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Abstract

This thesis is concerned with effective lower bounds for class numbers of imaginary quadratic global fields.
Finding such bounds is a classical problem in number theory with applications in e.g. cryptography and
the theory of error correcting codes. Recently, Griffin and Ono [GO20] have derived such bounds for
number fields using elliptic curve ideal class pairings which improved on existing effective bounds for many
quadratic fields. Here we generalise their construction to global function fields, yielding similar bounds
for the class number of imaginary quadratic function fields. Over function fields, multiple constructions of
elliptic curves with arbitrarily large rank are known. We examine in particular the class number bounds
we obtain using such a family of elliptic curves constructed by Ulmer [Ulm14]. Our results do not improve
on those in the literature. Finally, as an auxiliary result, we bound the difference between the canonical
height and the Weil height on an elliptic curve over a global field. All our results are for characteristic
unequal to 2 or 3.
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Introduction

The asymptotic behaviour of class numbers hK(−D) of imaginary quadratic number fields K = Q(
√
−D)

is an old and extensively studied topic in number theory. In his Disquisitiones, Gauss conjectured that
hK(−D) → ∞ as D → ∞, and over a century later this was indeed confirmed by Heilbronn [Hei34]. In
recent work [GO20], Griffin and Ono derive effective lower bounds for hK(−D) that improve on previously
known effective lower bounds for certain families of discriminants −D. Their method revolves around
elliptic curve ideal class pairings, which are maps of the form

E(Q)× E−D(Q)→ CL(−D)

where E/Q is an elliptic curve, E−D/Q is a quadratic twist of E, and CL(−D) denotes the ideal class
group of Q(

√
−D). For ε > 0, they obtain for sufficiently large discriminants −D in these families a

bound of the form

hK(−D) ≥ 1

2
(c(E)− ε)(logD)

r
2 , (1)

where c(E) is a constant depending on E and r is the rank of E. Asymptotically, this bound becomes
stronger if the rank r is large. It is still an open problem whether there exist elliptic curves over Q of
arbitrarily large rank. The current record set by Elkies is an elliptic curve of rank at least 28 [Elk06].
In the paper [PPVW19] heuristics for the rank of elliptic curves over Q are given, which suggest that in
fact there is an absolute bound for the rank of elliptic curves over Q.

Instead of number fields, we will primarily be concerned with global function fields, which are finite field
extensions of Fq(T ) where q is a prime power and T is transcendental over the finite field Fq. Global
function fields behave much like number fields, and many objects and results from number theory have
a function-field analogue. The main result of this thesis is the translation of the strategy of Griffin and
Ono to global function fields, yielding lower bounds for the class numbers of imaginary quadratic global
function fields. In particular, we derive bounds similar to (1) using elliptic curves E/Fq(T ) for which the
rank r becomes arbitrarily large. Although using these large-rank elliptic curves yields asymptotically
stronger bounds than Griffin and Ono obtained for number fields, they do not improve on the best known
bounds for function fields, see Section 4.5 for details.

One motivation for studying the asymptotic behaviour of class numbers of global function fields is that it
might lead to new insights that can be used in the number-field analogue of the problem. Further, effective
lower bounds for class numbers of global function fields serve applications in for example cryptography
(see e.g. [ST02] and [Kob89]) and the theory of error-correcting codes (see e.g. [TVN07, Prop. 3.2.14] and
its applications in Chapter 4 there).

Outline of the Text

We start by giving an introduction to global function fields in Chapter 1. In Chapter 2 we generalise
the development of the theory of height functions on elliptic curves as presented in [Sil09, Chapter VIII]
to elliptic curves over global function fields. Further, in Section 2.4 of Chapter 2 we introduce local
height functions on elliptic curves over global fields, and we use them to bound the difference between the
canonical height and the Weil height on such curves. In Chapter 3 we derive lower bounds for the class
numbers of imaginary quadratic number fields, closely following [GO20]. The last section of this chapter
gives a brief overview of the literature on lower bounds for class numbers of imaginary quadratic number
fields, which we also compare to our results. In the fourth chapter we derive lower bounds for the class
number of imaginary quadratic function fields. The structure and material of the first two sections of
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Chapter 4 closely resembles that of Sections 3.1 and 3.3. Subsequently, in Sections 4.3 and 4.4 we give
a construction of elliptic curves over Fq(T ) with arbitrarily large rank, and we use these curves to give
bounds similar to (1) where r can be arbitrarily large. Lastly, in Section 4.5 we give a brief overview of
the literature on lower bounds for class numbers of global function fields, and we compare this to our
results.

The main original contributions in this thesis are the following.

• In Theorem 2.4.16 we give a bound on the difference between the canonical height and the Weil
height on an elliptic curve over a global function field.

• Theorem 4.2.6 gives an explicit bound of the form (1) for class numbers of certain imaginary
quadratic global function fields.

• In Theorem 4.4.4 we give an explicit version of the above result for a specific family of elliptic curves
whose ranks tend to infinity.

This first result is especially interesting since two separate sources state similar but incorrect bounds, see
Remark 2.4.18. We also correct various minor errors in [GO20] in Chapter 3. The class number bounds
from Theorems 4.2.6 and 4.4.4 do not improve on the literature.

Assumptions and Notation

In the List of Symbols at the end of this document we define the notation used in this thesis. Here
we highlight some specific notation that may otherwise lead to confusion, and we make clear which
assumptions are used throughout this thesis.

First of all, throughout this thesis we let p 6∈ {2, 3} be a prime number, and we let q be a power of p.
We denote the finite field of q elements by Fq. Our reason for assuming that p 6= 2 is that this ensures
that quadratic extensions of fields of characteristic p are always separable. Further, the theory of binary
quadratic forms is much more complicated in characteristic 2. See for example the preface of [Kne10],
which suitably begins with the following limerick.

A mathematician said who
Can quote me a theorem that’s true?
For the ones that I know
Are simply not so,
When the characteristic is two!

The reason that we further assume p 6= 3 is because this ensures that all elliptic curves we consider can be
given by a short Weierstrass equation, cf. [Sil09, §III.1]. This is important since we only prove Theorem
2.4.16 on the difference between the canonical height and the Weil height for elliptic curves in short form.

Without further specification, the letter K will denote a general field. We write K for an algebraic closure
of K and Ksep for the separable closure of K in K. Further, Kv denotes the completion of K at the
prime v. For a ring R we denote its unit group by R∗.

For a global function field K/Fq, we always assume that Fq is the full constant field of K, i.e. if we fix an
algebraic closure Fq of Fq then Fq∩K = Fq. Further, we will assume that we have fixed an element T ∈ K
transcendental over Fq. See also Remark 1.2.2 for some advantages and disadvantages of this assumption.
For a global field K, this assumption allows us to define the rational subfield R of K in Definition 1.2.3
and the ring of integers OK of K in Definition 1.2.4. The notation OK for the ring of integers should not
be confused with our notations OP and Ov for valuation rings corresponding to a place P or prime v of
K, or with our notation O for the point at infinity on an elliptic curve in Weierstrass normal form.

We denote by h, hx and ĥ the absolute logarithmic height function, the height on an elliptic curve E with
respect to the morphism x : E → P1, and the canonical height function, respectively. These functions are
defined in Chapter 2. This notation should not be confused with our notation hK for the class number
of a global field K, or our notation hIK for the ideal class number of a global function field (see page 7).
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Prerequisites

Throughout this thesis we assume that the reader is familiar with the basic theory of algebraic number
theory, valuations, and elliptic curves. For algebraic number theory we refer to the notes [Ste17] and
[Ste02] that are both freely available online. The first gives an introduction to number fields, and the
second continues with an introduction to valuations and local fields. For elliptic curves we point to [Sil09].
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Chapter 1

Global Function Fields

One of the main themes of this thesis is the analogy between number fields and global function fields.
In this chapter we will give a brief introduction to the theory of global function fields while emphasizing
their similarities with number fields.

1.1 Algebraic Function Fields

Before stating the definition of a global function field in the next section, we give a brief introduction
to the general theory of algebraic function fields. We assume that the reader is familiar with (discrete)
valuation rings. For a more detailed and very clear introduction to algebraic function fields, assuming
only some basic knowledge of algebraic field extensions, we refer to [Sti09, Chapter 1].

Definition 1.1.1 ([Sti09, Def. 1.1.1]). Let k be a field. An algebraic function field K/k of one variable
over k is a field extension K/k such that K is a finite extension of k(T ) for some element T ∈ K which
is transcendental over k.

The simplest example of an algebraic function field over a field k is the rational function field k(T ) of
rational functions in the indeterminate T over k. In general, a function field K/k is called rational if
there exists an element T ∈ K such that K = k(T ).

For an algebraic function field K/k, the algebraic closure of k in K is a subfield k̃ ⊂ K called the field
of constants or constant field of K/k. It is always a finite extension of k ([Sti09, Cor. 1.1.16]). The
terminology stems from an interpretation of the elements of K as functions. Namely, let T ∈ K be
transcendental over k, and for every element a ∈ K let

fa(X) = Xn + a1(T )Xn−1 + · · ·+ an(T )

be the minimal polynomial of a over k(T ) (which exists as a is algebraic over k(T )), so the coefficients
ai(T ) are rational functions of T over k. Now, instead of viewing the element T as an indeterminate,
we consider T as a variable ranging over k. There are at most finitely many values for T such that the
denominator of one of the coefficients ai(T ) vanishes. For all other values of T in k we consider the
polynomial fa,T (X) obtained from fa(X) by evaluating the coefficients at T . This polynomial has n (not
necessarily distinct) roots in k. As these roots are determined by a and the value of T , we can view a as

an n-valued function sending elements in k to the roots of fa,T (X) in k. Now suppose that a ∈ k̃. It turns
out that in that case the coefficients ai(T ) are elements of k, see the integrality theorem in [Has80, p.
316]. Hence they are constant functions of T , and therefore a is a constant function. Conversely, if a is a
constant function, then the coefficients ai(T ) are also constant functions of T as they are the elementary
symmetric functions of the n values of a. Hence the ai(T ) are elements of k, which by the same integrality

theorem implies that a ∈ k̃. So the elements of the constant field are exactly the constant functions.

Let K/k be an algebraic function field. As explained by Stichtenoth in [Sti09, Chapter 1], there is a
one-to-one correspondence between valuation rings of K/k and discrete valuations1 on K/k. Further,
each valuation ring has a unique maximal ideal, and given such a maximal ideal we can uniquely recover
the corresponding valuation ring.

1Note that Stichtenoth includes a normalization in the definition of a discrete valuation, see [Sti09, Def. 1.1.9(4)].
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1.1. Algebraic Function Fields

Definition 1.1.2. A place of the function field K/k is the unique maximal ideal of some valuation ring
of K/k. We denote the set of all places of K/k by PK .

For a place P of K/k we denote the corresponding valuation ring and discrete valuation by OP and vP ,
respectively. We have (cf. [Sti09, Theorem 1.1.13])

OP = {a ∈ K : vP (a) ≥ 0},
P = {a ∈ K : vP (a) > 0}.

All places of K/k are principal ideals, and an element π ∈ P such that P = πOP is called a uniformizer
for P . For P ∈ PK , the field OP /P is called the residue class field of P . Since k ⊂ OP and k ∩P = {0},
the residue class map OP → OP /P induces a canonical embedding of k into O/P . We define the degree
of a place P as

deg(P ) = [OP /P : k].

For the rest of this section we will assume that k = k̃, the full constant field of K/k.

Definition 1.1.3. A divisor of K/k is a formal sum

D =
∑
P∈PK

nPP with nP ∈ Z, and almost all nP = 0.

Given two divisors D =
∑
nPP and D′ =

∑
n′PP we define their sum as

D +D′ =
∑
P∈PK

(nP + n′P )P.

The set Div(K) of divisors of K/k forms a group under addition of divisors. It is the free abelian group
generated by the places of K/k. For a divisor D =

∑
nPP of K/k we define vP (D) = nP . We define a

partial ordering on Div(K) by saying

D1 ≤ D2 ⇐⇒ vP (D1) ≤ vP (D2) for all P ∈ PK .

The degree of a divisor is defined as

deg(D) =
∑
P∈PK

vP (D) deg(P ).

The divisors of degree 0 form a subgroup of Div(K), denoted by Div0(K). For a non-zero element
0 6= x ∈ K we define the corresponding principal divisor

(x) =
∑
P∈PK

vP (x)P.

All principal divisors have degree 0, and the set

Princ(K) = {(x) : x ∈ K∗}

of principal divisors of K/k forms a subgroup of Div0(K).

Definition 1.1.4. The quotient group

CLdiv(K) = Div(K)/Princ(K)

is called the divisor class group of K/k. We denote the class of a divisor D by [D]. We say that two
divisors are equivalent if they share the same class.

Since equivalent divisors have the same degree, we can define the degree of a divisor class [D] as

deg([D]) = deg(D).

Definition 1.1.5. The subgroup

CL0
div(K) = {[D] ∈ CLdiv(K) : deg([D]) = 0}

of CLdiv(K) is called the group of divisor classes of degree 0 of K/k.

5



Chapter 1. Global Function Fields

In the next section we will give the definition of a global function field. These fields have much in common
with number fields, and the group of divisor classes of degree 0 will serve as the analog of the ideal class
group of a number field.

Definition 1.1.6. For a divisor D ∈ Div(K), the Riemann-Roch space associated to D is defined as

L (D) = {x ∈ K : (x) ≥ −D} ∪ {0}.

The space L (D) is a finite dimensional vector space over k ([Sti09, Prop. 1.4.9]), and we denote its
dimension by

`(D) = dim L (D).

Definition 1.1.7. The genus of the function field K/k is defined as

g = max{deg(D)− `(D) + 1 : D ∈ Div(K)}.

Note that the maximum in the above definition exists by [Sti09, Prop. 1.4.14]. The genus g of a function
field is a non-negative integer (cf. [Sti09, Cor. 1.4.16]), and it is an important invariant of the function
field. For example, it shows up in the Riemann-Roch theorem (see e.g. [Sti09, Theorem 1.5.15]), and we
will encounter it again in Section 1.3 when discussing the Hasse-Weil theorem (Theorem 1.3.5).

We finish this section with a discussion on the relation between function fields K/k in one variable over
k and curves over k. We have the following general theorem.

Theorem 1.1.8 ([Liu02, Chapter 7 Prop. 3.13(a)]). Let k be a field. Then for any function field K/k
in one variable over k there exists, up to isomorphism, a unique normal projective curve C such that for
the function field K(C) of C we have K(C) = K.

For function fields over a perfect base field we can actually replace the word ‘normal’ by the stronger
‘smooth and irreducible’.

Theorem 1.1.9. Let k be a perfect field. Then for any function field K/k in one variable over k there
exists, up to isomorphism, a unique smooth and irreducible curve C such that K(C) = K.

Proof. We briefly sketch the proof. By [Liu02, Chapter 4 Cor. 3.33] any algebraic variety over k is smooth
if and only if it is regular. Further, from [AM69, Prop. 9.2] it follows that a curve is normal if and only
if it is irreducible and regular. The desired statement then follows from Theorem 1.1.8.

1.2 Global Fields

In this thesis, we will primarily consider function fields over finite fields. These will turn out to behave
much like number fields.

Definition 1.2.1. A function field K/Fq of one variable over a finite field Fq is called a global function
field . In other words, a global function field K/Fq is of the form Fq(T, α), where

• T is transcendental over Fq,

• α is algebraic over Fq(T ).

In general, a field K is called a global field if it is either a number field or a global function field.

In this thesis, when we let K/Fq be a global function field we will always mean that Fq is the full constant
field of K. Often we will let K be a general global field. In that case we implicitly mean that if K is a
function field, then we denote its full constant field by Fq.

Note that the finite field Fq is perfect, so by Theorem 1.1.9 every global function field corresponds, up
to isomorphism, to a unique smooth and irreducible curve C over Fq.

The analogies between global function fields and number fields stem in no small part from the similarities
between Q and the rational function field Fq(T ) in an indeterminate T . Note that these fields are the
fraction fields of Z and Fq[T ], respectively, which share many properties. For instance, both Z and Fq[T ]
are Euclidean domains, allowing us to talk about the gcd of two elements. Further, both Fq[T ] and Z
have finite unit groups. Therefore, many number-theoretic questions over Q have their analog in Fq(T ).
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1.2. Global Fields

However, these resemblances between Q and Fq(T ) also bring us to an important difference between
number fields and global function fields.

Remark 1.2.2. Recall that a number field is by definition a finite extension of Q. From the above discussion
it may seem natural to define a global function field as a finite extension of Fq(T ). However, we have
to be a bit more careful with function fields. Whereas a given number field contains one canonical copy
of Q, namely its prime field, this is not at all the case with Fq(T ) for function fields. Let K/Fq be a
global function field and let T ∈ K be transcendental over Fq, such that K is a finite extension of Fq(T ).
Then many properties of the extension K/Fq(T ) depend on our choice of T . For example, suppose that
K/Fq(T ) is separable. If we let T ′ = T p ∈ K then clearly K/Fq(T ′) is not separable. Moreover, not even
the degree [K : Fq(T )] is invariant under the choice of T , as the same example shows.

Despite the fact that there is no canonical choice for T , in the rest of this thesis we will assume that for
a global function field K with full constant field Fq we have fixed an element T ∈ K such that K is a
finite extension of Fq(T ). An extension K ′/K inherits this choice from K. Our main reason for fixing T
is that it makes the analogy with number fields particularly clear. The polynomial ring Fq[T ] then takes
the role of the integers Z in the number field case. ♦

Definition 1.2.3. Let K be a global field, where in the case that K is a function field we have fixed a
transcendental element T ∈ K, cf. Remark 1.2.2. We define the rational subfield R of K as

R =

{
Q if K is a number field,

Fq(T ) if K is a function field.

Recall that the ring of integers OK of a number field K is defined as the integral closure of Z in K. For
function fields we take essentially the same definition.

Definition 1.2.4. Let K be a global function field. We define the ring of integers OK of K as the
integral closure of Fq[T ] in K.

Just as for number fields, the ring of integers of a global function field is a Dedekind domain. The group
of invertible ideals of OK modulo the principal ideals is called the ideal class group of K, which for
function fields K we denote by IK . We write hIK for the order of IK , also called the ideal class number
of K. Despite the fact that the ideal class groups in number fields and global function fields have very
similar definitions, the term class group of a global function field K is reserved for CL0

div(K), the group
of divisor classes of degree 0. For a global function field K/Fq, the group CLdiv(K) can be infinite but
its subgroup CL0

div(K) is always finite, see [Sti09, Prop. 5.1.3].

Definition 1.2.5. Let K be a global function field. We define the class group CL(K) of K as the finite
abelian group

CL(K) = CL0
div(K).

The order of CL(K) is called the class number of K, denoted hK .

The main reason that CL(K), instead of IK , is the function field analog for the ideal class group of a
number field, is because IK is not an invariant of the global function field K. Namely, it depends on
our choice of the transcendental element T ∈ K. The group CL(K), on the other hand, is invariant
under this choice. Further, the group of non-zero fractional ideals of the ring of integers of a number
field is actually very similar to the group of divisors in a global function field. To see this, let F be a
number field. Since its ring of integers OF is a Dedekind domain, the group of non-zero fractional ideals
of OF is equal to the free abelian group generated by the non-zero prime ideals of OF . Now recall that
the non-zero prime ideals of F correspond bijectively to the non-archimedean places of F . This implies
that we can view the group of non-zero fractional ideals of OF as the free abelian group generated by
the non-archimedean places of F . For a global function field K, the free abelian group generated by
the non-archimedean places of K is exactly Div(K). The class group of F is defined as the quotient of
the group of non-zero fractional ideals of OF with the subgroup of principal ideals. Similarly, the group
CLdiv(K) is defined as the quotient of Div(K) with the subgroup Princ(K) of principal divisors. Since
CL0

div(K), like the class group of a number field, is finite, whereas CLdiv(K) can be infinite, we think of
CL(K) = CL0

div(K) as the function field analog of the ideal class group of a number field.

If we let C be the smooth irreducible curve corresponding to a global function field K, then CL(K) is
isomorphic (as groups) to the jacobian J(C) of the curve C (see e.g. [Sti09, Appendix B.10], where this
is actually the definition of J(C)).

7



Chapter 1. Global Function Fields

An important difference between the two kinds of global fields is that number fields have characteristic 0,
whereas global function fields have positive characteristic. In particular this implies that Q is a perfect
field, but it just so happens that Fq(T ) is not perfect. To see this, let p be the characteristic of Fq(T ) and
consider the irreducible polynomial P = Xp−T . Let α be a root of P in some extension of Fq(T ). Then
P = Xp−αp = (X−α)p since we work in characteristic p, implying that Fq(T )(α) is a purely inseparable
extension of Fq(T ). For this thesis the non-perfectness of Fq(T ) will not be a problem, since we are mainly
interested in quadratic extensions of Fq(T ) and we assume that q is the power of an odd prime. Hence
the characteristic will never divide 2, so all quadratic extensions we consider will be separable.

Let K be a global function field with K/R separable. Then OK is an order in K, and we can define the
norm and trace maps from OK to Fq[T ] as described in [Ste17, §4]. Then, we can define the discriminant
D of OK using the trace map in exactly the same way as for number fields, see e.g. [Rei03, §10] or [Ste17,
Def. 4.4]. Since our choice of K determines OK , we also call D the discriminant of K.

1.3 The Hasse-Weil Theorem

The best known bounds for the class number of a global function field come from the Hasse-Weil theorem,
also called the Riemann hypothesis for function fields. In this section, K/Fq will denote a global function
field with genus g.

We define the numbers

An = #{A ∈ Div(K) : A ≥ 0 and degA = n}.

Definition 1.3.1. The Zeta function of K/Fq is defined as the power series

Z(t) =

∞∑
n=0

Ant
n.

Proposition 1.3.2 ([Sti09, Prop. 5.1.6 & Cor. 5.1.7]). If we view Z(t) as a power series over the complex
number and t as a complex variable, then Z(t) is convergent for |t| < q−1. Further, Z(t) can be extended
to a rational function on C with a simple pole at t = 1.

Definition 1.3.3. The L-polynomial of K/Fq is defined as

L(t) = (1− t)(1− qt)Z(t).

The fact that L(t) is indeed a polynomial is ensured by the following theorem.

Theorem 1.3.4 ([Sti09, Theorem 5.1.15]). (a) L(t) ∈ Z[t] and deg(L) = 2g.

(b) We write L(t) = a0 + a1t+ · · ·+ a2gt
2g. Then a0 = 1.

(c) Let L⊥(t) = t2gL(t−1) be the reciprocal polynomial of L(t), and write α1, . . . , α2g for the complex
roots of L⊥(t). Then L(t) factors over C as

L(t) =

2g∏
i=1

(1− αit).

(d) L(1) = hK , the class number of K.

Note in the above theorem that the numbers αi are the reciprocals of the roots of L(t). The Hasse-Weil
theorem is the following statement.

Theorem 1.3.5 (Hasse-Weil). Assuming the notation from Theorem 1.3.4, the numbers αi satisfy

|αi| =
√
q for i = 1, . . . , 2g.

Proof. See e.g. [Sti09, §5.2] for a proof of this theorem.
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1.3. The Hasse-Weil Theorem

As we mentioned before, the Hasse-Weil theorem is sometimes referred to as the Riemann Hypothesis for
function fields. We will briefly explain this terminology, see also [Sti09, Rem. 5.2.2]. Let ζR denote the
classical Riemann zeta function. Then the Riemann hypothesis states that every non-trivial zero s ∈ C
of ζR satisfies Re(s) = 1

2 . For a global function field K/Fq with Zeta function Z(t) we define its zeta
function as

ζK(s) = Z(q−s) s ∈ C.

Suppose that ζK(s) = 0 for some s ∈ C. Then Z(q−s) = 0, which implies L(q−s) = 0. Then the Hasse-

Weil theorem states that |q−s| = q−
1
2 . Note that we have |q−s| = q−Re(s), so this implies Re(s) = 1

2 .
Therefore we can view the Hasse-Weil theorem as the function-field analogue of the Riemann hypothesis.
We emphasize that, in contrast to the Riemann hypothesis, the Hasse-Weil theorem has been proven.

