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Abstract

We say that an abelian variety satisfies the Hasse principle if it has a Q-rational point whenever it has R-
rational point and a Q,-rational point for all primes p. For every abelian variety it is possible to construct
its Tate-Shaferevich group. The elements of this group correspond with twists of the abelian variety that
violate the Hasse principle. So the study of abelian varieties that violate the Hasse principle is equivalent
to the study of their Tate-Shafarevich group.

In a recent paper by Flynn and Shnidman (2022) it is shown that for any prime p > 3 there exist
absolutely simple abelian varieties over Q with arbitrarily large p-torsion in their Tate-Shafarevich group.
In this thesis we will examine how Flynn and Shnidman achieved this result by constructing explicit z,,-
covers of certain Jacobians that violated the Hasse principle. Furthermore, we will explore how we can
generalize these results to arbitrary integers n and what the u,,-covers of such Jacobians look like in this
case.

Additionally, we examine the case p = 2 by approaching a paper by Lemmermeyer and Mollin (2003)
using the language of u»-covers and contrasting the results we acquire with the results of the paper.
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1 Introduction

In mathematics one often encounters situations where a global result can be turned into a local one or vice
versa. An example of turning a local result to a global one are partitions of unity, which are used in analysis
and geometry to combine a collection of locally defined functions into a globally defined one. Generally
however, it is more common and easier to turn a global condition into a local condition. One such example
occurs in number theory when looking at rational solutions of equations. The rational numbers embed
into the real numbers and the p-adic numbers for all primes p, so it is possible to find a local solutions
over the real numbers and the p-adic numbers from global rational solutions. Naturally, the question arises
whether it is possible to reverse this process and construct global solutions from local solutions. We say
that an algebraic variety Y satisfies the Hasse principle if Y (Q) # () whenever Y (Q,) # 0 for all primes
p < oo of Q. The Hasse-Minkowski theorem shows that the Hasse principle holds for quadratic forms over
the rational numbers, but in general the principle does not hold. An example of a violation of the Hasse
principle by Selmer is the cubic form 322 +4y3 + 52% = 0 [22]]. This particular is a genus one curve C, and
thus represents a torsor under its Jacobian, the elliptic curve E = Pic’(C). For elliptic curves the Tate-
Shafarevich group III(E) parametrizes the locally trivial E-torsors and [C] is thus a non-trivial element
of III(E), whose order in ITI(F) turns out to be 3. Studying the Tate-Shafarevich group thus provides
an opportunity to study varieties which violate the Hasse priniciple. For an abelian variety A over Q the
Tate-Shafarevich group IT1(A) parametrizes the A-torsors which violate the Hasse principle.

In this thesis we will be looking at the paper "Arbitrarily large p-torsion in Tate-Shafarevich groups."[5.
In this paper the authors Flynn and Shnidman look at Jacobians of curves of the form y? = z(z—1)(z —a).
They construct y,,-covers of these Jacobians and show that for certain values of a they can twist these covers
to find covers that violate the Hasse principle. This shows that for any prime p there exist absolutely simple
abelian varieties over QQ with arbitrarily large p-torsion in the Tate-Shafarevich group.

The main result of the paper is the following theorem. To state the theorem we define (%)p =1lifqis

a p-th power in Q}, otherwise we define (%)p =—1.

Theorem 1.1. Let p > 3 be a prime. Let g = p — 1 and let u, v be integers not divisible by 3. Consider the
variety A C Aé‘”l defined by the equations

g
v = w;(x; — 3uk)(z; — Yvk) and 2P = H xi(x; — 3uk). @D

i=1
fori=1,...,g. Thesymmetric group S, acts on A and the quotient A/S, birational to a unique g-dimensional

abelian variety A over Q.
Let U be the set of primes dividing 3puv(u — 3v). Suppose k is the product of the primes ps, . . ., p:, which
are distinct primes not contained in U, that satisfy the following conditions:

1. (%)p: 1foralli# jin{1,2,...,t},
2. (%)p:lforalliin {1,2,...,t}and all ¢ € U,

3. (i> =1foraliin{1,2,...,t}andallq € U — {3},
P

pi

4. (i> = —1foralliin{1,2,...,t}.
p

Dpi

Let I be any proper non-empty subset of {1,...,t} and let ¢ = [],.; ps. Let X c Aéﬁl be defined by the
equations

g
Y = x;(x; — 3uk)(z; — Yvk) and gzF = H xi(x; — 3uk). 2)

i=1
fori=1,...,g. Then X/S, is birational to an A-torsor X that violates the Hasse principle, and the class

of X in II(A) has order p.

This theorem gives us an explicit construction of A-torsors X which violate the Hasse principle.
From this theorem we can deduce that the Tate-Shafarevich groups of simple abelian varieties over Q
have arbitrarily large p-torsion.



Theorem 1.2. For every prime p and every integer k > 1, there exists an absolutely simple abelian variety A
over Q with #111(A)[p] > p".

Since this gives us an explicit construction we can construct varieties whose Tate-Shafarevich group
contains elements of arbitrarily large p-torsion. A minimal example for p = 29 of such a variety is given
by the authors.

Example 1.3. Let X C AZ x AZ x A be the variety defined by the 28 equations

y2) = a;(x; — 3 - 386029093 - 545622299) (2; + 9 - 386029093 - 545622299)

fori=1,...,28, as well as the additional equation

28
38602909327 = H x;(x; — 3 - 386029093 - 545622299).

=1

Then X /S, is birational to a torsor X for a 28-dimensional abelian variety A over Q. Moreover, X violates
the Hasse principle and represents an order 29 element of I11(A).

We will try to generalize these results and examine n-torsion in the Tate-Shafarevich group for integers
of the form n = p;y ... p; where py, ..., p; are distinct primes. We will construct p,,-covers in this case and
we will examine their properties. In particular, we will find that these p.,,-covers decompose uniquely into
tp,-covers by looking at how the y,-action on our y,,-covers decomposes into i, -actions. This approach
is based on equivalence of categories where we describe a p,,-cover of a variety Y in terms of invertible
sheaves on Y.

We will start in Section [2 by going over the prelimaries we will need for this thesis. We will then
move on to Section [3|where we introduce ji,-covers and 4,-descent on these covers. We will be following
the contents and structure of [[5] for this section. This section serves to introduce notation and various
constructions we will use. Since this section is quite technical in the original paper, we will omit most of
the proofs and refer to the paper for the proofs. In Section [4] we will specialize the discussion to Jacobians
of superelliptic curves. We will construct the y,-covers of such Jacobians and describe what the maps for
pp-descent look like.

In Section [5| we prove Theorem We show that the torsors violate the Hasse principle by showing
that they contain Q;-points for all primes | < oo, but no Q-points. This goes well for almost all primes, but
for the primes [ = p; we have to be careful. Here we show that locally at these primes the torsion points
Dy = (0,0) — oo and D; = (3uk,0) — co on J generate a certain quotient of J(Q,,) for each prime p; and
use the special prime 3 to show these local points do not glue to a global point. The choice of 3 here is not
special. In Section [6|we use the Chebotarev density theorem and a result by Masser to show that for any
t > 0 we can find suitable primes p1, ..., p; for Theorem and that the variety A is absolutely simple.
We can then use Theorem [1.1] to deduce Theorem 1.2

In Section[7]we will generalize the results of Flynn and Shnidman and examine 4, -covers for an integer
n which is a product of distinct primes p, ..., p;. We will show that these 1,,-covers decompose into 1, -
covers in a unique manner for all the primes p;. We also try extend these results to find arbitrarily large
n-torsion in the Tate-Shafarevich group and discuss where we fall short of proving this. Lastly, in Section
We apply the theory of p,-covers to the case where p = 2. In a paper by Lemmermeyer and Mollin [13]
they prove that the elliptic curve y? = x(2? — k?) has arbitrarily large 2-torsion in the Tate-Shafarevich
group for certain k. We examine their results through the lens of us-covers and discuss the differences of
working with po-covers and p,-covers for odd primes p.
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2 Preliminaries

2.1 Some scheme theory

We will use the language of algebraic varieties and schemes throughout this thesis, which can be found in
Section I and Section II of [7]]. In this section we will highlight some specific terms and constructions that
will come up in the paper.

2.1.1 Group schemes

In this section we will go over the concepts of group schemes and introduce the main example of a group
scheme that we will be working with.
For this let us recall the definition of a group.

Definition 2.1 (Group). A group is a pair (G, m), where G is a set and m : G x G — G is a map of sets,
called the multiplication map, satisfying the following properties:

1. The map m is associate, i.e., we have that m(g, m(g’, g")) = m(m(g,q’),¢") foral g,¢',9" € G.
2. There exists a unique element e € G such that m(g,e) = m(e,g) =g forall g € G.
3. For every element g € G there exists an element i(g) € G such that m(g,i(g)) = m(i(g),g) =e.

This gives us an element e € G called the identity element and a ¢ : G — G called the inverse map.
Therefore, we can call a set G a group if we can specify that the quadruple (G, m, e, i) exists and satisfies the
above axioms.

With the above definition of a group we define a group scheme as follows:

Definition 2.2 (Group scheme). A group scheme over S is a pair (G, m) where G is a scheme over S and
m : G Xg G — G is a morphism of schemes over S such that for every scheme T over S the pair (G(T), m) is
a group.

We get the morphisms of schemes over S, e : S — G and i : G — G, corresponding to the identity and
inverse morphism respectively, such that for every scheme T over S the quadruple (G(T), m, e, 1) satisfies the
above axioms equal to the definition of a group.

An important group scheme that is related to the primary group scheme that we will be working with
is the multiplicative group scheme over F.

Example 2.3 (Multiplicative group scheme). Let F be a field. The multiplicative group scheme over F is
defined as G,,, p := SpecF [T, T~']. The morphism m : G, r X Gy, — Gy, r is defined by the homomor-
phisms:

F[T, T = FIT, T '|®p F[T, T, 3)
T—T®rT. 4

The identity morphism e : SpecF' — G, r is then defined by the homomorphism

FIT, T = F, )
T 1, (6)

and the inverse morphism i : Gy, p — G, r is defined by the homomorphism

F[T, T = F[T, T, (7)
T— T 1. )

The primary group scheme we will be working with is the F-group scheme pu,, of the n-th roots of
unity, which is a closed subvariety of the multiplicative group scheme.



Example 2.4 (Roots of unity). Let n be a positive integer. We define the n-th roots of unity over I as the
group scheme over F given by p, p := Spec(F[T]/(T™ — 1)). The morphism m : fip p Xp finF — fn,F 1S
defined by the homomorphisms:

Un, P — fn,F QF ln,F, C))
T—T®rT. (10

The identity morphism e : SpecF' — i,  is then defined by the homomorphism

Mn, F — F) (11)
T 1, (12)

and the inverse morphism i : G,,, r — G, p is defined by the homomorphism

Hn,F — Hn,F, (13)
T— T 1. 14

Definition 2.5 (Algebraic variety). An algebraic variety V over a field F' is a geometrically reduced separated
scheme of finite type over F, where we omit the nonclosed points of the base space.

With this definition in mind we define a group variety as:

Definition 2.6 (Group variety). Let F' be a field. A group variety over F is an algebraic variety V over I’
together with regular maps

m: VxgV — V (multiplication), (15)
1:V — V (inverse), (16)

and an element e € V(F') such that the structure on V(F') defined by m and i is a group structure with
identity element ey, = e.

2.2 Abelian varieties

In this section we will introduce abelian varieties and introduce important concepts and tools related to
them. The approach we take will be based on Milne’s notes on abelian varieties [15].

Definition 2.7 (Abelian variety). An abelian variety A is a group variety that is complete.

As the name implies the group structure on A turns out to be commutative, but to show this requires
some technical work, so we will refer to Milne’s notes [[15, Corollary 1.1.4]. We will write the group law
additively and the identity element e will be denoted by 0.

We will introduce some basic properties of abelian varieties. A property that all group varieties share,
and thus abelian varieties, is that they are smooth. For this let V' be a group variety over a field F'. We can
define the right translation ¢, by an element a € V' as the composite

VoVxV 5V, 17)
= (x,a) = z+a. (18)

On the level of points, this map is given by x — x+a. This map is an isomorphism V' — V with inverse t;(,).
Lemma 2.8. Every group variety V is smooth.

Proof. Every variety contains a smooth dense open subvariety U. Using translates we can cover the whole
of V with U. O

Another property of abelian varieties is that they are projective. Similar to showing commutativity,
proving this is not trivial and we refer to Milne’s notes [[15, Chapter 1.6].
We can now define morphisms of abelian varieties as follows.

Definition 2.9 (Homomorphisms of abelian varieties). A homomorphism f : A — B is a morphism of
varieties and also a group homomorphism. We define the kernel of f as the fibre of f over Op, i.e., it is the
setker f = f~1(0p).



A particular type of homomorphisms we are interested in are isogenies.

Definition 2.10 (Isogenies). We call a homomorphism « : A — B of abelian varieties an isogeny if « is
surjective and has finite kernel.

We define the degree of « as its degree as a regular map, i.e., the degree of the field extension [F'(A) :
a*F(B)]. If « is separable then the degree is equal to the size of the kernel of . Given another isogeny g :
B — C we get that deg(g o f) = deg(g) deg(f).

Proposition 2.11. Let « : A — B be a homomorphism of abelian varieties. The following statements are
equivalent:

1. «is an isogeny,
2. dim A = dim B and « is surjective,
3. dim A = dim B and ker « is finite,
4. « is finite, flat and surjective.
Proof. For a proof we refer to Milne [[15] Proposition 1.7.1]. O

An example of an important isogeny is multiplication by a positive integer n.

Example 2.12 (Multiplication by n). Let A be an abelian variety of dimension g and let n be a positive
integer. Then the homomorphism ny : A — A given by

a—na=a+---+a, (19)

is an isogeny of degree 29. Let f : A — B be an isogeny of degree n. Then we have that ker f C kern 4, so we
can factor na as na = h o f for some isogeny h : B — A.

Another type of abelian varieties we are interested in are absolutely simple abelian varieties.

Definition 2.13. Let A be an abelian variety over a field F. We say that A is simple if for every abelian variety
B C A, we have that B = A or B = (). We say that A is absolutely simple if it is simple over the algebraic
closure of F.

The most elementary example of an absolutely simple abelian variety is an elliptic curve.

Example 2.14. Let E be an elliptic curve. Then E is an absolutely simple abelian variety. Since E has
dimension 1, every proper abelian subvariety must have dimension 0. So the only proper subvariety of E is
the empty set.

For n a positive integer not divisible by the characteristic of ' we define
A, (F) :=ker(na : A(F) — A(F)), (20)

has order n29 and is a free Z/nZ-module of rank 2g. For a field F' we denote its separable closure by F¢P,
For a fixed prime [ # char(F’), we define the Tate module as the limit

Ty A = lim Apn (F*P), (21)

and we write V;A = TjA @, Q;. For an abelian variety A one can show that End’(A) = End(4) ® Q is a
finite-dimensional algebra over Q. We can then express an element of End’(A) as a polynomial.

Definition 2.15 (Characteristic polynomial). Let A be an abelian variety over a field F. For a € End’(A)
there is a monic polynomial P, (X) € Q[X] of degree 2¢g such that P(n) = deg(na — ) forall n € Z. We
call P, (X) the characteristic polynomial of «. If we write P(X) = Zfi 0 @i X", then we define the trace of a
as Tr(o) 1= —agg—1 and the norm as Nm(«) := deg o = aq.

We stated this definition as a fact, but it requires technical work to get to this statement and we refer
to [15 Chapter 1.10] of Milne’s notes. We are primarily interested in the following result which we will
state without proof.

Proposition 2.16 ([[15], Proposition 1.10.23). Let K be a Q-subalgebra of End(A) ® Q and assume that K
is a field. Let f = [K : Q]. Then V|(A) is a free K ®q Q;-module of rank (2dim A)/f. Therefore, the trace
of o, as an endomorphism of A, is (2dim A/ f)Trg o(a) and deg(a) = Nmp g (a)?dimA/7,



2.2.1 The dual abelian variety

In this section we will introduce the dual variety A of an abelian variety A. This dual variety naturally
comes as a pair with A and serves to parametrize the elements of Pic’(A).
We start with the Theorem of the Square which tells us that:

Theorem 2.17 ([15]], Theorem L.5.5). For all invertible sheaves L on A and points a,b € A(k) we have an
isomorphism of sheaves:
tr Wy LRL >t LRt L. (22)

Remember that the Picard group of a variety X is the set of isomorphm classes of invertible sheaves of
X and is denoted by Pic(X). By tensoring the isomorphism with £72 we find that

o LRL (LR L)@ LR LT, (23)

using the properties of the tensor product. This tells us that the map a — t:£ @ £~ is a homomorphism
which we will denote by A\ : A(k) — Pic(A). We then define Pic’(A) as the subgroup of Pic(A) such that
Az = 0, or in other words, it is the group containing the ismorphism classes of invertible sheaves £ on A
such that t £ ~ L for all a € A(F).

Let us consider the sheaf m*L ® p x L~ on A x A, where m and p are the maps sending (b,a) to
b+ a and b respectively. Let g be the projection on the other component. Then we can think of the sheaf
m*L ® p* L1 as a family of invertible sheaves on A = p(A x A) parametrized by A = q(A x A). If we
choose a point a € A(F') we get the invertible sheaf (m*L£ @ p* L7')| 4 (q}- Note that on A x {a} the map
m corresponds to ¢, and p to the identity, so we find that

(M LRp* L7 ax(ay =taL® LT = Az(a). (24)

We can see that the sheaf m* £ ® p * £~ gives us another way to characterize the group Pic”(A). For this
we define the following set:

K(L)={a€ A|(m*"L&p* L") ax(aq} is trivial}. (25)
Looking at the F-points of K (£) we find that
K(£)(F) = {a € A(F)| Az(a) = 0}. (26)

We can now state the following result:
Proposition 2.18. For an invertible sheaf on A, the following conditions are equivalent:
1. K(L)=A,
2. t:L® LY on Ap, for dll a € A(F),
3 m*L~p'LRqgL.
Proof. For a proof we refer to Milne [[15] Proposition 1.8.4]. O
Thus we can now define the group Pic’(A) as follows:

Definition 2.19. The group Pic"(A) is the set of all isomorphism classes of invertible sheaves L of A satisfying
the conditions of Proposition [2.18

With the above description of PicO(A) the elements work nicely in the following way. Leta, 3: V — A
be two morphisms of varieties. We can write the sum « + 8 as m o (o x 3). The isomorphism of the third
statement of Proposition then tells us that

(a+B8)'L~a"L.&BL. (27)
This gives us a homomorphism of groups
Hom(V, A) — Hom(Pic’(A), Pic(V)), (28)

and in particular if we set V' = A we get a homomorphism
End(A) — End(Pic”(A)). 29)

Inductively applying to the isogeny ny = 14 + --- + 14 we find that (n4)*L ~ L™.
We can now give a definition of the dual variety.

