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Abstract

In this thesis we describe the Malliavin calculus based approach to stochastic integration
with fractional Brownian motion (fBm). This approach is an extension of Itô calculus to
non-semimartingales and was developed in two separate streams in the early 2000s. While
other approaches exist, it is the most common way to interpret a stochastic integral due to
the fact that it is centered, a property which other approaches do not share.

Next to the definition of the stochastic integral, the thesis contains an elaborate introduction
into Malliavin calculus, the Skorohod integral, white noise theory and the properties of the
fractional Brownian motion itself. Furthermore, we introduce a new numerical method to
approximate fractional Brownian motions and linear SDEs. This method can also be applied
to simulate paths of the regular Brownian motion.

Keywords: Fractional Brownian Motion, Stochastic Integration, Malliavin Calculus, White
Noise Theory
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Notation

Wt regular Brownian motion

WH
t fractional Brownian motion with Hurst-index H

s ∧t minimum of s and t

s ∨t maximum of s and t

⊥ orthogonal on a Hilbert space

〈x, y〉H inner product on Hilbert space H

〈x, x∗〉 linear functional x∗ evaluated at x

‖x‖p the Lp norm of x

C(X) continuous functions on X

CγHölder(X) hölder continuous functions with Hölder constant γ.

Cp(X) p-times continuously differentiable functions on X, where p ∈ N ∪∞

∂if(x) partial derivative of f with respect to the i-th coordinate, evaluated at x

φ(x),Φ(x) PDF/CDF for standard normal random variable

X∗ topological Dual space of X

Xt
d
= Yt Xt and Yt are equivalent in distribution

P→ convergence in probability

d→ convergence in distribution

a.s→ almost sure convergence

Lp→ Lp convergence

〈X〉t quadratic variation process

X ∼ N(µ, σ2) the process X follows a normal distribution with mean µ and variance σ2

δn,m Dirac delta function
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1. INTRODUCTION 4

1 Introduction

Classical stochastic integration as introduced by Itô is a standard tool in stochastic analysis
and is fundamental to modern mathematical finance. The Itô integral is well-defined for
any semimartingale and thus for a large array of processes. The fractional Brownian motion
(fBm) as introduced by Mandelbrot and van Ness [1], however, does not belong to the class
of semimartingales. Itô’s formulation is thus not well-defined for stochastic integrals with
respect to a fractional Brownian motion.

The fractional Brownian motion is a generalization of the standard Brownian motion and
a popular stochastic process to model additive white noise in weather patterns, electricity
prices, certain financial assets and more [2],[3]. The process allows for positively or negatively
auto-correlated increments, which have been found to be realistic for such problems. In
order to use models based on fractional Brownian motions, a stochastic calculus framework
is required. It is thus a relevant question to interpret the meaning of

dXt = YtdW
H
t , (1.1)

where Yt is a suitable possibly stochastic process and WH
t a fractional Brownian mo-

tion.

Over the years, different interpretations of a fractional stochastic integral as in Eq. (1.1)
have been formed using different tools from stochastic analysis. One of the first approaches
was by Lin [4] to consider the integral as a limit of Riemann sums∫ t

0

YsdW
H
s = lim

|∆|→0

∑
Yti−1

(WH
ti −W

H
ti−1

).

While this approach was certainly intuitive, this integral does not satisfy

E
[∫ t

0

YsdW
H
s

]
= 0,

and is thus not centered. This revealed to be problematic for practical purposes, as the
integral loses its meaning as ”additive noise” [5]. Other notable approaches such as the
path-wise integral [6] followed shorty after. However, none of these approaches managed to
solve the problem with the expected value.

In an attempt to remedy the non-centered issue, Duncan et al. [7] introduced a similar idea
to Lin’s utilizing the properties of Wick calculus. While this approach was promising, it
only worked for a Hurst-index greater than 1

2 . In subsequent years, Elliott, van der Hoek,
Øksendal and Biagini [8], [9] expanded on Duncan’s idea in several papers. They showed how
the integral can be constructed for any H, using classical white noise theory by Hida and
so-called fractional operators. This approach will be referred to as the Wick-Skorohod-Itô
(WIS) integral in this thesis.

