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Abstract

One of the most intriguing features of glassy fluids is their heterogeneous dynamics: the system
spontaneously forms areas of fast and slow moving particles. Recent research has shown that local
structure can be used as a powerful predictor for future dynamics when combined with machine
learning techniques. In this thesis we examine the relation between local structure and the dynam-
ical heterogeneity in a glassy system consisting of spheres of two different sizes. We measure the
dynamics of this system using event-driven molecular dynamics simulations, and train machine
learning techniques to make predictions about these dynamics.
We begin the thesis by comparing three machine learning techniques, namely linear regression,
neural networks and graph neural networks, that are trained to predict the dynamic propensity
based on the same set of parameters that capture the local structure of a particle’s environment.
We conclude that linear regression is the preferred method, since it is fast, robust and not sensitive
to overfitting.
Thereafter, we examine several methods to improve the propensity prediction made by linear
regression. The most significant improvement is obtained by providing the algorithm with infor-
mation about the center of the cage that is formed by neighbouring particles and that acts as a
temporary trap for each particle. Providing the linear regression algorithm with this cage center
information, leads to impressive improvements in the accuracy of the propensity prediction at
times associated with the caging regime.
Additionally, we examine the anisotropy in the movements of particles. We find that both col-
lective local drift and preferential directions in cage escape are sources for directionality in the
dynamic propensity.
Finally, we examine the dynamics of particles in the context of the slow and fast moving regions.
We observe that at time scales close to the relaxation time, fast particles preferentially move par-
allel to the boundary between fast and slow regions. Intriguingly, at short times we find that the
earliest particles to escape their cages, are located at the boundary and not, as expected, within
the fast regions.
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Chapter 1

Introduction

1.1 Introduction to glassy systems

Glassy materials are omnipresent in our daily lives: from a cup holding our tea to the windows
in our houses. However, it is not only in these everyday materials that we encounter systems
in a glassy state. On many different length scales and in many different materials we see glassy
behaviour. Some glassy materials, like ceramics, do somewhat remind us of the brittle material
that we colloquially consider to be glass. For other materials, however, it might be less obvious
that they are in a glassy state. Think for example of metallic glasses, used among other things for
the production of golf sticks, polymer glasses that form plastics and even systems like living cell
tissue [1–3]. This brings us to the question of when we can classify a material to be in a glassy
state? We will see that this question is not at all easy to answer.

Glassy substances are materials that have the disordered structure of a liquid (i.e. they are not
crystals) but show dynamical behaviour similar to that of a solid. In particular, they resist de-
formation: under the influence of an external force, they can keep their shape for a significant
amount of time, although they may flow if we wait long enough. Glassy systems are formed by
quenching, i.e. rapidly cooling or compressing, a liquid. Due to this rapid cooling or compressing
the system has no time to undergo a phase transition to a more stable crystal structure, and in-
stead ends up in a meta-stable high-density disordered phase. Despite the fact that we encounter
glassy materials so frequently, the physics behind glass forming is still not well understood. The
main reason for this is the seeming discrepancy between structure and dynamics. While quench-
ing the system, we observe a spectacular decrease in dynamics; the relaxation time (i.e. the time
after which a system has ‘forgotten’ about its initial position, which is a measure for the relevant
dynamics involved) can increase by twelve orders of magnitude. At the same time however, little
to no structural changes seem to appear while going from a fluid to a glassy phase: at a particle
level a glass still looks chaotic and disordered.

This fact that the structure of glass bears large similarities with the structure of a liquid can be
demonstrated by, for example, comparing the pair correlation function of the two states. This
function quantifies how the average density distribution around a particle in the system varies.
In Figure 1.1 we show this correlation function for both a fluid at high temperature and a glassy
system at low temperature, as well as intermediate states. As one can see, there is almost no
difference in overall shape between the pair correlation function of the glassy state and the fluid.

The discrepancy between structure and dynamics in glassy systems is intriguing in itself; what
causes the dynamical arrest if at first glance it cannot easily be explained from structure? More-
over, this discrepancy leads to the fact that the transition from a fluid to a glassy state cannot be
described as a thermodynamic phase transition. Normally during a phase transition, dynamical
changes are accompanied by structural changes. This means that we can assign a structural order
parameter, which undergoes an abrupt change at the phase transition. Think for example of the
phase transition in a liquid crystal from an isotropic to a nematic phase. Here the degree of

3



4 CHAPTER 1. INTRODUCTION

alignment that particles show with respect to a global average director could serve as an order
parameter [4]. In the case of glassy materials we have not (yet1) been able to define such a struc-
tural order parameter. This means that besides the fact that we cannot explain dynamical arrest
in glassy materials from the structure, we also cannot define an exact point at which the system
goes from a liquid to a glass.

Figure 1.1: Pair correlation function g(r) between large particles in a classic glass-
forming mixture known as the Kob-Andersen model [8] for multiple temperatures taken
from Ref. [8]. T = 5.0 in this system corresponds to a fluid state, while T = 0.466
corresponds to a glassy state.

1.1.1 Theoretical approach to the glass transition

An additional complicating factor in determining whether a a glass transition exists is the rapidly
increasing relaxation time that is associated with the formation of a glass. Assuming that it takes
10 to 100 relaxation times before a liquid is in equilibrium, for systems deep in the glassy regime
equilibrating the system could easily take thousands of years [5]. As a result, close to the glass
transition, it is not possible to do experiments on equilibrated glassy systems. This means that
systems that we do experiments on will either be glassy fluids or actual glasses that are not equi-
librated.

Although doing experiments on systems close to the glass transition is thus very hard, there are
multiple theories, based on extrapolating existing data, that try to explain what happens upon
quenching the system further and further. One scenario proposed by Ref. [9] states that at some
finite temperature, the glass would no longer be the entropically favoured state and instead2 a
crystal configuration is preferred [10]. This theory would lead to a thermodynamic phase tran-
sition from a glassy fluid to a crystal, meaning that a true glass state is never reached. An
alternative scenario is that at one point the glassy system will arrest completely and we do in
fact encounter a real glass. Whether or not at this point a real thermodynamic phase transition
from a glassy fluid to a glass state takes place, is an open question. If at one point the relax-
ation time diverges, there is in fact a real distinction between the fluid and the glass. It could
however also be that the relaxation time just keeps on growing, without ever reaching a divergence.

1The fact that we say ’yet’, is because there is still research going on that tries to find ‘hidden’ order parameters
[5–7].

2The precise explanation of what happens when the entropy of a glass falls below that of a crystal is quite
complicated and has to do with configurational entropy. We will omit the discussion here, but for more information
the reader is referred to [10].
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Due to the fact that doing experiments on equilibrated systems near the glass transition is almost
impossible, the discussion above is almost philosophical. As a practical definition, people therefore
often consider a glassy fluid to be a glass when the relaxation time of the system exceeds some
pre-defined threshold. For atomic or molecular glasses, this is typically 100 seconds. During
sufficiently short experiments on these systems, the system does not lose memory of its initial
state, meaning that it can be regarded as a more or less stable glass. We can however not stress
enough that the glass definition above is a more or less arbitrary criterion: one could alternatively
have taken a relaxation time of at least 10 or 1000 seconds [5].

1.2 Theories on glass formation

Many researchers have tried to build theories that can explain the tremendous slow down of dy-
namics that takes place during glass formation. As David A. Weitz, a professor at Harvard once
joked: “There are more theories of the glass transition than there are theorists who propose them”
[11]. The main quest is to find some theoretically plausible link between structure and dynamics.
The fact that at first glance the structures of fluids and glasses look the same, does not mean that
there are no structural differences. In this thesis we will not discuss all the existing theories, but
note that there are many review articles that give an overview of the theoretical possibilities, see
for example Refs. [2] and [5]. For now, we will limit ourselves to only briefly mentioning the most
important theories.

One of the earliest attempts of constructing a glass theory was carried out by F.C. Frank in
1952. His suspicion was that the arrest of the dynamics was linked to the packing structure of
particles [12]. In order to investigate this, he looked at how the nearest neighbours of a particle
theoretically could be placed. In a typical mono-disperse liquid, each particle can have up to
about 12 neighbours, and therefore he looked at the different arrangements in which 12 spheres
can be ordered around a reference sphere while in contact with that sphere. Arrangements were
considered to be different when it was impossible to go from one configuration to the other with-
out one of the twelve spheres losing contact. It turned out that three different structures were
possible: hexagonal close packed (HCP), face- centered cubic (FCC) and icosahedral. This last
structure is associated with a five-fold symmetry and since this symmetry is not compatible with
long-range periodicity, and thus with crystallization, Frank argued that the non-periodic glassy
systems would probably contain many of these icosahedral structures. For a long time, Frank’s
theory took a central role in the search for understanding glassy materials. More recently however,
it has become clear that although in some glassy systems icosahedral structures are indeed found,
there are also glassy systems that show little to no icosahedral structures [13].

Although Frank’s theory does not provide a complete theory of glasses, it opened the way to
many more theories that tried to explain the relation between structure and dynamics [14]. An
important class of these theories are mean-field theories. Two examples of these are mode cou-
pling theory (MCT) [15, 16] and random first order theory [17]. Both extend liquid state theory
to supercooled liquids. A limitation associated with this class of theories is that, since they are
mean-field theories, they cannot incorporate local fluctuations. However, since it has been shown
that at sufficiently high temperatures these local fluctuations do not play a large role, at these
temperatures MCT gives qualitatively good results.

Another theory is the Adam Gibbs theory [18], which assumes that the quenched liquids form
cooperatively re-arranging regions whose size increase upon quenching. These regions allow for
rearrangements between different internal configurations of the enclosed particles, at the cost of
crossing a certain free-energy barrier. By assuming that each of these rearrangements can switch
between a small number of favoured states, the theory then provides predictions for the global
relaxation time.

A different approach to the glass problem is found in energy landscape theory [9]. This theory
assumes that the evolution of the system can be described completely by the associated potential
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energy landscape. The movement of particles would then be associated with the system relaxing
towards a local minimum combined with thermal excitation.

All these theories take a very different approach to the glass transition, however as of yet there
is no single theory that satisfyingly explains all aspects of glass forming. For example, we do not
have a clear method for predicting the behaviour of the relaxation time of a given system as it
approaches the glass state.

1.2.1 Explaining heterogeneous dynamics

The arrested dynamics that we see in glasses is accompanied by other interesting phenomena. One
of them, called dynamical heterogeneity, will be the main topic of this thesis [19, 20]. Dynamical
heterogeneity describes the phenomenon that upon quenching the system, the dynamics do not
decrease homogeneously for all particles. Instead growing domains of either fast or slow moving
particles occur. In Figure 1.2 we show a snapshot of a typical glass configuration where particles
are colored according to their averaged distance traveled with respect to some initial configura-
tion. Red and yellow particles have moved the furthest out, while white and blue particles have
moved the least. In this figure, we can clearly distinguish domains of different mobility. Note that
particles with a higher mobility, do not have a higher velocity necessarily. Instead, mobility is
associated with the ease with which different parts of the glass rearrange themselves, i.e. escape
out of the cage formed by their nearest neighbours. What we call the fast moving areas, are ar-
eas associated with a high rearrangement probability. Dynamical heterogeneity also implies that
different areas of the glass have different relaxation times [21].

Figure 1.2: Dynamical heterogeneity of a binary hard-sphere system of 2000 particles
with size ratio σB/σA = 0.85, composition xA = NA/N = 0.3 and packing fraction
φ = 0.58. The colours of the particles indicate the distance they have traveled after
approximately one relaxation time. One can clearly distinguish regions of fast and slow
moving particles.

Several theories have tried to find a relationship between structure and dynamical heterogeneity.
One of them is dynamic facilitation [22]. As we mentioned before, the arrested dynamics that we
see in glassy systems is associated with ’caging’. The more the system is quenched, the harder it
is for particles to redistribute. However, if at one point a particle escapes its cage and obtains a
new position, it leaves room for other particles to escape their cage too. This effect could lead to
whole regions of fast and slow rearranging particles, and thus to heterogeneity.

Other approaches try to make a connection between soft modes and heterogeneity [23]. For each
particle one can construct the Hessian matrix, i.e. the matrix that contains the second derivative
of the potential energy with respect to the coordinates of particles. The associated eigenvalues of
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this matrix are what we call the eigenfrequencies of the particles. The lower the frequency, the
‘softer’ the particle is. As it turns out, there is a connection between the softness of a particle
and the probability of losing neighbours in the future [23]. This probability is related to an easy
rearrangement of particles and thus to the mobility of the particles.

Finally, there is a subset of theories that try to capture the local environment of particles in terms
of structural descriptors, and to couple these to dynamical heterogeneity [14]. This means one
tries to find a link between the structure of an initial configuration and its dynamical heterogeneity
over time (see e.g. Refs. [24–29]). Commonly used structural parameters are parameters based on
the local density and parameters that describe the local structure in terms of spherical harmonics
[30]. It has been shown that the local structure correlates with the dynamical heterogeneity in a
variety of systems, including e.g. hard and soft spheres [31–33] and granular systems [34].

Recent advances in machine learning have opened the door to a new way of probing this correlation
between structural parameters and heterogeneity [25, 35, 36]. It is this approach of looking at
dynamical heterogeneity that we will further explore in this thesis.

1.2.2 Supervised machine learning

The underlying idea to using machine learning is that, although we as humans cannot visually
or intuitively distinguish what structural changes invoke dynamical heterogeneity, we might be
able to train a computer to do so. In Chapter 4 we will give an elaborate discussion of supervised
machine learning, but for now it suffices to say that the goal of this approach is to build algorithms
that, given certain relevant input parameters, can be trained to classify and/or predict certain
interesting quantities. One of the simplest examples is the algorithm that classifies pictures of
two objects, e.g. whether a picture contains the image of a cat or a dog. In that specific case the
input parameters are the pixels of the images, and there is a single output parameter, which can
either be cat or dog.

In the case of glassy materials one intriguing approach is to train an algorithm to predict the
dynamical heterogeneity, based solely on structural order parameters. This means that one needs
to define one or more parameters that reflect the dynamical heterogeneity. The first research
that demonstrated the success of this approach, was performed by Ref. [37]. In the paper, the
researchers show that one can use support vector machine algorithms to predict the rearrangement
probability of particles.

To obtain data on glassy systems that can serve as training data for the machine learning algo-
rithms, one common strategy is the use of computer simulations of glassy systems (see Chapter
3), in which we measure quantities that reflect the dynamic heterogeneity, such as the dynamic
propensity [38]. This propensity is often defined as the average absolute distance traveled by a
particle over a given time interval [14, 27]. It is measured by tracking the trajectories of particles
over multiple runs, each time starting from the same initial configuration, but with different initial
velocities. By averaging over all these runs, one obtains the dynamic propensity and thus a mea-
sure for the heterogeneity of the system. In Chapter 2 we will go into the propensity in more detail.

Arguably, the most accurate method to date for predicting the dynamic propensity of a glassy
system, was introduced in 2020 by Bapst et al, who showed that it can be predicted using graph
neural networks (GNNs) (see Chapter 4 for more information on these techniques). For their
prediction Bapst et al only used minimal structural information which consisted of the distances
between neighboring particles and their sizes. In 2021, Boattini et al showed that by choosing
intelligent structural order parameters one can even train a very simple algorithm like linear
regression to predict the propensity with nearly the same accuracy as the much more complex
graph neural network [35].
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1.2.3 Critique on Machine Learning

Although the success of machine learning indeed proves that there is an observable relationship
between structure and heterogeneity, it also raises various new questions and issues. A commonly
raised critique is that machine learning is like a black box: it does not tell you how it trains itself.
Solely the fact that there is a relationship between structure and heterogeneity does not explain
why that relationship is there, or how it could be described.

Another critique, specific to the use of machine learning to predict dynamic propensity, is that it
is not certain how much of the actual dynamics actually is encoded in parameters like e.g. the
dynamic propensity. Since we measure the propensity by averaging over multiple trajectories, the
propensity in itself tells you nothing about the precise paths that particles have taken. As Berthier
et al argue in Ref. [39], “dynamics of individual particles cannot be predicted on the basis of the
propensity”. The vast majority of fluctuations in particle paths have a statistical origin (due to
the size and the direction of the initial velocity), which means that only a small percentage of the
fluctuations will be captured by the dynamic propensity.

All the arguments above do not mean however that machine learning cannot be used to better
understand the relationship between structure and dynamics. Although machine learning can
indeed not be used to predict precise particle trajectories based on structural information only,
parameters like the dynamic propensity can give an impression of how dynamic certain areas in the
glass are. Furthermore, in order to understand the relationship between structure and dynamics,
it is very useful, even essential, to find out what aspects of the structural information are (or are
not) required to make dynamical predictions; here, machine learning can provide us with answers.

1.3 Aim of this thesis

In this thesis we will therefore try to obtain more insight into the relation between structural and
dynamical heterogeneity making use of machine learning techniques. We start in Chapter 2 with
an elaborate discussion on dynamic and structural heterogeneity. In this chapter we also define
the parameters that can be used to capture the both the structure and the dynamical evolution
of the system. The glassy system that we consider is a binary hard-sphere system at packing frac-
tion η = 0.58. To collect data on this system we use various computer simulation techniques that
are discussed in Chapter 3. Subsequently, in Chapter 4 we discuss the working of three different
machine learning techniques (linear regression, neural networks and graph neural networks) that
we use to predict glassy dynamics.

The results chapters in this thesis can be divided into roughly three parts. In Chapter 5 we discuss
how the three machine learning methods mentioned above compare to each other in predicting
the dynamic propensity in glassy systems based on local structure. Since past studies that con-
sidered these strategies were based on different sets of input parameters and on different glassy
systems [35, 36], no fair comparison has been made yet. From the results, we conclude that linear
regression is the preferred method to predict the propensity.

In the second part of the results, in Chapters 6 and 7 we continue with linear regression and try
several methods to improve the propensity prediction. We discuss these new methods and analyze
their performance.

Finally, as a follow-up to the obtained improvements, in Chapter 8 we discuss how important
directional information is when one wants to capture the dynamics of the system. In Chapter
9, we share some preliminary results on the dynamic propensity of particles in relation to their
position within the slower and faster rearranging regions.

In Chapter 9 we summarize all findings and give an outlook. The thesis is ended with a Layman’s
summary.



Chapter 2

Dynamical and structural
heterogeneity

The first aim of this thesis is to determine which of the three machine learning algorithms (linear
regression, neural networks and graph neural networks) can predict the dynamical heterogeneity
of a glassy system based on its structural heterogeneity. In order to do so, we need local structural
and dynamical parameters that capture both these aspects. In this chapter we will discuss which
parameters we use, as well as give some of their physical background.

2.1 Dynamical heterogeneity

As we mentioned in Chapter 1, the relaxation of particles in a glassy system is not spatially
uniform but instead leads to regions of different mobility. These regions can be observed by, for
example, looking at the absolute displacement of particles over time. In Figure 2.1 we show this
absolute displacement for particles in a glassy Lennard-Jones system. In the figure we see that
for long periods of time particles move around some equilibrium position. In between, there are
rapid jumps, meaning that the particle suddenly moves away from its initial position finding a
new position somewhere else. This dynamical behaviour is associated with so called ‘caged parti-
cles’: at high densities, particles cannot easily advance past their first shell of neighbours. As a
result, they move around in a cage formed by neighbouring particles for extended periods of time.
Sometimes the fluctuations of these neighbouring particles will allow a particle to move out of its
cage, resulting in a jump. After the jump, a particle will start fluctuating around a new position
associated with a new cage.

The large variation in the time it takes different particles to escape their cage suggests that the
dynamics is heterogeneous. This in itself is not something unforeseen: in almost all thermody-
namic systems we see dynamical fluctuations around some average value. However typically such
fluctuations follow a Gaussian distribution. In a glassy system the situation is different: instead
of the distribution of fast and slow particles following a Gaussian distribution, one can observe a
long tail of fast moving particles [40]. As a result, the escape time of particles can differ by orders
of magnitude. The fact that we see such a long tail of fast moving particles means that we can
make an actual distinction between collections of fast and slow moving particles1.

The fact that the dynamics of particles in a glassy system are heterogeneous, can also be ob-
served by looking at the relationship between the self-diffusion Ds, which is a measure for the
mean displacement of particles, and the viscosity η. Normally these quantities are related by the
Stokes-Einstein relation which states that Dsη/T = c, with T the temperature and c a constant
that is independent of T and only depends on the size of the particles. For glassy systems it

1Note that although we speak about fast and slow moving particles, this could be misleading as we are not
referring to instantaneous speed. If a particle is slow, we do not mean that its velocity is low, but instead that it
is caged for a long time.

9
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Figure 2.1: Squared displacement over time from individual particles in a system of
Lennard-Jones particles in a glassy state as measured in a simulation. The red straight
line represents the average squared displacement. Figure from Ref. [2].

has been shown that upon cooling down the system, the Stokes-Einstein relation breaks down:
the value of Dsη/T can increase by a factor of 2 or 3 [41]. To understand why the breakdown
of the Stokes-Einstein relation leads to the conclusion that there is dynamical heterogeneity, we
need to think about what aspects of the dynamical behaviour are captured by the viscosity and
the self-diffusion. Both quantities are in essence measures of the relaxation time, however they
probe different aspects of it. Viscosity is focused more on structural relaxation, while the diffusion
coefficient concentrates on the mobility of particles. In order for the Stokes-Einstein relation to
hold, an increase in viscosity must be accompanied by a decrease in self-diffusion. If a system
shows a high dynamical heterogeneity, it is implied that there will be areas with particles that
hardly move at all. As a result, the total structure will relax relatively slowly, resulting in a
high viscosity. However, since the self-diffusion coefficient is dominated by fast moving particles,
this same heterogeneous system can have a relatively high self-diffusion constant due to the more
mobile areas. This means that in such a dynamically heterogeneous system a high viscosity can
be accompanied by a relatively high diffusion coefficient, which in turn leads to the breakdown of
the Stokes-Einstein relation.

Although the phenomena described above are a clear expression of dynamical heterogeneity, they
do not tell us whether particles of high and low mobility are clustered together in the system or
distributed randomly. In order to find an answer to that question Vidal et al probed a glassy
system with an atomic force microscope [42]. This revealed that clusters of particles with similar
dynamics form in the system. Moreover, they found that over time regions can change from being
slow to being fast and vice versa [42]. The characterization of the sizes of these mobile clusters
has been the topic of many studies that often use multi-point correlation functions [2]. One of
the interesting findings is that upon cooling the system, the size of the clusters increases. This is
somewhat reminiscent of the increasing correlation lengths that are often associated with critical
phenomena in a variety of complex systems [2, 5].