10



Definition 2.20 (Dual of an abelian variety). Consider the pair (A, P) with A and abelian variety and P
an invertible sheaf on A x A, that satisfy the universal properties:

1. Proyeals trivial and for a € A, Pl ax{ay is an element of Pic’(Ay),

2. For any variety T over F' and L an invertible sheaf on A x T such that Loy is trivial and for t € T,
L| st} is an element of Pic’(A,), there is a unique morphism f : T — A such that (Ix f)*P~L

We call A the dual variety of A and we call P the Poincaré sheaf.

Remember that we described the dual variety as a way to parametrize elements of Pic”(A). Let us
examine how this takes place. For this we consider a field extension F' C L and we set T' = Spec(L). Let £
be an invertible sheaf on A;, = A x Spec(L) satisfying the universal property. Then we have that £| 4, lies
in Pic’(Ay). In particular, we have that A(L) = Pic’(Ay,), so we get a one to one correspondence between
the L-points of A and the isomorphism classes of sheaves in Pic’(Ay). If we make the substitution L = F'
we get that E(F) = Pic’(Af). The invertible sheaf £ described before corresponds to a unique morphism
f : Spec(F) — A. Since Pic’(A) is parametrized by the family of sheaves {P, |a € A(F)}, it follows that
there is a unique point as € E(F) such that P, ~ L.

So the dual abelian variety A has the properties we desire. Additionally, for every abelian variety
A the dual variety A exists and is unique up to unique isomorphism by the universal property. For the
construction of the dual variety we refer to Milne’s notes [[15, Chapter 1.8]. Once we/\have the dual of an

abelian variety A, we can look at the dual variety of the dual itself and we find that A~ A.

Let @ : A — B be a homomorphism of abelian varieties and let Pg be the Poincaré sheaf on B x B.
By the universal property of the dual variety the invertible sheaf (« x 1)*Pg on A x B gives rise to a
homomorphism @ : B — A such that (1 x @)*P4 ~ (o x 1)*Pg. On the level of points, the map @ is the

map Pic”(B) — Pic’(A) that sends the isomorphism class of an invertible sheaf on B to its inverse image
in A. Additionally, if « is an isogeny then we have the following result:

Theorem 2.21 ([15]], Theorem 1.9.1). If a : A — B is an isogeny, then the dual morphism & : B Ais
an isogeny with kernel ker o, the Cartier dual of ker .. Equivalently, the exact sequence

0= kera = A — B, (30)
gives rise to a dual exact sequence
0—kera — B — A. (31)

Corollary 2.22. Let o : A — B be an isogeny. Then the morphism a:A—> Bis equal to « up to post-

composition with an automorphism of B ~ B.

—

Proof. By Theorem [2.21| the kernel of the morphism a:4— Bis equal to kera. Note that we have

an isomorphism ker o ~ ker @. So the kernels of & and @ are equal and the isogenies are equal up to
automorphism. O

Definition 2.23 (Polarization). An isogeny of an abelian variety A is an isogeny A : A — A such that,
over F, \ becomes of the form A\ for some ample sheaf L on Ap. The degree of the polarization \ is the
same as its degree as an isogeny. We call an abelian variety equipped with a polarization a polarized abelian
variety. If additionally, the polarization X has degree 1, then the pair (A, ) is called a principally polarized
abelian variety.

For a principally polarized abelian variety (A, \) we can identify A with its dual A via its polarization ),
since it is an isogeny of degree 1 and thus is an isomorphism of abelian varieties.
2.2.2 Jacobian of a curve

Let C be a curve over F of genus g. It is possible to attach an abelian variety to C which inherits the group
structure of Pic’(C'). This abelian variety is called the Jacobian variety of C' and in this section we will go
over the relevant properties of Jacobians. Our approach is based on Milne’s notes [[15, Chapter III].

Let us first specify what we mean by a curve over F' of genus g.

11



Definition 2.24 (Curve). Let F' be a field. We define a curve C over F' as a projective, smooth algebraic
variety over F of dimension 1, that is defined by polynomials with coefficients in F. We define the genus of C
as the number

g(0) := dimp H(C,O¢). (32)

This definition of the genus is formally the geometric genus and equal to the arithmetic genus, since we require
our curves are smooth.

Recall that for varieties V and T over a field F' the T-valued points of V" are given by V/(T') = Hom(T, V).
For a curve C over F' and T a smooth variety over F' let £ be an invertible sheaf on C x T. Let ¢ : C' x T
be the projectionm on the second coordinate. We can define a functor P2 acting on 7T as follows:

P%(T) = Pic”(C x T)/q*Pic’(T). (33)

We call P2 the Picard functor and it is a contravariant functor from the category of varieties over F to
the category of abelian groups. We can think of the elements of P2(T') as families of invertible sheaves of
degree zero on C parametrized by 7', modulo the trivial families.

Definition 2.25 (Jacobian variety). The Jacobian variety of C is the unique abelian variety J = Jac(C)
over F, for which there is a natural transformation P — J such that P%(T) — J(T) is an isomorphism
whenever C(T') # (.

The definition assumes that the Jacobian variety exists and Theorem II1.1.6 of [15] ensures that this
is the case.
From the definition we see that for any field ' C L for which C(L) # } we have that

Pic’(C) = P2(L) ~ J(L). (34)
A classic example of a Jacobian is an elliptic curve.

Example 2.26 (Elliptic curve over Q). An elliptic curve E over Q is a projective plane curve of the form
Y2Z = X3 + aXZ% + bZ3 over Q such that 4a® + 27b* # 0. Equivalently, the elliptic curve E is a smooth
projective curve of genus one together with a distinguished point O, which without loss of generality we take
to be the point at infinity [25] Proposition II1.3.1].

Let Div’(E) be the group of divisors of degree zero and let Pic’(E) be the the quotient of Div°(E) by the
group of principal divisors. This makes Pic’(E) the group of divisor classes of degree zero on E and it is equal
to the Jacobian on E. The Riemann-Roch theorem tells us that the map

E(F) = Pic°(E), P— [P - 0], (35)

is a bijection. This induces a group structure on E which coincides with the group law on E defined by the
chords and tangents construction.

We can characterize the Jacobian variety of a curve via the symmetric powers of a curve. For this let » be
a positive integer. Let S,. be the symmetric group of degree r. It acts on C", the product of r copies of C, by
permuting the factors. We define the r-th symmetric powers Sym”C of C' as the quotient whose underlying
topological space is C"/S". We say that a morphism ¢ : C" — T is symmetric if poo = p forall o € S,..
Then there exists a symmetric morphism 7 : C” — Sym" C such that any symmetric morphism ¢ : C" — T
over F factors through 7. We also have for any affine open subset U of C, that Sym" (U) is an affine open
subset of Sym”C and it holds that I'(Sym” (U), Osym~(c)) = T(U", Ocr)*.

For any point P € C(F') we define the map f” which is given by

friCm = J,(Py,...,P)— [P+ + P — 1P (36)

on the level of points. This is a symmetric morphism so it induces a morphism f7, . : Sym"(C) — J. We

sym

denote the image of f7, = with W", which forms a closed subvariety of J. It turns out that, for r < g, the

sym

morphism f7 :Sym"(C) — W is a birational morphism [[15} Theorem IIL.5.1].

sym

In particular, if = g we get a surjective birational morphism f,,, : Sym?(C) — J. Another important
case is when r = g — 1. Since the closed subvariety W9~ of .J is birationally equivalent to Sym?~'(C) it
is of dimension g — 1. This turns W9~ into a divisor on .J which we will denote by ©. The ©-divisor plays

an important role as it turns out that the Jacobian variety is principally polarized via the ©-divisor.
Theorem 2.27 ([15]], Theorem II1.6.6). The map ¢, : J — Jis an isomorphism.

This means that we can identify J with its dual J via the ©-divisor.
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2.3 The Chebotarev density theorem

In this section we will introduce the Chebotarev density theorem. The Chebotarev density theorem de-
scribes the behaviour of primes splitting in a field extension F' over Q and tells us how such primes are
distributed among the prime numbers. To almost every prime number we can assign an invariant called
the Frobenius element, which is a well-defined conjugacy class in the Galois group Gal(F'/Q). The theorem
then says that the asymptotic distribution of these invariants is uniform over the Galois group.

To make the notion of this distribution precise we introduce the Dirichlet density.

Definition 2.28 (Dirichlet density). Let .S be a set of prime numbers. We say that S has Dirichlet density «
if
lim 721) es?
so1t Y, p°

where s — 11 means that we take the limit s — 1 from above in R.

a, (37)

In practical terms, the Dirichlet density describes the probability of encountering the primes that satisfy
the conditions of the set S. A Dirichlet density that is easy to compute is the case when S contains all the
prime numbers, as the Dirichlet density then is equal 1. The other extreme case is when S is a finite set.

Corollary 2.29. A finite set of prime numbers has Dirichlet density 0.

Proof. For a finite set of prime numbers S we have that ) sp~° is a finite number when we take the

limit s — 1*. On the other hand, the sum }_ p~° tends to oo when we take the limit s — 17 and the
result follows consequently. O

To formulate the density theorem we must first introduce the Frobenius elements of prime numbers.

Definition 2.30 (Decomposition group). Let L/F be a Galois extension. Let q be a prime of L above p a
prime of F. The decomposition group Dy = Dy, of q is the subgroup of Gal(L/F) fixing q, i.e.,

Dy = {0 €Gal(L/F)|o(q) = q}. (38)

Let O, be the ring of integers of L. An element o of the decomposition group D, acts on the residue
field O /q of q by  (mod q) — o(x) (mod ¢). This map is well-defined as q is fixed by o and we get a
natural map

Dq — Gal(Or/q / Or/p),
oc—ac:x (modq)+— o(z) (mod q).

This map is surjective [[17, Proposition 9.4]. The decomposition group measures to what extent the prime
p splits in O, into different prime ideals. Since D, contains all the automorphisms of Gal(L/F') that fix g,
it follows that the cosets of Gal(L/F)/D, each permute q to a different prime above p. In particular, we
see that p does not split if and only if D, is equal to Gal(L/F’). On the other hand, p totally splits if and
only if D, is equal to {id}.

Related to the decomposition group we can also define the inertia group as follows.

Definition 2.31 (Inertia group). Let L/F be a Galois extension and q a prime above p. The inertia sub-
group Iy = I/, of q is the normal subgroup of D, that acts trivially on Or/q, i.e.,

I, = ker(Dy — Gal(O1/q | Op/p)). (39)

Since the map Dy — Gal(Or/q / Or/p) is surjective we get an isomorphism of groups Dg/I,

Gal(Or/q / Or/p). Since Gal(Or/q / Or/p) is cyclic it is generated by the Frobenius map ¢(x) »:>

Definition 2.32 (Frobenius element). The Frobenius element Frob,, is the element of D,/I, that maps

to ¢.

It is intuitively less clear at first glance, what information the inertia group and the Frobenius element
contain about the splitting of primes compared to the decomposition group. The following proposition
makes it clear how these two objects are related to the splitting of primes.
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Proposition 2.33. Let L/F be a Galois extension of number fields. Let q be a prime of L above p, a prime
of F. Let eq/, denote the ramification index of q and let f,,, denote the inertia degree of q. Then we have
that:

1. |Dqssl = €qsp - fasp
2. [Iq/pl = €q/ps
3. The order of Frob,, is fq/p-

Proof. A proof for 1. and 2. can be found in [[17, Proposition 9.6]. Note that the Frobenius element
generates Gal(Or/q / Or/p). So we have that

|(Frobg/p)| = |Gal(OL/q / Or/p)| = [Dqspl/|Laspl = €qsp - faro/€are = fasp- (40)
O

Example 2.34 (Frobenius element of a cyclotomic extension). Let ¢, be a primitive n-th root of unity and
consider the Galois extension Q((,,)/Q. Let p be a prime number that does not divide n and let q be a prime of
Q(¢n) above p. The prime p is then unramified, so ey, = 1 and the inertia subgroup is equal to I, = {id}.
Thus we find that D, = (Frobg,,,).

The Frobenius element Frob, , acts as x +— xP on Og¢, )/q by definition. So we find that Frob,(¢,) = ¢k
(mod q). By the congrunce condition on p, the n-th roots of unity are distinct modulo p. So they are also
distinct modulo q and we can conclude that Frobg,,(¢,) = (5.

In particular; we have that

fasp = order of Frob,,, = order of p in (Z/nZ)*. (41)

We can now state the Chebotarev density theorem as follows.

Theorem 2.35 (Chebotarev density theorem). Let F'/Q be a finite Galois extension. For a conjugacy class C
of Gal(F/Q) the set S¢ = {p unramified in F'/Q such that Frob,, € C} has Dirichlet density

€|
|Gal(F/Q)|

Proof. A proof can be found in [18] or [17, Theorem 13.4]. O

(42)

Example 2.36 (Dirichlet’s theorem). Let F' be the field Q((,). Let p be a prime number that does not
divide n. There exists an isomorphism ¢ : (Z/nZ)* — Gal(Q((,)/Q) sending a (mod n) +— ((n = C2).
So Gal(Q(¢,)/Q) is an abelian group and its conjugacy classes contain only one element. Let C, denote the
conjugacy class of ¢(a mod n). By the previous example we find that Frob, = C, if and only if p = a
(mod n).

Now let a be an integer that does not divide n. Then the set {p unramified in F/Q such thatp = a
(mod n)} = {p unramified in F/Q such that Frob, = C,} has Dirichlet density 1/¢(n) by the Chebotarev

density theorem, where ¢ is the Euler totient function.

2.4 Torsors and coverings
2.4.1 Galois cohomology

In this section we will introduce some of the theory of Galois cohomology and introduce the groups H® (G, A)
and H'(GF, A). We will do this by first looking at the cohomology of finite groups and then making the
adjustment to fit that theory to the theory of Galois cohomology. Our approach is based on [25, Appendix
B].

Let G be a finite group and let M be an abelian group on which G acts. We denote the action of G on
M by m— m? forallm e M and o € G.
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Definition 2.37 (G-module). Let M be an abelian group with an action of G on it. We say that M is a
(right) G-module if the action of G on M satisfies

mid = m, (43)
(m+m' )7 =m? +m', (44)
(m7)" =m?7, (45)

forallm,m’ €e M and 0,7 € G.
For two G-modules M and N, we say that a homomorphism ¢ : M — N is a G-module homomorphism
if it commutes with the action of G, i.e.,

P(m?) = p(m)7. (46)

Definition 2.38 (The 0-th cohomology group). The 0-th cohomology group of the G-module M is the
group H°(G, M) of G-invariant elements of M,

H(G,M):=M® ={me M|m’° =mfordlocG}. 47)
If we have an exact sequence of G-modules

0P MY NSO (48)

we get an exact sequence of invariant G-modules
G G
0— P¢ 25 MC¢ Y0 NE, (49)

with the ¢“ and ¢“ the morphisms restricted to the invariant modules. It is clear that im¢ C ker . For
the converse let m € M such that /% (m) = 0. The previous exact sequence tells us that there exists an
element p € P such that ¢(p) = m, but this element does not necessarily lie in P“. To show that this
element gets fixed by G we have that

(p?) = ¢(p)” =m? =m = ¢(p). (50)

Since ¢ is injective it follows that p° = p and we have that im¢ = ker ). Note that 1) is not necessarily
surjective.
It is possible to measure the lack of surjectivity by examining the following object.

Definition 2.39 (The first cohomology group). Let M be a G-module. The group of 1-cochains is defined as
the group
CHG,M) = {maps ¢ : G — M}. (51)

We use the notation &, to mean £(o). The group of 1-cocylces is then defined as the group
ZNG,M)={£€C G,M)|&r =&, + & forallo,T € G}, (52)
and the group of 1-coboundaries is the group
BY(G,M) = {¢ € C'(G, M) | there exists an m € M such that £, = m’ —m forall ¢ € G}. (53)

Note that for all m € M and o, € G we have that

mT —m=m"" —m”+m" —m=(m" —m)" + (m” —m), (54)

so it follows that B*(G, M) C ZY(G, M).
We define the first cohomology group of M as the quotient group

ZY(G, M)
1 _
HY(G, M) = TrNTIE (55)

In other words, two 1-cocycles are equivalent if their difference has the form o — m? — m for some m € M.

The first cohomology group of M allows us to extend the sequence (49).
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Proposition 2.40. Let
0P MY NSO (56)

be an exact sequence of G-modules. The there exists a long exact sequence
0— H(G, P) — H(G,M) — H°(G,N) > H'(G, P) - HYG, M) — H'(G, N). (57)

The connecting homomorphism 0 is defined as follows:

Let n € H°(G,N) = N€. Choose an m € M such that 1)(m) = n and define a cochain ¢ € C*(G, M)
by £, = m? — m. Note that (m® —m) = n° — n = 0, so the values of ¢ lies in ker) = im¢. Thus, by the
injectivity of ¢ the values of ¢ lie in P and it follows that £ € Z*(G, P). We define §(n) to be the cohomology
class of ¢ in HY(G, P).

Proof. A proof can be found in [2]. O

We will now define cohomology for the absolute Galois group. This is a profinite group so we need to
take some additional considerations.

Let F be a perfect field and let F' be its algebraic closure. Let G := Gal(F/F) be the Galois group
of F over F. The group G is the inverse limit of Gal(L/F) as L varies over all the finite extensions of K.
This makes G a profinite group together with the profinite topology. For a G p-module M we require M
to be an abelian group equipped with a discrete topology with an action of Gz on M such that the action
is continuous with respect to the topologies on G and M.

The 0-th Galois cohomology group for a Gr-module M is then defined in the same way as the 0-th
cohomology group for a finite group

H(Gp, M) := M®" ={m e M|m® =mforallo € Gp}. (58)

The first Galois cohomology group is defined in a similar way to the finite group case, but we require
additional structure on the maps we are working with.

Definition 2.41 (The first Galois cohomology group). Let M be a G p-module. We say thatamap £ : G —
M is continuous if it is continuous with respect to the profinite topology on G and the discrete topology on M.

