelian group. Let A, B be nonempty subsets of G, and
let H be the stabilizer subgroup of A+ B. Then

|A+B|>|A+ H|+ |B+ H|—|H|.

Our next result is a corrolary which follows directly from Theorem 1.1.

Corollary 1.2. Let G be a finite abelian group. For h > 1, let Ay, ..., Ay, be nonempty
subsets of GG, and let H be the stabilizer subgroup of A; + ... + Ap. Then

|A1 + oo+ Ap| > [A1| + oo+ |Ap| = (A= 1)|H]|.

Proof. Note that since H is a group, it contains the identity element. Therefore, |A; + H| >
|A;| for all 1 <4 < h. We use induction on h. Let h = 1. Then

[Ax] = [Aa] = (1 = D)[H| = |A4].

Now assume that the claim holds for some h = k. Let H be the stabilizer subgroup of
Ay + ...+ Ap + Agy1. Using Theorem 1.1 we conclude that

|[A1+ ..+ A+ Apa| > A1+ .+ A + H| + |Ag1 + H| — |H| > A1 + oo + Ak| + | A
—[H[ = AL + o + [ Ak = (B = DIH| + [Apa| = [H| = [As] + o 4 [Apa| = (k+ 1= 1)[H|.

So for all h > 1 we have
|A1 + ... + Ap| > |AL| + ... +|An| — (b= 1)|H].

This completes our proof. O



Our next result is a simple application of Corollary 1.2.

Lemma 1.3. Let G be a finite abelian group, h > 1 and A a nonbasis of order h of maximum
size, i.e. |A| = x(G,h) — 1. Let H be the stabilizer of hA. Then A and hA are unions of
cosets of H. If A and hA consist respectively of k; and ko distinct cosets of H, we have

ke > hky — h + 1.

Proof. We look at the set A+ H. Since A is h-incomplete we have
hA+H)=hA+ H=hA#G.

Therefore A + H is h-incomplete. Since A is h-incomplete of maximum size, we have
|A + H| < |A|. However, H is a subgroup and contains the identity element, so A C A + H.

Therefore
A=A+H=|J(a+H)
a€EA

So A is a union of cosets of H. Similarly we see that hA is a union of cosets of H.

Let |A| = ki|H| and |hA| = ko|H|. With Corollary 1.2 we find that

ko|H| = [hA] = h|A| = (h = D)|H| = hk1[H| — (h — 1)|H]|.
So ko > hk; — h + 1. O]
Lemma 1.4. Let G be a finite abelian group and h > 1. Suppose that H is a subgroup of G

of index d for some d > 1 and suppose that ¢ : G — G/H is the canonical map. Let B be a
subset of G/H, and let A =¢~!(B). Then |[A| =% - |B| and |hA| =% - |hB|.

Proof. Let g+ H € G/H, and let Ay = ¢~ '({g+ H}). Then A; is a subset of G, specifically
it is a full coset of H, and therefore |A1| =7
We write B = {b1,..,b;} € G/H. Then |¢~({b;})| = % for all 1 <i < r. Since

= J o7'(m),

1<i<r

and all of those sets are pairwise disjoint, it follows that |A| = % - |B].

We will now show that hA = ¢~ (hB). We take an arbitrary aj + ... + a € hA. Then
a4+ .. tap € {ar+ .. vap+HY) =¢ *{ar + H+ ... +a, + H}) C o Y(hB).

So hA C ¢~L(hB).

We take an arbitrary b € ¢~1(hB). Then b+ H € hB, and therefore, b + H = (by + H) +
+ (b + H), where by,...,bp, € A. Sob = by + ...+ b, € hA. So ¢~ *(hB) C hA. So

hA = ¢~ (hB).
We write hB = {b1,..,b,}. Then ¢! ({b;})| =2 for all 1 <4 < r. Since

= U ¢,

1<e<r



and all of those sets are disjoint, it follows that therefore |hA| = % - |hB]. O

We will now briefly discuss the fundamental theorem of finite abelian groups [4, p. 158-166].
This theorem states that every finite abelian group G is isomorphic to a direct product of
finite cyclic groups. We write Z,, = Z/nZ. Then G has a unique type (ni,...,n,), where
r,ny,..,n, € N such that n; > 2 and n;|n; 1 forall 1 <7 <r —1, and

G=Zp, X X Lnp,.

We say that r is the rank of GG, and n, the exponent of G. With this construction, G has a
natural ordering, which we will define using the following lemma.

Lemma 1.5. Let S ={x € Z: 0 <2 <n — 1}. Then the function ¢ : G — S given by

o((q1, -y qr)) = Z qinit1 - Ny
i1

is a bijection.

Proof. We first show that ¢ is injective. Let (aq,...,a,),(b1,...,b,) € G. Assume that
(b((alv "'7aT)) = ¢((b1, ...,br))7 SO

r—1 r—1
ay + ny g @iyl Np—1 = by +ny g biniy1 - np_1.
i—1 i=1

Note that a, < n, — 1. We first look at the case where n, Z:;ll ainiy1 - ny—1 = 0. Then it
must be true that

r—1
ne Y binigrcone1 =0,
i=1
since otherwise ¢((b1,...,b;)) > n, > a, = ¢((a1,...,a,)). So a, = b, and a; = b; = 0 for all
i>2. S0 (ai,...,ar) = (b1,...,by).

Now assume that n, Z::_ll a;ini+1 - Np—1 > n, and that a, # b,.. Then

r—1
ar — by =n, (Z(aini-i-l Ce M1 — bingyy - 'nr—1)> .

i=1

However —(n, — 1) < a, — b, < n, — 1, and a, — b, # 0, so n, t (a, — b,), so this is a
contradiction. Therefore a, = b,. Now we have

r—2 r—2
Gr—1+Np_1 g @iMig1 - Ny = bp_1 + Ny g biniy1 -+ np_2,
i—1 i—1

and we can do the same thing to show that a,_; = b,._1. By induction it now follows that
whenever ay = by for some 2 < k < r, we have ap_1 = by_1. So (a1, ...,a,) = (b1, ....,b;). So
¢ is injective.

We prove that ¢ is surjective by induction. First let 0 = m € S. We simply take (0, ...,0) € G



and it follows that ¢((0,...,0)) = 0. First note that

T
n—1l=ny---n.—1l=ny---ny+(ng---np—ng---ny)+...+(np—n,)—1 = Z(ni_l)ni+1 R
=1

So ¢~ (n—1)=(n; —1,...,n, — 1). Now assume that for some k € S\ {n — 1}, there exists
an element (q1,...,q,) € G such that &k = ¢((q1,..,¢r)). Since k < n — 1, there exists an
1 <j <rsuchthat ¢ <nj —1and ¢ =n; —1forall j <i<r. So

J r
k= Z%’ni—i-l"'nr + Z (n; — Dnjgr - ny
i=1 i=j+1

Note that

Zg:jJrl(ni — l)nH_l---nT =

Therefore we find that

J Jj—1
k+1= (Z qiNi41 "+~ nr> + NN Ny = (Z Qi1 nT> + (Qj + 1)nj+1nj+2 ce Ny
=1

i=1
It follows that k£ + 1 = ¢((q1,...,¢j—1,¢; + 1,0,...,0)). So ¢ is surjective, and therefore
bijective. O

Now let 0 < m < n — 1. Since ¢ is bijective, there exists an unique element (g, ...,¢,) of G
such that ¢((q1,...,¢r)) = m. We now introduce the ordering. Let (ay,...,a,), (b1,...,b,) € G.
Then (ay,...,a,) < (b1, ...,b,) if and only if

#((a1, ..., ar)) < o((b1, ..., b))

Note that with this ordering (0, ...,0) is the smallest element of G, while (ny — 1,...,n, — 1)
is the largest. If we assume that ¢, > 1, the set of the first m elements of G is the set that
ranges from the zero element to the element (g1, ...,¢-—1,¢ — 1). It can be formally defined
as

I(Gam) = {g € G : (07 70) S g S ((117 ey Qr—1,4r — 1)}

We also introduce a variation of Z(G, m), where the last element is replaced by the next one
in the order. If we assume that ¢, > 3, this set is given by:

5 (G,m) =Z(G,m — 1) U{(q1,---s @r—1,G) }-

By considering these sets, we can straightforwardly determine the h-fold sumset of them, as
long as hg; < n; for all 1 <4 <r.

Proposition 1.6. Let G be a finite abelian group of type (n1,...,n,). Let 0 <m <n —1,
with unique integers qi, ..., qr, 0 < g; < n; — 1, such that

N
m= E qQiTi41 - Ty
i=1

Furthermore, let h > 1 such that hg; < n; for all 1 <4 < r. Then



(1) If ¢» > 1, then |AZ(G,m)| = hm — h + 1.
(2) If g» > 3, then |AZ*(G,m)| = hm.

