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Λεωφοροὺς ὁδους µὴ στείχειν.

Do not travel on the path of the masses.

— Pythagoras





A B S T R A C T

People do not always realise sound is of great importance underwater. Marine life is
strongly affected by underwater noise. The source of underwater noise this work focusses
on is that of non-cavitating marine propellers. This noise is caused by pressure fluctuations
on the propeller, which arise because of the turbulent inflow generated by the ship
wakefield and hull, and the turbulent boundary layer on the blade. These fluctuations
are so complicated, that they are basically random but with known statistical properties.
Therefore, we need a stochastic approach to calculate the radiated noise. We need to first
calculate the response to this stochastic excitation and consequently the radiated noise.

To this end, we first show that we can calculate the response of a multi-degree-of-
freedom system under stochastic excitation. We demonstrate that we can calculate the
response of proportionally damped linear systems through a modal approach. A modal
approach is a valid approach, because the resonances of a system dominate the response.
Apart from this, we also show that we can calculate the response through modal analysis
for non-proportionally damped systems. This approach uses state-space to allow for modal
analysis.

These multi-degree-of-freedom systems are the basis of further calculations on real
geometries. The finite element method is employed to calculate the response of systems
with arbitrary geometries. A finite element system behaves largely in the same way as a
multi-degree-of-freedom system. We show that we can calculate the response of both the
proportionally and non-proportionally damped systems. These calculations are verified
for very simple systems by using analytical computations. One limitation of the non-
proportional finite element method is that a point loading seems to give deviating results
for COMSOL Multiphysics and our state-space approach. However, this is not a large
limitation, as real world applications mostly use surface loads. Also, this difference does
not arise for proportionally damped systems.

Finally, to calculate the radiated noise of a system, we show that we can use structural-
acoustic coupled systems. A modal analysis using the state-space approach, allows us to
calculate the response of the structure, and the pressure response in the fluid. Integrating
the cross-spectra of these responses at the interface gives the radiated sound intensity
spectrum. It turns out however, that the resulting pressure and structural response are not
the same for our calculations and the one done by COMSOL Multiphysics. Especially for
high density fluids (such as water), the results deviate significantly.

Further research into this topic should focus on finding an explanation for this
difference, for example by using an open-source software package to calculate system
matrices, or by finding the system matrices of a simple system by oneself, using the (semi-
analytical) expressions for a simple system. Experimentally verifying the results would
bring this part of the research to a close. Additionally, more research on characterising the
pressure spectrum caused by the inflow turbulence and turbulent boundary layer on a
marine propeller would make the calculations relevant for real-world applications.
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N O M E N C L AT U R E

For further information on notation and definitions see also Section 2.1.

General

A integration area for a continuous 2D system

A area

a length of a plate in the x-direction

b width of a plate in the y-direction

c speed of sound

C damping matrix

ck damping constant of the kth damper in a system

e mathematical constant, approximately 2.71828

E Young’s modulus of elasticity

f⃗ force vector

G diagonal matrix of frequency response functions

Gk frequency response function associated with mode k

gk impulse response function associated with mode k

h⃗ modal force vector

h thickness of a plate

I identity matrix

i the imaginary unit

K stiffness matrix

k, l, r, s dummy indices

kk spring constant of the kth spring in a system

Kx chord-wise wave number ω/U∞

ky span-wise wave number

L integration path for a continuous 1D system

L length of a 1D system

M mass matrix

M Mach number U∞/c

xi



xii nomenclature

m density per unit length

mk mass of the kth object in a system

n number of masses in a discrete system

p⃗ pressure part of a solution vector for coupled systems

Prad radiated acoustic power

q⃗ displacement vector

q displacement of a continuous system

Rx correlation function for some process x, can also be a cross-correlation between
two processes

Sx two-sided power spectral density for some process x, mostly used in the dis-
placement/force spectral density (Sq/S f )

U matrix of modal vectors, where each column represents one modal vector

u⃗k kth eigenvector of a system corresponding to ωk

U∞ mean far-field velocity

V integration volume for a continuous 3D system

X right eigenvector matrix in state-space

x⃗k kth right eigenvector of a system in state-space corresponding to λk

x, y, z Cartesian coordinates

Y left eigenvector matrix in state-space

y⃗k kth left eigenvector of a system in state-space corresponding to λk

Greek Symbols

α damping proportionality constant for the mass matrix

β damping proportionality constant for the stiffness matrix

γ airfoil response function

Γ integration surface for a 3D system

ζk damping factor of the kth mode

ηk displacement of a system in the kth mode

η⃗ modal displacement vector

λk kth eigenfrequency in state-space

Λ diagonal matrix of eigenvalues in state-space

µ, κ, χ dummy variables

ν Poisson’s ratio

ν⃗ modal force vector in state-space



nomenclature xiii

ξ⃗ modal displacement vector in state-space

π mathematical constant, approximately 3.14159

ρ density per unit area or volume

σx standard deviation of a process x

Φww two-dimensional wave number spectrum of the inflow turbulence

ψk kth mode shape of the continuous system

Ω diagonal matrix of eigenfrequencies

ω angular frequency

ωk kth eigenfrequency

Functions

u the unit step function

erf [.] the error function

E [.] the Fresnel integral function

δ Dirac delta function

Operators

det [.] determinant of a matrix

diag[.] diagonal matrix of a given vector

F [.] Fourier transform

F−1[.] inverse Fourier transform

H Hermitian transposition operator

T transposition operator

X̄ complex conjugate of X

⟨.⟩ time average





1
I N T R O D U C T I O N

Sound plays a very important role in our lives. We use it to communicate, it can alarm us
to dangerous situations, and we listen to music. And, although we cannot hear it most
of the time, sound also plays a significant role underwater. Marine mammals use sound
to communicate, navigate, and orientate themselves.[1] A wide spectrum from 10 Hz to
200 kHz is used by different marine animals, whereas humans can only hear sound in the
frequency range of about 20 Hz to 20 kHz.[2] Because sound plays such an import role
in marine life, human-generated noise will disturb and impact it. One example of this,
is the piling noise of wind turbines in the sea. This type of noise can have a significant
effect on the population and behaviour of certain marine animals, and strict regulations
apply.[3] Also, ship noise is almost omni-present on rivers, and the world’s busiest ocean
shipping lanes see continuous traffic. Since 1945, the global number of ships has almost
quadrupled, and the low-frequency (10 Hz to 100 Hz) ambient noise has increase at rates
of up to 3 decibels per decade (10 years).[4]

However, humans themselves are also affected by noise on ships. The crew on a ship
is negatively impacted by noise that can be heard inside the vessel.[5] Human error is
responsible for about 80%-85% of all accidents on sea.[6] Therefore, it is vital to have the
crew perform in the most optimal conditions possible. Ships have many sources of noise,
such as engines, pumps, gears, and other machinery. Also, wave-induced vibrations of
the hull and propellers contribute to the radiated noise.[7, 8] This work will focus on the
noise a vibrating propeller produces.

The dominant noise source for marine propellers is caused by cavitation.[9, 10] Cavitation
is the process where some bubbles appear on the blades of the propeller and subsequently
collapse. This collapse results in significant noise. However, when vessels are moving
quite slowly, the propeller does not cavitate but still generates noise, due to the turbulence
surrounding it. If one would like to design a propeller that minimises this noise, it is
essential to be able to estimate the noise radiated by different designs. However, it is quite
difficult to precisely predict this noise. The propeller is excited by turbulent flow caused
by the ship wake field and the turbulent boundary layer around the blades. This turbulent
flow is of such a nature, that it is impossible to deterministically predict the pressure
fluctuations it causes. Therefore, we should turn towards stochastics: representing the
turbulent flow as a random process with certain statistical properties. Doing this allows
us to derive (statistical) properties of the radiated noise.

The goal of this work is to provide a pathway to predict the acoustic noise radiated by an
object of an arbitrary geometry that is stochastically excited by pressure fluctuations. In
Figure 1.1, a rough overview is given of the processes that have to be taken into considera-
tion to predict the noise a marine propeller radiates. The processes can be split into two
main categories: the hydroacoustics and the structural acoustics. Hydroacoustics research
must characterise the resulting pressure fluctuations caused by the inflow turbulence and
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2 introduction

turbulent boundary layer. Even though these pressure fluctuations are the input for our
final model of a propeller, this work will not focus much on the exact characteristics of
the inflow turbulence and turbulent boundary layers. This thesis is part of an overarching
project called PANPA, of which improving upon the existing models of the pressure
spectrum (for marine propellers) is also a part. However, it is still difficult to determine
their exact characteristics, as they depend on the geometry of the blade, and exact position
on the blade.[11, 12] Potential models of the turbulence will be briefly discussed later in
the outlook of thesis (Section 8.3).

From the model of these pressure fluctuations we want to calculate the structural response
of the blade, and the radiated noise. This corresponds to the last two steps in Figure 1.1.
The product of this work, the structural acoustics part, should be independent of the given
pressure spectrum. Our model should be able to predict the radiated noise for any given
pressure spectrum. We will use a finite element method to predict the linear transfer of
the pressure fluctuations to vibrations of the propeller. Because the response is dominated
by resonating modes, we can use a modal approach to determine this transfer.

In principle, the results of this work could be used to calculate the noise generated by
any time-invariant linear structure stochastically excited by pressure fluctuations. This
theory would not only be useful for marine propellers. Other cases where this would
also be useful are for example the automotive and aerospace industries, and train, wind
turbine, or rocket design.[13–16] The applications are basically endless, as there are many
processes governed by random vibrations. Especially for aeroplanes, the turbulent flow
is comparable to that on marine propellers. Damping these random vibrations could
potentially increase passenger comfort.

hydroacoustics
inflow 
turbulence

turbulent 
boundary layer
over blade

structural acoustics
structural 
response

acoustic
radiation

wakefield / 
turbulent 
boundary layer 
over hull

pressure 
fluctuations 
on the blade

Figure 1.1: An overview of the processes taken into consideration for calculating the radiated
noise. This work focusses mostly on the structural acoustics block. These are the last
two steps, from pressure fluctuations to the structural response, and from there to the
acoustic radiation. Image by ir. de Valk, adapted by Dr-Ing. Müller.

1.1 outline of the thesis

The structure of this thesis will be as follows. Firstly, in Chapter 2 the definitions and
mathematical notations used in this thesis are given. In this chapter a first introduction
into random vibrations is also provided. In Chapter 3 the theory behind random vibra-
tions of multi-degree-of-freedom systems is discussed. This theory forms the basis of all
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calculations done in this thesis and provides some rigorous derivations. The theory behind
a multi-degree-of-freedom system is later used in the chapter on finite element systems,
as the finite element method also divides the structure into element corresponding to
degrees-of-freedom. In Chapter 4 we will look at continuous structures and discuss the
possibilities of analytical calculations. This will allow us to verify the results in Chapter 5,
which discusses finite element systems and their usefulness in deriving the vibrational
response for arbitrary geometries. In Figure 1.1 this is the step of finding the structural
response. This finite element method is a very practical and versatile approach, which is
useful for many applications. Chapter 6 discusses the coupling between fluid and struc-
ture using a finite element model. These coupled structures are needed to determine the
radiated noise. This combines the steps of finding the structural response and calculating
the radiated noise in Figure 1.1. The conclusions and an outlook into further research
are provided in Chapter 7 and Chapter 8. In Chapter 8, an expression for the turbulent
boundary layer pressure fluctuations is given, which could be an input for our model, as
shown as ‘pressure fluctuations on the blade’ in Figure 1.1. Lastly, in Appendix A some
example code and computational notes are given.





2
T H E O RY O F R A N D O M P R O C E S S E S

In this chapter, we will first introduce the mathematical notations and concepts used
throughout this thesis. In the second part of this chapter, a first introduction into random
vibrations is provided. This theory behind (ergodic) random vibrations forms the basis of
the rest of the thesis. Also, the concept of the power spectral density is explained in this
chapter, which will be used extensively throughout this work.

2.1 definitions

Throughout this document we use several mathematical notations. In general, we use
upper case, blue, bold letters for matrices (X) and lower case green letters with an arrow
for a vector (⃗x).

We define X̄ as the complex conjugate of a number, vector, or matrix X. The transpose of
a vector or matrix X is given by XT. The Hermitian transpose of a matrix X is denoted by
XH ≡ X̄T. The inverse of a matrix X is given by X−1.

If we want to indicate the rth component of a vector x⃗, we do that by subscript, i.e. xr. For
a matrix X, element (r, s) is written as Xrs.

The time derivative of a quantity x is written as dx
dt = ẋ and the second derivative with

respect to time by d2x
dt2 = ẍ. The time-average of a signal x is given by ⟨x⟩.

The Fourier transform F of a function x(t) is defined as

F [x(t)] = x(ω) =
∫ ∞

−∞
x(t)e−iωt dt . (2.1)

The inverse Fourier transform F−1 of a function x(ω) follows from the definition above

F−1 [x(ω)] = x(t) =
1

2π

∫ ∞

−∞
x(ω)eiωt dω . (2.2)

Note that we use the same symbol for both the quantity and its Fourier transform.

We define the unit step function u(t) as

u(t) =

0 t < 0

1 t ≥ 0
. (2.3)

Lastly, we use the Dirac delta δ(x) function, which is defined as∫ ∞

−∞
δ(x) f (x)dx = f (0), (2.4)

where f (x) is any function.

5



6 theory of random processes

2.2 random processes

Processes for which we can determine the values exactly at some time in the future, are
deterministic. An example of this could be the position of a rock thrown off a building.
We know quite well how gravity behaves and the aerodynamics of the rock are of lesser
importance, if the rock is large and the tower not too tall. Therefore, at any time t after the
rock is thrown, we can calculate and predict its position. In the case of vibrations, if one
knows how the structure is excited, by for example a sinusoidal force, then this excitation
is called deterministic. The response to such a deterministic excitation is also deterministic.
It can of course still be difficult to exactly calculate the response, but in principle one can
describe the response of the system as a function of time.

Some physical phenomena however, are less suitable for such a deterministic description.
These non-deterministic processes are called random or stochastic. We will use these terms
interchangeably throughout this thesis. For example, the shape of the waves on sea at a
certain position is affected by many factors, e.g. storms, temperature, etc. It is basically
impossible to deterministically predict what the shape of a wave at a certain position in the
sea will be at a given time. An example of a vibrational problem that is non-deterministic
would be a car on a rocky road. On such a rocky road, we do not exactly know what the
surface profile of the road is, and therefore do not know how the car is excited. But is
there really nothing we can say or predict about these random phenomena? The answer is
no. Most of the time, these processes do have certain statistical properties which can be
determined. For example, the rocks on the road do have an average size, or else it would
not look like a road at all. Those properties are something we can work with to predict,
albeit in stochastic properties, the vibrations of the car.

In Figure 2.1 some example functions are shown. For a) and b), these are deterministic
functions, respectively a sine wave and a fifth-degree polynomial. One can easily predict
through extrapolation what the value at some time t will be, given these functions. Subplots
c) and d) were both created using random sampling. However, they look very different
because the underlying statistical process is different. Subplot c) allows some predictability
on small timescales. For Subplot d), there is no telling what the next number is going to
be. A point at time t1 and a point a bit later in time at t2 have no relation whatsoever, they
are independent. This is distinctly different from the process in Subplot c).

How a random signal behaves as a function of time is characterised by the autocorrelation
function. This function is defined in the following way for discrete signals

Rx(j) = lim
n→∞

1
n

n

∑
k=1

x(k)x(k + j) (2.5)

and in the continuous case

Rx(τ) = lim
T→∞

1
T

∫ T/2

−T/2
x(t)x(t + τ)dt . (2.6)

In the case of Figure 2.1, Subplots c) and d) will have very different autocorrelation
functions. The autocorrelation for the truly random signal in d) will be zero for every time
delay τ > 0. For the other case in Subplot c) this will not be the case, because the value
at t and t + τ show some degree of correlation for small τ. Now, in practice we cannot
collect signals for an infinite amount of time. If however we take a large enough sample
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Figure 2.1: Four examples of deterministic and random functions. a) A deterministic function,
the sine. b) Another deterministic function, a fifth-degree polynomial. c) A random
function with correlated values, generated by adding a random number to the previous
value. d) A random signal, where each data point is a randomly chosen number.

we should be able to approximate the autocorrelation function. If the autocorrelation
function and the mean value do not change depending on the time at which we take this
sample, the statistical process is said to be stationary. In this work however, we assume
the processes to be ergodic. Ergodicity also implies that the whole sample space is visited
during an infinite measurement. The takeaway from this assumption for our work is that
the underlying statistics never change.

We assume this ergodicity holds for the turbulence on a marine propeller. We assume the
statistical properties of the inflow do not depend on time at the relevant timescale. The
effect of the sailing speed and the manoeuvring of the ship, the weather, or the specific
water composition of the ocean can have an influence on the turbulence, but we will
assume these occur on a larger timescale, and thus we view the turbulence as ergodic. Of
course, the rotation of the propeller has an impact as well, but we will ignore this, to not
complicate things further.