The group of continuous 1-cocycles from G to M, denoted by Z1,,(Gr, M), is the subset of Z' (G, M)
containing all the continuous cocycles, i.e.,

Zr(Gp, M) = {¢ € ZY(Gp, M) | ¢ is continuous}. (59)
Since M has the discrete topology every coboundary o — m° — m is automatically continuous. So we have
that Bclont(GFv M) = B! (GF, M)
We then define the first cohomology group of the Gp-module M as the quotient group

chont(GFv M)

HY(Gp,M) = . 60
(Gp, M) BL(Gp, M) (60)
The exact sequence from Proposition is the same for Galois groups.
Theorem 2.42. Let
0—-PS ML N0, (61)

be an exact sequence of G p-modules. The there exists a long exact sequence
0— H(Gp,P) = H(Gp, M) —» H'(Gp,N) > H'(Gp,P) —» H'(Gp, M) > H'(Gp,N),  (62)

with the connecting homomorphism defined as in Proposition [2.40]

Proof. The proof is the same as the theorem for finite groups. O
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2.4.2 The Selmer group and the Tate-Shafarevich group

Let F be a perfect field and let A and B be abelian varieties over F. Consider the exact sequence

0 Alg] > AL B0, (63)

with ¢ : A — B an isogeny of abelian varieties and with A[¢] denoting the kernel of ¢. With the use of
Galois cohomology we can extend this exact sequence to the long sequence

0— A[)(F) — A(F) % B(F) % H"(Gr, Al¢]) » H'(Gr, A) % H'(Gr. B), (64)
which gives us the short exact sequence

0 — B(F)/6(A(F)) > HY(Gr, Al¢]) = H (Gr, A)[¢] — 0. (65)

Remember that a place v of F' is an equivalence class of absolute value functions on F' and that F), is
a completion with respect to the place v [[6, Chapter 3.5]. Let v be a place of F' and let F, denote the
completion of F with respect to v. We can fix an extension of v to the algebraic closure F, which gives us
an embedding F' C F,,. This gives us a decomposition group G, C G which acts on A(F,) and B(F,).

So we can take the Galois cohomology on A(F,) and B(F,,) as before and get the exact short sequence

0= B(F,)/$(A(F,)) 2 HY(G,, Alg]) = H'(G,, A)[¢] — 0. (66)

We have the natural inclusions G, C G and A(F),) and B(F,). The corresponding restriction maps allows
us to make the following commutative diagram:

0 ——— B(F)/¢(A(F)) ————— H'Gp,Alg]) —————— H'(Gp, A)[¢] — 0

| l |

0 —— [, B(F.)/6(A(F,)) —— TI, H'(Gu, Al¢]) ———— TI, H'(Go, A)[¢] — 0

(67)
From this commutative diagram we can construct the following two groups.

Definition 2.43 (Selmer group of ¢). Let ¢ : A — B be an isogeny of abelian varieties. The Selmer group
of ¢ of A is the subgroup of H* (G, A[¢]) defined by

Sel'? (A/F) = ker {Hl(GF, Alg]) — HHl(GU,A)} : (68)

Definition 2.44 (Tate-Shafarevich group of A). Let A be an abelian variety. The Tate-Shafarevich group
of A is the subgroup of H*(Gr, A) defined by

III(A/F) = ker {Hl(GF, A) = [[H' (G, A)} . (69)
In the next section we will discuss how the elements of the group III(A/F) measure the extent to

which the Hasse principle fails to hold for A.

Theorem 2.45. Let ¢ : A — B be an isogeny of abelian varieties defined over F. We have the following exact
sequence
0 — B(F)/¢(A(F)) — Sel'P(A/F) — II(A/F)[¢] — 0. (70)

Proof. This follows directly from the commutative diagram and the definition of the Selmer and
Tate-Shafarevich group. O
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2.4.3 Torsors

In this section we will introduce torsors. These are objects that will play an important role in our paper.
We will start by looking at torsors of elliptic curves F and then generalize to torsors of abelian varieties.
One important tool that torsors give us is the twisting principle, which relates twists of elliptic curves F
to the first cohomology group H' (G, E). Our approach is based on [25 Chapter X.2-3].

Definition 2.46 (G-torsor). Let G be group. A G-torsor is a set T together with a simple transitive action « :
GxT — Tof GonT, ie., for al elements t,t' € T there exists a unique g € G such that tg = t' and
if gvr =xtheng=e.

A morphism of G-torsors T and T" is a morphism of T and T" that respects the group action of E.

Example 2.47 (Torsors under F). Let E be an elliptic curve over a field F'. A torsor under E is a pair (C, u)
where C' is a smooth projective curve of genus one defined over F, together with a morphism v : E x C — C
defined over F that induces a simple transitive action on F.

A morphism of torsors C' and C' is an isomorphism of curves C' — C' that respects the action of E.

The trivial torsor under F is the torsor (E,+) where + : £ x E — E is the usual group law on E.
Every torsor under F is then a twist of (E,+). Remember that a twist of a curve is defined as.

Definition 2.48 (Twist of a curve). Let C be a smooth projective curve over F. A twist of C' is a smooth
curve C' over F that is isomorphic to C over F.

Now let (C, 1) be a torsor under E. By definition the action of E on C is defined over F. We fix a
point py € C and define the map 6 : E — C by P — u(P,po). Then, for any o € G such that p§ = p, we
have that

0(P)7 = (P, po)” = u(P?,pg) = n(P?,po) = 6(P7), (71)

so 0 is defined over F'(py). Because the action on C is simply transitive the map 6 has degree one and
thus 6 is an isomorphism. So every torsor under F is indeed a twist of (E,+).

Definition 2.49 (Weil-Chételet group for E). Let (C, u) and (C', 1i") be torsors under E. We say that (C, i)
and (C', ') are equivalent if they are isomorphic over F. The collection of equivalence classes of torsors
under E is called the Weil-Chdtelet group for E and is denoted by WC(E/F).

We have the following characterization for the trivial class of (E,+) in WC(E/F).

Proposition 2.50. Let (C, ) be a torsor under E. Then (C,u) is in the trivial class if and only if C(F)
contains a point.

Proof. Let (C, ) be in the trivial class. Then there is an isomorphism ¢ : E — over F. So ¢(O) lies
in C(F).

Conversely, assume there is a point pg in C'(F'). Consider the map 6 : E — C given by P — u(P, po). As
described before, this map is an isomorphism defined over F(py) = F, so (C, i) is in the trivial class. O

The following theorem relates the twists of curves C to the first cohomology group H' (G, C).

Theorem 2.51 ([25],Theorem X.2.2). Let C be a smooth projectiver curve over F. For each twist C’ of C,
choose an F-isomorphism ¢ : C' — C and define the map &, = ¢ ¢~ € Aut(C'). We then have that:

1. The map € is a 1-cocycle and its associated cohomology class in H* (G r,Aut(C)) is denoted by {¢}.

2. The cohomology class {&} is determined by the F-isomorphism class of C' and is independent of choice
of ¢. We thus obtain a natural map

Twist(C/F) — H*(Gp,Aut(C)). (72)

3. The map in 2. is a bijection. In other words, the twists of C up to F-isomorphism, are in one-to-one
correspondence with elements of the cohomology set H'(G r,Aut(C))).
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Proof. For 1, note that
Eor =079 = (0707 )(¢7071) = (&)7Er, (73)
forall o € Gp.
For 2, let C” be another twist of C that is F-isomorphic to C’. We choose a F-isomorphism 1 : C” — C
and we will show that the 1-cocycles ¢° ¢! and 1)+ ~! are cohomologous. Let § : C" — C’ be the F-
isomorphism between C” and C’. We consider the element a = ¢y~ € Aut(C). Then we have that

(@)WY = (¢~ 1) (W7 ™1) = ¢707p ™ = (79" ) (90 ) = (670 )a (74)
So the 1-cocycle ¢° ¢! and )+~ differ by the 1-coboundary induced by a. So they are cohomologous.
For the proof of 3. we refer to the proof provided in [25]. O

Let R € F be a point and consider the translation map 7z : £ — E. For all points P,Q € E we
have that 7gr(P + Q) = 7r(P) + Q@ = P + 7r(Q), so 7r respects the group law of E and is thus an
automorphism of (E, +). Conversely, an automorphism of (E, +) isamap ¢ : F — E such that ¢(P+Q) =
d(P)+Q = P+ ¢(Q) for all P,@Q € E. In particular, if we take @ to be the point at infinity O we get
that ¢(P) = P + ¢(O), so the map ¢ is the translation map by ¢(O). Since the translation maps are
determined by the points of E with which you translate, we get an isomorphism Aut(F,+) ~ E. This
observation together with Theorem gives us the following result:

Corollary 2.52. The torsors under E, viewed as twists of (F,+), are parametrised up to isomorphism
by HY(Gp,E).

We will now introduce torsors for abelian varieties. The proofs are similar to the case of elliptic curves
so we will omit them. For a detailed approach we refer to [[12]

Definition 2.53 (Torsor under A). Let A be an abelian variety over a field F. A torsor under A'is a pair (V, u)
where V is a variety together with an F-morphism p: A x V — V such that

W(F) - A(F) x V(F) = V(F), (75)

is a simply transitive action.
A morphism of torsors V and V' is a morphism of varieties V — V' that respects the action of A.

We call the torsor (A, +) the trivial torsor. Similar to the case of elliptic curves we define the Weil-
Chatelet group of torsors under A.

Definition 2.54 (Weil-Chatelet group for A). Let (B, u) and (B’, i) be torsors under A. We say that (B, )
and (B’, 1) are equivalent if they are isomorphic over F. The collection of equivalence classes of torsors
under A is called the Weil-Chdtelet group for A and is denoted by WC(A/F).

Again, we can describe the Weil-Chételet group in terms of the first Galois cohomology group H! (G, A).

Proposition 2.55 ([[12], Proposition 4). There is a canonical bijection between the first Galois cohomology
group H' (G, A) and the Weil-Chdtelet group WC(A/F).

We have the same characterization for the trivial class of (4, +).

Proposition 2.56 ([[12]], Proposition 4). Let (C, i) be a torsor under A. Then (C, u) is in the trivial class if
and only if C(F’) contains a point.

Remember that we defined the Tate-Shafarevich group of A as the group
III(A/F) = ker {Hl(GF,A) — HHl(G,U,A)}. (76)

From Proposition [2.55]it follows that we can define ITI(A/ F)vequivalently as
II(A/F) = ker {WC(A/F) — HWC(A/F@)} . (77)

By Proposition the elements of ITII(A/F) represent torsors under A which contain an F,-rational
point for every place v of F'. The non-trivial elements additionally contain no F'-rational points, so these
torsors violate the Hasse principle. In this sense the Tate-Shafarevich group measures the extent to which
the Hasse principle holds for A.
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2.4.4 Coverings
A covering of a topological space is defined in the following way.

Definition 2.57 (Covering). Let X be a topological space. A space over X is a topological space Y together
with a continuous map p : Y — X. A morphism between two spaces p; : Y; — X, (i = 1,2) over X is given
by a continuous map f : Y1 — Y, making the diagram commute

h lpg : (78)

A covering of X is a space Y over X such that the projection p : Y — X satisfies the condition: for every
point z of X there is an open neighbourhood V,, of x such that the preimage p~*(V,,) decomposes as a disjoint
union of open subsets U; of Y, where U; is homeomorphic to V,, under the restriction of p to each Us.

A morphism between two coverings of X is then a morphism of spaces over X.

An important group of coverings are the coverings that arise from group actions on topological spaces.
For this we need the action to satisfy the following property:

Definition 2.58 (Even group action). Let G be a group acting continuously from the left on a topological
space Y. The action of G is even if each point y € Y has some open neighbourhood U such that the open
sets gU are pairwise disjoint for all g € G.

For a topological space Y with a group G acting on the left, we can form the quotient space G\Y. As
a topological space it consists of the orbits under the action of G and its topology is the quotient topology.
Then, the projection Y — Y'\G is a covering if the action of G is even.

Lemma 2.59. If G is a group acting evenly on a connected space Y, the projection p; : Y — G\Y turns Y
into a cover of G\Y.

Proof. The map p¢ is surjective and by the definition of an even group action each z € G\Y has an open
neighbourhood of the form V' = pg(U) as described in Definition Taking the preimage now shows
that p satisfies the condition of a covering. O

For a covering of a scheme we require some additional structures on the covering map.

Definition 2.60. We call a finite morphism of schemes ¢ : X — S locally free if the direct images sheaf ¢.Ox
is locally free of finite rank. If additionally each fibre Xp of ¢ is the spectrum of a finite étale «(P)-algebra,
where k(P) denotes the residue field at P, then ¢ is called a finite étale morphism.

A finite étale cover is a surjective finite étale morphism.

To see what this additional structure achieves consider the case where 7 : X — Y is a covering
of schemes, where Y is an abelian variety over a field F' and X is a Y-scheme together with a simply
transitive group action of F'. Assume this cover is geometrically connected. Every connected finite étale
cover of Y is an abelian variety by [[16, §18]. This turns X into an abelian variety over the algebraic
closure F. Because X is isomorphic to an abelian variety over F), it follows that X is a torsor under this
abelian variety.
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3 pp-covers and p,-descent

Let Y be an abelian variety over a field F' of characteristic not p. Let y,, be the F'-group scheme of the p-th
roots of unity. A p,-cover of Y is a Y-scheme X together with a simply transitive action of 1. The -
covers of Y form a category M, (Y) whose morphisms are isomorphisms of Y-schemes that respect the
action of p,,. It is possible to think about p,-covers in terms of line bundles on Y, which we will describe
now.

Proposition 3.1. There is an equivalence of categories between M, (Y) and the category of pairs (L,n)
where L is an invertible sheaf on Y and n : L®P ~ Oy is an isomorphism. Here, the morphisms (L,n) —
(L', n") are isomorphisms g : L — L' such that i/ o g®P = .

Proof. A proof can be found in [1[] or [16} Proposition I1.7.3]. We will describe the functor in both direc-
tions, similar to the proof in the paper, to describe the correspondence.
If m: X — Y is a y,-cover, then there is a Z/pZ-grading on the Oy -module

p—1
W*OX:OYGB@Ei (79)

i=1

where each £; is the invertible subsheaf of m.Ox on which p, acts by ¢ - s = (s. The algebra structure
of m,Ox gives isomorphisms £, ® L; ~ L, ;, where indices are to be taken modulo p and where £, = Oy.
So, we obtain an isomorphism £&? ~ Oy-.

Conversely, starting with a pair (£, n), we can define a sheaf of Oy -algebras Oy @ @f:_ll L% using the
isomorphism 7 to define the multiplication £® ® LO®j ~ L®" ~ LiTI~P on the factors with i + j > p.
The relative spectrum of this sheaf over Y is then naturally endowed with a f1,-action making it a -
cover. O

This proposition allows us to think of the p,-cover 7 : X — Y as the corresponding pair (£, 7).
The line bundle £ € Pic(Y')(F) is called the Steinitz class of . Because 7 gives us an isomorphism
between L& ~ Oy, it follows that £ is a p-torsion line bundle. So it follows that that £ € ?[p] (F), where
by definition Y = Pic’(Y) is the dual abelian variety.

Using the pair (£, n) we can construct more p,-covers by scaling 7 : L — Oy with any element r €
F*. Two such p, covers (£,rn) and (£, sn) are isomorphic if and only if /s € F*P. Given two p,-
covers (L£,n) and (£',n’), the tensor product (£ ® L',n ® n’) is a p,-cover again. We denote the set
of u,-covers with H (Y, p,,).

Lemma 3.2. The py-cover m: X — Y corresponding to (L,n) is geometrically connected if and only if £ #
Oy.

Proof. A proof can be found in [5, Lemma 2.5]. O

Let 7 : X — Y be a geometrically connected y,-cover corresponding to (£, n), so £ % Oy. Since every
connected finite étale cover of the abelian variety Y+ is itself an abelian variety [16), §18], we find that X
becomes an abelian variety over the algebraic closure F'. Because X is isomorphic to an abelian variety
over F, it follows that X is a torsor under this abelian variety.

The abelian variety that X is a torsor for will be the distinguished p,-cover with Steinitz class L.
Starting with the line bundle £, let VY Y /(L) be the degree p isogeny obtained from modding out L.

Let ¢ : Az — Y be the dual isogeny, which is also of degree p, where A, denotes the dual of /};/ (L). We
can give ¢ the structure of a ;1,-cover by considering the isomorphism:

ker ¢ =~ ker ¢ =~ Z/pZ = Hom(Z /pZ, G) = pip (80)

The first isomorphism is a standard result for the dual of an isogeny [15, Theorem V.9.1]. The second
result follows from the fact that ker(zZ) = (L) ~ Z/pZ, since (L) by a p-torsion element. For the last
isomorphism, note that the homomorphisms ¢ : Z/pZ — G, are determined by which element 1 gets
sent to. Since 1 has order p in Z/pZ it follows that ¢(1) = (, where (, is some p-th primitive root of
unity or 1 for the trivial homomorphism . Let ¢, denote the homomorphism such that (1) = (;; for
some 1 < k < p—1.For0 < k, k" < p—1, we then have that ¢ -1 = @i and ¢}, = ¢, where the indices
are taken modulo p. Identifying ¢, with some primitive p-th root of unity in yu,, where 1 < k <p —1,
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gives us an isomorphism between Hom(Z/pZ, G,,) and p,. Because we have p — 1 different choices of k,
we acquire p — 1 different isomorphisms between ker(t) and p,. These isomorphisms correspond to the
different Z/pZ-gradings we can put on ), A.. There is exactly one isomorphism such that the p,-cover
structure for ¢ has Steinitz class £; C v, A, isomorphic to £, so we choose this structure for 1.

Lemma 3.3. Let 7 : X — Y be a p,,-cover with non-trivial Steinitz class £ € ?[p}(F). Then 7 is a twist of
the p,-cover ¢ : Ay — Y and X is a torsor for A,.

Proof. A proof can be found in [5, Lemma 2.6]. O

We have described how we acquire the distinguished j,-cover A; — Y with Steinitz class £ for each
non-zero £ € ?[p] (F). Together with this cover comes a distinguished isomorphism 7 : L& ~ Oy, which
we will describe now. We will consider the case where Y is the Jacobian of a curve to simplify the process.

Let C be a smooth projective geometrically integral curve over F and let .J = Pic’(C) be its Jacobian.
Let g be the genus of C' and thus the dimension of the abelian variety J. Let D € J[p](F) be a divisor
class of order p. Let J — J/(D) be the quotient and let ¢y : Ap — J be the corresponding dual isogeny;
where Ap is the dual of J/(D). By the above discussion, it follows that 1) is a y1,,-cover of J corresponding
to a pair (£,n). We can identify J and J via the canonical principal polarization A : J — J. Thus we can
view ¢ as a y,-cover of J and 7 as an isomorphism L& — O ;. We will often refer to the p,-covers of the
Jacobian J by the y,-cover of the curve that is associated to .J.