At about the same time, Decreusefond and Üstünel [10] introduced a fractional stochastic
integral also using fractional operators. In contrast to the WIS integral, their approach is
based on the divergence operator from classical Malliavin calculus and does not use white
noise theory. This approach was further driven by Alòs, Mazet and Nualart [11], [12], [13]
as well as Cheridito and Nualart [14], showing several interesting properties. This approach
will be referred to as the divergence integral.

In current literature, the WIS integral and the divergence integral are most commonly used
to interpret Eq. (1.1). While the two approaches seem to be different at first sight, it is
known that the two approaches are equivalent [15]. The reason for the equivalence is that
they are based on the same tools from stochastic analysis, namely Malliavin calculus. The
approaches are thus referred to as the Malliavin calculus approaches.
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In a recent paper, Xia et al. [16] introduced two new formulations, which they call the
forward and symmetric Wick-Itô integrals. Their formulation is intuitive and similar to
Duncan’s formulation, but works for any H. Xia also showed that both these integrals
coincide with the divergence integral and thus also fall within the class of Malliavin-calculus
approaches.

The purpose of this thesis is threefold. Firstly, it serves as a complete and self-contained
introduction to the Malliavin approaches of fractional stochastic integrals. We will intro-
duce the necessary concepts from Malliavin calculus and white noise theory, which are
crucial for the formulation of a fractional stochastic integral. We will then introduce the
three Malliavin-based approaches (WIS, Divergence and Xia) and show the advantages and
disadvantages of each approach.

The second purpose of this thesis is to show the equivalence of WIS integral and Xia integral.
While this equivalence is implied by an equivalence of both approaches to the divergence
integral, a direct proof of the equivalence has not yet been provided.

Thirdly, we will provide a new numerical method to simulate paths of regular Brownian
motions, fractional Brownian motions as well as stochastic differential equations containing
fractional stochastic integrals. The approximation method is based on the results of the
WIS integral.

The thesis is structured in the following way: In Section 2, we will introduce the fractional
Brownian motion and its properties. In Section 3, we will then give an introduction to both
classical Malliavin calculus as well as white noise theory. This section will lay the foundation
for Section 4, where we will discuss three different ways to formulate the fractional stochas-
tic integral. In Section 5 we will consider the numerical aspects of (fractional) Brownian
motions.

2 Fractional Brownian Motion

2.1 Definition and Basic Properties

The fractional Brownian motion is a stochastic process which generalizes the regular Brow-
nian motion. Its properties depend on a parameter H, called the Hurst-index. Suppose
that (P,Ω,F) is a probability space.

Definition 2.1. Let H ∈ (0, 1) be a constant and WH
t = WH(t, ω) : [0,∞) × Ω → R be a

continuous and centered Gaussian process, such that

E[WH
t W

H
s ] =

1

2
(t2H + s2H − |t− s|2H). (2.1)

We call WH
t a fractional Brownian motion (fBm) with Hurst index H.

Note that if H = 1
2 , the covariance from Eq. (2.1) reduces to t ∧ s, which shows that in

that case WH
t is a standard Brownian motion. From the definition, we can derive the three

important properties of the fractional Brownian motion, called similarity (i), stationary
increments (ii) and time inversion (iii) .

Proposition 2.1. Let WH
t be a fBm. Then:

i) For any a > 0, we have

(a−H)WH
at

d
= WH

t .

ii) For any h > 0, we have

WH
t+h −WH

h
d
= WH

t .
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iii) We have

t2HWH
1
t

d
= WH

t .