2.1.1 Quantifying dynamical heterogeneity

In this thesis we are interested in the link between structure and dynamical heterogeneity. The
question is: can we can predict whether a particle will be in a slow or fast moving cluster by only
using structural information? In order to do so, we need to capture the dynamical heterogeneity in
terms of a local parameter, i.e. we need a dynamic quantity that reflects the mobility of individual
particles. One of the most common parameters that is used to this end is the dynamic propensity,
which has already been used in machine learning studies [35, 36].
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The dynamic propensity is a quantity closely related to the mean squared displacement, which
captures how far particles on average move over time [43]. To obtain it, the evolution of a glassy
system is measured multiple times, each time starting from the same initial configuration, while
assigning each particle a random velocity drawn from a Maxwell-Boltzmann distribution at the
desired temperature. This ensemble is called the isoconfigurational ensemble. To obtain the
propensity ∆ri(t) of particle i, we average the absolute distance it traveled over the time interval
t over all trajectories

∆ri(t) =
1

nruns

∑
runs

|ri(t)− ri(0)|, (2.1)

where nruns is the number of runs. Since measuring the dynamic propensity requires multiple
trajectories starting from the same initial position, it is a quantity that can only be measured in
simulations. The fact that we average over multiple trajectories also implies that the dynamic
propensity does not hold any information about the exact trajectories of individual particles.
However, since it reflects which particles are on average fast or slow, it still gives a good impression
of the dynamical heterogeneity in the system.

Figure 2.2: Average propensity measurement for the largest particles of a binary hard-
sphere system of 2000 particles at various packing fractions η. The ratio of the diameters
of the two particles types, A and B is given by σB/σA = 0.85 and the composition is
given by NA/(NA + NB) = 0.3. For the highest packing fraction, we also indicate the
different dynamic regimes that we can observe: the ballistic, caging and diffusive regime.

To obtain some insight into what the dynamic propensity looks like over time in a glassy sys-
tem, we show in Figure 2.2 the dynamic propensity averaged over all large particles in a binary
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hard-sphere system for various packing fractions in the glassy regime. The dynamical behaviour
that is captured in this figure is – not surprisingly – very reminiscent of the behaviour that was
captured in Figure 2.1. However, since we now average over many particles, we get an impression
of the general behaviour of particles. In this figure we see that the higher the packing fraction,
the clearer we can distinguish three different domains. We indicate them as a ‘ballistic’, a ‘caging’
and a ‘diffusive’ regime. At very small times (i.e. in the ballistic regime) most particles do not
yet feel any influence of their neighbours. This means that they essentially move as free particles,
resulting in a propensity that scales like ∆r ∝ t. After some time, particles will start to collide
with each other resulting in the caging behaviour we discussed before. At sufficiently high packing
fraction, this caging results in an approximately constant averaged propensity, also called the glass
plateau [2]. After particles start to escape their cage, we observe an average increase of propensity
over time. For high densities, the average propensity in this regime scales as ∆r ∝

√
t, reflecting

that the system is in a diffusive state. Although Figure 2.2 shows the average dynamic propensity
for a binary system of hard spheres, the behaviour is very general and is seen in all glassy systems.

Figure 2.3: Picture of the dynamical heterogeneity of a binary hard sphere system of
2000 particles with diameters σA = 1.0 and σB = 0.85 and number ratio NA = 0.3N
and packing fraction φ = 0.58. The colours of the particles indicate the distance they
have traveled at t/τ = 104. One can clearly distinguish regions of fast and slow moving
particles.

A proof that the dynamic propensity indeed captures the heterogeneity in dynamics can be seen
in Figure 2.3, a figure that was already shown in Chapter 1. The colours of the particles reflect
the dynamic propensity of individual particles for a binary hard-sphere system at a high packing
fraction (η = 0.58) at a time close to the relaxation time of the system: blue particles are associated
with a low propensity, while orange/red particles are associated with a high propensity. In the
figure we can clearly see the clustering of fast and slow moving particles.

2.1.2 Directional propensity

In later chapters of this thesis we will not only look at the absolute distance travelled by par-
ticles, but also at the direction they travel. We are especially interested in whether in different
trajectories particles move in the same direction. We obtain information about this by introduc-
ing new dynamical descriptors which we call the dynamic propensity vector and the dynamical
self-alignment parameter.

Dynamic propensity vector

The dynamic propensity vector is very similar to the normal propensity; instead of measuring
the absolute distance travelled, we now measure the three-dimensional displacement ri(t) for each
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particle. The dynamic propensity vector, ∆ri(t) is then obtained by averaging these coordinates
over all the different trajectories, i.e.

∆ri(t) =
1

nruns

∑
runs

(ri(t)− ri(0)). (2.2)

Dynamical self-alignment parameter

The dynamical self-alignment parameter (DSP) reflects to what extent in different trajectories
particles move in the same direction. To obtain it, we first calculate the normalized dynamic
propensity vector in each direction, i.e. ni(t) = ri(t)/|ri(t)|, Afterwards we can then obtain the
DSP by calculating

∆|n̄i| =
1

nruns

∣∣∣∣∣∑
runs

ni(t)

∣∣∣∣∣ (2.3)

where ∆|n̄i| is the dynamical self-alignment parameter of particle i. By averaging these vectors
over the different trajectories, we have an order parameter that reflects how much a particles
displacement aligns between different trajectories; the closer the DSP is to one, the more strongly
the motion of the particle is biased towards the same direction in the isoconfigurational ensemble.
If, on the other hand, the particles in different trajectories move in completely random directions,
we expect the DSP value to converge to 0 when we include more and more trajectories.

2.2 Parameters to capture local structure

In the second part of this chapter we will shift our attention to quantifying structural heterogeneity,
by considering order parameters that capture the local structure around each particle. There are
many different parameters that one could in principle use to obtain this goal. We chose to use the
parameters used in Ref. [35], which consist of a combination of radial densities and angular func-
tions computed in different shells around a particle. Below we will discuss both sets of parameters.

Radial functions

The radial functions essentially measure the particle density inside a spherical shell of thickness
2δ at distance r with respect to a reference particle. The functions are defined as

G
(0)
i (r, δ, s) =

∑
j 6=i,sj=s

exp− (rij − r)2

2δ2
. (2.4)

Here i is the reference particle, s is the particle type and rij is the distance between particles i
and j. The summation is carried out over all particles with particle type sj = s, which means that
the radial density that is measured is type-specific.

Angular functions

The angular descriptors that we use are based on bond order parameters [30, 44]. These bond
order parameters express the local environment in terms of spherical harmonics. The spherical
harmonics can be viewed as basis functions defined on the surface of a sphere. We project the
arrangement of neighbors around our particle of interest onto the set of these weight functions to
obtain an expansion of the particle environment in terms of spherical harmonics. To obtain the
angular descriptors we first calculate the complex coefficients

q
(0)
i (l,m, r, δ) =

1

Z

∑
i 6=j

e−
(rij−r)

2

2δ2 Y ml (rij). (2.5)
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Figure 2.4: In order to obtain the higher-order structural parameters for each particle
we average over the parameters of all particles within a certain cutoff distance rcut.
In this case the reference particle and parameters are indicated as orange, while the
neighbouring particles and their parameters are indicated as blue. The output is the
first generation order parameters of the orange reference particle.

Here Y ml (rij) is the spherical harmonic of order l, with m an integer that runs from −l to l, and Z

is a normalization factor given by Z =
∑
i6=j e

−
(rij−r)

2

2δ2 . Note that although the summation runs
over all particles, again the exponent makes sure that mainly particles within a spherical shell at

distance r and thickness 2δ will contribute to q
(0)
i (l,m, r, δ).

Finally we sum over m to obtain the rotationally invariant angular descriptors

q
(0)
i (l, r, δ) =

√√√√ 4π

2l + 1

m=l∑
m=−l

|q(0)i (l,m, r, δ)|2. (2.6)

Due to the symmetries of the spherical harmonic functions, q(0)(l, r, δ) for a certain l is expected
to detect l-fold symmetry in the environment at the chosen distance r. For example, a high value

of q
(0)
l at l = 6 would indicate a high degree of hexagonal symmetry in the environment [44].

In order to get a good set of structural descriptors, we know from Ref. [35] that we should
consider shells at various distances r. In Chapter 5 we will discuss in more detail which shells we
include in our description of the environment.
Boattini et al showed in Ref. [35], that the propensity prediction of a particle improves significantly,
when the prediction is based not only on the structural parameters associated with the particle
itself, but also on averaged structural information of neighbouring particles. They included this
information by recursively constructing so called ‘higher-order averaged bond order parameters’,
which are are defined as

x
(n)
i =

1

C

∑
j:rij<rc

e−rij/rcx
(n−1)
j , (2.7)

where x
(n)
i represents the nth generation of parameter xi, and where the sum runs over all par-

ticles within a cutoff distance rc. In this equation n is the order and C =
∑
j:rij<rc

e−rij/rc is
the normalisation. In Figure 2.4 we graphically show how these higher orders are calculated. The
cutoff value rc is chosen to be rc/σA = 2.1. However, as shown in Ref. [35], the exact value does
not have a significant influence.

With the dynamic propensity and the structural parameters, we now have parameters that can
capture both the structure and the dynamical heterogeneity of the system. In the next chapter we
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will discuss the various machine learning techniques that we will use to fit the dynamic propensity
based on these order parameters.



16 CHAPTER 2. DYNAMICAL AND STRUCTURAL HETEROGENEITY



PART II

METHODS



18



Chapter 3

Simulation methods

In this Chapter we discuss the various simulation techniques that we use in this thesis. We
begin with a brief discussion of the benefits of computer simulations for studying glassy systems.
Thereafter, we introduce the model that we use to simulate glass in this thesis, i.e. the binary
hard-sphere model. Subsequently, in Sections 3.3, 3.4 and 3.5 we discuss three different simulation
techniques that can be used to model the binary hard-sphere model, namely time driven molecular
dynamics, event driven molecular dynamics, and Monte Carlo simulations. We end the chapter
with a discussion of the system specifics.

3.1 Using computer simulations versus experiments

In order to gain insights into the physics behind dynamical heterogeneity, one first needs data
that reflects the dynamics of glassy systems. Over the past decades, real-life experiments on both
colloidal and molecular systems have been instrumental for this (see e.g. [45–49]). Although many
of the early theories on glasses are based purely on experimental data, experimental setups suffer
from difficulties in accurately determining the local structure of the system. Even in colloidal sys-
tems, where particles are relatively large, tracking particles, especially in 3D, comes with inherent
errors including a lack of accurate knowledge of the size of individual particles, as well as noise in
the particle positions. Moreover, due to the large relaxation times of glassy systems, experiments
can take very long.

Over the past few decades, computer simulations have become increasingly popular for modeling
glasses [50]. In the past glassy simulations were strongly limited by computer power, meaning
that the deeply super cooled liquid regimes could not be explored. However, due to the rapid
improvement of computers and advances in simulation techniques, we are gradually able to reach
lower and lower temperatures [51–54]. Although one can argue whether the model that is used in
simulations lacks some relevant aspects of reality (after all a model is always a simplification of
reality), the advantage of simulations over experiments is that provide perfect access to the real-
space structure of the system. Therefore, simulation data can be extremely helpful for obtaining
insight into the dynamics of glasses.

3.2 Binary hard-sphere model

In order to study glassy systems, a number of simulation models have been developed. Many
of these are based on binary or polydisperse mixtures of particles, that can be tuned to avoid
crystallization. These include e.g. binary hard-sphere models [55], the binary Kob-Andersen
Lennard-Jones mixture [8] and the binary Wahnström Lennard-Jones mixture [56]. In this thesis
we will use the simplest of the three models mentioned above, namely the binary hard-sphere
model. In the past, systems of binary hard spheres have extensively been used in the studies of

19
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glassy dynamics [57–60].

The binary hard-sphere system contains particles of two difference sizes, with diameters σA and
σB , that cannot overlap, but otherwise do not interact. The potential between particles i and j
with diameters σi and σj is given by

φ(rij) =

{
∞ if rij ≤ σij
0 if rij > σij ,

(3.1)

where rij is the center-to-center distance between particles i and j and σij = (σi + σj)/2.

The binary hard-sphere system that we consider throughout this thesis consists of two types of
particles with a size ratio of σB/σA = 0.85. We simulate systems of 2000 particles in total, where
the composition ratio is set to NA/N = 0.3. Since we know that at a packing fraction of around
η = 0.58 the structure of the system correlates quite strongly with the dynamics [24, 61], we focus
on this packing fraction. The simulation box is set up with periodic boundaries with nearest image
convention [62].

In the following sections we will discuss various simulation techniques that can be used to simulate
hard-sphere mixtures. Some, such as event driven molecular dynamics are used to obtain informa-
tion about the dynamics, while others, such as Monte Carlo simulations, are aimed at measuring
ensemble averages.

3.3 Time-driven molecular dynamics

Molecular dynamics (MD) is a simulation technique that obtains the system’s evolution over time
by based on Newton’s equations of motion [62]. For systems with a continuous interaction po-
tential, this can be done via numerical integration. In particular, assuming that we know the
positions and velocities at time t, and given some fixed small time step ∆t, the positions and
velocities at time t+ ∆t can be determined using a numerical integration scheme.

Although such time-driven MD simulations are quite easy to implement, they can have disadvan-
tages. When for example the typical interaction time between particles is short compared to the
time between interactions (which would be the case for very short-ranged interaction potentials),
MD simulations can be more time consuming than necessary since a large amount of the simu-
lation time is used to simulate the rather trivial particle trajectories between interactions. The
second and most important downside of time-driven MD simulations is that they do not allow for
discontinuous potentials. The force that each particle experiences, i.e. the gradient of the overall
potential, is not well-defined in the case of a discontinuous potential. In a system of hard spheres,
time-driven simulations will unavoidably lead to overlap; since the forces at time step t are used
to obtain the positions at a some later time t+ δt, particles that are about to collide at time t, do
not yet feel a repulsive force and will thus overlap at time t+ δt.

Although this means that we cannot use time-driven MD simulations to model the normal dynam-
ical behaviour of binary hard spheres, we will still use MD simulations in Chapter 6, to find the
so-called inherent state of the system (i.e. bring the system to a local potential energy minimum).
For this, we temporarily replace the hard-sphere interaction by an effective repulsive potential.
In particular, it has been shown that hard spheres close to jamming can be effectively modelled
using a repulsive potential given by [63]

V (h) = −kBT log(h). (3.2)

where h is the surface-to-surface distance between particles given by h = |rij | − σij , where kB is
the Boltzmann constant and T is the temperature. Because this potential is continuous in h, we
can use time-driven MD simulations to quench the system.
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The MD code used in this thesis was written from scratch in C by the author. In this code
we implement the time-driven MD simulations using the Verlet algorithm [64]. This algorithm
assumes that, given the position r(t) and force f(t) at time t, the position and force at time t+∆t
are given by

r(t+ ∆t) = r(t) + v(t)∆t+
f(t)

2m
(∆t)2, (3.3)

v(t+ ∆t) = v(t) +
f(t+ ∆t) + f(t)

2m
∆t. (3.4)

Note that for the velocity update at time t + ∆t this integration scheme requires not only the
force at time t but also at time t + ∆t. Therefore the velocity is updated in two steps: first we
update the position and the part of the velocity that contains the force at time t. Given the new
positions, we then calculate the force at time t+ ∆t and finish updating the velocity.

3.4 Event-driven molecular dynamics

The technique that we use to simulate the dynamics of the binary hard-sphere system is event-
driven molecular dynamics (EDMD) [65], which is closely related to time-driven molecular dynam-
ics. Similar to time-driven MD, the goal is to solve Newton’s equation of motion to extract the
particle trajectories. However, in contrast to time-driven MD, the general idea of EDMD is that
we only simulate the ‘interesting’ parts of the trajectories. For particles with stepwise constant in-
teraction potentials, such as hard spheres these interesting parts, called events, are instantaneous,
meaning that we can assign a specific time t to a specific event. For the hard-sphere system such
an event could be the collision between two particles, but in principle other instantaneous events,
such as a collision between a particle and a hard wall, can be implemented as well. In between
events, particles follow a straight ballistic trajectory, meaning that it is very easy to extrapolate
their positions from their initial position and velocity. Note that this simulation technique is
only possible when the free movement of particles is simple; in other cases you are restricted to
numerical integration to find the trajectories of the particles.

By using EDMD we bypass the problem with the stepwise potentials that we encountered with
time-driven MD simulations. Since we know the physics behind an instantaneous collision, we
can simply find the moment in time at which two particles will collide and compute their new
velocities after the collision. To understand how EDMD works in practice, we will first look at
the physics of an instantaneous collision and then explain how the simulation finds, stores and
processes these collisions and other events.

Collisions

In order to implement the velocity events in the EDMD simulation, we need to know the velocity
change of particles during a collision and we need to find the time at which the collision takes place.
We assume here that the instantaneous collision between particles is an elastic collision, meaning
that energy and momentum are conserved. A collision between two hard particles happens when
the center-to-center distance of these particles is equal to the sum of the two radii. If at time t = 0
we have two particles i and j (with diameters σi and σj and masses mi and mj) located positions
ri and rj , and with respective velocities vi and vj , their center-to-center distance at a time t is

d = |ri + vit− rj − vjt| = |rij + vijt|, (3.5)

where rij = ri − rj and vij = vi − vj . By setting d equal to σij = (σi + σj)/2 and squaring the
equation, we find that a collision will take place when:

σ2
ij = v2ijt

2 + 2bt+ r2ij , (3.6)

where b = vij · rij . Solving for t yields

t =
−b−

√
b2 − v2ij(r2ij − σ2

ij)

v2ij
, (3.7)
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where we chose the minus solution of the quadratic equation since we are interested in the first
time the particles make contact. Using energy and momentum conservation, and keeping in mind
that the force between two particles must act along the rij direction it can be shown that after
the collision, both particles undergo a velocity change equal to

∆vi = − 2bmj

(mi +mj)σ2
ij

rij and ∆vj =
2bmi

(mi +mj)σ2
ij

rij . (3.8)

Structure of an EDMD simulation

Now that we have derived the equations that allow us to predict and process a collision, we can
look at the general setup of EDMD simulations. Given a system of particles with initial positions
and velocities, the EDMD simulation will compute and store which collisions will take place at
what time in the future. In principle the collision time could be computed for every possible
particle pair. However, predicting collisions for particles that are very far away from each other
is not that useful; before these particles could possibly collide, their trajectories are most likely
already altered due to other collisions. Therefore, we divide the simulation box (i.e. the volume
to which particles during the simulation are restricted) into cubic cells with an edge length of at
least the diameter of the largest particle, such that a particle can only collide with other particles
in the same or neighbouring cells. In our algorithm, each cell contains a cell list that stores all
the particles that are in that cell. When computing the possible future collisions for a certain
particle i, we only consider particles that are in neighbouring cells. This drastically reduces the
time required to predict future collisions.

The introduction of cells also means that the simulation needs to have a cell crossing event. This
is the event associated with a particle moving from one cell to the other during its ballistic motion.
During this event the particle is added to the new cell list and the collisions with particles in the
new neighbouring cells are computed. At the start of the simulation and after every collision or cell
crossing we compute the time at which the next cell crossing happens for every associated particle.

While simulating these events, we also need a well-ordered data structure that allows us to save
and delete events in an efficient way. The fact that we also need to delete events has to do with
the fact that every time a particle collides with another particle, the simulation needs to delete all
the previously planned events associated with that particle and calculate all new possible events.

The main requirement of the data structure that we need is that it must be possible to quickly
find the place in time where the new event must be added. If we would simply make an array with
all events ordered in time, adding an event would require a lot of time; every time you want to
add an event at time tevent, the computer needs to move all events with time t > tevent up by one
place. Instead we therefore use a binary search tree [51]. In this type of data structure each piece
of data, in our case an event, is called a node. Nodes are linked to other nodes by directed edges
such that a tree-like structure arises (see Figure 3.1). In the tree structure nodes are hierarchically
linked to each other, in what we call parent-child relations. Every parent can have up to two node
children; one on the left and one on the right. The left child is associated with an event that takes
place at an earlier time than the parent event, while the right child is associated with an event
that takes place at a later time than the parent event. The top of the event tree is called the root
event. In Figure 3.1 a possible event tree is shown for a system containing 3 particles.

This binary tree allows you to add and remove events very efficiently. The first event that takes
place is simply the utmost left event as seen from the root node. Adding an event is done by again
starting at the root, but now moving right or left depending on whether the event you want to add
takes place at an earlier or later time than the time associated with the current node. When this
search terminates at an empty place in the event tree, the new event is added there (this could
be under a parent that already has a child, e.g. if you were adding something at time 2.2 in Fig.
3.1). Deleting an event is done by removing the event from the tree and, if there are children,
linking those children back into the tree to new parents [51].
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Figure 3.1: Possible event tree for a system with 3 particles. Each square/circle represent
an event, either cell crossing or collision, associated with one or two particles respectively
and a time t. Each arrow that starts on the bottom left of an event, points to an event
that takes place earlier than the selected event, while each arrow that points to the right
points to an event that takes place later. On the right the events list per particles are
shown. Each event list starts with a cell crossing.

As mentioned before, we also want to able to remove all events associated with a certain particle.
In order to do this, we also make connected lists of all the events that are associated with a certain
particle. One list holds all the events where the particle is the first particle (i.e. cell crossings or
the first particle in a collision), the other list holds all the events where the particle is the second
particle, see again Figure 3.1. Whether a particle is the first or the second particle in a collision,
depends on how the collision was calculated. If we try to find a collision for a certain particle, this
particle will be the first particle. The second particle is then the particle that will collide with
this particle. Since we know for sure that each particle has a cell crossing at one point, we use
this event as the root for both lists. Since these lists are merely used to know which events must
be deleted, the order of the event times in these lists does not matter.

Running the simulation

Each EDMD simulation starts with initializing the event tree by adding the predicted events,
based on the initial configuration. After the tree is built, the simulation looks for the event that
happens first and processes that event. Next, the simulation deletes all old events associated with
the particles involved in the event, and finds and adds all new events. By repeating these steps
over and over again the simulation evolves. Because the simulation leaps from event to event, time
does not evolve in fixed time steps, but rather jumps from event time to event time. Note also,
that there is no need to update all particle positions when we jump to a new event time. Since we
know exactly how particles move between collisions, there is only a need to update the positions
of particles that are involved in the current event. This means that, contrary to a standard MD
simulation, each particle in the system has its own time label, reflecting the time it was last
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updated.