2.2.1 Statistical properties of stochastic processes

We can also extract some statistical properties from the autocorrelation function, which is
interesting in the case that signal is not known, but only its autocorrelation. For one, we
can extract the mean square value of the signal

⟨x2⟩ = lim
T→∞

1
T

∫ T/2

−T/2
x2(t)dt = Rx(0). (2.7)

For a given signal we can also calculate the standard deviation given by

σx =
√
⟨x2⟩ − ⟨x⟩2. (2.8)
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Now, in our case of ergodic physical vibrations, we have a constant mean. For a constant
force, we will also have a constant response in a linear system. Therefore, in linear systems
such as those we will be dealing with, we can ignore the mean value of the signal, and set
⟨x⟩ → 0. This means that the standard deviation is simply given by

σx =
√
⟨x2⟩ =

√
Rx(0). (2.9)

One can imagine that even with random signals, we can say something about how two
random processes are related to each other. For example, in Figure 2.2 you see schematically
a 1-dimensional representation of waves rolling into the shore (or over a propeller blade
for that matter) from left to right at a constant speed. We can imagine that the exact shape
of the waves is random. However, once a wave a passed point p1 we can imagine that the
time between it passing p1 and p2 is constant, and we will see the same wave at p2. The
correlation function of the height of the wave at p1 given by x(t) and p2 given by x2(t) are
related. If the waves do not decay in height, the amplitude of x1(t) and x2(t) would be
exactly, but there is a time difference. This can be incorporated into the cross-correlation
function. In general, the cross-correlation function Rx1x2 between two functions x1(t) and
x2(t) is defined as

Rx1x2(τ) = lim
T→∞

1
T

∫ T/2

−T/2
x1(t)x2(t + τ)dt . (2.10)

This cross-correlation is very important when we look at the spectrum on a propeller
blade. It will allow us to characterise the size of the vortices in the turbulence and the
speed at which the flow moves over the blade.

Figure 2.2: Schematic still image of waves on the sea. The functions x1(t) and x2(t) describe the
height of the wave over time at positions p1 and p2 respectively.

2.2.2 Power spectral density

Sometimes, it is more convenient to work in the frequency domain than in the time
domain. Especially for random processes, time signals are very difficult to interpret. Going
to the frequency domain will give us more intuitive information about a signal. For
example, sound is made up of signals at different frequencies, allowing us to hear different
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tones. In the case of vibrating marine propellers we see peaks at certain frequencies and
anti-resonances at others.

The autocorrelation function provides us with information about the signal in the time
domain. However, there is also a frequency domain counterpart, the power spectral density
(PSD). For ergodic processes, this PSD contains the same information as the correlation
function, but can sometimes (as mentioned previously) be more practical. The relation
between the power spectral density Sx(ω) and the autocorrelation function Rx is given by

Sx(ω) =
∫ ∞

−∞
Rx(τ)e−iωτ dτ = F [Rx(τ)] , (2.11)

and, of course, the autocorrelation function can be obtained by taking the inverse Fourier
transform of the power spectral density function. This implies that the mean square value
is given by

⟨x2⟩ = Rx(0) =
1

2π

∫ ∞

−∞
Sx(ω)dω . (2.12)

The reason Sx(ω) is called a power spectral density, is because Sx dω represents the power
of the signal contained in an infinitesimal frequency band [ω, ω + dω] divided by the
width of the band dω, i.e. the power spectral density scales with the power contained
in a signal. If the signal were a voltage, the integrated PSD would describe the power
dissipated in a 1 Ω resistor. But in general power spectral densities can also be used for
other kinds of phenomena, in which case the units of the PSD will be some quantity that
scales with the power per Hertz. We will mostly look at displacement or velocity spectral
densities. In these cases the units of the spectral density will be m2/Hz or (m/s2)2/Hz.

The cross-spectral density Sx1x2(ω) is given by the Fourier transform of the cross-correlation
function (Equation 2.10). This spectral density, unlike the auto-spectral density can become
complex-valued, indicating that there is a phase shift between x1(t) and x2(t). In our
example of the waves rolling into the shore, the cross-spectral density will certainly have
an imaginary component, because there is a clear phase shift between the arrival of the
waves at both points.

We will use this theory of ergodic processes and power spectral densities frequently
throughout this thesis. The ergodicity assumption is of great importance, because it allows
us to obtain our results. Without it, we would not be able to say much about the underlying
statistical processes and therefore the statistical response. The power spectral densities
allow for a convenient notation in which to calculate and express these results.





3
M U LT I - D E G R E E - O F - F R E E D O M S Y S T E M S

As a first look into vibrations and random vibrations in particular, we turn towards
multi-degree-of-freedom systems. An example of a multi-degree-of-freedom system is a
discrete mass-spring system consisting of point masses connected by weightless springs,
which we will treat in this chapter. These kinds of systems are the basis for the finite
element calculations performed on systems with irregular geometries and shapes, such as
a marine propeller. Multi-degree-of-freedom systems do not yet represent the physical
reality of the propeller blade in water, but they are useful as a starting point from which to
build our theory. The theory developed here and the derivations done can be transferred
almost directly to finite element systems. Therefore, a good understanding of multi-degree-
of-freedom systems will be very helpful in understanding the finite element calculations
needed for marine propellers.

3.1 undamped systems

Before we go to random excitations, it is helpful to gain a proper understanding of multi-
degree-of-freedom systems. Therefore, we first turn towards one of the simplest systems
possible: a system with deterministic excitation and no damping.

A multi-degree-of-freedom system consisting of n masses m1, m2, . . . , mn without any
damping is governed by the following equations of motion

M⃗̈q(t) + Kq⃗(t) = f⃗ (t), (3.1)

when assuming that the force-displacement relation is linear which holds for e.g. most
metals when the stresses are too low for plastic deformation. The assumption of linearity
is assumed throughout this entire thesis, and is vital for many of the calculations we do.
In Equation 3.1 M is the diagonal mass matrix diag[m1, m2, . . . , mn], and K is the stiffness
matrix. The stiffness matrix contains information about how the springs in the system are
connected and their stiffness. Throughout this text, we will call the mass, stiffness and,
as we will see later on, damping matrices the system matrices. The vector q⃗ of length n
contains the displacements of the n masses relative to their position without a force acting
on the system, and f⃗ is a vector of length n containing the external forces acting on each
mass. In Figure 3.1 an example system with three degrees of freedom is shown. In this
example, the mass and stiffness matrix would be

M =

m1 0 0

0 m2 0

0 0 m3

 K =

k1 + k2 −k2 0

−k2 k2 + k3 −k3

0 −k3 k3

 . (3.2)

We can also see the damping coefficients c1, c2, and c3 in Figure 3.1. For now, we will
ignore these. Damping will be dealt with in Section 3.2.

11
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f1(t) f2(t) f3(t)
q1(t) q2(t) q3(t)

m1 m2 m3

k2k1 k3

c3c2c1

Figure 3.1: A three-degree-of-freedom system. Image adapted from Meirovitch [17].

3.1.1 Modal analysis

Equation 3.1 are a set of coupled differential equations that we want to solve. In order to
find this solution, it is convenient to look at these equations in modal space. In modal
analysis, one uses the fact that we can write the solution as

q⃗(t) =
n

∑
k=1

ηk(t)u⃗k = U η⃗(t), (3.3)

where U = [u⃗1 u⃗2 . . . u⃗n] denote the so-called eigenmodes, and n is the number of degrees
of freedom of the system. ηk is the modal contribution factor of a mode k, and η⃗(t) is the
vector containing all these factors. To put Equation 3.3 into words, every displacement is
a linear combination of certain modes, where the size of each individual contribution is
contained in η⃗(t). This modal decomposition is a fundamental concept that we will use
not only in discrete systems, but also for continuous systems in Chapter 4, and the finite
element method used later on in Chapter 5 and Chapter 6. For multi-degree-of-freedom
systems we only need a finite number of modes to describe the entire system (equal to
the number of masses). However, for finite element or continuous systems the number of
modes can quickly grow very large or even become infinite. This is where we will see the
main advantage of a modal approach, as we can only take into account the most important
modes, while ignoring the rest. This will result in much faster computations, while still
obtaining the desired results.

The eigenmodes u⃗k can be found by solving the following eigenvalue problem

Ku⃗k = ω2
k Mu⃗k, (3.4)

which has non-trivial solutions if and only if

det
[
K − ω2

k M
]
= 0. (3.5)

In a system with n degrees of freedom, there will also be n independent solutions to this
problem. Each eigenvector u⃗k of the system also has a corresponding eigenvalue ωk. These
eigenvalues are called the natural frequencies or eigenfrequencies of the system. We define
the diagonal matrix of the squared eigenfrequencies Ω as diag

[
ω2

1, ω2
2, . . . , ω2

n
]
.

For further calculations, it is desirable to normalise U. In principle, when the eigenvectors
are scaled by any factor, they are still eigenvectors of the system. For our calculations, it is
most convenient (as we will see later on) to normalise the solution such that

UTMU = I UTKU = Ω, (3.6)
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where I is the identity matrix and K and M are the stiffness and mass matrix as described
earlier. Using Equation 3.3 and Equation 3.6 we can convert Equation 3.1 to modal
coordinates. The equation of motion then becomes

⃗̈η(t) + Ωη⃗(t) = h⃗(t), (3.7)

where h⃗(t) is the vector of modal forces given by UT f⃗ (t). We see here that the equation is
in a very simple form, because of our chosen normalisation. If we assume the system is in
rest at t = 0, the solution to Equation 3.7 is given by [17]

ηk(t) =
1

ωk

∫ t

0
hk(t − τ) sin (ωkτ)dτ, (3.8)

where k ∈ 1, 2, . . . , n. As briefly mentioned earlier, each element ηk of η⃗ describes how
much mode k contributes to the displacement. For example, if in a three-degree-of-
freedom system at a certain time η⃗ = [1 0 0]T, then the displacements in the system are
those corresponding to the first eigenmode.

If we convert these modal coordinates back to our original coordinate system using
Equation 3.3 and convert the modal forces back to our original space through

hk(t) = u⃗k
T f⃗ (t), (3.9)

we obtain the response vector q⃗(t)

q⃗(t) =
n

∑
k=1

[
u⃗k

T

ωk

∫ t

0
f⃗ (t − τ) sin (ωkτ)dτ

]
u⃗k, (3.10)

where u⃗k is the kth column of U. This equation gives use a full description of a determin-
istically excited multi-degree-of-freedom system without damping. Although this result in
itself is not very useful for stochastic excitations (with damping), it does show the power
of the modal analysis. As we will see later on, we will use many of the normalisations and
definitions presented here in the case of random vibrations.

Example 3.1.1. Let us use the three-degree-of-freedom system shown in Figure 3.1 as
an example. Because we have not taken into account damping yet, we set all damping
coefficients c1, c2, and c3 to 0. For simplicity, we choose m1 = m2 = m3 = 1 kg, and
k1 = k2 = k3 = 1 N/m. We will now only apply a force to the third mass, such that
f1(t) = f2(t) = 0 N and f3(t) = u(t). In Figure 3.2 the response for this system is
given. As expected, the third mass, which is excited by a constant force, has the largest
displacement, because it is connected to the wall via three springs in series and thus moves
most easily.

3.2 systems with proportional damping

The previous analysis did not include any damping. As we are trying to describe a physical
system, we should introduce some kind of damping. This will bring us another step closer
to a physical propeller, which is of course damped. In a multi-degree-of-freedom system
with damping, we have the following equations of motion

M⃗̈q(t) + C⃗̇q(t) + Kq⃗(t) = f⃗ (t). (3.11)
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Figure 3.2: The response of the undamped three-degree-of-freedom system given in Figure 3.1,
where f1(t) = f2(t) = 0 N, f3(t) = u(t), m1 = m2 = m3 = 1 kg, and k1 = k2 = k3 =
1 N/m.

If we want to solve this system through modal analysis, it is convenient to assume that
the damping matrix C is a linear combination of the mass and stiffness matrix. That is,

C = αM + βK, (3.12)

where α and β can be arbitrary constant scalars that are related to the properties of the
system. This kind of damping is also known as proportional damping and is often used for
modelling internal structural damping.[18] This assumption of proportional damping will
make our calculations much simpler, but a downside of this, as we will see in Chapter 6,
is that structural-acoustic systems also include some sort of non-proportional damping.
From Equation 3.12, recalling Equation 3.6, it follows that

UTCU = αI + βΩ. (3.13)

Just as in the undamped case, we can also write the equation of motion in modal coordin-
ates

⃗̈η(t) + (αI + βΩ) ⃗̇η(t) + Ωη⃗(t) = h⃗(t). (3.14)

The solution to Equation 3.14 is quite similar to the undamped case, except for an
exponential damping component and a damping-related scaling factor in the argument of
the sine [17]

ηk(t) =
1

ωk

∫ t

0
hk(t − τ)e−ζkωkτ sin

(
ωkτ

√
1 − ζ2

k

)
dτ, (3.15)

where the dimensionless damping factor ζk is given by

ζk =
α + βω2

k
2ωk

, (3.16)
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and ωk is the kth natural frequency of the undamped system. We can convert these modal
coordinates to our original system through Equation 3.3 and Equation 3.9 giving

q⃗(t) =
n

∑
k=1

u⃗k
T

ωk

∫ t

0
f⃗ (t − τ)e−ζkωkτ sin

(
ωkτ

√
1 − ζ2

k

)
dτ u⃗k. (3.17)

This last equation gives a full description of the proportionally damped multi-degree-of-
freedom systems, which brings us a step closer to the physical reality. We see that the
modal approach still works quite conveniently for proportionally damped systems.

Example 3.2.1. In Figure 3.3 the response for the system in Figure 3.1 with f1(t) = f2(t) =
0, and f3(t) = u(t) is given. The system was such that m1 = m2 = m3 = 1 kg and
k1 = k2 = k3 = 1 N/m. These are the same masses, spring constants, and forces used in
the earlier undamped example. For the damping coefficients we chose α = 0.2 s−1 and
β = 0.01 s.

As we can see, the displacements equilibrate to a certain value. These values are 1 m, 2 m,
and 3 m for the masses respectively. This makes sense, because this means that all masses
are displaced by 1 m relative to each other, which means that the force on each spring is
exactly 1 N. This spring force is exactly balanced by the external force applied on the third
mass.

Figure 3.3: The response of the three-degree-of-freedom system with damping given in Figure 3.1,
where f1(t) = f2(t) = 0, f3(t) = u(t), m1 = m2 = m3 = 1 kg, k1 = k2 = k3 = 1 N/m,
α = 0.2 s−1, and β = 0.01 s.

3.3 stochastic excitation

The goal of this thesis was to be able to deal with random excitations that arise from
turbulent boundary layers. Therefore, we now move away from the systems with determ-
inistic excitation, and will allow for stochastic forces. These forces are defined by their
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autocorrelation function (and cross-correlation if there are multiple forces) as described in
Chapter 2. The correlation function matrix of the excitation R f (τ) is given by

R f (τ) = lim
T→∞

1
T

∫ T/2

−T/2
f⃗ (t) f⃗ T(t + τ)dt, (3.18)

where f⃗ (t) is the force vector, that has the forces on each mass of the multi-degree-of-
freedom system as its components. The off-diagonal elements of this matrix R f represent
the cross-correlation functions, and the diagonal elements the autocorrelation functions.
Because the processes we are dealing with in the case of turbulent boundary layers and
other physical processes are assumed to be ergodic, it is implied that their autocorrelation
function is stationary, and therefore the statistics to not change over time. This allows us
to say something about the statistics of the response. In our case, we describe the response
of the system in terms of power spectral densities. First we will derive the response in the
case of proportional damping, after which we turn towards the more complicated case of
non-proportional damping with stochastic excitation. In both cases, we make use of the
modal approach seen previously.

3.3.1 Derivation of the response with stochastic excitation and proportional damping

As we saw earlier, we could do a modal analysis to find the eigenmodes of the multi-
degree-of-freedom system. A similar analysis using the eigenmodes of the system can be
done in the case of stochastic excitation. The initial equations of motion for a proportionally
damped system in modal space are

η̈k(t) + 2ζkωkη̇k(t) + ω2
k ηk(t) = hk(t), (3.19)

where we did not use the vector notation as in Equation 3.14, but instead split it up
into a set of n equations for k ∈ 1, 2, . . . , n. Again, ωk is the kth natural frequency of the
undamped system. Also, in this stochastic case we can still find the modal forces using

hk(t) = u⃗k
T f⃗ (t). (3.9)

Because we are now dealing with random excitations, it is more convenient to write
Equation 3.14 in frequency space as we mentioned earlier in Section 2.2.2. Thus, let us
convert Equation 3.14 to the frequency domain instead of the time domain by Fourier
transform. Recalling the definition of the Fourier transform from Equation 2.1, we say that

ηk(ω) = F [ηk(t)] =
∫ ∞

−∞
ηk(t)e−iωt dt . (3.20)

Applying the Fourier transform to both sides transforms Equation 3.19 into

η̈k(ω) + 2ζkωkη̇k(ω) + ω2
k ηk(ω) = hk(ω), (3.21)

where hk(ω) = F [hk(t)]. It can be derived that the first and second derivative with respect
to time of the response to a (stochastic) signal in the frequency domain are given by [19]

η̇k(ω) = iωηk(ω) η̈k(ω) = −ω2ηk(ω). (3.22)
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Inserting this into Equation 3.21 gives us

(−ω2 + i2ζkωωk + ω2
k)ηk(ω) = hk(ω). (3.23)

We can simply obtain the solution to Equation 3.23 by dividing by the prefactor giving

ηk(ω) = Gk(ω)hk(ω), (3.24)

where

Gk(ω) =
1

−ω2 + 2iζkωωk + ω2
k

. (3.25)

Gk is called the frequency response function. The subscript k indicates that it is associated
with mode k. This frequency response function is the Fourier transform of the impulse
response function gk, which tells you how the system reacts to a (deterministic) unit
impulse. This will be useful in deriving the response spectral density, as will be shown in
the following derivation. It also shows that there is a direct relationship between excitation
and response in the frequency domain.

