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Abstract

Addressing the reduction of Greenhouse gas emissions in the atmosphere has become crucial,
given the significant implications of climate change and global warming. An effective approach
to achieve emission reduction is through the implementation of a cap-and-trade system. This
systeminvolvesa regulator settingacapon the total emissionsallowedandallocatingallowances
at a predetermined point in time to the participants. The European Union Emissions Trading
System (EU ETS), introduced in 2005, serves as an example. However, the EU ETS has shown
limitations in effectively compensating for economic shocks,which is necessary to let the system
work accurately and to achieve the desired reduction level.
In this thesis, we investigate a novel dynamic policy of allocating allowances, aiming to provide
better compensation for economic shocks. The policy is derived through a Stackelberg game,
wherein a regulator, the leader, allocates allowances to set of N firms, while minimising a per-
ceived social cost. In response to the regulator, the firms minimise their corresponding costs
from abatement and trading. An important challenge is how to realistically model the cumula-
tive Business-As-Usual (BAU) emissions of the firms, allowing for analytically tractable solutions
of the policy. Two models are considered for the modelling of the BAU emissions: a Brownian
motion, of which the correlation structure is generalised in this thesis, and a Geometric Brown-
ian motion, representing the main contribution of this thesis. The SDEs of these emissions will
be controlled by the abatement effort. Within both frameworks, the optimal dynamic alloca-
tions are determined through stochastic control theory and variational calculus. The proposed
models are both investigated theoretically and numerically.
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Introduction

In this thesis, we will discuss a dynamic version of a cap-and-trade system, with the aim of ex-
ploring and deriving an optimal dynamic allocation. Before delving into this model, we will first
discuss what a cap-and-trade system is and why it is useful, supported by its application within
the EuropeanUnion. Afterwards, we will discuss themost important concepts of this thesis and
how it is built up.
Nowadays, the impactof climate changeon theworld is significant, emphasising theurgentneed
to slow down the global warming. This can be achieved by reducing the Greenhouse gas (GHG)
emissions in the atmosphere. These emissions, which stem from human activity, are one of the
main contributors of the ongoing global warming phenomenon. Although the GHG emissions
consist of multiple gasses, we will predominantly focus on reducing the CO2 level in the atmo-
sphere, as it is a major contributor to the GHG emissions [LGX19]. Numerous approaches exist
for reducing the GHG emission level in the atmosphere. Our primary focus will be on the imple-
mentation of a cap-and-trade system, sometimes called an Emission Trading System (ETS).
In essence, a cap-and-trade system involves a regulator, often a government, setting a limit on
the total emissions allowed in a predefined system, such as a country or a set of firms. This limit
is referred to as the emissions cap. Participants within the system receive a certain number of
allowances at a predetermined time, in line with the emission cap. These allowances serve as
permits to cover their emissions over a predefined period. If the number of emissions of a par-
ticipant is higher than the number of allowances at the end of the period, the participant pays a
penalty. During the time period, the allowances may be traded on the market of permits, where
themarket price arises from themarket itself. This way, participants that needmore allowances
can buy them, and others may sell their surplus. The reduction of emissions takes place where
it is the cheapest. By lowering the emissions cap step by step, the total emissions in the system
can be reduced [GK09].
In the European Union, a cap-and-trade system has been in use since 2005, known as the Euro-
peanUnion Emissions Trading System (EU ETS). It covers over 40 percent of the GHG emissions
in the EU and is one of the earliest, and largest, emissions trading systems of the world [Wu11,
pg.95-100]. The EU ETS has undergone improvements over time and consists of several phases
[DT14].
In the second phase, from 2008 to 2012, therewas a surplus of allowances in the system [Lai+14].
A possible explanation is the financial crisis theworldwas in. That is, the demandof emission al-
lowances was reduced, not because participants had invested in cleaner or more effective tech-
nologies, but because overall productions were lower. This resulted in a lower market price of
permits, with a weaker incentive to lower the emissions as a result. The system seemed unable
to respond to changes in the economic circumstances [BVW16]. To solve this problem, the EU
has designed theMarket Stability Reserve (MSR)mechanism, which has been in operation since
2019. The approach of theMSR is two-sided: when there are toomany allowances available, that
is, when the number of allowances on the market exceeds a certain threshold, a percentage of
allowances is withdrawn from the market. If the number is below another threshold, more al-
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lowances are brought onto the market via auctions. This way, the EU ETS is more resistant to
economic shocks and keeps the incentive to reduce the emissions as high as possible for the
participants [BM16].
Several conclusions canbedrawn from this example. Firstly, it highlights that responsivemecha-
nisms to economic shocks are necessary for the accurate functioning of a cap-and-trade system.
We have seen that these can be incorporated over time. Additionally, it shows that the allocation
of allowances should bemodelled as a dynamic process, instead of a static process.
While these systems work well, it is always beneficial to explore new, potentially better, mod-
els that can be incorporated along the way. This is where mathematics comes into play, as we
would like to predict the impact of such regulations. To achieve this, the system needs to be rep-
resented in such a way that it is a mathematically solvable and fairly realistic. This leads us to
the main motivation of this thesis: to explore an alternative, potentially more effective way for
modelling a cap-and-trade system and addressing economic shocks in the system. This objec-
tive is based on an article by René Aïd and Sara Biagini, titled “Optimal dynamic regulation of
carbon emissions market” [AB23]. In this article, the goal of the regulator is to lower the emis-
sions by a 100(1−ρ) percentage, where 0 < ρ < 1, in a closed system of N firms. This is achieved
by dynamically allocating allowances to a set of N firms. The setting is dynamic in the sense that
the allowances are stochastic processes, not deterministic, and allocation is done in continuous
time. In response to the regulator, each firmwillminimise its costs from emission reduction and
trading in the market of permits. The central notion is that in this dynamic setting, there is po-
tential formore effective compensation for economic shocks, which appears to be useful as seen
in the example of theMSR.
Several mathematical concepts will be used. As stated, firms would like to minimise their costs
from abatement and trading, which will be stochastic quantity. When we deal with a potentially
stochastic objective function that needs to be minimised, stochastic control theory comes into
play. An extensive overview of this theory is given in the book of Pham [Pha09]. Additionally,
the Stackelberg game may be recognised, with a leader, the regulator, and N followers, in this
case the set of firms. The equilibrium of the Stackelberg game will bemathematically treated by
stochastic control theory and variational calculus, the latter can for example be found in [ET99].
This is what we will focus on, not on the game theoretic side of the Stackelberg game. For the
reader interested in the game theory, we refer to [AG99].
The optimal solutions obtained in [AB23] are mostly analytically tractable, which is beneficial.
As a consequence, we need tomake fairly strong assumptions to achieve this, as there is a trade-
off between realistic assumptions and analytically tractable solutions. An important example is
themodelling of Business-As-Usual (BAU) emissions, representing emissionswhenno interven-
tion on pollution occurs. These emissions are inherently random, as they are dependent on the
economic shocks. It is crucial to model these realistically, but in a way that we still can achieve
analytical solutions. We choose two different approaches for this; modelling by a Brownianmo-
tion, which is done in the paper by Aïd andBiagini, andmodelling by aGeometric Brownianmo-
tion, which is themain contribution of this thesis. In the Brownian framework, we need tomake
assumptions on the drift and volatility, to make sure the process is non-negative. In the case of
the Geometric Brownian motion, this is not necessary anymore, as the process is non-negative
by definition. While the structure of the proofs is based on the Brownian motion scenario, the
content is entirely new. Modelling emissions by aGeometric Brownianmotion can also be found
in the literature, for example in [CT12]. Under both frameworks, the optimal dynamic allocation
will be solved.
The aim of this thesis is to investigate whether certain assumptions can be relaxed while still
obtaining analytical solutions. To achieve this goal, a thorough understanding of the framework
andmathematical concepts presented in [AB23] is necessary. Consequently, the first part of this
thesis consists of a detailed understanding of the cited paper by Aïd and Biagini, to facilitate the

5



extension in the second part. Building upon the foundational understanding of themain paper,
the subsequent part delves into a discussion of the key background elements essential for our
study. Note that this overview is far from complete.
We will start withmodels constructed to reduce emissions. In 1972, amodel for an efficient pol-
lution programwas constructed byMontgomery [Mon72]. Two years later, Weitzman proposed
apartially stochastic anddynamicmodel for regulating aneconomic variable tomaximise global
benefits [Wei74]. This setting is quite general, but is well applicable to the carbon emissionmar-
ket. Although published years ago, they have had a significant influence.
Since thepublicationof these two seminal papers, extensive researchhasbeendoneon themod-
elling of an ETS using stochastic control theory. In a discrete time setting, in the paper of Car-
monaet al. [CFH09], thefirst phaseof theEUETS ismodelled. Additionally, Seifert et al. [SUW08]
consider amodel for the EU ETS in continuous time, where the emissions rates aremodelled by
an SDE involving a Brownian motion. Moreover, Rosemann’s PhD thesis in 2023, provides ex-
tensive research of the different ways for modelling the emission rates in a continuous time and
dynamic setting, extending the framework introduced in the previous article [Ros23]. Lastly, a
version of an ETS in continuous time is modelled by Kollenberg and Tascini [KT16], with a focus
on accurately modelling the MSR . The bank account framework introduced in their paper will
also be adopted in this thesis, facilitating the utilization of allowances at a later time than those
initially allocated by the regulator.
This thesis is structured as follows. The first chapter provides a detailed explanation of the set-
up and stochasticmodel. For instance, the bank account of allowances is introduced, addressing
both theBrownianmotionand theGeometricBrownianmotionscenarios in themodellingof the
BAU emissions. This chapter draws inspiration from [AB23], closely following the proofs. How-
ever, to present the completemathematical story, we have addedmany details. For example, the
space of admissible controls is not covered in [AB23], but is extensively discussed in this thesis.
Additionally, the correlation structure of the economic shocks is generalised to allow for direct
correlation between all firms. Thisway, weworkwith themost general correlation structure pos-
sible such that the correlation proposed by Aïd and Biagini is a specific example. Furthermore,
an initial value E i

0 is added to the BAU emissionsmodelled by the Brownianmotion, to be able to
compare the outcome in the Brownian framework with results of the Geometric Brownian mo-
tion in a better way. Themodels and assumptions introduced in this chapter are necessary to be
able to address the optimisation problems in the chapters that follow.
InChapter 2, we solve the optimal dynamic allocation for the regulatorwithin aBrownian frame-
work using three steps evolving from the Stackelberg game. Multiple insights are required to pre-
cisely identify the solutions. Once again, we closely follow the paper [AB23] and reproduce the
results introduced there under the general correlation structure. The proofs are carefully mod-
ified to fit into our mathematical model. For example, we have added background and proofs
on variational calculus to find a sufficient minimiser in the space of admissible controls. This
addition can be found in the first nine pages of this chapter. Additionally, the proof of Theorem
2.17 is more precise.
In Chapter 3, we solve the optimal dynamic allocation for the case where the BAU emissions
are modelled by a Geometric Brownian motion, which is the main novelty of this thesis. Once
more, the steps of the Stackelberg equilibrium are visible, as well as the proofs of the previous
chapter. Nevertheless, there are differences between the two chapters, since the bank account
of allowances will be different.
In the final chapter, Chapter 4, we compare the optimal dynamic policy and existing policies,
such as those from the EU ETS, based on [AB23]. Additionally, we perform numerical compar-
isons between scenarios involving Brownianmotion andGeometric Brownianmotion, followed
by their interpretations, which represent a novelty as well.
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Furthermore, this thesis includes two appendices. In the first appendix, we provide a detailed
mathematicalbackground focusingmainlyonstochastic calculusandvariational calculus. When
amathematical concept is not familiar or clear, the reader is advised to consult this appendix. In
some cases, we will explicitly refer to it. Additionally, some proofs that are omitted in the main
body of this thesis can be found here. Lastly, an appendix on the optimal allocation in a market
with frictions can be found, under the Brownian framework.
In summary, our own contributions consist, first of all, of defining themathematical framework
precisely, and working out the mathematical proofs completely. In terms of content, we have
generalised the correlation structure and in the Brownian framework we have added an initial
value E i

0 to facilitate comparison to the Geometric Brownianmotion setting. Moreover, the situ-
ationwhere theBAUemissions aremodelledby aGeometricBrownianmotion is introduced, the
key contribution of this thesis. A numerical analysis is also performed in this setting. Lastly, the
optimal allocation in a market with frictions is elaborated in detail, which, for better flow, is in-
cluded in the appendix. Overall, this thesis offers a comprehensive overviewof themathematical
approach to addressing optimal dynamic allocation.
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1 | Model Assumptions

In this chapter, we will first provide a general overview of the subject of this thesis. Second, we
will introduce the stochastic model that will be worked with, and relate it to the intuitive idea.
Lastly, the stochastic control problems are defined.
Throughout this thesis, we will make use of several mathematical concepts, discussed in Ap-
pendix A.1. The first part consists of stochastic processes and stochastic calculus. The second
part consists of basic functional analysis and variational calculus. The reader is encouraged to
refer to the appendix if certainmathematical definitions or concepts are unfamiliar.
This chapter is based on Section 2 of [AB23], which is the inspiration for this thesis.

1.1 Intuitive idea

First, the intuitive idea will be presented. The overall goal of the regulator is to reduce the emis-
sions by a 100(1−ρ) percentage, with 0 < ρ < 1, in a closed system involving N firms. To achieve
this reduction in emissions, we need two steps:
(i) First, the regulator dynamically allocates permits in line with the reduction, while min-

imising certain social costs. The entire strategy is announced at the beginning of the time
period. The allowances that the firms receive, are stochastic processes that are adapted to
a later defined filtration. This implies, that the distribution of the allowances is known at
time t = 0, but the exact realisation is only given at the time the allowances are allocated.

(ii) Given this allocation of the regulator, the firms minimise their own costs from emission
reduction and trading. The variables for the emission reduction and trading will also be
adapted stochastic processes. The idea of this is that emission reduction and trading de-
pend on unknown, stochastic quantities, and appear in a, to be defined, stochastic state
space.

Basedon these two steps, a Stackelberg gamecanbe recognised. In this case, there is a leader, the
regulator, who announces her policy first. Then, the followers, respond rationally byminimising
their costs. To solve such a problem, we need the concept of backward induction:
(i) Given the stochastic process of the allocation, all firms will minimise their cost function

from abatement and trading until a market equilibrium occurs.
(ii) Next, given that the firms react rationally, the regulator optimises the social costs function

considering the restriction of the reduction with respect to all possible allocations.
For more information on backward induction and Stackelberg games in general, the reader is
referred to [CM18]. With this introduction, we are prepared to provide amathematical definition
of this model, covering the steps involved in the Stackelberg game.
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1.2 Stochastic model

In this section, the mathematical setup of this thesis will be made clear. We will work with one
time period, so that t ∈ [0,T ] , and a given probability space (Ω,F ,P). A filtration on this sigma
algebra will be constructed below.
We will write a stochastic process (X t )t∈[0,T ] as (X t ) or X . When referring to the random variable
in time t ∈ [0,T ], we will use the notation X t . The same will hold for a filtration. Furthermore,
throughout this thesis, the one-dimensional Lebesgue measure is denoted by λ1. However, in
many instances, whenever it is clear from the context, wewill write dt , whenwemean dλ1. Here,
wemake use of the relationship between the Lebesgue integral and theRiemann integral. A vari-
able for a specific firm i will be denoted by X i . The mean over all N firms will be denoted by
X̄ = 1

N

∑N
i=1 X i . The latter will also be done for deterministic functions.

Let B̃ = (B̃ 0, B̃ 1, . . . , B̃ N )be anN+1dimensional Brownianmotionwith respect to thenatural filtra-
tion generated by B̃ , denoted by (F B̃

t ). This implies that all individual processes are independent
for a given time t ∈ [0,T ]. Let (Ft ) be the filtration generated by B̃ , augmented with the null sets.
That is, (Ft ) is defined as

Ft :=σ
(
F B̃

t ∪N
)

,

for all t ∈ [0,T ], where N is the collection of P-null sets, By [KS91, pg. 91] it holds that B̃ is still
a Brownianmotion with respect to (F t ), since adding null sets to the original filtration does not
change the distributional properties of B .
Now, for all t ∈ [0,T ] and for all i ∈ {1,2, . . . , N }, define the stochastic process

W i
t =

N∑
j=0

κi , j B̃ j
t , (1.1)

where κi , j ∈R. In fact, the following two properties should hold
N∑

j=0
κ2

i , j = 1, −1⩽
N∑

m=0
κi ,mκ j ,m ⩽ 1, (1.2)

for all possible firms i , j such that i ̸= j . First, we will show that W = (
W 1,W 2, . . . ,W N

) is still a
Brownianmotion with respect to the filtration (F t ). For this, we need assumptions (1.2).
Lemma 1.1. It holds thatW = (W 1,W 2, . . . ,W N ) defined in (1.1), under the assumptions of (1.2), is
a correlated Brownian motion with respect to the filtration (F t ). The correlation for i ̸= j is given
by

Corr
[

W i
t ,W j

t

]
=

N∑
m=0

κi ,mκ j ,m .

Proof. First, we will prove that for every i , W i itself is a Brownian motion. For this, we can use
Lévy’s theorem in one dimension [KS91, pg. 167]. First, we need that W i is a martingale with
respect to (F t ). This follows immediately from the fact that B̃ j , for all j , is a one-dimensional
Brownian motion. Furthermore, we have W i

0 = 0 and continuous paths. Left to prove is that the
quadratic variation 〈W i 〉t = t holds, for t ∈ [0,T ]. Indeed, it follows by Corollary A.11, Proposition
A.12 and assumptions (1.2) that

〈
W i

〉
t
=

〈
N∑

j=0
κi , j B̃ j

〉
t

=
N∑

j=0
κ2

i , j 〈B̃ j 〉t +
N∑

i=0

N∑
j=0
j ̸=i

〈
B̃ i , B̃ j

〉
t
=

N∑
j=0

κ2
i , j t = t ,
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since all separate Brownian motions B i are independent. By Lévy’s theorem, we have for every
i ∈ {1,2, . . . ,n} thatW i is a Brownianmotion.
Left to show is that the specific correlation structure holds. Let i ̸= j . Then we have

Cov
[

W i
t W j

t

]
= E

[
W i

t W j
t

]
= E

[(
N∑

l=0
κi ,l B̃ l

t

)(
N∑

m=0
κ j ,mB̃ m

t

)]
=

N∑
l=0

N∑
m=0

κi ,lκ j ,m E
[

B̃ l
t B̃ m

t

]
=

N∑
m=0

κi ,mκ j ,m E
[
(B̃ m

t )2]= N∑
m=0

κi ,mκ j ,m t .

Here, we used again the independence of the Brownianmotions in the vector B̃ . Indeed, we then
get

Corr
[

W i
t W j

t

]
=

Cov
[

W i
t W j

t

]
√

Var
[
W i

t

]√
Var

[
W j

t

] =
∑N

m=0κi ,mκ j ,m t

t
=

N∑
m=0

κi ,mκ j ,m . (1.3)

Since correlation factors are always between -1 and 1, we see that the assumptions of (1.2) are
necessary. We can conclude thatW is a vector of correlated Brownianmotions where the corre-
lation coefficient is given as above.

TheBrownianmotionW canbe interpreted as the randomeconomic shocks in the system. Here,
B̃ 0 represents the common economic shock, that every firm experiences to some extent. Addi-
tionally, B̃ i is the economic shock that, in principle, only firm i experiences. Due to the correla-
tions between firms, this shock may also impact other firms. Note that this is the most general
way to model an N-dimensional correlated Brownian motion based on an N + 1-dimensional
independent Brownian motion. This model extends the model used in Aïd and Biagini in the
following way.
Remark 1.1. In the article [AB23], the BrownianmotionW is chosen such that

W i
t =

√
1−κ2

i B̃ i
t +κi B̃ 0

t . (1.4)

This is a specific case of the framework presented above, with, for every firm i > 0,

κi ,0 = κi , κi ,i =
√

1−κ2
i , κi , j = 0 else. (1.5)

Then, the correlation between two firms i , j reduces to

Corr
[

W i
t W j

t

]
=

N∑
m=0

κi ,mκ j ,m = κi ,0κ j ,0 = κiκ j .

Here, every firm i experiences a common economic shock B̃ 0, and a idiosyncratic economic shock
B̃ i , which does not impact the other firms.The correlation of the economic shocks between differ-
ent firms arises solely from the common economic shock B̃ 0. This case is a specific example of the
framework presented here.

Since we have the sufficient filtration and the corresponding correlated Brownian motion, we
are able to define the relation for the BAU cumulative emissions for firm i . First, the following
definition is needed.
Definition 1.1 (BAU case). The Businesses-As-Usual (BAU) case, is the situation in which no in-
tervention with respect to the emissions takes place. In this scenario, all firms may decide their
pollution strategy themselves, without any restrictions. The corresponding emissions are called
the BAU emissions.
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The emissions in the BAU case need to be modelled, as they depend on the economic shocks,
and other random components. This can be done in several ways. In this thesis, two specific
methods are worked out in detail. In the first case, modelling by an arithmetic Brownianmotion
is considered. The second case involves themodelling by a Geometric Brownianmotion. In this
chapter, both cases will be presented simultaneously. To be able to derive the outcome of the
equilibrium the Geometric Brownian motion case, a thorough understanding of the Brownian
motion case is crucial. Thisway, both approacheswill be presented in this thesis. TheGeometric
Brownianmotion extends the story of [AB23].
Definition1.2 (BAUemissions I). Let (E i

t ) theprocess of the cumulative emissionsoffirm i begiven
by

dE i
t =µidt +σidW i

t , i.e,
E i

t = E i
0 +µi t +σi W i

t , (1.6)

for t ∈ [0,T ], where µi ,σi ,E i
0 ∈Rwith µi ,σi > 0,E i

0 ⩾ 0.

The BAU emissions now indeed depend on the economic shock of the firms. If the firm experi-
ences a positive economic shock, the emissions will increase, aligning with intuition. A possible
disadvantage of the model above is that a Brownian motion can become negative, as it is nor-
mally distributed. Essentially, this implies that the cumulative emissions could becomenegative
as well, which may be counter intuitive. A negative cumulative emission cannot be easily sub-
stantiated. This is particularly true if, in the BAU scenario, firms showno concern for the climate
at all. A slight decrease in BAU emissions could be attributed to firms in the BAU case already
caring about the climate and taking beneficial actions.
However, fromnowon, wewill assume that the drift is of higher order than the volatility, as done
in [AB23]. In this case, the cumulative emissions indeed are positive with probability close to 1.
The (arithmetic) Brownianmotion case is worked out as a reference for the other scenario.
Ideally, we would have positive BAU emissions without an assumption on the parameters. For
this, we will consider a different, non-negative process, to model the BAU emissions. These are
denoted by the process (G i

t ), for every firm i .
Definition 1.3 (BAU emissions II). Let (G i

t ) the process of the cumulative BAU emissions of firm i
bemodelled by a Geometric Brownianmotion [OG19, pg. 19], that is, for every t ∈ [0,T ],

dG i
t =µi G i

tdt +σi G i
tdW i

t , G i
0 = E i

0, (1.7)

where µi ,σi ,E i
0 ∈Rwith µi ,σi ,E i

0 > 0.

Note that in the definition above the initial valueG i
0 is chosen to be the same as in the Brownian

motion case. This process is non-negative.
Remark 1.2 (Units of variables). All relevant variables and stochastic processes of this chapter
have units. For example, the units of the BAU emissions E i and G i will be Gigatons of CO2. More
details on this aspect will be provided in the numerical section, Section 4.3, and in Appendix A.3.
In the main part of this thesis, we will assume that the units of the variables correspond with the
emissions beingmeasured in GigatonCO2.

The following proposition presents the connection between the strong solution to the GBM sce-
nario and the SDE given in Equation (1.7). For this, the first and secondmoment of the GBM are
used. This is worked out in detail in Proposition A.30 of the appendix.
Proposition 1.2. Let

G i
t = E i

0 exp

((
µi − 1

2
σ2

i

)
t +σi W i

t

)
, (1.8)
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with E i
0 > 0. Then, the SDE of (1.7) can be obtained from the analytical solution of (1.8) . Further-

more, this analytical solution is a strong solution of (1.7).

Proof. We start with the analytical solution. Let us define for all firms i the function f i (t , x) :
[0,T ]×R→R by

f i (t , x) = exp

((
µi − 1

2
σ2

)
t +σi W i

t

)
.

This function is twicecontinuousdifferentiableandhencewecanapply Itô’s lemmaon f i (t ,W i ) =
G i

t . This implies

dG i
t =d f i

(
t ,W i

)
=

(
µi − 1

2
σ2

i

)
G i

tdt +σi G i
tdW i

t + 1

2
σ2

i dt =µi G i
tdt +σi G i

tdW i
t .

This is indeed exactly (1.7). Now let us take the SDE and the given probability space (Ω,F ,P).
Consider

G i
t = E i

0 exp

((
µi − 1

2
σ2

i

)
t +σi W i

t

)
.

In the next part, we are proving that this is a strong solution of the SDE. Since the Brownianmo-
tion (W i

t ) is adapted to the filtration (F t ) and has continuous sample paths, it holds that the pro-
cess (E i

t ) is adapted andhas continuous paths aswell. By the above, we know that the SDE can be
constructed by Itô’s lemma. Now call bi (s,G i

s) =µi G i
s and σi (s,G i

s) =σi G i
s . We need to prove that∫ t

0

∣∣∣bi
(
s,G i

s

)∣∣∣+σi
(
s,G i

s

)2
ds <∞, a.s,

for all t ∈ [0,T ]. It is enough to show that the expected value of the above is finite. Fix t ∈ [0,T ]. It
holds that

E

[∫ t

0

∣∣∣bi (s,Gs)
∣∣∣+σi (s,G i

s)2ds

]
= E

[∫ t

0
µi G i

s +σ2
i (G i

s)2ds

]
=µi E

[∫ t

0
G i

sds

]
+σ2

i E

[∫ t

0

(
G i

s

)2
ds

]
=µi E i

0

∫ t

0
exp

(
µi s

)ds +σ2
i

(
E i

0

)2
∫ t

0
exp

(
2µi s +σi s

)ds

= E i
0

(
exp

(
µi t

)−1
)+ (E i

0)2 σ2
i

2µi +σi

(
exp

(
2µi t +σi t

)−1
)<∞.

by LemmaA.30 and Fubini’s theorem. By [KS91, pg 285] we can conclude that indeed the analyt-
ical solution is a strong solution of (1.7).

With both BAU emissions defined above, the total emissions in the system at time T can be de-
rived. We have that

E

[
N∑

i=1
E i

T

]
=

N∑
i=1

E
[

E i
0 +µi T +σi W i

T

]
=

N∑
i=1

E i
0 +

N∑
i=1

µi T = N Ē0 +N µ̄T, (1.9)

E

[
N∑

i=1
G i

T

]
=

N∑
i=1

E

[
E i

0 exp

((
µi − 1

2
σ2

i

)
T +σi W i

T

)]
=

N∑
i=1

E i
0 exp

(
µi T

)
, (1.10)

by the expectation of a Brownian motion and Proposition A.30. In the above, µ̄ represents the
mean drift over the firms, and Ē0 the mean initial emission level. These total BAU emissions
need to be reduced by a 100(1−ρ) percentage to achieve the desired reduction of the regulator.
Therefore, the control variables need to be introduced, which happens in the next subsection.
Before we continue, one last remark is made.
Remark 1.3. Compared to [AB23], in Definition 1.2 the positive initial endowment E i

0 is added.
This is done to be able to compare both models of the BAU emissions. That is, when E i

0 = 0, we
would have by Proposition 1.2 thatG i

t = 0 for all t ∈ [0,T ], which is clearly undesirable. We will see
that the solutions we obtain are slightly different due to this addition.
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1.2.1 Control variables and spaces

In this part, we will introduce two stochastic control variables. We will often refer to these vari-
ables as “the controls". Both controls are stochastic processes, as they depend on the economy,
production, and other stochastic quantities. Often, we will denote the dependence on t , but not
on ω ∈Ω, unless it is helpful for the interpretation.
First, we introduce the stochastic processαi , representing the abatement effort for the emissions
of firm i . It is a rate per unit of time, measured in Gigatons of CO2, that expresses howmuch the
BAU emissions change. The higher the abatement effort for a specific firm, the more the firm
tries to reduce its emissions. We won’t make any assumption about the sign of the abatement
effort αi

t . That is, the abatement effort can be both positive and negative. This may seem coun-
terintuitive at first. One reasoning behind this can be that a negative abatement at somepoint in
time, polluting more than in the BAU scenario, may contribute to a higher, positive abatement
in the future. For example, first, a more efficient machine needs to be built, that increases the
emissions, to ensure that later the machine can be used to reduce emissions compared to the
BAU case.
Second,wewill workwith the stochastic processβi , which is the trading rate for firm i ,measured
inGigatons of CO2 per unit of time. Wewill later see that there is amarket of allowances, inwhich
the firms can trade their allowances. The trading rate will identify howmuch trading costs for a
specificfirm. The signof this rate canbebothpositive andnegative. If the rate is positive, it holds
that thefirmhasnet boughtpermits, if it is negative thefirmhasnet soldpermits. Wewill assume
throughout that∣∣∣βi

t

∣∣∣⩽K , (1.11)

withK ∈R, almost surely, for all t ∈ [0,T ] andfirms i . It is reasonable to assume, from theexistence
of a market, that buying and selling occurs with a bounded amount of permits at every point in
time.
Before delving into the mathematics of these variables, we need to define the space to which
the controls belong. For this, we first consider a specific L2 product space. Here we refer the
reader to the Appendix to read about the subtle differences between L2 and L 2. Let B([0,T ])
the Borel sigma algebra on [0,T ]. First, we will look at the properties of a specific product space
and product measure P×λ1, where we recall that λ1 represents the one-dimensional Lebesgue
measure. We consider the following two measure spaces; the probability space (Ω,F ,P), and
([0,T ],B([0,T ]),λ1). Note that both measure spaces are finite, as P(Ω) = 1 by the definition of a
probability space and λ1([0,T ]) = T by the definition of the Lebesgue measure. This implies that
both measure spaces are also σ-finite. By Theorem 14.5 of [Sch17], it holds that the measure µ,
defined as

µ : F ⊗B ([0,T ]) → [0,∞] µ(A×B) :=P(A)λ1(B),

where A ∈F and B ∈B([0,T ]), is a unique σ-finite measure on (Ω× [0,T ],F ⊗B([0,T ]). Because of
this, we can work with the corresponding, uniquemeasure µ=P×λ1.
Then, we let the controls αi ,βi be such that they belong to the space

L2 := L2 (
Ω× [0,T ],F ⊗B([0,T ]),P×λ1) , (1.12)

for all i ∈ {1,2, . . . ,n}. In the same way, we can define

L1 := L1 (
Ω× [0,T ],F ⊗B([0,T ]),P×λ1) .

A natural question that arises is what it means for a stochastic process to be in the space L2. We
consider this for the abatement effort α, where we ignore the superscript for the firm i . We will
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first do this from the definition, afterwards in terms of the norm of our L2 space. By definition,
we have that α ∈ L2, if∫

Ω×[0,T ]

∣∣α2
t

∣∣d(
P×λ1)= ∫

Ω×[0,T ]
α2

td
(
P×λ1)<∞. (1.13)

From Fubini’s theorem, Theorem A.8 , this implies that∫
Ω

∫
[0,T ]

α2
tdλ1dP=

∫
[0,T ]

∫
Ω
α2

tdPdλ1 <∞,

By the definition of the Lebesgue integrals and taking integrals with respect to the probability
measure P, this means that∫

Ω

∫
[0,T ]

α2
tdλ1 dP= E

[∫ T

0
α2

tdt

]
=

∫ T

0
E
[
α2

t

]dt =
∫

[0,T ]

∫
Ω
α2

tdPdλ1 <∞. (1.14)

From this, we can conclude thatwe can safely interchange theorder of integration. Furthermore,
again by Fubini’s theorem, it holds∫ T

0
α2

tdt <∞ P, almost surely, E
[
α2

t

]<∞, λ1 almost everywhere. (1.15)

Remark 1.4 (Notation). Fromnowon, wewill consistently use the symbol dt in place of dλ1. How-
ever, when discussing ameasure, we will continue to refer to it as λ1.

In our case, this gives us the following inner product and norm induced by the inner product,
which we will denote by 〈·, ·〉,∥·∥ , respectively

〈X ,Y 〉 := E
[∫ T

0
X t Ytdt

]
, (1.16)

∥X ∥ :=
√

〈X , X 〉 =
√

E

[∫ T

0
X 2

t dt

]
.

If there is no subscript given for the norm or inner products, wemean the definitions presented
above. The next definition defines when two processes are considered equal in L2.
Definition 1.4.We identify two processes as equal when X = Y , µ almost everywhere.

Before we continue, two interesting remarks are made.
Remark 1.5.Note that when two processes are modifications of each other, by Definition A.5 it
holds that X t = Yt , P almost surely (a.s.) for all t ∈ [0,T ]. This immediately implies that

X = Y , µ=P×λ1 a.e.

Hence, a modification is stronger than the equivalence defined in L2. When working with equa-
tions of stochastic processes, the equations in this thesiswill holdµalmost everywhere (a.e.), unless
stated otherwise. Sometimes, this will be explicitly mentioned.

Remark 1.6.Notice that for two processes X and Y that are equal µ a.e, we can construct modifi-
cations X̃ and Ỹ such that X̃ t = Ỹt P a.s, for all t ∈ [0,T ]. This means that we will often speak about
X t = Yt µ a.e, when we actually mean these modifications.

By the fact that ∥·∥ is a norm in the L2 space, it follows directly for two processes X ,Y ∈ L2,

∥X −Y ∥ = 0 if and only if X = Y ,µ a.e. (1.17)

Unfortunately, requiring only that both controls are in L2 is not sufficient. The space of admissi-
ble controlsA , that the controls need to belong to, is defined below.
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Definition 1.5 (Space of admissible controls). The space of admissible controls, denoted by the
setA , is given by

A := {
X :Ω× [0.T ] →R

∣∣X ∈ L2 and progressively measurable
}

.

For the definition of progressivemeasurability, see Definition A.8. It follows that the controls we
are working with will be adapted andmeasurable, and we have that∥∥∥αi

∥∥∥2 = E
[∫ T

0

(
αi

t

)2
dt

]
<∞,

∥∥∥βi
∥∥∥2 = E

[∫ T

0

(
βi

t

)2
dt

]
<∞,

where the normonA is the same as the normon L2. This implies that also in the spaceA we can
speak of convergence in L2.
We also define

B := {
X :Ω× [0.T ] →R

∣∣X ∈ L1 and progressively measurable} , (1.18)

with corresponding norm for b ∈B

∥b∥B = E
[∫ T

0
|bt |dt

]
.

Since holds that L2 ⊆ L1, because we work with a finite product measure space, we have that
A ⊆B. In the next chapters, we will need several properties of the spaceA , which are proven in
the propositions below.
Proposition 1.3. The space A in Definition 1.5 is a Hilbert space, with inner product given in
(1.16), when we consider two processes X ,Y ∈A equivalent when ||X −Y || = 0.

The proof of this lemma is inspired by [Spr11, pg. 34].

Proof. Take a Cauchy sequence (Y n)n∈N ∈A , thus (Y n) is a sequence of stochastic processes. We
need toprove that thisCauchysequencehasa limit inA . WeknowthatL2(Ω×[0,T ],F ⊗B([0,T ]),P×
λ1) itself is a Hilbert space, by Lemma A.22 with Ω̃ := Ω× [0,T ]. Hence, the sequence (Y n) con-
verges in L2 to a limit in L2(Ω× [0,T ],F ⊗B([0,T ]),P×λ1), this limit is called Y . This means, by
Definition A.11, that

lim
n→∞ ||Y n −Y || = 0.

We do not immediately have that Y is also progressively measurable. However, by the fact that
(Y n) converges to Y in L2, we have that there exists a sub-sequence (Y nk

) of (Y n) that converges µ
almost everywhere to Y [Sch17, pg. 123]. That is,

µ

(
lim

k→∞
Y nk = Y

)
= T.

Nowcall X t = limsupk→∞ Y nk

t . It holds that X is also progressivelymeasurable, by PropositionA.4.
Note that it follows immediately that Y = X , µ a.e, and thus, by Lemma 1.17, that ||X −Y || = 0. We
canconclude that X andY areequivalentprocesses. Furthermore,wehave that X isprogressively
measurable in L2(Ω× [0,T ],F ⊗B([0,T ]),P×λ1) and

0⩽ ||Y n −X ||⩽ ||Y n −Y ||+ ||Y −X ||→ 0.

We can conclude that Y n L2

→ X . From this, it follows thatA is an Hilbert space.
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From the above, it almost immediately follows that A is a closed subset of L2. This is written
down in the following corollary;
Proposition 1.4. The spaceA is a closed, convex subspace of L2.

Proof. The fact thatA is a subspace is trivial. Since progressivelymeasurability is preserved un-
der summations, by Definition A.28, it follows directly thatA is a convex subspace. Left to show
is that it is closed. For this, we take a sequence (Y n) ⊂A such that (Y n) converges to Y in L2. We
need to prove that Y ∈A . Since every converging sequence is a Cauchy sequence, we can use the
exact same procedure as in Proposition 1.3. We can conclude that (Y n) converges to X , where
X ∈A and where X is equivalent to Y . This is the desired result.

Often, we will work with the space

A 2 :=A ×A ,

as we need that the tuple (αi ,βi ) ∈A 2 for every firm i . Many equivalent norms can be defined on
this product space. However, to ensure thatA 2 itself is a Hilbert space, we need that

||(X ,Y )||A 2 =
√
∥X ∥2 +∥Y ∥2,

where ∥·∥ is the norm inA . If we define the inner product for (X ,Y ), (W, Z ) ∈A 2 the inner product
by

〈(X ,Y ), (W, Z )〉A 2 = 〈X ,W 〉+〈Y , Z 〉,

it follows that

∥(X ,Y )∥A 2 =
√
∥X ∥2 +∥Y ∥2 =

√
〈X , X 〉+〈Y ,Y 〉 =

√
〈(X ,Y ), (X ,Y )〉A 2 .

That is, the norm and inner product now have the relation needed to be a Hilbert space. This
follows directly from the properties of an inner product inA .
For notational convenience, we will use the subscriptA 2 if we are working with norms or inner
products of this product space. Since the norms on L2 andA 2 coincide, we could also write the
subscript L2 ×L2.
In the next proposition, we prove thatA 2 is also a Hilbert space.
Proposition 1.5. The spaceA 2 with corresponding norm ||(X ,Y )||A 2 for (X ,Y ) ∈A 2 defined as

||(X ,Y )||A 2 =
√
∥X ∥2 +∥Y ∥2,

is a Hilbert space.

Proof. We need to show that A 2 is complete. Let us take a Cauchy sequence of stochastic pro-
cesses (X n ,Y n) ∈A 2 . By definition (X n) and (Y n) are both Cauchy sequences with a limit inA , as
A itself is aHilbert space, by Proposition 1.3. Call these limits X ∈A and Y ∈A respectively. Nec-
essarily it holds that (X ,Y ) ∈A 2. Wewill prove that (X n ,Y n) converges to (X ,Y ) under the chosen
norm. Indeed, we have∥∥(X n ,Y n)− (X ,Y )

∥∥
A 2 =

∥∥(X n −X ,Y n −Y )
∥∥

A 2 =
√

∥X n −X ∥2 +∥Y n −Y ∥2 → 0,

as n →∞, since both X n L2

→ X and Y n L2

→ Y .