Initializing glassy systems using EDMD simulations

In order to do measurements on the movements of particles in a glassy state, we first need to
initialize a system of hard spheres in such a state. As we mentioned before, a glassy state is
obtained by rapidly compressing a fluid system. This can either be done by starting the EDMD
simulation in a large simulation box whose volume is decreased over time, or by starting with small
particles that grow over time. In this thesis we choose the last option. Growing a particle means
that in addition to their velocity in the x,y, and z directions, particles also have a radial growing
rate, that can be expressed as a velocity vr. As a result, we need to take into account that in the
calculation of the collision time the radius of the particles at time t will be different compared the
radius at time t+ δt. This leads to a small alteration of Equation (3.7). Additionally, growing the
particles also means that you increase the energy of the system. Using the equipartition theorem,
the kinetic energy of the system is related to the temperature of the system as:∑

i

1

2
miv

2
i =

3

2
NkBT, (3.9)

where the sum goes over all particles in the system. In a collision with two particles that are
growing, energy is no longer conserved; during the collision the particles get an extra ‘kick’ due to
their radial velocity. As a result the system heats up over time. In order to keep the temperature
constant, we therefore introduce so-called thermostat events in our algorithm. During a thermostat
event a random particle is selected and assigned a new velocity sampled from a Maxwell-Boltzmann
distribution associated with temperature T.
The EDMD simulation code that we use is an adaptation from an existing simulation code written
by Frank Smallenburg, previously used in Ref. [35].

3.5 Monte Carlo simulation

Later on in this thesis we will also use Monte Carlo (MC) simulations [62]. Contrary to molecular
dynamics, Monte Carlo simulations do not realistically simulate the dynamics of the system, but
instead sample configurations from the chosen thermodynamic ensemble, according to the associ-
ated probability distribution. For example, in the canonical ensemble, high-energy configurations
would be sampled with a lower probability than low energy configurations. Since equilibrium sys-
tems have the property that taking the time-averaged value of a quantity is equivalent to taking
the ensemble average, the configurations produced by MC simulations can be used to measure
average quantities of the system, such as energy, pressure and the average position of particles.
Since MC simulations are easier to adapt to various ensembles and e.g. external fields than EDMD
simulations, we make use of them in this thesis when we are interested in time averaged quantities
of glassy systems rather than dynamics (see Chapter 7).

In order to generate configurations according to the Boltzmann weight, a Monte Carlo simulation
generates random configurations that are accepted or rejected based on the so-called detailed
balance criterion. This criterion states that in equilibrium the number of moves going from state
o to state n must be equal to the number of moves going from state n to state o. Since we are
simulating a system that consists of spherically symmetric particles in a fixed simulation box, new
configurations can only be obtained by displacing particles. For simple displacement moves, where
we take a single particle and displace it by a random vector, the most common acceptance rule
for a displacement move that satisfies detailed balance is given by

acc(o→ n) = min

(
P ( ~rn

N )

P (~ro
N )

, 1

)
, (3.10)

where P (~ro
N ) is the Boltzmann weight of the old configuration and P ( ~rn

N ) is the Boltzmann
weight of the new configuration [62]. As a result of this rule, configurations with a lower energy
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than the current configuration are always accepted, while configurations with a higher energy will
be accepted with a probability equal to the Boltzmann weight of the energy difference between
the configurations. Since in this thesis we are looking at hard spheres, the acceptance rule can be
simplified even further. Since the potential energy in a system of hard spheres is either infinite, in
case of overlap, or zero, in case of no overlap, the acceptance rule takes a binary form; if the new
configuration leads to overlap between particles, the probability of accepting the move is zero,
while if the new configuration does not lead to overlap, the move will be accepted.

In order to make a displacement move, the most common method is to randomly select a particle
and try to move it by an amount ∆r, where each component of this vector satisfies δri ≤ ∆rmax

for some preset value of ∆rmax. This value of ∆rmax is quite important since it impacts the speed
of your simulation: when ∆rmax is too small, almost all moves will be accepted, but since the
difference between old and new configurations is fairly small, covering the entire phase space will
take a long time. A too large ∆rmax, will lead to a low acceptance rate and thus also to a longer
simulation time. As it turns out, a reasonable choice of ∆rmax is typically such that the around
30% of the moves is accepted, although this depends on the system under consideration [66].

The Monte Carlo code used in this thesis was written from scratch in C by the author.
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Chapter 4

Machine learning methods

In this chapter we discuss the different machine learning techniques that we use to predict the dy-
namic propensity based on the structural parameters introduced in Chapter 2.2. As we mentioned
in Chapter 1, multiple machine learning techniques have already been found to be suitable for
predicting the dynamic propensity of glassy systems [25]. In this thesis we will compare three of
these, namely linear regression (LR), neural networks (NNs) and graph neural networks (GNNs).
Note that, although Support Vector Machines (SVMs) have also been shown in the past to be able
to predict the propensity [36], we will not include the technique in this comparison. Since linear
regression and SVM are both based on linear analysis and in Ref. [35] it was shown that they
perform very similarly, we choose not to include SVM here. Although standard neural networks
have not been previously used to predict the propensity, we include it in this comparison since, in
terms of complexity, it is a method that lies in between LR and GNNs.

We know from Ref. [35] and Ref. [36] that both linear regression and GNNs can predict the propen-
sity approximately equally well in the case of the Kob-Andersen mixture. However, in these two
papers different input parameters were used. In the case of linear regression Boattini et al use
the recursively defined structural parameters we described in Chapter 2.2, while in Bapst et al,
the GNN was only provided with information about the size of particles and about the vectors
connecting nearest neighbours.

The fact that GNNs are able to predict the propensity based on only a very basic structural input
is quite astonishing. However, the fact that the GNN is given only the ’raw’ structural input,
instead of the pre-selected order parameters, leads to the need for a complex GNN architecture.
This has the disadvantage that it leads to a high computational cost and the requirement of a
large amount of training data. To put this in perspective, the GNNs used in Ref. [36] used on the
order of 105 fit parameters, while the LR approach in Ref. [35] only used on the order of 103. The
fact that linear regression can perform nearly as well as the GNN by using intelligently chosen
structural parameters raises the question whether the GNN could perhaps perform better if it too
would be provided with more physically motivated input data.

General approach of Machine Learning

In the following sections we elaborate on how machine learning methods make predictions. The
overall idea for all techniques under consideration is the same: in all cases a model is optimized by
training the method on so-called training data. This data consists of both the input parameters, i.e.
the structural parameters, as well as the desired output propensity. By comparing the predicted
propensity with the actual propensity, the free parameters in the model are adjusted to optimize
the accuracy of the prediction. After an algorithm is trained, its performance is evaluated by
examining how well it performs on never seen before test data set. Since machine learning comes
with a lot of terminology, in Appendix A one can find a Glossary that summarizes most of the
important jargon. Before we elaborate on the details of the different methods, we first discuss
how to quantify the accuracy of a trained model.

27
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4.1 Analyzing performance of machine learning techniques

When we are examining the performance of a machine learning method, we are interested in how
close – on average – the predicted propensity of each particle is to the measured propensity. If
we would make a 2D plot with on one axis the predicted propensity and on the other axis the
measured propensity, we are thus interested in how close the points lie to the line y = x. In order
to evaluate this criterion, we will use two different parameters, namely the Pearson correlation
coefficient ρ and the coefficient of determination r2. The reason that we use two parameters, is
that while the Pearson correlation coefficient is commonly used to evaluate the performance of
ML predictions of glassy dynamics (see e.g. Refs. [35] and [36]), the coefficient of determination
provides a better measure of the overall performance. Below, we will discuss both parameters and
explain why we prefer r2 over ρ.

Pearson coefficient

The Pearson coefficient is a measure for the linear correlation between two data sets [67]. Given
the data sets X and Y, this coefficient is defined as

ρXY =
cov(X,Y )

σXσY
, (4.1)

with cov(X,Y ) the co-variance, and σX and σY the standard deviations of data sets X and Y
respectively. Due to the normalization by the standard deviations, the value of ρXY will always
lie between -1 and 1.

The Pearson coefficient reflects how deviations from the mean value in each data set correlate with
each other; when in data set X a deviation in one direction corresponds to a deviation in the other
direction in data set Y, we say that the data sets are negatively correlated resulting in a negative
ρXY (where ρXY = −1 reflects perfect anti-correlation). When it is the other way around, we say
that the data sets are positively correlated, meaning that ρXY is larger than zero (where ρXY = 1
reflects perfect correlation). Since a perfect prediction trivially results in a perfect correlation
(ρXY = 1), the Pearson coefficient provides a measure of the accuracy of the prediction.
The problem with the Pearson coefficient is that it only measures to what extent two data sets
are linearly related, and not whether the predicted and measured values lie close to each other: if
the method always predicts a value that is e.g. 10 times as high as the true value, this would still
be a perfectly linear relation and thus result in ρXY = 1.

The above observation does not mean that we cannot use the Pearson coefficient to analyze the
models. As Bapst et al and Boatini et al have already shown, in practice the quality of the Ma-
chine Learning predictions is of such a level, that the majority of the points is centered around
y = x [35, 36]. This means that measuring ρXY in essence tells you how close the points lie to the
line y = x and thus how well the method performs.

Coefficient of determination

However, even though the Pearson coefficient indirectly reflects the performance of the machine
learning methods, it may be better to quantify performance in a way that takes into account
possible systematic deviations in the predictions. One of those is r2, also known as the coefficient
of determination, which is defined as

r2 = 1−
∑N
i=1(ypredicti − ymeasure

i )2∑N
i=1(ymeasure

i − ȳmeasure)2
, (4.2)

where the summations runs over all N particles for which we are making a prediction, where
ypredicti and i, ymeasure

i are respectively the predicted and measured propensity for particle i and
where ȳmeasure is the mean propensity of the measured values. In this expression, the numerator



4.2. LINEAR REGRESSION 29

contains the mean squared error (MSE) between the predicted and measured data set, while the
denominator contains the variance of the measured data set.

The reason that we divide the MSE by the variance, is because how ‘wrong’ a prediction is, de-
pends on the spread in the measured variable itself; if the spread is large, deviations between
the measured and predicted value matter relatively less compared to the situation where the
spread is small. If (and only if) the prediction is perfect, the MSE is zero, resulting in r2 = 1,
while if every prediction of the model would yield the average value of the measured data the MSE
would be equal to the variance resulting in r2 = 0. For even worse predictions r2 becomes negative.

Since r2 reflects the difference between the predicted and measured value, it is a better quantity
for measuring the performance of the machine learning methods than the Pearson coefficient. In
order to allow for a comparison to past work, in Chapter 5 we use the Pearson coefficient to
analyze the machine learning methods, while in later chapters we will switch to r2.

We now proceed to the discussion of the three machine learning techniques, LR, NN and GNN,
that we use in this thesis.

4.2 Linear regression

The least complicated technique of the three machine learning techniques is linear regression. To
make a prediction the method assumes that there is a linear relation between input data and
output data. For particle i in our system this linear relation can be written as

∆ri(t) = xi ·w(t) + b(t), (4.3)

where ∆ri(t) is the propensity at time t, xi is the parameter vector that contains the structural
parameters (taken at time t = 0), and w(t) and b(t) are the fit parameters associated with the
linear relationship. The aim is to find the parameters w(t) and b(t) that lead to the best correla-
tion between the predicted and measured output.

In our case, we use linear regression to minimize the mean squared error between the predicted
propensity ∆r(t) and the measured propensity ∆r̂(t) with respect to w(t) and b(t), where in this
case the MSE is defined as

MSE =
∑
i

(∆ri(t)−∆r̂i(t))
2

=
∑
i

(xi ·w(t) + b(t)−∆r̂i(t))
2
, (4.4)

where the summation runs over all particles in the data set.

Preventing overfitting

Although minimizing the MSE will normally yield good predictions for the data that was used
to train the model, the method can be sensitive to overfitting, i.e. the optimized model may not
generalize well to new data. One of the ways to avoid this overfitting, is to add a penalty in the
fitting algorithm for large coefficients of w. One of the most common penalties is Ridge regression
(also called L2-regularization) [68]. With Ridge regression a term of αwT (t)w(t) is added to the
MSE, where α is a constant parameter that is chosen such that on new data, the linear regression
prediction yields the highest precision. After adding the penalty associated with Ridge regression,
the term that needs to be minimized with respect to the linear regression parameters is given by∑

i

(xi ·w(t) + b(t)−∆r̂i(t))
2

+ αwT (t)w(t), (4.5)

Due to the quadratic nature of Equation (4.5), the minimization of the MSE can be written as a
linear optimization problem, which can be efficiently solved with standard linear algebra methods.
For this we use the linear regression model from the python package scikit-learn [69]. For each
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time t, we carry out the minimization for multiple values of α, and finally choose the value of α
such that the linear regression prediction on new data yields the highest accuracy.

4.3 Neural networks

The second technique that we use to predict the propensity are neural networks. This commonly
used machine learning technique has the advantage over normal linear regression that it allows for
non-linearity. Below we will discuss how neural networks work and how the non-linearity comes
about.

Figure 4.1: A Neural network consisting of an input layer, hidden layers and an output
layer. The orange and blue circles represent input and output parameters respectively.
The red and green arrows represent the weights that connect each layer in the neural
network.

Neural networks are loosely based on the biological neural networks that make up our brains [70].
A neural network consists of multiple layers of connected nodes, see Figure 4.1, which mimic the
neurons and synapses in the brain. The first and last layer are respectively called the input and
output layer, which in our case take the structural parameters of each particle as an input, and
give the predicted propensity for a certain time as the output. All the layers that lie between the
input and output layer are called hidden layers. In a fully connected feed-forward neural network,
as we use here, each node in a specific layer is connected to all the nodes in the following layer.

Due to the connections between nodes, information can be passed through the neural network.
This is again in analogy with the brain, where signals of information travel via neurons. How
the information travels through the network can be seen in Figure 4.1. Each connection between
nodes is associated with a so called ’weight’, which can either be positive (indicated as green) or
negative (indicated as red). The values of the nodes in the hidden layer and the output layer are
found by multiplying the values of the nodes in the previous layer with the associated weights.
Afterwards a node-specific ’bias’ is added to the total. The result is then given to a non-linear
function – often a sigmoid or a step-function – to yield the value of the node, which is then used,
in combination with all the other nodes in this specific layer, to calculate the values of the nodes
in the next layer. Hence, the value of a node am in layer l is calculated as

a(l)m = f

(∑
n

w(l)
mna

(l−1)
n − b(l)m

)
. (4.6)

Where f is the non-linear function, w
(l)
mn is the weight associated with the connection between

nodes n and m, a
(l−1)
n is the information of node n in layer l-1 and b

(l)
m is the bias associated with
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Figure 4.2: A schematic overview of Backward propagation. Consider the the top node
in the first hidden layer (indicated by the box outlined in red) and the weights associated
with this node (indicated by red lines). The loss function indirectly depends on these
weights via later layers – indicated by orange boxes.

node a
(l)
m . The summation over n goes over all nodes in layer l− 1. In order to make the notation

more concise we can write it down in in a matrix based form:

a(l) = f(W(l)a(l−1) + b(l)). (4.7)

Since the updating of a node requires knowing the value of the nodes in the previous layer, infor-
mation travels from left to right through the network.

Although a neural network might seem very complicated, its structure is very closely related
to linear regression: in essence linear regression is a neural network without hidden layers and
without a non-linear function. The real difference between the two techniques, is the algorithm
that is used to find the optimal values of the weights and biases. In the case of linear regression
these parameters are obtained by minimizing the MSE error function, which has a single global
minimum. However, due to the complex structure of the neural network, the corresponding MSE
will have multiple minima, meaning that finding the best parameters requires another approach.
Below we will discuss how a neural network finds its parameters, a process that we call ‘learning’.

Learning

To evaluate its performance, a neural network compares its predicted outcome with the desired
outcome via the so called ‘loss function’. Just as in the case of linear regression, the mean square
error defined in Equation (4.4) is often used as a loss function. In the process of training, a neural
network tries to find the global minimum of this loss function by exploring its value in the multi-
dimensional space made up of all weights and biases. Since walking around randomly would result
in a very long training time, the search for the minimum is generally optimized by computing
the gradient of the loss function with respect to all the weights and biases at discrete steps and
then adjusting those weights and biases such that a step is taken along this gradient direction [71].

Although the loss function usually depends on a large number of variables, finding the gradient
is simplified by the fact that the value of each node is a relatively straightforward function of
the values of the nodes in the preceding layer. The technique that is used to find the gradient
is called backpropagation [71], where the term stems from the fact that the components of the
gradient are computed in a backwards fashion, i.e. we start with computing the dependence of
the loss function on the weights and biases in the last hidden layer and then work our way back to
earlier layers. The reason for this backwards direction is that weights and biases in earlier layers
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influence the loss function via nodes in later layers (see Figure 4.2). The influence of the earlier
layers can thus only be obtained by knowing how nodes in later layers influence the loss function,
something that can only be achieved by working backwards.

To demonstrate this, we consider a fully-connected neural network where the last hidden layer has
an arbitrary number of output nodes. Although using an arbitrary number of output nodes may
seem less applicable to our case, where we only consider one output node, the derivation can very
easily be simplified to an output layer with only one node. Assume that we have a network with
L layers and a loss function C defined as

C =
(
r̂(t)− a(L)(t)

)2
. (4.8)

Here r̂(t) is the desired output and a(L)(t) is the output from the network. From now on we omit
the t-dependence.

Our aim is to find the influence of an arbitrary weight or bias in the network on this loss function.
Note that since all weights or biases influence the value of the corresponding node in the next layer
via a(l) = f(z(l)) with z(l) = w(l)a(l−1)+b(l), determining the influence of z(l) on the loss function
will immediately provide us with the influence of all the associated weights in the previous layer.

We first look at the influence of the node j in the output layer on the loss function, i.e. we want

to find ∆C
(L)
j ≡ ∂C/∂z

(L)
j . Since C depends on a

(L)
j via the loss function (Equation (4.8)) and

a
(L)
j depends on z

(L)
j via the non-linear function (Equation (4.7)), we can write:

∆C
(L)
j =

∂C

∂a
(L)
j

∂a
(L)
j

∂z
(L)
j

= 2(a
(L)
j − r̂j)f ′(z(L)j ) (4.9)

In matrix notation this becomes

∆C(L) = 2(a(L) − r̂) ◦ f ′(z(L)), (4.10)

where the operator ◦ means that we multiply the vectors element wise. The influence of w(L) and
b(L) is now found simply by multiplying ∆C(L) with respectively ∂z(L)/∂w(L) and ∂z(L)/∂b(L).
Using Equation (4.7) we find:

∂C

∂b(L)
= ∆C(L) ◦ ∂z(L)

∂b(L)
= ∆C(L) and

∂C

∂w(L)
= ∆C(L) ◦ ∂z(L)

∂w(L)
= ∆C(L) ◦ a(L−1), (4.11)

since ∂z(L)/∂b(L) = 1 and ∂z(L)/∂w(L) = a(L−1).

With the knowledge of the derivatives in layer L we can now find the gradient with respect to the
weights and biases in layer L− 1 and so on. Using the chain rule, we can write a general formula
for the influence of z(l) on the loss function, assuming that we know ∆C(l+1), meaning that we
know the influence of the values of z(l+1) on the loss function. We can write ∆C(l) in terms of
∆C(l+1), via

∆C(l) =
∂C

∂z(l)
=

(
∂C

∂z(l+1)

∂z(l+1)

∂a(l)

)
◦ ∂a(l)

∂z(l)
= ((w(l+1))T∆C(l+1)) ◦ f ′(z(l)), (4.12)

where we used that ∂C/∂z(l+1) = ∆C(l+1), ∂z(l+1)/∂a(l) = w(l+1) and that ∂a(l)/∂z(l) = f ′(z(l)).
Again using that ∂z(l)/∂w(l) = a(l−1) and ∂z(l)/∂b(l) = 1, we can write down the derivative of
the loss function with respect to the weights and biases in layer l as:

∂C

∂b(l)
= ∆C(l) and

∂C

∂w(l)
= ∆C(l) ◦ a(l−1), (4.13)

with ∆C(l) as written down in Equation (4.12).
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Equations (4.10), (4.12) and (4.13) give us all the information we need to compute the gradient
of C with respect to the weights and biases, and thus to train the network. In order to make
the training process more efficient, most training algorithms do not calculate the gradient after
every individual training example, but instead look at many data points together. Not only does
looking at such a ‘batch’ speed up the simulation, it also ensures that the network does not get
influenced too much by the outliers of single points.

To what extent the system adjusts its weights and biases after each batch depends on the learning
rate of the network. The value of this learning rate is very important for the training process. If
it is too small the system only takes small steps in the potential landscape of the loss function,
meaning that it can take a long time to reach the global minimum. Another risk of a small learning
rate is that the system can get stuck in a local minimum because the step size is too small to get
out again. A too large learning rate on the other hand, gives a risk of overshooting the minimum,
meaning that the system never reaches the minimum. Finding a good learning rate is one of the
major challenges of building a good machine learning algorithm [71].

With the discussion above the question arises when one should stop training the network. At what
point can we say that the network has found the optimum value of its weights and biases? In
principle one could keep training the network on the same training data over and over again (where
each time the network has seen all training data is called an epoch) and improve the accuracy of
this training data prediction. However, doing so will lead to a model that is very bad in gener-
alizing to new data. Before this point is reached, the training yields a useful trade-off between
accuracy and generalization. To find the optimal point we evaluate the network after every epoch
with test data that it did not use for training. Whenever the accuracy of the test data predic-
tion starts to decrease, we assume the network has found its optimal value and we stop the training.

To train the neural network we use the Pytorch Python package [72], together with an Adam
optimizer [73]. This optimizer is an extension to the stochastic gradient descent procedure, and
is used to find an efficient path to the optimal weights and biases using backwards propagation.
During training we consider various values of the learning rate and the neural network architecture
(as will be discussed in the next chapter).

Prevent overfitting

Just as with linear regression, overfitting can become a problem with neural networks. Along the
same lines as in LR, we can penalize large weights to discourage this overfitting. Another solution –
stop training when the network starts to perform less on new data – was already mentioned earlier.

In neural networks, we also see another form of overfitting, namely the oversensitivity of the
network to collections of parameters, something that is called co-adaption [74]. It is a result of
the non-linear nature and high number of fit parameters of the model: if the relation between
input and output parameters is sufficiently complicated, the neural network can often find many
complex patterns in the training data that yield a good outcome for this data, but that do not
always generalize to new data. One way of avoiding co-adaption, is to train many different neural
networks, and taking the average prediction of all these models. This however is a very time con-
suming task and not always feasible. Therefore we avoid co-adaption by a method called drop-out
[75]. While processing the training data, a certain percentage of the nodes are randomly selected
and set to zero, preventing nodes from becoming too correlated with each other. Note that the
optimal percentage of nodes that should be set to zero is something that will depend on the specific
application of the network.

