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Abstract

The origin of dark energy driving the accelerated expansion of the universe is still mysterious. In this thesis we explore
the possibility that dark energy fluctuates, resulting in spatial correlations. Due to these fluctuations, the Hubble rate
itself becomes a fluctuating quantity. We discuss the effect this has on measurements of type Ia supernovae, which
are used to constrain the luminosity distance. We show that the luminosity distance is affected by spatial correlations
in several ways. First, the luminosity distance becomes dressed by the fluctuations, thereby differing from standard
ΛCDM. Second, angular correlations become visible in the two-point correlation function of the luminosity distance.
To investigate the latter we construct the angular power spectrum of luminosity distance fluctuations. We then per-
form a forecast for two supernova surveys, the ongoing Dark Energy Survey (DES) and the upcoming Legacy Survey
of Space and Time (LSST), and compare this effect with relativistic lensing effects from perturbed ΛCDM. We find
that the signal can rise above the lensing effects and that LSST could test this effect for a large part of the parameter
space. As an example, a specific realisation of such a scenario is that quantum fluctuations of some field in the early
universe imprint spatial correlations with a predictable form in the dark energy density today. In this case, the Hub-
ble rate fluctuates due to the intrinsic quantum nature of the dark energy density field. We study whether the signal
of this specific model would be measurable, and conclude that testing this model with LSST would be challenging.
However, taking into account a speed of sound cs < 1 of the dark energy fluid can make this model observable.
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1
Introduction

Cosmology is the study of the universe as a whole. To make predictions, both a theory for gravity and a theory of matter

are needed. The most well known theory of gravity is general relativity, which links the matter content of the universe to

its geometry, while the current best theory of matter consists in the StandardModel of particle physics. Both these theories

have passed numerous tests over the years. However, cosmological observations [1–5] tell us that we are missing a funda-

mental piece of the puzzle, as we are forced to introduce several ingredients that go beyond the StandardModel of particle

physics to accommodate these observations. This has led to the currently accepted ΛCDMmodel, whose main components

are cold dark matter (CDM) and a cosmological constant Λ. Despite both components lacking a fundamental theoretical

underpinning, ΛCDM has been in agreement with a large number of observational data. Therefore its theoretical under-

standing has provided one of the most profound challenges in current physics and astronomy research. We will focus on

the component driving the accelerated expansion of the universe, which in ΛCDM is the cosmological constant Λ, but is

more generally referred to as dark energy. Dark energy is needed to explain cosmic acceleration, which was discovered us-

ing type Ia supernovae measurements in 1998 [6, 7] and later corroborated by, among others, measurements of the cosmic

microwave background (CMB) [1]. The physical origin of dark energy is shrouded in mystery, its substance should exert a

negative repulsive pressure and its energy density should not dilute under the expansion of the universe. A natural explana-

tion would be the vacuum energy known from quantum field theory, yet its predictions for the vacuum energy are much
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too large [8]. This has motivated researchers to investigate a wide range of other ways of explaining cosmic acceleration. Pos-

sible explanations go frommodifying gravity to adding extra matter condensates; several of these are explored in [9–13].

Adding to the conundrum, recently there have been signs of tensions between parameters probed at several scales. Most

notable are the measurements of the Hubble constantH0, where the tension has now overcome 4σ [14, 15]. Recently the

σ8 tension, between the CMBmeasurements (Planck, [1]) and cosmic shear measurement (e.g. KiDS [4], DES [5]), has

also gotten more attention. This tension is estimated to be around 2.5 σ. A large part of the community hopes that these

tensions are cracks in the ΛCDMmodel and will lead to new physics. In light of this, considerable work has been done on

models of dark energy that attempt to resolve these tensions. Predictions usually focus on the dynamical aspects of dark en-

ergy. For example, modifying dark energy at late time [16–19], or by altering the early universe [20–23].

We pursue another route, focusing on the spatial correlations dark energy may exhibit. Spatial correlations can be seen all

over the universe, ranging from the temperature anisotropies in the cosmic microwave background [1] to the distribution

of galaxies throughout the universe [24]. The origin of these fluctuations is quantummechanical. These quantum fluctu-

ations appear during inflation and are then imprinted in the gravitational potential, forming the sources of the wonderful

structure we observe in the universe [25]. This indicates that it is possible for quantum effects to play an important role in

the large scale behaviour of the universe, and we need to take them seriously.

From this perspective it is not a stretch to assume dark energy might have spatial correlations imprinted in it or, more

boldly, that dark energy itself is quantummechanical. The latter is the scenario that we are interested in. A specific reali-

sation of this was explored by [26–31], where the scenario was explored that dark energy is sourced by the quantum fluc-

tuations of a very light scalar field that is spectator during inflation. In this model dark energy fluctuates due to the spatial

correlations inherited from inflation. It has been shown that due to these spatial correlations, which lead to a fluctuating

Hubble rate, this model can alleviate the Hubble tension towards 1σ [30].

In the near future telescopes such as the Rubin Observatory, which will deliver the Legacy Survey of Space and Time

(LSST) [32], will obtain maps of the sky with unprecedented detail. This will allow us to discriminate in the wide range

of models currently available. It is therefore of importance to have predictions of a certain class of models containing these

spatial fluctuations.

To this end we propose a phenomenological model of dark energy with spatial fluctuations, causing the background to

fluctuate. This leads to a fluctuating Hubble rate, where at each point the effect of dark energy is such that the Hubble rate

obeys the following operator Friedmann equation,

3M2
PĤ2(z, n̂) = ρC(z)̂I+ ρ̂Q(z, n̂). (1.1)

Here,MP = 2.435 × 1018 GeV /c2 is the reduced Planck mass, ρC is the energy density of classical matter and ρ̂Q is the

energy density operator containing the dark energy field, Î is the identity operator. These operators can be understood as

acting on a Hilbert space of quantum states and describe the fluctuating fields. Ĥ, ρc and ρ̂Q are functions of the redshift z,

the operators also depend on the unit vector on the celestial sphere n̂. For the correlations we use a phenomenological power
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law ansatz, which is described in more detail in Chapter 3, but in Chapter 9 and 10 we study the previously mentioned infla-

tionary model [26–31] where a scalar field produces such spatial correlations [30, 31].

A fluctuating Hubble rate would induce correlations in a wide variety of large scale structure observables. In this thesis

we focus on its imprint on the luminosity distance. Observationally, the luminosity distance is obtained from the ‘known’

luminosity of a standard candle and the observed flux. Theoretically, this distance can be expressed in terms of the spacetime

geometry. In ΛCDM this leads to the well known expression in terms of the Hubble rate, dL(z) = (1 + z)
∫ z
0 dz

′H(z′)−1

(see Appendix A). However, our Hubble parameter is a fluctuating quantity determined by (1.1), therefore dL(z) also be-

comes a fluctuating quantity. Consequently we turn the luminosity distance into an operator:

d̂L(z, n̂) = (1+ z)
∫ z

0
dz′Ĥ−1(z′, n̂). (1.2)

We make predictions for the correlations our model produces and assess its detectability, comparing it with the expected

noise and with effects that would be expected to be seen in perturbed ΛCDM, where these fluctuations come from relativis-

tic effects such as convergence and the Doppler effect.

These relativistic effects on the luminosity distance have been well studied [33–37], with some work also having been

done on these fluctuations in theories with dynamical dark energy/modified gravity [36] or in the case of inhomogeneous

dark energy [37]. In the latter case the convergence effect of inhomogeneities was studied for a phenomenological model of

dark energy. These papers, however, do not study the effects of a fluctuating Hubble parameter, but rather the effect of den-

sity perturbations between the emitter and the observer. Both effects result in a non zero power spectrum for the luminosity

distance fluctuations.

This thesis is organised as follows. In Chapter 2 we give a brief overview of the current status of cosmology, a reader ac-

quainted with cosmology could skip this section. In Chapter 3 we describe the phenomenological model of spatial corre-

lations in dark energy, Chapter 4 is then devoted to calculating the effects of the fluctuations on the luminosity distance,

which is used to evaluate its angular power spectrum in Chapter 5. Chapter 6 is devoted to the contaminant signal coming

from relativistic effects, which is expected to be seen in ΛCDM. In Chapter 7 we describe the supernovae surveys and fore-

casting methods needed to assess the measurability. We present the main results of our phenomenological model in Chapter

8, where we compare its power spectrum with the relativistic effects and our estimated noise contributions. Hereafter we

switch gears and discuss a specific model. This model is described in Chapter 9 and we discuss the prospects for its measura-

bility in Chapter 10. We then conclude with a summary, conclusion and outlook in Chapter 11. In the Appendices we offer

some additional (background) material and calculations that are either too long to include in the main text, or lie outside the

main scope of this thesis.

Lastly, we point out that an article based on the work of this thesis is currently submitted to the Journal of Cosmology

and Astroparticle Physics (JCAP): “C.J.G. Vedder, E. Belgacem, N.E. Chisari, T. Prokopec. Fluctuating Dark Energy and the

Luminosity Distance, arXiv:2209.00440, submitted to JCAP, 2022.” [38]

7



2
The current state of cosmology

Cosmology has set itself the task of understanding the entire universe and all its content. This might sound like a daunting

task, but nonetheless research in cosmology has been extraordinarily lively over the last decades. Progress has been made on

all fronts of cosmology. Observationally, several missions have mapped the universe very well. For example, the Cosmic Mi-

crowave Background (CMB), the relic radiation that is remnant from earlier epochs of the universe, has been mapped with

immense precision by the Planck satellite [1]. Later epochs of the universe are also well constrained by distance measure-

ments of Type Ia supernovae [3] or mappings of the Large Scale Structure [4, 5]. These observations have led to a so-called

‘standard model of cosmology’, which currently fits the data very well. Be that as it may, cosmology is far from done as there

are still several open questions: the physical origin of both dark matter and dark energy is currently unknown, as is the phys-

ical origin of inflation, the hypothetical period of very rapid acceleration in the very early universe. On top of this, there is

increased evidence of tension between cosmological parameters probed at different scales [14, 15].

2.1 The standard model of Cosmology

Observations point towards a spatially flat universe that is homogeneous and isotropic on very large scales. Since the obser-

vations by Edwin Hubble [39], it is also known that the universe is expanding. These observations are well captured by the
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Friedmann-Lemaître-Robertson-Walker (FLRW) space-time, which is defined by the following invariant line element,

ds2(x) = gμν(x)dxμdxν = −dt2 + a2(t)δi,jdxidxj, (2.1)

where t denotes the cosmological time and xi spatial variables, denoting the comoving position. The dynamics of the expan-

sion of space is then encoded in the time dependent function a(t), known as the scale factor.

This expansion has as a direct consequence that the wavelength λ of light emitted by some astrophysical object at time

temit is stretched by the scale factor a before it is observed on earth. It is convenient to define this stretching factor as the red-

shift z:

1+ z ≡ λobs
λemit

=
aobs
aemit

=
1

aemit
, (2.2)

where, without loss of generality, the current value of the scale factor (aobs) has been set to one. In an expanding universe the

scale factor can be mapped to time, therefore redshift z can be used as a time coordinate.

The dynamics of the scale factor a(t) is determined by the matter content of the Universe, according to Einstein’s theory

of relativity. The gravitational part of this theory can be written nicely in the Einstein-Hilbert action,

SEH =
1

16πGN

∫
d4
√
−gR. (2.3)

Here, g = det[gμν] andR is the Ricci curvature scalar. This can then be coupled to a matter action Sm, with the total action

reading S = SEH + Sm. When extremizing this action one obtains the Einstein field equations,

Gμν(x) = Rμν(x)−
1
2
gμν(x)R(x) = 8πGNTμν(x). (2.4)

Here, Tμν is the energy momentum tensor,Gμν is the Einstein tensor, given in terms of the Ricci tensorRμν and Ricci scalar

R. The Einstein equations relate the energy budget, entering via the energy momentum tensor, to the geometry of the uni-

verse, which is described by the Einstein tensor. The Energy-Momentum tensor Tμν is defined as

Tμν(x) =
−2√
−g(x)

δSm
δgμν(x)

. (2.5)

When specified to a FLRWmetric (2.1) and assuming the matter fields to be ideal classical fluids, in which case T μ
i ν =

diag(−ρi, pi, pi, pi)
μ
ν, with ρi the energy density and pi the pressure, the Einstein equations reduce to the Friedmann equa-

tions,

H2(t) =
8πGN

3
∑
i
ρi(t),

ä
a
(t) = −4πGN

∑
i

(
ρi(t) + 3pi(t)

)
.

(2.6)

(2.7)

Here, the index i runs over all fluid species. Now the relation between the geometry and the universe is clear as the param-
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eterH denotes the Hubble parameter ȧ
a , describing the expansion rate of the universe. The second equation describes the

acceleration of the expansion rate of the universe, hence it is also known as the acceleration equation.

Ideal fluids are characterised by their equation of state, which for simple fluids takes the form p = wρ. For cosmology, the

relevant species have w = 0 (dust, dark matter), w = 1
3 (relativistic matter) and w = −1 (cosmological constant). These

fluids independently satisfy a conservation equation,

ρ̇i(t) + 3H(t)(ρi(t) + pi(t)) = 0. (2.8)

When assuming the previously discussed species, we can then write the Friedmann equations as follows:

H2(t)
H2

0
= ΩMa(t)−3 +ΩRa(t)−4 +ΩΛ, (2.9)

H0 denotes the Hubble parameter at current time and Ωi =
8πGNρi
3H2

0
is the energy density fraction today. At late times the ra-

diation part is negligible. The Planck satellite has measured these values, giving ΩM = 0.315 and ΩΛ = 1− 0.315 = 0.685

with great precision [1]. This sets the stage of our universe. However, while we may understand the stage relatively well, the

actors playing in this stage are largely ill understood. Only 5 percent (baryonic matter) is known at a fundamental level (the

StandardModel of particle physics). Despite a tantalising amount of astronomical evidence, dark matter still eludes us in the

laboratory. Even more shrouded in mystery is the remaining part of the energy budget. In the previously discussed ΛCDM

model it is modelled as a cosmological constant Λ defined by a constant equation of state parameter w = −1, which is cur-

rently consistent with all observations. However, a typical physicist feels uneasy with a cosmological constant. At first, it

seems not possible for a substance to not dilute under the the expansion of the universe. On the other hand, in Quantum

Field Theory empty space also carries energy in the form of particle - anti particle pairs popping up due to the Heisenberg

uncertainty relation. Unfortunately, when we quantify this vacuum value, its natural value is much larger than the amount

needed to explain the observations. This problem is widely known as the cosmological constant problem [8]. Therefore, the

cosmological constant is not only a simple parameter to fit, it is also a profound puzzle for the theoretical physicist. Many

physicist have risen to this challenge and constructed several models of dark energy, which do not rely on a cosmological

constant to explain the accelerated expansion of the Universe. A convenient way of classifying such models in cosmology

is in terms of either modified gravity or as a matter condensate/physical dark energy. Modified gravity encompassing addi-

tions to the Einstein-Hilbert actions, while physical dark energy/matter condensates provide additional matter content, in

the case of scalar fields possibilities are for example quintessence [10] or k-essence [13] models. Several reviews on the topic of

dark energy are available [9–12].

2.2 Initial conditions and the theory of Inflation

While the previously discussed ΛCDMmodel works well, it does not tell us anything about the initial conditions and suf-

fers several problems. The solution to this lies in in the theory of inflation [40–42], which is the topic of this section. The
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most notable* problem inflation can solve is known as the horizon problem. In the late 20th century it was realised that when

one considers a period of very rapid acceleration prior to the recombination epoch this problem is solved [40]. Thereafter it

was understood that this period of accelerated expansion can also account for the the origin of perturbations in the universe,

which might be its greatest triumph. We first briefly discuss the horizon problem and its solution and then move on to the

quantum fluctuations that seed the structure formation in the later universe.

From CMB observations we know that the universe, at an age of 380000 years, was very uniform [1], containing tem-

perature fluctuations of roughly 1 part in 105. This is actually very surprising, as random initial conditions would result in

a highly inhomogeneous universe. An explanation for this uniformity is that large patches of universe were in thermal con-

tact with each other. Unfortunately, in our universe this does not seem to work. Our universe is so large that different parts

could not be in causal contact with each other due to the large distances separating them and the universe existing for a finite

time. This problem is widely known as the horizon problem. It can be quantified by computing the angular separation on

the sky for which two patches cannot be in causal contact as the ratio of the horizon distance dhor at last scattering over the

angular diameter distance dA to the last scattering surface:

dhor(zls)
dA

= 1.2◦. (2.10)

This means that patches separated by more than 1.2◦ could not possible have been in causal contact with each other. To

gain some insight we write down the comoving horizon distance:

χ =
∫ a

0
d ln a′

1
a′H(a′)

, (2.11)

which is the logarithmic integral over the comoving Hubble radius. From this we learn that if there was an epoch where the

comoving Hubble radius was decreasing, then the horizon might have received contributions from the very early universe

where the comoving Hubble radius was significantly larger. A shrinking factor 1
aH corresponds to ä > 0, which is precisely

the condition for an accelerated expansion! This postulated epoch of accelerated expansion is then known as inflation [40–

42].

Inflation has even more up its sleeve, as it gives an explanation for the very small deviations from homogeneity in the cos-

mic microwave background. These deviations later grow to become all the wonderful structures we see in our universe. If

the perturbations would be quantum fluctuations imprinted right after the big bang, they could be stretched to super hori-

zon scales due to the rapid expansion during inflation. At these scales the perturbations are then frozen until reentering at a

time when the acceleration of the universe is slowing down. This is right on time to produce the temperature anisotropies

seen in the Cosmic Microwave Background [1].

*Other problems include: the flatness problem, the monopole problem and the structure formation problem.
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As an example, single field slow roll inflation results in the following power spectrum for the field perturbations [43]:

Δφ(k) =
4πk3

〈
φ̂kφ̂

†
k

〉
(2π)3

∝ kns−1. (2.12)

Here, ns ≈ 1 − 2ε − η, where ε and η are the first and second slow roll parameters. It turns out that these perturbations

are directly imprinted in the gravitational potential. This happens via the curvature perturbationR. The curvature pertur-

bation is a gauge invariant scalar quantity built from the perturbations of the metric and the field around their background

values, its formal definition can be found in ref. [44, p. 57]. Its usefulness resides in its conservation on super Hubble scales,

as described by ref. [44, section 7.13, 7.14]. Their spectra are related by

ΔR(k, η) =
1

2εM2
P
Δφ(k, η). (2.13)

Subsequently the curvature perturbations are linked to the gravitational potential Φ. After inflation, during radiation dom-

ination we haveR ≈ 3
2Φ [43]. This then sources the temperature fluctuations in the Cosmic Microwave Background and

later on the matter perturbations in the Large Scale Structure. A good review on the topic of cosmic inflation is the one by

[45].

2.3 A Perturbed Universe and the Large Scale Structure

We established that due to the quantum fluctuations during inflation, the universe deviates slightly from a perfect homo-

geneous state, this statement is confirmed by the temperature perturbations in the cosmic microwave background [1]. A

key question is then, how these inhomogeneities propagate into the late universe. The answer is fascinating, as due to the

non linear nature of gravity, these tiny perturbations grow out to form the galaxies and galaxy clusters we can observe on the

nights sky.

As we can observe this structure in the late universe, we can study the statistics of these perturbations. The matter per-

turbations are usually quantified using the matter power spectrum.

⟨δ(⃗k, z)δ∗(⃗q, z′)⟩ = (2π)3Pm(k, z, z′)δ3(⃗k− q⃗). (2.14)

This can be understood as the Fourier transformed correlation function, describing correlations between overdensities as a

function of distance. An overdensity is defined as a deviation from the average density ρ̄:

δ(⃗x) =
ρ(⃗x)− ρ̄

ρ̄
(2.15)
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At the linear scales that we are mostly interested in, the power spectrum simplifies and takes the following form [43]:

PL(k, z, z′) = AT(k)2D(z)D(z′)kns . (2.16)

Here, A is an amplitude,D(z) the growth function describing the time evolution of an overdensity, T(k) is a transfer func-

tion that modifies the k dependence of the primordial power spectrum. We describe this power spectrum in more detail in

section 6.5. This power spectrum depends on the fluctuations inherited from inflation and therefore contains information

about the early universe.

2.4 Cosmological tensions

While the current ΛCDMmodel largely fits the data very well, tensions between different parameters when probed at dif-

ferent scales have emerged. In particular, this is he case when using early universe probes such a the Cosmic Microwave

Background in conjunction with late universe probes. Most notably has become the tension on the Hubble parameterH0,

as in this case the tension has overcome 4σ [14, 15]. The values forH0 most often cited in the literature are either the CMB

measurements by Planck of (67.4± 0.5) km/s Mpc-1 [1] or the value obtained by distance ladder measurements using type

1a supernovae from the SH0ES collaboration [46] that quote (74.03 ± 1.42) km/s Mpc-1. However, the problem is larger

than just reconciling these two measurements, as the tension remains when considering other probes as well. Other early

universe probes include for example inverse distance ladder measurements anchored by either the CMB, Baryon Acoustic

Oscillations (BAO) or primordial nucleosynthesis (BBN) [47–51], while the late universe is also contrained by e.g. time de-

lays of strongly lensed quasars [52], distance ladder calibrations using the tip of the red giant branch (finding a slightly lower

value forH0
†, [53]) or withMira variables [54].

Many believe that this tension might be caused by new physics. Therefore theorists have taken this opportunity to ex-

plore models that can potentially resolve this tension. An extensive list of such models is presented in [15]. We will go over

some models. For example, there are several ideas of introducing new physics such that Hubble constant inferred from the

cosmic microwave background is larger. Starting with proposals affecting the late universe; one suggestion is to introduce

dark energy with w < −1, known in the literature as a phantom equation of state [16]. Other ideas range from interacting

dark energy [17], metastable dark energy [18] to decaying dark matter [19]. Although it has been demonstrated that these

scenarios do indeed result in a higher Hubble constant value when used to match CMB data only, it is challenging to rec-

oncile such models with cosmic chronometers or BAOmeasurements [55, 56]. Other models alter the physics of the early

universe intstead. One of such proposals is the case where a scalar field dilutes faster than dark matter starting from an ini-

tial state frozen by Hubble friction [21, 22]. However, these models need to be fine-tuned, typically in one of three areas:

their potential, their initial conditions, or when to make the fields (dis)appear. Seperately, such models often fail to accomo-

date the σ8 tension [57], mentioned later in this section. Another early dark energy approach is altering the speed of sound

during recombination or to try to make recombination happen at an earlier time [23]. Instead of focusing on raisingH0

†This measurement is actually not in tension with the early measurements, therefore providing an interesting perspective.
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measured by early probes one could also try to alter the local measurements. These, for example, focus on changing the su-

pernova calibration (chameleon dark energy, [58]) or by changing the effective Newton constant at late time [59].

As a completely independent approach, it was shown recently by ref. [30] that spatial correlations in dark energy, result-

ing in a fluctuating Hubble parameter, can also alleviate the Hubble tension. We discuss this approach more in depth in

Chapter 9 of this thesis.