By construction these p,-covers are abelian varieties, but in general the j,-covers corresponding to
pairs (£, rn), where r € F*, may only be torsors for abelian varieties. The following lemmas describe which
pp-covers have rational points, and thus are abelian varieties. For this, fix D € J[p](F) and (£, 1), as above.
Given P € J(F), we can construct the p,-cover ¢p =t, 01 : Ap — J, where t, : J — J is translation by
P. The p,,-cover is endowed with the same p,-action as ¢, but with a different structure map to J. The
Steinitz class of 1p is isomorphic to the Steinitz class of 1), since it lies in PicO(C’) and is thus invariant
under translation. If ¢)p corresponds to the pair (£’,7’), then we can choose an isomorphism £ ~ L’.
Under this isomorphism we must have that ’ = rpn for some element rp € F*. Any other choice of
isomorphism £ ~ £’ differs by a scalar, so rp is well-defined up to F*?.

Lemma 3.4. The map P — rp induces an injective map O : J(F)/v(Ap(F)) — F*/F*P.

Proof. A proof can be found in [5, Lemma 3.1]. O

Lemma 3.5. The image of 97 is the set of r € F*/F*P such that the p,-cover (L,rn) has a rational point.

Proof. A proof can be found in [5, Lemma 3.3]. O
The following lemma can be used to give an explicit formula for the homomorphism 9.

Lemma 3.6. Let F'(J) be the function field of J and view n=! : O; — L®P as a global section of LZP. Fix
an embedding of £ as a subsheaf of F(.J), so that n~" is a non-zero element f of F(.J). Let Q be such that Q
and Q + P are in a domain of definition for f. Then 8P (P) = rp = f(P + Q)/f(Q), up to p-th powers.

Proof. A proof can be found in [5, Lemma 3.5]. O

Thinking of =1 as a function on J allows us to distinguish the unique p,-cover (£, 7) corresponding
toy : Ap — J among all p,-covers with Steinitz class L.

Lemma 3.7. A p,-cover corresponding to the data (L, n) is isomorphic to the u,-cover Ay = Ap — J if and
only if the value f(0;) of the function f =n~' € F(J) at 0; is a p-th power in F*.

Proof. A proof can be found in [5, Lemma 3.6]. O

Remember that points of Sym?(C) correspond to effective degree g divisors E on C and that the
map SymY(C) — J sending F — E — g - oo is birational. So we get an isomorphism of function
fields F(Sym?(C)) ~ F(J).

Lemma 3.8. Suppose pD = div(f) for some f € F(C). Then £ ~ @ ;(D) for a divisor D on .J such that pD =

div(f), where f € F(J) ~ F(Sym?(C)) is the rational function f(3>"7_,(xi,y;) — g-00) = [19_; f(@i, yi)-

Proof. A proof can be found in [5, Lemma 3.7]. O
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Let H = {D1,...,Dp} C J[p|(F) be a subset of F,-linearly independent elements. For each : =

1,...,m,lete,; : A; — J be the p,-covers corresponding to D,. Let Ay = J/(H) and let ¢y : Ay — J be
the isogeny dual to J — J/(H). Then we have the homomorphism

" J(F) = [[Fr/F* (81)
1=1

sending P to (0P (P),...,8P(P)).
Lemma 3.9. The map 9" induces an injection 3 : J(F) /1y (A (F)) — @, F*/F*P.
Proof. A proof can be found in [5, Lemma 3.8]. O

Assume now that C' is a curve over Q. Everything discussed so far also holds for ' = Q or F' = Qy, for
any prime | < co. For a fixed D € J[p](Q), let

Sel(Ap) C Q*/Q* 82)

be the subgroup of classes r with the property that for every prime I, the class of » in Q;/Q;” in the
image of 07 : J(Q;)/¥(Ap(Q))) — Q; /Q;”, for every prime [. In other words, an element of Sel(Ap) is
a pp-cover X — J with Steinitz class D and such that X (Q;) # () for every prime .

For an abelian variety A over Q the group III(A) is the group of A-torsors which are trivial over Q; for
all primes | < oc.

Proposition 3.10. Let III(Ap) be the Tate-Shafarevich group of Ap. There is an exact sequence
0— J(Q)/¥(Ap(Q)) = Sel(Ap) — II(Ap)[¢] =0 (83)
where III(Ap)[¢] is the kernel of the map III(Ap) — III(.J) induced by .
Proof. A proof can be found in [5, Lemma 3.9]. O
The group Sel(Ap) is isomorphic to the usual Selmer group
Sel,,(A) ¢ HY(F,A[Y)) ~ H*(F, pu,) ~ F*/F*?. (84)
Thus it is finite, which can also be seen from the following proposition.

Proposition 3.11. Let | # p a prime of good reduction for J. Then the image of 0P : J(Q;) — Q; /Q;" is
equal to the subgroup Z; /Z;".

Proof. A proof can be found in [5, Lemma 3.10]. O
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4 Jacobians and p,-covers for curves of the form y? = z(x — e1)(x — e2)

Let p > 3 a prime. Let ¢y, e; and ey be distinct integers and consider the smooth projective curve C over Q
with affine model
yP = (z —eo)(z —e1)(z — e2). (85)

Without loss of generality we can assume that ey = 0. This affine model is smooth and it has a single
rational point at infinity denoted by co. The genus of the curve is ¢ = p — 1 from [26] §1].

Let J be the Jacobian of C. The subgroup J(Q)[p] has rank at least 2, because it contains D; =
[(es,0) —oo] for i € {0, 1,2}. We have that Dy + D, 4+ D, = div(y) so Do + D1 + Dy is equal to 0 in J. Let
H := (Dy, Dy). We can define the following abelian variety:

A=J/H. (86)

For D := Dy + D; we define the variety
B =J/(D). (87)

For these varieties we can define the quotient isogenies ¢:J— Aandtp: J — B. By duality we get the
dual isogenies ¢ : A — J and ¢ : B — J. Furthermore, via the canonical principal polarization we can
identify J with its dual and acquire the maps ¢ : A — J and ¢ : B — J. This turns A and B into p,-covers
of J. We also define the varieties Ap, = J/(D;) for i € {0, 1,2} in this manner, with the corresponding
isogenies ¢; : Ap, — J. Note that B ~ Ap,, because D = —D,.

We now get the map

J(Q)/6(AQ) L5 Q*/Q x Q*/Q 88)

[Zg: (,95) ] (H% f[ —e ) (89)

as described in the Lemmas and From [21] Proposition 2.7] it follows that the divisor

g
Z Ijvy] (90)
j=1

with z;,y; € Q, on the left hand side is Galois stable, i.e. its divisor class can be represented by a Q-
rational divisor, because C'(Q) # (). This map is well-defined whenever the z; and x; — e; are non-zero.
By [10} VI §4 Lemma 3] it is possible to find a representative in every class in J(Q)/¢(A(Q)) such that the
map 0 is well-defined.

We can construct similar homomorphisms for the other varieties we have defined:

87 :J(Q)/¢i(Ap,(Q)) — Q*/Q* 01
[Z(mj,yj —g- oo:| — H —e;) (92)

for Ap, with i € {0,1,2}. Similar to 9! this description only makes sense whenever the z; — e, are
non-zero. However from these maps we find that

g g g
8D0'8D1'8D2 Z(xjvyj)_g'oo :H;Ijj(xj_e -—62 H (93)
j=1 j=1 j=1
since the x; and y; lie on the curve C'. So we get the identity:

§Po . gP1 . gDz — 1, (94)

This allows us to describe our homomorphisms on classes where they are not well-defined. One particular
example which will come up is described in the following lemma.
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Lemma 4.1. We have
aH([(Ov O) - OO]) = [6;16517 _61]7 (95)

and
™ ([(e1,0) — o0]) = [e1, (e1 — e2) '] (96)

Proof. Note that the map ¥ can be described by the mapping P + (970 (P),dP1(P)) for P € J(Q)/¢(A(Q)).
Combining this with we find that:

9™ ([(0,0) — o) = [97([(0,0) — oa])~* - 872([(0,0) — oc]) ™, 871 ([(0,0) — o0])]
=[e;test, —ei).
In a similar way, we find that 0¥ ([(e;,0) — o0]) = [e1, (e1 — e2) 1] O

Lastly, for B we have the homomorphism

o7 :J(Q/¥(BQ) » Q'/Q7, 97)
{Z(xj,yj)—goo] — H:Ej(a:j —e1). (98)
j=1 j=1

This gives us the following commutative diagram which we will use in the next section

J(Q)/6(AQ)) 2 Q*/Q x Q*/Q*

l l (99)

J(Q)/%(B(Q)) —L— Q*/Q

where the right vertical map is given by [ry, 73] — [r172].

We can find birational models for p,,-covers of J given a Steinitz class. For our case we will look at the
Steinitz class of D = Dy + D;. The distinguished y,-cover for this Steinitz class is the cover B — J. Let
this p,-cover correspond with the data (£, 7). By Lemma we have that f(0;) is a p-th power in Q*
where f = n~! € Q(J). For any point P € J(Q)/v(B(Q)) we have that 9P (P) = rp = f(P + Q)/f(Q)
by Lemma Taking Q = 0; we can rewrite this equation to get

f(P)=f(P+0y)=f(0)rp =1, (100)

since f(0;) is a p-th power. The fact that rp is equal to 1, follows from the fact that the cover B — J
is isomorphic to (£,n). Because pD = div(z(z — e1)), it follows from Lemma that 1 = f(P) =
[z(z — e1)](P). Since P can be written in the form Y7 , (z;,y;) — g - oo we finally get the equation

g9

2P = Hxl(xl —e1). (101)

i=1

where the variable 2? comes from lifting the equation out of Q*/Q*?. Together with the birational model
for J given by the equations

Yy =xi(x; — e)(w; — e2). (102)

for 1 < i < g, we get a birational model for B. Recall that this model has the same equations of the
variety A in Theorem
Finally for r € Q*, the p,-cover (£, rn) is described by the equations

Y = ai(w; —e1) (i — e2). (103)

for 1 < i < g, together with the additional equation
g
rzf = Ha:l(xl —e1). (104)
i=1

which is twisted by . If we identify B with the abelian variety A/ Sy of Theorem then the above
equations correspond with the equations of the variety X in Theorem 1.1
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5 The proof of Theorem 1.1

We now further specialize the curve and look at the curve C,, , given by the affine model:
C=Cuyp:y’ =z(x—3u)(x— ). (105)

where wu, v are integers not divisible by 3 and p is a prime larger than 3. Let J be the Jacobian of C' and
let A and B be the y,-covers from the previous section.
For certain primes ¢, we locally know the size of J(Q,)/#(A(Q,)) from the following lemma:

Lemma 5.1. Let g be a prime such that ¢ =1 (mod p). Then we have that #.J(Q,)/¢(A(Q,)) = p*.

Proof. The (q — 1)-th roots of unity in [, are given by F*. By the structure of finite fields this is a cyclic
group of order g — 1. Our congruence condition on ¢ tells us that there is an element ¢ in F* generating
a subgroup of order p. It follows that this is a primitive p-th root of unity. Because p and ¢ are coprime it
follows by Hensel’s lemma that we can lift this element to an element in Q; and we can conclude that Q;
contains a primitive p-th root of unity (.

For any field that contains ¢, we get an automorphism (z,y) — (x,(y) of C. Interpreting (x,y) as an
element of div(C), we can define the pushforward ¢, : div(C) — div(C) as {.(z,y) = (z, y) and we can
extend this map Z-linearly to other divisors. This induces a homomorphism ¢, : J — J sending [D] —
[¢.D] by [125}, Proposition 11.3.6]. So we get a ring embedding ¢ : Z[¢] < End(J). For an element n(®
in Z[¢] withn € Z and 0 < i < p—1 and a divisor class [D] in .J the map ¢(n(*) acts on [D] by ¢(n¢?)(D) =
[n- (¢« D)]. Note that Q(¢) ~ Z[(] ® Q forms a Q-subalgebra under this embedding. So by [15] Proposition
V.10.23] it follows that deg(¢(ar)) = Nmgcy o).

The kernel of ¢ : J — A is then equal to the kernel of the endomorphism 1 — ¢({). This follows from
the fact that elements in ker(1 — +(¢)) satisfy the relation (*P ~ P for a point P € J. In particular, a
point P of the form [(z,y)] would satisfy the relation if y = 0. So it follows that

ker(¢) = (Do, D1) C ker(1 — u(¢)). (106)
Since the size of the kernel of 1 — +(¢) is equal to #ker(1 — +(¢)) = Nmg¢),o(1 — ¢)* = p* = #(Dy, D1),
we can conclude that the kernels of ¢ and 1 — (¢) are equal. Thus the maps 1 — ¢(¢) and ¢ are equal up
to post-composition with an automorphism. So A and A are isomorphic to .J over any field containing ¢

and thus in particular over Q,. Let (9 : A(Q,) — J(Q,) denote the induced homomorphism on Q,. The
local Selmer ratio is defined as

_ #eokerg  #J(Q,) /0 (A(Qy))

W= erg@ T #AQ) (aon

By [23| Corollary 3.2] we have that
cq(9) = cq(J)/cq(A), (108)
where the right hand side is the ratio of the Tamagawa numbers at ¢q. Abstractly, the Tamagawa mea-
sure ¢(G) of a semisimple algebraic group G defined over a global field k, is the canonical normalization
of a Haar measure on G(A) where A is the adele ring of k. The Tamagawa number of G is then the volume
of G(A)/G(k) under the Tamagawa measure. For the details of this construction we refer to [27, Chapter
I1] or [19] Chapter §5.3].
Since J ~ A over Q, this ratio is 1. We also have that #A4(Q,)[¢] = p?, which gives us the re-
sult #7(Q,)/6(A(Q,)) = #A(Q)[4] - ¢4(¢) = p*. O

We would like to specialize our curves even further. To do this we introduce a non-zero integer k which
is to be determined and look at the curve

Cr = Cypi : yP = x(z — 3uk)(z — Ivk). (109)

Another model for this curve is k3y? = x(x — 3u)(z — 9v). From this we can see that C}, is a u,-twist

of C = Cy, : 9y = 2'(z' — 3u)(y’ — 9v) via the mapping z — k2’ and y' +— V/k3. Let J, Aj, and By, be the

corresponding abelian varieties of C, similar as before. These are then y,-twists of J, A and B as well.
For two primes ¢ and /, let (%)p = 1if ¢ is a p-th power in Q;° and let it be equal to —1 otherwise. We

have the exact sequence from Proposition [3.10

0 = Ju(Q)/$(B(Q)) 2> Sel(By) — TI(By)[¢] - 0. (110)

26



Proposition 5.2. Let U be the set of primes that divide 3puv(u — 3v). Suppose k is a product of distinct
primes py, . .., ps not contained in U, which satisfy:

L (&) =1foralli#jin{l,2,...,t},
J P

2. (

3. (L ,

4. (§>p =—1foralliin{1,2,...,t}.

p

)
’j;) =1foralliin {1,2,...,t}andallq € U,
)

=1foralliin{1,2,...,t}andall g € U — {3},

Pi

Then we have for all i that p; € Sel(By,) and p; & 07 (J,(Q)). More generally, if ¢ = [],; p{", with I C

{1,...,t} a proper and non-empty subset and 1 < a; < p — 1, then q € Sel(By,) and q & 0P (J,(Q)).
Proof. Using Lemma 4.1 we have that
M ([(0,0) — 00])) = [373u v k™2, —3uk], (111)

oM ([(3uk,0) — 00]) = [3uk,3 2u~ (u — 3v) "1k ~2]. (112)
Forj #i € {1,...,t} by assumption we have that u, v, (u —3v), p; are p-th powers in Q. Soin Q;, /Q;P x
Q;,/Q;P we have that the above elements are equal to [373p; 2 3p;] and [3p;, 3‘2p;2] respectively. These
elements are linearly independent so by Lemmathey generate 07 (J;(Q,,)/¢(Ak(Qy,)). Note that we
need to check if p; = 1 (mod p) before we can apply the lemma. Since 3 is not a p-th power in Q,, we
have that F,,, contains all p-th roots of unity.

Let [r1, 7o) in 87 (Jx(Q)/¢(Ax(Q)). We shall consider the elements of Q7 /Q:? as p-th power-free num-
bers. Propositiontells us then that the product of ry 7, lies in Z; /Z; for primes | # p of good reduction
for J. So the prime [ does not divide r; 7. By taking ro = 1 we can see that r; is not divisible by /, likewise
for r5 by taking r = 1. It follows that the primes of good reduction are the primes outside {p,...,p: }UU.
To see this let the function f(z,y) = y? — x(z — 3uk)(x — 9vk) describe the curve Cj,. Looking at the partial
derivatives we see that 9, f (z,y) = py?~ ', so | possibly has bad reduction if I = p or if f(x,0) is not sepa-
rable. If | = p, then we have that f(z,y) = (y — {/z(x — 3uk)(z — 9vk))P modulo p, since F,, is a perfect
field. So we have bad reduction at p. In the case that y = 0 the discriminant of z(z — 3uk)(z — 9vk) is
given by 3%u2v2k5(u — 3v)?, so we have bad reduction if I divides 3uvk(u — 3v). Thus the integers r; and
ro are only divisible by the primes in {py,...,p:} UU.

Let us assume that there is no ¢ such that p; divides r; and 1/r, to the same power. Then every p; will
divide ry 7, by a positive power, since we can multiply by 1 = p?. So 7, cannot be equal to an individual
prime p; and in particular it cannot be of the form [[,_, p;* with I a non-empty proper subset of {1,...,¢}
and 1 <a; <p-1.

