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Abstract

In this thesis we calculate and discuss the mass spectrum of two examples of type 11B
flux compactifications. Firstly in the introduction we discuss how string theory leads to
higher dimensional spaces, how we can compactify the extra dimensions on an internal
manifold creating extra massless modes (moduli) and how fluxes can generate a mass for
the moduli. In the last part of the introduction we discuss our setting: four-dimensional
N = 1 supergravity.

In chapter 2 and 3 we calculate the masses of the moduli for the case with one com-
plex structure modulus (h%1 = 1), one complex structure modulus in the large-complex-
structure limit and two complex structure moduli (h>' = 2). In chapter 4 we discuss
certain aspects of the masses we found in chapter 2 and 3. For each case we describe
when there can be degeneracies in the masses and we consider the masses in certain limits
of moduli space. In chapter 5 we recap and discuss our results.

In this thesis we find the following features for the masses of the moduli in the cases we
consider:

e For a general flux all moduli receive a mass and are stabilized when turning on these
fluxes. Only for very specific cases the masses of one or a few of the moduli are zero.

e Even having degenerate masses seems to be the exception. For example for all the

masses to be equal we need either h° or h' to vanish such that H = hy; + Ejyj or
H = h°Q + hOQ.

e When going to extremes in the parameters that determine the fluxes the masses
approximate degenerate pairs and one pair of masses stays small while the other
masses diverge.

We note that restricting the options for compactifications on the basis of the moduli
masses in these examples is difficult. Possibly these results combined with an analysis
of the stabilisation of the Kéhler moduli using KKLT [1] would be able to provide more
restrictions.
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Chapter 1

Introduction

In this section we will discuss a brief overview of the basic concepts of string theory.
We will mostly follow the book by Ralph Blumenhagen, Dieter Liist and Stefan
Theisen [2] chapters 1, 2, 3, 10, 14 and 17. Note that what is discussed in this
thesis is far from a complete review. For a better understanding of these concepts
I recommend reading [2].

1.1 String theory, the idea

String theory is a theory of quantum gravity. Therefore it is a candidate for a the-
ory that unifies the standard model with a model for gravity and maybe gives us
an understanding of a bigger range of phenomena, for example in regions of space
with very strong gravity such as black holes or the beginning of the universe.

The initial premise of string theory is to not consider fundamental particles as
a 0-dimensional, point like, object but instead as a one dimensional string. These
strings can be either open like a guitar string or closed like a rubber band. The
vibrational modes on these strings then provide the degrees of freedom of the theory.

An interesting feature of this model is that, depending on whether the degrees of
freedom are bosonic or fermionic, self-consistency of the theory requires the space
time that it lives in to be respectively 26- or 10-dimensional. This is not something
we observe in the universe we live in. We only experience a 4-dimensional space-
time. If string theory is to describe the universe we live in we need to explain why
we only experience part of the fundamental dimensions that our universe is build
out of.

The way to do this is to compactify the 26- or 10-dimensional manifold that
is our space-time. This way it is possible to "roll-up” dimensions so small that
movement in these directions is not noticeable compared to movement in the ”big”
dimensions. A bit like a 2-dimensional sheet of paper that is rolled up so tight that
from a bit of a distance it effectively looks like a 1-dimensional line. More on the
compactifications in section [1.§|
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Once the space-time is compactified we can study the now 4-dimensional effective
theory. How exactly the compactification is done has effects on the theory and the
different states and their masses that the effective theory contains. By studying
these states and masses we can try to narrow down what kinds of compactifications
are candidates to describe a string theory that is self consistent and describes the
universe we live in.

1.2 From points to strings

Classically we are used to describe the position of particles, using their coordinates
X%, depending on t in the following way:

t— X'(2). (1.2.1)

These are functions depending on one variable giving us the value of the space-
coordinates of the particle for each moment in time. That way the position of the
particle for each moment in time is given.

Later with the introduction of the theory of relativity it turned out that a more
natural way of describing the trajectories of particles is to incorporate time as a
(zeroth) coordinate and to take not (necessarily) time ¢ but more naturally the
eigentime 7 as the parameter for the trajectory of the particle through space-time.
This resulted in

T — XH(7) (1.2.2)

as the description of such a trajectory. This better reflects the reparameteriza-
tion invariance of space-time and therefore more naturally describes phenomena
related to gravity. But alongside the theory of relativity also quantum theory was
developed into the very successful standard model which describes the fundamen-
tal interactions/forces excluding gravity. To have a complete theory describing
all fundamental forces including gravity we would need to combine both theories
somehow. This turns out to be quite challenging. String theory suggests a solution
by changing the way we look at the trajectory of fundamental particles again.

We introduce the idea that the position of a fundamental particle is not point-like
and 0-dimensional but rather like a 1-dimensional string. This means that it is not
enough to parametrize the trajectory of the particle with a single parameter but
we need a second ”spacelike” parameter to describe not just where one point of the
particle is at every moment in time, but to describe where all parts of this string
are at each moment in time. This leads to the description

o = (0,7) — X*(o, 7). (1.2.3)

We can imagine these strings in two variants. First an open string where 7 € R
and o € [0,{] with > 0. This means that ¢® lives on a 2-dimensional sheet that is
unbounded in one direction and is bounded in the other. This corresponds to the
idea that the string has a finite length and 2 endpoints, like a guitar string.
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The other option is a closed string where still 7 € R but ¢ € S* this corresponds
to imposing conditions on X#(o®) such that

X*Mo+1,7)=X"(o,7). (1.2.4)

This means that the ”ends” of the string always have the same location and there-
fore that the string is closed and has become more of a loop like a rubber band.
In that case ¢® lives on a cylinder that is unbounded in the 7 direction but it is
compact in the o direction.

1.3 A dynamical theory

To make a dynamical theory out of these strings we need to write down an action
for X*. The action we use is the Polyakov action. In this action 7' is a constant that
can be interpreted as a tension of the string but is not relevant for the dynamics
of X* in this case without interactions. h,s is a new field that is introduced and
it acts as a metric on the world-sheet ¥ where ¢ lives, h®? is its inverse and h is
the determinant. 7, is the (Minkowski)-metric on the space-time where X* lives.
This then leads to the action being:

T
Sp=—3 /E d*o/—hh*P 0, X" 05 X" 1, . (1.3.1)

The action can be simplified by introducing light-cone coordinates on 32, denoting
contraction with the light-cone metric by - and fixing the symmetries of the action
to arrive at the form

S, =2T / d’c0, X - 0_X, (1.3.2)
N
which is easier to work with.

Varying this action leads to the following solutions for the fields X*(o®). First of
all X#(0®) splits in two parts: the left (X} (c7)) and right (X%3(0~)) moving part.
Making the solution:

XH(o*) = XI'(oh) + Xh(o7). (1.3.3)

These left (X7 (c™)) and right (X%(0~)) moving parts of the solution should also
obey certain boundary conditions. We separately consider the open and the closed
string options.

1.3.1 Closed string

The closed string solutions need to satisfy

X*Mo+1,7)=X"(o,7). (1.3.4)
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This leads to a solution that can be written in a oscillator expansion in the following
way:

XH#(o®) =X"(0") + Xik(o™) with

1 e’ | 1 no -
Xi(o7) §(x“—c“)—|— l p“a*+z\/5 Z Eaﬁe’%m" and

nezZ\0 (135)
X4(o) _l(xu + ) + o’ rot 4+ o Z l—ueJT”in0+
i) =y P Vo Lo '
n€eZ\0
Here 0% = 7+ 0 and ¢ are (in principle complex) parameters. To have X* € R we

need x#, p* € R and also o, = (o¥,))* and @",, = (a@",,)* where * denotes complex

conjugation. p* turns out to be the 4-momentum of the string and z* the centre
of mass.

1.3.2 Open string

The open string solutions need to satisfy either of two options for the boundary
conditions. The Dirichlet boundary conditions (D)

5XM |y_y =0 (1.3.6)
or the Neumann boundary conditions (N)
OX" |,_0; = 0. (1.3.7)

Both the right and the left end (¢ = 0,1) of the solution can satisfy these condi-
tions independently. This means that we can get both of them to fulfil the same
conditions, (NN) or (DD), or they can fulfil different boundary conditions, (ND)
or (DN). We list the oscillator expansions for all 4 options:

XHt(o, 1) = '+ 27rTo‘/p“T + iV 2! ZnEZ\{O} %age’%i’" COS ("lﬂ) (NN),

Xt(o,7) = af + 3(zf — xb)o + V2 > nez\ {0} Late= 77 sin (222)  (DD),

X¥o, 1) = at+ V2 ZTEZJF% Late™ 1T cos (29) (ND),
Xt(o,7)= o'+ V2 Y, 1 take T sin (52) (DN).
(1.3.8)

Note that in principle for each dimensional direction a different one of these op-
tions can be chosen. So for each pu we can pick the open string to have one of these
4 options.

In the rest of this chapter we will mostly consider closed strings to sketch the
idea and again refer for more details on the open string to [2].
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1.4 (Gauge fixing Lorenz invariance

To make this theory into a theory of quantum gravity we need to quantize it but
before we do so it is useful to extract the unphysical degrees of freedom such that
we are left with just the physical ones. This will be the easiest way to get the
excitation spectrum and the corresponding masses.

To fix the Lorenz invariance we first go to light-cone coordinates such that

1

V2

Using these coordinates we can gauge fix such that

X* (X°+X"). (1.4.1)

2 /
Xt (r,0) = 7;04 pT. (1.4.2)

This means that all «;f = 0 and (due to gauge fixing the translational symmetry)
x* = 0. Now we remember that originally when we solved the equations of motion
of the action this action was a gauge fixed version of (1.3.1). We got rid
of hap this way. But this means that we also still need to impose the gauge fixed
equations of motion of h,s on the solutions we find. In short when X = 0;X and
X' = 0,X, this means that

(X“ + X’“>2 ~0. (1.4.3)

Therefore we can also fix X~ in therms of the X? where i runs from 2 to d — 1 with
d the dimension of the target-space where X* lives.

All of this results in the remaining dynamical variables being: p™, p~, p, o’ and

)

ay,.

1.5 Going Quantum

To now promote this to a quantum theory we follow the usual procedure of pro-
moting the degrees of freedom to operators and assigning the commutators. This
results in the following:

[p_a p+] - i?
', P’} =id", (1.5.1)
[azm agz] :[ajn’ aﬁz] = mém-‘rn,oéij-

Here t,7 =2,...,d — 1.

If we now let these operators act on a vacuum state we can build a whole range
of states.
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Using that p#p, = —m? we can find the masses of these states depending on the
operators a! and @’ acting on these states.

To give it’s expression we need to define the level operator N. So N is the "level”
of the state. It is the sum over all the —n of the af, that act on the vacuum state
0) to make up the new state. For example |0) has level 0, o’ ;@ ,|0) has level 1
and both o’ ,a’ ,|0) and o’ ;o ;@*,|0) have level 2.

The mass operator turns out to be

d—2
'm? =4 (N - —=. 1.5.2
a'm ( 24) (1.5.2)

In this way we have found the states and their masses in this theory.