The Hasse-Weil theorem can be used to bound the number of places of K of degree one.

Theorem 1.3.6 (Hasse-Weil Bound). Write N for the number of places of K/Fq degree one. Then we
have

|N − (q + 1)| ≤ 2g
√
q. (1.3.1)

Proof. See e.g. [Sti09, Theorem 5.2.3].

In what follows, we will fix an algebraic closure Fq of Fq. Then for every r ≥ 1 there is a unique extension
Fqr/Fq of degree r with Fqr ⊂ Fq. We define the fields

Kr = KFqr r ≥ 1,

where KFqr denotes the compositum of K and Fqr . Then for every r ≥ 1 the field Kr is a constant field
extension of K of degree r with Fqr as its full constant field. Further, the genus of Kr/Fqr is the same as
the genus of K/Fq (see [Sti09, Lem. 5.1.9]). If we write Lr for the L-polynomial of Kr/Fqr , then we have

Lr(t) =

2g∏
i=1

(1− αri t).

The Hasse-Weil bound is a consequence of the Hasse-Weil theorem. However, one might argue that as
a statement it is not much weaker, in the following sense. Suppose that we do not know a proof of the
Hasse-Weil Theorem, and further suppose that we do have a proof that Theorem 1.3.6 holds for all fields
Kr/Fqr for r ≥ 1. Then it is relatively easy to derive from this that the Hasse-Weil theorem holds for all
fields Kr/Fqr as well, see [Sti09, §5.2] for details2. The actual hard part in the proof of the Hasse-Weil
theorem consists of showing that we have a bound similar to (1.3.1) for all fields Kr/Fqr .

Now, we will show how we can use the Hasse-Weil theorem to bound the class number hK of K. By
Theorem 1.3.4 we have

hK = L(1) =

2g∏
i=1

(1− αi).

The Hasse-Weil theorem implies that
√
q − 1 ≤ |1− αi| ≤

√
q + 1, giving the following result.

Corollary 1.3.7. The class number hK of K/Fq satisfies

(
√
q − 1)2g ≤ hK ≤ (

√
q + 1)2g.

Remark 1.3.8. Suppose that we do not know a proof of the Hasse-Weil theorem, but we do know the
above corollary. As we did with the Hasse-Weil bound, one might ask if we can (partially) derive the
Hasse-Weil theorem from this. To the author’s knowledge, there is no relatively easy way to derive the
full Hasse-Weil theorem from Corollary 1.3.7, even if we assume that we have Corollary 1.3.7 over the
fields Kr for all r ≥ 1. However, we can derive a quick upper bound for |αi|. Indeed, suppose that we
have Corollary 1.3.7 for all fields Kr with r ≥ 1. If |αi| < 1 for some 1 ≤ i ≤ 2g, then limr→∞ |1−αri | = 1.

2You might say something like “the Hasse-Weil bound being true for all fields Kr/Fqr is equivalent to the Hasse-Weil
theorem being true over these fields”. However, this does not really make sense, since both theorems are proven to be true
for all global function fields K/Fq and therefore they are logically equivalent to any other true statement.
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Chapter 1. Global Function Fields

Now suppose for contradiction that for some 1 ≤ j ≤ 2g we have |αj | > (
√
q + 1)2g. Then there exists a

constant c, effectively computable in terms of the αi, such that if r ≥ c then

hKr =

2g∏
i=1

|1− αri | > (
√
qr + 1)2g.

This contradicts Corollary 1.3.7 for the field Kr. Hence, we conclude that we must have

|αi| ≤ (
√
q + 1)2g.

♦

Remark 1.3.9. In the later chapters of this thesis we will derive a lower bound for the class number
hK . Similar to Remark 1.3.8, the author has attempted to use this to bound the modulus of the αi, the
reciprocals of the roots of the L-polynomial of K. However, these attempts were unsuccessful. To see
why only a lower bound for the class number does not give much information about the αi, suppose that
we have a lower bound

B < hK =

2g∏
i=1

(1− αi). (1.3.2)

Since that αi are the complex roots of the polynomial L⊥(t) ∈ Z[t], they come in complex conjugate
pairs. We assume that we ordered the αi such that α2g−1 is the complex conjugate of α2g. Now, if we
just want numbers αi satisfying the bound (1.3.2), then we could choose α1, . . . , α2g−2 as any set of g−1
pairs of complex conjugate numbers, and then we can choose α2g−1 and α2g large enough such that the
bound is satisfied. The same is true if for finitely many r ≥ 1 we want to satisfy bounds of the form
Br < hKr . Further, if for every r ≥ 1 we have a bound Br < hKr , then if there exist numbers αi that
satisfy these bounds for all r ≥ 1, then for every choice of the values of α1, . . . , α2g−2 we can choose α2g−1
and α2g large enough such that all the bounds are satisfied. Therefore we cannot bound the modulus of
the αi from just a lower bound for the class number. ♦

1.4 Quadratic Fields

Let us briefly restrict our attention to quadratic global function fields, by which we mean global function
fields K satisfying [K : R] = 2. These fields, in particular the imaginary quadratic fields defined in
Definition 1.4.2 below, will be the kind of fields for which we derive a lower bound for the class number
in the later chapters of this thesis. Recall our assumption that p 6= 2.

Recall from Remark 1.2.2 that the degree [K : Fq(T )] depends on the choice of T , so our notion of a
quadratic global function field relies on the fact that we fixed a transcendental element T ∈ K.

Definition 1.4.1. Let K/Fq be an algebraic function field such that Fq is the full constant field of K.
Then we say that K is a hyperelliptic function field if there exists a T ∈ K such that T is transcendental
over Fq(T ) and [K : Fq(T )] = 2. A hyperelliptic function field is called elliptic if has genus 1.

Whether a global function field K is hyperelliptic or not is invariant of our choice of T ∈ K in Remark
1.2.2. Clearly, a quadratic global function field is hyperelliptic.

If K/Fq is a quadratic global function field, then there exists a square-free polynomial D ∈ Fq[T ] such

that K = Fq(T )(
√
D). Since q is odd, K/Fq(T ) is separable. The discriminant of K is given by

4D, see [Ros02, Chapter 17 page 316]. Note that the factor 4 does not really matter here, because
Fq(T )(

√
D) ∼= Fq(T )(

√
D/4) as q is odd. The genus of K is given by the simple formula

g =
deg(D)− υ

2
where υ =

{
1 if deg(D) is odd,

2 if deg(D) is even.

Similar to the number field case, we distinguish between real and imaginary quadratic fields. The following
terminology is due to Artin ([Art24]).

Definition 1.4.2. Take a quadratic global function field K = Fq(T )(
√
D) with D ∈ Fq[T ] square-free.

We call K imaginary quadratic if either of the following conditions is satisfied:

10



1.5. Absolute Values and the Product Formula

(i) deg(D) is odd,

(ii) deg(D) is even and the leading coefficient of D is not a square in F∗q .

Otherwise, K is called real quadratic.

Equivalent to the above definition, using terminology we will define in then next section we may also call
K imaginary quadratic if there is only one prime in MK at infinity, or real quadratic if K has two primes
at infinity, see e.g. [HR92, §0 Part B].

Remark 1.4.3. Note in Definition 1.4.2 that when we say “Take a quadratic global function field K =
Fq(T )(

√
D)”, then we mean that Fq(T ) = R is the rational subfield of K. In particular, this means that

Fq is the full constant field of K. The example below shows that this specification is necessary. If we start

with a function field Fq(T ) with full constant field Fq, then the field Fq(T )(
√
D) for some square-free

D ∈ Fq[T ] may not always be quadratic. ♦

Example 1.4.4. Consider the field F5(T ) with full constant field F5. We take the polynomial

D = 3T 4 + 2T 2 + 2 ∈ F5[T ],

which is irreducible (and hence square-free) in F5[T ]. We consider the field K = F5(T )(
√
D). Note that

we have ( √
D

T 2 + 2

)2

=
3T 4 + 2T 2 + 2

T 4 + 4T 2 + 4
= 3,

and over k′ = Fq(
√

3) we can factor D as

D =
(√

3T 2 + 2
√

3
)2
.

Hence K = k′(T ). Therefore the full constant field of K is k′, and R = k′(T ) = K. We conclude that K
is not a quadratic global function field. ♦

Let K/Fq be a global function field. Then a finite field extension L/K is said to be geometric if Fq is
the full constant field of the global function field L. The quadratic global function fields with rational
subfield R = Fq(T ) are exactly the geometric extensions of R of degree 2. The example above shows an
extension K/F5(T ) that is not geometric. If D ∈ Fq[T ] is a polynomial, then by [Has80, p. 362-366] the

extension Fq(T )(
√
D) over Fq(T ) is geometric if and only if the polynomial D is square-free in k′(T ) for

every algebraic extension k′/Fq. In particular, this implies for any polynomial D ∈ Fq[T ] of odd degree

that the extension Fq(T )(
√
D)/Fq(T ) is geometric.

We conclude this section by noting that for an imaginary quadratic global function field K, which is the
type of field of interest for the later chapters of this thesis, the class numbers hK and hIK defined on page
7 differ at most by a factor 2.

Proposition 1.4.5. Let K = Fq(T )(
√
D) be an imaginary quadratic global function field. Then

hK =

{
hIK if deg(D) is odd,
1
2h

I
K else.

Proof. This immediately follows from [Ros02, Prop. 14.7] and [HR92, Prop. 0.3].

1.5 Absolute Values and the Product Formula

In this section we will concern ourselves with the absolute values on a global function field K. Our main
result will be that they satisfy the product formula, as stated in Theorem 1.5.5 below. Further, recall
that the places of a number field K are defined as the equivalence classes of absolute values on K. As we
will see, equivalence classes of absolute values on a global function field essentially amount to the same
thing as the places we defined in Definition 1.1.2.

Let us start by considering the absolute values on a rational function field Fq(T ). We take an element
f/g ∈ Fq(T ), where f and g are coprime polynomials in Fq[T ] with g 6= 0. Let p ∈ Fq[T ] be an irreducible

11



Chapter 1. Global Function Fields

monic polynomial. Then there is a unique integer n such that we can write

f

g
= pn · f

′

g′
,

for some f ′, g′ ∈ Fq[T ] that are coprime and not divisible by p. We define the p-valuation vp : Fq(T )→ Z
as

vp(f/g) = n.

We also define the degree valuation v∞ : Fq(T )→ Z as

v∞(f/g) = deg(g)− deg(f).

You may view the degree valuation as taking a rational function f/g in T to its order of vanishing at ∞,
explaining our choice of notation.

For every irreducible monic polynomial p ∈ Fq[T ], the p-valuation leads to an absolute value | · |p :
Fq(T )→ R≥0 defined as follows: |0|p = 0 and for f/g ∈ Fq(T )∗ we have

|f/g|p = q−vp(f/g)·deg p. (1.5.1)

Similarly, the degree valuation induces an absolute value | · |∞ : Fq(T ) → R≥0 with |0|∞ = 0 and for
f/g ∈ Fq(T )∗ we have

|f/g|∞ = qdeg f−deg g. (1.5.2)

Note that these absolute values are all non-archimedean, and the corresponding valuations are normalised
discrete valuations. We define the set

M ′Fq(T ) = {| · |p : p ∈ Fq[T ] irreducible and monic} ∪ {| · |∞} (1.5.3)

of absolute values on Fq(T ). Then all absolute values in M ′Fq(T ) are inequivalent as absolute values, and

up to equivalence they are in fact all the non-trivial absolute values on Fq(T ) ([Sti09, Theorem 1.2.2]).
From (1.5.1) and (1.5.2) it is easy to see that for f/g ∈ Fq(T )∗ we have the so-called product formula:∏

|·|v∈M ′Fq(T )

|f/g|v = 1. (1.5.4)

Remark 1.5.1. Note that the above definitions of the absolute values | · |p and | · |∞ involve a choice.
Namely we could take | · |p = c−vp(·) for any constant c > 1 and it would still be an absolute value;
similarly for | · |∞. We choose c as the number of elements of the residue class field of the corresponding
valuation, analogous to the definition of the p-adic absolute value on Q for a prime number p. The residue
field for the absolute value vp on Fq(T ) has qdeg(p) elements, and the residue field corresponding to v∞
has q elements ([Sti09, Prop. 1.2.1(a),(c)]). These choices also ensure that the product formula (1.5.4)
holds. ♦

It turns out that a similar product formula holds for global fields in general. In fact, one could even
define a global field as a field whose completion at each of its absolute values is a local field, and is such
that it admits a product formula similar to (1.5.4) ([Sut19]). We will now make more explicit what we
mean by ‘similar to (1.5.4)’.

For a rational subfield R ∈ {Fq(T ),Q}, we define the set MR as the set of all equivalence classes of
non-trivial absolute values on R. For every v ∈ MR we usually choose a representative absolute value
| · |v. The set M ′Fq(T ) of representatives for MFq(T ) from (1.5.3) is called the standard set of absolute values

on Fq(T ). The set of standard absolute values on Q, i.e. the standard representatives for MQ, consists
of the ‘usual’ absolute value and the p-adic absolute values for primes p. If w is an equivalence class of
absolute values on K, then the restrictions to R of the absolute values in w form an equivalence class
v of absolute values on R. Then we say that w restricts3 to v and we denote this by w | v. For our
purposes, we only consider classes of absolute values on global fields that do not restrict to the trivial
absolute value on R.

3One might also say that w extends v, w lies above v, or w divides v.
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Definition 1.5.2. Let K be a global field with rational subfield R. Then we define MK as the set of
all equivalence classes of absolute values on K that restrict to elements of MR. An equivalence class of
absolute values on K is also called a prime of K. For every prime v ∈ MK we choose a representative
absolute value | · |v, such that on R this representative absolute value coincides with one of the standard
absolute values on R.

Note that if R = Fq(T ), then all primes in MR are non-archimedean, as we showed at the beginning of
this section. Therefore the primes of a global function field all restrict to non-archimedean primes, which
implies that they themselves are non-archimedean. For a global function field K, every non-archimedean
prime corresponds uniquely to a normalised discrete valuation, and vice versa. Hence the set MK of
primes of K is in one-to-one correspondence with the set PK of places on K. Therefore a prime of K is
sometimes also called a place, analogous to the places of a number field. We write Ov for the valuation
ring corresponding to a prime v ∈MK .

Slightly abusing our notation, we write v∞ for the prime in MFq(T ) corresponding to the degree valuation
on Fq(T ). For a global function field K, it will sometimes be useful to distinguish between the primes
restricting to v∞ on Fq(T ) and the other primes in MK .

Definition 1.5.3. Let K be a global function field. We define the subset S ⊂ MK as the the set of
primes on K that restrict to v∞ on Fq(T ). An element of S is called a prime at infinity .

Using the representative absolute values we fixed in Definition 1.5.2, we are almost ready to state the
product formula for general global fields. In the product formula we will need to include a normalizing
exponent with the absolute values, using the following definition.

Definition 1.5.4. For a global field K with rational subfield R and for a prime v ∈MK , we define the
local degree of K at v, denoted nv, as

nv = [Kv : Rv],

where Kv and Rv denote the completions of K and R at (the restriction of) the prime v.

Theorem 1.5.5 (Product Formula). Let K be a global field. Then it holds for all x ∈ K∗ that∏
v∈MK

|x|nvv = 1. (1.5.5)

Proof. For the proof of this Theorem we refer to [Art67, Theorem XII.4].

Remark 1.5.6. Note that in the above discussion we really used the fact that for a global function field
K we fixed an element T ∈ K (and hence its rational subfield), cf. Remark 1.2.2. Let us briefly consider
the situation of a global function field K where no rational subfield R ⊂ K is fixed. Then it is not
immediately clear how we should choose the representative absolute values for the primes in MK . Also
the notion of a local degree does not make sense in this situation. It turns out that this is not really a
problem, as there exist representatives | · |v such that for all x ∈ K∗∏

v∈MK

|x|v = 1.

Then for a field extension K ′/K with a corresponding extension of primes v′ | v we have

| · |v′ = | · |[K
′
v′ :Kv]

v ,

see e.g. [Has80, p. 333] ♦

The following result on local degrees will also be useful when we consider height functions over global
fields. Please note the similarity with [Sil09, VIII.5.2].

Theorem 1.5.7 (Extension Formula). Let L/K be an extension of global fields, and let v ∈MK . Then∑
w∈ML

w|v

nw = [L : K]nv.
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Chapter 1. Global Function Fields

Proof. For the case that K is the rational subfield R of L, we again refer to [Art67, Theorem XII.4].
Further, in general it holds that if F is any field with a non-trivial absolute value v and E/F is a finite
extension, then ∑

w|v

[Ew : Fu] ≤ [E : F ],

see [Lan83, §1.4]. Using these two facts, the rest of the proof is easy. We take an arbitrary prime u ∈MR.
Then we have

[L : R] =
∑
w∈ML

w|u

nw

=
∑
v∈MK

v|u

∑
w∈ML

w|v

nw

=
∑
v∈MK

v|u

∑
w∈ML

w|v

[Lw : Kv]nv

=
∑
v∈MK

v|u

nv
∑
w∈ML

w|v

[Lw : Kv]

≤
∑
v∈MK

v|u

nv[L : K]

= [K : R][L : K].

But we know that [L : R] = [K : R][L : K], so the above inequality must be an equality. Therefore we
find that for every v ∈MK it holds that∑

w∈ML

w|v

[Lw : Kv] = [L : K].

Finally multiplying both sides with nv gives the desired result.

1.6 Quadratic Forms and Ideals

In Chapters 3 and 4 we will consider so-called elliptic curve ideal class pairings. In the construction of
ideal class pairings in [GO20], the authors use the a correspondence between ideal classes in the ring of
integers of a quadratic number field and classes of binary quadratic forms. In this section we will see
that this correspondence can be extended to quadratic global fields. For quadratic extensions of Fp(T )
with p an odd prime this correspondence was first given by Artin in his thesis [Art24, §I.9-10]. In fact,
the correspondence extends far more generally in the sense that classes of binary quadratic forms over
any commutative ring R are in correspondence with certain modules over quadratic extensions of R. For
more information we refer to [Est65, Kap68, Kne82, Woo11], more or less in ascending order of generality.

1.6.1 Forms and Number Fields

We start by investigating the form-ideal correspondence in the number field case.

Definition 1.6.1. Let R be a commutative ring with identity with characteristic char(R) 6= 2. A binary
quadratic form over R is a homogeneous polynomial of the form

F (X,Y ) = aX2 + bXY + cY 2 a, b, c ∈ R,

also denoted as F (X,Y ) = (a, b, c). The discriminant of F is given by D = b2 − 4ac.

This definition of a quadratic form is general enough such that we can use it again when considering the
function field case, but in the rest of this subsection we will always work with quadratic forms over Z.
Let F (X,Y ) = (a, b, c) be such a quadratic form satisfying D < 0. Then we know that 4ac > b2 ≥ 0, so
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a and c are both non-zero and have equal signs. Suppose first that a is positive. Then if F (x, y) ≤ 0 for
some pair (x, y) ∈ Z2 \ {0, 0} it holds that

|bxy| ≥ ax2 + cy2 > 0

Squaring this equation and using that 4ac > b2 yields

4acx2y2 > a2x4 + c2y4 + 2acx2y2,

which rewrites to

0 > (ax2 − cy2)2.

The last equation obviously has no integer solutions, showing that if D < 0 and a > 0 we have F (x, y) ≥ 0
for all pairs (x, y) ∈ Z2, with equality if and only if (x, y) = (0, 0). Similarly, if D < 0 and a < 0 we have
F (x, y) ≤ 0 for all (x, y) ∈ Z2, with equality only when (x, y) = (0, 0). For this reason quadratic forms
(a, b, c) with negative discriminant are called positive definite if a > 0 or negative definite if a < 0. A
quadratic form with positive discriminant is called indefinite.

Definition 1.6.2. An integer D ∈ Z is a fundamental discriminant if it is the discriminant of a quadratic
number field. Equivalently, D 6= 1 and either D ≡ 1 (mod 4) and D is square-free, or D ≡ 0 (mod 4),
D/4 is square-free and D/4 ≡ 2 or 3 (mod 4).

There is an action of SL2(Z) on the set of quadratic forms over Z where
( α β
γ δ

)
∈ SL2(Z) acts as(

α β
γ δ

)
F (X,Y ) = F (αX + βY, γX + δY ).

We say that two forms F (X,Y ) and G(X,Y ) are SL2(Z)-equivalent if they lie in the same orbit under
this group action. The discriminant of a form and it being positive definite, negative definite or indefinite
are both invariant under the the action of SL2(Z).

For a negative fundamental discriminant D ∈ Z<0 we denote the set of equivalence classes of positive
definite quadratic forms with fundamental discriminant D by QD. We do not include the details here,
but we can obtain a group structure on QD using composition of forms, see for example [Cox13, §3.A].
The group QD is also called the form class group. The next theorem gives the correspondence between
QD and the ideal class group of the number field with discriminant D.

Theorem 1.6.3 ([Cox13, Theorem 7.7(ii)]). Let D be a negative fundamental discriminant, i.e. the
discriminant of an imaginary quadratic number field K. Then the form class group QD is isomorphic
(as groups) to the ideal class group CL(K). In particular, the order of QD equals the class number hK
of K.

Remark 1.6.4. The above theorem only tells us something about negative discriminants. For real
quadratic fields K the correspondence between the two class groups is a bit more subtle, and involves the
narrow class group of K: the group CL+(K) of equivalence classes of ideals of OK modulo the group of
principal ideals generated by an element of positive norm. In this case we take QD as the group of equiva-
lence classes of forms with discriminant D (all indefinite). The next theorem explains the correspondence
for positive discriminants. ♦

Theorem 1.6.5 ([Bue89, Theorems 6.19 & 6.20]). Let D be the discriminant of a real quadratic number
field K. Then CL+(K) ∼= QD, and further

(a) if there exists a solution (x, y) ∈ Z2 to

x2 −Dy2 = −4, (1.6.1)

then CL+(D) ∼= CL(K).

(b) if there exists no solution (x, y) ∈ Z2 to (1.6.1), then CL(K) consists of the subgroup of squares of
CL+(K).
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1.6.2 Forms and Function Fields

In this subsection k will denote a rational function field Fq(T ) where q is a power of an odd prime. As we
noted before, the function-field equivalent of Z is the polynomial ring Fq[T ]. Therefore in this subsection
we will exclusively work with quadratic forms over Fq[T ]. Our main sources for the material in this
subsection are [Est65, Kap68].

Analogous to the number field case, we say that two quadratic forms are SL2(Fq[T ])-equivalent if they
share the same orbit under the action of SL2(Fq[T ]). The discriminant of a form is still invariant under
equivalence. Note that in this case there are no such things as positive or negative definite forms, since
Fq[T ] is not an ordered ring.

Definition 1.6.6. A polynomial D ∈ Fq[T ] is called a fundamental discriminant if it is the discriminant
of a quadratic global function field. Equivalently (cf. §1.4), D ∈ Fq[T ] is a fundamental discriminant if
and only if for every algebraic extension k′/Fq the polynomial D is square-free in k′(T ).

Let D ∈ Fq[T ] a fundamental discriminant. We denote by QD the set of equivalence classes of quadratic
forms with discriminant D. Again, we can obtain a group structure on QD using composition of forms,
see [Est65, Chapter I]. Consider the quadratic extension K = k(

√
D). As we saw in Section 1.4, the ring

of integers of K is OK = Fq[T ]⊕Fq[T ]
√
D and has discriminant D (actually 4D, but the factor 4 is really

not important). Recall that we denote the ideal class group of OK by IK .

Theorem 1.6.7 ([Kap68, §6]). There exists a homomorphism from QD onto IK with kernel isomorphic
to the units of Fq[T ] modulo the norms of the units of OK .