Our goal is to find the response spectral density matrix Sq(ω). Sq(ω) contains all in-
formation we can extract from the system. This will characterise the response, and show
us which modes are dominant. The spectral density matrix is related to the response
correlation matrix Rq(τ) as

Rq(τ) =
1

2π

∫ ∞

−∞
Sq(ω)eiωτ dω, (3.26)

which is simply the inverse Fourier transform of Sq. As stated in Section 2.2, the correlation
matrix tells us something about the relation between two events in time, either within one
signal, or between two signals. Also, at τ = 0 it is equal to the mean square value of the
signal, as shown in Equation 2.7. This mean square value can also be found by integrating
Sq over all frequencies (see Equation 2.12). The response correlation matrix is given by

Rq(τ) = lim
T→∞

1
T

∫ T/2

−T/2
q⃗(t)⃗qT(t + τ)dt

= lim
T→∞

1
T

∫ T/2

−T/2
U η⃗(t)η⃗T(t + τ)UT dt

= URη(τ)UT.

(3.27)

To rewrite this into spectral densities we must first take a look at the modal correlation
function Rη and how it is related to the spectral density of the excitation. The modal
correlation function between modes k and l (i.e. element (k, l) of the matrix Rη) is given
by

Rηkl(τ) = lim
T→∞

1
T

∫ T/2

−T/2
ηk(t)ηl(t + τ)dt . (3.28)

For linear systems, Equation 3.25 and the properties of the Fourier transform allow us
to rewrite the modal response through a convolution integral of the impulse response
function and the modal forces

ηk(t) =
∫ ∞

−∞
gk(µk)hk(t − µk)dµk, (3.29)
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where gk is the impulse response function and µk a dummy variable. Introducing this into
Equation 3.28 and swapping the integrals and limit gives

Rηkl(τ) =
∫ ∞

−∞

∫ ∞

−∞
gk(µk)gl(µl)

[
lim

T→∞

1
T

∫ T/2

−T/2
hk(t − µk)hl(t + τ − µl)dt

]
dµkdµl . (3.30)

The part in the square brackets can be recognised as a cross-correlation of the modal forces.
The ergodic nature of our system allows us to replace t → t + µk, and obtain

Rηkl(τ) =
∫ ∞

−∞

∫ ∞

−∞
gk(µk)gl(µl)Rhkl(τ + µk − µl)dµk dµl . (3.31)

Let us now use the following relation between the spectral density and correlation function

Rhkl(τ + µk − µl) =
1

2π

∫ ∞

−∞
Shkl(ω)eiω(τ+µk−µl) dω, (3.32)

which we can plug into Equation 3.31

Rηkl(τ) =
∫ ∞

−∞

∫ ∞

−∞
gk(µk)gl(µl)

[
1

2π

∫ ∞

−∞
Shkl(ω)eiω(τ+µk−µl) dω

]
dµk dµl

=
1

2π

∫ ∞

−∞
Shkl(ω)

(∫ ∞

−∞
gk(µk)eiωµk dµk

) [∫ ∞

−∞
gl(µl)e−iωµl dµl

]
eiωτ dω

=
1

2π

∫ ∞

−∞
Shkl(ω)Ḡk(ω)Gl(ω)eiωτ dω,

(3.33)

where Gk is the Fourier transform of the impulse response gk. Gk is the frequency response
function given in Equation 3.25. Thus, we can now obtain the expression for Rq(τ) by
combining Equation 3.27 and Equation 3.33

Rq(τ) =
1

2π

∫ ∞

−∞
UḠ(ω)Sh(ω)G(ω)eiωτUT dω, (3.34)

where G is diag [G1, G2, . . . , Gn]. Sh is the excitation spectral density matrix in modal
coordinates, which can be obtained from our initial coordinates through

Sh(ω) = UTS f (ω)U. (3.35)

Here, S f (ω) is the excitation spectral density in the initial coordinates, which relates to
the correlation matrix of the input forces through

S f (ω) =
∫ ∞

−∞
R f (τ)eiωτ dτ, (3.36)

where

R f (τ) = lim
T→∞

1
T

∫ T/2

−T/2
f⃗ (t) f⃗ T(t + τ)dt . (3.37)

Finally, we can describe the correlation function matrix of the response by plugging
Equation 3.35 into Equation 3.34

Rq(τ) =
1

2π

∫ ∞

−∞
UḠ(ω)UTS f (ω)UG(ω)eiωτUT dω, (3.38)
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To obtain the response spectral density Sq, we can apply the Fourier transform on both
sides of Equation 3.38, giving

Sq(ω) = UḠ(ω)UTS f (ω)UG(ω)UT. (3.39)

The response spectral density Sq is a matrix of dimension n × n, which functions similarly
to the excitation spectral density matrix S f , with the auto-spectral density on the diagonal,
and the cross-spectral density between two masses k and l given by Sqkl . This result
completely describes our system in terms of (cross) power spectral densities, which was
what we set out to do. Equation 3.39 is one of the most important results in this chapter. It
allows for a complete description of a multi-degree-of-freedom system with proportional
damping and random excitation. This same result can directly be translated to finite
element systems, which will allow us to incorporate the desired geometry of a propeller.

Furthermore, we can also obtain the velocity and acceleration spectra quite easily. We can
use Equation 3.22 to describe the velocity and acceleration, which we can use to obtain the
spectral densities, respectively Sv and Sa through

Sv(ω) = ω2Sq(ω) Sa = ω4Sq(ω). (3.40)

Note that the prefactor is squared, because of the squared units in the power spectral
density. The velocity spectrum will eventually be useful for calculation of the radiated
noise, but in principle these spectra do not contain any information not already described
by the displacement power spectral density.

Example 3.3.1. For this example, we use mostly the same system as the earlier examples,
but now with stochastic excitation. The difference between this system and the previous
one in Example 3.2.1 is the damping coefficients α and β. In this case we chose α = 0.01 s−1

and β = 0.01 s, in order to enhance the characteristic features of the response. Secondly,
instead of a constant force on the third mass, we use a constant power spectral density,
also known as white noise. That is

S f 11(ω) = S f 22(ω) = 0 N2/Hz S f 33(ω) = 1 N2/Hz,

where S f ii is the excitation auto-spectral density on mass i. All excitation cross-correlations
(e.g. S f 12) are zero, as we only apply a random force to the third mass. In Figure 3.4,
the response of the three-degree-of-freedom system excited randomly on the third mass
is shown. The natural frequencies we obtain from the eigenvalue problem given in
Equation 3.4 are

ω1 = 0.445 rad/s ω2 = 1.247 rad/s ω3 = 1.802 rad/s.

Peaks at these natural frequencies can clearly be seen in the response spectrum.

If we want to know more about the natural modes occurring in the system, we can also
look at the cross-spectral densities. In Figure 3.5 the real parts of the cross-spectral densities
are displayed for this system. We can clearly see that in the first mode, all masses move
in the same direction, as all cross-spectra are positively correlated. For the second mode,
we see that mass 1 and 2 are positively correlated, while masses 1 and 2 are negatively
correlated with mass 3. This suggests that masses 1 and 2 move in the same direction,
while mass 3 moves in the opposite direction. Lastly, for the third mode, Sq12 and Sq23 are
negative while Sq13 is positive. This suggests that masses 1 and 3 behave similarly, while
mass 2 moves in the opposite direction.



20 multi-degree-of-freedom systems

Figure 3.4: The power spectral density of the response of the three-degree-of-freedom system with
damping. A white noise spectrum was applied to the third mass. The damping factors
were α = 0.01 s−1 and β = 0.01 s. The masses and spring constants were equal to those
in Example 3.2.1.

Figure 3.5: The real part of the cross-spectral density of the response of the three-degree-of-
freedom system with damping. A white noise spectrum was applied to the third mass.
The damping factors were α = 0.01 s−1 and β = 0.01 s. The masses and spring constants
were equal to those in Example 3.2.1. The scale used on the y-axis is linear between −1
and 1. Outside this region it becomes symmetrically logarithmic.

3.4 non-proportional damping and stochastic excitation

We have seen that we can calculate the response to stochastic excitation for proportionally
damped systems. However, there are cases in which this proportional damping is not
enough to describe the system. This is especially important in structural-acoustic coupled
problems, as they never have a proportional damping matrix (see Chapter 6). Eventually
we want to move towards such systems, to calculate the radiated noise of a propeller.
Therefore, we would also like to be able to describe systems with arbitrary damping.
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If we recall the equation of motion given in Equation 3.11

M⃗̈q(t) + C⃗̇q(t) + Kq⃗(t) = f⃗ (t), (3.11)

we can see that if C is no longer diagonalised by the same eigenvectors as M and K,
in case C is not proportional to the damping and stiffness matrix. This means it is not
possible to decouple the system. Therefore, the modal analysis with a single eigenmode
matrix will no longer give us the proper results. In order to overcome these limitations,
we will still use modal analysis. This time however, we use a state-space description of the
problem. The state vector x⃗(t) of the system is defined as

x⃗(t) =

[
q⃗(t)
⃗̇q(t)

]
. (3.41)

This state vector will allow us to diagonalise the equation of motion, even if the damping
matrix is not proportional to the mass and stiffness matrices. As we want to use modal
analysis, we should first find the (state-space) modes of this system.

3.4.1 Eigenmodes

The equation of motion given in Equation 3.11 can be rewritten in the following way

⃗̈q(t) = −M−1C⃗̇q − M−1Kq⃗ + M−1 f⃗ (t), (3.42)

which allows us to write the following system of equations[
⃗̇q(t)
⃗̈q(t)

]
=

[
⃗̇q(t)

−M−1C⃗̇q − M−1Kq⃗ + M−1 f⃗ (t)

]
. (3.43)

Now, we can introduce the state-space notation used in Equation 3.41 to write Equation 3.43

as

⃗̇x(t) = Ax⃗(t) + B f⃗ (t), (3.44)

where

A =

[
0 I

−M−1C −M−1K

]
B =

[
0

M−1

]
. (3.45)

One can now obtain the state-space eigenmodes by setting f⃗ (t) = 0 and solving

⃗̇x(t) = Ax⃗(t). (3.46)

This is a simple differential equation with constant coefficients, thus the solution has the
form

x⃗(t) = eλt x⃗, (3.47)

where λ and x⃗ are a constant scalar and vector respectively. We can obtain the eigenvalue
problem by inserting Equation 3.47 into Equation 3.46 and dividing by eλt

Ax⃗k = λk x⃗k, (3.48)
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which we can solve to obtain the eigenvectors x⃗k and their corresponding eigenvalues
λk for k ∈ 1, 2, . . . , 2n. However, because A is no longer symmetric, we do not have our
desirable property of orthogonality of the eigenvectors, which is needed to decouple the
system. This means we can no longer diagonalise this problem with only one eigenvector
matrix. This was to be expected because the damping is non-proportional.

To solve this problem, we can look to find a different (left) eigenmode, which might be
able to help with this problem. Because A is real, A and AT have the same eigenvalues,
but not the same eigenvectors. Therefore, we can additionally consider the eigenvalue
problem of the transposed matrix AT

ATy⃗l = λl y⃗l , (3.49)

or when we apply the Hermitian transpose

y⃗l
HA = λl y⃗l

H. (3.50)

This is the so-called left eigenvector problem, for obvious reasons. We will call x⃗ the
right eigenvectors, and y⃗ the left eigenvectors. We used the Hermitian transpose for the
eigenvector, because the state-space eigenvectors are no longer necessarily real.

Solving Equation 3.48 and Equation 3.50 will give us 2n unique right eigenvectors and 2n
left eigenvectors. We also obtain 2n eigenvalues, which are the same for both the left and
right eigenvalue problem. To show that we now have our desired ‘orthogonality’, we can
pre-multiply Equation 3.48 with y⃗l

H, giving

y⃗l
HAx⃗k = λky⃗l

H x⃗k, (3.51)

and post-multiplying Equation 3.50 with x⃗k to obtain

y⃗l
HAx⃗k = λl y⃗l

H x⃗k. (3.52)

Subtracting these two equations gives

(λl − λk )⃗yl
H x⃗k = 0 for k ̸= l. (3.53)

Because λl ̸= λk for l ̸= k (as the left and right eigenvector have the same eigenvalues),
we can see that it must be so that

y⃗l
H x⃗k = 0 for k ̸= l, (3.54)

and

y⃗l
HAx⃗k = 0 for k ̸= l. (3.55)

This is a kind of orthogonality known as bi-orthogonality. We can use this for decoupling
the equation of motion. For the normalisation of the eigenvectors, we normalise them such
that

y⃗l
H x⃗k = 1 for k = l. (3.56)

Let us for sake of clarity write the matrix of right eigenvectors as X = [⃗x1 x⃗2 . . . x⃗2n] and
the left eigenvectors as Y = [⃗y1 y⃗2 . . . y⃗2n] and the diagonal matrix of eigenvalues as Λ =
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diag [λ1, λ2, . . . , λ2n]. One can derive the following properties according to Meirovitch
[17]

AX = XΛ AHY = YΛ YHX = I YHAX = Λ YH = X−1. (3.57)

Of these properties, the last one is a very useful one for computational reasons. Taking
the inverse of X is computationally much faster than calculating all eigenvectors of the
transposed matrix AT to find Y . Now that we have obtained some sort of orthogonality, we
return to our modal decomposition. We can write our state vector as a linear combination
of right eigenmodes

x⃗(t) =
2n

∑
k=1

ξk(t)x⃗k = X ξ⃗(t). (3.58)

If we insert this into Equation 3.44 and pre-multiply with YH we obtain

YHX⃗̇ξ(t) = YHAX ξ⃗(t) + YHB f⃗ (t). (3.59)

Now we can see why we needed the bi-orthogonality property, as we can use it to obtain

⃗̇ξ(t) = Λξ⃗(t) + ν⃗(t), (3.60)

where ν⃗(t) is the modal force given by

ν⃗(t) = YHB f⃗ (t). (3.61)

We see that we can now write both our excitation force (Equation 3.61) and displacement
(Equation 3.58) in modal space. This is necessary for our (stochastic) modal derivation of
the response.

3.4.2 Deriving the response

This thesis is focusses on stochastically excited structures, as we want to find the response
of an excitation by a turbulent boundary layer. To find the response of non-proportionally
damped systems to stochastic excitations, we can do a similar analysis as we did earlier
for the proportionally damped systems. What we want to know is the spectral density
matrix of the response Sx(ω). To arrive at this result, we first start, just as in the previous
derivation in Section 3.3.1, with the correlation matrix Rx(τ)

Rx(τ) = lim
T→∞

1
T

∫ T/2

−T/2
x⃗(t)x⃗H(t + τ)dt

= lim
T→∞

1
T

∫ T/2

−T/2
X ξ⃗(t)ξ⃗H(t + τ)XH dt

= XRξ(τ)XH.

(3.62)

A difference we see here compared to Section 3.3 is that the eigenmodes can now be
complex-valued. Therefore, we take the Hermitian transpose, instead of just the transpose.

We saw earlier that the modal correlation function was given by

Rξ(τ) =
1

2π

∫ ∞

−∞
Ḡ(ω)Sν(ω)G(ω)eiωτ dω, (3.63)
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where Sν(ω) is the modal excitation spectral density matrix. To find the transfer function
G(ω) we can look towards the solution of the equation of motion for harmonic excitation
f⃗ (t) = f⃗0eiωt. In this case, the solution to Equation 3.44 is given by [17, p. 351]

x⃗(t) =
2n

∑
k=1

y⃗k
HB f⃗0

iω − λk
x⃗keiωt, (3.64)

from which we can extract the kth transfer function

Gk(ω) =
1

iω − λk
, (3.65)

and G = diag [G1, G2, . . . , G2n]. Combining the results from Equation 3.62 and Equa-
tion 3.63 gives us for the correlation function of the elements of the state vector

Rx(τ) =
1

2π

∫ ∞

−∞
XḠ(ω)Sν(ω)G(ω)eiωτXH dω . (3.66)

All that is left is to derive the modal force spectral density Sν(ω). We can simply fill in the
real space representation of the modal force vectors as shown in Equation 3.61

Sν(ω) =
∫ ∞

−∞
Rν(τ)eiωτ dτ

=
∫ ∞

−∞
lim

T→∞

1
T

∫ T/2

−T/2
ν⃗(t)⃗νH(t + τ)dt eiωτ dτ

=
∫ ∞

−∞
lim

T→∞

1
T

∫ T/2

−T/2
YHB f⃗ (t) f⃗ H(t + τ)BHY dt eiωτ dτ

=
∫ ∞

−∞
YHBR f (ω)BHYeiωτ dτ

= YHBS f (ω)BHY .

(3.67)

Finally, the response spectral density matrix is easily obtained by taking the Fourier
transform of both sides in Equation 3.66, and inserting the modal force spectral density
from Equation 3.67 giving

Sx(ω) = XḠ(ω)YHBS f (ω)BHYG(ω)XH. (3.68)

This newly developed theory, culminating in Equation 3.68, will allow us to calculate the
response of systems that do not have proportional damping. This is very useful as we will
see later on in Chapter 6, because structural-acoustic coupled systems we are working
towards do not have a proportional damping matrix.