At last, while the community is hoping for new physics, these tensions could also be the result of unknown systematics,

instead of the much hoped for new physics [60, 61].

Apart from the Hubble tension, over the last years the tensions on the σ8 parameter have also received more attention.

This tension appears when comparing the PlanckCMBmeasurements [1] of this parameter with the measurements of cos-

mic shear surveys such as the Kilo Degree Survey (KiDS [4]) or the Dark Energy Survey (DES [5]). This tension is currently

estimated at about 2.5 σ, and might be releated to the Hubble tension, posing an interesting problem to the cosmology com-

munity.
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3
Spatial correlations and a phenomenological model

To describe spatial correlations in dark energy we construct a phenomenological model. We propose a model where we base

the statistics of the dark energy field on the statistics of the underlying (quantum) field that builds it. This chapter is de-

voted to the description and motivation for this model.

We assume that dark energy is sourced by an energy density field ρ̂Q(t, x⃗), which is a function of both time and posi-

tion. However, position and time are not readily available in observations, we thus choose to represent the density field in

terms of redshift z and unit angle on the celestial sphere n̂. We then assume this is a fluctuating quantity with average value

⟨ρ̂Q⟩(z), where the average ⟨. . .⟩ is an ensemble average over a space-like hypersurface of equal time, due to this averaging the

angular dependence has disappeared. These fluctuations can have several origins, for example, dark energy could originate

from a quantum field that was spectator during inflation, as was explored by a series of papers [26–31].

We assume the fluctuations induce spatial correlations in the dark energy density field. These are not visible in the one-

point function as it has no angular dependence, therefore we consider the two-point function ⟨ρ̂Q(z, n̂)ρ̂Q(z, m̂)⟩. We pa-

rameterise this spatial dependence as follows,

⟨ρ̂Q(z, n̂)ρ̂Q(z, m̂)⟩ = ⟨ρ̂Q⟩(z)
2si(∥⃗x− y⃗∥). (3.1)
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Due to the statistical homogeneity and isotropy the function si(∥⃗x − y⃗∥) depends only on the absolute comoving distance

between the comoving coordinates x⃗ and y⃗. Fluctuations give rise to a non zero variance σ2Q(z, ∥⃗x − y⃗∥), which we can write

as follows:

σ2Q(z, ∥⃗x− y⃗∥) = ⟨ρ̂Q(z, n̂)ρ̂Q(z, m̂)⟩ − ⟨ρ̂Q⟩(z)
2 = ⟨ρ̂Q⟩(z)

2 (si(∥⃗x− y⃗∥)− 1) . (3.2)

We study two separate phenomenological models. In both cases we assume the energy density field is built from a more

fundamental Gaussian quantum field, where for simplicity we assume this to be a single field φ̂. In the first case we assume

that this relation is quadratic, ρ̂Q ∝ φ̂2. In the second case we assume this relation is linear, ρ̂Q ∝ φ̂. From these assump-

tions we motivate two different s-functions, describing the behaviour of the two-point correlations and therefore the vari-

ance of the density field ρ̂Q.

3.1 Case I

We first consider the case where the energy density ρ̂Q depends on the square of the Gaussian field φ̂, i.e. ρ̂Q ∝ φ̂2. We

assume this fundamental quantum field to be Gaussian and to have a zero vacuum expectation value (vev), ⟨φ̂⟩ = 0. In

this case the relevant field theoretical correlator would be ⟨φ̂2(t, x⃗)φ̂2(t, y⃗)⟩. As we assume the fields to be Gaussian, we can

Wick contract them. This then gives us

⟨φ̂2(t, x⃗)φ̂2(t, y⃗)⟩ = ⟨φ̂2(t)⟩2 + 2⟨φ̂(t, x⃗)φ̂(t, y⃗)⟩2. (3.3)

When considering ∥⃗x − y⃗∥ = 0 we obtain 3⟨φ̂2(t)⟩, therefore the s-function should give a factor 3 at coincidence. Mean-

ing that due toWick’s theorem the local variance of the field is twice its density squared. If ∥⃗x − y⃗∥ → ∞we expect

⟨φ̂(t, x⃗)φ̂(t, y⃗)⟩ = ⟨φ̂⟩2(t), as over such distances we expect the field to decouple. The vacuum expectation value of this

field is assumed to be zero, hence we obtain ⟨φ̂(t, x⃗)φ̂(t, y⃗)⟩ = 0 in this limit. As a result we only have a single copy of

⟨φ̂2(t)⟩ over such distances, therefore the function s1(∥⃗x − y⃗∥) should be one after a characteristic length scale r0. We note

that this means that the variance of the density fluctuations is zero after a distance r0, the field does not fluctuate over such

distances.

By this reasoning we expect the function s1(∥⃗x − y⃗∥) to go from three at coincidence to one over a characteristic length

scale that we denote r0. For the intermediate regime it is natural to assume power law behaviour that decays with distance.

We parameterise the slope of this power law by the spectral index nDE. These arguments then result in the following func-

tion s1(r):

s1(r) =


3− 2

(
r
r0

)nDE
, r ≤ r0,

1, r > r0,
Case I. (3.4)

Here, we used the short notation r = ∥⃗x − y⃗∥. The form of this function for several values of the spectral index is shown in

Figure 3.1.
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3.1.1 A simple example

The motivation for choosing ρ̂Q ∝ φ̂2 resides in the energy momentum tensor. We discuss a simple example. A minimally

coupled field φ, with potentialV(φ) is defined by the Lagrangian,

Sφ =

∫
d4x
√
−g
(
− 1
2
gμν∂μφ∂νφ − V(φ)

)
. (3.5)

The energy momentum tensor is then given by,

Tφ
μν(x) = − 2

√−g
δSφ

δgμν(x)

=
(
∂μφ
)
(∂νφ) + gμν

[
− 1
2
(∂αφ)

(
∂βφ
)
gαβ − V(φ)

]
.

. (3.6)

Now, we assume the potential to only consists of a mass term,V(φ) = 1
2m

2φ2. On FLRW, the energy momentum tensor is

diagonal and takes the perfect fluid form. From this we obtain the density,

ρQ = −T0
0 =

1
2
(∂0φ)2 +

1
2a2

(∇⃗φ)2 +
m2

2
φ2 ≈ m2

2
φ2. (3.7)

The last step can be argued from the behaviour of dark energy: we do not expect it to rapidly vary in time and distance.

A more sophisticated example of such a theory would be a field that is spectator during inflation, the dominant contri-

bution to the 00 element of the Energy-Momentum tensor would in this case be going∝ φ̂2. A realisation of such a dark

energy candidate is explored by [29, 30], which we discuss in more detail in Chapter 9. Other examples of dark energy mod-

els built from scalar fields are e.g. quintessence and k-essencemodels [9, 10, 13].

3.1.2 NonGaussianity

Lastly, we observe that when we assume the (quantum) fields to be Gaussian, the energy density ρ̂Q will inherently be non

Gaussian as the the density depends on the square of the gaussian field. For example, the three-point function of the (quan-

tum) fluctuations δρ̂Q = ρ̂Q − ⟨ρ̂Q⟩would obey the following statistics at coincidence,

⟨δρ̂3Q⟩ = 8⟨ρ̂Q⟩
3 ̸= 0. (3.8)

In the Gaussian case this would yield zero, which it now clearly does not. A short recap of Gaussian statistics andWick’s

theorem can be found in Appendix B.

3.2 Case II

For Case II we explore the scenario where we the energy density depends linearly on the gaussian field, ρ̂Q ∝ φ̂. To have a

non zero average energy density we assume the field φ̂ to have a non zero vacuum expectation value (vev): ⟨φ̂⟩(z) ̸= 0. For
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Figure 3.1: The function s1(r), describing the form of the spatial correlations, given Case I for several values of the index nDE. The Figure shows r in
units of r0. Note that apart from a rescaling on the axis, the form of the function does not differ between the two cases. This can be traced back to the
scale free behaviour of the power law used to parameterise the function. We expect r0 to be of order Hubble lengthH−1

0 .

this case we assume the following function s2(∥⃗x− y⃗∥):

s2(r) =


σ̃2Q
[
1−

(
r
r0

)nDE]
+ 1, r ≤ r0,

1, r > r0,
Case II. (3.9)

Here, σ̃2Q =
σ2Q

⟨̂ρQ⟩2
, with σ2Q being the local variance of the energy density field ρ̂Q. Before motivating this function we point

out that this is a more general form of the s-function defined in Case I, as assuming σ̃2Q = 2 recovers (3.4). We stress that

these theories are still quite different as this merely states that the two-point energy density function has the same form,

however, the higher point correlators will be very different, as Case I is a non-Gaussian theory, while Case II is Gaussian.

In Case I we could derive σ̃2 = 2 fromWick’s theorem, as the two-point energy density corresponded to a four point

field correlator. But in the case where the energy density relates linearly to the field, Wick’s theorem is of no help when pre-

dicting this constant, therefore we keep it as a free parameter. Similar to Case I, we assume the fields to decouple after some

characteristic length scale r0. But, as opposed to Case I, the two-point function ⟨φ̂(t, x⃗)φ̂(t, y⃗)⟩
r→∞
= ⟨φ̂⟩2(t) does not go to

zero due to the non zero vev. Therefore, the function s2(r) also goes to one as r → ∞. We also assume that at coincidence

there is some non zero variance, meaning (3.2) returns a non zero value as coincidence. Therefore s(0)− 1 = σ̃2Q ̸= 0. When

σ̃2Q → 0 both the local and the non local fluctuations disappear, hence this is the classical limit of this theory.

An important distinction from Case I is the fact that this variance is not bounded. In principle it can be very close to 0,

while in Case I the local variance is naturally large due toWick’s theorem, which was a consequence of the non-Gaussianity

of ρ̂Q as it depended on the square of the Gaussian field. In Case II the field depends linearly on the Gaussian field, therefore

this density has the inherited the Gaussian statistics. The function s2(r) has a similar shape as the one displayed in Figure

3.1, but goes from 1+ σ̃2Q at coincidence to 1 at r = r0.
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4
Fluctuations in the luminosity distance

The main subject of this thesis is how spatial correlations in dark energy become visible in the luminosity distance. To this

end we adopt the previously introduced model and use it to make predictions for the correlations in the luminosity distance.

These enter via the Hubble rate, that becomes a fluctuating parameter due to the fluctuations in dark energy. More pre-

cisely, at each point the effect of dark energy is such that the Hubble rate obeys the following operator Friedmann equation,

3M2
PĤ2(z, n̂) = ρC(z)̂I+ ρ̂Q(z, n̂). (4.1)

Here,MP = 2.435 × 1018 GeV /c2 is the reduced Planck mass, ρC is the energy density of classical matter and ρ̂Q is the

energy density operator containing the dark energy field, Î is the identity operator. These operators can be understood as

acting on a Hilbert space of quantum states and describe the fluctuating fields. Ĥ, ρc and ρ̂Q are functions of the redshift z,

the operators also depend on the unit vector on the celestial sphere n̂.

To see the effect of a fluctuating Hubble rate we first expand it in fluctuations ρ̂Q = ⟨ρ̂Q⟩+ δρ̂Q. Here, the brackets ⟨. . .⟩

denote an ensemble average. With this we obtain,

3M2
PĤ2(z, n̂) = ρtot(z) + δρ̂Q(z, n̂) = ρtot(z)

(
1+

δρ̂Q(z, n̂)
ρtot(z)

)
, (4.2)

19



where ρtot(z) = ρc(z) + ⟨ρ̂Q(z)⟩ is the total energy budget. Taking the state average of (4.2) reduces it to the Friedmann

equation in semi-classical gravity. To be precise, this averaging is a state average over a space-like hypersurface of constant

time. Due to causality we can only observe over our past light-cone. This then prohibits us from directly observing theH(z)

that is obtained in this way, as we cannot directly observe all of the structure on this hypersurface.

In our treatment we go beyond semi-classical gravity by including the fluctuations in our treatment.

4.1 One-point function

We use the standard definition of the luminosity distance (derived in (A.6)), however, since the Hubble rate is a fluctuating

quantity described by (4.1) we need to upgrade the luminosity distance to an operator: dL(z) → d̂L(z, n̂), where due to the

fluctuations this operator also depends on the unit angle on the celestial sphere n̂. Therefore we have:

d̂L(z, n̂)
1+ z

=

∫ z

0
dz′

1
Ĥ(z′, n̂)

. (4.3)

The Hubble rate follows from the operator Friedmann equation (4.2). Taking the state average ⟨. . .⟩ of (4.3) results in:

⟨d̂L⟩(z)
1+ z

=

∫ z

0
dz′
〈

1
Ĥ(z′, n̂)

〉
=

∫ z

0

dz′

H̄(z′)

〈
1√

1+
δ̂ρQ(z′,n̂)
ρtot(z′)

〉
. (4.4)

We defined
√
3MPH̄ =

√
3MP (⟨H2⟩)

1
2 =

√ρtot, which is the root mean squared (RMS) of (4.2). The second equality

follows from the Friedmann equation and separating out the RMSH. From observations we know the ratio
δ̂ρQ
ρtot

to be small.

Because of this we feel justified in Taylor expanding around zero,

⟨d̂L⟩(z)
1+ z

=

∫ z

0

dz′

H̄(z′)

(
1− 1

2
⟨δρ̂Q(z

′, n̂)⟩
ρtot(z′)

+
3
8
⟨δρ̂Q(z

′, n̂)2⟩
ρtot(z′)2

)
. (4.5)

However, due toWick’s theorem the higher n-point correlators grow very quickly, leading to a series rapidly diverging. For

this reason, we calculated via another route the expansion up to all orders. This is discussed in Appendix D. From this we

can conclude that the error made by truncating at quadratic order in quantum fluctuations is reasonable.

By definition, we know that ⟨δρ̂Q⟩(z) = 0. Inserting the definition of δρ̂Q then gives us,

⟨d̂L⟩(z)
1+ z

=

∫ z

0

dz′

H̄(z′)

(
1+

3
8
⟨ρ̂Q(z

′, n̂)2⟩ − ⟨ρ̂Q(z
′)⟩2

ρtot(z′)2

)
. (4.6)

We can use our phenomenological model to rewrite ⟨ρ̂2Q(z)⟩ = ⟨ρ̂Q⟩(z)
2si(0), where the function si(∥⃗x − y⃗∥)was specified

in Chapter 3. The subscript i can take values 1 or 2, referring to Case I or Case II respectively. Using this we obtain,

⟨d̂L⟩(z)
1+ z

=

∫ z

0

dz′

H̄(z′)

(
1+

3
8
ΩQ(z′) (si(0)− 1)

)
, (4.7)
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where we also defined ΩQ(z) =
⟨̂ρQ(z)⟩
ρtot(z)

. The factor (si(0) − 1) is proportional to the local variance of the density field.

When si(0) − 1 = 0, which is the classical limit σ̃2Q → 0 of Case II, the local variance is zero and we indeed recover the clas-

sical expression for the luminosity distance. Therefore we infer that if the local variance of the field is non zero the luminos-

ity distance becomes dressed by the fluctuations of the dark energy field. An interesting consequence of this is that the ob-

served parameters do not necessarily match the global parameters of the underlying Friedmann-Lemaître-Robertson-Walker

(FLRW) universe. We thus need to make the distinction between the local parameters and the global, or bare, parameters.

The local parameters are the parameters that are affected by the fluctuations and can therefore, depending on the magnitude

of the fluctuations, be quite different. We stress again that these global parameters are in principle not directly measurable,

as we always do measurements in our local perturbed part of the universe.

Again, we can make the distinction between the two cases. In Case II these local fluctuations are related to the quantity
σ2Q
ρ2tot

, where σ2Q is the local variance of ρ̂Q. In this case σ
2
Q can be anything, thus in principle this contribution could be quite

small. A specific model could make a prediction for this quantity. However, in Case I the deviation from the classical result

is determined byWick’s theorem and is given by 3
4ΩQ(z)2. This contribution is relatively large and results in a large differ-

ence between the bare and local quantities. This is discussed in more detail in section 4.3.

4.2 Two-point function

We now perform a similar analysis for the two-point correlation function of the luminosity distance. We take the state aver-

age of two luminosity distance operators as defined in (4.3):

⟨d̂L(z1, n̂)d̂L(z2, m̂)⟩
(1+ z1)(1+ z2)

=

∫ z1

0
dz′
∫ z2

0
dz
〈

1
Ĥ(z, n̂)Ĥ(z′, m̂)

〉
. (4.8)

Using the Friedmann equation (4.2) we obtain,

⟨d̂L(z1, n̂)d̂L(z2, m̂)⟩
(1+ z1)(1+ z2)

=

∫ z1

0
dz
∫ z2

0
dz′

1
H̄(z)H̄(z′)

〈(
1+

δρ̂Q(z, n̂)
ρtot(z)

)− 1
2
(
1+

δρ̂Q(z
′, m̂)

ρtot(z′)

)− 1
2
〉
. (4.9)

Expanding this up to quadratic order then gives the result,

⟨d̂L(z1, n̂)d̂L(z2, m̂)⟩
(1+ z1)(1+ z2)

=

∫ z1

0
dz
∫ z2

0
dz′

1
H̄(z)H̄(z′)

[
1+

1
4
⟨δρ̂Q(z, n̂)δρ̂Q(z

′, m̂)⟩
ρtot(z)ρtot(z′)

+

3
8
⟨δρ̂Q(z)

2⟩
ρtot(z)2

+
3
8
⟨δρ̂Q(z

′)2⟩
ρtot(z′)2

]
, (4.10)

where we already used that the linear terms are zero. Apart from the 3
8 terms that we had already seen before, we now also

see the 1
4 term. This term is especially interesting as this is dependent on the difference between the two angles and thus

21



induces angular correlations. We can now insert the definition of the fluctuation δρ̂Q(z, n̂) again,

⟨d̂L(z1, n̂)d̂L(z2, m̂)⟩
(1+ z1)(1+ z2)

=

∫ z1

0
dz
∫ z2

0
dz′

1
H̄(z)H̄(z′)

[
1+

1
4
⟨ρ̂Q(z)ρ̂Q(z

′)⟩ − ⟨ρ̂Q(z, n̂)⟩⟨ρ̂Q(z
′, m̂)⟩

ρtot(z)ρtot(z′)
+

3
8

(
⟨ρ̂Q(z)⟩

2

ρtot(z)2
(si(0)− 1) +

⟨ρ̂Q(z
′)⟩2

ρtot(z′)2
(si(0)− 1)

)]
. (4.11)

The final result can then be obtained by using the expression for the unequal time correlator derived in Appendix E,

⟨d̂L(z1, n̂)d̂L(z2, m̂)⟩
(1+ z1)(1+ z2)

=

∫ z1

0
dz
∫ z2

0
dz′

1
H̄(z)H̄(z′)

[
1+

3
8

(
ΩQ(z)2 +Ω2

Q(z′)
)
(si(0)− 1)

+
1
4

(
H̄4

0
H̄(z)2H̄(z′)2

Ω2
Q,0

(
1+ (Δt(z) + Δt(z′))

⟨ ˙̂ρQ⟩0
⟨ρ̂Q⟩0

)
si(∥⃗x− y⃗∥)−ΩQ(z)ΩQ(z′)

)]
, (4.12)

where Δt(z) = t(z)− t0, t(z) denotes the cosmological time at redshift z, the subscript 0 means it is evaluated today. ˙̂ρQ(t0)

denotes the time derivative of ρ̂Q evaluated today. We can now see that the correlation function s(∥⃗x − y⃗∥) has appeared,

meaning this signal has angular dependence. When si(0) ̸= 1, as in Case I, we can also identify another contribution repre-

senting the contribution of the local variance.

4.3 Matching the bare quantities

Local fluctuations affect the one-point function of the luminosity distance, the luminosity distance is therefore dressed by

these fluctuations, resulting in a prediction for the luminosity distance that is different from the standard ΛCDM. There-

fore, the parameters inferred by experiments such as SH0ES [3] or Planck [1] are not necessarily the right parameters de-

scribing the underlying FLRW universe, but rather the values we observe locally. The underlying ‘bare’ parameters, would

be unobservable directly as they are defined on a global hypersurface of equal time. The idea that parameters measured do

not equal the underlying parameters is not a new idea, as it was previously studied in the context of relativistic universes con-

taining inhomogeneities [34, 62]. But to our knowledge it has to this date not yet been studied from our perspective, where

the fluctuations arise due to (quantum) fluctuations in the Hubble rate.

In Case I these local fluctuations are inevitable, as due toWick’s theorem there are always local fluctuations giving ⟨ρ̂2Q⟩ ̸=

⟨ρ̂Q⟩
2. It is therefore important to estimate the bare parameters ΩQ,0 andH0 of our model. Ideally, to estimate these bare

parameters one would fit our model to current data sets. For example, comparing it with current supernovae samples. We

proceed in a similar fashion, we obtain our values by comparing it to the local low redshift distance ladder measurements

from the SH0ES collaboration [2]. This gives the following constraint up to cubic order:

⟨d̂L(z)⟩ =
z
HL

{
1+

1
2
[1− qL] z−

1
6
[
1− qL − 3q2L + jL

]
z2
}
. (4.13)

Here,HL, qL and jL are the locally measured Hubble, deceleration and jerk parameters. Their definitions in an unperturbed
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FLRW universe can be found in ref. [63]. The subscript L denotes that these are measured locally. These parameters are

model independent and therefore well suited for our approach. We match this equation order by order with (4.7). We as-

sume the background is well described by a flat wCDMmodel. This gives us H̄ = H0

√
Ωc,0(1+ z)3 +ΩQ,0(1+ z)3(wQ+1)

and Ωc,0 = 1−ΩQ,0.

We want to match the Case I bare parameters, therefore we need to expand the following luminosity distance, including

the extra term due to the included fluctuations,

⟨d̂L⟩(z) =
1+ z
H0

∫ z

0
dz′

1+ 3
4ΩQ(z)2√

Ωc,0(1+ z)3 +ΩQ,0(1+ z)3(wQ+1)
, (4.14)

ΩQ(z) =
ΩQ,0(1+ z)3(wQ+1)

Ωc,0(1+ z)3 +ΩQ,0(1+ z)3(wQ+1) . (4.15)

Here Ωc,0 = 1 − ΩQ,0. Expanding this and matching it power by power with (4.13) then gives the following three equa-

tions:

1
HL

=
1
H0

(
1+

3
4
Ω2

Q,0

)
(4.16)

1
2HL

[1− qL] =
1

4H0

(
1+

3
4
Ω2

Q,0 −
3
4
wQ

(
4− 12ΩQ,0 + 15Ω2

Q,0

))
(4.17)

− 1
6HL

[
1− qL − 3q2L + jL

]
=− 1

8H0

(
1+

3
4
Ω2

Q,0 −
wQ

2

(
4− 12ΩQ,0 + 15Ω2

Q,0

)
+

3w2
Q

4
ΩQ,0

(
8− 60ΩQ,0 + 150Ω2

Q,0 − 105Ω3
Q,0

))
. (4.18)

Once the local parameters are fixed by measurements, we can numerically solve this system of equations for ΩQ,0,H0 and

wQ. For the local parameters we use the values found by [2], these are obtained by fitting the low redshift expansion over the

redshift range spanning from z = 0.023 to z = 0.15. They find thatHL = 74.1 ± 1.3 km s−1Mpc−1, qL = −0.55 and

jL = 1. The solutions for the bare parameters are thenH0 = 118.0 km s−1Mpc−1, ΩQ,0 = 0.89 and wQ = −0.97.