The unit group Fq[T ]∗ consists of the constant polynomials in Fq[T ]. An element u = f + g
√
D ∈ OK

has norm N(u) = f2 −Dg2, and u ∈ O∗K if and only if N(u) ∈ Fq[T ]∗. Now we restrict our attention to
imaginary quadratic function fields. So we suppose that D either has odd degree or it has even degree
and its leading coefficient is not a square. Let u = f + g

√
D ∈ O∗K . This implies in particular that

deg(f2 −Dg2) = 0, so f2 and Dg2 must have the same degree. If deg(D) is odd, then deg(Dg2) is also
odd unless g = 0. This implies g = 0 and therefore u = f must be a non-zero constant polynomial. If
deg(D) is even and the leading coefficient of D is not a square, then the leading coefficient of Dg2 is not
a square. Since f2−Dg2 is a constant this implies that f, g and D must all be constants, and therefore u
is a non-zero constant as well. This shows that for imaginary quadratic fields K the units of OK consist
of just the constant polynomials, meaning that

O∗K = Fq[T ]∗ ∼= F∗q .

The norm of a constant polynomial is just its square. Since F∗q is a cyclic group of even order q − 1, we
know that F∗q/(F∗q)2 ∼= Z/2Z. Hence we obtain the following corollary of Theorem 1.6.7.

Corollary 1.6.8. Let K be an imaginary quadratic global function field with discriminant D. Then

QD/(Z/2Z) ∼= IK .

Remark 1.6.9. Note that Corollary 1.6.8 implies that the order of QD is twice the ideal class number
of K, whereas for number fields these were equal. It is also possible to use another definition of the
equivalence of forms by using the group GL2(Fq[T ]) instead of SL2(Fq[T ]). Then, at least in the case
that q is prime, we can obtain a form class group that is in bijection with the ideal class group IK , see
[Art24, §I.10]. ♦

1.7 Elliptic Curves over Global Fields

In the next chapters we will consider elliptic curves over global function fields. Many classic textbooks
covering the basic theory of elliptic curves, e.g. [Sil09] or [Mil06], only consider elliptic curves defined over
a perfect base field. As we noted before, global function fields are not perfect. Hence it is not immediately
clear which basic facts about elliptic curves also hold over global function fields. It turns out that many
results carry over without too many complications. In this section we will state a few basic properties of
elliptic curves over global function fields that we will need in subsequent chapters. For a (much) more
detailed introduction to elliptic curves over function fields, we refer to [Ulm11].

In this section K denotes a general global field.

We start by showing that every elliptic curve over a global field can be given by a Weierstrass equation.
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1.7. Elliptic Curves over Global Fields

Theorem 1.7.1. Let E/K be an elliptic curve. Then E is isomorphic to a projective curve given by an
equation of the form

C : Y 2Z + a1XY Z + a3Y Z
2 = X3 + a2X

2Z + a4XZ
2 + a6Z

3

with coefficients ai ∈ K, also called a Weierstrass equation.

Proof. For perfect fields K, this well-known theorem can be found in for example [Sil09, Prop. III.3.1].
However, many authors do not treat the case when K is an algebraic function field. Fortunately, the proof
relies mainly on the Riemann-Roch Theorem for curves which also holds over general algebraic function
fields, see Remark 1.7.2 below. With the knowledge that we can use the Riemann-Roch Theorem, we
refer to [Mil06, pages 47–48] for a proof of the theorem which works in general for elliptic curves over
any global field.

Remark 1.7.2. In the proof of the above theorem we need a version of the Riemann-Roch Theorem for
smooth projective curves defined over a perfect field K as stated in for example [Sil09, Theorem II.5.4]
that allows for curves over an algebraic function field K. A second version of the Riemann-Roch Theorem
for general algebraic function fields F/K in one variable where the ground field K can be any field can
be found in [Sti09, Theorem 1.5.15]. In fact, the Riemann-Roch Theorem for smooth projective curves
is a special case of the theorem for algebraic function fields, where we take as function field the function
field of the curve. Given a smooth projective curve over any field K, its function field will be an algebraic
function field in one variable over K. Hence the second version of the Riemann-Roch Theorem for general
algebraic function fields implies a generalisation of the first version to smooth projective curves over any
field K. ♦

Corollary 1.7.3. Let K be a global field such that char(K) 6∈ {2, 3}. Then any elliptic curve E/K is
isomorphic to a curve given by an equation of the form (in affine coordinates)

E′ : y2 = x3 + a4x+ a6, a4, a6 ∈ K,

called a short Weierstrass equation.

Proof. This is shown for number fields in [Sil09, §III.1], but using Theorem 1.7.1 the same proof works
for general global fields.

We will mostly be interested in elliptic curves over Q or Fq(T ). The rational points on these curves can
be written in a convenient form.

Proposition 1.7.4. Let R ∈ {Q,Fq(T )} be a rational global field, and let E/R be an elliptic curve given
by

E : y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6

such that the coefficients ai all lie in the ring of integers OR of R. Then for every affine point P ∈ E(R)\
{O} there exist elements A,B,C ∈ OR with gcd(A,C) = gcd(B,C) = 1, unique up to multiplication with
a unit, such that

P =

(
A

C2
,
B

C3

)
.

Proof. Note that OR is equal to either Z or Fq[T ], and recall that both of these rings allow unique
factorization of non-zero elements as a product of prime elements, up to multiplication with a unit. As
we saw in Section 1.5, each prime element p ∈ OR corresponds to a discrete valuation vp on R. Take a
point P = (x, y) ∈ E(R). For any prime element p ∈ OR, we see from the Weierstrass equation for E that
vp(x) < 0 if and only if vp(y) < 0. Further, since the coefficients of E are all vp-integral, if vp(x) < 0 then
3vp(x) = 2vp(y). Therefore, if we write x = a/b and y = c/d as fractions in lowest terms with numerator
and denominator in OR, we must have b3 = d2, up to multiplication with a unit. In particular, this
implies that b can be written as b = u ·C2 with u ∈ O∗R and C ∈ OR. Then d = v ·C3 with v ∈ O∗R. Now,
we put A = a/u and B = c/v, such that x = A/C2 and y = B/C3. Then gcd(A,C) = gcd(B,C) = 1,
and uniqueness follows from unique factorization in OR.

Remark 1.7.5. In the above proposition, the elements A,B and C are unique up to multiplication with
a unit. We can ensure that A, B and C are truly unique by assuming for example that C is positive if
R = Q, or that C is monic if R = Fq[T ]. ♦
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Chapter 1. Global Function Fields

Lastly, we will also need a generalisation of the Mordell-Weil theorem to elliptic curves over global function
fields. In fact, there exists a much vaster generalisation to abelian varieties over finitely generated regular
field extensions, called the Lang-Néron Theorem, but we will only state the specific case that we need.

Theorem 1.7.6. Let E/K be an elliptic curve. Then

E(K) ∼= E(K)tors × Zr,

where r is called the rank of E.

Proof. This is a special case of [Con06, Cor. 7.2].
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Chapter 2

Heights on Elliptic Curves over
Global Fields

In later chapters of this thesis it will be convenient to use the theory of height functions on an elliptic
curve over a global field. In the first chapter, we saw that a global field is either a number field or a global
function field. Parts of [Sil09, Chapter VIII] are concerned with heights on projective space and on elliptic
curves over number fields. In this chapter we will show that most of these results can be generalised to
the case of global fields. Our main goal is to prove Theorem 2.3.6 saying that the canonical height on
an elliptic curve E over a global field K extends to a positive quadratic form on E(K) ⊗Z R. In the
last section we will use local height functions to bound the difference between the canonical height and
the height on an elliptic curve over a global field, similar to how this is done in [Sil90] for number fields.
Although heavily inspired by the material in [Lan78, §III.4-5], the proofs and results without reference
in the last section are original work by the author.

2.1 Heights on Projective Space

Since elliptic curves live in projective space, we will first consider the height of a point in projective
space before looking at the height of a point on an elliptic curve. In this section we closely follow [Sil09,
§VIII.5].

Definition 2.1.1. Let K be a global field. Let P ∈ PN (K) be a point with homogeneous coordinates
P = [x0, . . . , xN ]. Then we define the height of P relative to K as

HK(P ) =
∏

v∈MK

max{|x0|v, . . . , |xN |v}nv .

The following proposition gives a few basic properties of the height function defined above.

Proposition 2.1.2. Let P ∈ PN (K).

(a) The height HK(P ) is independent of the choice of homogeneous coordinates for P .

(b) The height satisfies
HK(P ) ≥ 1.

(c) For an extension L/K of global fields we have

HL(P ) = HK(P )1/[L:K].

Proof. The proof is easy and follows from Theorems 1.5.5 and 1.5.7, completely analogous to how the
proof in [Sil09] follows from [Sil09, VIII.5.2 and VIII.5.3].

In what follows it will be convenient to have a height function that is not relative to a particular global
field. From Proposition 2.1.2 we see how to construct such a function.
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Chapter 2. Heights on Elliptic Curves over Global Fields

Definition 2.1.3. Let R ∈ {Fq(T ),Q}, and let P ∈ PN (R). Now let K be any global field such that
P ∈ PN (K). We define the absolute height of P as

H(P ) = HK(P )1/[K:R].

Note that it is clear from Proposition 2.1.2 that H(P ) is independent of our choice for K and that
H(P ) ≥ 1.

We recall the definition of a morphism between projective spaces.

Definition 2.1.4. A morphism of degree d between projective spaces is a map

F : PN → PM , F (P ) = [f0(P ), . . . , fM (P )],

where f0, . . . , fM ∈ R[X0, . . . , XN ] are homogeneous polynomials of degree d, such that their only com-

mon zero in R
N+1

is X0 = · · · = XN = 0. If F can be written such that the fi have coefficients in a
global field K, then F is said to be defined over K.

The next theorem shows how the height changes under morphisms between projective spaces.

Theorem 2.1.5. Let F : PN → PM be a morphism of degree d. Then there exist positive constants C1

and C2, depending only on F , such that

C1H(P )d ≤ H(F (P )) ≤ C2H(P )d for all P ∈ PN (R).

Proof. For the case R = Q we refer to [Sil09, VIII.5.6]. For the case R = Fq(T ) we note that the same
proof works, but we make a few remarks. Since all absolute values on a global function field are non-

archimedean, the proof for the upper bound actually simplifies and we can take C2 =
∏
v∈MK

|F |nv/[K:R]
v .

Here K is a global field such that it contains the homogeneous coordinates for P and the coefficients of
the fi (the coordinate functions of F ), and we write

|F |v = max{|a|v : a is a coefficient of some fi}.

For the lower bound, a similar thing happens. First of all, we note that the application of the Nullstel-
lensatz ([Har77, I.1.3A]) in the proof works exactly the same for function fields. The rest of the proof
also works for function fields, and just like before the bounds even slightly simplify because all absolute
values are non-archimedean.

Recall that for a global field K we can view P1(K) as a copy of K with an extra point at infinity. This
motivates the following notation: for an element x ∈ K we write HK(x) = HK([x, 1]), and similarly for
any element x ∈ R we write H(x) = H([x, 1]). The next theorem gives a relation between the coefficients
of a polynomial and the height of its roots.

Theorem 2.1.6. Let

f(T ) = a0T
d + a1T

d−1 + · · ·+ ad = a0(T − α1) · · · (T − αd) ∈ R[T ]

be a polynomial of degree d. If R = Q then

2−d
d∏
j=1

H(αj) ≤ H([a0, . . . , ad]) ≤ 2d−1
d∏
j=1

H(αj),

and if R = Fq(T ) we can drop the powers of 2 to obtain

H([a0, . . . , ad]) =

d∏
j=1

H(αj).

Proof. We refer to the proof of [Sil09, Theorem VIII.5.9], which works in both the number and the
function field case. The fact that the powers of two are not necessary in the function field case follows
from the fact that then all absolute values are non-archimedean.
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2.1. Heights on Projective Space

In order to show that there exist only finitely many points of bounded height in projective space, we will
need that the height of a point is not affected by the action of the Galois group. For a field extension
E/F , we will denote the group of automorphisms of E that leave F fixed by GE/F . Note that if E

is Galois over F , then GE/F = Gal(E/F ). Further, if F is an algebraic closure of F , and F sep is the

separable closure of F (in F ), then we have GF/F = GF sep/F = Gal(F sep/F ). Note that for Q we have

Q = Qsep, but for Fq(T ) this is not the case.

Theorem 2.1.7. Let P ∈ PN (R), and let σ ∈ GR/R. Then

H(Pσ) = H(P ).

Proof. For R = Q this is proved in [Sil09, Theorem VIII.5.10]. For R = Fq(T ), the same proof works.
Note that in the latter case R/R is not Galois, but this is not a problem. We only need that GR/R is

the group of automorphisms of R that leave R fixed.

For a point P = [x0, . . . , xN ] ∈ PN (R) we define its minimal field of definition, denoted by R(P ), as

R(P ) = R(x0/xi, . . . , xN/xi) for any i with xi 6= 0.

Note that for any point P ∈ PN (R) the field R(P ) is a global field.

Theorem 2.1.8. Let C and d be two constants. Then the set

{P ∈ PN (R) : H(P ) < C and [R(P ) : R] < d}

is finite. In particular, for any global field K,

{P ∈ PN (K) : HK(P ) ≤ C}

is a finite set.

Proof. For the proof we refer to [Sil09, Theorem VIII.5.11], which works for number fields and also for
function fields by Theorem 2.1.6 and Theorem 2.1.7. However, we note that this proof relies on the
easy-to-prove case of this theorem with K = R. We will show that it is indeed true when R = Fq(T ),
the other case R = Q can be found in [Sil09, VIII.5.1].

We show that the set {P ∈ PN (Fq(T )) : HFq(T )(P ) ≤ C} is finite. Note from Definition 2.1.3 that

for P ∈ PN (Fq(T )) we have HFq(T )(P ) = H(P ). Let P ∈ PN (Fq(T )) be a point, then we can find
homogeneous coordinates P = [x0, . . . , xN ] for P such that

x0, . . . , xN ∈ Fq[T ] and gcd(x0, . . . , xN ) = 1.

From Definition 2.1.1 we see that

H(P ) =
∏

v∈MFq(T )

max{|x0|v, . . . , |xN |v}.

Recall that the standard set of representative absolute values for MFq(T ) is given by (1.5.3). Let p ∈ Fq[T ]
be a monic irreducible polynomial. Note that since the coordinates x0, . . . , xN of P are all in Fq[T ] it
holds that |xi|p ≤ 1 for all i = 1, . . . , N . Since gcd(x0, . . . , xN ) = 1, there must be a coordinate xi of P
such that gcd(xi, p) = 1, which implies that |xi|p = 1. Hence we find that for every monic irreducible
p ∈ Fq[T ] it holds that

max{|x0|p, . . . , |xN |p} = 1.

Therefore we obtain

H(P ) = max{|x0|∞, . . . , |xN |∞} = max
1≤i≤N

qdeg xi . (2.1.1)

Now, from the fact that there are only finitely many polynomials in Fq[T ] of a given degree, it follows
that there are only finitely many points P ∈ PN (Fq(T )) with H(P ) ≤ C.
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Chapter 2. Heights on Elliptic Curves over Global Fields

2.2 Heights on Elliptic Curves

In this section we define a height function on elliptic curves, following [Sil09, §VIII.6]. Throughout this
section, K will denote a global field with rational subfield R such that char(K) 6∈ {2, 3}, unless stated
otherwise. We make this assumption on the characteristic of K for simplicity, as it ensures that every
elliptic curve over K is given by a short Weierstrass equation, cf. Corollary 1.7.3. By “Let E/K be an
elliptic curve” we will mean that we take an elliptic curve E/K given by a short Weierstrass equation of
the form

E : y2 = x3 + a4x+ a6, a4, a6 ∈ K.

We start by introducing some notation.

Definition 2.2.1. Let S be a set and let f, g : S → R be two functions. Then by the formula

f = g +O(1)

we mean that there exist constants C1, C2 ∈ R such that

C1 ≤ f(P )− g(P ) ≤ C2 for all P ∈ S. (2.2.1)

We may also write
f(P ) = g(P ) +O(1) for all P ∈ S

to mean the same thing. If only the lower inequality in (2.2.1) holds, then we write f ≥ g + O(1).
Similarly, if only the upper inequality holds we write f ≤ g +O(1).

It will also be convenient to use the logarithmic height.

Definition 2.2.2. The (absolute) logarithmic height on projective space is the map

h : PN (R)→ R, h(P ) = log(H(P ))

Note that Proposition 2.1.2b implies that h(P ) ≥ 0 for all P .

Our goal is to define a height function on E(K). For this purpose we consider the following map:

x : E → P1, P 7→

{
[x, 1] if P = (x, y) is an affine point

[1, 0] if P is a point at infinity
(2.2.2)

Note that this map is in fact a morphism of projective varieties ([Sil09, Example II.2.2]).

Definition 2.2.3. Let E/K be an elliptic curve. Then we define the height on E as the function

hx : E(K)→ R≥0, hx(P ) = h(x(P )).

Remark 2.2.4. We use the notation hx to stress the fact that our height function comes from the morphism
x : E → P1. In general, at least in the case of number fields, for every morphism f : E → PN we can
define a height on E relative to f as

hf : E → R≥0, hf (P ) = h(f(P ))),

see [BG06, §2.4]. A height function on an elliptic curve E relative to a morphism f is also called the
Weil height on E relative to f . In this document we will only consider the height function relative to x.
In [Sil09, §VIII.6], Silverman treats heights on elliptic curves in slightly more generality, by considering
height functions hf relative to even functions f ∈ K(E) in the function field of E. We chose to just
consider the height relative to the even function x ∈ K(E), because our construction of the canonical
height function in Section 2.3 is independent of this choice. ♦

Our first result for the height on an elliptic curve is that there are only finitely many rational points on
an elliptic curve with bounded height.

Theorem 2.2.5. Let E/K be an elliptic curve, and let C ∈ R be any constant. Then the set

{P ∈ E(K) : hx(P ) ≤ C}

is finite.
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2.3. The Canonical Height Function

Proof. Note that if we fix x, then the equation y2 = x3 + a4x + a6 has at most two solutions for y.
Therefore the map x : E(K)→ P1(K) as defined above is finite-to-one. Hence x gives a finite-to-one map

{P ∈ E(K) : hx(P ) ≤ C} −→ {Q ∈ P1(K) : H(P ) ≤ eC}.

We know from Theorem 2.1.8 that the codomain of this map is finite, which implies that the domain is
also finite.

Next, we look at the relation between the group law on an elliptic curve and the height function.

Theorem 2.2.6. Let E/K be an elliptic curve, and let P,Q ∈ E(K) be two points. Then we have

hx(P +Q) + hx(P −Q) = 2hx(P ) + 2hx(Q) +O(1),

where the constants coming from the O(1) term (as in Definition 2.2.1) depend on the elliptic curve E,
but not on the points P and Q.

Proof. For the proof we refer to the proof of [Sil09, Theorem VIII.6.2], which works for number fields as
well as for function fields using Theorem 2.1.5 and Theorem 2.1.6. Note that the proof uses the fact that
the elliptic curve E is given by a short Weierstrass equation.

Corollary 2.2.7. Let E/K be an elliptic curve.

(a) Fix a point Q ∈ E(K). Then

hx(P +Q) ≤ 2hx(P ) +O(1) for all P ∈ E(K),

where the O(1)-constant depends on E and Q, but not on P .

(b) Let m ∈ Z. Then
hx([m]P ) = m2hx(P ) +O(1) for all P ∈ E(K),

where the O(1)-constants depend on E and m, but not on P .

Proof. (a) This follows immediately from Theorem 2.2.6, since hx(P −Q) ≥ 0, and hx(Q) is constant so
we can take it inside the O(1) term.

(b) Note that since x(−P ) = x(P ), we only have to consider non-negative m. For m ∈ {0, 1} the result is
trivial. We complete the proof using induction on m. Suppose the result is true for some m ≥ 1 and also
for m− 1. Now we use Theorem 2.2.6 taking P = [m]P and Q = P . Applying our induction hypothesis
yields

hx([m+ 1]P ) + (m− 1)2hx(P ) = 2m2hx(P ) + 2hx(P ) +O(1).

This rewrites to
hx([m+ 1]P ) = (m+ 1)2hx(P ) +O(1),

which finishes the proof by induction.

2.3 The Canonical Height Function

We can interpret the result of Theorem 2.2.6 as saying that the height function hx : E(K) → R≥0 on
an elliptic curve E is almost a quadratic form, up to O(1). See Theorem 2.3.3(c) below for what we
precisely mean by a function being a quadratic form. It turns out that there exists a quadratic form that
only differs from hx up to O(1), which is called the canonical height function. In this section we will first
construct this canonical height function and then we will use it to make E(K) ⊗Z R into a real inner
product space, largely following [Sil09, §VIII.9]. As before, in this section K will denote a global field
with rational subfield R satisfying char(K) 6∈ {2, 3}.

Proposition 2.3.1. Let E/K be an elliptic curve, and let P ∈ E(K) be a point. Then the limit

1

2
lim
N→∞

4−Nhx([2N ]P )

exists.
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Chapter 2. Heights on Elliptic Curves over Global Fields

Proof. The idea of the proof is to use Corollary 2.2.7(b) to show that the sequence is Cauchy, which
by the completeness of R implies that the limit exists. For details, see the proof of [Sil09, Proposition
VIII.9.1].

The above proposition allows us to make the following definition.

Definition 2.3.2. Let E/K be an elliptic curve. The canonical height on E is the map ĥ : E(K) → R
defined by

ĥ(P ) =
1

2
lim
N→∞

4−Nhx([2N ]P ).

Theorem 2.3.3. Let E/K be an elliptic curve. The canonical height ĥ on E has the following properties:

(a) Let P,Q ∈ E(K) be two points. Then

ĥ(P +Q) + ĥ(P −Q) = 2ĥ(P ) + 2ĥ(Q) (parallelogram law).

(b) For all P ∈ E(K) and m ∈ Z,

ĥ([m]P ) = m2ĥ(P ).

(c) The canonical height ĥ on E is a quadratic form, i.e. ĥ is an even function and the pairing 〈·, ·〉 :
E(K)× E(K)→ R defined as

〈P,Q〉 = 1
2 (ĥ(P +Q)− ĥ(P )− ĥ(Q)), (2.3.1)

is bilinear.

(d) For all P ∈ E(K) we have ĥ(P ) ≥ 0, with equality if and only if P is a torsion point.

(e) We have

ĥ = hx +O(1),

where the O(1)-constants depend on E.

Proof. See [Sil09, Theorem VIII.9.3] for the case that K is a number field. The proof is exactly the same
if K is a function field, using Theorem 2.2.5, Theorem 2.2.6 and Corollary 2.2.7(b).

Remark 2.3.4. Note that the pairing in (2.3.1) differs from the one in Silverman’s book by a factor 1
2 .

This change of definition does not affect the validity of the result or the proof, but adding the factor 1
2

ensures that 〈P, P 〉 = ĥ(P ). ♦

Recall from Theorem 1.7.6 that for an elliptic curve E/K we have

E(K) ∼= E(K)tors × Zr,

where r is called the rank of E. Now let E/K be an elliptic curve of rank r. We consider the quotient

Λ = E(K)/E(K)tors ∼= Zr.

Then the tensor product Λ⊗ZR is a real vector space of dimension r, and the lattice Λ of rank r embeds
injectively into Λ ⊗Z R. Note that E(K) ⊗Z R ∼= Λ ⊗Z R, since the torsion part vanishes in the tensor

product. Inspired by Theorem 2.3.3(c,d), which says that the canonical height ĥ on E gives a positive

definite quadratic form on Λ, we want to show that the extension of ĥ to Λ⊗ZR is also a positive definite
quadratic form. The fact that ĥ extends uniquely to a quadratic form on Λ ⊗Z R follows from the fact
that the pairing from (2.3.1) extends uniquely to a bilinear pairing 〈·, ·〉 : Λ ⊗Z R × Λ ⊗Z R → R, see

[Mil06, §IV.6]. Proving that this extension of ĥ is also positive definite is less obvious than one might
think, but it follows immediately from the next lemma.

Lemma 2.3.5 ([Sil09, Lemma 9.5]). Let V be a finite dimensional real vector space and let L ⊂ V be
a lattice of full rank in V , i.e. L has rank dim(V ). Let q : V → R be a quadratic form satisfying the
following properties:

(i) For P ∈ L, we have q(P ) = 0 if and only if P = 0.
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(ii) For every constant C, the set
{P ∈ L : q(P ) ≤ C}

is finite.