Before we continue to the next part, we will introduce one more stochastic process Ãi , which
resembles the cumulative allowances given by the regulator to the firm i .
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Definition 1.6 (Allowances process). The stochastic process of the cumulative allowances for firm
i , denoted by (Ãi ), is defined to be a semimartingale, which is square-integrable with respect to
the measure P for all t ∈ [0,T ]. The space of the N-dimensional vector of such allowances process
Ã := (Ã1, . . . , ÃN ) is denoted byS N .

By Definitions A.10 and A.13, this means that E[
(Ãi

t )2
]<∞ for all t ∈ [0,T ] and that

Ãi
t = F i

t +H i
t , (1.19)

where F i is a process of bounded variation and H i a martingale, starting in zero, with respect
to the filtration (F t ). The process is defined to be cadlag, and adapted. This implies that the
allowances process is right-continuous, but not necessarily continuous. There is again no sign
restriction on the allowances process. If for t ∈ [0,T ], Ãi

t > 0, it means that there are allowances
allocated. If Ai

t < 0 allowances are withdrawn from the market in some sense. This will become
more clear, when the bank account is defined.
By theMartingale Representation Theorem, we can write

Ãi
t = F i

t +
N∑

k=0

∫ t

0
b̃k,i

s dB k
s , (1.20)

where Ãi
0 = F i

0, and b̃k,i are progressively measurable processes that satisfy∫ T

0

(
b̃k,i

s

)2
ds <∞, a.s,

for all relevant k, i . An important observationmade in [AB23] is the following.
Remark 1.7. The process of bounded variation F̃ i defined in (1.19) does not need to be absolutely
continuous with respect to the Lebesguemeasure. That is, if dt = 0, we do not necessarily have that
F̃ i

t = 0. Thus, the regulator may allocate permits at discrete moments.

This remark corresponds with the fact that the process (Ai ) is not necessarily continuous. The
allowances process can be decomposed further. This is done in the proposition below.
Proposition 1.6. The process of bounded variation (F i ) can be uniquely decomposed into a sum
of a singular part (S̃i ) and a part absolutely continuous with respect to the Lebesgue measure, as
follows

F i
t = S̃i

t +
∫ t

0
ãi

sds.

Proof. For simplicity, we will leave out the superscript i for each firm. First, fix ω ∈Ω, such that
we have a function from [0,T ] to Rwith t → Ft (ω). Since F (ω) is a function of bounded variation,
the integral below is well-defined

Ft (ω) = F0(ω)+
∫ t

0
dFs(ω). (1.21)

From now on, we will leave out the dependence on ω ∈Ω. Let µF be a signedmeasure on
([0,T ],B([0,T ]), defined as

µF ((s, t ]) = Ft −Fs ,

where 0 ⩽ s < t ⩽ T . This measure exists and is well-defined by [Doo12, pg. 43-50]. By the same
source and [Spr11], it holds that the Lebesgue integral with respect to this measure corresponds
with the Stieltjes integral constructed in (1.21). That is, we have∫ t

0
dFs(ω) =

∫ t

0
dµF .
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From the LebesgueDecomposition Theorem [Doo12, pg. 148], it follows that µF can be uniquely
decomposed into a signedmeasurewhich is absolutely continuouswith respect to the Lebesgue
measure, denoted by µF,ac, and a signed measure that is singular with respect to the Lebesgue
measure, given by µF,sin. Then, it follows that

µF =µF,ac+µF,sin,

Ft (ω) = F0(ω)+
∫ t

0
dµF = F0(ω)+

∫ t

0
dµF,ac+

∫ t

0
dµF,sin.

Because of the fact that µF is a finite, signedmeasure, we can use the Radon-Nikodym Theorem
[Doo12, pg. 150] to rewrite µF,ac. Let ã = dµF,ac

dt . Then we get,∫ t

0
dµF,ac =

∫ t

0
ãsds.

Next, we set

S̃t := F0(ω)+
∫ t

0
dµF,sin = F0(ω)+µF,sin((0, t ]). (1.22)

Here, by construction,µF,sin is ameasurewhich is singularwith respect to the Lebesguemeasure.
Furthermore, F0(ω) is also singular with respect to the Lebesguemeasure, since it can be consid-
ered as a product of theDiracmeasure in zero and F0(ω). It follows that S̃t is singularwith respect
to the Lebesguemeasure itself, by Lemma A.9. We can conclude that indeed

F̃ i
t = S̃i

t +
∫ t

0
ãi

sds.

This is the desired result.

From the proposition above, it follows that we can write

Ãi
t = S̃i

t +
∫ t

0
ãi

sds +
N∑

k=0

∫ t

0
b̃k,i

s dB̃ k
s . (1.23)

Theabove formulationof Ãi and theexpressiongiven inEquation (1.19)will beused interchange-
ably. Last, we assume that the market price price of permits, denoted by P , also belongs to A .
That is, themarket price is also in the space of admissible controls, andwe assume it is uniformly
bounded from below byC ∈R, that is,

Pt >C , (1.24)

a.s, for all t ∈ [0,T ]. Note that this constant may be a small, negative number and is not depen-
dent on t . This assumption is induced from the existence of a market of permits. Since all the
appropriate variables and spaces are defined, we are ready to continue to the stochastic control
problems.

1.3 Stochastic control theory

Now that we have explained the setting of the stochasticmodel and all corresponding spaces we
are working with, we are ready to discuss the stochastic control setting. Before, this, we will first
give a general introduction in stochastic control theory.
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1.3.1 General

Stochastic optimisation problems can be defined, such that a cost function and the variables
with respect to which we optimise, consist of random variables. In general, the following sum-
marises what we need. This subsection is based on [Pha09, ch. 2].
Let (X t ) be a continuous stochastic process with t ∈ [0,T ], where for fixed t ∈ [0,T ]we have that X t

is a randomvariabledefinedon the givenprobability space (Ω,F ,P). We say that X t (ω) represents
the state of the system in a world scenario ω ∈Ω. The dynamics of the state can be described by
a Stochastic Differential Equation (SDE).
These dynamics are influenced by a control parameter γ, which is often a stochastic process as
well. The controlled process will be denoted by X γ. The controls must satisfy certain assump-
tions, depending on the situation. The set of all possible controls satisfying the assumptions, is
denoted by A , representing the set of admissible controls. To be able to construct a well-posed
control problem,weneed tomake sure that X γ admits a solution. In this thesis, wewill workwith
a strong solution, such that the controlled SDE is sufficiently solvable [Pha09, pg. 38].
Theobjective function thatneeds tobeminimised is givenby theexpectedvalueof the integral of
a cost function g (X γ

t ,γt ) and a terminal penaltyh(X γ

T ). The objective functional is of the following
form

J (X ,γ) = E
[∫ T

0
g

(
X γ

t ,γt
)dt +h

(
X γ

T

)]
. (1.25)

The goal is to find γ ∈A that satisfies

v = inf
γ∈A

J
(
X γ,γ

)
, (1.26)

such that v is the smallest possible value of the objective functional J (X γ,γ). This will then give
us the optimal value of the control variable. Stochastic control theory is a generalisation of de-
terministic control theory, for example explained in [Kap07]. In this article, a method to solve a
stochastic control problem using the Hamilton-Jacobi-Bellman equations is introduced. In our
case, we will rely on an alternative method, involving variational calculus, explained in Section
A.1.3 in the appendix. An important question is whether there exists a solution, possibly unique,
to (1.26). In Chapter 2, we will see that a significant part is devoted to this.

1.3.2 Specific stochastic control problem

In this subsection, we aim to provide a clear interpretation of the variables within our stochastic
control problem. Recall that for a firm i , we are working with two control variables; (αi ,βi ) ∈A 2.
Consistentwith the theorydiscussedabove, the setA 2 is called the set of admissible controls and
(α,β) represent the controls. Recall that the objective of the regulator is to reduce the emissions
bya100(1−ρ)percentage,whileminimising social costs. The regulatorachieves this, byallocating
permits, to which firm i responds by trading the permits at a rate βi in the market and abating
their emissions at a rate αi . Next, we will see how these processes are used to reduce emissions.
The abatement effort rate is a process that is directly used to reduce the emissions. With the
cumulative BAU emissionsmodelled in (1.6) for the Brownianmotion case, and (1.7) for the Ge-
ometric Brownianmotion case, it is reasonable to control those emissions. Wewill workwith the
following, controlled version of the cumulative emissions E i ,G i respectively,

E i ,αi

t = E i
t −

∫ t

0
αi

sds = E i
0 +

∫ t

0

(
µi −αi

s

)
ds +σi W i

t , (1.27)

G i ,αi

t =G i
t −

∫ t

0
αi

sds = E i
0 exp

((
µi − 1

2
σ2

i

)
t +σi W i

t

)
−

∫ t

0
αi

sds. (1.28)
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Wewill often refer to these equations as “the abated emission". That is, the abated emissions are
the BAU emissionsminus the abatement effort, which is defined as a rate, integrated over time.
It is worthmentioning that in differential formwe could write

dE i ,αi

t =dE i
t −αi

tdt , E i ,αi

0 = E0,

dG i ,αi

t =dG i
t −αi

tdt , G i ,αi

0 = E0,

where the differentials follow fromDefinitions 1.2 and 1.3. Given the integrability conditions on
αi and the fact that µi ,σi ∈ R, there exists a unique strong solution for the SDEs above, which is
given by (1.27) and (1.28) respectively [Pha09, pg. 38]. For this, wemake implicitly use of Propo-
sition 1.2.
We see that, we will only control the drift of the emissions, not the volatility. One reason for this
is that according to [AB23] the firm cannot control its volatility properly, since high correlations
between the firms may be present. Another, mathematical reason is that analytical solutions
can be found more easily if we only have drift control. One could question whether analytical
solutions are obtainable if we would incorporate volatility control. This goes beyond the scope
of this thesis.
To achieve the desired reduction of the regulator, we need to compare the total emissions in the
system in the BAU case (1.9) and (1.10) with the total abated emissions, in both cases separately.
That is, the regulator wishes to get, respectively,

E

[
N∑

i=1
E i ,αi

T

]
=

N∑
i=1

E
[

E i
t

]
−

N∑
i=1

E

[∫ T

0
αi

sds

]
=

N∑
i=1

E i
0 +N µ̄T −

N∑
i=1

E

[∫ T

0
αi

sds

]
=: ρN

(
Ē0 + µ̄T

)
,

(1.29)

E

[
N∑

i=1
G i ,αi

T

]
=

N∑
i=1

E
[
G i

T

]
−

N∑
i=1

E

[∫ T

0
αi

sds

]
=

N∑
i=1

E i
0 exp

(
µi T

)− N∑
i=1

E

[∫ T

0
αi

sds

]

=: ρ
N∑

i=1
E i

0 exp
(
µi T

)
. (1.30)

Then, she indeed exactly achieves a 100(1−ρ) percentage reduction of the emissions compared
to the cumulative BAU emissions, for 0 < ρ < 1.
To achieve this emission reduction, the regulator implements a dynamic cap-and-trade system.
Here, at every time t ∈ [0,T ], each firm receives a specific number of allowances, to use until time
T . They do not need to use them immediately, since at time t = 0 the regulator opens a bank ac-
count X i for each firm. Firms can put their allowances on the bank account to use them at some
later point in time. In themeantime, firms can buy and sell carbon permits for a specificmarket
price Pt when they need more or have a surplus of allowances. The bank account really counts
the number of allowances available, andmay be negative if a firm has emittedmore than the al-
lowances available. In the equation of the bank account X i , the trading rate βi , the allowances
process Ãi and the abated emissions will come into play. Since it depends on those emissions, a
superscript for the specific process will be used. That is, X i ,E and X i ,G for the Brownian motion
andGBMcase respectively. Wewill still use X i if theunderlyingprocess of the emissionsdoesnot
play a role. Combining all, we get the following dynamics for the bank account of the allowances

dX i ,E
t =βi

tdt +dÃi
t −dE i ,αi

t , X i ,E
0 = Ãi

0 −E i
0, X i ,E

t = Ãi
t +

∫ t

0
βi

sds −E i ,αi

t , (1.31)

dX i ,G
t =βi

tdt +dÃi
t −dG i ,αi

t , X i ,G
0 = Ãi

0 −E i
0, X i ,G

t = Ãi
t +

∫ t

0
βi

sds −G i ,αi

t , (1.32)

where the abated emissions are givenby (1.27)and (1.28). Here, we set X i
0 = Ãi

0−E i
0 for eachfirm i ,

in both cases, such that the initial bank account consists of the initial allocationminus the initial
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emission level. This is a realistic assumption, as at time zero these are the only items in the bank
account. The initial value of the bank account is not clearly mentioned in [AB23]. Recall that βi

t ,
for a fixed t ∈ [0,T ], is positive if the firmbuys net extra allowances to use at the specific time, and
negative if it sells them. This is in correspondencewith theequations for thebankaccount above.
If βi

t is positive, there are net permits bought at time t and thus the number of permits available,
representedby thebankaccountofpermits, increases. Furthermore, thebankaccountdecreases
as thefirmsare emittingmore, and increases if the allowances increase. This is all consistentwith
reality. Last, we see that a negative allowances process results in a decrease in the bank account.
From this, we can conclude that a negative allowances process can be interpreted as a penalty
on the bank account.
An important observation is that the bank account canbe seen as the state space of Section 1.3.1,
theuncertainty in the system ismodelled via thebankaccount. Since the state space is stochastic
and depends on ω ∈Ω, the controls need to depend on the specific ω as well. This substantiates
onesmore why the controls are chosen to be stochastic processes.
Note that we can rewrite the equation of the bank account (1.31) by plugging in (1.27) to

dX i ,E
t =

(
αi

t +βi
t

)
dt +dÃi

t −µidt −σidW i
t . (1.33)

From this, we can introduce a new, transformed variable, which we will call the net allocation
process (over the trend), given by

Ai
t = Ãi

t −µi t . (1.34)
Hence, (1.33) can be rewritten to the final expression of the bank account

dX i ,E
t =

(
αi

t +βi
t

)
dt +dAi

t −σidW i
t , (1.35)

which gives solution at time t ∈ [0,T ],

X i ,E
t = X i

0 + Ai
t − Ai

0 +
∫ t

0
αi

s +βi
sds +E i

0 −E i
0 −σi W i

t = Ai
t +

∫ t

0
αi

s +βi
sds −σi W i

t −E i
0. (1.36)

In the case of the GBM, the bank account can only be rewritten to

X i ,G
t = Ãi

t +
∫ t

0
αi

s +βi
sds −G i

t . (1.37)

Several properties hold for this bank account. These are stated and proven in the lemmas below.
Proposition 1.7. The bank accounts (1.36) and (1.32) are square-integrable w.r.t the measure P,
introduced in Definition A.10.

Proof. Let t ∈ [0,T ]. We start with (X i ,E
t ). By the linearity of the expectation it follows

E

[(
X i ,E

t

)2
]
= E

[
(Ai

t )2
]
+E

[(∫ t

0
αi

s +βi
sds

)2
]
−σ2

i E
[

(W i
t )2

]
+ (E i

0)2 +2E

[
Ai

t

∫ t

0
αi

s +βi
sds

]
−2σi E

[
Ai

t W i
t

]
−2σi E

[
W i

t

∫ t

0
αi

s +βi
sds

]
−2E i

0E

[
Ai

t +
∫ t

0
αi

s +βi
sds −σi W i

t

]
.

(1.38)

First, note that

E

[
Ai

t +
∫ t

0
αi

s +βi
sds −σi W i

t

]
= E

[
Ai

t +
∫ t

0
αi

s +βi
sds

]

⩽

√√√√E
[(

Ai
t

)2
]
+2E

[
Ai

t

∫ t

0
αi

s +βi
sds

]
+E

[(∫ t

0
αi

s +βi
sds

)2
]

⩽

√√√√2E
[(

Ai
t

)2
]
+2E

[(∫ t

0
αi

s +βi
sds

)2
]

,
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where wemade use of the fact that in general 2x y ⩽ x2 + y2 and of the Cauchy-Schwarz inequal-
ity in L2(Ω). The stochastic processes Ã, and thus the process A as well, and W i are square-
integrable. That, if we can prove that

E

[(∫ T

0
αi

s +βi
sds

)2
]
<∞,

the desired result follows by the same reasoning above. Indeed, it holds that

E

[(∫ T

0
αi

s +βi
sds

)2
]
⩽ T 2E

[∫ T

0

(
αi

s +βi
s

)2
ds

]
⩽ T 2E

[∫ T

0
(αi

s)2 + (βi
s)2 +2αi

sβ
i
sds

]
⩽ T 2

(
E

[∫ T

0

(
αi

s

)2
ds

]
+E

[∫ T

0

(
βi

s

)2
ds

]
+2

∥∥∥αi
∥∥∥∥∥∥βi

∥∥∥)
<∞,

where theCauchy-Schwarz inequality in the space L2 ([0,T ]) is used in the first step, and the same
inequality in the given product L2 space of (1.12) in the last step. The exact same approach can
be used for (X i ,G

t ), sinceG i
t is square-integrable itself, by Proposition A.30.

Lemma 1.8. The bank accounts (X i ,E
t ) and (X i ,G

t ) are adapted to the filtration (F t ).

Proof. Let t ∈ [0,T ]. Since Ai
t = Ãi

t−µi t , it follows fromDefinitionA.13 for a semimartingale that Ai
t

is adapted. As (αi ,βi ) ∈A 2, it implies thatαi and βi are progressivelymeasurable. By Proposition
A.6, it follows that the time integral is progressivelymeasurable aswell, by Proposition A.6. Since
a progressively measurable process is adapted, the time integral ∫ T

0 αi
s +βi

sds is adapted as well.
Furthermore, W i is adapted, as it is a martingale by construction. Hence, (X i ,E

t ) is adapted by
representation (1.36). By the same arguments and representation (1.37) (X i ,G

t ) is also adapted, as
a continuous function of an adapted process is again adapted.

With these bank accounts and properties, the cost minimisation of the firms and the regulator
can be explained.

1.3.3 Firms cost minimisation

Here we assume that the market price of permits P ∈ A and the net allowances A ∈ S N as de-
scribed are given exogenously.
The cost function g and terminal penalty h for a specific firm i , in accordance with Section 1.3
and Equation (1.25) are assumed to be given by

g
(

X i
t ,αi

t ,βi
t

)
= hiα

i
t +

1

2ηi

(
αi

t

)2 +Ptβ
i
t +

(
βi

t

)2

2ν
, h

(
X i

T

)
=λ

(
X i

T

)2
. (1.39)

Note here that indeed X t depends on αi and βi . The objective functional, corresponding with
(2.4), that the firm i needs tominimise is given by

J i
(
αi ,βi

)
:= E

[∫ T

0
hiα

i
t +

1

2ηi
(αi

t )2 +Ptβ
i
t +

1

2ν
(βi

t )2dt +λ
(

X i
T

)2
]

. (1.40)

Note that this functional iswell-defined, asα,βare square-integrablewith respect to themeasure
µ= P×λ1 and (X i

t ) is square-integrable with respect to P, by Proposition 1.7. In the above, some
parameters are not yet discussed, so that is what we will do next, term by term. First, of all, we
define the abatement costs ci (αi )t where ci : A →B with

ci

(
αi

t

)
:= ci

(
αi

)
t
= hiα

i
t +

1

2ηi

(
αi

t

)2
, hi ,ηi ∈R>0, (1.41)
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where the spaceB is defined in (1.18). Indeed, as it is given thatα ∈A , wehave thatα2 ∈B, giving
that ci (αi ) ∈B. These are the costs of the abatement, whichhas a linear part and aquadratic part.
The linear part consist of the constant hi . In the quadratic part, ηi is included, which represents
the flexibility of the abatement process. It is often called the adjustment cost parameter. The
higher ηi the higher the reversibility of the abatement, and thus the smaller the quadratic cost
part of ci (αi

t ). From the cost of abatement the marginal costs of abatement can be derived, but
we should be careful as we are dealing with the derivative with respect to a random variable. In
words, themarginal costs of abatement are definedas the extra costs that come fromabatingone
Gigaton of emissions.
The third term, Ptβ

i
tdt , represents the direct costs of trading in the market of permits. Note that

this canbebothnegative andpositive. Whenβi
t < 0, the net effect is that there are emissions sold,

so that thefirmearnsPtβ
i
tdt , themarket price times thenumberof permits sold. Thismeans that

thecostsdecrease. Whenβi
t > 0, thereare emissionsbought,whichcostsmoney. Hence, theextra

costs are then themarket price times the trading rate.
The fourth part of (1.39) resembles the indirect costs of trading. Here, ν ∈ R>0 is considered to
be the market depth parameter. According to [Kyl85], this is defined as the size of an order flow
innovation to require that prices change by a given amount. It is assumed to be constant. The
ideabehind this is that large transactionscanhavean influenceon thepriceof thepermits,which
should be incorporated in the model. By dividing by ν, we exactly obtain the change in permit
price ifwe tradewith amountβtdt . Note that it is also a reasonable assumption thatν=∞, that is,
no order flowwill change the permit price. In the coming chapters, wewillmostly workwith this
assumption. We refer to this case as optimisation in a market without frictions. The case where
ν<∞will be referred to the case with market frictions, of which the optimisation is worked out
in Appendix B.
From the two parts involving the trading rate, the costs of trading

fi

(
βi

)
t
= Ptβ

i
t +

(
βi

t

)2

2ν
,

are defined. With this, the marginal costs of trading can be derived. This is defined, in line with
themarginal costs of abatement, as the extra costs of trading onemore unit. More on this can be
found in Chapter 2.
Last, the terminal penalty here is λ(X i

T )2, where λ ∈ R is a positive common penalty coefficient,
measured ineurosperunit of emission. First of all, without thepresenceof thepenalty functions,
given an initial allocation, the firms would just pollute their BAU emissions, since there is no
incentive for them to lower their emissions. A penalty is thus really necessary to make sure our
stochastic control problem iswell-posed. This specific choice of penalty is positive in both cases
where the bank account is positive and negative. If the bank account X i ,E

T ⩾ 0, it holds that

Ãi
T +

∫ T

0
βi

sds ⩾ E i ,α
T −E i

0,

This means that the firm has more cumulative allowances than abated emissions. It is not re-
alistic that the firm needs to pay a penalty then, as there are enough allowances to cover the
emissions. It would be the best for the firm if X i

T = 0, then it would not need to pay a penalty. If
X i

T < 0, it is reasonable that a penalty needs to be paid, as there are not enough permits to cover
the emissions. A penalty of the form

λmax
(
−X i

T ,0
)2

, (1.42)

would correspond with this more realistic fact that we only pay a penalty if X i
T ⩽ 0. However, we

are still going to work with the given quadratic penalty function. It appears that this function is
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chosen to be able to obtain an analytical solution. Here, we have chosenmathematical elegance
over reality.
The goal of every firm i is to find optimal controls (α̂i , β̂i ) such that their objective function is
minimised, that is,

J i
(
α̂i , β̂i

)
= inf

(αi ,βi )∈A 2
E

[∫ T

0
hiα

i
t +

(
αi

t

)2

2ηi
+Ptβ

i
t +

1

2ν
(βi

t )2dt +λ
(

X i
T

)2
]

. (1.43)

1.3.4 Social costs minimisation by regulator

Thegoalof the regulator is todesignadynamicallocationscheme A = (A1, . . . , AN )or Ã = (Ã1, . . . , ÃN )
to reduce expected emissions, while minimising social costs, given that the firms act rationally.
The allowancesprocess is announcedat time t = 0, where for t > 0, thedistributionof the random
variables is known. At time t = s, the realisation Ãi

s(ω) is known, since it is adapted. The policy is
assumed to be time-consistent, such that there is no deviation from the plan that is announced.
We need to have, to reduce expected emissions given by (1.29), that

E

[
N∑

i=1
E i ,αi

T

]
= ρN

(
Ē0 +T µ̄

)
, E

[
N∑

i=1
G i ,αi

T

]
= ρ

N∑
i=1

E i
0 exp

(
µi T

)
, (1.44)

respectively in both cases. This results in 100(1−ρ) percentage reduction compared to the BAU
case.
Remark 1.8.Note that in the expressions above an equal sign is written. From a climate point of
view, the constraint

E

[
N∑

i=1
E i ,αi

T

]
⩽ ρN

(
Ē0 +T µ̄

)
, E

[
N∑

i=1
G i ,αi

T

]
⩽ ρ

N∑
i=1

E i
0 exp

(
µi T

)
,

would also be sufficient. Then there are only fewer emissions in the controlled case than the regula-
tor asks for. However, fromamathematical point of view, it could be argued that thiswould lead to
the same constraint aswritten above, as it is alwaysmore expensive to emit less. More importantly,
the equality appears necessary to be able to derive analytical solutions.

The social costs are defined as the sum over all individual costs of the firm, the total costs in the
system. To minimise the social costs, the infimum over the specific allocations A ∈ S N will be
taken. The specific problem of the regulator of minimising social costs while reducing the BAU
emissionsmodelled by a Brownianmotion is given by

inf
A∈S N

E

[
N∑

i=1

∫ T

0
ci

(
αi

t

)
+Ptβ

i
t +

1

2ν
(βi

t )2dt +λ
(

X i ,E
T

)2
]

, E

[
N∑

i=1
E i ,αi

T

]
= ρN (Ē0 +T µ̄). (1.45)

In the case of the GBM, we see that (1.37) depends on Ã, hence we will minimise over Ã ∈ S N .
Then, the specific problem of the regulator becomes

inf
Ã∈S N

E

[
N∑

i=1

∫ T

0
ci

(
αi

t

)
+Ptβ

i
t +

1

2ν
(βi

t )2dt +λ
(

X i ,G
T

)2
]

, E

[
N∑

i=1
G i ,αi

T

]
= ρ

N∑
i=1

E i
0 exp

(
µi T

)
. (1.46)

This ends the chapter on themathematical assumptions. We are ready to continue to the calcu-
lation of the optimal dynamic policy for both choices of model of the BAU emissions.
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2 | The Brownian Framework

In this chapter, wedetermine theoptimal dynamicpolicy, when theBAUemissions aremodelled
as an arithmetic Brownian motion. This is done under the assumption that there is a market
without frictions. That is, the regulator desires to solve (1.45), where ν→∞. The case of amarket
with frictions, where the regulator is solving (1.45) for ν<∞, can be found in Appendix B.
We recall that the derivation of the optimal dynamic policy will proceed through three different
steps, corresponding to the two steps of backward induction, leading to the Stackelberg equi-
librium. First, given an allocation and a market price of permits, the firm will minimise its cor-
responding cost, given in (1.40) with ν→∞. Afterwards, the corresponding market price of the
market equilibriumcanbededuced, givenanallocationof the regulator. Assuming that thefirms
are acting rationally, the regulatorwill then solve for theoptimal dynamic allocation. These three
steps are crucial to the derivation, forming the foundation for the structure of the sections in this
chapter.
This chapter is based on Sections 3, 4 and 5 of [AB23].

2.1 Single firm optimisation

In this section, given an allocation Ai satisfying Definition 1.6 and market price P ∈ A , the cost
minimisation for every firm i will be solved. Before we will continue to this derivation, we need
to introduce some variables and functions.
Definition 2.1. Let

M i
t := E

[
Ai

T

∣∣∣F t

]
, R i

t := E
[

Ai
T − Ai

t

∣∣∣F t

]
= M i

t − Ai
t , (2.1)

f (t ) := 2λ

1+2λη̄(T − t )
, (2.2)

where Ai
t is the net allocation at time t , given by (1.34). In the last expression, η̄ is the average over

the firms adjustment cost of abatement and λ is the common terminal penalty parameter.

That is, M i
t is the conditional expectation of the cumulative net allocation A at time T of firm i .

We note that allocationswith the same cumulative net value at time T , but different values in the
interval [0,T ), lead to the same expression for M i . From the definition of R i

t , we see that it is the
difference between the conditional expectation of the total allowances at time T and the realised
allowances at time t . The function f (t ) is the same for every firm, since it does not depend on the
index i .
First of all, thecost function that afirmwillminimise in this case, as given in (1.40),with X i

T = X i ,E
T ,

will be determined.
Proposition 2.1. The cost functional in the case that ν→∞ is given by J̃ i ,E (αi ,βi ) : A 2 →R

J̃ i ,E
(
αi ,βi

)
:= E

[∫ T

0
ci (αi

t )+Ptβ
i
tdt +λ

(
X i ,E

T

)2
]

. (2.3)
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Proof. We need to calculate the limit ofJ i ,E (αi ,βi ) of (1.40) as ν→∞ . Since almost all terms do
not depend on ν, this can be written as follows

lim
ν→∞J i ,E

(
αi ,βi

)
= lim
ν→∞E

[∫ T

0
ci

(
αi

t

)
+Ptβ

i
t +

1

2ν
(βi

t )2dt +λ
(

X i ,E
T

)2
]

= E
[∫ T

0
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(
αi

t

)
+Ptβ

i
t +λ

(
X i ,E

T

)2
]
+ lim
ν→∞

1

2ν
E

[∫ T

0

(
βi

t

)2
dt

]
= E

[∫ T

0
ci

(
αi

t

)
+Ptβ

i
t +λ

(
X i ,E

T

)2
]
=: J̃ i ,E

(
αi ,βi

)
.

This functional needs to be minimised with respect to (αi ,βi ) ∈ A 2. That is, we look for optimal
(α̂i , β̂i ) such that

inf
(αi ,βi )∈A 2

J̃ i ,E (αi ,βi ) = J̃ i ,E
(
α̂i , β̂i

)
. (2.4)

First, we need to knowwhether this stochastic control problem is solvable. Then, we need to in-
vestigate how these solutions can be found. The first goal of this section is to prove the following
theorem.
Theorem 2.2. Let J̃ i ,E be given as in (2.3). Then, there exists at least one solution to (2.4).
To prove this result, we will use Proposition A.29. Because it is of importance, it is also stated
below.
Proposition A.28 [ET99, pg. 35] Let X be a Hilbert space, A ⊂ X a closed convex subspace of this
space and F : A →R a functional that is convex, continuous and coercive. Then,

inf
x∈A

F (x),

has at least one solution. It has a unique solution, if F is strictly convex.

Note that this proposition is in analogy with (a part of) the Extreme Value Theorem on the real
line.
In this case, weworkwith X = L2×L2, which is aHilbert space, by a similar argument as in Propo-
sition 1.5, since the norms onA 2 and L2×L2 coincide. Additionally, A =A 2, a Hilbert space itself
by the same proposition. From this, we can easily prove thatA 2 is a closed, convex subspace of
X , which is done in the next lemma.
Lemma 2.3. The spaceA 2 is a closed, convex subspace of L2 ×L2.

Proof. By Proposition 1.4, we have thatA is a closed, convex subspace of L2. As we defined

A 2 =A ×A ,

it follows by basic topology thatA 2 is a closed, convex subspace of L2 ×L2.

Next to this, we need that J̃ i ,E is a coercive, continuous, convex functional overA 2. Continuity
will follow fromFréchet differentiability and Proposition A.27. We start by proving that the func-
tional is coercive. For this, we will use Assumptions (1.11) and (1.24), on βi and P , respectively.
Proposition 2.4 (Coerciveness of the cost functional). The functional J̃ i ,E is coercive in the con-
trols (αi ,βi ).
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Proof. FromDefinition A.27, we need to prove that∣∣∣J̃ i ,E (αi ,βi )
∣∣∣→∞, if

∥∥∥(
αi ,βi

)∥∥∥
A 2

→∞.

It is sufficient to show that J̃ i ,E (αi ,βi ) →∞. Let
∥∥(αi ,βi )

∥∥
A 2 →∞. Recall that the norm on A 2 is

given by∥∥∥(
αi ,βi

)∥∥∥
A 2

=
√∥∥αi

∥∥2 +∥∥βi
∥∥2.

That is, if
∥∥(αi ,βi )

∥∥
A 2 →∞, we have either

∥∥αi
∥∥2 →∞ ,

∥∥βi
∥∥2 →∞, or both. By assumption (1.11)

it follows that∥∥∥βi
∥∥∥2 = E

[∫ T

0

(
βi

t

)2
dt

]
⩽ E

[∫ T

0
K 2dt

]
= K 2T <∞.

Hence, from
∥∥(αi ,βi )

∥∥→∞, it follows that we should have
∥∥αi

∥∥2 →∞. We can thus conclude that∥∥αi
∥∥→∞ and

∥∥βi
∥∥<∞. Furthermore, by (1.24), we obtain

J̃ i ,E
(
αi ,βi

)
= E

[∫ T

0
hiα

i
t +

(
αi

t

)2

2ηi
+Ptβ

i
tdt +λ

(
X i ,E

T

)2
]

⩾ E

[∫ T

0

(
αi

t

)2

2ηi
+hiα

i
t +Ptβ

i
tdt

]
⩾ E

[∫ T

0

(
αi

t

)2

2ηi
+hiα

i
tdt

]
−KC T,

where K ,C ∈R are fixed, by the assumptions on βi and P .
If it can be argued that the expectation term goes to infinity when

∥∥αi
∥∥ →∞, the desired result

follows. Indeed, by completing the square, it holds that

E

[∫ T

0

(
αi

t

)2

2ηi
+hiα

i
tdt

]
= E

[∫ T

0

(
αi

t√
2ηi

+ hi
√

2ηi

2

)2

dt

]
− 1

2
ηi h2

i T.

As
∥∥αi

∥∥2 →∞ implies that
∥∥αi + c

∥∥2 →∞, for c ∈R, it follows that

J̃ i ,E
(
αi ,βi

)
⩾ E

[∫ T

0

(
αi

t√
2ηi

+ hi
√

2ηi

2

)2

dt

]
− 1

2
ηi h2

i T −KC T

=
∥∥∥∥∥ αi√

2ηi
+ hi

√
2ηi

2

∥∥∥∥∥− 1

2
ηi h2

i T −KC T →∞,

as ||αi ||→∞. From this, it can be concluded that

lim
||(αi ,βi )||A 2→∞

J̃ i ,E (αi ,βi ) =∞.

Hence, J̃ i ,E (αi ,βi ) is coercive in (αi ,βi ).

Next, we will show that the cost functional J̃ i ,E is convex in (αi ,βi ). To achieve this, the cost
functional will be split up in two parts

C̃ i (αi ,βi ) = E
[∫ T

0
hiα

i
t +

(αi
t )2

2ηi
+Ptβ

i
tdt

]
, F i ,E (αi ,βi ) = E

[
λ

(
X i ,E

T

)2
]

, (2.5)

such that J̃ i ,E = C̃ i +F i ,E . We will show that both, F i ,E and C̃ i , are convex, from which we can
conclude that the whole function J̃ i ,E is convex.
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Proposition 2.5. The functional F i ,E (αi ,βi ) = E
[
λ

(
X i ,E

T

(
αi ,βi

))2
]
is convex in (αi ,βi ).

Proof. First, the term
(

X i ,E
T (αi ,βi )

)2
needs to be written out. In this expression, we are only con-

cerned with the dependence on the controls, the remaining components can be treated as con-
stant in this proof. Hence, we can write

X i ,E
T (αi ,βi ) = K i ,E

T +
∫ T

0
αi

s +βi
sds, with K i ,E

T = Ai
T −E i

0 −σi W i
T .

Squaring the above, we can write

F i ,E (αi ,βi ) = E
[
λ

(
X i ,E

T

)2
]
=λE

[(
K i ,E

T

)2
]
+2λE

[
K i ,E

T

∫ T

0
αi

s +βi
sds

]
+λE

[(∫ T

0
αi

s +βi
sds

)2
]

.

Now let V ,Y ∈A 2, that is, V = (V1,V2) and Y = (Y1,Y2). Note that V ,Y are time-dependent, but this
dependence won’t bemade explicit. Let θ ∈ [0,1]. Then

F i ,E (θV + (1−θ)Y ) =λE
[(

K i ,E
T

)2
]
+2λE

[
K i ,E

T

∫ T

0
θV1 + (1−θ)Y1 +θV2 + (1−θ)Y2ds

]
+λE

[(∫ T

0
θV1 + (1−θ)Y1 +θV2 + (1−θ)Y2ds

)2
]

= θλE
[(

K i ,E
T

)2
]
+ (1−θ)λE

[(
K i ,E

T

)2
]
+θ2λE

[
K i ,E

T

∫ T

0
V1 +V2ds

]
+ (1−θ)2λE

[
K i ,E

T

∫ T

0
Y1 +Y2ds

]
+λE

[(∫ T

0
θV1 + (1−θ)Y1 +θV2 + (1−θ)Y2ds

)2
]

.

Note that all the parts are already in desired form, except the last term involving the square. For
this part, the following can be done;

E

[(∫ T

0
θV1 + (1−θ)Y1 +θV2 + (1−θ)Y2ds

)2
]
= E

[(
θ

∫ T

0
(V1 +V2)ds + (1−θ)

∫ T

0
Y1 +Y2ds

)2
]

= θ2E

[(∫ T

0
V1 +V2ds

)2
]

+2θ(1−θ)E

[∫ T

0
(V1 +V2)ds

∫ T

0
(Y1 +Y2)ds

]
+ (1−θ)2E

[(∫ T

0
(Y1 +Y2)ds

)2
]

.

Let A = ∫ T
0 (V1 +V2)ds and B = ∫ T

0 (Y1 +Y2)ds. By Young’s inequality applied on A and B , it follows
that

2θ(1−θ)E

[∫ T

0
(V1 +V2)ds

∫ T

0
(Y1 +Y2)ds

]
⩽ θ(1−θ)

(
E

[(∫ T

0
(V1 +V2)ds

)2

+
(∫ T

0
(Y1 +Y2)ds

)2
])

.

(2.6)

Hence,

E

[(∫ T

0
θV1 + (1−θ)Y1 +θV2 + (1−θ)Y2ds

)2
]
⩽ θE

[(∫ T

0
(V1 +V2)ds

)2
]
+ (1−θ)E

[(∫ T

0
(Y1 +Y2)ds

)2
]

.
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This means that

F i ,E (θV + (1−θ)Y )⩽ θλE

[(
K i ,E

T

)2
]
+ (1−θ)λE

[(
K i ,E

T

)2
]
+θ2λE

[
K i ,E

T

∫ T

0
V1 +V2ds

]
+ (1−θ)2λE

[
K i ,E

T

∫ T

0
Y1 +Y2ds

]
+θλE

[(∫ T

0
(V1 +V2)ds

)2
]

+ (1−θ)λE

[(∫ T

0
(Y1 +Y2)ds

)2
]

.

Indeed, the above exactly shows that
F i ,E (θV + (1−θ)Y )⩽ θF i ,E (V )+ (1−θ)F i ,E (Y ),

for any θ ∈ [0,1]. By Definition A.29, the functional F i ,E is convex.

Good to note is that the functional F i ,E is not strictly convex, as in Equation (2.6) the inequality
does not become strict. That is, if X ̸= Y , then we can still have that A = B . Next, the convexity is
proven for C̃ i .
Proposition 2.6. The functional

C̃ i
(
αi ,βi

)
= E

[∫ T

0
hiα

i
t +

(αi
t )2

2ηi
+Ptβ

i
tdt

]
,

is convex, but not strictly convex in the controls. It follows that J̃ i ,E is also convex, but not strictly
convex, in the controls.

Proof. Take (V ,Y ) ∈A 2 such that V ̸= Y . Suppose, without loss of generality, that V1 = Y1, µ a.e, so
that

2V2Y2 <V 2
2 +Y 2

2 and 2V1Y1 ⩽V 2
1 +Y 2

1 , a.e.
Then,

C̃ i (θV + (1−θ)Y ) = θE
[∫ T

0
hi V1 +Pt V2dt

]
+ (1−θ)E

[∫ T

0
hi Y1 +Pt Y2dt

]
+E

[∫ T

0

(θV1 + ((1−θ)Y1)2

2ηi
dt

]
.