We stress that this is not a real fit, but merely a way of estimating the quantities to obtain predictions for the measurabil-

ity.
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5
The angular power spectrum

in this chapter we will quantify the angular correlations in terms of the angular power spectrum Cℓ. The angular power

spectrum provides a useful tool to this end [36, 37], it gives the expected power in each mode ℓ derived from an expansion

in spherical harmonics Yℓm(n̂), which is a natural basis to expand in on the sphere. This is a projected power spectrum,

as the distance or redshift coordinate is integrated over to project the correlations on the celestial sphere. This power spec-

trum has several advantages; first of all, we will mainly be interested on the largest scales, as the dark energy correlations will

be strongest in this regime (which can be traced to the large characteristic length scale coming from inflation: for our spe-

cific model, see Chapters 9 and 10). To study this regime consistently, we need a function that can be measured on the full

sphere without approximations (e.g. the flat sky approximation [43]). The Cℓ’s allow us to calculate the angular power spec-

trum including wide angle effects. Another advantage of this power spectrum is the fact that it can be measured without

assumptions on the specific model, in comparison, the three dimensional power spectrum relies on the conversion from

redshift to distance, which is in fact cosmology dependent.

Our observable of interest are the residuals from the mean in the luminosity distance. This is a scalar function, therefore

24



it can be expanded in spherical harmonics,

Δ(z, n̂) =
d̂L(z, n̂)− ⟨d̂L⟩(z)

⟨d̂L⟩(z)
=

∞∑
ℓ=0

ℓ∑
m=−ℓ

Δℓm(z)Yℓm(n̂). (5.1)

This expansion defines the coefficients Δℓm. To obtain an expression for Δℓm we can invert this equation, using that the

spherical harmonics form a complete basis we obtain:

Δℓm(z) =
∫

d2n̂Δ(z, n̂)Y∗
lm(n̂). (5.2)

These coefficients Δℓm are stochastic variables, therefore we take an ensemble average over them. This ensemble average

would be over an ensemble of universes. However, we only have one universe to sample, this then yields a fundamental un-

certainty known as cosmic variance. Assuming the process generating the fluctuations is statistically isotropic, the ensemble

average takes the form:

⟨Δℓm(z)Δ∗
ℓ′m′(z′)⟩ = Cℓ(z, z′)δℓℓ′δmm′ , (5.3)

where Cℓ is the angular power spectrum and the δ’s denote the Kronecker delta. Because of statistical isotropy we can as-

sume that independentm’s do not contain individual information and we can average over them. This gives us the follow-

ing expression for the power spectrum

Cℓ(z, z′) =
1

2ℓ+ 1

ℓ∑
m=−ℓ

⟨Δℓm(z)Δ∗
ℓm(z′)⟩. (5.4)

We can note that we only have 2ℓ + 1 modesm at our disposal for every ℓ to sample our distribution. This quantifies the

cosmic variance.

We can now insert (5.2) in (5.4) to obtain:

Cℓ(z, z′) =
1

2ℓ+ 1

〈∫
d2n̂

∫
d2m̂Δ(z, n̂)Δ(z′, m̂)

ℓ∑
m=−ℓ

Yℓm(n̂)Y∗
ℓm(m̂)

〉
. (5.5)

We can use the well known addition formula for spherical harmonics (see e.g. [64]) to simplify this, the addition formula

relates the sum over the spherical harmonics to the Legendre polynomialsPℓ as follows,

1
2ℓ+ 1

ℓ∑
m=−ℓ

Yℓm(n̂)Yℓm(m̂) =
1
4π

Pℓ(n̂ · m̂). (5.6)
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This then simplifies (5.5),

Cℓ(z, z′) =
1
4π

∫
d2n̂

∫
d2m̂⟨Δ(z, n̂)Δ(z′, m̂)⟩Pℓ(n̂ · m̂) (5.7)

= 2π
∫ 1

−1
dμ⟨Δ(z)Δ(z′)⟩(μ)Pℓ(μ). (5.8)

In the second step we used that due to the isotropy of the background the angular dependence of the correlator ⟨Δ(z, n̂)Δ(z′, m̂)⟩

appears only through the relative angle. Here, μ = n̂ · m̂ = cos(θ), where θ is the angle between n̂ and m̂. So far, this has all

been purely mathematical. We can insert our model via the correlation function ⟨Δ(z)Δ(z′)⟩(μ), it is convenient to express

it in the following way,

⟨Δ(z)Δ(z′)⟩(μ) = ⟨d̂L(z)d̂L(z′)⟩(μ)
⟨d̂L⟩(z)⟨d̂L⟩(z′)

− 1. (5.9)

For ℓ ≥ 1 we can exploit the fact that any constant not depending on the angle is proportional toP0(μ) and therefore, due

to the orthogonality of the Legendre polynomials, these will not contribute for the power spectra with multipoles ℓ ≥ 1.

Then, combining (4.12) and (5.8) gives us the following expression for the angular power spectrum with ℓ ≥ 1*.

Cℓ(z, z′) = −aiπ
Ω2

Q,0H̄4
0

2
(1+ z)(1+ z′)
⟨d̂L⟩(z)⟨d̂L⟩(z′)

×
∫ 1

−1
dμ
∫ z′

0
dz1
∫ z

0
dz2

(
1+ (Δt(z1) + Δt(z2))

⟨ ˙̂ρQ⟩0
⟨̂ρQ⟩0

)
H̄(z1)3H̄(z2)3

(
r(z1, z2, μ)nDE

rnDE
0

)
Pℓ(μ), (5.10)

where Δt(z) = t(z)− t0, t(z) denotes the cosmological time at redshift z, the subscript 0 means it is evaluated today. ˙̂ρQ(t0)

denotes the time derivative of ρ̂Q evaluated today. The factor ai depends on the case, we define it as.

ai =


2, i = 1, Case I,

σ̃2Q, i = 2, Case II.
(5.11)

The power spectrum can be simplified some more by commuting the redshift integrals with the angular integral, as the inte-

gral over μ can then be solved. This is discussed elaborately in Appendix G. Here we just state the result,

Cℓ(z1, z2) = −ai
2
π

3
2Ω2

Q,0H4
0
2−ℓ

(
− nDE

2

)
ℓ

Γ( 32 + ℓ)

(1+ z1)(1+ z2)
⟨d̂L⟩(z1)⟨d̂L⟩(z2)

∫ z1

0
dz
∫ z2

0
dz′

(
1+ (Δt(z) + Δt(z′))

⟨̂ρ̇Q⟩0
⟨̂ρQ⟩0

)
H̄(z)3H̄(z′)3

×

(
χ(z)2 + χ(z′)2

r20

) nDE
2

μ0(z, z
′)−ℓ

2F1
(
ℓ

2
− nDE

4
,
1
2
+

ℓ

2
− nDE

4
;
3
2
+ ℓ; μ0(z, z

′)−2
)
. (5.12)

χ(z) =
∫ z
0 dz

′H̄−1(z′) is the comoving coordinate, we use the unperturbed comoving distance as this comoving distance is

*Here we assumed the regime where the fluctuations saturate is never reached. For our predictions later on this means we will consider
H0r0 ≥ 2.
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related to comoving coordinate x⃗. We used the short notation μ0(z, z
′) =

χ(z)2+χ(z′)2

2χ(z)χ(z′) . 2F1 is Gauss’ hypergeometric func-

tion and (a)ℓ = Γ(a+ℓ)
Γ(a) is the Pochammer symbol. This power spectrum cannot yet be compared with observations. Obser-

vations are done by measuring d̂L(z,n̂)−d̄L(z)
d̄L(z)

, where

d̄L =

∫
d2n̂
4π

d̂L(z, n̂) (5.13)

is the luminosity distance averaged over all directions. If the angular averaging is the same as the ensemble averaging, the

field is said to be ergodic. In our case, however, this is not the case. It is possible to relate our power spectrum to the one that

would be observationally available. This can be approximated as a simple rescaling of our power spectrum and is derived in

detail in Appendix F. The result is

C̃ℓ(z1, z2) =−
ai
2

1+ C0(z1,z2)
4π

π
3
2Ω2

Q,0H̄4
0
2−ℓ

(
− nDE

2

)
ℓ

Γ( 32 + ℓ)

(1+ z1)(1+ z2)
⟨d̂L⟩(z1)⟨d̂L⟩(z2)

×
∫ z1

0
dz
∫ z2

0
dz′

(
1+ (Δt(z) + Δt(z′))

⟨̂ρ̇Q⟩0
⟨̂ρQ⟩0

)
H̄(z)3H̄(z′)3

(
χ(z)2 + χ(z′)2

r20

) nDE
2

(5.14)

× μ0(z, z
′)−ℓ

2F1
(
ℓ

2
− nDE

4
,
1
2
+

ℓ

2
− nDE

4
;
3
2
+ ℓ; μ0(z, z

′)−2
)
.

Our angular power spectrum is a function of ℓ, z and z′. Observationally, however, the Cl’s are split into redshift bins

and integrated over some redshift distribution that traces the field

C i,j
ℓ =

∫ ∞

0
dzpi(z)

∫ ∞

0
dz′p j(z′)C̃ℓ(z, z′), (5.15)

where pi(z) = 1
Ni

dNi

dz , is the normalised number distribution as a function of redshift of supernovae used to trace the field.

The superscript i denotes the redshift bin that is being used.

Numerically, it is more convenient to express it in a different way. After we switched order of integration (
∫∞
0 dz

∫ z
0 dz

′ →∫∞
0 dz′

∫∞
z′ dz), our Cℓ’s take the following form:

C i,j
ℓ =− ai

2
π

3
2Ω2

Q,0H4
0
2−ℓ

(
− nDE

2

)
ℓ

Γ( 32 + ℓ)

×
∫ ∞

0
dz
∫ ∞

0
dz′

W i,j(z, z′)
H̄(z)3H̄(z′)3

(
1+ (Δt(z) + Δt(z′))

⟨ˆ̇ρQ⟩0
⟨ρ̂Q⟩0

)(
χ(z)2 + χ(z′)2

r20

) nDE
2

× μ0(z, z
′)−ℓ

2F1
(
ℓ

2
− nDE

4
,
1
2
+

ℓ

2
− nDE

4
;
3
2
+ ℓ; μ0(z, z

′)−2
)
,

(5.16)

whereWi,j(z, z′) is then defined as:

W i,j(z, z′) =
∫ ∞

z
dz1
∫ ∞

z′
dz2

(1+ z)(1+ z′)pi(z)pj(z′)

⟨d̂L⟩(z)⟨d̂L⟩(z′)
(
1+ C0(z,z′)

4π

) . (5.17)
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Wewill calculate these power spectra for Case I in Chapter 8. Following the discussion in section 4.3 we assume the matched

values. The background Hubble rate H̄ and the coordinate comoving distance are obtained from the assumed underlying

flat wCDMuniverse,

χ(z) =
∫ z

0

dz′

H0E(z′)
, H̄ = H0E(z), E(z) =

√
Ωc,0(1+ z)3 +ΩQ,0(1+ z)3(ωQ+1). (5.18)

These integrals are then solved using a numerical routine in Python.
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6
Correlations due to relativistic effects

To know whether or not our signal is measurable, it is crucial to compare it with the signal that would be observed in a null

experiment, i.e. a universe without spatial correlations in dark energy. In principle any positive measurement of angular cor-

relations in the luminosity would be exciting, as such a measurement has currently not been performed as of today. How-

ever, it does not necessarily has to point us to new physics as General Relativity, combined with the perturbations in the

gravitational field inherited from inflation also produces a non zero power spectrum for the luminosity distance [33–36].

These fluctuations are intrinsically relativistic effects known as convergence, Doppler, (integrated) Sachs-Wolfe, volume di-

lation and time delay [33–36, 65–67]. In this chapter we review these effects and derive the angular power spectra for the

Doppler and convergence effects in perturbed ΛCDM [34, 67]. Our proposed dark energy model would then need to rise

above this signal for it to be measurable. We point out that ideally one would perform this calculation also in the context of

our DEmodel, however, this is beyond the scope of this thesis.

6.1 Luminosity distance in a perturbed relativistic universe

To obtain the formula’s describing the correlations we follow the approach by [34], they calculate the convergence of pho-

tons due to the gravitational field by solving the Sachs equation [68]. The fully relativistic expression to linear order reads
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[33, 34, 67],

Δκ(z, n̂) =
1
2χ

∫ χ

0
dχ′

χ − χ′

χ′
Δ⊥(Φ + Ψ) +

(
1
χH

− 1
)
v⃗ · n̂− 1

χ

∫ χ

0
dχ′(Φ + Ψ)

+

(
1− 1

χH

)∫ χ

0
dχ′(Φ̇ + Ψ̇) +

(
1− 1

χH

)
Ψ + Φ. (6.1)

Here, Δκ is the lensing* contribution to Δ = dL
d̄L − 1. Φ and Ψ denote the Bardeen potentials,H = aH is the confor-

mal Hubble parameter. We can now recognise the several relativistic effects contributing to the signal. The first term is the

standard expression for the lensing convergence, the second term is related to peculiar velocities and redshift space distor-

tions and is known as Doppler lensing, the third term describes the effect of time delay. Then on the second line, we have

the integrated Sachs-Wolfe effect, volume dilations and the Sachs-Wolfe effect. Apart from being studied in the context of

the luminosity distance, these effects have also been studied in the context of galaxy surveys [65–67, 69, 70].

While all terms contribute to the correlations, two of the terms dominate. Namely, Doppler and convergence, which are

the first two terms of (6.1). In the following two sections we calculate the auto power spectra for these effects [34, 67, 70].

The cross correlations between these effects are zero, as convergence selects modes perpendicular to the line of sight while

the Doppler effect only takes modes along the line of sight into account.

6.2 Doppler

First, we focus on the second term, known in the literature as the Doppler contribution. These stem from the same effect

as the more well known redshift space distortions. The peculiar velocity of the supernova changes the redshift one would

measure if it was caused by just the Hubble flow. As a result of this the supernovae appears (de)magnified. Its contribution

is given by [35, 69, 70],

κv(z, n̂) =
(

1
χ(z)H(z)

− 1
)
v⃗ · n̂. (6.2)

This effect depends on the velocity’s direction, v⃗ · n̂, reflecting the fact that the effect is opposite if it is either moving from or

towards the observer. At low redshift the first term in (6.2) dominates, due to the small comoving distance χ. If we assume

the supernova is moving towards the observer, meaning v⃗ · n̂ < 0. Then the Doppler term demagnifies the supernova at

low redshift. At high redshift the second term dominates and as a result the supernova is magnified in this regime. This can

be explained as follows [67]: when fixing the redshift, a supernova moving towards us is in reality more distant in comoving

coordinates than it appears. At low redshift this gives a negative contribution, due to the smaller angle it is observed under.

At high redshift, however, this is not the case. In this regime the dominant contribution comes from the universe having a

smaller scale factor when the photons were emitted. The bundle of photons is then stretched under the expansion of the

universe when moving towards us, increasing the observed magnitude. For a Planck cosmology [1] the effects are equal at

z ≈ 1.6 and cancel out. For the values of z that we consider, the low redshift contribution always dominates. This effect

*The nomenclature ‘lensing’ can be confusing, as the first term in (6.1) is also widely known as lensing (convergence) on its own.
However, all these effects change the observed magnitude of the supernova due to the matter perturbations and can be understood as
lensing effects. Therefore, when referring to the lensing effects we mean the (dominating) contributions from (6.1).

30



0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
z

10−9

10−7

10−5

10−3

10−1

101

103

g(
z)

Figure 6.1: The behaviour of the function g(z) =
(

1
χH − 1

)2
, this expression appears in the angular power spectrum of Doppler lensing and largely

drives its redshift dependence.

then becomes smaller with redshift. This is clear in Figure 6.1, where the behaviour of the function g(z) =
(

1
χH − 1

)2
is

shown. We square it as this is how it appears in the power spectrum, we indeed see that this term is mainly relevant at very

low redshift.

6.2.1 The angular power spectrum

Tomake quantitative predictions we derive the angular power spectrum for this effect [67, 70]. We start from the expression

as given in (6.2),

Δv =

(
1
χH

− 1
)
v⃗ · n̂ (6.3)

To connect the velocity field to the density field, which in turn can be connected to the power spectrum, we need the conti-

nuity equation from General Relativity [43],

v⃗(⃗k, z) = iH(z)f(z)
k⃗
k2
δ(⃗k, z). (6.4)

Here, f(z) = d lnD(z)
d ln a is the growth rate withD(z) being the growth function. This quantity is Fourier transformed, insert-

ing its inverse Fourier transform in (6.1) one obtains,

Δv = i
∫

d3k
(2π)3

(
1
χ
−H(z)

)
k⃗ · n̂
k2

f(z)δ(⃗k, z)ei⃗k·n̂χ. (6.5)

We write the factor k⃗ · n̂ei⃗k·n̂χ conveniently in terms of spherical harmonics using the following identity,

k⃗ · n̂ei⃗k·n̂χ = 4πk
∑
ℓm

iℓj′ℓ(kχ)Yℓm(k̂)Yℓm(n̂). (6.6)
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Using this we find,

Δv = 4π
∑
ℓm

∫
d3k
(2π)3

(
1
χ
−H(z)

)
f(z)

δ(⃗k, z)
k

iℓ+1j ′ℓ (kχ)Yℓm(k̂)Yℓm(n̂). (6.7)

An expansion in spherical harmonics is defined by Δ(z, n̂) =
∑

ℓm Δℓm(z)Yℓm(n̂). Which is precisely the form of (6.7), we

can thus read off the expansion coefficients,

Δv,ℓm = 4πiℓ+1
(
1
χ
−H(z)

)
f(z)

∫
d3k
(2π)3

δ(⃗k, z)
k

j ′ℓ (kχ)Yℓm(k̂). (6.8)

For convenience we state the angular power spectrum again, given as a summation over the modesm, previously given in

(5.5),

Cℓ(z1, z2) =
1

2ℓ+ 1

ℓ∑
m=−ℓ

⟨Δ∗
ℓm(z1)Δℓm(z2)⟩. (6.9)

We can now readily insert the spherical harmonic coefficients (6.8) in (6.9) to obtain the angular powerspectrum in our case,

C v
ℓ (z1, z2) =

(4π)2

2ℓ+ 1

(
1

χ(z1)
−H(z1)

)
f(z1)

(
1

χ(z2)
−H(z2)

)
f(z2)

×
∫

d3q
(2π)3

∫
d3k
(2π)3

⟨δ(⃗k, z1)δ∗(⃗q, z2)⟩
kq

j ′ℓ (kχ(z1))j ′ℓ (qχ(z2))
ℓ∑

m=−ℓ

Yℓm(k̂)Y∗
ℓm(q̂). (6.10)

We can rewrite the factor ⟨δ(⃗k, z1)δ∗(⃗q, z2)⟩ in terms of the matter power spectrum Pm. This is defined as,

⟨δ(⃗k, z1)δ∗(⃗q, z2)⟩ = (2π)3Pm(k, z, z′)δ3(⃗k− q⃗). (6.11)

Here, δ3 is the three dimensional Dirac delta function. Using this definition to solve one of the momentum integrals gives

us,

C v
ℓ (z1, z2) =

(4π)2

2ℓ+ 1

(
1

χ(z1)
−H(z1)

)
f(z1)

(
1

χ(z2)
−H(z2)

)
f(z2)

×
∫

d3k
(2π)3

Pm(k, z1, z2)
k2

j ′ℓ (kχ(z1))j ′ℓ (kχ(z2))
ℓ∑

m=−ℓ

Yℓm(k̂)Y∗
ℓm(k̂). (6.12)

The sum can now be evaluated using the addition formula, which was stated in (5.6). Also using the the fact that the power

spectrum only depends on the absolute wave number k allows us to write,

C v
ℓ (z1, z2) =

2
π

(
1

χ(z1)
−H(z1)

)
f(z1)

(
1

χ(z2)
−H(z2)

)
f(z2)

∫ ∞

0
dkPm(k, z1, z2)j ′ℓ (kχ(z1))j ′ℓ (kχ(z2)) (6.13)

This power spectrum is shown in Figure 6.2 for several redshift values. In Figure 6.2a, we show the power spectrum in the

regime where it decreases with redshift, while in Figure 6.2b the regime is shown where the effect increases with redshift.
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Figure 6.2: The Doppler power spectrum as a function of redshift, given by (6.13). The left panel shows the lower redshift behaviour, which is the
most relevant part for this thesis. The right panel shows the higher redshift behaviour. We see that after z = 1.6 the power spectrum increases with
redshift, while prior to this it decreases with redshift.

We do not show the unequal redshift correlations for the Doppler contribution. The Doppler effect is negligible at unequal

redshifts, as it requires two objects to be physically close together in order for their velocities to be correlated.

For the final expression we also need to integrate over a redshift distribution, as in reality measurements are not done on

an infinitely thin redshift slice, but over a distribution of sources in redshift space. This gives us,

C v,i,j
ℓ =

2
π

∫ ∞

0
dz1pi(z1)

(
1

χ(z1)
−H(z1)

)
f(z1)

∫ ∞

0
dz2p j(z2)

(
1

χ(z2)
−H(z2)

)
f(z2)

×
∫ ∞

0
dkPm(k, z1, z2)j ′ℓ (kχ(z1))j ′ℓ (kχ(z2)). (6.14)

This spectrum is shown in Chapter 8.

6.3 Convergence

The convergence contribution in General Relativity is given by [34],

Δc(z, n̂) =
∫ z

0

dz′

H(z′)
χ(z)− χ(z′)
χ(z)χ(z′)

Δ⊥

(
Φ(z, k⃗) + Ψ(z, k⃗)

)
, (6.15)

where we used the result in (6.1) and swapped dχ = dz
H(z) . Δ⊥ is the Laplacian evaluated transverse to the line of sight and

Φ and Ψ are the Bardeen potentials. The convergence term expresses how certain overdense regions between the observer

and the supernova magnify the source, thereby increasing (or decreasing) the supernova’s luminosity. We note that this ef-
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fect depends on the full line of sight and thus becomes stronger with redshift.