So assume to the contrary that there exists some ¢ such that p; divides r; and 1/r; to the same power.
The element [r;, 5] is a product of [3~%p; 2, 3p;] and [3p;, 3~2p; 2] in 07 (J1.(Qy,)/d(Ak(Q,,)), since they
generate the subgroup. Looking only at the p;-adic valuation we have that

[r1,m2) = [p; 2, pi]* - iy 0y 1P = [P0 2%, p2 2, (113)

for some a, b € Z. Passing to Q; /Q;P we get that

riry = pi TR = prt e, (114)
which implies that b = —a. Looking back at [r;, 73] we thus see that
[ ra] = [37%p; %, 3pi)® - [3ps, 372p; %) = (37" p; %0, 3%0p), (115)

with 0 < a < p — 1. From this we find in @;i / Q;f that
ri’)rél — 3—12a+12api—9a+12a _ pgia. (116)

Because 3 is not a p-th power in Q; it implies that 3 divides r$ and 1/r3 to the same power. For j
an index different from j, we also have that the elements [S*Spj*z, 3p;] and [3p;, 3*2p;2] generate the
subgroup 0 (Jj,(Qp, )/d(Ak(Qp,)). Writing [r1, 2] in terms of these elements again we see that

[,],,177,2] — [3—3p;273pj]a . [3103',3_217;2]1) — [?)l)—?)ap‘l;720,7 3a—2bp?,72b]7 (117)
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and passing to Q; /Q;? we find that

T,il’),r,;l _ 375a75bpj—2a—2b. (118)

Because we know that 3 divides r$ and 75 to the same power we must have that a« = —b. From this it
follows that p; divides r; and 1/r to the same power following the computations of the case of p;. Since
this holds for any choice of j, we can conclude that no p; divides r17,. In particular r17, cannot be of the
form [[,.; pi* as described before.

Since 01 (J,(Q)/¢(Ax(Q)) maps surjectively onto 9 (Ji.(Q) /4 (B (Q)), we can conclude that elements
of the form [],., pi* with I a non-empty proper subset of {1,...,t} and 1 < a; < p — 1 do not lie
in 0 (J(Q)/¥(Bk(Q)).

Now to show that each p; lies in Sel(B;) we must show that p; lies in 97 (J,(Q;) /¢ (Bx(Q;)) for each
prime [. For each prime [ € {p1,...,p;} UU different from p,, we have that p; is a p-th power in Q; by the
assumptions of the proposition. So p; lies in 97 (J,(Q;) /¥ (Bx(Q;)) since p; is equal to the image of the
identity under 97. This argument also holds for the infinite prime as p; is a p-th power in R, since it is equal
to ¢/p;. In the case that I = p;, we note that 9 ([(0,0) — oc]) = [373p; 2, 3p;] and 9% ([(3uk,0) — o0]) =
[3pi,37%p; %] in Q; . So it follows that 97 ([(0,0) — oc]) = [372p; '] and 0P ([(3uk,0) — oc]) = [371p; ']
Dividing the first element by the square of the second element gives us our desired result. Lastly, for the
case that I & {p1,...,p:} UU we note that 8° (J,(Q;)/¢(Bx(Q)) is equal to Z} /Z;” by Proposition
Since [ and p; are coprime it follows immediately that p; lies in Z; /Z;* = 0P (J,(Q;) /1 (Bx(Q1)). So we
can conclude that p; € Sel(By). O

Putting everything discussed so far we can give a proof of Theorem|1.1

Proof of Theorem[1.1] Let C) again be the smooth projective curve defined by the affine model y» =
x(x — 3uk)(x — 9vk). Let Ji be the Jacobian of Cy and let By, be the abelian variety that corresponds to
the distinguished p,,-cover of D = Dy + D;. From the equations that define A and our discussion of
models in Sectionwe see that A/S, is also the distinguished 1,-cover of the Steinitz class of D. So it is
birational to B, which has genus p — 1 = ¢. Since X is a Lp-twist of A by the action of g, it follows that X
is an A-torsor. Thus it follows that X /S, is birational to a By-torsor X that corresponds to this twist.

By combining Lemma [3.5|and Proposition it follows that X has no rational point since ¢ does not
lie in 0P (J;,(Q) /v (B (Q)). Likewise it does have a point in Q; for every prime [, since g lies in Sel(By,)
by Proposition

Lastly, we show that the class of X has order p in III(By). The By-torsor X arises from scaling By with
the element ¢ as described in Section [3] Since ¢* € Q*F the y,-cover we get from scaling By, with ¢ is
isomorphic to By, and we can conclude that the class of X in ITII(B;) has order p. O

As a corollary we als have the following result for II1(By).
Corollary 5.3. Let C}, be the curve as described in proposition Then #111(By)[p] > p'~ .
Proof. From Proposition [3.10| we have the exact sequence
0 — Ji(Q)/¥(Bk(Q)) — Sel(By) — II(By)[%] — 0. (119)

The products of the form [, ; pi"* as described in Proposition lie in Sel(By) but not in the sub-
group 9P (J,(Q)/v(Bx(Q))). From the exact sequence it follows that these products do not lie in the
kernel and are non-trivial elements of ITI( By, /Q)[¢]. In particular, we can look at the single primes p; and
look at the intersection of 9P (J(Q)/v(Bx(Q))) with the subgroup of Sel(By,) generated by {p1,...,p:}-

This subgroup has dimension at most 1 as an IF,,-vector space. To see this we consider two linearly

independent elements of this subgroup of the form ¢ = [[,.; pi* and ¢’ = [[,; p?;. Since these elements
lie in 0P (Jx(Q)/v(Bk(Q))) we must have that I = {1,...,t} and 1 < a;,a} < p — 1. Without loss of
generality we can assume that a; +a)j = 0 modulo p, since we can scale ¢ and ¢’ such that this holds. But this
means that their product is of the form ¢ = [T, ,, pfﬁ“;, where I’ = {2,...,t} and 0 < a;,a} < p—1. The
only way this product lies in 9 (J;,(Q) /4(Bx(Q))) is if a; + @} = 0 modulo p. This gives us a contradiction
and we can conclude that the dimension is at most 1.

By looking at the exact sequence we can see that the image of (pi,...,p;) in III(Bg)[¢)], denoted

-~

by (pi1,...,pt), has dimension at least ¢t — 1. We have that deg(v)) = p, since deg(y)) = deg())

#ker(¢)) = #(D), so II(By)[¢)] C II(By)[p]. We can conclude that #II1(By)[p] = plimer BLPD
pdimﬁ-p(<p1,...,pt Z ptfl'

RV
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6 The proof of Theorem 1.2

For the proof of Theorem[1.2]we need two additional results.

Proposition 6.1. For any u,v as above and any t > 0, there are primes p1, ps, . . . , p; satisfying the conditions
of Lemma

Proof. Let K = Q((,) where (, is a primitive p-th root of unity. We will use induction on ¢. If ¢ = 0 we
satisfy the conditions and we are done.

We will assume that ¢ > 0 and that there exists primes py, . .., p;_1 that satisfy the conditions. The case
for t = 1 follows from the same process we will describe below, if we take k = 1, so from now on assume
that ¢ > 2. Let k be the product p1ps . ..p:—1, let N be the product of the primes that divide puv(u — 3v)k
and let ¢,y be a primitive pN-th root of unity. Let L be the compositum of Q((,x ) together with all of the
fields Q(y/q) with ¢ a prime dividing NV inside Q. Because L is a finite compositum of Galois extensions it
is a Galois extension of Q.

Furthermore it is an abelian extension of K. To show this we will look at extensions of K of the
form K(Cy) and K(/q) for all ¢ dividing N. The Galois groups of these extensions are cyclic groups of
order N and thus abelian. For K ((x) the Galois group permutes the N-th roots of unity and for the other
extensions their Galois groups permute the roots of 2P — ¢, thus effectively also permuting N-th roots of
unity. Let L’ be the compositum inside of Q of these extensions of K and consider the restriction map:

Gal(L' /K) — Gal(K ({n)/K) x H Gal(K(¢/q)/K), (120)
q|N
o= (0lk(en) @lx(y)an)- (121)

By [11, Proposition IV.1.14.] this map is injective and we can conclude that L’ is an abelian extension
of K. We claim that L' = L. Note that K({x) = Q((,~) and that K(¢/q) = Q((p, ¥/9) 2 Q(¢/q), so we
have that L C L'. For the other inclusion we have that ¢, € Q((,n) C L. So it follows that (] ( ¢/q)™ lies
in L for any ¢ dividing N. Hence L contains Q((,, ¢/¢) for any prime ¢ dividing N. So L’ C L and we can
conclude that L is an abelian extension of K.

Finally let E = Q(</3) and let F' = EL the compositum of £ and L, which is a Galois extension of Q
by the same token.

We have that F and L are linearly disjoint over Q. We can see this because F/Q is totally ramified
at 3, while L is unramified at 3. This gives us the exact sequence

0 = (Z/pZ) — Gal(F/Q) — Gal(L/Q) — 0. (122)

Here the first non-trivial arrow maps n € Z/pZ to the automorphism that sends () {/3to C;”*" {/3 and acts
trivially on the other basis elements. The second arrow is given by the restriction map. The Chebotarev
density theorem then tells us that there exists a prime p; whose Frobenius conjugacy class in Gal(F/Q) is
not trivial but restricts to the trivial class in Gal(L/Q).

By construction, p, splits completely in any subfield of L. In particular it splits completely in Q({,~),
so we have that p; = 1 (mod pN). From this we can find that p; is a p-th power in Q for ¢ a prime
dividing 3pN. For ¢ a prime dividing N but not 3p, we can reduce the above congruence to p;, = 1
(mod ¢). So we have that z? — p; = 2? — 1 (mod ¢) has a solution and we can conclude that p; is a p-th
power in Q; by Hensel’s lemma. For ¢ = p, we have that p 2|pN and thus we get the congruence p; = 1
(mod p)2. So q is a p-th power by applying Hensel’s lemma again. For ¢ = 3 every unit is a p-th power
in Z3 so p; is one too. Similarly, p; splits completely in Q(/q) for all ¢|N, so the polynomial = — ¢ has
solutions modulo p;. Thus the primes ¢ are p-th powers mod p;.

Lastly, we need to check that 3 is not a p-th power in Qy . If it were a p-th power in Q5 , then the
polynomial z” — 3 would have a root in Qy, . This would 1Inp1y that py has a degree 1 prime above 3in E by
Kummer-Dedekind. Remember that p; = 1 (mod p), so it follows that ¢, € Qj, . Thus the polynomial 27 —3
has all its roots in Q,, and consequently p; splits completely in £. By construction p; splits completely in L,
so it also splits completely in F' = EL. But this gives a contradiction since p; has non-trivial Frobenius
conjugacy class in Gal(F/Q), so it does not split completely in F.

O

The only thing we need to prove Theorem [1.2|now is to show that for every genus p we can find values
of u,v and k such that Jj, is absolutely simple, and thus By, as well.
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Lemma 6.2. For each prime p > 3, there exist u,v,k € Z as in Proposition [5.2] such that By, is absolutely
simple.

Proof. We will consider the Jacobian of the curve C' : y? = z(x — 1)(x — ¢) over Q(¢). This Jacobian
is absolutely simple since there is a value of t+ € C that makes the curve isomorphic to y? = z3 — 1,
namely ¢t = 1 + @z The Jacobian of y? = 3 — 1 is absolutely simple by [8][9]. By a result of Masser
[14], the geometric endomorphism ring for 100% of specializations of ¢ € Q is the same as the generic
endomorphism ring. In particular, for real numbers d, h > 1 we define vex(d, h) to be the set of specializa-
tions ¢ such that the geometric and generic endomorphism ring are not the same, satisfying [Q(¢) : Q] < d
and h(t) < h, where h(t) is the Weil height function at ¢. Let w(S) be the least degree of any poly-
nomial that vanishes on the finite subset S C C(C) but not identically on C. The result then states
that w(vex(d, h)) < e(max{d, h})* where c is a constant depending only on C' and J, the Jacobian of C,
and ) is a constant depending only on g = p — 1, the genus of C. Taking d = 1, this implies that there are
only a finite amount of specializations of QQ such that the endomorphism rings are not the same.

Since the generic abelian variety is geometrically simple, this endomorphism ring is a division field, and
so 100% of the specializations are simple as well. For ¢t = a/b € Q we can take a to be divisible by exactly 3
and b not divisible by 3. In other words, we have many curves of the form y? = 2/'(z’ — 1)(2’ — 3v/u)
with u, v € Z not divisible by 3, with absolutely simple Jacobian. Under the map we 2’ — z/3u and ¢’ —
y/ V' 33u3, we see that this is a twist of the curve y? = z(x — 3u)(z — 9v) and we can conclude that there
exists curves of this form with absolutely simple Jacobian. O

We can now prove Theorem (1.2

Proof of Theorem For the case of p = 2 we refer to [13]] or [4]. For the case of p = 3 we refer to [3]].
Let p > 3 and k > 1. Let Cy, be the curve (I09). From Lemma [6.2) we find u, v,k € Z such that By is
absolutely simple. By Corollarywe know that #I11(By)[p] > p'~! for a given set of primes py, ..., p;.
Furthermore, Proposition [6.1]tells us that for any ¢ > 0 we can find such primes. So we can take t = k + 1
and get the desired result. O
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7 Generalizing from p ton

We have examined p-torsion in the Tate-Shafarevich group and found that it can be arbitrarily large. A
natural question to ask is whether we can also generalize this result to an arbitrary integer n. For this, we
first examine the case that n has the form n = p; ... p; where py, ..., p; are distinct primes.

7.1 Thecasen =p;...p;

Letn = p; ... p; be a product of the distinct primes p1, ..., p;. Let Y be an abelian variety over a field F' of
characteristic not dividing n. Similar as in Sectionwe will introduce p,,-covers. For this let u,, be the F'-
group scheme of the n-th roots of unity. A u,-cover of Y is then a Y-scheme X with a simply transitive
action of u,, and we get the category M,,(Y) of all u,,-covers of Y, whose morphisms are p,-equivariant
isomorphisms. Via Proposition it was possible to think of a ,-cover as a pair (£,n) where £ is an
invertible sheaf on Y and n : L% ~ Oy an isomorphism. The same results hold for n by replacing all
the p’s with an n. In fact, most of the results in Section [3] hold under this substitution and we will assume
that these results hold under this substitution unless specified otherwise.

While it is nice that all of these results work out for n, we still need to work locally with primes so we
would like to decompose the y,,-cover into f,,-covers for ¢ € {1,...,t} if possible. For this we first have
the following lemma.

Lemma 7.1. Using the notation of Proposition let m : X — Y be a uy-cover with a corresponding
pair (L,n). We can construct p, -covers mp, ; : X;; — Y of Y for i € {1,...,t} corresponding to the
pair (L% 7 7% %) where 1 < j < p; — 1.

Proof. By Proposition it is sufficient to find a pair (£,, j, 7, ;) such that £, ; is an invertible sheaf
on Y together with an isomorphism 7, ; : Ei’fj’? — Oy where 1 < j < p; — 1. For this we can take £,, ;
to be £%7°%: . This is an invertible sheaf on Y as £ is invertible. The isomorphism 7p,,; is then given by the
following isomorphisms:

(@ \EP
Mpig - <‘C m)

where the second to last isomorphism is given by %7 and the other isomorphisms follow from the prop-
erties of tensor products of Oy -modules. So the isomorphism 7,, ; is given by ®7. By the equivalence of
categories we thus find a i, -cover 7, ; : X; ; = Y of Y with corresponding pair (£,, ;,7p, ;). Here X ;
is the relative spectrum of the sheaf of algebras that is generated by £, ; as described in Proposition 3.1}

Let (£,n) — (L£',n') be a morphism of u,-covers where g : £ — £’ is an isomorphism such that n’ o
¢®" = 1. This gives us an isomorphism between ¢®’ v L% - £/®77%7 which we will denote by gp,.;-
Consequently, this gives us a morphism between the p,,-covers (L, j,n,, ;) and (L}, ., ;), since we
have that

~ LOT7 o (£57) = O ~ O, (123)

i j [ R i j in __ i i
M 0 gors = /@0 o (g7 0)®P = /8 0 g®IM = (1 0 g®")®T = ¥ =1y, ;. (124)

So morphisms of u,,-covers behave well under this construction for a fixed choice of j.
O

Note that when we were discussing the morphisms of the p,,, -covers we constructed in the above lemma,
we specified that our choice of j was fixed between the p,, -covers. The following lemma explores the
situation where the choices of j differ between the p,,, -covers.

Lemma 7.2. Let (L,n) — (L',n') be a morphism of p,-covers where g : L — L' is an isomorphism such
that n/ o g®" = n. Let (Lp, j,Mp;.;) and (L, 72y, j+) be the py, -covers of (L,n) and (L',n’) respectively,
as described in Lemma Assume that j and j' are distinct integers modulo p;. Then there exists a mor-
phism (Lp, j,Mp..j) = (L3, i3 My, 50) Of pip;-covers if and only if (Lp, j,7p,,;) is not geometrically connected.

. This

.
gives us an isomorphism between £,, ; and £}, ;- We also have an isomorphism between L, ;and L8 v

given by (gfl)®j "77. This gives us an isomorphism £, ; ~ £ "ﬁ,’ or equivalently LU o Oy.
Since j and j' are distinct non-zero integers modulo p;, it follows that p; does not divide j — j'. So
there exists an integer k such that k(j — j') = j (mod p;). This gives us an isomorphism Oy ~ (’);’?k ~

S . . , ,
Proof. We will first assume that there exists a morphism of ju,,,-covers (L, j, Mp, ;) = (Ly,, 12, i)
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LERII) S o BT By Lemma this implies that the p,,-cover (£,, ;,7p,,;) is not geometrically
connected.

Now assume that (£, ;, 7, ;) is not geometrically connected, so £, ; ~ Oy by Lemma (3.2 In partic-
ular, this means that (£, n) is geometrically connected neither. This means that £ ~ Oy so 7 is scalar
multiplication by some r € F*. By diagram it follows then that 1, ; is equal to r/ for all j.
Let 1 < k < p; — 1 be the integer such that k - j = j’ (mod p;). Then we have the following isomor-
phisms

Ly, i~ Oy~ (’)?ﬁk ~ Efi’fj ~ Ly (125)
by the properties of the tensor product of Oy -modules and the properties of L. Let p denote the isomor-
phism £, ; — L,, ;.. Since the isomorphisms £, ; = Oy and Oy — L, ;- are given by scalar multiplica-
tion with %/’ and =/r ’ " respectively, it follows that p is given by scalar multiplication with /7 / /! .
From this it follows that n,, ;; o p = n,, ; and p is a morphism of i, -covers (L, ;,Mp..;) = (Lp,.j7> Mps.j7)-

As described in the previous lemma we also have a morphism of 1, -covers (L, i/, My, 1) = (£}, i1y, i)
given by g, jr. S0 gy, j» o p is a morphism of y,-covers (Lyp, ;,p; ;) — (L}, jrs 7y, ;+), Which gives us our
desired result. O

In the proof we implicitly used the fact that the ,,-cover (£, n) is not geometrically connected if its 11,), -
cover (L, j,7p,,j) is not geometrically connected. We will make this explicit.