The last expression can be rewritten to

E

[∫ T

0

(θV1 + (1−θ)Y1)2

2ηi

]
= θ2E

[∫ T

0

V 2
1

2η i
dt

]
+2θ(1−θ)E

[∫ T

0

V1Y1

2ηi
dt

]
+ (1−θ)2E

[∫ T

0

Y 2
1

2ηi
dt

]

⩽ θE

[∫ T

0

V 2
1

2ηi
dt

]
+ (1−θ)E

[∫ T

0

Y 2
1

2ηi
dt

]
,

where we again used Young’s inequality. Hence, it holds for all θ ∈ [0,1] that
C̃ i (θV + (1−θ)Y )⩽ θC̃ i (V )+ (1−θ)C̃ i (Y ).

Wecan conclude that C̃ i (αi ,βi ) is convex. By Proposition 2.5, F i ,E (αi ,βi ) is convex in the controls.
It follows that

J̃ i ,E (θV + (1−θ)Y ) = C̃ i (θV + (1−θ)Y )+F i ,E (θV + (1−θ)Y )

⩽ θC̃ i (V )+ (1−θ)C̃ i (Y )+θF i ,E (V )+ (1−θ)F i ,E (Y )

= θ
(
C̃ i (V )+F i ,E (V )

)
+ (1−θ)

(
C̃ i (Y )+F i ,E (Y )

)
= θJ̃ i ,E (V )+ (1−θ)J̃ i ,E (Y ),
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for all θ ∈ [0,1]. We can conclude that J̃ i ,E (αi ,βi ) is indeed convex. It is not strictly convex as both
parts are only convex themselves.

The last condition to establish, in order to satisfy the assumptions of PropositionA.29, is the con-
tinuityof thecost functional J̃ i ,E with respect to (αi ,βi ). Wewill use theFréchetderivative,which
is sufficienthere. A goodcandidate for theFréchetderivative is theGateauxderivative,whichcan
be calculated. How this derivative is exactly derived and found, via the Gateaux derivative, can
be found in Proposition A.31 in the appendix. There, it is calculated for ν<∞, but the exact same
procedure works when ν=∞.
Here, wewill show that the expression found is indeed theFréchet derivative. The goal is to prove
the proposition below. Note the subtle difference between V , Z ∈ A 2, which implies that both V
and Z are two-dimensional vectors, and (V , Z ) ∈A 2. The latter implies that V and Z are scalar.
Proposition 2.7. Let φ= (V , Z ) ∈A 2. The Fréchet derivative δJ̃ i ,E

((
αi ,βi

)
;φ

)
of J̃ i ,E is given by

δJ̃ i ,E
((
αi ,βi

)
;φ

)
= δC̃ i

(
(αi ,βi );φ

)
+δF i ,E

(
(αi ,βi );φ

)
, (2.7)

where

δC̃ i
(
(αi ,βi );φ

)
= E

[∫ T

0
Vt

(
hi +

αi
t

ηi

)
+Zt Ptdt

]
, δF i ,E

(
(αi ,βi );φ

)
= 2λE

[∫ T

0
(Vt +Zt )X i ,E

T dt

]
.

Before this, we first prove the following lemma, which we will need to prove the proposition.
Lemma 2.8. The operators of Proposition 2.7 are linear and continuous in φ ∈A 2.

Proof. We will first show that δJ̃ i ,E ((α,β); (V , Z )) is linear in (V , Z ) ∈ A , Let (G , H) ∈ A 2. Then, by
the linearity of the expectation, it follows that

δJ̃ i ,E (
(α,β); (V , Z )+ (G , H)

)= δJ̃ i ,E (
α,β); (V , Z )

)+δJ̃ i ,E (
α,β); (G , H)

)
.

Wecan conclude that this a linear operator inφ ∈A 2. Next, weneed to show that it is continuous.
By Proposition A.24, it is sufficient to show that the operators are bounded in φ ∈A 2. For this, let
us fix (αi ,βi ) ∈A 2 and omit the index i . Then,∣∣∣δJ̃ i ,E (

(α,β); (V , Z )
)∣∣∣= ∣∣∣∣E[∫ T

0
Vt

(
h + αt

η
+2λX E

T

)
+Zt

(
Pt +2λX E

T

)dt

]∣∣∣∣
⩽

∣∣∣∣〈V ,

(
h + α

η
+2λX E

T

)〉
+

〈
Z ,

(
P + β

ν
+2λX E

T

)〉∣∣∣∣
=

∣∣∣∣〈(V , Z ) ,

(
h + α

η
+2λX E

T ,P +2λX E
T

)〉
A 2

∣∣∣∣
⩽ ∥(V , Z )∥A 2

∥∥∥∥(
h + α

η
+2λX E

T ,P +2λX E
T

)∥∥∥∥
A 2

,

where the latter step follows from the Cauchy-Schwarz inequality in A 2. From the definition of
a bounded operator, we need to show that the right hand term is finite. We can write

∥∥∥∥h + α

η
+2λXT ,P + β

ν
+2λXT

∥∥∥∥
A 2

=
√∥∥∥∥h + α

η
+2λXT

∥∥∥∥2

+
∥∥∥∥P + β

ν
+2λXT

∥∥∥∥2

.

Since α,β,P ∈A and X E
T is square-integrable w.r.t P, it follows that these norms are finite, by the

inequality of Cauchy-Schwarz. We can conclude that the given operators are indeed linear and
bounded, and thus continuous.
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Now, we are ready to prove the Fréchet differentiability.

Proof of Proposition 2.7. Again, the index i will be omitted. We need to prove that (2.7) satisfies
Definition A.25. The linearity and boundedness follow directly from Lemma 2.8. We will prove
the limit separately for C̃ and F E , by the triangle inequality and thenon-negativity of the absolute
value, it follows that this will be sufficient. First, we are proving that∣∣C̃ (α+V ,β+Z )− C̃ (α,β)−δC̃

(
(α,β);φ

)∣∣∥∥φ∥∥
A 2

→ 0, (2.8)

as
∥∥φ∥∥

A 2 → 0. When we plug in φ, we see that almost all terms cancel out

C̃ (α+V ,β+Z )− C̃ (α,β)−δC̃
(
(α,β);φ

)= E[∫ T

0
h(αt +Vt )+ (αt +Vt )2

2η
+Pt (βt +Zt )dt

]
−E

[∫ T

0
hαt + (αt )2

2η
+Ptβtdt

]
−E

[∫ T

0
Vt

(
h + αt

η

)
+Zt Ptdt

]
= 1

2
E

[∫ T

0

V 2
t

η
dt

]
.

This implies

0⩽

∣∣C̃ (α+V ,β+Z )− C̃ (α,β)−δC̃
(
(α,β);φ

)∣∣∥∥φ∥∥
A 2

=

∣∣∣1
2 E

[∫ T
0

V 2
t
η dt

]∣∣∣∥∥φ∥∥
A 2

⩽
1

2η

(||V ||2 +||Z ||2)∥∥φ∥∥
A 2

= 1

2η

∥∥φ∥∥2
A 2∥∥φ∥∥
A 2

= 1

2η

∥∥φ∥∥
A 2 → 0, when

∥∥φ∥∥
A 2 → 0,

by the definition of the norm and inner product in A 2 and the fact that η > 0. We can conclude
that indeed δC ((α,β);φ) satisfies equation (2.8) and thus, it is the Fréchet derivative ofC (α,β).
Next, we prove that the derivative of F E fulfils Definition 2.8. After a lengthy computation, as in
Equation (1.36), we get

F E (α+V ,β+Z )−F E (α,β)−δF E (
(α,β);φ

)= E[(∫ T

0
(Vt +Zt )dt

)2
]

= E
[(∫ T

0
Vtdt

)2
]
+E

[(∫ T

0
Ztdt

)2
]
+2E

[∫ T

0
Vtdt

∫ T

0
Ztdt

]
.

It holds that

2
∫ T

0
Vtdt

∫ T

0
Ztdt ⩽

(∫ T

0
Vtdt

)2

+
(∫ T

0
Ztdt

)2

.

Furthermore, from the Cauchy-Schwarz inequality in L2([0,T ]), it follows that,(∫ T

0
Vtdt

)2

⩽ T
∫ T

0
V 2

t dt ,

by the fact that (Vt +Zt )2 ⩾ 0, for all t ∈ [0,T ]. Combining these results in expectation, we obtain

F E (α+V ,β+Z )−F E (α,β)−δF E (
(α,β);φ

)
⩽ 2T E

[∫ T

0
V 2

t dt

]
+2T E

[∫ T

0
Z 2

t dt

]
.

This gives us that

0⩽
|F E (α+V ,β+Z )−F E (α,β)−δF E ((α,β);φ)|∥∥φ∥∥

A 2

⩽
2T

(
E
[∫ T

0 V 2
t +Z 2

t dt
)]

∥∥φ∥∥
A 2

= 2T
∥∥φ∥∥

A 2 → 0,

when
∥∥φ∥∥

A 2 → 0. We can conclude that δF E ((α,β);φ) is the Fréchet derivative of F E (α,β), and we
can conclude that J̃ E is Fréchet differentiable.

31



Now,wecanprove thecontinuityof thecost functional,whichwill followdirectly fromtheFréchet
differentiability.
Proposition 2.9. The cost functional J̃ i ,E is continuous in the controls.

Proof. This follows directly from Proposition 2.7 and Proposition A.27.

Next, we are finally able to prove Theorem B.1.

Proof of Theorem B.1 . By Proposition 2.3, it follows that A 2 is a closed, convex Hilbert space of
L2×L2. Furthermore, fromPropositionB.4, the cost functional J̃ i ,E is continuous. ByProposition
2.4, J̃ i ,E is coercive in the controls and in Propositions 2.5 and 2.6 it is proven that the objective
functional is convex. By the aforementioned Proposition A.29, it holds that (2.4) admits at least
one solution, which is the desired result.

Note that there exists at least one solution, but this solution is not necessarily unique, as J̃ i ,E

is not strictly convex. The next question is how these solutions can be obtained. For this, we
introduce the following proposition, which makes use of the Gateaux gradient, introduced in
Appendix A.1.3. Afterwards, a proposition for the first order conditions is given.
Remark 2.1 (Notation). For a general process Z , we will denote the Gateaux gradient in a specific
point in time by ∇Zt .

Proposition 2.10. The two-dimensional Gateaux gradient is given by,

∇J i ,E
(
αi ,βi

)
=

(
hi + αi

η
+2λE

[
X i ,E

T

∣∣∣F ·
]

,P +2λE
[

X i ,E
T

∣∣∣F ·
])

. (2.9)

The gradient in a specific point in time t ∈ [0,T ] will be denoted by ∇J i ,E (αi ,βi )t , and equals, con-
sequently,

∇J i ,E
(
αi ,βi

)
t
=

(
hi +

αi
t

η
+2λE

[
X i ,E

T

∣∣∣F t

]
,Pt +2λE

[
X i ,E

T

∣∣∣F t

])
.

Proof. Again, the superscript i will be omitted. From the Fréchet derivatives of Proposition 2.7,
the gradient of Definition A.26 can be derived, by the fact that the Fréchet derivative determines
the Gateaux derivative directly. Indeed, we see that

δC̃
(
(α,β);φ

)= E[∫ T

0
Vt

(
h + αt

η

)
+Zt Ptdt

]
=

〈
V ,

(
h + α

η

)〉
+〈Z ,P〉

=
〈

(V , Z ),

(
h + α

η
,P

)〉
A 2

=
〈
φ,

(
h + α

η
,P

)〉
A 2

,

and thus the gradient of C̃ is given by ∇C̃ (α,β) =
(
h + α

η ,P
)
. In a specific point t ∈ [0,T ], this gives

∇C̃ (α,β)t =
(
h + αt

η
,Pt

)
. (2.10)

The gradient itself is a process.
The same procedure will be followed to obtain an expression for the gradient of F E . Indeed,

δF E (
(α,β);φ

)= 2λE

[∫ T

0
X E

T (Vt +Zt )dt

]
= 〈

2λX E
T ,V

〉+〈
2λX E

T , Z
〉

= 〈
2λX E

T

(
α,β

)
(1,1),φ

〉
A 2 .
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From this, we can conclude that

∇F (α,β) = 2λX E
T (α,β)(1,1).

In a specific point t ∈ [0,T ], it still holds that

∇F (α,β)t = 2λX E
T (α,β)(1,1).

This implies that this gradient is not adapted, as the right-hand side is onlyF T measurable. We
will rewrite the expression under the expectation sign to make it adapted. Let Y ∈ A . Then, it
holds

2λE

[∫ T

0
X E

T Ytdt

]
= 2λE

[
E

[∫ T

0
X E

T Ytdt

∣∣∣∣F t

]]
= 2λE

[∫ T

0
E
[

X E
T Yt

∣∣F t
]dt

]
= 2λE

[∫ T

0
Yt E

[
X E

T

∣∣Ft
]dt

]
. (2.11)

Here, we used Fubini’s theorem for conditional expectations, and the fact that Y is an adapted
process, as it is progressively measurable. Note that we can rewrite (2.11) into

E

[∫ T

0

(
2λX E

T −2λE
[

X E
T

∣∣F t
])

Ytdt

]
= 0,〈

2λX E
T −2λE[XT |F ·],Y

〉= 0.

This holds for all Y ∈ A . By Lemma A.23, it follows that 2λXT = 2λE[XT |F ·], µ a.e, by the equiv-
alence classes defined in A . This can be done for both components of the gradient. We can
conclude that, indeed, the gradient considered in the point t ∈ [0,T ], is given by

∇F E (α,β)t =
(
2λE

[
X E

T (α,β)
∣∣F t

]
,2λE

[
X E

T (α,β)
∣∣F t

])
.

By summing both parts of the gradient, we conclude that we have found the desired Gateaux
gradient of the cost functional J̃ i ,E .

Next, we are ready to identify where theminimiser is located.
Proposition 2.11. The functional J̃ i ,E (αi ,βi ) attains its minimum at (α̂i , β̂i ) that satisfy

∇J̃ i ,E
(
α̂i , β̂i

)
= 0, µ a.e.

Proof. From Theorem B.1, we know that (1.39) has at least one solution. Now, suppose that
∇J̃

(
α̂i , β̂i

)= 0. Let V ∈A and define Û = (α̂i , β̂i ). Then,

J̃ i ,E (V )−J̃ i ,E (
Û

)−〈
∇J̃ i ,E (

Û
)

,
(
V −Û

)〉
A 2

= J̃ i ,E (V )−J̃ i ,E (
Û

)−〈
0,

(
V −Û

)〉
⩾ 0,

by [ET99, pg. 24]. By the definition of the inner product,this implies for all V ∈A 2,

J̃ i ,E (V )⩾ J̃ i ,E (
Û

)
.

Thus, we can conclude that J̃ i ,E (Û ) is a minimum of the functional in question.

With all this information, we are ready to find theminimiser of the cost functional J̃ i ,E . For this,
we need the Gateaux gradient and solve the first order conditions. We introduce the following
theorem, which is about finding the expressions of the optimal controls of (2.4). It will make use
of the previously proven proposition.
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Theorem2.12. A solution to (2.4) exists if and only if themarket price of permits P is amartingale.
In that case, the optimal abatement effort of firm i is uniquely given by

α̂i
t = ηi (Pt −hi ),

The optimal trading rate is not uniquely defined. Instead, define for firm i ,

E

[∫ T

0
βi

tdt

∣∣∣∣F t

]
= B i

t ,
∫ T

0
βi

tdt = B̂ i
T , (2.12)

with the process (B̂ i
t ) having the following dynamics

dB̂ i
t =−

(
1+2λ(T − t )ηi

2λ
dPt +dM i

t −σidW i
t

)
, (2.13)

B̂ i
0 =−

(
1+2ληi T

2λ
P̂0 +M i

0 −E i
0 −ηi hi T

)
. (2.14)

Then, we have that βi ∈A 2 is optimal as long as it satisfies (2.12). These equations hold µ a.e.

Proof. Again, we will omit the superscript for firm i in the notation.
The first order conditions of J̃ E are as given in Proposition 2.10, and reduce to

h + αt

η
+2λE

[
X E

T

∣∣F t
]= 0, (2.15)

Pt +2λE
[

X E
T

∣∣F t
]= 0, (2.16)

as the gradient should be equated to zero. All equalities below aremeant in the µ a.e. sense. First
starting with (2.1), we see that it results in

Pt =−2λE
[

X E
T

∣∣F t
]

.

Since the right-hand side is a martingale, by Proposition 1.7, this equation only works out if the
market price (Pt ) itself also is amartingale. When this is not the case this implies that (2.1) won’t
have a solution and there does not exists an equilibrium. From now on, we will thus work with
the assumption that the price process (Pt ) is a martingale.
Plugging the result in (2.15), we obtain

α̂t = η(Pt −h). (2.17)

Since the price process P is given exogenous, we can conclude that this value of (αi
t ) is unique ,as

long as the price is determined.
With this, we hope to find some expression for β̂. Plugging X E

T in (2.1) with α̂, we obtain

Pt +2λE

[∫ T

0
α̂t +βtdt + AT −σWT −E0

∣∣∣∣F t

]
= Pt +2λMt +2λE

[∫ T

0
η(Pt −h)dt

∣∣∣∣F t

]
+2λE

[∫ T

0
βtdt

∣∣∣∣F t

]
−2λσWt −E0 = 0. (2.18)

We see that the trading rate (βt ) only appears in the integral of the conditional expectation. That
implies that we cannot solve directly for this process itself. Instead, we define

Bt = E
[∫ T

0
βtdt

∣∣∣∣F t

]
.
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First of all, we note that that β is progressively measurable, and the time integral over β is again
progressively measurable, by Proposition A.6, and thus adapted. This way, it follows that

BT =
∫ T

0
βtdt ,

and that (Bt ) is a martingale and in L2 itself, as βt ∈A . Now, we can rewrite (2.18) to

Pt +2λMt +2λE

[∫ T

0
η(Pt −h)dt

∣∣∣∣F t

]
+2λBt −2λσWt −E0 = 0.

This can be solved for Bt and gives

Bt =σWt +E0 − 1

2λ
Pt −Mt −E

[∫ T

0
η(Pt −h)dt

∣∣∣∣F t

]
. (2.19)

We already deduced that the price P needs to be amartingale. This implies that

E

[∫ T

0
η(Ps −h)ds

∣∣∣∣F t

]
=

∫ t

0
η(Ps −h)ds +

∫ T

t
ηE[Ps |F t ]−ηhdt =

∫ t

0
η(Ps −h)ds +η(Pt −h)(T − t ),

by a Fubini argument. Furthermore, since P ∈A , the time integral is again adapted. Then, (2.19)
becomes

Bt =σWt +E0 − 1

2λ
Pt −Mt −

∫ t

0
η(Ps −h)ds −η(Pt −h)(T − t ). (2.20)

Note that forgiven A,P ∈A , theprocessB i
t isunique. Sinceweare solving thebackward induction

of the Stackelberg game, this is indeed the case. A unique solution forβi
t cannot be obtained, but

fortunately a unique solution for B i
t is available.

Taking t = 0 in (2.19), we get

B0 = E0 − 1

2λ
P0 −M0 −E

[∫ T

0
η(P0 −h) dd s

]
= E0 − 1

2λ
P0 −M0 −η(P0 −h)T,

B̂0 =−
(
P0

(
1+2ληT

2λ

)
+M0 −E0 +ηhT

)
. (2.21)

Now we have the initial condition, it makes sense to consider the differential dBt . For this, we
use Lemma A.20. We write

dE
[∫ T

0
η(Pt −h)dt

∣∣∣∣F t

]
= ηdE

[∫ T

0
Ptdt

∣∣∣∣F t

]
−ηhdE

[∫ T

0
dt

∣∣∣∣Ft

]
= η(T − t )dPt +d(ηh(T )) = η(T − t )dPt .

Taking the differential in our original equation (2.19), we get

dB̂t =− 1

2λ

(dPt (1+2λη(T − t ))+2λdMt −2λσdWt
)

=−
(

1+2λη(T − t )

2λ
dPt +dMt −σdWt

)
. (2.22)

The equation above together with the initial condition (2.21), gives the desired dynamics for the
martingale B̂ . The direct formula of (2.20) is equivalent to the differential form given above.
We can conclude that any βi ∈A that satisfies∫ T

0
βi

tdt = B̂ i
T ,

is optimal.
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In the proof above, first a direct proof of B̂ i
t was given, afterwards the dynamics were deduced.

These dynamics are necessary to be able to deduce the optimal market price of permits P in the
next section. Although in Theorem B.1 only the existence of a solution is proven, uniqueness of
α̂i and B̂ i can be obtained by arguments involving the Stackelberg game.
In the last part of this section, we will interpret the results obtained.
First of all, it follows from the first order condition , that in the optimum

X i ,E
T =− 1

2λ
PT , (2.23)

should hold, since X i ,E
T is F T measurable by Lemma 1.8. We will use this to derive the optimal

allocation.
Let f ′

i are themarginal trading costs and c ′i themarginal costs of abatement. Furthermore, again
from the first order conditions (2.15) and (2.1), we can write

c ′i (αi )t = hi +
αi

t

ηi
= Pt = f ′

i (βi )t .

These are derived in the Fréchet sense in Proposition A.6 for ν <∞. The procedure is the same
when ν=∞. Here, we will just work with these equations. We see here that in the optimal result,
the marginal abatement cost are equated to the market price Pt , which represents the marginal
trading costs. Equating themarket price to themarginal costs is often done in economics, when
wewant tofindanoptimum. Wecanconclude that our result is consistentwith economic theory.
Because of the fact thatwedonot have amarket depthparameter, the expression for α̂ in (2.17) is
relatively easy. Theonly variable that theoptimal abatement effort nowdependson is themarket
price. If the price increases, the abatement effort will increase as well, since it is less attractive to
buymore permits on themarket, ceteris paribus. However, the expression for the trading rate is
quite complicated.
Recall that the direct formula of B̂ i

t is given by

B̂ i
t =σWt +E0 − 1

2λ
Pt −Mt −

∫ t

0
η(Ps −h)ds −η(Pt −h)(T − t ).

From the equation above, it can be deduced that B̂t decreases if the market price of permits de-
creases, everything else being equal. If it is more expensive to trade, firmswill reduce trading. In
an exchange, the abatement effort will rise to make sure the desired emission reduction can be
obtained. If M i

t , the net conditional expectation of the cumulative allowances, increases, B̂ i
t will

decrease. This has to do with the fact that the instantaneous effort decreases, as there are more
allowances expected. Furthermore, a positive economic shock will induce a rise in the integral
of the trading rate, as firms can buy more, ceteris paribus. Last, a bigger initial emission level
induces an increase in B̂t as well, since firms need to buy more allowances to get to the same
reduction, ceteris paribus.
Note that the optimal abatement effort does not depend on E0 directly, which may be counter-
intuitive. In the next section, we will see that P̂t depends on this, and so does the abatement
effort.

2.2 Market equilibrium

In the previous section, the optimal controls for a single firm were obtained. Here, it is time to
achieve the market equilibrium, that is, the market price P for a given, fixed, net allocation A
of the regulator. This market equilibrium arises from the trading in the market of permits. We

36



will assume that such an equilibrium exists and the firms trade until an equilibrium sets in. This
is needed to be able to deduce the market price in the equilibrium. It is the second step in the
solution of the optimal allocation, and the end of the first part of the backward induction to find
the Stackelberg equilibrium.
In themarket equilibrium, the followingmarket clearing condition is satisfied

N∑
i=1

β̂i
t = 0, P a.s. (2.24)

for all t ∈ [0,T ]. This condition can be thought of as the fact that in equilibrium, all allowances
sold at some point in time t ∈ [0,T ] should also be bought by another firm at that specific point
in time [FT22]. When we would consider N = 2 firms, it becomes clearly visible that we indeed
needβ1 =−β2 tomake sure the allowancesbought are soldby theother firm. Themarket clearing
condition is a generalisation of this fact. Note that this implies, by Remark 1.5 that this condition
also holds µ a.e.
Although no uniqueness for the trading rate β̂ could be obtained, it holds that optimality for the
market price P̂ can still be deduced. This is done in the following theorem.
Theorem 2.13. Assume that there is given an exogenous net allocation scheme
A = (A1, . . . AN ) ∈S N . The equilibrium price is then given by, µ a.e,

dP̂t =− f (t )

N
dZ (t ), P̂0 = f (0)(T H̄ − M̄0 + Ē0). (2.25)

Here,

Z (t ) =
N∑

i=1
M i

t −σi W i
t , M̄0 = 1

N

N∑
i=1

M i
0, H̄ = 1

N

N∑
i=1

ηi hi , Ē0 = 1

N

N∑
i=1

E i
0. (2.26)

Proof. We will use that, in the equilibrium, the market clearing conditions (2.24) hold. If we in-
tegrate this over time, we get

N∑
i=1

B̂ i
T =

N∑
i=1

∫ T

0
βi

sds = 0, P a.s.

If we now take the conditional expectation on both sides, this should stay zero. As E[B̂ i
T |F t ] = B̂ i

t
for all firms i , this implies

N∑
i=1

B̂ i
t = 0, P a.s.,

for all t ∈ [0,T ]. Taking the differential on both sides, the condition
N∑

i=1
dB̂ i

t = 0,

can be deduced, µ a.e. All the equations from now on hold a.e. First start with t > 0. Plugging in
the expressions for B̂ i

t of Theorem 2.12, we get
N∑

i=1
dB̂ i

t =−
N∑

i=1

(
1+2λ(T − t )ηi

2λ
dPt +d

(
M i

t −σi W i
t

))
=−

(
N +2λ(T − t )η̄N

2λ

)
dPt −

N∑
i=1

d
(
M i

t −σi W i
t

)
.

Equating the above to zero, we obtain

dP̂t =− 2λ

N
(
1+2λ(T − t )η̄

) N∑
i=1

d
(
M i

t −σi W i
t

)
=− f (t )

N

N∑
i=1

d
(
M i

t −σi W i
t

)
=− f (t )

N
dZ (t ). (2.27)
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For t = 0, it follows from (2.21)
N∑

i=1
B̂ i

0 =−
N∑

i=1

(
P̂0

1+2ληi T

2λ
+M i

0 −ηi hi T −E i
0

)
=−P̂0

N (1+2λη̄T )

2λ
−N M̄0 +T

N∑
i=1

ηi hi +
N∑

i=1
E i

0.

Equating to zero and solving for P̂0 results in

P̂0 =− 2λ

N (1+2λη̄T )
(N M̄0 −N Ē0 −T N H̄) = f (0)(T H̄ − M̄0 + Ē0). (2.28)

Together with (2.27), the equation above gives an expression for the optimal market price.

The optimalmarket price depends on the process (Zt ), which is the difference of the conditioned
net allowances process and the Brownian motion. In the BAU case, the bank account could be
defined, with zero controls in (1.36), as

X i ,BAU,E
T := Ai

T +σi W i
T −E i

0.

We see that then

dZt =
N∑

i=1
d(M i

t −σi W i
t ) =

N∑
i=1

dE
[

Ai
T −σi W i

T

∣∣∣F t

]
=

N∑
i=1

dE
[

X i ,BAU,E
T

∣∣∣F t

]
.

Hence, themarket price depends on the summation of the conditional expectations of the bank
accounts in theBAUcase. If the bank account in this scenario rises, we can see from the equation
above that themarketprice P̂t decreases, as the instantaneousdemand for allowancesdecreases,
ceteris paribus.
The initial market price depends on some parameters, the initial allocation and emission level.
First of all, if H̄ rises, the costs of abatement for every firm increase, as these depend on hi and ηi .
Then, themarket price will increase asmore firms will buy allowances on themarket, instead of
reducing their emissions directly via the abatement effort. Second, if the initial allocation rises,
themarket prices decreases, as there are fewer allowances needed and the supply of permits will
grow. Lastly, we also see that themarket price depends on the initial emission level. An increase
of the initial emission level induces a decrease in the bank account, increasing the demand of
allowances.
The expressions for α̂ and B̂ stay the same, with P̂ substituted in Equations (2.17) and (2.22). Any
β ∈A that satisfies

B̂ i
T =

∫ T

0
βi

tdt ,

is optimal. One could question whether such a trading rate β ∈ A even exists. This is treated in
the next subsection. Before this, one last remark is made.
Remark 2.2. In this remark, a few comparisons with [AB23] are made. Compared to Proposition
4.2 of [AB23] a factor 1/N is added in the expression for dP̂t . Furthermore, on page 94 of [AB23] it
is stated that the relation,

B̂ i
T = B̂ i

0 +
∫ T

0
β̂i

tdt , ,

holds. However, we think that the following two relations hold separately,

(1) B̂ i
T =

∫ T

0
βi

tdt , B̂ i
t = E

[
B̂ i

T

∣∣∣F t

]
,

(2) B̂ i
t = B̂ i

0 +
∫ t

0
dB̂ i

s ,

where dB̂ i
s is given in (2.22).
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2.2.1 Existence of a square-integrable trading rate

From Theorem 2.12, we know that the optimal trading rate β̂i is non-unique, but there exists at
least oneoptimal solution, byTheoremB.1. However, itmaybe that it satisfies the relation (2.12),
but it is not square-integrable and progressively measurable. This is not desirable; therefore, we
want to determine whether and when it holds true that β ∈A , when it fulfils relation (2.12). This
subject is covered partially in both Remark 4.3 of the main paper [AB23] and the subsequent
article [BZ23].
We start with the remark of [AB23], where the following observation is stated. Suppose that
B̂ i

t = B̂ i
0 for all t ∈ [0,T ] and a specific firm i . Then, B̂t is constant and thus square-integrable

and progressively measurable. It follows that

βi
t =

B̂0

T
,

is optimal, for t ∈ [0,T ]. Indeed, then

B̂T =
∫ T

0
βi

tdt = B̂0, B̂t = E
[∫ T

0
βi

tdt

∣∣∣∣F t

]
= B̂0,

which exactly correspondswith the given relation . Wewill see in the optimal dynamic allocation
in Section 2.3 that this correspondswith the optimal B̂ determined there. After this, in the article,
there are examples are provided in which the trading rate exists and is square-integrable, while
in another case, it is not square-integrable. The Martingale Representation Theorem is used,
however, it appears that the dimensions of the Brownian motion have not been properly taken
into account. Furthermore, the examples are given in a fairly specific case. Therefore, for the
remainder of this section, we will rely on [BZ23], since it is more general.
Based on this article, we are in the strongly regular case, as we satisfy the condition

E

[∫ T

0

(
βi

t

)2
dt

]
<∞, (2.29)

since every βi ∈ A . This article makes the assumption that all local martingales are continu-
ous, which is stronger than we have in Proposition A.18. In our case, the allowances A are local
martingales, but not necessarily continuous. Since the results are interesting, we still show the
proposition below, but we should be careful with directly applying it to our case. Recall that we
look for the control βi such that∫ T

0
β̂i

tdt = B̂ i
T , a.s, (2.30)

where B̂ i
T is the given random variable of Theorem 2.12. An important result can be found in the

proposition below.
Proposition 2.14. [BZ23, pg. 3] Let

β̂i
t =

1

T
B̂ i

0 +
∫ t

0

1

T − s
dB̂ i

s , (2.31)

for t ∈ [0,T ). Then, there exists at least one suitable solution to (2.30) and if only if the given β̂i ∈A .
Furthermore, the control variable β̂i that satisfies (2.30) is uniquely defined, up to amodification,
given by (2.31).

(Sketch of) proof. The proof of the first implication relies on finding a minimum, employing a
perturbation argument and an application of Itô’s lemma. Additionally, it establishes that every
βi that fulfils (2.31) is a martingale. However, the whole proof is quite lengthy and outside the
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scope of this thesis. It can be found in [BZ23, pg. 4]. It even holds that β̂i obtained in the cited
article is progressively measurable. Indeed, by Proposition A.15, we have that (β̂i

t ) is continuous
and adapted, as it holds that β̂i

t is a martingale and we assume that all martingales are continu-
ous. By Proposition A.5, β̂i

t is progressively measurable. Hence, β̂i ∈A .
Now assume that β̂i ∈ A , then, we need to show that it satisfies (2.30). We will use Itô’s lemma
several times. First, we will apply it to (T − t )β̂i

t . Then, it holds for t ∈ [0,T ),

d(T − t )β̂i
t =−β̂i

tdt + (T − t )dβ̂i
t =−β̂i

tdt + (T − t )d 1

(T − t )
dB̂ i

t =−β̂i
tdt +dB̂ i

t ,

(T − t )β̂i
t = T β̂i

0 + B̂ i
t − B̂ i

0 −
∫ t

0
β̂i

sds = B̂ i
t −

∫ t

0
β̂i

sds.

by the differential form of (2.31). We can rewrite the above to
1

(T − t )

∫ t

0
β̂i

sds =−β̂i
t +

1

T − t
B̂ i

t . (2.32)

We can again apply Itô’s lemmaon the function on the right-hand side of the equation, giving for
t ∈ [0,T ),

1

T − t
B̂ i

t =
1

T
B̂ i

0 +
∫ t

0

1

T − s
dB̂ i

s −
∫ t

0

B̂ i
s

(T − s)2ds = β̂i
t −

∫ t

0

B̂ i
s

(T − s)2ds.

Plugging this in (2.32), we can write
∫ t

0
β̂i

sds =
∫ t

0
B̂ i

s

(T−s)2ds
1

(T−t )

.

We take a limit on both sides, to get
∫ T

0
β̂i

sds = lim
t→T

∫ t

0
β̂i

sds = lim
t→T

∫ t
0

B̂ i
s

(T−s)2ds
1

(T−t )

. (2.33)

By applying L’Hôpital’s rule on the stochastic integral and the deterministic denominator, the
right-hand side reduces exactly to B̂ i

T , fromwhich thedesired result is obtainedand indeed (2.30)
holds, a.s.
Left to prove is that the representation (2.31) is unique. Suppose that there exists another mar-
tingale β∗,i ∈A that fulfils (2.31). Then, by themartingality of β∗,i , we can write for t ∈ (0,T ],

E

[∫ T

0
β̂idt

∣∣∣∣F t

]
= B̂ i

t = E
[∫ T

0
β∗,i

t dt

∣∣∣∣F t

]
=

∫ t

0
β∗,i

t dt +β∗,i
t (T − t ),

which implies

L(t ) : =
∫ t

0
β∗,i

u − β̂i
udu +

(
β∗,i

t − β̂i
t

)
(T − t ) = 0,

where in the last step we use that the first equation can also be employed for β̂i itself. By taking
the differential of L(t ) with Itô’s lemma, we obtain the desired result for t ∈ [0,T ),

dL(t ) =
(
β∗,i

t − β̂i
t

)
dt −

(
β∗,i

t − β̂i
t

)
dt + (T − t )d

(
β∗,i

t − β̂i
t

)
= (T − t )d

(
β∗,i

t − β̂i
t

)
= 0,

d
(
β∗,i

t − β̂i
t

)
= 0, β∗,i

t = β̂i
t + c.

Since the value for t = 0 is the same in both cases, it follows that c = 0 and β̂i
t unique.

In the rest of this thesis, we will assume that, given the process B̂ i , β̂i ∈ A exists. In some cases,
this value can be determined, in other cases, only the value of B̂ i will be available.
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2.3 Optimal dynamic policy

In this section, the last step of the Stackelberg gamewill be handled. That is, the regulator wants
to minimise her objective function, with respect to the vector of net allocations A ∈ S N , given
the optimal controls for every firm and the equilibriummarket price of permits. This results in
the following social costs minimisation problem, corresponding to (1.45) with ν→∞,

inf
A∈S N

E

[
N∑

i=1

∫ T

0
hi α̂

i
t +

(α̂i
t )2

2ηi
+ β̂i

t P̂tdt +λ
(

X̂ i ,E
T

)2
]
s.t. E

[
N∑

i=1
E i ,α̂i

T

]
= ρN

(
Ē0 +T µ̄

)
. (2.34)

Since we assume that themarket is in an equilibrium, themarket clearing condition is satisfied.
This means that

E

[
N∑

i=1

∫ T

0
β̂i

t P̂tdt

]
= E

[∫ T

0

N∑
i=1

β̂i
t P̂tdt

]
= E

[∫ T

0
P̂t

(
N∑

i=1
β̂i

t

)
dt

]
= E

[∫ T

0
0dt

]
= 0.

With this, the optimisation problem given above reduces to

inf
A∈S N

E

[
N∑

i=1

∫ T

0
hi α̂

i
t +

(α̂i
t )2

2ηi
+λ

(
X̂ i ,E

T

)2
]
s.t. E

[
N∑

i=1
E i ,α̂i

T

]
= ρN

(
Ē0 +T µ̄

)
. (2.35)

This is the objective functionwe areworkingwith in this chapter. To begin, the constraint on the
total emissions in the case of abatement can be reformulated as a constraint on average of the
expected value of the cumulative net allocations, denoted by M̄0. For this, recall the definition of
(M i

t ) from (2.1). The result is proven in the following proposition.
Proposition 2.15. The constraint

E

[
N∑

i=1
E i ,α̂i

T

]
= ρN

(
Ē0 +T µ̄

)
.

induces that

M̄0 = 1

2λη̄

(
H̄ +

(
1−ρ)

Ē0

T
+ (1+2λη̄T )(1−ρ)µ̄−2λη̄ρĒ0

)
=: l (ρ),

Proof. Let us start with the given constraint. It holds that

E

[
N∑

i=1
E i ,α̂i

T

]
= E

[
N∑

i=1
E i

0 +
∫ T

0

(
µi − α̂i

s

)
ds +σi W i

T

]
=

N∑
i=1

E i
0 +

∫ T

0
E
[
µi − α̂i

s

]
ds

=
N∑

i=1
E i

0 +µi T −
∫ T

0
E
[
α̂i

s

]
ds, (2.36)

by a Fubini argument and the fact that a Brownianmotion has zero expectation. Using that P̂ is
a martingale, we obtain

E
[
α̂i

s

]
= E[

ηi
(
P̂s −hi

)]= ηi
(
E
[
P̂s

]−hi
)= ηi (P̂0 −hi ).

Thus, (2.36) results in

E

[
N∑

i=1
E i ,α̂i

T

]
=

N∑
i=1

E i
0 +µi T −

∫ T

0
ηi

(
P̂0 −hi

)ds = N Ē0 +N T
(
µ̄− η̄P̂0 + H̄

)
.
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When we equate the outcome of the equation above to the constraint in (2.35), the following
value for P̂0 can be deduced,

N Ē0 +N T (µ̄− η̄P̂0 + H̄) = ρN
(
Ē0 +T µ̄

)
,

P̂0 = 1

η̄

(
H̄ +

(
1−ρ)

Ē0

T
+ (1−ρ)µ̄

)
. (2.37)

It follows that the constraint on the total emissions results in a constraint on the initial optimal
market price. Since the market price is a martingale, it has constant expectation. This means
that the initial optimal market price is also the expected value, or average, of the market price.
That is,

E
[
P̂t

]= E[
P̂0

]= P̂0.

With the relation (2.37), this implies that the average optimal market price of allowances is in-
fluenced by several parameters that are involved in the optimisation problem. It is fixed by the
system as long as ρ is known. In Equation (2.28), another expression for P̂0 was deduced. When
we equate these two equations and solve for M̄0, we obtain

f (0)(T H̄ − M̄0 + Ē0) = 1

η̄

(
H̄ +

(
1−ρ)

Ē0

T
+ (1−ρ)µ̄

)
,

M̄0 = T H̄ + Ē0 − 1

η̄ f (0)

(
H̄ +

(
1−ρ)

Ē0

T
+ (1−ρ)µ̄

)
.

By plugging in f (0), this can be simplified to

M̄0 =− 1

2λη̄

(
−2λη̄T H̄ −2λη̄Ē0 + (1+2λη̄T )H̄ + (1+2λη̄T )

((
1−ρ)

Ē0

T
+ (1−ρ)µ̄

))
=− 1

2λη̄

(
H̄ +

(
1−ρ)

Ē0

T
+ (1+2λη̄T )(1−ρ)µ̄−2λη̄ρĒ0

)
=: l (ρ). (2.38)

Indeed, the given constraint can be reformulated to a constraint on M̄0.