4.4 Graph neural networks

As a third method, we also use graph neural networks (GNNs) to predict the propensity. GNNs
are a relatively new class of machine learning techniques introduced in Refs. [76–78] that combine
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Figure 4.3: Set up of a graph structure for particles. From the system that is shown
in the top left corner, we calculate structural parameters and we set up the associated
graph in the right panels. Each node and edge in this graph are then coupled to the
associated structural parameters.

neural networks with a graph-like data structure. As there are many variations of GNNs, our
description is necessarily somewhat specific to the GNN we use in this thesis. In the context of
predicting dynamic propensity, the key difference with normal neural networks is that GNNs allow
predictions for nearby particles to influence each other. In the case of propensity predictions, this
means that neighbouring particles affect each others predictions. In order to achieve this, GNNs
take graph-like data structures as an input [79]. This means that instead of considering individual
particles, we now consider the whole system of N particles at once.

A graph is a data structure that holds information about a collection of objects, which are called
’nodes’, and about the relations between these nodes. Whenever two objects are related, they are
connected by an ’edge’. If we would for example make a graph of the friendships in a group of
people, every person would be visualized as node, while the friendship between two people would
be visualized as an edge between the associated nodes. When a connection between two nodes
works in a symmetrical way, we say that the edge is undirected. This could e.g. be the case for
the friendship example above; if A is friends with B, B is also friends with A. If a relation only
works one way, we say that the graph is directed.

The data describing our glass configuration can also be expressed like a graph: in that case each
node corresponds to a particle in the system. When two particles are closer to each other than
a certain distance rc, we say that the corresponding nodes in the graph form an edge. The idea
of using this graph structure for our data, is that it allows us to predict the propensity of each
particle not only based on its own input parameters, but also on the parameters of neighbouring
edges and nodes. This means that a GNN does not see a particle as a separate entity, but as an
object embedded in a larger structure.

To understand how the graph network works and trains it is very important to make a distinction
between two types of information that the GNN holds and uses, see Figure 4.3. On the one hand
we have the information about how the graph is structured i.e. the number of nodes and their
associated edges. On the other hand, there is the physical information about the system that
the network uses to make predictions. In our case every node holds the structural parameters of
the corresponding particle and each edge holds information about the distance between the two
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connected particles. The information about the graph structure is only used by the network to
know which particles are neighbours, while the physical information is used in neural-network-
based calculations to make predictions.

Figure 4.4: Node and edge update in a graph neural network. For the updating of the
node data, the added and averaged parameters of the connected edges and given to the
node neural network, together with the information of the node itself. In the case of
the edge update, the information of both neighbouring nodes, together with the edge
information itself is given to the edge neural network. The output of the node/edge
network is an updated value of the node/edge.

Graph updating

The essence of the graph neural network is that, before using structure as an input for predicting
the propensity, it will first update the values of the nodes and edges multiple times, which also
takes into account the information of the neighbouring nodes and edges. How this works can be
seen in Figure 4.4. Each update of the edges and nodes corresponds to a so-called graph layer
inside the GNN. In every graph layer we start by updating the edges. This is done by feeding
the edge parameters and the parameters of the two neighbouring nodes to a neural network. The
output of the neural network then contains the updated parameters of the edge. Every edge in
the graph is updated by this same neural network.

The next step is to update the nodes. For this purpose, the parameter values of that node, together
with the parameter values of the neighbouring edges will be fed to a neural network. Because this
same neural network is used for every node in the graph, the input dimensions for this network
cannot depend on the number of edges that any specific node has. Therefore, instead of feeding
the edge parameters directly to the network, in our GNN we calculate the mean value and the
total value of the edge parameters. This way the edge input takes the same form for each node,
independent of the number of edges. The output of the neural network now is the updated value
of the node. After being processed by one graph layer, the parameters of the node and edges not
only contain information about their own parameters, but also about the structural parameters
of the neighbouring edges and nodes. To include also information about nodes and edges further
away, we can simply include more graph layers.

In principle, the input for the second and later graph layers could simply be just the output of the
nodes and edges of the previous graph layer. However, in our case we apply a slightly different
procedure, also used in Ref. [36]. We chose to give a combined input of the output of the previous
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graph layer, i.e. the current node and edge parameters together with the initial parameters of the
same respective node or edge before they were updated by the first graph layer. The reason for
this, is that the updated node and edge parameters contain averaged information about multi-
ple neighbouring edges and nodes, meaning that information about the initial parameters of the
central particle will only be present very indirectly. However, given the physical characteristics
of the system we expect that these initial parameters are likely to be of large importance for the
prediction; therefore we choose to provide the network with this initial information every time a
node or edge is updated.

After multiple layers of graph updating, a propensity prediction is made for each particle. For
this we again use a normal neural network that is provided with the current node parameters,
as well as with the initial node parameters. Since the current node parameters now contain
information about several shells of neighbouring particles, the network makes its prediction based
not only directly on a particle’s own parameters, but also indirectly on the structure of its wider
environment.

Training

Note that although the structure of a GNN is somewhat different from a normal neural network,
the training algorithm as well as the methods to prevent overfitting are completely equivalent: we
compare the predicted propensities with the actual propensities to compute the loss function, and
then adjust the parameters via backpropagation. Training is stopped when the performance of
the network on new data starts to decrease. The main difference between a neural network and a
graph neural network is that instead of one single neural network, a GNN contains several. Since
this typically means that more parameters need to be fitted, training a GNN network usually
requires more time and training data.

In order to reduce the number of weights and biases in the network it can be useful to reduce the
dimensionality of the input parameters, preferably without losing important information. This
can be achieved by using a dimensionality reducing neural network, also called ‘encoder’, at the
beginning of the graph neural network. In addition, to make sure that the input of the nodes and
the edges is equally important, we use another NN at the beginning of the GNN that increases
the dimensionality of the edge parameters such that it matches the dimensionality of the node
parameters after the encoder. Both networks are trained as an integral part of the overall training.

The network is trained using the the Pytorch and Pytorch-Geometric python packages [72, 80],
together with an Adam optimizer [73]. The layer type we use is MetaLayer.

4.5 Advantages and disadvantages of GNNs, NNs, and LR

In the past three sections we have discussed the three selected methods and their features sepa-
rately. Before we continue presenting the results, it is interesting to discuss how these methods
and especially their specific features compare with each other: what are the advantages and dis-
advantages of each method? And are complex methods always better? In the following section,
we will briefly address these questions.

In machine learning there is always a delicate interplay between the complexity of a model and
the number of parameters that need to be fitted. If a model is too simple, it will not be able
to capture more subtle effects. However, the more parameters that need to be fitted, the more
sensitive the model is to overfitting and the more training data will be required.

Although it might seem that complex methods with enough training will in principle improve the
prediction, this is only true if their complexity is actually necessary for an accurate prediction.
An example to illustrate this, concerns the decision whether or not to allow for non linearity in
a model; compared to linear regression, (graph) neural networks have the advantage that they
allow for non-linear relations between input and output. However, this advantage will only lead
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to a better prediction when there actually is a strong non-linear relation between the structural
parameters and the propensity of a particle. In other words: NNs and GNNs will only perform bet-
ter than LR if their advanced features are actually of any importance to the propensity prediction.

In principle, GNNs have an advantage over the other two methods in that they naturally use
information of neighbouring particles to make a propensity prediction. This can be a huge ad-
vantage, as evidenced by the success of this method in Ref. [36]. However, as we discussed in
Section 2.2, information about neighbouring particles is also provided to the neural network and
linear regression via the higher generations of structural parameters [35]. The question is thus
whether the exact way that information about neighbouring particles is incorporated affects the
prediction: does it for example matter that in the GNN information about neighbouring nodes
is passed through via neighbouring edges, while in the case of NN and LR we simply take the
weighted average over all particles within a certain radius rc?

Although complex methods can thus have advantages, these come at the cost of a more complex
training process. Not only do more complex methods have more parameters that need to be
fitted – meaning that more training data is necessary – they typically also have more hyperpa-
rameters. These hyperparameters are parameters that are used to control the training process,
such as the batch size, the learning rate and the number and size of the hidden layers in the
NNs. In the case of linear regression we only have one hyperparameter, namely α, the parameter
that determines the penalization of large weights. In the case of NNs and GNNs, the number of
hyperparameters is significantly larger. Especially when the training process of a method takes a
long time, optimizing these hyperparameters can be a tedious and computationally expensive task.

In conclusion, GNNs, NNs, and LR all have their own advantages and disadvantages when it comes
to fitting complex relationships such as the one between local structure and dynamic propensity.
In the next Chapter we will look at how the three methods compare when they are trained to
predict the propensity in a glassy system.
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Chapter 5

Comparison machine learning
techniques

Comparison propensity prediction machine learning techniques In this chapter we use three differ-
ent machine learning algorithms to predict the dynamic propensity of a glassy binary hard-sphere
mixture, and compare and contrast the results. As we show, out of the three methods, linear
regression provides the best compromise between accuracy and efficiency.

5.1 Methods

As mentioned in Chapter 3.2, the glassy system that we examine is a binary hard-sphere mixture
at packing fraction η = 0.58, where the two particle types have a size ratio of σB/σA = 0.85
and a composition of NA/(NA +NB) = 0.3. The relaxation time of this system is approximately
t/τ = 104 with τ =

√
mσ2

A/kBT where β = 1/kBT , and m is the particle mass. Note that this is
the same glassy system as was studied in Refs. [35, 61, 81].

To measure the propensity, we use data taken from Ref. [35]. This set consists of 100 snapshots,
each containing 2000 particles. The initial equilibrated glassy configurations were obtained using
the method described in Chapter 3.4, after which each snapshot was equilibrated for t/τ = 105.
For each snapshot the average absolute distance traveled by each particle was measured over
50 different runs. This distance was measured at logarithmically spaced time intervals between
t/τ = 0.01 and t/τ = 105.

For each initial snapshot we also measure the structural parameters as described in Section 2.2.
For the radial descriptors we consider 162 different parameters; 81 different r intervals for each
type. This means that we have 46 equally spaced spherical shells in the interval r/σA = (0.85, 2.0]
(given that σB = 0.85σB), 20 equally spaced spherical shells in the interval r/σA = (2.0, 3.0] and
15 equally spaced spherical shells in the interval r/σA = (2.0, 4.5]. For the angular descriptors we
use 192 descriptors; the first 12 spherical harmonics orders for 16 equally spaced spherical shells
in the interval (1, 2.5]. Note that at distances close to half the box length, the periodic boundaries
start to play a role. Therefore we made sure that the box we are using is always bigger than
at least twice the maximum distance we are considering. The environment of each particle is
described with 3 generations of 354 parameters each, leading to a total of 1062 parameters.

Before using the structural parameters as an input for the machine learning algorithms, they are
standardized by evaluating

xnorm
i =

xi − x̄

σx
, (5.1)

where xi is the vector containing all parameters associated with particle i, xnorm
i is the normalized

parameter vector, and where x̄ and σx are respectively the mean and standard deviation of the
parameter vector considering all particles. The need to standardize our parameters arises due to
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the penalty that we add to large weights to prevent overfitting. Due to this penalty, providing the
algorithm with not-standardized data would lend more weight to the parameters in the fit that
have a large variance, since these parameters can have a large impact with a relatively low weight.
For the same reasons that we standardize our input parameters, we also standardize the dynamic
propensities for each time step separately.

To train the machine learning algorithms, half of the obtained data is used as training data, while
the other half is used as test data. For each time interval over which we measured the propensity,
the models are trained with several different choices for the hyperparameters. Afterwards, the
hyperparameter set that yields the highest Pearson correlation coefficient is chosen. Below we will
discuss the different hyperparameters settings for each of the algorithms.

Linear regression

For linear regression the only hyperparameter that can be tuned is α, the parameter that penalizes
large weights. For each time step we train the algorithm 10 times, each time with different values
of α in a range of multiple orders of magnitude, i.e. α ∈ [10−4, 105]. We furthermore provide the
algorithm with different generations of parameters, i.e. (1) only the zeroth, (2) both the zeroth
and the first, or (3) the zeroth, first and second generation. The regression is performed separately
for small and large particles.

Neural network

For neural networks (and graph neural networks) there are many more hyperparameters that can
be tuned, including the learning rate, the number of layers, the number of nodes in each layer,
and the batch size. Since trying out all possible combination of settings would not be feasible, we
limit ourselves to a small number of different combinations. In particular, we set the learning rate
between 10−3 and 10−4, feed the data to the network in batch sizes between 25 and 50 particles
and use 1 to 3 hidden network layers, each consisting of 16 nodes. Again the network is trained
on large and small particles separately in around 200 epochs. Eventually we use the network that
during these epochs yielded the highest correlation for the test data. As in the case of linear
regression, we also provide the neural network with different generations of structural parameters.

As the neural network turns out to be very sensitive to overfitting, we also run the neural network
with ridge regression and drop-out (as mentioned in Section 4.3). We choose the parameter which
penalizes large weights between 0 and 1. The percentage of nodes that is set to zero in the context
of applying drop-out is varied between 0% and 25%.

Graph neural network

For the graph neural network we use a learning rate between 10−3 and 10−4. We use either 3
or 4 graph layers, each containing their own node and edge neural networks, that consist of 2
hidden layers each. The node encoder also consists of 2 hidden layers, while the edge encoder only
has one hidden layer, due to the low number of edge inputs. In all these networks, the hidden
layers consist of 16 nodes, except for the first layer in the node encoder, which consists of 30 nodes.

The GNN is trained on large and small particles either simultaneously or separately1. The size of
the particle is given as a binary input to the network. The graphs are fed to the GNN in batches
of 5, and we train for between 200 and 800 epochs. In order to check whether the GNN also
benefits from higher generations of structural parameters, we run the network for both the first
generation and the first three generations. The input for the edge parameters consists of either
the absolute distance between the corresponding particles, or the absolute distance in the x, y and
z directions.

1Note that since the input of the GNN is a graph of all particles, ’training on large particles’ means that also
the small particles are used as an input. The difference with training on all particles simultaneously is that when
computing the loss function we only include large particles
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5.2 Predictive performance of the three methods

5.2.1 Linear regression

In Figure 5.1 we show the linear regression performance for different generations of order param-
eters. Note that the results for linear regression that we see here are consistent with the results
from Ref. [35], see Appendix B. In this figure we clearly see that the predictions from just the
zeroth generation of descriptors are significantly worse than the ones including higher-generation
data, at least for longer times. In particular, we see that the information of the higher-order gen-
erations only starts to influence the performance when the system enters the caging regime. This
is what we expected: before entering the caging regime not enough time has passed for particles
to be influenced by particles from further away, meaning that higher-order generations will not
add relevant information about the expected trajectories.

Figure 5.1: Prediction accuracy in terms of the Pearson coefficient for linear regression
as a function of time, analyzed for three different generations of order parameters. Note
that the caging regime occurs between approximately t/τ = 0.1 and t/τ = 100.

Although adding the second generation of order parameters still improves the predictions for the
propensity, the effect is small in comparison to the improvement of adding the first generation.
Adding even higher generations (not shown here) does not significantly improve the performance
beyond this point.

5.2.2 Neural networks

For the neural networks the propensity prediction performances are shown in Figure 5.2. Here,
the different labels correspond to different combinations of hyperparameters, as shown in Table
5.1. In all these five cases the set of input parameters consisted of all three generations of order
parameters. Note that the different runs that we present here are only a selection of the different
sets of hyperparameters that we explored. However, the other sets of parameters showed similar
behaviour and are therefore omitted here.

Although the overall shape of the neural network accuracy is similar to that found for linear
regression, the prediction of the NN leads to more noisy lines. The most probable explanation
for this, is that the higher number of optimization parameters in the neural network inherently
requires more training data. Indeed, by experimenting with different amounts of training data
(not shown), we observe that more data leads to smoother predictions as a function of time. This
can also be observed by comparing the performance for small and large particles in Figure 5.2: due
to the abundance of small particles in the system, there is more training data for small particles,
which results in smoother graphs.

The sensitivity of the network to both the input parameters as well as the hyperparameters is a
very clear expression of the sensitivity to overfitting. This statement is supported by the observa-
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Figure 5.2: Prediction accuracy in terms of the Pearson coefficient of several neural
networks as a function of time, analyzed for different hyperparameters as specified in
Table 5.1.

Number Batch size Learning rate Runs Hidden layers Drop-out Weight

1 50 10−4 100 1 (16) 0 0
2 50 10−4 100 3 (16,16,16) 0 0
3 50 10−4 100 2 (16,16) 0 1.0
4 50 10−4 100 3 (16,16) 0.25 0
5 50 10−4 100 3 (16,16,16) 0.25 0.01

Table 5.1: Hyperparameters for different neural networks used to predict the propensity.
Each row corresponds to a line in Figure 5.2. The Hidden Layers entry contains both
information about the number of hidden layers in the network, as well as the number of
nodes in each hidden layer (shown in brackets). Drop-out shows the fraction of nodes
that is set to zero during drop-out and Weight represent the value of the parameter
associated with L2−regularization.

tion that the performance of the NN is mostly consistent between hyperparameter sets 3, 4, and
5. In the cases of all these performances we used some protection to overfitting, either in the form
of regularization or drop-out.

In order to examine the influence of different generations of order parameters on the performance,
in Figure 5.3 we show for hyper parameter set 4, how the algorithm performs when it is provided
with up to three different generations of order parameters. Contrary to what we saw in the case
of linear regression, providing the NN with more generations of order parameters does not always
improve the performance, something that is especially clear for short times. Knowing that the
NN is sensitive to overfitting, this result is something we expect. At short times, higher order
generations will not yet contain useful information for the propensity prediction. This means that
for these times, providing the NN with higher order generations does not provide extra informa-
tion, while at the same time it makes the network structure more complex. Since a more complex
network structure is harder to train, it is not surprising that for lower times, the 0th generation
of structural parameters often performs the best.

One could argue that, since the NN is very sensitive to the hyperparameters, it would perhaps
perform significantly better if we could find an optimal set of hyperparameters. However, our
results suggest that this is not likely the case. For all the runs with different hyperparameters, we
did not once observe the NN performing significantly better than the linear regression. Although
from the results we can conclude that the NN can get stuck in a local minimum quite easily, it
will thus be very unlikely that a new set of hyperparameters would lead to a significantly better
performance.
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Figure 5.3: Prediction accuracy in terms of the Pearson coefficient of neural networks
as a function of time analyzed for three different generations of order parameters. The
hyperparameters of the networks correspond to row 4 in Table 5.1.

Figure 5.4: Performance in terms of the Pearson coefficient of a graph neural network
as a function of time for different hyperparameter settings, which can be found in Table
5.2.

5.2.3 Graph neural networks

In Figure 5.4, we show the results for the graph neural networks. The hyperparameters of the
different training runs can be found in Table 5.2. Note that again the figure only shows a selection
of the different hyperparameter sets we used. In the figure we can observe that compared to the
NN, the GNN is less sensitive to overfitting, resulting in relatively smooth lines. This is actually
quite remarkable, since the number of weights and biases that need to be optimized in a GNN
is significantly larger than in the case of a NN. Moreover, none of the training runs in Figure
5.4 used any regularization methods. The fact that GNNs, compared to NNs, have less trouble
converging and are less sensitive to overfitting, might be due to the fact that they are trained
and evaluated on entire snapshots at once. Realistically, in a snapshot we know that there are
strong correlations in mobility between neighboring particles. The fact that the GNN can take
into account the mobility of neighbouring particles, will thus probably lead to smoother variation
of the predicted propensity in space than the NN/LR, which results in fewer outliers.

From the fact that the run that uses three generations of order parameters only shows a slight
improvement over the runs that uses only the zeroth generation, we can conclude that the higher-
order averaging method, proposed by Boattini et al [35] effectively mimics the averaging behaviour
that takes place in a GNN. In particular, adding information from higher-order generations to the
GNN does not significantly improve the prediction, because the averaging that takes place in the
GNN already provides the information that is encoded in the higher generations.
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Nr.
Batch
size

LR Runs GL
Node

enc H.L.
Edge

enc H.L.
Node
H.L

Edge
H.L.

Node
gen

Edge
par

Tog or
Sep

1 5 10−3 50 3 2 (50, 50) 1 (5)
2 (30, 16)
2 (16, 16)

2 (16, 16)
2 (16, 16)

1 r Tog

2 3 10−4 100 3 2 (50, 50) 1 (5)
2 (30, 16)
2 (16, 16)

2 (16, 16)
2 (16, 16)

1 r Tog

3 5 10−4 100 4 2 (50, 50) 1 (5)
2 (30, 16)
2 (16, 16)

2 (16, 16)
2 (16, 16)

3 r Sep

4 5 10−3 100 4 2 (50, 50) 1 (5)
2 (30, 16)
2 (16, 16)

2 (16, 16)
2 (16, 16)

1 x, y, z Sep

Table 5.2: Hyperparameters for different graph neural networks used to predict the
propensity. Each row corresponds to a line in Figure 5.4. In the table the following
abbreviations are used: LR stands for learning rate, GL is number of graph layers,
Node enc H.L. and Edge enc H.L. represent respectively the number of hidden layers in
the node and edge encoder (for both, the number of input parameters is equal to the
number of parameters associated with a node or an edge, while the number of output
parameters is equal to 10. Node H.L and Edge H.L. show the number of hidden layers for
the respectively the node and edge hidden layers together with the number of nodes in
each layers (the number of output nodes for each of these networks is equal to 10), Node
gen represents up to how many generations of structural order parameters we provide
the GNN with, Edge par indicates whether the edge input is given by the absolute
distance between particles (r), or the absolute vector distance (x, y, z ). Finally Tog or
Sep represents whether we train the network together (Tog) for small and large particles,
or train two separate networks (Sep).

Finally, we observe that the difference in performance for different hyperparameters is minimal.
This suggests that apparently GNNs are not that sensitive to hyperparameters, something that
was also concluded2 by Bapst et al [36]. As a result, other choices of hyperparameters will likely
not significantly improve the result shown in Figure 5.4. Note, furthermore, that the GNN we
use is computationally significantly less heavy than the the GNN used by Bapst et al. The reason
that we could use a simpler GNN, is because we use inputs that are already pre-treated to capture
(what we think is) relevant structural input.

5.3 Comparing the three methods

To compare the methods, several aspects play a role. The primary criterion is of course how well
each method performs. Secondly, it is important how easy it is to train a method, i.e. how sensitive
is the algorithm to its hyperparameters, how much data is required to train the model and how
long does it take to train the model. And finally, the ease with which results can be interpreted
also plays a role. After all, our final goal is not only to make the best propensity prediction, but
also to understand which aspects of the structure influence the dynamical heterogeneity.

In order to compare the accuracy of the three methods, we show for each method and for each
moment in time the highest correlation obtained. In Figure 5.5 the results can be found for both
small and large particles. The first conclusion that we can draw from this figure is that the three
methods overall perform very similarly. This means that the comparison between the methods
will mainly be based on how easy is to train the algorithms and to interpret the results, and less
on how well they perform.