Lemma 7.3. The u,-cover 7 : X — Y corresponding to (L, n) is not geometrically connected if and only if
the pup,,-covers ,, ; : X; ; — Y corresponding to (L, j,1p, ;) foroneof thei € {1,...,t}and1 < j <p; —1
is not geometrically connected.

Proof. Assume that 7 : X — Y is not geometrically connected. By Lemma this means that £ ~ Oy..
By the properties of the tensor product of Oy -modules and the properties of £ we get the isomorphisms

®J 5= .

Oy ~ 0y 7~ L5 ~ [ (126)
for all choices of i € {1,...,t} and 1 < j < p; — 1. So mp, ; : X; ; — Y is not geometrically connected
either.

Now assume that 7, ; : X; ; — Y is not geometrically connected for one of the i € {1,...,¢} and 1 <

j < pi — 1. So we have an isomorphism £, ; ~ Oy and 7, ; is scalar multiplication by some r € F*.
In this case, X, ; is isomorphic to Y xp F( %/r) as an F-scheme which is not geometrically connected.
Since (X; j, O, ;) is a subscheme of (X, Ox)), it follows that 7 : X — Y is not geometrically connected.

O

From Lemma [7.1| we see that given a ju,-cover (£, 7) we can construct the i, -covers (L, ;, 7, ;) for
alli € {1,...,t} and 1 < j < p, — 1. When taking this approach we need to specify which f,,-cover we
are taking with respect to j when we are only considering the y,,-covers of (£, ) for a specific prime p;.
However, it turns out that when we are considering the p,,,-covers of (£, n) for all primes p; at once then
we do not need to specify this distinction and there is a canonical way that the u,,-cover (£, n) decomposes
into p,,-covers. We do this by looking at how the action of y,, acts on £ and how it decomposes in terms
of actions of y,,,.

Lemma 7.4. Let m : X — Y be a yi,,-cover with a corresponding pair (L,n). Then (L, n) decomposes uniquely
into p,,-covers m,, : X; — Y with corresponding pair (L,,, n,,), determined by the action of ,, on L. So 7
decomposes uniquely as the tensor product ®%_,m,,.

Conversely, let m,, : X; — Y be a collection of p,,-covers with corresponding pairs (L,,,np,) for i €
{1,...,t}. We can construct a unique u,-cover = : X — Y with corresponding pair (L,n), such that its
induced p,,,-covers are m,, for all i € {1,...,t}.

Proof. We will consider the sheaf of Oy -modules
n—1 ‘
m.0x =P L. (127)
i=0

We can write £* as £ ~ ®§»:1£ij for some 0 < a;; < p; — 1. The a;; need to be chosen such that the

action of ¢,, on both sides of the equation is the same. The action of (,, on the left-hand side is given
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by ¢, - s = ¢!s. By Lemmma 1| £,, is given by L% for some 1 < j < p; — 1. So the action of (,
on L, is given by ¢, - s = (n Rl = (p/7 s, since C,]L“ is some prlmmve p;-th root of unity. Thus on the

right-hand side the action is given by ¢, - s = (Hj:l ij ')s = (n ie1 %1 5. Comparing the equations on

both sides we need to solve i = 2321 a;;pj (mod n) foralli € {0,...,n — 1}. By the Chinese remainder
theorem we find a unique solution for every ¢ and it follows that

n—1 n—1 t t n—1 t
nOox=PrL =P R | =R (@ /:Z}J‘) =) mp,+Ox (128)
i=0 j=1

i=0 \ j=1 j=1 \i=0

which gives us the desired result.

Let 7y, : X; — Y be a collection of 1, -covers with corresponding pairs (£,,,n,,) fori € {1,...,¢}.
Let ¢p, be the pi-th primitive root such that the action of 11, on £, is givenby ¢, -s = ¢J s for 0 < j < pi—1.
Let ¢, be the n-th primitive root given by (,, = Hi:l Cp,- We con51der the invertible sheaf £ := ®i:1 Ly,
Let s = ®!_,s; be an element of £ where s; € £,,,. We define an action of 1, on £ by defining the action
as ¢, - s = ®!_,(p,s;. This gives us a Z/nZ-grading on the sheaf ;" L', where (,, - s ®!_, ¢} s; for s € L
and 0 < j < n — 1. As a final step, we need to find an isomorphism 7 : £L®" — Oy. For this we will
consider the isomorphism

t
0 L9 = R)(LEr) v ®0 "~ Oy, (129)
=1

where the first isomorphism is given by ®_, 7, ¥ and the second isomoprhism follows from the propertles

of tensor products. Thus we find an isomorphism 7 : £%" — Oy given by = ®!_ 177p1 i By the
equivalence of categories the pair (£,7) gives us a u,-cover 7 : X — Y. By the arguments earlier in this
lemma we see that the induced p,,,-covers of (£, n) are given by (£,,, 7y, ).

We will now examine how morphisms of j,, -covers combine into a morphism of y,,-covers. Consider the
collection of y,,,-covers (L, ,m,,) — (£}, ,7,.) given by isomorphisms g, : £,, — £}, such that 7, og®P =
np, Where ¢ € {1,...,¢}. Let (£,n) and (£',n') be y,, covers as constructed as above. We must find an
isomorphism g : £ — £’ such that i’ o g®™ = 1. The isomorphism ®§:1 Ly, =L~/ = ®§:1 L, gives
us an obvious choice for g, namely the map g := ®_, g,,. To see that this map satisfies our conditions we
check that

Rz ® NCES 8
o g®" =@, T o (®I1gp,)" " = @iy (n), 0 g2P) TP =@l ymp " =1 (130)

and we see that g satisfies ' o ¢®™ = 7. So morphisms behave well under this construction and we are
done. O

Example 7.5. Let n = 6 = 2 - 3. Consider a ug-cover w : X — Y over Y with a corresponding pair (L,n).
Looking at the sheaf

mO0x =0y Lo L2 Lo LM LO (131)
~(Oy®@0y)a (LYo (OyeL?) o (L2e0y)a (Oy @ LY) @ (L2 ® L) (132)
~ (Oy ® L?) ® (Oy & L? ® L) (133)
= m.0x @ 73, 0x. (134

We see that the action of (s decomposes into an action of (s and (3, since L ~ L3 @ L. Thus we get a
decomposition into the jiz-cover corresponding to (Lo, 12) and the pz-cover (L3, n3), where Lo := L3 and L3 :=
L4,

We can now think of a y,,-cover 7 : X — Y in terms of the pair (£, n) and its induced p,, -covers m,, :
X, — Y with corresponding pairs (£,,, 1,,). We will call the line bundles £, £,,, € Pic(Y)(F') the Steinitz
classes of 7 and m,, respectively. Since these line bundles are n-torsion and p;-torsion bundles respectively,
we can continue the notation from Sectionand let £ € Y [n](F) and Ly, € Y [pi](F) where ¥ = Pic’(Y)
is the dual abelian variety.

We now know how the action of a p,,-cover decomposes. The next thing we will look at is how mor-
phisms and isomorphisms are affected under this decomposition. We have seen that we could scale (-
covers and we can do the same in the case where we replace p with n.
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Given a p.,,-cover (£, n) we acquire a different p,,-cover (£, rn) by scaling n : L& — Oy with r € F*.
Two such p,-covers (£, rn) and (£, sn) are isomorphic if and only if /s € F*". We can carry this process
over through the decomposition and get a y,,,-cover (£,,,rn). In particular, an isomorphism of y,,-covers in
this manner induces an isomorphism of y,,, -covers. If /s = ¢™ was a n-th power, then it is also a p;-th power
as t" = (t"/Pi)Pi. Likewise, if (L,,,71,,) and (L,,,sn,,) are isomorphic p,,-covers for all i € {1,...,t},
then r/s is a p;-th power for all i. Since F is a field it follows that r/s is a p; ... p; = n-th power as well,
so we get an isomorphism of y,,-covers (£, rn) and (£, sn) this way.

Given two p,-covers (£,n) and (L', n’), their tensor product (£ ® L', n ® ') is another p,,-cover. This
construction follows for j,,,-covers (L,,, 7, ) and (£, , 7, ), and we get the tensor product (£,, @ L}, , 1, @
n,,) for all i € {1,...,t}. We let H'(Y,u,) denote the set of j,-covers of ¥ and we get an isomor-
phism H' (Y, u,,) ~ ®t_, H'(Y, up,) from Lemma

We have seen in Section [3|for a geometrically connected p,-cover 7 : X — Y corresponding to (£, n)
that X is a torsor for the abelian variety A,. We will proceed with a similar construction for our p,,-covers.
By Lemma|7.3]if 7 : X — Y is a geometrically connected s, -cover corresponding to the pair (£,7), then
the induced p,,-covers m,, : X; — Y corresponding to (L,,,n,,) are geometrically connected as well. So
X is a torsor for a family of abelian varieties and we will examine how these are related to each other.

Similar to Section [3] let ¢ : Y = ?/ (L) be the degree n isogeny obtained from modding out L.
Lett) : Az — Y be the dual isogeny, which is also of degree n, where A, denotes the dual of Y /{L). We
give 1) the structure of a u,,-cover and we have that

—

ker ) = ker ¢ ~ Z/nZ = Hom(Z/nZ, Grm) = fin. (135)

By the chinese remainder theorem we have that u, ~ H;Zl Lp;» Which suggests that there exist isoge-
nies ¢y, : Az, — Y for the induced p,,-covers such that ji,, ~ ker1,,. Indeed, let 12; Y 5 Y/ (Lp,)
be the degree p; isogeny by modding out £,, and let ¢, : Az, — Y be its dual isogeny. By Lemma
every element of (L) is generated by the £,,, so we get an isomorphism (£) ~ Hle (Lp,).

We can consider the following diagram:

[N vy
~ 136
% R “ (136

Y /{Lp,)

Here ¢ and 1),,, are the usual quotient isogenies and g; is the projection from Y /{(Lp,) to Y /{L). The kernel

of the projection is given by the image of (L, ) x; in /);/ (Lp,). Thus the degree of g, is equal to n/p; and
we have that deg(¢) = n = n-n/p; = deg(q;) deg(1)p,) = deg(q;01,,). So we have a commutative diagram
of isogenies and we get the dual diagram:

P

Y «+——— A,
o | (137)

Ag,,

Here ¢; is the isogeny dual to g;.
These maps give us the isomorphisms
t t

ker ¢ ~ p, ~ H tp, err Yp, - (138)

i=1 i=1

We get o(n) = ¢(p1) ... o(pt) = (p1—1) ... (p:—1) different isomorphisms which correspond to the Z/nZ-
gradings on 1), A .. We choose the isomorphism such that the p,,-cover ¢ : A — Y has Steinitz class £ C
1.0 4, isomorphic to £. This choice of isomorphism then determines the isomorphisms ker ¢, >~ p,,, such
that the action of Z/p;Z on ¢, A, corresponds to the action of Z/p;Z on the ji,,, -covers in the decomposi-
tion of £. The 4, -cover corresponding to ¢, must have Steinitz class £y C ¢,.04,, isomorphic to L),

by Lemma

We can now prove the analogue of Lemma for n and expand on it.



Lemma 7.6. Let 7 : X — Y be a p,-cover with non-trivial Steinitz class L € ?[n](F) Then 7 is a twist
of the pp-cover ¢ : Ay — Y and we have that X is a torsor for Ay. Furthermore, if mp,, : X; — Y are the
induced pi,,-covers with non-trivial Steinitz classes L, € ?[pi](F), then the mp,, are twists of the p,,-covers
Yp,  Ag, =Y and X; is a torsor for Ag,.-

Proof. The proof for the first part of the lemma will be similar to the proof of [[5, Lemma 2.6] and will be
included for the sake of clarity.

If¢: A — Y corresponds to (£,7n), then 7 : X — Y corresponds to (£, sn) for some s € F*. Over
the field F'({/s), there is an isomorphism p : Ay — X of u,-covers which satisfies

p?(P) = /5" | /5 + p(P) (139)

for all g € Gal(F/F) and P € A.. This makes sense since {/s’/{/s € p,. The torsor Ay x X — X is
given by (P, Q) — p(P + p~1(Q)). Let g € Gal(F/F) and P,Q € A.. Then we have that

[o(P+p7H@))]" = p"(P7+ (07 (@) (140)
= p(P? +p7H(Q7) = s/ ¥/s) + Vs /s (141)
= p(P7+p~H(Q) = /5" s + /57 s (142)
= p(P? +p~1(Q7)), (143)

where we used that (p~!)9(P) = — /57 / /s + p(P)~! in and the fact that p is u,-equivariant as
a p,-cover morphism in (I42). From this we see that the torsor structure is defined over F.

Let ¢y, : Az, — Y be the induced p,,-covers of 1) corresponding to the pairs (L, ,7;,). Since 7 :
X — Y corresponds to the pair (£, sn), we must have that the induced covers of 7 correspond to the
pair (L,,, s7p, ). Let the line bundle £, be given by £% i for some 1 < j < p; — 1 as described in Lemma
Then the induced isomorphism p,, : Az, — X; is given by p®/ from (I23). The action of Gal(F/F)
is given by

Ph.(P) = (/5" /5) + p(P)y, (144)
forall g € Gal(F/F) and P € A, . The rest of the proof is similar as before and we are done. O

Similar to Section |3| we will specialize ourselves to the situation of Jacobians. Let C' be a smooth
projective geometrically integral curve over F, and let J = Pic’(C) be its Jacobian. Let ¢ be the genus
of the curve and thus the dimension of the abelian variety J. We let D € J[n|(F) be a divisor class of
order n and we consider the quotient 1 : J — J /(D). We let¢) : Ap — J be the dual of this isogeny;
where Ap is the dual of J/(D). We identify J with J via the canonical principal polarization and thus
acquire a p,-cover ¢ : Ap — J with corresponding pair (£,7). We can choose the u,,-cover structure
on ¢ such that £ € Pico(f )(F)) gets mapped to D under the isomorphism .J ~ .J. Thus we can associate £
with D and we have for the induced 4, -covers (L, , 7,,) that £,, corresponds with D, := 7 - D. So we
get the induced y,, -covers ¢, : Ap, — J.

7.2 Jacobians and p,,-covers for curves of the form y™ = x(x — e;1)(x — e2)

We will now examine the Jacobian of curves of the form y™ = x(z —e;)(x —e3) and look at their p,,-covers,
similarly to the case where n = p. Additionally, we will also examine the ,,-covers of such Jacobians.

Letn = py ...p; be a product of the distinct primes p1, ..., p;. Let eg, e; and ey be distinct integers and
consider the smooth projective curve C over Q with affine model
y" = (x —eg)(x —e1)(x — ea). (145)

Without loss of generality we can assume that ey = 0. This affine model is smooth and it has a single
rational point at infinity denoted by co. The genus of the curve is equal to g = p — 2 if 3 divides n and
equal to g = p — 1 otherwise by [26, §1].

Let J be the Jacobian of C. The subgroup J(Q)[n] has rank at least 2, because it contains the ele-
ments D; = [(e;,0) — oo] for i € {0,1,2}. We have that Dy + D; + D, = div(y) so it is equal to 0 in J.
Let H := (Dy, D1). We can define the following abelian variety:

A=J/H. (146)
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For D := Dy + D; we define the variety
B = J/(D). (147)

For these varieties we can define the quotient isogenies ¢:J— Aandtp: J — B. By duality we get the
dual isogenies ¢ : A — J and ¢ : B — J. Furthermore, via the canonical principal polarization we can
identify J with its dual and acquire the maps ¢ : A — J and ¢ : B — J. This turns A and B into p,,-covers
of J. We also define the varieties Ap, = J/(D;) for i € {0, 1,2} in this manner, with the corresponding
isogenies ¢; : Ap, — J. Note that B ~ Ap,, because D = —D,.

We now get the map

J(Q)/6(AQ) L5 Q*/Q™ x Q*/Q*™ (148)
[Z(xj,yj) ~g- oo] — (H zj, H(xj - e1)> (149)

as described in the Lemmas and [3.9] From [21} Proposition 2.7] it follows that the class of the
divisor Z?:l (xj,y;)—g-o0, with z;, y; € Q, can be represented by a Q-rational divisor, because C'(Q) # 0.
This map is well-defined whenever the z; and x; — e; are non-zero. By [10, VI §4 Lemma 3] it is possible
to find a representative in every class in J(Q)/¢(A(Q)) such that the map is well-defined.

We can construct similar homomorphisms for the other varieties we have defined:

97 J(Q)/¥i(Ap, (@) — Q7/Q™ (150)
[Z(xj,yj) —-g- oo} — H(xJ —e;) (151)
j=1 j=1

for Ap, with ¢ € {0,1,2}. Here this description also only works on the classes for which the map is
well-defined. However from these maps we find that

g g g
§Po . gP1 . gD2 ( [Z(xj7yj) -g- 00:|> = H Ij(.]?j — €1)($J‘ — 62) = Hy;l =1, (152)
j=1 j=1

j=1
since the z; and y; lie on the curve C. So we get the identity:
9P 9P 9Pz = 1. (153)

This allows us to describe our homomorphisms on classes where they are not well-defined. We can describe
the behaviour of 97 on the roots similar to Lemma

Lemma 7.7. We have

aH([(O7 0) - OO]) = [61_162_17 —61], (154)

and
9" ([(e1,0) — od]) = [ex, (ex — e2) '], (155)
Proof. The proof is similar to the proof of Lemma 4.1 O

Lastly, for B we have the homomorphism

o :J(@/¥(B@) —» Q*/Q™, (156)
[Z(%‘,yj) —Q'OO] = [ i@ —e). (157)
j=1 =1

This gives us the following commutative diagram which we will use in the next section

J(Q/$(A@) 25 Q*/Q* x Q*/Q*"

l l (158)

J(Q)/4(B@) —Z— Q*/Q™
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where the right vertical map is given by [rq, 3] — [r172].

We can find birational models for u,,-covers of J given a Steinitz class. For our case we will look at the
Steinitz class of D = Dy + D;. The distinguished p,,-cover for this Steinitz class is the cover B — J. Let
this 1,,-cover correspond with the data (£, 7). By Lemma [3.7]we have that f(0,) is an n-th power in Q*
where f = n~! € Q(J). For any point P € J(Q)/v(B(Q)) we have that 0P (P) = rp = f(P + Q)/f(Q)
using Lemma Taking @ = 0; we can rewrite this equation to get

f(P)=f(P+0;)=f(0;)rp =1. (159)

since f(0;) is an n-th power and the cover B — J is isomorphic to (£,n), so rp = 1. Because nD =
div(z(z — e1)), it follows from Lemma [3.8|that 1 = f(P) = [z(z — e1)](P). Since P can be written in the
form Z?Zl(:cj, y;) — g - oo we finally get the equation

9
H —e1). (160)

where the variable 2™ comes from lifting the equation out of Q* /Q*". Together with the birational model
for J given by the equations
yj = wj(z; —e)(z; — e2). (161)

for 1 < j < g, we get a birational model for B.
Finally for r € Q*, the u,-cover (£, rn) is described by the equations
yi = zi(xj — e1)(xj — ez). (162)

for 1 < j < g, together with the additional equation
g
H —e1). (163)

which is twisted by r.