Note that all the parameters, including µ̄ and Ē0, are given to be non-negative. The sign of l (ρ)
cannot be determined yet. However, when Ē0 = 0, it follows that M̄0 reduces to

M̄0 =− 1

2λη̄

(
H̄ + (1+2λη̄T )(1−ρ)µ̄

)< 0.

Then, l (ρ) < 0 holds for every possible value of ρ. Recall that M̄0 = 1
N

∑N
i=1E[Ai

T ], by construction
of the variable M . We can conclude that, on average, the cumulative allocation at time T is neg-
ative, when Ē0 = 0. As introduced in Chapter 1, negative allowances are indeed possible and can
be interpreted as allowances being removed from the market, as a negative allowance can be
considered as a penalty on the bank account.
From the above, we see that the condition on the total emissions at time T translates via a condi-
tion on the initial, optimal, equilibrium,market price to a condition on M̄0. That is, in (2.35), the
constraint can be exchanged by M̄0 = l (ρ). Not only this is possible, but the complete social costs
minimisation problem can be minimised in terms of the martingale process (M i

t ) = E[Ai
T |F t ],

instead of the semimartingale Ai directly. The following corollary summarises this idea mathe-
matically.
Corollary 2.16. Let M N be the space of N-tuples of square-integrable martingales where M i be-
longs to, and denote a tuple of square-integrable martingales in this space by M⃗ . The social cost
minimisation problem of (2.35) can be rewritten to

inf
M⃗∈M N

E

[
N∑

i=1

∫ T

0
hi α̂

i
t +

(α̂i
t )2

2ηi
+λ

(
X̂ i ,E

T

)2
]
s.t. M̄0 = l (ρ). (2.39)
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Proof. The initial condition follows from Proposition 2.15. Since α̂i
t = ηi (P̂t −hi ), and

P̂t = P̂0 −
N∑

i=1

∫ T

0

f (t )

N
dM i

t +
N∑

i=1

∫ T

0

f (t )σi

N
dW i

t ,

we see that α̂i
t only depends on Ai via M i . Furthermore, by Equation (2.23), it follows that also

λ(X̂ i ,E
T )onlydependson Ai throughM i . Hence, it holds for all firms i that α̂i

t and X̂ i ,E
T onlydepend

on Ai through M i . The result follows.

Our social costs problem is now rewritten to an infimum over the conditional allocations. To
find the conditional allocations, even more can be said about the tuple of martingales M⃗ ∈M N .
It follows by the Martingale Representation Theorem that every martingale M i ∈ M can be rep-
resented as

M i
t = M i

0 +
N∑

j=0

∫ t

0
γ

i , j
s dB̃ j

s , (2.40)

where γi , j is a progressively measurable stochastic process, which satisfies

E

[∫ T

0

(
γ

i , j
s

)2
ds

]
<∞,

for every i , j . To apply this theorem, we need that M has a cadlagmodification, which is the case
by Proposition A.3.
Let γ⃗i = (

γi ,0, . . . ,γi ,N ,
). It follows by the proposition above, that, to represent martingale M i ∈M ,

it is enough to identify (M i
0, γ⃗i ). This holds for every firm i ∈ {1, . . . , N }. Thus, finding the initial

conditions M i
0 and vectors γ⃗i for every firm in the social costsminimisation problemwill give us

immediately expressions for M⃗ ∈M N .
Now, we have gathered enough information to state and prove themain theoremof this chapter.
Theorem2.17. The solution to the social costsminimisation problemof the regulator, in rewritten
version given in Equation (2.39), is given by

1

N

N∑
i=1

M i
0 = l (ρ),

N∑
i=1

(
γ

i , j
t −σiκi , j

)
= 0, for j = 0, . . . , N ,µ a.e.

The optimal martingales M⃗ are not unique.

Proof. The first required relation for M̄0 follows immediately by the constraint given. To get to
the solutions for γ, several mathematical arguments are needed. First, we need to plug in α̂i

t of
(2.17) and (2.23) in the objective function. We obtain

E

[
N∑

i=1

∫ T

0
hi α̂

i
t +

(α̂i
t )2

2ηi
dt +λ

(
X̂ i ,E

T

)2
]
= E

[
N∑

i=1

∫ T

0
hiηi

(
P̂t −hi

)+ (
ηi

(
P̂t −hi

))2

2ηi
dt +λ

(
− 1

2λ
P̂T

)2
]

,

=
N∑

i=1
E

[∫ T

0
hiηi P̂t −h2

i ηi dt

]
+

N∑
i=1

E

[∫ T

0

ηi
(
P̂t

)2

2
−ηi hi P̂t +

ηh2
i

2
dt

]
+ N

4λ
E
[
P̂ 2

T

]
.

This follows from the fact that (P̂t ) is a martingale in the equilibrium, so it has a constant expec-
tation equal to P̂0. When interchanging the integral over time and the expectation, by a Fubini
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argument, it follows that
N∑

i=1
E

[∫ T

0
hiηi P̂t −h2

i ηidt

]
= T

N∑
i=1

(
hiηi P̂0 −h2

i ηi
)

,

N∑
i=1

E

[∫ T

0

ηi (P̂t )2

2
−ηi hi P̂t +

ηi h2
i

2
dt

]
= 1

2

N∑
i=1

ηi E

[∫ T

0
P̂ 2

t dt

]
−T

n∑
i=1

(
ηi hi P̂0 −

ηi h2
i

2

)
.

Consequently,

E

[
N∑

i=1

∫ T

0
hi α̂

i
t +

(α̂i
t )2

2ηi
+λ

(
X̂ i ,E

T

)2
]
= 1

2

N∑
i=1

ηi E

[∫ T

0
P̂ 2

t dt

]
− T

2

N∑
i=1

h2
i ηi + N

4λ
E[P̂ 2

T ]. (2.41)

Since P̂ is amartingale, it follows by Proposition A.18 that it has a continuousmodification. If we
work on this modification, we can apply Itô’s lemma on P̂ 2

t . Therefore, for t ∈ [0,T ], we have

P̂ 2
t = P̂ 2

0 +
∫ T

0
P̂tdP̂t +〈P̂〉t −〈P̂〉0.

Note that the inner integral is well-defined, because P̂ is a progressively measurable, continu-
ous process, if we work on the aforementioned modification. By definition, 〈P̂〉0 = 0 as P̂0 is de-
terministic. Furthermore, ∫ T

0 P̂tdP̂t is a square-integrable martingale with zero expectation, by
Proposition A.15 . This implies

E
[
P̂ 2

t

]= P̂ 2
0 +E

[∫ T

0
P̂tdP̂t

]
+E[〈P̂〉t

]= P̂ 2
0 +E

[〈P̂〉t
]

.

This can be used to rewrite (2.41) to

1

2

N∑
i=1

ηi E

[∫ T

0
P̂ 2

t dt

]
− T

2

N∑
i=1

h2
i ηi + N

4λ
E[P̂ 2

T ] = 1

2

N∑
i=1

ηi

(∫ T

0
P̂ 2

0dt +E
[∫ T

0
〈P〉tdt

])
− T

2

N∑
i=1

h2
i ηi

+ N

4λ

(
P̂ 2

0 +E[〈P̂〉T ]
)

= 1

2

N∑
i=1

ηi T P̂ 2
0 +

N∑
i=1

ηi

2
E

[∫ T

0
〈P〉tdt

]
− T

2

N∑
i=1

h2
i ηi + N

4λ
P̂ 2

0

+ N

4λ
E[〈P〉T ]

=
N∑

i=1

(
Tηi

2
P̂ 2

0 −
1

4λ
P̂ 2

0 −
ηi T

2
h2

i

)
+

N∑
i=1

ηi

2
E

[∫ T

0
〈P̂〉tdt

]
+ N

4λ
E[〈P̂〉T ].

By (2.28), we see that the initial market price is completely fixed by the constraint on M̄0 and
other given, fixed, constants of the model. In the expression on the right all parameters, except
for 〈P̂〉, are given, or fixed by the initial constraint M̄0 = l (ρ). Thus, the remaining question iswhat
value of 〈P̂〉, depending on M , makes the equation above as small as possible.
By definition, the quadratic variation process is non-negative. Since λ,ηi > 0 for all firms, the
parts that involve the quadratic variation process are also non-negative, by the fact that the time
integral of a non-negative integrand is again non-negative. This implies that the social costs
above are as small as possible if and only 〈P〉t = 0, a.s, for all t ∈ [0,T ].
Since P̂ is a martingale itself, according to Proposition A.13, onemight attempt to conclude that
P̂t = 0, almost surely, for all t ∈ [0,T ]. However, caution is required in this scenario, because P̂0 ̸= 0.
Thus, this proposition does not apply. Otherwise, in the optimum, the price process of permits
P would be almost surely zero, which is not what we aim for.

44



From the fact that we need 〈
P̂

〉
t = 0 for all t ∈ [0,T ], we can arrive at a condition regarding the

process M . For this, it is enough to identify for every firm (M i
0, γ⃗i ). The derived expression for P̂

in Equation (2.25) is used. In integral form, themarket price P̂ is given by

P̂t = P̂0 −
N∑

i=1

1

N

∫ t

0
f (s)d

(
M i

s −σi W i
s

)
:= P̂0 −

∫ t

0
f (s)d(

M̄s −W̄s
)

, (2.42)

where

M̄t = 1

N

N∑
i=1

M i
t , W̄t = 1

N

N∑
i=1

σi W i
t .

From this, it follows by Itô isometry and the fact that the integrand is deterministic [Shr+04, pg.
149] that

Pt ∼N

(
P̂0,

∫ t

0
f (s)2d〈M̄ −W̄ 〉s

)
, (2.43)

whereN represents the normal distribution. By the definition of a quadratic variation of a semi-
martingale, it follows that

〈
P̂

〉
t =

〈∫ ·

0
f (s)d(M̄s −W̄s)

〉
t

. (2.44)

The expression inside the brackets is amartingale starting at zero. Hence, whenwe equate 〈P̂〉t =
0, we obtain, by Proposition A.13, that∫ t

0
f (s)d(M̄s −W̄s) = 0, (2.45)

a.s, for all t ∈ [0,T ]. However, by properties of the quadratic variation, (2.44) can also be rewritten
to

0 = 〈P̂〉t =
〈∫ ·

0
f (s)d(M̄s −W̄s)

〉
t
=

∫ t

0
f (s)2d〈M̄ −W̄ 〉s . (2.46)

By Itô’s isometry, it follows that

E

[(∫ t

0
f (s)d(M̄ −W̄ )s

)2
]
= E

[∫ t

0
f (s)2d〈M̄ −W̄ 〉s

]
= 0.

Hence, the Equations (2.45) and (2.46) are equivalent. From (2.46), it follows, since f (s)2 > 0, by
the fact that f (s) > 0, that the following condition should hold to make the integral above equal
to zero,

〈M̄ −W̄ 〉t = c,

where c ∈ R, for all t ∈ [0,T ], a.s. Here, we have used that M̄ −W̄ has a continuous modification.
By Definition A.15, it holds that the quadratic variation of this process is also continuous. Since
〈M̄ −W̄ 〉0 = 0, it follows directly that c = 0.
Note that the process Y := (M̄ −W̄ ) is martingale, with initial value Y0 = M̄0 ̸= 0. The same trick
as done for 〈P̂〉 can be done here, using that the process M can be written as in Equation (2.40).
Rewriting this at first, we get

M̄t = 1

N

N∑
i=1

M i
t =

1

N

N∑
i=1

M i
0 +

1

N

N∑
i=1

∫ t

0

N∑
j=0

γ
i , j
s dB̃ j

s = M̄0 + 1

N

N∑
i=1

∫ t

0

N∑
j=0

γ
i , j
s dB̃ j

s .
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By properties of the quadratic variation of a semimartingale, we get

〈M̄ −W̄ 〉t =
〈

M̄0 + 1

N

N∑
i=1

∫ ·

0

N∑
j=0

γ
i , j
s dB̃ j

s −W̄

〉
t

=
〈

1

N

N∑
i=1

∫ ·

0

N∑
j=0

γ
i , j
s dB̃ j

s −W̄

〉
t

= 0.

By Proposition A.13, this implies that the condition on the quadratic variation translates to

1

N

∫ t

0

N∑
i=1

N∑
j=0

γ
i , j
s dB̃ j

s −W̄t = 0,

a.s, for all t ∈ [0,T ]. This reduces to, a.s,

0 = 1

N

N∑
i=1

∫ t

0

N∑
j=0

γ
i , j
s dB̃ j

s −W̄t = 1

N

N∑
i=1

(∫ t

0

N∑
j=0

γ
i , j
s dB̃ j

s −σi W i
t

)

= 1

N

N∑
i=1

(∫ t

0

N∑
j=0

γ
i , j
s dB̃ j

s −σi

(
N∑

j=0
κi , j B̃ j

s

))
. (2.47)

We need to choose (⃗γ1, . . . γ⃗N ) such that 〈P〉t = 0 and thus the equality above holds. We get, by
writing the Brownianmotion as an integral,

0 =
N∑

i=1

N∑
j=0

∫ t

0
γ

i , j
s dB̃ j

s −σi

(
N∑

j=0
κi , jdB̃ j

s

)
=

N∑
i=1

N∑
j=0

∫ t

0

(
γ

i , j
s −σiκi , j

)
dB̃ j

s =
N∑

j=0

(∫ t

0

N∑
i=1

(
γ

i , j
s −σiκi , j

))
dB̃ j

s ,

(2.48)

a.s, for every t ∈ [0,T ]. By Itô’s isometry, in Proposition A.16, together with Proposition A.12 and
the fact that B̃ is an N +1-dimensional, independent, Brownianmotion, it follows that

0 = E
[(

N∑
j=0

∫ t

0

(
N∑

i=1

(
γ

i , j
s −σiκi , j

))
dB̃ j

s

)2]
= E

[
N∑

j=0

∫ t

0

(
N∑

i=1

(
γ

i , j
s −σiκi , j

))2

ds

]

+
N∑

j=0

N∑
k=0
k ̸= j

E

[∫ t

0

(
N∑

i=1
γ

i , j
s −σiκi , j

)(
N∑

i=1
γi ,k

s −σkκi ,k

)
d

〈
B̃ j , B̃ k

〉
s

]

= E
[

N∑
j=0

∫ t

0

(
N∑

i=1

(
γ

i , j
s −σiκi , j

))2

ds

]
.

From the above and the linearity of the expectation, we recognise a summation of a norm,

0 = E
[

N∑
j=0

∫ t

0

(
N∑

i=1

(
γ

i , j
s −σiκi , j

))2

ds

]
=

N∑
j=0

∥∥∥∥∥ N∑
i=1

(
γi , j −σiκi , j

)∥∥∥∥∥
2

.

By the non-negativity of the norm, this reduces, according to Equation 1.17 to
N∑

i=1
γ

i , j
t −σiκi , j = 0, (2.49)

for all j = 0,1, . . . , N , µ a.e.

To minimise the social costs, we should choose every M i
0 such that M̄0 = l (ρ) and γi , j

t for all rele-
vant i , j such that the equations of (2.49) is satisfied. Then, the square-integrable martingale M⃗
is determined. Note that the Equations in (2.49) do not have a unique solution, which implies
that the optimal dynamic policy is not unique either.
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Weare already able to deduce an explicit formulation of the optimal abatement effort in the case
of optimal allocation. By the fact that 〈M̄ −W̄ 〉 = 0, we have from (2.43) that P̂t has zero variance
for all t ∈ [0,T ]. Hence, P̂t is constant and equal to P̂0, for all t ∈ [0,T ]. As a result,

α̂t = ηi (P̂t −hi ) = ηi (P̂0 −hi ) = α̂0,

for all t ∈ (0,T ]. The abatement effort is still unique. This does not hold for the other parameters
that we work with. However, the social cost minimum can be quantified in this setting. Call the
corresponding costs of Equation (2.39)C E

opt. Then, plugging in all the relations,

C E
opt = E

[
N∑

i=1

∫ T

0
hi α̂

i
t +

(α̂i
t )2

2ηi
+λ

(
X̂ i ,E

T

)2
]

=
N∑

i=1

(
Tηi

2
P̂ 2

0 +
1

4λ
P̂ 2

0 −
ηi T

2
h2

i

)
+

N∑
i=1

ηi

2
E

[∫ T

0
〈P̂〉tdt

]
+ N

4λ
E[〈P̂〉T ]

=
N∑

i=1

(
Tηi

2
P̂ 2

0 −
ηi T

2
h2

i

)
+ N

4λ
P̂ 2

0

=−T

2

N∑
i=1

h2
i ηi + N

4λ

(
2η̄λT +1

)
P̂ 2

0 . (2.50)

These are the associated social costs in the optimal dynamic policy.

The vectors γ⃗i are chosen such that they nullify the volatility of the price. This way, the expected
value of the price process over time is fixed, by the required emission reduction of the regulator.
Not much yet can be said about the allocation specifically, we only know that Equation (2.49)
should be satisfied to get optimal values for the conditional allocations M i . Since the solutions
for theprocessM i arenon-unique,wewill only be able to identify non-uniqueprocess Ai aswell,
since the conditional expectation is identified non-uniquely.
Next, a specific solution of the equations (2.49) will be determined.
Example 2.1 (Standard allocation). A particular solution of (2.49) can be found by setting

γ̂
i , j
t =σiκi , j ,

for all relevant i , j and t ∈ [0,T ], a.s. Furthermore, given M̄0 = l (ρ), we choose M̂ i
0 = l (ρ). Every firm

gets the same expected allocation. Based on these values, the expression of the other parameters
can be deduced. For completeness, all the parameters are stated here, also those that are already
deduced. The equations below hold for all t ∈ [0,T ], a.s.

(i) The price process P̂ of permits is constant, by the fact that it has zero volatility, and given by

P̂t = P̂0 = f (0)

η̄

(
T H̄ − M̄0 + Ē0

)
. (2.51)

(ii) As a consequence, the optimal abatement effort is unique and given by

α̂i
t = α̂i

0 = ηi
(
P̂0 −hi

)
. (2.52)

(iii) With γ̂i , j
t and M̂ i

0 given above, the solutions of M i reduce in this case to

M̂ i
t = M̂ i

0 +
N∑

j=0

∫ t

0
γ̂

i , j
s dB̃ j

s = M̂ i
0 +

∫ t

0

N∑
j=0

σiκi , jdB̃ j
s

= M̂ i
0 +σi

∫ t

0
d

(
N∑

j=0
κi , j B̃ j

s

)
= M̂ i

0 +σi

∫ t

0
dW i

s

= M̂ i
0 +σi W i

t .
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(iv) Consequently, the optimal allocation A⃗ ∈ S N is not unique, as the conditional expectation
is not unique. By construction, we need that

M̂ i
T = E

[
Ai

T

∣∣∣F T

]
= Ai

T .

This implies that

E
[

M̂ i
T

∣∣∣F t

]
= M̂ i

t = E
[

Ai
T

∣∣∣F t

]
.

Indeed, it holds that E[M̂ i
t ] = M̂ i

0 = l (ρ). It holds that the followingmartingale Ai is optimal,

Âi
t = l (ρ)+σi W i

t = M̂ i
t .

Then, the shifted allocation Ãi is given by

Ãi
t = Âi

t +µi t = l (ρ)+σi W i
t +µi t .

It is immediate that this corresponds with our formulation of M̂ i
t .

(v) Recall that the trading rate β̂i was already determined to be non-unique. In this example,
the trading rate can be determined. It holds that

B̂ i
t =σi W i

t +E i
0 −

1

2λ
P̂t − M̂t −

∫ t

0
ηi

(
P̂s −h

)
ds −ηi

(
P̂t −hi

)
(T − t )

=σi W i
t +E i

0 −
1

2λ
P̂0 − (M̂ i

0 +σi W i
t )−ηi

(
P̂0 −hi

)
t −ηi

(
P̂0 −hi

)
(T − t )

= E i
0 −

1

2λ
P̂0 − M̂ i

0 −ηi
(
P̂0 −hi

)
T =−

(
M̄0 −E i

0 +
1+2ληi T

2λ
P̂0 −ηi hi T

)
= B̂ i

0. (2.53)

As this is non-random, we see that we can choose

β̂i
t =

B̂ i
0

T
,

which coincides with the beginning of Subsection 2.2.1.

(vi) The social costsC i ,E
opt correspond with those given in the theorem, and equal

C E
opt =−T

2

N∑
i=1

h2
i ηi + N

4λ

(
2η̄λT +1

)
P̂ 2

0 .

(vii) With all the values as above, the bank account (X̂ i ,E
t ) reduces to

X̂ i ,E
t = Âi

t +
∫ t

0
α̂i

s + β̂i
sds −σi W i

t −E i
0

= l (ρ)+σi W i
t + α̂i

0t + β̂i
0t −σi W i

t −E i
0

= l (ρ)+ α̂i
0t + β̂i

0t −E i
0.

In this example, the volatility of the price is tackled by allocating volatility of every economic
shock, consisting of the commoneconomic shock and the shocks per firm. FromEquation (2.52)
it appears that the firms will have positive abatement effort, when P̂0 > 0. Since M̄0 < 0, when
Ē0 = 0, it follows from (2.51) that indeed P̂0 > 0. In the other cases, this cannot be directly con-
cluded.Furthermore, M̂ i

t and Ãi
t are positive for t ∈ (0,T ] as long as the drift of the BAU emissions

is of higher order than the volatility, the same reasoning why the BAU emissions are assumed
positive. When the initial allocation is negative, we could say that the regulator first distributes
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a penalty on the bank account, and afterwards allocates true permits for t ∈ (0,T ]. If the drift is
not of higher order than the volatility, therewould be an initial penalty on the bank account, and
then also only negative allowances afterwards. This is not realistic. In the GBM case, such an
assumption does not need to bemade however, which we will see in Chapter 3.
Since the allocations are cumulative, we recognise

Ãi
t = l (ρ)+E i

t −E i
0,

the BAU emissions appear in the equation of the allocation. This is exactly the quantity that is
distributed by the regulator for time t ∈ (0,T ], if the drift is of higher order than the volatility.
Last, a few comments can bemade about the trading rate β̂i

t , under the assumption that E i
0 = Ē0,

all firms have the same initial emission level. Then, (2.53) can be further simplified to

β̂i
t =− 1

T

(
l (ρ)−E i

0 +
1+2ληi T

2λ
P̂0 −ηi hi T

)
=− 1

T

(
l (ρ)−E i

0 +
1+2ληi T

2λ

(
2λ

1+2λη̄T

(
T H̄ + Ē0 − l (ρ)

))−ηi hi T

)
=− 1

T

(
2λ(η̄−ηi )T

1+2λη̄T

(
l (ρ)− Ē0

)+T H̄

(
1+2ληi T

1+2λη̄T
− hiηi

H̄

))
.

When ηi = η̄, but hi ̸= h̄, that is, every firm has identical flexibility parameter, we see that β̂i
t ⩾ 0

when

−η̄h̄ +hi η̄⩾ 0,

hi ⩾ h̄.

The firms that satisfy this condition will buy allowances, since they have a positive trading rate.
This is reasonable, as these firms have higher abatement costs than the firms for which hi < h̄.
Thus, it is cheaper for them to buy extra allowances. The firms that do not satisfy this condition
will sell permits.
When ηi = η̄ and hi = h̄ for all firms, it follows easily that β̂i

t = 0 for all firms and all t ∈ [0,T ]. Then,
the only non-negative control variable is the abatement effort. Since every firm has the same
abatement costs andmarginal abatement costs, it is not beneficial to trade the permits such that
the abatement takes place where it is the cheapest.
This chapter is ended with one last remark.
Remark 2.3. Equation (2.49) is more general than obtained in Section 5 of [AB23], since we work
with a more general correlation structure. This structure only appears to be important in the last
part of the proof of the previous section, since before that we only look at the correlated Brownian
motion (W ). If we plug in (1.5) of the previous chapter, the relevant equations become

N∑
i=1

γi ,0
t −σiκi = 0,

N∑
i=1

γ
i , j
t −σ j

√
1−κ2

j = 0, (2.54)

µ a.e, for all t ∈ [0,T ] and j ∈ {0, . . . , N }. This exactly corresponds with the solutions obtained in
[AB23]. The example of the standard allocation described before is based on the example in the
same source, but extended to the full correlation case. Furthermore, there, the equations are ob-
tained for all t ∈ [0,T ], however, it is not clearly mentioned in what sense. The equations here are
obtained µ=P×λ1 almost everywhere.
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3 | ModellingBAUEmissionswithGBM

In this chapter, the optimal allocation in the case where the BAU emissions are modelled as a
Geometric Brownianmotion, is derived. Furthermore, the solutions of this chapter will be com-
pared theoretically to the solutions obtained in the Brownian framework. A numerical compar-
ison can be found in Section 4.3. The content of this chapter is novel and extends the Brownian
framework introduced in [AB23]. The main advantage and motivation of this approach is that
we do not need to make any assumptions on the drift and the volatility to get non-negative cu-
mulative BAU emissions, as already discussed in Chapter 1.
Thereare several similarities in theobjective functions in theBrownian frameworkand this chap-
ter. The main difference will appear from the Geometric Brownian motion in the bank account
(X i ,G

t ), instead of the Brownian motion itself. The dependence of αi and βi in this bank account
doesnot change. Basedon this bankaccount and the sameobjective function for thefirms, given
in (1.43), the optimal dynamic allocation can be found. This is deduced via the two same steps
of the Stackelberg game, which consist of the firms minimisation, the market equilibrium, and
the optimal dynamic allocation of the regulator. The proof is similar to the proof in the Brown-
ian motion case. Several proofs are omitted, but the main differences are worked out in detail.
Before we start, we introduce some notation.
Definition 3.1. Let M N be as in Corollary 2.16 and M̃ ∈ M N , be such that M̃ i

t = E[
Ãi

T |F t
]
, where

(Ãi
t ) is the cumulative allowances process of Definition 1.6. Additionally, we write

M̃t = 1

N

N∑
i=1

M̃ i
t .

The notation here becomes clear from the dependence on the firm i .

We are ready to start with the firms optimisation andmarket equilibrium. This is derived in the
next section.

3.1 Firms optimisation andmarket equilibrium

First, the costs minimisation of a single firm will be derived. All solutions will be derived for a
specific firm i ∈ {1, . . . , N }. Thiswill be done under the assumption thatwe are in amarketwithout
frictions, that is, ν→∞. In similar manner as in Proposition 2.1, we can arrive at the following
objective functional of firm i , given by J̃ i ,G : A 2 →R,

J̃ i ,G
(
αi ,βi

)
= E

[∫ T

0
hiα

i
t +

(αi
t )2

2ηi
+Ptβ

i
tdt +λ

(
X i .G

T

)2
]

,

where (αi ,βi ) ∈A 2 and the bank account given by

X i ,G
T = Ãi

T +
∫ T

0
αi

s +βi
sds −E i

0 exp

((
µi − 1

2
σ2

i

)
T +σi W i

T

)
, (3.1)
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which corresponds with Equation (1.37).
The goal of every firm i is to findminimise these costs over all possible (α̂i , β̂i ) ∈A 2, hence to find

inf
(αi ,βi )∈A 2

J̃ i ,G
(
αi ,βi

)
= J̃ i ,G

(
α̂i , β̂i

)
. (3.2)

This objective functional hasmany similarities with J̃ i ,E in the previous chapter. Consequently,
we will see that the single firmminimisation will follow the exact same procedure, as in Section
2.1. For the sake of completeness, it is also briefly presented here.
First of all, the properties of the spaceA 2 do not change. Additionally, the dependence ofαi and
βi in the bank account (3.1) does not change, since the controls are not involved in the exponent.
The following proposition follows almost immediately.
Proposition 3.1. The functional J̃ i ,G

(
αi ,βi

)
is coercive and convex in the controls.

Proof. The coerciveness follows directly, since

J̃ i ,G (αi ,βi )⩾ E

[∫ T

0
hiα

i
t +

(αi
t )2

2ηi
+Ptβ

i
tdt

]
→∞, when

∥∥∥(
αi ,βi

)∥∥∥
A 2

→∞,

by Proposition 2.4, as J̃ i ,G only differs from J̃ i ,E through the bank account. Note that we can
write

J̃ i ,G (αi ,βi ) = C̃ i (αi ,βi )+F i ,G (αi ,βi ), F i ,G (αi ,βi ) = E
[
λ

(
X i ,G

T

)2
]

,

and C̃ i given in (2.5). By Proposition 2.6 , C̃ i (αi ,βi ) is convex in the controls. Since we can write

X i ,G
T = K i ,G

T +
∫ T

0
αi

s +βi
sds, K i ,G

T = Ãi
T +E i

0 exp

((
µi − 1

2
σ2

i

)
T +σi W i

T

)
−E i

0,

we follow the same reasoning as in Proposition 2.5 to prove that F i ,G (αi ,βi ) is convex in the con-
trols as well. This makes J̃ i .G (αi ,βi ) convex in the controls. Again, it is not strictly convex.

Evenmore can be said, about the continuity and the Fréchet derivative.
Proposition3.2. The functional J̃ i ,G (αi ,βi ) is Fréchetdifferentiable,with the sameFréchetderiva-
tive and gradient as J̃ i ,E (αi ,βi ), given in Proposition 2.7.

Proof. Since the dependence of the controls in the bank account is still linear, we can directly
conclude that the Fréchet derivative of F i ,G is given by,

δF i ,G
((
αi ,βi

)
;φ

)
= 2λE

[∫ T

0
(Vt +Zt )X i ,G

T dt

]
,

where (V , Z ) =φ ∈A 2. The functional C̃ i has not changed at all, and the derivative is given by

C̃ i
((
αi ,βi

)
;φ

)
= E

[∫ T

0
Vt

(
hi +

αi
t

ηi

)
+Zt Ptdt

]
.

Hence, the Fréchet differential of J̃ i ,G coincides with that of J̃ i ,E , noting the slight difference in
the bank account. The same holds for the gradient, as the distributional properties of the bank
account, such as the adaptedness, do not change. This implies, by Proposition 2.10, that

∇J̃ i ,G (αi ,βi )t =
(

hi +
αi

t

η
+2λE

[
X i ,G

T

∣∣∣F t

]
,Pt +2λE

[
X i ,G

T

∣∣∣F t

])
.
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FromtheFréchet differentiability, the continuity of J̃ i ,G (αi ,βi ) canbededuced,withProposition
A.27. With this, the following proposition can be deduced.
Proposition 3.3. The stochastic control problem given in Equation (3.2), admits at least one solu-
tion. The solutions can be found by equating the Gateaux gradient to zero.

Proof. With the importantPropositionA.29, andPropositions3.1and3.2, theoptimisationprob-
lem admits at least one solution. By Proposition 2.11 of the Brownian framework, the solutions
can be found by equating the gradient ∇J̃ i ,G

(
αi ,βi

) to zero, µ a.e.
With the last proposition, exact solutions canbe obtained. Before delving into that, wewill prove
a relevant lemma, of which the proof is not difficult.
Lemma 3.4. It holds that

E i
0 exp

(
µi T − 1

2
σ2

i t +σi W i
t

)
= E i

0 exp
(
µi T

)+E i
0σi

∫ t

0
exp

(
µi T − 1

2
σ2

i s +σi W i
s

)
dW i

s .

Proof. This is a direct application of the two-dimensional version of Itô’s lemma. Indeed, let
f i :R2 →R be given by

f i (t , x) := E i
0 exp

(
µi T − 1

2
σ2

i t +σi x

)
.

Since this function twice continuously differentiable in t and x, it follows that

d f i
(
t ,W i

)
=−1

2
σ2

i f i
(
t ,W i

)
dt +σi f i

(
t ,W i

)
dW i

t + 1

2
σ2

i f
(
t ,W i

)
dt

=σi f i
(
t ,W i

)
dW i

t = E i
0σi exp

(
µi T − 1

2
σ2

i t +σi W i
t

)
dW i

t .

We can deduce from this that f i (t ,W i ) is a martingale itself, since an Itô integral is a martingale,
by Proposition A.15. Integrating both sides yields the desired relation.

With this, we are ready to go to the following theorem.
Theorem 3.5. There exists only a solution to (3.2) if and only if themarket price P is amartingale.
Then, the solutions to (3.2) are given by

α̂i
t = ηi (Pt −hi ),

and any βi ∈A that satisfies

E

[∫ T

0
βi

tdt

∣∣∣∣F t

]
= B̂ i

t ,
∫ T

0
βi

tdt = B̂ i
T , (3.3)

with the process (B̂ i
t ) having the following dynamics

dB̂ i
t =−

(
1+2ληi (T − t )

2λ
dPt +dM̃ i

t −E i
0d

(
exp

(
µi T − 1

2
σ2

i t +σi W i
t

)))
,

B̂ i
0 =−

((
1+2ληi T

2λ

)
P0 + M̃ i

0 −E i
0 exp

(
µi T

)−ηi hi T

)
. (3.4)

These equations hold a.e.
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Proof. All equations in this proof hold in the a.e sense. As indicated in Proposition 3.3, the solu-
tions are found by equating the corresponding Gateaux gradient to zero. Hence the solution can
still be found by the first order conditions (2.15) and (2.1), given by

hi +
αi

t

ηi
+2λE

[
X i ,G

T

∣∣∣F t

]
= 0, Pt +2λE

[
X i ,G

T

∣∣∣F t

]
= 0.

Note, first of all, that in the optimum, it holds that

Pt =−2λE
[

X i ,G
T

∣∣∣F t

]
.

This equality is only valid when P is a martingale, since the conditional expectation of a square-
integrable random variable is a martingale as well. Hence, we will use that the market price is a
martingale in what follows. Then, the optimal solution for αi is given directly, by

α̂i
t = ηi (Pt −hi ). (3.5)

Since P ∈ A is given exogenously, as we are in the first step of the backward induction of the
Stackelberg game, the above solution is unique.
The first order conditions cannot be solved directly for βi . Instead, we solve them for (B i

t ), which
satisfies (3.3). For the solution of B i

t with t ∈ [0,T ], we need to solve the systemof equations in the
sameway as before, with the bank account given in (3.1) and optimal solution of α̂i of (3.5). That
is,

Pt +2λE
[

X i ,G
T

∣∣∣F t

]
= Pt +2λE

[
Ãi

T +
∫ T

0
α̂i

s +βi
sds −E i

0 exp

((
µi − 1

2
σ2

i

)
T +σi W i

T

)∣∣∣∣F t

]
= Pt +2λE

[
Ãi

T

∣∣∣F t

]
+2λE

[∫ T

0
ηi (Ps −hi )ds

∣∣∣∣F t

]
+2λB i

t

−2λE i
0E

[
exp

((
µi − 1

2
σ2

i

)
T +σi W i

T

)∣∣∣∣F t

]
.

(3.6)

Since (Pt ) is a martingale in the optimum, it holds that

E

[∫ T

0
ηi (Ps −hi )ds

∣∣∣∣F t

]
=

∫ t

0
ηi (Ps −hi )ds +ηi (Pt −hi ) (T − t ).

Furthermore, by the properties of a Brownian motion and the moment generating function, it
holds that

E
[

exp
(
σi W i

T

)∣∣∣F t

]
= exp

(
σi W i

t

)
E
[

exp
(
σi

(
W i

T −W i
t

))∣∣∣F t

]
= exp

(
1

2
σ2

i (T − t )+σi W i
t

)
. (3.7)

Combining the above and equating (3.6) to zero, it follows

B i
t =− 1

2λ
Pt − M̃ i

t −E
[∫ T

0
ηi (Ps −hi )ds

∣∣∣∣F t

]
+E i

0E

[
exp

((
µi − 1

2
σ2

i

)
T +σi W i

T

)∣∣∣∣F t

]
, (3.8)

=− 1

2λ
Pt − M̃ i

t −
∫ t

0
ηi (Ps −hi )ds −ηi (Pt −hi )(T − t )+E i

0 exp

(
µi T − 1

2
σ2

i t +σi W i
t

)
.

It follows that the process (B i
t ) is a martingale, since the conditional expectation of a sufficiently

integrable randomvariable, and theprice processP , aremartingales . Tofind theoptimalmarket
price P̂ , we need the differential formof the process above. Wefirst derive an initial condition for
t = 0. This gives

B̂ i
0 =− 1

2λ
P0 − M̃ i

0 −ηi (P0 −hi )T +E i
0 exp

(
µi T

)=−
(
P0

(
1+2ληi T

2λ

)
+ M̃ i

0 −E i
0 exp

(
µi T

)−ηi hi T

)
.
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For the differential form, for t ∈ (0,T ], it holds by Lemma A.20 that

dE
[∫ T

0
ηi (Ps −hi )ds

∣∣∣∣F t

]
= ηi (T − t )dPt .

Hence, from (3.8) it follows

dB i
t =− 1

2λ
dPt −dM̃ i

t −ηi (T − t )dPt +E i
0d

(
exp

(
µi T − 1

2
σ2

i t +σi W i
t

))
=−

(
1+2ληi (T − t )

2λ
dPt +dM̃ i

t −E i
0d

(
exp

(
µi T − 1

2
σ2

i t +σi W i
t

)))
. (3.9)

By Lemma 3.4, the expression for (3.9) can be written as

dB̂ i
t =−

(
1+2ληi (T − t )

2λ
dPt +dM̃ i

t −E i
0σi exp

(
µi T − 1

2
σ2

i t +σW i
t

)
dW i

t

)
. (3.10)

With B̂ i
0, this gives a well-posed differential form. Both expressions of the differential of (B̂ i

t ) are
equivalent. Since P ∈A and Ãi are given exogenously, the solution for (B̂ i

t ) is unique as well.

Next, themarket equilibrium the firms are in after trading can be deduced. Wewill again assume
that such an equilibriumexists. Tofind themarket equilibrium,wemakeuse of themarket clear-
ing condition.
Theorem 3.6. The optimal market price is given by

dP̂t =− f (t )

N

N∑
i=1

d
(

M̃ i
t −exp

(
µi T − 1

2
σ2

i t +σi W i
t

))
,

with

P̂0 = f (0)

N

(
N T H̄ −N M̃0 +

N∑
i=1

E i
0 exp

(
µi T

))
.

Proof. By themarket clearing condition, it holds that
N∑

i=1
B i

0 = 0,
N∑

i=1
dB i

t = 0,

a.s, for all t ∈ (0,T ]. Let us start with t = 0. We achieve
N∑

i=1
B i

0 =−
N∑

i=1

(
P0

(
1+2ληi T

2λ

)
+ M̃ i

0 −E i
0 exp

(
µi T

)−ηi hi T

)
= P0

N
(
1+2λη̄T

)
2λ

+N M̃0 −
N∑

i=1
E i

0 exp
(
µi T

)−N T H̄ = 0.

Recall the definition of f (t ) of Equation (2.2). Then, solving the above for P0, we obtain

P̂0 = 2λ

N (1+2λη̄T )

(
N T H̄ −N M̃0 +

N∑
i=1

E i
0 exp

(
µi T

))

= f (0)

N

(
N T H̄ −N M̃0 +

N∑
i=1

E i
0 exp

(
µi T

))
. (3.11)

For t > 0, we get
N∑

i=1
dB̂ i

t =
N∑

i=1
−

(
1+2ληi (T − t )

2λ
dPt +dM̃ i

t −E i
0 exp

(
µi T

)d(
exp

(
−1

2
σ2

i t +σi W i
t

)))
= 0.
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This implies

dP̂t =− f (t )

N

(
N∑

i=1
dM̃ i

t −E i
0d

(
exp

(
µi T − 1

2
σ2

i t +σi W i
t

)))
.

By Equation (3.10), this can also be written as

dP̂t =− f (t )

N

(
N∑

i=1
dM̃ i

t −E i
0σi exp

(
µi T − 1

2
σ2

i t +σi W i
t

)
dW i

t

)
.

Both expressions for themarket price will be used, as they are equivalent.