6.3.1 The angular power spectrum

To calculate the angular power spectrum we proceed in similar fashion as for the Doppler spectrum. We write the Fourier

transform of the metric potentials Φ and Ψ and the expand the exponent in spherical harmonics,

Φ(z, n̂) + Ψ(z, n̂) =
∫

d3k
(2π)3

(
Φ(z, k⃗) + Ψ(z, k⃗)

)
ei⃗k·n̂χ (6.16)

= 4π
∫

d3k
(2π)3

(
Φ(z, k⃗) + Ψ(z, k⃗)

)∑
ℓm

iℓjℓ(kχ)Yℓm(k̂)Yℓm(n̂). (6.17)

We are interested in the Laplacian perpendicular to the line of sight of this function. From considering the previous expres-

sion, we see that the angular dependence only appears in the spherical harmonic Yℓm(n̂). The perpendicular Laplacian thus

directly works on this function. The spherical harmonics are the eigenfunctions of the angular part of the Laplace equation

with eigenvalues ℓ(ℓ+ 1), we can thus directly write Δ⊥Yℓm(n̂) = ℓ(ℓ+ 1)Yℓm(n̂). Inserting this in (6.15) yields,

Δc(z, n̂) = 4π
∑
ℓm

ℓ(ℓ+ 1)
∫

d3k
(2π)3

∫ z

0

dz′

H(z′)
χ(z)− χ(z′)
χ(z)χ(z′)

(
Φ(z, k⃗) + Ψ(z, k⃗)

)
iℓjℓ(kχ)Yℓm(k̂)Yℓm(n̂). (6.18)

Analogous to the Doppler case we can now read of the coefficients for the spherical harmonics expansion,

Δc,ℓm(z) = 4πℓ(ℓ+ 1)
∫

d3k
(2π)3

∫ z

0

dz′

H(z′)
χ(z)− χ(z′)
χ(z)χ(z′)

(
Φ(z, k⃗) + Ψ(z, k⃗)

)
iℓjℓ(kχ)Yℓm(k̂). (6.19)

We want to express this in terms of an overdensity δ(z, k⃗), from the Poisson equation the following transfer function can be

derived [43].

TΦ+Ψ(z, k⃗) = −3H2
0ΩM

k2a(z)
. (6.20)

We now have all the ingredients to calculate the angular power spectrum. Expressing (6.19) in terms of the overdensity, δ, by

using the transfer function and then inserting it in (6.9) gives us,

C c
ℓ (z, z′) =

(4π)2ℓ2(ℓ+ 1)2

2ℓ+ 1

∫ z

0

dz1
H(z1)

χ(z)− χ(z1)
χ(z)χ(z1)

∫ z′

0

dz2
H(z2)

χ(z′)− χ(z2)
χ(z′)χ(z2)

×
∫

d3k
(2π)2

∫
d3q
(2π)3

TΦ+Ψ(k, z)TΦ+Ψ(q, z′)⟨δ(z1, k⃗)δ∗(z2, q⃗)⟩jℓ(kχ(z1))jℓ(qχ(z2))
ℓ∑

m=−ℓ

Yℓm(k̂)Y∗
ℓm(q̂). (6.21)
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This can be simplified by first using the definition of the Power spectrum to set q⃗ = k⃗ and then using the addition formula

again to evaluate the sum, yielding,

C c
ℓ (z, z′) =

2
π
(ℓ(ℓ+ 1))2

∫ z

0

dz1
H(z1)

χ(z)− χ(z1)
χ(z)χ(z1)

∫ z′

0

dz2
H(z2)

χ(z′)− χ(z2)
χ(z′)χ(z2)

×
∫ ∞

0
dkk2TΦ+Ψ(k, z1)TΦ+Ψ(k, z2)Pm(k, z1, z2)jℓ(kχ(z1))jℓ(kχ(z2)). (6.22)

A difference with the Doppler spectrum is that this spectrum has significant contribution at different redshift. This is the

result of it being an integrated effect, all structure between the observer and the source contributes. A slice at redshift z and

a slice at redshift z′ is still correlated, as the photons originating from the sources on these slices partially travel through the

same structure. To obtain the full expressions we also need to integrate this over some redshift distribution that traces the

field, in our case that is a supernovae distribution.

C c,i,j
ℓ =

2
π
(ℓ(ℓ+ 1))2

∫ ∞

0
dzpi(z)

∫ ∞

0
dz′p j(z′)

∫ z

0

dz1
H(z1)

χ(z)− χ(z1)
χ(z)χ(z1)

∫ z′

0

dz2
H(z2)

χ(z′)− χ(z2)
χ(z′)χ(z2)

×
∫ ∞

0
dkk2TΦ+Ψ(k, z1)TΦ+Ψ(k, z2)Pm(k, z1, z2)jℓ(kχ(z1))jℓ(kχ(z2)). (6.23)

It is then convenient to switch order of integration in the following way
∫∞
0 dz

∫ z
0 dz

′ →
∫∞
0 dz′

∫∞
z′ dz. This then gives

the final result,

C c,i,j
ℓ =

2
π
(ℓ(ℓ+ 1))2

∫ ∞

0

dz1
H(z1)

W i
L(z1)

∫ ∞

0

dz2
H(z2)

W j
L(z2)

×
∫ ∞

0
dkk2TΦ+Ψ(k, z1)TΦ+Ψ(k, z2)Pm(k, z1, z2)jℓ(kχ(z1))jℓ(kχ(z2)). (6.24)

WithWi
L(zi) being the lensing kernel defined as:

Wi
L(z̃) =

∫ ∞

z̃
dzpi(z)

χ(z)− χ(z̃)
χ(z)χ(z̃)

. (6.25)

In Figure 6.3 the power spectrum for several redshift slices, given by (6.22), is shown. Figure 6.3a gives the spectrum for

two slices evaluated at the same redshift. As expected the correlations become stronger with redshift. Figure 6.3b gives the

spectrum when considering unequal redshift slices. Due to the convergence effect depending on the full line of sight, the

unequal redshift contribution is significant. The spectrum (6.24) is shown in Chapter 8.

6.4 Malmquist bias

In principle we could also have correlations coming from surveys being magnitude limited. This induces a bias known as the

Malmquist bias, which affects the distribution p(z). The lensing effects magnify or demagnify supernovae and can thus

push stars that are otherwise to faint to observe over the magnification threshold. This effect depends on the large scale
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Figure 6.3: The angular power spectrum for the convergence effect, given by (6.22). The left panel considers equal redshift slices, while the right panels
considers unequal redshift slices.

structure and thus induces non zero correlations. Specifically the observed number of supernovaeN in a redshift shell z

would be altered by

N(z, n̂)
N̄(z)

= 1+ 5sκ(z, n̂) (6.26)

⇒ p(z, n̂) = p̄(z)(1+ 5sκ(z, n̂)), (6.27)

where s is the effective number count slope [71, 72] and κ the lensing effects. This would then be a correction to the average

distribution p̄i(z). However, this correction is higher order, as it multiplies (6.1), which is already leading order in perturba-

tion theory. We are therefore justified in considering the average distribution as our distribution.

6.5 The matter spectrum

These integrals can be quite complicated, as the higher ℓ spherical Bessel functions become heavily oscillating. To simplify

the computations we use the linear power spectrum at the largest scales instead of the non linear spectrum. This is given by

[43],

PL(k, z1, z2) =
8π2

25
As

Ω2
M
D(z1)D(z2)T(k)2

kns

H4
0k

ns−1
p

. (6.28)

As is the amplitude of curvature perturbations on the pivot scale kp. Using the linear power spectrum has the benefit that

the redshift dependence of the power spectrum decouples, i.e. PL(k, z1, z2) ∝ D(z1)D(z2)kns and is accurate on large scales.
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After ℓ = 15 we switch to the non linear power spectrum†. To still efficiently calculate these integrals we then adopt the

Limber approximation [73]. Switching at ℓ = 15 ensures an almost smooth transition (< 1%) between the calculation

methods. The power spectrum, growth rate, growth function and transfer functions are obtained by using the publicly

available Core Cosmology Library (CCL [74], v2.1.0), CCL uses CAMB power spectrum [75].

For these quantities we assume the following flat Planck ΛCDM cosmology [1]: Ωb = 0.045, ΩCDM = 0.27, h =

H0/(100 km s−1Mpc−1) = 0.67,As = 2.1 × 10−9 on a pivot scale of kp = 0.05Mpc−1 and ns = 0.96. In ΛCDMΩb

and ΩCDM are the fractional energy densities of baryonic and cold dark matter, h is the dimensionless Hubble constant,As

is the variance of curvature perturbations in a logarithmic wavenumber interval centered around the pivot scale kp, and ns is

the scalar tilt.

†This is the approach we use to calculate the full spectrum integrated over a supernova distribution, these results are shown in Chap-
ter 8. The figures in this chapter, that display the angular spectrum Cℓ(z, z′), are obtained by using just the linear approximation.
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7
Forecasting and supernovae surveys

To assess whether this effect is measurable, we perform a forecast. The measurability of the effect depends on the astrophysi-

cal object one uses to trace the field and are thus survey specific.

An analogy could be made with a more earthly example: when one would observe a perfectly clear river, it would be

impossible to see how fast the water in the river is flowing. However, you can focus on a leaf floating in the water and use

this as a proxy for the speed of the water. It would then also be important to understand the physics of the leaf, for exam-

ple their floating abilities as function of speed and environment would be pivotal. Our leafs are supernovae, as supernovae

have proven their worth to cosmology [76]. Supernovae are excellent tracers of the expansion of the universe for several rea-

sons; first and foremost, due to their characteristic light curves supernovae make exquisite standard candles, but almost as

important, supernovae also form some of the brightest events in the universe, making them visible over enormous distances.

However, there are a few complications when doing supernovae cosmology; while a galaxy will be visible on the sky for prac-

tically forever on human time scales, a supernovae is only visible for a limited time. It is thus possible to miss it, for example,

when your telescope is observing another patch of the sky. For supernova cosmology the survey strategy is thus very impor-

tant. Another complication comes from the need for accurate spectroscopic redshifts, several modern surveys will perform

photometric measurements. Then to obtain accurate measurements, another telescope needs to perform a spectroscopic

follow up.
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Figure 7.1: The supernova distribution expected to be obtained by the Dark Energy Survey (DES) [78]. This survey will observe 30 square degrees
of the sky repeatedly, 6 of wich will be allocated more observing time for so called ‘deep drilling’. This survey will be used to make forecasts for the
observability of our dark energy signal.

We consider two such surveys, first we consider the ongoing Dark Energy survey (DES y5, [77]), we make predictions for

the Y5 data. This will be available in the near future. However, we also make forecasts in a more futuristic setup, as will be

produced by the year 10 Legacy Survey of Space and Time (LSST Y10, [32]). Both surveys are described in the following

two sections. In the last section we describe the formalism in which we make the forecast.

7.1 The Dark Energy Survey

The dark energy survey is a survey that is conducted by the Victor M. Blanco telescope in Chile. Observations ran from

2013 to 2019. As of today the data from the first three years is available.

We make predictions for the DES Y5 survey which will be released in the near future. The expected characteristics of

the supernovae survey are described by [78]. As discussed before, the survey strategy is of pivotal importance. In this case

the telescope will visit 10 regions of 3 deg2, covering a total area of 30 deg2, corresponding with a fraction of the sky fsky =

0.0007. Two of these regions will have a longer exposure times, performing ‘deep drills’ into redshift space. This strategy

is expected to find about 3482 supernovae with accurate redshift measurements. This sample is shown in Figure 7.1. We

estimate the intrinsic uncertainty in magnitude σm = 0.13, in accordance with [78].

7.2 Legacy Survey of Space and Time

Separately, we also make forecasts in a more futuristic setup, with the goal of mimicking the year 10 Legacy Survey of Space

and Time (LSST Y10). This survey will be conducted by the Vera C. Rubin Observatory, located in Chile.

This sample will improve significantly on current samples for several reasons [79]: it will have a significantly higher num-

ber count, with an expected number of supernovae with well measured redshift of about 105 , almost two orders of mag-

nitudes more than DES. Secondly, LSST will observe a much larger region of the sky, as LSST will produce the first all sky
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supernova survey, with fsky = 0.5. This will significantly reduce the cosmic variance. We assume the total LSST sample to

be similar in shape as the DES sample, therefore we use the same redshift distribution p(z).

Similar to DES we will assume the intrinsic magnitude scatter to be σm = 0.13.

7.3 Forecasting methods

We aim to predict the overall detectability of the signal. To this end we provide a forecast for the signal to noise ratio (SNR).

The SNR of an angular power spectrum Cℓ between two redshift bins i and j is defined as:

SNRij =

√√√√√√ℓ=ℓmax∑
ℓ=ℓmin

(
Cij
ℓ

)2
Var
[
Cij
ℓ

] . (7.1)

Here, Var [Cℓ] is the variance of the power spectrum. Assuming all the perturbations are statistically homogeneous, isotropic

and Gaussian the variance of a power spectrum is given by [80]:

Var
[
Cij
ℓ

]
=

C̃ii
ℓ C̃

jj
ℓ + C̃ij

ℓ C̃
ji
ℓ

(2ℓ+ 1)fsky
, (7.2)

where C̃ ij
ℓ is the angular power spectrum between two redshift bins including noise and fsky is the observed fraction of

the sky. We consider noise for the auto-power spectra and we assume this to be white noise. This noise is a result from the

fact that we do not measure a smooth field, but a finite number of supernovae. We refer to this noise as shot noise. For our

power spectrum it takes the following form [36]:

C̃ii
ℓ = Cii

ℓ +
4πfsky
NSNe

(
σdL
dL

)2

(7.3)

HereNSNe is the amount of supernovae in the redshift bin and σdL
dL is the intrinsic dispersion of luminosity distance measure-

ment, this can be related to the intrinsic magnitude dispersion of the supernova via σdL
dL = ln 10

5 σm. The intrinsic uncertainty

in the magnitude is usually estimated to be roughly 0.1-0.2 [78, 81, 82]. We assume an ℓ range of 2 ≤ ℓ ≤ 100. However,

we explore the dependence of the SNR on ℓmin.
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8
Prospects for the measurability

In this Chapter we present the results for the angular power spectra derived in Chapter 5. We analyse which range of the

model parametersH0r0 and nDE would lead to a possible positive detection, and assess what is the best strategy to detect

this signal. We consider the contaminant effects described in Chapter 6 and predict the noise as discussed in Chapter 7.

We considerH0r0 instead of r0 as this is a dimensionless quantity, the length scale of the fluctuations with respect to the

Hubble length today. We only consider lengths r0 larger than twice the Hubble length, thus we never reach the regime

where the fluctuations saturate. The general shape of the angular power spectrum does not significantly change as the factor

(H0r0)−nDE mostly* affects the general amplitude, therefore not changing the form of the spectrum.

Our predictions are made in the context of Case I. Generalising the results to Case II is in principle straightforward once

σ̃2Q is fixed. A simple comparison can be made in the following cases, when σ̃2Q = 2 the results are the same and when σ̃2Q < 2

(σ̃2Q > 2) Case II would be harder (easier) to detect than the results in this Chapter. An order of magnitude conversion

between the two cases could be obtained by rescaling the characteristic length scale of Case I by r0 → r0
( 2
σ̃2
) 1

nDE .†

*It also appears in the contribution from the monopole, however, the monopole only affects the shape of the spectrum on the few
percent level.

†This approximation neglects the fact that in principle one would have to calculate the bare quantities ΩQ,0 andH0 again in Case II.
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Figure 8.1: The angular power spectra Cℓ shown with characteristic fluctuation scaleH0r0 = 2 (solid green line) and 10 (solid blue line). We also
show the spectra for the lensing effects (convergence in red and Doppler in orange). The left panel shows the dark energy signal with a spectral slope
of nDE = 0.1 and the right panel the spectra for nDE = 1. The figures also include the expected noise, including shot noise and cosmic variance for
the two survey set ups (LSST ‐ dashed and DES ‐ dot‐dashed). This gives four curves, as the noise depends both on the survey and the power spectrum
via (7.2). In the legend the expected signal to noise ratio corresponding to this noise is given in bold.

8.1 Overall detectability

First, we assess the detectability over the full redshift distribution. In Figure 8.1 the angular power spectrum (5.16) is shown.

It is clear that the signal is mostly located at the lower ℓ’s and then decays very rapidly. This decay is steepest in the case

where the spectral index is larger, which is the case shown in Figure 8.1b. We understand the fact that a higher nDE gives a

smaller signal as follows: due to always considering large scales, indicated byH0r0 ≥ 2, the fluctuations contributing are

those with a relatively small length scale with respect to r0. When we consider the profiles of the correlations, Figure 3.1, the

profiles with a small spectral index change significantly more rapidly at smaller r. This then results in a higher Cℓ.

In the low ℓ regime, the main contribution of noise is the cosmic variance. The cosmic variance is especially large for

DES due to the small fraction of the sky it includes (only 30 deg2). LSST does not have this problem as it includes all of

the southern hemisphere for the Y10 survey. When comparing the noise for the power spectra (dashed (LSST)/dot-dashed

(DES)) with the green and blue lines) we see that the prospects of detecting this effect with the dark energy survey (DES)

are very small, as the low ℓ regime is drowned in cosmic variance. Even though the total amount of supernovae observed

is significantly larger for LSST, the number density is actually quite similar to DES. The shot noise is thus comparable for

both surveys. For LSST the signal rises above the noise for ℓmax = 20 when nDE ≈ 1 and ℓmax ≈ 100 when nDE = 1.

In this regime we also observe that both the convergence as the Doppler effect are subdominant to the dark energy spec-

trum and are thus not a nuisance. In the case nDE = 1, around ℓ ≈ 40 the convergence effect does surpass the dark en-

ergy signal; however, in this regime the signal is located below the shot noise, so it would not contribute to a detection. The
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Figure 8.2: The left panel shows the signal to noise ratio for Y10 LSST depending on the lowest multipole measured. A range of values for the spectral
indices nDE is explored, nDE ∈ (0.1, 0.5, 1) with (blue‐solid, red‐dashed, black‐dot‐dashed). We fix the scale of the fluctuations atH0r0 = 10. In
the right panel we show the dependency of the SNR on the scale of the fluctuationsH0r0 for LSST Y10. We consider the same spectral indices.

Doppler signal is similar to the dark energy signal as it is mainly relevant at large scales. However, even at these scales it is

several orders of magnitude below the dark energy signal and thus can safely be neglected. We also note that in general the

lensing effects are below the shot noise‡, thus in the regime where our signal would be of the same order as the lensing ef-

fects (largeH0r0) the signal is not measurable in any case.

The large scales that we want to probe are challenging to extract from the data. On these scales the details of the survey

strategy, survey mask and the galactic foreground can make this signal harder to extract. Because of this we have explored

how the signal to noise ratio depends on the lowest multipole probed. This is shown in Figure 8.2a. Here we see that for

most of the values for nDE a LSSTmeasurement would also be possible for ℓmin ≈ 20, but for the case where nDE = 1 this

would be a challenge. In this case it would be worth the effort to constrain these lower multipoles.

We also studied how the signal to noise ratio depends on the scaleH0r0. This is shown in Figure 8.2b. We observe that as

long as the spectral index is not close to one, the signal is measurable even ifH0r0 becomes relatively large. However, in the

case where nDE = 1 the signal decays rapidly. Measuring this signal whenH0r0 > 100 would probably pose a considerable

challenge for observationalists.

Overall, comparing the signal to noise predicted in Figure 8.1, we expect a positive measurement in DES would be very

challenging. As even in the case with a very small slope and a relatively small typical length scale ofH0r0 = 2, we still find a

signal to noise SNR of 1.8. However, due to the very large area of the sky LSST covers, it does not suffer from these effects

and could potentially measure even the ‘harder’ case withH0r0 = 10 and nDE = 1.
‡Irrespective of our dark energy signal, we note that because of this measuring these relativistic effects with supernovae surveys would

be challenging at best.
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Figure 8.3: The angular power spectra Cℓ calculated over several redshift bins. We use three bins with width Δz = 0.3 between z = 0.1 and
z = 1, using these bins we then consider all auto‐ and cross‐correlations. This then gives the six panels shown above. We also include the lensing
effects (convergence ‐ red, Doppler ‐ orange) and the noise expected from both surveys (DES ‐ dot‐dashed line, LSST ‐ dashed line). In the top right
the expected signal to noise ratio corresponding to this noise is given: SNR1 denotes the signal to noise ratio expected for DES, SNR2 gives the SNR
expected for LSST Y10.

8.2 Redshift dependence of the signal

We conduct a study into the redshift dependence of the signal. To this end we show the redshift dependence of C̃ℓ=10(z, z′),

which can be calculated from (5.14). This is shown for several values of the spectral slope nDE in Figure 8.4 (upper panels).

We see that the signal is mostly located at equal redshift, however, it is good to note that the signal does not decay rapidly at

unequal redshift. This is also clearly visible in Figure 8.3, in which we show the signal calculated over several redshift bins,

also including cross-correlations between bins. The relatively strong signal at unequal redshift distinguishes itself from the

regular cold dark matter power spectrum, which is strongly peaked at equal redshift. This would be beneficial if the value

ofH0r0 is large enough for this effect to be comparable with the Doppler effect. The Doppler effect is negligible at unequal

redshifts, as it requires two objects to be physically close together in order for their velocities to be correlated. This is not

true for the convergence spectrum, as this depends on all perturbations along the line of sight and therefore naturally has

correlations at unequal redshift. From Figure 8.3 we can also conclude that binning the signal in different redshift bins is

not beneficial for the signal to noise, as in every bin the SNR is significantly lower than the SNR obtained for the full dis-

tribution (Figure 8.1). We explain this by the fact that the signal has correlations even when considering very different red-

44



0.0 0.4 0.8 1.2 1.6 2.0
z′

2.0

1.6

1.2

0.8

0.4

0.0

z

C̃ℓ=10̃z, z′)

1

2

3

4

5

6

×10−5

(a) nDE = 0.1

0.0 0.4 0.8 1.2 1.6 2.0
z′

2.0

1.6

1.2

0.8

0.4

0.0

z
C̃ℓ=10̃z, z′)

0.5

1.0

1.5

2.0

2.5

3.0

3.5
×10−5

(b) nDE = 0.5

0.0 0.4 0.8 1.2 1.6 2.0
z′

2.0

1.6

1.2

0.8

0.4

0.0

z

C̃ℓ=10̃z, z′)

1

2

3

4

5

×10−6

(c) nDE = 1

0.0 0.4 0.8 1.2 1.6 2.0
z′

2.0

1.6

1.2

0.8

0.4

0.0

z

C̃ℓ=2̃z, z′)

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

×10−3

(d) nDE = 0.5

0.0 0.4 0.8 1.2 1.6 2.0
z′

2.0

1.6

1.2

0.8

0.4

0.0

z

C̃ℓ=50̃z, z′)

0.2

0.4

0.6

0.8

1.0

1.2

1.4

×10−7

(e) nDE = 0.5

Figure 8.4: The angular power spectrum (5.14) as a function redshift. The upper panels show C̃ℓ=10(z, z′) shown for several values of the spectral
slope nDE: nDE = 0.1 (left), 0.5 (middle) and 1 (right). The lower panels show C̃ℓ=2(z, z′) and C̃ℓ=50(z, z′), with nDE = 0.5. These figures are
obtained usingH0r0 = 10 and the power spectrum is calculated for the values z, z′ ∈ (0, 2) on a 100× 100 grid.
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shifts, therefore considering a broad redshift distribution does not water down the signal. This is especially visible on the

larger scales, small ℓ, as here the unequal redshift contribution is most prominent. This is evident in Figures 8.4d and 8.4e,

here we show the redshift behaviour of two different multipoles ℓ. When ℓ = 2 , corresponding to larger scales, we see that

the signal is relatively strong over a broad range of Δz = z − z′. While at ℓ = 50 the signal becomes more centered around

equal redshift. To obtain the best SNR, the proper strategy would be reducing the shot noise as much as possible by includ-

ing the full distribution. However, the unequal redshift signal could be used as a cross-check for the detection as we see in

the cross-bins in Figure 8.3 can still produce a measurable signal (SNR> 3).