1.6 More dimensions

Now we know what states are available in this theory we can see if they still obey
Lorentz symmetry. After all we started with a Lorentz invariant theory but after
going to Light cone gauge we went away form this symmetry being apparent by
picking out the zeroth and first coordinate to be mixed. This means the Lorentz
invariance is not apparent anymore but our theory should still be.

Let’s look at the level 1 state, o’ ;@ ,|0). This is a 2 tensor with mass a/m? =

4 (1 — %). If these are to obey Lorentz symmetry we need to be able to write
them as a decomposition of irreducible representations of SO(d—1) if it is a massive

excitation or of SO(d — 2) if it is a massless excitation. We can write o/ ;@ ,|0) as

1
d—2

.. . . Z' _' ]. i' i _Z'
6”0/1&’1) 10) + o @ |0y + ——dVa’ @, |0).

d—2
(1.6.1)

04315{1!0> = (Oéglaj—)l -
As can be found in [2] equation 3.57.
Here the round brackets denote the symmetric part and the square brackets the
anti-symmetric part.
This is a d — 2 dimensional (7,7 run from 2 to d — 1) 2 tensor decomposed into a
symmetric traceless part, a anti-symmetric part and a trace. These are the irre-
ducible representations of SO(d — 2). Therefore we find that these excitations are

massless and o/m? = 4 (1 — %) L 0= d=26.

This means that for this theory to be consistent we need the dimension of the
space-time, where X* lives, to not be the familiar 4 but rather 26 in the case of
the bosonic string. For the superstring, which also contains fermionic degrees of
freedom but which we will not discuss in detail, it turns out that the dimension
space-time needs to take is 10. This is not what we perceive in nature and we
will need to discuss how these higher dimensional spaces can be consistent with
space-time we live in.
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1.7 Mass spectrum

Now we have found the dimension of the target space we can use this to find the
mass spectrum of the bosonic closed string excitations. Plugging d = 26 into the

mass formula we find that
26 — 2
a'm? =4 (N — —)

24 (1.7.1)

=4N — 4.
The masses we find are:
e |0) with mass o/m? = —4
e o' @ |0) with mass a'm? = 0,

together with a whole ”tower” of (positive) massive states.

Note that there is one state with negative mass. This is the Tachyon. The
tachyon is a feature of this specific theory. The supersymmetric theory that we
will actually adopt in the end does not contain a tachyon. Then there are the
states with zero mass. As we have seen these can be decomposed into a massless
spin-2 particle, the graviton, a anti-symmetric tensor field and a massless scalar,
the dilaton.

1.8 Compactification of manifolds

Now we have seen that for string theory to be self-consistent it needs a space-time
of high dimension (10 or 26). To understand how we still perceive to be living in
a 4-dimensional space time we need to consider a high dimensional manifold that
is compactified in certain directions. This can be imagined as "rolling up” the
space-time to ”"hide” certain dimensions. Next we will discuss an illustration of
this idea.

1.8.1 Paper roll as an intuitive example

We can imagine a sheet stretching infinitely far in both the length and the width
of the paper. This represents a 2-dimensional manifold. Anything that is bound to
this sheet of paper can move in 2 independent directions. Now imagine deforming
this sheet of paper by rolling it up in one direction creating a cylinder like in figure
[I.1] This is still a 2-dimensional manifold and anything bound to this paper can
travel along the cylinder as well as around it. Now if the sheet gets rolled tighter
the diameter of the cylinder becomes smaller and so does the distance that some-
thing bound to this surface can travel around the cylinder before ending up at the
same location.

Now imagine an ant that lives on this cylinder. The size of the ant is about 1
cm. In principle the ant can move both along the cylinder and around it. But if
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the sheet is rolled up so tight that the diameter of the cylinder is much smaller
than the size of the ant, say 10~°cm, than if the ant moves around the cylinder it
doesn’t notice any change in position because this change is so much smaller than
anything the ant is used to deal with. The ant feels like the only direction it can
travel in is along the cylinder. Now by rolling this sheet up tight enough it went
from being perceived as the 2-dimensional space it is to being perceived as a one
dimensional space by the observers that live in this space.

This is the idea of rolling up dimensions of a space to "hide” them. With this

example we can imagine how compactifications of the high dimensional space we
live in can make it so that we only perceive 4 of these dimensions.

Figure 1.1: Visualisation of a 2-dimensional manifold being "rolled up” to effec-
tively be 1-dimensional.

1.8.2 Compactification and the consequences for the the-
ory
To illustrate the effect of compactifications we will discuss a compactification of

the 26-dimensional bosonic string. We will compactify one of the dimensions of the
target space to a circle. For this we use the coordinate X?°. So instead of

X¥ . RxS'" =R (1.8.1)
now
X R x S'— st (1.8.2)
Such that we have the boundary conditions:
X®(1,0+271) = X*(7,0) + 27 RL. (1.8.3)

Here R is the radius of the circle into which this dimension is compactified and L
is called the winding number, this is a whole number that counts how many times
the sting is wrapped around this circle.

The mode expansion of X?° is now altered such that
XB(1,0) =X (1 —0)+ XP (1 +0),
/ /
2 _—\ _ 1/ 25 o (M LR\ _ |« L 95 —ino—
X (07) ==(x —c)—I—E(E—a,)U ti g Z o
nez\{0} (1.8.4)

1 o (M LR o 1 or o
XES(O—’_) :5(3325—1-6)—1-3 (E‘F?) U++Z E Z Eai‘:’e .

nez\{0}
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Here M is an operator that takes eigenvalues in Z. This is due to the quantization
on a finite space and single-valuedness.

Now if we want to see what the masses are of the states in this theory we use
m? = — 224:0 P"py, note we now do not include p = 25 in the sum because we want
to calculate what the mass would be in a theory that is effectively 25-dimensional
instead of 26. If we now define Nj, and Ng as the left and right level of the state,
or the level calculated using the n of the o or @#. We can then find:

2

M? 1
dm%:dﬁa+aﬁﬁf+ﬂNL+NR—m. (1.8.5)

This is a lot like the mass we have seen in . What has changed is that
there are 2 extra contributions. One from the internal momentum going around
the circle: A}g—;. The second contribution is due to the energy it takes to wrap the
string L times around the circle: L?R?.

This means that the spectrum has a few extra states. We still have the tachyon
|0) with negative mass —4. Then there still are the now 25-dimensional graviton,
anti-symmetric tensor and dilaton o ;a@"]|0). But there are also new states now.
First, these are the ones with M = L = 0 and mass m? = 0:

e vector 1: a®a",|0),
e vector 2: o a7 |0),
e scalar: o®5a%|0).

This scalar has eigenvalues that correspond to the radius R of the circle.

Then we also have new states that have non-trivial M and L. Incorporating the
notation |M, L) we can list the following examples:

. / 2
e vector : o |1,1) with mass a'm? = & + & — 2,

. ! 2
e scalar : a®3|1,1) with mass o/'m? = & + & — 2,

Note that the masses of these states are dependent on the features the compactified
manifold and in the case that R = v/a’/ these are massless.

In addition to the extra internal states (Kaluza-Klein modes) there is another
feature of the compactification we can notice. The mass formula is equivalent
under the transformation R — %. Also the states that we have are symmetric
under the interchange M <+ L. Combining these we find the so called T-duality of

this theory:

/

R%%MMMHL (1.8.6)

It is therefore enough to have 0 < R < +/a/ instead of 0 < R < co. This symmetry
is an example of different string theories actually being equivalent.
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1.9 Calabi-Yau manifolds

The compacitfication of a single dimension on a circle illustrates well what kind of
effects compactifications can have on the theory. However this is not a very real-
istic manifold to consider. A more likely candidate is that the compact manifold
is not a circle but a more general compact space. For this we consider Calabi-Yau
manifolds.

The definition of a Calabi-Yau manifold is a compact Kahler manifold that is
Ricci-flat. Ricci-flatness is a condition on the manifold and it’s metric. Via the
Einstein equation this also leads to a condition on the field densities of the fields
that live on this manifold.

We will now discuss what a Kahler manifold is.

1.9.1 Kahler manifolds

A n (complex-)dimensional Kdhler manifold is a complex manifold endowed with
a hermitian metric 9i; such that 95 = 9ji and

J =1 Z gigdzi A dz7,
2

dJ =0.

(1.9.1)

A consequence of this is that the only non-vanishing components of the Riemann
tensor are:

k o klg . _
Fij =g aigjl

= . (1.9.2)
F% :glka{gﬁ
So there is no mixing of the i and ¢ components.
Also for a Kahler manifold there exists a Kahler potential K such that
9; = 0i0;K (1.9.3)

This K is not unique any K'(2,z) = K(z,%) + f(2) + f(%), where f is holomorphic
and f anti-holomorphic, also is a Kéhler potential for the same manifold [3].

1.9.2 Hodge numbers

On such a Kéhler manifold one can define Hodge numbers, h??, where p,q €
{0,...,n}. These numbers are a property of the manifold and contain information
about it’s structure. They are defined as the dimension of the cohomology groups
but we can think of them as a generalization of the Betti numbers, b,, to com-
plex manifolds [3]. These Betti numbers make precise the notion of the amount
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of p-dimensional holes in a manifold. For example intuitively it is clear that a
annulus is different from a disc because it has a hole in the middle. This would be
a 1-dimensional hole and b; = 1 for a circle but by = 0 for a disc. In the same way
by = 0 for a ball and by = 1 for a sphere.

The Hodge numbers of Calabi-Yau manifolds are not all independent. There are
the following relations between them:

hP4 =haP
hPd =pn—Pn—d
R0 =p0" =1, (1.9.4)

hp,O :hO,p — hn—p,O — hO,n—p,
R0 =0 for 0 < p < n.

Note that n is the complex dimension of the manifold.

Now because the supersymmetric string theories live in 10 dimensions and we
perceive 4 dimensions in our universe we are most interested in compact manifolds
with real dimension 6. Therefore we are interested in Calabi-Yau manifolds with
complex dimension n = 3. These are called Calabi-Yau three-folds. Due to these
relations between the Hodge numbers we can arrange them in a shape that reflects
their symmetries: the Hodge diamond.

h0=°|= 1
Lo — 0 hOil =0

h2.0 = 0 hl.l h0.2 = O X

T Hodge *
— 30— 1 K21 hl2 = p2—=h03 =1 ’ duality

Bl B22=pKIN K3 =0 X
h3.2 =0 h2,3 =0 X
mirror
h33 =1 £ symmetry

X~—F—x

complex conjugation

Figure 1.2: Visualisation of the Hodge numbers of the Calabi-Yau three-fold. The
symmetries of the Hodge numbers can be show by arranging them in this diamond
shape. It becomes apparent that there are only 2 independent Hodge numbers for
the Calabi-Yau three-fold. This illustration is taken from [2] page 478.