2Note that we cannot compare our exact results with the results of Bapst et al [36], since they examined the
Kob-Andersen mixture instead of a binary hard-sphere mixture.
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Figure 5.5: Comparison of the accuracy of the dynamic propensity prediction over time
as obtained with LR, NN and GNN. For each point in time we use for each method the
set of hyperparameters that resulted in the best performance.

If we look at how easy it is to train the algorithm, neural networks score less than the other two
methods. As we saw before, the method is very sensitive to its hyperparameters and needs more
data than the other two methods to obtain robust predictions. This difficulty in training is likely
also responsible for the fact that NNs show the worst accuracy for almost every point in time in
Figure 5.5.

As we saw earlier, GNNs are less sensitive to their hyperparameters than NNs, and converge more
easily. Moreover, during intermediate times in the caging regime and the beginning of the diffusive
regime GNNs slightly outperform LR. This implies that the averaging that takes place in a GNN
provides the network with slightly different information than the averaged parameters of the first
and second generation. However, the fact that the difference is only slight, underlines the earlier
conclusion that the higher generations of order parameters are an excellent approximation of the
averaging behaviour that takes place in the GNN. We already knew from Ref. [35] that linear
regression with higher order generations performed almost equally well as a GNN when tested on
a Lennard-Jones mixture. However, this was in comparison with the GNN from Ref. [36] that
only used distances between particles as an input. Now we can conclude that even if the GNN is
provided with more structural information, the difference between linear regression and GNNs is
minimal.

Although in terms of accuracy the GNN is thus slightly better than linear regression, if we take
into account how long it takes to train the model, linear regression is the favoured method. The
total training time required to obtain Figure 5.5 for the GNN was multiple weeks: even training
the model for just one set of hyperparameters could take from several days up to a week on a
high performance work station, making use of several NVIDIA GPUs (GeForce RTX 2080Ti). In
contrast, LR only required a total training time of about one hour on a simple laptop.

Moreover, due to its simple structure, linear regression is easier to interpret compared to the GNN.
Where the GNN consists of multiple NNs, the relation between input and output for LR consists
of just one vector of weights and biases. Therefore it is significantly easier to interpret which parts
of the structure are important for the dynamics when LR is used, compared to GNN. We conclude
that, given the discussion above, linear regression is the preferred method; it is fast, robust, easy
to interpret and, most importantly, provides accurate predictions.
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5.4 Further research in this thesis

In this chapter, following up on the research of Ref. [35], we showed that the set of order parame-
ters defined in Chapter 2.2 is a very good predictor for the dynamical heterogeneity at times close
to the relaxation time.

Although the predictive power of the order parameters indicates that there are qualitative differ-
ences between the structure of fast and slow moving areas, in this thesis we do not explore the
nature of these differences. The main reason for this, is that we first want to improve the propen-
sity prediction as much as possible, before analyzing what the prediction can teach us about the
structural aspects underlying dynamical heterogeneity.

Although for future research it would be interesting to look at the qualitative differences between
the order parameters of fast and slow moving areas, it is good to keep in mind that solely the
fact that we can distinguish areas based on the structural parameters, does not necessarily mean
that these order parameters provide a good representation of the essential differences in structure.
The structural parameters that we use are based on spherical harmonics, meaning that they are
focused on capturing the symmetry instead of asymmetry or anisotropy of the structure. As we
will see in Chapter 8 the anisotropy of the structure is important for at least part of the systems
evolution. Therefore it could be that, even though the order parameters are be able to distinguish
fast and slow moving areas, they are not actually capturing the aspects of the structure that form
the root cause of the dynamical heterogeneity 3. Perhaps we are still only looking at, what you
could call, indirect ‘proxies’ for some unknown structural features that are not explicitly captured
by our order parameters, but that provide a more direct route towards understanding dynamical
heterogeneity.

In the remaining chapters we examine various methods that potentially can improve the propensity
prediction even further and discuss the implications of these improvements.

3To explain what we mean with this, we turn to a machine learning example, where an algorithm was trained to
determine whether a photograph contained an animal or not [82]. After training algorithm reached a very accuracy,
however, it turned out that it had on whether or not the background of the picture was blurry, instead of whether
the picture contained an animal (in many animal pictures the camera is focused on an animal nearby, meaning that
the background becomes blurry). This means that although the algorithm was able to make good predictions, it
did not capture the essence of the difference between a photo with and without an animal. Although the above
story is an extreme case, it could be that also our parameters do not capture the aspects of the structure that we
are interested in.



Chapter 6

Improving propensity prediction

In the previous chapter, we concluded that linear regression is the preferred machine learning
algorithm to make propensity predictions for a glassy system. Our next aim is to improve the
LR performance. In this chapter we try to do so by providing the algorithm with new structural
information in various ways. The reason that we choose to add new information, rather than try
to extract more dynamical information out of the current order parameters is as follows: in the
previous chapter we saw that three significantly different methods perform about equally well,
something that strongly suggests that almost all useful dynamical information that is encoded in
the current order parameters is already successfully extracted by the algorithms. As a result, to
improve the prediction even further, presumably new structural information must be added.

Before we examine he different approaches to improve the predictions, we first briefly discuss what
the current prediction looks like and the times for which it could be improved the most.

6.1 An upper bound to the prediction accuracy

To see where the current propensity predictions could be improved the most, we compare them
to a theoretical upper bound. The fact that there is a theoretical limit to the accuracy of the
propensity prediction, comes from the fact that the propensity is measured by averaging over
a finite number of trajectories. This means that the propensity measurement can only be an
approximation of the true propensity, which would be the propensity obtained by averaging over
an infinite number of trajectories. As a result, even a perfectly accurate model would not be result
in a Pearson’s correlation of 1, because we compare this prediction to test data that only contains
an approximation of the true propensity.

Figure 6.1: The current state-of-the art performance of the propensity prediction per-
formed by linear regression in terms of the Pearson coefficient, together with the theo-
retical upper bound to the propensity prediction.
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To find the upper bound of the correlation one needs to find the correlation between the measured
propensity based on 50 trajectories and the true propensity based on an infinite number of trajec-
tories. Since measuring an infinite number of trajectories is not possible, we instead measure the
correlation between the propensity based on 50 snapshots and the propensity based on a separate
set of n trajectories, a method proposed by Ref. [36]. We consider various values of n in the
range 60 ≤ n ≤ 170. By extrapolating the graph to n → ∞ we can then estimate the maximal
correlation that we theoretically could obtain. In Figure 6.1 we show the best performance fit for
both small and large particles together with the current performance as found with linear regres-
sion. From this figure we conclude that trying to further improve the predictions for times close
to zero is not very useful; the optimal Pearson coefficient is already quite close to the Pearson
coefficient of our model. The fact that the upper bound of the Pearson correlation is quite low for
these times is expected: since at very short timescales the particles move in random directions,
the variation in the true propensity (where we average over an infinite amount of trajectories) will
be very low, since the particle environments do not significantly impact their mobility. As the
measured propensity only takes into account a finite number of trajectories, statistical errors will
start to dominate the measurement.

As the system approaches the caging regime (at t/τ ≈ 0.1) the upper bound of the prediction
increases sharply. At this point, the specific cage structures start to have an influence on the
propensity, and hence the variation in the true propensity becomes large enough to dominate the
statistical error. The fact that the upper bound increases, while the linear regression performance
decreases, means that our current order parameters are lacking sufficient information to capture
the dynamical behaviour during these times. Finally we see that for large times our prediction
again comes closer to the upper bound. This means that for times after the caging regime, when
the system starts to enter the diffusive regime, linear regression is able to extract a substantial
amount of information about the dynamics from the current order parameters.

We can thus conclude that the dynamical information that lies embedded in the current structural
parameters is mostly associated with the average mobility of particles in the diffusive state, rather
than with the mobility of particles at earlier times such as the caging regime. It would thus be
interesting to explore whether adding structural information can improve the predictions during
the caging regime.

6.2 Improving propensity predictions

Here we present three different methods that we developed to improve the linear regression pre-
diction. In all three cases we modify or expand the vector of order parameters per particle that
we use as input for LR. In Appendix C.1 we discuss one extra method for improving the predic-
tions, by fitting the measured propensity data as a polynomial function of the linear regression
prediction. However, although this method slightly improves the predictions, it does not add any
physical understanding to dynamical heterogeneity, and therefore we omit it from this Chapter.

6.2.1 Local variation in the structural order parameters

The first piece of additional structural information that we will consider is the spread in the struc-
tural parameters of neighbouring particles. Currently the higher generations of order parameters
only hold information about the average value of the order parameters of neighbouring particles.
However, one could imagine that the variation in the order parameters also influences the propen-
sity prediction; for example, one could imagine that a particle is more likely to escape its cage if it
has neighbors in both a low-density and a high-density environment, instead of a set of neighbors
that all have an environment of approximately the same average density.

To quantify this variation in the structural parameters of neighbouring particles, we calculate the
associated standard deviation. Since the average of the higher-order generations is a weighted
average, see Equation (2.7), we also need a weighted standard deviation. For particle i and
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structure parameter generation n we define this weighted standard deviation as

SD
(n)
i =

√√√√√∑j:rij<rc
e−rij/rc

(
x
(n−1)
j − x̄(n)i

)2
(M−1)
M

∑
j:rij<rc

e−rij/rc
, (6.1)

where M is the number of particles with rij < rc and x̄
(n)
i is the weighted average given by Equation

(2.7). In Section 6.3 we will present the effect of adding this spread to the LR algorithm.

6.2.2 Quenching the initial configuration

The second strategy we explore is giving the regression algorithm information about the inherent
structure of the snapshot. This is the the structure associated with the local potential energy
minimum [83–85]. Normally, the snapshots that we use as input are instantaneous configurations
taken from a dynamical system. Hence, the particle positions and thus the structural parameters
are influenced by thermal fluctuations. In some systems, such as patchy particles, it has been
shown that eliminating this thermal noise by quenching the system improves machine learning
predictions at longer time scales [86]. Note that any information about the inherent state of a
system is still regarded as structural information; after all, an inherent state can be obtained from
a snapshot without knowing anything about the dynamics of the system.

Normally one obtains the inherent state of a system simply by quenching it to a local potential
energy minimum. In the case of hard spheres however, this not directly possible due to the
discontinuous potential; as long as particles do not overlap the system will always have zero
potential energy. In order to quench a hard-sphere system, one therefore has to use an effective
potential. Arceri and Corwin showed in Ref. [63] that thermal hard spheres close to jamming can
be effectively modelled using the following effective potential

V (h) = −kBT log(h), (6.2)

where h is the surface-to-surface distance given by h = |rij | − σij .

Quenching simulation

To quench the system we perform a molecular dynamics (MD) simulation (see Section 3.3) on a
system of particles interacting via the potential described in Equation 6.2. Efficient quenching is
obtained by using the FIRE algorithm described in Ref. [87]. This is an optimization algorithm
that is used for structural relaxation. The algorithm is explained in the paper using the analogy
of a blind skier trying to ski down a hill as fast as possible. The easiest algorithm, namely letting
the skier always go down into the direction of steepest descent, leads to a method that is very
sensitive to becoming stuck in local minima. The FIRE algorithm uses the fact that information
about the direction in the past can be used as an average predictor for a future descent direction.
It therefore suggests that the skier only introduces a small acceleration in the direction of steepest
descent, and mostly keeps moving in the direction it came from. Only when this leads to the skier
going uphill again, should the skier stop and start descending in the direction of steepest descent
again. In the paper the authors show that following this algorithm leads to a surprisingly fast
descent.

During the quench, we carry out the following procedure for each time step ∆t. In the procedure
several parameters are used, for which Ref. [87] proposes the following system-independent values:
Nmin = 5, finc = 1.1, fdec = 0.5, αstart = 0.1 and fα = 0.99.

1. Use MD1 to calculate the positions x, the force F and the velocity v.

1Note that in the update scheme of MD dynamics, we set the mass m of all particles equal. We follow Ref. [87]
here. In this paper the authors recommend equal masses, since the algorithm requires the velocities to be more or
less on the same scale.
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2. Calculate P = F · v.

3. A small acceleration in the direction of the force, proportional to the current velocity is
introduced. The new velocity becomes v → (1 − α)v + αF̂|v|, where . The value of the
parameter α will be discussed below.

4. If P > 0, i.e. the system still goes ‘downhill’ and P has not been negative for Nmin steps,
we can assume that the system is in an area where the the potential is relatively smooth.
This means that we can increase ∆t → min(∆tfinc,∆tmax), such that the simulation does
not take too long. At the same time we decrease α→ αfα such that small bumps influence
the simulation less.

5. If P ≤ 0 the particles are moving perpendicular or even opposite to the direction of the
force. In that case we set the velocity to zero, put α back to its initial value α → αstart,
such that we start moving along the gradient of the force again and decrease ∆t→ ∆tfdec.

6. Go back to step 1.

The only system-dependent parameters are therefore ∆t and ∆tmax. Since in our system initially
particles can be close to each other, choosing a ∆t that is too large can lead to overlaps. We
therefore start at ∆t/τ = 0.001 (with τ an arbitrary time scaling unit) and lower it by a factor
10 each time we encounter overlap, after which we restart the simulation. The value of ∆tmax is
then set to ∆tmax/τ = 0.01.

Convergence

It can be a challenge to find an exact criterion for when the system is quenched. A simple solution
is therefore to let the system run for an extended period of time, in our case t/τ = 10, and then
analyze whether the potential energy as a function of time has reached a constant value. In Figure
6.2 we show the potential energy as a function of time for 10 different runs. As one can see at
t/τ = 10 the system is converged sufficiently.

Figure 6.2: Potential energy over time for ten different binary hard-sphere systems at
η = 0.58 with an extra potential as given by Equation (6.2). Time is measured in
arbitrary units τ

Structural parameters obtained from quenching

From the quenched structure we obtain several parameters that will serve as an input for the
linear regression. First of all we use the quenched coordinates to calculate a new set of structural
parameters analogous to our normal ones. Using these parameters will tell us whether or not



6.3. RESULTS IMPROVING PROPENSITY PREDICTION LINEAR REGRESSION 53

removing noise from the system structure improves the propensity prediction. In addition to this,
for each particle we define a new structural parameter dquenchi as the absolute distance the particle
has moved during the quench.

6.2.3 Using predictions from earlier times

The final method that we use to try to improve the propensity is providing linear regression with
information about predictions made at earlier times. This means that for time t our propensity
prediction is not only based on the structural parameters, but also on the propensity predictions at
the time tprev of the previous propensity prediction. Since the movement of neighbours will influ-
ence the movement of a particle, one can imagine that providing this information will improve the
prediction. Note that providing linear regression with this information is somewhat reminiscent
of the GNN, where neighbouring particles could influence each others predictions. The difference
is that the influence is no longer simultaneous.

As with the other recursive structural parameters, when including higher generations of input
parameters, we average the propensity predictions at tprev over neighboring shells of particles.
Specifically, the zeroth generation contains the propensity predictions at tprev of the particle
itself. Higher order generations are then obtained by averaging over neighbouring particles via
the following equation, where n reflects the generation we are considering

∆rni (tprev) =

∑
j:rij<rcut

exp(−rij/rcut)∆rn−1j (prev)∑
j:rij<rcut

exp(−rij/rcut)
. (6.3)

In this equation ∆rni (t− 1) contains the nth generation of average propensity. We again set rcut
to 2.1.

6.3 Results improving propensity prediction linear regres-
sion

In Figure 6.3 we show how the different methods discussed in the previous sections influence the
propensity prediction made by linear regression. As mentioned in Section 4.1, we will use r2 instead
of the Pearson coefficient as the parameter that analyzes the accuracy of the prediction. Note
furthermore that for the structural parameters, as well as for the previous propensity parameters,
we always provide linear regression with up to the second generation of parameters, since this
results in the best predictions. In these figures, the dark blue line represents the baseline plot, i.e.
it reflects the accuracy of a model based on only the normal order parameters. In the following,
we discuss for each method separately, how its performance relates to this baseline plot.

Role of the local variation in structural parameters

As we can see from the orange line in Figure 6.3, adding information about the standard deviation
of the structural parameters does not improve the prediction. Moreover, for most times it even
slightly worsens the prediction. This can be explained from the fact that adding more parameters
makes linear regression more sensitive to overfitting. Although it is tempting to conclude, based
on these results, that the spread in structure does not hold information about the propensity,
this is not a conclusion we can draw. It could for example be that the variation in the structural
parameters holds information about the propensity, but that these aspects are not captured in our
structure parameters; or it could be that essential information about the spread is lost while cal-
culating the standard deviation. We can thus only conclude that providing LR with the standard
deviation of our structural parameters does not improve the propensity prediction.

Role of the inherent state

As can be clearly seen in Figure 6.3, adding information about the inherent state improves the
propensity prediction substantially; the green lines show that adding information about the abso-
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Figure 6.3: Comparison of the various methods to improve propensity predictions de-
scribed in this chapter. Note that the abbreviation SD stands for standard deviation.

lute distance between particles in both the normal system and the quenched system improves the
prediction for times in the caging regime and the red lines show that adding the structural parame-
ters based on the quenched system improves the prediction for larger times. Note that the fact that
for smaller times quenched parameters do not improve the prediction is not surprising. For these
times the movement of particles will be highly influenced by their initial position, and it is exactly
the information about this position that we lose by quenching the system. The most significant
improvement is found when we provide linear regression with a combination of normal structural
parameters, quenched structural parameters and quenched distance (see purple line in the figures).

The most remarkable finding here is presumably the improvement during the caging regime. From
the fact that adding information about the quenched positions improves the prediction, we can
conclude that particles in a glassy system must have a well defined caging center. The reasoning is
as follows: We already knew that glassy particles move around an equilibrium position in the cage,
see Chapter 2, but we now have learned that this equilibrium position is a structural characteristic
of the system, rather than something determined by dynamics. Moreover, we now know that this
equilibrium position is closely related to the structure of the system in its nearest potential energy
minimum.

Role of propensity predictions at previous times

Finally, the light blue lines in Figure 6.3 show that adding information about the predictions for
neighbouring particles at previous times, does not improve the propensity prediction; in the figure,
the purple and the blue line almost perfectly overlap. Clearly, the average predicted movement
of neighbouring particles at a slightly earlier time, does not carry any information that was not
already included in the set of structural parameters. This may be partially due to the possibility
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that essential information about the movement of individual particles is lost by considering the
movement of all neighbouring particles as a whole. We will discuss this subject in somewhat more
detail in Chapter 8

6.4 Conclusion

With the improvement of the propensity prediction, new questions and possibilities to look at the
dynamics of glassy systems arise. From the strong correlation between the quench distance and
the propensity we can conclude that, at least up to a certain degree, cages are associated with
structurally determined cage centers. Currently the correlation is not high enough to decisively
conclude whether we can speak about a single, well-defined cage center, or whether in different
trajectories, particles have different but closely related cage centers.
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Chapter 7

Finding the cage location from
structure

In the previous chapter, we used a quench to find the inherent state of our system and showed
that the positions of particles in this state correlate strongly with the dynamic propensity during
the caging regime. Since during the caging regime, particles move on average towards their cage
center, the correlation between quenched coordinates and propensity suggests that this cage center
is a structural quantity, i.e. that in different trajectories particles move towards the same center.
We say ‘suggest’, because the correlation was not high enough to make definite conclusions: One
possibility is that, although from the relatively high correlation between quenched coordinates and
propensity we can deduce that the caging centers in different trajectories all lay in a restricted
cage region, we can not actually speak of a single well-defined structural cage center. The other
option, is that there is in fact a structurally defined cage center, however its position does not
perfectly correlate with the quenched coordinates. This last option raises the question whether
there is a better method to find cage centers from the structure of the system than quenching. It
is this question that we will address in this chapter.

We start by discussing the shortcomings of quenching, and use that analysis to adopt a new
method that can predict the cage centers with more precision. We then use this new approach
to examine to what extent the caging behaviour is collective, i.e. at which distance particles still
influence each other in the caging regime.

7.1 Improving cage center detection

7.1.1 Shortcomings associated with quenching a system

Assuming that each cage indeed has a well-defined center – independent of the specific trajectory
– the most plausible reason that we cannot find this center by quenching the system, is because
quenching algorithms are vulnerable to getting stuck in local minima 1. As a result, it could be
that a quenched system does not end up in the true minimum associated with the caging regime,
but instead gets stuck in a slightly higher minimum that is separated from the actual minimum by
an energy barrier, see Figure 7.1. Under this hypothesis, the cage prediction could be improved
by using a method that avoids the use of an energy landscape, and rather searches for the cage
centers directly.

In the following section we introduce such a method. Note that this method still uses only
structural information to find the cage centers. However, in order to evaluate its performance we

1Note that in principle our algorithm can overcome escape from sufficiently shallow local minima. Since we use
discrete time intervals ∆t to quench the system, it is possible to overcome energy barriers, as long as the width
of the barrier is small compared to the distance that can be overcome in ∆t. However since ∆t is very small, in
practice, substantial energy barriers cannot be overcome.
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Figure 7.1: Cartoon of a one dimensional particle system getting stuck in a local mini-
mum. On the x-axis we plot the configurational space and on the y-axis the associated
potential energy. We assume that the system starts in the upper left corner, represented
in the figure as the light blue sphere. Quenching the system from this position would
lead to the particle getting stuck in a local minimum, as shown in the left figure. On
the right we show the system going to the global minimum.

will no longer use linear regression. Since we discovered that the propensity during the caging
regime is linked to the caging center, it is more natural to directly look at the correlation between
the propensity and the cage center instead of training a model to do so.

7.1.2 Adopting a new method to find the caging center

Figure 7.2: Cartoon of the cage restric-
tion in our Monte Carlo simulations.
The movements of particles is restricted
to a radius rc (indicated by the grey cir-
cle around each particle).

In order to find the cage centers, we would like to
construct a simulation which explores the phase space
around the initial configuration, while simultaneously en-
suring that particles do not escape their cages. This
means that we need a method that only allows par-
ticles to explore their local cage. Constructing a
molecular dynamics simulation to do so is quite chal-
lenging. Instead, a more elegant and simple solu-
tion is to use a Monte Carlo (MC) simulation (see
Chapter 3.5). Assuming that caged particles fluc-
tuate around their cage center, we can identify the
cage centers (rMC

i ) by using an MC simulation that
measures the ensemble average positions of each par-
ticle 〈ri〉, while restricting the movements of parti-
cles to their associated cages. Note that by us-
ing an MC simulation to measure the caging posi-
tion we are still only using structural information: do-
ing an MC simulations requires no dynamic informa-
tion.