Proof. Let g, > 1, then Z(G, m) is the set of elements from zero to the element
(q1y--sGr—1,q9r — 1). Since hg; < n; for all 1 <i <r, it follows by induction that hZ(G,m) is
the set of elements from zero to the element (hqy, ..., hq.—1, hq, — h). Therefore, hZ(G, m) =
Z(G,hm — h+ 1), and |hZ(G,m)| = hm — h + 1.

Let ¢, > 3, then
IT(G,m) =Z(G,m — 1) U(q1, .oy Gr—1, qr)-

We deduce quickly that h{(q1,...,qr—1,¢-)} = {(hq1,...;hgr_1,hq,)} C hZ*(G,m). We also
find that
hZ(G,m — 1) =Z(G,hm —2h+ 1) C hZ*(G,m).

Note that Z(G, hm — 2h + 1) is the set of elements from zero to (hqi, ..., hgr—1, hg, — 2h). We
will use induction to show that for all hg, —2h+1 < ¢ < hq, — 2, we have (hqi, ..., hq—1,q) €
hZ*(G,m).

We take an arbitrary 0 < k < 2h — 3. Assume that (hqy, ..., hg.—1, hq, —2h+ k) € hIZ*(G, m).
We will show that
(hq1,...,hgr—1,hqy —2h + k+ 1) € KZ* (G, m).

Since (hqi, ..., hgr—1, hgr — 2h + k) € hZ*(G,m), we know that hqg, —2h + k = a1 + ... + ay,
where a; € {0, ...,qr — 2} U {g,} for each 1 < i < h. We use proof by cases.

Case 1: Assume that there exists a 1 < i < h such that a; < ¢, — 3.
Then (q1, ..., ¢r—1,a; + 1) € Z*(G,m), and therefore

h
(hqu, ... hgr—1,hgr — 2h + k + 1) = (hqr, ..., hgr_1,1 + > _ a;) € hI*(G,m).
=1

Case 2: Let 1 <s < hand 1<t <h, with s # ¢ such that a; = a; = ¢, — 2.
Assume that for all ¢ € {1,...,h}/{s,t}, we have a; € {¢, — 2,¢,}. Note that

hgr —2h+k+1=1+a,+a;+ > ai=(a-3)ta+ oo a
ie{1,...h}/{s.t} ie{1,...h}/{s,t}

So
(hQ17 "'7hq'r‘—1)hQ7“ —2h+k+ 1) € hI*(G, m)

We have now distinguished all cases such that 0 < k < 2h — 3. With our inductive process
we conclude that for all hg, —2h +1 < ¢ < hg, — 2, we have (hqi, ..., hgr—1,q) € hZ*(G, m).

We will show that (hqi, ..., hgr—1, hq, —1) ¢ hZ*(G,m). Assume the contrary. Than hg, —1 =
ai + ... + ap, where a; € {0, ..., ¢ — 2} U {¢,} for each 1 < i < h. Note however, that

(h—1)gr + g — 2 < hgr — 1 < hg,

and therefore both of the following statements must be true.
a. For all 1 <i < h, we have a; > ¢, — 2, so a; = ¢, for all 7.

b. There exists a 1 <4 < h such that a; < g,.



This is a clear contradiction , so (hqi, ..., hq.—1, hq, — 1) & hZ*(G, m).

Assume that there exists a (b1, ...,b,) € hZ*(G, m) such that (b1, ...,b.) > (hqi, ..., hgr). Then
there exists some 1 < i < h such that b; > hg; and b; = hg; for all 1 < j < 4. But then
b; = a1 + ... + ap, where 0 < a; < ¢;. Therefore b; < hg;, which is a contradiction.

We conclude that
hZ*(G,m) = Z(G,hm — 1) U{(hq1, ..., hqr—1, hg,)}.
So |hZ*(G, m)| = hm. O

Remark.

It is easy to see why, in part (1) of Proposition 1.6, we have the requirement that ¢, > 1: In
this case the largest element of Z(G,m) is (q1, ..., ¢—1,¢r — 1), which makes determining the
set hZ(G, m) manageable.

Thus it might be confusing why, for part (2), we have the requirement that ¢, > 3:
I*(Ga m) = I(G7 m— 1) U {(q17 ooy Qr—1, QT)}a

so for ¢, = 2 the largest element of Z(G, m —1) would be (q1, ..., ¢r—1,¢-—2) = (q1, .-, ¢r—1,0),
which makes determining the set Z*(G, m) manageable. Note however, that in this case, for
all 1 <k <h—1 we have

(hq17 "'7hQ7’—17 th —2h + 2k + 1) ¢ hI*(G7m)
So
RZ*(G,m) = Z(G,hm — 2h + 1) U {(hq1, ..., hgr—1, hq, —2h + 2k) : 1 < k < h}.

So |hZ*(G,m)| =hm —2h+1+h=hm—h+ 1.
We will now introduce a corollary, which is a slight variation of Proposition 1.6.

Corollary 1.7. Let G be a finite abelian group, 1 < m <n and h > 1. Then
|WZ(G,m)| < hm —h+ 1.
Proof. Let )
m = Z%"’%—H cec Ny
i=1

If ¢, > 1 and hq, < ny for all 1 < k < r, we apply Proposition 1.6 to obtain the result.

Assume that ¢, > 1 and that there exist 1 < i < r such that hg; > n;, and k is the greatest
of these. We find that

hZ(G,m)={g€ G:(0,...,0) <g < (hq,....,hq—1,n% — 1, hqr+1, ..., hqy — h)}.

So it follows that
|hZ(G,m)| < hm —h+ 1.

Assume that there exists a 1 < ¢ < r such that ¢;_1 # 0 and ¢ = 0 for all i < k < r. Then



Z(G,m) is the set of elements from 0 up to (¢1, ..., ¢i—2,qi—1 — 1,n; — 1, ..., n, — 1). Therefore,
hI(va) = {g €G: (07 70) < g < (hqlv sey hQif27 hQifl - h,?’L@' - 17 cees T — 1)}

So [hZ(G,m)| < hm —h +1.

Since we have distinguished all the cases, we conclude that
|hZ(G,m)| < hm —h+ 1.

This establishes our proof. ]



2. The h-critical number

In this section we will work towards a result that gives us x(G, h) for each h.

Let
p(G,m,h) = min{|hA| : AC G, |A| =m}

and

u(n,m,h) = min{ fy : d|n},

where n, m, h are positive integers and
fa(m,h) = (h[m/d] — h + 1)d.

The following result will help us determine x (G, h).

Lemma 2.1. Let n,m, h be positive integers such that m < n, and let G be a finite abelian
group with |G| = n. Then
p(G,m,h) = u(n,m,h).

Proof. We first show that p(G,m,h) > u(n,m,h). Let A C G with |A] = m such that
|hA| = p(G,m, h). Let H be the stabilizer subgroup of hA. Then by Corollary 1.2, it follows
that

p(Gym, h) = [hA| > hlA| — (h— 1)|H].

Using Lemma 1.3, we know that |A| = k1| H| for some k; € N. Therefore

h|Al = (h = D|H| = hka[H| = (h = 1)|H| = (hk1 — h+ 1)|H| = fig) = u(n,m, h).

We will now show that p(G,m,h) < u(n,m,h). Let H < G be a subgroup. Let ¢ : G — G/H
be the canonical map. Note that since G is abelian, so is G/H. Let r = [m/|H||. Using
the notation in Proposition 1.6, we consider the set Z(G/H,r). Note that » < |G/H|, since

m < n = |G/H||H]|, so % < |G/H|. So I(G/H,r) is well-defined. From Corollary 1.7, it

follows that |hZ(G/H,r)| < hr —h + 1.

Let A= ¢ Y(Z(G/H,r)). From Lemma 1.4 we know that |A| = |[H|[m/|H|] > m. Therefore
IhA| > p(G,m, h), 5o

p(G,m, h) < |hA| = |H|- [KZ(G/H,r)| < (h[m/|H|] = h+1) - |H].

Since G is abelian, there exists a subgroup of order d for all divisors d of n. (This follows from
the fundamental theorem of finite abelian groups.) Because of that, p(G,m,h) < (h[m/d]| —
h+1)-d for all d € N such that d|n. So p(G,m,h) < u(n,m,h). Since p(G,m,h) < u(n,m,h)
and p(G,m,h) > u(n,m,h), we have

p(G,m,h) =u(n,m,h),

which concludes our proof. O

v(n, h) = max{ ( VfJ + 1) g : d\n}.

With Lemma 2.1, we now have all the results we need to prove the following result:

We write

10



Theorem 2.2. Let G be an abelian group with |G| = n, and let A > 1. Then
X(G,h) =v(n,h) + 1.
Proof. Recall that
X(G,h) =min{m >1: ACG,|A >m = |hA|=n}.