After getting rid of all the dependent hodge numbers we are only left with the
independent h'! and h?! for such a Calabi-Yau three-fold. These numbers will be
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interesting for characterizing the manifold. For example an interesting result for
n = 3 Calabi-Yau manifolds and their Euler number y is the following:

x = 2(hMt — p2h). (1.9.5)

For us the hodge numbers are especially interesting because they count the ”ex-
tra” massless fields that the theory has after compactification on the Calabi-Yau
threefolds. These are analogues to the internal states o> a*;|0) we found in sec-
tion[[.8.2] These states do not have a counterpart in nature like the other massless
states have for example the dilaton. This poses a problem with making a connec-
tion to the real world. Therefore it would be useful if it turns out that these do
actually have a mass such that it is safe to ignore them in effective theories because
the mass is so big, due to the small size of the threefold, that we do not encounter
situations where the energy is high enough to produce them. That would explain

why we have not observed these particles in nature.

1.10 Supersymmetric 1IB

Now we have illustrated how we can get the spectrum of (massless) states of a
string theory we can discuss the theory we want to study. Until now we have
only considered bosonic states. A similar discussion can be had for a theory with
fermionic states. The theory we will discuss is the 10-dimensional type 1IB super-
symmetric theory. This theory is constructed for both a bosonic and a fermionic
part. The theory is called supersymmetric because the action as well as the rest
of the theory is symmetric under interchanging the bosons and fermions. This is
crucial to get rid of the Tachyon (negative mass state). Therefore this theory is
stable in the space-time vacuum. We will only consider the (originally) massless
states in this theory to get a low-energy effective theory.

The states we will consider to illustrate how internal massless states can be sta-
bilized by receiving a mass are contained in a two form Cj.

We start with this theory in a 10-dimensional Minkowski space, RYY. The states
in this theory have interactions subject to an action S;y. To connect to the 4-
dimensional effective theory we compactify 6 of these dimensions on a Calabi-Yau
three-fold X such that R becomes R'3 x X.

1.11 Kahler metric

In this space we consider one therm of the action Sjy that contains the 2-form
Oy = Wy + ... expanded in a basis where ¢ are scalars that live on R"3 and w,
is a basis of the cohomology group H?(X) of the Calabi-Yau three-fold. The ...
indicate terms that we will not discuss here. The term we consider to illustrate
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how this action results is a action for R is:
S1o Z/ d(c®wq) A * d(cﬁwg)
RL3xX
:/ dca/\*dcﬁ/ Wa N *Wg (1.11.1)
R1.3 X
:Gaﬁ/ de® A% dc?.
RL3
Here M, N =0,...,h%" 4+ h*' run over the moduli, a, 3 = 0,..., A"

This shows we can integrate out the degrees of freedom that live on the internal
manifold X and encode the relevant information in a quantity G5 which we will
call the Kahler metric. It turns out that this G5 has the nice property, as we have
seen in equation , that there exists a real potential K such that

G5 = 0n05K. (1.11.2)

This K is the Kahler potential. The information about the manifold X is encoded
in this K when we work in the effective 4-dimensional theory.

1.12 Fluxes

Now we have managed to get an effective theory in 4-dimensions but we still have
the massless states on the internal manifold. We call these moduli. For the the-
ory to be well defined perturbatively and to make sure that we do not have many
more particles than we expect to have from experiments, we need to stabilize these
moduli. We do this by generating a potential and masses for them using fluxes.
The construction of flux compactifications was developed in [4],[5] and applied to
the IIB theory in [6, |7].

The metric of the manifold that our theory lives on, R!3 x X, is a solution to the
Einstein equations. One of the solutions to this is a vacuum expectation value, vev,
that vanishes for the so called fluxes. This leads to Ricci flat solutions. If instead
these fluxes have a non zero vev they carry energy and therefore impact the metric
and the shape of the compact manifold via the Einstein equations. The manifold
is then deformed away form a completely Ricci-flat manifold and is therefore not
exactly a Calabi-Yau manifold anymore. As an example we look at the flux

By = dC,. (1.12.1)

If the vev of this flux (F3) # 0 then we can redefine Cy such that we can write the
flux as a vev and fluctuations around this. We then get:

Fy = (F3) + dC,. (1.12.2)
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If we plug this into the action we retrieve the dynamical part for dCsy but we also
get a part containing (Fj3). This part together with the parts that contain the vev’s
of the other fluxes are called the scalar potential. These couple to the moduli to
generate a potential for them and therefore (potentially) generate masses such that
the moduli are stabilized.

This way we arrive at an effective theory in 4-dimensions with stabilized moduli.

1.13 Super-potential

By turning on these fluxes, giving them non trivial vev’s, we effectively generate a
potential in the 4-dimensional action. This potential is called the scalar-potential
V or the F-term potential and needs to be of a specific form. We have the following
[6-8]:
V =ef (FMGMNFN — 3]W\2) where
Fy =0uW + (O K)W.

(1.13.1)

Here GMY is the inverse of the Kéhler metric G5 and W is the super-potential.
To match a potential of this form with the potential that comes out of the action
we need the super-potential to be [9H11]:

W:/ QA (F — Hr). (1.13.2)

Here F' = dC5 and H = dB; are the fluxes in this theory and €2 is the holomorphic
three-form of this Calabi-Yau three-fold. This three-form is build up out of the
moduli in the manner described in (|1.14.3]).

1.14 Our setting

Now we turn to a more specific discussion that is oriented to finding the masses of
the moduli in specific cases. To this end we follow the paper by Plauschinn [9] and
recommend reading this for more details.

1.14.1 Potential

We will be interested in calculating the masses of the n scalar fields ®M of a 4-

dimensional N’ = 1 supergravity theory in the minimum of the F-term potential
V. As we have seen in ([1.13.1]) this potential is given by:

V=X (FPGP@Fa - 3|W|2> . (1.14.1)

Here P,QQ =0,..., A" + h*! run over the moduli, K is the real Kahler potential,
W is the holomorphic super-potential and G,y = Oy Oy K is the Kahler metric.
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Also the F-therms relate to W and K via Fyy = OyW + (O K)W.

Setting Oy V = 0 shows that a minimum is attained when Fy = 0. If we consider
W in this minimum we will adopt the notation W}. This will be the minimum we
are interested in. An interesting observation we can make is that in the minimum
we have [7]:

0=Fy = 0yWy+ (ONK)W,
OnWy = — (ONK)W,
ONFpr =0nOuWo + KnyWo + KyonWoy
=0NOuWo + KnuWo — Ky KnWo

(1.14.2)

So we see that JF is symmetric in the minimum of the potential V.

We can apply this set up to the case of a type-IIB theory that is compactified on
a Calabi-Yau manifold X’ that is subject to an orientifold projection. This projec-
tion will split the cohomology in to even and odd eigenspaces. This introduces the
need for an extra index (4) for the hodge numbers denoted as a subscript. This
would result in the fields ® being the following.

There is one modulus 7 = c+1s, a set of moduli we call 74 where A =1,...,hb!
and there are h*' complex structure moduli z* (i = 1,...,h*>"). They can be
combined into a holomorphic three-form €2 in the following way:

%

Q= X'a; — 0, FB" with 2* = <0 (1.14.3)
here I = 0,...,h%" and a; and B! form a symplectic basis of the three-forms on
the internal Calabi-Yau manifold X" such that [12]

/aI/\ﬁJzé;’: —/ BY A ay. (1.14.4)
X X

Also the periods 9;F depend on z* holomorphicaly.

Having defined the fields we turn to the Kahler potential K. It is real and consists
of 2 parts. It splits up in a part that depends on 7 and the Kahler moduli 74 and
a part that depends on 2* [4, 6, |9]:

K =Kk + K,
Ky = —log [i(r — 7)) — 2log V],
K,=-1o T—7)], (1.14.5)

o] fone]

The bar here denotes complex conjugation. The dependence on the Kahler moduli
T4 is hidden in the Einstein-frame volume of X: V. K technically also receives
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corrections due to the slight deformation away from Ricci-flatness but we will ig-
nore these here.

We will take second derivatives of the potential V' to find a mass matrix and
compute it’s eigenvalues to find the masses that the moduli 7 and 2’ receive from
the fluxes. Before we do this we can further simplify the expression for V' in the
case we are considering. Because K splits in different terms for the dilaton 7, the
complex structure moduli z* and the Kahler moduli 74 as we have seen also GMY
splits in different blocks corresponding to these groups of moduli |16, (6.3)]. Tt
turns out that |8, 9, [12]

V =eX (FPGP@Fa - 3]W\2)

—ok <FTGTFF? + FAGAPF, + F,GVF; — 3|W|2)

. (1.14.6)
ok (FTGT?E +3[W]? + F;G7F; — 3|W|2>
:eKFpGP@FQ.
Where now in the last line P and Q only run over 7 and ¢ = 1,...,h%". In this

way we find the potential is only dependent on 7 and the z°. The other moduli will
be be stabilized in a different way that we will not discuss.

1.14.2 Masses

Now we have the potential we can from this calculate the mass matrix m? by taking
the second derivatives and evaluating these in the minimum Fy = 0.

First we take the first derivative and find:
8NV :81\[ (eKFpGPQFQ)
=" (OnK FpGT9Fg + OnFpG 9Fg + FponGT9Fg + FpG 20N Fy).

(1.14.7)
To find m?  we calculate Oy OxV|p—o:
OOV | ro :aﬁ[eff(f(NFpGP@Fé + OnFpGPOF,
+ FpinG O + FpG 0xFg)| lr=g
0. [eK(aNFPGP@F@ + FPGP%NF@)} . (1.14.8)

= 057 [aNFPGPQFQ + FPGP@@NF@} =0
e | Oy FpGP 20y T + 037 FpG 205 T o

To get to the second line we found that all therms coming from the first and third
therm would still have a F' in there so will contribute nothing when evaluating in



CHAPTER 1. INTRODUCTION 17

the minimum. To then get to the third line we used that when the derivative acts
on the eX all therms still contain an F. To get to the fourth line we only kept the
therms where the derivative acts on the remaining F's.

Now to go on we calculate
Oy En =047 [ONW + O KW ]
=0;0nKW
=GinW, (1.14.9)
OnF37 =0n [OMW + %Km
G T

Where we used that W is holomorphic.

Now we plug these into (1.14.8)) to find:

mQMN N [aNFPGPQaMFG + GMPWGP@GN@W] (1 14 10)

oK [8NFPGP§8MF@ + Gmwvﬂ .

Then using the same principles, dropping therms that will contain F' and become
0. We find
m?\/[N :8M8NV|F:0
—0u " (KnFpG Py + OnFpGrOF g + FponG O + FpG 0y Ty)|
e |y FpG 20y Fg + 0y Fp G20 T
=X |:8NFPGP§GMQWO + aMFpGP@GN@WO]
ZGKW() [8NFM + 8MFN]

:2€KW0(9MFN.
(1.14.11)

Note that to get to the last line we used a symmetry by equation (|1.14.2]).

Now we can combine these results with their complex conjugates into the mass
matrix:

2 2

2 _ |y MunN
m- = 2 2
m m

MN ‘MN
oK O FpG"05Fg + G [Wol? 20mFxWo
205 FxWo OnFpGPROyF g + Gy [Wol?