A comparison between the expressions in the Brownian framework and GBM case will now be
made. It is noticeable that the formula for the abatement effort (α̂i

t ) still corresponds exactlywith
the expression in the Brownian motion case, given in (2.17). The modelling of BAU emissions
doesnot impact theabatement effort directly. However, themarketpricedependson the specific
form of BAU emissions, so they influence each other.
The formulas for (B i

t ), for t ∈ [0,T ], look very similar to theBrownianmotion case. Thedifferences
really stem from the exponent of theGeometric Brownianmotion, and the fact thatM i

0 has a drift
term, bydefinition. The samecanbe concludedabout thedynamics of thepriceprocess. Instead
of the volatility times the Brownian part in the Brownian motion framework, we consider here
the differential of

exp

(
µi T − 1

2
σ2

i t +σi W i
t

)
.

In the expression in the Brownianmotion, again, the drift term is incorporated in M̄0. The same
holds for P̂0. Last, the extra term in the exponent above comes from the analytical solution of the
Geometric Brownianmotion.
As in the Brownian scenario, we can define the bank account in the BAU case, without control
efforts, as

X i ,BAU,G
T := Ãi

T −E i
0 exp

((
µi − 1

2
σ2

i

)
T +σi W i

T

)
.

Then, we see by a similar argument as in Equation (3.7),
N∑

i=1
dM̃ i

t −E i
0d

(
exp

(
µi T − 1

2
σ2

i t +σi W i
t

))
=

N∑
i=1

dE
[

Ãi
T −E i

0 exp

((
µi − 1

2
σ2

i

)
T +σi W i

T

)∣∣∣∣F t

]
=

N∑
i=1

dE
[

X i ,BAU,G
T

∣∣∣F t

]
.

The optimal price process depends on the conditional expectation of the bank account in the
BAU case. When this bank account rises, the price decreases. For an influence of the specific
variables on (B̂ i

t ) and (P̂t ), we refer to the interpretations in the previous chapter.
Wecan conclude that controls and themarket price in theGeometricBrownianmotion case look
similar to those in the Brownian framework, with some reasonable differences. This substanti-
ates that the derivations in the GBM case are correct.

3.2 Optimal dynamic allocation

In this section, the optimal dynamic allocation of the regulator is derived. This is the last step
of the backward induction needed to solve the Stackelberg game. Wewill see several similarities
anddifferences compared to theproofs inSection2.3. The structureof theproofwill be the same.
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Here, we need to find Ã = (Ã1, . . . ÃN ) ∈S N , such that

inf
Ã∈S N

E

[
N∑

i=1

∫ T

0
hi α̂

i
t +

(α̂i
t )2

2ηi
+ P̂t β̂

i
tdt +λ

(
X i ,G

T

)2
]

, E

[
N∑

i=1
G i ,α̂i

T

]
= ρ

N∑
i=1

E i
0 exp

(
µi T

)
.

Note the subtle difference with the Brownian framework, where the infimum is taken over the
vector A ∈S N , the net allocation, instead of Ã, in which no drift term is involved. By the market
clearing condition, the part with the trading rate cancels out. Hence, we can rewrite the above to

inf
Ã∈S N

E

[
N∑

i=1

∫ T

0
hi α̂

i
t +

(α̂i
t )2

2ηi
dt +λ

(
X i ,G

T

)2
]

, E

[
N∑

i=1
G i ,α̂i

T

]
= ρ

N∑
i=1

E i
0 exp

(
µi T

)
. (3.12)

First, an expression for the initial market price P̂0 and the average M̃0 will be obtained. This is
needed to redefine the stochastic control problem from Ã ∈S N to M̃ ∈M N .
Proposition 3.7. From the constraint on the total emissions in the system, an expression for the
initial market price P̂0 can be deduced, where

P̂0 = 1

T N η̄

(
T N H̄ + (1−ρ)

N∑
i=1

E i
0 exp

(
µi T

))
.

From this equation, a constraint on the average expected allocation M̃0 can be deduced, given by

M̃0 = 1

N

N∑
i=1

M̃ i
0 =− 1

2λη̄T

(
T H̄ + 1−ρ(1+2λη̄T )

N

N∑
i=1

E i
0 exp

(
µi T

))=: ν(ρ).

Proof. We start with the constraint, given in (3.12). By Proposition A.30, it induces

ρ
N∑

i=1
E i

0 exp
(
µi T

)= E[
N∑

i=1
G i ,α̂i

T

]
=

N∑
i=1

E i
0E

[
exp

((
µi − 1

2
σ2

i

)
T +σi W i

T

)]
−

N∑
i=1

∫ T

0
E
[
α̂i

s

]
ds

=
N∑

i=1
E i

0 exp
(
µi T

)− N∑
i=1

∫ T

0
E
[
ηi

(
P̂t −hi

)]dt

=
N∑

i=1
E i

0 exp
(
µi T

)− P̂0T N η̄+T N H̄ ,

where we havemade use of (3.5), and the fact that themarket price P̂ is amartingale in the opti-
mum. This can be solved for P̂0 to

P̂0 = 1

T N η̄

(
T N H̄ + (1−ρ)

N∑
i=1

E i
0 exp

(
µi T

))
.

We see that the averagemarket price of permits P̂0 is again fixed by the parameters in the system
and the required level of reduction desired by the regulator. The above, together with the other
expression of the initialmarket price P̂0 of (3.11), can be used to achieve an expression for M̃0, as
follows

1

T N η̄

(
T N H̄ + (1−ρ)

N∑
i=1

E i
0 exp

(
µi T

))= 2λ

N (1+2λη̄T )

(
T N H̄ −N M̃0 +

N∑
i=1

E i
0 exp

(
µi T

))
,

N
(
1+2λη̄T

)
N 2λη̄T

(
T N H̄ + (1−ρ)

N∑
i=1

E i
0 exp

(
µi T

))−T N H̄ −
N∑

i=1
E i

0 exp
(
µi T

)=−N M̃0.
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This can be rewritten to

M̃0 =− 1

2λη̄T

(
T H̄ + (1−ρ)

N

N∑
i=1

E i
0 exp

(
µi T

))−T H̄ +T H̄ − (1−ρ)

N

N∑
i=1

E i
0 exp

(
µi T

)+ 1

N

N∑
i=1

E i
0 exp

(
µi T

)
=− 1

2λη̄T

(
T H̄ + (1−ρ)

N

N∑
i=1

E i
0 exp

(
µi T

))+ ρ

N

N∑
i=1

E i
0 exp

(
µi T

)
=− 1

2λη̄T

(
T H̄ + 1−ρ(1+2λη̄T )

N

N∑
i=1

E i
0 exp

(
µi T

))=: ν(ρ). (3.13)

Here, M̃0 only depends on the desired reduction level of the regulator, since the other terms are
constants fixedby the systemat this stage of the Stackelberg game. This implies thatwe canwrite
it as a function of ρ only.

Based on the proposition above, an important remark is made.
Remark 3.1. In the Brownian motion case, the expression of M̄0, given by l (ρ) in Equation (2.38)
can have both signs, but it is negative when Ē0 = 0. In the case of this chapter, we cannot choose
Ē0 = 0, as we cannot have negative or zero emissions. That is, M̃0 = ν(ρ) can have both signs, since
the rightmost term can become negative when ρ(1+2λη̄T ) > 1. The sign of M̃0 is thus again not yet
determined and depends on the specific choice of parameters.

From the condition on M̃0, we can redefine the stochastic control problemof (3.12)of finding the
infimum over Ã ∈ S N to finding the infimum over M̃ ∈ M N , where M̃ i = E [Ãi

T |F t ]. This holds,
since P̂ only depends on Ã through M̃ , and α̂ depends on P̂ . This is equivalent to Corollary 2.16.
Then, by an application of theMartingale RepresentationTheoremwith M̃ , the problem reduces
to finding (M̃ i

0, γ⃗), for all firms, in correspondence with Equation (2.40). This procedure is not
repeated here, as the proofs are exactly applicable.
With this, we are ready to prove themain theorem of this section.
Theorem 3.8. The stochastic control problem of (3.12), represented as

inf
M̃∈M N

E

[
N∑

i=1

∫ T

0
hi α̂

i
t +

(α̂i
t )2

2ηi
dt +λ

(
X i ,G

T

)2
]

, M̃0 = ν(ρ),

can be solved by

M̃0 = ν(ρ),
N∑

i=1
γ

i , j
t −E i

0κi , jσi exp
(

Z i
t +σi W i

t

)
= 0, µ a.e, with Z i

t :=µi T − 1

2
σ2

i t ,

which identifies a non-unique expression of M̃ ∈M N .

Proof. Thefirst part of theproof, until M̃0 comes intoplay, is exactly the sameas inTheorem2.17.
It still holds that α̂i

t = ηi (P̂t −hi ), where P̂ is a square - integrable martingale. Hence, we can start
with

E

[
N∑

i=1

∫ T

0
hi α̂

i
t +

(α̂i
t )2

2ηi
+λ(X̂ i ,G

T )2

]
=

N∑
i=1

(
Tηi

2
P̂ 2

0 +
1

4λ
P̂ 2

0 −
ηi T

2
h2

i

)
+

N∑
i=1

ηi

2
E

[∫ T

0
〈P̂〉tdt

]
+ N

4λ
E
[〈P̂〉T

]
.

(3.14)

For the details, we refer to the proof of Theorem 2.17. The minimum of the social costs can be
found when 〈P̂〉t = 0 for all t ∈ [0,T ] almost surely, where

P̂t = P̂0 −
∫ t

0

f (t )

N
d

(
N∑

i=1
M̃ i

t −E i
0 exp

(
µi T − 1

2
σ2

i t +σi W i
t

))
.
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We choose this particular expression of P̂ , to use the same arguments as in the Brownian mo-
tion case. Later in this proof, we will rewrite it with Lemma 3.4. With this expression and by the
properties of the quadratic variation, the quadratic variation of P̂ can be written as

〈
P̂

〉
t =

〈∫ ·

0

f (s)

N
d

(
N∑

i=1
M̃ i

s −E i
0 exp

(
Z i

s +σi W i
s

))〉
t

=
∫ t

0

f (s)2

N 2 d
〈(

N∑
i=1

M̃ i −E i
0 exp

(
Z i +σi W i

))〉
s

= 0,

for all t ∈ [0,T ]. This reduces, since this is a positive, deterministic integrand with a continuous
integrator starting in zero, to〈

N∑
i=1

M̃ i −E i
0 exp

(
Z i +σi W i

)〉
t

= 0,

a.s, for all t ∈ [0,T ]. Here, we have used Proposition A.18 to conclude that the processes in the
quadratic variation have a continuousmodification.
When we plug the result of Lemma 3.4 in, the quadratic variation above reduces to

0 =
〈

N∑
i=1

M̃ i −E i
0 exp

(
Z i +σi W i

)〉
t

=
〈

N∑
i=1

M̃ i −E i
0 exp

(
µi T

)+E i
0σi

∫ ·

0
exp

(
Z i

s +σi W i
s

)
dW i

s

〉
t

=
〈

N∑
i=1

M̃ i −E i
0σi

∫ ·

0
exp

(
Z i

s +σi W i
s

)
dW i

s

〉
t

.

By theMartingale Representation theorem, we can write

M̃ i
t = M̃ i

0 +
N∑

i=1

∫ t

0

N∑
j=0

γ
i , j
s dB̃ j

s ,

where the right part is amartingale starting at zero and γi , j progressively measurable processes.
With this, the above reduces to

N∑
i=1

∫ t

0

N∑
j=0

γ
i , j
s dB̃ j

s −E i
0σi

∫ t

0
exp

(
Z i

s +σi W i
s

)
dW i

s = 0,

for all t ∈ [0,T ] a.s, by Proposition A.13. By plugging in the expression of (W i
t ), we get

N∑
i=1

∫ t

0

N∑
j=0

γ
i , j
s dB̃ j

s −
N∑

m=0
E i

0κi ,mσi

∫ t

0
exp

(
Z i

s +σi W i
s

)
dB̃ m

s = 0.

When we rearrange and interchange, we get
N∑

j=0

∫ T

0

N∑
i=1

(
γ

i , j
s −E i

0κi , jσi exp
(

Z i
s +σi W i

s

))
dB̃ j

s = 0.

By Itô’s isometryofPropositionA.16 , togetherwithPropositionA.12, it follows that this condition
is equivalent to

E

[
N∑

j=0

∫ t

0

(
N∑

i=1
γ

i , j
s −E i

0κi , jσi exp
(

Z i
s +σi W i

s

))2

ds

]
=

N∑
j=0

∥∥∥∥∥ N∑
i=1

γi , j −E i
0κi , jσi exp

(
Z i

s +σi W i
s

)∥∥∥∥∥
2

= 0,

following the same reasoning as in Theorem 2.17. This reduces, by Equation (1.17), to
N∑

i=1
γ

i , j
t −E i

0κi , jσi exp
(

Z i +σi W i
)
= 0, µ a.e. (3.15)
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for all j ∈ {0, . . . , N }. This is not uniquely solvable, hence the optimal martingales M̃ ∈M N are not
unique. More can be said.
Again, since the optimal market price has a deterministic integrand, it holds that

P̂t ∼N
(
P̂0,〈P̂〉t

)
,

where N represents the normal distribution. Hence, the price process (P̂t ) has zero variance in
the optimum. This implies directly that

P̂t = P̂0, α̂i
t = ηi (P̂t −hi ) = ηi (P̂0 −hi ).

The corresponding social costs CG
opt can be found by plugging in the zero quadratic variation in

(3.14), which gives

CG
opt : = E

[
N∑

i=1

∫ T

0
hi α̂

i
t +

(α̂i
t )2

2ηi
dt +λ

(
X i ,G

T

)2
]
=

N∑
i=1

(
Tηi

2
P̂ 2

0 −
ηi T

2
h2

i

)
+ N

4λ
P̂ 2

0

=−T

2

N∑
i=1

h2
i ηi + N

4λ

(
2η̄λT +1

)
P̂ 2

0 .

This ends the proof.

The three variables α̂, P̂ and CG
opt share the same structure as in (2.50) of the Brownian motion

case. However, note that P̂0 has a slightly different formula now, so the outcome is different. We
will elaborate more on this in the comparison between those situations. To be able to compare
this, we need specific outcomes of (3.15). This is done in the following example.
Example 3.1 (Standard allocation). A particular solution of (3.15) can be found by setting

γ̂
i , j
t = E i

0κi , jσi exp

(
µi T − 1

2
σ2

i t +σi W i
t

)
, (3.16)

for all relevant i , j and t ∈ [0,T ], a.s. It is in line with Example 2.1. Furthermore, given M̃0 = ν(ρ),
we choose M̃ i

0 = ν(ρ). Every firm gets the same expected allocation. Based on these values, the ex-
pression of the other parameters can be deduced. For completeness, all the parameters are stated
here. The equations below hold for all t ∈ [0,T ], a.s.

(i) The market price (P̂t ) is constant and fixed by M̃0. As a consequence, the optimal abatement
effort (α̂i

t ) is also constant. These are given by

P̂t = P̂0 = f (0)

N

(
N T H̄ −N M̃0 +

N∑
i=1

E i
0 exp

(
µi T

))
, α̂i

t = ηi
(
P̂0 −hi

)
.

(ii) The expression for the optimal martingale M̃ i is as follows

M̃ i
t = M̃ i

0 +
N∑

j=0

∫ t

0
γ̂

i , j
s dB̃ j

s

= ν(ρ)+
N∑

j=0

∫ t

0
E i

0κi , jσi exp

(
µi T − 1

2
σ2

i t +σi W i
t

)
dB̃ j

s

= ν(ρ)+E i
0

∫ t

0
σi exp

(
µi T − 1

2
σ2

i t +σi W i
t

)
d

(
N∑

j=0
κi , j B̃ j

s

)

= ν(ρ)+E i
0

∫ t

0
σi exp

(
µi T − 1

2
σ2

i s +σi W i
s

)
dW i

s

= ν(ρ)+E i
0 exp

(
µi T − 1

2
σ2

i t +σi W i
t

)
−E i

0 exp
(
µi T

)
,

by Lemma 3.4.
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(iii) As a consequence, the allowances process (Ãi
t ) can be represented as

Ãi
t = M̃ i

t ,

since then, clearly,

Ãi
t = M̃ i

t = E
[

Ãi
T

∣∣∣F t

]
= E

[
M̃ i

T

∣∣∣F t

]
,

since M̃ i is a martingale by construction.

(iv) The process (B̂ i
t ), with the expressions above, is given by

B̂ i
t =− 1

2λ
P̂t − M̃ i

t −
∫ t

0
ηi (P̂s −hi )ds −ηi (P̂t −hi )(T − t )+E i

0 exp

(
µi T − 1

2
σ2

i t +σi W i
t

)
=− 1

2λ
P̂0 −ν(ρ)−E i

0 exp

(
µi T − 1

2
σ2

i t +σi W i
t

)
+exp

(
µi T

)
−ηi (P̂0 −hi )t −ηi (P̂0 −hi )T +ηi (P̂0 −hi )t +E i

0 exp

(
µi T − 1

2
σ2

i t +σi W i
t

)
=− 1

2λ
P̂0 −ν(ρ)−ηi (P̂0 −hi )T +E i

0 expµi T

=−
(

1+2λη̄i T

2λ
P̂0 + M̃0 −E i

0 exp
(
µi T

)−ηi hi T

)
= B̂ i

0,

which corresponds with (3.4). This way, we can set

β̂i
t =

B̂ i
0

T
,

satisfying relation (3.3).
(v) The social costsC i ,G

opt are given by

CG
opt =−T

2

N∑
i=1

h2
i ηi + N

4λ

(
2η̄λT +1

)
P̂ 2

0 .

(vi) The optimal bank account (X̂ i ,G
t ) can now be deduced, and is given by

X̂ i ,G
t = Ãi

t +
∫ t

0
α̂i

s + β̂i
sds −E i

0 exp

((
µi − 1

2
σ2

i

)
t +σi W i

t

)
= ν(ρ)+E i

0 exp

(
µi T − 1

2
σ2

i t +σi W i
t

)
−E i

0 exp
(
µi T

)+ (
α̂i

0 + β̂i
0

)
t

−E i
0 exp

((
µi − 1

2
σ2

i

)
t +σi W i

t

)
.

Note that this cannot be simplified further. At time t = T , it follows that

X̂ i ,G
T = ν(ρ)+

(
α̂i

0 + β̂i
0

)
T −E i

0 exp
(
µi T

)
.

In the last part of this chapter, these results will be interpreted and partially compared theoreti-
cally to the results in the Brownian framework of Example 2.1. Note that we are comparing two
examples of solutions, and these solutions are not unique. However, the conditions (2.49) and
(3.15) are solved in the sameway. In the Brownian case, the solution of γi , j

t is constant and fixed.
In the case of Geometric Brownian motion, the solution for γi , j

t is random and depends on the
BrownianmotionW i .
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We remark that a non-random γi , j corresponds with the Malliavin derivative of the Brownian
motion, whereas in (3.16), the corresponding Malliavin derivative of the Geometric Brownian
motion G i is obtained [HB15, ch. 1]. This could show that the results for the processes in the
examples of both cases are correct and correspond to each other. We won’t go into detail about
theMalliavin derivative; for further information we refer to the book of Nualart [Nua06].
When we consider Example 3.1 further, it follows that α̂i

t > 0, when P̂0 > 0. The latter can for
example be achieved when M̃0 < 0 by choosing E i

0 sufficiently small enough. In this situation,
we cannot choose E i

0 = 0 for a firm, since then by definition of the Geometric Brownian motion
the emission path will stay zero for all t ∈ (0,T ]. However, there are also other combinations for
which this is true. In essence, the price process may become negative here, which would result
in a constant, negative abatement effort. This is undesirable.
The sign of M̃ i

t and Ãi
t has not been determined yet, as it depends on the choice of E i

0, and also on
the specific choice of parameters. We say in theBrownian framework, whenwe choose E0 = 0, we
need that M i

t = M̃ i
t −µi t is positive. For this, we need an assumption on the drift and the volatility

of the Brownian motion to let the stochastic control problem be realistic. Otherwise both the
initial allocation and all thereafter would be negative. Here, when we choose E0 small, this may
not be the case anymore. However, this cannot be directly concluded from the expressions itself
and should be numerically calculated.
A difference with the previous chapter, is that the BAU emissions do not really appear in the ex-
pression for (Ai

t ). However, we see many similarities. The differences stem for the fact that we
work with an exponent.
The process (B i

t ) and trading rate βi have the same structure as in the previous chapter. This
implies that the same conclusions can bemade as before, under the assumption that E i

0 = Ē0 for
all firms. That is, when ηi = η̄ but hi ̸= h̄, firms have positive trading rate when hi ⩽ h̄, since they
have larger abatement costs than firmsnot satisfying this property. Furthermore, the function of
the bank account X̂ i ,G

t cannot be simplified to an expression similar to the Brownian case. The
reason is again the appearance of the exponent, since several parts do not cancel out.
We can conclude that both outcomes look similar and the differences can be substantiated by
the exponent, which indicates that the derivations are correct.
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4 | Comparisons

In this chapter, the optimal dynamic allocation under the Brownian framework is compared to
two other existing policies, as well as the Geometric Brownian motion scenario. The first pol-
icy under consideration involves only an initial, static, allocation. This policy has been in use in
the early years of the European Union Emissions Trading System (EU ETS). In here, emissions
are still modelled by an SDE, which is the only randomness involved, the other variables are de-
terministic. Additionally, the dynamic policy is compared to theMarket Stability Reserve (MSR)
mechanism of the EU ETS. To integrate it into the framework that we work with, an alternative,
but corresponding, versionof theMSR is used. Both cases represent specific instanceswithin the
dynamic situation. In the last sectionof this chapter, theBrownianmotion frameworkofChapter
2 and the optimal dynamic allocation of Chapter 3 are compared numerically.
The goal in the first two sections is to compare the social costs of these policies with the social
costs Copt as discussed in Chapter 2 and deduce when the optimal dynamic policy has lower
social costs than the other policies. Then, we could conclude, since the reduction in both frame-
works is fixed by the regulator, that the proposed optimal dynamic policy works better, as the
costs in the whole system are lower than in the other scenario. This will be calculated in the
static case, and partially in theMSR scenario. This chapter is based on Section 6 of [AB23].
The policies are compared under the assumption that ν=∞ and

ηi = η,

for all firms i = 1, . . . , N . From Equation (2.50), it follows that the optimal social costs of the dy-
namic allocation are then given by

C E
opt =−T

2

N∑
i=1

h2
i ηi + N

4λ

(
2η̄λT +1

)
P̂ 2

0 =−T

2
η

N∑
i=1

h2
i +

N

4λ

(
2ηλT +1

)
P̂ 2

0 . (4.1)

4.1 Initial, static allocation only

This policy is, in contrast to the optimal dynamic scheme, static, with everything being non-
random, except for the emissions. There is only an initial, fixed, endowment given at time t = 0
and no further allocations aremade thereafter. We assume that E i

0 = 0 for all firms. The firms still
have the option to trade their permits on the market, if that is needed. Moreover, the BAU and
abated emissions are still modelled by a Brownian motion. Let us fix a firm i . Then, the initial
bank account, in correspondence with Equation (1.20), becomes

X i
0 = S̃i

0 = Ãi
0 =: xi

0 ∈R, F i
t = 0, bi , j

t = 0,

for all firmsand t ∈ [0,T ]. This reflects the assumption that the initial bankaccount equals the ini-
tial allocation. The initial allocation is non-randomandgivenby xi

0. We recall that the allocations
are a cumulative process, so that there is only an initial allocation and no extra given allocation
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at time t > 0. This implies that we need

Ãi
t = xi

0, Ai
t = xi

0 −µi t ,

for all firms and t ∈ [0.T ]. Then, it follows that

M i
0 = E

[
Ai

T

]
= xi

0 −µi T, M i
t = E

[
Ai

T

∣∣∣F t

]
= xi

0 −µi T,

where the latter is independent of time t ∈ (0,T ). The objective function of the regulator and the
constraint are still the same as in Equation (2.39), with ηi = η. The same holds for the objective
function of the firms. That is, we can conclude that α̂i

t and B̂ i
t of Theorem 2.12 are still optimal.

Furthermore, the optimal price process P̂ is given by (2.25). Here, this process can be simplified
to

P̂t = P̂0 −
∫ T

0
f (s)d(

M̄s −W̄s
)= P̂0 −

∫ T

0
f (s)d(

x̄0 − µ̄T −W̄s
)

= P̂0 +
∫ T

0
f (s)dW̄s = 2λ

1+2ληT
(T H̄ − M̄0)+

∫ T

0

2λ

1+2λη(T − s)
dW̄s

= 2λ

1+2ληT

(
Tηh̄ − x̄0 + µ̄T

)+∫ T

0

2λ

1+2λη(T − s)
dW̄s ,

where W̄ as inEquation (2.42). Tobe able to identify themartingalesM ∈M N , we only need to set
the initial allocation xi

0 under the constraint M̄0 = l (ρ) of Equation (2.38), with Ē0 = 0. Therefore,

M̄0 = x̄0 − µ̄T,

x̄0 = M̄0 + µ̄T =− 1

2λη

(
ηh̄ + (1+2ληT )(1−ρ)µ

)+ µ̄T =− 1

2λ

(
h̄ + (1−ρ)µ̄

η

)
+ρµ̄T.

The sign of the average, initial allocation x̄0 cannot be determined. In the Brownian framework,
we have seen that the average, initial allocation is always negative, when E0 = 0. This cannot be
concluded here.
The initial price P̂0 is the same as in (2.37) with ηi = η for all firms, as the process (α̂t ) and (P̂t )
do not change and the main variable is the desired reduction ρ. All the ingredients are there to
calculate the social costs in this situation, calledCstat. This is done in the theorem below.
Theorem4.1 (Social costs in static scenario). The social costs, when there is only an initial, static
allocation, are given by

Cstat = N

4λ

(
1+2ληT

)
P̂ 2

0 +
Nσ2

2η
log

(
1+2ληT

)− 1

2
Tη

N∑
i=1

h2
i . (4.2)

Proof. The objective function in themarket equilibrium is still equal to (2.41), implying

E

[
N∑

i=1

∫ T

0
hi α̂

i
t +

(α̂i
t )2

2ηi
+λ(X̂ i

T )2

]
= 1

2

N∑
i=1

ηi E

[∫ T

0
P̂ 2

t dt

]
− T

2

N∑
i=1

h2
i ηi + N

4λ
E
[
P̂ 2

T

]
= η

2

N∑
i=1

E

[∫ T

0
P̂ 2

t dt

]
− Tη

2

N∑
i=1

h2
i +

N

4λ
E
[
P̂ 2

T

]
. (4.3)

Now, we need to find the expression for the square of P̂t . Let t ∈ [0,T ], then

(P̂t )2 =
(
P̂0 +

∫ t

0

2λ

1+2λη(T − s)
dW̄s

)2

= P̂ 2
0 +2P̂0

∫ t

0

2λ

1+2λη(T − s)
dW̄s +

(∫ t

0

2λ

1+2λη(T − s)
dW̄s

)2

.
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Since the stochastic integral in themiddle is amartingale by Proposition A.15, it has expectation
equal to zero here. Furthermore, by Itô’s isometry, it holds that

E
[
P̂ 2

t

]= E[
P̂ 2

0

]+E[
2P̂0

∫ t

0

2λ

1+2λη(T − s)
dW̄s

]
+E

[(∫ t

0

2λ

1+2λη(T − s)
dW̄s

)2
]

= P̂ 2
0 +E

[∫ t

0

(
2λ

1+2λη(T − s)

)2

d〈W̄ 〉s

]
.

With W̄ = 1
N

∑N
i=1σi W i , we get

〈W̄ 〉s =
〈

1

N

N∑
i=1

σi W i

〉
s

= 1

N 2

〈
N∑

i=1
σi W i

〉
s

= 1

N 2

〈
N∑

i=1
σi W i ,

N∑
i=1

σi W i

〉
s

.

Since thequadratic variation is bilinear, byCorollaryA.11, andW is anN-dimensional correlated
Brownianmotion with correlation given in (1.3), we have that

〈
W̄

〉
s =

1

N 2

 N∑
i=1

σ2
i s +

N∑
i=1

N∑
j=1
j ̸=i

σiσ j

〈
W i ,W j

〉
s



= 1

N 2

 N∑
i=1

σ2
i +

N∑
i=1

N∑
j=1
j ̸=i

σiσ j

N∑
m=0

κi ,mκ j ,m

 s

=: LN (σ)s.

Then, it follows that

E
[
P̂ 2

t

]= P̂ 2
0 +E

[∫ t

0

(
2λ

1+2λη(T − s)

)2

d〈W̄ 〉s

]
= P̂ 2

0 +E
[∫ t

0

(
2λ

1+2λη(T − s)

)2

LN (σ)ds

]
= P̂ 2

0 +LN (σ)
∫ t

0

(
2λ

1+2λη(T − s)

)2

ds = P̂ 2
0 +LN (σ)

∫ t

0
(2λ)2 (

1+2λη (T − s)
)−2ds

= P̂ 2
0 +LN (σ)

2λ

η

[
1

1+2λη(T − s)

]s=t

s=0
= P̂ 2

0 +LN (σ)
2λ

η

(
1

1+2λη(T − t )
− 1

1+2ληT

)
.

Then, (4.3) reduces to

Cstat = η

2

N∑
i=1

E

[∫ T

0
P̂ 2

t dt

]
− Tη

2

N∑
i=1

h2
i +

N

4λ
E[P̂ 2

T ]

= η

2
P̂ 2

0 N T + η

2

N∑
i=1

∫ T

0
LN (σ)

2λ

η

(
1

1+2λη(T − t )
− 1

1+2ληT

)
dt − Tη

2

N∑
i=1

h2
i +

N

4λ
P 2

0

+ N

4λ
LN (σ)

2λ

η

(
1− 1

1+2ληT

)
= P̂ 2

0

(
N Tη

2
+ N

4λ

)
− Tη

2

N∑
i=1

h2
i +L(σ)

N

4λ

2λ

η

(
2ληT

1+2ληT

)
+ η

2

N∑
i=1

∫ T

0
L(σ)

2λ

η

(
1

1+2λη(T − t )
− 1

1+2ληT

)
dt .

Since it holds that∫ T

0

(
1

1+2λη(T − t )
− 1

1+2ληT

)
dt =−

[
1

2λη
log(1+2λη(T − t ))

]t=T

t=0
− T

1+2ληT

= 1

2λη
log(1+2ληT )− T

(1+2ληT )
,
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we can write

LN (σ)
N

4λ

2λ

η

(
2ληT

1+2ληT

)
= LN (σ)NλT

1+2ληT
,

η

2

N∑
i=1

∫ T

0
LN (σ)

2λ

η

(
1

1+2λη(T − t )
− 1

1+2ληT

)
dt = 1

2η

N∑
i=1

LN (σ) log(1+2ληT )− LN (σ)TλN

1+2ληT
.

This results in the following cost function

Cstat = P̂ 2
0

(
N Tη

2
+ N

4λ

)
− Tη

2

N∑
i=1

h2
i +

LN (σ)NλT

1+2ληT

+ 1

2η

N∑
i=1

LN (σ) log(1+2ληT )− LN (σ)TλN

1+2ληT

= P̂ 2
0

(
N Tη

2
+ N

4λ

)
− Tη

2

N∑
i=1

h2
i +

N LN (σ)

2η
log

(
1+2ληT

)
= N

4λ

(
2ληT +1

)
P̂ 2

0 −
Tη

2

N∑
i=1

h2
i +

N LN (σ)

2η
log

(
1+2ληT

)
.

It is interesting to compare the social costs in the static scenario with the costs in the dynamic
case. This is done in the subsection below.

4.1.1 Comparison static and dynamic

From Theorem 4.1 and Equation (4.1), we recall that

Cstat = N

4λ
(2ληT +1)P̂ 2

0 −
Tη

2

N∑
i=1

h2
i +

N LN (σ)

2η
log(1+2ληT ),

C E
opt =−Tη

2

N∑
i=1

h2
i +

N

4λ
(2ηλT +1)P̂ 2

0 .

We recognise two common terms, as P̂0 is the same in both cases and fixed by the desired reduc-
tion level ρ. The difference between the two social costs is given by

∆stat :=Cstat−C E
opt =

N

4λ
(2ληT +1)P̂ 2

0 −
Tη

2

N∑
i=1

h2
i +

N LN (σ)

2η
log(1+2ληT )+ Tη

2

N∑
i=1

h2
i

− N

4λ
(2ηλT +1)P̂ 2

0

= N LN (σ)

2η
log(1+2ληT )⩾ 0,

as λ,η,T > 0 and L(σ) ⩾ 0 by the fact that it is part of the quadratic variation of W̄ . We see that in
the static scenario the social costs are always greater or equal than the costs in the dynamic sce-
nario. This is not unexpected, as in the static scenario, theremay be less effective compensation
for shocks. The difference comes from the uncertainty, since it depends on the variances of the
emissions, and the flexibility, as it depends on the flexibility parameter η. Hence, we will check
what the effect is when η→∞. This would mean that the system is fully flexible with respect to
the abatement decisions and all decisions are completely reversible. Then, since L(σ) does not
depend on η, we see that

lim
η→∞∆stat = LN (σ) lim

η→∞
log(1+2ληT )

2η
= 0,
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as log(x) decreases slower to x than the function x itself, when x →∞. This implies that the dif-
ference in costs vanishes, when the reversibility is high. If all decisions can be reversed regarding
the abatement, you do not need the compensation for the shocks anymore to achieve the same
social costs.
More about the difference is said in the example below.
Example 4.1 (Quantification of difference). Assume that σi = σ for all firms and that the corre-
lation structure is as in the scenario of Remark 1.1. Furthermore, suppose that κi = κ for all firms
i ̸= j . The goal is to quantify ∆stat, in the case when N →∞. Let ρ := κ2. Then, LN (σ) becomes

LN (σ) = 1

N 2

 N∑
i=1

σ2
i +

N∑
i=1

N∑
j=1
j ̸=i

σiσ jκiκ j

= σ2

N
+ ρσ2

N 2

N∑
i=1

N∑
j=1
j ̸=i

1 = σ2

N
+ ρσ2(N −1)

N
.

We see that

lim
N→∞

LN (σ) = lim
N→∞

σ2

N
+ ρσ2(N −1)

N
= ρσ2 lim

N→∞
N −1

N
= ρσ2.

The only way when this is equal to zero is when ρ = 0, that is, when there is no correlation between
the common shocks in the economy. This implies that there is no common shock present in the
system. Note that

lim
N→∞

∆stat
N

= lim
N→∞

LN (σ)

2η
log(1+2ληT ) = log(1+2ληT )

2η
lim

N→∞
LN (σ) = ρσ2 log(1+2ληT )

2η
> 0,

if ρ,σ> 0. We see when ρ,σ ̸= 0 thatCstat >Copt for all possible number of firms N . Note that this is
calculated only under the assumption of the correlation structure proposed in [AB23].

4.2 MSR like scenario

In this section, we introduce a scenario inspired by the Market Stability Reserve (MSR) mecha-
nism of the EU ETS. Recall, from the introduction, that the MSR in the EU ETS reacts based on
the number of permits available in the market. To connect the MSR with our dynamic case, we
will not work with the number of permits, but with the average bank account of the firms. This
introduces a slight deviation from the MSR scenario used in practice. The scenario presented
here is a deterministic scenario, so the randomness of the allocation process will be removed.
However, it differs from the static scenario, since it incorporates reactions based on the level of
the bank account. This corresponds with a responsive mechanism based on economic shocks.
We will compare this to the Brownian framework.
The situation is mathematically defined as follows. We assume E i

0 = 0 and we set an equal initial
endowment for the firms, and no randomness, hence, in correspondence with (1.23), we have

X i
0 = Ai

0 = Si
0 =: x0, Si

t = 0, bi , j
t = 0.

for all t ∈ [0,T ] and for all firms. Then, the allocation process is assumed to be given by

Ai
t = Ai

0 +
∫ t

0
ãs −µids := Ai

0 +
∫ t

0
asds,

where a in this situation is assumed to be

as = δ
(

T − s

T
x0 − X̄s

)
,
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for all firms. The drift term of the emissions is incorporated in the variable a. Note that this way,
theallocations are the same for all firms, as theyonlydependon theaveragebankaccount X̃ . The
idea here, is that the regulatorwould like to achieve E[X̄T ] ≈ 0, as then the system ismost efficient
and the penalty that need to be paid is low. All the firms start in x0. The goal will be achieved by a
linear path from the initial endowment to the current endowment. Furthermore, a parameter δ
is added as amean-reversion coefficient. This parameter assures that the average bank account
goes back to the desired path, when it deviates from it.
Since the allocation is non-random, to achieve the desired reduction level of the regulator, we
need

M̄0 = 1

N

N∑
i=1

E
[

Ai
T

∣∣∣F t

]
= x0 +

∫ T

0
E [as]ds =: l (ρ), (4.4)

which is in line with the condition in Theorem 2.17. In the following proposition, the optimal
bank account is derived. Note that the objective functions of the firms and regulator, and the op-
timal controls ofTheorem2.12are still validhere, as the current situation is againa simplification
of the dynamic situation.
Proposition 4.2 (Optimal average bank account). The optimal, average bank account is in this
situation given by

X̄ t = e−δt x0 +e−δt
∫ t

0
eδs

(
δ

T − s

T
x0 +η

(
P̂s − h̄

))
ds −e−δt

∫ t

0
eδsdW̄s , (4.5)

fromwhich it follows that

x0 = δT

1−e−δT

(
l (ρ)+

(
T + e−δT −1

δ

)
η

(
P̂0 − h̄

))
.

Sketch of proof. Thedynamics of the average bank account (1.35), in themarket equilibrium, are
given by

dX̄ t =d
(

1

N

N∑
i=1

X i ,E
t

)
= 1

N

N∑
i=1

(
α̂i

t + β̂i
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)
dt +d
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1
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σi W i
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)

= 1
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tdt +atdt −dW̄t

= 1

N
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η
(
P̂t −hi

)dt +δ
(

T − t

T
x0 − X̄ t

)
dt −dW̄t

= η(
P̂t − h̄

)dt +δ
(

T − t

T
x0 − X̄ t

)
dt −dW̄t ,

with initial condition X̄0 = x0. By the fact that X̄ t is on both sides of the equation, we see that we
aredealingwithanSDE.Tosolve thisSDE,wenotice that X̄ is a semimartingale,withamartingale
part andapart of boundedvariation. This implieswecanapply Itô’s lemma to the function X̄ t eδt .
We get

d
(

X̄ t eδt
)
= X̄ td

(
eδt

)
+eδtdX̄ t = X̄ tδeδtdt +eδtdX̄ t

= X̄ tδeδtdt +eδt
(
η

(
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)dt +δ
(
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T
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)
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T
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)
.
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Integrating this with initial condition x0, we obtain

X̄ t = e−δt x0 +e−δt
∫ t

0
eδsη

(
P̂s − h̄

)ds +e−δt
∫ t

0
eδsδ

(
T − s

T
x0

)
ds −e−δt

∫ t

0
eδsdW̄s .

To find x0, we start with Equation (4.4). Then, it holds that

x0 = l (ρ)−
∫ T

0
E[at ]dt .

The expected values are given by

E[at ] = δT − t

T
x0 −δE[X̄ t ],

E[X̄ t ] = e−δt x0 +e−δt E

[∫ t

0
eδsη

(
P̂s − h̄

)ds

]
+e−δt

∫ t

0
eδsδ

(
T − s

T
x0

)
ds +e−δt E

[∫ t

0
eδsdW̄s

]
.

Since W̄ is a martingale, the term on the right is equal to zero. To find the desired expression
for x0, we need to use the martingality of P̂ and integration by parts. These arguments are quite
lengthy and consist of integrating expressions several times. This is not done here. For a part of
the details, see [AB23, Appendix A.3].