7.2.1 The pp,-covers of y™ = xz(z — e1)(x — ez)

We fix the index i for the prime p; dividing n for this section. Let J denote the Jacobian of the curve (145)
as described in the previous section. The subgroup J(Q)[p;] of J(Q)[n] has rank at least 2 as well, as this
subgroup contains the elements Dy, ; := > - Dj for j € 0,1,2. We also have that Dp, 0 + Dy, 1 + Dp, 2 =

o (Do+ D1+ Dg) = J--div(y), so the sum Dy, o+ Dy, 1+ Dy, 2 isequal to 0in J. Let Hp, := (D, 0, Dp, 1)
We can define the followmg abelian variety:

A, =J/H,,. (164)

For D, := D,, o + D,, 1 we define the variety

—

By, = J/(Dp,). (165)
For these varieties we can define the quotient isogenies ap\ J = Zp\ and Jp\i J = Ep\ By duality
we get the dual isogenies ¢,, : A4,, — J and Yp, © Bp, — J. Furthermore, via the canonical principal
polarization we can identify J with its dual and acquire the maps ¢, : A,, — J and ¢, : B,,, — J. This
turns A, and B, into j,,-covers of J. These are the induced i, -covers of the p,-covers ¢ and ¢ of the
previous section. We also define the varieties Ay, p, = J/(D,, ;) for j € {0,1,2} in this manner, with the
corresponding isogenies v, ; : A,, ; — J. Note that By, ~ A,, p,, because D), = —D,, ».
This gives us the map

T(Q)/6p(Ap: (Q)) 225 QF QP x Q*/Q* (166)

) g g
[Z 5, Y;5) '00] = | 1= [1@ —en) (167)
=1 j=1  j=1
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as described in the Lemmas and [3.9] From [21} Proposition 2.7] it follows that the class of the
divisor Z?:1 (xj,y5)—g-00, with z;,y; € Q, can be represented by a Q-rational divisor, because C(Q) # 0.
This map is well-defined whenever the z; and z; — e; are non-zero. By [[10, VI §4 Lemma 3] it is possible
to find a representative in every class in J(Q)/¢(A,,(Q)) such that the map is well-defined.

We can construct similar homomorphisms for the other varieties we have defined:

aDp'm. J(Q)/wpz] (ADP'LJ (Q)) - Q*/Q*pl (168)
g g
[Z(ﬂ?k,yk) -9 OO] = [T (@ —e)) (169)
k=1 k=1

for Ap, , with j € {0,1,2}. Here this description also only works on the classes for which the map is
well-defined. However from these maps we find that

g g g
dPvi0 . gPrir . P2 ( [Z(Zjvyj) -g- w}) == —e@—e) =[]y =1, (170)
j=1 j=1

j=1
since the x; and y; lie on the curve C'. So we get the identity:
OPri0 . gPrit . 9Priz = 1, (171)

This allows us to describe our homomorphisms on classes where they are not well-defined and we get a
direct analogue of Lemma|7.7

Lemma 7.8. We have

0" ([(0,0) — oc]) = [e1 'e3 !, —eu), (172)

and
9™ri([(e1,0) — oa]) = [er, (e —e2) 7). (173)
Proof. The proof is similar to the proof of Lemma 4.1 O

Lastly, for B,,, we have the homomorphism

aPri :J(Q)/9(By, (Q) — Q*/Q7, (174)
g g
|:Z<xj,yj> —g.OO] — ij(xj —61). (175)
Jj=1 j=1

This gives us the following commutative diagram which we will use in the next section

J(Q)/bp (Ap, (Q)) L5 Q*/QP x Q/Q:

l l (176)

T(Q) /by, (By (@) — 22 @ jr:

where the right vertical map is given by [rq, 73] — [r172].

We can find birational models for 11,,-covers of J given a Steinitz class. For our case we will look at the
Steinitz class of D), = D,, o+ D,, 1. The distinguished ,,,-cover for this Steinitz class is the cover B,,, — J.
Let this y,,-cover correspond with the data (£, , 7,,). By Lemma [3.7|we have that f(0,) is a p;-th power
in Q* where f = n~! € Q(J). For any point P € J(Q)/v,,(B,,(Q)) we have that 977 (P) = r,, p =
f(P+Q)/f(Q) using Lemma [3.6] Taking @ = 0; we can rewrite this equation to get

f(P)=f(P+0;)=f(0;)rp, p =1 (177)

since f(0s) is a p;-th power and r,, p = 1 because the cover B,, — J is isomorphic to (L, ,n,,). Be-
cause p; D), = div(z(z — e1)), it follows from Lemma [3.8|that 1 = f(P) = [z(z — e1)](P). Since P can be
written in the form Zg:l(xj, y;) — g - oo we finally get the equation

g
Jj=1
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where the variable 27 comes from lifting the equation out of Q* /Q*P:. Together with the birational model
for J given by the equations
yj = wj(x; —e1)(w; — e2). 179

for 1 < j < g, we get a birational model for B,,.
Finally for r € Q*, the p,,-cover (L,,,77,,) is described by the equations

yj = zj(r; —e1)(z; — ea). (180)

for 1 < j < g, together with the additional equation
g
raPi = H —e1). (181)

which is twisted by r.

7.3 Computing #.J(Q,)/¢(A(Qy)))

Similarly to the case where n = p, we will specialize the curve (I45) and look at the curve C, , given by
the affine model:
C=Cuy:y" =2x(zr—3u)(z—9). (182)

Here u,v are integers not divisible by 3 and n = p; ... p; a product of distinct primes py,...,p;. Let J
be the Jacobian of C' and let A and B be the p,,-covers from the previous section and let A, and B,, be
the 1, -covers from the previous section for all 1 < <'t.

We can determine the size of J(Q,/¢(A(Qy))) for certain primes ¢ similar to Lemma5.1}

Lemma 7.9. Let q be a prime such that ¢ = 1 (mod n). Then we have that #J(Q,)/#(A(Qy))) = n? -
Hz 1¢4(J)/cq(Ap,)-

Proof. The congruence condition on ¢ implies that Q; contains the n-th roots of unity. Consequently, this
means that Q; also contains the p;-th roots of unity, since p; divides n for all 1 <7 < . Let (; denote a
primitive k-th root of unity where k € {n,p1,...,pt}.

Since Q, contains (j, we get an autotomorphism (z,y) — (z,{xy) on C. If we interpret (z,y) as a
divisor on C, then we can define the pushforward (. : div(C) — div(C) as (k«(x,y) = (2, (ry). We can
extend this map Z-linearly to all divisors of C' and acquire a homomorphism (. : J — J sending [D] —
[Ck« D] by [25, Proposition I1.3.6]. This gives us a ring embedding ¢ : Z[(;] < End(J) which is described
in the following way: For an element m(}, in Z[(] with m € Z and 0 < i < k — 1, the element «(m(}.) acts
on a divisor class [D] in J by «(m(}.)[D] = [m - (¢x«D)]. Note that Q(¢x) ~ Z[(x] @ Q forms a Q subalgebra

under this embedding. By [15, Proposition V.10.23] we have that deg(:(a)) = Nmg¢,)/o(a) ¥ where g is
the genus of J and f = [Q(¢x) : Q] = (k).

Let us assume that & = p; for some 1 < i < ¢. The kernel ong; S = Zp\ is given by (D), 0, Dp,,1). The
kernel of the endomorphism 1 — ¢(,,) is given by all points P in J such that P ~ ¢((,,)(P). In particular,
a point P of the form [(x, y)] satifies the relation if y = 0. So it follows that

ker(dp,) = (Dyp,.0: Dpi1) C ker(1 — u(Gp,))- (183)

In contrast to Lemma . the kernels of 1—(¢p,) and ngp\ do not coincide since the size of ker(1 — ¢({p,))

is equal to Nmg ¢, )/q(1 — )7 " T = = p?~", which is strictly larger than the size of ker(gi)p ).

Let ¢1(ff) 0 Ap,(Qq) — J(Qg) denote the induced homomorphism on Q,. The local Selmer ratio is
defined as

#coker% _ #J(Q)/857(45,(Qy)).
#kerﬁﬁm #APL (Qq) [¢§g }

cqldp,) = (184)

By [23| Corollary 3.2] we have that
C‘I((bpi) = Cq(J)/CQ(APi)7 (185)

where the right hand side is the ratio of the Tamagawa numbers at q.
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Let us now examine ¢(? : A(Q,) — J(Q) the induced homomorphism of ¢ : A(Q) — J(Q). Similar
to <b§ff) we define the local Selmer ratio as

_ #eokerg@  #J(Qq)/¢'V (A(Qy))
“0) = e~ EAQIPW] (186)

The result of [23, Corollary 3.2] only applies to isogenies with degree equal to a power of a prime, so we
will take a different approach to show that ¢, (¢) = ¢4(J)/cq(A).
Recall that equation (138]) tells us that ker(¢) ~ H:Zl ker(¢,, ), so we find that #kerp(?) = Hle #kerqﬁ,(,‘f).

For #coker¢(? we can find a similar by looking at the dual of the cokernel. For the dual of the cokernel
we have that

—
~

coker¢ = ker ¢ = ker ¢ = ker ¢, (187)

since ¢ is 1somorph1c to qb by Corollary [2.22| and because the cokernel of ¢ is equal to the dual of ker ¢.
Since ker ¢ = (Dg, Dy) ~ [T._,(Dyp, 0, Dpi,1> =TI, ker ¢pi we find that

t — t
#cokerd@ = # ker ¢(@) = [ # ker o) = [ ] #cokerg(?. (188)

i=1 i=1

Combining this with (I85) and we find that

#cokerp(@) #cokerg? -
Cq(¢) = #ker¢(Q) Z];[1 #kerqj) 7’ _ Z];E Cq(¢:n HCq /Cq (189)

Since the kernel of ¢ is isomorphic to j,, it follows that #A(Q,)[¢(?] = n2. So we get that

#J(Qq)/d)(Q)(A(Qq)) = #A(Qq)[(;ﬁ(Q)} ‘ H cq(J)/cq(Ap,) = n? .- H cq(J)/cq(Ap,)- (190)
i=1 i=1

O

We find that #.J(Q,)/#(A(Q,))) = n2-TI'_, ¢q(J)/cq(A,,) which makes us run into some trouble. The
proof of Proposition relies on the fact that the two elements 9% ([(0,0) — oc]) and 0% ([(3uk, 0) — oo])
are linearly independent. Since in the setting of Proposition we have that #J(Q,)/#(A(Qy))) = p?,
these elements generate all of J(Q,)/#(A(Q,))). In the above proof the genus of A makes it not possible
to find an isomorphism between J and A or A, over Q,. So we need to directly calculate the Tamagawa
numbers or find a different method. Unfortunately, my experience with measure theory is not sufficient
to see this through.

One observation we can make is that we acquire A,, by taking the quotient of A with a finite set, as
seen from the diagram and its dual diagram (I36)). This could mean that the Tamagawa numbers of
A and A,, are equal. In that scenario we get that #.J(Q,)/¢(A(Q,))) = n? - (cy(J)/cq(A))?, so we would
only need to calculate the Tamagawa numbers c,(.J) and ¢,(A) in this scenario.
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8 Lemmermeyer and Mollin in the language of p»-covers

In this section we will look at the paper "On Tate-Shafarevich groups of y? = x(22—k?)" by F. Lemmermeyer
and R. Mollin [13] and look at their results through the lens of usy-covers. We will see how our methods
are applicable and compare our results with their findings.

We will consider an elliptic curve Fj, over Q with affine model

v =z - k) =z —k)(z+ k), (191)

where k£ > 1 is some integer. This affine model is smooth and we denote the point at infinity with oo to
stay consistent with previous notation. Since E}, is an elliptic curve its genus is equal to 1.

Let J, = Pic’(E},) be the Jacobian of Ej,. Note that the morphism P — [P — o] from Ej, to Pic’(E}) is
an isomorphism, so we can always think of Jj, as the elliptic curve E}. It is well known that the 2-torsion
points of an elliptic curve are given by FEy[2] ~ (Z/27)? [25] Corollary I111.6.4.] and in our case the 2-
torsion points are given by Ej[2] = {0, (0,0), (k,0), (—k,0)}. We will denote these points by Dy = (0, 0),
D, = (k,0) and Dy = (—k,0). We have an equality of divisors Dy + Dy + Dy = div(y), so in J we have
that Dy + Dy + Dy = 0. We let H = (Dy, D») and define the abelian variety

Ay = J,/H. (192)
Likewise for D = Dy + D,, we define the variety
By = Ji/(D), (193)

This gives us the quotient isogenies ¢ : J, — 4, and O T & By, and their corresponding dual
isogenies ¢ : Ay, — Ji and ¢ : By, — Ji. In a similar way we define the varieties A p, = Ji/(D;) with
isogenies v; : Ay p, — Ji for i € {0,1,2}. Note that we have an isomorphism By ~ Ay p,, as D = —D;
in Jk.

We can define the map

" J(Q)/(Ax(Q)) — Q*/Q** x Q*/Q** (194)
[(2,y) — o0] = (2, + k) (195)

as described in the Lemmas and Because Fj, has Q-rational points, by [21, Proposition 2.7]
the divisor class [(x,y) — oo] is Q-rational. By [10, VI §4 Lemma 3] every class in J;(Q)/¢(Ar(Q)) can be
represented by a divisor, such that 2 and = — k are non-zero. So the map 0% is well-defined.

We can construct similar homomorphisms for the other varieties we have defined:

87" :Jk(Q)/¢i(Ak,p,(Q)) — Q*/Q** (196)

[(z,y) —o0] = & —e;, (197)
0, ifi=0

wheree; = ¢ k, ifi =1, for Ay p, whenever i € {0,1,2}. We can use the identity to describe the
—k, ifi=2

maps 077 on classes that evaluate to 0. In particular, we can give a more general description of 9% (e;)
for k € {0, 1,2}, because we can divide squares out in Q*/Q*2.

Lemma 8.1. Let H = (D;,D;). We introduce the following notation 0P (ey) := 0P([(ex,0) — oo])
and 0 (ey,) := 0 ([(ex,0) — 00]). We have the following expression for 9 :

[aDi (ek)vaD‘j (ek)]a Ifk 7é ia.jv

0% (er) = q iz 0P (en), 075 (en)],  if k =1, (198)

07 (ex), [Tip O (er)), ¥k =
Proof. We consider 9P (ey). If k # i then we can evaluate 9P (e;,) as it is. If k = i then we can use the
identity and find that

(9Di(ek) — HaDz (ek)—l — HaDz(ek)_

1k Ik
The expression of 9 follows from these observations. O
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Lastly, for By we have the homomorphism

0" :J,(Q) /¥ (Br(Q)) — Q*/Q*, (199)
[(x,y) — 00] = a(z — k). (200)

This gives us the following commutative diagram which we will use in the next section

Te(Q)/$(AK(Q) L QF/Q*2 x Q*/Q*?

l J (201)

aD

Jr(Q)/¥(Br(Q)) ——— Q*/Q**

where the right vertical map is given by [rq, 2] — [r172]. We can apply this map on the results of Lemma
to get the following results:

Corollary 8.2. The element 0 (e;,) gets mapped to

P (ex)0Pi (er), ifk#1,j,

202
P (eyr), otherwise, (202)

8H(€k) — {

under the right vertical map of diagram ([201)) where | # i, j.

We will construct birational models of J;, for a p,,-cover with Steinitz class D = Dy + D;. The dis-
tinguished po-cover for this Steinitz class is the cover By — Ji. Let this ps-cover correspond with the
data (£,n). By Lemma [3.7) we have that f(0,) is a square in Q* where f = n~! € Q(J;). For any

point P € J;(Q)/4(By(Q)) we have that 9” (P) = rp = f(P+Q)/f(Q) using Lemmal3.6] Taking @ = 0,
we can rewrite this equation to get

.f(P) = f(PJV OJk) = f(OJk:)rP =1, (203)

since f(0;,) is a square and because the cover By, — Jj, is isomorphic to (£,n), so rp = 1. Because nD =
div(z(z — k)), it follows from Lemma [3.8that 1 = f(P) = [z(x — k)](P). Since P can be written in the
form (z,y) — oo we finally get the equation

22 =x(x — k), (204)

where the variable 2? comes from lifting the equation out of Q*/Q*2. Together with the birational model
for J;, given by the equation
v =x(x —k)(z+ k) (205)

we get a birational model for By.
Finally for r € Q*, the p,-cover (£, rn) is described by the equation

v? =x(x —k)(z + k), (206)

together with the additional equation
rz? = x(x — k). (207)

which is twisted by r.

8.1 Finding elements of the Selmer group

In Section[5|we specialized the curve C': y? = z(z — ey )(z — e3) to be of the form Cy, : y? = x(x — 3uk)(z —
9vk), where p > 3 is a prime and u, v € Z are not divisible by 3. However, we are now working with curves
of a specific form, namely y? = x(x — k)(x + k), so we cannot make a specialization of this form and we
will have to see which of our previous results can be applied and which have to be modified. The first
lemma we encountered, Lemma 5.1} is still applicable and can be worded more strongly.

Lemma 8.3. For all odd primes g, we have that #.J;,(Q,)/$(Ak(Q,)) = 22

Proof. The proof is the same as the proof of Lemma with all instances of p replaced with 2. O
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When we look at the analogue of Proposition|5.2(we run into some complications. The first problem we
face is that previously the integer 3 in the curve Cj, played a crucial role in proving Proposition[5.2] since the
images of 9 ([(0,0) — oo]) and 87 ([(3uk, 0) — oc]) contained powers of 3 across the localizations Q};, Q7 x
Q;,,/Q;P for all p;. This allowed 3 to act as a global prime over all localizations and carry across information
between the localizations. Secondly, the localizations Q} /Q;? contain less structure than Q} /Q;”. Lemma
[B.3|tells us that J(Q,)/#(A(Q,)) is generated by 2 elements of order 2, which limits our options for finding
certain congruences. Lastly, we need to consider which set of conditions our primes need to satisfy as in
the paper [13]] and as in Proposition Considering these complications we might consider a different
choice of divisor D, and consequently a different subspace H.