(1.14.12)

If we want to be able to compare these masses to the literature we have to make sure
that we consider the canonical mass matrix. This is due to different conventions
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that can be chosen for the re-normalization of the fields. To this end we define I’
using that G is hermitian and positive definite such that we can write:

G=TIT". (1.14.13)

Using this we define @) as
Q=TT . (1.14.14)

Using these we can rewrite the canonical mass matrix m2,, to be:

r-t o (rH= o
2 _ 2
k . (1.14.15)
oK QAT+ [Wo| 2QW,

- { 20T, QTQ+|W0|2]'

The matrix QQ' has eigenvalues we denote by o2 with a =0, ..., h*'. The eigen-
values of the mass matrix, m?,,, and therefore the masses that the moduli receive
are then:
2 _ K 2
m,,. =e¢" (0, £ |[Wy|)". (1.14.16)

This is equation (5.5) in the paper[9).

1.14.3 Q

We want to find the eigenvalues of QQT. To later make contact with the canonical
form of the masses it is useful to transform () into Q.

Define Q = G~ '0F evaluated at the minimum. There for Q = G-10F = I'-UT-19F =
I~TT-19F. Now we show that QQ' has the same eigenvalues as QQ

det (QQT — A) =det (T (@F)ITTT(OF) T - 2)

= det (F*”F’l(aF)F*Tﬁ@F)T _ A) e
— det (G—l(ap)r—Tﬁ@ B A)
=det (QQ — \).

So indeed the eigenvalues of QQ are the same as those of QQT.
To be able to find an expression for Q we introduce the following.

D; are the covariant derivatives with respect to the z’. Acting with these on ©
gives a basis x; = D;Q2 = 9,2 + (0, K)Q for the (2,1) forms on X such that we can
express H in this basis in the following way:

H = h'Q+ hx; + k' + hoQ. (1.14.18)

This defines the components of H in this basis. They can also be expressed as

B _ieKqu/ v AH. (1.14.19)
X
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Note that here only the components of GMN that are associated with the z* show
up.

We also need the Yukawa-couplings ;. These are expressed in therms of {2
X

With this expression we can write down Q in the following way:

Q7 =0,
T
Q= —ie Koo pl,

i _ (1.14.21)
T _ —\2 —Kecs 7
Q) =(17 - ?)n’jkhk.

Here i, j, k run from 1 to h?!.
If we now define Rj,;; as the Riemann tensor of the complex-structure moduli-
space metric, this leads to QQ being:

(QQ)T =e 2 HRIRiG 1

(QQ)T = (545 (7 — 7)o AT,

(QQ); = — o Uit e, (1.14.22)

(QQ)% = — ¢ 2Kes (1 — T)2th3khk — (7 — T)2I£{lkhkliljmhm

o 2Kt Ee) (_ R TR 4 050" Gnh” + 2h§h3’> '

jmn

Note that we have now two expressions for (Qﬁf3 One in therms of x and one in
therms of the Riemann tensor. We will later be able to use this to switch between
ways to express our quantities.

This concludes the introduction.
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Calculations on h%l =1

In this and consecutive sections we will calculate and discuss the masses which these
moduli receive from the fluxes. We will do so by calculating the eigenvalues of QQ
in 3 cases. In the first case we consider h*' = 1 such that there is only one z. In the
second case we consider a specialization of the first case: h*' = 1 and we assume
to be in the large-complex-structure limit such that F has a known form. In the
last case we consider F with arbitrary form and h*' = 2 such that there are two z°.

From equation (.3.1)) we have the expression m2, = e* (¢, + |W;|)?. This is an
expression of the masses in terms of the eigenvalues of QQ and the super-potential
Wy. We can Express QQ = aM. Where a is a scalar and M a matrix. Now note
that for an eigenvector x and an eigenvalue \ of M we have

(M — M)z =0
a(M — M)z =0 (2.0.1)
(aM — aXl) z =0.

So if A is an eigenvalue of M then a\ = o2 is an eigenvalue of aM = QQ.
We will use this to first find an expression for the masses in therms of the eigen-

values A of M. This procedure will be very similar for all the cases we consider.
After this we will find expressions for the \ for each case.

2.1 h =1

For this section it is more convenient to use h = h', h = h', G = Gy, Kk = K1,
z=2z"and R = R;;;7G"G" the Ricci scalar.

2.1.1 Masses in therms of A
We pick a = e 2E-+K)GIAL2. We then have 02 = e 2(K+Kes)G|pt|2 )\ and there-

fore
0o = e~ EHES)/GIRVA (2.1.1)

20
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This we can plug (4.3.1]) to find:
2
mii :eK (e*(KT‘FKcs)\/a’hl‘\/X:l: |W0|> . (212)
We want to express the masses in more natural quantities. The quantities we will
use are a prefactor 16e”|Wy|? where |W| should be taken to be in the minimum

Fy = 0 and we use the flux number Ng... We will combine these into a quantity u
later. The definition of the flux number is the one in [2] equation (17.50) [12, [13]:

Niux = /F AH eN. (2.1.3)

Note that this is a whole number due to F' and H being integer fluxes [6].

In order to express GG and h in therms of these quantities we use from the litera-
ture: [2] equation 14.128a and page 517 [6]:

*Q=—1Q, *x =1y, (2.1.4)

and equation (3.2) in the paper [6, [14]

A
G- _Jxrx (2.1.5)
fana
as well as [13]
Nﬂux
= . 2.1.6
" T THAH (2.1.6)
and last equation (5.6) in [9
W:/ QA (F — Hr), (2.1.7)
x

Recall that s is the complex part of 7 the dilaton.
This last expression we can use to find an expression for |[Wy|. We use the first line
from ([1.14.2)) to find in the minimum of V"

0=F, = 0,W + (0. K)W

.
O:/Q/\(—H+Z——Z—TH>
pe 2s 28

(2.1.8)

Now we can use the expression ([1.14.18|) we have for H, the expression (|1.14.5)
for K s as well as the expressions we just quoted from the literature to calculate
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fH A xH. This leads to
/H/\*H :2z'/(\h°]29/\ﬁ— hPX AT
| B0 e ke —2¢|h|2/xw

=2|h0 e Kes +2@'|h|2G/Q/\§

(2.1.9)

=2¢ e (

h)? + |h|*G)
Now we have related [ H A*H to h°? and h Usmg we can relate [ H AxH
to Npux and we can relate W to hY using :

Wo——?i/Q/\HgS

hO K +Kcs)

(2.1.10)

With these relations we can, starting form , express h in therms of Ny, and
W

1
|h|*G :§eK“/H/\*H— |n%%,

(2.1.11)

:eKTJrKCSNﬂux _ eQ(Kﬂ"‘FKcs) WO‘Z

We plug this into and find the mass in therms of h*:

m2, =X (e‘(KT+KCS)\/5|h1|\/X + |W0|> ,
) (2.1.12)

e KoK 2] (VI GRIVA £ [A])
Now we define N

12 flux (2.1.13)

e AR

This leads to

mii :eK (e_(KT+KC5)\/eKT+KcsNﬂUX J— eQ(KT+KCS)

2
Wol2VA £ |W0\) ,

2
Nﬂux
=¢ ( 0‘\/ KrtKes [T, |2 1\/Xi’W0‘>’

= W2 (\/_ pu? — j:l) , (2.1.14)

Niwx 2
TR C2V/EE ES N
1
2
Nux 1
. (f - Ly )

prop
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2.2 h*' =1 but not Large-complex-structure limit

R =1 Having found an expression for the masses dependent on A\ we will in
this section calculate X\ when h*' = 1 or when there is only one complex structure
modulus z'. This means that the i index only takes the value 1 and QQ is a 2 by

2 matrix. Applymg this to ((1.14.22) we find:

(QQ)7 = K IRl Gy,

(QQ)T = — de” ) Zrhlht,

(QQ)}; = — e W the) il ntht, (2.2.1)
(QQ); :46_2K6332hTGT1h1 + 4521 Wit

Here we have used that the indices only run over 1 and we have used that 7 = ¢+ st.

Now we use h = h', h = hl, G = G\1, k = k111, 2 = 2' and R = R;;;7GM G the
Ricci scalar. This results in

QQ — e HEAKS) h G —fo(KrtKe) 2R
(KT_‘—K(‘Q G~ I{h2 e—2(K.,-+KCS) <—RG h‘2 + 3G|h’2> ) (2 , 2)
—efZ(K‘r‘FKcs)G’h’Q ]- _4eKT+KC382G71E% o
_eKT+KCSG_2ff% 3 — R ’
So when we take out the factor of a = e 2K+ +Kes)G|h|? we find
1 deKrtKes 215k
M = { oKt Kes (=2, a_p h] (2.2.3)

Now we set out to find the eigenvalues, A\, of M by calculating the 0-points of the
characteristic polynomial.

Rh
— — — (Kr+Kes) 32 27"
0=(1-A)(3—R—\) — 4¢? G (224

0=M+(R—4\+3— R —*F=G3|s]%

We can now use the 4’th and 5'th line of equation (|1.14.22)) to express x in therms

of R:

e e (7 TGN — (r = 7P| =e e (3G — RinGY)

14 €2KCSG73‘/€‘2 = — R1111G72 +3
K G73k|? =2 — R,
R =2—e*fG3|k|2

(2.2.5)
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We can now eliminate  in favour of R. Substituting this into the characteristic
polynomial we find (see figure

0=\ +(R—4I+1,

W _U-REVI2-SRI R (2.2.6)
+ = .
2

For a plot of these Ay see figure 2.1 We see that these A only depend on the Ricci

Figure 2.1: This figure shows both A_ in orange and A\, in blue dependent on the
Ricci scalar R. These A1 are the rescales eigenvalues of QQ. The case we consider
here is h*! = 1. Note see that for the range R < 2 we have A1 > 0 and that for
the extremum of R = 2 the lambda are degenerate: Ay = 1.

scalar of the complex-structure moduli-space. Note that R is bound to be at most
2, thus ensuring that A+ > 0 and the masses are real.[15] We found two different
A such that from equation (2.1.14)) we find 4 masses. We use notation where m?2_
represent these masses. The first 4 in the subscript corresponds to whether we
take the A\, or A_ option and the second + in the subscript corresponds to whether
we take the + or — that shows up in equation ([2.1.14]).

2
N / 1 1
2 flux
miyy = V2 (\/)\:t 1_Ei;> . (227)

For a plot of these masses see figure 2.2

2.3 h*' =1 and Large-complex-structure limit

In this section we calculate the masses of the moduli for a special case of the last
section. So k%' = 1 such that there is again only one complex structure modulus z!
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2.0
— 1.8
T 1.6

1.4

u

%mi ; dependent on p and the Ricci scalar R.
The case we consider here is h*' = 1. Note that all masses are equal when p = 1.

Figure 2.2: This figure shows the

and again the 7 index only takes the value 1 as well as QQ being a 2 by 2 matrix.
The new part is that we assume the large-complex-structure limit such that we
have

1 /%111<X1)3
P
This is taken from [9] equation (4.4) also see [11]. In this expression 11y is a con-
stant, this constant is related to x as we will determine in (2.3.15)).