From Figure 8.4 we see that when the spectral index is smaller, the signal resides more at low redshift. Again, this can be

understood from Figure 3.1. Low redshift means probing smaller scales, therefore the part that is most relevant is the small

r behaviour in Figure 3.1. A small spectral index means that the function s(r) varies more rapidly when r is small, thereby

giving a better signal at low redshift.
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9
Dark energy from inflation

Up until now we have studied a phenomenological model of spatial correlations in dark energy. We will now switch gears

and apply our formalism to a specific model. We will consider the case where the present dark energy traces its origin to the

early stages of the universe. In this scenario, the initial conditions of dark energy were quantum and, as a result, can remain

quantum even up to late times. We are particularly interested in how the quantum backreaction affects the late-time cos-

mology. This was investigated by a series of papers [26–31]. Specifically, using perturbative methods, ref. [28] studied a very

light non minimally coupled scalar field that is spectator during inflation. They found there is a regime where the backre-

action remains small during inflation and becomes relevant at late times, where it effectively behaves as a cosmological con-

stant. However, once the backreaction becomes comparable to the background it can no longer be treated perturbatively.

This was solved by ref. [29] by suitable adopting the stochastic formalism [83] and solving the problem self consistently.

They found that the backreaction accelerates the universe, driving it towards a de Sitter phase. Therefore providing a new

candidate for dark energy. As dark energy originates from quantum fluctuations of matter fields, it can be expected that the

dark energy field exhibits spatial correlations. This was studied by ref. [30, 31], in these works the density-density correlators

of the dark energy density field were calculated. They found that the spatial correlations imprinted during inflation are in-

deed inherited by the late time dark energy fluid. This was then applied to the problem of the Hubble tension by [30] (for a

review of the Hubble tension, see [14, 15]). Due to the fluctuations of dark energy the Hubble rate itself becomes a fluctu-
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ating parameter, if these fluctuations are relevant on sub-Hubble scales, it was found by [30] that this model can relieve the

Hubble tension to 1σ. Posing a significant improvement over the ΛCDM tension, currently estimated around 4σ [14, 15].

This Chapter is devoted to giving a brief overview of this model and the most important results. We mostly follow the

work by [29] and [30]. We go over the derivations of the one- and two-point energy density functions and discuss the intri-

cate connection between inflation and this dark energy candidate.

9.1 A non minimally coupled scalar field

Following the work by [28–31] we consider a light scalar field with a non minimal coupling. This is then described by the

following action

S[Φ] =

∫
d4x
√
−g
{
− 1
2
gμν∂μΦ∂νΦ − 1

2
m2Φ2 − 1

2
ξRΦ2

}
, (9.1)

whereR is the Ricci curvature scalar of the metric gμν and g = det
[
gμν
]
. Due to the non minimal coupling this field has an

effective mass given byM2 = m2+ ξR, via the Ricci scalarR this is directly dependent on the cosmological background. We

assume a FLRW background and generalise the action to this metric. In this form we obtain:

S[Φ] =

∫
dtd3xLΦ =

∫
dt d3x a3 ×

{
1
2
Φ̇

2 − 1
2a2

(∇⃗Φ)2 − 1
2
[
m2 + 6ξ(2− ε)H2]Φ2

}
, (9.2)

where ε = − Ḣ
H2 , which during inflation is known as the slow roll parameter. It depends on the epochs that we will consider:

de Sitter inflation (ε = 0), radiation-domination (ε = 2) and matter-domination (ε = 3/2).

We now wish to proceed with quantizing the model on this background. For this we use the standard way of canonical

quantization. We know the canonical momentum as:

Π(x) =
∂LΦ

∂Φ̇(x)
= a3Φ̇(x). (9.3)

The quantum properties can then be studied from the Hamiltonian,

H[Φ, t] =
∫

d3x
[
Π(t, x⃗)Φ̇(t, x⃗)− LΦ

]
(9.4)

=

∫
d3x
{

1
2a3

Π2 +
a
2

(
∇⃗Φ

)2
+

a3

2
[
m2 + 6ξ(2− ε)

]}
. (9.5)

These fields can be quantized via the regular procedure by promoting the fields to operators and turning their Poisson

brackets into equal-time commutation relations:

[
Φ̂(t, x⃗), Π̂ (t, x⃗′)

]
= iδ3 (⃗x− x⃗′) ,

[
Φ̂(t, x⃗), Φ̂ (t, x⃗′)

]
= 0 =

[
Π̂(t, x⃗), Π̂ (t, x⃗′)

]
(9.6)
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The Heisenberg equations of motions associated with the Hamiltonian (9.4) are then,

d
dt
Φ̂(t, x⃗)− a−3Π̂(t, x⃗) = 0, (9.7)

a−3 d
dt
Π̂(t, x⃗)− ∇2

a2
Φ(t, x⃗) +M2(t)Φ̂(t, x⃗) = 0. (9.8)

Here, the effective massM2 is defined by:

M2(t) = m2 + ξR(t) = m2 + 6ξ(2− ε)H2. (9.9)

The fields are then expanded in creation and annihilation operators b̂ and b̂†,

Φ̂(t, x⃗) =
∫

d3k
(2π) 3

2

{
ei⃗k·⃗xφ(t, k)b̂(⃗k) + e−i⃗k·⃗xφ∗(t, k)b̂†(⃗k)

}
, (9.10)

Π̂(t, x⃗) =
∫

d3k
(2π) 3

2

{
ei⃗k·⃗xπ(t, k)b̂(⃗k) + e−i⃗k·⃗xπ∗(t, k)b̂†(⃗k)

}
. (9.11)

Due to the symmetries of the background, the mode functions φ and π only depend on the modulus of the comoving mo-

mentum k = ∥⃗k∥. The standard commutation relations for the ladder operators are,

[b̂(⃗k), b̂†(⃗k′)] = δ3(⃗k− k⃗′), [b̂(⃗k), b̂(⃗k′)] = [b̂†(⃗k), b̂†(⃗k′)] = 0. (9.12)

These are only consistent with the canonical commutation relations (9.6) when theWronskian normalization condition is

satisfied by the mode functions:

φ(t, k)π∗(t, k)− π(t, k)φ∗(t, k) = i. (9.13)

We can now rewrite the Heisenberg equations of motion (9.7,9.8) in terms of the mode functions. This then gives a second

order equation for φ(t, k),

φ̈(t, k) + 3Hφ̇(t, k) +
[
k2

a2
+M2(t)

]
φ(t, k) = 0. (9.14)

Hereafter, the Hilbert space of states is generated in the usual way, by defining a vacuum state |Ω⟩ that is destroyed by every

annihilation operator b̂|Ω⟩ = 0. Following that, creation operators acting on |Ω⟩ construct the remaining part of the state

space.

The effect of the scalar field on the cosmology is determined by the energy momentum tensor, defined as −2√
−g

δS
δgμν . In

operator form this is given by:

T̂μν = ∂μΦ̂∂νΦ̂ − 1
2
gμνgαβ∂αΦ̂∂βΦ̂ − m2

2
gμνΦ̂

2
+ ξ
[
Gμν −∇μ∇ν + gμν□

]
Φ̂

2
. (9.15)

Here,□ is the box operator or d‘Alembertian. The state average with respect to a homogeneous and isotropic state then
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takes the perfect fluid form, therefore the energy density is given by the 00 element of the energy momentum tensor, we

then specify (9.15) to FLRW and neglect the spatial gradients*. We obtain,

ρ̂Q(t, x⃗) ≡ −T̂0
0(t, x⃗) =

H2

2

{[(m
H

)2
+ 6ξ

]
Φ̂

2
(t, x⃗) +

6ξ
a3H

{Φ̂(t, x⃗), Π̂(t, x⃗)}+ 1
a6H2 Π̂

2
(t, x⃗)

}
(9.16)

Similarly, the pressure follows from the ii components:

p̂Qδij = T̂i
j =

H2

2

{
1− 4ξ
a6H2 Π̂

2
(t, x⃗) +

2ξ
a3H

{Φ̂(t, x⃗), Π̂(t, x⃗)}

+

[
−2ξ(3− 2ε) + 24ξ2(2− ε)−

(m
H

)2
(1− 4ξ)

]
Φ̂

2
(t, x⃗)

}
δij, (9.17)

where the Heisenberg EOM (9.7, 9.8) were used to simplify the result. The relevant expectation values to obtain ⟨ρ̂Q⟩ and

⟨p̂Q⟩ are the coincident correlators,
〈
Φ̂

2
(t, x⃗)

〉
,
〈
Π̂

2
(t, x⃗)

〉
and

〈
{Φ̂(t, x⃗), Π̂(t, x⃗)}

〉
, where{Â, B̂} ≡ ÂB̂ + B̂Â. These

were calculated by [29], we will give a short summary of this calculation in the next section.

However, we are also interested in the spatial correlations inherited by dark energy. For these we need to consider the

density-density correlator, which is a 4-point function built from the field and momentum operators. This was studied by

[30, 31].

9.2 Stochastic Formalism

Ref. [29] adopted the stochastic formalism introduced by [83] to evolve the density of the dark energy fluid. The stochastic

formalism is a useful way of describing the long (super-horizon) modes of the light field. In this formalism the short wave-

length modes enter as stochastic sources due to the migration of modes out or inside the Hubble sphere. During inflation,

the Hubble radius shrinks and therefore the modes leave the Hubble sphere, while during the other epochs the the Hubble

radius grows leading to modes entering the Hubble sphere over time. The main contribution to the correlators of a light

scalar field during inflation comes from the super horizon modes (k < 1/aH). It was shown by [27, 28] that this is also true

in the radiation and matter era. This is formalized by splitting the fields into long and short wavelength modes:

Φ̂(t, x⃗) = φ̂(t, x⃗) + φ̂s(t, x⃗), Π̂(t, x⃗) = π̂(t, x⃗) + π̂s(t, x⃗) (9.18)

The modes are separated at a comoving scale of μaH, with 0 < μ < 1 being the control parameter of the splitting. μ is a UV

cutoff, it selects the lowest scale at the beginning of inflation for which the modes are still nearly scale invariant. In Fourier

*This assumption is analysed in more detail in ref. [31].
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space, this is easiest incorporated, where for the long wavelength:

φ̂(t, x⃗) =
∫

d3k
(2π) 3

2
θ(μaH− ∥⃗k∥)

{
ei⃗k·⃗xφ(t, k)b̂(⃗k) + e−i⃗k·⃗xφ∗(t, k)b̂†(⃗k)

}
, (9.19)

π̂(t, x⃗) =
∫

d3k
(2π) 3

2
θ(μaH− ∥⃗k∥)

{
ei⃗k·⃗xπ(t, k)b̂(⃗k) + e−i⃗k·⃗xπ∗(t, k)b̂†(⃗k)

}
, (9.20)

and for the short wavelengths:

φ̂s(t, x⃗) =
∫

d3k
(2π) 3

2
θ(∥⃗k∥ − μaH)

{
ei⃗k·⃗xφ(t, k)b̂(⃗k) + e−i⃗k·⃗xφ∗(t, k)b̂†(⃗k)

}
, (9.21)

π̂s(t, x⃗) =
∫

d3k
(2π) 3

2
θ(∥⃗k∥ − μaH)

{
ei⃗k·⃗xπ(t, k)b̂(⃗k) + e−i⃗k·⃗xπ∗(t, k)b̂†(⃗k)

}
. (9.22)

As a window function we have used the Heaviside θ-function for simplicity. In this form we can split the equations of mo-

tions (9.7 and 9.8) in a long and short wavelength part. This gives us:

d
dt
φ̂(t, x)− a−3π̂(t, x) = f̂φ(t, x), (9.23)

a−3 d
dt
π̂(t, x) +M2(t)φ̂(t, x) = a−3 f̂π(t, x) (9.24)

The sources f̂π and f̂φ arise from the time derivatives on the short wavelength field window functions. They thus incorpo-

rate the modes that cross the horizon. Using that d
dtθ(∥⃗k∥−μaH) = −δ(∥⃗k∥−μaH)μ d

dt (aH) = −μaH2(1−ε)δ(∥⃗k∥−μaH)

gives us:

f̂φ(t, x⃗) = μaH2(1− ε)
∫

d3k
(2π) 3

2
δ(∥⃗k∥ − μaH)

{
ei⃗k·⃗xφ(t, k)b̂(⃗k) + e−i⃗k·⃗xφ∗(t, k)b̂†(⃗k)

}
, (9.25)

f̂π(t, x⃗) = μa4H2(1− ε)
∫

d3k
(2π) 3

2
δ(∥⃗k∥ − μaH)

{
ei⃗k·⃗xφ̇(t, k)b̂(⃗k) + e−i⃗k·⃗xφ̇∗(t, k)b̂†(⃗k)

}
. (9.26)

These sources can be interpreted as stochastic, making (9.23) and (9.24) stochastic differential equations. The latter parts

of this Chapter will be about recasting these equations in terms of 2- or 4-point correlations functions and subsequently

solving these.

9.3 Two-point correlators

It is convenient to rescale the previously introduced infrared (IR) operators in the following way,

Δφφ(t) ≡
〈
φ̂2(t, x⃗)

〉
, (9.27)

Δφπ(t) ≡
1

a3(t)H(t)
⟨{φ̂(t, x⃗), π̂(t, x⃗)}⟩, (9.28)

Δππ(t) ≡
1

a6(t)H2(t)
〈
π̂2(t, x⃗)

〉
. (9.29)
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Using these definitions the equations of motion, (9.7) and (9.8), can be written as follows,

nφφ =
d
dN

Δφφ − Δφπ, (9.30)

nφπ =
d
dN

Δφπ + (3− ε)Δφπ − 2Δππ + 2
(
M
H

)2

Δφφ, (9.31)

nππ =
d
dN

Δππ + 2(3− ε)Δππ +

(
M
H

)2

Δφπ. (9.32)

Here, we switched the time variable for the number of e-foldsN, using that d
dt = H(t) d

dN . For some period in time period

between t and t0 this is defined asN(t) = log a(t)
a0 . The stochastic noise quantities f appear in the quantities n, these are

defined as follows,

nφφ ≡ 1
H(t)

〈{
f̂φ(t, x), φ̂(t, x)

}〉
, (9.33)

nφπ ≡ 1
a3(t)H2(t)

[〈{
f̂φ(t, x), π̂(t, x)

}〉
+
{
f̂π(t, x), φ̂(t, x)

}〉]
, (9.34)

nππ ≡ 1
a6(t)H3(t)

〈{
f̂π(t, x), π̂(t, x)

}〉
. (9.35)

To obtain predictions for the correlators at late times, the correlators need to be evolved through the different cosmological

epochs: inflation, radiation domination and matter domination.

To obtain the sources expressions for the sources n, we need an expression for the mode function φ. During inflation

we can use the Chernikov-Tagirov-Bunch-Davies (CTBD) mode function, which can be derived in exact de Sitter space by

solving (9.14). A derivation can be found in e.g. ref. [45].

φ(t, k) =
√

π
4a3HI

H(1)
νI

(
k

aHI

)
, νI =

√
9
4
− 12ξ−

(
m
HI

)2

. (9.36)

Using this mode function, the factors n can be calculated [29, 31]. Then, we can evolve the correlators through time using

the equations of motion, (9.30-9.32). In the regime that ξ < 0 and
(

m
HI

)2
≪ |ξ| ≪ 1 it was shown by ref. [29] that the

correlators take the following form at the end of inflation:

Δ2 (NI) ≡
(
Δφφ,Δφπ,Δππ

)
≃ H2

I
32π2|ξ|

e8|ξ|NI
(
1, 8|ξ|, 16ξ2

)
. (9.37)

WithNI the amount of inflationary e-folds. Using (9.16) we can rewrite the density in terms of the correlators as:

⟨ρ̂Q⟩ ≈
H2

2

{
Δππ + 6ξΔφπ +

[
6ξ+

(m
H

)2]
Δφφ

}
, (9.38)
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we can neglect the other correlators apart from Δφ,φ as they are suppressed with a factor ξ. This gives [29]:

⟨ρ̂Q⟩(NI) =
H2

2

[(m
H

)2
− 6|ξ|

]
H2

I
32π2|ξ|

e8|ξ|NI (9.39)

Similarly, we can also write down the expression for the pressure ⟨p̂Q⟩ in terms of the relevant correlators,

⟨p̂Q⟩ ≈
H2

2

(
(1− 4ξ)Δππ + 2ξΔφπ +

[
−2ξ(3− 2ε) + 24ξ2(2− ε)−

(m
H

)2
(1− 4ξ)

]
Δφφ

)
. (9.40)

Under our assumptions this can be simplified to [29],

⟨p̂Q⟩(NI) = −⟨ρ̂Q⟩(NI) (9.41)

Therefore at the end of inflation, the energy-momentum tensor of the field behaves like a cosmological constant: p = −ρ.

The correlators, (9.37), then serve as initial conditions for the equations of motions during the radiation dominated era.

Again, the mode functions can be calculated during radiation era and proceed in similar fashion again. However, we are in

luck. It was shown by ref. [29] that the stochastic terms are subdominant and can therefore be neglected during radiation

domination. By subsequently solving the remaining equations in the limit of small mass and minimal coupling one can con-

clude that the Δφφ correlator stays constant during radiation domination, while the other correlators are suppressed [29]†.

Hereafter, we assume a period of matter domination. Then, before the backreaction of the scalar field on the background

metric becomes too important, one should proceed by solving the Friedmann equations self consistently using numerics, as

was done by [29]. They found that, indeed, at late times this model can produce dark energy.

However, some simplified analytical understanding can be obtained by assuming a period of pure matter after radiation

domination up to late times‡, which produces some error at the later e-folds. Recently it was realized that, in agreement with

[28], there is also some growth during this era [31]. This growth is similar to the growth during inflation and results in the

following correlator in the matter-dominated epoch [31],

Δφφ(NM) =
H2

I
32π2|ξ|

e8|ξ|NI+4|ξ|NM , (9.42)

whereNM is the number of e-folds passed after matter-radiation equality. Therefore, using ε = 3
2 , the density (9.38) and

pressure fields (9.40) can be approximated in this epoch by [31]:

⟨ρ̂Q(NM)⟩ = H2

2

[(m
H

)2
− 6|ξ|

]
Δφφ(NM),

⟨p̂Q(NM)⟩ = −m2

2
Δφφ(NM).

(9.43)

(9.44)

†This does not mean the pressure and density stay the same, due to the different ε in this epoch the quantum energy density contains a
cosmological constant like part and a relativistic component at the end of the radiation epoch.

‡Another way of evaluating these correlators at late times is evaluating the last part of the expansion in a background containing a
cosmological constant and dark energy, as was done by [31].
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Which is valid at leading order in |ξ| and m2

H(NM)2 . The first part of the energy density scales as ⟨ρ̂Q⟩ = −⟨p̂Q⟩. This is ex-

actly the behaviour of a cosmological constant. Apart from this it also includes a contribution behaving as dark matter with

negative energy scaling as the background. The cosmological constant like termmust explain the amount of dark energy we

observe today, therefore the following relation must be true:

m2

2
Δφφ(t0) = 3M2

PH2
0ΩΛ, (9.45)

where t0 means it is evaluated today and ΩΛ is the required energy density fraction of dark energy observed today. This then

gives a constraint for the length of inflation, as inflation needs to take long enough to produce the required amount of dark

energy [29, 31].

NI =
1

8|ξ|
ln

[
24π|ξ|

(
mP

HI

)2(HDE

m

)2
]
− 1

2
ln
(
ΩM

ΩR

)
. (9.46)

Here we used that todayNM(t0) = ln
(

ΩM
ΩR

)
where ΩM and ΩR are the energy fractions in matter and radation today. For

notational convienence we definedH2
DE = ΩΛH2

0 andmP = MP
√
8π is the Planck mass. This then forms a fundamental

link between inflation and this dark energy candidate.

For this scenario to unfold a few constraints need to be satisfied,

|ξ| < 1
6

(
m
HDE

)2

, ξ < 0 and m/HDE < 1. (9.47)

The first constraint is the result from the need that the cosmological constant-like part of ⟨ρ̂Q⟩ has to dominate over the dark

matter-like part. The assumptions of light field and negative non-minimal coupling are those which allow a better enhance-

ment of quantum fluctuations [29, 31] . This can be seen from the effective potential of the scalar fieldV(φ) = 1
2M

2φ2

withM2 = m2 + 6ξ(2 − ε)H2. A light field and negative non-minimal coupling are the conditions for which a minimum

length of inflation is needed to amplify the quantum fluctuations of the scalar field, which will later manifest as dark energy

in matter-dominated epoch and eventually lead the expansion.

9.4 Four-point correlators

We now extend our interest to the four-point correlator, describing the (spatial) correlations. These can be calculated using

similar methods [30, 31], however, now the calculation becomes much more complicated. The full system is now described

by six coupled differential equations, instead of the previous three. For the complete calculation we will refer the reader to

the work by [30] and [31] and quote some of their main results.

We are interested in the spatial correlations at late times. These are encoded in the two-point function of the density ρ̂Q.

These are described by the four-point correlators in terms of the quantum fields. Similar to the behaviour of the two-point

functions of the quantum fields, the main contribution comes from the correlators built from the fields, where the mo-

mentum correlators are suppressed by higher orders of ξ. This can also be observed in the four-point correlator in matter
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domination, which is derived in [31]§,

Δ4 (NM, r) ≡
(
Δφ2,φ2 ,Δφ2,φπ,Δφπ,φπ,Δφ2,π2 ,Δφπ,π2 ,Δπ2,π2

)
≃ Δ2

φφ(NM)s(r)
(
1, 8|ξ|, 16ξ2, 8ξ2, 32|ξ|3, 16ξ4

)
. (9.48)

Here, r is the comoving distance between the two coordinates and Δφφ is the two-point correlations function during matter

domination as given by (9.42). The spatial dependence is encoded in the function s(r), which is given by

s(r) ≃


3, if 0 ≤ μainHIr < e−NI ,

3− 2 (μainHIr)16|ξ| if e−NI < μainHIr < 1,

1 if μainHIr ≥ 1.