Proof. As Gaussian processes are uniquely determined by their mean and covariance [17,
Lemma 14.1], it suffices to show that the left-hand side is a centered Gaussian process with
covariance as in Definition 2.1. In all cases it is trivial to see that the process is centered
and Gaussian as WH

t is centered and Gaussian. Furthermore, for i), we have

E[(a−H)WH
at (a

−H)WH
as ] = a−2HE[WH

atW
H
as ] =

a−2H

2
(|at|2H + |as|2H)− |at− as|2H

=
1

2
(|t|2H + |s|2H − |t− s|2H).

For ii), we have

E[(WH
t+h −WH

h )(WH
s+h −WH

h )] = E[WH
t+hW

H
s+h]− E[WH

t+hW
H
h ]

− E[WH
s+hW

H
h ] + E[(WH

h )2] =
1

2
(|t|2H + |s|2H − |t− s|2H),

Similarly, for iii),

E[t2HWH
1
t
s2HWH

1
s

] = t2Hs2HE[WH
1
t
WH

1
s

] =
t2Hs2H

2
(|1
t
|2H + |1

s
|2H − |1

t
− 1

s
|2H),

from which we derive

=
1

2
(|s|2H + |t|2H − |s− t|2H =

1

2
(|t|2H + |s|2H)− |t− s|2H).

This concludes the proof for all cases.

The stationary increments property implies that the sequence

{WH
n+1 −WH

n : n ∈ N}

is stationary. Unlike for the regular Brownian motion, this sequences exhibits auto-correlation.
If H > 1

2 , the fBm exhibits positive auto-correlation, and if H < 1
2 , we have negative auto-

correlation. This can be seen by simple evaluation of the covariance of the increments.

Due to the difference in positive versus negative autocorrelation, one often has to distinguish
the cases H < 1

2 and H > 1
2 . In fact, the process can behave very differently in the two

cases. For instance, if H > 1
2 , the fBm exhibits so-called long-range dependence, meaning

that
∞∑
n=1

E
[
WH

1

(
WH
n+1 −WH

n

)]
=∞,

which heuristically can be understood as that the increments significantly depend on the
history of the process [15, Section 1.4].

It is commonly known that the fractional Brownian motion has so-called stochastic represen-
tations, meaning that one can express the process as a stochastic integral (see for instance
[18, Section 2.3]).

2.2 Semimartingale Property

In order to verify the premise of this thesis, we want to confirm that the fBm is indeed not
a semimartingale if H 6= 1

2 and thus that Itô calculus is not sufficient. A common approach
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to show this is due to Rogers [19]. The idea is to consider the p-variations of the fractional
Brownian motion

Vp(W
H ; Πn) :=

n∑
k=1

|WH
tk
−WH

tk−1
|p,

where Πn is a finite partition of the interval [0,∞). The reason this quantity is relevant is the
following: If WH

t is a semimartingale, many properties about the convergence of Vp(W
H
t ; Π)

as |Π| → 0 are known. For instance, if p = 2, it will converge uniformly on compacts in
probability (UCP) to its quadratic variation process [20, Proposition 7.4].

Proposition 2.2. For the p-variation of WH
t , we have

Vp(W
H ; Πn ∩ [0, 1]) =

n∑
k=1

|WH
tk∧1 −WH

tk−1∧1|p
P→

{
0, if pH > 1,

∞, if pH < 1.

Proof. Consider the expression

Yn,p = 2n(pH−1)
2n∑
j=1

|WH
j2−n −WH

(j−1)2−n |p,

which due to Proposition 2.1 i) is equal in distribution to

Ỹn,p = 2−n
2n∑
j=1

|WH
j −WH

j−1|p,

Now, note that by Proposition 2.1 ii), the (WH
k −WH

k−1)k∈N is an i.i.d sequence and thus
ergodic. By the Ergodic Theorem [17, Theorem 25.6], we have

Ỹn,p → E[|WH
1 −WH

0 |p] = E[|WH
1 |p]

in L2(Ω). This also implies that
Yn,p → E[|WH

1 |p]

in distribution. However, by definition,

Yn,p = 2n(pH−1)Vp(W
H ; Πn ∩ [0, 1]).