F (2.3.1)

We will now determine the value of R in this case such that we can plug this into
the expressions we found before. We do this by first preparing some relations that
we can then use to calculate a specific value for R in this case.

2.3.1 Calculating [, QA Q
From equation ([1.14.3) we find that in this setting we have

Q=X+ X'ag — 0 FB° — 01 FB. (2.3.2)
Now we use xi
2t = ~0 = X' = X% (2.3.3)
and (2.3.1) to find
. 1 I§J111(X )3
R (R
1 1%111(X1)3 1 N 0.3
OF =§—(X0)2 = glilnX z7, (2.3.4)

1k X1)? 1
81-/_'.:— 5—53111)((0 ) == —51%111X022.
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This results in:

1 1
Q= Xo <Oéo + zaq — 5/‘%1112350 + 5/%1112261) . (235)

Now to calculate [ LA Q we plug in the relations we just found for 2 and Q
and use the relations in equation (|1.14.4)). This leads to:

/ QAT =[X PR, (—%@3 5@+ (o) - %(z)?%) . (236)

Then we split z into its real and imaginary part such that z = v+ vi. We plug this
in and find:

— 4
/Q AQ = —‘X0|2I%111§Z-’US. (237)

2.3.2 K and its z derivative

With the result we found for [ (2 A€ in hand we are ready to express K in therms
of v and s (using 7 = ¢+ is). Recall that from equation ([1.14.5)) we found that

K = —log [—i(T —7)] — 2log [V] — log [Z/Q/\ﬁ] ,
= —log[2s] — 2log [V] — log {|X0|2l%111§v3} | (2.3.8)

Now we have an expression for K we want to also find 0,K. To this end we first
calculate 0,v:

z =u + vi,
Z—2z
v =t 2 ) (239)
—1
0,0 =—.
R

With this we can calculate 0, K. Note that only one of it’s therms is dependent on
z. Therefore

0. K =0, (—log [2s] — 21og [V] — log [|X0]2/%111§113]) :

- 4
|X0|2/%111§U3

_3i
o

2.3.3 Relating x and &1

From (T.14.20)) we know that in this case where h*' = 1 we have

K= —/ QAD.D.D.Q (2.3.11)
X
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where D,Q = 8,Q + (9,K)<.

We can expand D,D,D.) using this expression for D.{). Then we want to find
expressions for the z derivatives of 2 and K. Using what we found in ([2.3.5) we
can calculate the z derivatives of 2

0,0.0.Q = — X k11, 8°. (2.3.12)

Then we calculate the z derivatives of K using equation (2.3.10]) to find:

31 3 31
K=— K=—— K=——. 2.3.13
az % ) azaz A2 ) 8zazaz 43 ( )
Next we plug our expressions for the z derivatives into D, D.D.{2 and we find an

expansion of ) in the a; B! basis in therms of v and 2:

D.D.D.Q 15i 15 91 . 9 9 , 10i 4
T = — 2—?]32’ ﬁ — /111115 1 + _’UZ — —=Z —

203 2 202" T 3"

. 9 9 15
+Af {2— Bbrhie 4—} -
(2.3.14)

Substituting this into (1.14.20)) we can use the equations relating the o; and B!
(1.14.4) as well as the expansion of €2 in this basis to relate k and £;11. We
find that

k= (X"2k111. (2.3.15)

2.3.4 The Ricci scalar

Now we have this we are almost ready to calculate R in this setting. From equation

(1.11.2), (2.3.10) and (2.3.9) we find an expression for G in therms of v:

3 (2.3.16)

T4

Also, using equation (1.14.5), (2.3.15) and (2.3.7) we find expressions for the
exponential of parts of the Kahler potential in therms of v and s such that:

X0 4
~Kes _ 3 ~K, _
e = YofgY and e 7 =2s. (2.3.17)

With what we just found we can give an expression for the Ricci scalar R. From
(2.2.5) we find
R =2—e*leG3|k|2 (2.3.18)

Now we plug in (2.3.17)) and ([2.3.16]). Then we further simplify using (2.3.15)) and
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find:
X9)? 9 64
R =2— (_g _2—1)_6_,0| |27
X0 16 27
L, (X0 e
PO
=2 - (XO)Q"‘?l%Anl, (2:3.19)
4
=2
3
2
R=—.
3

2.3.5 Masses

As we have found the value of R in the large complex structure limit we can plug
this into and find that A\ takes the values:

1
Ar =3 and )\,:§

We can use these results and equation (2.1.14)) to calculate the masses in the large
complex structure limit:

(2.3.20)

(2.3.21)

2
N 1 1 1
2 ﬁux
mZ -+ -],
T (f 2 u)

T 1\’
mi+ ﬂux <\/_ 1__2+_> .

[

We have to note that this only holds when Wy # 0. If Wy = 0 then, from (2.1.2)
we know that

) 2
m2_=m?, =ef (—e(KTJrKCS)\/a]h]) and

V3 (2.3.22)
m’_ —m2, —e <\/—e KT+K03)\/_|h|>
Then using what we found in (2.1.11]) we calculate for Wy = 0 that
Naux 1
m? :m2+ =—Mx ~ and
—= - 2
; V3 (2.3.23)
flux
mi_=mi, 7\/3

Here V is the Einstein-frame volume we encountered in (|1.14.5). This can be
determined during the stabilization of the Kahler moduli.
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Calculations on h%l = 9

In this section we will again calculate the masses of the moduli. Only this time we
set h*' = 2. This means that we now have an extra modulus, namely the complex
modulus 7 and both z! and 22. So the index 7 runs over 1,2. Our calculations will
follow along similar lines as before. Firstly we will simplify the matrix QQ and
calculate it’s eigenvalues. Secondly we calculate an expression for the masses in
therms of the eigenvalues of a matrix M that is a rescaling of QQ. After that we
can discuss under which circumstances there are degenerate masses.

3.1 Eigenvalues \

3.1.1 Simplifying QQ
To find the o, we need the eigenvalues of QQ. Recall from ((1.14.22) that

(QQ)T =e 2K G !,

(QQ)G =™ " Hied(7 — 7)hg kT hT,

(QQ){? - _ ei(KT+KCS)l‘€zmnhmhn, (311)
(QQ)5 = — Mo (7 = 7P Gh* — (7 = )Ry hF R 7.

To be able to find it’s eigenvalues we will define some other matrix Q) with the
same eigenvalues. To this end we introduce the einbein e and é;l' together with

their inverses e and é%. We define this such that
G- =¢? fEE.,
zg' 1 Zab™j (312)
ele, =0y
We can now use this to change all the indices from ¢, j, k to a, b, ¢ which are raised
and lowered by d,, and §% instead of G- This will simplify the expressions we
will work with. To this end we define
h® :e?hi,

_ it d k
Rabe =€,6,E. Kijk-

(3.1.3)

29
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These definitions make it possible to get rid of G5 in the matrix and replace it by
the more easily to handle ¢,;. We do this by noting that

1 0 1 0
[0 e?} and {O ez] (3.1.4)

are each-others inverse such that if we define

“= [0 6] QQ [0 f] (3.1.5)

b

it has the same eigenvalues o2 as QQ.
This leads to @ being

Qi 745 e 2Kcsha6abhb

Q?a e KCSK/—*fh,bhc

QEF = — 92ge” Kc55ab/€ hchd (316)
QEE —4g e_2Kcsha(Sgchc+4S Iicdhd:‘icﬁhf,

Now we want to define a few things to further simplify this matrix. First we define
the vector h and it’s norm with respect to G:

hl
h= (h2> and (3.1.7)
||h[|? =he3,5h" = [h*? + |22

Note that here all the indices are of the a, b, ¢ type.
With these conventions we can define a normal vector of A, namely é, such that

h - h
é :W and é = Tl (3.1.8)
These have the nice property that
62 =0%-2 = 1. (3.1.9)
Lastly we define the 2 by 2 matrix x to be
[k]% = K%,e°. (3.1.10)

Now adopting matrix notation instead of index notation and denoting that trans-
pose with 7', we find an expression for Q:

9enkKesZl T
hy|2[ L T2selve R ] (3.1.11)

ke eeTl 4 e2Kes kg

Q — 4520 2Kes

Then to simplify even further we note from (|1.14.20)) that x is symmetric so there
exist real numbers k; and ko as well as a unitary matrix U such that

0 Ko

o L 3.1.12
o (3.1.12)
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With this we can define the matrix ¢ that has the same eigenvalues as Q We set

1 0 A1 o
q= {o _QSU]QlO ;—jw}‘ (3.1.13)

Note that the matrices right and left of @ are each others inverse such that the
eigenvalues of ¢ are still o2.
This evaluates to

=T —_ =T
26—2Kcs||h||2 1 effese UTUFLU
KeUrUTUe (Ue)(Ue)T + 2KesUrUTURD

q=4s (3.1.14)

From this we see that we can define € = Ué that has the same kind of property as

e:
6= Ué=¢-¢=1. (3.1.15)

This means we can write the components of € in their polar coordinates in therms
of the real r, ¢1, @5 or 0, ¢1, P2 in the following way:

- ret! ~ (cos()ei
€= <, /1 _T2_ei¢2) - (Sin(e)eiqﬁg . (3.1.16)

Using this we find ¢ to be:

162 [ 1 effes g re=ion effesjip/1 — r2e~i92
q T ||h][? efes et eHes g2 4 2 rv/1 — r2eilé1-92)
_eKcs H2m81¢2 rm62(¢17¢2) e2KCS /{% + 1 — 7"2
e [ 1 efes o) cos(f)e™ i effes iy sin(6)e 92
=——||]|* |e ki cos(f)et  e*eoki 4 cos?(0)  cos(f) sin(§)e’(#2—91)
© | efesky sin()e™2  cos(6) sin(f)el@1=92)  e2Kes2 4+ sin®(0)
(3.1.17)
We can express ¢ = aM. Where a = 4s?e~ 25 ||h||? is a scalar and
[ 1 efesgre™i1  efes gy /1 — r2e7i92
M = effes g reit e*hes g2 4 2 rv/1 — r2e~ié1-¢2)
_eKCSKQ‘ /1 _ 7°2ei¢2 74 /1 _ T2ei(¢1_¢2) eQKcsK/% + 1 _ T2 (3 1 18)
[ 1 efespy cos(f)e™ 1 effes iy sin () e 42 o
= |efesky cos(f)e?r  e?Kesk? 4 cos?(f)  cos(f) sin(f)e (91 —¢2)
| efesrysin(0)e™®2  cos(0) sin(f)el@1?2) @Ko 4 gin?(6)

a matrix. So if )\, is an eigenvalue of M then a), = o2 is an eigenvalue of aM = q

and therefore of QQ.([2.0.1])
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3.1.2 Characteristic polynomial

Now we are ready to calculate A by setting the characteristic polynomial to 0. We
find:
0 =N — N [2+ X (k] + K3)]
+ A [e"e ik + 288 r? (k5 — KT) + 2e*Fe0 kT 4+ 1]

— 2e2Keapd2 _ 9e2Kesp2(1 — 1)k kg cOS(d — ) — Ko (1 — 1?)%elles

0 =N — N\ [2+ " (k] + K3)]
+ A [e* e kTR3 + 2e5 cos®(0) k3 4 22 k7 sin®(0) + 1]
— 2e?Kes cost(0) k3 — 2 cos?(0) sin’(0) k1 kg cos(y — ¢a) — K3 sin*(6)e’ .