(9.49)

Which depends on the scale r0 = (μainHI)
−1, which is (up to μ−1) the comoving Hubble length at the beginning of infla-

tion. Similar to the previous section, we can write the the density-density correlator in terms of the field correlators [30, 31]:

⟨ρ̂Q(t, x⃗)ρ̂Q(t, x⃗
′)⟩ ≈ H4

4

{[(m
H

)2
+ 6ξ

]
Δφ2,φ2 + 6ξ

[(m
H

)2
+ 6ξ

]
Δφ2,φπ + 36ξ2Δφπ,φπ+[(m

H

)2
+ 6ξ

]
Δφ2,π2 + 6ξΔφπ,π2 + Δπ2,π2

}
. (9.50)

Then, when combining (9.38), (9.48) and (9.50) and considering leading order in |ξ| and m2

H(NM)2 gives us [30, 31],

⟨ρ̂Q(NM, x⃗)ρ̂Q(NM, y⃗)⟩ = ⟨ρQ(NM)⟩2s(r), (9.51)

which is the precise form of the phenomenological model we discussed before. Specifically this model can be mapped onto

Case I in Chapter 3. Therefore we can use the formalism developed in the previous Chapters to study this model. This will

be the topic of the following Chapter.

9.5 Effect of a reduced speed of sound

In the previous sections we considered a model with a speed of sound cs equal to the speed of light, i.e. cs = 1, as was done

by [29] and [30]. The speed of sound denotes the speed of propagation of the field fluctuations. Recently, this dark energy

model has also been studied in a more general setup with a reduced speed of sound [31]. This turns out to significantly af-

fect the measurability of this model, as we will show in the following Chapter. Therefore, following the work of [31] we give

a brief outline of how a reduced a speed of sound affects this model. A reduced speed of sound appears in various models.

For example, it typically emerges in the effective field theory of dark energy [84] or, similarly, in the setting of inflation [85].

In our quantum dark energy model we will treat it as an independent model parameter, which for simplicity stays constant

throughout the evolution of the universe [31].
§The derivation and exact definitions of these correlators, which are similar to the ones defined in (9.27), can be found in [31]
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A reduced speed of sound enters the equation of motion for the mode function as a rescaling of the wavevector k, thereby

taking a slightly different from (9.14) [31],

φ̈(t, k) + 3Hφ̇(t, k) +
[
c2s
k2

a2
+M2(t)

]
φ(t, k) = 0. (9.52)

This leads to the mode functions (9.36) being rescaled in the same way,

φ(t, k) =
√

π
4a3HI

H(1)
νI

(
csk
aHI

)
, νI =

√
9
4
− 12ξ−

(
m
HI

)2

. (9.53)

The mode functions enters the quantum equation of motion via the stochastic sources (9.33-9.35). Going through the

same treatment as before results in the correlator in the matter epoch being rescaled roughly by a factor c−3
s [31]:

Δφφ(NM) = c−3
s

H2
I

32π2|ξ|
e8|ξ|NI+4|ξ|NM , (9.54)

Resulting in the following energy density,

⟨ρ̂Q(NM)⟩ = H2

2

[(m
H

)2
+ 6ξ

]
c−3
s

H2
I

32π2|ξ|
e8|ξ|NI+4|ξ|NM , (9.55)

valid at leading order in |ξ| and m2

H(NM)2 . This will then be matched to the value of dark energy today, using (9.45), resulting

in a value for the necessary amount of inflationary e-foldNI to produce enough dark energy. When considering a reduced

speed of sound this required amount is decreased [31],

NI =
1

8|ξ|
ln

[
24π|ξ|

(
mP

HI

)2(HDE

m

)2

c3s

]
− 1

2
ln
(
ΩM

ΩR

)
, (9.56)

therefore, inflation can take less e-folds and still be able to produce enough dark energy to explain the accelerated expansion

of the universe. This can be understood by the following argument. A speed of sound rescales the wavevector k → csk, if we

assume the speed of sound to be reduced (cs < 1) then the same wavevector k contributes as a longer wavelength (smaller k)

as compared to the case where cs = 1. This then acts as an enhancement due to the quantum correlators being mostly built

from long wavelength modes [28, 31].
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10
Observational consequences of inflationary dark energy

We now want to assess whether this model of quantum dark energy will leave any substantial imprint on our observables.

To this end we will derive suitable predictions for ΩQ(z),H(z), nDE andH0r0 in terms of the models bare Lagrangian pa-

rameters ξ andm. Hereafter we will make predictions for the angular power spectrum as a function of the Lagrangian pa-

rameters and assess the signal to noise ratio to be expected from this.

10.1 The model parameters

We can parameterize the classical and quantum energy densities as energy fractions Ω:

ΩQ(z) =
⟨ρ̂Q⟩(z)

3M2
PH̄2(z)

, Ωc(z) =
ρc(z)

3M2
PH̄2(z)

. (10.1)

Due to the Friedmann equation, (4.1), these then have to sum to unity. We derive the redshift dependence ⟨ρ̂Q⟩ from (9.55)

and (9.56). It is given by:
⟨ρ̂Q⟩(z)
⟨ρ̂Q⟩(0)

=
ΩΛ − 1

α
H̄2(z)
H2

0

ΩΛ − 1
α

, (10.2)
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Where we neglected the growth in matter domination. Here, ΩΛ = 1 − ΩM is the energy fraction in dark energy today,

which can be expressed in terms of the energy fraction in dark matter today ΩM. For notational convenience we defined α as

a rescaled mass parameter α = 1
6|ξ|

(
m
HDE

)2
. In terms of this parameter the constraints given by (9.47) require

|ξ| < 1
6α

, α > 1, ξ < 0. (10.3)

The reasons for which are explained around (9.47). We assume that the classical matter scales as non-relativistic matter, as it

includes the cold dark matter and baryonic matter contributions. We can then use that the energy fractions sum up to unity

and use (10.2) to obtain:

1 = Ωc(z) +ΩQ(z) = Ω0,c(1+ z)3
H2

0
H̄2(z)

+

[
ΩΛ

H2
0

H̄2(z)
− 1

α

]
. (10.4)

This can be rewritten in terms of the Hubble rate to yield,

H̄2(z)
H2

0
=

(
ΩM + 1

α
)
(1+ z)3 +ΩΛ

1+ 1
α

. (10.5)

We used that Ω0,c = ΩM + 1
α , which follows from (9.55), (9.56), (10.1) and ΩM = 1 − ΩΛ. In the limit where α → ∞,

indicating the minimally coupled limit, this indeed reduces to the regular Friedmann equation.

Using (10.1), (10.2) and (10.5) we also obtain the following expression for ΩQ(z):

ΩQ(z) =
ΩΛ − 1

α
(
ΩM + 1

α
)
(1+ z)3

ΩΛ +
(
ΩM + 1

α
)
(1+ z)3

(10.6)

10.2 Spatial correlations

This model produces spatial correlations of the same form as Case I using the following identifications [30], comparing with

(3.4), we see that the spectral slope can be related to the non minimal coupling by nDE = 16|ξ| and the reference scale r0 is

connected to the energy scale of inflation by r0 = 1
μaIHI

:

s(∥⃗x− y⃗∥) =


3− 2 (μaIHIr)16|ξ| , μaIHIr < 1,

1, μaIHIr > 1.
(10.7)

Here, aI andHI are the scale factor and Hubble parameter at the start of inflation.

We will now want to relate the lengths scale (μainHI)
−1

= r0 in terms of predictable quantities. For this we need the

scale factor during inflation ain. When assuming an instant reheating after inflation we have the following Friedmann equa-

tion,
H2

I
H2

0
= ΩRa−4

e +ΩMa−3
e +ΩΛ. (10.8)
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H0
[
km s−1Mpc−1] ΩM

α = 10 116.6 0.03
α = 25 116.8 0.08
α = 50 116.9 0.1

Table 10.1: The values for the bare energy fraction of non‐relativistically scaling matter and the bare Hubble constant, calculated for several values of
the model constant α.

We denoted the scale factor at the end of inflation with ae, this can be related to the scale factor at the start of inflation by

ae = aineNI . As at the end of inflation ae ≪ 1 we can safely neglect the matter and cosmological constant contributions.

Then we obtain,

ain = ΩR

(
HI

H0

)− 1
2

e−NI . (10.9)

We then obtain for the characteristic length scale [30],

H0r0 = μ−1eNI

(
HI

H0

)− 1
2

Ω− 1
4

R . (10.10)

Here, ΩR is the energy fraction in radiation today, which we take as 9.1 · 10−5.

Similar to Case I in the previous sections, the quantities ΩM andH0 are still the unobservable bare quantities. To obtain

values for these we match them analogously to the phenomenological model in section 4.3, with the difference being that

for H̄(z) and ΩQ(z)we now use (10.5) and (10.6). As the redshift dependence is determined by the model parameters, we

expand up to the deceleration parameter.

1
HL

=
1

4H0α2
(
3+ 6α(ΩM − 1) + α2(7+ 3(ΩM − 2)ΩM))

)
, (10.11)

1
2HL

[1− qL] =
(
16H0α2(1+ α)

)−1 (3+ α(42− 39ΩM) + α2(3ΩM(48− 29ΩM)− 53)+

α3(28− 3ΩM(27+ΩM(15ΩM − 34))
)
. (10.12)

We then solve these equations numerically in the the bare variablesH0 and ΩQ for several values of α. The results are shown

in Table 10.1. Values smaller than α = 8 result in a negative ΩM, thus we choose α larger than this. Again, we stress that this

is not a fit to data, but merely a way of estimating our parameters to make predictions for the SNR.

Using this knowledge we can calculate the Cℓ’s. For this model (5.16) takes the following form:

Ci,j
ℓ =− π

3
2Ω2

Q,0H4
0
2−ℓ (−8|ξ|)ℓ
Γ( 32 + ℓ)

×
∫ ∞

0
dz
∫ ∞

0
dz′
{

Wi,j(z, z′)
H̄(z)3H̄(z′)3

[
1− (z+ z′)

3
1+ α

1+ αΩM

α(1−ΩM)− 1

]
(10.13)

×

(
χ(z)2 + χ(z′)2

r20

)8|ξ|

μ0(z, z
′)−ℓ

2F1
(
ℓ

2
− 4|ξ|, 1

2
+

ℓ

2
− 4|ξ|; 3

2
+ ℓ; μ0(z, z

′)−2
) .
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Figure 10.1: The figure shows the factor (H0r0)nDE shown as a function of |ξ|. We keep the scale of inflation fixed atHI = 1016 GeV and explore
several values of α and cs. We only show the values that are allowed by the constraint |ξ| ≤ (6α)−1.

10.3 Prospects for measurability

Before calculating the Cℓ’s it is useful to work on the factor (H0r0)−16|ξ|, as this term can be factored out of the power spec-

trum, see (10.13), and acts as an effective amplitude. Combining (9.56) and (10.10) yields the following expression:

(H0r0)16|ξ| = c6s

(
4π
α

m2
p

H2
I

)2(
H0

√
ΩR

HIΩM

)8|ξ|

, (10.14)

where we have taken μ = 1 for simplicity. ForHI we adopt the value of 1016 GeV, this is around the GUT scale and still

below the observational constraint of about 2 × 1016 GeV [43, 86]. The signal is only measurable when (H0r0)nDE is not

too big, as if this factor becomes too large the signal starts to be drowned in the shot noise. From (10.14) we see that this is

mostly determined by the ratio between the Hubble rate today and during inflation, with exponential dependence on |ξ|.

We also note that |ξ| is limited by α via |ξ| ≤ 1
6α . This turns out to be very restricting.

We first consider the case where the speed of sound is equal to the speed of light, i.e. cs = 1, as was the case studied by the

original model [29, 30]. Then, the regime where (H0r0)nDE lies between 2 and 104 mostly lies in the range that is forbidden

by this constraint, as can be seen in Figure 10.1 (upper lines). The factor (H0r0)nDE grows exponentially with |ξ|, effectively

pushing the signal to scales we cannot probe anymore with upcoming surveys such as LSST. This is confirmed by Figure

10.2 (lower lines). In this Figure one can observe that in the best case a SNR of 0.48 can be obtained, which means that it

would not be measurable by LSST Y10. A smaller α would free up the parameter space to ranges where the signal would

be measurable; however, a smaller α leads to a negative ΩM in our matching. Alternatively, if the scale of inflationHI was

higher, it would also be possible to obtain a measurable result. Yet, this range ofHI would already have led to a positive de-

tection of the tensor spectrum, therefore this range is already ruled out by observations.

From this we conclude the following. To match the results of the ⟨d̂L⟩(z), the amount of negative matter that this model

predicts has to be small, this then leads to a relatively large α. To still be able to ensure that the mass of the fieldm stays small

throughout the evolution of the universe, the non minimal coupling ξ also has to be small. Then, to be able to produce
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Figure 10.2: The SNR of the model, calculated for the LSST y10 survey.We keep the scale of inflation fixed atHI = 1016 GeV and explore several
values of α. We only show the values that are allowed by the constrained |ξ| ≤ (6α)−1. The left panel shows the SNR on a logarithmic scale, with
both cs = 1 and cs = 0.1, the right panel shows the SNR in the case cs = 0.1 on a linear scale.

enough dark energy to match the required amount today, inflation has to take a long time. As our characteristic length scale

H0r0 grows with the length of inflation this then leads to scales we cannot probe with upcoming experiments, therefore, in

this case this model would not be testable by LSST Y10.

However, we can also consider the case with a reduced speed of sound cs < 1, taken constant for simplicity. The speed

of sound denotes the speed of propagation of the field fluctuations and appears in several models of dark energy (some of

which are mentioned in section 9.5). Lowering it reduces (H0r0)16ξ with a factor c6s , as can be seen in (10.14). This enhances

the signal significantly, as is demonstrated in Figure 10.2. When cs = 0.1, both the cases α = 10 and α = 25 are possibly de-

tectable. We note that when the SNR becomes larger, the cosmic variance becomes a relevant noise contribution, resulting

in the upper SNR lines exhibiting a bend.

We also point out that the redshift evolution of the model discussed in this section was tested by [87]. They found that

this model is slightly favored over ΛCDM, although not at a statistically significant level.
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11
Conclusion and outlook

11.1 Conclusion

In this thesis we explored the effect of spatial correlations in dark energy. These spatial correlations can arise when dark en-

ergy fluctuates. We considered a phenomenological model where these fluctuations come from an underlying (quantum)

field. We explored two cases, assuming that the energy density of dark energy depends either quadratically (Case I) or lin-

early (Case II) on a single underlying field φ̂ with Gaussian statistics.

Due to the fluctuating nature of dark energy in our model, the Hubble rate itself becomes a fluctuating quantity, de-

scribed by the operator (4.1). We then considered the effect these fluctuations have on the luminosity distance. To this end

we studied the properties of the luminosity distance operator (4.3). We first considered the one-point statistics of this opera-

tor. We find that due to the fluctuations in dark energy the luminosity distance becomes dressed by the fluctuations, thereby

differing from standard ΛCDM. In Case I this difference can be predicted by usingWick’s theorem and is found to be rel-

atively large. As a consequence of this difference the parameters measured by experiments such as Planck [1] or SH0ES [3]

do not match the parameters describing the underlying FLRW universe of our model. We therefore have to make a distinc-

tion between the local parameters measured and the ‘bare’ parameters describing the underlying FLRW universe. To esti-

mate these parameters we matched our model to local ladder measurements that are model independent [2]. The idea that
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parameters measured do not equal the underlying parameters is not a new idea, as it was previously studied in the context

of relativistic universes containing inhomogeneities [34, 62]. But to our knowledge it has to this date not yet been studied

from a quantum perspective, where the fluctuations arise due to quantum effects.

Spatial correlations also result in a signal for the luminosity distance correlator. To study this we constructed the power

spectrum for the fluctuations in the luminosity distance. Using this power spectrum we assessed its measurability for DES

and LSST, taking into account contaminants from relativistic effects such as the Doppler effect and the convergence ef-

fect. From Figure 8.1 we found that detecting this signal with DES would be very challenging: the signal is mostly located

at the largest scales, making cosmic variance a significant noise contribution. DES only observes a very small patch of the

sky, resulting in a large contribution of cosmic variance. On the other hand, LSST will observe the full sky on the southern

hemisphere, which greatly reduces the cosmic variance. We then find that depending on the scale of the fluctuations r0 and

the spectral index of dark energy nDE, defined in (3.4), the signal would be measurable. From Figure 8.2b we conclude that

when nDE = 1, the signal is measurable whenH0r0 ≲ 102, while for nDE = 0.1 the signal would still easily be measurable

whenH0r0 ≈ 1010. For the case that nDE = 1 it would be useful to go through the effort of measuring the lowest multipoles

ℓ, as the signal is mostly located in the lower ℓ region (see Figure 8.2a). The contaminant signal, coming from relativistic ef-

fects, does not alter these conclusions. In the regime where these effects become of the same order of our signal, the signal is

not measurable as it would be located well below the shot noise contribution (see Figure 8.1). We also find that this model

has relatively strong correlations at unequal redshift, this could be used as a cross-check for the signal in a tomographic ap-

proach.

With these conclusions in mind we then considered a specific model for dark energy fluctuations [26–31]. In this model

dark energy is linked to a non minimally coupled spectator field during inflation and has subsequently quantum fluctua-

tions imprinted in it. We explored the parameter space of this model. We find that if we want this model to be consistent,

the allowed values are such that inflation needs be long (see (10.14) and (9.46)), thereby pushing the signal to scales we can-

not probe anymore with upcoming experiments such as LSST, as can be seen in Figure 10.2a. Taking into account a speed

of sound cs < 1 lowers the characteristic length scaleH0r0 [31] and could thereby make it measurable (see Figure 10.2).

To summarize, we found that a fluctuating Hubble rate due to a fluctuating dark energy fluid can have some profound

implications for the luminosity distance. As a result of the fluctuating Hubble rate, the luminosity distance itself becomes

a fluctuating parameter. Even at the level of the one-point function, the luminosity distance becomes dressed by the fluc-

tuations, resulting in a difference from ΛCDM. The spatial correlations in the dark energy fluid become visible in the two-

point correlator of the luminosity distance. We constructed the angular power spectrum for these fluctuations and studied

its detectability. We find that these fluctuations are mostly visible on very large scales (ℓ ≤ 50) and that for a large part of the

models parameter space, this model would be testable by LSST Y10 data.
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11.2 Outlook

We can propose several avenues in continuing this research. In our work we calculated the relativistic effects in the context

of perturbed ΛCDM to obtain an estimate of this effect. Implicitly this assumes that fluctuating dark energy does not al-

ter this effect. A complete treatment would calculate these effects in our model. For this, one would need to know how the

gravitational potential is affected by quantum fields containing spatial correlations. This would be an interesting extension

of our work. Similarly, it would be interesting to study how the growth of structure would be affected by such models. In

the light of the σ8 tension, a tension between the CMB [1] and shear measurements [4, 5] of σ8, being a major problem in

ΛCDM, we would be interested to see whether it would persist in a model with a fluctuating dark energy candidate. Re-

cently it was shown that such models can alleviate the Hubble tension [30], which is one of the most pressing issues in cur-

rent cosmology [14, 15]. This shows promise for the σ8 tension as well.

In principle, not only dark energy, but also dark matter could have a quantum nature. It would be interesting to see how

this would influence causal observables such as the luminosity distance. There has been some progress on the study of dark

matter from a fundamental field theoretic perspective [88–90], but as of yet, a study of such effects on the luminosity dis-

tance has not been carried out to our knowledge. Another interesting route would be studying how a coupling between

dark matter and dark energy would affect our analysis.

We would also be interested in the effect this model has on gravitational waves. In general this would be interesting in the

light of upcoming gravitational wave experiments. This would also have another advantage, because the relativistic lensing

effects affect both the electromagnetic luminosity distance and the gravitational wave luminosity distance. By considering

the difference between the electromagnetic distance and the gravitational wave distance, these would thus drop out [36].

The implications of this model on other observables is also a natural route to consider. Observables directly related to the

Hubble parameter would be especially promising, for example, time delays from strongly lensed objects. Other interesting

probes would be the cosmic microwave background or lensing studies.
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A
Distance measurements in cosmology

In this Appendix we derive the classical expression of the luminosity distance. We start with this expression in Chapter 4

and then upgrade it to operator form. This is a derivation found in most cosmology textbooks, we follow the approach of

Weinbergs book [91].

Distance measurements have historically been very important in cosmology. Hubble’s distance measurements of galax-

ies [39] can arguably be seen as the start of observational cosmology and more recently the distance measurements of Type

Ia supernovae formed the first evidence of an accelerating universe [6, 7]. Distance measurements work in the following

way: from other means one knows the luminosity of a certain astrophysical object, for example, the light curves of type Ia

supernovae are linked to their luminosity. These light curves can be measured independently from the distance. Frommea-

surements on earth one can then infer the flux of this standard candle. With these two quantities the luminosity distance

can then be obtained:

dL =

√
L

4πF
(A.1)

This is nothing more than the dispersion of photons over the surface of a sphere with radius dL. This can be connected to

the cosmology. To make this concrete, we modify the standard L = 4πd2F for three reasons:

• In the time the photon reaches the earth the universe has expanded by a certain amount, therefore increasing the area
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where they are dispersed over. This changes d to the cosmological distance a(t0)χ, where χ is the comoving distance

which we define hereafter.

• Due to the expansion of the universe the rate of arrival of individual photons is lowered by the redshift factor.

• For the same reason, the energy of the photons is also lower due to the redshift factor.

Taking all of this into account we can write down a definition for the flux F:

F =
L

4πχ2(1+ z)2
(A.2)

Comparing this with (A.1) we find that the luminosity distance is given by:

dL = a(t0)χ(1+ z) (A.3)

The comoving distance can be derived from (2.1). For light-like geodesics over the radial direction this gives

dχ =
dt
a(t)

. (A.4)

This can be integrated and recast in terms of the redshift to obtain:

χ =
∫ z

0

dz′

H(z′)
. (A.5)

When we normalise the scale factor such that a(t0) = 1 we then have for the luminosity distance,

dL = (1+ z)
∫ z

0

dz′

H(z′)
, (A.6)

we see that the luminosity distance indeed depends on the cosmology via the integrated Hubble parameter.

It is customary to write distances not in terms of luminosity, but in terms of magnitude. Therefore results are usually

given in terms of the distance modulus. This is defined as:

μ = 5 log10 dL(Mpc) + 25. (A.7)

Which is a logarithmic counterpart to the luminosity. We will mostly be interested in distance measurements using type Ia

supernovae as a standard candle, an elaborate review on supernovae cosmology has been written by [76].
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B
Gaussian fields

In cosmology we often deal with fields obeying certain statistics. Often, the relevant statistics are Gaussian statistics. Those

statistics arise when the field is the sum of a large number of fluctuating terms, a statement formally captured by the central

limit theorem. In cosmology these statistics are especially relevant as the perturbations in the cosmic microwave background

are believed to be nearly Gaussian. A fact that can be traced back to inflation, where they arise as the quantum fluctuations

of a nearly free field. In this thesis Gaussian fields form the bedrock of our method, as we assume the underlying quantum

density fields of our dark energy candidate to be Gaussian.