This proves the proposition.

The fact that the fBm is not a semimartingale follows directly from this proposition.

Theorem 2.1. The fBm WH
t is not a semimartingale for any H 6= 1

2 .

Proof. Suppose that WH
t is a semimartingale. Then, we have

sup
t≤1
|V2(WH ; Πn ∩ [0, t])− 〈WH〉t|

P→ 0,

by the UCP convergence. Suppose that H < 1
2 . Then,

|V2(WH ; Πn ∩ [0, 1])− 〈WH〉1|
P→ 0.

However, since V2(WH ; Πn ∩ [0, 1])
P→ ∞ by Proposition 2.2 this is a direct contradiction

since 〈WH〉1 <∞ almost surely.
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Suppose now that H > 1
2 . With the same reasoning, we have 〈WH〉t = 0 almost surely and

thus WH
t has bounded variation. This contradicts the fact that V1(WH ; Πn ∩ [0, 1])

P→ ∞,
which is given by Proposition 2.2.

We conclude that, if H < 1
2 of H > 1

2 , the process WH
t is not a semimartingale.

It turns out that the semimartingale property is not the only property that is lost for
fractional Brownian motions. In a similar fashion, one can show that the fBm is not a
Markovian process if H 6= 1

2 [18, Theorem 2.3]. This is an indication for the difficulties
which can occur when working with the fractional Brownian motion.

2.3 Applications of Fractional Brownian Motion

The intrinsic properties of fractional Brownian motions, such as autocorrelation and long-
range dependence make it suitable for the modelling of various naturally occurring random
problems. Here, we list a few examples of such models.

In financial modelling, the famous Black-Scholes model uses a geometric Brownian motion
to model stock returns. However, critics of this model argue that a process with long-range
dependence is more appropriate to model stock returns [21],[22]. An extension of the Black-
Scholes model to allow for fBm is thus considered a logical next step. However, various
papers have already shown that such an extension is not trivially possible without violating
a fundamental principal of financial markets. Rogers [19] showed that due to the fact that the
fBm is not a semimartingale, theoretical arbitrage exists and thus violates the no-arbitrage
hypothesis. Several authors tried to circumvent this issue by restricting the set of admissible
trading strategies, under the premise that such strategies are not realistic due to transaction
costs, et cetera. Hu and Øksendal [23] showed that an arbitrage-free fractional Black-
Scholes model can exist if one restricts the admissible strategies to so-called WIS-admissible
strategies. However, it turned out that such a restriction has no economic interpretation
and is not realistic, as simple easy-to-implement strategies were deemed not admissible. A
fractional Black-Scholes model which does not violate the principles of financial markets
remains to be found. A more extensive discussion on this topic can be found in [5].

Next to a Black-Scholes extension, researchers saw the potential of the fractional Brownian
motion in other financial applications. A promising, relatively new development in financial
modelling are so-called rough volatility models. A rough volatility model is a specific case
of a stochastic volatility model, where the volatility process is driven by a rough fractional
Brownian motion (H < 1

2 ). An often applied model is the so-called rough Bergomi model,
where the volatility process is given by

σ2
t = expZt,

where Zt is a fractional Ornstein-Uhlenbeck process [24]. It has been shown empirically
that rough volatility models are remarkably close to reality [25]. Due to the fact that the
price process is still driven by a regular Brownian motion, the models do not violate the
non-arbitrage condition.

We have seen that the no-arbitrage condition causes problems in modelling stock prices
with fBm and thus cannot be directly applied. There are, however, financial derivatives
whose underlying does not need to satisfy the no-arbitrage condition, due to the fact that
it is not a tradable asset. A prime example are weather derivatives, where the underly-
ing depends on future weather patterns, such as amount of sunny days versus rainy days.
Furthermore, the weather is suitable to be modelled by a fractional Brownian motion, due
to its obvious autocorrelation. The most notable work in pricing weather derivative is a
paper by Benth [2], who applies Øksendal’s approach to fractional stochastic calculus to
price weather derivatives.