In order to prevent particles from leaving their cage, we do not allow particles to move further
out than a certain radius rc from their initial position. Figure 7.2 graphically shows this. During
the simulation the center of the particles cannot move further outwards than the grey circle
surrounding the particle. In practice this means that every particle experiences an external field
on top of its interaction with other particles, which takes the form of

φ(r0) =

{
0 if r0 ≤ rc
∞ if r0 > rc,

(7.1)

where r0 is the absolute distance between a particle’s current position. To find the value of rc
that leads to the highest correlation with the propensity, we will perform several simulations with
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Figure 7.3: Correlation between the propensity and the absolute distance between initial
coordinates and ensemble averaged coordinates, ∆rMC

i , in a Monte Carlo simulation for
600 large particles. The movement of particles is restricted to different radii ranging
from rc ∈ [1/8ri, 4ri].

different values for rc.

In order to measure the average positions of particles in their cage we run a MC simulation of
5·104 initial steps, where we adjust the maximum displacement for particles in such a way that the
fraction of accepted moves is around 0.3. After these initialisation cycles, we perform a simulation
with 105 steps, where after every 100 steps the position of each particle is measured. Afterwards,
the averaged position of each particle is computed. For the initial configurations we use the same
snapshots that we used earlier. We perform several simulations with different values of rc in the
interval rc ∈ [ri/8, 4ri], where ri is the radius of the particle under consideration. The reason that
we choose to let the value of rc depend on the particle size, is to make sure that large particles
have a relatively larger space to move around than small particles.

7.1.3 Improved cage center measurement

Before evaluating the correlation between the measured cage centers and the propensity, we first
focus on finding the optimal value of rc. In Figure 7.3 we show the correlations between the
dynamic propensity and the absolute distance between the initial coordinates and the ensemble
averaged coordinates (∆rMC

i ) for different choices of rc. As we can see, the value of rc that yields
the highest correlation, is when rc = ri, i.e. when the center of a particle is restricted to its own
radius. Additionally, we see that the peak in the correlation moves monotonically to later times
as we increase rc. This result is not very surprising; for low values of rc particles that start very
far from their equilibrium position will not be able to reach their cage position, while for large rc
particles will sometimes be able to move past each other and thus escape their cage. Based on
this, we choose to continue with a restriction radii of rc = ri.

To obtain a clear picture of how well the obtained cage centers correspond to the propensity during
caging, in Figure 7.4a we plot the correlations between propensity and the cage centers for both
large and small particles, and compare these to the results obtained from quenching. Additionally,
in Figure 7.4b, we show the correlation between the x -coordinate of the dynamic propensity vector
and the x -coordinate of the found cage centers, i.e. ∆rMC

i · x̂. Since the equivalent correlations
between the y- and z -coordinates are completely similar by symmetry, we omit them here.
Note that the fact that the correlation between absolute distances and propensity is lower than
the correlation between the dynamic propensity vector and the separate cage center coordinates,
probably has to do with the fact that the variance in the values of individual coordinates is higher
than the variance in the absolute distance. In the definition of r2, we divide the MSE by the vari-
ance of the data set and then subtract that value from 1 (see Chapter 4). As a result, due to the
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(a)

(b)

Figure 7.5: Correlation between the propensity and the absolute distance between the
initial positions and the caging centers as found with two different methods (quench-
ing the system and measuring the ensemble average of a MC simulation, in which the
movements particles is restricted to a distance equal to their own radius). The top fig-
ure contains the correlation between the propensity and the absolute distance between
caging coordinates and initial position. The lower figure contains the correlation be-
tween the x coordinate of the dynamic propensity vector (as discussed in Section 2.1.2)
and the x -coordinate of the caging centers with respect to the initial position. The data
sets contained 14 · 104 small particles and 6 · 104 large particles.

larger variance in individual coordinates, we expect the correlation between vector propensity and
cage coordinates to be higher than the correlation between the absolute propensity and |∆rMC

i |,
even when the MSE is about the same the two groups.

From the results presented in Figure 7.5 we can first of all conclude that the ensemble average
coordinates have a significantly higher correlation with the propensity than the quenched coor-
dinates. This strongly suggests that our hypothesis that quenching the system sometimes leads
to (part of) the system getting stuck in a local minimum was true. We furthermore see that the
correlation between the ensemble averaged coordinates and the dynamic propensity vector reaches
a value very close to 1 during the caging regime. This clearly shows that there is a well-defined
cage center for each particle. Moreover we have now developed a method that can find this cage
center with high accuracy.

7.1.4 Propensity prediction using new cage centers

In the previous Chapter, we saw that using quenched coordinates for our propensity predictions
led to an improved accuracy. It is then natural to ask whether our new cage center measurements
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lead to a further improvement in our propensity predictions. To test this, we use the new cage
coordinates, found by the Monte Carlo simulation, to evaluate the structural parameters described
in Chapter 2.2 and then train a linear regression model to predict the propensity based on a
combination of the cage center parameters, the initial position parameters and the values of
|∆rMC

i |. We show the results in Figure 7.6. As a comparison, we also plot the prediction based
on the cage center as found by the quench, and the prediction based on solely initial position
parameters. From this figure we see that the predictions based on Monte Carlo coordinates result
in a significant better prediction, not only compared to the previous-state-of-the-art prediction,
but also compared to the prediction based on the quenched system. The improvement of Monte
Carlo coordinates with respect to quenched coordinates is primarily visible for times during the
caging regime. At times around the relaxation time, we see that the two predictions perform about
equally well. This is not surprising: the difference between the cage coordinates found by the two
methods will have the largest influence at times where we actually want to predict the center.
At later times, when the propensity prediction is mainly based on the structural parameters, the
influence of the relatively small difference in cage coordinates will decrease.

Figure 7.6: Propensity prediction made with a trained linear regression model, based on
three different sets of input parameters. The black lines uses the structural parameters
discussed in Chapter 2.2 based on initial coordinates. The blue lines use the structural
parameters based on both the normal coordinates and the quenched coordinates, as
well as the absolute distance between quenched and initial coordinates |∆rquench|. The
orange lines use the structural parameters based on both the normal coordinates and
the ensemble average coordinates, as well as the absolute distance between ensemble
averaged and initial coordinates |∆rMC|. In all cases, we use structural parameters up
to the third generation.

7.2 Collective effects in determining the cage position

These MC simulation also allow us to examine more closely the extent to which particles influence
each other during the caging regime, i.e. up to what distance particles affect the location of each
others caging center. We already know that caging must be a collective phenomenon: after all, the
movement of neighbouring particles influences the shape of a particles cage and thus the position
of the cage center. To examine the extent of this collective behaviour, we perform a simulation
where we measure a particle’s caging position while part of the system remains stationary, or
‘frozen’; only particles within a certain radius of the reference particle are allowed to move. This
situation is schematically shown in Figure 7.7. In this setup we measure the average position of
the yellow particle, while only allowing the dark blue particles, that lie within a radius rfreeze, to
move. By varying rfreeze, and comparing the found cage center with the actual cage center, we
can determine the distance over which particles still influence each other’s cage.

In Figure 7.8 we show the correlations between the propensity and the distance between the initial
position of particles and the ensemble average position for different choices of rfreeze, as well as the
correlation for the unfrozen system as a reference. When we compare the partially frozen system
with the unfrozen system, we see that the correlations occurring in the partially frozen system
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Figure 7.7: Cartoon of the Monte Carlo simulation of a partially frozen system. Only
particles that lie within the red circle as seen from the yellow reference particle can
move. The movement of the non-frozen particles is still restricted to rc

are significantly lower than in the non-frozen system. Even in the system where particles up to a
distance of 4σA from the reference particle were allowed to move, we still see a significant drop in
correlation. From this we can conclude that caging is a highly collective process that spans over
many neighbor shells. In other words, predicting the exact caging position of a particle requires
information from particles at very large distances. Although we expected caging to be a somewhat
collective phenomenon, the fact that the influence of particles on the caging characteristics reaches
this far is quite remarkable.

Figure 7.8: Correlation between the propensity and the absolute distance between en-
semble averaged coordinates in a Monte Carlo simulation for 600 large particles. The
movement of particles is restricted to their own radius. During each simulation, only
particles within a certain radius rfreeze of the considered particle were allowed to move.

Although it falls outside of the scope of this chapter, we also examined whether information
about the spread in the fluctuations of particles during the MC simulation was of influence on
the propensity predictions. It turned out that this information did not significantly improve the
predictions, however the analysis and the results are still included in Appendix C.2

7.3 Conclusion

In this chapter it was shown that the cage centers that particles move on average to during cage,
are a quantity that is mainly determined by structure. Moreover, we showed that we can predict
the cage center of a particle, by measuring its ensemble averaged coordinates in an MC simulation
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where the movement of a particle’s center is restricted to remain within a radius rc from its initial
position. We found that the optimal choice of rc is close to the actual radius of the particle. Fur-
thermore, we also learned that the position of the cage center is determined by a highly collective
process, i.e. the cage position of a particle is influenced by particles over a large volume of space.

The fact that we found a very strong correlation between the individual spatial components of the
propensity and those of the displacement from the cage center, suggests that directionality plays
an important role in fully understanding the dynamics. In the next chapter, we will explore this
in more detail.
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Chapter 8

Importance of direction in
dynamics

In the previous chapter we developed a method that can find a particle’s cage center with high
accuracy. The 3D position of this cage center turned out to be an excellent predictor for the
average dynamic behavior during the caging regime. This result strongly suggests that at least
during the caging regime, directionality is an important factor for the dynamics of the system. In
this chapter we take a closer look at directionality for both the structure as well as the dynamics
of our glassy system.

We start by discussing the role of structural anisotropy in the current order parameters. There-
after, by making use of the in Chapter 2 introduced dynamical self-alignment parameter (DSP),
we examine whether information about structural anisotropy is also important for times after the
caging regime.

8.1 Absence of directional information in our structural or-
der parameters

When considering the importance of directionality, it is good to first consider why directional
effects are not (fully) captured in our basic selection of the structural order parameters described
in Chapter 2.2. The main reason behind this, is that ignoring information about the anisotropy
of the system significantly simplifies the training of machine learning algorithms; if two configura-
tions are the same apart from their orientation, we want the machine learning algorithm to make
the same propensity prediction. However, in the process of making parameters and algorithms
rotationally invariant, information will inevitably be lost, and sometimes, like in the case of pre-
dicting the cage center, it turns out that this information is essential for the prediction.

The first instance where information about the anisotropy is lost, is in the formulation of the
structural parameters, i.e. the radial density and the bond order parameters. Clearly, the radial
density averages out all directionality by design. In the case of bond order parameters, we ex-
press the structure of different shells in terms of rotationally invariant quantities associated with
spherical harmonics. Although these do capture some information about the anisotropy of a the
particle’s environment, their rotational invariance implies that we lose information about how the
particles in different shells are located with respect to each other, as well as with respect to the
reference particle.

Information is also lost in the various averaging processes that we encounter before and while
applying the machine learning algorithm. One example is the construction of the higher-order
generations of structural parameters. These parameters are averaged over all nearest neighbours
within a certain radial distance. As a result we lose information about where different structures
are located. Analogously, information is also lost in the averaging processes that take place in the
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edge and node updates of the GNN.

8.2 Anisotropy of the propensity beyond the caging regime

As we have already seen, during caging the movement of particles is highly anisotropic: we found
that particles preferentially move towards their cage center. However, we cannot conclude a priori
that also for later times particles show anisotropic movements. To examine this, we examine to
what extent particles in different trajectories move in the same direction using the ‘dynamical
self-alignment parameter’ (DSP) that was introduced in Chapter 2.1.2. The DSP is an order pa-
rameter that reflects how much the average displacement of a particle is aligned when comparing
different trajectories at a given time interval; if all trajectories move in exactly the same direction
the DSP has a value of 1, while lower values indicate more variation in the direction of movement.
Since thermal fluctuations are averaged out by considering multiple trajectories, all directional
preference that we observe in the DSP must have a structural origin.

Instead of measuring the DSP with respect to the initial positions, we measure it with respect to
the cage position as found with the Monte Carlo simulations described in Chapter 7. Not only
does this remove the influence of thermal fluctuations in the initial configuration on the analysis,
it also allows us to look at the escape direction of particles with respect to the cage centers.

In Figure 8.1 we plot the DSP of both large and small particles as a function of time. As a
baseline, we also plot the DSP results that one would find if particles moved in a completely
random direction (using the same number of trajectories as we use for our propensity data). As
can be seen in the graph, this baseline has a non-zero value. Since the baseline DSP is obtained
by averaging over a finite number of trajectories, even if the vectors point in random directions
the sum of all these vectors will never be perfectly zero.

In Figure 8.1 we see that for short times the DSP of both large and small particles is very close
to one. This is expected since at t/τ = 0 particles always start at the same initial positions. As
a result, for short times (where the dynamical fluctuations are still small) the vector between a
particle’s position and its cage center is essentially given by the fixed vector between the initial
position and this cage center for every trajectory (hence the DSP value of one). Once the particle
has reached its cage center, the DSP reflects motions that are nearly purely random, reaching
values close to the baseline. Again this is something we expect: during caging particles randomly
fluctuate around their cage centers.

The interesting part of the graph is found at times t & 5, where cage escape starts to become
likely. Here we see that the DSP increases again, resulting in a significant deviation from the
baseline. From this we can conclude that even after the caging regime the movement of particles
has a directional preference that originates from structure. From this figure it is not yet possible
to extract the processes that underlie this directional preference; it could either be the escaping
of particles from their cage and/or collective motion (drift) that shifts the cage positions. In the
next section we will examine the influence of both of these processes on the anisotropy of the
propensity.

Origin of the directional preference

To examine whether drift and/or cage escape lead to an anisotropy of the propensity, we con-
sider the dynamics of two different groups of particles: one group consists of particles that escape
their cages at a very early point in time and one group consists of particles that stay caged for
a significant period of time. For this last group, we know that possible directional preference at
intermediate times must primarily be caused by drift. For the group that consists of early escaped
particles however, the cage escape process may play a more important role in the development
of directional preference at intermediate times (although we will also investigate the influence of
drift for this group). We set up the two groups by selecting the 25 small and large particles in a
system that at t/τ = 500 have moved respectively the furthest and the least with respect to their
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Figure 8.1: Dynamical self-alignment parameter ∆|n̄| over time, for both large and small
particles averaged from 50 trajectories. The red line indicates the baseline, obtained by
evaluating the DSP for 50 random vectors.

caging center (where we look at 50 systems in total). Note that although we will call the particles
that have travelled the most ‘fast’ and the particles that have stayed close to their starting point
‘slow’, this is not be interpreted as a reference to their velocity but rather based on their average
displacement at t/τ = 500.

To confirm that at times following the caging regime, the two particle groups indeed consist
of either escaped or not escaped particles, we compare their associated average propensities at
t/τ = 500 with the average cage size. We can make a rough estimation of this average cage size
by assuming that cages are spherical and have a radius rcage (which on average will be a good
assumption). Assuming that particles move freely inside their spherical cage for an extended
period of time, the average propensity 〈∆rcage〉 in the cage will be given by

〈∆rcage〉 =

∫ rcage
0

∫ 2π

0

∫ π
0
r r2 sin θdrdφdθ∫ rcage

0

∫ 2π

0

∫ π
0
r2 sin θdrdφdθ

=
3

4
rcage. (8.1)

Since we can measure the average propensity of particles in their cage, the expression above thus
gives us an estimate of the value of rcage. In this case we obtain the averaged propensity in
the cage by looking at the distance between initial and cage coordinates1, which turns out to lie
around 0.1σA for both small and large particles. As a result, the average cage size is given by
rcage = 4/3 〈∆rcage〉 ≈ 0.14σA.

We compare the average propensity of our two particle groups with the average cage size. At
t/τ = 500, both the large and small slow particles have travelled around 0.08 σA with respect to
their initial position. Given that the average cage size lies around 0.14 σA, we can safely assume
that most of these particles have not escaped yet (and in fact most of the particle will still be
caged at t/τ = 104). The fast moving particles, on the other hand have on average moved around
0.5 σA (large particles) and 0.8 σA (small particles) at t/τ = 500. Since these propensities are
significantly higher than the average cage size, we are allowed to assume that most of these par-
ticles have already escaped their cage at t/τ = 500.

In Figure 8.2a we plot the average DSP for the 25 fastest and slowest particles at t/τ = 500 for a
total of 50 different systems. As we can see, both the slow and fast particle groups show directional
preference in their movements. For the slowest moving particles we see that after t/τ = 10 there
is a small but steady increase in the average DSP. The fact that the movement of particles that

1Since the initial snapshot is taken from a dynamical system, the initial coordinates give a measure of the typical
fluctuations of particles in their cage.
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have not yet escaped their cage shows a directional preference, strongly suggests that at least some
parts of the system show collective drifting motion of particles2. In fact this drifting behaviour is
something that has already been observed in the measurement of single trajectories of particles
in a glassy system. In Figure 8.3 we show a plot of the single-particle displacements of particles
in a 2 dimensional binary mixture of Lennard-Jones particles taken from Ref. [2]. The arrows
represent the displacement of particles at times comparable to the relaxation time of the system.
If we take a close look at this figure we can see that some areas with less mobile particles clearly
show collective drifting behaviour. The fact that we also see this drift in averaged dynamical
behaviour, implies that at least part of the observed drifting is caused by structural influences and
not purely by thermal fluctuations.

Although the above results show that in the case of slow particles the directional preference is
most likely caused by drifting, we have not yet examined whether this drifting can also explain
the directional preference in the case of fast moving particles. Looking at Figure 8.2a we see that
the movement of the fast moving particles results in a peak in the DSP at times around t/τ = 100
to t/τ = 1000. Afterwards the DSP starts to decrease again. The question is whether this peak
in the DSP of fast particles is caused by a faster drift, or by cage escape. To answer this question
we examine how the drift of fast and slow moving particles compares.

(a) (b)

Figure 8.2: Figure (a) contains the dynamical self-alignment parameter over time, av-
eraged over the fastest and slowest moving large and small particles of 50 runs. Figure
(b) contains the average drift for the same collection of particles.

To obtain an rough estimate of the drift, we average for each particle the dynamic propensity
vectors of all neighbouring particles within a radius of r = 2.1/σA and then compute the length
of this average vector. The more collective motion there is present in the vicinity of a particle,
the larger this average vector will be. In Figure 8.2b we show the average drift of the fastest and
slowest 25 particles of 50 systems in total. Comparing the drift of the two groups, we see that
the fast moving particles are on average located in areas that show stronger collective movement.
This holds for both large and small particles. However, the absolute difference in drift between
fast and slow moving particles is small and moreover their graphs follow the same trend. This
implies that, if the directional preference of fast moving particles would only be caused by collec-
tive motion and nothing else, we would expect that the graphs of fast and slow moving particles
in Figure 8.2a would follow roughly the same trend too; something that clearly is not the case.
Furthermore, we also see that the average drift of fast moving particles at t/τ = 500 lies around
0.04 σA. As we mentioned earlier, most fast moving particles will at that time already have moved
around 0.5 σA (large particles) or 0.8 σA (small particles). Clearly, the main movement of the
fast particles in this time regime cannot be due to collective drift. Hence, the observed directional
preference must be caused by particles having a preferred direction for escaping their cage. Note
that with this statement we do not imply that particles always escape in the same direction; we
only conclude that there exist escape routes that are on average more favourable than others.

2Note that the system as a whole cannot drift, since we set the the initial center of mass velocity to zero. It is
however possible that smaller areas of particles move collectively.
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Moreover, we expect that this average directional preference is the most prominent for particles
that escape their cage relatively early: at later times, the environment of particles will start to
differ progressively between trajectories. As a result, particles are associated with different cage
structures in difference trajectories and thus with different preferential escape routes. Therefore,
we expect the anisotropy of the propensity to decrease with increasing time.

Figure 8.3: Single-particle displacements of particles in a 2 dimensional binary mixture
of Lennard-Jones particles taken from Ref. [2]. The arrows represent the displacement
of particles at times comparable to the relation of the system.

8.3 Conclusion

From the above we can conclude that particles have at least some tendency to move in a preferred
direction, not only during the caging regime, but also at later times. We showed that this di-
rectional preference is associated with two processes. Firstly, areas in the system show collective
drift, and secondly, the escape of particles from their cage is associated with a directional pref-
erence. This naturally leads to the question of whether it would be possible to predict the full
dynamic propensity vector using methods similar to the ones we use to predict the magnitude of
the propensity. Unfortunately, the answer is that predicting the propensity vector will be very
complicated due to multiple reasons.

The first problem one encounters, is that predicting a vector would require a new set of structural
descriptors that carry less symmetric information about the particle environments. Ideally we
would like to have parameters that capture both the degree of asymmetry of a particle’s environ-
ment, as well as information about the orientation of this asymmetry. Although we have made
some attempts to explore this during this project, we have not yet succeeded in constructing a
practically applicable set of such parameters. Moreover, although changing the machine learning
algorithms such that they are able to predict vectors instead of dimensionless quantities is possi-
ble3, it makes the algorithm substantially more complex and it requires significantly more training
data. Implementing such an algorithm lies outside the scope of this thesis.

3See for example Ref. [88], where the authors consider a PointRNN to model the movement of a point cloud.
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Finally, the question is whether being able to predict the vector will teach us anything about
the physics underlying dynamical heterogeneity. We know that for times around the relaxation
time, the rotationally invariant structural parameters that we currently use are very well able to
predict whether a particle is located in a fast or slow moving area. At the same time, we see
that at times around the relaxation time, the DSP of most fast moving particles goes down again.
These two observations lead to the conclusion that directional information is not very important
to distinguish whether a particle is located in a fast or slow moving area.



Chapter 9

An outlook on dynamic
heterogeneity

In the previous chapter we saw that structure plays a role in determining the preferred direction
of movement for particles – even at time scales beyond the caging regime. In this chapter, we take
a closer look at the dynamic propensity of particles in relation to their position within the slower
and faster rearranging regions in the system. In particular, at times close to the relaxation time,
we find a clear division of the system into fast and slow moving regions, which can be predicted
from structural observations. It is then interesting to examine how the presence of these regions
affect the dynamics of individual particles, both around the relaxation time and at shorter time
scales.

The aim of this chapter is not to make quantitative claims, but instead to raise new questions and
indicate new directions that can be explored and looked at in future research.

9.1 Particle motion at times close to the relaxation time

In the first part of this chapter we examine the movement of particles that are located at the
boundary of fast and slow moving areas. In Figure 8.3, we showed a figure from Ref. [2], which
displayed the single trajectory displacements of particles in a 2-dimensional binary Lennard-Jones
mixture at times corresponding to approximately the relaxation time of the system. One observa-
tion from this figure is that in areas where there is a sharp boundary between fast and slow moving
particles, the fast moving particles have a tendency to move parallel to this boundary. In a single
trajectory this is something we can understand: because the slow moving areas act roughly as a
wall, faster particles are forced to move parallel to it. It is interesting to examine however, whether
we see the same behaviour when we consider not a single run, but look at averaged dynamical
behaviour.