An expression for the optimal price can also be found in [AB23]. However, it relies on an ex-
pression for the optimal market price that we could not reproduce [AB23, Eq. (34)], so this part
is omitted here as well. To calculate the associated social costs, we require the optimal market
price. Consequently, we don’t have a specific result that we can compare with the other cases. In
the article cited, they rely on numerical results for these costs. We can thus not make any con-
clusions about the costs in this scenario.
Afterwards, numerical illustrations can be found in that article that show the differences in the
three policies. It is found that the optimal allocation results in the least social costs, while the
static allocation has the highest cost. TheMSR falls in between these scenarios, and can be seen
as intermediate policy between the static and dynamic allocation. It has higher costs than the
optimal policy, but as an advantage only the observed emissions are needed, and not the ob-
servations of economic shocks. Fortunately, Biagini and Aïd can conclude that the optimal dy-
namic allocation outperforms this version of theMSR, in the situation that E0 = 0 and under the
assumption that the correlation structure is as in Remark 1.1.
This ends the section on theMSR. In the final section of this thesis, wewill numerically compare
the Brownian framework with the Geometric Brownianmotion.

4.3 GBM and BM: a numerical approach

In this section,wewill validateandvisualise the resultsobtained in thepreviouschapters through
numerical experiments. We will focus on the difference in results between Geometric Brownian
motion (GBM) and Brownianmotion (BM).
In Section 6.4 of [AB23], parameters are given for the numerical approaches. We will use these
parameters in our numerical analysis as well. We need to be careful with the units of these pa-
rameters, as we would like to measure our emission processes (E i

t ) and (G i
t ) in Gigatons CO2,

abbreviated by Gton, as this is the sufficient unit of the emissions. An elaboration on this can
be found in Appendix A.3. In this section, we will work with the results obtained there. We will
primarily write the units for the BM scenario and adjust accordingly for the GBM.
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In line with [AB23], the following parameters are chosen for determining the BAU emissions,
in case of both the BM and the GBM. We will work with N = 6 firms and ρ = 0.8, such that the
regulator aims for a 20 percent reduction of the BAU emissions. Additionally, we set T = 5 years,
corresponding with one phase of the EU ETS. Furthermore, we set for every firm i ,

E i
0 = 1 Gton , µi = 1

3

Gton
year , σi = 0.2p

6

Gtonpyear ,

where t is measured in years. With these numbers the drift is of higher order than the volatility,
and we fulfill the assumption needed in [AB23]. Last, a specific matrix K needs to be chosen,
such that we have

W = K B̃ ,

whereW is a seven-dimensional correlatedBrownianmotion, including the commonshock, and
B̃ the seven-dimensional independent Brownian motion representing the economic shocks, as
constructed in (1.1). We choose a correlation matrix K that corresponds with the correlation
structure of Aïd and Biagini, and with remark 1.1. We take κi = 0.92.
Tobeable to simulate thepathsofE i

t andG i
t , weneed to simulate theBrownianmotionabove. We

are going to discretise the interval [0,5]with 3000 steps, such that dt ≈ 0,001667.Becausewe have
multiple firms, wemake use ofmultidimensional tensors. This way, we can simulate a Brownian
motion by sampling a standard normal random variable and multiplying it with

p
dt at every

time step.
To check whether the simulation of the correlated Brownian motion are correct, we perform a
MonteCarlo convergence test. In Figure 4.1, the results of this can be observed, with the number
of paths plotted on the x-axis on a log scale, and the absolute error with zero of the mean over
the paths depicted on the y-axis in on a log scale. This should converge with a rate of −1

2 . When
we plot a line with slope −1

2 , we see that on average it seems that it does. Though there are some
large fluctuations, we still work with this Brownianmotion.

Figure 4.1: Monte Carlo error convergence, from 10 to 10000 paths.

WithW and the parameters given above, the plots of (E i
t ) and (G i

t ) for a specific firm i can be ob-
tained, which can be found in Figures 4.2 and 4.3 respectively. Since both emissions are random,
we plot the mean and the corresponding standard deviation below and above the mean, over
1000 paths. This way, we can make appropriate conclusions about the dynamics. We will use
this method for all the plots from now on.
We see that with the given parameters, the mean path and the standard deviation look simi-
lar. Note that the plot, also in the Brownian framework, gives a different outcome compared to
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[AB23], as we have chosen E0 = 1 > 0. We indeed see linear and exponential growth, respectively,
as expected. Additionally, we observe that, on average, the paths in both cases grow and stay
positive. The variance of the GBM is bigger, when time grows. The difference between the GBM
and BM can be found in Figure 4.4. Themean grows to −2,6 for t = 5.

Figure4.2: BAUemissions (E i
t ),modelledby

a Brownianmotion.
Figure 4.3: BAU emissions (G i

t ), modelled
by a Geometric Brownianmotion.

Figure 4.4: The difference between the BAU emissions (E i
t ) and (G i

t ).

Ideally, we would like to compare the outcome of the controls and allowances under the chosen
parameters. However, this is not possible yet, as the emission paths are different. For this, we
need to choose a sufficient drift and volatility, such that the emission path of the GBMmatches
the path of the BM in a better way.
This canbeachievedby theoreticallymatching themeanandvarianceof theGBMwith themean
and variance of BM, together with the given numbers in the article by Aïd and Biagini that are
calibrated to the Brownian motion. Here, we already plug in E i

0 = 1. Then, by Proposition A.30,
we need to solve for µ̃i and σ̃i such that

E
[
G i

t

]
= exp

(
µ̃i t

)= E[
E i

t

]
= 1+µi t ,

Var
[
G i

t

]
= exp

(
2µ̃i t

)(
exp

(
σ̃2

i t
)−1

)= Var
[

E i
t

]
=σ2

i t ,

where we have used the mean and variance of E i
t , by 1.6. Solving the system of equations above

for µ̃i and σ̃i , we get for t ∈ (0,T ],

µ̃i (t ) = log(1+µi t )

t
, σ̃i (t ) =

√√√√ log
(
1+ σ2

i t

exp(2µ̃i t)

)
t

=

√√√√ log
(
1+ σ2

i t

(1+µi t)2

)
t

.
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Note that the parameters are considered constant in our framework, but are time-dependent
here. We solve this problem by plugging in t = 5 = T , such that

µ̃i = log(1+5µi )

5
≈ 0,1962 σ̃i =

√√√√ log
(
1+ 5σ2

i

exp(10µ̃i )

)
5

=

√√√√ log
(
1+ 5σ2

i

(1+5µi )2

)
5

≈ 0,0306.

This way, we make sure that the end points of the expected values, and thus the objective to
reduce the emissions, of the regulator, exactly coincide. This implies that

E

[
N∑

i=1
E i

T

]
= N E0 +µi T = 16 = exp

(
µ̃i t

)= E

[
N∑

i=1
G i

T

]
,

E

[
N∑

i=1
E i ,α̂i

T

]
= 0.8 ·16 = 12,8 = E

[
N∑

i=1
G i ,α̂i

T

]

With these new, calibrated, parameters for the GBM, the BAU emissions (G i
t ) and the difference

for a single firmare given in Figures 4.5 and 4.6 below. We indeed see that Figures 4.2 and 4.5 look
similar and the axis have the samemagnitude. The plot of the difference between BM and GBM
substantiates this, as themean only grows to 0,2. We see that both themean and variancematch
at time t = 0 and t = 5, which substantiates that themomentmatching is correctly executed.

Figure 4.5: The calibrated BAU emissions
(G i

t ).
Figure 4.6: The difference between (E i

t ) and
the calibrated (G i

t ).

Nowwehave foundagoodenoughway tocalibrate,wecancompare theoutcomeof thevariables
in the BM and the GBM. First of all, we will look at the total emissions in the system, and the
abated emissions, given by

E

[
N∑

i=1
E i ,α̂i

T

]
= E

[
N∑

i=1
E i

T

]
−N α̂0T, E

[
N∑

i=1
G i ,α̂i

T

]
= E

[
N∑

i=1
G i

T

]
−N α̂0T, (4.6)

since in the optimal dynamic allocation α̂i
t is constant, and given by the initial value α̂0 for every

firm. The abated emission will be a translation of the total emissions. For this, we have

α̂0 = ηi
(
P̂0 −hi

)
, (4.7)

where P̂0 is given by (2.28) in the Brownian framework and (3.11) in the GBM case. We will work
with the following parameters in the Brownian framework, inspired by [AB23], recalculated to
Gton CO2, for every firm i ,

ηi = 6 ·10−10 (Gton)2

€ year , hi = 2,5 ·1010 €
year , λ= 1,25 ·1012 €

(Gton)2 .
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With these, P̂0 and α̂0 can be obtained. With superscripts for the specific BAU emissions, this
results in

P̂ E
0 ≈ 2,517 ·1010 €

Gton , P̂G
0 ≈ 2,605 ·1010 €

Gton , α̂G
0 = α̂E

0 ≈ 0,107
Gton
year . (4.8)

The market prices are different, but the abatement efforts are still the same. This is interesting,
but the difference disappears by (4.7), as ηi is very small. The fact that the abatement efforts co-
incide is interesting, and substantiates that our results are correct until here. With the abatement
effort, we can plot the result of (4.6). The result of the mean and standard deviation, again sim-
ulated with 1000 paths, can be found in Figures 4.7 and 4.8 below. Here, the BAU emissions of
Figures 4.2 and 4.5 are summed over the 6 firms.

Figure 4.7: The cumulative BAU emissions of 6 firms, modelled by the Brownian motion on the
left and the corresponding abated emissions on the right.

Figure 4.8: The cumulative BAU emissions of 6 firms, modelled by the calibrated Geometric
Brownianmotion on the left and the corresponding abated emissions on the right.

When we look at the axis of the figures, we see that the abated emissions are only a linear trans-
formation of the total BAU emissions of the firms. Note that the standard deviation of the paths
may look bigger in the figures on the right, but the axis is also different there. Hence, these are
the same. We also see that both the BM and GBM end in the same point at time t = 5, which
corresponds with our calibration.
The social costs in both situations can now be calculated, and are given by

Copt =−6T

2
h2η+ 6

4λ
(2ληT +1)P̂ 2

0 .
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Since P̂ 2
0 in (4.8) is large, there will be a substantial difference between the social costs in the

system in both cases. Indeed, the social costs in both scenarios are given by

C E
opt ≈ 8,105 ·1010 euro, CG

opt ≈ 48,492 ·1010 euro.

These are the costs to reduce the emissions the total emissions in the system from around 16
Gton to 12,8 Gton. We see that the costs in the GBM scenario are around 6 times larger than
in the BM scenario. This may be a disadvantage of the GBM and could be an indicator that we
should prefer the Brownian framework, as lower costs are beneficial. However, we could argue
that the costs have the same order of magnitude.
Next, we will investigate the allowances process (Ãi

t ), for a specific firm i . Note that in the two
examples we are comparing, we have Ãi

t = M̃ i
t , such that

Ãi ,E
t = l (ρ)+µi t +σi W i

t ,

Ãi ,G
t = ν(ρ)+E i

0 exp

(
µ̃i T − 1

2
σ̃i

2t + σ̃i W i
t

)
−E i

0 exp
(
µ̃i T

)
, (4.9)

where the superscripts are given for the BAU emissions and l (ρ) and ν(ρ) are given in (2.38) and
(3.13) and are defined as the average cumulative allocation over all the firms. Since we choose
E i

0 = 1, the signs of these constants are not yet determined. With the chosen parameters, they are
given by

l (ρ) = 1

6

6∑
i=1

E
[

Ãi ,E
T

]
+µi T ≈ 2,123 , ν(ρ) = 1

6

t∑
i=1

E
[

Ãi ,G
T

]
≈ 2,123.

On average, the allowances are the same. The processes (Ãi
t ) are given below.

o Both allowances processes are in general positive. In Figure ??, we see that the variance is quite
small, and increases when time increases. The allowances increase over time as well. Since it is
the cumulative allowances process, we see that the regulator allocates true permits at every time
step. In Figure ??, the allowances process is constant over time, which implies only an initial
allocation. This is an interesting and unexpected result, as we would expect a similar process to
the BM scenario. From a theoretical standpoint, we can see that, since σ̃i is small and there is no
drift termpresent in Ãi ,G

t , the exponentwill be almost constant. The result thusmakes sense ifwe
look at formula (4.9). In Figure ??, we see that the mean of the GBM corresponds with the static
scenario of Section 4.1, since there is only an initial allocation, and afterwards the allocation is
zero. The standard deviation seems fairly large, but note again the differences in the y-axis in
the left and right figure. Whenwe look carefully, the standard deviations are of the same order of
magnitude.
Clearly, future research is necessary to draw conclusive results about the comparison between
the Brownian framework and the modelling by a Geometric Brownian motion. The BAU emis-
sions, while calibrated the GBM to the BM, and the abatement effort are fairly similar. How-
ever, there are interesting differences between the market price and the social costs and the al-
lowances processes. We are not yet able to substantiate these differences.
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Conclusion

In this thesis we have explored a dynamic policy within a version of a cap-and-trade system,
drawing inspiration fromtheMarket StabilityReserve (MSR)mechanismof theEuropeanUnion.
Thedynamicpolicy, allowing forallocationatanypoint in the timeperiod, isbasedonallowances
modelled as adapted stochastic processes. Building on the work of René Aïd and Sara Biagini
[AB23], this thesis extends their method to the case where the BAU emissions are modelled us-
ing aGeometric Brownianmotion. This eliminates the need tomake any assumptions about the
drift and volatility of the SDE for the BAU emissions. We have seen that the obtained optimal
policy is analytically tractable. Furthermore, a numerical comparison between the Brownian
framework and the case of Geometric Brownian motion has been included. We demonstrated
that the allowances process and social costs differ, for a specific choice of variable set.
We have described a precise and detailedmathematicalmodel, providing a thorough exposition
of the article by Aïd andBiagini and incorporatingmany relevantmathematical details. InChap-
ter 1, we have built up the space of admissible controls in detail, as well as the SDEs of the bank
account and the BAU emissions. Additionally, in Chapters 2 and 3, several results from varia-
tional calculus are used to find the solution to the stochastic control problem. Furthermore, we
have generalised the correlation structure between the firms, and added an initial value to the
Brownian framework.
In summary, this thesis gives a comprehensive,mathematical frameworkof theoptimaldynamic
policy proposed by Aïd and Biagini, and contributes to the existing literature by offering analyt-
ical solutions in scenarios where assumptions are relaxed.

Outlook

This section provides an overview of topics that are interesting for future work. It includes ideas
that we have discussed, tried, or find interesting to explore in general.
First, as already indicated in Equation (1.42), the penalty function in the objective function of
the firms we are currently working with, is not entirely realistic. It would be beneficial to explore
thepossibility of using another,more realistic, penalty functionofwhich analytical solutions still
can be obtained. A suggestion would be

λmax
(
−X i

T ,0
)2 =

{
λ

(
X i

T

)2 when X i
T ⩽ 0,

0 else.

This function aligns with the current penalty function but imposes a penalty only when more
emissions are used than allowances available. An important consideration is that the penalty
needs tobe (Fréchet) differentiable in the controls. Aderivative couldbe foundbyconsideringan
approximation to smooth out the maximum. However, this aspect is not explored in this thesis,
andwearenot entirely surewhether itwouldyieldananalytical solution. Ingeneral, to stay in the
framework presented in Chapter 2, it is crucial that the penalty function is continuous, coercive
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and convex in the controls. The last property seems to be themost difficult to achieve. The initial
choice λ(X i

T )2 satisfies these properties, albeit not being completely realistic.
This thesis focuses on an analytical approach for optimal dynamic regulation. In the final sec-
tion, we have performed a numerical comparison between the Brownian framework and Ge-
ometric Brownian motion. The results regarding the social costs and allowances processes are
intriguing andunexplainable, primarily due to timeconstraints. As a result, we cannotdrawcon-
clusions yet regarding the advantages or disadvantages of using a Geometric Brownian motion
versus a Brownian motion. Therefore, there is ample room for future research to numerically
compare the Brownian framework and Geometric Brownian motion for different sets of vari-
ables. For instance, the impact of a small initial value E0 on M̄0 in both cases could be evaluated,
as already indicated inChapter 3. Additionally, we could explore various correlationmatrices for
comparison and conducting stress tests on specific variables could reveal advantages or disad-
vantages of the use of the Geometric Brownianmotion.
Another idea involves the incorporation of an exchange option in the model, to allow for an ex-
change in allowances at terminal time T . In this scenario, a firm that ends up with too few al-
lowances could trade with a firm that has excess of allowances. This option could be purchased
at time t = 0 for a firm that anticipates having too few or toomany allowances. It would facilitate
a direct exchange between two firms without interacting with the Stackelberg game. Although
we believe it is possible to integrate this into the framework, we have not been able to do so.
Moreover,wecan thinkof othermodels for themodellingof theBAUemissions. In this thesis, the
novel part is the modelling by a Geometric Brownian motion. One could explore the possibility
of introducing jumps into the system. An important consideration is that the modelling should
be realistic and, ideally, analytical solutions should be attainable.
Additionally, further research could explore the impact of the general correlation structure and
assess whether the outcomes regarding the correlations are in line with our expectations. For
instance, when considering a few firms that are highly correlated, do their optimal allocations
resemble each other? Furthermore, more than one time period could be considered. For this,
we should be carefully how the banking of allowances from one time period to the other ismod-
elled. Another ideawould be to incorporate the concept of inflation in the system, potentially by
adding another SDE. This results in a system of coupled SDEs.
Another consideration would be to precisely connect the MSR-scenario exactly to our frame-
work. In Section 4.2, a version of the MSR scenario is linked to our dynamic framework. How-
ever, this representation does not precisely reflect the workings of the MSR. The social costs in
this scenario are not obtained explicitly either. As theMSR serves as one of themainmotivations
for this optimal dynamic policy, a detailed comparison would be beneficial.
The final suggestion involves conducting a numerical analysis of the entire optimal dynamic
allocation framework. While in this thesis, as well as in [AB23], the analytical solutions are vi-
sualised through some numerical experiments, a comprehensive numerical calculation of the
entire framework has not been undertaken. The analytical solutions allow for a comparison be-
tween these and the numerical solutions to validate the results . This analysis would involve the
three steps of the Stackelberg game. Careful consideration is needed for the programming of the
stochastic control problems, with a specific focus on the conditional expectation (M i

t ).
This concludes the overview of some interesting, further possible research. We think that many
of these ideas could contribute to the current research, but due to time constraint, we were not
able to investigate these thoroughly.
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A | Mathematical Insights

In this first appendix, we present several mathematical insights that were omitted in the main
part of this thesis. The first section covers the prerequisites and important propositions used in
this thesis, presentedhere for the sake of completeness. The second section includesmathemat-
ical proofs thatwere excluded from themain body. In the third section, we elaborate on the units
of the variables used in themodels.

A.1 Mathematical background

This section offers a comprehensive presentation of the keymathematical concepts that we use
in this thesis. It consists of several subsections that can mostly be read independently of each
other.
In this section, weworkwith a given probability space (Ω,F ,P). Unlessmentioned otherwise, we
work with time t such that 0⩽ t <∞, which will often be denoted by t ⩾ 0.
We will write a stochastic process (X t )t⩾0 as (X t ) or X . The same will hold for a filtration. When
referring to the random variable in time t ∈ [0,T ], we will use the notation X t . Furthermore,
throughout this thesis, the one-dimensional Lebesgue measure is denoted by λ1. However, in
many instances, whenever it is clear from the context context, we will write dt , when we mean
dλ1. Here, we make use of the relationship between the Lebesgue integral and the Riemann in-
tegral. More on this can be found in [Sch17, ch. 12].

A.1.1 Stochastic processes and filtrations

The following definitions introduce concepts for filtrations.
Definition A.1 (Right-continuous filtration). [KS91, pg.4] A filtration (F t ) is said to be right-
continuous if

F t =
⋂
ε>0

Ft+ε,

for all t ⩾ 0.

Definition A.2 (Usual conditions). [Shr+04, pg. 10] A filtration (Ft ) is said to satisfy the usual
conditions if it is right-continuous andF0 contains all P-nullsets.

The form of filtration used throughout this thesis is specified below.
Definition A.3 (Filtration generated by a Brownianmotion). [KS91, pg. 89] LetW be a
d-dimensional Brownian motion. Then, the filtration generated by the Brownian motion W is
denoted by (FW

t ) and defined as

FW
t =σ (Ws : 0⩽ s ⩽ t ) .
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With the definition above, we can define the augmentation of a specific sigma-algebra.
DefinitionA.4 (AugmentedBrownianfiltration). [KS91, pg. 89] LetW be a d-dimensional Brow-
nianmotion and

(
FW

t

)
the corresponding filtration generated byW , defined inDefinition A.3 . Let

N = {F ⊆Ω : ∃G ∈F s.t. F ⊆G ,P(G) = 0} ,

that is,N is the collection of P null-sets. Then, the augmented Brownian filtration is given by

F t =σ
(
FW

t ∪N
)

.

Note that in the definition above, we need another “σ"-sign around the union, as the union of
two sigma-algebras is not necessarily a sigma-algebra itself. The concepts above can be linked
as follows.
Proposition A.1. The constructed augmented Brownian filtration (F t ) satisfies the usual condi-
tions.

Proof. By construction, (Ft ) contains all P null-sets. By [KS91, pg. 90], this augmented filtration
is right-continuous.

After the relevant information on filtrations is introduced, two concepts for two stochastic pro-
cesses being equal are presented.
Definition A.5 (Modification). [Chu13, pg. 28] A process Y is a modification of a process X , if for
every t ⩾ 0, we have

P (X t = Yt ) = 1.

That is, for all t ⩾ 0, we have

X t = Yt P a.s.

DefinitionA.6 (Indistinguishable). [JYC09, pg. 11]Processes X andY are called indistinguishable
if

P
(
X t = Yt , for all t ⩾ 0

)= 1.

Note that being indistinguishable implies that almost all samplepaths agree. If twoprocesses are
indistinguishable, it holds that the processes are also modifications. Although indistinguisha-
bility is stronger than amodification, we will see that it is often sufficient enough to work with a
modification of a process.
The following proposition is useful, and given without proof.
Proposition A.2. [CW90, pg. 9] A stochastic process with continuous sample paths is uniquely in-
distinguishable with a process that has a.s. continuous paths.

The following definition is helpful to be able to identify when a specificmartingale has amodifi-
cation.
DefinitionA.7 (Càdlàg ). [KS91, pg. 4] A stochastic process is said tobe càdlàg (inFrench:“continue
à droite, limite à gauche") if the process is right-continuous on [0,∞) and has finite left limits on
(0,∞).

Often, we will write cadlag, without the accents.
With a couple of the previously mentioned definitions and the constructed filtration satisfying
the usual conditions, the following holds.
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Proposition A.3. [Chu13, pg. 30] Let (X t ) be amartingale with respect to the filtration (F t ) of Def-
inition A.4. Then, (X t ) has a cadlagmodification.

The proof is omitted here and can be found in the reference cited.
Remark A.1.Note that in [Chu13], it is initially only mentioned that there is a right-continuous
modification, not necessarily with left limits. However, from Corollary 1 on page 26 of the same
reference, we see that a right-continuous random variable always has left limits. We can conclude
that the modification is not only right-continuous, but also a cadlagmodification.

Next, a stronger concept of measurability is defined.
Definition A.8 (Progressively measurable). [KS91, pg. 4] A d-dimensional stochastic process X
is called progressively measurable with respect to the filtration (F t ) if the mapping (s,ω) → Xs(ω)
from [0, t ]×Ω to Rd isB ([0, t ])⊗F t measurable for all t ⩾ 0.

The latter could also bewritten as the fact that X : [0, t ]×Ω→Rd is (B ([0, t ])⊗F t )/B
(
Rd

)measur-
able. It follows immediately that a progressivelymeasurable process is adapted andmeasurable.
More can be said.
Proposition A.4. The pointwise limit of progressively measurable processes (X n)n∈N is again pro-
gressive. That is, if for all n ∈N, X n is progressive, and if the limit X n exists for (t ,ω), it holds that

lim
n→∞X n(t ,ω) = X (t ,ω),

is also progressive.

Proof. This followsdirectly fromthe fact that thepointwise limit ofmeasurable functions is again
measurable.

Proposition A.5. [KS91, pg. 5] Let X be a right-continuous stochastic process. Then, X is progres-
sively measurable if it is adapted to the filtration.

Sketch of proof. The full proof can be found in the reference cited. It relies onwriting the process
as a limit, since right-continuity is given. This limit appears to be progressively measurable. By
the previous proposition, we can conclude that the whole process is progressively measurable.

The following proposition gives us information about the time integral of a progressively mea-
surable process.
Proposition A.6. Let (X t ) be a progressively measurable process. Then, the process (Yt ) given by

Yt =
∫ t

0
Xsds,

is progressively measurable as well for all t ⩾ 0.

Proof. Let {t1, . . . tn} be a partition of [0, t ]. We can write

Yt (ω) = lim
n→∞

n∑
i=1

X ti (ω)(ti − ti−1),

by the definition of an integral. Since for all i , ti ⩽ t , it holds that X ti (ω) isF ti measurable. By the
properties of a filtration, it follows that Yt isF t measurable. Furthermore, Y is right-continuous
by construction, since a Riemann-integral is right-continuous. By Proposition A.5, it follows that
(Yt ) is progressively measurable.
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In general, we have the following definition for variables that have a sufficient finite p-th mo-
ment.
Definition A.9 (L p-space). [Spr12, pg. 39] Let 1 ⩽ p < ∞ and X a random variable on (Ω,F ,P).
Then, X ∈L p (Ω,F ,P), if

E
[|X |p]<∞.

DefinitionA.10 (Square-integrable). [AB23]A stochasticprocess (X t ), defined for t ∈ [0,T ], is square-
integrable (with respect to the measure P) if∫ T

0
|X t |2dP= E[|X t |2

]<∞,

for all t ∈ [0,T ]. It is called square-integrable with respect to the measure P×λ1 if∫ T

0
|X t |2d (P× t ) = E

[∫ T

0
X 2

t dt

]
<∞,

where we recall that we write dt for the Lebesguemeasure dλ1.

Often, themeasure towhich it is square-integrablewill be omitted, when it is clear from the con-
text which one we are using.
In the following chapters, wewillworkwith the space L2(Ω,F ,P), whichwill be introducedbelow.
For general 1⩽ p <∞, there is a subtle difference betweenL p (Ω,F ,P) and Lp (Ω,F ,P) [Sch17, pg.
118]. It holds that the norm defined onL p (Ω,F ,P) is defined as

||X ||p = E[|X |p]1/p . (A.1)

It fulfils almost all the requirements to be anorm. However, it does not hold that ||X ||p = 0 implies
X = 0, as this only holds almost surely. To overcome this problem,we can identify an equivalence
relation X ∼ Y if and only if P(X ̸= Y ) = 0 for two random variables X ,Y . That is, X is equivalent to
Y if and only if X = Y almost surely. We then define the quotient space

Lp (Ω,F ,P) =L p (Ω,F ,P)
/
∼ .

This way, the space Lp (Ω,F ,P) has a general norm given by (A.1). To have a properly defined
normed vector space, we should work with Lp (Ω,F ,P). For p = 2, the following inner product
and norm hold on this space [Sch17, pg. 341]

〈X ,Y 〉2 : = E[X Y ],

||X ||2 =
√
E
[

X 2
]=√

〈X , X 〉2.

Now that an appropriate variable in a general Lp space is defined, we introduce a notion of con-
vergence and an important inequality.
Definition A.11 (Convergence in Lp). [Sch17, pg. 120] Let p ⩾ 1 and || · ||p the corresponding p-
norm. A sequence of random variables (X n)n∈N in Lp (Ω,F ,P) converges in Lp to a process X if

lim
n→∞ ||X n −X ||p = 0,

Wewrite X n Lp

→ X then.

Proposition A.7 (Hölder’s inequality). [Sch17, pg. 117] Let X ∈ Lp (Ω,F ,P) and Y ∈ Lq (Ω,F ,P),
where 1

p + 1
q = 1. Then,

||X Y ||1 ⩽ ||X ||p ||Y ||q .
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FromHölder’s inequality, thewell-knownCauchy-Schwarz inequality canbe easily derived, with
p = q = 2.
The next theoremaddresses the interchangeability of double integrals and is commonly referred
to as a “Fubini argument".
Theorem A.8 (Fubini’s theorem). [Sch17, pg. 142] Let (X ,B,µ) and (Y ,C ,ν) be σ-finite measure
spaces andu : X ×Y →RbeB⊗C measurable. If at least one of the following three integrals is finite,∫

X×Y
|u|d(µ×ν),

∫
Y

∫
X
|u(x, y)|dµ(x)dν(y),

∫
X

∫
Y
|u(x, y)|dν(y)dµ(x),

then all are finite, and∫
X×Y

|u|d(µ×ν) =
∫

Y

∫
X
|u(x, y)|dµ(x)dν(y) =

∫
X

∫
Y
|u(x, y)|dν(y)dµ(x).

Furthermore, then it holds that∫
X
|u(x, y)|dµ(x) <∞ ,ν a.e,

∫
Y
|u(x, y)|dν(y) <∞ ,µ a.e.

The first part can be extended to interchanging an integral and a conditional expectations, also
referred toasa“Fubini argument for conditional expectations", for example, explained in [Sch17,
pg. 354]. The followingcharacterisationofprocesses isuseful for thedefinition that ismentioned
afterwards.
Definition A.12 (Bounded variation). [JYC09, pg. 12] Let Π be partition of [0,T], given by
{t1, . . . tn−1, tn}, such that 0 = t1 ⩽ · · ·⩽ tn−1 ⩽ tn = T . The variation of a cadlag process (At ), where
t ∈ [0,T ], over the partition Π is given by

V (A,Π) :=
n∑

i=1

∣∣Ati (ω)− Ati−1 (ω)
∣∣ .

The process (At ) is said to be of bounded variation (over finite intervals) if

sup
Π

V (A,Π) <∞, a.s,

where the supremum is taken over all possible partitions of [0,T ].

The next definition will involve the concept of a local martingale. In our case, the local martin-
gales in the following definition are always martingales. The reader interested in learning more
about local martingales is referred to[KS91].
Definition A.13 (Semimartingale). [Pha09, pg. 11] A cadlag, adapted, stochastic process X is
called a semimartingale if it admits the following decomposition

X = X0 + A+M ,

where A is an adapted process of bounded variation with A0 = 0 and M a cadlag local martingale
withM0 = 0. A continuous semimartingale is a semimartingale forwhich A andM are continuous.

At last, we introduce a lemma on the notion of a singular measure, which also contains the defi-
nition[Spr12, pg. 61]. The lemma appears to be useful in one of the proofs.
Lemma A.9. Let (X ,Σ,µ) and (X ,Σ,ν) be measure spaces, with µ and ν possibly signed measures.
The measures µ and ν are called singular, when there exists disjoint E ,F ∈ Σ such that for all A ∈ Σ
it holds that

µ(A) =µ(A∩E), ν(A) = ν(A∩F ).

Now let (X ,Σ,τ) be another measure space with positive measure τ. If both µ and ν are singular
with respect to the samemeasure τ, it also holds for µ+ν.
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Proof. It is given that there exists disjoint E1,F1 ∈Σ and E2,F2 ∈Σ such that for all A ∈Σ
µ(A) =µ (A∩E1) , τ(A) = τ (A∩F1) ,

ν(A) = ν (A∩E2) , τ(A) = τ (A∩F2) ,
(A.2)

Let E := E1 ∪E2, F := F1 ∩F2. Then E and F are disjoint. Let A ∈Σ. Then,

τ(A) = τ (A∩F1) = τ ((A∩F1)∩F2) = τ (A∩F ) ,

by applying (A.2) twice. Furthermore, it holds that

µ(A) =µ(A∩E)+µ(
A∩E c)=µ(A∩E)+µ(

A∩E c
1 ∩E c

2

)
=µ (A∩E)+µ(

A∩E c
1 ∩E c

2 ∩E1
)=µ(A∩E)+µ(;) =µ(A∩E),

by the properties of a signed measure. Hence, we can conclude that µ(A ∩E) = µ(A). The exact
same can be proven for ν. We can conclude that µ+ν and τ are singular measures.

With all this knowledge on stochastic processes, wehave sufficient information toproceed to the
next section.

A.1.2 Stochastic integration

In this section, the main results to define the quadratic variation and the stochastic integral will
be stated. Before we start with the relevant definitions, a space needs to be introduced.
Definition A.14. By the class M2 we denote the class of right-continuous square-integrable mar-
tingales that start at zero almost surely. That is, X ∈M2, if X0 = 0 a.s, right-continuous and square-
integrable with respect to P, as defined in Definition A.10.

Now, we are ready to start with the first important definition.
DefinitionA.15 (Quadratic variation). [KS91, pg. 31] Let X ∈M2. The quadratic variationprocess
of X, denoted by 〈X 〉, is the unique, up to indistinguishability, adapted, natural and increasing
process, with 〈X 〉0 = 0 a.s, and X 2 −〈X 〉 amartingale. It is continuous, if X is continuous.

Here, a natural process is a process that satisfies some regularity conditions. From the increas-
ingness, the following corollary can be deduced.
Corollary A.10. Let X ∈M2. The quadratic variation is a non-negative process. That is, for all t ⩾ 0
it holds that

〈X 〉t ⩾ 0,

Proof. Since 〈X 〉0 = 0 and t →〈X 〉t is non-decreasing, the result follows immediately.

The definition of quadratic variation can be extended to the following.
Definition A.16 (Quadratic covariation). [KS91, pg. 31, 35] Let X ,Y ∈ M2. The quadratic covari-
ation process 〈X ,Y 〉 is defined to be the unique, up to indistinguishability, adapted, natural and
increasing process such that

X Y −〈X ,Y 〉,

is a martingale. It is continuous if X and Y are continuous.

Fromtheabove, it follows that 〈X 〉 = 〈X , X 〉. Note that thequadratic covariationand innerproduct
may share the same notation. Often it will be made clear from the context which one is meant.
In the following parts, we mean the quadratic covariation. The following corollary will be used
without proof, but can be straightforwardly proven with the definitions above.
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Corollary A.11 (Bilinear). The quadratic covaration process is a bilinear and symmetric process.
That is, let X ,Y , Z ∈M2 and a,b ∈R. Then,

〈X ,Y 〉 = 〈Y , X 〉,
〈aX +bY , Z 〉 = a〈X , Z 〉+b〈Y , Z 〉.

This implies that

〈aX +bY , aX +bY 〉 = a2〈X 〉+2ab〈X ,Y 〉+b2〈Y 〉.

Example A.1 (Quadratic variation of a Brownianmotion). Let W be a Brownian motion. Then,
W ∈M2. It is a well-known result that

〈W 〉t = t .

This won’t be proven here. For more details, see for example, [JYC09, pg. 27] or [Shr+04].

PropositionA.12. LetW 1,W 2 be two independentBrownianmotionwith respect to theaugmented
Brownian filtration (F t ) generated by these processes. Then,〈

W 1,W 2〉
t = 0,

for all t ⩾ 0.

Proof. Clearly, W 1,W 2 ∈ M2. By definition A.16, we need to show that W 1W 2 is a martingale.
Integrability and adaptedness follow immediately. Left to show is that the martingale property
holds. Let t > s. Indeed,

E
[
W 1

t W 2
t

∣∣F s
]= E[(

W 1
t −W 1

s

)
(W 2

t −W 2
s )

∣∣F s
]+E[

W 1
s W 2

t

∣∣F s
]+E[

W 1
t W 2

s

∣∣F s
]−E[

W 1
s W 2

s

∣∣F s
]

.

By well-known properties of the Brownianmotion, this reduces to

E
[
W 1

t W 2
t

∣∣F s
]= E[(

W 1
t −W 1

s

)
(W 2

t −W 2
s )

]+W 1
s E

[
W 2

t

∣∣F s
]+W 2

s E
[
W 1

t

∣∣F s
]−W 1

s W 2
s

= E[(
W 1

t −W 1
s

)]
E
[(

W 2
t −W 2

s

)]+2W 1
s W 2

s −W 1
s W 2

s

=W 1
s W 2

s .

We can conclude that (W 1W 2) is a martingale and thus the result follows.

Proposition A.13. Let X ∈M2. Then

X t = 0, a.s, for all t ⩾ 0, if and only if 〈X 〉 = 0.

Proof. Let X t = 0, a.s. ByDefinition A.15, it holds that 〈X 〉 is the unique process such that X 2−〈X 〉
is amartingale. It holds that X 2

t = 0, a.s, hence X 2
t = 0 is amartingale. It suffices to choose 〈X 〉 = 0,

the desired result.
Now let 〈X 〉t = 0 for all t ⩾ 0. Then it follows that X 2 is a martingale, given the fact that X is a
martingale. Now X0 = 0, a.s. (by definition ofM2), we have

E
[

X 2
t

]= E[
X 2

0

]= 0,

by definition of a martingale. It follows that

X 2
t = 0, a.s,

for all t ⩾ 0. Thus X t = 0, a.s, for all t ∈ [0,T ], by [Sch17, pg. 116].
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Up to this point, we have focused on the quadratic variation of a sufficient martingale. Next,
we will look at the quadratic variation of a semimartingale, where the local martingale part is a
martingale starting in zero.
Definition A.17. [JYC09, pg. 29] Let X and Y be continuous semimartingales given by

X t = X0 + At +Mt , Yt = Y0 +Bt +Nt ,

where X0,Y0 arenon-randomstartingpoints, A,B processes of boundedvariationandM , N square-
integrable martingales starting in zero. Then for all t ⩾ 0,

〈X 〉t = 〈M〉t , 〈X ,Y 〉t = 〈M , N〉t .

that is, the initial value and bounded variation part are not part of the quadratic variation.

Corollary A.14. LetW a Brownianmotion and Yt = t for all t ⩾ 0, then

〈W,Y 〉 = 0.

Proof. Note that Y is a semimartingale with zero martingale part, as it is of bounded variation.
Hence, by Definition A.13 it follows that

〈W,Y 〉 = 〈W,0〉 = 0,

by the uniqueness of the quadratic covariation.

Now that the theory on quadratic variations has been introduced, the notion of the stochastic
integralwill be introduced. Here, only themost important definitions and results arementioned.
This overview is far from complete. Again, the reader who is interested in more information, is
referred to [KS91] and [CW90].
Note that integration with respect to the quadratic variation is defined in the Lebesgue-Stieltjes
sense, see [KS91, pg. 35]. With this in mind, the following definitions make sense. They consist
of several parts.
Definition A.18. [KS91, pg. 130] Two stochastic processes X ,Y are defined to be equivalent if X = Y
P×λ1 almost everywhere. Denote by M a continuous, square-integrable martingale with M0 = 0,
a.s, adapted to a filtration (F t ), satisfying the usual conditions. LetL ∗(M) be the space of equiva-
lence classes of progressively measurable processes with

[X ]M ,T :=
√
E

[∫ T

0
X 2

t d〈M〉t

]
<∞,

for all T > 0. Furthermore, we define

[X ]M :=
∞∑

n=1
2−n (min(1, [X ]n) .

Definition A.19 (Stochastic integral). [KS91, pg. 139] Let X ∈L ∗(M). Now, the stochastic integral
of X with respect toM ∈M2 whereM continuous, is the unique, square-integrablemartingale I (X ),
adapted to the same filtration as M , that satisfies

lim
n→∞

∥∥I (X n)− I (X )
∥∥

M = 0,

where I (X n) is the stochastic integral in terms of a simple process and ||I (X )||M := [X ]M . The above
needs to hold for every sequence of simple processes (X n)n∈N that satisfies

lim
n→∞

[
X n −X

]
M = 0.
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Wewrite

It (X ) =
∫ t

0
XsdMs ,

for t ⩾ 0.