Then q is positive definite on V .

Theorem 2.3.6. Let E/K be an elliptic curve. Then the canonical height on E extends to a positive
definite quadratic form on the real vector space E(K)⊗Z R.

Proof. This follows immediately from Lemma 2.3.5. We know that ĥ satisfies condition (i) from Theorem
2.3.3(d), and condition (ii) follows from Theorem 2.3.3(e) and Theorem 2.2.5.

The pairing in (2.3.1) is called the Néron-Tate pairing or height pairing on the elliptic curve. Since
the pairing is obviously symmetric, Theorem 2.3.6 implies that the Néron-Tate pairing defines an inner
product on E(K) ⊗Z R. Therefore E(K) ⊗Z R becomes a real inner product space of dimension r, so
there exists an isomorphism ϕ : E(K)⊗ZR→ Rr where Rr is equipped with the standard inner product.
Hence we can think of Λ as a lattice in Rr, where the length of a vector in Rr corresponding to P ∈ Λ
is 〈P, P 〉 12 = ĥ(P )

1
2 . This will be useful later in Section 3.2 when we want to count points in E(K) of

bounded canonical height.

2.4 Local Heights

We have seen in the previous sections that the logarithmic height of an affine point P = (x, y) on an
elliptic curve is given by a sum of local terms, one for each prime v ∈MK :

hx(P ) =
1

[K : R]

∑
v∈MK

nv log max{1, |x|v}.

In this section we will decompose the canonical height function in a similar way as a sum of local height
functions, and afterwards we use these local height functions to bound the difference between the canonical
height and the height on an elliptic curve over a global field. In the previous sections our references mainly
worked over number fields and we had to check for each result whether it holds for global function fields.
Here our main references will be [Sil94, Chapter VI] and [Lan78, §III.4-5], and we only have to be careful
with Theorem 2.4.6 in this respect.

Recall that we denoted by MK the set of equivalence classes of absolute values on K that restrict to
elements of MR, and for each prime v ∈ MK we chose a representative absolute value | · |v. In what
follows we will abuse this notation by also writing v(·) = − log |·|v for the additive valuation corresponding
to an absolute value | · |v. It should be clear from the context whether v denotes an equivalence class of
absolute values or whether it is the additive valuation corresponding to such a class. We call an element
a ∈ K v-integral if v(a) ≥ 0.

Definition 2.4.1. Let K be a field with an absolute value | · |v, and let E/K be an elliptic curve. We
define the v-adic topology on E(K) as follows. For an affine point P0 = (x0, y0) ∈ E(K), a basis of open
neighborhoods of P0 is given by the sets

Uε = {(x, y) ∈ E(K) : |x− x0|v < ε and |y − y0|v < ε}, all ε > 0.

For the point O ∈ E(K) at infinity a basis of open neighborhoods consists of the sets

Uε − {(x, y) ∈ E(K) : |x|v > ε−1} ∪ {O}, all ε > 0.

The following theorem describes the local height function corresponding to an absolute value | · |v and
ensures its existence and uniqueness.

Theorem 2.4.2 ([Sil94, Chapter VI Theorem 1.1]). Let K be a field which is complete with respect to
an absolute value | · |v, and let v(·) = − log | · |v be the corresponding additive valuation. Let E/K be an
elliptic curve given by a Weierstrass equation

E : y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6,

and write ∆ for its discriminant.
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(a) There exists a unique function λv : E(K) \ {O} → R with the following properties:

(i) λv is continuous on E(K)\{O} and is bounded on the complement of any v-adic neighborhood
of O.

(ii) The limit
lim

P
v-adic−→ O

{
λv(P ) + 1

2v(x(P ))
}

exists.

(iii) For all P ∈ E(K) with [2]P 6= O,

λv([2]P ) = 4λv(P ) + v((2y + a1x+ a3)(P ))− 1
4v(∆).

(b) λv is independent of the choice of Weierstrass equation for E/K.

(c) Let L/K be a finite extension and w the extension of v to L. Then

λw(P ) = λv(P ) for all P ∈ E(K) \ {O}.

Definition 2.4.3. We call the function λv from Theorem 2.4.2 the local height function on E associated
to v.

Remark 2.4.4. It is not immediately clear that in Theorem 2.4.2(a)(ii) there exists a sequence of points
{Pi}i∈N in E(K) such that the v-adic limit of Pi when i→∞ is equal to O. The result would still hold
if such a sequence does not exist, but then the statement would be empty. It turns out that, at least
when K is the completion of a global field, such a sequence does exist. The completion of a global field
is either a local field or isomorphic to R or C. For R and C the existence of such a sequence is clear. For
local fields, one could for example use the canonical p-adic filtration on an elliptic curve over a local field
to construct such a sequence, see e.g. [Hus04, §14.1]. ♦

Remark 2.4.5. Theorem 2.4.2 only gives the defining properties of the local height function and its
existence and uniqueness. In many cases it is in fact possible to give explicit formulas for λv, see for
example [Sil94, §VI.3-4]. Further, it is important to note that sometimes the local height function is
normalized slightly differently. In particular, the term − 1

4v(∆) in the duplication formula is sometimes
left out. The definitions of the local height function in our main sources for this section, see [Sil90,
§3], [Sil94, §VI.1] and [Lan78, §III.4], all use the same normalisation as in Definition 2.4.3, cf. [Sil09,
Appendix C.18 Prop. 18.1]. Note that what we call the local height function is called the Néron function
in [Lan78]. ♦

Theorem 2.4.6. Let K be a global field with rational subfield R, and let E/K be an elliptic curve. Then

ĥ(P ) =
1

[K : R]

∑
v∈MK

nvλv(P ) for all P ∈ E(K) \ O.

Proof. The case that K is a number field is given in [Sil94, Theorem VI.2.1]. We note that the same
proof works for global fields using our previous results on the canonical height function for elliptic curves
over global function fields and the product formula (1.5.5).

The main reason why we are interested in local height functions is because they will help us to bound
the difference between the canonical height ĥ and the ‘usual’ height hx on an elliptic curve. When giving
these bounds, we will treat the number field case and the function field case separately, starting with
number fields.

Theorem 2.4.7. Let K be a number field and let E/K be an elliptic curve given by a short Weierstrass
equation

E : y2 = x3 + a4x+ a6,

such that a4 and a6 are contained in the ring of integers of K. We write ∆ and j for the discriminant
and the j-invariant of E, respectively. Then for all P ∈ E(K)

− 1
8h(j)− 1

12h(∆)− 0.973 ≤ ĥ(P )− 1
2hx(P ) ≤ 1

12h(j) + 1
12h(∆) + 1.07.
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Proof. This is a direct consequence of [Sil90, Theorem 1.1].

The idea of the proof of Theorem 2.4.7 is to derive similar bounds for the difference between the local
height λv and the local component of hx for all v ∈MK , treating the archimedean and non-archimedean
absolute values separately. Then we add the resulting inequalities and use Theorem 2.4.6 to go from local
to global. For function fields the idea is the same, except that we only have non-archimedean absolute
values. The following theorem will be our starting point. In fact, it is exactly the result we used for
non-archimedean absolute values in the number field case.

Theorem 2.4.8. Let K be a field that is complete with respect to a non-archimedean absolute value | · |v,
and let E/K be an elliptic curve given by a short Weierstrass equation

E : y2 = x3 + a4x+ a6

such that the coefficients a4 and a6 are both v-integral. We write ∆ and j for the discriminant and
j-invariant of E, respectively. Then for all P ∈ E(K)

− 1
24 log max{1, |j|v} ≤ λv(P )− 1

2 log max{1, |x̃(P )|v} ≤ 1
12 log max{1, |∆|−1v }.

Here the map x̃(P ) is defined as

x̃(P ) =

{
x if P = (x, y) is an affine point

0 if P = O,

which is different from the morphism x(P ) defined in (2.2.2).

Proof. This is proven in [Lan78, Theorem III.4.5]. Note that v(∆) = log max{1, |∆|−1v } because v(∆) =
log |∆|−1v and, since the coefficients of E are all v-integral, |∆|v ≤ 1.

Note that Theorem 2.4.8 assumes that the coefficients a4 and a6 of the elliptic curve are both v-integral.
Compare this to Theorem 2.4.7, where the coefficients of the elliptic curve are assumed to lie in the ring of
integers of the number field K. In fact, the reason why Theorem 2.4.7 makes this assumption, is because
it uses Theorem 2.4.8 for every non-archimedean prime of K. We simply use that the ring of integers is
the intersection of all the valuation rings corresponding to non-archimedean primes of K. For a global
function field K, the elements of the ring of integers are integral with respect to every prime except those
primes extending the prime at infinity. More precisely, we have the following result.

Proposition 2.4.9. Let K be a global function field with ring of integers OK . We write S ⊂ MK for
the set of primes lying above the prime at infinity of Fq(T ). Then

OK =
⋂

v∈MK\S

Ov.

Proof. A proof of this result can be found in [Ros02, §14].

The only elements of a global function field K that are integral with respect to every prime, are the
constants of K (see [Sti09, Cor. 1.1.20]). Proposition 2.4.9 tells us that elements of the ring of integers
OK only have poles in the set S ⊂MK of primes at infinity. However, if there are multiple primes above
infinity, elements of OK can be strictly integral with respect to some of these primes, as demonstrated
in the following example.

Example 2.4.10. Let K be a global field such that the set S of primes at infinity contains at least two
elements. Let v1, v2 ∈ S be distinct primes at infinity. Then the divisor v1 − v2 ∈ Div(K) has degree
0. Writing n for the class number of K, we find that nv1 − nv2 is a principal divisor of K. Hence there
exists an element x ∈ K with (x) = nv1−nv2. This means that v1(x) = n and v2(x) = −n, and for every
prime w ∈MK \ S we have w(x) = 0, showing that x ∈ OK . ♦

We want a result similar to Theorem 2.4.7 for a global function field K, such that the coefficients of the
elliptic curve can be elements from OK . Proposition 2.4.9 tells us that we can use Theorem 2.4.8 for all
primes of K, except maybe those at infinity. We will now derive a similar result to Theorem 2.4.8 for
elliptic curves with at least one coefficient that, instead of being integral, has non-positive valuation with
respect to an non-archimedean absolute value | · |v. Writing j for the j-invariant of the elliptic curve, we
will treat the cases v(j) ≥ 0 and v(j) ≤ 0 separately.
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Theorem 2.4.11. Let K be a field that is complete with respect to a non-archimedean absolute value
| · |v. We assume that the characteristic of the residue class field is not 2 or 3. Let E/K be an elliptic
curve given by a short Weierstrass equation

E : y2 = x3 + a4x+ a6,

such that at least one of v(a4) and v(a6) is negative. We write ∆ and j for the discriminant and j-
invariant of E, respectively, and we assume v(j) ≥ 0. Then for all P ∈ E(K)

− 1
12 log |∆|v ≤ λv(P )− 1

2 log max{1, |x̃(P )|v} ≤ 0,

where x̃ is defined as in Theorem 2.4.8.

Proof. Our strategy is very similar to that in the proof of [Lan78, Theorem III.4.4]. We take an element
c ∈ K such that c12 = 1/∆. From now on we will work over the field K(c). Note that v extends uniquely
to a valuation on K(c) (see e.g. [Lan83, Chapter 1 Prop. 2.2]), which we will therefore also denote by v.
We let

a′4 = c4a4, a′6 = c6a6, ∆′ = c12∆ = 1.

Then the elliptic curve
E′ : y′2 = x′3 + a′4x

′ + a′6

has discriminant ∆′, and the change of coordinates

x′ = c2x, y′ = c3y

gives an isomorphism between E and E′. We write λ′v for the local height function corresponding to
the elliptic curve E′. From Theorem 2.4.2(b) we know that the local height function is independent of
the choice of Weierstrass equation for E/K. Hence, if P = (x, y) corresponds to P ′ = (x′, y′) under the
isomorphism, we have

λv(P ) = λ′v(P
′).

We denote the j-invariant of E′ by j′. Then j′ = −(48a′4)3/∆′, which implies v(j) = v(j′) = 3v(a′4).
Therefore, our assumption that v(j) ≥ 0 gives v(a′4) ≥ 0. We have

∆′ = −16(4a′34 + 27a′26 ).

Since v(∆′) = 0 we see that v(a′6) ≥ 0. Therefore, also using the fact that the reduction of ∆′ in the
residue class field is non-zero, by [Lan78, Theorem III.4.3] it holds for any affine point P ′ = (x′, y′)
corresponding to P = (x, y) that

λ′v(P
′) = 1

2 log max{1, |x′|v} = 1
2 log max{1, |c2x|v}.

Now let P = (x, y) ∈ E(K) be an affine point (for P = O the desired result is trivial). Then

λv(P )− 1
2 log max{1, |x̃(P )|v} = 1

2 log max{1, |c2x|v} − 1
2 log max{1, |x|v}.

Note that since at least one of v(a4) and v(a6) is negative, and v(a′4) = v(c4a4) ≥ 0 and v(a′6) = v(c6a6) ≥
0, we must have v(c) ≥ 0. So in terms of the absolute value we have |c|v ≤ 1. Suppose first that |c2x|v ≥ 1.
Then it follows that |x|v ≥ 1. We obtain

λv(P )− 1
2 log max{1, |x|v} = 1

2 log |c2x|v − 1
2 log |x|v

= log |c|v
= − 1

12 log |∆|v.

Now suppose that |c2x|v ≤ 1 and |x|v ≤ 1. Then clearly

λv(P )− 1
2 log max{1, |x|v} = 0− 0 = 0.

Finally, suppose that |c2x|v ≤ 1 and |x|v ≥ 1. Then

λv(P )− 1
2 log max{1, |x|v} = − 1

2 log |x|v.
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We have 2v(c) + v(x) ≥ 0 and v(x) ≤ 0, which gives

−v(c) ≤ 1
2v(x) ≤ 0.

Now, using −v(c) = − 1
12 log |∆|v and 1

2v(x) = − 1
2 log |x|v, we find

− 1
12 log |∆|v ≤ λv(P )− 1

2 log max{1, |x|v} ≤ 0.

We have now proved the above inequality for all affine points P = (x, y) ∈ E(K).

Next, we consider the case that v(j) < 0, so j is not v-integral. In that case the elliptic curve is isomorphic
to the Tate curve. In this thesis we will not give the definition and basic theory of the Tate curve. For
more information the reader could look at for example [Lan87, §15.1]. We quickly repeat some material
from the second half of [Lan78, §III.5].

Let E : y2 = x3 + a4x + a6 be an arbitrary elliptic curve over a field K that is complete with respect
to a non-archimedean absolute value | · |v, and assume that v(j) < 0. Then E is isomorphic to the Tate
curve, which we denote by T , over at most a quadratic extension L/K. With the Tate curve there is
a corresponding element q ∈ K with |q|v < 1. We write ∆ and ∆′ for the discriminants of E and T ,
respectively. Then there exists a c ∈ L such that

c12∆′ = ∆.

We write X for the coordinate on the Tate curve corresponding to x, given by

X = 1
c2x−

1
12

Further, we define
x′ = X + 1

12 .

Then
v(∆′) = v(q) = −v(j).

We write λ′v for the local height function on T , which is equal to the local height function λv on E
composed with the isomorphism between T and E.

Theorem 2.4.12 ([Lan78, Cor. of Thm. III.5.2]). On the Tate curve, we have the estimate

1
24 log |q|v ≤ λ′v(P ′)− 1

2 log max{1, |X(P ′)|v} ≤ − 1
12 log |q|v.

Now we are ready to state the equivalent of Theorem 2.4.11 for the case v(j) < 0.

Theorem 2.4.13. Let K be a field, complete with respect to a non-archimedean absolute value | · |v. We
assume that the characteristic of the residue class field is not 2 or 3. Let E/K be an elliptic curve given
by

E : y2 = x3 + a4x+ a6

such that at least one of v(a4) and v(a6) is negative. We write ∆ and j for the discriminant and j-
invariant of E, respectively, and we assume v(j) < 0. Then for all P ∈ E(K)

− 1
8 log |j|v − 1

12 log |∆|v ≤ λv(P )− 1
2 log max{1, |x̃(P )|v} ≤ 1

12 log |j|v,

with x̃ as defined in Theorem 2.4.8.

Proof. For P = O, the assertion is trivial. For the rest of the proof we let P = (x, y) ∈ E(K) be an
affine point. We will use the isomorphism between E and the Tate curve, using the same notation as
in our discussion above Theorem 2.4.12. From v(∆′) = −v(j) and v(∆) = 12v(c) + v(∆′) we obtain
v(j∆) = 12v(c). Since j = −(48a4)3/∆, this implies that

12v(c) = 3v(a4). (2.4.1)

Suppose for contradiction that v(a4) > 0. Then, by assumption, v(a6) < 0, and therefore v(∆) =
2v(a6) < 0. But this implies v(j) > 0, contradicting our assumption that v(j) < 0. Hence v(a4) ≤ 0.
Therefore, from (2.4.1) we obtain v(c) ≤ 0. Writing P ′ for the point on T corresponding to P , we have

λv(P )− 1
2 log max{1, |x|v} = λ′v(P

′)− 1
2 log max{1, |X|v}+ 1

2 log max{1, |X|v} − 1
2 log max{1, |x|v},(2.4.2)
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which implies

λv(P )− 1
2 log max{1, |x|v} ≤ − 1

12 log |q|v + 1
2 log max{1, |X|v} − 1

2 log max{1, |x|v}. (2.4.3)

We will now prove that

− 1
12 log |∆|v − 1

12 log |j|v ≤ 1
2 log max{1, |X|v} − 1

2 log max{1, |x|v} ≤ 0. (2.4.4)

Indeed, we note first that from v(j∆) = 12v(c) it follows that

− log |c|v = − 1
12 log |∆|v − 1

12 log |j|v.

Now, suppose that X is v-integral, i.e. v(X) ≥ 0. Then log max{1, |X|v} = 0. If also x is v-integral,
the middle part of (2.4.4) is equal to 0, so the inequality holds. So suppose that v(x) < 0. We have
x = c2(X + 1

12 ), and from v(X) ≥ 0 and v( 1
12 ) = 0 we obtain v(X + 1

12 ) ≥ 0. Therefore |x|v ≤ |c2|v.
Then the middle part of (2.4.4) is equal to − 1

2 log |x|v and we have

− log |c|v ≤ − 1
2 log |x|v ≤ 0,

showing that (2.4.4) holds in this case. Now we suppose that v(X) < 0. Then v(X + 1
12 ) = v(X) < 0,

and since v(c) ≤ 0 this implies v(x) < 0. Thus

1
2 log max{1, |X|v} − 1

2 log max{1, |x|v} = 1
2 log |X|v − 1

2 log |x|v
= 1

2 log |X|v − log |c|v − 1
2 log |X + 1

12 |v
= − log |c|v,

completing our proof of (2.4.4). Using (2.4.2), Theorem 2.4.12 and (2.4.4), we find

λv(P )− 1
2 log max{1, |x|v} ≥ 1

24 log |q|v − 1
12 log |∆|v − 1

12 log |j|v
= − 1

8 log |j|v − 1
12 log |∆|v,

proving the lower bound in the desired result. For the upper bound, we use (2.4.3) and (2.4.4) to obtain

λv(P )− 1
2 log max{1, |x|v} ≤ − 1

12 log |q|v = 1
12 log |j|v.

We can combine Theorem 2.4.11 and Theorem 2.4.13 into one bound without any restrictions on the
j-invariant.

Corollary 2.4.14. Let K be a field that is complete with respect to a non-archimedean absolute value
| · |v, and assume that the characteristic of the residue class field is not 2 or 3. Let E/K be an elliptic
curve given by a short Weierstrass equation

E : y2 = x3 + a4x+ a6,

such that at least one of v(a4) and v(a6) is negative. We write ∆ and j for the discriminant and j-
invariant of E, respectively. Then for all P ∈ E(K)

− 1
8 log max{1, |j|v} − 1

12 log max{1, |∆|v} ≤ λv(P )− 1
2 log max{1, |x̃(P )|v} ≤ 1

12 log max{1, |j|v},

with x̃ as in Theorem 2.4.8.

Remark 2.4.15. Note that in Corollary 2.4.14 we could replace the term log max{1, |∆|v} by log |∆|v to
obtain a better lower bound. When v(j) ≥ 0 this does not make a difference because from our proof of
Theorem 2.4.11 it follows that then |∆|v ≥ 1. We choose this weaker inequality because it allows us to
combine Corollary 2.4.14 and Theorem 2.4.8 to obtain a global bound in terms of height functions, see
Theorem 2.4.16 below. ♦

We have now at last come to the point were we can give a bound on the difference between the canonical
height ĥ and the height hx on an elliptic curve over a global function field K with coefficients in OK . In
fact, Theorem 2.4.16 below does not even need the assumption that the coefficients lie in OK , and works
for general elliptic curves defined over K (in short Weierstrass form).
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Theorem 2.4.16. Let K be a global function field, and let E/K be an elliptic curve given by a short
Weierstrass equation

E : y2 = x3 + a4x+ a6.

We write ∆ and j for the discriminant and j-invariant of E, respectively. Then for all P ∈ E(K)

− 1
8h(j)− 1

12h(∆) ≤ ĥ(P )− 1
2hx(P ) ≤ 1

12h(∆) + 1
12h(j).

Proof. Our strategy will be to consider for each prime v ∈ MK a local bound given by either Theorem
2.4.8 or Corollary 2.4.14, and then add these local components to obtain the desired global bound. We
define the subset UE ⊂MK as the set of all primes v ∈MK such that at least one of v(a4) and v(a6) is
negative, and we write VE for the complement of UE in MK . We include the subscript E to stress that
these sets depend on the specific elliptic curve in consideration. Note that UE is a subset of the set S of
primes at infinity. The primes in UE are exactly the primes for which we can use Corollary 2.4.14, and
the primes in VE are exactly those for which we can use Theorem 2.4.8. Recall that for an element a ∈ K
we have

h(a) =
1

[K : R]

∑
v∈MK

nv log max{1, |a|v}.

Clearly, if we only take the sum over a subset of MK , the result will be less than or equal to the entire
sum. We put

hUE (a) =
1

[K : R]

∑
v∈UE

nv log max{1, |a|v},

and similarly we define hVE (a). Then hUE (a) and hVE (a) are both non-negative, and

hUE (a) + hVE (a) = h(a).

Now, if multiply the local bounds obtained from Theorem 2.4.8 and Corollary 2.4.14 by nv/[K : R] and
add them all up, by Theorem 2.4.6 we obtain for every P ∈ E(K)

− 1
24h(j)− 1

12hUE (j)− 1
12hUE (∆) ≤ ĥ(P )− 1

2hx(P ) ≤ 1
12hUE (j) + 1

12hVE (∆−1).

Recall that for a prime v ∈ VE the coefficients a4 and a6 are v-integral. This implies that also v(∆) ≥ 0,
giving |∆|v ≤ 1. Therefore hVE (∆) = 0, meaning that hUE (∆) = h(∆). The desired result now follows
by observing that hUE (j) ≤ h(j) and hVE (∆−1) ≤ h(∆−1) = h(∆).

Remark 2.4.17. Note that for Theorem 2.4.16 we do not need the assumption we made in Remark 1.2.2
that we fix an element T ∈ K such that K/Fq(T ) is a finite extension. It is invariant under the choice of
T .

Further, note that in the proof of Theorem 2.4.16 we actually prove the more precise result

− 1
24h(j)− 1

12hUE (j)− 1
12h(∆) ≤ ĥ(P )− 1

2hx(P ) ≤ 1
12hUE (j) + 1

12hVE (∆−1).