Therefore, we want to show that whenever |A| = v(n,h) + 1, we have |hA| = n, but that
there exists a subset A C G such that |A| = v(n, h) and |hA| < n. This would show that any
subset of size v(n,h) 4+ 1 is h-complete, and that v(n,h) + 1 is the smallest positive integer
with this property. From Lemma 2.1, we know that

min{|hA|: A C G, |A| =m} = p(G,m,h) = u(n,m,h).

We will therefore show that
n > min{|hA|: A C G, |A| =v(n,h)} = p(G,v(n,h),h) = u(n,v(n, h),h)
and that

n < min{|hA|: A C G,|A| =v(n,h) + 1} = p(G,v(n,h) + 1,h) = u(n,v(n,h) + 1, h).

We start with the first inequality. Let dy|n such that

v(n, h) = Qdoh_QJ +1> d%'

Note that u(n,v(n,h),h) < fn/q,(v(n, k), h), where

n

TN 1RSIV FIRATSET P RS

n

do

Therefore it follows that

w(n, v(n, h),h) < foja(v(n, h), h) = <h Voh_ 2J + 1) d% < (do — 1)dﬁO <n.

This completes the first inequality.

For the second inequality, we need to show that for any d € N such that d|n, we have

do—2
52| 4 1) & 41
d

fa(v(n,h) +1,h) = | h <[ —h+1|d>n.

Note that %|n, so by our choice of dy we obtain

o= (552 1) 52 (5] )t

11



Therefore

Al A TR (s RORUE

2-2 1 n
A4 —14+-42)-h+1=-.

( h TRt ) 1=y
So fa(v(n,h) +1,h) > n for all din. Therefore n < u(n,v(n,h)+ 1,h) = p(G,v(n,h) + 1, h).
It follows that for any subset of G with size v(n,h) 4+ 1 is h-complete and that v(n,h) + 1 is
the smallest positive integer with this property. So x(G,h) = v(n, h) + 1. O

We will now prove a result that makes it easier to determine x(G, h) for each h.

Lemma 2.3. Let n € N and h > 2. For each 2 < i < h — 1, let Pj(n) be the set of prime
divisors of n that leave a remainder of ¢ when divided by h, so

Pi(n) = {p|n : p prime and p=1¢ (mod h)}.

Let I be the set of 2 < ¢ < h—1 such that P;(n) # 0, and for each i € I let p; be the smallest
element of P;(n). Then

o) — %max{l—l—%:iel} if T % 0;
H i1 =10,

N (CIIF

Let do|n such that v(n,h) = g(dp) and let 0 < iy < h — 1 such that dy =ig (mod h). We first
prove two claims.

Proof. We define

Claim 1: Assume that i9 < 1. Then g(do) = |7 ].

Proof of Claim 1: We write dg = kh + ig. Since ig — 2 < 0, we have

kh + i — 2 do — i
v(n,h)zg(do)qurZOJ+1>(Z)=(k:—1+1);;: Odolo.%

Also, we see that

o () 3= () )= )

Since [ 7] <wv(n,h) < %, we conclude that [ 7] = v(n, h) = g(dy), which proves the claim.
Claim 2: Let ig > 2. Then dj is prime.

Proof of claim 2: First, note that with this assumption h # 2, since that would imply that
2 < 49 < 1 which is a contradiction. So h > 3. Note that dy has at least one prime divisor

12



that leaves a remainder greater than 1 (mod h). Let p be the smallest prime divisor of dj
such that p =14 (mod h), for some 2 <i < h —1.
We will show that
h—2 h—i
—5 < .
p p

If p > h — 2, we have

h—2 h—2 1 h—i
2 =-= ’
p p(h=2) p~ p

since t <h —1. Let p < h — 2. Since p =i (mod h), we have i = p, so

h=2 hp—hp-1)-2 _hp—(p+2(p-1)-2_ h-p-1 _h—p _h—i
p? p? - p? P p p
So
h—2 h—1
—5 < .
P p

Now assume that i # ig. Then %0 # 1 (mod h), so %0 has a prime divisor p’ that leaves a
remainder greater than 1 (mod h). Therefore p’ > p, so dg > p?. We find that

. d0—2 ﬁ_ do—io ﬁ_ﬁ h—io h—2
g(dO)_Q h J+1)do_< h +1>do_h<1+ do> h( p? >’

since ig > 2 and dy > p?. Since p =i (mod h), and since 2 < i < h — 1, it follows that

P 5) < () = O ) = () e

So v(n,h) = g(dy) < g(p). However v(n,h)
contradiction.
We conclude that i = ig, and

o(n.h) = g(dy) = (1+ h;j”) = <1+ h;“) — g(r).

Since v(n, h) > g(p), we find that g(do) = v(n,h) = g(p), so dp = p. So dy is prime, which
completes the proof of our claim.

g(d) for all divisors d of n, so this is a

Now assume that I = (). Then for all 2 < ¢ < h — 1, we know that n has no prime divisors

congruent to ¢ (mod h). So all divisors of n are divisible by h or are congruent to 1 (mod h).

Since v(n, h) = g(d) for some d|n, we use the first claim and conclude that v(n,h) = [} ].

Assume that I # (). Note that

ot =5 (1+5°) > [7].

whenever dy = ig (mod h) with 2 <ip < h — 1.
Therefore, with our second claim we conclude that

v(n, h) = max{g(d) : djn} = max{ < V’ - 2J + 1) % : pln and p prime}.
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Note that for two primes p; < pg such that p; = p2 =4 (mod h), we have g(p1) > g(p2), so

i
U(n,h):Zmax{l—l— ‘Z:iel}.

b

This completes our proof. ]

For each h € N, we can now determine the h-critical number without much effort, so we can
now move on to the size of sumsets.
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3. 2-fold sumsets

In this section we work out the case of h = 2. We first find the 2-critical number using
previous results, and then determine the size of 2-fold sumsets of nonbases of maximum size.

Corollary 3.1. Let G be an abelian group of order n. Then we have

n

X(G,2) = [2

|+1
Proof. We know that x(G,2) = v(n,2) + 1. Using the notation in Theorem 2.3, we let I be
the set of 2 <4 <1 such that P;(n) # 0, therefore I = (). So

n

o(n2) = 5],

and

This completes the proof. ]

Recall that the set of sizes of sumsets of nonbases of maximum size is given by

S(G,h) = {|hA|: A C G,|A| = (G, h) — 1,hA # G}.

In the rest of this section, we work towards finding S(G,2). We start with a result that will
be of help later in a specific case.

Lemma 3.2. Let G be a finite abelian group with even order n, such that the exponent of G
is not divisible by 4. Let A C G with A = 5. Then there exists a subgroup H < G of order
|H| = % such that

AN H|#]AN(G\ H)).

Proof. Let A C G with [A| = §. We assume, for contradiction, that each subgroup of order %
contains exactly half of the elements of A. We write G = G1 X Gg, where |G| is odd and G,
is of type my, ..., m¢, with all m; even and not divisible by 4 for all 1 <i <t¢. Wecall C C G
a projection of G if it is of the form G x By X --- x By, and for each ¢ either B; = Z,,, or B;
is a coset of the subgroup of index 2 in Z,,. Therefore, each projection of G has size Jf, for
some 0 < k < t. Using our assumption, we will show the following:

If C is a projection of G of size gf, then [ANC| = 5.

We use induction over k. It is trivial that the claim holds for k = 0. For k = 1, we note that

any projection of size 5 is either a subgroup of index 2 or a coset of that subgroup, and by

our assumption both contain 7 elements of A. Now assume that the claim holds for k& — 1
for some 1 < kK —1 < t. We prove our claim for k. Because of the symmetry of the direct

products of group, it suffices to only consider the projections in the set

S:{Gl><31><-~-th:]Bi|:%if1§z’§kand]Bj|:niifk+1§j§t}.

We will now introduce Gray-code ordering of Zé, which we will define by induction. First,
for Zs, let 0 < 1. Now let Zl2 have Gray-code ordering for some 1 < [ < k — 1 such that
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Zh = {eg,...,eqn_1}, and eg < ... < eqi_;. Note that
75 = {{0} x ep, {1} x e, {0} x e1, {1} x e1,..., {0} X eq_1, {1} X eq_1}.
We apply it with the following ordering;:
{0} x eg < {0} xe1 < ... <{0} X eq_1,{1} X eq_1 <{1} Xeqy_o<..<{1} X ep.
With this construction, we give Z§ = {eq, ..., eqx_;} Gray-code ordering, and write
ep < e < .o < gh_q.

Here eq is the identity element, and e; and e;;1 differ in exactly one position for each 0 <
§ < 2F —2. Also, ep and eqr_; differ in exacly one position.

We now arrange the elements of S in a corresponding sequence
S == {CO’ aeey CQk—l}

Here C; = G1 x By x --- x By, where for all 1 < i <k, we have B; < Zy,, if and only if
the i-th component of e; is equal to 0, and otherwise (Z,, \ B;) < Zp,. Of course we have
B; = Z,; whenever k41 <14 <t.