The underlying probability distribution of Gaussian fields is the famous normal distribution, defined as:

P(φ) =
1√
2πσ

e−
(φ−⟨φ⟩)2

2σ2 , (B.1)

where σ2 = ⟨φ2⟩ − ⟨φ⟩2 is the variance of the field.

B.1 Gaussian fields andWicks Theorem

One of the advantages of Gaussian fields is that they satisfiyWick’s theorem, in fact, one could define Gaussian fields as the

fields that satisfy this theorem. Wick’s theorem states the following: consider a random variable φ(x), which is governed by a
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Gaussian distribution function and depends on theD dimensional coordinate x. Then, The average of an even number φ’s

is equal to the sum over all ways of pairing φ’s with each other of a product of the average values of the pairs:

⟨φ(x1)φ(x2)...⟩ =
∑
pairings

∏
pairs

⟨φφ⟩. (B.2)

As there is no way of pairing up odd numbers of fields, therefore for Gaussian fields these correlators must vanish.
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C
Three dimensional power spectrum

Often times in cosmology predictions are made in terms of 3D power spectra. We will derive the 3D power spectrum for

our theory. This can be derived from the s-functions derived in Chapter 3. In principle the function s has the following

form : a− b(r/r0)nDE . We will ignore the factor at coincidence, a, as this will directly give a delta function, and set the factor

b to one for simplicity. The remaining correlation function is then,

ξ(r) = −
(

r
r0

)nDE

. (C.1)

The power spectrum is the Fourier transform of the correlation function. It is therefore given by,

P(k) =
1

(2π)3

∫
d3xξ(r)ei⃗x·⃗k (C.2)

=
1

2π2

∫ ∞

0
drξ(r)

sin(kr)
kr

r2. (C.3)
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Here we integrated out the angular dependence. It will now be useful to switch coordinates to u = kr:

1
2π2

∫
drξ(r)

sin(kr)
kr

r2 = − 1
2π2

1
k3

1
(r0k)nDE

∫ ∞

0
duunDE+1 sin(u) (C.4)

= − 1
2π2

1
k3

1
(r0k)nDE

Im
[∫ ∞

0
duunDE+1eiu

]
. (C.5)

We canWick rotate this integral, evaluating it from 0 to i∞:

P(k) = − 1
2π2

1
k3

1
(r0k)nDE

Im
[∫ i∞

0
duunDE+1eiu

]
. (C.6)

Then, we write this in terms of Eulers Gamma function by substituting u = iv:

Im
[∫ ∞

0
duunDE+1eiu

]
= Im

[
(i)nDE+2

∫ i∞

0
dvvnDE+1e−v

]
(C.7)

= Im
[
e
iπ
2 (nDE+2)Γ(nDE + 2)

]
(C.8)

= − sin(
πnDE

2
)Γ(nDE + 2). (C.9)

Using this, we obtain the following expression for the power spectrum,

P(k) =
1

2π2
1

(r0k)nDE

1
k3

sin(
πnDE

2
)Γ(nDE + 2). (C.10)

As a dimensionless power spectrum this is then:

Δ(k) =
k3

2π2
P(k) ∝ (kr0)−nDE , (C.11)

which is similar to the power spectrum from inflation. When considering nDE > 0, as we do in the main text, we note that

the spectrum red-tilted, as in this case there is more energy in the long wavelength modes. The spectrum from inflation,

(2.12), is also slightly red-tilted when considering the Planckmeasurement of ns ≈ 0.96 [1].
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D
Resummed derivation of the luminosity distance

In Chapter 4 we derived the following expression for the luminosity distance, (4.4),

⟨d̂L⟩(z)
1+ z

=

∫ z

0
dz′
〈

1
Ĥ(z′, n̂)

〉
=

∫ z

0

dz′

H̄(z′)

〈
1√

1+
δ̂ρQ(z′,n̂)
ρtot(z′)

〉
. (D.1)

We then proceeded with expanding in fluctuations δρ̂Q. However, this formal series expansion has a zero radius of conver-

gence in both our cases. Using Newtons binomium we have:

〈(
1+

δρ̂Q(z, n̂)
ρtot(z)

)− 1
2
〉

=

∞∑
m=0

(
− 1

2
m

)〈( δρ̂Q(z
′, n̂)

ρtot(z′)

)m〉
. (D.2)

To understand until which order we can trust this expansion, and to obtain some insights in the non perturbative behaviour

of these fluctuations we will derive an exact analytic solution for the dressed luminosity distance in both cases by exploiting

the Gaussian statistics of the fundamental fields φ̂.
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D.1 Case I

In Case I we assume the density relies on the fields squared, i.e. ρ̂Q(z) = B(z)φ̂(z, n̂)2. Here, B(z) is a proportionality con-

stant depending on the specifics of the model. For example, in the quantum origin model discussed in Chapter 9 we have

an expression, (9.43), for this constant depending on the model parameters ξ andm. In terms of the field φ̂ we can rewrite

(D.2) as: 〈(
1+

δρ̂Q(z, n̂)
ρtot(z)

)− 1
2
〉

=

∞∑
m=0

(
− 1

2
m

)(
B(z)
ρtot

)m 〈(
φ̂2(z)− A(z)

)m〉
. (D.3)

Here, A(z) = ⟨φ̂⟩(z)2, gives the squared average of the field. The factor in brackets can now be simplified usingWick’s

theorem, stating that everym point function can be decomposed in (2m− 1)!! two-point functions*. This gives us

〈(
φ2(z)− A(z)

)m〉
=

m∑
k=0

(
m
k

)〈
φ̂2k
〉
(−A(z))m−k (D.4)

=

m∑
k=0

(
m
k

)
(−1)m−k(2k− 1)!!(A(z))m (D.5)

=(2m− 1)!!1F1(−m;
1
2
−m;− 1

2
)(A(z))m, (D.6)

where we used that the confluent hypergeometric function can be expressed as,

1F1(−m;
1
2
−m;− 1

2
) =

m∑
k=0

(
m
k

)
(−1)m−k (2k− 1)!!

(2m− 1)!!
. (D.7)

Substituting (D.6) in (D.3) we obtain an expression for the fluctuations, given as a sum over the confluent hypergeometric

funtion:

〈(
1+

δρ̂Q(z, n̂)
ρtot(z)

)− 1
2
〉

=

∞∑
m=0

(
− 1

2
m

)(
B(z)A(z)

ρtot

)m

(2m− 1)!!1F1(−m;
1
2
−m;− 1

2
) (D.8)

=

∞∑
m=0

(
− 1

2
m

)
(2m− 1)!!ΩQ(z)m1F1(−m;

1
2
−m;− 1

2
). (D.9)

Here, we used that ΩQ(z) = A(z)B(z)
ρtot(z)

. This series diverges due to of the amount of Wick contractions rapidly increasing. Per

example, we have shown the first 10 terms in this expansion.

〈(
1+

δρ̂Q(z, n̂)
ρtot(z)

)− 1
2
〉

Series
= 1+

3
4
Ω2

Q − 5
2
Ω3

Q +
525
32

Ω4
Q − 1071

8
Ω5

Q +
174405
128

Ω6
Q − 1059201

64
Ω7

Q

+
478873395

2048
Ω8

Q − 964560025
256

Ω9
Q +

558742466997
8192

Ω10
Q +O

(
Ω11

Q

)
. (D.10)

A first observation is that there are also odd terms in this expansion, a result of the non Gaussian nature of ρ̂Q in Case I.

*The double factorial is defined as follows: n!! = n(n− 2)(n− 4)..., with (−1)!! ≡ 1
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Wewill now apply another method to obtain, via a non perturbative route, an expression for the fluctuations. In the

spirit of the stochastic formalism [83], we will define a classical stochastic variable φ whose statistical properties are the same

as those of the quantum operator φ̂. We know this field obeys Gaussian statistics with vacuum expectation value ⟨φ⟩(z) =

0 and variance σ2(z) = ⟨φ2⟩(z)− ⟨φ⟩2(z) = A(z). Therefore, we can use this knowledge and replace the ensemble brackets

by an integral over the Gaussian distribution,

〈(
1+

δρ̂Q(z, n̂)
ρtot(z)

)− 1
2
〉

=
1√

2πA(z)

∫ ∞

−∞
dφ

e−
1
2

φ2(z)
A(z)√

1+ B(z)
ρtot(z)

(φ2(z)− A(z))
(D.11)

We can make a change of variables φ(x) =
√

A(z)ψ(x) and recognize that A(z)B(z)
ρtot(z)

=
⟨ρQ⟩(z)
ρtot(z)

= ΩQ(z). Then we obtain,

〈(
1+

δρ̂Q(z, n̂)
ρtot(z)

)− 1
2
〉

=

√
A(z)√

2πA(z)

∫ ∞

−∞
dψ

e− 1
2 ψ

2√
1+ΩQ(z)

(
ψ2 − 1

) (D.12)

=
1√

2πΩQ(z)

∫ ∞

−∞
dψ

e− 1
2 ψ

2√
1

ΩQ(z) − 1+ ψ2
. (D.13)

When ΩQ(z) ∈ [0, 1) this integral can be solved as a Bessel function yielding,

〈(
1+

δρ̂Q(z, n̂)
ρtot(z)

)− 1
2
〉

=
1√

2πΩQ(z)
e
1
4

(
1

ΩQ(z)−1
)
K0

(
1
4

(
1

ΩQ(z)
− 1
))

. (D.14)

K0 denotes the modified Bessel function of the second kind. We note that to obtain this result we did not make an assump-

tions except for the range of ΩQ and the Gaussian nature of the underlying field φ̂.

In Figure D.1 we show both the perturbative and the non perturbative result and compare the two. We see that the rela-

tive error is at most 10 percent, which justifies using our expansion. As a second check we can calculate the formal series ex-

pansion of (D.14), as the magnitude of the fluctuations is determined by ΩQ(z)we can perform an expansion in this quan-

tity. This then yields exactly (D.10), showing that the answer results in the same formal series.

D.2 Case II

We will now extend our treatment to Case II, where the energy density field ρ̂Q depends linearly on the underlying field,

ρ̂Q = B(z)φ̂. We note that this B(z) is in principle a different function from Case I as they describe different theories. In this
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Figure D.1: The left panel shows both the non perturbative and the perturbative results for the fluctuations. We note that in a universe without pertur‐
bations this factor is one. The panel on the right shows the relative error of the perturbative result, which we observe to be at most rougly 10 percent.

case, (D.2) takes the following form:

〈(
1+

δρ̂Q(z, n̂)
ρtot(z)

)− 1
2
〉

=

∞∑
m=0

(
− 1

2
m

)(
B(z)
ρtot(z)

)m

⟨(φ̂(z)− ⟨φ̂⟩)m⟩ . (D.15)

=

∞∑
m=0

(
− 1

2
2m

)(
B(z)
ρtot(z)

)2m 〈
δφ̂2m(z)

〉
. (D.16)

=

∞∑
m=0

(
− 1

2
2m

)
(2m− 1)!!

(
σQ

ρtot(z)

)2m

. (D.17)

In the second line we made use of the fact that all the odd contributions vanish as a consequence of the Gaussian nature of

the fields, and in the last line we usedWick’s theorem again and expressed the result in terms of the variance of ρ̂Q, which is

denoted by σ2Q. This sum also diverges, as can be seen clearly by writing it out up toO(
σ10Q
ρ10tot

).

〈(
1+

δρ̂Q(z, n̂)
ρtot(z)

)− 1
2
〉

Series
=

1+
3
8

(
σ2Q
ρ2tot

)
+

105
128

(
σ2Q
ρ2tot

)2

+
3465
1024

(
σ2Q
ρ2tot

)3

+
675675
32768

(
σ2Q
ρ2tot

)4

+
43648605
262144

(
σ2Q
ρ2tot

)5

. (D.18)

Again, it is clear that this is a diverging series, in fact, the radius of convergence of this series is 0 again. We can also note that

when σ2Q = 2⟨ρ̂Q⟩
2, as is the case in Case I, indeed the first termmatches the expansion (D.10). Which was expected as in

this case the function si(∥⃗x − y⃗∥) is the same. However, it is now also clear that this does not mean that the theories are the

same at higher order, as the two expansions differ significantly when considering the higher order contributions.

Similar to Case I, we will now calculate a non perturbative expression by assuming the field φ̂ is Gaussian. If φ̂ obeys

Gaussian statistics, then δρ̂Q = B(z) (φ̂ − ⟨φ⟩)will also obey Gaussian statistics. In this case the expectation value is given
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Figure D.2: The term describing the enhancement or decrease due to the fluctuations in the case where the density depends on the fields in a linear

fashion (Case II). The left panel gives the comparison with our expansion, the black line shows (D.22), the red line shows 1 + 3
8
σ2Q
ρ2tot

(see (4.7)). The right

panel shows (D.22) for a large range of
σQ
ρtot

.

by: 〈(
1+

δρ̂Q(z, n̂)
ρtot(z)

)− 1
2
〉

=
1√
2πσQ

∫ ∞

−∞
d
(
δρQ
) 1√

1+
δρQ
ρtot

e
− 1

2

δρ2Q
σ2Q . (D.19)

However, we note that the lower limit is actually restricted as values where the square root becomes negative are prohibited

due toH2 ≥ 0. Changing the limits gives us:

〈(
1+

δρ̂Q(z, n̂)
ρtot(z)

)− 1
2
〉

=
1√
2πσQ

∫ ∞

−ρtot

d
(
δρQ
) 1√

1+
δ̂ρQ
ρtot

e
− 1

2

δρ2Q
σ2Q . (D.20)

Changing the lower limit in this way is allowed when the Gaussian is strongly peaked, i.e. σ2Q
ρtot

2
≪ 1. We can observe that in

the case where σQ → 0, which is classical limit of this theory, the Gaussian distribution becomes the Dirac delta function

δ(δρQ). As a consequence the integral reduces to one, matching the classical result. Now we substitute x =
δρQ
ρtot

+ 1 such that

we obtain, 〈(
1+

δρ̂Q(z, n̂)
ρtot(z)

)− 1
2
〉

=
1√
2πc

∫ ∞

0
dxx−

1
2 e−

(x−1)2
2c . (D.21)

Here, the constant c is the ratio between the total amount of matter and the fluctuations c =
(

σQ
ρtot

)2
. This integral can also

be solved in terms of Bessel functions, this then yields the following:

〈(
1+

δρ̂Q(z, n̂)
ρtot(z)

)− 1
2
〉

=

√
π
8
ρtot
σQ

e
− ρ2tot

4σ2Q

(
I− 1

4
(
ρ2tot
4σ2Q

) + I 1
4
(
ρ2tot
4σ2Q

)

)
. (D.22)

Where In is the modified Bessel function of the first kind. The behaviour of this function is shown in Figure D.2b. We see

that, indeed, it starts at one. We also notice that when the variance becomes sufficiently large, the fluctuations actually make
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the effective Hubble parameter larger. However, as this is outside the regime where the variance is small, this result might

not be trustworthy. From Figure D.2a we see that the quadratic order expansion is very good when the variance is relatively

small, up to about σ
ρtot

≈ 0.2. Hereafter the lines start to diverge.

As in the previous case, we can show that expanding (D.22) results in the same series as (D.18). To do this it is more con-

venient to define the variable x = 1
c and then use the asymptotic expansion at x = ∞. This then gives us:

〈(
1+

δρ̂Q(z, n̂)
ρtot(z)

)− 1
2
〉

Series
=

(
1+

3
8x

+
105
128x2

+
3465
1024x3

+
675675
32768x4

+
43648605
262144x5

)
+ O

(
1
x6

)
(D.23)

Which is the same as (D.18).
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E
Unequal time correlator

In our ansatz (3.1) we assumed an equal time correlator for the density-density correlations. However, as our perturbations

span very large scales, it is also possible to have correlations at different times. It is thus important to calculate the effects of

the correlator at different times, a so called ‘unequal time’ correlator. In this Appendix we derive this correlator, which in

the main text is used to obtain (4.12).

This unequal time correlator would be a way of distinguishing from perturbed ΛCDM. In ΛCDM the dark matter

power spectrum Pm(k, z, z′) decays very rapidly with Δz = z − z′ [92], hence unequal time correlations differ from

ΛCDM*.

To obtain such a correlator in our theory we expand the equal time correlator around t = t0.

⟨ρ̂Q(t1, n̂1)ρ̂Q(t2, n̂2)⟩ = ⟨ρ̂Q(t0, n̂1)ρ̂Q(t0, n̂2)⟩+ Δt1 ⟨ ˙̂ρQ(t0, n̂1)ρ̂Q(t0, n̂2)⟩+ Δt2⟨ρ̂Q(t0, n̂1)˙̂ρQ(t0, n̂2)⟩. (E.1)

where Δt = t1 − t0, ti denotes the cosmological time, the subscript 0 means it is evaluated today (therefore t0 is equal to the

age of the universe). This expansion is good even if t(z) − t0 becomes relatively large, this as dark energy varies very slowly

with time and thus the correlator between ˙̂ρQ,0 and ρ̂Q,0 will be small.

*This is only true on the level of the matter power spectrum itself, in ΛCDM there are also correlations depending on the line of sight,
therefore also including correlations over different redshift bins. The lensing effect is discussed in more detail in Chapter 6.
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Analogous to (3.1), we can define an ansatz for the unequal time correlator,

⟨ ˙̂ρQ(t, n)ρ̂Q(t, n
′)⟩ = ⟨ρ̂Q(t, n)˙̂ρQ(t, n

′)⟩ = B(t)⟨ρ̂Q(t)⟩⟨ρ̂Q(t)⟩si(∥⃗x− y⃗∥). (E.2)

Using the Leibniz rule we can obtain,

∂t⟨ρ̂Q(t, n)ρ̂Q(t, n
′)⟩ = ⟨ ˙̂ρQ(t, n)ρ̂Q(t, n

′)⟩+ ⟨ρ̂Q(t, n)˙̂ρQ(t, n
′)⟩ (E.3)

= 2B(t)⟨ρ̂Q(t)⟩⟨ρ̂Q(t)⟩si(∥⃗x− y⃗∥). (E.4)

However, we can calculate the left hand side by inserting (3.1) in the equal time operator. This yields,

∂t⟨ρ̂Q(t, n)ρ̂Q(t, n
′)⟩ =

(
2
⟨ ˙̂ρQ(t)⟩
⟨ρ̂Q(t)⟩

)
⟨ρ̂Q⟩(t)

2si(∥⃗x− y⃗∥). (E.5)

We can now obtain B(t) by comparing (E.4) and (E.5). This gives us:

B(t) =
⟨ ˙̂ρQ(t)⟩
⟨ρ̂Q(t)⟩

. (E.6)

In total we then get as our result for the correlator in (E.1):

⟨ρ̂Q(t1, n̂1)ρ̂Q(t2, n̂2)⟩ ≈ ⟨ρ̂Q(t0, n̂1)ρ̂Q(t0, n̂2)⟩ ·

(
1+ (Δt1 + Δt2)

⟨ ˙̂ρQ⟩(t0)
⟨ρ̂Q⟩(t0)

)
. (E.7)

Indeed, as long as the dark energy field is a slowly varying field with time, this expansion will be very good and can be trusted

even at z ≈ O(1). Later it will be more useful to use redshift as a time coordinate instead of time. To linear order in time or

redshift these can be related with the simple relation t0 − t ≈ −H0z, the coefficient on the RHS of (E.7) then becomes

(
1+ (Δt1 + Δt2)

⟨ ˙̂ρQ⟩(t0)
⟨ρ̂Q⟩(t0)

)
=

(
1+ (z1 + z2)

⟨ρ̂′Q⟩(z = 0)
⟨ρ̂Q⟩(z = 0)

)
, (E.8)

the prime now denotes a derivative w.r.t. redshift. When the quantum fluid would obey a simple equation of state p = wρ

the unequal time correlator (E.7) can be simplified some more,

⟨ρ̂Q(t1, n̂1)ρ̂Q(t2, n̂2)⟩ ≈ ⟨ρ̂Q(t0, n̂1)ρ̂Q(t0, n̂2)⟩ · (1+ 3(z1 + z2)δw) . (E.9)

Here, we defined δw = w+ 1 as the difference from the equation of state a cosmological constant would give. Indeed, we see

that if this is a small quantity, this expansion will be quite good also at intermediate redshift.
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F
Angular and ensemble averages

We derived an expression for the spectrum corresponding to tracer defined by (5.2). In practice observations are done over

the past light cone, measuring instead the spectrum corresponding to d̂L(z,n̂)−d̄L(z)
d̄L(z)

. The bar denotes angular averaging, de-

fined as:

d̄L =

∫
d2n̂
4π

d̂L(z, n̂). (F.1)

This is still a stochastic quantity: a measurement on a different location could give a different value, as our measurement

could be influenced by fluctuations. The relationship between an angular average d̄L and the ensemble average ⟨dL⟩ is in

principle complicated and depends on the specific observable [93–96]. Differences between these two can have several ori-

gins; A state average is for example defined over a hyper surface of constant time, while the angular average averages of the

past light cone. However, we will focus on another aspect, namely the fact that due to cosmic variance the average we ob-

serve is different from the true background average. The true background average is in principle not measurable, due to the

fact that we can only access our past light-cone. We therefore have no way of knowing if our measured average is the true

one, as for this we would have to do different measurements at different positions. This problem was discussed in the con-

text of the Cosmic Microwave Background by [95], we extend this treatment and apply it to our own case.

Formally we can write the error made by assuming the two methods are the same by d̄L = ⟨d̂L⟩ +
(
d̄L − ⟨d̂L⟩

)
. Where
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the term in brackets is not necessarily zero. We can now define the cosmic variance*,

δcv =
d̄L
⟨d̂L⟩

− 1. (F.2)

If δcv = 0 the two averages are the same. The ensemble average of the cosmic variance is also zero, due to the fact that

⟨d̄L⟩ = ⟨d̂L⟩. Using the cosmic variance we can write down a relation between the two distances: d̄L = ⟨d̂L⟩(δcv + 1).

We are interested in the observational accessible average, therefore we want to make predictions for the fluctuations with

respect to the angular mean d̄L, theoretically we have predictions for the fluctuations with respect to the ensemble average

⟨d̂L⟩. The different Δ’s look as follows in the two cases:

Δ̃(z, n̂) =
d̂L(z, n̂)
d̄L(z)

− 1, Δ(z, n̂) =
d̂L
⟨dL⟩

− 1. (F.3)

Fluctuations become visible in the two-point functions, for these two quantities these are given by:

⟨Δ̃(z, n̂)Δ̃(z′, m̂)⟩ = ⟨d̂L(z, n̂)d̂L(z′, m̂)⟩
d̄L(z)d̄L(z′)

− 1, (F.4)

⟨Δ(z, n̂)Δ(z′, m̂)⟩ = ⟨d̂L(z, n̂)d̂L(z′, m̂)⟩
⟨dL⟩(z)⟨dL⟩(z′)

− 1. (F.5)

The task at hand is then expressing the first quantity in terms of the observable quantity on the left the theoretically

available quantity on the right. To this end we can express Δ in terms of Δ̃ and the cosmic variance δcv,

Δ(z, n̂) = Δ̃(z, n̂) + δcv(z) + Δ̃(z, m̂)δcv(z) (F.6)

Using this we can express the ensemble correlator in terms of correlation functions including Δ̃ and δcv:

⟨Δ(z, n̂)Δ(z′, m̂)⟩ =⟨Δ̃(z, n̂)Δ̃(z′, m̂)⟩+ ⟨Δ̃(z, n̂)δcv(z′)⟩+ ⟨Δ̃(z′, m̂)δcv(z)⟩

+ ⟨δcv(z)δcv(z′)⟩+ ⟨Δ̃(z, n̂)δcv(z′)Δ̃(z′, m̂)⟩ (F.7)

+ ⟨Δ̃(z′, m̂)δcv(z)Δ̃(z, n̂)⟩+ ⟨δcv(z)Δ̃(z, n̂)δcv(z′)⟩

+ ⟨δcv(z′)Δ̃(z′, m̂)δcv(z)⟩+ ⟨Δ̃(z, n̂)δcv(z)Δ̃(z′, m̂)δcv(z′)⟩.