(3.1.19)

Now we notice that ¢; and ¢5 only appear in the combination ¢; — ¢5. Therefore
we define ¢ = ¢ — ¢o and simplify to:
0 =N — N [2+ e (k] + K3)]
+ A [eFemikg + 205 r? (k3 — KT) + 22 kT + 1]

— 2e2Keapty2 — 2e2Kesp2 (1 — 12) kg Ky cos(p) — K2 (1 — 12)%efes

0= — X2 [2 4 %o (2 + 2)]
+ A [e e ki k3 + 2e5 cos®(0) k3 + 2> kT sin®(6) + 1]
— 2e*Kes cos? (0) k3 — 2e*Kes cos?(0) sin?(0) ki kg cos(¢) — k2 sin®(0)ef .
(3.1.20)

From these equations we see that A depends on 4 real parameters: efesg, efesky,
r or € and ¢.

3.2 Masses in therms of )\

In this section we will express the masses in therms of the A we just defined and
analysed. This will be done along the same lines as in section [2.1.1]

Now we have a = 4s%e™2Ke||h||? and 02 = 4s%e™2Kes||h||2\. Therefore we have

O = 2se”Kes||B]|VA (3.2.1)

This we can plug in to (4.3.1) to find:

2
m2, =e (23e—KCS BV + |W0\) . (3.2.2)

We want to re-express the masses in more natural quantities. In order to express
G; and h' in therms of these quantities we use from the literature: equation (3.2)
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in the paper [14]

_ I xi NXG
fana
Now we can use the expression ((1.14.18)) we have for H, the expression

for K., (2.1.6)), (2.1.8), (2.1.4) as well as the expression we just quoted from the

literature to calculate [ H A *H. This leads to

/H/\*H

:21'/ (|h012Q AQ— BP0 AX — |2 Px2 A X — RTA? e A X — W' h2xg Ayz)

Gy = (3.2.3)

=2|h°2eHes 2z'h"Gijhj/ QAQ

=267 (RO + |[1]1)
(3.2.4)

Now we have related [ H AxH to h° and ||h||. With these relations we can, find
the analogous relation to (2.1.11)):

1
||h]J? zﬁeK‘”/H/\*H— RO

(3.2.5)
:eKT+KcsNﬂux _ e2(KT+K(;s) WO|2
We plug this in to (3.2.2)) and find:
2
m?, =e (ZSe_KCS hl[vAa £ |WO|> :
_ 2 (3.2.6)
= KrmKeom2loglV] (, [hiGzhi /Ao £ |h°|) .
Using the same definition for p as before:
Ny
2 ux
leads again to
2
mi:l: N (e—(KT+KCS)\/eK,+KCSNﬁux — e2(K-+Kes) WOP /)\a + ‘WOO ’
2
= [ W] NV 1/ Mg £ [Wol
O] eRrtKes | Wy [2 o o
2

NHUX —2log[V] 2
= o2 (\/Aa /ﬂ—l:l:l),

T 1\
\/)\_al—?i—.

0

Nﬂux
VQ
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These masses are shown in figure |3.1

Figure 3.1: This figure shows the six %mii dependent on g and efesk; for

eKesgy = 5 and @ = ¢ = 0. The case we consider here is k> = 2. Note that all
masses are equal when = 1 and the masses seem to come in pairs that are close
together.
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Masses analysis

In this section we will discuss some of the features of the masses that stand out.
To this end we first list the cases when there are degenerate masses. Then we will
use this to find interesting features focusing on cases where all masses are equal
and limits of the moduli space.

Before we start recall the definition of p (2.1.13]). Note that we can use equation
(3.2.4) together with (2.1.6) to write p in two different ways:

2 Niux HhH2

= pu— ]_
K eKr+Kes WO|2 + |h0|2

(4.0.1)

With this in hand we will start analysing the masses we found.

2,1
4.1 hZ =1
In the case of only one complex structure modulus 2! we found the following values

for Ay (2.2.6):
(4—R)+V12_SR 1 R?

Ay = 5

(4.1.1)

Also see figure [2.1]

The 4 masses we found then are (2.2.7)):
2
1 1
(\/)\i,/l——Qi—> . (4.1.2)
T

Now we can analyse when (some of) these masses are equal.

2 Nﬂux
myy = V2

Also see figure 2.2

4.1.1 Equal masses 1
Firstly we consider the case |W| # 0:

35
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e if 42 =1 then all masses are equal m? = %

2
oifRthhen)\+:)\_:1andmii:m%i:%;fg( ,u2—1j:1) :

2|h9|

o if )\++\/)\_=\/%:Wthenm2__:mi_.
o if\/)\+—\/)\_:\/l%:ﬂ%ﬂ‘thenmi_:mQ_Jr.

Now we can also consider the masses when |Wy| = 0. In this case we have to go

back to (4.3.1]). When we use (2.1.1)), (2.1.11)) we then find:

mii :eKO'i,
Ny (4.1.3)
- V2 )\i-

So the masses m3 | = m3_ are equal anyway and also:

o if R=2then Ay =A_ =1and mi, = 8=

These are all the options for masses to be equal.

Next we will further analyse some interesting cases.

4.1.2 All 4 masses equal

All 4 masses can only be equal if one of two things are the case. Either R = 2 and
|Wo| = 0, this case we will consider below, or p? = 1, this case we will discuss now.

1: 2=1

If 4% = 1 we can see from (2.2.7)) that the eigenvalues Ay become irrelevant and all
masses take the value m? = . This case becomes interesting when we consider
([4.0.1)). If 4% = 1 we see from this that A' = 0. This means that the H-flux

H = h°Q + hoQ). (4.1.4)

Thus H can then only be an element of the space span by Q and .

2: R=2and |[W| =0

The other option for all masses to be equal is to have R = 2 and |Wy| = 0. In
this case m? = % When we then consider (2.1.10) we see that this means that
h? = 0. This makes the H-flux becomes

H=h'v, + 7% (4.1.5)
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Thus H can then only be an element of the space span by x; and .

From these cases we see that all 4 masses are equal if and only if the H-flux is
purely an element of the span of just €2 and €2 or just x; and ¥7. Equivalently all
4 masses are equal if and only if h° = 0 or ! = 0.

4.1.3 Extremes of R

We also want to see what happens if R takes extreme values.

1: R=2

One option is that it attains it’s maximum: R = 2. In this case we have seen that
A. = A_ = 1. This also means that the 4 masses split into two pairs of equal
masses:

Nux 2
miy=m?, = (VR — 1)

-+ :VQ,uz

Naux [ |PY ?
= ——F1])
V2M2 |h0|

) (4.1.6)
e (Y
B V? |nO| ’
efK‘r*Kcs 2
= — (JR'] £ [R%)).
Note that in this case some of the masses can vanish namely m?_ = m?_ =0 if
|h°| = |h!]. In this case these moduli would not be stabilized.

2: Limit R to —oo

The other extreme for R is the limit to —oo. From (2.2.6) we find that for R very
big and negative we have:

A ~—R+4and

—1 (4.1.7)
A S

This means that for R very big and negative the masses split in two pairs the first

pair (see figure :

1\ Neux
m2, ~—R (1 — P) ¥ (4.1.8)
and the second pair (see figure |4.2)) :
Nﬂux
m? | ~ YR (4.1.9)

Note that two of these masses grow very big in this limit while the other two are
approximately independent of R.
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Figure 4.1: This figure shows the 2 masses m?2, dependent on p and R for large
negative values of R. The case we consider here is A" = 1. Note that both masses
are (almost) equal and linear in R.
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Figure 4.2: This figure shows the 2 masses m? , dependent on p and R for large
negative values of R. The case we consider here is h>' = 1. Note that both masses
are (almost) equal and independent of R.

4.2 h*' =1 in the large complex structure limit

We discuss this special case separately.
From ([2.3.21)) we know that the 4 masses are:



CHAPTER 4. MASSES ANALYSIS 39

2
Niwe [ 1 T 1
o (LT 1Y
V 3 W
2
ii Nﬂux(\/g 1_l_l)’
% prop
) (4.2.1)
s N (1 [T 1
m = = ) - )
v \V3 12
2
Ny 1 1
9 ux
m++_v<\/§ 1—§+;> .
Except when |[Wy| = 0 in that case we have (2.3.23)):
Naux 1
2 2 ux
mZ_=m-, =———~= and
]\}’ V3 (4.2.2)
mi_:m?H_: ﬂux\/g'

VZ

4.2.1 Equal masses 2

We can use the expressions we found for the masses to analyse when these masses
can be equal. First we consider the case |Wy| # 0:

e if 4? =1 then all masses are equal m? = ef|WW;|*> = %.

] 2 __ Z 2 — 2 — Nﬂuxl 2 — Nﬂuxg 2 — Nﬂux@
o if =7 thenm? =m? ==z, m”, == and mi, = =2
o if u%2 = 4 then mif :m%Jr = NSQ“X, m?_ =0 and m?H = 41]\2%“".

Note that these are the same options as in [4.1.1 except for the option where R = 2.
That option clearly does not apply here since R = %

For the case where Wy = 0 there are no extra options for masses to be equal
other that the paring that always occurs in this case: mi_ = mi,.

Next we will further analyse some interesting cases.

All 4 masses equal

Because R # 2 the only way all 4 masses can be equal in this case is if y? = 1.
This is the same as in [4.1.2l This means h' = 0.

This concludes the discussion of the masses for the case with only one complex
structure modulus (h*' = 1). We now proceed to an analysis of the masses in the
next case.
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4.3 h* =2

In this case with two complex structure moduli 2* we found for A, a polynomial
equation of third degree ([3.1.20)):
0 =N — N [2+ Ko (k] + K3)]
+ A [eFermikg + 205 r? (k3 — K1) + 22 kT + 1]
— 2e2Kespty2 — 2e2Keap? (1 — 12) ko Ky cos(@) — K2(1 — 1?)2efes
(4.3.1)
0 =N — N [2+ e (k] + K3)]
+Ale e 2152 4 2eKes cos?(0) k3 4 2e2Kes 12 sin? () + 1]
— 2e*Kes cos? (0) k3 — 2e2Kes cos?(0) sin?(0) ki kg cos(¢) — k2 sin®(0)ef .
Note that \ depends on 4 real parameters: ek, efesky, r or 6 and ¢. We also see

that the A are unchanged when we simultaneously switch k1 <> k9 and transform
00— —0+ 7.