Note that for all 0 < j < 2¥ — 1, we have |C; U Cjq1| = 2 - ok = ity and Cj U Cjyq s a

projection of G. Therefore, by our inductive hypothesis, |(Cj U Cj11) N A| = .

Since [(C;UC41)NA| = |(Cj+1UCj42) NA| it follows that, if |[CoNA| = s, then [C;NA| =5
if j is even, and |C; N A = 55 — s if j is odd. Now note that

H = C[) U CQ U...u C2k:,2.
is a subgroup of G with index 2. So by our original assumption |H N A| = %. Now note that

HNA=(ConA)U(CyNA) U..U(Cy_yNA).

Therefore, ¢ - % =7, so t = 5%7. So, by induction, for all 0 < k <, if C' is a projection of
G of size gf, then [ANC| = 5.

Now let C' be a projection of G of size gz. Then this result implies that |[A N C| = 5.
However, all m; are not divisible by 4, so 2!*! { n, which is a contradiction, so our claim is
false. Since we were only ably to prove the claim using our original assumption, the assumption
is false, so |ANH| # |AN(G\ H)|. O

For determining S(G,2), we make a distinction between the cases where n is even and n is
odd. We start with the case where n is even.

Theorem 3.3. Let G be a finite abelian group with |G| = n, where n is even. Let (ny, ..., n,)
be the unique type of G. If n, is divisible by 4, then

S(G,2) = {n — % : d|n, 2|d}.
If n, is not divisible by 4, then

S(G,2) = {n— % L d|n, 2|d, d # 4}
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Proof. Let A be a h-incomplete subset of G of maximum size. Using the notation of Lemma

1.3, let H denote the stabilizer subgroup of 2A. Then A and 2A consist respectively of kq

and ko cosets of H. Let d be the index of H. Since n is even, and x(G,2) = L%J + 1, we have
/ﬁn

b == 3] -3

So 2k; = d, and therefore d is even. Using Lemma 1.3 again, we get
ko >2ky —2+1=2k —-1=d-1.

Note that ko = [2A4] <n,s0d —1 < kg < d. So ky =d — 1, and

S(G,2) C {n — % : d|n, 2|d}.

Now let 4 { n,. We show that n — % ¢ S(G,2). By Theorem 3.2, there exists a subgroup H
of index 2 such that
|JANH| # |AN(G\ H)|.

Note that H has two cosets, namely H and G\ H, so we write A = A; U A, where A; C H,
Ay € G\ H. Without loss of generality we assume that |A;| > %, so 24; = H. If Ay = 0),
then A = Ay, so [24] = 24| = % # 32, Otherwise |41 + As| > |A1| > 2, s0

3
24] > [241] + A1 + Ay > Z”

So 24| # 3 and 2 ¢ S(G,2).

We will now show that all other values are present in S(G,2). Let A be a subgroup of index

2 of G, since subgroups are closed under the operation of G, we have [2A4| = |A| = §. So

n—g =75 €5(G,2). Let 4|n,. We take the subgroup H = {Zn, X Zn, X -+ Zn,_, X Znz } of
index 4 of G. Let ¢ : G — G/H denote the canonical map. Note that

G/H = {H,(0,...,0,1) + H, (0, ...,0,2) + H, (0, ...,0,3) + H},

and therefore G/H = Z4. We take the subset B = {H, (0,...,0,1) + H} of G/H, and note
that [2B| = 3. Using Lemma 1.4, we let A = ¢~'(B), and find that |A| = Z|B| = %, and

3n
4

= n —

n
24| = —|2B| =
24] = Zj25]

~ 3

Son — % € S(G,2) whenever 4 { n,.

Now let d|n, with d even and d > 4. Using the notation in Lemma 1.4, let H < G be of index
d, and let ¢ : G — G/H be the canonical map. We construct a subset B of G/H, such that
|B| = ¢ and |2B| = d — 1. Let K be a subgroup of G/H of index 2. We define

B = (K \{k}) U {g},

where k € K and g € (G/H) \ K are arbitrary elements. Note that K = 2(K \ {k}) C 2B,
and (¢ + K)\{k+ g} C B. So 2B = (G/H) \ {k + g}. Therefore |2B| =d — 1.
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Let A= ¢! (B). Then

n
Al=—=|B| =

N

n
27

a3

and n n n
24| = =|12B|=—=(d - 1) =n — =
24] = 228 = Z@-1) =n -2,

which completes our proof. ]

We will now determine S(G,2) for odd order.

Theorem 3.4. If G & Z3,Z5 or Z3, we have S(G,2) = {n — 2}. Otherwise, if G has odd
order, we have S(G,2) = {n —2,n—1}.

Proof. Let A C G with |A| = x(G,2) — 1 = ;1. Using the notation of Lemma 1.3, let H
denote the stabilizer subgroup of 2A4. Then A and 2A consist respectively of k1 and ks cosets
of H. Let d be the index of H. Then

n—1 kin
= |A| = —
2 || d’

Which implies that % divides n — 1. Since Z|n, this is only possible if % = 1, so n = d and

k1= ”T_l Therefore

‘2A|:k2 22k1—2+1:n72.
Since |2A| < n, we have S(G,2) C {n —2,n —1}.
Since |G| is odd, G is of type (ni,...,n,) for r,ny,....n, € N with n; odd for all k. Then

n—1 4 ’I’Lk—l
= e
k=1

This can be realized by noting that

T
n n n n

Z(nk_l)nk+1"'n7-:n_7+7_

k=1 ni ni ning nin9

— o= NpF+n,—1=n-—1.

Since n;|n;41 for all 1 < ¢ < r — 1, we have n, > 3. So ”TTfl > 1. Using the notation of
Proposition 1.6, we have

—1., 2(n—1)

5 )| 5 + n

2z, "

Son—2 € S(G,2). Similarly, if 21 > 3 we have

n—1 2(n—1)
5| 2 "

127% (G,

Son —1¢€ S(G,2) whenever n, > 7.

That leaves us with Z5 and Zg. For r > 3, we take

A= <I< 5 ”;1> \{(1,1,...,1,0,2,2)}) u{(1,1,..,1,2,0,0)}.
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We then find that
2A =75\{(2,2,...,2)}.

For s > 2, we take

n—1

\{(2,2,...2,1,9)}) U{(2,2,....2,3,0)}.

We then find
2B =7z \ {(4,4,...,4)}.

For G & Zs,Zs or 73, it can be verified that n — 1 ¢ S(G,2).
Therefore S(G,2) = {n — 2} if G = Z3,Zs or Z3, and for all other groups G of odd order we
have S(G,2) = {n —2,n —1}. O

We have now determined S(G, 2) for all G. In the next section we will consider h = 3.
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4. 3-fold sumsets

In this section we determine S(G, h) for h = 3. Once again we first give the h-critical number.

Corollary 4.1. Let G be an abelian group of order n. Then

(1 + %) %+ 1 if n has prime divisors congruent to 2 (mod 3),
x(G,3) = and p is the smallest such divisor;
L%J +1 otherwise.

Proof. Note that x(G,3) = v(n,3) + 1. Using the notation of Lemma 2.3, let
Py(n) = {p|n : p prime and p =2 (mod 3)}.
We then have
(1+3) 5 if Pa(m) 20,

v(n,3) = and p is the smallest element of Pa(n);
2] +1 if Py(n)=0.

This completes the proof. O

We will now determine S(G, 3) by giving several theorems distinguishing all the possible cases.

Theorem 4.2. Let G be a finite abelian group with |G| = n. Assume that n has prime
divisors congruent to 2 (mod 3), and that p is the smallest of these. Then

ﬂGﬁ):{n—Z}.

Proof. Let A be a 3-incomplete subset of maximum size of G. With the notation of Lemma
1.3, let H be the stabilizer subgroup of 3A. Let A and 3A consist respectively of ki and ko
cosets of H. Let d denote the index of H. Then by Corollary 4.1,

(p+1)n
3p

k:ln
Al =~

So k1 = (p‘?t;)d, which implies that p|d, since p ¢ %. Then we have

dp+d

d
ko >3k —3+1= —2:d+<—2>2d—1,
b

with equality if and only if d = p. We find that

kon _ (d—1)n
Al=——>
n > [34] T2 y
Therefore d > ko > d—1. We conclude that ko = d—1, and d = p. So |3A4| = (p_pl)n =n—2.
It follows that
n
S(G,3) = {n — } .
(G,3) p
This concludes our proof. ]
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Next we look at the case where n is divisible by 3, and has no prime divisors that are congruent
to 2 (mod 3).

Theorem 4.3. Let G be a finite abelelian group of order n, with exponent n,. Assume that
3|n, and n has no prime divisors congruent to 2 (mod 3). For any ¢ > 1, let

v3(t) = max{m > 0: 3™ = t}.

Then
2
S(G.3) = {n— = din,3ld,d # 3} U{n— = dln, 1 < s(d) < va(n,)}.