Sometimes, we will write

It (X ) =
∫ t

0
XsdMs = (X ·M)t .

The following proposition gives us some important properties of the stochastic integral. The
proof relies on the extension of the integral in the sense of a simple process, and is omitted here.
Proposition A.15. [KS91, pg. 139] Let M ∈ M2 continuous and X ∈ L ∗(M). Then, I (X ) ∈ M2 and
continuous as well, where

〈I (X )〉t = 〈(X ·M)〉t = (X 2 · 〈M〉)t =
∫ t

0
X 2

s d〈M〉s .

From the fact that the integral is a martingale, it holds that

E

[∫ t

0
XsdMs

]
= 0.

Proposition A.16 (Itô’s isometry). [KS91, pg. 144] Let M , N ∈ M2 and continuous, and let It =∫ t
0 XsdMs and Kt =

∫ t
0 YsdNs , where the processes (X t ), (Yt ) are such that the integrals are well de-

fined. Then, for all t ∈ [0,T ],

E[It Kt ] = E
[∫ t

0
XsYsd〈M , N〉s

]
.

Note that the definitions above can easily be extended to X ∈L ∗(M), where M0 ̸= 0, a.s. Then,∫ t

0
XsdMs ,

is still defined, as M̃ = M −M0 is still a square-integrable martingale that now starts in zero, with
dM =dM̃ . For this martingale, the definitions above apply.
Remark A.2.Here, we work with a continuous integrator M , and a progressivelymeasurable inte-
grand X . Whenwe relax the continuity assumption, we need toworkwith an even stronger notion
ofmeasurability, that of a predictable process. This topic is not covered in this thesis. We should be
careful that all the integrands we are working with are sufficiently continuous.

Althoughwemake the remark above, it appears that we oftenworkwith a right-continuousmar-
tingale, and not with a continuous one. However, the next proposition solves this problem. Be-
fore this, we first need an important theorem, of which again the proof is omitted.
Theorem A.17 (Martingale representation theorem). [KS91, pg. 182] LetW be a d-dimensional
Brownianmotion, and let (F t ) be given inDefinition A.4. Then for any square-integrablemartin-
gale M w.r.t this filtration with cadlag paths a.s, there exists a progressively measurable processes
Y j such that

E

[∫ T

0

(
Y j

t

)2
dt

]
<∞, (A.3)

for any 1⩽ j ⩽ d , for every 0 < T <∞, and

Mt = M0 +
d∑

j=1

∫ t

0
Y j

s dW j
s ,

for every t ⩾ 0. In particular, M is a.s. continuous.
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Note that Equation (A.3) is essential to ensure that the stochastic integral is well-defined, in ac-
cordance with Definition A.19.
Proposition A.18. Let M be a martingale with respect to the augmented Brownian filtration (F t )
given in Definition A.4. Then, M has amodification that is continuous.

Proof. First, by Proposition A.3, the martingale has a cadlag modification. When we work on
this modification, we can apply Theorem A.17 to conclude that M has a.s. continuous paths. By
Proposition A.2we can say thatM is indistinguishablewith a continuous process. Hence, we can
say that M has amodification that is continuous.

RecallingRemarkA.2, wewill use thismodificationM to ensure continuity, to be able to integrate
properly.
We introduce a well-knownmethod to characterise a function of a stochastic process. The proof
can be found in the cited reference.
Theorem A.19 (Itô’s lemma (in multiple dimensions)). [KS91, pg. 153] Let d ⩾ 1 and f : [0.∞]×
Rd → R be a twice continuously differentiable function in all variables. Take t ∈ [0,∞). Let X t be a
continuous, d-dimensional martingale with initial value X0. Then, it holds P a.s.,

f (t , X t ) = f (0, X0)+
∫ t

0

∂

∂t
f (s, Xs)ds +

d∑
i=1

∫ t

0

∂

∂xi
f (s, Xs)dX i

s

+ 1

2

d∑
i=1

d∑
j=1

∫ t

0

∂2

∂xi∂x j
f (s, Xs)d〈X i , X j 〉s .

Itô’s lemmawill bemainly used with d = 1 or d = 2 with X t = (t ,Yt ), for a process Yt .
We end this section with two lemmas that will be often used throughout this thesis and are par-
tially based on the appendix of [AB23].
Lemma A.20. Let (F t ) be the augmented Brownian filtration given in Definition A.4. Let (X t ) be a
martingale with respect to the filtration (F t ), and square-integrable with respect to P×λ1. Then,it
holds that

M̃t := E
[∫ T

0
Xsds

∣∣∣∣Ft

]
=

∫ t

0
Xsds + (T − t )X t ,

with dynamics

dM̃t = (T − t )dX t .

Furthermore, it holds that (M̃t ) is also square-integrable with respect to P×λ1.

Proof. Note that by construction (M̃t ) is a martingale, since the square-integrability holds. Us-
ing the properties of a martingale and a Fubini argument for conditional expectations gives the
following

M̃t = E
[∫ T

0
Xsds

∣∣∣∣Ft

]
= E

[∫ t

0
Xsds +

∫ T

t
Xsds

∣∣∣∣Ft

]
=

∫ t

0
Xsds +

∫ T

t
E[Xs |Ft ]ds.

Here, in the last step we used that Xs for s ⩽ t isFt measurable. Since E[Xs |Ft ] = X t for s > t , this
implies

M̃t =
∫ t

0
Xsds +Xs(T − t ).
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It follows by Itô’s lemma that

dM̃t = X tdt +d(X t (T − t )) = X tdt +TdX t −d(t X t ) = X tdt +TdX t − tdX t −X tdt = (T − t )dX t .

Left to prove is that (M̃t ) is square-integrable with respect to P×λ1. Rewriting, we get∫ T

0

∫
Ω

M̃ 2
s dPds =

∫ T

0

∫
Ω
E

[∫ T

0
Xsds

∣∣∣∣Ft

]2

dPds ⩽
∫ T

0

∫
Ω
E

[(∫ T

0
Xsds

)2
∣∣∣∣∣Ft

]
dPds

=
∫ T

0
E

[
E

[(∫ T

0
Xsds

)2
∣∣∣∣∣Ft

]]
ds =

∫ T

0
E

[(∫ T

0
Xsds

)2
]
ds = TE

[(∫ T

0
Xsds

)2
]

,

by the conditional Jensen’s inequality, the tower property and the fact that E
[(∫ T

0 Xsds
)2

]
not de-

pends on s anymore. We get, by the Cauchy-Schwarz inequality in L2([0,T ]),a.s,(∫ T

0
Xsds

)2

⩽
∫ T

0
1ds

∫ T

0
X 2

s ds = T
∫ T

0
X 2

s ds,

E

[(∫ T

0
Xsds

)2
]
⩽ T E

[∫ T

0
X 2

s ds

]
<∞,

since inequalities are preserved by taking expectations, and X is a sufficiently square- integrable
process. From this, we can conclude that (M̃t ) is also square-integrable.

The following corollary has almost the same proof as the lemma above, but is stated here for
completeness.
Corollary A.21. Let (X t ) be a martingale that is square- integrable with respect to P×λ1. Let the
process (Nt ), with t ∈ [0,T ], be such that

Nt = E
[∫ T

t
Xsds

∣∣∣∣F t

]
.

Then, (Nt ) is also square-integrable with respect to P×λ1 and can be written as

Nt = X t (T − t ).

Proof. The part of the proof that Nt is square- integrable is identical to the last part of Lemma
A.20. Furthermore, we have again by a Fubini argument that

Nt = E
[∫ T

t
Xs

∣∣∣∣F t

]
ds =

∫ T

t
E[Xs |Ft ]ds =

∫ T

t
X tds = X t (T − t ).

A.1.3 Variational calculus

This section explains themost important concepts of variational calculus, needed for this thesis,
beginning with the foundational concept of functional analysis.
For the reader seeking more information about vector spaces and Hilbert spaces, the book by
Balakrishnan [Bal12] is recommended.
Lemma A.22. The space L2(Ω,F ,P) of Section A.1.1 is a Hilbert space.

The proof of this lemma is omitted here, and can be found in [Sch17, pg.121]. In a Hilbert space,
the following lemma applies.
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Lemma A.23. Let H be a Hilbert space with norm ∥·∥H and X , Z ∈ H . If

〈X −Z ,Y 〉H = 0,

for all Y ∈ H , then we have that X = Z .

Proof. As 〈X −Z ,Y 〉H = 0 for all Y ∈ H , we can choose Y = X −Z to get

〈X −Z ,Y 〉H = 〈X −Z , X −Z 〉H = ∥X −Z∥2
H = 0.

This implies that ∥X −Z∥ = 0 and thus X = Z , by the definition of a norm.

In correspondence with Section A.1.1, in L2(Ω,F ,P), this would mean that X t = Zt , P almost
surely, so that X and Z are in the same equivalence class.
Next, several important definitions will be introduced.
Definition A.20 (Operator). [Lue97, pg. 27] Let X ,Y be linear vector spaces. An operator from a
domain D ⊂ X to Y is a rule that associates with every x ∈ D an element y ∈ Y . We then write

T (x) = y.

Definition A.21 (Functional). [Lue97, pg. 28] Let X be a vector space. A functional is any operator
f : X →R.

That is, a functional is a function of functions, and a specific case of an operator. From now on,
let T : X → Y be an operatorwhere X is aHilbert space equippedwith norm ||·||X and Y a normed
space with norm || · ||Y .
Definition A.22 (Linear operator). The operator T is linear, if for every x, y ∈ X and α,β ∈ R holds
that

T (αx +βy) =αT (x)+βT (y).

Definition A.23 (Bounded operator). [Lue97, pg. 144] The operator T is bounded if there exists a
constant M ∈R such that

||T (x)||Y ⩽ M ||x||X ,

for all x ∈ X .

Proposition A.24. [Lue97, pg.144] A linear operator is called continuous for all x ∈ X if it is con-
tinuous in a single point. It is continuous if and only if it is bounded.

The proof of this proposition is omitted and can be found in the reference cited.
With these definitions, a definition for a derivative of an operator can be introduced.
Definition A.24 (Gateaux differentiable). [Lue97, pg. 171] Let x ∈ D ⊆ X , h ∈ X and y ∈ R. The
operator T is said to be Gateaux differentiable at x if the limit

δT (x;h) = lim
y→0

T (x + yh)−T (x)

y
,

exists. Then, δT (x;h) is called the Gateaux differential of T at x with increment h. If it exists for all
h ∈ X , the operator T is Gateaux differentiable at x.

For every x ∈ X the Gateaux differential defines an operator from δT (x; ·): X → Y itself. When T
itself is a linear operator, it holds that δT (x;h) = T (h). In the case of a functional, even more can
be said.
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Corollary A.25. [Lue97, pg. 171] When Y =R, T is functional and it holds that the Gateaux differ-
ential is given by,

δT (x;h) = d
dh

T (x + yh)
∣∣∣
h=0

,

if it exists.

Now, a stronger concept of differentiability is introduced.
Definition A.25 (Fréchet differentiable). [Lue97, pg. 172] Let h ∈ X . The operator T is Fréchet
differentiable at x ∈ X , if there exists an operator δT (x;h) ∈ Y that is continuous and linear with
respect to h such that

∥T (x +h)−T (x)−δT (x;h)∥Y

∥h∥X
→ 0,

as ∥h∥X → 0. Then, T is said to be Fréchet differentiable at x, with Fréchet derivative δT (x;h). If T is
Fréchet differentiable for all x ∈ X , it holds that

δT (x;h) := A(x)(h),

where A(x) is a bounded linear operator from X → Y . We call A(x) the Fréchet derivative T ′ of T ,
such that

δT (x;h) = T ′(x)(h).

Note that the continuity and linearity arenotpart of thedefinitionof theGateauxdifferential, but
are in the case of the Fréchet differential. Another connection between the Gateaux and Fréchet
differential is made in the next proposition.
Proposition A.26. [Lue97, pg. 173] If the Fréchet differential of T exists at x, so does the Gateaux
differential at x. In fact, the two functionals coincide.

Proof. The proof follows easily by writing out the definitions of both differentials.

This proposition implies that the Fréchet derivative is unique, if it exists, and does not depend
on the choice of norm, as long as the norms are equivalent. Since the Fréchet differential does
not depend on the norm, we can state a continuity result, of which the proof can be found in the
reference cited.
Proposition A.27. [Lue97, pg. 173] If T is Fréchet differentiable in x ∈ X , then T is continuous at x.

Note that the concept of the Gateaux differential is often sufficient to achieve the desired results
in this thesis. The Fréchet differential will be used to prove continuity of the functionals we will
workwith. To find the Fréchet differential, wewill use the Gateaux differential, and demonstrate
that it is linear, continuous and fulfills Definition A.25.
The next definition involves X ∗, the dual space of the Hilbert space X . This is included for com-
pleteness, andwewon’t go into details what this space exactly is. The following definitionwill be
helpful in the upcoming chapters.
Definition A.26 (Representation of the Gateaux derivative). [ET99, pg. 23] Let Y =R, so that T is
a functional. The gradient of the Gateaux derivative at x ∈ X , denoted by the Gateaux gradient, is
given by a functional ∇T (x) ∈ X ∗ that satisfies

δT (x; y) = 〈y,∇T (x)〉.

for every y ∈ X , if it exists.
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Proposition A.28. Since X is a Hilbert space, the Gateaux gradient ∇T (x) always exists for x ∈ X if
the Gateaux differential δT (x;h) exists and is linear and continuous for all h ∈ X .

Proof. This is a direct consequence of the Riesz Representation Theorem [Bal12, pg. 20].

Sometimes the gradient above is called “the Gateaux derivative", as this is defined without an
extra h ∈ X . However, we will call it the gradient to keep it clear. The gradient can be seen as a
representation of the Gateaux derivative.
With the information introduced above, we can state a proposition for finding an infinum. How-
ever, before doing so, we need somemore definitions.
Definition A.27 (Coerciveness). [ET99, pg. 35] The operator T is called coercive if

||T (x)||Y →∞, if ∥x∥X →∞,

for all x ∈ X .

Definition A.28 (Convex subspace). [ET99, pg. 7] A subspace X of a real vector space V is convex
if for every pair (x, y) ∈ X and every θ ∈ [0,1]

θx + (1−θ)y ∈ X .

Definition A.29 ((Strictly) Convex functional). [ET99, pg. 7, 9] Let X be a convex subspace of a
real vector space, and F a functional from X to R. F is called convex if for all (x, y) ∈ X it holds that

F (θx + (1−θ)y)⩽ θF (x)+ (1−θ)F (y),

for all θ ∈ [0,1].

The functional F is called strictly convex if the above inequality holds strictly, for every (x, y) ∈ X
such that x ̸= y and θ ∈ (0,1).

We are ready to introduce the aforementioned proposition. The proof can be found in themen-
tioned reference.
Proposition A.29. [ET99, pg. 35] Let X be a Hilbert space, A ⊂ X a closed, convex subspace of this
space and F : A →R a functional that is convex, continuous and coercive. Then,

inf
x∈A

F (x),

has at least one solution. It has a unique solution, if F is strictly convex.

This concludes the chapter on themathematical background.

A.2 Mathematical proofs

In this chapter, somemathematical proofs that have been omitted in themain part of the thesis
are written down. These have to do with variational calculus and specific calculations of mo-
ments.
First, we will calculate themoment of a Geometric Brownianmotion.
Lemma A.30. Let t ∈ [0,T ] and

G i
t = E i

0 exp

((
µi − 1

2
σi

)
t +σi W i

t

)
.
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The first and secondmoments ofG i
t are given by

E
[
G i

t

]
= E i

0 exp(µi t ), E

[(
G i

t

)2
]
=

(
E i

0

)2
exp

(
2µi t +σi t

)
.

This implies that (G i
t ) ∈ L2(Ω× [0,T ],F ⊗B([0,T ]),P×λ1).

Proof. Let’s start with the expected value. It follows that

E
[
G i

t

]
= E

[
E i

0 exp

((
µi − 1

2
σ2

i

)
t +σi W i

t

)]
= E i

0 exp

((
µi − 1

2
σ2

i

)
t

)
E
[

exp
(
σi W i

t

)]
= E i

0 exp

((
µi − 1

2
σ2

i

)
t

)
exp

(
1

2
σ2

i t

)
= E i

0 exp(µi t ),

where in the last step the expected value of the exponent follows from the moment generating
function of a Brownian motion, see [OG19, pg. 37]. For the second moment, the same trick can
be applied.

E

[(
G i

t

)2
]
=

(
E i

0

)2
exp

((
2µi −σ2

i

)
t
)
E
[

exp
(
2σi W i

t

)]
=

(
E i

0

)2
exp

((
2µi −σ2

i

)
t
)

exp
(
σ2

i t
)

=
(
E i

0

)2
exp

((
2µi +σ2

i

)
t
)
.

SinceG i
t > 0 for all t ∈ [0,T ], it holds by Tonelli’s theorem that

E

[∫ T

0

(
G i

t

)2
dt

]
=

∫ T

0
E

[(
G i

t

)2
]
dt =

∫ T

0

(
E i

0

)2
exp

((
2µi +σ2

i

)
t
)dt

=
(
E i

0

)2 1

2µi +σ2
i

(
exp

((
2µi +σ2

i

)
T

)−1
)<∞,

as E i
0 is non-random, µi > 0 and T fixed. Hence, (G i

t ) ∈ L2(Ω× [0,T ],F ⊗B([0,T ]),P×λ1).

Now, we will show howwe can find the specific Fréchet derivative that we use in Chapter 3. This
is done via the Gateaux derivative.
Proposition A.31. LetJ i be given as in (1.40), and (V , Z ) =φ ∈A 2. Then the Gateaux derivative of
the functionalJ i is given by

δJ i
((
αi ,βi

)
; (V , Z )

)
= E

[∫ T

0
Vt

(
hi +

αi
t

η

)
+Vt

(
Pt +

βi
t

ν

)
dt

]
+λE

[∫ T

0
X i

T (Vt +Zt )dt

]
.

Proof. The Gateaux derivative can be derived with Corollary A.25, since we are working with a
functional. From the Gateaux derivative, the Gateaux gradient can be obtained.
For this, fix firm i and again split up the cost functionalJ i in two parts, such that we can write

J i =C i +F i .

Since the derivative and gradient are linear, we will have that

δJ i
((
αi ,βi

)
;φ

)
= δC i

((
αi ,βi

)
;φ

)
+δF i

((
αi ,βi

)
;φ

)
, ∇J i =∇C i +∇F i .

We will first derive the Gateaux derivative and gradient of the functional C . During the deriva-
tions, we will ignore the subscript i for a specific firm.
Let φ ∈ A 2 such that φ = (V , Z ) and τ ∈ R. Then, the Gateaux derivative with respect to φ ∈ A 2 is
given by

d
dτC

(
α+τVt ,β+τZt

)∣∣∣
τ=0

= d
dτ E

[∫ T

0
h(αt +τVt )+ (αt +τVt )2

2η
+Pt (βt +τZt )+ (βt +τZt )2

ν
dt

]∣∣∣∣
τ=0

.
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Note that τ ∈ R and we are only differentiating deterministic terms, potentially times a random
variable. This implies that we interchange the differentiation sign and expected value. Then,

d
dτC

(
α+τVt ,β+τZt

)= E[ d
dτ

∫ T

0
h(αt +τVt )+ (αt +τVt )2

2η
+Pt (βt +τZt )+ (βt +τZt )2

2ν
dt

]
= E

[∫ T

0
hVt +

αt Vt + 1
2τ

2V 2
t

η
+Pt Zt +

βt Zt + 1
2τ

2Z 2
t

ν
dt

]
.

Evaluating in τ= 0, it implies

δC
((
α,β

)
;φ

)= E[∫ T

0
hVt +

αt Vt + 1
2τ

2V 2
t

η
+Pt Zt +

βt Zt + 1
2τ

2Z 2
t

ν
dt

]∣∣∣
τ=0

= E
[∫ T

0
Vt

(
h + αt

η

)
+Zt

(
Pt + βt

ν

)
dt

]
.

The above is the Gateaux derivative ofC in the direction of φ. .
The sameprocedurewill bedone toobtain anexpression for theGateauxderivative of F . For this,
we will need the chain rule for Gateaux derivatives [Lue97, pg. 176]. Furthermore, this implies,
by the same reasoning on interchanging the differentiation and expected value as above, that

δF
((
α,β

)
;φ

)= d
dτF (α+V τ,β+Zτ)

∣∣∣
τ=0

= d
dτ E

[
λXT

(
α+τV ,β+τZ

)2
]∣∣∣
τ=0

=λE
[ d
dτX 2

T (α+τV ,β+τZ )
∣∣∣
τ=0

]
= 2λE

[
XT (α,β)

(
δX ((α,β);φ)

)]
, (A.4)

whereδXT ((α,β);φ) is theGateauxderivativeof XT (α,β) forφ ∈A 2. Note thathere XT
(
α+τV ,β+τZ

)2

could be written out explicitly. Hence, working out the derivative, we obtain

δX
((
α,β

)
;φ

)= d
dτXT

(
α+V τ,β+Zτ

)∣∣∣
τ=0

=
∫ T

0

d
dτ

(
αt +Vtτ+βt +Ztτ

)∣∣∣
τ=0

dt =
∫ T

0
Vt +Ztdt .

It now holds that (A.4) can be written as

δF
((
α,β

)
;φ

)= 2λE

[
XT

(
α,β

)∫ T

0
Vt +Ztdt

]
= 2λE

[∫ T

0
XT (Vt +Zt )dt

]
. (A.5)

This is theGateauxderivative of F with respect toφ ∈A 2. We conclude thatwehave indeed found
the desired Gateaux derivatives and gradient of the cost functionalJ i .

Proposition A.32. The abatement costs ci (αi ) : A → B and tradings costs fi (βi ) : A → B are given
by

ci

(
αi

)
= hiα

i + (αi )2

2ηi
, fi

(
βi

)
= Pβi + (βi )2

2ν
.

Themarginal abatement costs, c ′i (αi
t ) , is an operator fromA →B, given by, for x ∈A ,

c ′i
(
αi

)
(x) = x

(
hi + αi

η

)
. (A.6)

In like manner, the marginal tradings costs are given by f ′
i (βi

t ), where for x ∈A

f ′
i

(
βi

)
(x) = x

(
P + βi

ν

)
.
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Proof. Recall the definition of B of (1.18). Given that both costs are operators from A → B, the
derivativeswill be taken in theFréchet andGateaux sense. Thiswill bewrittenout completely for
the marginal abatement costs, the marginal trading costs follow in the exact same manner. We
will show that (A.6) fulfils Definition A.25. Linearity in x ∈A follows immediately, continuity fol-
lows from the boundedness of the operator by Proposition A.24. Take x ∈A and αi ∈A arbitrary.
Then,∥∥∥c ′i

(
αi

)
(x)

∥∥∥
B
=

∥∥∥∥x

(
hi + αi

ηi

)∥∥∥∥
B

⩽ hi ∥x∥B + 1

ηi

∥∥∥αi x
∥∥∥

B
.

Since
∥∥x2

∥∥
B = ∥x∥A and by Hölder’s inequality, it follows∥∥∥c ′i

(
αi

)
(x)

∥∥∥
B
⩽ hi T 2 ∥x∥A + 1

ηi
∥x∥A

∥∥∥αi
∥∥∥

A
=

(
hi T 2 + 1

ηi

∥∥∥αi
∥∥∥

A

)
∥x∥A := M ∥x∥A .

Wecan conclude that this operator is bounded and thus continuous. Left to prove is that it fulfils
the uniform limit of the Fréchet derivative. Indeed, by the fact that ∥x∥2

A
= ∥∥x2

∥∥
B , it follows∥∥ci

(
αi +x

)− ci
(
αi

)− c ′i
(
αi

)
(x)

∥∥
B

∥x∥A
=

∥∥∥ x2

ηi

∥∥∥
B

∥x∥A
= 1

η2
i

∥x∥A
2

∥x∥A
= 1

η2
i

∥x∥A → 0,

if ∥x∥A → 0. We conclude that themarginal costs operator c ′i (αi ) is the Fréchet derivative of ci (αi ),
and in the samemanner that that themarginal trading costs operator f ′

i (βi ) is the Fréchet deriva-
tive of fi (βi ). In a specific point t ∈ [0,T ], we will write c ′i (αi )t , f ′

i (βi )t respectively.

A.3 Units of variables

In Section 6.4 of [AB23], the units of the variables in the Brownian framework are given. In this
section,wewill brieflyelaborateon that. After this,wewill adapt theunits in theGeometricBrow-
nianmotion setting, as this is necessary for the well-definedness of themodel. In this section, X
has unit y will be denoted by X ∼ y .
First of all, in theBrownian framework,we shouldbe careful, since someparameters in thepaper
of Aïd and Biagini are given in Gigaton CO2, while others are given in tons of CO2. To maintain
consistency in this thesis, we converted everything to Gigaton CO2, which we will abbreviate as
Gton. As already indicated, the unit of the BAU emissions E i is given to be Gton. Both the drift
and volatility are defined per year, such that

µi ∼ Gton
year , σi ∼ Gtonpyear .

Although notmentioned in the paper cited, to give E the unit Gton, as per (1.6), we need that the
Brownian motion that we work with has a unit of pyear, which we can also write as pt , where
time t in years. We believe this is a reasonable assumption, since

E

[(
W i

t

)2
]
= t ,

by definition of the Brownianmotion.
In the Geometric Brownian motion, we consider the strong solution given in (1.8). Here, we
should be careful, since we work with an exponent. This means here that we need to make the
part in the exponent dimensionless, such that G i

t has the same unit as E i
0. That is, we need that

the term((
µi − 1

2
σ2

i

)
t +σi W i

t

)
,
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has no unit. In order to achieve this, we need

µi ∼ 1

t
, σi ∼ 1p

t
, W i

t ∼p
t. (A.7)

The units of the drift and volatility are adjusted such that they fit in this model. This way, (A.7) is
dimensionless andG i

t has a unit of Gton, for every firm i and time t ∈ [0,T ].
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B | Market with Frictions

In this appendix, the optimal dynamic allocation in the case of a market with frictions, where
the BAU emissions are modelled by a Brownian motion, is solved. Again, the three steps of the
Stackelberg game that have been used in Chapters 2 and 3 are present. Wewill often refer to this
chapter, as only themain differences are written out.
This chapter is based on Sections 3 and 4 of [AB23]. Furthermore, it is inspired by Section 5.1.1
of [AB23]. It extends this article, as the derivations are not written out there.
In this chapter, we work with ν<∞. Furthermore, the structure of the Brownianmotion is taken
as in [AB23], that is,

W i
t := κi B̃ 0

t +
√

1−κ2
i B̃ i

t ,

where κi ∈ R. Additionally, we take E i
0 = 0 for every firm. These assumptions correspond with

Remark 1.1 specifically. With this, we are ready to go to the first step to solve the Stackelberg
equilibrium.
Before we start, we define for each firm i ,

gi (t ) = 2ληi

1+2λ
(
ηi +ν

)
(T − t )

,

which is the analogue of f (t ) in the case of no frictions.

B.1 Single firm optimisation

The first goal of this section is to prove the following proposition
Proposition B.1. LetJ i ,E be given as in (1.40), with X i

T = X i ,E
T . Then, the solution couple to

inf
(αi ,βi )∈A 2

J i ,E (αi ,βi ),

is unique.

First of all, note that

J i ,E
(
αi ,βi

)
= J̃ i ,E

(
αi ,βi

)
+Li

(
αi ,βi

)
, with Li

(
αi ,βi

)
:= E

[∫ T

0

(βi
t )2

2ν
dt

]
, (B.1)

where J̃ i ,E is given in 2.3 . Next to this representation, the following decomposition will also be
used

J i ,E
(
αi ,βi

)
=C i

(
αi ,βi

)
+F i ,E

(
αi ,βi

)
,
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where F i ,E is given in (2.5) and

C i
(
αi ,βi

)
= E

[∫ T

0
hi (αi

t )+ (αi
t )2

2ηi
+Ptβ

i
t +

(βi
t )2

2ν
dt

]
.

Wewill use both these relations to prove the proposition. Again, Proposition A.29 will be used to
achieve this. We need to make sure we satisfy the assumptions of this theorem. The properties
of the space A 2 still hold. We need to prove that J i ,E is a coercive, continuous, strictly convex
functional over A 2. The proof of the coerciveness is in line with Proposition 2.4 and won’t be
repeated here. Again, the assumptions on the trading rate βi in (1.11) and the market price P in
Equation (1.24) are used.
Next, wewill show that the cost functionalJ i ,E is strictly convex in (αi ,βi ). FromProposition 2.5,
we already know that F i ,E is convex. We will show that C i is strictly convex in the controls, from
which we can conclude that the whole functionJ i ,E is strictly convex.
PropositionB.2. Thecost functionalC i (αi ,βi ) is strictly convex in (αi ,βi ). It follows thatJ i ,E (αi ,βi )
is also strictly convex.

Proof. Let θ ∈ (0,1), and V ,Y ∈ A 2 such that V ̸= Y . This implies that either V1 ̸= Y1, V2 ̸= Y2, or
both. That is, at least one of the two inequalities holds, µ a.e,

2V1Y1 <V 2
1 +Y 2

1 or 2V2Y2 <V 2
2 +Y 2

2 . (B.2)

Using these inequalities, we get

C i (θV + (1−θ)Y ) = E
[∫ T

0
hi (θV1 + (1−θ)Y1)+ (θV1 + (1−θ)Y1)2

2ηi
+Pt (θV2 + (1−θ)Y2)dt

]
+E

[
(θV2 + (1−θ)Y2)2

2ν
dt

]
.

It follows that

E

[∫ T

0

(θV1 + (1−θ)Y1)2

2ηi
+ (θV2 + (1−θ)Y2)2

2ν
dt

]
= θ2E

[∫ T

0

V 2
1

2ηi
+ V 2

2

2ν
dt

]

+2θ(1−θ)E

[∫ T

0

V1Y1

2ηi
+ V2Y2

2ν
dt

]
+ (1−θ)2E

[∫ T

0

V 2
1

2ηi
+ V 2

2

2ν
dt

]
.

By one of the two, or both, inequalities of (B.2), we obtain

2θ(1−θ)E

[∫ T

0

V1Y1

2ηi
+ V2Y2

2ν
dt

]
< θE

[∫ T

0

V 2
1

2ηi
+ V 2

2

2ν
dt

]
+ (1−θ)E

[∫ T

0

Y 2
1

2ηi
+ Y 2

2

2ν
dt

]
.

Using the linearity of the integral and the equation above, this gives

C i (θV + (1−θ)Y ) < θE
[∫ T

0
hi V1 +Pt V2dt

]
+θE

[∫ T

0

V 2
1

2ηi
+ V 2

2

2ν
dt

]
+ (1−θ)E

[∫ T

0
hi Y1 +Pt Y2dt

]

+ (1−θ)E

[∫ T

0

Y 2
1

ηi
+ Y 2

2

2ν
dt

]
= θC i (V )+ (1−θ)C i (Y ).

Since the above holds for all θ ∈ (0,1), and V ̸= Y is chosen arbitrary, we can conclude that indeed
the functionalC i (αi ,βi ) is strictly convex in both the controls, byDefinition A.29. Since the sum-
mation of the strictly convex functional C i (αi ,βi ) and the convex functional F i ,E (αi ,βi ) is again
strictly convex, we can conclude thatJ i ,E (αi ,βi ) is strictly convex in the controls.
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The last condition to establish, in order to satisfy the assumptions of Proposition A.29, is the
continuity of the cost functional J i ,E with respect to (αi ,βi ). For this, we will use the Fréchet
derivative. Since (B.1) holds, by the linearity of the Fréchet derivative, we only need to prove that
Li (αi ,βi ) is Fréchet differentiable, since J̃ i ,E is Fréchet differentiable by Proposition 2.7.
How this derivative is exactly derived, via the Gateaux derivative, can be found in Proposition
A.31.
Lemma B.3. The functional Li : A 2 → R of (B.1) is Fréchet differentiable, with following Fréchet
derivative and Gateaux gradient respectively, for φ= (V , Z ) ∈A 2,

δLi
((
αi ,βi

)
;φ

)
= E

[∫ T

0

βi
t Zt

ν
dt

]
, ∇Li

(
αi ,βi

)
=

(
0,
βi

ν

)
.

Proof. We will show that δLi ((αi ,βi );φ) satisfies Definition A.25. The linearity and continuity is
φ ∈A 2 is not proven here and follows straightforwardly. Furthermore,

Li
((
αi ,βi

)
+φ

)
−Li

(
αi ,βi

)
−δLi

((
αi ,βi

)
;φ

)
= E

[∫ T

0

Z 2
t

2ν
dt

]
.

Hence,

0⩽

∣∣Li
((
αi ,βi

)+φ)−Li
(
αi ,βi

)−δLi
((
αi ,βi

)
;φ

)∣∣∥∥φ∥∥
A 2

⩽
1

2ν

(
E
[∫ T

0
V 2

t
2ν + Z 2

t
2νdt

])
φA 2

= 1

2ν

∥∥φ∥∥
A → 0,

when
∥∥φ∥∥

A → 0. Hence, the Fréchet derivative has the desired form. Indeed,

δLi ((αi ,βi );φ) = E
[∫ T

0

βi
t Zt

ν
dt

]
=

〈(
0,
βi

ν

)
,φ

〉
A 2

.

Hence, the Gateaux gradient is given by

∇Li (αi ,βi ) =
(
0,
βi

ν

)
.

Now we are ready to prove the continuity of the cost functional, which will follow directly from
the Fréchet differentiability.
Lemma B.4. The cost functionalJ i ,E is continuous in the controls.

Proof. This follows directly from combining Equation (B.1), Proposition B.3 and Proposition 2.7,
together with the fact that the Fréchet derivative is linear. By Proposition A.27,J i ,E continuous
in the controls.

Nowwe are finally ready to prove Theorem B.1.

Proof of Proposition B.1. By Proposition 2.3, it follows that A 2 is a closed, convex Hilbert space
of L2 ×L2. Furthermore, from Lemma B.4, the cost functionalJ i ,E is continuous. By Lemma 2.4,
J i ,E is coercive in the controls and in Propositions 2.5 and B.2 it is proven that J i ,E is a strictly
convex functional. By the aforementioned Proposition A.29, it holds that the stochastic control
problem admits a unique solution. This is the desired result.

It won’t come as a surprise that this unique solution can be obtained by equating the gradient of
J i ,E to zero . The following proposition summarises everything we need.
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Proposition B.5. The two-dimensional Gateaux gradient is given by, for each t ∈ [0,T ],

∇J (αi ,βi ) =
(
hi + αi

η
+2λE

[
X i

T

∣∣∣F ·
]

,P + βi

ν
+2λE

[
X i

T

∣∣∣F ·
])

. (B.3)

The solution to the optimisation problem is found when we equate this to zero, µ a.e.

Proof. The fact that the gradient is linear in combination with Proposition 2.10, Lemma B.3 and
decomposition (B.1) gives thedesired result for the gradient. Proposition2.11 still suffices,where
even a strict inequality in the proof will holds, due to the strict convexity. The result follows.

With all this information, we are finally ready to find theminimiser of the cost functionalJ i ,E .
Theorem B.6. For a given cumulative allocation scheme Ai and exogenous price P ∈ A , it holds
that

inf
(αi ,βi )

J i ,E
(
αi ,βi

)
:= inf

(αi ,βi )
E

[∫ T

0
ci (αi

t )+Ptβ
i
t +

1

2ν
(βi

t )2dt +λ
(

X i
T

)2
]

, (B.4)

has a unique solution (α̂i , β̂i ) ∈A 2. The optimal solution for the abatement effort α̂i is given by the
following SDE

dα̂i
t =−gi (t )

(
dM i

t −σidW i
t +d E

[∫ T

0
ν(hi −Ps)ds

∣∣∣∣F t

])
,

α̂i
0 =−gi (0)

(
1

2λ
hi +M i

0 +E
[∫ T

0
ν(hi −Pt )dt

])
.

The optimal solution for the trading rate β̂i is given by

β̂i
t = ν

(
hi +

α̂i
t

ηi
−Pt

)
.

Proof. Throughout this proof, we will consider a specific firm i . This superscript for the corre-
sponding firmwill be omitted.
InPropositionB.5,wehaveseen that thecost functionalJ i ,E attains itsminimumwhen∇J i ,E (α,β) =
0, µ a.e. Since this is implied by ∇J i ,E (α,β)t = 0 almost surely, for all t ∈ [0,T ], and the solution
is unique, we can use this condition to find the optimal result. From now on, all equations in
this proof will hold almost surely, unless mentioned otherwise. We can use (B.3) to arrive at the
following two first order conditions, which hold almost surely,

h + αt

η
+2λE

[
X E

T

∣∣F t
]= 0, (B.5)

Pt + βt

ν
+2λE

[
X E

T

∣∣F t
]= 0. (B.6)

We will rewrite these smartly to arrive at expressions for the optimal values of αi
t and βi

t . As can
be seen, both first order conditions contain the term 2λE

[
X E

T

∣∣F t
]. Taking this term to the other

side in both expressions, we can equate the given expressions to get

Pt + βt

ν
= h + αt

η
,

βt = ν
(
h + αt

η
−Pt

)
. (B.7)
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We see, that if α̂t has a solution, the solution for β̂ is given by

β̂t = ν
(
h + α̂t

η
−Pt

)
. (B.8)

This is the desired result for the control variable β.
Next, weneed an expression for the optimal control variable α̂. Recall from (1.36) that X E

T is given
by

X E
T =

∫ T

0
αt +βtdt + AT −σWT ,

where we used that A0 = X0. First, we will plug the expression for β̂ from (B.7) in the expression
for X E

T . We then obtain,

X E
T = AT +

∫ T

0
αt +ν

(
h + αt

η
−Pt

)
dt −σWT .

We can plug this in the first order condition (B.5), which then gives

h + αt

η
+2λE

[
AT +

∫ T

0
αt +ν

(
h + αt

η
−Pt

)
dt +σWT

∣∣∣∣F t

]
= 0. (B.9)

This can be rewritten to

αt =−η
(
h +2λE

[
AT +

∫ T

0
αt +ν

(
h + αt

η
−Pt

)
dt −σWT

∣∣∣∣F t

])
=−η

(
h +2λE

[
AT +

∫ T

0
αt +ν

(
h + αt

η
−Pt

)
dt

∣∣∣∣F t

])
−2λσWt ,

as W is a Brownian motion, and thus a martingale. Note that the expression above has αt on
both the left and right hand side, so this is not an immediate solution for the abatement effort.
What we can conclude from the expression above, which will also be useful later in this proof, is
that the optimal process (α̂t )will be amartingale with respect to the filtration (Ft ), as the condi-
tional expectation of an integrable process is amartingale. For this to hold, we first need that the
optimal process(α̂t ) really exists.. This expression for αt can be simplified to

αt =−η
(
h +2λE

[
AT +

∫ T

0
αt +ν

(
h + αt

η
−Pt

)
dt

∣∣∣∣F t

])
−2λσWt

=−η
(
h +2λMt +2λ

(
1+ ν

η

)
E

[∫ T

0
αtdt

∣∣∣∣F t

]
+2λE

[∫ T

0
ν (h −Pt )dt

∣∣∣∣F t

])
−2λσWt . (B.10)

Here we used the linearity of the conditional expectation and Mt = E[AT |F t ] by construction.
This expression and the martingality result can be used to find the optimal value α̂t . First note
that from (B.10) we can easily express α0, by

α0 =−η
(
h +2λM0 +2λ

(
1+ ν

η

)
E

[∫ T

0
αtdt

]
+2λE

[∫ T

0
ν(h −Pt )dt

])
. (B.11)

as W0 = 0, by definition of the Brownian motion and E[X |F 0] = E[X ]. Let us look at a specific
part of the expression above. Since α ∈A 2 and a martingale by the reasoning above, we can use
Lemma A.20. For this, let

Ñt = E
[∫ T

0
αsds

∣∣∣∣Ft

]
.
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Now, let us deal with Ñ0. According to the Lemma A.20, this can be expressed as

E

[∫ T

0
αtdt

]
= Ñ0 = Tα0.