The downside of these bounds is that the sets UE , VE ∈ MK depend on the coefficients of the elliptic
curve E. We could consider a version of Theorem 2.4.16 where we assume that the coefficients of E lie in
the ring of integers OK . Then by Proposition 2.4.9 the set UE is a subset of the set S of primes at infinity.
In that case we can replace hUE by the larger hS , which is independent of the coefficients of E and gives
a more precise bound than using the full height function h. Replacing hVE by h then yields a better
bound than the one given in the theorem that is also independent of the coefficients of E. Note, however,
that this version of Theorem 2.4.16 would no longer be invariant under our choice of the transcendental
element T ∈ K. ♦

Remark 2.4.18. We remark that [CR16, Example/Proof 5.2] and [Zim01, Theorem 4] both state bounds
similar to Theorem 2.4.16 where the upper bound is equal to 0. In [CR16, Example/Proof 5.2] the
coefficients of E are assumed to lie in Fq[T ], and [Zim01, Theorem 4] assumes that they are integers of
K, but without giving a definition of the (ring of) integers of a global field. However, as shown in the

example below, if the coefficients of E lie in Fq[T ], the difference ĥ− 1
2hx can in fact be strictly positive.

In case the coefficients are integral with respect to every prime of the function field K, then Theorem
2.4.16 yields an upper bound of 0. But, as we mentioned before, then the coefficients must be constants
of K. Other bounds for the difference between ĥ and hx can be found in [Zim76, §2]. ♦
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Example 2.4.19. The calculations in this example were verified using MAGMA [BCP97] (version V2.26-
12). Note that the definition of the canonical height used by MAGMA is twice our canonical height.

Let K = F5(T ) and consider the elliptic curve E/K given by

E : y2 = x3 + 2Tx+ T 2,

which contains the affine point P = (1, T + 1). Then hx(P ) = 0 and ĥ(P ) = 1/3, so we obtain

ĥ(P )− 1
2hx(P ) =

1

3
> 0.

♦
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Chapter 3

Lower Bounds for Class Numbers of
Number Fields

In this chapter we will derive lower bounds for class numbers of imaginary quadratic number fields, by
making use of elliptic curve ideal class pairings. This method of deriving lower bounds for class numbers
is due to Griffin and Ono, see [GO20]. In this chapter we mostly repeat the material from their paper.
In the next chapter, we will show that we can extend this way of bounding class numbers to imaginary
quadratic global function fields as well. This chapter will only be concerned with number fields, except
for Section 3.2. The material in that section is given for general global fields such that we can reuse it in
the next chapter.

3.1 Elliptic Curve Ideal Class Pairings

One of the major ingredients in the construction of Griffin and Ono are elliptic curve ideal class pairings,
which essentially are maps sending pairs of points on elliptic curves to elements of the class group of an
imaginary quadratic field. Such maps were first considered by Buell [Bue77], and later also by Bölling,
Soleng, and Buell and Call [Bö80, Sol94, BC16]. In this section we will construct such pairings, using
the connection between classes of quadratic forms and elements of the ideal class group of imaginary
quadratic number fields as explained in Section 1.6. We mostly follow [GO20, §2].

We start by fixing some notation that we will use throughout this chapter. Let −D ∈ Z<0 be a negative
fundamental discriminant. Then −D is the discriminant of the imaginary quadratic field K = Q(

√
−D).

We let E/Q be an elliptic curve given by a short Weierstrass equation

E : y2 = x3 + a4x+ a6,

whith a4, a6 ∈ Z. We write ∆ and j for the discriminant and j-invariant of E, respectively. When we
consider a family of elliptic curves, we may also write ∆(E) and j(E) to stress that they depend on E.
We denote the rank of E by r, and for the rest of this section we assume that r ≥ 1. We write E−D for
the quadratic twist1

E−D : −D ·
(y

2

)2
= x3 + a4x+ a6. (3.1.1)

Now suppose that we have two affine points P ∈ E(Q) and Q ∈ E−D(Q). Writing y(Q) for the y-
coordinate of Q, we assume that y(Q) 6= 0 and if −D is odd then v2(y(Q)) > 0, where v2 denotes the 2-adic
valuation on Q. By Proposition 1.7.4 there exist integers A,B,C ∈ Z with gcd(A,C) = gcd(B,C) = 1
such that

P =

(
A

C2
,
B

C3

)
.

For Q we have the following lemma.

1Note that this definition is slightly different from the usual quadratic twist of E by −D.
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Chapter 3. Lower Bounds for Class Numbers of Number Fields

Lemma 3.1.1. There exist unique integers u, v, w ∈ Z such that

Q =
( u

w2
,
v

w3

)
,

and gcd(u,w2) and gcd(v, w3) are both divisors of D.

Remark 3.1.2. Note that in the above lemma, and also in the rest of this section, v denotes an integer.
For a prime p, we write vp with a subscript to denote the p-adic valuation on Q. ♦

Proof. The proof is very similar to that of Proposition 1.7.4. We write Q = (x, y), where x = a/b and
y = c/d with a, b, c, d ∈ Z are written in lowest terms.

Suppose first that D is even, such that D/4 ∈ Z. Let p be a prime number not dividing D/4. Then from
(3.1.1) we see that vp(x) < 0 if and only if vp(y) < 0, and if this is the case then 3vp(x) = 2vp(y). Hence
for such p we have 3vp(b) = 2vp(d). Now let p be a prime number dividing D/4. Note that, since D is a
fundamental discriminant, vp(D/4) = 1. Equation (3.1.1) shows that vp(x) < 0 if and only if vp(y) < 0,
and if this is the case then 3vp(x) = 2vp(y) + 1. This implies that 3vp(b) = 2vp(d) − 1, and therefore
3vp(pb) = 2vp(pd). Let p1, . . . , pl be the primes dividing D/4 such that vpi(x) < 0, and write s = p1 · · · pl.
Then we find that s is the unique integer dividing D such that sb is a square, say sb = w2 with w ∈ Z,
and sd = w3. Taking u = sa and v = sc yields the desired form for Q.

Now suppose that D is odd. Recall that in that case we assumed that v2(y) > 0, which by (3.1.1) also
implies v2(x) ≥ 0. Let p1, . . . , pl be the primes dividing D such that vpi(x) < 0, and write s = p1 · · · pl.
Then, completely analogous to the case when D is even but replacing D/4 with D, we find that sb = w2

is a square and sd = w3. Taking u = sa and v = sc yields the desired form for Q.

Remark 3.1.3. In [GO20], the result of Lemma 3.1.1 is stated before the assumption that if −D is odd
then v2(y(Q)) > 0, but this assumption is a necessary condition for the lemma. Indeed, consider the
following example. We take the fundamental discriminant −D = −167, and the elliptic curve

E : y2 = x3 − x+ 1

of rank r = 1. Then E−D(Q) contains the point

Q =

(
−7

4
,

1

4

)
.

Now, if we find integers v, w ∈ Z such that v/w3 = 1/4, we must have that v and w are both even, and
therefore gcd(v, w3) is even. Hence there exist no such integers v, w satisfying gcd(v, w3) | D. ♦

Further, we define

α := |Aw2 − uC2| and G := gcd(α,C6v2).

The next theorem gives an explicit description (up to the correspondence between quadratic forms and
ideals) of the elliptic curve ideal class pairings that we will use in this thesis. It is exactly the same result
as [GO20, Theorem 2.1], but with a minor correction to the proof, see Remark 3.1.6.

Theorem 3.1.4 ([GO20, Theorem 2.1]). Assuming the foregoing notation and hypotheses, there exist
infinitely many integers ` such that

FP,Q(X,Y ) :=
α

G
·X2 +

2w3B + ` · αG
C3v

·XY +
(2w3B + ` · αG )2 + C6v2D

4C6v2 · αG
· Y 2

is a discriminant −D positive definite integral binary quadratic form. Moreover, the choice of ` does not
affect the SL2(Z)-equivalence class of FP,Q, and if we have two pairs of points (P1, Q1) and (P2, Q2) for
which FP1,Q1 and FP2,Q2 are SL2(Z)-equivalent, then α1

G1
= α2

G2
or α1α2

G1G2
≥ D/4.

Proof. A simple calculation shows that FP,Q(X,Y ) has discriminant −D. It is also positive definite since
−D < 0 and α

G > 0. Now we will show that there exist integers ` such that FP,Q(X,Y ) is integral. We
are looking for integers ` such that 2w3B + ` · αG is divisible by C3v and (2w3B + ` · αG )2 + C6v2D is
divisible by 4C6v2 · αG . Clearly, if some integer ` satisfies the latter condition it also satisfies the first.
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3.1. Elliptic Curve Ideal Class Pairings

We start by defining f(x) := x3 + a4x+ a6. Then f( AC2 ) = B2

C6 and f( u
w2 ) = −D · v

2

4w6 . Note that

f

(
A

C2

)
− f

( u

w2

)
=

(
A

C2
− u

w2

)(
A2

C4
+

Au

C2w2
+
u2

w4
+ a4

)
,

and that α =
∣∣w2C2( AC2 − u

w2 )
∣∣. Therefore α is a divisor of

w6C6

(
f

(
A

C2

)
− f

( u

w2

))
= w6B2 + C6 · Dv

2

4
, (3.1.2)

which in turn implies thatG divides 4w6B2. We defineH := gcd(2w3B,C3v). ThenH2 = gcd(4w6B2, C6v2),
so G | H2. Now C3v/H is an integer that divides C6v2/H2. Since G | H2 we find that C3v/H divides
C6v2/G. Suppose that p is a prime divisor of C3v/H. Then p | C6v2/G, which implies that p 6 | α/G.
Hence gcd(C3v/H,α/G) = 1. We will now choose integers k such that

α

G
· k ≡ −2w3B

H
− C3vD

H
(mod 2C3v

H ). (3.1.3)

To see that such integers k exist, we distinguish two cases. In the case that α
G is odd it is coprime to

2C3v/H, so we can invert it modulo 2C3v/H to find k. In the case that α
G is even we consider α

2G , which
is coprime with C3v/H. Therefore, if −w3B/H − C3vD/2H is an integer, there exist integers k′ such
that

α

2G
· k′ ≡ −w

3B

H
− C3vD

2H
(mod C3v

H ). (3.1.4)

Note that if −w3B/H − C3vD/2H 6∈ Z, then we can still find integers k′ satisfying (3.1.4) since 2
is coprime to (and hence invertible modulo) C3v/H. However, in that case such integers k′ do not
necessarily satisfy (3.1.3) (see also Remark 3.1.5). On the other hand, if −w3B/H − C3vD/2H ∈ Z, we
note that for k′ satisfying (3.1.4) we have

α

2G
· k′ = −w

3B

H
− C3vD

2H
+N · C

3v

H

for some N ∈ Z. Therefore we find that

α

G
· k′ = −2w3B

H
− C3vD

H
+ 2N · C

3v

H

≡ −2w3B

H
− C3vD

H
(mod 2C3v

H ).

So these integers k′ are the integers k we were looking for. What is left to show, is that −w3B/H −
C3vD/2H ∈ Z (in the case that α

G is even). First, suppose that D is odd. Then, by assumption,
v is even. The fact that α

G is even implies that v2(α) > v2(C6v2), where v2(n) denotes the 2-adic
valuation of an integer n. Since α divides (3.1.2) and D is odd, this implies that v2(w6B2) = v2(C6v2/4).
Recall that 2w3B/H and C3v/H are coprime. Suppose that 2w3B/H is even. Then v2(2w3B) >
v2(C3v), which implies that v2(w6B2) > v2(C6v2/4). This gives a contradiction, so we conclude that
2w3B/H must be odd. Now suppose that C3v/H is even. Then v2(C3v) > v2(2w3B), which implies that
v2(C6v2/4) > v2(w6B2). Again we obtain a contradiction, so we conclude that 2w3B/H and C3v/H
are both odd. Since D is also odd, this implies that the expression 2w3B/H + C3vD/H is even. Hence
−w3B/H −C3vD/2H is indeed an integer in the case that D is odd. Now, in the case that D is even we
have C3vD/2H ∈ Z. Therefore we have to show that in this case w3B/H ∈ Z. It is sufficient to show
that v2(2w3B) > v2(C3v). Since α

G is even, we know that v2(α) > v2(C6v2). Since α divides (3.1.2) we
know that v2(w6B2 + C6v2D/4) ≥ v2(α). Therefore we know that either v2(w6B2) = v2(C6v2D/4), or
both v2(w6B2) ≥ v2(α) and v2(C6v2D/4) ≥ v2(α). Hence, since D ≡ 0 (mod 4) and v2(α) > v2(C6v2),
we obtain v2(w6B2) ≥ v2(C6v2). This shows that indeed v2(2w3B) > v2(C3v). This completes the proof
that −w3B/H − C3vD/2H is always an integer.

We now define `′ := Hk for each such integer k. Then we have

α

G
· `′ ≡ −2w3B − C3vD (mod 2C3v). (3.1.5)

Recall that we want to show that there exist integers ` such that (2w3B + ` · αG )2 + C6v2D is divisible
by 4C6v2 · αG . From (3.1.5) it follows that(

2w3B + `′ · α
G

)2
+ C6v2D ≡ C6v2(D2 +D) (mod 4C6v2).
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Since −D is a fundamental discriminant, we know that D is equivalent to 0 or 3 modulo 4. Therefore
D2 + D ≡ 0 (mod 4), which shows that (2w3B + `′ · αG )2 + C6v2D is divisible by 4C6v2. We will
now show that we can choose `′ such that it is also divisible by 4α, because then it is divisible by
16C6v2α/ gcd(4α, 4C6v2) = 4C6v2 · αG . Using that α divides (3.1.2), we find that(

2w3B + `′ · α
G

)2
+ C6v2D ≡ `′2 · α

2

G2
+ 4w3B`′ · α

G
(mod 4α).

Since (2w3B + `′ · αG )2 + C6v2D is divisible by 4C6v2, it is also divisible by 4G. We also know that

4G | 4α, hence we obtain that 4G divides `′2 · α
2

G2 + 4w3B`′ · αG . We define the integer

I :=
`′2 · α

2

G2 + 4w3B`′ · αG
4G

.

Now we want to choose `′ such that α
G | I. To see that this is possible, note that we can choose `′ such

that it is divisible by α
G as many times as we like. Indeed, recall that `′ = Hk. If α

G is odd, it is coprime
with 2C3v/H. Then by the Chinese remainder theorem, for any n ≥ 0 there are integers k that satisfy
(3.1.3) and further satisfy k ≡ 0 (mod αn

Gn ). Similarly, if α
G is even, then α

G is coprime to C3v/H. Then,
again by the Chinese remainder theorem, for any n ≥ 0 there are integers k′ that satisfy (3.1.4) and
further satisfy k′ ≡ 0 (mod αn

Gn ). We conclude that in both cases, for every n ≥ 0 there exist integers

k satisfying (3.1.3) and k ≡ 0 (mod αn

Gn ). Since we defined `′ = Hk, for every n ≥ 0 there exist such

integers `′ that satisfy `′ ≡ 0 (mod αn

Gn ). If we take n large enough, we obtain such integers `′ such that
α
G | I. We will denote such integers by `. Then, taking `′ = `, it follows that 4GI is divisible by 4α,
and therefore (2w3B + ` · αG )2 + C6v2D is divisible by 4α. We conclude that for these ` the expression
(2w3B + ` · αG )2 + C6v2D is divisible by 4C6v2 · αG , so FP,Q(X,Y ) is integral.

We will now show that the choice of ` does not affect the SL2(Z)-equivalence class of FP,Q. Note that we
have

FP,Q(X,Y ) =
G

α

[(
α

G
X +

2w3B + ` · αG
2C3v

Y

)2

+
D

4
Y 2

]
. (3.1.6)

Suppose that `1 = Hk1 and `2 = Hk2 are two possible choices for ` such that FP,Q is integral. To
distinguish between the two quadratic forms for `1 and `2 we write FP,Q,`i for i ∈ {1, 2}. From (3.1.3)
we know that there is an n ∈ Z such that

α

G
· k2 =

α

G
· k1 + n · 2C3v

H
,

which implies
α

G
· `2 =

α

G
· `1 + n · 2C3v.

Then by (3.1.6) we find that FP,Q,`2(X,Y ) = FP,Q,`1(X + nY, Y ). This shows that the two quadratic
forms are SL2(Z)-equivalent, with FP,Q,`2 =

(
1 n
0 1

)
FP,Q,`1 .

Finally, suppose that (P1, Q1) and (P2, Q2) are two pairs of points for which FP1,Q1 and FP2,Q2 are SL2(Z)-
equivalent. For i ∈ {1, 2} we write Ai, Bi, Ci, ui, vi, wi, αi, Gi and `i for the quantities corresponding
to these two pairs of points. Then there is an element

(
a b
c d

)
∈ SL2(Z) such that FP2,Q2

(X,Y ) =
FP1,Q1

(aX + bY, cX + dY ). By (3.1.6), the coefficient of X2 in FP2,Q2
satisfies

α2

G2
=
G1

α1

( α1

G1
a+

2w3
1B1 + `1 · α1

G1

2C3
1v1

c

)2

+
D

4
c2

 .
Now, if c = 0, then α2

G2
= α1

G1
a2. Since ad − bc = 1, the fact that c = 0 implies that a = ±1, so a2 = 1

and α1

G1
= α2

G2
. If c 6= 0, then both terms inside the square brackets are non-negative and their sum is at

least D/4, whence α1α2

G1G2
≥ D/4.

Remark 3.1.5. In the proof above where we show that there exist integers k satisfying (3.1.3) in the case
that α

G is even, it is not enough to just find integers k′ satisfying (3.1.4). Namely, if k′ satisfies (3.1.4)
but −w3B/H − C3vD/2H is not an integer, then it does not necessarily satisfy (3.1.3). Consider the
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following simple example: If a and b are integers and a ≡ b (mod 5), then 2a ≡ 2b (mod 10). However,
if b is a half-integer this does not work, even though 2 is invertible modulo 5. For example:

4 ≡ 3

2
(mod 5) but 8 6≡ 3 (mod 10).

Therefore it is indeed necessary to show that −w3B/H − C3vD/2H ∈ Z. ♦

Remark 3.1.6. In the proof of [GO20, Theorem 2.1], the authors choose integers k satisfying (3.1.3), just
as we did. Next, for such integers k they take ` as any integer satisfying ` ≡ Hk (mod 2C3v) (or even
(mod C3v), depending on k), and claim that these integers ` satisfy the desired result. However, this
is not necessarily true, which is why in our proof we distinguish between `′ and `. To see that this is
necessary, consider the following example. Note that the condition ` ≡ Hk (mod 2C3v) automatically
implies that ` ≡ Hk (mod C3v). The calculations in this example were verified using SageMath [The22].

We take the fundamental discriminant −D = −119, and the elliptic curve

E : y2 = x3 − x+ 1

of rank r = 1. Let P ′ = (1, 1) ∈ E(Q), and let P = 16P ′. Further, we take Q = (−5, 2) ∈ E−D(Q), such
that u = −5, v = 2 and w = 1. These choices also fix the values of A,B,C, α,G and H. Now, we let

k = 45161597 and ` = 90323194.

Then, one can check that k satisfies (3.1.3) and ` ≡ Hk (mod 2C3v). However, we obtain

(2w3B + ` · αG )2 + C6v2D

4C6v2 · αG
=

13329

2
6∈ Z.

♦

From Section 1.6 we know that the (equivalence class of the) quadratic form FP,Q described in Theorem
3.1.4 corresponds to a class of ideals in the ideal class group of the field K = Q(

√
−D). Let us denote

this element in the class group by ξP,Q.

Definition 3.1.7. Assume the same notation and hypotheses as in Theorem 3.1.4. Then we define the
elliptic curve ideal class pairing corresponding to the elliptic curve E and the discriminant −D as

Ψ−D : E(Q)× E−D(Q)→ CL(K), (P,Q) 7→ ξP,Q.

3.2 Counting Points on Elliptic Curves

In this section we will give a lower bound for the number of rational points on an elliptic curve with
bounded canonical height. We will use this result in the next section to construct pairs of points that
map to inequivalent quadratic forms via the pairing Ψ−D described in Theorem 3.1.4 and Definition
3.1.7. This will give us a lower bound on the class number of K = Q(

√
−D). We will need the results in

this section also for the next chapter, so we will prove them at once for number fields as well as function
fields. Specifically, we let R ∈ {Q,Fq(T )} denote a rational global field. For R = Q, the material in this
section is roughly the same as in [GO20, §3].

Recall from Definition 2.2.3 that we defined the logarithmic height hx(P ) of a point P ∈ E(R) as
hx(P ) = h(x(P )). Further, recall from Section 2.3 that

E(R)/E(R)tors ∼= Zr,

and that the Néron-Tate pairing 〈·, ·〉 : E(R)× E(R)→ R defined by

〈P,Q〉 = 1
2 (ĥ(P +Q)− ĥ(P )− ĥ(Q))

defines an inner product on E(R)/E(R)tors ⊗Z R. This then becomes a real inner product space of
dimension r, and therefore isomorphic to Rr equipped with the standard inner product. This isomorphism
is easy to construct. Indeed, using the Gram-Schmidt procedure we can construct an orthonormal basis
{β1, . . . , βr} of E(R)/E(R)tors ⊗Z R. We write {e1, . . . , er} for the canonical basis of Rr. Then the map
ϕ : E(R)/E(R)tors ⊗Z R→ Rr sending βi to ei is an isomorphism of inner product spaces.
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Let B = {P1, . . . , Pr} be a set of linearly independent points in the lattice

Λ = E(R)/E(R)tors

contained in E(R)/E(R)tors ⊗Z R. Then the points in B generate a sublattice ΛB ⊂ Λ. In this chapter
we will mostly be interested in the case that B is a basis of E(R)/E(R)tors, in which case ΛB = Λ. We
put vi = ϕ(Pi) ∈ Rr. Note that for 1 ≤ i, j ≤ r we have vi · vj = 〈Pi, Pj〉. Then the lattice ΛB is
isomorphic to the lattice ϕ(ΛB) ⊂ Rr spanned by the vectors vi, and the canonical height of a point
P ∈ ΛB corresponding to a vector v ∈ ϕ(ΛB) is equal to |v|2. Therefore, the points in ΛB with canonical

height at most τ correspond to points in ϕ(ΛB)∩B(τ
1
2 ), where B(R) is the closed ball in Rr of radius R

centered at the origin.

Definition 3.2.1. Let B = {P1, . . . , Pr} ⊂ Λ be a set of linearly independent points. The diameter of B
is defined as

d(B) = max
δi∈{±1,0}

ĥ

(
r∑
i=1

δiPi

)
.

Writing B for the set of all bases for Λ, we further define the diameter of the elliptic curve E as

d(E) = min
B∈B

d(B).

For a set B = {P1, . . . , Pr} of linearly independent points in Λ corresponding to vecors v1, . . . , vr ∈ Rr,
the diameter d(B) is equal to the squared length of the longest diagonal of the parallelepiped spanned by
the vectors vi.

Remark 3.2.2. Note that in the definition of d(E) the minimum minB∈B d(B) does indeed exist. Namely,
if B ∈ B is a basis for Λ, then the parallelepiped spanned by the corresponding vectors vi is contained
in the ball B(d(B)) ⊂ R. Any parallelepiped corresponding to another basis B′ such that d(B′) < d(B)
must be contained in B(d(B)). This ball contains only finitely many lattice points in ϕ(Λ), implying
that there are only finitely many parallelepipeds with vertices in ϕ(Λ) contained in B(d(B)). Hence the
minimum diameter for bases of Λ exists. ♦

Remark 3.2.3. In [GO20, Eq. (3.3)] and [GOT21, Eq. (2.3)] the authors add another factor 2 in the
definition of the diameter, and (wrongly) state that d(B) is equal to the squared length of the longest
diagonal of the parallelepiped spanned by the vectors vi. ♦

Note that the diameter of a basis B for a sublattice ΛB ⊂ Λ does depend on the choice of the basis. For
example, if B0 = {P1, P2} is a basis for ΛB corresponding to vectors {v1, v2}, then Bn = {P1, nP1 + P2}
is also a basis for ΛB for all n > 0. If we let n tend to infinity, the length of the longest diagonal of the
parallelogram spanned by v1 and nv1 + v2 will also approach infinity, and therefore d(Bn) does so too.