3. STOCHASTIC INTEGRATION WITH MALLIAVIN CALCULUS 9

The fractional Brownian motion is not only applicable to financial problems. As Mandelbrot
and van Ness [1] suggest, thickness of tree rings can be modelled by a fBm. In fact, the
earliest ideas for a fractional Brownian motion developed when Hurst attempted to model
the flow of water through the Nile [26]. We see that applications to the fractional Brownian
motion are versatile.

In this section we have seen that the fractional Brownian motion is a centered Gaussian
process, which is characterised by the covariance function Eq. (2.1). Next to a few properties,
we have seen that the fBm is not a semimartingale. In the last part we showed a few examples
of practical applications of the fBm.

3 Stochastic Integration with Malliavin Calculus

We will now introduce and discuss the necessary background in Malliavin calculus and white
noise theory needed to construct the Malliavin-based approaches. The theory of this chapter
is more general and is not only applicable to fractional Brownian motions.

The main part of this chapter is based on Malliavin calculus, which is the idea to define a
stochastic derivative operator on a Gaussian probability space. Next to such a derivative,
one obtains an operator called the Skorohod integral. This operator, as we will see, can be
derived in various ways. As the name suggests, it is a stochastic integral and it generalizes
Itô’s integral to a larger domain of integrands.

We start the section by introducing the classic definitions of the Malliavin derivative as
described in [13]. From this, we obtain our first definition of the Skorohod integral as the
adjoint of the Malliavin derivative. Afterwards, we consider iterated stochastic integrals,
which give us a more intuitive definition of the Skorohod integral.

Lastly, we introduce classical white noise theory as described in [27]. From this framework,
we obtain the Skorohod integral from the Pettis integral on the Hida space and the white
noise process.

3.1 Isonormal Gaussian Processes

We begin with the notion of isonormal Gaussian processes, which form the foundation of
classical Malliavin calculus.

Definition 3.1. Let H be a real-valued separable Hilbert space and let W : H → L2(Ω) be
a mapping onto the space of square integrable functions for some probability space (P,Ω,F).
We call the family of random variables {W (h) : h ∈H } an H -isonormal Gaussian process
if

i) W (h) is a Gaussian random variable for all h ∈H ,

ii) E[W (h)W (g)] = 〈h, g〉H for all h, g ∈H .

Note that the second property implies that the map W is an isometry between H and
L2(Ω). For simplicity, we will mostly drop the “Gaussian” and simply call the process W
an H -isonormal process, or isonormal process if it is clear which Hilbert space is meant.
The following proposition shows that such maps can be found for suitable Hilbert space,
and that W (h) constitutes a Gaussian process in the usual sense.

Proposition 3.1. Let H be any real-valued separable Hilbert space. Then, there is a map
W , such that {W (h) : h ∈H } is an isonormal Gaussian process. Furthermore, the process
W (h) is a Gaussian stochastic process.
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Proof. We will first show the existence of the map W . Denote (hk)k∈N as an orthonor-
mal basis of H and let (γk)k∈N be a sequence of independent standard Gaussian random
variables. Then, the map W : H → L2(Ω) given by

h 7→W (h) =

∞∑
k=1

γk〈h, hk〉H

is well-defined by Bessel’s inequality and the fact that, for all k, we have that

γk〈h, hk〉H ∼ N(0, 〈h, hk〉2H ).

It follows directly that W (h) is a Gaussian random variable for all h ∈ H . It remains to
show the second property of Definition 3.1. We have that

E[

∞∑
k=1

γk〈h, hk〉H
∞∑
l=1

γl〈g, hl〉H ] =

∞∑
k,l=1

E[γkγl〈h, hk〉H 〈g, hl〉H ] =

∞∑
k

〈h, hk〉H 〈g, hk〉H ,

since E[γkγl] = δk,l. By [28, Theorem 4.13], it follows that

∞∑
k

〈h, hk〉H 〈g, hk〉H = 〈h, g〉H ,

and thus that W is indeed an isonormal process.