With n, denoting the exponent of G.

Proof. By Corollary 4.1, we have x(G,3) = § + 1. Let A be a subset of G with [A| = 3. We
show the result using five claims.

Claim 1: S(G,3) € {n — % :d|n,3|d,c = 1,2}.

Proof of Claim 1: With the notation of Lemma 1.3, let H be the stabilizer subgroup of 3A.
Let A and 3A consist respectively of ki and ks cosets of H. Let d denote the index of H.

Then
kin

n
i Y R e
L=
so 3k; = d, and 3|d. Furthermore, we have

ko >3k —3+1=d—2.

50 kan _ (d—2)
3A| = Jert  \d T L)
n > |3A] 7> y

Therefore, ko = d — 2 or kg = d — 1, from which our claim follows.
Claim 2: Let d|n, 3|d, and d # 3. Then n — %5 € S(G, 3).

Proof of Claim 2: Using the notation in Lemma 1.4, let H < G be of index d, and let
¢ : G — G/H be the canonical map. We construct a subset B of G/H, such that |B| = ¢
and |[3B| = d — 1. Let K be a subgroup of G/H of index 3. We define

B = (K\{k})U{g},

where k € K and g € (G/H)\ K are arbitrary elements. Note that d has no divisors congruent
to 2 (mod 3), since d divides n. Therefore 6 1 d, and d > 9. It follows that d = 3 + 6k for
some k € N, and

|K\{k}|:g—1:2k2k+1: %JH:X(K@).

So 2(K \{k}) = K, and 3(K \ {k}) = K. So
3B = 3(K\{k}) U (2(K\ {k}) + 9) U((K\ {k}) +29) = G\ {k + 29}

So [3B| = d — 1. Using the notation of Lemma 1.4, let A = ¢~'(B). Then |A| = %|B| = %,
and

n n
3A|=—|3B|=n— -.
341 = 238 =n— =
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This concludes the proof of our claim.
Claim 3: 2 ¢ S(G,3).

Proof of Claim 3: Let H be the stabilizer subgroup of 3A4. With the notation of Lemma 1.3,
let A and 3A consist respectively of k1 and ko cosets of H. Let d denote the index of H.
Assume that |3A| = %” Just like before, we see that 3k1 = d, and k9 > d — 2. We find

2n  kon 2n
O Y
3 d — d
So d < 6. Note however, that 3|d and d has no divisors congruent to 2 (mod 3). So d = 3.

Therefore k1 = 1, and A is a coset of H. This implies that 3A is also a coset of H, so ky = 1.
It follows that |34| = 2, which is a clear contradiction. So 2* ¢ S(G, 3).

Claim 4: Let d|n such that v3(d) > v3(n,). Then n — 2t ¢ S(G, 3).

Proof of Claim 4: Assume, for contradiction, that |A| = % and [34] = n — 2. With the

notation of Lemma 1.3, let H be the stabilizer subgroup of 3A. Let A, 3A consist respectively
of ki, ko cosets of H. Let dy denote the index of H. Then 3ky = d;, and

2n kon
20 134 = =22
n—— = [34] 4

so dy — % = kg > 3k; — 2 = dy — 2. Therefore d|2d;, but d > dy. This implies that d = d;
or d = 2d;. However, d is odd since all prime divisors are odd, so d # 2d;. So d = d;.

Let ¢ : G — G/H be the canonical map. We write G’ = G/H and B = ¢(A). Using Lemma
1.4 we get |G/H| =d, |B| = & and [3B| = d — 2. Let {z,y} = G'\ (3B). We will show that
the stabilizer subgroup H of 3B is trivial. For the sake of contradiction, let g € H such that
g is not the identity element. Assume that z —g ¢ 3B. Then z — g = y, since x — g # x. Note
that y — g # y, while y — g # y + g = x. Therefore y — g € 3B, while g+y—g =y ¢ 3B.
This is a contradiction, so the stabilizer subgroup of 3B contains only the identity element
and is trivial.

Since the stabilizer of 3B is trivial, so is the stabilizer of 2B. By Corollary 1.2 it follows that
12B| > 2|B| — 1, so
! ! / d
G\ (2B)| = |G'| - [2B| < |G'| =2(B| + 1= g + 1.

Note that x — B ¢ 2B, and therefore x — B C G’ \ (2B) and similarly y — B C G’ \ (2B).
Since |z — B| = |y — B| = %, we know that

@-B)U-B)>9-1

Now let | =z —y, K = (I), and |K| = k. Then
BN (B+)|=|(x-B)N(y—-B)| =Bl -1

So either [BN (B +1)|=|B|or |BN(B+1)|=|B|—1.
Let [BN (B +1)| = |B|. Then B+1 = B. We write B = {by,...,ba}. Let 1 <i < $. Then
3

there exists some 1 < j < %l such that [ + b; = b;. Therefore, b;, b; +1,b; +21,...,b; + (k — 1)l
are distinct elements of B. It follows that B is a union of cosets of K.
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We say that some subset C' C G is an arithmetic progression of difference [ and size r if
C={g+jl:ro<j<ro+r—1},

for some 0 < rg < k — r. Note that C is a coset of K if and only if r = k — 1. Let
|IBN(B+1)|=|B|—1. Let g€ B\ B+1. Then g,g+1,...,g+ (k — 1)l are distinct elements
of B, while B + [ is a union of arithmetic progressions, each of difference [ and all of them
size k.

Either way, we conclude that B is a union of arithmetic progressions, each of difference [ and
at most one of them size less than k. Note that K is a subgroup generated by a single element,
therefore K = 7y, and k|n,. Since v3(d) > v3(n,), we have nT]%, so k||B|. Therefore B is a
union of full cosets of K, and so is 3B. So d —2 is divisible by k, and d is divisible by k. Thus
k < 2, but k is odd since all prime divisors of n are not congruent to 2 (mod 3). So k =1,
which is a contradiction if z # y. Son — 2 ¢ S(G,3).

Claim 5: Let d|n such that 1 < v3(d) < ug(nr). Then n — =2 € S(G, 3).

Proof of Claim 5: Let G be of type (n1,...,n,). Note that d = 33(Dp1pl>. - ¥, where for
all 1 <i <k, p =1 (mod 3) is prime and r; € N. Therefore, we can ﬁnd positive integers
di, ..., d, with the following properties:

a. dj|n; for each 1 < j <r, and 3”3(d)\dr.

b. didy---d, =d.

c. dj =1 (mod 3) foreach 1 <j <r—1.
We then have

de_ldk+1"'dr.

k=1
This can be realised by noting that
r—1
d=dydy---dp = ddy---dp —dy---dp+dy--dp — .. —dp+ dp = dp+ Y _(dg — Vg - dy.
k=1

Now let H be a subgroup of G of type ( s ). Then K = G/H is of type (dy,...,d,). Let
¢ : G — K be the corresponding canonlcal map. With the notation of Proposition 1.6, we

see that p
= =d-2.
’3)|

Let A= ¢ Y (Z(K, %)) By Lemma 1.4, it follows that |A| = %% = 3. Also

\WI(K

n—2n

B4 = Z(d—2) = "=

This concludes the proof of our claim.

Using every claim, we quickly realize that
n 2n
S(G,3) = {n— 2 din,3ld,d £ 3} U {n — = < dln,1 < wy(d) < wy(nn)},

which concludes our proof. ]
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We will now distinguish the case where all divisors of n are congruent to 1 (mod 3) using two
theorems.

Theorem 4.4. Let G be a finite abelian group of order n. Assume that all divisors of n are
congruent to 1 (mod 3), and that G 2 Z% for all » > 1. Then

S(G,3) = {n—3,n—1}.

Proof. By Corollary 4.1, we have x(G,3) = "1 4+ 1. Let A C G such that |A] = %51 We
show the result using three claims.

Claim 1: S(G,3) C{n—-3,n—2,n—1}.

Proof of Claim 1: Using the notation of Lemma 1.3, let H be the stabilizer subgroup of
3A with index d, and let A and hA consist respectively of ki and ko cosets of H. Then
@ = kin, so n| (d- %‘1) Note that ged(n, %‘1) = 1, since the greatest common divisor
must divide both n and n — 1. Therefore we can apply Euclids lemma, from which it follows
that n|d. Therefore n =d and k1 = ”T_l By Lemma 1.3, we have

k:gn

Since |3A| < n, we conclude that S(G,3) C{n—3,n—2,n—1}.
Claim 2: {n —3,n—1} C S(G,3).
Proof of Claim 2: Let G be of type (ni, ...,n,). Note that for each 1 <14 < r, we have n; = 1
(mod 3), and therefore
T
n—1 ng — 1
f— nk+1 e n,r_.

3 Pt 3

Note that all divisors of n, are congruent to 1 (mod 3), and that n, # 7, so n, > 13, and
therefore =2 > 3. By Proposition 1.6 we have [hZ(G,%51)| = n — 3, and |hZ*(G, %51)| =
n—1.So{n—-3,n—1} CS(G,3).