On the other hand, the volume of the parallelepiped spanned by the vectors vi is invariant under the choice
of B, since a basis transformation on ΛB has determinant ±1. In fact, when ΛB = Λ it is closely related
to an important invariant of E/R, called the regulator of E/R. Indeed, for a basis B = {P1, . . . , Pr} of
Λ the regulator is defined as

RR(E) = |det(〈Pi, Pj〉)1≤i,j≤r|.
If we write V for the r × r matrix whose columns are the vectors vi, then

det(V ) =
√

det(V V t) =
√

det(vi · vj)1≤i,j≤r =
√
RR(E). (3.2.1)

For a general set B = {P1, . . . , Pr} ⊂ Λ of linearly independent points, we define the B-regulator of E/R
as

RR(E,B) = |det(〈Pi, Pj〉)1≤i,j≤r|.
In this case (3.2.1) still holds true if we replace RR(E) by RR(E,B). In particular, this implies that if B1
and B2 generate the same sublattice ΛB ⊂ Λ, then RR(E,B1) = RR(E,B2). Please note that the above
definition of the B-regulator of E/R is non-standard and invented by the author.

Writing Ωr for the volume of the unit ball in Rr, we define the constant

c(E,B) =
|E(R)tors| · Ωr√

RR(E,B)
.

If we know that B forms a basis for Λ, then RR(E,B) = RR(E) is independent of the specific basis B,
and we may simply write c(E) for the constant defined above.
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Definition 3.2.4. For two functions f, g : R → R, we say that f and g are asymptotic to each other,
denoted f ∼ g, if

lim
x→∞

f(x)

g(x)
= 1.

Asymptotically, as a function of τ ∈ R≥0, the number of R-rational points on an elliptic curve over R
with canonical height at most τ is well known. We have

#{P ∈ E(R) : ĥ(P ) ≤ τ} ∼ c(E)τ
r
2 .

See for example [Kna92, Prop. 4.18] for the case R = Q, where using our results from Section 2.3 the
proof also works if R = Fq(T ). The next proposition gives an explicit lower bound in terms of τ .

Proposition 3.2.5. Let B be a set of r linearly independent points in Λ = E(R)/E(R)tors with diameter
d = d(B). Then for τ ≥ d we have

#{P ∈ E(R) : ĥ(P ) ≤ τ} ≥ c(E,B)
(
τ
r
2 − r

√
dτ

r−1
2

)
.

We may replace d by d(E) to obtain a statement independent of the set B.

Proof. As we noted before, the points in Λ with canonical height at most τ correspond to points in
ϕ(Λ) ∩ B(τ

1
2 ), where B(R) is the closed ball in Rr of radius R centered at the origin. Therefore, the

points in ΛB ⊂ Λ with canonical height at most τ correspond to points in ϕ(ΛB) ∩ B(τ
1
2 ). For every

point λ ∈ ϕ(ΛB), we write Pλ for the half-open parallelepiped

Pλ =

{
λ+

r∑
i=1

xivi : xi ∈ [0, 1)

}
,

where the vectors vi correspond to the points in B as described above. Note that the set {Pλ : λ ∈ ϕ(ΛB)}
forms a partition of Rr. Further, note that the length of the longest diagonal of Pλ is

√
d, and by (3.2.1)

its volume is equal to
√
RR(E,B). Therefore, if Pλ intersects with B(τ

1
2 −d 1

2 ) then λ ∈ B(τ
1
2 ). The ball

B(τ
1
2 − d 1

2 ) intersects with at least Vol(B(τ
1
2 − d 1

2 ))/
√
RR(E) parallelepipeds Pλ for different λ. Using

that Vol(B(τ
1
2 − d 1

2 )) = Ωr · (τ
1
2 − d 1

2 )r, we obtain

#
(
ϕ(ΛB) ∩B(τ

1
2 )
)
≥ Ωr√

RR(E,B)
·
(
τ

1
2 − d 1

2

)r
. (3.2.2)

Now, using induction on r, we will show that for all r ≥ 1 we have(
τ

1
2 − d 1

2

)r
≥
(
τ
r
2 − r

√
dτ

r−1
2

)
. (3.2.3)

For r = 1, the statement is obvious. Now, let (IH) be the induction hypothesis that (3.2.3) holds for
some r ≥ 1. Then(

τ
1
2 − d 1

2

)r+1

≥
(
τ

1
2 − d 1

2

)(
τ
r
2 − r

√
dτ

r−1
2

)
by (IH)

= τ
r+1
2 − (r + 1)

√
dτ

r
2 + rdτ

r−1
2

≥ τ
r+1
2 − (r + 1)

√
dτ

r
2 ,

which completes our proof by induction. The desired result now follows by plugging (3.2.3) into (3.2.2),
and by noting that torsion points have canonical height 0, so

#{P ∈ E(R) : ĥ(P ) ≤ τ} = #
(
ϕ(Λ) ∩B(τ

1
2 )
)
· |E(R)tors| ≥ #

(
ϕ(ΛB) ∩B(τ

1
2 )
)
· |E(R)tors|.

Remark 3.2.6. We can optimise the bound in Proposition 3.2.5 by replacing d with d(E) and c(E,B) with
c(E), which also makes the statement independent of the set B. However, for computational purposes
the version stated is often easier to work with. ♦

Remark 3.2.7. Proposition 3.2.5 is almost identical to [GO20, Prop. 3.2], except that there the authors
assume that τ > d/4. We chose to assume τ ≥ d instead, since the obtained lower bound becomes
negative when τ < d. ♦
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Chapter 3. Lower Bounds for Class Numbers of Number Fields

3.3 Lower Bounds for Class Numbers

Recall that in this chapter we let −D ∈ Z<0 be te discriminant of an imaginary quadratic field K =
Q(
√
−D). We will denote the class number of K by hK . Please note that in this thesis hK will always

denote the class number of the field K, and not the logarithmic height relative to K. We will denote
by h, hx and ĥ the height functions defined in the previous chapter. Since the field K is determined by
the discriminant −D, we will write the class number hK(−D) as a function of the discriminant. In this
section we will derive a lower bound for hK(−D) in terms of the discriminant −D, and we will compare
the bound we obtain to the literature in the next section. We follow [GO20, §4].

Recall that we consider an elliptic curve E/Q given by a short Weierstrass equation

E : y2 = x3 + a4x+ a6, a4, a6 ∈ Z.

The elliptic curve ideal class pairing Ψ−D from Section 3.1 allows us to construct elements of the ideal
class group of K from pairs of points on E and E−D. We will now restrict our attention to a specific
family of fundamental discriminants, depending on the elliptic curve E we are considering. Namely, we
consider the discriminants of the form

−DE(t) = −4(t3 + a4t− a6) with t ∈ Z>0. (3.3.1)

Remark 3.3.1. Note that −DE(t) is not a fundamental discriminant for all t ∈ Z>0. We just consider
discriminants that happen to be of this form for some positive integer t. Note that −DE(t) is a funda-
mental discriminant if and only if t3 + a4t − a6 is square-free and not equivalent to 3 (mod 4). Erdös
proved in [Erd53, Theorem 1.1] that t3 + a4t− a6 is square-free for infinitely many t ∈ Z>0. If we want
to be absolutely sure that there exist fundamental discriminants of the form (3.3.1), we could further
assume that if a4 is odd then a6 is even and if a4 is even then a6 ≡ 3 (mod 4), such that t3 +a4t−a6 6≡ 1
(mod 4) for all t ∈ Z>0. ♦

For these discriminants −DE(t), the curve E−DE(t) always contains the rational point Qt = (−t, 1).
Writing j and ∆ for the j-invariant and discriminant of E, respectively, we define

δ(E) = 1
8h(j) + 1

12h(∆) + 5
3 , (3.3.2)

and we put

τE(t) = 1
4 log

(
DE(t)

(t+ 1)2

)
− δ(E). (3.3.3)

Now, we will show that for different points P1, P2 ∈ E(Q) with P1 6= −P2 and satisfying ĥ(Pi) ≤ τE(t) for
i ∈ {1, 2}, the quadratic forms FPi,Qt obtained from Theorem 3.1.4 are inequivalent. Since, by Theorem
1.6.3, inequivalent forms correspond to distinct elements of the class group CL(−D), this yields a lower
bound for the class number hK(−D). We obtain the following result.

Theorem 3.3.2. Let B be a set of r linearly independent points in E(Q)/E(Q)tors with diameter d =
d(B). Suppose that we have a positive integer t ∈ Z>0 such that τE(t) ≥ d and −DE(t) is a negative
fundamental discriminant satisfying DE(t) ≤ t2(t+ 1)2. Then

hK(−DE(t)) ≥ c(E,B)

2

(
τE(t)

r
2 − r

√
dτE(t)

r−1
2

)
.

Proof. By Proposition 3.2.5 we have

#{P ∈ E(Q) : ĥ(P ) ≤ τE(t)} ≥ c(E,B)
(
τE(t)

r
2 − r

√
dτE(t)

r−1
2

)
. (3.3.4)

We will now examine the inequivalence of the forms we obtain when pairing the rational points on E
with canonical height at most τE(t) with the point Qt. Suppose we have two points Pi = (Ai/C

2
i , Bi/C

3
i )

for i ∈ {1, 2} such that ĥ(Pi) ≤ τE(t). We let F1 = FP1,Qt and F2 = FP2,Qt . Since Qt = (−t, 1), we have
αi = |Ai + tC2

i | and Gi = gcd(αi, C
6
i ). Therefore the fact that gcd(Ai, Ci) = 1 implies that Gi = 1, so
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3.3. Lower Bounds for Class Numbers

αi
Gi

= αi. Using Theorem 2.4.7, which bounds the difference between ĥ and hx on E, we find

hx(Pi) ≤ 2
(
ĥ(Pi) + 1

8h(j) + 1
12h(∆) + 0.973

)
by Theorem 2.4.7

≤ 2τE(t) + 1
4h(j) + 1

6h(∆) + 1.946

= 1
2 log

(
DE(t)

(t+ 1)2

)
+ 1.946− 10

3 by (3.3.3) and (3.3.2)

≤ 1
2 log

(
DE(t)

(t+ 1)2

)
− 2 log(2)

= 1
2 log

(
DE(t)

16(t+ 1)2

)
. (3.3.5)

We now consider the height function H(P ) := exp(hx(P )). This gives us the convenient notation H(Pi) =
max{|Ai|, |C2

i |}. We have
αi = |Ai + tC2

i | ≤ (1 + t)H(Pi).

Further, H(Pi) = exp(hx(Pi)) implies by (3.3.5) that

H(Pi) ≤
√
DE(t)/(4(t+ 1)). (3.3.6)

This shows that

αi ≤
√
DE(t)

4
.

Hence α1α2 < DE(t)/4. If α1 6= α2, then Theorem 3.1.4 implies that F1 and F2 are inequivalent.
Now suppose α1 = α2. Our assumption that DE(t) ≤ t2(t + 1)2 implies by (3.3.6) that H(Pi) ≤ t/4.
Therefore also |Ai| ≤ t/4. Note that C 6= 0, so C2 ≥ 1. Therefore tC2

i ≥ t > 0. This implies that
|Ai + tC2

i | = Ai + tC2
i . From α1 = α2 we obtain

A1 + tC2
1 = A2 + tC2

2 , (3.3.7)

showing that A1 ≡ A2 (mod t). Since |Ai| ≤ t/4, this implies that A1 = A2. Then by (3.3.7) we get
C2

1 = C2
2 . Hence P1 and P2 have the same x-coordinate, which by the Weierstrass equation shows that

P1 = ±P2. Note that for any point P ∈ E(Q) we have ĥ(P ) = ĥ(−P ). So we have now shown that for

two points P1 and P2 in the set {P ∈ E(Q) : ĥ(P ) ≤ τE(t)}, either P1 = ±P2 or the quadratic forms F1

and F2 are inequivalent. We obtain

hK(−DE(t)) ≥ #{P ∈ E(Q) : ĥ(P ) ≤ τE(t)}
2

by Theorem 1.6.3

≥ c(E,B)

2

(
τE(t)

r
2 − r

√
dτE(t)

r−1
2

)
by (3.3.4).

Remark 3.3.3. Note that since DE(t) is a cubic function of t, the condition DE(t) ≤ t2(t+ 1)2 is satisfied
for all t ≥ t1, where t1 ∈ Z>0 is effectively computable in terms of a4 and a6. Further, there exists an
integer t2 ∈ Z≥0, effectively computable in terms of a4, a6, δ(E) and d, such that the condition τE(t) ≥ d
is satisfied for all t ≥ t2. ♦

Lemma 3.3.4. Let −DE(t) and τE(t) be the functions of t ∈ Z>0 defined in (3.3.1) and (3.3.3), respec-
tively. Then we have

τE(t) ∼ log(DE(t))

12
.

Proof. We have τE(t) = 1
4 log(DE(t))− 1

2 log(t+ 1)− δ(E). Now we put

ρ(t) =
τE(t)

1
12 log(DE(t))

= 3− 6 · log(t+ 1)

log(DE(t))
− 12δ(E) · 1

log(DE(t))
.

Our goal is to show limt→∞ ρ(t) = 1. We have log(DE(t)) = log(4) + 3 log( 3
√
t3 + a4t− a6), so

lim
t→∞

3 · log(t+ 1)

log(DE(t))
= lim
t→∞

log(t+ 1)
1
3 log(4) + log( 3

√
t3 + a4t− a6)

= 1.
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Chapter 3. Lower Bounds for Class Numbers of Number Fields

Hence
lim
t→∞

ρ(t) = 3− 2− 0 = 1.

For a given elliptic curve E, the next Theorem uses Theorem 3.3.2 to give a lower bound on the class
number hK(−DE(t)) as a function of −DE(t). It is the main result in the paper [GO20] by Griffin and
Ono. Such bounds have been extensively studied for over 200 years. In the next section we will compare
our obtained result to the literature.

Theorem 3.3.5 ([GO20, Theorem 1.2]). Let E/Q be an elliptic curve of rank r ≥ 1 given by

E : y2 = x3 + a4x+ a6, a4, a6 ∈ Z,

and let B be a basis for E(Q)/E(Q)tors. Let ε > 0. Then there exists an effectively computable constant
N(E,B, ε) such that, if t ∈ Z>0 is an integer such that −DE(t) is a negative fundamental discriminant
and t ≥ N(E,B, ε), then

hK(−DE(t)) ≥ c(E,B)

2
√

12r
(1− ε) (log (DE(t)))

r
2 .

Proof. We let d = d(B). By Remark 3.3.3, Theorem 3.3.2 says that there is an effectively computable
constant t0(E,B) such that, if −DE(t) is a negative fundamental discriminant and t ≥ t0(E,B), then

hK(−DE(t)) ≥ c(E,B)

2

(
τE(t)

r
2 − r

√
dτE(t)

r−1
2

)
. (3.3.8)

From Lemma 3.3.4 we see that for any ε′ > 0 there exists an effectively computable constant n′(E, ε′)
such that for all t ≥ n′(E, ε′) we have

τE(t)(1− ε′) ≤ log(DE(t))

12
≤ τE(t)(1 + ε′). (3.3.9)

Now, we let ε > 0 as in the statement of the Theorem, and we take ε′ > 0 such that (1+ε′)
r
2 < (1−ε)−1.

Then there exists an effectively computable constant n(E, ε, ε′) such that for all t ≥ n(E, ε, ε′) we have

1− r
√
dτE(t)−

1
2

1− ε
≥ (1 + ε′)

r
2 .

Multiplying the numerator and denominator on the left-hand side by τE(t)
r
2 and taking the resulting

denominator to the right-hand side, we obtain

τE(t)
r
2 − r

√
dτE(t)

r−1
2 ≥ (1− ε) ((1 + ε′)τE(t))

r
2 . (3.3.10)

Now, we let N(E,B, ε) = max{t0(E,B), n′(E, ε), n(E, ε, ε′)}, noting that an appropriate ε′ can be effec-
tively computed from ε. Then, for t ∈ Z>0 such that −DE(t) is a negative fundamental discriminant and
t ≥ N(E,B, ε), we obtain

hK(−DE(t)) ≥ c(E,B)

2

(
τE(t)

r
2 − r

√
dτE(t)

r−1
2

)
by (3.3.8),

≥ c(E,B)

2

(
(1− ε) ((1 + ε′)τE(t))

r
2

)
by (3.3.10),

≥ c(E,B)

2
√

12r
(1− ε) log (DE(t))

r
2 by (3.3.9).

3.4 Comparison with the Literature

In this section we compare the bound we obtained in Theorem 3.3.5 to the literature.

One year after Heilbronn proved Gauss’s conjecture that hK(−D)→∞ as D →∞, Siegel [Sie35] proved
the following theorem.
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Theorem 3.4.1 (Siegel). For every ε > 0, there exist constants c1(ε), c2(ε) > 0 such that

c1(ε)D
1
2−ε ≤ hK(−D) ≤ c2(ε)D

1
2+ε.

The bound in Siegel’s theorem is much stronger than the original conjecture by Gauss, but unfortunately
the constants c1(ε) and c2(ε) are not effectively computable, which makes the bound impractical for com-
putational purposes. Tatuzawa [Tat51] has shown that Siegel’s theorem holds with effectively computable
constants for all fundamental discriminants −D < 0, except for at most one exceptional discriminant −D.
The state-of-the-art effective lower bound for h(−D) in general is the following bound given by Oesterlé
[Oes85]:

hK(−D) >
1

7000
(logD)

∏
p|D prime
p 6=D

(
1−
b2√pc
p+ 1

)
. (3.4.1)

Note that the product on the right-hand side of (3.4.1) is smaller than 1 for all fundamental discriminants
−D. Therefore, asymptotically, Oesterlé’s bound grows at most as fast as c logD for some constant c.
Hence we see that our bound from Theorem 3.3.5 gives a (logD)-power improvement on (3.4.1) as soon
as r ≥ 3.

Example 3.4.2. Consider the curve

E : y2 = x3 − 52x+ 100.

Then |E(Q)tors| = 1, r = 3 and RQ(E) ≈ 0.2737 (see [LMF22]). Using that Ω3 = 4π/3, we compute

c(E)

2
√

12r
≥ 1

11
.

Therefore, for sufficiently large discriminants of the form −DE(t) = −4(t3 − 52t− 100) with t ∈ Z>0 we
obtain

hK(−DE(t)) ≥ 1

11
(log (DE(t)))

3
2 ,

which asymptotically improves on (3.4.1) by a factor (log (DE(t)))
1
2 . ♦

However, note that any positive power of D eventually grows faster than any power of logD. Therefore,
asymptotically our bounds are weaker than Siegel’s ineffective bound.

Remark 3.4.3. For elliptic curves over Q it is an open problem whether the rank of an elliptic curve can be
arbitrarily large. The largest example known to date is an elliptic curve constructed by Elkies with rank
at least 28. So if we would have used that curve in the above example2, we would obtain a class number
bound that asymptotically improves on (3.4.1) by a factor (log(DE(t)))13. In the paper [PPVW19], the
authors present a probabilistic model providing heuristics for the rank of elliptic curves over Q. These
heuristics suggest that there are only finitely many elliptic curves over Q with rank larger than 21. In
particular, this would imply that there is an absolute bound for the rank of elliptic curves over Q. This
would give a remarkable dissimilarity between number fields and global function fields, since for elliptic
curves over Fq(T ) it is in fact proven that there are curves of arbitrarily large rank. In Section 4.3 we
will look at a construction by Ulmer [Ulm14] of curves over Fq(T ) for which the rank becomes arbitrarily
large. ♦

In Section 4.5 in the next chapter, we do the same as in this section but for global function fields instead
of number fields. As we will see, the Hasse-Weil theorem (Theorem 1.3.5) plays an important role in
bounding the class number of global function fields. Since the Hasse-Weil theorem is the function-field
analogue of the Riemann hypothesis, it is interesting to examine what bounds for class numbers of number
fields we can obtain assuming the generalised Riemann hypothesis. We have the following theorem.

Theorem 3.4.4. Assuming the generalised Riemann hypothesis, there exists an effectively computable
constant c0 such that if −D is a fundamental discriminant and D > c0 then

hK(−D) > c1

√
D

logD
,

where c1 > 0 is a fixed absolute constant.

2We didn’t, because the coefficients of this curve are very big.
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Chapter 3. Lower Bounds for Class Numbers of Number Fields

Proof. See [Gol85, §3] and the references there for a proof of this theorem.

Note that Theorem 3.4.4 gives a bound that is both effective and, for any given ε > 0, asymptotically
stronger than the one given by Siegel.
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Chapter 4

Lower Bounds for Class Numbers of
Function Fields

In this chapter we derive a lower bound for the class number of certain families of imaginary quadratic
function fields, using the same strategy as in the previous chapter. In the first two sections, we give the
function-field analogue of Sections 3.1 and 3.3 of the previous chapter. Our proofs and results will be
very similar to those in [GO20], but apart from that are original work by the author. As in the number
field case, the bound we obtain depends on the rank of the elliptic curve we use. In Section 4.3 we give a
construction due to Ulmer [Ulm14] of elliptic curves over constant extensions of Fq(T ) for which the rank
becomes arbitrarily large. In section 4.4 we take a closer look at the bound from Section 4.2 using this
specific family of elliptic curves. Lastly, Section 4.5 gives an overview of the literature on lower bounds for
class numbers of global function fields, which we also compare to our results from the previous sections.
All fields considered in this chapter will be global function fields.

4.1 Class Pairings for Function Fields

In this section we generalise the results from Section 3.1 to function fields. As shown below in Theorem
4.1.3, we can generalize Theorem 3.1.4 to function fields, yielding what we will call form class pairings.
However, since for function fields we found in Section 1.6 that inequivalent quadratic forms with funda-
mental discriminant D ∈ Fq[T ] do not correspond one-to-one with elements of the ideal class group IK of

K = Fq(T )(
√
D), we cannot define an ideal class pairing ΨD as in Definition 3.1.7. Instead, in Definition

4.1.5 we will define form class pairings as maps of the form

ΦD : E(Fq(T ))× ED(Fq(T ))→ QD.

From Section 1.6 we know that
QD/(Z/2Z) ∼= IK ,

so we see that if we can construct n inequivalent quadratic forms using ΦD, then hIK = |IK | ≥ n/2.

Let us start by fixing some notation for the rest of this chapter.

We let D ∈ Fq[T ] be a fundamental discriminant such that D is the discriminant of an imaginary quadratic

field K = Fq(T )(
√
D). We call such a fundamental discriminant imaginary . Recall from Section 1.4 that

this is equivalent to taking D ∈ Fq[T ] square-free such that either deg(D) is odd, or deg(D) is even and
the leading coefficient of D is not a square in F∗q . Further, we let E/Fq(T ) be an elliptic curve given by

E : y2 = x3 + a2x
2 + a4x+ a6, a2, a4, a6 ∈ Fq[T ]

with rank r ≥ 1, discriminant ∆, and j-invariant j. Note that we take a slightly more general Weierstrass
form for E then the usual short Weierstrass form. We do this because in the Section 4.4 we want to use
explicit curves that are of this form. Note that since we are working in characteristic unequal to 2 or 3,
the curve E is isomorphic to a curve given by a short Weierstrass equation. We let ED be the quadratic
twist of E by D:

ED : Dy2 = x3 + a2x
2 + a4x+ a6. (4.1.1)
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Note that this definition of ED does not contain a factor 1
4 on the left-hand side like in the previous

chapter. This is because 2 is a unit in Fq[T ], so we do not have to be as careful with factors 2 or 1
2

as in the number field case. As we will see, this will actually make our lives easier when proving the
function-field equivalent of Theorem 3.1.4, which will be Theorem 4.1.3 below.

We take two affine points P ∈ E(Fq(T )) and Q ∈ ED(Fq(T )), such that y(Q) 6= 0. By Proposition 1.7.4
there exist polynomials A,B,C ∈ Fq[T ] with gcd(A,C) = gcd(B,C) = 1 such that

P =

(
A

C2
,
B

C3

)
.

Lemma 4.1.1. There exist unique polynomials u, v, w ∈ Fq[T ] such that

Q =
( u

w2
,
v

w3

)
,

and gcd(u,w2) and gcd(v, w3) both divide D.

Remark 4.1.2. In this chapter, v will always denote a polynomial. We write vp for the valuation on Fq(T )
corresponding to a monic irreducible polynomial p ∈ Fq[T ], cf. Section 1.5. ♦

Proof. The proof is (almost) the same as that of Lemma 3.1.1 in the case that D is even, where we
replace D/4 ∈ Z by D ∈ Fq[T ] and instead of prime numbers p we consider monic irreducible polynomials
p ∈ Fq[T ].