To examine the directional preference of particles at the boundary, we again consider the dynamical
self-alignment parameter (DSP) and dynamic propensity vector. For visualization purposes, we
define a vector ∆ai, which points in the direction of the dynamical vector propensity, but that is
also scaled with the value of the DSP, i.e.

∆ai = ∆|n̄i|∆ri(t), (9.1)

where both ∆|n̄i| and ∆ri(t) are measured with respect to the cage center in order to reduce the
influence of thermal noise. The reason that we scale the length of the vector ∆ai with the value
of the DSP is to ensure that drawing these vectors in 3D will clearly show regions of particles that
have a preferential direction of motion, even if the distance they move (i.e. their propensity) is
very low.

71



72 CHAPTER 9. AN OUTLOOK ON DYNAMIC HETEROGENEITY

(a) Slow particles (b) Fast particles

Figure 9.1: Two representations of the directional preference of the slowest and fastest
third of the particles at t/τ = 104. The colour of the particles represents the propensity,
while the line segments represent the value of the DSP scaled by a factor of 10. The
continuous surfaces are only plotted for visual support.

For visibility purposes, we also draw these boundaries of both the fast and slow moving areas.
To define the boundaries, we apply an artificial Gaussian potential on every particle in one the
groups, given by:

φ(r) =

{
1 if r ≤ σ

2

exp(−2(r/σ − 1
2 )) if r > σ

2 ,
(9.2)

with σ the diameter of the particle. The surface that we consider is defined as the equipotential
surface

Φ(r) =

M∑
i=1

φ(ri − r) ≡ 0.95, (9.3)

where the summation runs over all particles that are part of either the fast or the slow group.
For emphasis, this approach gives us two distinct boundaries: one which denotes the edge of the
fast region (and hence encloses most of the fast particles), and one which encloses the slow region.
Note that the surfaces are purely intended as a rough estimate of the boundary of the fast or slow
region that can be used for visualization purposes; the potential and its parameters do not hold
any physical meaning.

In Figures 9.1a and 9.1b we show respectively the slow and fast moving particles, their associated
∆ai vectors at t/τ = 104 scaled by a factor of 10 to increase visibility (black lines) and the
boundary surfaces defined above. In the figure the colours of the particles represent the propensity
with respect to the caging position of each particle at t/τ = 104. In Figure 9.1a we clearly see the
collective motion of the slow particles discussed in Chapter 8: the vectors of neighbouring particles
often point in roughly the same direction. Moreover, we see that this collective behaviour is often
in a direction perpendicular to the surface, either moving towards or away from it. This is in strong
contrast to the behaviour of the fast particles. Although in the case of fast moving particles the
DSPs are smaller as indicated by the shorter black lines, we clearly see that at the boundaries,
particles move parallel to the drawn surface. Out of all the fast particles near the surface, only
very few have a dynamic propensity vector that points through the surface. Although we only
show the results for one system and only seen from one viewpoint, this kind of behaviour was seen
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in all the runs that we checked. This means that although particles at the boundary of a fast
moving area might still move in several different directions, the direction will often be in the plane
parallel to the local boundary surface. This is in agreement with the single-trajectory behavior
from Ref. [2] (Figure 8.3).

9.2 Evolution of fast and slow moving areas

In the second part of this chapter, instead of focusing on the dynamics at the relaxation time, we
look at the dynamics observed at shorter time scales. Specifically, we are interested in whether
particles that escape their cages early, are located within the fast moving regions of the system (as
defined via their mobility at the relaxation time). In order to examine this, we want to map the
location of the particles that on average escape their cages early. We start by defining an escape
criterion for such particles.

9.2.1 Definition of an escape criterion

In order to estimate whether a particle has escaped its cage, the most straightforward approach
is to simply define an escape distance, such that any particle that has moved more than this
distance with respect to its cage center, is considered to have escaped. For this, we make use of
the estimate from Chapter 8 for the cage size, i.e. rcage = 0.14σA. It is reasonable to say that a
particle that has moved significantly more than 2rcage away from its initial position has escaped.
As a result, we say that a particle has escaped ‘early’, when its dynamic propensity exceeds 2rcage
at a time t/τ = 50. Note that this choice of time is somewhat arbitrary. However, as shown in
Figure D.1 in Appendix D, our results are not strongly sensitive to this choice.

We are aware that this escape definition is an approximation, which may not easily extend to long
times where the cages of particles in different trajectories start to significantly differ. Moreover,
this criterion does not account for drift. As a result, for the times where drift starts to play a large
role, the criterion will probably fail. Despite all these flaws, for the small times we consider here,
where drift does not play a large role yet (see Chapter 8) and where cages in different trajectories
will still be sufficiently similar, the criterion will give a useful indication of the particles that escape
the earliest.

9.2.2 Definition of the surface between fast and slow moving areas

We are interested in the location of the early escaped particles with respect to the areas that will
later become the fast and slow moving areas. Rather than using two individual boundaries for the
two regions, we now define a single boundary between the fast and slow moving areas. To obtain
this surface, we again select the fastest and slowest third of the both large and small particles at
t/τ = 104 and apply on each particle the following potential

φ(r) =


1 if r ≤ σ

2 and particle is fast

−1 if r ≤ σ
2 and particle is slow

exp(−2(r − σ
2 )) if r > σ

2 and particle is fast

− exp(−2(r − σ
2 )) if r > σ

2 and particle is slow,

(9.4)

with σ the diameter of the particle. The surface that we will plot is then the equipotential surface
defined by

Φ(r) =

M∑
i=1

φ(ri − r) ≡ 0, (9.5)

where the summation runs over the fastest and slowest third of the particles. Note that this
surface will lie in between the surfaces shown in Figure 9.1.
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Figure 9.2: In this figure the DSP vectors associated with escaped particles t/τ = 50, as
well as the surface defined by Equation (9.4). The DSP vectors are scaled by a factor of
two to increase visibility and the associated colors hold information about the relative
propensity (see bar). On the red side of the surface, particles associated with the fast
moving area are located, while on the blue side slow moving particles are situated.

9.2.3 Spatial escape evolution

In Figure 9.2 we plot both the boundary between the fast and slow moving areas, as well as the
vector ∆ai for the particles that, following the above defined escape criterion, have escaped at
t/τ = 50. The fast-moving area is located on the red side of the surface, while the slow-moving
area is on the blue side. In these figures (and in the figures in Appendix D) we see that the
particles that escape earliest, are often particles that are located relatively close to the surface.
This is strongly in conflict with what we would have expected; naively, one would think that the
early mobile particles are located deep inside the fast-moving regimes.

The high mobility of the interface region is somewhat reminiscent of a grain boundary in poly-
crystals or crystal-crystal coexistences, where the most mobile particles are at the interface [89].
However, in this case, the surface is associated with the boundary between a fast and slow moving
area, not two crystal domains. Having such an interface in a glassy system, could suggest that
the structures associated with fast and slow moving areas are in fact reminiscent of two different
phases in coexistence. We already know from earlier research that fast and slow moving areas in-
deed have different structures – otherwise the structural parameters would not be able to identify
whether a particle is located in a fast or slow moving area. The question is however, whether the
structures of fast and slow moving areas are merely two ends of a continuum of slowly varying
structure, or that they represent genuinely different states of matter, separated by some sort of
interface. Although the results we show here are certainly not strong enough evidence to con-
clude that we are dealing with such an interface, the possibility of its existence is very intriguing
and is somewhat reminiscent of the two-state picture of the glassy behavior of liquid water [90, 91].

Since glass is a disordered material, distinguishing whether the structures of fast and slow moving
ares are two ends of a continuum or two truly distinctive glassy states separated by an interface
will be difficult: as we have already seen in the past, it is hard to find qualitative differences
between two disordered structures. Moreover, the order parameters that we use in this thesis
are not suited for exclusively distinguishing between the two scenarios: since the parameters are
averaged over multiple shells, parameters associated with possible interface particles will always
contain information about both fast and slow moving areas. Even if there is an interface, the order
parameters will thus show a continuous transition of structure from fast to slow moving areas.
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9.2.4 Conclusions and outlook

While highly qualitative, in this chapter we showed that, consistent with what was seen in single
trajectories in 2D, at time scales near the relaxation time, there is a distinct connection between
the preferential motion of particles and their proximity to the interface between fast and slow
moving regions. In particular, slow particles near such an interface preferentially move perpen-
dicular to the interface, while fast ones move parallel.

Looking at the particles that tend to escape their cages the earliest reveals a surprising phe-
nomenon: these particles are largely located close to the interface between the fast and slow
moving regions and not deeply in the fast moving regime, as we would have expected. This ob-
servation suggests that the interface between these two regions has distinct properties from the
two regions themselves, and hence might be interpretable as an interface between two distinct
structural phases. However, it will be difficult to prove whether or not a two-phase picture is
indeed applicable to our system. We do however have some suggestions for future research that
might help to solve this problem.

Firstly, we should consider larger systems. Currently each system contains roughly one fast and
one slow moving area. It would be interesting to see if we see the same behavior of early escaped
particles in larger systems that contain multiple non-connected areas of different mobility.

Secondly, it would be beneficial to develop an accurate order parameter or parameters that can
distinguish the fast and slow regions too, but that also focuses more on structural asymmetry.
Maybe from this order parameter, we could learn something about qualitative differences between
interface particles and particles that are part of the fast or slow moving area. An alternative is
to look at the current structural parameters, and see which parameters are most important for
distinguishing between fast and slow moving areas. This can be done for example by looking at
the associated weights in the linear regression algorithm. Although, from the discussion above, it
is not certain whether this will teach us something new about the qualitative differences of the
structure of interface particles, it is still something that should be examined. Note that we already
briefly analyzed which order parameters are the most important. If we look at the weights that are
given to the total set of order parameters by linear regression, the results are seemingly random.
However if we look at individual parameters, it turns out that there are several order parame-
ters that are are quite discriminative for whether a particle is located in a fast or slow moving area.

Finally it would be interesting to see how the boundary between fast and slow moving areas
changes over time. In order to examine this, one could run a single trajectory simulation of
a glassy system for a duration of multiple times the relaxation time. By making snapshots at
discrete time intervals ∆t, we can use linear regression to predict the fast and slow moving areas
of these snapshots. By using the technique described in Section 9.2.2, one can then also find the
(approximate) boundary surface for these snapshots. This analysis would give us an impression
of how the boundary moves over time, which could then be compared with the movement of
interfaces in other systems.
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Conclusions and outlook

In this thesis we examined the relation between structural and dynamical heterogeneity in a glassy
system. To this end, we explored in detail the structure and dynamics of a binary hard-sphere
system deep in the glassy regime.

In Chapter 5, we made a comparison between three machine learning techniques (linear regression
(LR), neural networks (NN) and graph neural networks (GNN)) that we trained to predict the
dynamic propensity of particles, based on structural parameters. Earlier research already showed
that these three methods could be used to predict the propensity based on structure, however, no
comparison had been made yet [35, 36]. When we compared the three methods, we found that,
although they all predict the propensity of particles with approximately the same accuracy, the
NN and the GNN took longer to train compared to LR. Additionally, the GNN and especially the
NN were found to be more sensitive to hyperparameters than LR. Therefore we concluded that
linear regression is the preferred method to predict the propensity based on structure.

During the comparison of the three methods, we found that the structural parameters contained
a substantial amount of information about the propensity for times close to the relaxation time,
but not for the shorter time scales associated with the caging regime. To address this, in Chapter
6 we examined whether we could improve the propensity prediction by providing the algorithm
with more structural information. The three methods that we tried, were giving the LR algorithm
information about i) the standard deviation of the structural parameters, ii) the predictions of
neighbouring particles at earlier times and iii) the inherent state of the system. From our anal-
ysis, it became clear that although the first two methods did not influence the accuracy of the
predictions, adding information about the quenched system did lead to a significant improvement.
In particular, adding information about the absolute distance between quenched and initial co-
ordinates improved the prediction for the caging regime, while providing linear regression with
information about the structural parameters of the quenched system improved the prediction for
times close to the relaxation time.

The improved predictions during the caging regime, led to the conclusion that caged particles on
average move around a well-defined cage center. The position of this center is primarily deter-
mined by structure and closely related to the inherent state positions of the particles. We already
knew from single trajectory measurements that particles move around an equilibrium point in the
cage, but it was not yet known that the position of this point was influenced by structure rather
than dynamics [2]. Inspired by these results, in Chapter 7 we designed an improved method for
determining the cage center from the structure of the system. In particular, we measured the
ensemble averaged coordinates of particles in a Monte Carlo simulation where particles are re-
stricted to their respective cages. The cage position found by the MC method turns out to be an
extremely strong indicator for the dynamic propensity of the particles during the caging regime.
Moreover, the correlation of the vector propensity with the vector connecting the cage center to
the initial position of the particle is nearly perfect during the caging regime. This indicates that in
this regime, the average movement of particles is dominated by the transport to their cage center.
We furthermore showed, by freezing part of the system, that finding the position of the caging
point is a highly collective phenomenon in which particles at a large distance still influence each
other.
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Combining our improvements to the prediction from Chapter 7 and the improved cage deter-
mination method, we were finally able to significantly enhance our predictions of the dynamic
propensity based on structural parameters. In Figure 9.3 we show how the new developed meth-
ods improve the propensity prediction in terms of the coefficient of determination r2. In the figure,
the blue line represents the state-of-the-art before this thesis [35], while the orange line represents
our best predictions.

Figure 9.3: Propensity prediction using linear regression, based on two different sets
of input parameters. The blue line uses only the structural parameters discussed in
Chapter 2.2 up the third generation. The orange line includes the improvements made
in this thesis, by using the structural parameters based on both the normal coordinates
and the cage center coordinates, as well as the absolute distance between the cage center
and the initial coordinates.

In Chapter 8, we explored the role of directionality in the glassy dynamics of our system. In
particular, we examined whether particles have a preference for moving in a given direction at
times beyond the caging regime. As a measure for the anisotropy of the dynamics, we considered
the dynamical self-alignment parameter, which is an order parameter that reflects how much the
direction of movement of particles between different trajectories is aligned. We concluded that,
also after caging, the movement of particles is anisotropic, something that can be explained by at
least two processes. Firstly, different parts of the system show collective motion in the form of
drifting. Secondly, we found that when particles escape their cage, there are certain directions that
are on average more favourable to move to. We expect that this effect will be the most prominent
for particles that escape their cage early, since for those particles the cage structure in different
trajectories will still be the same as in the initial configuration. This statement is supported by
the result that for times close to the relaxation time the propensity starts to become more isotropic.

In Chapter 9, we explored the dynamic propensity of particles in relation to their position within
the slower and faster rearranging regions in the system, both at short times as well as near the
relaxation time. In particular, we divided the system into slow and fast moving regions based on
their dynamics at the relaxation time, and drew interfaces between the two regions. We found that
near the relaxation time, consistent with previous literature [2], the interface affects the preferred
direction of motion of nearby particles. In particular, fast moving particles prefer to move parallel
to this interface, while slow moving particles move perpendicular to the interface. Additionally
we looked at the location of particles which tend to escape their cage early. The most interesting
finding was that the positions of these early escaping particles lie close to the boundary between
(what will later be) the fast and slow moving area.

The existence of an interface might imply that fast and slow moving areas are two genuinely dif-
ferent structural states of glass instead of two extremes of one structural continuum. Currently
our results are not sufficient to decisively conclude whether or not this interface truly separates
two different structural states, and therefore more research will need to be conducted in the future.



79

To investigate the possible existence of the interface we propose several future avenues of research
in Chapter 9:

• Consider larger systems (e.g. ∼ 16000 particles) to see the spatial distribution and size
variation of fast and slow moving areas form.

• Make a quantitative comparison between the structure of fast and slow moving areas, pos-
sibly by designing new order parameters that also capture the asymmetry of the local envi-
ronments.

• Obtain a picture of how the boundary between fast and slow moving areas moves over time.
This could be done by running a single-trajectory measurement of a glassy system for an
extended period of time, making snapshots at discrete time intervals. With a trained linear
regression model and the methods discussed in Chapter 9), the location of the boundary can
then be predicted for the different snapshots.

The possible existence of an interface between the regions that move quickly or slowly over long
time scales is one of the more intriguing findings of this thesis. If such an interface indeed exists, it
could drastically change our view on dynamical heterogeneity and therefore on the glass transition
in general. It will be exciting to see what future research can teach us.
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Layman’s Summary

In this thesis we looked at the movement of particles in a glassy material. Although most people
will immediately picture windows and tea glasses when they think of glass, from a scientific point
of view there are many more materials in a glassy state. Think for example of ceramic objects,
the material that golf sticks are made of and even the scab that closes a wound. The reason that
these seemingly different materials can all be classified as glass, is because a glass is a system state
(like a gas or a liquid), rather than a material. To understand when we can say that a material is
in a glassy state, we will first discuss what a liquid and crystal state look like, since a glassy state
bears resemblances to both of these states.

In general a material is in a crystal state when the positions of the particles in the system follow
an ordered pattern, see Figure 4. As a result, the movement of particles is restricted, meaning
that particles only move in a small volume around their position in the lattice. On the other hand,
a material is classified as a liquid when the positions of particles are disordered and particles can
move more or less freely through the system.

Figure 4: Cartoon of the free different material states.

Although the story above is very simplified, it gives a general picture of the two-fold difference
between a liquid and a crystal state; in terms of structure the liquid state is disordered and the
crystal state is ordered. Dynamically, the liquid state contains particles that can move through
the system, while the crystal state contains particles with restricted movement. To go from a
liquid to a crystal state, one typically has to decrease the temperature or increase the density.

The glassy state that we mentioned above lies somewhere in between the crystal and the liquid
state. One can reach it by very rapidly decreasing the temperature or increasing the density of
a system. Doing so, the system does not have time to form an ordered lattice and instead all
particles will be crammed up in a disordered structure (see Figure 4). One can understand this
by imagining a box full of marbles. In principle more marbles fit in the box when they are stacked
nicely, but if you throw them in the box all at once, there is no time for nice stacking, and instead
a disordered structure will arise. As a result the structure of a glass bears the most resemblance
to that of a liquid.
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Dynamically however, a glass state is very different from a liquid. Due to the high density of a
glass, particles almost do not move. The easiest way to understand this is by imagining a room
full of people that walk in random directions. If we decrease the volume of the room, people are
pushed together more and more and at one point they are so close to each other that they cannot
move past their neighbours. In a glass the same thing happens; particles are restricted to a so
called ‘cage’ made up by the particles around them, see the left figure of Figure 5. The difference
with crystals, where we also see that the movement of particles is restricted, is that particles at
one point will leave their cage and move past their first shell of neighbours (see the right figure of
Figure 5). The reason for this is that in a disordered structure the random movement of particles
will at some point create enough space for a particle to move out. As a result, glass does flow
like a liquid. However, because the escapes are quite rare and particles are captured again in a
new cage after escaping, the flowing of glass is very slow; it can take thousands of years to really
see a significant movement in glass. That is also why in normal life we often often regard glassy
materials as crystals; the movement is just too slow for us to observe.

The open question that has puzzled researchers over the past few decades is why in a glass the
slowdown in the mobility of particles is so enormous. From the story above one can understand
that the higher the density, the longer particles will be caged, and thus the slower the material
will move. However it does not explain why the increase in time that it takes a particle to escape
its cage is so substantial: looking at the structure of a glass and a liquid, it is sometimes almost
impossible to distinguish the two, however the mobility of the particles in the two states can differ
by orders of magnitude.

Aim of this thesis

Figure 5: Cartoon of the caging and escaping of particles. In the left figure a particle is
caged by its neighbouring particles. In the right figure, fluctuations in the movement of
neighbouring particles allow a particle to escape.

In this thesis we looked at a phenomenon associated with the slowdown of particles; when going
from a liquid to a glass, not all particles slow down equally. Instead regions of very mobile and
very non-mobile particles arise. This means that in some regions particles are more likely to escape
their cage than in others. This phenomenon is what we call ‘dynamical heterogeneity’. In this
thesis we looked at whether this heterogeneity could be explained from a structural point of view,
i.e. can we, from the way particles are arranged in the glass, explain why some particles are more
likely to escape than others?

The approach for answering this question was using machine learning. Machine learning is a col-
lective name that includes a lot of different techniques. The basic idea of all these techniques is
to give a computer information (data) about a system and then let an algorithm learn to draw
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conclusions or make predictions based on that data. In our case we used machine learning to
predict the movement of particles (which tells you something about the mobility of particles and
thus the dynamical heterogeneity), based on the local structure of these particles.

The thesis consisted of three main parts. In the first part we compared three different machine
learning techniques to see which method predicted the dynamical heterogeneity the best. In the
past people have already shown that various machine learning techniques were able to predict the
movement of particles and we wanted to quantify how these techniques compared [35, 36]. For the
second part we used the best performing machine learning technique to examine if we were able
to improve the prediction. In the final part we took a closer look at the results we obtained from
these predictions and reflected on what they could tell us about the physics behind dynamical
heterogeneity. In the next sections, we will discuss the most important findings of this thesis. We
will however start with explaining how we collected data on glassy systems.

Characterizing the dynamics of particles in a glassy system

To collect data on glassy systems we used computer simulations that simulated a system that
consisted of two different sizes of so called ‘hard spheres’. These spheres are marble-like, meaning
that they cannot overlap, but otherwise do not interact. It has already been shown in the past
that the dynamical behaviour of such a system mimics the behaviour of real glassy materials.

The computer simulations allowed us to measure the ’dynamic propensity’. This propensity is a
measure for the average mobility of a particle in the system, i.e. how much we can expect it to
move on average. We took a box that contained a particle system in a glassy configuration, gave
each particle a random velocity and then measured how far the particles moved over time as seen
from their initial position. By measuring this many times, each time letting the particle start from
the same position but with a slightly different velocity, we obtained a picture of how mobile the
particles were on average over time.

The initial positions of particles were also the basis for the structural analysis. To capture the
local environment of each particle, we looked at spherical shells at different distances as seen from
that particle. For each shell we constructed parameters that described the local environment by
measuring the density and the way particles in that shell were structured.

Thesis part one: Comparing machine learning techniques

The first goal was to compare three machine learning algorithms that could predict the dynamic
propensity based on these structural parameters. Although this might sound very futuristic, it is
something that we humans unconsciously do every day. Think for example of reading. When we
were young we trained on recognizing letters, such that after a while we were able to read. We
learned to recognize that a line with a dot above it can be classified as an ’i’ or a ’j’ and that
when something consists of a single circle it must be an ’o’. Machine learning does essentially
the same thing, it uses input data (in the case of reading for example a picture of the letter) to
make a prediction (in this case the letter type). The way an algorithm learns is by comparing its
predictions with the actual (measured) outcome, and then changing the algorithm accordingly.