Claim 3: n—2 ¢ S(G, 3).

Proof of Claim 3: Assume that [3A| = n — 2, while |[A| = 2. We write 34 = G \ {z,y},
with some z,y € G, z # y. Let d be the size of the stabilizer subgroup of 34. With Lemma
1.3, we see that d|21, thus d|(n — 1), and that d|(n — 2). Therefore d = 1 and the stabilizer
subgroup is trivial. It follows that the stabilizer of 24 is also trivial, and with Corollary 1.2

we get [24| > 2|A| — 1. It follows that

2n — 2

|G\ 24| = |G| - 24| < |G| -2/A|+1=n— +1=|Al+2.

Note that © — A C G \ 24, since otherwise x € 3A. Similarly y — A C G\ 2A. Since

|r—A| = |A| = |ly—A|, and since (x—A)U(y—A) C G\2A4, we get |(z—A)N(y—A)| > |A| -2,
since otherwise we would have

Al +2 <[z =AUy - A)| <|G\24] < 4] =2,
which is a contradiction. Now let | = z —y, K = (I) and |K| = k. Note that

AN (A+D)] = |(z— A) N (y— A)| > |4] - 2.
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Therefore A is a union of arithmetic progressions, with difference I, and at most two of them
have size less than k. Now note that k|n, therefore k¥ = 1 (mod 3) and km = n for some
m €N, so

-1 -1 -1 — -1
\A\—k _n _k :km k:km .
3 3 3 3 3

So k|(|A| — E51), and therefore [A| = 21 (mod k). This leaves us with the following cases
which we will all contradict.

k—1

Case 1: A is a union of full cosets of K, and one arithmetic progression of size “5=.

Case 2: A is a union of full cosets of K, and two disjoint arithmetic progression in different

cosets. The sizes of these sets add up to % or k+ %

Case 3: A is a union of full cosets of K, and two disjoint arithmetic progression in the same

coset. The sizes of these sets add up to %

For Case 1,let C ={g+jl:ro<j<rp+ % — 1} be the arithmetic progression. Then
3C ={3g+jl:3r0<j<3rg+k—4}

We conclude that [3C| =k — 3, so [34| = k — 3 (mod k), since 34 is for the rest made up of
full cosets. However, [3A] =n —2 =k — 2 (mod k), so this is a contradiction.

For Case 2, let By, Bo C G be two arithmetic progressions in different cosets, respectively of
size r1 and ry. We write

By ={by+mil:s1 <mj <s;1+r1—1}, Bo={by+mal:s0 <mg <s9+1r9—1},
for some by,by € G with b; b2 0 <51 <k —1r1 and 0 < s9 <k —1r9. We find that
3B1 C3h+ K, 2B1+BsC2b1+bs+ K, B1+2ByCb +2bo+ K, 3By C 3bs+ K.
We find that all these sets are within distinct cosets of K. Note that [3B1| = 3r;1 — 2,

|2B1 + Ba| = 2r; + 19 — 2, |B1 + 2Bg| = 11 + 2ry — 2 and [3By| = 3ry — 2. We assume that

rL+1r9 = % Then each of these sets has size less than k, and therefore

13B1| + |2B1 + Ba| + |B1 + 2Ba| + |3B2| = 6(r1 + ra) — 8 = 2k — 10.
Note that
n—2=[3A| = [3B1| + [2B) + Bs| + |B1 + 2B3| + |3B;| (mod k),

and therefore n —2 = 2k —10 = —10 (mod k), so n+8 =0 (mod k), while k|n. This implies
that k|8, and since k =1 (mod 3) and k£ > 1 we know that k¥ = 4. This implies however that
2|n, which is a contradiction since all divisors of n are congruent to 1 (mod 3).

Now we assume that r1 +7r9 = k+ % Assume without loss of generality that r; > 5. Then
k—1
31"1—222T1—|—’I“2—2ZT1—|—27‘2—2:]€—|—T+T2—221€.

Therefore |3B1| > [2By + Ba| > |B1 + 2Bs| > k. So 3B1,2B1 + By, By + 2B5 are subsets
of cosets of K with size at least k. It follows that they have size k. Now assume that
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3ro — 2 = |3B2‘ < k. Then
n—2=|3A=3r; —2 (mod k).

Note however, that k1 3ry, because otherwise k = 3ry since 3ro —2 < k and k > 7. But this
contradicts 3 1 k. Therefore k { 3ro while k|n, so this is a contradiction. Now assume that
3ro—2 > k. Thenn—2 =0 (mod k), and since k > 1 we have k = 2 which is a contradiction.
This completes our second case.

We now look at Case 3. Let By, By be two disjoint arithmetic progressions that are in the same
coset, with |By| + |Ba| = @ Note that since K is cyclic K =2 7. Let I, I be two disjoint
arithmetic progressions in Zk with |I1] + |[Io] = E51. We will show that |3(1; U I)| # k — 2.
Without loss of generality, we assume that

Il :{0,1,...,’/“1—1}, 12:{575+1>"'75+T2_1}7

for some 71,719, € Zj, such that r{ +r9 = k3 ,ri>roand 1 +1<s<k—ro—1. Wealso
assume that s < % + r1 which interests the two gaps between I; and I>. This makes it so
that

Hri,mm+1,...,s =1} <{s+re,s+re+1,....k—1}|.

We can assume this without loss of generality since the case s < % + r1 is equivalent to the
case s > % +r1. The set |3(I1 U I9)| # k — 2 is now a union of the following sets:

3, ={0,1,...,3r; — 3},
20 + I ={s,s+1,...,s + 2r; + ro — 3},
L+ 21, ={2s,2s+ 1,...,2s + 1 + 2ro — 3},
3I, ={3s,3s+1,...,3s + 3ro — 3}.

We distinguish three subcases to show that |3(1; U I2)| # k — 2.

Subcase 1: Let 1 +1 < s < k L4 ry — 2. Since 1 + 19 = % and ro < r; we then obtain

the following inequalities:

s§k31+r2—2—r1—|—27‘2—2<3r1—2

25§s—|—%—|—2 2=84+r1+2r0—2<s5+2r +19 — 2,

3s<2s+ Kl 4y —2=2s5+7 +2ry — 2,
k—1—3r1+3r2§3s+3r2—3.

It follows that 317 U (211 + I2) U (I1 + 212) U 31y = Z, and therefore [3(Iy U L) =k # k — 2.
So this is a contradiction.

Subcase 2: Let %—i—m—lgsg%—i—rl—z Then

s<EL oy —2=2r+7r-2<3r -2,
25 <s+rl 4 —2=s5+2r + 1 - 2.

So 3y U (211 + I2) U (I1 + 215) = {0,1,...,2s + 11 + 2ro — 3}. Now we have

2k —2

2s4+11+2r0 — 3> +2r9 —24+1r1+2r0 —3=k+3ry—6>k— 3.

If either of these inequalities is a strict inequality, we have 311U (211 + I2)U(I1+215) = Zi\{k—
1} or 3L U2 +12)U (11 +212) = Zy, so |3(I1UIy)| > k—2. If both inequalities are equalities,
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then ro = 1,5 = % and | = %. Therefore 31, = {k — 1}. So 3(I; U I3) = Zi \ {k — 2},

and |3(Il U IQ)’ #*k—2.
Subcase 3: Let E21 4 r1 — 1 < s. Note that from our assumption, s < 1y r1 and that
r >k T' First we look at the case where 1 > k L1 1. Then s < k Ly g 21 —2471 =
3r1 — 2. Therefore

3L U (2L + 1) ={0,1,...,8 + 2r1 + 7 — 3}.

Ifs+r1>2k 2+2 we have

-2 k-1
+2+—F—-3=k-2,

2k
s+2r1+r2—32> 3

s0 Zr \{k —1} C3(I1UIly) and [3([; U 1) > k — 1. Ifs—i—rlgL:f—l—l, then

2k —2

k—1
+128+T12T+2T1—1.

This is equivalent to % +1 > rq, but % +1 <17, so % 4+1=r7r; and s = % We
conclude that 3y U211 +1) = {0,1,...,s+2r; +12—3} = {0, ..., k—3}, while k—1 € I} +21>.

So |3(I; U Iy)| > k— 1>k —2. So this is a contradiction.

Now we look at the case where 1 = % = r9. Then

k—3 k-1 n 1< <k 1Jr <k—1
72 73 ™ S 73 7“1772 .

Therefore s = % or s = #=1 Agsume that s = % We find that

3L _{o k23 2},
2I + Is = ek — 5}
I+ 21y = {k — 3 ,k+’“23—5},
3L, = {3 -3, k—8}.