We now assumeWick’s theorem. Wick’s theorem is valid for Gaussian distributed functions. This is in principle not true

for our d̂L correlators, however, we may assume that they are approximately Gaussian. Because ⟨Δ̃⟩ = ⟨δcv⟩ = 0 the three-

*This cosmic variance is conceptually related, but not the same, to the previously mentioned cosmic variance that arises during the
averaging procedure for the Cℓ.
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point functions vanish. The four-point function can be expressed in three products of two-point functions. This yields:

⟨Δ(z, n̂)Δ(z′, m̂)⟩ ≈⟨Δ̃(z, n̂)Δ̃(z′, m̂)⟩+ ⟨Δ̃(z, n̂)δcv(z′)⟩+ ⟨Δ̃(z′, m̂)δcv(z)⟩

+ ⟨δcv(z)δcv(z′)⟩+ ⟨δcv(z′)Δ̃(z′, m̂)⟩⟨δcv(z)Δ̃(z, n̂)⟩ (F.8)

+ ⟨δcv(z′)Δ̃(z, n̂)⟩⟨δcv(z)Δ̃(z′, m̂)⟩+ ⟨δcv(z)δcv(z′)⟩⟨Δ̃(z, n̂)Δ̃(z′, m̂)⟩.

The remaining task is now finding the suitable expressions for the ⟨δcv(z)δcv(z′)⟩ and ⟨Δ̃(z, n̂)δcv(z′)⟩ correlators. We start

with the auto correlation. We first expand the definition to obtain:

⟨δcv(z)δcv(z′)⟩ =

〈(
d̄L(z)
⟨d̂L⟩(z)

− 1

)(
d̄L(z′)
⟨d̂L⟩(z′)

− 1

)〉
=

⟨d̄L(z)d̄L(z′)⟩
⟨d̂L⟩(z)⟨d̂L⟩(z′)

− 1 (F.9)

We can now factor the angular averaging integrals out of the ensemble brackets. This gives us:

⟨δcv(z)δcv(z′)⟩ =
∫

d2n̂
4π

∫
d2m̂
4π

[
⟨d̂L(z, n̂)d̂L(z′, m̂)⟩
⟨d̂L⟩(z)⟨d̂L⟩(z′)

− 1

]
(F.10)

=
1
2

∫ 1

−1
dμ

[
⟨d̂L(z)d̂L(z′)⟩(μ)
⟨d̂L⟩(z)⟨d̂L⟩(z′)

− 1

]
(F.11)

=
C0(z, z′)

4π
, (F.12)

where we used the fact that the correlator only depends on the relative angle. This angle is contained in μ = n̂ · m̂ = cos(θ)

with θ being the relative angle. In the last step we recognised the angular power spectrum as defined in (5.5). We stress that

this is an exact result, we have not assumed anything to obtain it. It tells us that the cosmic variance correlator is given in

terms of the monopole C0. In the case that the ensemble and angular average would be the same, the monopole is zero. As is

shown later in this section. This agrees with our result, as in this case the cosmic variance should be zero. We also note that

C0 is possible to calculate within our framework, therefore we can quantify this result.

Inserting this in (F.8) we obtain:

⟨Δ(z, n̂)Δ(z′, m̂)⟩ ≈⟨Δ̃(z, n̂)Δ̃(z′, m̂)⟩
(
1+

C0(z, z′)
4π

)
+ ⟨Δ̃(z, n̂)δcv(z′)⟩

+ ⟨Δ̃(z′, m̂)δcv(z)⟩+
C0(z, z′)

4π
+ ⟨δcv(z′)Δ̃(z′, m̂)⟩⟨δcv(z)Δ̃(z, n̂)⟩

+ ⟨δcv(z′)Δ̃(z, n̂)⟩⟨δcv(z)Δ̃(z′, m̂)⟩. (F.13)

At this point we still have the correlators, ⟨Δ̃δcv⟩, which we cannot readily calculate. However, we know that the angular
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averaged power spectrum should have a zero monopole, C̃0(z, z′) = 0. This can be seen as follows:

C̃0(z, z′)
4π

=

∫
d2n̂
4π

∫
d2m̂
4π

⟨Δ̃(z, n̂)Δ̃(z′, m̂)⟩ (F.14)

=

〈(∫
d2n̂
4π

Δ̃(z, n̂)
)(∫

d2m̂
4π

Δ̃(z′, m̂)

)〉
. (F.15)

We can then note that the terms in brackets will be zero as:

∫
d2n̂
4π

Δ̃(z, n̂) =
∫ d2n̂

4π d̂L(z, n̂)
d̄L(z)

− 1 = 0. (F.16)

The last equality follows from the definition of the angular averaged luminosity distance (F.1). We can now use this to make

some progress. If we multiply (F.13) by 2πPℓ and integrate over the relative angle, we obtain Cℓ on the left hand side. The

correlators ⟨Δ̃δcv⟩ do not depend on an angle† and are therefore proportional toP0, resulting in Kronecker delta’s. This

gives us the constraint equation:

Cℓ(z, z′) = C̃ℓ(z, z′)
(
1+

C0(z, z′)
4π

)
+ C0(z, z′)δℓ,0+

4π
[
⟨Δ̃(z, n̂)δcv(z′)⟩+ ⟨Δ̃(z′, m̂)δcv(z)⟩+ ⟨δcv(z′)Δ̃(z′, m̂)⟩⟨δcv(z)Δ̃(z, n̂)⟩

]
δℓ,0. (F.17)

Considering ℓ = 0 and using the C̃0 = 0 we can deduce that the cross correlation terms have to be zero. Without these

terms we can rewrite (F.13) in terms of power spectra as:

Cℓ(z, z′) = C̃ℓ(z, z′)
(
1+

C0(z, z′)
4π

)
+ C0(z, z′)δℓ,0 (F.18)

The complete expression for C̃ℓ(z, z′) in terms of our predicted power spectrum Cℓ(z, z′) is then:

C̃ℓ(z, z′) =
Cℓ(z, z′)− C0(z, z′)δℓ,0

1+ C0(z,z′)
4π

. (F.19)

We can understand this as follows: if the background average per steradian C0/4π is non zero, the size of the fluctuations as

given by C̃ℓ will be smaller. This makes intuitive sense, as relative to the background the fluctuations are smaller due to the

background average being larger. We conclude two things about this result: First, indeed for ℓ = 0 this gives zero. This does

not come as a surprise as we constructed it this way. Second, we can account for the different normalisation of our power

spectrum by dividing (5.12) by a factor 1+ C0(z,z′)
4π .

In principle this result is independent of our specific model. However, we are interested in its effect on our model. There-

fore we calculate the effect is has in our case. The Legendre polynomial with ℓ = 0 is simply one. Therefore we obtain via
†Only Δ has angular dependence and this angular dependence disappears when taking the ensemble average.
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Figure F.1: The relevant contribution from the monopole in (F.18). We show this result for Case I. Several spectral indices nDE are shown andH0r0 =
10.

(5.12),

C0(z, z′) = 2π
∫ 1

−1
dμ⟨Δ(z)Δ(z′)⟩(μ). (F.20)

Inserting the Δ’s using (4.12) then gives us:

C0(z1, z2) = 2π
(1+ z1)(1+ z2)
⟨d̂L⟩(z1)⟨d̂L⟩(z2)

∫ 1

−1
dμ
∫ z1

0
dz
∫ z2

0
dz′

1
H̄(z)H̄(z′)

[
1+

3
8

(
ΩQ(z)2 +Ω2

Q(z′)
)
(si(0)− 1)

+
1
4

(
H̄4

0
H̄(z)2H̄(z′)2

Ω2
Q,0

(
1+ (Δt(z) + Δt(z′))

⟨ ˙̂ρQ⟩0
⟨ρ̂Q⟩0

)
si(∥⃗x− y⃗∥)−ΩQ(z)ΩQ(z′)

)]
− 4π. (F.21)

We calculate the monopole in the context of Case I. The contribution of the extra factor 1 + C0(z,z′)
4π is shown in Figure F.1.

We see that the factor changes the result at most with roughly 1-5 percent.

F.1 Alternative method

We will now derive (F.19) in an independent way. The correlator between the variance and the tracer is:

⟨Δ̃(z, n̂)δcv(z′)⟩ =

〈(
d̂L(z, n̂)
d̄L(z)

− 1

)
δcv(z′)

〉
(F.22)

=

〈(
d̂L(z, n̂)

⟨dL⟩(z)(1+ δcv(z))
+ 1

)
δcv(z′)

〉
(F.23)

≈

〈(
d̂L(z, n̂)
⟨dL⟩(z)

(1− δcv(z))− 1

)
δcv(z′)

〉
+O(δ3cv). (F.24)
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Here, we expanded the cosmic variance up to linear order, assuming it is small. We can now rewrite (F.24) in terms of the

tracers again,

⟨Δ̃(z, n̂)δcv(z′)⟩ ≈
〈(

dL(z, n̂)
⟨dL⟩(z)

(1− δcv(z))− 1
)
δcv(z′)

〉
+O(δ3cv) (F.25)

= ⟨Δ(z, n̂)δcv(z′)⟩ − ⟨δcv(z)δcv(z′)⟩+ ⟨Δ(z, n̂)δcv(z)δcv(z′)⟩+O(δ3cv). (F.26)

Now we drop the three-point function as a consequence of their assumed Gaussianity. We can also derive an expression for

the ⟨Δδcv⟩ correlator by using the same trick as in deriving (F.10). We factor out the angular integral out of the ensemble

brackets to obtain:

⟨Δ(z, n̂)δcv(z′)⟩ =
∫

d2m̂
4π

[
⟨d̂L(z, n̂)d̂L(z′, m̂)⟩
⟨d̂L⟩(z)⟨d̂L⟩(z′)

− 1

]
(F.27)

=
1
2

∫ 1

−1
dμ

[
⟨dL(z)dL(z′)⟩(μ)
⟨d̂L⟩(z)⟨d̂L⟩(z′)

− 1

]
(F.28)

=
C0(z, z′)

4π
. (F.29)

This is precisely the same as (F.10). Inserting both (F.10) and (F.29) in (F.26) then gives us:

⟨Δ̃(z, n̂)δcv(z′)⟩ = 0. (F.30)

Using this to simplify (F.13) and then rewriting it as power spectra then also results in (F.19). We note that we have now

obtained that the angular averaged monopole is zero without demanding this.
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G
A hypergeometric integral

In the main text we arrived at the following integral when calculating the angular power spectrum for the dark energy signal,

see (5.10). The integral is over a relative angle μ and the Legendre polynomialsPℓ,

I =
∫ 1

−1
dμ
(
r(z1, z2, μ)nDE

rnDE
0

)
Pℓ(μ), (G.1)

r being the comoving distance between two points. We can rewrite r(z1, z2, μ)nDE =
(
χ21 + χ22 − 2χ1χ2μ

) nDE
2 , where χi =

χ(zi), the comoving distance to the point zi and μ = cos θwith θ the relative angle between the two points. We can then

rewrite the integral as

I =
(
2χ1χ2

) nDE
2 μ

nDE
2

0
rnDE
0

∫ 1

−1
dμ
(
1− μ

μ0

) nDE
2

Pℓ(μ) =
(
2χ1χ2

) nDE
2

rnDE
0

Ĩ. (G.2)

Here, we defined Ĩ as the integral over μ and μ0 =
χ21+χ22
2χ1χ2

. As the ratio μ
μ0
is always smaller than one we can write it as a series

expansion. As this function is nicely behaved, we can subsequently commute the sum and the integral,

Ĩ = μ
nDE
2

0

∫ 1

−1
dμ(1− μ

μ0
)

nDE
2 Pℓ(μ) = μ

nDE
2

0

∞∑
n=0

( nDE
2
n

)
1

(−μ0)n

∫ 1

−1
dμμnPℓ(μ), (G.3)
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We have now replaced our integral with a summation and a more tractable integral:
∫ 1
−1 dμx

nPℓ(μ). A very similar integral

is given by ref. [97]: ∫ 1

0
dμxnPℓ(μ) =

√
π

21+n
Γ(1+ n)

Γ(1+ n−ℓ
2 )Γ( 32 +

n+ℓ
2 )

. (G.4)

Here, Γ(z) is Eulers Gamma function. To calculate the integral on the other half of its domain we make use of the fact that

Pℓ(−x) = (−1)ℓPℓ(x). For the complete domain the integral is then given by

∫ 1

−1
dμxnPℓ(μ) =

(
1+ (−1)ℓ+n) √

π
21+n

Γ(1+ n)
Γ(1+ n−ℓ

2 )Γ( 32 +
n+ℓ
2 )

. (G.5)

We can insert this in (G.3), yielding

Ĩ =
μ

nDE
2

0
√
π

2

∞∑
n=0

( nDE
2
n

)(
1+ (−1)ℓ+n)(− 1

2μ0

)n Γ(1+ n)
Γ(1+ n−ℓ

2 )Γ( 32 +
n+ℓ
2 )

. (G.6)

We can now rewrite the Binomial coefficients in a formmore useful to us:

Γ(1+ n)
( nDE

2
n

)
=

Γ(1+ nDE
2 )

Γ(1− n+ nDE
2 )

= (−1)n
Γ(n− nDE

2 )

Γ(− nDE
2 )

. (G.7)

Substituting this in (G.6) then gives us,

Ĩ =
μ

nDE
2

0
√
π

2Γ(− nDE
2 )

∞∑
n=0

(
1+ (−1)ℓ+n)( 1

2μ0

)n Γ(n− nDE
2 )

Γ(1+ n−ℓ
2 )Γ( 32 +

n+ℓ
2 )

. (G.8)

To get rid of the factor
(
1+ (−1)ℓ+n), we can consider separately the even and odd cases for ℓ.

G.1 ℓ is even

In the even case this factor can be conveniently written as,

(
1+ (−1)ℓ+n) =


0, n = odd,

2, n = even
(G.9)

Using this we obtain in the case that ℓ is even,

Ĩeven =
μ

nDE
2

0
√
π

Γ(− nDE
2 )

∞∑
n=0

(
1

2μ0

)2n Γ(2n− nDE
2 )

Γ(1+ n− ℓ
2 )Γ(

3
2 + n+ ℓ

2 )
(G.10)
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Our goal is to rewrite this in terms of Pochammer symbols, (a)n = Γ(a+n)
Γ(a) . However, these do not contain factors 2n. To

remove these we will use Gauss’ multiplication theorem (see e.g. [64]),

Γ(2n− nDE

2
) = Γ(2(n− nDE

4
)) =

22n−
nDE
2 −1

√
π

Γ(n− nDE

4
)Γ(n− nDE

4
+

1
2
). (G.11)

Using this to rewrite the Gamma functions containing factors 2n yields:

Ĩeven =
μ

nDE
2

0 2−
nDE
2 −1

Γ(− nDE
2 )

∞∑
n=0

(
1
μ20

)n Γ(n− nDE
4 )Γ(n− nDE

4 + 1
2 )

Γ(1+ n− ℓ
2 )Γ(

3
2 + n+ ℓ

2 )
. (G.12)

Now we may note that Γ(1+ n− ℓ
2 ) hits a pole if

ℓ
2 ≥ 1+ n, which means that all terms up to and including n = ℓ

2 − 1 do

not contribute. This allows us to relabel the starting index of the summation to n = ℓ
2 , after this we can relabel everything

to make the summation start at 0 again. This then results in,

Ĩeven =
μ

nDE
2 −ℓ

0 2−
nDE
2 −1

Γ(− nDE
2 )

∞∑
n=0

(
1
μ20

)n
n!

Γ(n+ ℓ
2 −

nDE
4 )Γ(n+ ℓ

2 −
nDE
4 + 1

2 )

Γ( 32 + n+ ℓ)
(G.13)

Gauss’ hypergeometric function is defined as follows,

2F1(a, b; c; z) =
∞∑
n=0

(a)n(b)n
(c)n

zn

n!
, where (a)n =

Γ(a+ n)
Γ(a) (G.14)

Using that Γ(a + n) = (a)(n)Γ(a) ,we can now rewrite (G.13) as hypergeometric function. This gives the following expres-

sion,

Ĩeven =
μ

nDE
2 −ℓ

0 2−
nDE
2 −1

Γ(− nDE
2 )

Γ( ℓ2 −
nDE
4 )Γ( 12 +

ℓ
2 −

nDE
4 )

Γ( 32 + ℓ)
2F1
(
ℓ

2
− nDE

4
,
1
2
+

ℓ

2
− nDE

4
;
3
2
+ ℓ;

1
μ20

)
(G.15)

G.2 ℓ is odd

We now wish to calculate the odd ℓ’s with a similar approach. Then we have:

(
1+ (−1)ℓ+n) =


2, n = odd,

0, n = even.
(G.16)

Using this we get:

Ĩodd =
μ

nDE
2

0
√
π

Γ
(
− nDE

2

) ∞∑
n=0

(
1

2μ0

)2n+1 Γ
(
2n+ 1− nDE

2

)
Γ
( 3
2 + n− ℓ

2

)
Γ
(
2+ n+ ℓ

2

) . (G.17)
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Which we can, similar as in the other case, simplify using the Gauss’ multiplication formula. Resulting in

Ĩodd =
2−

nDE
2 −1μ

nDE
2 −1

0

Γ
(
− nDE

2

) ∞∑
n=0

(
1
μ20

)n Γ
(
n+ 1

2 −
nDE
4

)
Γ
(
n+ 1− nDE

4

)
Γ
( 3
2 + n− ℓ

2

)
Γ
(
2+ n+ ℓ

2

) . (G.18)

From studying the Gamma function in the denominator, Γ( 32+n− ℓ
2 ), we see that the terms up to and including n = ℓ

2−
3
2

do not contribute. We thus start counting at n = ℓ
2 −

1
2 :

Ĩodd =
2−

nDE
2 −1μ

nDE
2 −1

0

Γ
(
− nDE

2

) ∞∑
n= ℓ

2−
1
2

(
1
μ20

)n Γ
(
n+ 1

2 −
nDE
4

)
Γ
(
n+ 1− nDE

4

)
Γ
( 3
2 + n− ℓ

2

)
Γ
(
2+ n+ ℓ

2

) . (G.19)

Shifting the summation index again,

Ĩodd =
2−

nDE
2 −1μ

nDE
2 −1

0

Γ
(
− nDE

2

) ∞∑
n=0

(
1
μ20

)n+ l−1
2 Γ

(
n+ ℓ

2 −
nDE
4

)
Γ
(
n+ 1

2 +
ℓ
2 −

nDE
4

)
Γ (1+ n) Γ

( 3
2 + n+ ℓ

) (G.20)

=
2−

nDE
2 −1μ

nDE
2 −l

0

Γ
(
− nDE

2

) ∞∑
n=0

(
1
μ20

)n
n!

Γ
(
n+ ℓ

2 −
nDE
4

)
Γ
(
n+ 1

2 +
ℓ
2 −

nDE
4

)
Γ
( 3
2 + n+ ℓ

) . (G.21)

Which is remarkably precisely the same as (G.13). We thus conclude that (G.15) is also a solution for the odd case. Then, we

can use Gauss’ multiplication theorem again to simplify the prefactor of (G.15), yielding our final result,

I =
(
2χ1χ2

) nDE
2

rnDE
0

√
πμ

nDE
2 −ℓ

0 2−ℓ Γ
(
− nDE

2 + ℓ
)

Γ(− nDE
2 )Γ( 32 + ℓ)

2F1
(
ℓ

2
− nDE

4
,
1
2
+

ℓ

2
− nDE

4
;
3
2
+ ℓ;

1
μ20

)
. (G.22)

G.3 Limiting case

We can study the limit where μ0 → 1 to check our result. From [97] we know that in this limit the integral should reduce to,

∫ 1

−1
dμ(1− μ)

nDE
2 Pℓ(μ) = (−1)ℓ21+

nDE
2

Γ(1+ nDE
2 )2

Γ(1+ nDE
2 − ℓ)Γ(2+ ℓ+ nDE

2 )
. (G.23)

In this case we can use Gauss summation theorem (see e.g. [64]) that states,

2F1(a, b; c; 1) =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)

. (G.24)

Applying this to (G.22) in the limit μ0 → 1 then yields,

Ĩ(μ0 → 1) =
√
π2−ℓ Γ

(
− nDE

2 + ℓ
)
Γ(1+ nDE

2 )

Γ(− nDE
2 )Γ( 32 +

ℓ
2 +

nDE
4 )Γ(1+ ℓ

2 +
nDE
4 )

. (G.25)
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we combine the denominator using Gauss multiplication theorem to obtain,

Ĩ(μ0 → 1) = 21+
nDE
2
Γ
(
− nDE

2 + ℓ
)
Γ(1+ nDE

2 )

Γ(− nDE
2 )Γ(2+ ℓ+ nDE

2 )
. (G.26)

We can simplify this some more by using Euler’s reflection theorem (see e.g. [64]). Eulers reflection theorem applied to our

case states,

Γ(−nDE

2
) =

π
sin(− nDEπ

2 )

1
Γ(1+ nDE

2 )
and Γ(−nDE

2
+ ℓ) =

π
sin(− nDEπ

2 + ℓπ)
1

Γ(1+ nDE
2 − ℓ)

, (G.27)

we can divide the right equation by the left equation and simplify the sine terms to (−1)ℓ,

Γ(− nDE
2 + ℓ)

Γ(− nDE
2 )

=
sin
(
− nDEπ

2

)
sin
(
− nDEπ

2 + ℓπ
) Γ(1+ nDE

2 )

Γ(1+ nDE
2 − ℓ)

= (−1)ℓ
Γ(1+ nDE

2 )

Γ(1+ nDE
2 − ℓ)

. (G.28)

This gives us the following expression for the integral in the limit,

Ĩ(μ0 → 1) = (−1)ℓ21+
nDE
2

Γ(1+ nDE
2 )2

Γ(1+ nDE
2 − ℓ)Γ(2+ ℓ+ nDE

2 )
(G.29)

Which matches the result obtained by [97].
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