Lastly, we put

α = Aw2 − uC2 and G = gcd(α,C6v2).

The next theorem gives the function-field analogue of Theorem 3.1.4.

Theorem 4.1.3. Assuming the foregoing notation and hypotheses, there exist infinitely many polynomials
` ∈ Fq[T ] such that

FP,Q(X,Y ) :=
α

G
·X2 +

w3B + ` · αG
C3v

·XY +
(w3B + ` · αG )2 − C6v2D

4C6v2 · αG
· Y 2

is a discriminant D binary quadratic form with coefficients in Fq[T ]. Further, the choice of ` does not
affect the SL2(Fq[T ])-equivalence of FP,Q, and if we have two pairs of points (P1, Q1) and (P2, Q2) such
that FP1,Q1

and FP2,Q2
are SL2(Fq[T ])-equivalent, then there exists a unit a ∈ F∗q such that

α1

G1
= a · α2

G2
or

∣∣∣∣ α1α2

G1G2

∣∣∣∣
∞
≥ |D|∞.

Remark 4.1.4. Note that the factor 4 in the denominator of the Y 2-coefficient is necessary such that FP,Q
has discriminant D. ♦

Proof. A straightforward calculation shows that FP,Q has discriminant D. We will now show that FP,Q
is integral, i.e. its coefficients lie in Fq[T ]. We have α

G ∈ Fq[T ], so we want to prove the existence of
polynomials ` ∈ Fq[T ] such that w3B + ` · αG is divisible by C3v and (w3B + ` · αG )2 −C6v2D is divisible
by 4C6v2 · αG . Clearly, if some polynomial ` satisfies the second condition then it also satisfies the first.

We define f(x) := x3 + a2x
2 + a4x+ a6. Then f( AC2 ) = B2

C6 and f( u
w2 ) = D · v

2

w6 . We have

f

(
A

C2

)
− f

( u

w2

)
=

(
A

C2
− u

w2

)(
A2

C4
+

Au

C2w2
+
u2

w4
+ a2

A

C2
+ a2

u

w2
+ a4

)
,

and α = w2C2
(
A
C2 − u

w2

)
. Hence α divides

w6C6

(
f

(
A

C2

)
− f

( u

w2

))
= w6B2 − C6v2D, (4.1.2)
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implying that G divides w6B2. If we let H = gcd(w3B,C3v), then G divides H2 = gcd(w6B2, C6v2).
Hence C3v/H divides C6v2/G, showing that gcd(C3v/H, αG ) = 1. We let k be any polynomial satisfying

α

G
· k ≡ −w

3B

H
(mod

C3v

H
). (4.1.3)

Note that since α
G is coprime to C3v/H, such polynomials can easily be found by inverting α

G modulo
C3v
H . We define `′ = Hk, such that

α

G
· `′ ≡ −w3B (mod C3v).

Then (w3B + `′ · αG )2 − C6v2D is divisible by C6v2. We want that it is also divisible by α, since in that
case it is divisible by 4C6v2 · αG (recall that 4 ∈ Fq[T ]∗). By (4.1.2) we have(

w3B + `′ · α
G

)2
− C6v2D ≡ `′2 · α

2

G2
+ 2w3B`′ · α

G
(mod α).

Since the expression on the left-hand side of the above equation is divisible by C6v2, it is divisible by G.
As α is also divisible by G, the expression on the right-hand side must also be divisible by G. We define
the polynomial

I =
`′2 · α

2

G2 + 2w3B`′ · αG
G

.

What is left to show, is that we can choose `′ such that I is divisible by α
G . Exactly like in the proof of

Theorem 3.1.4, this follows from the fact that by the Chinese remainder theorem we can choose k such
that it is divisible sufficiently many times by α

G . Taking ` = `′ for such k, we conclude that for these
polynomials ` the quadratic form FP,Q is integral.

Now, for the SL2(Fq[T ])-equivalence of FP,Q for different choices of `, we note that

FP,Q(X,Y ) =
G

α

[(
α

G
X +

w3B + ` · αG
2C3v

Y

)2

+ 1
4DY

2

]
. (4.1.4)

Suppose that `1 = Hk1 and `2 = Hk2 are two polynomials such that FP,Q is integral. We write FP,Q,`1
and FP,Q,`2 to distinguish between the two quadratic forms. By (4.1.3) we have

`1 ·
α

G
= `2 ·

α

G
+ n · C3v

for some n ∈ Fq[T ]. This shows that FP,Q,`1(X,Y ) = FP,Q,`2(X + 1
2nY, Y ). Since 1

2n ∈ Fq[T ] and
1 · 1− 1

2n · 0 = 1, we see that FP,Q,`1 and FP,Q,`2 are SL2(Fq[T ])-equivalent.

Finally, suppose that (P1, Q1) and (P2, Q2) are two pairs of points for which FP1,Q1 and FP2,Q2 are
SL2(Fq[T ])-equivalent. For i ∈ {1, 2} we write Ai, Bi, Ci, ui, vi, wi, αi, Gi and `i for the quantities
corresponding to these two pairs of points. Then there is an element

(
a b
c d

)
∈ SL2(Fq[T ]) such that

FP2,Q2
(X,Y ) = FP1,Q1

(aX + bY, cX + dY ). By (4.1.4), the coefficient of X2 in FP2,Q2
satisfies

α2

G2
=
G1

α1

( α1

G1
a+

w3
1B1 + `1 · α1

G1

2C3
1v1

c

)2

+ 1
4Dc

2

 .
If c = 0, then ad = 1. This implies that a ∈ F∗q and therefore a2 ∈ F∗q . We obtain α2

G2
= α1

G1
a2. Now

suppose that c 6= 0. In this case, the fact that D is an imaginary fundamental discriminant will play a
crucial roll1. Namely, this implies that either the degree of 1

4Dc
2 is odd, or its leading coefficient is not

a square in F∗q . In both cases, we find that

deg

( α1

G1
a+

w3
1B1 + `1 · α1

G1

2C3
1v1

c

)2

+ 1
4Dc

2

 ≥ degD.

Hence, we obtain ∣∣∣∣ α1α2

G1G2

∣∣∣∣
∞
≥ |D|∞.

1Note that in the proof of Theorem 3.1.4 this is also the case, as we used there that the discriminant −D was negative.
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Chapter 4. Lower Bounds for Class Numbers of Function Fields

As explained at the start of this section, we cannot define an elliptic curve ideal class pairing for function
fields like Ψ−D from the previous chapter. Instead, we will remove the correspondence between classes
of quadratic forms and ideal classes from these pairings, yielding elliptic curve form class pairings.

Definition 4.1.5. Assume the same notation and hypotheses as in Theorem 4.1.3. We define the elliptic
curve form class pairing corresponding to the elliptic curve E and the discriminant D as the map

ΦD : E(Fq(T )× ED(Fq(T ))→ QD, (P,Q) 7→ [FP,Q],

where [FP,Q] denotes the SL2(Fq[T ])-equivalence class of the quadratic form FP,Q from Theorem 4.1.3.

4.2 Lower Bounds for Class Numbers

In this section we will use the elliptic curve form class pairings from Definition 4.1.5 to give a lower bound
for the class number hK(D) of K = Fq(T )(

√
D) in terms of D. Please note that we use the notation hK

and hIK for the class number and ideal class number of a global function field, respectively, and we write

h, hx and ĥ for the height functions defined in Chapter 2. Our strategy will be very similar to that in
Section 3.3.

Recall that we consider an elliptic curve E/Fq(T ) given by

E : y2 = x3 + a2x
2 + a4x+ a6, a2, a4, a6 ∈ Fq[T ].

Using the elliptic curve form class pairing described in Theorem 4.1.3 we can construct discriminant D
binary quadratic forms from pairs of points on E and ED. By constructing inequivalent such quadratic
forms, we can give a lower bound for the class number hK(D). However, for function fields this is
slightly more complicated than for number fields. In the number field case, SL2(Z)-equivalence classes
of quadratic forms obtained from Theorem 3.1.4 corresponded one-to-one with elements in the (ideal)
class group. For function fields this is different in two ways. First, by Corollary 1.6.8 there is no one-
to-one correspondence between the group QD of SL2(Fq[T ])-equivalence classes of discriminant D binary
quadratic forms and the ideal class group IK of OK . Instead, we have

QD/(Z/2Z) ∼= IK .

Therefore, if we construct n distinct equivalence classes of binary quadratic forms using Theorem 4.1.3,
then we can only say that hIK = |IK | ≥ 1

2n. Secondly, the number hIK is not what we call the class
number of K, as it is not an invariant of K but rather depends on the choice for T we made in Remark
1.2.2. The class number of K is the number of degree zero equivalence classes of divisors of K, and is
denoted by hK or hK(D) since D determines the field K. By Proposition 1.4.5 we have hK = hIK if
deg(D) is odd, and hK = 1

2h
I
K otherwise. So in total, if we obtain n distinct classes of binary quadratic

forms from Theorem 4.1.3, we obtain

hK(D) ≥ 1

2σ
n where σ =

{
1 if deg(D) is odd,

2 else.
(4.2.1)

Just as in the previous chapter, we will only consider a specific family of discriminants. Namely, we
consider those of the form

DE(f) = f3 + a2f
2 + a4f + a6, with f ∈ Fq[T ]. (4.2.2)

For fundamental discriminants DE(f) of this shape, we always have the point Qf = (f, 1) ∈ ED(Fq(T )).

We note that since E is isomorphic to a curve given by a short Weierstrass equation, the results in 3.2
still hold for E. However, in order to use our Theorem 2.4.16 which bounds the difference between ĥ and
hx on E, we will have to adapt the theorem because these bounds depend on the specific Weierstrass
model we choose for the elliptic curve. In [Sil09, §III.1] it is shown that via the coordinate transformation

x′ =
x− 12a2

36
and y′ =

1

216
y,

the curve E is isomorphic to the curve

E′ : y′2 = x′3 +A′x′ +B′,
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4.2. Lower Bounds for Class Numbers

where

A′ = 1296a4 − 432a22 and B′ = 3456a32 − 15552a2a4 + 46656a6

We denote the discriminant of E′ by ∆′, and we write j for the j-invariant of E and E′.

Proposition 4.2.1. Let E/Fq(T ) be an elliptic curve given by

E : y2 = x3 + a2x
2 + a4x+ a6, a2, a4, a6 ∈ Fq[T ],

and let E′, ∆′ and j be as defined above. Then for all P ∈ E(Fq(T )) we have

− 1
8h(j)− 1

12h(∆′)− 1
2h(a2) ≤ ĥ(P )− 1

2hx(P ) ≤ 1
12h(∆′) + 1

12h(j) + 1
2h(a2).

Proof. For P = O the result is clear, so let P = (x, y) ∈ E(Fq(T )) be an affine point, and write
P ′ = (x′, y′) for the corresponding point on E′(Fq(T )). By Theorem 2.4.16 we have

− 1
8h(j)− 1

12h(∆′) ≤ ĥ(P ′)− 1
2hx(P ′) ≤ 1

12h(∆′) + 1
12h(j). (4.2.3)

We note that the canonical height function ĥ is independent of the chosen Weierstrass model for E, which
follows from Theorem 2.4.2(b) and Theorem 2.4.6. Hence, we have ĥ(P ) = ĥ(P ′). We write 1

36x = f/g
with coprime polynomials f, g ∈ Fq[T ], and h = − 1

3a2 ∈ Fq[T ]. Then we have

x′ =
f

g
+ h =

f + gh

g
.

Since f and g are coprime, we must have that f + gh and g are coprime. Then, by (2.1.1) in the proof
of Theorem 2.1.8, and since multiplication by constants does not affect the height, we have

h(x) = log max{|f |∞, |g|∞},
h(a2) = log |h|∞,
h(x′) = log max{|f + gh|∞, |g|∞}.

This implies that h(x′) ≤ h(x)+h(a2). Now suppose that h(x′) < h(x). Then we must have |g|∞ < |f |∞,
and |f |∞ = |g|∞ · |h|∞. Since h(x′) ≥ log |g|∞, this implies that

h(x′) ≥ log (|f |∞/|h|∞) = h(x)− h(a2).

So, using that hx(P ) = h(x) and hx(P ′) = h(x′), in total we have

hx(P )− h(a2) ≤ hx(P ′) ≤ hx(P ) + h(a2). (4.2.4)

Then the desired result follows by combining (4.2.4) and (4.2.3), and using that ĥ(P ) = ĥ(P ′).

In light of the above proposition, we define

δ(E) = 1
8h(j) + 1

12h(∆) + 1
2h(a2) + 1

4 log(2). (4.2.5)

Further, we define

τE(f) = 1
4 log

(∣∣∣∣DE(f)

f2

∣∣∣∣
∞

)
− δ(E). (4.2.6)

The following theorem is our function-field equivalent of Theorem 3.3.2.

Theorem 4.2.2. Let B be a set of linearly independent points in E(Fq(T ))/E(Fq(T )tors) with diameter
d = d(B). Suppose that f ∈ Fq[T ] is a polynomial such that τE(f) ≥ d and DE(f) is an imaginary
fundamental discriminant satisfying |DE(f)|∞ ≤ |f4|∞. Then

hK(DE(f)) ≥ c(E,B)

4σ

(
τE(f)

r
2 − r

√
dτE(f)

r−1
2

)
.
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Chapter 4. Lower Bounds for Class Numbers of Function Fields

Proof. By Proposition 3.2.5 we have

#{P ∈ E(Fq(T )) : ĥ(P ) ≤ τE(f)} ≥ c(E,B)
(
τE(f)

r
2 − r

√
dτE(f)

r−1
2

)
. (4.2.7)

Now, we will examine which points P ∈ E(Fq(T )) such that ĥ(P ) ≤ τE(f) get mapped to inequivalent
quadratic forms when paired with Qf by the form class pairing ΦD from Definition 4.1.5. Suppose that we

have two points Pi = (Ai/C
2
i , Bi/C

3
i ) for i ∈ {1, 2} such that ĥ(Pi) ≤ τE(t). We write F1 = FP1,Qf and

F2 = FP2,Qf . Since Qf = (f, 1), we have αi = Ai− fC2
i and Gi = gcd(αi, C

6). Hence by gcd(Ai, Ci) = 1
we obtain Gi = 1. Using Proposition 4.2.1 we find

hx(Pi) ≤ 2
(
ĥ(Pi) + 1

8h(j) + 1
12h(∆) + 1

2h(a2)
)

by Theorem 2.4.16

≤ 2τE(f) + 1
4h(j) + 1

6h(∆) + h(a2)

= 1
2 log

(∣∣∣∣DE(f)

f2

∣∣∣∣
∞

)
− 1

2 log(2) by (4.2.6) and (4.2.5)

= 1
2 log

(
|DE(f)|∞

2|f2|∞

)
. (4.2.8)

We define the height function H(P ) = exp(hx(P )), such that H(Pi) = max{|Ai|∞, |C2
i |∞}. Then

|αi|∞ ≤ |f |∞H(Pi)

Further, by (4.2.8) we have

H(Pi) ≤
√
|DE(f)|∞√
2 · |f |∞

, (4.2.9)

implying that |αi|∞ ≤
√
|DE(f)|∞/

√
2. Therefore, we obtain

|α1α2|∞ ≤
|DE(f)|∞

2
.

If there does not exist a unit a ∈ F∗q such that α1 = aα2, then Theorem 4.1.3 tells us that F1 and F2 are
inequivalent quadratic forms. Now suppose there does exist such a unit a. Then

A1 + fC2
1 = aA2 + afC2

2 , (4.2.10)

which in particular implies that A1 ≡ aA2 (mod f). Our assumption that |DE(f)|∞ ≤ |f4|∞ implies by
(4.2.9) that H(Pi) ≤ |f |∞/

√
2. Hence |Ai|∞ ≤ |f |∞/

√
2, showing that deg(Ai) < deg(f). Then, since

A1 ≡ aA2 (mod f), we must have A1 = aA2. Then by (4.2.10) we also have C2
1 = aC2

2 , so

A1

C2
1

=
aA2

aC2
2

=
A2

C2
2

.

This shows that the points P1 and P2 have the same x-coordinate, which by the Weierstrass equation
implies that P1 = ±P2. Note that this also implies that ĥ(P1) = ĥ(P2). So we have shown that for two

points P1 and P2 in the set {P ∈ E(Fq(T )) : ĥ(P ) ≤ τE(f)} we either have P1 = ±P2 or their associated
quadratic forms F1 and F2 are inequivalent. Hence, from the points in this set we obtain

#{P ∈ E(Fq(T )) : ĥ(P ) ≤ τE(f)}
2

distinct equivalence classes of binary quadratic forms in QDE(f). Then, by (4.2.1) we find that

hK(DE(f)) ≥ 1

4σ
·#{P ∈ E(Fq(T )) : ĥ(P ) ≤ τE(f)}.

Substituting (4.2.7) in the above inequality yields the desired result.

Remark 4.2.3. From the proof of Theorem 4.2.2, it is obvious that in (4.2.5) we can take any constant
ε > 0 instead of 1

4 log(2) and the proof still works. If we choose a smaller constant there, the number
τE(f) becomes larger for a given f , which gives a slightly stronger version of Theorem 4.2.2. However,
asymptotically the difference is negligible, so we chose the constant 1

4 log(2) because it works out nicely
in the proof. ♦
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Remark 4.2.4. We make a few additional short remarks. First, note from (4.2.2) that there is an effectively
computable constant n0(a2, a4, a6) such that if |f |∞ ≥ n0 then deg(DE(f)) is odd. Second, we remark
that since DE(f) is cubic in f , the condition that |DE(f)|∞ ≤ |f4|∞ is satisfied for all f such that
|f |∞ ≥ n1(a2, a4, a6), where n1(a2, a4, a6) is effectively computable. Lastly, there exists an effectively
computable constant n2(a2, a4, a6, d) such that if |f |∞ ≥ n2 then τE(f) ≥ d. ♦

If |f |∞ is large enough, we have |DE(f)|∞ = |f |3∞. For such polynomials f we have τE(f) = 1
4 log(|f |∞)−

δ(E). So for polynomials f with |f |∞ sufficiently large, we can view |DE(f)|∞ and τE(f) as functions of
|f |∞.

Lemma 4.2.5. Asymptotically, viewing |DE(f)|∞ and τE(f) as functions of |f |∞, we have

τE(f) ∼ log(|DE(f)|∞)

12
.

Proof. By the above discussion, for polynomials f with |f |∞ sufficiently large we have

τE(f) =
1

4
log(|DE(f)|

1
3∞)− δ(E) =

log(|DE(f)|∞)

12
− δ(E),

from which the result is obvious.

The next theorem is the function-field analogue of Theorem 3.3.5. For a given elliptic curve E, it gives
a lower bound on the class number hK(DE(f)) in terms of |DE(f)|∞.

Theorem 4.2.6. Let E/Fq(T ) be an elliptic curve of rank r ≥ 1 given by

E : y2 = x3 + a2x
2 + a4x+ a6, a2, a4, a6 ∈ Fq[T ],

and let B be a set of r linearly independent points in E(Fq(T ))/E(Fq(T ))tors. Let ε > 0. Then there exists
an effectively computable constant N(E,B, ε) such that, if f ∈ Fq[T ] is a polynomial such that DE(f) is
an imaginary fundamental discriminant and |f |∞ ≥ N(E,B, ε), then

hK(DE(f)) ≥ c(E,B)

4
√

12r
(1− ε) log (|DE(f)|∞)

r
2 .

Proof. We let d = d(B). By Remark 4.2.4 there exists an effectively computable constant n(E, d) such
that if DE(f) is an imaginary fundamental discriminant and |f |∞ ≥ n(E, d) then

hK(DE(f)) ≥ c(E)

4

(
τE(f)

r
2 − r

√
dτE(f)

r−1
2

)
. (4.2.11)

Using Lemma 4.2.5, we can show that there exists an effectively computable constant N(E, ε) such that, if
f ∈ Fq[T ] is a polynomial such that DE(f) is an imaginary fundamental discriminant and |f |∞ ≥ N(E, ε),
then

τE(f)
r
2 − r

√
dτE(f)

r−1
2 ≥ 1√

12r
(1− ε) log(|DE(f)|∞)

r
2 . (4.2.12)

The proof of the above equation works exactly the same as in the proof of Theorem 3.3.5. We only have
to replace log(DE(t)) by log(|DE(f)|∞), and use Lemma 4.2.5 instead of Lemma 3.3.4. The desired result
follows by plugging (4.2.12) into (4.2.11).

4.3 Elliptic Curves of Large Rank

Note that the bound we obtain in Theorem 4.2.6 depends on the rank r of the elliptic curve E. Asymp-
totically, the larger the rank, the better the bound we obtain, exactly like in the number field case in
the previous chapter. For elliptic curves over Q, it is still an open problem whether there are curves
of arbitrarily large rank. However, for elliptic curves over Fq(T ) it there exist multiple constructions of
families of elliptic curves with arbitrarily large rank. In this section we will give such a construction due
to Ulmer [Ulm14], and in the next section we examine the bounds that result from Theorem 4.2.6 using
these curves. The elliptic curves we construct will all be defined over a rational function field Fq(T ).
However, we emphasize that the number q will vary between different elliptic curves.
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Chapter 4. Lower Bounds for Class Numbers of Function Fields

Let θ ≥ 1 be an integer. We put

d = pθ + 1.

Note that our assumption that p 6= 2, 3 implies that d is even. In this chapter, we will study elliptic
curves Eθ of the form

Eθ : y2 = x(x+ 1)(x+ T d), (4.3.1)

defined over a rational function field Fq(T ) that contains a d’th root of unity.

Lemma 4.3.1. The smallest positive integer n such that Fpn contains a primitive d’th root of unity
equals n = 2θ.

Proof. Write q = pn. Then the group F∗q is cyclic of order pn − 1. Hence, F∗q contains a primitive d’th

root of unity if and only if d = pθ + 1 | pn − 1. Suppose that pθ + 1 | pn − 1 for some positive integer n.
Then we must have n > θ, so there exists a positive integer δ such that n = θ + δ. We have

pn − 1 = pθ+δ − 1 = pδ(pθ + 1)− (pδ + 1).

Therefore the fact that pθ + 1 | pn − 1 implies that pθ + 1 | pδ + 1. This means that δ ≥ θ, and therefore
n ≥ 2θ. From (p2θ − 1) = (pθ + 1)(pθ − 1) we see that Fp2θ indeed contains a d’th root of unity.

By the above lemma, for the rest of this chapter we will put

q = p2θ,

such that Fq(T ) contains a primitive d’th root of unity. We fix such a root in Fq(T ) and denote it by
ζd. The elliptic curve Eθ defined in (4.3.1) is defined over the field Fq(T ), which depends on θ. Since
d− 1 = pθ and Fq(T ) has characteristic p, we have

1 + (ζidT )d−1 = (1 + ζidT )d−1, for all i = 1, . . . , d.

From this we obtain the identity

ζidT (ζidT + 1)(ζidT + (ζidT )d) = ζ2id T
2(ζidT + 1)d,

showing that Eθ(Fq(T )) contains the rational points

Pi = (ζidT, ζ
i
dT (ζidT + 1)

d
2 ), i = 1, . . . , d.

We denote the subgroup of Eθ(Fq(T )) generated by the points Pi by Vθ, and we write r(θ) for the rank
of Eθ(Fq(T )). One of the main results in [Ulm14] is the following theorem.

Theorem 4.3.2 ([Ulm14, Theorem 12.1(4)]). The group Vθ has rank d− 2, and its index in Eθ(Fq(T ))
is finite. In particular, this means that r(θ) = d− 2 = pθ − 1, and therefore r(θ) tends to ∞ if θ →∞.