Example 3.4.1. As an application of the state-vector approach, let us redo Example 3.3.1.
This allows us to verify that this new theory indeed produces the same results as the non
state-space method that could only deal with proportional damping. We again apply white
noise to the third mass in the three-degree-of-freedom system. To calculate the response,
we use the state-space approach given in this section. In Figure 3.6, the response for the
first mass in the system is given twice. The blue line corresponds to the power spectral
density response calculated with the state-space approach, and the dashed orange line
was calculated using the ’normal’ approach for proportional damping systems given in
Section 3.3. As one can see, these lines are identical, suggesting that our newly developed
approach is consistent with the previous one.
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Figure 3.6: PSD response of the first mass of the three-degree-of-freedom system shown in
Figure 3.1 using the damping and excitation of Example 3.3.1. The blue line was
calculated using the state-space method given in Section 3.4, and the orange line using
the derivation done in Section 3.3.

To confirm this, let us check if the cross-responses are also in agreement. In Figure 3.7 the
magnitude (top) and phase (bottom) of the cross-spectral density between the displacement
of masses 1 and 2 is shown. We indeed see an exact match for both the magnitude and the
phase of the spectral densities.

Finally, we check that the relationship between the velocity and displacement still holds
true. The velocity spectrum Sv should be given by Sv = ω2Sq. Indeed, if we look at
Figure 3.8, we see the velocity spectrum calculated using the relation between velocity and
displacement (the displacement was obtained using the state-space approach) in blue and
the velocity component of the state-space vector in orange. The spectra are identical. This
suggests that our approach is indeed correct.

3.5 conclusion

In conclusion, we have now developed various ways of dealing with both proportional
and non-proportional damping in this chapter. We used a modal approach, which will
make for faster calculations in the finite element system we will see later on. Finite element
systems can be used to directly model a marine propeller. Although proportional damping
is not used in the physical system of a propeller, it can still sometimes be useful for simple
models. However, the state-space approach is of great importance, because it allows us to
deal with structural-acoustic coupled problems (Chapter 6), which are vital in calculating
the radiated noise. Besides, it also allows us to solve purely structural problems that cannot
be approximated in a meaningful way by proportional damping, such as an added-mass
system we will discuss in Chapter 5.
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Figure 3.7: Magnitude (top) and phase (bottom) of the cross-spectral density of the first and second
mass of the three-degree-of-freedom system shown in Figure 3.1 using the damping
and excitation of Example 3.3.1. The blue line was calculated using the state-space
method given in Section 3.4, and the dashed orange line using the derivation done in
Section 3.3.

Figure 3.8: The velocity spectrum calculated using the relation between displacement and velocity
for harmonic motion Sv = ω2Sq in blue and the velocity component of the state-space
vector in orange.
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C O N T I N U O U S S Y S T E M S

So far we have seen that we can describe both deterministically and stochastically excited
multi-degree-of-freedom systems. However, these discrete systems are not our final goal.
We would like to be able to accommodate for continuous real geometries instead of only
artificial discrete systems of point masses and springs. As opposed to a discrete multi-
degree-of-freedom system, a continuous system does not assume the masses are point-like
and connected with spring and dampers. Instead, the mass is distributed continuously as
a function of position. We are interested in these continuous systems because they allow
for analytical response calculations of simple structures, such as plates and rods. These
analytical calculations can later be used to verify the response calculated using a finite
element model, which we will use to model the propeller blades (for which no analytical
mode shapes exist).

For these continuous systems, we can use an approach similar to the one for discrete
systems. We again turn towards modal analysis. A challenge for continuous systems is
finding the eigenmodes of the system. We restrict our analysis to systems for which the
analytical solutions are known. We first look at 1-dimensional (1D) systems, because these
are easiest to understand and visualise. For this 1D case we will look at a beam in axial
vibration. The calculation is almost analogous for the 2- and 3-dimensional case, as we
will see later on. As an example of this, we will look at a rectangular plate vibrating out of
plane.

4.1 1d continuous systems with deterministic excitation

Just as in the case of the multi-degree-of-freedom system, we will first try to understand
deterministically excited systems to obtain a better grasp of continuous systems. To find
the solution to the equation of motion, we can simply re-use Equation 3.8. The modal
solution to the equation of motion was given by

ηk(t) =
1

ωk

∫ t

0
hk(t − τ) sin (ωkτ)dτ, (4.1)

where in this case [17]

hk(t) =
∫
L

ψk(x) f (x, t)dx . (4.2)

Here ψk is the kth continuous mode shape of the system as a function of the position
x, and f (t, x) is the force at time t at position x. We have to integrate over the entire
one-dimensional system L. The mode shapes ψk(x) can be found by formulating the
relevant equation of motion together with the correct boundary conditions, which leads

27
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to an eigenvalue problem by setting the force to zero. An example of such an eigenvalue
problem would be

− d
dx

[
EA(x)

dψk(x)
dx

]
= ω2

k m(x)ψk(x), (4.3)

which is used to calculate the mode shapes for a rod in axial vibration, ignoring any
stresses in the transverse direction or rotational effects. In Equation 4.3 E is the Young’s
modulus of elasticity, A is the cross-sectional area, and m is the mass per unit length. The
rod is fixed at one end, and free at the other. This rod in axial vibration will be used in
Example 4.2.1 to calculate the response for random excitation. We will not focus on how
to obtain these mode shapes, as we assume that they are known from now on. Also, for
our purpose, the modes shapes can be determined using the finite element method, as we
will see in the next chapter.

To convert the solution from Equation 4.1 to the original coordinate system we can use the
following relationship

q(x, t) =
∞

∑
k=1

ψk(x)ηk(t), (4.4)

where q(x, t) is the displacement of the system at time t and position x. In Equation 4.4,
one would need to sum over all modes, of which there are infinitely many for a continuous
system. We only consider the first n eigenmodes, because shear contraction can no longer
be ignored when the system becomes heavily distorted from its original shape, as our
rod will no longer represent a 1-dimensional system well.[17] This would mean that the
equation of motion (and thus our mode shapes) is no longer valid. Another reason to
not use all eigenmodes is of a computational nature. Especially for higher dimensional
systems, the computational cost increases significantly per added mode. Therefore, one
would like to use the minimum number of modes necessary to adequately describe the
system in the desired frequency range.

Combining Equation 4.2 and Equation 4.4, we obtain the final solution for the response to
a deterministic force [17]

q(x, t) =
n

∑
k=1

ψk(x)
ωk

∫ t

0
hk(t − τ) sin (ωkτ)dτ, (4.5)

where only the first n modes contribute to the solution. Just as in the discrete case, we
normalise the modes on the density such that∫

L
m(x)ψ2

k(x)dx = 1, (4.6)

where m(x) is the mass per unit length. We will use this same normalisation on density
for all continuous modes from now on.

4.2 1d continuous systems with random excitation

Now that we know how a continuous system with deterministic excitations behaves,
we can move on to continuous systems with random excitations. We would be able to
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completely describe the stochastic response of a marine propeller, if we had analytical
mode shapes. Of course, we do not have access to those for a propeller. However, in other
cases, such as vibrating plates or rods, we can calculate the response analytically. Doing
this stochastic calculation on simple systems, will also allow us to analytically verify the
response of such systems calculated using the finite element method presented in the next
chapter. That in turn will lend credibility of the proposed method to more geometrically
complicated structures.

This analytical calculation with stochastic excitation is again done through modal analysis.
The response cross-correlation of the displacement q(x, t) between points x and x′ can be
written as

Rq(x, x′, τ) = lim
T→∞

1
T

∫ T/2

−T/2
q(x, t)q(x′, t + τ)dt . (4.7)

Combining this expression with Equation 4.4, we obtain

Rq(x, x′, τ) = lim
T→∞

1
T

∫ T/2

−T/2

n

∑
k=1

ψk(x)ηk(t)
n

∑
l=1

ψl(x′)ηl(t + τ)dt

=
n

∑
k=1

n

∑
l=1

ψk(x)ψl(x′)Rη,kl(τ),
(4.8)

where in the last step, we moved the sums out of the integral and recognise the modal
cross-correlation integral. We saw earlier that this modal correlation function Rη,kl between
two modes k and l is related to the excitation cross-spectral density Sh,kl in modal space
through

Rη,kl =
1

2π

∫ ∞

−∞
Ḡk(ω)Gl(ω)Sh,kl(ω)eiωτ dω . (4.9)

This equation still holds in the continuous case, because both the discrete and continu-
ous system behave the same in modal space. The only difference is the way the forces
and displacements are converted from real space to modal space (summation versus
integration).

Combining Equation 4.8 and Equation 4.9 and dropping the Fourier transform, gives us
an expression for output spectral density

Sq
(
x, x′, ω

)
=

n

∑
k=1

n

∑
l=1

ψk(x)ψl(x′)Ḡk(ω)Gl(ω)Sh,kl (ω) , (4.10)

where Sq (x, x′, ω) is the output cross-spectral density between the points x and x′. In
the case that x = x′ we obtain the auto-spectral density at the point x. Gk is the transfer
function we saw earlier (Equation 3.25), and ψk is the kth mode of the system.

It should be noted here that the excitation cross-spectral density is given in modal space.
In order to convert the excitation cross-spectral density in real space to modal space we
apply the following operation

Sh,kl (ω) =
∫
L

∫
L

ψk(x)ψl(x′)S f
(
x, x′, ω

)
dx dx′, (4.11)

where x and x′ are just dummy variables for the integration. S f is the cross-spectral
density of the forces acting on positions x and x′. Of course, for x = x′ this reduces to the
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auto-spectral density at position x. The discrete version of the conversion of the real space
to modal space force spectral density was given in Equation 3.35.

The final expression for the response of the system, including the modal force conversion
is given by

Sq
(
x, x′, ω

)
=

n

∑
k=1

n

∑
l=1

ψk(x)ψl(x′)Ḡk(ω)Gl(ω)
∫
L

∫
L

ψk(µ)ψl(µ
′)S f

(
µ, µ′, ω

)
dµ dµ′,

(4.12)

where we introduced µ and µ′ as dummy variables for the spatial integration of the force
spectral density. We will see in Example 4.2.1, that we have a modal displacement in the
x-direction, and thus also response in this direction (axial vibration). However, in the case
of 1-dimensional transversely vibrating beams, the displacement (and mode shape) are
in the direction perpendicular to the x-axis. The direction of the response is completely
determined by the mode shapes and can be in any direction.

Equation 4.12 is the continuous 1D equivalent of the discrete case in Equation 3.39. This
1-dimensional description is already closer to the physical reality, but the real world is
obviously three-dimensional. After an example of a 1D rod, we will therefore move on to
2- and 3-dimensional continuous systems.

Example 4.2.1. As an example, let us find the response of a rod in axial vibration. A rod in
axial vibration stretches along its long axis. This particular rod is fixed at one end (x = 0)
and free at the other (x = L). The rod is excited randomly at the free end with white noise.
In Figure 4.1 a graphical representation of the rod is shown. The white noise excitation is
marked with S f , which is also pointed along the axis in which the rod vibrates. In this
example, we are dealing with 1-dimensional modes, but the physical rod represented by
the 1-D system still has an area corresponding to certain coordinates along the x-axis. This
area determines the mass distribution along the rod. In this particular example, a uniform
mass distribution is chosen.

Figure 4.1: The rod used in Example 4.2.1, where the response of the system is calculated. The rod
is fixed on the side at x = 0, as indicated by the lines ( ). The rod is rectangular with
dimensions 1 m × 0.1 m × 0.1 m.

According to Meirovitch [20, p. 395], we can find the eigenfrequencies of this system
through

ωk =
(2k − 1)π

2

√
EA
mL2 , (4.13)
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and the eigenmodes are given by

ψk(x) =

√
2

mL
sin
(
(2k − 1)πx

2L

)
, (4.14)

where E is the modulus of elasticity, A the cross-sectional area, m = Aρ the (constant)
mass per unit length, and L the length of the rod. In our example, we will use a rod of
structural steel. The properties of structural steel and the rod are shown in Table 4.1.

L A E ρ

1 m 0.01 m2 200 GPa 7850 kg/m3

Table 4.1: The properties of the rod used in Example 4.2.1.

Using these values, we can obtain the eigenfrequencies of the system. The lowest seven
are shown in Table 4.2. We will use these seven eigenfrequencies and their corresponding
mode shapes to calculate the response of the system. The number of eigenfrequencies
is of course arbitrary. The reason we chose seven in this case will become apparent in
Example 5.1.1. The damping factor ζ was 0.05 for each mode.

ω1 ω2 ω3 ω4 ω5 ω6 ω7

Freq. (rad/s) 7929 23786 39643 55501 71358 87215 103072

Freq. (Hz) 1262 3786 6309 8833 11357 13881 16405

Table 4.2: The first seven eigenfrequencies of the structural steel rod used in Example 4.2.1 in rad/s
and Hz.

We can now apply a stochastic load at the free end of the rod. We use a white noise
spectrum with a constant value of 1 N2/Hz. Because it is a boundary load, we will have
to represent S f as a delta function [17]

S f (x, x′, ω) =

δ(x − L) x = x′

0 x ̸= x′
. (4.15)

In Figure 4.2 the response of the rod at x = L in the axial direction to a boundary load at
the tip is shown in blue. One can clearly observe peaks at the eigenfrequencies of the rod.
If we go to even higher frequencies than shown in the figure, we will not see a significant
response. This is because we only used the first seven eigenmodes.

Instead of a boundary load, we can also apply a fully correlated body load. A fully
correlated load means that the behaviour of the forces is exactly the same in all places
along the rod, i.e. there is no difference in phase or strength anywhere. It can be seen as
one single force acting everywhere on the rod. Applying this fully correlated body load is
mathematically done by setting

S f (x, x′, ω) = 1 (N/m)2/Hz, (4.16)
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Figure 4.2: The power spectral density of the displacement at x = L of a steel rod in axial vibration
with dimensions 1 m× 0.1 m× 0.1 m to white noise excitation of 1 N2/Hz at the free end
of the rod in blue, and to fully correlated white noise body excitation of 1 (N/m)2/Hz
in orange. The properties of the rod are found in Table 4.1.

for all x, x′ and ω. In Figure 4.2, the results are plotted in orange. Again, peaks are visible
at the same eigenfrequencies, because the eigenfrequencies are independent of the applied
force. However, the behaviour between these peaks has changed. That is because the
modal force no longer only takes into account the mode shape at the end of the rod, but
instead along the entire rod. Therefore, it is quite logical that the first mode is most present,
because this mode only extends the rod in one direction (as can be seen in Figure 5.2,
where we show the same modes of this system, but calculated with the finite element
method), which means the fully correlated force does not contract the rod in some place
and extends it in others. This is the case for modes of higher order than the first, and
therefore the response is not as high compared to the boundary load case. They have at
least one node which causes the force at to work against mode excitation in some ranges.

4.3 2d continuous systems with random excitation

We will now continue with a 2-dimensional problem. 2-dimensional problems often have
real-world applications, such as outer panels on an aircraft or ship that are excited by
a turbulent boundary layer. Therefore, the analytical calculation can be interesting for
comparison between experiment and theory in these systems. For a 2-dimensional system,
we can easily adapt Equation 4.10 and Equation 4.11. We can simply integrate the 2D
modes over the entire area A in both the x and y-direction to obtain the excitation modal
spectrum

Sh,kl (ω) =
∫
A

∫
A

ψk(x, y)ψl(x′, y′)S f
(
x, x′, y, y′, ω

)
dx dy dx′ dy′ . (4.17)

Now all that is needed to obtain the output spectrum is sum the forces multiplied with
their modes and transfer functions

Sq
(
x, x′, y, y′, ω

)
=

∞

∑
k=1

∞

∑
l=1

ψk(x, y)ψl(x′, y′)Ḡk(ω)Gl(ω)Sh,kl (ω) . (4.18)
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This time, our modes need to be normalised such that∫
A

ρ(x, y)ψ2
k(x, y)dx dy = 1, (4.19)

where ρ is the density of the material in kg/m2. As we can see, these calculations are indeed
very similar to the 1-dimensional case. However, they are much more computationally
intensive, because one has to integrate over the area, instead of the length of the system.

Example 4.3.1. Let us look at an example of a rectangular plate that is stochastically
excited. This example is largely based on work by De Rosa and Franco [21]. For this
example we will use a plate that is simply supported along the edges. This means that the
edges are free to move in-plane, but no displacement is allowed out-of-plane, i.e. fixed
in the z-direction. In Figure 4.3 a graphical representation of the system is shown. The
dashed lines indicate the simply supported edges. The arrows indicate the direction of the
excitation.

Figure 4.3: The plate used to calculate the PSD response of the system. The plate is simply
supported, i.e. restrained in the z-direction on all sides, as indicated by the dashed lines
( ). The direction of the equally distributed white noise body excitation is indicated
with arrows.