To measure the performance of an algorithm, we look at how the algorithm performs on new data
that it has never seen before. This is because we want the algorithm to be able to make predictions
not only on data it has seen before, but also on new data; just like we humans do not have to
learn how to read again, each time we see a new handwriting.

For this thesis we compared three different machine learning algorithms, that we will all briefly
discuss below. The first one, called linear regression, gives the best prediction possible by multi-
plying every input parameter by a number (or weight) and afterwards adding everything together.
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The second method that we used, neural networks, also multiplies the different input parameters
with weights. However, instead of just adding everything like in the case of linear regression,
it applies a more complicated (non-linear) function. As a result, neural networks are better in
capturing a more complex relation between input and the output parameters. Finally, we used
graph neural networks to predict the propensity. This method is quite similar to neural networks.
The main difference is that it also allows the predictions of neighbouring particles to influence
each other. This means that the network first makes a prediction for a particle based solely on its
own parameters and then uses that prediction, as well as the predictions of nearby particles, to
make a new and hopefully improved prediction. As a result, graph neural networks can use more
structural information for their prediction than neural networks and linear regression. In order to
make a fair comparison between the three techniques, we therefore allowed linear regression and
neural networks to also use input parameters of particles nearby.

Note that although the three methods may seem (very) different, the general idea behind them is
the same: the algorithms all fit a function that takes the structural parameter as input and gives
a prediction of the propensity as an output. It is the parameters of this function that are adjusted
while training the algorithms, to make the prediction as good as possible.

The conclusion of the comparison was that all three methods worked about equally well, but
since linear regression was significantly faster than the other two methods, this method was the
preferred method. The fact that the simplest model works the best might be surprising, but it
is something we see quite often in the field of machine learning. A complicated method can use
more advanced tools to make predictions, but is also harder to train. For the dynamic propensity
it turned out that the advantages of the more complicated methods did not outweigh the disad-
vantage of having a model that is harder to train.

To give some impression of how well the method worked we plot the result in Figure 6. For multiple
points in time we trained a model to predict the propensity, and then compared how close this
predicted propensity was to the measured propensity. On the x -axis in the figure we plot the
time and on the y-axis we plot the r2 parameter that evaluates how accurate the prediction is.
The closer the value of r2 is to one, the better the prediction is for that time. As we can see,
the model does quite well for short and large times, but has a hard time predicting where the
particle will be at intermediate times. These are the times when the particle is still caged in its
initial cage. Overall we can however conclude that there is a strong link between structure and
dynamics. Especially for large times, the local structure of particles is a really good predictor of
whether a particle will move a lot or not.

Figure 6: Performance of linear regression over time. On the x -axis we show the time
(where the time unit is not important for now), while on the y-axis we show the coefficient
of determination r2, which is a measure of the accuracy of the prediction (the closer to
one r2 is, the better the prediction).
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Thesis part two: Improving linear regression

After the conclusion that linear regression was the best method to work with, we wanted to see
whether we could improve the prediction by providing extra structural information. We tried sev-
eral approaches that mostly did not significantly improve the prediction and that we will therefore
omit here. There was, however, one approach that did work very well, and moreover, that im-
proved the prediction for intermediate times, i.e. during the times where our earlier prediction
was not very good. Below we will discuss what information we added and why this increased the
prediction.

As we mentioned earlier, before they escape, particles in a glass will move around some equilibrium
position. In Figure 7 we schematically show what we mean by this. The movement of particles in a
cage can be compared with the movement of balls moving around in a well. If you let the particles
go, they will wobble around some equilibrium position, also called caging center, associated with
the lowest part of the well (i.e. the yellow points in the figure). This means that if you measure
the position of a particle in a cage many times, like we do to obtain the propensity, on average that
particle will be at its equilibrium position. Making a good prediction of the propensity during the
times that a particle is caged, thus essentially means predicting where the equilibrium position of
that cage is.

There are several reasons why linear regression has a hard time predicting the equilibrium position
of particles based on only the structural parameters. The first reason is that just from structural
parameters, or even from the initial positions of particles, it is very hard to tell how far away a
particle is from the center of its cage. The main reason for this, is that the cages of particles
are not static. Since they are formed by the surrounding particles, when those particles move,
the cage structure and thus the equilibrium position change. This means that in order to find
the equilibrium position of a particle, you cannot regard particles separately. Another, somewhat
more subtle reason why it is hard to find the cage positions is because all the structural parame-
ters we use are rotationally invariant. This means that if you would rotate the surrounding of a
certain particle, the structural parameters associated with that particles would not change. The
reason that we use these rotational invariant parameters is because it simplifies the training of
the linear regression algorithm. However since our parameters are rotationally invariant you can
not use them to make a prediction about a direction, i.e. you cannot use them to tell whether
your particle goes left or right, up or down, etc. Knowing in which direction a particle moves
to its equilibrium position, is however essential to find the equilibrium position of neighbouring
particles: whether a neighbouring particle goes left or right influences the cage of a particle and
thus the equilibrium position.

Figure 7: Cartoon of a system in movement with particles that around their equilibrium
position (top figure) and a system where are particles are situated in their equilibrium
position (lower figure).

The story above explains why it is very hard to predict the cage center based on the structural
parameters. Fortunately we can use other methods to provide information about the equilibrium
position. In this case we decided to ‘quench’ the system. What this technique does, is only allowing
particles to move towards a direction that brings them to a lower energy. To understand why this
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Figure 8: Cartoon of particles getting stuck in an energy well using the quench method.

works we can again look at Figure 7. Just as the equilibrium position in this figure is associated
with the lowest point in the well, i.e. the point with the lowest potential energy, the equilibrium
position in a cage is associated with the point in the cage that has the lowest potential energy. For
the system in Figure 7 quenching the system would mean that particles can only move down. By
doing so we end up in the situation sketched in the lower figure. By giving the linear regression
information about the distance between the particles in the initial snapshot and the snapshot in
the potential minimum, it turns out that we improve the propensity prediction enormously.
Moreover, using the success of quenching, we developed an even better method to find the center

of the cage. Discussing this method lies outside the scope of this Layman summary, however we
can explain why quenching the system might not be the best method to find the cage center: dur-
ing quenching, particles are only allowed to move down in energy. As a result, they can sometimes
get stuck in a small energy well (see Figure 8). The new method uses another technique that turns
out to be better in finding the equilibrium point. As a result, the propensity prediction improved
even more.

In Figure 9 we show the overall improvement we made to the propensity prediction in this thesis:
the blue line represents the best prediction as was available before this thesis, while the orange
line represents the best prediction that we achieved. As one can see, the improvement is very
substantial.

Figure 9: Improvement of the propensity prediction that was achieved in this thesis.
Again, on the x -axis we show the time, and on the y-axis we show the goodness-of-
fit parameter r2. The higher the value of r2, the better the prediction. The blue line
represents the best existing prediction before this thesis, while the orange line represents
the improved prediction we made.
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Thesis part three: a closer look at the dynamics

In the last part of the thesis we discussed what we can learn from the improvements. The fact
that on average particles move towards a well defined caging center, led to the conclusion that
the direction in which particles travel is important when one tries to understand the dynamics
of caged particles. Moreover, we were curious whether directional information would also be im-
portant at times during and after particles have escaped. The reason that we want to examine
this, is because it tells us something about what aspects of the structure influence the dynamics.
Currently, as mentioned earlier, our order parameters are rotationally invariant (i.e. they do not
hold information about direction) and as a direct result, they will never be able to predict the
direction a particle will move in. If it turns out that directional information is important, we know
that the current parameters are probably missing some of the important aspects of the structure.

In order to investigate the importance of direction, we looked at how much particles in different
trajectories travel in the same direction (remember that the propensity is obtained by measuring
the trajectories of particles multiple times). If particles in different trajectories always move in
the same direction, we can conclude that there is something in the initial structure that leads to
this directional preference. By looking at the trajectories, we found that indeed particles have the
tendency to move in certain directions. We coupled this directional preference to two interesting
phenomena. The first one is that there is a preference of direction when particles escape their
cage. This means that some caging structures allow particles to escape more easily in one direction
than the other. Secondly, we found that parts of the system show collective motion, also called
drift.

Finally, we briefly looked at where in the system the particles are located that start to escape
their cage the earliest. As we mentioned before, when looking at the dynamics we see areas of
fast and slow moving particles arise. If we examine the location of the early escaped particles, we
often see that these particles lie at boundary between what later will be the fast and slow moving
areas. If one thinks about it, this is quite an interesting finding. Intuitively, one would expect
particles to start moving the earliest in areas that become fast moving areas.

Outlook

Our findings lead to several options for follow-up research. The first direction that we would like
to look at is what structural parameters hold important information. Right now the prediction is
based on at least 1062 parameters per particle. The fact that in Figure 6 for the largest times,
the prediction does such a good job, means that there is a lot of information about the dynamics
hidden in the structure. It would be interesting to examine which of these parameters and thus
which part of the structure are most important for the propensity prediction.

The second and maybe most interesting follow-up research is associated with the evolution of fast
and slow moving areas. The fact that the first particles escape in the area between what will later
be fast and slow moving areas, is somewhat reminiscent of an interface. An interface is a surface or
thin layer of particles that acts as a boundary between two different states of matter, for example
a liquid and a crystal. If a glassy system would include such an interface, it would lead to the
conclusion that fast and slow moving areas are associated with different glassy states. Although
right now we have definitely not enough evidence to conclude whether our glassy system contains
such an interface, it is something that will be very interesting to look at in future research. Can we
for example observe two different states of matter if we look at the structural parameters of fast
and slow moving areas? And how do the fast and slow moving areas and the boundary between
them move over time? Looking at these questions will hopefully bring us closer to understanding
dynamical heterogeneity.
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Appendix A

Glossary machine learning

In this Appendix some of the most important terms associated with machine learning will be
briefly introduced. For more detailed explanations, we refer the reader to e.g. the textbook in
Ref. [71].

• Activation function
The activation function defines how the input of a node in a neural network, consisting of
the weighted sum over all the node values in the previous layer together with a bias, is
transformed into an output. Its aim is to introduce non-linearity in a neural network. There
are different activation functions possible, for example a sigmoid, a hyperbolic tangent, or
a Heaviside step function. In this thesis we use the Rectified Linear Unit (ReLU). This
function gives zero as an output when the input is negative or zero, while when the input is
positive, the output is equal to the input.

• Backpropagation
In order to find the gradient of the loss function, the derivative of this function is calculated
with respect to all the parameters of the network. Since the loss function only depends
indirectly on the parameters of earlier layers, the partial derivatives are calculated in a
backwards manner, i.e. first with respect to the output layer, then the last hidden layer,
etc. Due to the fact that this happens in a backwards manner we call it backpropagation.

• Batch size
The batch size is the number of training examples the network analyzes before adjusting
the weights and biases during training. In order to increase the learning speed and reduce
memory requirements, the batch size is often much smaller than the total amount of training
data.

• Drop-out
Drop-out is one strategy to prevent overfitting. In this technique, randomly selected nodes
in the network are set to zero during training. This prevents the network from excessively
adapting collections of neurons to fit specific variations in the training set.

• Early stopping
In order to prevent overfitting on the training data set, we use early stopping. Every time
the machine learning model is updated, we use test data to evaluate how well the model
performs. In the end we use the model that yields the highest correlation on the test data.
Since this model often is not the last model that is evaluated, we call this early stopping.

• Epochs
When training a neural network, the number of epochs is equal to the number of times the
training data set as a whole is passed through the network.

• Gradient descent
Gradient descent is an optimization algorithm that is commonly used in machine learning.
The loss function of a neural network depends on all the parameters in the network. In order

99



100 APPENDIX A. GLOSSARY MACHINE LEARNING

to find the minimum of the loss function, the gradient with respect to all these parameters
is computed. The parameters are then adjusted in such a way that a step along the gradient
is taken, an approach that is called gradient descent.

• Hidden Layers
A neural network has multiple layers of neurons. The hidden layers are the layers that lie
between the input and the output layer. In the case that there are no hidden layers, a neural
network essentially reduces to linear regression (except for the possible non-linear activation
function).

• Hyperparameters
The hyperparameters of a machine learning approach are the parameters that you can tune
manually in order to control e.g. the network architecture and the learning process. They
include parameters like batch size, learning rate and number of hidden layers.

• Learning rate
The learning rate is a hyperparameter used in training algorithms such as gradient descent.
In order to train a neural network, the weights and biases of the network are adjusted in
the direction of the gradient of the loss function. The learning rate determines how big the
steps are that are taken along this gradient.

• Loss function (also referred to as cost function) In order to train a machine learning
model, we need a method that evaluates how far the predictions lie from the measured
data. The function that we use to measure this is what we call the loss function. There are
multiple options for loss functions; one that is used very often, also in this thesis, is the the
mean squared error (MSE), but other options are for example the mean absolute error and
Bayesian minimum mean-square error.

• Parameter
When training a machine learning model, the parameters are all the variables in the model
that are adjusted while learning, i.e. the weights and biases. The parameters are adjusted
by the network, meaning that contrary to the hyperparameters, we do not have a direct
influence on the their values.

• Regularization
Regularization is a broad term for methods that are used to avoid overfitting. Options include
dropout and early stopping, but also adding a penalty in the loss function to penalize large
weights. Two common options to add a penalty are Ridge and Lasso regression. In the first
case the penalty is proportional to the square of the weights, and in the second case the
penalty is equal to the absolute value of the weights.

• Supervised machine learning
Supervised machine learning is a class of machine learning, where the machine learning
algorithm is provided with both input parameters as well as the desired output parameters.
This means that while training, the model knows what the predicted output should look
like. In contrast, in the case of unsupervised machine learning, the model is only provided
with the input parameters, meaning that the algorithm itself must try to find patterns in
the input data. In this thesis we only use supervised machine learning.

• Overfitting The goal of training e.g. a neural network, is to have a model that performs
as well as possible for data that it has not yet seen, i.e. we want the model to generalize to
new data easily. Whenever the model performs very well on training data, but not on new
data, we say that the model overfits. In order to avoid overfitting, we use regularization.



Appendix B

Validating structural parameters

In order to make sure that the structural parameters discussed in Section 2.2 and the linear
regression algorithm were implemented correctly, we checked the results from our linear regression
against the results obtained in the paper of Boattini et al [35], which examined the same system
as the one studied here. The only difference between the performance shown in Figure B.1 and
the performance shown in Figure 5.1, is that the dynamic propensity of the particles for which the
predictions were made in the latter case, was obtained by averaging over 100 trajectories, instead
of 50. The results for both the small and large particles can be found in Figure B.1. As one can
see, they agree very well.

Figure B.1: Pearson correlation coefficient between measured and predicted dynamic
propensity values over time as analyzed with a trained linear regression model. Blue and
orange lines denote the Pearson coefficient as found by Boattini et al [35] for respectively
large and small particles. Green and red points indicate results from this thesis.

In Chapter 6.2.2 we stated that after quenching the system for t/τ = 10, with τ an arbitrary unit
of time, we reached equilibrium. In Figure 6.2 we show that this is indeed true. In the figure we
plot the potential energy as a function of time for ten different systems up to t/τ = 10. As we
can see the potential energy eventually becomes a constant as a function of time for all systems,
meaning that quenching for t/τ = 10 is sufficient.
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Appendix C

Further improvement attempts

Further attempts to improve propensity prediction using LR

C.1 Fitting a polynomial through the predicted propensi-
ties

In Chapter 6 we discussed various techniques to improve the propensity predicted using linear
regression. In this appendix we discuss one extra method that we tried. Unlike the other improve-
ment techniques described, this method does not add extra structural information, but instead
post-processes the data after linear regression is applied. Since this is something rather different
from the techniques used in Chapter 6 we decided not to include it in that chapter.

To illustrate this approach, we turn to a scatter plot of the predicted and measured propensity at
t = 104, which can be found in Figure C.1. In this figure one can see that for particles that have
low measured propensity, the model tends to overestimate the prediction, while for particles that
have a large measured propensity, linear regression tends to underestimate.
In order to remove the curvature we tried to fit a fourth order polynomial through the data points
in the scatter plot of the training data. As an input for this polynomial we used the predicted
propensity, while the output was the measured propensity. Afterwards we then applied this fitted
polynomial on the test data. In Figure C.2 we show the performance of linear regression based
with and without polynomial fit. As one can see the improvement is minimal but consistent over
time.
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Figure C.1: Linear regression performance trained at 25 snapshots at time t/τ = 104 for
packing fraction η = 0.58 and 3 generations of input parameters. We show the models
performance for training data on small particles (panel (a)), training data on large
particles (panel (b)), test data on small particles (panel (c)), test data on large particles
(panel (d)). The colors of the points in the scatter plot represent the local number density
of points. The point clouds are associated with the following correlations: r2(a) = 0.70,

r2(b) = 0.67, r2(c) = 0.68, r2(d) = 0.64.

Figure C.2: Linear regression performance in terms of the r2-coefficient, based on three
generations of structural order parameters, with and without fourth-order polynomial
fit.
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C.2 Measure inertia tensor of caged particle movements

In Chapter 7 we showed that we can predict the cage center of a particle by measuring the average
position of restricted particles in an MC simulation. In addition we also examined whether the
spread of a particle’s position during this simulation holds information about the propensity.

In order to capture the spread in the position of a particle in terms of rotationally invariant
parameters, we measured the point cloud associated with the positions of a particle at discrete
time intervals with respect to the initial position and then looked at the associated inertia tensor.
This inertia tensor is defined as

I =

Ixx Ixy Ixz
Iyx Iyy Iyz
Izx Izy Izz,

 (C.1)

with Iii ≡
∑

(r2j + r2k) and Iij ≡ −
∑
rirj . Here, r = (rx, ry, rz) is the position of a particle and

the summation runs over all the different positions measured for a specific particle. Although the
inertia tensor itself is not rotationally invariant, the associated eigenvalues are. These eigenvalues
capture the magnitude of the fluctuations of a particles position along the three principal axes of
the point cloud and are therefore a measure for the fluctuations in a particles position. Similar to
how we constructed the higher generations of order parameters, we also constructed higher-order
generations of eigenvalues by averaging the inertia tensor over neighbouring particles, after which
we computed the eigenvalues. The way that we averaged the inertia tensor is exactly equivalent
to the method described in Chapter 2.2.

To examine how much information the inertia eigenvalues hold about the propensity, we train
two linear regression models. The first regression model is provided with 3 generations of inertia
tensor eigenvalues. In order to make sure that the model is rationally invariant, for each particle
and each generation the eigenvalues are always sorted from large to small. The second linear
regression model is trained on both 3 generations of inertia tensor eigenvalues, as well as the
normal structural parameters. The training data and the test data both consist of 50 snapshots
with each 2000 particles. The inertia tensor is evaluated using an MC simulation of 5 · 104 initial
steps and 1 · 105 measuring steps where every 100 steps the position of each particle is recorded.
The positions of particles are again restricted to a spherical volume equal to their own particle size.

In Figure C.3 we show the results, where we include the prediction based on only the normal
coordinates (blue dashed line), the prediction based on solely the eigenvalues (blue line), the
prediction based on eigenvalues and normal parameters (orange line) and as a comparison the
prediction based on Monte Carlo ensemble coordinates as shown in Chapter 7 (red line). In this
figure we see that the eigenvalues of the inertia tensor hold almost the same information about the
propensity during the caging regime as prediction based on the cage center coordinates. This is
not very surprising: Since we measure the point cloud with respect to the initial position, the main
axis of the cloud will likely be parallel to the vector connecting the initial position and the the
middle of the point cloud (i.e. the cage center). Therefore the first eigenvalue will indirectly reflect
the distance between initial position and cage center. The fact that for later times, the the predic-
tion based on Monte Carlo coordinates surpasses the other two, is because for its prediction it also
uses the parameters based on caged coordinates; Information that the other predictions do not use.

From the blue line, we furthermore see that the eigenvalues also hold some information about
the propensity for times after the caging regime. Closer examination shows that this information
is mostly found in the higher order generations of eigenvalues. However, we also see that this
information is already captured also by our normal order parameters; if we combine the inertia
tensor eigenvalues with the normal order parameters (orange line) we see that for large times the
prediction does not exceed the prediction that is made with normal parameters only.

For future research it could be interesting to measure the inertia tensor with respect to the cage
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center instead of the initial positions. That way we can deduce whether there is useful information
in the cage-fluctuations for prediction motion at times after the caging regime.

Figure C.3: Linear regression performance in terms of the r2-coefficient for large and
small particles. The three different lines represent the performance based on 3 gener-
ations of structural order parameters, 3 generations of inertia tensor eigenvalues and 3
generations of both structural parameters and inertia tensor eigenvalues.



Appendix D

Location of early escaped particles

In Chapter 9 we showed that particles that on average have escaped their cage after a simulation
time of t/τ = 50 are preferentially located near the interface between the fast and slow moving
regions. Here, we show that this statement is not strongly sensitive to this choice of time. In Figure
D.1 we show for one system, the DSP (see Equation (2.3)) of particles that escape the earliest as
seen from two different points of view (following the definition that particles have escaped when
the have on average moved further out than 2rcage, with rcage ≈ 0.14). In the figure we also plot
the boundary surface as defined in Equation (9.4). We see that roughly between t/τ = 20 tot
t/τ = 200 the statement that early escaped particles lie in the vicinity of the boundary surface
holds.

(a) We plot the DSP vectors associated with escaped particles at t/τ = 10 as seen from two
different points of view. A particle is said to have escaped, when on average it has moved further
than 2 times the average cage size rcage ≈ 0.14. The DSP vectors are scaled by a factor of two
to increase visibility and the associated colors hold information about the relative propensity
(red vectors are associated with a high propensity, while blue vectors are associated with a low
propensity). The displayed surface is defined by Equation (9.4). On the red side of the surface,
particles associated with the fast moving area are located, while on the blue side slow moving
particles are situated.

107



(b) Same system as in Figure D.1a, displayed at t/τ = 20.

(c) Same system as in Figure D.1a, displayed at t/τ = 30.

(d) Same as Figure D.1a, however now at t/τ = 50.



(e) Same system as in Figure D.1a, displayed at t/τ = 100.

(f) Same system as in Figure D.1a, displayed at t/τ = 200.

(g) Same system as in Figure D.1a, displayed at t/τ = 300.

Figure D.1: Spatial location of the early escaped particles with respect to the boundary
surface between fast and slow moving regions, displayed for several times between t/τ =
10 to t/τ = 300.
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