With the 6 masses being (3.2.8):

2
Niux 1,1
Mo =5 (\/)\a -5 —) . (4.3.2)

1

4.3.1 Equal masses 3

Next, with these expressions for the masses, we will analyse when combinations of
these 6 masses are the same. The analysis will be more extensive than before due
to the higher number of different masses. In this section we will list the cases where
different masses have the same value. Each case is characterized with numbers in
brackets. In the brackets we denote the degree of the degeneracy for each distinct
value of the masses.

First we exclude two special cases.

Case 1: Wy =0
If |Wps| = 0 we see from that when we use (2.1.1)), (2.1.11)) we then find:

2 Nﬂux
May = VQ

Note for all & € {1,2,3} we have mZ, = m2
This means there are as many distinct masses as there are distinct A\, and for each
« there is a 2-fold degeneracy. So the options are

o (6) mly = 8=\, and Ay = Ay = g and |[Wy| = 0,

Ao (4.3.3)

2

o (42) m2, =R, and A\; = Xy # A3 and [Wy| =0,
e (222)m?, = Nﬂ“")\ and A\, # Ag for o # B and |Wy| = 0.
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Case 2: > =1
If 4 =1 (but |[Wy| # 0) then by (3.2.8)) we have:

2
NuX 1 Niux
2, = (\/— 1— u_ + u) _ % (4.3.4)

So there is a 6-fold degeneraey This happens only when p? = M‘W =1. So
when we replace Ng,y using we see that in this case

Nix =7 e [T |2

eKT+Kcs W0|2 _|_ efK‘r*Kcs h”2 :eK‘r+Kcs W0|2 (4 3 5)
e K Hee 0> =0 h
[17][* =0

So we see that this is only possible if h' = h? = 0. This gives one option:

o (6)m2, =ef|W|Pand > =1 h=0.

Preparations

Now we look at the other cases so we assume |[Wy| # 0 and pu? # 1. Because of
the amount of options we consider cases that are the same up to permutations of \,.

First we have a look at the different ways 2 masses can be equal. There are 4
options:

emi =m

2 2
® Moy = Mpays
o mi_ =mj_
2 _ 2
o m;_ =mj,.
Where o # .

We will consider these cases separately.
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2 _ 2
m;, = m;_

«

First of all we note that v/Aq4/1 — M—lg > 050 |vVAay /1 — u_12+1| > [VAay /1 — l%—l\

and m2, > m?_. Now we check when the equality holds:

(i od) (i)

)

(4.3.6)

\/_a =0.

To get from the third line to the fourth we picked only one option because the

other option only gives —}% = l%
So in this case we have N
flux
m2, = V?ZT (4.3.7)
Mg, =mg,
In this case we have
2 2
Mot =May
2 2
1 1 1 1
(i) (e
1 1 1
VAar/1 —+—_i(\/ 1——+ ) (4.3.8)
B oop I
1 1 1
V Aa — —i— — =V /l——5+—
2 I

oy

To get from the third line to the fourth we picked only one option because the
other option equates a positive and a negative number.
In this case we have

So then there are two pairs of equal masses.
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2 _ 2
My = mg_

In this case we have

2 2
Mg =Mj_
2 2
1 1 1 1
V1= ——=) =g /1 - = —=
( 2 u) < ’ 2 u)
1 1 1 1
VA /1l— — — ===+ (/s /1 - = — =
G ( ’ p? u)
1 1 1 1 (4.3.10)
VAa[l= =5 — === g/l -5+ -
W v
1

2 2|h’|
VA + 1/ Ag = = .
=1 ]

To get from the third line to the fourth we picked only one option because the
other option is the same as we have seen in the last part (A, = Ag).

So in this case we have A\, = A\g and m?2 :m%i or VAa + 1/ Ag = /‘;2,1 and
mi_ = m%f < mi/BJr.
me_ =mj,
In this case we have
mi—:m%-i'
1N\ 2
() (3
1
1 1 1
vV 1__——_i(w/)\ 1——+—)
©oop ’ K
i 1 T 1 (4.3.11)
VAar/l— = — = =y/Agy /1 — = + —
: T ’ p
Va1 L2
L

2 2|h|
\/)\a—\/)\ = =
=1 ]

To get from the third line to the fourth we picked only one option because the
other option only gives —; = l

So in this case we have /A S g =

2 2
< Mg,

andmﬁ <m5+—m

Recap

We found that masses can be equal in the following cases:
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Naux
V2,u2

=m3_ & Ao =0and m}, =

— 2 _ 2 _ .2
® my, =mgz, < Ay = Agand my, =mg,

2 2 2|t
® m, = ms_ S Ao —Agandmi—mﬂior\/ + /s 1\/21: HIhHI

and m?2_ = m%_ < ma/ﬁ+

2 _ 02 _ 2 _ 2 2 2 _ 2 2
e m,_ =mg, & VA — /A = e o T and my_ <mg, =m;_ <m;,

Now we can describe all the possible combinations. To avoid redundancy’s we do
not consider perturbations of \i, Ao, As.

6 masses the same

If we want all 6 masses to be the same than m2, = m2_ for all o so we have

Ao =0 and m?, = {;VQL;’Q‘ for all . Inspection of the characteristic polynomial shows
that this is not possible since the coefficient of the A\? therm in the characteristic
polynomial can not be 0 (3.1.20)). Therefore the only option for all the masses to
be equal is:

o (6)m2. = Ny and 2 = 1 ||h|| = 0.

5 masses the same

If we want exactly 5 masses to be the same then we need for 2 o’s that m2, = m2_

but not all three. Since A, > 0 and maJr = maf = Ay = 0 we have 0 = \| =
A2 < A3. But this is not possible because the coefficient of the A therm in the
characteristic polynomial can not be 0 .

We conclude that a 5 fold degeneracy is not possible.

4 masses the same

If we want 4 masses to be the same but not 5 then we need for at least 1 « that

mZ, =mZ_ but not all three.

Nﬂux
V2,2

i 2 2 _ .
This means we have 4 equal masses so m3z, 7# mj ., so we have Ajjp = 0. This is
again not an option for the same reason as before.

Now we look at the case where just m?, = %
“w

A1 = 0 but A3 # 0. In this case we still need that one of m3, and one of the m3,
is the same as m7,. This can not be either of the m} /3+ because this would lead to

9Nﬂux
V2 2

First we look at the case where m3 ,, =

all \, = 0 and thus a 6 fold degeneracy. So we need mi, = m3 /3 m3 g =
)\1 =0 and )\2/3 = 2
We have:

e (42) mi_ = mg/g_ v2 we and m2/3+ = 9@[25‘“’2‘ and Ay = 0 and Ay/3 = =
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3 masses the same

If we want 3 masses to be the same but not 4 than we have for at most 1 o that

2 _ 2
me, =mg;_.
First we look at the case where m%i = 55111’5.
o
This means we have 2 equal masses so we need m3_ = mi, (if m3, = mj, then
2 — 2 — . 4 2 — Neux
also m3, = mli) So A =0, \y = e and m;, = 9V2u2' Then there are 2
optlons mi_ = mQ}b or mi_ # mj,.
— — ﬂux — Nﬂux
Ifmj_ =mj3, = then A3 = 9Xs = =25 and m3, = 16582 but if m3_ # m3,
then 0 < \3 # —— u
Now we look at the case where for none of the o we have m2_ =m?2_

So A\, # 0. To still have 3 the same masses we then need that all these same
masses have a different «, so for each a one of the m?, is in the group. There

are 4 options: mi, = m3, =mj, , mi, =mj, =m3_, mi, =mj_ =mj_ and
m%_:mg_—m3_
Ime m2+ ngr then A\; = Ay = A3 so m?_ —mQ_—m3_

If mi, =m3, = mj_ then \; = Xy and VA3 — Ay \/2—1 Somi_ =m3_ <

mi, = m2+ mi_ 2< m3,

Ime mi_=m3_ wehave\/ —VA _sox/ > —SO\/ 3V A #

\/_ because otherwise /A3 < 0. So we are left with just the option that Ay = A3
e

and m3, = m§+.

Finally if m?_ = m3_ = m3_ either \; = )\2 = A3 but we have already considered

this case or the second option is VA1 + vV As = VA2 + VA3 = VAL + VA \/—1
but this also means that A\ = Ay = A3. The third and final option is )\1 = Ay and
VA2 + VA \/— This means m3, =m3,.

So we have

2 — 2 _ Naux 2 — 2 — Neux — Nﬂux
e (3.2,1) miy = my_ = 3% and my, = m3_ = 93 and m3, = 1658 and

Alzoand)\gzﬁand/\gz

2 _ 2 _— Naux 2 _ oDNaux 2 2 Neux
(3,1,1,1) miy = my_ = 35 and mj, = 955 # m3_ < mjz, # 163 and

)\1:0and)\2:ﬁand0</\37é%

e 33)mi, =m3, =mi, #mi_=mj_=mi and 0 <\ =\ = \;.

o (3,2,1 m%_:m§_2< mi, =m3, =mj_ <mi,, 0 <A\ =X <A and
VA3 = /A2 = e

e (321) mi_ < m%+2: mi_ =mj_ < mj, =mj,, 0 <A <A =)\ and
VA3 — VAL = o

e 321)mi_=m3_=mi_<mi =mj,mi_<mi.,0<A =X, 0<);

and 1//\1/2+\//\_3:\/m.
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2 masses the same

First we look at the option where m?_ = m?, = then A; = 0 and there are a few
options. Note none of the other o can have m?_ = m2, = because then more then
2 masses will be the same.

First, mi_ =mi, = gﬁ‘l‘;g and Ay = A3 # 0 then m3, = m3,.

Second, mi_ = mi, = s and m3_ = mj_ then VA + VA3 = \/L% but
07# Xy # Ag # 0.

Third, mi_ =mj, = ggﬁ’g and m3_ < m3, =mj_ < mj, then v/ A3—v Ay = \/;%
but )\2/3 7é 0.

Naux

Fourth, mf_ = m}, = 3% and none of the mj,  are the same, such that

Now we can consider the cases where for all & we have m2, # m2_. So A, # 0.
First, m3,. = m2, so \; = Ay # 0 then neither of the m3, can be the same as any

other so )\1/2 7£ )\3 7é 0 and \/)\_3:|: \//\1/2 7é :t\//%
Second, m?_ = m32_ then VA + VX = 2271 now the m§+ can not be the same

A=

as any of the others (this would also make all m?_ the same) but the m3_ can be

so we have m3, = m3_ then /A3 — VA = \/F% or
Third, m? = m3_ then /A; + /Ay = —%— and none of the m2, are the same as

V2=l

any others.

Than we have one more category left where mi_ < mi, = m3_ < mj, so

VA2 — VAL = \//% In this case mf/ﬂ #m3, #m3_ and mi, =m3_ #mj_.
First, just m}_ < m?, =m3_ < m3, this gives v/ A3 £ Ay # £—2

V-1

Second, mi_ < mi, =m3_ <m3, =mj_ < mj, this gives VA3 — v =

2
p2—1
All other options are the same as a previous option through permutation of the A,.

So we have

e (222)mi_=mi, = gﬁ‘;’g and m3, = m3, and \; = 0 and Ay = A3 # 0.
e (2211) mi_ = mi, = %L;’g and mi_ = m3_ < m§/3+ and Ay = 0 and

\/)\_2+\/)\_3:\/A%but07é)\27é)\37é0.