Because we are doing a modal analysis, we will need to find the eigenfrequencies and
modes. Eigenfrequencies and mode shapes of many types of plates were described by
Leissa.[22] For a simply supported plate used here the eigenfrequencies are [22, p. 44]

ωk =

√
Eh2

12ρ(1 − ν2)

[(
jxπ
a

)2

+

(
jyπ
b

)2
]

. (4.20)

Here E is again the modulus of elasticity, ν is the Poisson’s ratio, h is the (uniform)
thickness of the plate, and a and b are the lengths of the plate in the x and y-directions
respectively. jx and jy are integers that can be varied separately from each other to obtain
the different eigenfrequencies. In Table 4.3 the properties of the plate used in this example
are given.

a b h E ν ρ

0.768 m 0.328 m 0.0016 m 70 GPa 0.33 11.2 kg/m2

Table 4.3: The properties of the simply supported plate used in Example 4.3.1.
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We order the eigenfrequencies by value. That means that the eigenfrequencies with jx = 2,
jy = 1 is not necessarily ω2. This will depend on the value a and b. In Table 4.4, the lowest
ten eigenfrequencies with their corresponding jx and jy are given. The damping factor ζ

was 0.01 for each eigenmode. The eigenmodes, giving the displacement out of plane, i.e.
in the z-direction, normalised as shown in Equation 4.19, are [22]

ψk =
2√
abρ

sin
(

jxπx
a

)
sin
(

jyπy
b

)
. (4.21)

ω1 ω2 ω3 ω4 ω5 ω6 ω7 ω8 ω9 ω10

Freq. (rad/s) 270 395 604 896 956 1081 1271 1289 1581 1729

Freq. (Hz) 43 63 96 143 152 172 202 205 252 275

(jx, jy) (1, 1) (2, 1) (3, 1) (4, 1) (1, 2) (2, 2) (5, 1) (3, 2) (4, 2) (6, 1)

Table 4.4: The lowest ten eigenfrequencies of the plate in both rad/s and Hz. The corresponding jx
and jy are also given.

We use a fully correlated body load of 1 Pa2/Hz as excitation in this case. That is

S f (x, y, x′, y′) = 1 Pa2/Hz (4.22)

for all x, x′, y, and y′. In this calculation, the 20 eigenmodes with the lowest eigenfre-
quencies were taken into consideration. In Figure 4.4 the response in the z-direction is
given at x = a/2, y = b/2. We do not see a response at every eigenfrequency. This is
caused by the fact that some modes will have zero displacement in the middle of the plate.
Therefore, one will not see these modes in the response. Also, because of the body loading,
antisymmetric modes will not be excited, and therefore will not be visible in the response.
The antisymmetric modes also cannot have any displacement in the middle of the plate,
thus are not visible for both reasons.

4.4 3d systems

For completeness, the formula for the response of a 3-dimensional system is also provided

Sq
(
x, x′, y, y′, z, z′, ω

)
=

n

∑
k=1

n

∑
l=1

ψk(x, y, z)ψl(x′, y′, z′)Ḡk(ω)Gl(ω)∫
V

∫
V

ψk(χ, κ, µ)ψl(χ
′, κ′, µ′)S f

(
χ, κ, µ, χ′, κ′, µ′, ω

)
dχ dχ′ dκ dκ′ dµ dµ′ .

(4.23)

Here we have to integrate over the entire domain V. The dummy variables χ, κ, and µ are
used for calculating the modal force.

4.5 conclusion

In principle, we can now calculate the response for any system for which we know the
analytical mode shapes. However, calculating these analytical mode shapes is often not
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Figure 4.4: The response of a steel plate of dimensions 0.768 m × 0.328 m × 0.0016 m in out-of-
plane vibration at x = 0.384, y = 0.164 to a white noise body load of 1 N2/Hz. The
properties of the plate can be found in Table 4.3.

possible for complicated geometries with specific boundary conditions. Therefore, we
will now turn towards finite element methods which are able to reasonably approximate
any geometry. This will bring us significantly closer to the geometry of a propeller. The
analytical calculations in this chapter will however still be useful in verifying the finite
element theory for simple systems.





5
F I N I T E E L E M E N T S Y S T E M S

We have shown in Chapter 4 that we can calculate the response for any continuous
system for which we know the analytically defined modes. In most cases however, the
modes are not known analytically. That is why we turn to the finite element method. In
a finite element calculation, a structure is divided into small elements, which are used
to calculate the eigenmodes. There are many books that give a detailed explanation of
the finite element method, such as the ones by Ottosen and Petersson [23], or Fish and
Belytschko [24]. Therefore, we will not go in depth into the exact calculations of the finite
element method here. In this chapter, we will compare the analytical solutions of the beam
in axial vibration to the one using the finite element method. Apart from this, we will look
at the more complicated structure of an elliptical flat plate, which has no analytical modes.

Although it is possible to calculate a stochastic response using the commercial software
package COMSOL Multiphysics, it is unable to deal with position-dependent excitation
spectra as in the case of a marine propeller. Therefore, we would like to be able to calculate
the response ourselves, and allow for a position dependency of the excitation. First, we
turn towards position-independent spectra, to verify our calculations using the analytical
methods from Chapter 4 and COMSOL Multiphysics’ own output. Afterwards, we also
use the analytical method to verify the response to position-dependent excitations. A
more in-depth look at a possible excitation spectrum for a marine propeller is provided in
Chapter 8.

5.1 proportional damping

COMSOL Multiphysics calculates the response of a stochastically excited system with a
finite element modal analysis, as we are trying to do here. Within COMSOL Multiphysics
there is the capability to extract the value of the eigenmodes at the nodes of a finite
element system. In Appendix A some example code of how to do this is given. In this
way, we can construct a matrix of eigenmode vectors U. The columns of U represent the
eigenvectors, with each row corresponding to a certain degree of freedom. The eigenmodes
should be real in the case of proportional damping, although in COMSOL Multiphysics
they sometimes contain a negligibly small imaginary component. These eigenmodes are
normalised in the same way as we saw in Equation 3.6 such that

UTMU = I. (5.1)

We can also extract the eigenfrequencies from COMSOL Multiphysics. Thus, we have all
ingredients required to calculate the response power spectral density. Using the matrix of
eigenmodes U and the eigenfrequencies we can calculate the response spectral density
matrix Sq using the expression

Sq(ω) = UḠ(ω)UTS f (ω)UG(ω)UT, (3.39)

37
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which we derived earlier in Section 3.3. This direct transfer from multi-degree-of-freedom
systems shows why our calculations in Chapter 3 were very useful, even if they did not
yet represent a physical system. For now, we can only calculate the response at the nodes,
which is where we know the value of the eigenmode. If we also want to determine the
response between these points, we have to do some kind of interpolation which is beyond
the scope of this thesis. Also, this approach will in general only work for proportional
damping as we saw in Section 3.2 or if mode-specific damping factors are provided,
because the eigenmodes are not given in state-space. This means we do not have a left
and right eigenmode that can diagonalise the state-space matrix of the system.

5.1.1 Comparing the results of the analytical and finite element method

In this section we will compare the response calculated with three methods. The first is
the analytical method derived in Chapter 4 for continuous systems, the second is the one
provided in this section for the finite element method, where we extract the eigenvector
matrix U from COMSOL Multiphysics. Lastly, we will compare these to the results that
COMSOL Multiphysics can produce within its own user interface. Because our analytical
method only works for systems for which we have an analytical mode shape, we use very
simple systems at first. Once we have used such systems to prove that our finite element
method provides correct results, we move on towards more propeller-like geometries,
such as an elliptical flat plate.

Example 5.1.1. As example of our FEM calculations, let us find the response of the rod
used in Example 4.2.1 excited by a white noise boundary load. We have to model the
rod in COMSOL Multiphysics in such a way that only axial modes are found. This can
be done by restraining the system in the proper way. The way we have chosen here, is
to implement a symmetry condition along two sides of the beam. This means that two
sides of the rod always have the exact same displacement, as if they were connected. If
one uses this kind of symmetry conditions, it suffices to only model one fourth of the
rod in the yz-plane to get the complete results. In Figure 5.1 a graphical representation of
the rod and its boundary conditions are shown. Note from the dimensions that we only
modelled one fourth of the rod, as the initial dimensions were 1 m × 0.1 m × 0.1 m and
now 1 m × 0.05 m × 0.05 m.

Figure 5.1: The rod modelled in COMSOL Multiphysics. The symmetry condition ( ) on two
sides is marked as well as the fixed end ( ). A boundary load, as used in Example 5.1.1
is also indicated, with the four arrows corresponding to the four nodes at the end of
the rod.
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The eigenmodes that were calculated by COMSOL Multiphysics, together with the mesh
used to model the rod are shown in Figure 5.2. For these eigenmodes, we have plotted the
displacement in the axial direction. The darker the colour, the larger the displacement in
the axial direction. The shape of the rod is the true mode shape, therefore we also see some
displacement in the yz-plane for higher modes, because the contraction of the rod caused
the rod to broaden in certain other areas. One can clearly see that these are axial modes.
This was also the reason only seven eigenmodes were chosen in Example 4.2.1. For higher
modes, we could no longer visually confirm that they were indeed axial eigenmodes in
COMSOL Multiphysics. Also, for these higher modes the non-axial component increases
in importance, and the 1-dimensional approximation, which requires the rod to be slender
compared to the wave length, is no longer valid.

Figure 5.2: In the top left the mesh used to calculate the mode shapes is shown. The other
seven images are the first seven eigenmodes of the system. The color represents the
displacement in the x-direction for the eigenmodes of the rod as calculated by COMSOL
Multiphysics. The darker the colour, the larger the displacement in the axial direction
(x-direction). The shape of the rod represents the actual displacement.

The next step in finding the response, is generating the excitation spectral density matrix
S f from Equation 3.39. The matrix will look like

S f =

Sxx Sxy Sxz

Syx Syy Syz

Szx Szy Szz

 , (5.2)

where the subscripts correspond to the set of degrees of freedom in a certain direction.
Our system consists of 100 elements (which can be confirmed by very carefully looking
at the top left image in Figure 5.2) and 404 nodes (each vertex in the meshing is a node),
which makes for 1212 degrees of freedom. Therefore, S f will be a 1212 × 1212 matrix.
Because we only have a boundary load in the x-direction, all components will be zero,
except for the submatrix Sxx. This excitation spectral density matrix in the x-direction will
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also contain only zeros, except for the four nodes corresponding to the degrees of freedom
at the end of the rod

Sxx =


0 . . . 0
...

. . .
...

0 . . . Snode
4×4

 . (5.3)

Snode
4×4 is a 4 × 4 matrix (corresponding to the four degrees of freedom at the end of

the rod) with all components equal to Snode. This converts the 1-dimensional boundary
load to a surface loading on the nodal points. Snode is the nodal load needed to mimic the
white noise boundary load of 1 N2/Hz in the 1-dimensional system. The cross components
are also equal to Snode, because the boundary load has to be fully correlated to imitate
the 1-dimensional case. We can find the value of Snode by defining that the total surface
loading spectral density SA(y, z) over the entire end of the rod should be equal to the
applied 1-dimensional power spectral density S1D. This gives us the following equality∫

A

∫
A

SA(y, z) (dA)2 = S1D = 1 N2/Hz, (5.4)

where we used the area of the full rod (of dimensions 0.1 m × 0.1 m) as boundaries for
the integral. Solving this equation gives us that SA(y, z) = 10 000 (N/m2)2/Hz. This
force has to be divided equally over the four nodes at the end of the rod. Because each
node corresponds to an equal area, each node experiences the same force. The area
corresponding to one such node is Anode =

1
4 ·

1
4 A = 1

16 A. The first factor of one fourth is
because we are only modelling one fourth of the rod, the second one because there are
four nodes at the end of the rod. This means each node has a corresponding excitation
spectral density of

Snode = SA A2
node = SA

(
A
16

)2

= 0.0039 N2/Hz. (5.5)

Now we have all ingredients we need to calculate the response, except for the damping
factor corresponding to each mode. The damping factors are the same as in the analytical
case, which were ζ = 0.05 for each mode.

In Figure 5.3 the response calculated using the FEM-based approach described in this
chapter (FEM Method) is shown in blue. In orange, the analytical response calculation
from Example 4.2.1 is plotted, and in green the response by COMSOL Multiphysics’s
software. The results of both the analytical calculation and the FEM method calculation
match very well at lower frequencies. However, at higher frequencies the two curves
deviate more. This is caused by the fact that the eigenfrequencies are no longer the same
for the analytical and FEM method. An explanation for this is that, as mentioned earlier,
for higher order modes the 1-dimensional approximation ceases to be valid. The non-axial
components are playing a significant role. Note also, that this mismatch starts to appear
when the wavelength shrinks closer to the order of magnitude of the diameter of the rod.
The speed of sound in steel is approximately 5000 m/s, thus the wavelength is about 0.4 m
at 12.5 kHz.[25] This explanation is confirmed if we make the rod longer. As Figure 5.4
shows, the methods now match for the higher modes as well. If the rod is longer, the
non-axial displacement will be lower for higher modes, thus the rod can be described
better by the 1-dimensional system.
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COMSOL Multiphysics is also capable of calculating the response within its own software,
allowing us to skip the steps of extracting the eigenmodes, converting the excitation
spectral density, and calculating this response. Instead, COMSOL Multiphysics can directly
generate a plot of the response at a certain point, as shown in Figure 5.3. We see that our
response and the one provided by COMSOL Multiphysics are indeed practically identical.
A major downside to using COMSOL Multiphysics to calculate the response is that it
cannot handle coordinate-dependent excitation spectra or cross-correlations as we will see
in Section 5.2. This means that it is not suitable for the coordinate-dependent excitation
spectra of the propeller blade.

Figure 5.3: The power spectral density of the displacement of the end of a rod in axial vibration
of dimensions 1 m × 0.1 m × 0.1 m to a white noise boundary load of 1 N2/Hz for
the FEM method calculation in blue, the analytical method in orange, and COMSOL
Multiphysics in green. In the FEM method and COMSOL Multiphysics calculation we
used a symmetry condition to ensure only axial modes are present.

Figure 5.4: The power spectral density of the displacement of the same system as Figure 5.3, but
now five times as long, giving the rod dimensions of 5 m × 0.1 m × 0.1 m.
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This shows that we can indeed apply boundary loads, and obtain results similar to
COMSOL Multiphysics and the analytical calculations, using our own FEM-based method.
However, the pressure spectrum applied on a propeller blade will be a load on all sides of
the propeller. Therefore, we will now show that we are also able to deal with body loads,
which apply a force in all nodes in the system. This has the advantage that it is basically
the most complete loading, so that we can apply any shape of pressure loading we would
like.

Example 5.1.2. As another example, we can apply a fully correlated body load to the
same rod we saw in Example 5.1.1, as depicted in Figure 5.1. To this end, we should first
generate the excitation spectral density matrix S f as seen in Equation 5.2. Just as in the
boundary load case, all components of the input spectral density matrix S f are zero except
for the Sxx components, because we only have excitation in this direction. However, in this
case we have two types of nodes. Those at the two ends of the rod, and those not at the
ends, i.e. body nodes. Sxx is now given by

Sxx =


S4×4

end S4×396
cross S4×4

cross

S396×4
cross S396×396

body S396×4
cross

S4×4
cross S4×396

cross S4×4
end

 , (5.6)

where we split up the two ends of the rod into two submatrices, as this ordering is most
intuitive (the first four degrees of freedom correspond to the nodes at x = 0 and the last
four to those at x = 1). We also used a similar notation as earlier to clarify the size of the
matrices, for example the submatrix S396×396

body consists of 396 × 396 elements with values
Sbody. The cross-correlation spectrum between two nodes is given by

Scross =
√

SendSbody, (5.7)

which gives us the proper fully correlated cross-spectra.

Now, we have to calculate the equivalent nodal load. This time, we are working with
volume forces acting on the entire volume V = 1 m × 0.1 m × 0.1 m = 0.01 m3 instead of a
boundary load. Therefore, we obtain the following equivalence relation∫

V

∫
V

SV(y, z) (dV)2 = S1D = 1 N2/Hz. (5.8)

Solving this equation gives us that SV(y, z) = 10 000 (N/m3)2/Hz. This force has to be
divided equally over the rod. Therefore, each node experiences a force related to its
corresponding volume. This gives us a force at a certain node of

Snode = SVV2
node. (5.9)

Let us first calculate the volume associated with an end node Vend. There are 8 nodes
connected to one element, and we modelled only one fourth of the beam, thus

Vend =
1
8
· 1

4
· (V/Nelements) = 3.125 × 10−6 m3, (5.10)

where V is the volume of the rod, and Nelements is the number of elements used for the
meshing. In this case the number of elements Nelements = 100.
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Now for the body nodes, they have twice the corresponding volume, because they are
connected to two elements. Therefore, the volume associated with these nodes Vbody is
also twice as large as an end node

Vbody = 2 · 1
8
· 1

4
· (V/Nelements) = (V/Nelements)/16 = 6.25 × 10−6 m3. (5.11)

This results in an excitation power spectral density applied to an end node with volume
Vend of

Send = SVV2
end = 9.77 × 10−8 N2/Hz. (5.12)

For a body node the applied power spectral density is

Sbody = SVV2
body = 3.91 × 10−7 N2/Hz. (5.13)

In Figure 5.5, the results are shown for all three methods. We see a perfect match between
the FEM method calculation and COMSOL Multiphysics. Again, we see the effect of the
mismatch in eigenfrequencies at higher frequencies between the analytical case and the
other two. This mismatch happens around the same frequency as the boundary load
case. As mentioned in the previous example, this is caused by the fact that the model for
the FEM method calculation is not truly a 1-dimensional model, which becomes more
apparent for higher order modes.