Plugging this into (B.11), we obtain

α0 =−η
(
h +2λM0 +2λ

(
1+ ν

η

)
Tα0 +2λE

[∫ T

0
ν(h −Pt )dt

])
.

Solving this for α0, we get

α0 +η2λ

(
1+ ν

η

)
Tα0 =−η

(
h +2λM0 +2λE

[∫ T

0
ν(h −Pt )dt

])
α0

(
1+2Tλ(η+ν)

)=−η
(
h +2λM0 +2λE

[∫ T

0
ν(h −Pt )dt

])
α̂0 =− η

(1+2Tλ(η+ν)

(
h +2λM0 +2λE

[∫ T

0
ν(h −Pt )dt

])
=−g (0)

(
h

2λ
+M0 +E

[∫ T

0
ν(h −Pt )dt

])
. (B.12)

With the initial optimal value α̂0, it makes sense to derive the dynamics of α̂t . For this, we can
make use of (B.10) and take the differential on both sides to obtain

dαt =−2ληdMt −2λη

(
1+ ν

η

)
dE

[∫ T

0
αtdt

∣∣∣∣F t

]
−2ληdE

[∫ T

0
ν(h −Pt )dt

∣∣∣∣F t

]
−2λσdWt .

(B.13)

Again,wecanuseLemmaA.20applied toα itself. Then,weget thedynamicsof Ñt = E
[∫ T

0 αtdt
∣∣∣F t

]
as follows

dÑt =dE

[∫ T

0
αtdt

∣∣∣∣F t

]
= (T − t )dαt .

Plugging this into (B.13) and solving with respect to the dynamics of αt , we obtain

dαt =−2ληdMt −2λη

(
1+ ν

η

)
(T − t )dαt −2ληdE

[∫ T

0
ν(h −Pt )dt

∣∣∣∣F t

]
−2λσdWt . (B.14)

The left and right hand side of this expression depend on α. Moving the terms to one side and
dividing by the common factor, we get

dαt =− 2λη

1+2λ(η+ν)(T − t )

(
dMt +dE

[∫ T

0
ν(h −Pt )dt

∣∣∣∣F t

]
−σdWt

)
,

dα̂t =−g (t )

(
dMt +dE

[∫ T

0
ν(h −Pt )dt

∣∣∣∣F t

]
−σdWt

)
. (B.15)

Together with α̂0, we have found a well-defined SDE.
We conclude that the optimal abatement effort is given by

α̂t = α̂0 −
∫ T

0
g (t )dMt −ν

∫ T

0
g (t )dE

[∫ T

0
(h −Pt )dt

∣∣∣∣F t

]
+σ

∫ T

0
g (t )dWt , (B.16)

where α̂0 is given by (B.12). Then, the optimal trading rate is given by

β̂t = ν
(
h + α̂t

η
−Pt

)
. (B.17)

This concludes our proof.
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RemarkB.1. Since α̂ is amartingale as concluded above, wehave that β̂ is amartingale if and only
if the market price of permits P is a martingale. If the market price P would be a martingale, we
can use Lemma A.20 to write

dE

[∫ T

0
(h −Pt )dt

∣∣∣∣F t

]
=−dE

[∫ T

0
Ptdt

∣∣∣∣F t

]
= (T − t )dPt .

A rewritten version of the controls can be found below.
Proposition B.7. Let (X̂ i ,E

t ) be the corresponding bank account of firm i for the optimal controls
(α̂i , β̂i ). Then, the optimal control for α̂t

i can be rewritten to

α̂i
t =−gi (t )

(
hi

2λ
+ X̂ i ,E

T +R i
t +E

[∫ T

t
v (hi −Ps)ds

∣∣∣∣F t

])
,

where (R i
t ) is defined in (2.1). The formula of β̂i

t will stay the same.

Proof. Again, we omit the index for the firm i . Wewill use the first order condition (B.5), given in
terms of X̂ E

T by

h + α̂t

η
+2λE

[
X̂ E

T

∣∣F t
]= 0.

Plugging in the expression for X̂ E
T in termsof α̂, β̂, we get (B.9), but thenwith the optimal controls.

We can add and subtract 2λX̂ E
t to that expression to get

h + αt

η
+2λX̂ E

t −2λX̂ E
t +2λE

[
AT +

∫ T

0
αt +ν

(
h + αt

η
−Pt

)
dt +σWT

∣∣∣∣F t

]
= 0, (B.18)

since it holds that

X̂ E
t = At +

∫ t

0
α̂s + β̂sds −σWt .

Note that X̂ E
t isFt measurable, by Proposition 1.8. Rewriting (B.19), we obtain

h + α̂t

η
+2λX̂ E

t +2λE

[
AT +

∫ T

0
α̂t

(
1+ ν

η

)
+ν (h −Pt )dt − X̂ E

t

∣∣∣∣F t

]
+σWt = 0,

h + α̂t

η
+2λX̂ E

t +2λE

[
AT − At +

∫ T

0
α̂t

(
1+ ν

η

)
+ν (h −Pt )dt −

∫ t

0
α̂t + β̂tdt

∣∣∣∣F t

]
−σWt +σWt = 0,

h + α̂t

η
+2λX̂ E

t +2λE

[
AT − At +

∫ T

t
α̂s

(
1+ ν

η

)
+ν (h −Ps)ds

∣∣∣∣F t

]
= 0.

(B.19)
In the above, we used the expression for β̂. Now, by Corollary A.21, we have that

E

[∫ T

t
α̂sds

∣∣∣∣F t

]
= α̂t (T − t ).

Using this and Definition 2.1, we can rewrite (B.19) to

h + α̂t

η
+2λX̂ E

t +2λRt +2λ

(
1+ ν

η

)
(T − t )α̂t +2λνE

[∫ T

t
(h −Ps)ds

∣∣∣∣F t

]
= 0. (B.20)

Solving (B.20) for α̂t , we obtain

α̂t

(
1

η
+2λ(T − t )+2λ

ν

η
(T − t )

)
=−

(
h +2λX̂ E

t +2λRt +2λνE

[∫ T

t
(h −Ps)ds

∣∣∣∣F t

])
,

α̂t

(
1+2λ(η+ν)(T − t )

η

)
=−

(
h +2λX̂ E

t +2λRt +2λνE

[∫ T

t
(h −Ps)ds

∣∣∣∣F t

])
,

α̂t =−g (t )

(
h

2λ
+ X̂ E

t +Rt +νE
[∫ T

t
(h −Ps)ds

∣∣∣∣F t

])
. (B.21)

This ends the proof of this proposition.
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Remark B.2.Note, when P itself would be a martingale, we could again apply Corollary A.21 to
write

νE

[∫ T

t
(h −Ps)ds

∣∣∣∣F t

]
= νh(T − t )−νPt (T − t ). (B.22)

Recall thatmarginal costs aredefinedas theextracosts thatarise fromanextraunit. Themarginal
abatement costs andmarginal trading rates are given by the operatorsA →B such that

c ′i (αi ) = hi + αi

ηi
, f ′

i (βi ) = P + βi

ν
.

This is proven in Proposition A.32. From the results of our minimisation problem given in (B.5)
and (B.6), we see that we could also have written, in the optimum

c ′i
(
α̂i

)
=−2λE

[
X E

T

∣∣F ·
]

, β̂i = ν
(
c ′

(
α̂i

)
−P

)
.

From this, we see that β̂i
t > 0, if c ′(α̂i

t ) > Pt , and β̂i
t ⩽ 0 else. This is consistent with what we would

expect, if the price of an extra ton of abatement is higher than themarket price, there are bought
extra permits, as this is cheaper for the firm. If the market price of permits is higher than the
marginal abatement costs, it is cheaper to adjust the abatement. Rewriting the latter expression
for βi

t , we obtain

c ′
(
α̂i

)
t
= Pt +

β̂i
t

ν
= f ′

(
β̂i

)
t

.

This implies that in the optimum, themarginal costs of trading are equated to themarginal costs
of abatement.
As concluded earlier, the optimal abatement effort α̂i given in (B.16) is a martingale, as it is a
stochastic integral. In this expression, the integrand gi (t ) is deterministic and bounded and the
integral is takenwith respect to three differentmartingales. The firstmartingale is (M i

t ), the con-
ditional expectation of Ai

T , the net allowances at time T . If this increases ceteris paribus, we see
that the abatement effort decreases. This comes from the fact that the expected allowances in-
crease, hence the instantaneous abatement effort lowers.
The secondmartingale, E

[∫ T
0 (h −Pt )

∣∣∣F t

]
, involves themarket price of permits. Note that

dE
[∫ T

0
(h −Pt )dt

∣∣∣∣F t

]
=dhT −dE

[∫ T

0
Ptdt

∣∣∣∣F t

]
=−dE

[∫ T

0
Ptdt

∣∣∣∣F t

]
.

If the conditional expectation of the aggregate market price goes up, the abatement effort also
will rise, again ceteris paribus. This is also reasonable, as anhigher aggregatemarketpricemeans
that it is less attractive to buy allowances on the market of permits. To make sure the desired
reductionof emissions is achieved, thefirmshould abate less emissions. The lastmartingale that
is used in (B.16) is the Brownian motion of the economic shocks. If there is a positive economic
shock, ceteris paribus, the emissions increase and thus the abatement effort increases as well.
This is reasonable, as there are more resources available to lower the emissions.
The optimal trading rate in (B.17) is a function of the optimal abatement effort α. We see that
a positive shock in the economy also increases the trading rate β̂, as then α̂ increases. It is less
trivial to saywhathappens if the conditional expectationof theaggregatemarketpriceofpermits
rises, as this variable is also involved in the formula of the trading rate itself.
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B.2 Market equilibrium

In this section, the market equilibrium that arises from trading between firms, is obtained. We
introduce the following variable, which will be useful in the expression for the optimal market
price P̂ . Let

πi (t ) :=
gi (t )
ηi(

1− ν(T−t )
N

∑N
k=1

gk (t )
ηk

) , (B.23)

where we recall that gi (t ) = 2ληi

1+2λ(ηi+ν)(T−t ) . As λ,ηi > 0, it holds that gi (t ) > 0. The same will be
proven for πi (t ).
Lemma B.8. The deterministic function πi (t ) is positive for all t ∈ [0,T ].

Proof. It follows

ν(T − t )

N

N∑
k=1

gk (t )

ηk
= ν(T − t )

N

N∑
k=1

2λ

1+2ληk (T − t )+2λν(T − t )

< ν(T − t )

N

N∑
k=1

2λ

1+2λν(T − t )
= 2λν(T − t )

1+2λν(T − t )
< 1.

This holds as λ,ηi > 0. Since gi (t ) > 0, it follows by the argument above that π(t ) > 0 for all t ∈
[0,T ].

Now, we have all the necessary elements to compute the optimal equilibrium prices P̂ , which is
done in the followingmain theorem of this section.
TheoremB.9. Assume that there is givenanexogenous, net allocation scheme A = (A1, . . . AN ) ∈S N .
Then, the equilibrium price P̂ is given by the SDE,

dP̂t =− 1

N

N∑
i=1

πi (t )
(
dM i

t −σidW i
t

)
, P̂0 = 1

N

N∑
i=1

πi (0)
(
ηi hi T −M i

0

)
. (B.24)

This can be rewritten to

P̂t = 1

N
πi (t )

(
ηi hi (T − t )−

(
X̂ i ,E

T +R i
t

))
. (B.25)

Proof. Again, all the equations will hold almost surely, for all t ∈ [0,T ] We start with the market
clearing condition in combination with Equation (B.17), which implies

N∑
i=1

β̂i
t =

N∑
i=1

ν

(
hi +

α̂i
t

ηi
−Pt

)
= 0,

a.s, for all t ∈ (0,T ]. We are going to solve this equation for P . As 0 < ν<∞, this reduces to solving
N∑

i=1
hi +

α̂i
t

ηi
−Pt = 0,

N∑
i=1

hi +
N∑

i=1

α̂i
t

ηi
= N Pt , (B.26)

as the market price is the same for all firms. From this, it immediately follows that (P̂t ) needs to
be amartingale, as (α̂i

t ) is given to be one. Taking the differential in (B.26), we get

NdPt =
N∑

i=1

dα̂i
t

ηi
, (B.27)
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as hi does not depend on t for all firms. Combining Equation (B.15) with (B.27), results in

NdPt =−
N∑

i=1

gi (t )

ηi

(
dM i

t +dE
[∫ T

0
ν(h −Pt )dt

∣∣∣∣F t

]
−σidW i

t

)
.

Then, Equation (B.27) becomes, with use of Remark B.1,

dPt =− 1

N

N∑
i=1

gi (t )

ηi

(
dM i

t −νdE
[∫ T

0
Ptdt

∣∣∣∣F t

]
−σidW i

t

)
. (B.28)

It follows immediately that the equilibrium price P is a martingale, by the fact that it is the sum-
mation of three stochastic integrals that are all martingales, by Proposition A.15. Note that the
stochastic integrals are well-defined, as the integrands are deterministic and thus progressively
measurable. The martingality of P is necessary to have, to be able to apply Lemma A.20. From
this lemma, we obtain, since Pi n A , that

dE
[∫ T

0
Ptdt

∣∣∣∣F t

]
= (T − t )dPt .

Using this in (B.28), we get the following

dPt =− 1

N

N∑
i=1

gi (t )

ηi

(
dM i

t −ν(T − t )dPt −σidW i
t

)
,(

N −
N∑

i=1

gi (t )ν(T − t )

ηi

)
dPt =−

N∑
i=1

gi (t )

ηi

(
dM i

t −σidW i
t

)
.

Solving this for dPt , we get

dP̂t =−
∑N

i=1
gi (t )
ηi(

N −∑N
j=1

g j (t )ν(T−t )
η j

) (
dM i

t −σidW i
t

)

=− 1

N

∑N
i=1

gi (t )
ηi(

1− 1
N

∑N
j=1

g j (t )ν(T−t )
η j

) (
dM i

t −σidW i
t

)

=− 1

N

N∑
i=1

gi (t )
ηi(

1− ν(T−t )
N

∑N
j=1

g j (t )
η j

) (
dM i

t −σidW i
t

)
=− 1

N

N∑
i=1

πi (t )
(
dM i

t −σidW i
t

)
,

where πi (t ) is defined in Equation (B.23). Now the dynamics for t > 0 are obtained, it is time to
get the initial condition P̂0. This will follow from β̂0 and α̂0 in Equation (B.12). We have

N P0 =
N∑

i=1
hi +

N∑
i=1

α̂i
0

ηi
=

N∑
i=1

hi −
N∑

i=1

gi (0)

ηi

(
hi

2λ
+M0 +E

[∫ T

0
ν(hi −Pt )dt

])
.

By a simple Fubini argument and the use that P is a martingale, it follows that

E

[∫ T

0
ν(hi −Pt )dt

]
= νhi T −νT P0.

This gives

N P0 =
N∑

i=1
hi −

N∑
i=1

gi (0)

ηi

(
hi

2λ
+M i

0 +νhi T −νT P0

)
,(

N −
N∑

i=1

gi (0)Tν

ηi

)
P0 =

N∑
i=1

gi (0)

ηi

(
− hi

2λ
−M i

0 −νhi T + ηi

gi (0)
hi

)
.
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Since

− hi

2λ
−νhi T + ηi

gi (0)
hi =− hi

2λ
−νhi T +hi

1+2λ(ηi +ν)T

2λ
= hiηi T,

we can write(
N −

N∑
i=1

gi (0)Tν

ηi

)
P̂0 =

N∑
i=1

gi (0)

ηi

(
−M i

0 +hiηi T
)

,

P̂0 =
∑N

i=1
gi (0)
ηi(

N −∑N
j=1

g j (0)Tν
η j

) (
−M i

0 +hiηi T
)

.

From this, we get the final result for the initial condition

P̂0 = 1

N

N∑
i=1

πi (0)
(
hiηi T −M i

0

)
. (B.29)

The equilibrium price (P̂t ) obtained, can be rewritten. For this, the market clearing condition
will again be used, but now with another expression for α̂i , which can be found in Proposition
B.7, together with Remark B.2. When we plug in α̂i

t of that proposition in the market clearing
condition in (B.26), we get

P̂t = 1

N

n∑
i=1

hi +
α̂i

t

ηi
= 1

N

N∑
i=1

hi − gi (t )

ηi

(
1

2λ
hi + X̂ i ,E

T +R i
t +ν(T − t )hi −νP̂t (T − t )

)
,

Solving this equation for P̂ , it follows(
1− 1

N

N∑
i=1

νgi (t )(T − t )

ηi

)
P̂t = 1

N

N∑
i=1

hi − gi (t )

ηi

(
1

2λ
hi + X̂ i ,E

T +R i
t +ν(T − t )hi

)

= 1

N

N∑
i=1

hi

(
1− gi (t )

ηi

)(
1

2λ
+ν(T − t )

)
− gi (t )

ηi

(
X̂ i ,E

T +R i
t

)
.

Since it holds that

1− gi (t )

ηi

(
1

2λ
+ν(T − t )

)
= 1− 2λ

1+2λ(ηi +ν)(T − t )

(
1

2λ
+ν(T − t )

)
= 1− 1

1+2λ(ηi +ν)(T − t )
− 2λν(T − t )

1+2λ(ηi +ν)(T − t )

= 2ληi (T − t )

1+2λ(ηi +ν)(T − t )
= gi (t )(T − t ),

we can write,(
1− 1

N

N∑
i=1

νgi (t )(T − t )

ηi

)
P̂t = 1

N

N∑
i=1

hi gi (t )(T − t )− gi (t )

ηi

(
X̂ i ,E

T +R i
t

)
= 1

N

N∑
i=1

gi (t )

ηi

(
ηi hi (T − t )− X̂ i ,E

T −R i
t

)
.

From this, it follows that

P̂t = 1

N

N∑
i=1

πi (t )
(
ηi hi (T − t )− X̂ i ,E

T −R i
t

)
.

This is all we needed to prove.
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The next corollary follows directly.
Corollary B.10. The SDEs of the optimal controls α̂i , β̂i are given by

dα̂i
t =−gi (t )

(
dM i

t −σidW i
t −ν(T − t )dP̂t

)
, α̂i

0 =−gi (0)

(
hi

(
1

2λ
+νT

)
+M i

0 −νT P̂0

)
, (B.30)

dβ̂i
t = νd

(
hi +

α̂i
t

ηi
− P̂t

)
, β̂i

0 = ν
(

hi +
α̂i

0

ηi
− P̂0

)
. (B.31)

The optimal controls can also be represented as

α̂i
t = gi (t )

(
ν(T − t )(P̂t −hi )−

(
hi

2λ
+ X̂ i ,E

T +R i
t

))
,

β̂i
t = ν

(
hi +

α̂i
t

ηi
− P̂t

)
.

Proof. Theproof follows fromthe fact that P̂ is amartingale. Theexpressions canbe immediately
seen from the expressions for α̂i , β̂i obtained inEquations (B.21) and (B.8), togetherwithRemark
B.1. The alternative representation is obtained from Proposition B.7 together with Remark B.2.

There are a couple of points to note. Firstly, as P̂ is amartingale now, it follows that β̂i is amartin-
gale aswell. Additionally, from(B.24)we see that the stochasticprocess themarketpricedepends
on is equal to

M i
t −σi W i

t = E
[

Ai
T −σi W i

T

∣∣∣F t

]
. (B.32)

We note that Ai
T −σW i

T can be called the terminal bank account in the BAU scenario, as here no
controls are involved. If the bank account in this scenario rises, we can see from the equations
that the market price P̂t decreases, as πi (t ) > 0 for all t ∈ [0,T ], by Lemma B.8. The decrease of P
is realistic and what we would expect, as an increase in bank account decreases the immediate
demand for the allowances.
This finalises the section on the equilibrium in the case of market frictions.

B.3 Optimal dynamic policy

This section aims to demonstrate the optimal dynamic allocation in the presence ofmarket fric-
tions, which is based on Section 5.1.1 of [AB23]. In this source, the section regarding this subject
is rather short, as they refer to the case without frictions. However, the computations did not
seem to be able to fully adapt to account for frictions. Hence, the procedure will follow the same
lines as in the case of no frictions, but some steps may significantly differ. We will mainly focus
on those differences. Nevertheless, we are able to derive a sufficient solution. The solutions are
obtained under the assumption that that all firms have the same flexibility parameter, that is,

ηi = η,

for all firms. This implies that

η̄ := η, gi (t ) = 2ληi

1+2λ(ηi +ν)(T − t )
=: g (t ), πi (t ) =

g (t )
η(

1−ν(T − t ) g (t )
η

) =:π(t ),
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for all t ∈ [0,T ]. The goal of this section is to find

inf
A∈S N

E

[
N∑

i=1

∫ T

0
hi α̂

i
t +

(α̂i
t )2

2ηi
+ (β̂i

t )2

2ν
dt +λ

(
X̂ i ,E

T

)2
]
s.t. E

[
N∑

i=1
E i ,α̂i

T

]
= ρN T µ̄, (B.33)

which corresponds with (1.45) with E i
0 = 0. Note that the part ∑N

i=1 Pt β̂
i
t is not present, by the

market clearing condition. The same procedure as in Proposition 2.15 can be followed to prove
the following proposition.
Proposition B.11. From the constraint

E

[
N∑

i=1
E i ,α̂i

T

]
= ρN T µ̄,

we can get to

M̄0 =− 1

g (0)(1+Tνπ(0))

(
(1−ρ)µ̄+ g (0)

(
νT + 1

2λ
−T 2ηνπ(0)

)
h̄

)
:= q(ρ).

Proof. The total abated emissions at time T can be expressed by

ρN µ̄T = E
[

N∑
i=1

E i ,α̂i

T

]
= N µ̄T −

N∑
i=1

∫ T

0
E[α̂s]ds = N µ̄T −

N∑
i=1

T α̂i
0

= N µ̄T +T g (0)
N∑

i=1

((
hi

(
1

2λ
+νT

)
+M i

0 −νT P̂0

))
, (B.34)

where we have used the fact that α̂ is a martingale and the expression (B.30) for α̂.
Together with P̂0 of (B.24), here given by

P̂0 = 1

N
π(0)

(
ηT

N∑
i=1

hi −
N∑

i=1
M i

0

)
,

we obtain by (B.34),
(
ρ−1

)
N µ̄T = T g (0)

(
νT + 1

2λ

) N∑
i=1

hi +T g (0)
N∑

i=1
M i

0 −N T 2νg (0)P̂0

= T g (0)

(
νT + 1

2λ

) N∑
i=1

hi +T g (0)
N∑

i=1
M i

0 −T 2νg (0)π(0)

(
ηT

N∑
i=1

hi −
N∑

i=1
M i

0

)

= T g (0)

(
νT + 1

2λ

) N∑
i=1

hi +T g (0)
N∑

i=1
M i

0 −T 3ηνg (0)π(0)
N∑

i=1
hi +T 2νg (0)π(0)

N∑
i=1

M i
0.

As in the previous case, we would like to solve this for M̄0, starting with

T g (0)
N∑

i=1
M i

0 +T 2νg (0)π(0)
N∑

i=1
M i

0 = (ρ−1)N µ̄T −T g (0)

(
νT + 1

2λ

) N∑
i=1

hi +T 3ηνg (0)π(0)
N∑

i=1
hi .

Dividing both sides by T and solving for M̄0, we obtain

M̄0(N g (0)+N Tνg (0)π(0)) = (ρ−1)N µ̄− g (0)

(
νT + 1

2λ

) N∑
i=1

hi +T 2ηνg (0)π(0)
N∑

i=1
hi ,

M̄0 = 1

N g (0)(1+Tνπ(0))

(
(ρ−1)N µ̄− g (0)

(
νT + 1

2λ
−T 2ηνπ(0)

) N∑
i=1

hi

)
.

This can be rewritten to

M̄0 =− 1

g (0)(1+Tνπ(0))

(
(1−ρ)µ̄+ g (0)

(
νT + 1

2λ
−T 2ηνπ(0)

)
h̄

)
=: q(ρ). (B.35)
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In the case of no frictions, this result is deduced by an intermediate step for the expression of
the initial market price P̂0. We see here that in the case of frictions, this step is omitted and the
relation for M̄0 is obtained directly from the constraint on the total emissions in the system at
time T . Ideally, we would again be able to prove that M̄0 < 0, which corresponds to the findings
when ν=∞ and E0 = 0. To obtain the non-negativeness of q(ρ), the following lemma is used.
Lemma B.12. It holds that

νT + 1

2λ
−T 2νηπ(0) > 0. (B.36)

Proof. Let’s start rewriting π(0) in (B.23). The denominator can be rewritten to

1−νT
g (0)

η
= 1−νT

2λ

1+2λ(η+ν)T
= 1+2ληT

1+2ληT +2λνT
.

This gives

π(0) = g (0)

η

(
1+2ληT

1+2ληT +2λνT

)−1

= 2λ

1+2ληT
.

From this it follows indeed that

T 2νηπ(0) = T 2νη2λ

1+2ληT
< T 2νη2λ

2ληT
= νT < νT + 1

2λ
.

This is the desired result.

Since g (0),π(0) > 0 and (1−ρ)µ̄ > 0, and all the other parameters as well, we can conclude with
Proposition B.12 that M̄0 < 0 holds, which is the same as in the case without frictions in the sce-
nario where E0 = 0. With condition (B.35), we have an well-posed, rewritten, optimisation prob-
lem. From this, the following expression of P̂0 can be obtained in terms of q(ρ)

P̂0 = 1

N
π(0)ηT

N∑
i=1

hi − 1

N
π(0)

N∑
i=1

M i
0 =π(0)ηT h̄ −π(0)M̄0 =π(0)ηT h̄ −π(0)q(ρ).

Note that Equation (2.40) holds generally, thus also in this case. Ideally, we would be able to
resemble Corollary 2.16, with M̄0 = q(ρ). This will be done in the following proposition.
Proposition B.13. Theminimisation problem (B.33) can be rewritten to

inf
M⃗∈M N

E

[
N∑

i=1

∫ T

0
hi α̂

i
t +

(α̂i
t )2

2ηi
+ (β̂i

t )2

2ν
dt +λ

(
X̂ i ,E

T

)2
]
s.t. M̄0 = q(ρ). (B.37)

Proof. The constraint follows from Proposition B.11. From (B.30) we see that α̂i only depends
on Ai through M i . Since β̂i depends on α̂ and P̂ , with P̂ given in (B.24), the same holds for β̂i .
Furthermore, by (B.5), it follows that

X i
T = 1

2λ

(
−hi −

α̂i
T

ηi

)
, (B.38)

a.s. With the above, we can conclude that X i
T only depends on Ai through M i . The result follows.
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The next goal would be to rewrite the objective function in terms of P̂0 and P̂ , such that we can
use the same argument as in the cases without market frictions. For this, we first note that from
Equation (B.25)weobtain that at time T themarket price andbank account are related as follows

P̂T =− 1

N
π(T )

N∑
i=1

X̂ i ,E
T =− 1

N

g (T )

η

N∑
i=1

X̂ i ,E
T =−2λ

1

N

N∑
i=1

X̂ i ,E
T . (B.39)

Unfortunately, this cannot be used directly, aswewould like to replace∑N
i=1(X i

T )2. Instead, we are
going to use the relation (B.38) to achieve an optimal result.
TheoremB.14 (Optimal dynamic allocation). Theminimisation problem of the regulator

inf
M⃗∈M N

E

[
N∑

i=1

∫ T

0
hi α̂

i
t +

(α̂i
t )2

2ηi
+ (β̂i

t )2

2ν
dt +λ

(
X̂ i ,E

T

)2
]
s.t. M̄0 = q(ρ). (B.40)

can be solved for M i such that the constraint above is met and such that〈
αi

〉
t
= 0,

〈
αi −P

〉
t
= 0, for all firms and a.s, for all t ∈ [0,T ].

The associated costsCopt are then given by

Copt =
N∑

i=1
T hi α̂0 +

2hi α̂
i
0

4ληi
+ h2

i

4λ
+ ν

2
T h2

i +
T hi α̂

i
0

νηi
−νT hi P̂0 + 1

4λ(ηi )2

(
α̂i

0

)2 + 1

2η

(
α̂i

0

)2

+ ν

2

(
α̂i

0

ηi
− P̂0

)2

.

Proof. Recall that

X̂ i ,E
T = 1

2λ

(
−hi −

α̂i
T

ηi

)
, β̂i

t = ν
(

hi +
α̂i

t

ηi
− P̂t

)
.

Wewill start rewriting the objective function with the given formulas given. Then,

K i := E
[∫ T

0
hi α̂

i
t +

(α̂i
t )2

2ηi
+ (β̂i

t )2

2ν
dt +λ(X̂ i ,E

T )2

]
(B.41)

= T hi α̂0 +
∫ T

0
E

[
(α̂i

t )2

2ηi

]
dt +

∫ T

0
E

[
(β̂i

t )2

2ν

]
dt +E

[
λ

(
X̂ i ,E

T

)2
]

= T hi α̂0 +
∫ T

0

1

2η
E
[

(α̂i
t )2

]
dt +

∫ T

0

1

2ν
E
[

(β̂i
t )2

]
dt +E

[
1

4λ

(
h2

i +
(α̂i

T )2

(ηi )2 + 2hi α̂
i
T

ηi

)]

= T hi α̂0 +
2hi α̂

i
0

4ληi
+ h2

i

4λ
+

∫ T

0

1

2η
E
[

(α̂i
t )2

]
dt +

∫ T

0

1

2ν
E
[

(β̂i
t )2

]
dt + 1

4λ(ηi )2 E
[

(α̂i
T )2

]
,

by the fact that α̂i is a martingale andmultiple Fubini arguments. Since
(
β̂i

t

)2 = ν2

(
h2

i +
(α̂i

t )2

η2
i

+ P̂ 2
t +

2hi α̂
i
t

ηi
−2hi P̂t −2

α̂i
t P̂t

ηi

)
,

it implies that

1

2ν
E

[(
β̂i

t

)2
]
= ν

2
h2

i +
hi α̂

i
0

νηi
−νhi P̂0 + ν

2(ηi )2 E

[(
α̂i

t

)2
]
+ ν

2
E
[
P̂ 2

t

]− ν

ηi
E
[
α̂i

t P̂t

]
.
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Hence, (B.41) can be rewritten to

K i = T hi α̂0 +
2hi α̂

i
0

4ληi
+ h2

i

4λ
+ ν

2
T h2

i +
T hi α̂

i
0

νηi
−νT hi P̂0 + 1

4λ(ηi )2 E
[

(α̂i
T )2

]
+

∫ T

0

1

2η
E
[

(α̂i
t )2

]
+ ν

2(ηi )2 E

[(
α̂i

t

)2
]
+ ν

2
E
[
P̂ 2

t

]− ν

ηi
E
[
α̂i

t P̂t

]
dt .

Note that
ν

2(ηi )2 E

[(
α̂i

t

)2
]
+ ν

2
E
[
P̂ 2

t

]− ν

ηi
E
[
α̂i

t P̂t

]
= ν

2
E

[(
α̂i

t

)2

η2
i

− 2

ηi
α̂i

t P̂t + P̂ 2
t

]
= ν

2
E

[(
α̂i

t

ηi
− P̂t

)2]
.

This gives the following expression for K i ,

K i = T hi α̂0 +
2hi α̂

i
0

4ληi
+ h2

i

4λ
+ ν

2
T h2

i +
T hi α̂

i
0

νηi
−νT hi P̂0 + 1

4λ(ηi )2 E
[

(α̂i
T )2

]
(B.42)

+
∫ T

0

1

2η
E

[(
α̂i

t

)2
]
+ ν

2
E

[(
α̂i

t

ηi
− P̂t

)2]
dt . (B.43)

By Itô’s lemma, it follows that,(
α̂i

t

)2 =
(
α̂i

0

)2 +
∫ t

0
α̂i

sdα̂i
s +

〈
α̂i

〉
t

.

By Proposition A.15, we have for t ∈ [0,T ],

E

[(
α̂i

t

)2
]
=

(
α̂i

0

)2 +E
[〈
α̂i

〉
t

]
.

In the same way, we can derive for t ∈ [0,T ],

E

[(
α̂i

t )

ηi
− P̂t

)2]
=

(
α̂i

0

ηi
− P̂0

)2

+E
[〈

α̂i

ηi
− P̂

〉
t

]
.

By (B.37) we see that P̂0 can indeed be expressed in terms of q(ρ). If we can do the same for α̂i
0,

then we would be able to use the expressions of the quadratic variation to find the minimum
value. Indeed,

N∑
i=1

α̂i
0 =−

N∑
i=1

g (0)

(
1

2λ
hi +M i

0 +νhi T − P̂0T

)
=−g (0)

(
1

2λ
N h̄ +N M̄0 +νT h̄ −N P̂0T

)
=−g (0)

(
1

2λ
N h̄ +N q(ρ)+νT h̄ −N T

(
π(0)ηT h̄ −π(0)q(ρ)

))
=−g (0)

(
h̄

(
N

2λ
+νT −N T 2π(0)η

)
+q(ρ)N (1+Tπ(0))

)
.

Since all those parameters are given by the constrained, or fixed by the system, this results is
sufficient. Hence, K i can be written as

K i = T hi α̂0 +
2hi α̂

i
0

4ληi
+ h2

i

4λ
+ ν

2
T h2

i +
T hi α̂

i
0

νηi
−νT hi P̂0 + 1

4λ(ηi )2

(
α̂i

0

)2 + 1

2η

(
α̂i

0

)2

+ ν

2

(
α̂i

0

ηi
− P̂0

)2

+ 1

4λ(ηi )2 E[〈α̂i 〉T ]+
∫ T

0

1

2η
E
[
〈α̂i 〉t

]
+ ν

2
E

[〈
α̂i

ηi
− P̂

〉
t

]
dt .

Here, everything is fixed by the system, except for the last three terms. As the quadratic variation
is non-negative by assumption, the costs per firm i will be the smallest when〈

α̂i
〉

t
= 0,

〈
α̂i − P̂

〉
t
= 0, a.s, for all t ∈ [0,T ].

This implies that the social costs are as small as possiblewhen the above holds for all firms i . The
costs follow by summing K i over all possible firms. This is indeed what we needed to show.

109



In the next proposition a sufficient condition is obtained.
Proposition B.15. A sufficient condition to achieve the conditions in Theorem B.14 is to have that〈

M i −σi W i
〉

t
= 0 for all firms a.s, for all t ∈ [0,T ]

Proof. By (2.40), it holds that

M i
t = M i

0 +
∫ t

0

N∑
j=0

γ
i , j
s dB̃ j

s .

By definition of the quadratic variation of a semimartingale, this implies that
〈

M i −σi W i
〉

t
=

〈
M i

0 +
∫ ·

0

N∑
j=0

γ
i , j
s dB j

s −σi W i

〉
t

=
〈∫ ·

0

N∑
j=0

γ
i , j
s dB j

s −σi W i

〉
t

Since this is a martingale starting in zero, this implies that∫ t

0

N∑
j=0

γ
i , j
s dB̃ j

s −σi W i
t = 0.

Now by the construction of the specific per firm Brownianmotion, this gives∫ t

0

N∑
j=0

γ
i , j
s dB̃ j

s −
∫ t

0
σiκidB̃ 0

s +
∫ t

0
σi

√
1−κ2

i dB̃ i
s = 0.

Hence, by the same arguments as in the frictionless case, this system reduces to

γi ,0
t =σiκi , γi ,i

t =σi

√
1−κ2

i , γ
i , j
t = 0,

for all other j , a.s, for all t ∈ [0,T ]. Then,

M i
t = M i

0 +
∫ t

0

N∑
j=0

γ
i , j
s dB j

s = M i
0 +

∫ t

0
σi

(
κk idB 0

t +
√

1−κ2
i dB i

t

)
= M i

0 +
∫ t

0
σidW i

t

= M i
0 +σi W i

t .

This immediately implies that

M̄ −W̄ = M̄0 +W̄ −W̄ = M̄0.

By properties of the quadratic variation, since M̄0 is a constant fixed by the constraint of the reg-
ulator, it holds that〈

M̄ −W̄
〉

t = 0,

for all t ∈ [0,T ]. Furthermore, by (B.24), it holds that

P̂t ∼N

(
P̂0,

∫ T

0
π(t )2d〈

M̄ −W̄
〉

t

)
.

Since the variance of P̂ is zero if the quadratic variation is zero, it implies that

P̂t = P̂0, for all t ∈ [0,T ]. (B.44)

Hence, 〈P〉t = 0, a.s, for all t ∈ [0,T ]. By (B.37) themarket price is nowfixedby the system. With the
given assumption and this observation, we are going to prove that we are indeed in the setting of
Theorem B.14.
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Next, fix a firm i and t ∈ [0,T ]. From (B.30), we see that

α̂i
t = α̂i

0 −
∫ t

0
g (s)d

(
M i

s −σidW i
s

)
+

∫ t

0
ν(T − s)g (s)dP̂s .

When considering quadratic variations, this implies by the bilinearity,

〈αi 〉 =
∫ ·

0
g (s)2d

〈
M i −σi W i

〉
s
+

∫ ·

0
ν2(T − s)2g (s)2d〈

P̂
〉

s

−2
∫ ·

0
g (s)ν(T − s)d

〈
M i −σi W i , P̂

〉
s

.

Now all three terms are zero because of the assumption on the quadratic variation and (B.44).
We can conclude that〈

α̂i − P̂
〉

t
=

〈
α̂i − P̂0

〉
t
=

〈
α̂i , α̂i

〉
t
= 0,

for all firms i , a.s, for all t ∈ [0,T ].

In the standard example below all optimal control variables and costs are summarised in the
sufficient case, with one extra assumption that needs to bemade.
Example B.1 (Sufficient, optimal allocation).We have seen that a particular optimal allocation
is found by individually tracking the volatility of the firms. Let t ∈ [0,T ] and fix a firm i . For now,
we only know that M̄0 = q(ρ). Again, we can set M̂ i

0 = q(ρ), to obtain the result. Based on this, all
other parameters can be deduced. We already know that for every firm i ,

M̂ i
t = M̂ i

0 +σi W i
t ,

is optimal and that this is not necessarily a unique solution, as it is only sufficient.

(i) Themarket price of permits is, already suggested in (B.44) , given by
P̂t = P̂0 =π(0)ηT h̄ −π(0)q(ρ).

(ii) The optimal abatement effort α̂i is also constant, since it has also zero quadratic variation
in the optimum. It is given by the initial value

α̂i
t = α̂i

0 =−g (0)

(
hi

(
1

2λ
+νT

)
+ M̂ i

0 −νT P̂0

)
.

(iii) The trading rate β̂ is constant, since it depends on the optimal abatement effort andmarket
price. Indeed,

β̂i
t = ν

(
hi +

α̂i
t

η
− P̂t

)
= ν

(
hi +

α̂i
0

η
− P̂0

)
= β̂i

0.

(iv) By the same reasoning as in the frictionless case, the optimal allocations A ∈ S N are non-
unique. One particular solution is

Ai
t = q(ρ)+σi W i

t = M̂ i
t ,

Ãi
t = Ai

t +µi t = q(ρ)+µi t +σi W i
t .

RemarkB.3. Compared to Section 5.1.1 of [AB23], wehave followedadifferent procedure. Wewere
unable to deduce a direct relation between the bank account for a firm i and the market equilib-
rium price. However, we were able to establish this connection for the abatement effort α̂i

T . Al-
though we obtained different optimality conditions at first, Proposition B.15 demonstrates that
the conditions stated there are applicable in our case. We cannot prove a necessary condition, but
that is not explicitly done in [AB23] either.
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