2 _ 2 _ Naux 2 2 2 2 —
° (22,L1) mi_ =mj, = $#% and my_ <my, =m3_ <mj, and A\; =0 and

VA = VA = A but Ay £ 0.

e (2,1,1,1,1) mi_ =mj, = %Lﬁ‘:’g and m3_ < m3, and mj_ < mj3, and mj_ #

mgi#m§+and)q:Oand\/)\_gj:\/)\_g#ﬂ:\/l%bUt)\2/3750-
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e (22,1,1) mi, =m3, and m?, # m3_ <mj, #mi,, and \; =\ # 0 and

>\1/27é)\37é0 and /A3 £ \//\1/2 %j:\//%

e (221,1) mi_ =mi < m%/% and m?, # m3, and mi, = m}_ < mj3, and

m%+7ém§+and/\a>0and\/)\_1+\/)\_2:\/}%and)\37é)\17é)\27é>\3and
s — VA = —2—.
VAs — VA =

e (21,1,1,1) m2_=m3_ < mf/ﬂ and m3, # mj,_ #mj. # m3, and mj_ <
m3, and A\, > 0 and VA + VA = —2— and A3 # A\ # X\ # A3 and

\/)\_3j3 \/)\1/27&:&\/1%-

o (2,L,LLL1) mi_ <mi, =mj <mj, and mi,, #mi <mi, #mji,, and

ho 0 and V3 = VA = and Vi £ Vs £ 2

e (2211) 0 <mi_ <mi, =mj_ <mj, =mj_ < mj, and A, # 0 and

\/)\_2_\/)\_1 )\3— )\2: 2

All masses unique

If none of the masses can be the same then A\, # 0 for all a. Also A\, # Ag and

Ve + 1/ As # —2 forﬂyﬁa.Aswellas\/)\a—\/)\ﬁ%:t\/l%foralla,ﬁ.

p2—1

So we have

e (1,1,1,1,1,1) m2_ <m2,, A\ # 0 and VA, — /Ag # i\/22_1 for all a, 5. As
e
well as A\, # A\g and VA, + /A # \/22—1 for ae #£ .
e

Recap
So the full list of options is
o (6) mii = e*K|h|2/\a and Ay = Ay = A3 and |W0| =0.

o (6)mii:g§;’2‘ and p* =1« h=0.

e (4,2) m2, = e K[h|?A, and Ay = Ay # A3 and [Wy| = 0.

2 — 2 — Nﬂux 2 — Nﬂux — P
o (42) mi, = My = 355 and My5, = 9_v2u2 and Ay = 0 and Ay/3 = 21
2 _ .2 _ Naux 2 _ .22 _ qDNaux 2 Neux
e (3,2,1) mi, =m5_ = Ve and m5, = m5_ = Eivm and m3, = 163275 and
_ _ 4 _ 9
)\1 =0 and )\2 = 21 and /\3 = 21
2 — 2 — Nﬂux 2 — Nﬂux 2 2 Nﬂux
e (3,1,1,1) mi{y =m3_ = I and mj3, = Q—WN2 #mz_ < mg, F# 16‘)%2 and

)\1:0and)\2:lﬁand0<)\37é%.

(33)mi_=mj_=mi_ <mi, =m3, =mj, and 0 < Ay = XAy = As.
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e 321)mi_ =mj_ <mi, =mi, =mj_ <mi, 0 <A =X <Ay and
Vs = /A2 = —

e (321) mi_ <mi. =m3_=mi <m3, =mi.,0< X <X =X and
Aoz — VAL = —A—
pnc—1

e 321)mi_=m3_=mj_<mi, =mj,,mi_ <mi,,0 <A =X, 0< A\

and \/)\1/24-\//\_3: \/%

(2,2,2) m2,. = e K|h|2\, and A\, # A\ for m # n and [Wy| = 0.

(2,2,2) mi_=mi, = ng‘;’g, mi, =mi, A =0 and \y = \3 # 0.

,—;2_1 but 0 7é /\2 7é )\3 7£ 0.

(2,2,1,1) mi_=mi, = gg;’g, mi_=mi_ < m§/3+, A1 =0 and v+ VA3 =

2 2 Nawe 002 2 .2 2 _
e (22,1,1) mi_ = mi, = ngﬁ’ my_ < my, = m5_ < mz, A\ = 0, VA3 —
2
vV )\2 = 21 but )\2/3 7é 0.
2 _ 2 _ Npux 2 2 2 2 2 2 2
° (2,1,1,1,1) mi_ =mj, = Vg;ﬁ? my_ <My, m3_ < Mz, Ms_ #+ ms, + m3,

— 2
Al—oy\/A_Bi\/A_Q%i\/EbUt)\Z/S%O-

>\37é0and \/A_gj:\//\l/g#it\//%.

(2727171) m%:ﬁ: = m%:l:’ m%/2i # mg— < m%—i— # m%/Qi’ A=A #0, )‘1/2 7

2 02 2 2 2 2 02 2 2 2
(22,1,1) mi_ =mj_ < My o, My # My, miy =m3_ < mg,, My # Mi,

/\a>0,\/)\_1‘1'\/)\—2:\/%7/\37&/\17&)\27&)\3&11(1\/)\_—\//\_1: M22_1'

2 _ 2 2 2 2 2 2 2 2
(2,1,1,1,1) mi_ = m5_ < MY oy, My # mi, # my, # miy, my_ < mj,,

)\a > 07 \/>\_1+\/A_2: —%, Ag ;é )\1 # )\2 ;é )\3 and \/A_3:l: V A1/2 % :l:\/%

2
e (2,1,1,1,1) mi_ <mi, =mi_ <mi, m?/Qi #£mi_ < mi, # mf/Zi, Ao £ 0,

Vi = VA = e and Vg Vs £ £

e (2211) 0 < mi_ < mi, = m5_ < mi, = mj_ < mi,, \y # 0 and

Vi = VA = Vs = Vs = i

«

o (1,1,1,1,1,1) m2_ <m?,, Ay # 0 and VA, — /Ag # £—2— forall a, 8. As

V!

well as Ay # Az and Ay + /g # —2— for a # f3.
B B N

Note that in all cases except the second case we need p? > 1. Otherwise we will

fall back into (6) mg, = 5.

We conclude this with a table of these results.
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4.3.2 Limit x to oo

Interesting to note is that from an extension of figure [3.1 we can get an idea of the
structure of the masses for large x; and k. This extension is shown in figure
We see that the masses approximately split in pairs and two pairs diverge while
one pair stays approximately constant.

Figure 4.3: This figure shows the six %mii dependent on efek; and ek, for

p=3and § = ¢ = 0. The case we consider here is h*' = 2. Note that for big
k1 and ko the masses approximately split in pairs and two pairs diverge while one
pair stays approximately constant.



Chapter 5

Discussion

In this thesis we have analysed the masses of stabilized moduli generated by the
compactification of a 4-dimensional N' = 1 supergravity theory in the minimum of
the F-term potential. For other work on this see for example [11].

In the introduction [1| we discussed that string theory is a theory of quantum
gravity. This is achieved by considering particles to be one-dimensional instead of
zero-dimensional. For this to be self consistent we need the space-time that these
particles live in to be 26- or 10-dimensional. If we then want to make contact with
the very successful standard model that describes particle physics as we understand
it today we need to compactify these "extra” dimensions on an internal manifold.

In section[1.8.2) we see that such compactifications generally lead to more massless
modes in the theory. This creates a discrepancy with conventional particle physics
and therefore constitutes a problem. Massive modes can be ignored in effective
theories when we consider energy scales that are not able to produce these modes
but extra massless modes should be taken into account.

This can potentially be solved by stabilizing these extra massless modes that arise
due to compactification on a internal manifold. This stabilisation can be done by
introducing fluxes. These fluxes change the internal manifold slightly via a version
of the Einstein-equation such that it is not strictly flat anymore. This makes exact
calculations very difficult but it does give masses to these moduli that can then
be ignored in effective theories and contact can be made with the particle physics
that we know.

In section we introduce the setting we will work with. We consider a type
[1B-flux compactification with F3- and Hs-fluxes. We then assume that the moduli
can be stabilized, explicitly stabilizing them is difficult due to the fluxes taking the
internal manifold away from it being a Kahler manifold, and set out to calculate
the masses of these moduli in this case.

This is done in [9] by calculating the eigenvalues of the mass matrix, hessian
of the scalar potential, in the minimum of the scalar potential. That leads to an

o1
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expression 1’ for the masses of the moduli dependent on the eigenvalue o, of
the matrix QQ (|1.14.22)). These masses are:

m2, = e (o, £ |W])°. (5.0.1)

With these results we set out in chapter 2] and |3| to find explicit expressions for
these masses. As finding the eigenvalues of QQ is challenging we instead consider
: 2.1
some special cases: one complex structure modulus 1 hZ" = 1), one complex
structure modulus in the large complex structure limit (2.3{2*' = 1 and F known)
and two comlpex structure moduli (3 h>' = 2).

In these cases we are able to find the masses of the moduli (2.2.7), (2.3.21)),
, . We find that in the case h*' = 1 the masses depend on the flux
number Np,, the Ricci scalar R, the Einstein-frame volume V and the quantity
p which we defined in which also depends on |Wy|. Later we find that u
can be expressed depending on the ratio of A and A’ . If we also impose the
large-complex structure limit we find that R = % and we lose the R dependence of
the masses.

If h*' = 2 we found that the masses depend on the flux number Ny, the eigen-
value A, the Einstein-frame volume V and the quantity p. In turn we also found
and equation for A\ that depends on 4 real parameters describing the fluxes that
are introduced.

With these expressions for the masses we started analysing them in chapter [4
First we listed all the options for how different combinations of the masses can be
equal and we pick out interesting examples of these combinations to see when this
actually occurs.

After this analysis we learned that:

e For a general flux all moduli receive a mass and are stabilized when turning
on these fluxes. Only for very precise cases the masses of one or a few of the
moduli are zero.

e Even having degenerate masses seems to be the exception. For example
for all the masses to be equal we need either h° or A’ to vanish such that

H = hix; + B'x; or H = h°Q + hoQ.

e When going to extremes in the parameters that determine the fluxes (R —
—oo or k1 and Ky — o0) the masses approximate degenerate pairs and one
pair of masses stays small while the other masses diverge.

After the findings in this thesis there are some subsequent steps that could be
taken to hopefully find interesting results:
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e The features of the masses that we describe in this thesis are only studied
for explicit examples. It would be interesting to find out if these persist over
more general frameworks. For example with an arbitrary number of complex
structure moduli.

e There are still some moduli left of which we have not considered the masses
here. These are the Kéhler moduli. These can be stabilized using KKLT |1,
16]. This gives bounds on Wj. This can then in turn be combined with the
findings in this thesis to further restrict the possible masses.

In these ways we will hopefully be able to further restrict the possible compactifi-
cations that help string theory touch on measurements in particle physics.
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