Figure 5.5: The PSD response of a rod of dimensions 1 m× 0.1 m× 0.1 m with symmetry boundary
conditions to a white noise body load of 1 N2/Hz for FEM calculation in blue, the
analytical calculation in orange, and COMSOL Multiphysics in green.

5.1.2 A more complicated geometry: the Burrill plate

So far, we have only verified our method for simple systems. The interest of this work, a
marine propeller, has a more complicated geometry. A marine propeller however is very
computationally intensive as it is quite a big system. Therefore, we will use the Burrill
plate as an academic substitute of a real propeller. It was first used by Burrill in 1949 for
underwater vibration tests.[26] In Figure 5.6 a schematic version of the plate is shown,
together with its dimensions. The lines at the left of the plate indicate that it is fixed on
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that side. The Burrill plate is also referred to as an elliptical flat plate. In principle, the
exact geometry of our system does not matter when it comes to testing our results, as the
FEM-based approach is independent of the geometry. Therefore, the results presented in
this chapter can directly be used in calculations on a real marine propeller.

Lb

ra

rb

Lr
ra 67.31 mm

rb 43.05 mm

Lb 131.32 mm

Lr 50.8 mm

Thickness 1.359 mm

Figure 5.6: Top view of the Burrill plate and its dimensions. The lines at the base indicate the plate
is fixed there ( ). The red dot represents the position of the applied force perpendicular
to the plate.

We apply the method described earlier in this chapter to calculate the response. In
Figure 5.7 the first five eigenmodes of the plate are shown. We apply a point load of
1 N2/Hz to the tip of the blade (the red dot in Figure 5.6), and calculate the response in
the same place. In Figure 5.8 the results of the response calculations are shown. We see
that both our own FEM method and COMSOL Multiphysics practically give the same
response.

Figure 5.7: The first five eigenmodes and their eigenfrequencies of the Burrill plate. The darker
the colour, the larger the overall displacement.

If we zoom in on the results, as shown in Figure 5.9, we see that there is no peak visible
for the second and fifth eigenmode. This is because these modes do not have a significant
displacement in the z-direction (perpendicular to the plate) in the tip as shown in Figure 5.7.
Thus, they are not excited, nor will they be present in the response spectrum at the tip.
Also, the fourth eigenmode does not show up, because the displacement of the tip is only
in the plane of the plate, and not in the z-direction. The first and third eigenmode do show
up, because they do have a displacement of the tip in the z-direction.

Overall, we can state that we can indeed calculate the response for more complicated
structures, which is necessary if one wants to calculate the response of a geometrically
complicated structured without analytical modes, such as a marine propeller. This section
shows that we can calculate the vibrational response to a position-independent excitation
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Figure 5.8: The PSD response of the Burrill plate at the tip to a white noise point load of 1 N2/Hz
at the tip, for our calculation in blue, and COMSOL Multiphysics in orange.

for an arbitrary geometry, such as a marine propeller. As we will show in the next section,
we have also improved upon COMSOL Multiphysics’s calculation, as we are capable of
dealing with spectra that vary based on the position and cross-spectra that account for the
distance between points. This is vital for calculating the noise from marine propellers, as
the turbulent boundary layer also depends on position, and has cross-spectra that depend
on the position and distance between points.

Figure 5.9: The response of the Burrill plate at the tip to a white noise point load of 1 N2/Hz at
the tip, for our calculation in blue, and COMSOL Multiphysics in orange. Only the
frequency range in which the first five eigenmodes are located is shown. The red dots
are placed at the frequencies of these first five eigenmodes.
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5.2 coordinate-dependent excitation spectra

As mentioned earlier, the excitation spectrum on the blade of a marine propeller depends
on the position, as is often the case in real-life applications. Its cross-spectra also depend
on the distance between two points. COMSOL Multiphysics is unable to deal with such
position or distance-dependent spectra. Therefore, we have developed our own FEM
calculations earlier in this chapter. We can now compare our calculations to the analytical
case for cross-spectra that depend on the distance between two points. We can do this for
the 1-dimensional rod in axial vibration we saw earlier in this chapter. It was chosen to
compare the calculations on the extended rod with a length of 5 m, because this made a
better match to the analytical system. The applied spectrum S f was in the analytical case

S f (x, x′, ω) = xe|x−x′|. (5.14)

Of course, we have to convert this to a nodal loading. This was done by assuming that the
loading does not change between the nodes. That is, the spectral density of the loading at
one node was just multiplied with the volume corresponding to it. The cross-spectrum
was then only dependent on the distance between these two nodes. In Figure 5.10 the
results are shown. It is indeed confirmed that the results of the FEM method are equal
to the analytical method. We can thus state that our method can also deal with distance-
dependent cross-spectra, and auto-spectra that depend on position. This is important,
because it is essential to our goal of describing a propeller excited by a turbulent boundary,
which is dependent on the distance between points and the exact position on the blade.

Figure 5.10: The power spectral density of the displacement of the end of a rod in axial vibration
of dimensions 5 m× 0.1 m× 0.1 m to a body load with a cross-correlation that depends
on the position as shown in Equation 5.14 for the FEM method calculation in blue and
the analytical method in orange. In the FEM method calculation we used a symmetry
condition to ensure only axial modes are present.

5.3 arbitrary damping

Generally, in the case of acoustic radiation, the system is not described well by proportional
damping. One very important case we will see in the next chapter, is that of coupled
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systems. Coupled systems are needed for calculating the radiated noise from a propeller,
and never have proportional damping matrices. In such cases, we would like to be able
to use arbitrary damping. To this end, we can use the state-space description derived in
Section 3.4, which gave us the solution

Sx(ω) = XḠ(ω)YHBS f (ω)BHYG(ω)XH. (3.68)

We do however have to calculate our own state-space eigenmodes, because COMSOL
Multiphysics does not provide them. We can extract the mass, damping, and stiffness
matrix from COMSOL Multiphysics, and calculate the eigenmodes through the state-
space matrix as shown earlier in Equation 3.44. The rows and columns of the matrices
corresponding to those degrees of freedom that are fixed have already been removed by
COMSOL Multiphysics. This allows us to calculate modes that adhere to the imposed
constraints. This however also restricts us. Only the fixed constraints are directly applied.
We cannot directly extract system matrices with symmetry or other types of boundary
conditions already applied from COMSOL Multiphysics. We can however, constrain
the system matrices ourselves by removing certain rows and columns. Many boundary
conditions can be written as such constraints, and can therefore be implemented by
ourselves.

Example 5.3.1. Let us do a calculation using the state-space method, where we compare
our results with COMSOL Multiphysics. In this case, we calculate the response to a
body load of 1 (N/m3)2/Hz, applied to a flat plate. This plate is fixed on all sides, in all
directions. The dimensions of the plate are 1 m× 1.4 m× 0.01 m. In Figure 5.11 a schematic
of the plate is shown.

Figure 5.11: The plate used to calculate the PSD response of the system with the state-space
method. The plate is fully fixed on all sides as indicated by the lines ( ). The arrows
signify the body loading on the plate.

For our response calculation, we use all possible modes, which is the same number of
modes as the number of unconstrained degrees of freedom, giving us twice as many
eigenvectors in state-space. We used proportional damping with coefficients α = 10−6 s−1

and β = 10−8 s. The response was measured at point [0.4, 0.4, 0]. As we can see in
Figure 5.12, the responses calculated using the state-space FEM method (in blue) and
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COMSOL Multiphysics (in orange) match very well. This suggests that our state-space
method is indeed valid for this type of system.

Figure 5.12: The response of a rectangular plate with dimensions 1 m× 1.4 m× 0.01 m as shown in
Figure 5.11 to a white noise body load of 1 (N/m3)2/Hz for the state-space calculation
in blue and Comsol in orange.

One of the advantages of the modal calculation, is that for larger systems one can remove
certain unimportant modes to speed up the computation. This is also possible for state-
space calculations. If one would like to get rid of a mode, one can remove the two columns
corresponding to that eigenvalue in the right eigenvector matrix X. The left eigenvector
matrix Y can then easily be calculated by using the fact that they are each other’s inverse
(see Equation 3.57). In Figure 5.13, an example of this is shown. This is the response at the
tip of the Burrill plate to a white noise body load. In this case, only ten modes were taken
into account. The response still matches the response given by COMSOL Multiphysics
very well.

Figure 5.13: The response of the Burrill plate at the tip to a white noise body load of 1 (N/m3)2/Hz
for our calculation using state-space in blue and COMSOL Multiphysics in orange.
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5.3.1 Added mass of water

To simulate the effect of water on the structure, but mainly as an example of non-
proportional damping, one can add an extra term to the mass matrix. This term represents
the incompressible water surrounding the structure. More information on this can be found
in several books, such as the one by Zienkiewicz and Taylor [27]. Of course, incompressible
water is not physical, but it allows us to calculate mode shapes and responses for structures
that interact with fluids without having to simulate the entire fluid domain. In this case
however, the damping matrix will never be proportional to the mass and stiffness matrix,
because for proportional damping (C = αM + βK) the original matrices without the added
water mass are used. This is where the state-space method is essential for calculating the
response. As we will see in Chapter 6, the state-space method can also be used to calculate
the response of an object in a fluid in a more neat way, where the water is not represented
as an incompressible fluid, but instead fully simulated with finite elements.

In Figure 5.14 the response for a plate as shown in Figure 5.11 with added mass is given.
For this calculation we used 25 eigenmodes. The added mass had a density of 997 kg/m3,
which corresponds approximately to that of water.[28] Although the density of (sea)water
can vary, the exact value is not relevant for this example calculation. Our response and
the one calculated by COMSOL Multiphysics are in agreement, which indicates that this
state-space description is indeed able to deal with non-proportional damping matrices, as
will be needed for coupled systems.

Figure 5.14: The response of the rectangular plate as shown in Figure 5.11 with added mass and
dimensions 1 m × 1.4 m × 0.01 m to a white noise body load of 1 (N/m3)2/Hz for the
state-space calculation in blue and Comsol in orange.

5.3.2 Limitations of the state-space approach

Unfortunately, there are several limitations with the state-space approach. The first one
seems to be the rigid body modes. Rigid body modes are modes at zero frequency, where
the structure as a whole is translated or rotated. There are six of such modes, three
rotations and three translations. COMSOL Multiphysics and our calculation do not give
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the same answer when taking into account rigid body modes. This could be caused by
the fact that either our solver or the one COMSOL Multiphysics uses, becomes inaccurate
for modes with eigenvalue zero, as is the case for rigid body modes. In principle, these
rigid body modes are not relevant in the situations in which these random vibrations are
applied. Marine propellers are always connected to a rigid hub and thus do not display
rigid body modes, because the coordinate systems translates according to the movement
of this hub, thus invalidating these rigid modes.

Another limitation of the state-space method is the fact that in state-space using modes
calculated by ourselves, a point load does not seem to give the expected results. In
Figure 5.15, we can see the response of the plate used in Example 5.3.1 to a white noise
point load at position [0.4, 0.4, 0]. As we can see, the response using our calculation and
COMSOL Multiphysics are only a partial match. The peaks are at the right frequency, but
especially the antiresonances are very different. The response also does not match at zero
frequency and the high-frequency side.

Figure 5.15: The response spectrum of the rectangular plate with dimensions 1 m × 1.4 m × 0.01 m
at position [0.4, 0.4, 0] to a white noise point load at position [0.4, 0.4, 0] of 1 N2/Hz for
the calculation using state-space in blue and Comsol in orange.

An explanation for this difference could be that it is caused by the fact that a load on a
single node is not the same as a point load in COMSOL Multiphysics. However, if this
were the true cause of the difference, using a finer mesh should decrease the difference
between our calculation and the one from COMSOL Multiphysics, but this does not seem
to be the case.

An alternative explanation, which we believe to be the more likely one, could be that the
modes are not calculated correctly by us in state-space. The fact that for the proportional
finite element method as discussed in Section 5.1, where we directly extracted the modes
from COMSOL Multiphysics, we could implement a point load and obtain similar results to
COMSOL Multiphysics, indicates that this could be the case. This could be a consequence
of not understanding exactly what kind of system matrices COMSOL Multiphysics
provides, as we will also see in Chapter 6.
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There are also some similarities. We see in Figure 5.15 that the height and position
of the resonances are comparable in both cases. As often most energy is contained in
the resonances, the differences in antiresonances is of lesser importance. Apart from
this, in real-life situations, the excitations are never point-like. In most cases, such as a
marine propeller in turbulent flow, the excitation will be distributed over the whole object.
Therefore, these differences may be of little importance.

5.4 conclusion

In conclusion, it seems that we can now describe the vibrational response of non-
proportionally damped systems of arbitrary geometries. We have also improved upon
COMSOL Multiphysics’ software, by allowing for position-dependent spectra. In principle,
these possibilities together allow us to calculate the vibrational response of a marine
propeller, where we could mimic the effect of the water loading through added mass.
Although there are some differences between our approach and COMSOL Multiphysics,
they will vanish in most practical applications. However, we cannot yet calculate the
radiated noise. As we will see in the next chapter, the radiated noise can be approximated
using coupled modes, which makes for a non-proportional damping matrix in all cases.
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C O U P L E D S Y S T E M S

Being able to calculate the response of a structural system for any given excitation is only
the first step, as shown in Figure 1.1. Our goal was to calculate the radiated noise, for
which we obviously need a medium to radiate into. For marine propellers, the surrounding
environment of the propeller blade is not a vacuum, but water which has a mass that
cannot be neglected compared to that of the propeller. As shown before, we can use the
added-mass method to calculate the vibration of a structure in water. However, from there
we would still need to calculate the radiated noise, and the added-mass method does
not take into account the interaction between fluid and structure (apart from the extra
mass). An even more convenient and accurate approach would therefore be to use coupled
modes. In this chapter we will discuss how one can use coupled modes to calculate the
radiated intensity of the noise. This will conclude the work done in this thesis.

6.1 derivation of the response and radiated noise

For a coupled system, we still have a similar equation of motion as in the purely structural
case. Now however, the matrices also include components that couple the structural and
acoustic part. The equation of motion becomes the following [29][

Mss 0

M f s M f f

]{
⃗̈q
⃗̈p

}
+

[
Css 0

0 C f f

]{
⃗̇q
⃗̇p

}
+

[
Kss Ks f

0 K f f

]{
q⃗

p⃗

}
=

{
f⃗tbl

0⃗

}
, (6.1)

where we split the complete mass matrix M into its components: the structural mass matrix
Mss, the fluid mass matrix M f f , and the coupling matrix Ms f . A similar deconstruction was
done for the damping and stiffness matrix, where the subscript s indicates the structural
domain and f the fluid domain. We can directly extract these system matrices from
COMSOL Multiphysics. The vector q⃗ contains the nodal displacements of the structural
domain, while the vector p⃗ contains the nodal pressure in the fluid domain. The right
side of the equation contains the loading. For the structural domain, this is the turbulent
boundary layer pressure fluctuations ptbl which cause a nodal loading f⃗tbl. As shown
in Figure 1.1, this turbulent boundary layer is generated through multiple processes. In
Section 8.3 a model for this turbulent boundary layer is given for completeness, although
the characterisation of the turbulent boundary layer is beyond the scope of this thesis. Dos
Santos is working on this within the overarching project.[30] This turbulent boundary will
still need to be converted to nodal loadings, as mentioned in Chapter 5. If the mesh is
fine enough, this can be done similarly to Section 5.2, where you only take into account
the pressure at a node multiplied with its area. The fluid domain is not excited by any
external forces.[31]

In Equation 6.1 the damping matrix is no longer a linear combination of the mass and
stiffness matrix. This means that we should use the state-space method to calculate
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the eigenmodes and eigenvalues. The eigenvalues and vectors are calculated from the
following matrix A

A =


0 I

−
[

Mss 0

M f s M f f

]−1 [
Css 0

0 C f f

]
−
[

Mss 0

M f s M f f

]−1 [
Kss Ks f

0 K f f

] . (6.2)

This will give us a set of eigenvectors that consist of a structural part and a pressure part.
The other matrix B that we need to calculate the spectrum of the solution is given by

B =


0[

Mss 0

M f s M f f

]−1

 . (6.3)

This now allows us to calculate the response spectral density matrix Sq as we saw earlier
in Section 5.3

S(ω) = XḠ(ω)YHBS f (ω)BHYG(ω)XH. (3.68)

This matrix consists of four submatrices

S =

[
Sqq Spq

Sqp Spp

]
. (6.4)

The structural response is given by Sqq and the response of the pressure in the fluid
domain by Spp. These however, are not the most interesting quantities for calculating the
radiated noise. Instead, the submatrix Spq gives the pressure times the displacement at
the interface. This is interesting, because the sound intensity I (⃗r, ω) at a position r⃗ on
the surface of the object is given by pressure times complex conjugate of velocity in the
following way [32]

I (⃗r, ω) =
1
2

Re {p(ω)v̄⊥ (⃗r, ω)} , (6.5)

where v̄⊥ (⃗r, ω) is the velocity perpendicular to the surface at position r⃗. The quantity
Spq can easily be converted to the desired pressure-velocity spectrum Spv as we saw in
Equation 3.40 through

Spv = iωSpq. (6.6)

Of course, the sound intensity I(ω) is only defined at the surface of the structure. Therefore,
the only relevant elements in Spv are the ones that are the cross spectrum between a
structural node and a pressure node at the surface. Let us define the matrix of cross-
spectra between a pressure and structural node at the interface as Spv⊥(ω). If we integrate
this quantity over the entire surface of the vibrating object Γ we obtain the radiated sound
power Prad(ω) in the form of a spectral density [31, 32]

Prad(ω) =
1
2

∫
Γ

Re
{

Spv⊥ (⃗r, ω)
}

dΓ, (6.7)

where Spv⊥ (⃗r, ω) is the cross-spectrum normal to the surface at positions r⃗. It is needed
to make a suitable conversion from the value of Spv⊥(ω) at discrete node points to a
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continuous quantity used for integration. The most simple approximation would be the
same method as for the initial conversion of the pressure spectrum to nodal loadings,
where the nodal response is divided equally over its area. This would mean that the
integral in Equation 6.7 turns into a summation over all elements. An alternative could be
that Spv⊥ is interpolated linearly between two nodes. Other more complicated schemes
are of course also possible, such as a quadratic interpolation between the nodes.