We will proceeed in proving analogue of Proposition[5.2]in the following way. We consider the elliptic
curve Ey : y? = z(2? — k?) where k = p; ...p,, is a product of odd primes. Let J; be the Jacobian of
this elliptic curve. We let ¢ : By, — Ji denote the dual isogeny acquired by modding out the divisor D =
D; + Dj for some 0 < ¢ < j < 2 and subsequently ¢ : A, — J;, denotes the dual isogeny of modding out
the subspace H = (D;, D;). We will first show that p; lies in the Selmer group By, for all i and all choices
of D. We define the Selemer group of By, as the subgroup Sel(By) C Q*/Q*? of classes r with the property
that for every prime [ < oo, the class of r in Q} /Q;? is in the image of 97 : J(Q;)/¢(Br(Q:)) — Q; /Q;2.
We can now state the first part of our analogue:

Proposition 8.4. Let k = p ... pp, be a product of distinct odd primes satisfying (p;/p;) = 1 for all i # j in
{1,...,m}. Then for all i we have that p; € Sel(Bj,).

Proof. We fix an index 1 < i < m. We would like to show that p; € Sel(By). For this we show that p; lies
in 0P (J(Qq) /v (Br(Qy))) for all choices of D and all primes 1.

Let us first assume that [ is of the form p; where j is distinct from the index i. By our assumptions
on k, p; is a square in Q. So p; is equal to the image of the identity under 0P for any choice of D. The
same argument holds for [ = 2, as all odd primes are squares modulo 2. If [ is not equal to p; for all j or 2,
then p; lies in the image 9 by Proposition because the discriminant of Ey, is only divisible by 2 and
the primes p;.

Lastly for | = p;, we can directly find elements of J;,(Q;)/¥(Bk(Q;)) that get mapped to p;. If D =
Dy + Dy, then 8P([(0,0) — o<]) = —1 - —k = k. Note that p; is a square in Q,, for j distinct from i and
thus k is equal to p; in Q,,. In the case where D = Dy + D, we have that 9°(0) = —k. So the case
where D = Dy + D, is only applicable whenever the primes p; are equivalent to 1 (mod 4), since —1 is
a square then. Lastly if D = D; + Dy, then O (k) = 2 - 2k = k so by the previous argument it is equal
to p;. O

Now we will examine if we can prove that p; does not lie in 9P (J(Q)) for certain choices of D, using
the methods employed in Proposition We will continue with the notation introduced in Lemma (8.1
Before we get started with the proposition we will first prove the following lemma.

Lemma 8.5. Let k = p; ... pym, be a product of distinct primes satisfying (p; /p;) = 1 and (—1/p;) = —1 for all
i#jin{l,...,m}. Let D=D; + D; where 0 < i< j<2and H = (D;,D;). Wecanfind0 < k < k' <2
such that 9" (ey,) and 0 (e},) are linearly independent in Q3 /Q5? x Q3 /Qz? for all possible pairs of D and
all primes p;. Furthermore, these two elements will generate all of 0 (J,(Qp,)/d(Ax(Qp,))-

Proof. By the conditions on the primes the element k is equal to p; in Q, /Q;? x Q3 /Qx2.

Let D = Dy + D;. By Lemma [8.1] we find that 97 (0) = [~1,—p], 9" (k) = [p,2] and 0" (~k) =
[—p1, —2p1] in QF, /Qr2 xQr;, /Qz2. We can interpret elements of Q5 /Q;? xQj, /Q5?2 as squarefree elements.
So if we want to check if two elements are linearly independent, it is sufficient to check that their product
is not equal to [1,1]. With this in mind it is easy to see that these elements are all pairwise linearly

independent.

Similarly, for D = Dy + D, the elements 8% (0) = [-1, k], 07 (k) = [k, 2k] and 0 (k) = [k, 2] are
pairwise linearly independent. Lastly, for D = D;+ D, we have that the elements 9 (0) = [k, k], 0 (k) =
[2,2k] and 0 (—k) = [—2k, 2] are pairwise linearly independent.

By Lemma these two elements will generate all of 9 (J.(Q,,)/d(Ax(Qp,)). O

We can now prove the proposition.

Proposition 8.6. Let k = p; ... p,, be a product of distinct primes satisfying (p;/p;) = 1 and (—1/p;) = —1
foralli # jin{1,...,m}. Then p; does not lie in O° (J;(Q)) for D = Do+ D2. More generally, if g = [[,c; pi
where I C {1,...,m} is a non-empty proper subset, then q does not lie in 0P (J,(Q)) for D = Dg + Ds.
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Proof. We fix a prime p; for 1 <! <m. Let D = D; + D; where 0 < ¢ < j < 2and H = (D;, D;). From
Lemma [8.1] we find that.

(0P (ex), 0" (ex)], if k #1i,j,
0" (er) = ¢ i 07 (ex), 0P (ex)),  if k=1, (208)
(0% (ex), [Lisk Pt(er)], ifk=j.

And by Lernrnawe have that 9% (e;,) and 9% (e;) are linearly independent for every choice of 0 < k <
k' <2in Q;/Q;? x Q; /Q;? and generate all of 07 (J;(Qy,)/d(Ak(Qyp,)).

Similar to the proof of Proposition we consider an element [ry, 7] in 07 (J,(Q)/¢(AL(Q))) and
we will show that 7,7, cannot be of the form ¢ = [],.; p; where I C {1,...,m} is a non-empty proper
subset. By Proposition [3.11|the integers are only divisible by the primes in {p1, ..., pm, 2}. If there is no /
such that p; divides both r; and r, to the same power, then all the p; divide r173. So 7172 cannot be of the
form ¢ as described above.

Now assume p; divides r; and 7 to the same power. We know that the pair of % (e;) and 9% (e;)
generate all of 07 (J;(Q,,)/d(Ak(Qp,))), s0 [r1,r2] = 0 (ey,) for some 0 < k < 2 or [1, 1]. We will apply
the mapping [ry, 2] — ri7re from diagram to 0% (ey,) for every choice of k. This allows us to check
for which choices of k the product r17 is divisible by p;. The elements —1 and 2 will act as global primes
in this proof similar to the element 3 in Proposition We will use these global primes to check what
the representatives of [ry,r,] are in 0" (J;(Qp, )/¢(Ax(Qp,))) for I’ an index different from /. We want
to show that r;7; are not divisible by p;; then and conclude that 717, is not of the form ¢ = [[,c; p:
where I C {1,...,m} is a non-empty proper subset. We will do this for all choices of D = D; + D,.

The case D = Dy + Dy
Let D = Dy + D;. Because of the condition on our primes, in 0% (Jx(Q,,)/#(Ax(Q,,))) we get the ele-
ments 0% (0) = [~1, —pi], 07 (k) = [pi, 2] and 0% (—k) = [~p;, —2p;]. Under the mapping [ry, 2] — 7172
it follows that 9 (0) +— p;, 0% (k) — 2p, and 0% (—k) ~ 2. Since 7,7, is not divisible by p;, it follows
that [rq, 2] is equal to [1, 1] or 8% (—k). In the former case r;75 is not divisible by 2 and in the latter case
it is divisible by 2.

Now we will determine what the representative of [r1,7s] is in 9% (J,(Qp, )/#(Ax(Qp,))). Similar
to above, applying the mapping [ri,7s] + 7172 to 0 (e;) we see that 97 (0) — pp, 0H (k) — 2py
and 9 (—k) — 2. So [r1, 73] is equal to [1, 1] or 8*(0) if ry75 is not divisible by 2 and it is equal to 0¥ (k)
or 9 (—k) otherwise. In both cases there exists a representative for [r, ro] such that r, 75 is divisible by p;/.
Thus we conclude that r; and r5 are not necessarily divisible by p;. to the same power if D = Dy + D;.

The case D = Dy + Ds:

Let D = D; + Da. In 0(J,(Qp,)/9(Ax(Qy,))) we now have that 07 (0) = [—p;, 1], 07 (k) = [2,2p]
and 0% (—k) = [~2p;,2]. Under the mapping [r1,79] +— 7179 it follows that 87 (0) — —1, 0 (k) — p
and 0 (k) — —p,. Since r 75 is not divisible by p,, it follows that [ry, 73] is equal to [1, 1] or 97(0). In
the former case 7175 is not divisible by —1 and in the latter case it is divisible by —1.

Now we will determine what the representative of [r1,75] is in 9" (J,(Qp, )/#(Ax(Qp, ))). Similar
to above, applying the mapping [ri,72] +— 7172 to 0% (e) we see that 97 (0) — —1, 0H (k) — py
and 0% (—k) — —py. So [r1,72] is equal to (1,1) or 8% (k) if ;75 is not divisible by —1 and it is equal
to 9%(0) or 0 (—k) otherwise. In both cases there exists a representative for [ry, 5] such that r;ry is
divisible by p;.. Thus we conclude that r; and r, are not necessarily divisible by p;» to the same power
if D= D; + Ds.

The case D = Dy + Ds:

Let D = Do + Ds. In 0 (J,(Qp,)/9(Ax(Q,,))) we now have that 07 (0) = [-1,p], 0% (k) = [pi,2p]
and 0% (—k) = [-p;,2]. Under the mapping [ry,72] + 7172 it follows that 07 (0) — —p;, 07 (k) — 2
and 0 (—k) — —2p;. Since 7y is not divisible by p,, it follows that [ry, 5] is equal to (1,1) or 9 (k).
In the former case r17- is not divisible by 2 and in the latter case it is divisible by 2. Note that in both
cases r175 is not divisible by —1.

Now we will determine what the representative of [r1,7s] is in 9% (J,(Qp,, )/#(Ax(Qp,,))). Similar
to above, applying the mapping [ri,72] +— rir2 to 0% (e;) we see that 07 (0) — —py, 0H (k) — 2
and 0 (—k) ~ —2py. Since riry is not divisible by —1 it follows that [ry, o] is equal to (1,1) if 7179
is divisible by 2 or 9 (k) otherwise. In both cases ;7 is not divisible by p;;. So we can conclude that r;
and ro are divisible by p;: to the same power if D = Dy + Ds.

Since this holds for all choices of " different from [ it follows that 17, is not of the form ¢ = [[,.; p:
where I C {1,...,m} is a non-empty proper subset. Since 9 (J,(Q)/¢(Ax(Q))) maps surjectively onto
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the group 97 (J,(Q) /v(Bk(Q))), it follows that elements of the form ¢ do not lie in 8P (J(Q) /¥ (Bk(Q))).
So the proposition holds for D = Dy + Ds.
O

In the proof of Proposition we see that we need a different choice of D to acquire the results of
Proposition Furthermore, we have the two different elements 2 and —1 in Proposition that can
serve the role of the prime 3 in Proposition[5.2] For D = Dy + Dy and D = D; + D; it is not possible to
find the desired results. In the former case we see that we only need 2 to act as a global prime, while in
the latter case we only need the element —1 to act as a global prime. In the case where D = Dy + D it is
important that —1 is not a square modulo p;, but 2 being a square does not impact our results. There is a
certain asymmetry in the way the elements of 9" (.J;) are represented in Q;, /Q;? x Q; /Q;?2 in this case
that allows us to get our results.

We can now prove the analogue of Corollary|[5.3]and we will see that the proof is simpler now that we
are working in a characteristic 2 setting.

Corollary 8.7. Let Ej, be the same as in Proposition Then #111(By)[p] > 2™~ 1.

Proof. From Proposition [3.10| we have the exact sequence
0 — Ji(Q)/¥(Br(Q)) — Sel(By) — WI(By)[¢)] — 0. (209)

The products of the form [],.; p; as described in Proposition lie in Sel(By), but these products do
not lie in the subgroup 9% (Ji(Q)/v(Bx(Q))) of Sel(B},). From the exact sequence it follows that these
products do not lie in the kernel of IT11(By;)[)] and are non-trivial elements of ITII( By /Q)[¢]. In particular,
we can look at the single primes p; and look at the intersection of 9 (J;.(Q) /4 (B (Q))) with the subgroup
of Sel(By,) generated by {p1, ..., pn }. This subgroup contains at most the element p; ...p,, = k and thus
has a dimension of at most 1 as an Fy-vector space.

By looking at the exact sequence we can see that the image of (p1,...,pm) in II(By)[¢], denoted
by (p1,...,pm), has dimension at least m — 1. We have that deg(y)) = 2, since deg(v) = deg(zZ)
#ker((q(Z) = #)()D), so III(By,)[)] C III(By)[2]. We can conclude that #IT1(By)[2] = 2dime (B[]
2dimF2 P1s--Pm)) > 2m71.

O

This corollary implies that the Tate-Shafarevich group can be arbitrarily large depending on the number
of primes in the product k. Unfortunately, it is impossible to find more than 1 prime satisfying the condi-
tions of Proposition By the law of quadratic reciprocity we have for primes p and q that (p/q)(¢/p) =
(-1) 245" | Since the conditions of Propositionimply thatp, ¢ = 3 (mod 4), we have that ’%1 . ‘1;—1 =
2m . 2840 — 1 4 2(m + n + 2mn) for some integers m,n € Z. Because this number is odd it follows
that (p/q)(q/p) = —1, so if we would assume that & = p;p- then only one of (p;/p2) = 1 or (p2/p1) =1
can satisfy the conditions of Proposition [8.6]

8.2 A proof of Proposition 10
The paper of Lemmermeyer and Mollin concludes with the following proposition:

Proposition 8.8. [13, Proposition 10] Let k = p;...p, be a product of primes p; = 5 (mod 8) such
that (pi/p;) = +1 whenever i # j. Then #III(E/Q) > 2™~ ! if m is odd and #111(E/Q) > 2™~ 2 if m
is even.

The paper does not give a proof for this statement, so we will provide one here for completeness. To
prove this proposition we have the following exact sequence

0 — W(E/Q) = 5%)(E/Q) — LI(E/Q)[4] — 0. (210)

Here 1) is the dual isogeny of the 2-isogeny ¢ : £ — E associated with a rational point of order 2. In
the sequence W (F/Q) is the Weil-Chatelet group of E, S(*)(E/Q) is the Selmer group associated to ¢

and H_I(E /Q)[¢] the Tate-Shafarevich group of .
Additionally, we require a theorem and lemma from the paper. The proofs of these statements can be
found the paper. We need the following lemma:
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Lemma 8.9. [13] Lemma 3.] Let k = p1 ... pm, be a product of distinct odd primes p; and write k = byc; for
some squarefree by > 0. Then b; € Sel®) (E/Q) if and only if the following conditions are satisfied:

1. (e1/p) =1or (—c1/p) = 1 for all primes p| b;.
2. (by/p) =1or (=by/p) =1 for all primes p|c;.
3. by ==+1 (mod 8) or ¢; = +1 (mod 8).

And we need the theorem:

Theorem 8.10. [[13] Theorem 7.] Assume that k = p;...p,, is a product of distinct odd primes p; = +3
(mod 8) such that (p;/p;) = 1 whenever i # j. Additionally, assume that there is at most one index i such

that p; = +3 (mod 8). Then W(E/Q) = (—1,k).
We can now proceed to the proof of the proposition.

Proof of Proposition 10: We can approximate #HI(E/Q) using the sequence (2I0). From this we find
that #111(E/Q)[¢] = #SW)(E/Q)/#W (E/Q). So we will need to determine the sizes of S®)(E/Q)
and W(E /Q), and use the inclusion #HI(E /Q) 2 Hl(E /Q)[¢] to get the desired approximation.

Let k = p;...p,, be a product of primes with p; = 5 = —3 (mod 8) such that (p;/p;) = +1 when-
ever i # j. In particular, this means that none of them are equivalent to 3 (mod 8). So we can apply
Theorem 8.10|and find that W (E/Q) = (—1, k).

To determine the size of the Selmer group we use Lemma(8.9] By the construction of k¥ we automatically
satisfy conditions 1. and 2. from the lemma for any choice of non-zero ¢;. An even product of p;’s is
congruent to 1 (mod 8), so either b; or ¢; must be a product of such distinct pairs to satisfy condition 3..

In the case that m is odd this means that b; is equal to a sole prime p; or a product of the form p;
with pairs of the form p;p;, where 4, j and k are distinct integers. Thus we have that (p; |1 < i < m) C
SW)(E\/Q). Since —1 € W(E\/Q) we can further conclude that (—1,p;|1 < i < m) C SW’)(E\/(@).
Note that this subset contains all of the squarefree divisor that satisfy the conditions of Lemma SO
we can conclude that it is equal to the Selmer group. Thus we get that #H_I(E /Q) > #H_I(E\/Q)[w} =
#SW)N(E/Q)/#W (B/Q) = 271 /22 = 2m~L,

The case where m is even follows in a similar way except here b; is a product of pairs p;p; where ¢ and j
are distinct integers. From this it follows that S®)(E/Q) = (—1,p;p; |1 < i < j < m), so #5W¥)(E/Q) =
2™ and we conclude that #111(E/Q) > 2m2, O

What is particular about this case is that the lower bound of the Tate-Shafarevich group depends on
the number of primes in the product %, since the exponent depends on whether m is even or odd. This
distinction is not there when we are working with ps-covers or in the other case mentioned in the paper
of Lemmermeyer and Mollin [13} Corollary 8].
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9 Conclusion

In this thesis we showed that we can generalize the results of the paper of Flynn and Shnidman to p.,-covers
where n is a product of distinct primes p; ... p;. In this setting it is possible to decompose the y,,-cover
(£,n) uniquely into p,,-covers (L,,,n,,). We could not fully translate the results of Flynn and Shnidman.
In particular, for Lemmawe find the result J(Q,)/d(A(Q,))) = n? - [I'_, ¢q(J)/cq(Ap,) and we find
an extra factor []_, ¢,(J)/c4(A,,) which we do not have in the case of n = p. Further research into the
Tamagawa numbers of the 1, -covers of j,,-covers could shed more light on this situation.

We also applied the theory of y,-covers to the work of Lemmermeyer and Mollin and it showed that the
theory is also applicable to elliptic curves. We saw that we got similar results to Lemmermeyer and Mollin
with regards to the size of the Tate-Shafarevich group of the elliptic curve defined by y? = x(z? — k?) and
we also have arbitrarily large 2-torsion for this curve. However, this number depends on the number of
primes in k = p; ... p,, and due to the conditions that we put on our primes and the global prime —1, the
only possibility is when k is equal to a single prime. This method using us-covers can be an alternative
approach to computing the size of the Tate-Shafarevich group of elliptic curves as opposed to conventional
methods like using p-descent for a prime p, but you need to be careful with choosing proper global primes.
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