For k = 7, this means that 3(I; U I2) = {0,2,4,6}, so |3([1 U I2)| # k — 2. We now look
at the elements that are not in these sets. When k > 7, we find that % —1 € 31, and
%—463[1. For1 <i<7andi=#4, wehave k —i € 211 + Iy or k — i € I; + 2[5, while
k — 4 is not present in any of these sets. We conclude that 3(I; U Iy) = Z; \ {k — 4}.

Let s = kgl. We find that

31 = {0, ..., 551 — 3},

2L+ I3 = {ki Lk — 4}
[1+2[2:{k‘—1, k—i— 4}
3L = {¥5* - - 5}
We look at the elements that are not in these sets. We find that u —1€3l,and 251 -3 ¢

31;. Furthermore k — 4 € 211 + Iy, while Kk —1 € I; +215. We find that k— —2,k— 3,k: 2¢
3(I1 U L), s0 3(I1 UL) =Z, \ {¥3 — 2,k — 3,k — 2}.

So for each two disjoint arithmetic progressions I, ls C Zj with |I1]| + |[I2| = % we have
|3(I1Uls)| # k—2. Since K = Z, we can find such Iy, I such that [3(B1UB3)| = |3([1Ul2)| #
k—2. This completes our proof for Case 3. Since we have distinguished all the cases, it follows
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that n — 2 ¢ S(G, 3). Using all our claims, we obtain
S(G,3)={n—-3,n—1}.
This completes our proof. ]

The only groups left to treat are Z7 for » € N. We have distinguished this case because part
(2) of Proposition 1.6 can not be applied. Since the type is (7,...,7), we find that

n—1 " r
X(Z5,3) ~ 1= "2 =3 g e = Y 2k
=1 k=1

So ¢, = 2 < 3, and part (2) is not applicable.
Theorem 4.5. Let G = Z7 for some r € N. Then
S(G,3) ={n—3}.

Proof. We first prove the following claim.
Claim. Let r € N, and let 0 denote the identity element of G = Z%. Let A be a subset of G
such that |A| = 7T3_ L and 0 ¢ 3A. Then there is an ascending chain of subgroups

{0}=Hy<H, <---<H, =G

and elements ag, aj, € Hi, a € Hgq \ Hy for 1 <k <r —1, such that

r—1

A= {a(), af)} U U ({ak, 2ak} + Hk)
k=1

Proof of Claim: First, we show that Z7 has % subgroups of index 7. We identify with
the r-dimiensional vector space over Zy. For any 1 < k < r, the number of k-dimensional
subspaces is given by the Gaussian binomial coefficient [6]

r\  (1-=-7)Q-=-7"1-- (1 -7k
<k>7 I=7HA =71 (1=7)

Now note that the number of subgroups of Z% with index 7 is equal to the number of (r —1)-
dimensional subspaces of the r-dimensional vector space over Zy. Therefore, we find that the
number of subgroups of index 7 is

r a-ma-rhH..q-7 1-7 17T-1
<r—1>7_(1—7r1)(1—7k1)---(1—7)_1—7_ 6

Let A C Z such that |A] = T and 0 ¢ A. We show that for any subgroup H of G we have
|[ANH| = % By Corollary 4.1 we have

[H| -1

X(Ha 3) = 3

+ 1.

Note that |[ANH| < |Hk|g:1, since otherwise we have H C A, which contradicts 0 ¢ 3A. So we
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need to show that |[AN H| > |Hz‘,)_1. This holds trivially for |H| = 1. For |H| = 7, observe
that the collection of pierced lines

{H\{0}: H <G, [H|=T}

forms a partition of G \ {0}. Note that G has % subgroups of order 7. Since every

element g € Z% \ {0} has order 7, (g) is a unique subgroup of order 7. By not counting the
identity element, we obtain % subgroups of order 7. For each such subgroup H, we have

AN (H\{0})|=]|ANnH| < % = 2. Now assume that there exists some subgroup H of
order 7 of G, such that |[H N A| <2 . Then

Tl =pan@yop= \Am(H\{0}>r<2(7T‘1),

3 6
H<g,|H|=T7
which is a clear contradiction, so |[AN H| =2 = |H|% for all subgroups H of size 7. Note
that for every subgroup H of G, H \ {0} is the disjoint union of % pierced lines, each of

size 7 — 1 = 6. It follows that

Anm| =2 (L) _HIZ]
6 3

We are now ready to prove our claim. For r =1, we have {0} = Hy < H; = Z7. Let A C Z7
with |A| = 2. We pick ap, a, € A and find that A = {ag, a(}, which completes this case.

We consider r = 2. Let A be a subset of Z2 of size 723—_1 =16, and let 0 ¢ 3A. Let H < G
with index 7. We show that there are at most two distinct cosets of H that contain 3 or
more elements of A. Assume for contradiction that cosets C1, Co, C3 each contain at least 3
elements of A. Then x(G/H,3) = x(Zv,3) = 3, so any subset of G/H of size 3 is 3-complete.
Since {C1,C2,C3} C G/H has size 3, we find that 3{C,C2,C3} = G/H. Since H € G/H
we can find (not necessarily distinct) indices 4, j,k € {1,2,3} such that C; + C; + C, = H.
We write 4; = ANC;, Aj = ANCj, Ay, = ANCy, and let K be the stabilizer subgroup of
Ay + Az + As in H. Since K is a subgroup of H, and |H| = 7, we know that either |K| =7
or K is trivial. Note that 0 ¢ A, so 0 ¢ A; + A; + Ay, and that the sizes of these sets are all
greater or equal to 3. Therefore K # H, so K is trivial. Then by Corollary 1.2 we have

6 > |Ai + Aj + Apl = [Ai] + |Aj] + [Ax] = 2[K] = [Ai] + |Aj] + [Ap| =227,

which is a clear contradiction. So there are at most two distinct cosets of H that contain 3
or more elements of A.

Next we show that there exists a subgroup H of Z% of order 7 such that one of its cosets
contains at least 4 elements of A. Assume the contrary. Then for each subgroup H of
order 7, two cosets contain 3 elements of A, while five cosets contain 2 elements of A, since
3:242-5=16 = |A|. We identify Z2 with the 2-dimensional vector space over Z;. Then
every subgroup of G of order 7 corresponds to a unique normal vector through (0,0), unique
up to nonzero scalar multiplication. For example, lets look at H; = ((1,2)). We find that
this subgroup and its coset Hj + (2,0) corresponds to the following lines in the 2-dimensional
vector space over Zr:
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| L1/ V4

We define an affine line as a coset of a subgroup of order 7. We find that the group G/H
is the set of affine lines corresponding to the lines parallel to H in the 2-dimensional vector
space over Zy7. For every g € (G, there exists a subgroup of G containing g, so there exists
an unique affine line containing (0,0) and g. Therefore, we find that for every two elements
g1, 92 € G, there exists a unique affine line that contains both g; and gs. We now look at the
set

S ={(C,a,d’) : C is an affine line in G;a,a’ € C N A;a # d'}.

After arbitrarily choosing a,a’ € A such that a # a’, there exists a unique affine line that
contains both a and a’. Therefore |S| = |A] - (|A| — 1) = 240.
On the other hand, there are % = % = 8 subgroups of order 7. We partitioning the 56
affine lines into 8 parallel classes depending on which subgroup they correspond to. For each of
these classes, two affine lines contain 3 elements of A, while five affine lines contain 2 elements
of A. Therefore, for each class the number of suitable pairs a,a’ is 6+6+2+2+2+2+2 = 22,
so 240 = |S| = 8- 22 = 176, which is a contradiction.
So there exists a subgroup H of Z% of order 7 such that one of its cosets contains at least
4 elements of A. We choose ¢ € G\ H, and let C; = ic + H for 0 < i < 6 be the distinct
cosets of H. Let A; = C; N A. Note that |[ANH| = % =2, s0 |Ap| = 2. We may assume
without loss of generality that |A;| = max{|A4;|}, so |Ai| > 4. Let i, j, k € {0, ...,6} such that
i+j+k=0 (mod 7), and assume that none of A;, A; or Ay is the emptyset. We show that
and |A;|+]A;|+ Ag| < 8. Assume the contrary. Note that C;+C;+Cj = c(i+j+k)+H = H,
so A; +Aj+ Ay, C H. Also, the stabilizer subgroup K of A; + A; + Ay, is either trivial or H,
but 0 ¢ A; + A; + Ay, while A; + A; + Ay, # (). So K is trivial. We conclude from Corollary
1.2 that

‘AZ’-FA]' —|—Ak| > ‘Al‘ + ‘AJ‘ —|—Ak| —2’K‘ >9-2="17.