In theory this now allows us to calculate the spectral density of the total radiated sound
power of any system that can be modelled using the finite element method, such as a
marine propeller in water. Apart from this, it would also be possible to calculate the
far-field radiated noise using the Helmholtz-Kirchhoff integral, which only depends on
the pressure and the velocity at the surface.[33]

Note here, that especially for marine propellers in a large body of water, a large piece of
the fluid domain has to be modelled as well. This means that the modal approach used
here will be vital in reducing the computational cost, by only using those modes that
are needed to describe the behaviour of the propeller in the frequency regime you are
interested in.

Example 6.1.1. As an example of such a coupled system, we will use a very simple one,
to save on computational cost. A plate with the edges fixed in all directions (density ρ =

2700 kg m−3, Poisson’s ratio ν = 0.33 and Young’s modulus E = 70 GPa) of dimensions
0.49 m× 0.244 m× 0.001 m on top of a tank filled with water (density ρ = 997 kg m−3, and
speed of sound c = 1481 m s−1) of dimensions 0.49 m × 0.244 m × 0.06 m. In Figure 6.1 a
schematic of the system is shown. The origin of the coordinate system lies in the bottom
corner of the fluid domain. In this case, we used 30 eigenmodes with frequencies between
464 Hz and 9985 Hz. The excitation was a white noise body load of 1 (N/m3)2/Hz in the
structural domain.

Figure 6.1: The mesh of the plate and water system that was used as an example of a coupled
system. The density of the fluid domain is ρ = 997 kg/m3, and the speed of sound
c = 1481 m s−1. The structural domain had a density of ρ = 2700 kg m−3, Poisson’s ratio
ν = 0.33 and a Young’s modulus of E = 70 GPa. The structural domain is indicated in
blue. The structural domain was fixed on all sides as indicated ( ).

In Figure 6.2 and Figure 6.3 the results for the calculation of respectively the vibrational
response of the structural domain and pressure response of the fluid domain are shown.
The displacement power spectral density in the structural domain was calculated at
[0.07, 0.061, 0.061], while the pressure spectral density in the fluid domain was evaluated
in [0, 0, 0]. In order to be able to show both our results and the one produced by COMSOL
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Multiphysics in the same figure, we had to scale our result with a factor of 10−24. We
can conclude that there is no match between the two methods. Apart from some peaks
at a similar eigenfrequency there are no real similarities for either the structural or fluid
domain response.

Figure 6.2: The power spectral density of the displacement at [0.07, 0.061, 0.061] to a white noise
body load of 1 (N/m3)2/Hz in the structural domain for our calculation in blue
and COMSOL Multiphysics in orange. The properties of the structural system were
ρ = 2700 kg m−3, ν = 0.33, E = 70 GPa, and of the fluid domain ρ = 997 kg m−3,
c = 1481 m s−1.

Figure 6.3: The power spectral density of the pressure in the fluid domain at [0, 0, 0] to a white
noise body load of 1 (N/m3)2/Hz in the structural domain for our calculation in blue
and COMSOL Multiphysics in orange. The properties of the structural system are the
same as in Figure 6.2.

In order to investigate these differences, we also calculate the same properties using the
same excitation, but now the water has been replaced by a very low density (fictional) fluid.
The fluid domain consists of a fluid with density ρ = 1 × 10−10 kg m−3, and a speed of
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sound c = 1 m s−1. For the calculations we used 14 eigenmodes with frequencies between
3595 Hz and 15 550 Hz.

In Figure 6.4 and Figure 6.5 the results are shown for respectively the structural and
fluid domain. As we can see, the results for the structural domain are a near perfect
match. Apart from a few features in the high frequency domain, the results are very
similar. The pressure domain calculations are again very different. The peaks at the correct
eigenfrequencies arise, but are not equal in shape or magnitude.

Figure 6.4: The power spectral density of the displacement in the structural domain at
[0.07, 0.061, 0.061] for our calculation in blue and COMSOL Multiphysics in orange. The
properties of the structural system were ρ = 2700 kg m−3, ν = 0.33 E = 70 GPa, and of
the fluid domain ρ = 1 × 10−10 kg m−3, c = 1 m s−1.

Figure 6.5: The power spectral density of the pressure in the fluid domain at [0, 0, 0] for our
calculation in blue and COMSOL Multiphysics in orange. The properties of the struc-
tural system were ρ = 2700 kg m−3, ν = 0.33 E = 70 GPa, and of the fluid domain
ρ = 1 × 10−10 kg m−3, c = 1 m s−1.

We can now conclude that our method and the calculation by COMSOL Multiphysics
are not the same. There seems to be a problem with the fluid part of the modes, as can
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be derived from the fact that the structural domain gives similar results in the case of a
near vacuum. We believe there is some scaling in the fluid part of the mass matrix that
causes this mismatch between the modes. This can also explain the larger difference for
the water-like fluid calculations. The fluid domain has a major impact on all modes. If
these modes are then not calculated correctly, the whole system will be distorted.

Another argument that supports the theory that we do not yet understand what COMSOL
Multiphysics exactly provides, is the fact that the mass matrix does not stay the same
upon applying constraints. Within COMSOL Multiphysics it is possible to extract both the
original mass matrix, and the mass matrix where constraints have already been built in,
i.e. those rows and columns removed that correspond to restricted degrees of freedom.
However, in the case of a coupled system, all mass matrix elements that correspond to
the structural domain also get scaled inversely with some factor times the fluid density.
This suggests that somehow the mass or fluid domain are not in the proper units before
applying the constraints.

Lastly, within COMSOL Multiphysics it is not possible to obtain the cross-spectral density
at the interface between the fluid and structural domains, or anywhere else for that matter.
Therefore, it is not possible to use COMSOL Multiphysics to extract Spq. Also, it seems
that COMSOL Multiphysics cannot even calculate the displacement spectral density of the
structural part at the interface.

6.2 conclusion

In conclusion, the theory developed in this chapter for coupled modes should be able to
calculate the intensity of the radiated noise for any system that can be modelled using
finite elements. This should combine both of the structural acoustics steps in Figure 1.1,
and directly give us the intensity of the radiated noise from the pressure fluctuations.
Note here, that the domain that is modelled using FEM is not infinitely large, as is the
common approximation for marine propeller in the sea. However, using a big enough
fluid domain (several times the longest wavelength of interest) could probably suffice.

However, it seems that the system matrices extracted from COMSOL Multiphysics are not
exactly what we think they are. Therefore, a mismatch arises between our calculations and
the one from COMSOL Multiphysics. COMSOL Multiphysics itself is also not capable of
calculating any spectra at the interface, and can therefore not be used as a replacement for
our own calculation. Also, COMSOL Multiphysics cannot deal with position-dependent
excitation spectra (with arbitrary coherence), as mentioned earlier, which is vital for doing
calculations concerning the turbulent boundary layer.

As a way forward, we would recommend using some open source software, such as
Elmer [34], to obtain the system matrices, so that one can more easily find out what is
going on. However, an even greater insight could be gained by calculating the system
matrices oneself, and comparing it to both the system matrices generated by COMSOL
Multiphysics and some other open source software package. An in-depth explanation of
how to construct these system matrices can be for example found in a paper by Liang
et al. on the numerical simulation of the fluid added mass effect for a Francis turbine in
water.[35]
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C O N C L U S I O N S

The goal of this work was to calculate the noise radiated by randomly excited structures.
We wanted to achieve this through coupled modes calculated with a finite element method.
This would allow for arbitrary geometries of the structural and fluid domain. However,
we first had to look towards simple system multi-degree-of-freedom systems to develop
the necessary theory and use analytical systems to verify our calculations.

We started with a look into multi-degree-of-freedom systems in Chapter 3 and saw that
we could describe the vibrations of these systems through power spectral densities. With
a modal analysis it was possible to calculate the response of the entire system through a
simple formula. The modal analysis was used frequently throughout this thesis, because it
can significantly reduce the complexity of the system when we can select only the relevant
modes for a specific purpose. For a marine propeller we can select only the modes that
are present in our desired frequency range, and therefore this is a viable strategy for
simplifying the calculations.

However, the modal approach was only possible for proportional damping matrices. In
order to allow non-proportional damping it was necessary to develop our own theory
using state-space. In state-space we used a solution vector consisting of a displacement
and velocity part. Using this new theory it was also possible to describe the response of
non-proportionally damped systems, which was later on needed for structural-acoustic
coupled systems. We verified the correctness of this theory by comparing it to the approach
that only worked for proportionally damped systems. The two approaches indeed gave
the exact same outcome. It was also found that the displacement and velocity part of the
solution vector were internally consistent. These multi-degree-of-freedom calculations
(both the proportional and non-proportional approach) are the basis on which the rest
of this work was built. The finite element calculations, which are used to calculate the
radiated noise, use the exact same theoretical basis.

In Chapter 4, we continued with continuous systems. These kinds of systems describe
the response of a vibrating object analytically. We used these analytical systems to verify
our calculations in Chapter 5 using the finite element method. We saw that we could
calculate the response for 1D, 2D, and 3D-systems using a modal approach. The downside
of using such a system is that it is necessary that one knows the mode shapes analytically.
This is mostly possible for very simple geometries, such as rods and plates. Analytical
expressions for the mode shapes depend on assumptions and approximations that are
only valid for the lower-frequency range. For a geometrically-complicated system such as
a propeller, it is not possible to find analytical mode shapes.

Because the analytical method was only applicable in specific circumstances, we had to
use a different method for more complicated geometries, such as a propeller. Therefore,
we turned towards finite element calculations in Chapter 5. The finite element method
can in principle describe any geometry. The finite element method gives mode shapes
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that can be used to calculate the response of systems, through the same methods we
used for multi-degree-of-freedom systems. This is also where we see a strength of the
modal approach. Usually, finite element systems consist of very many elements, say
(tens of) thousands. The behaviour of such a finite element system can be described
in the time or frequency domain, but we need very many time steps or many closely
sampled frequencies to describe the response adequately, and still we can miss peaks
easily. Therefore, the modal approach can significantly reduce the complexity of the
system and improve accuracy, because the response is dominated and describe reliably
by, say tens of these resonances. We saw that we could indeed use this approach to
calculate the response of certain systems, for which the damping matrix was proportional
to the mass and stiffness matrix. After using a finite element software to give us mode
shapes, we verified that the response obtained for a proportionally damped rod in axial
vibration matched the analytical calculations. We also verified that we could implement
position and distance-vector-dependent (cross) spectra as excitation. This was not possible
within the finite element software package (COMSOL Multiphysics) we used, but can be
implemented in our own calculations. These position-dependent calculations were also
verified using an analytical calculation, which indeed turned out to be a perfect match.

After it turned out we could describe proportionally damped systems using modes extrac-
ted from a finite element software, we moved on to non-proportionally damped systems.
Unfortunately, within this specific finite element package (COMSOL Multiphysics), it
was not possible to extract state-space eigenmodes. Therefore, we had to calculate them
ourselves. It turned out that it was very much possible to use the state-space method for
body loads. It was also possible to calculate the response of systems which had an added
mass component to simulate the effect of water loading on the structure. However, in the
case of point loads, the state-space approach did not seem give the same results as those
obtained through the finite element software. There are two possible explanations for this.
The first is that a point load should not be implemented at a single node, but instead be
spread out to mimic the effect of a true point load. However, increasing the density of the
nodes did not reduce the difference between the two methods, which would be expected
in the case of a badly mimicked point loading. A different explanation, that we therefore
find more likely, is that the modes are not calculated correctly. It could be that certain
strains and stresses are not incorporated into the mass, stiffness, and damping matrix, but
should be applied later. This hypothesis is strengthened by the fact that we could calculate
proportionally damped systems for which we extracted the mode shapes directly from the
finite element software.

The most important reason we developed the state-space approach, was to be able to
deal with coupled systems. In coupled systems there is an acoustic domain coupled to
the structural domain. We saw that the response of our calculation and the one given by
the FE software package did not match. We investigated this difference by modelling the
acoustic domain as a near vacuum. It turned out that in this case, the structural response
did match, whereas the pressure response still did not. We believe this mismatch is caused
by the incorrectness of the acoustic part of the mode shapes. This belief is strengthened by
looking at the system matrices extracted from the finite element software. We saw that
the constrained mass matrix was quite different from the unconstrained mass matrix in
the structural domain. That suggests that the original unconstrained mass matrix did not
have the fluid and mass part in the correct units.
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The reason these coupled modes would be so convenient, is that one can directly integrate
the cross spectrum of the pressure in the fluid and the velocity of the structure at the
interface to obtain the radiated sound power as shown in Section 6.1. This would be a
useful quantity to compare the radiated noise of two concept propellers, to aid in the
design phase. The far-field radiated noise can also be determine using the Helmholtz-
Kirchhoff integral.[33] To determine these quantities, it is also necessary to develop a
proper model for the excitation of the structure. This work is part of the overarching
PANPA project, in which this development also takes place.[30] In the outlook a first
description of the turbulent boundary layer is provided, together with suggestions for
improvements and experiments.

Overall, we do believe we have made significant steps in the development of a method
that can calculate the radiated noise. Using this radiated noise, one can turn towards
propeller design to minimise the radiated noise. Also, one can look at the spectrum and
find out if specific modes are more present than others, and try to remove or lower the
intensity of these modes. However, it is necessary to have a complete understanding of
the mass, damping, and stiffness matrices produced by a finite element software to be
able to properly calculate the response. It remains difficult to exactly understand what
calculations are done behind the scenes of a commercial software package. An alternative
to this could be to use an open source software package such as Elmer [34], where it is
easier to find out how exactly the (constrained) system matrices are generated. Another
advantage of open-source software, is that there is no licencing issue, and therefore it
is easier to involve multiple parties in a project. For very simple systems, such as the
example of a plate and a tank of water underneath, it is also possible to calculate the
system matrices oneself. By comparing system matrices, some insight into what is going
on behind the scenes in COMSOL Multiphysics could be obtained.
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O U T L O O K

In this chapter, some suggestions for continuing this research are presented. Apart from
this, a potential model for the turbulent boundary layer and its limitations are discussed.
This characterisation of the turbulent boundary layer on a marine propeller is the last
ingredient needed to properly calculate the radiated noise using coupled modes, as shown
in this thesis.

8.1 experiments to validate the theory

The first and most essential continuation of this research, would be to conduct an ex-
periment to validate this theoretical framework. This experiment should contain both an
exactly verifiable structure such as a plate, and a more complicated geometry such as
marine propeller. Within such an experiment, it would be wise to apply both a fully correl-
ated white noise spectrum, and a position (and frequency) dependent spectrum that has a
certain coherence spectrum based on the distance vector. In this way it would be possible to
calculate the response using the FE software that can only deal with position-independent
spectra, but also validate that the position-dependent spectra can be correctly modelled.
As part of the PANPA project, a first look into applying specific spectra at certain positions,
which is not trivial, has already been conducted by Mijnheer in unpublished work.

8.2 solving the mismatch in coupled systems

In order to look further into the mismatch between our approach in state-space and the
one provided by the finite element software COMSOL Multiphysics, it is necessary to
gain a deeper understanding of the FE software. Especially a better understanding of how
exactly the modes and matrices are calculated within this software would greatly increase
our chances of finding the error in either of the methods. One could look into the results
provided by different commercial finite element packages, such as Actran [36]. Comparing
these could give greater insight into what exactly is going on behind the scenes of a certain
FE software package. Alternatively, one could look towards open-source packages, such as
Elmer [34], where it is, in theory at least, easier to see what is going on. Lastly, calculating
the system matrices for a very simple system by oneself would give most insight. This
would be the most logical step to proceed with.

8.3 modelling the turbulent boundary layer

Apart from experimental verification and resolving issues in our model, a well-developed
theory for the turbulent boundary layer over a marine propeller is also essential for
describing the radiated noise of a marine propeller. Therefore, to properly model a marine
propeller a suitable model should be developed and tested.
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There have been many attempts to model the turbulent boundary layer.[37] This research,
however, has mostly been focussed on infinitely large flat plates and turbulent boundary
layers consisting of air, and not water. For infinitely large plates, the auto and cross-spectra
cannot depend on the position, but only on the distance vector, and therefore it does not
accurately represent a propeller geometry, where the spectrum does depend on position.
Characterising the exact wavenumber-frequency spectrum of the turbulent boundary
layer for arbitrary geometries, such as a propeller, is quite difficult, especially when the
geometry is hard to describe in the wave number domain. It is not within the scope of
this thesis, and would require many years of research on its own, if one succeeds at all.
The focus of this thesis was finding the stochastic response to an arbitrary stochastic
input pressure field. This section will however, provide some background information
about a possible model for the turbulent boundary layer on a propeller blade, as is being
researched in the PANPA project.