This implies that among the points Pi there is a subset of d − 2 linearly independent points. As Ulmer
shows in [Ulm14, Prop. 8.4], the sums

d/2∑
i=1

P2i and

d/2∑
i=1

P2i−1

are both contained in the torsion group Eθ(Fq(T ))tors. These are the only relations between the points
Pi. Therefore, the set

Bθ = {P1, . . . , Pd−2}

consists of linearly independent points in Eθ(Fq(T )). If we identify the points Pi with their equivalence
classes in the lattice Λ = Eθ(Fq(T ))/Eθ(Fq(T ))tors, then we can also view Bθ as a set of linearly inde-
pendent points in Λ. In the next section we will use the class number bounds we derived in Section 4.2,
where Eθ will take the role of E and Bθ that of B.

52



4.4. Class Number Bounds With Large Ranks

4.4 Class Number Bounds With Large Ranks

In this section we will use the elliptic curves Eθ in our construction of lower bounds for class numbers
of imaginary quadratic function fields given in Section 4.2. We want to see what happens if we use a
family of curves for which the rank becomes infinitely large. Note that if we vary the elliptic curve in this
construction, then the quantity c(E) will vary accordingly. Further, recall that the elliptic curves Eθ are
defined over different fields Fq(T ), where q = p2θ.

Let us give a brief overview of the situation. We let θ be a positive integer, and we let d, Eθ, r(θ), Bθ
and q = p2θ as defined in the previous section. For a fundamental discriminant D ∈ Fq[T ], the quadratic
twist EθD of Eθ is defined as in (4.1.1). We can write the elliptic curve Eθ as

Eθ : y2 = x3 + (1 + T d)x2 + T dx.

Therefore, for each θ we consider discriminants of the form

Dθ(f) = f3 + (1 + T d)f2 + T df, with f ∈ Fq[T ].

We define the field

Kθ = Fq(T )(
√
Dθ(f)),

and we denote its class number by hKθ (Dθ(f)). From Theorem 4.2.6 we obtain the following bound for
the class number.

Corollary 4.4.1. Assume the foregoing notation, and let ε > 0. Then there exists an effectively com-
putable constant N(θ, ε) such that, if f ∈ Fq[T ] is a polynomial for which Dθ(f) is an imaginary funda-
mental discriminant and |f |∞ ≥ N(θ, ε), then

hKθ (Dθ(f)) ≥ c(Eθ,Bθ)
4
√

12r(θ)
(1− ε) log(|Dθ(f)|∞)

r(θ)
2 .

We want to write the bound in the above corollary as an explicit function of p, θ and |Dθ(f)|∞. For this
we have to take a closer look at the function c(Eθ,Bθ).

Recall from the previous chapter that

c(Eθ,Bθ) =
|Eθ(Fq(T ))tors| · Ωr(θ)√

RFq(T )(Eθ,Bθ)
.

Writing the number of torsion points on Eθ as a function of θ is easy, since by [Ulm14, Prop. 6.1] we
have for all θ ≥ 1 that

|Eθ(Fq(T ))tors| = 8.

Recall that Ωr(θ) is the volume of the unit ball in Rr. We have

Ωr(θ) =
π
r(θ)
2

( r(θ)2 )!
.

Lastly, we consider the Bθ-regulator RFq(T )(E
θ,Bθ). Recall that Bθ = {P1, . . . , Pd−2}, so we have

RFq(T )(E
θ,Bθ) = |det(〈Pi, Pj〉)1≤i,j≤d−2|.

Theorem 4.4.2 ([Ulm14, Theorem 8.2]). The height pairing of the points in Bθ is given by

〈Pi, Pj〉 =


(d−1)(d−2)

2d · log(q) if i = j,
1−d
d · log(q) if i− j is even and 6= 0,

0 if i− j is odd.
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We define the matrix Mθ = (〈Pi, Pj〉)1≤i,j≤d−2, such that RFq(T )(E
θ,Bθ) = |detMθ| . For example,

when d− 2 = 6 this matrix is of the form

Mθ =


a 0 b 0 b 0
0 a 0 b 0 b
b 0 a 0 b 0
0 b 0 a 0 b
b 0 b 0 a 0
0 b 0 b 0 a

 ,

where the values of a, b ∈ R can be found in Theorem 4.4.2. The following lemma gives a nice formula
for the determinant of matrices of this form.

Lemma 4.4.3. Let n ≥ 2, and let M = (mij)1≤i,j≤n ∈Mn(R) be an n× n matrix with real coefficients
mij, such that

mij =


a if i = j,

b if i− j is even and 6= 0,

0 if i− j is odd.

Further, if n ≥ 3 assume that a+ lb 6= 0 for all l = 0, . . . ,
⌈
n−4
2

⌉
. Then the determinant of M is given by

detM = (a− b)n−2
(
a+

⌊
n− 2

2

⌋
b

)(
a+

⌈
n− 2

2

⌉
b

)
. (4.4.1)

Proof. We prove this lemma using induction on n. For n = 2, the formula (4.4.1) gives the correct
determinant detM = a2. Now let n ≥ 3 be a positive integer and suppose that the lemma holds for
n−1. We write M ′ for the (n−1)× (n−1) matrix we obtain by deleting the bottom row and right-most
column of M . Then M ′ satisfies the conditions in the lemma, so by our induction hypothesis we have

detM ′ = (a− b)n−3
(
a+

⌊
n− 3

2

⌋
b

)(
a+

⌈
n− 3

2

⌉
b

)
.

We distinguish between the cases that n is even or odd. First suppose that n is even. Then by assumption
we have a+ n−4

2 b 6= 0. We define

c =
b

a+ n−4
2 b

.

Then b− ca− n−4
2 cb = 0. Since n is even, the bottom row of M has even index. The j’th element in the

bottom row is 0 if and only if the same holds for the j’th element in all the other even-indexed rows. The
number of even-indexed rows that are not the bottom row is n−2

2 . If the j’th element in the bottom row
is a b, then exactly n−4

2 other even-indexed rows have a b as j’th element, and exactly one even-indexed
row has a as its j’th element. Lastly, the n’th element of the bottom row is an a, and the n’th element
of all the other even indexed rows is a b. We write S for the sum of all even-indexed rows except the
bottom row, multiplied by c. Then if we subtract S from the bottom row, the bottom row becomes(

0 · · · 0 a− n−2
2 cb

)
,

which consists of only zeroes except for the n’th element. Since subtracting S from the bottom row does
not affect the determinant, and using that bn−32 c = n−4

2 and dn−32 e = n−2
2 , we obtain

detM =

(
a− n− 2

2
cb

)
· detM ′,

=

(
a2 + n−4

2 ab− n−2
2 b2

a+ n−4
2 b

)
· detM ′,

=

(
(a− b)(a+ n−2

2 b)

a+ bn−32 cb

)
· detM ′,

= (a− b)n−2
(
a+

n− 2

2
b

)(
a+

n− 2

2
b

)
.

54



4.4. Class Number Bounds With Large Ranks

Now suppose that n is odd. Our strategy will be very similar to the case that n is even. Now, by
assumption, we have a+ n−3

2 b 6= 0. We put

c =
b

a+ n−3
2 b

,

such that b − ca − n−3
2 cb = 0. Since n is odd, the bottom row of M has odd index, and there are n−1

2
other odd-indexed rows. This time, we let S be the sum of all odd-indexed rows except the bottom row,
multiplied by c. Subtracting S from the bottom row of M yields(

0 · · · 0 a− n−1
2 cb

)
,

which consists of only zeroes except for the n’th element. Therefore the determinant of M is given by

detM =

(
a− n− 1

2
cb

)
· detM ′,

=

(
a2 + n−3

2 ab− n−1
2 b2

a+ n−3
2 b

)
· detM ′,

=

(
(a− b)(a+ n−1

2 b)

a+ n−3
2 b

)
· detM ′,

= (a− b)n−2
(
a+

n− 3

2
b

)(
a+

n− 1

2

)
.

This proves the lemma.

For the matrix Mθ, we have in the notation of the above lemma

a =
(d− 1)(d− 2)

2d
· log(q), b =

1− d
d
· log(q), n = d− 2.

Then b 6= 0 and a + n
2 b = 0, implying that a + kb 6= 0 for all l = 0, . . . , dn−42 e. Therefore Lemma 4.4.3

gives

RFq(T )(E
θ,Bθ) =

∣∣∣∣∣
(
d− 1

2
log(q)

)d−4(
d− 1

d
log(q)

)2
∣∣∣∣∣

=
4

d2

(
d− 1

2
log(q)

)d−2
.

Now we can write c(Eθ,Bθ) completely in terms of θ. We obtain

c(Eθ,Bθ) = 8 · π
pθ−1

2

(p
θ−1
2 )!

· 1

2
pθ+1

(pθθ log(p))
pθ−1

2

= 4 · p
θ + 1

(p
θ−1
2 )!

(
π

θpθ log(p)

) pθ−1
2

.

From this we compute

c(Eθ,Bθ)
4
√

12pθ−1
=

pθ + 1

(p
θ−1
2 )!

(
π

12θpθ log(p)

) pθ−1
2

. (4.4.2)

We have now proved the following theorem.

Theorem 4.4.4. Assume the foregoing notation, and let ε > 0. Then there exists an effectively com-
putable constant N(θ, ε) such that, if f ∈ Fq[T ] is a polynomial for which Dθ(f) is an imaginary funda-
mental discriminant and |f |∞ ≥ N(θ, ε), then

hKθ (Dθ(f)) ≥ pθ + 1

(p
θ−1
2 )!

(
π

12θpθ log(p)

) pθ−1
2

(1− ε) log(|Dθ(f)|∞)
pθ−1

2 . (4.4.3)

Proof. This follows from Corollary 4.4.1 and (4.4.2).
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The above theorem shows that if m is any integer satisfying m < pθ−1
2 , then for large enough discriminants

Dθ(f) (in terms of | · |∞) we have

hKθ (Dθ(f)) > log(|Dθ(f)|∞])m. (4.4.4)

How large is ‘large enough’ depends on the constant N(θ, ε) and the bound given in the theorem. It turns
out that even for relatively small m, the discriminant Dθ(f) has to be huge in order to satisfy (4.4.4),
making the bound less suited for computational purposes. This can already be seen from the expression
(4.4.2), which obviously tends to 0 very fast if θ → ∞. In the following example we compute for small
values of p and θ how large the discriminant Dθ(f) should be such that the bound from Theorem 4.4.4
is non-trivial.

Example 4.4.5. In this example we compute for small values of p and θ how large the degree of the
discriminant Dθ(f) should be such that the bound in (4.4.3) is non-trivial, i.e. its right-hand side is at least
1. Note that we only compute how large degDθ(f) should be under the assumption that the assumption
|f |∞ ≥ N(θ, ε) from Theorem 4.4.4 is satisfied. Clearly, if we find a minimal value for degDθ(f) such
that the bound is non-trivial, but it turns out that this condition is not satisfied, then we should take
degDθ(f) even larger to obtain a non-trivial bound from Theorem 4.4.4. The calculations in this example
were verified using SageMath [The22].

Optimistically, we will for the moment forget about the factor (1 − ε) in (4.4.3). Note that adding this
factor only means that we have to take even larger discriminants for the bounds to be non-trivial, so this
gives us a strict lower bound on the degree of the discriminant. Recall that

|Dθ(f)|∞ = qdegDθ(f) = p2θ degDθ(f).

Since we assume that p 6∈ {2, 3}, the smallest value we can take for p is p = 5. For p = 5, the following
table lists for small values of θ the smallest degree degDθ(f) such that the bound (4.4.3) is non-trivial:

θ 1 2 3 5
degDθ(f) 6 193 5285 3421987

.

Similarly, if we take θ = 2 and we vary the prime p, we obtain

p 5 7 11 13 17
degDθ(f) 193 780 4948 9740 28783

.

♦

For the asymptotic behaviour of the class number of the fields Kθ, we can either study the behaviour
when θ → ∞, or the behaviour when p → ∞. The above example shows that in both situations, if
we want to use Theorem 4.4.4 to bound the class number, then we can only say something about fields
Kθ = Fq(T )(

√
Dθ(f)) for which the degree of the discriminant quickly becomes extremely large. This

is not very practical. In the next section, we will give an overview of the known class number bounds
for global function fields, and compare them to Theorem 4.4.4. As we will see, Theorem 4.4.4 is in fact
inferior to the best known bounds in all aspects.

4.5 Comparison to the Literature

In this section we discuss how our bounds from Theorem 4.4.4 compare to the literature. Note that
although we only considered imaginary quadratic fields, most bounds from the literature are for general
global function fields. We start by giving an overview of the known bounds for class numbers of global
function fields.

Recall from Section 1.4 that the genus of an imaginary quadratic global function field Fq(T )(
√
D) is given

by

g =
deg(D)− υ

2
where υ =

{
1 if deg(D) is odd,

2 if deg(D) is even.

So studying the asymptotic behaviour of the class number hK(D) as a function of degD is equivalent to
studying it as a function of g.

Now, let K/Fq be a global function field with class number hK and genus g. We are mainly interested in
the asymptotic behaviour of hK when g → ∞. There appears to be rather little literature on this topic
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for the specific case that K is imaginary quadratic, but for general function fields it is a classical problem
just like its number theoretic analogue. Recall from Corollary 1.3.7 that the Hasse-Weil theorem implies

(
√
q − 1)2g ≤ hK ≤ (

√
q + 1)2g. (4.5.1)

If K is imaginary quadratic then (
√
q)2g = q−υ

√
|D|∞. Hence we see that asymptotically as function

of g, Equation (4.5.1) is very similar to Siegel’s theorem on page 43 for number fields. Moreover, unlike
Siegel’s result these bounds are completely explicit and effective. So asymptotically as a function of |D|∞,
the class numbers of imaginary quadratic function fields grow similar to the class numbers of imaginary
quadratic number fields as a function of the discriminant D. However, from the Hasse-Weil theorem, or
the (proven) Riemann hypothesis for function fields, we obtain effective lower bounds for the class number
that are much better than we have for number fields. In fact, they are similar to the effective bounds we
obtain for number fields assuming the generalised Riemann hypothesis. This is especially clear when we
compare Theorem 3.4.4 to the following result by Lachaud and Martin-Deschamps.

Theorem 4.5.1. Assuming that the degree [K : Fq(T )] remains bounded as we let g → ∞, there exist
explicit constants c1 and c2 such that

c1

√
Θ

log Θ
≤ hK ≤ c2

√
Θ(log

√
Θ)n−1,

where Θ = q2g−2.

Proof. For the proof we refer to [LMD90, §5].

Note that the assumption in the above theorem is of course satisfied for imaginary quadratic function
fields, and for such fields we have Θ = q−2−υ|D|∞. Therefore, if we assume that we leave q fixed, we can
actually replace Θ by |D|∞ in the above theorem, yielding exactly the same lower bound as in Theorem
3.4.4 with D replaced by |D|∞.

At the time of writing, the best known lower bound for class numbers of global fields that can be expressed
purely in terms of q and g, and with no assumptions on the field except that g ≥ 1, is given by

hK ≥ qg−1
(q − 1)2

(q + 1)(g + 1)
, (4.5.2)

see [LMD90, Theorem 2(1)]. In the same paper, the authors give two improvements on this bound in
special cases where for example we know that the smooth irreducible curve C corresponding to K (cf.
Theorem 1.1.9) has at least one Fq-rational point. Similarly, relatively recent results by Ballet, Rolland
and Tutdere [BRT15] and Aubry, Haloui and Lachaud [AHL13] improve on the bound in (4.5.2) in many
cases, assuming that we have some extra information about the function field.

We will now compare the bound in (4.5.2) to our own result from Theorem 4.4.4. So we go back to
considering imaginary quadratic global function fields K = Fq(T )(

√
D). To facilitate the comparison, we

write (4.5.2) in terms of |D|∞ instead of g. We have

g =
log (|D|∞)− υ log(q)

2 log(q)
and qg−1 = q−

υ
2−1
√
|D|∞.

Therefore (4.5.2) becomes

hK(D) ≥ 2(q − 1)2 log(q)√
qυ+2(q + 1)

·
√
|D|∞

log(|D|∞) + (2− υ) log(q)
. (4.5.3)

Since any positive power of |D|∞ eventually grows faster than any power of log(|D|∞), we see that no
matter how large we take θ or p in Theorem 4.4.4, the bound we obtain will asymptotically in terms
of |D|∞ always be inferior to (4.5.3). Therefore, our only hope to improve on (4.5.3) is to do this for
small values of |D|∞. However, we note that the bound in Theorem 4.4.4 only holds for sufficiently large
discriminants. Moreover, as we saw in Example 4.4.5, the discriminant |D|∞ has to become very large
very quickly in order for the bounds in Theorem 4.4.4 to be non-trivial. We note that at least for the
small values of p and θ we considered in Example 4.4.5, if |Dθ(f)|∞ is large enough that our bound is
non-trivial, then the bound is long surpassed by that in (4.5.3).
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Remark 4.5.2. As a final remark, let us briefly summarise why our strategy for bounding the class number
from below using elliptic curve form class pairings yields a bound asymptotic to

c(log(|D|∞))
r
2 (4.5.4)

for some constant c > 0, instead of a faster growing function of |D|∞.

In Theorem 4.1.3 we gave a necessary condition for two quadratic forms obtained via the construction
in that theorem to be SL2(Fq[T ])-equivalent. We used this in the proof of Theorem 4.2.2 to show that
we can use the elliptic curve form class pairing and rational points on the elliptic curve E with canonical
height at most τE to construct inequivalent quadratic forms. Recall that we defined

τE(f) = 1
4 log

(∣∣∣∣DE(f)

f2

∣∣∣∣
∞

)
− δ(E). (4.5.5)

If we took another definition of τE(f) that asymptotically grows faster, then the bound we obtain in
Theorem 4.2.2 would become stronger. However, we cannot do this because we need (4.2.8) and (4.2.9)
to show that the quadratic forms we obtain are inequivalent. The best we can do is change τE(f) such
that the factor

√
2 in (4.2.9) gets replaced by any smaller factor ε′ > 1. We can do this by taking any

constant ε > 0 instead of 1
4 log(2) in the definition of δ(E). As we noted in Remark 4.2.3, this does not

affect the proof of Theorem 4.2.2, but it also does not affect the asymptotic behaviour of τE(f). So,
asymptotically, we cannot define τE(f) such that it grows faster than in (4.5.5) and such that the proof
of Theorem 4.2.2 still works.

The shape of the bound we obtain in Theorem 4.2.2 in terms of τE(f) comes from Proposition 3.2.5
which gives a lower bound for the number of rational points on E of canonical height at most τE(f).
As we noted just before stating Proposition 3.2.5, asymptotically this bound only differs from the actual
amount of rational points of bounded canonical height by a constant factor. So also in this Proposition
there is, asymptotically speaking, not much room for improvement.

Together, our choice for τE(f) and the bound from Proposition 3.2.5 determine the lower bound we
obtain in Theorem 4.2.6. Therefore, by the above discussion, apart from obtaining a larger constant
c, we cannot derive a lower bound for class numbers of imaginary quadratic global function fields that
is asymptotically stronger than (4.5.4), without making significant changes or additions to our strategy
using elliptic curve form class pairings. ♦
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List of Symbols

| · |v the absolute value on K corresponding to a prime v ∈MK .
#{. . .} the number of elements in the finite set {. . . }
〈·, ·〉 the Néron-Tate pairing
∆ the discriminant of E
ε a positive real constant
ζR the Riemann zeta function
ζK the zeta function of a global function field K
Λ the lattice E(Q)/E(Q)tors
ΛB the sublattice of Λ generated by B
λv the local height function associated to a prime v
ΦD the elliptic curve form class pairing defined in Definition 4.1.5
Ψ−D the elliptic curve ideal class pairing defined in Definition 3.1.7
Ωr the volume of the unit ball in Rr
B a set of r linearly independent points in Λ
B(R) the closed ball in Rr or radius R centered at the origin
C the complex numbers
CL(K) the class group of a global field K
CL+(K) the narrow class group of a real quadratic number field K
CLdiv(K) the divisor class group of an algebraic function field K
CL0

div(K) the subgroup of divisor classes of degree 0 of CLdiv(K)
c(E,B) the constant defined on page 38
char(K) the characteristic of K
Div(K) the group of divisors of an algebraic function field K
Div0(K) the subgroup of divisors of degree 0 of Div(K)
deg(·) the degree of a divisor (class) or polynomial
det(M) the determinant of the matrix M
E an elliptic curve
E(Q)tors the torsion subgroup of E(Q)
Fq the finite field with q elements
GL2(Z) the general linear group of degree 2 over Z
g the genus of a function field
h the absolute logarithmic height

ĥ the canonical height on E
hK the class number of a global field K
hIK the ideal class number of a global function field
hx the (Weil) height on E (corresponding to x : E → P1)
IK for a global function field K, the ideal class group of OK
J(C) the Jacobian of a curve C
j the j-invariant of E
K a field
K∗ the unit group of K
K an algebraic closure of K
Ksep the separable closure of K in K
Kv the completion of K at the prime v
K(C) the function field of an irreducible smooth curve C
K1K2 the compositum of two fields K1 and K2
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k a field

k̃ the constant field of an algebraic function field K/k
L (D) the Riemann-Roch space associated to a divisor D ∈ Div(K)
L(t) the L-polynomial of a global function field
MK the set of primes of a global field K defined in Definition 1.5.2
nv the local degree of a global field K at a valuation v
O the point at infinity on E
OK the ring of integers of a global field K
OP the valuation ring corresponding to a place P of a field K
Ov the valuation ring corresponding to a prime v of a field K
PK the set of places on a global function field K
Pn(K) n-dimensional projective space over K
Princ(K) the group of principal divisors of K
p a prime number unequal to 2 or 3
p an irreducible monic polynomial in Fq[T ]
Q the rational numbers
QD the form class group for forms with discriminant D
q a power of p
R the real numbers
R the rational subfield of a global field
RR(E) the regulator of E/R
RR(E,B) the B-regulator of E/R as defined on page 38
Re(s) the real part of an element s ∈ C
r the rank of E
S for a global function field, the set of primes at infinity
SL2(Z) the special linear group of degree 2 over Z
T a fixed element in a global field K/Fq transcendental over Fq
T the Tate curve
Vol(U) the volume of a subset U ⊂ Rr
vp the p-valuation on Fq(T )
v∞ the degree valuation on Fq(T ) or the prime of Fq(T ) corresponding to it
x the morphism x : E → P1 defined in (2.2.2)
x̃ the map x̃ : E → R defined in Theorem 2.4.8
(x) the principal divisor corresponding to an element x ∈ K
Z the integers
Z(t) the Zeta-function of a global function field
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absolute height, 20
algebraic function field, 4
asymptotic, 39

binary quadratic form, 14

canonical height, 24
class group, 7
class number, 7
constant field, 4

defined over K (morphism), 20
degree, 5
degree of a divisor, 5
degree valuation, 12
diameter, 38
discriminant, 8, 14
divisor, 5
divisor class group, 5

elliptic curve form class pairing, 48
elliptic curve ideal class pairing, 37
elliptic function field, 10
equivalent (quadratic forms), 15, 16
equivalent divisors, 5

field of constants, 4
form class group, 15
fundamental discriminant, 15, 16

genus, 6
geometric extension, 11
global field, 6
global function field, 6

height on elliptic curve, 22
height on projective space, 19
height pairing, 25
hyperelliptic function field, 10

ideal class group, 7
ideal class number, 7
imaginary fundamental discriminant, 45
imaginary quadratic function field, 10
indefinite quadratic form, 15
integral (v-integral), 25

L-polynomial, 8
local degree, 13

local height function, 26
logarithmic height, 22

minimal field of definition, 21
morphism, 20

narrow class group, 15
negative definite, 15
norm, 8
Néron function, 26
Néron-Tate pairing, 25

order, 8

place, 5, 13
positive definite, 15
prime, 13
prime at infinity, 13
principal divisor, 5
product formula, 12

quadratic form, 14

rank, 18
rational function field, 4
rational subfield, 7
real quadratic function field, 11
regulator of elliptic curve, 38
relative height, 19
residue class field, 5
Riemann hypothesis, 9
Riemann-Roch space, 6
ring of integers, 7

short Weierstrass equation, 17
standard set of abs. values, 12

Tate curve, 29
topology, v-adic, 25
trace, 8

uniformizer, 5

Weierstrass equation, 17
Weil height, 22

Zeta function, 8
zeta function, 9
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