SoAi+Aj+ A, =H,and 0 € A; + Aj + Ay, which is a contradiction, so |4;| +|A;| + Ax| < 8
whenever A;, A;, Ay, are not empty. We then find the following results:

o If A5 # 0, we find that 8 > 2|A;| + |As| > 8 + | A5, which implies that A5 = 0.

o If Ag # 0, we have 8 > |Ag| + |A1| + |As|] = 2 + |A1| + |Ag|. Note that if [A1]| > 6, we
must have that Ag = (), meaning that Ag < max{0,6 — A;}.
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o If A3 # (0, we have |A;| + 2| 43| < 8, and thus |A3] <4 — lA—Qll.

o If Ay and A4 are not empty, then |Ag|+ |A4] < 8 —|A1]| < |Ai1], since 4 < |A;|. If A or
Ay is empty, this holds trivially since |41 < 7.

With these results, we have

16 = |A| = |Ao| + |A1] + |As| + |As| + |As| + (JA2| + |A4| <
2+ [Ar] + 4 — 24 40 4 max{0,6 — [4;]} + | Ay

This is equivalent with
20 < 3|A;| 4+ 2max{0,6 — | A1|}.

Now assume that |A;| < 5. Then we find that 20 < 15 + 2 = 17, which is a contradiction.
So |Ai| > 6, and therefore 20 < 3|A;|, and |A;| = 7. Then our previous inequalities yield
A3z = Ag = 0, and therefore 16 = |A| = |Ag| + |A1]| + |A2| + |A4] = 9+ |A2| + |A4]. So if
Ag, Ay are both not empty we have 7 = |Aa| 4+ |A4] < 8 —|A41| = 1. It follows either Ay or Ay
is empty, and the other is a full coset. Assume without loss of generality that As = Cs.

We now set Hy = H, {ag,ap} = Ap, and a1 = ¢. Then

A=Ay uCiUCy = {ao, a6} U ({al, 2a1} + Hl),

which completes our proof for the case r = 2.

We will now use induction to show that the claim holds for r > 3. Assume that the statement
r—1

holds for 7 — 1, so for each subset B of size 3_1 with 0 ¢ 3B there is an ascending chain

of subgroups of G

{O}ZH() <H <---<H.
and elements ag, aj, € Hi, a, € Hgpq \ Hy for 1 < k <r — 2, such that

r—2

B = {ao,a6} U U ({ak, 2ak} + Hk)
k=1

Recall that if a group G has type (n1,...,ns), then s is the rank of G. We say that a flat
of type K is a coset of a subgroup K of rank r — 2 in Z7. We count the number of flats
contained in A as follows. Note that 0 ¢ A, and therefore subgroups are not contained in A.
So each flat F' in A is no subgroup. Therefore F' = g+ K for some subgroup K of rank r — 2,
and some g ¢ K. Since g has order 7, F' generates a unique subgroup (F) of index 7. We

know that [(F) N A| = <F>T71 =71 Since (F) N A is a subset of size T we find that by

our induction hypotheses (F) N A3 consists of two full flats and a part o? a third, all of the
same type. Therefore, (F') N A does not contain a third flat of any type, and thus contains
a total of two flats. Since there are % subgroups of index 7 in G, we find that A contains
2- 77"6_1 = % flats. We call these A-flats.

Note that not all A-flats are of the same type. Each subgroup of rank r» — 2 has 49 cosets, of
which at most 48 are in A since 0 ¢ A. Whenever r > 3, we find that % > 114 > 48, so
there exist A-flats of different types. Let F} and F5 be A-flats of types K7 and K> respectively,
with K1 # Ko. We write H = K1 + Ko. Note that H is a subgroup of G of index 7, since
Ki + Ky = G implies that 2F} + F5 = G, which contradicts 3A # G. Let F' be an arbitrary
A-flat of type K. Then K < H, since otherwise K + H = G, so F'+ Fy + F» = (G, which
contradicts 3A # G. So H contains every subgroup of rank r — 2 that has a flat in A.

Now let ¢ € G\ H. The cosets of H are then given by C; = ic + H for 0 < i < 6. Since
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H contains every subgroup of rank r — 2 that has a flat in A, every A-flat is contained
entirely in one of the seven cosets of H. Let F; be the union of A-flats in C;. Note that
H N A is a subgroup of size W_Tl_l, so by our inductive hypothesis, H contains 2 A-flats,
and they are of the same type. However, there has to be at least one coset of H that has
at least two A-flats of different types: since all flats of the same type are disjoint, each coset
of H contains at most 7 A-flats of the same type, and we have more than 2 +6 -7 = 44
A-flats. Without loss of generality, assume that C contains at least two different types of
A-flats. Note that the sum of two flats of different types is an entire coset of H. Indeed, if
g1 + K3 and go + K4 are flats of different types K3 and Ky respectively, then their sum is
g1 + g2 + K3 + K4, and since K3, Ky < H we have K3+ K4 = H, so this is a coset of H.
Therefore, Fg = (), since otherwise Fy + F1 + Fg = Cy = H, contradicting 0 ¢ 3A. Similarly,
since 1+3+3=14+145=1+4+2+4=0 (mod 7), we get F3 = F5 = (), and at least one
of Fo or Fy is empty. So either Co U C; U Cy or Cy U C1 U Cy contain all A-flats. Assume

without loss of generality that Cy U C; U Cy contains all A-flats. Note that H = Z;fl has

7r—1
[§

type, so each coset of H has at maximum 7 - % A-flats. Since Cj contains 2 A-flats, C; and

C5 must both contain 7 - % A-flats, since 2+ 2 -7 - 7T(5_1 = g + 7T§7 = %, which is the
amount of A-flats. Note that if a cost of H contains 7 A-flats of the same type, then it is the
disjoint union of these A-flats. Since C'y and Cy both contain 7 A-flats of the same type, we
find that A= (ANH)UC;UCy = (ANH)U(c+ H)U(2c+ H). Since |[ANH| = %1_1 we

can apply the inductive hypothesis, so there is an ascending chain of subgroups

subgroups of index 7, and each coset of H contains at maximum 7 A-flats of the same

{0}=Hy<H<---<H,_1<H =G

and elements ag, aj, € Hi, a, € Hgq \ Hy for 1 < k <r — 2, such that

r—2
ANH= {ao, af)} U U ({ak, 2ak} + Hk)
k=1

Note that a,_s € H, since otherwise we get a,_o + H,_o € H while a,_o + H,_o C H N A.
So a,_9 € H\ Hy_2, and therefore H,_1 = H. When then choose a,_1 = ¢ and find that

r—1
A=(ANH)U(c+ H)U (2c+ H) = {ao, ap} U | ({ax, 2ar} + Hy).
k=1
This completes the proof of our claim.
Now let A C G be 3-incomplete, so of size "T_l = % Since A is 3-incomplete, we know

that 34 # G. Let g € G\ 3A. Note that each element of G has order 7, s0 7-g = 0. We let
B =2g+ A. Then 3B = 6g + 3A, and since g ¢ 3A and since inverses are unique, we have
6-9g+9g=7-9g=0¢ 3B. Note that |B| = |A|, while |3B| = [3A]. With our claim we let

r—1

B = {bo, by} U () ({bx, 268} + Hy)
k=1

for Hy < --- < Hy, by,by € Hy and by, € Hygyq \ Hi for 1 < k < r —1. Now note that
3({bx,2br} + Hi) = {3by,4by, 5by,6b;} + Hy, for each k. Also, whenever ¢ > j we have
bj,?bj € H;, and Hj C H;, so

({bi, 2b;} + H;) + 2({b;,2b;} + H;) = (H; + 2{b;,2b;} + H;) + {b;,2b;} = H; + {b;, 2b;}.
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So Hy, + {bg, 2b;.} C 3B for each k. Similarly, since by, 2bg € Hj, for each k, we have {bg, 2b;} +
{bk, 2b;.} + Hy, = {bg, 2b.} + Hy. We conclude that

r—1

3B = {3b0, 31)6, 2bg + b{), bo + 2()6} U U ({bk, 2by,, 3by, 4by, by, Gbk} + Hy).
k=1

Note that all these sets are disjoint. Therefore

1-17

r—1 r—1
3B| =4 6-7"=6-3 7F-—2=6.—
3Bl =4+ > —

k=1 k=0

-2=7"-3.

Note that [34| = |3B| = 7" — 3. We conclude that for each subset A of Z of size Tx1 we
have [3A| =7 -3 =n—3. So S(G,3) = {n — 3}. O
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Conclusion

In conclusion, we have determined the h-critical number for every h > 1, and the set of sizes
of sumsets of nonbases of maximum size for h = 2 and h = 3. It is likely that it is more work
to determining this set for greater h, since it is probable that more cases would have to be
distinguished, based on Lemma 2.3.

This thesis was heavily inspired the work of B. Bajnok and P. P. Pach [1, 2]. Specifically, the
lemmas and theorems concerning h-critical number are based on a paper by Béla Bajnok [1],
while the sizes of sumsets of nonbases of maximum size for h = 2 and h = 3 are based on a
paper by Béla Bajnok and Péter Pal Pach [2]. Results that I have provided myself include the
proofs for Corollary 1.2, Lemma 1.4, Lemma 1.5, Proposition 1.6, Corollary 1.7, and Lemma
2.1.
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