Both the turbulent boundary layer and the inflow turbulence are geometry-dependent.
Over the years, several models have been proposed for the resulting pressure field. In this
section we will go a bit more in depth on one such model. A model provided by Amiet
[12] for airfoils, which was later adapted by Mish and Devenport [38]. This model however,
was not developed for marine propellers. It does not take into account the disturbance
generated by the hull of the ship, behind which the propeller operates, although they
assume that the incoming flow can include turbulence, which can be described by a model
of choice, as we will see in Section 8.3.1.

As mentioned earlier, Amiet’s model was originally developed for an airfoil geometry. A
cross-sectional view of this geometry in show in Figure 8.1. The Amiet model assumes
zero angle of attack and isotropic incoming turbulence.[39] The zero angle of attack means
that the incoming turbulent flow is coming in parallel to the chord line of the airfoil, i.e.,
in the x-direction. This is another limitation of this model, as this is generally not the case
for a marine propeller.

A propeller geometry can be described using multiple of such airfoils. The way this is done
is shown in Figure 8.2. Each of these slices is assumed to be airfoil-like, but with different
chord lengths, thickness, etc. One can apply the Amiet spectrum tailored to each slice.
Using this model, we would ignore the effects of the orientation of the propeller in the
flow. We assume there is no interaction between these slices, and thus the cross-correlation
between them is zero. The width of a slice should be larger than the coherence length of
the turbulence, to reduce the error of the assumption that the cross-correlation between
the slices is zero. Another advantage of larger slices, is that the area at the edges of a slice,
where there is no interaction with a different slice becomes relatively smaller. However,

Figure 8.1: A side view of an airfoil geometry, which is symmetric in the xy-plane. In the Amiet
model it is assumed this is extended infinitely in the y-direction.
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Figure 8.2: A schematic representation of a propeller blade divide up into airfoil-like geometries.
The Amiet pressure spectrum can be applied to each slice individually. The Amiet
model does not account for the orientation of the blade as shown in this image (it
assumes zero angle of attack).

a downside of this is that the leading edge shape becomes less like the real propeller,
because of the curvature of the propeller blade that is absent within one airfoil slice. Also,
a propeller is not symmetric along the z-axis like an airfoil. The slices in Figure 8.2 do
not fully represent the ones that can be used for the Amiet model, as they still need to be
simplified further, because the Amiet model also assumes each slice is oriented at a zero
angle compared to the flow.

Now, for the individual slices, the spectrum can be given in terms of the pressure jump.
The pressure jump is simply the difference in pressure between both sides of the airfoil. A
model for the power spectral density of this pressure jump is given by De Santana [39]

S(x, x′, y, y′, ω) = 8U∞π2ρ2
∫ ∞

0
γ̄(x′, Kx, ky)γ(x, Kx, ky)Φww(Kx, ky)eiky(y−y′)dky, (8.1)

where U∞ is the uniform far-field velocity, which in the case of a marine propeller would
be influenced by the speed at which the propeller is rotating, and the wakefield of the
vessel. ρ is the fluid density, and ky is the span-wise wave number. Kx is a particular
chord-wise wave number given by Kx = ω/U∞. Φww is given by the two-dimensional
turbulence spectrum of the incoming flow.

The other term in the equation, the airfoil response function γ(x, Kx, ky), links the incoming
air flow to pressure differences over the airfoil, and is given by Mish [40]

γ = − χ

πβ

πx

( k2
y

β2 − µ2

)1/2

+ i (µM + kx)

−1/2

e
−x
(

k2
y

β2 −µ2
)1/2

+i(µM+kx)
, (8.2)

where M = U∞/c is the Mach number, with c the speed of sound in the medium. In the
case of marine propellers, this will be a very low number, as the speed of sound, say
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1500 m/s, is two orders of magnitude larger than the speed of the flow. The terms β and µ

are given by

β =
√

1 − M2 µ =
Mkx

β2 . (8.3)

Finally, χ is divided up into two cases, for span-wise wave numbers either large or small
compared to the chord-wise wave number. χ is given by

χ =


1 −

( x
2

)1/2

1 − erf

(2 (2 − x)
(
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y
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π
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 for ky < (M/
√
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.

(8.4)

Here E[.] is the Fresnel integral function given by

E[x] = erf[((1 − i)
√

x/2)/(1 − i)] (8.5)

and erf[.] is the error-function given by

erf[z] =
1√
π

∫ z

0
e−t2

dt . (8.6)

In principle, if a model for the inflow turbulence Φww is chosen, the pressure spectrum on
the airfoils can directly be applied. In our modelling of the radiated noise, we would need
to integrate this pressure over the area surrounding a node, to find the corresponding
nodal loading. From there we can calculate the radiate noise as shown in Chapter 6.

8.3.1 Turbulence spectrum

Although many models have been formulated for the inflow turbulence Φww, the Von
Kármán spectrum as given by Paterson and Amiet [41] is most commonly used (for
the explicit expression, see the work by Dos Santos et al. [30, Eq. 6]). This Von Kármán
turbulence spectrum was optimised for wind gusts in the atmosphere causing turbulence,
and thus does not necessarily represent the turbulence generated by the ship wake field
and the turbulent boundary layer. Several adaptations of this spectrum have already been
proposed, such as modelling the dissipation range by Pope.[30, 42] The latter spectrum
was also experimentally verified in a work by Dos Santos et al.[30]. However, exactly
classifying this kind of turbulence, and improving the analytical spectrum to better fit
experimental data is a study on its own, which is being conducted as a different part of
the larger PANPA project (of which this thesis is also a part) at the University of Twente.

Still, Pope’s spectrum was also not designed for marine propellers. Also, the experiments
being conducted at the University of Twente are done in a wind tunnel. This might still
need to be translated to a description of the spectrum of the turbulent flow of a ship wake
field, which is a different geometry and medium. Therefore, an experiment validating that
this spectrum could indeed also apply for underwater structures would be very useful to
conduct.
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In the same vein, the model by Amiet for the transfer of the turbulence spectrum to
pressures on the airfoil, was mainly meant for airfoil geometries in air. An experiment
using an airfoil in water would already be interesting to validate whether this theory is
still suitable. The different fluid densities could have an impact on the transfer of the
turbulent flow to pressures on the airfoil.

8.4 optimisation of the propeller and other applications

Further research once the theoretical framework has been verified could look into optim-
ising the shape and material of the propeller. Of course the goal is then to minimise the
radiated noise. Alternatively, one could look into applying this theory to different parts of
a ship, or completely different fields, such as aerospace engineering, car manufacturing,
HVAC (heating, ventilation, and air conditioning) or civil engineering to name a few.





A
C O M P U TAT I O N A L N O T E S

This appendix provides some computational notes to guide the reader in the reproduction
of my work. This includes how to extract the needed matrices and vectors from COMSOL
Multiphysics using Matlab, and some recommendations for speeding up the code.

a.1 extracting variables from comsol multiphysics

The first step in extracting values from COMSOL Multiphysics through Matlab, is by
connecting to the COMSOL Multiphysics server. This is most easily done by using the
COMSOL Multiphysics with Matlab script for Matlab provided by COMSOL Multiphysics.

Once this is script is run, Matlab will automatically start. The first thing to do is import
your COMSOL Multiphysics model in the Matlab code.

1 model = mphopen(’model.mph’);

This model will be used to extract the mass, damping, and stiffness matrices, as well as
the eigenvectors and values already calculated by COMSOL Multiphysics.

a.1.1 System matrices

Let us first extract the system matrices. This can be done in the following way

2 mass_matrix = mphmatrix(model,’sol1’,’out’,{’E’}).E;

3 stiff_matrix = mphmatrix(model,’sol1’,’out’,{’K’}).K;

4 damp_matrix = mphmatrix(model,’sol1’,’out’,{’D’}).D;

Here one has to make sure that the eigenfrequency analysis done in within the COMSOL
Multiphysics framework is the first solution (’sol1’). If this is not the case, this should be
changed to whatever solution name is given to the eigenfrequency analysis. Apart from
these matrices, we can also extract the constrained matrices. In these matrices, the rows
and columns of constrained degrees of freedom are already removed. This can simply be
done by changing the name of the variable you want to extract.

5 constrained_mass_matrix = mphmatrix(model,’sol1’,’out’,{’Ec’}).Ec;

6 constrained_stiff_matrix = mphmatrix(model,’sol1’,’out’,{’Kc’}).Kc;

7 constrained_damp_matrix = mphmatrix(model,’sol1’,’out’,{’Dc’}).Dc;

Now, it is also essential to know which nodes correspond to which row and column in these
matrices. The following code snippet allows us to extract all the necessary information.

8 dof_information = mphxmeshinfo(model).nodes.dofs;

9 nodal_coordinates = mphxmeshinfo(model).nodes.coords;
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Firstly, the variable dof_information is a matrix of which each column corresponds to a
node and contains the row/column number (1-based) of each degree of freedom in a
system matrix for that specific node. In case that degree of freedom is not present, the
value will be -1. This will happen in the case of coupled systems, where some nodes have
only pressure or structural degrees of freedom. Each row in the matrix corresponds to
one specific degree of freedom. Therefore, in a purely structural system, this will have
three rows, while in a coupled system there are four. The coordinates of the node to which
a certain column corresponds is given by nodal_coordinates. This matrix contained in this
variable is in the same order as the one in dof_information.

In general, a system matrix (mass, stiffness, or damping) is ordered in such a way that
the row and columns corresponding to a single node are next to each other, in the order
p → x → y → z, where constrained (in the case of a constrained matrix) or non-present (in
the case of a coupled system) degrees of freedom are deleted. Please note that in the case
of constrained matrices, the variables dof_information and nodal_coordinates are not changed,
and will need to be manually filtered if one wants to obtain the list without constrained
degrees of freedom.

For calculating the radiated noise, one should be able to extract the surface nodes and
their indices from COMSOL Multiphysics. This can be easily done by looking at the
dof_information variable. If a column does not contain a -1 for the pressure degree of
freedom, and one of the structural degrees of freedom is also not -1 it is a node on the
interface between the acoustic and structural domain.

Lastly, it is also possible to extract the loading on the structure. In the case of random
vibration, this loading should be squared to obtain the power spectral density value at
each node in the case of white noise. For other spectra, this squared value should be
multiplied with the desired spectrum at a certain node.

10 load = mphmatrix(model,’sol1’,’out’,{’L’}).L;

11 constrained_load = mphmatrix(model,’sol1’,’out’,{’Lc’}).Lc;

a.1.2 Eigenmodes and eigenvalues

It is also possible to obtain the eigenmodes generated by COMSOL Multiphysics at certain
coordinates. First, one needs to evaluate the eigenmode at the nodal positions.

12 eigenmodes = mpheval(model, {’u’, ’v’, ’w’});

The variables ’u’, ’v’, and ’w’ correspond respectively to the x, y, and z part of eigenmode
displacement. In case that one has a coupled system and would also like to extract the
pressure part of the eigenmodes, it can be done with the variable ’p’.

Once this is done, one can extract the values of the eigenmodes as shown in the following
code snippet. One has to import the x, y, and z components separately.

13 eigenmodes_x = eigenmodes.d1;

14 eigenmodes_y = eigenmodes.d2;

15 eigenmodes_z = eigenmodes.d3;
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Again, it is vital to know what you are dealing with here. Therefore, one should also
extract the coordinates of the nodes at which you have evaluated the eigenmode.

16 node_coords = eigenmodes.p;

Please note that this ordering is not the same as the one used for the system matrices.
When using the extracted values, one should always carefully take stock of what you are
dealing with. In order to make a complete eigenvector matrix, one has to combine them
by stacking them in a way the user finds convenient, while keeping in mind which rows
correspond to which degree of freedom.

It is also possible to extract the eigenfrequencies given by COMSOL Multiphysics. The
eigenfrequencies are directly extracted from the eigenfrequency analysis.

17 eigenfrequencies = mphsolinfo(model).solvals * 1i;

It should be noted here, that to obtain the real and imaginary part (used for damping) of
the eigenfrequency correctly, the extracted values from COMSOL Multiphysics should
be multiplied with the imaginary unit i. This is another reminder to always check what
exactly COMSOL Multiphysics provides as output.

a.1.3 Exporting data

These objects can easily be saved as a (very inefficient) text file for later import in some
other software of your choice. Of course, there are many other more efficient file formats
(such as .mat, imported in Python with SciPy’s loadmat) to which Matlab can directly
export your data. A warning when importing a text file into for example Python is that
the imaginary unit in python is j whereas in Matlab it will output it as i. Apart from this,
one should also keep in mind that negative values in complex numbers are exported by
Matlab using a+-bi. Some programs, such as Python’s numpy.genfromtext cannot deal with
this, and it should be first converted to a-bi. As an example of the export function, the
following code snippet exports the mass matrix to a path of your choice.

18 writematrix(mass_matrix, ’C:\your\path\mass_matrix.txt’)

For completeness, a function in Python that applies the conversion mentioned earlier to a
text file is also provided.

1 def convert_plus_minus_i_j(txtfile):

2 with open(txtfile, ’r’) as file:

3 filedata = file.read()

4 # Replace the target string

5 filedata = filedata.replace(’+-’, ’-’)

6 filedata = filedata.replace(’i’, ’j’)

7 # Write the file with the conversion applied

8 with open(txtfile, ’w’) as file:

9 file.write(filedata)
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a.2 response calculations

Firstly, we will provide some code that can calculate the response of a system in Python.
This code provides the response at all nodes. In this code, damp_fact_list is a list containing
the damping factors corresponding to each mode. U is the matrix of eigenvectors. w_range
is a list of all frequencies at which the response is calculated. Lastly, eigenfrequencies is a
list of all eigenfrequencies, and excitation_spectral_density_matrix is the matrix of excitation
spectral densities at the nodes, which can be a function that depends on frequency.

1 def output_spectral_density(w_range, eigenfrequencies, eigenvectors, damp_fact_list,

excitation_spectral_density_matrix):

2 N = len(eigenfrequencies)

3 P = len(eigenvectors)

4 response = numpy.zeros((len(w_range),P,P), dtype = complex)

5

6 for count, omega in enumerate(w_range):

7 G = numpy.diag(numpy.array([1 / (w_eig**2 - omega**2 + 2j*omega*zeta*w_eig)

8 for w_eig, zeta in zip(eigenfrequencies, damp_fact_list)]))

9

10 temp = eigenvectors @ G.conj()

11 temp = temp @ (eigenvectors.T.conj() @ excitation_spectral_density_matrix(omega)

12 @ eigenvectors)

13 temp = temp @ G @ eigenvectors.T.conj()

14

15 response[count] = temp

16 return response

For large systems, this can be very computationally intensive. Another thing that can slow
the computation down, is that the response matrix, which has dimensions nω × N × N,
where nω is the number of frequencies, and N is the number of degrees of freedom, is
sometimes too large to keep in the RAM. In these cases, one could write the output matrix
to a file in between computations. For smaller systems, where this is not necessary, this
would significantly slow down the computation, as the disk memory is much slower to
access.

In the case that the excitation spectral density does not depend on frequency, one could
pre-calculate the part in brackets after the first @ in line 11, such that one only has to
calculate it once. This can save a lot of time in the case of large systems and many
frequencies sampled. This is however not useful for turbulent boundary layers, as in that
case the excitation is of course frequency dependent.

If one is only interested in the response of a single degree of freedom of the structure,
one can significantly speed up this process. This is done by only using the column
corresponding to the degree of freedom of interest in the last matrix of the calculation, and
the row of this degree of freedom in the first matrix of the calculation (for the exact matrix
multiplications, see Equation 3.39, and for state-space Equation 3.68). If you then multiply
the matrices from right to left, you are essentially doing matrix-vector multiplications
instead of matrix-matrix multiplications. Matrix-vector multiplications are much faster
than matrix-matrix multiplications. Below is an example of such a speed-up using the
state-space method. The following code provides the response spectrum for a certain
element r, s of the response matrix in state-space. X is the matrix of right eigenvectors, and
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Y is the matrix of left eigenvectors. It can be seen here that we indeed only use column s of
X and row r of Y.

1 def output_spectral_density_single_point(w_range, r, s, X, Y, M, eigenfrequencies,

excitation_spectral_density_matrix):

2 N = len(eigenfrequencies)

3 P = len(M)

4 B = numpy.vstack((numpy.zeros((P,P)), numpy.linalg.inv(M)))

5 response = numpy.zeros(len(w_range), dtype = complex)

6

7 for omega in enumerate(w_range):

8 G = numpy.diag(numpy.array([1/(1j*omega - w_eig) for w_eig in eigenfrequencies]))

9

10 temp = G @ (X).T.conj()[:,s]

11 temp = B.T.conj() @ (Y @ temp)

12 temp = B @ (excitation_spectral_density_matrix(omega) @ temp)

13 temp = numpy.conj(G) @ ((Y).T.conj() @ temp)

14 temp = X[r] @ temp

15

16 response[count] = temp

17 return (response)
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