To show that W (h) is a Gaussian process, we will first show that it is a linear map. Let
µ, λ ∈ R and see that

E[
(
W (λh+ µg)− λW (h)− µW (g)

)2
]

= E[W (λh+ µg)2 + λ2W (h)2 + µ2W (g)2

− 2λW (λh+ µg)W (h)− 2µW (λh+ µg)W (g) + λµW (h)W (g)].

Using the isometry property, we find

= 〈λh+ µg, λh+ µg〉H + λ2〈h, h〉H + µ2〈g, g〉H − 2λ〈λh+ µg, h〉H
− 2µ〈λh+ µg, g〉H + λµ〈h, g〉H
= 2〈λh+ µg, λh+ µg〉H − 2〈λh+ µg, λh+ µg〉H = 0.

Clearly, the expression W (λh + µg) − λW (h) − µW (g) is the zero element in L2(Ω). This
shows that W is a linear map.

The fact that
(
W (h)

)
h∈H

is a Gaussian process follows directly by the linearity. Indeed,
for any h1, h2 . . . , hn ∈H and α1, α2 . . . αn ∈ R, we have

n∑
k=1

αkW (hk) = W (

n∑
k=1

αkhk),

which is a Gaussian random variable by the definition of an isonormal process.

A classic example of an isonormal process is the so-called Wiener integral as an isonormal
process of square-integrable functions over a finite interval.

Example 3.1. Fix T > 0 and consider the set

E = Span
(
{I[0,t] : t ∈ [0, T ]}

)
,
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which is the linear space of indicator functions on [0,T]. We define the inner product for any
s, t ∈ [0, T ] as

〈I[0,t], I[0,s]〉E = s ∧ t.

The closure of E with respect to this inner product is a Hilbert space. In fact, this Hilbert
space is equal to L2(γ, [0, T ],B(0, T )), where γ is the Lebesgue measure and B(0, T ) the
Borel σ-algebra of [0, T ] . We can thus find an isonormal process W , such that W (I[0,t]) is
a Gaussian random variable for all t and

E[W (I[0,t])
2] = t ∧ t = t.

Furthermore, for any 0 ≤ t1 < t2 ≤ t3 < t4 ≤ T , we have that

E
[
(W (I[0,t2])−W (I[0,t1]))(W (I[0,t4])−W (I[0,t3]))

]
= E[W (I[0,t2])W (I[0,t4]) +W (I[0,t1])W (I[0,t3])

−W (I[0,t2])W (I[0,t3])−W (I[0,t1])W (I[0,t4])]

= (t2 ∧ t4) + (t1 ∧ t3)− (t2 ∧ t3)− (t1 ∧ t4)

= 0.

The process Wt := W (I[0,t]) therefore satisfies almost all the properties of a Brownian
motion, only missing pathwise continuity. However, by Kolmogorov’s continuity theorem
[17, Theorem 4.23], we can find a continuous modification of Wt. This shows that Wt is a
Brownian motion. The random variable

W (h) ∈ L2(Ω)

is called the Wiener integral of h ∈ L2([0, T ]). 4

3.2 The Malliavin Derivative and its Adjoint

It is well-known that paths of stochastic processes, such as the Brownian motion, are not
differentiable in the classical sense. However, with the help of isonormal processes, it is
possible to define such a derivative operator in a generalized sense. This is called the
Malliavin derivative, which we will introduce here.

Throughout Section 3.2, we assume that W is an H -isonormal Gaussian process on a
probability space (P,Ω,F) for a real-valued separable Hilbert space H .

3.2.1 Smooth Random Variables

The definition of a classical derivative for a function requires the function to be sufficiently
smooth. Let us first define different subsets of such smooth functions. We denote the set
of completely smooth functions, i.e. the set of all infinitely continuously differentiable, by
C∞(Rn). Furthermore, we can define the subset C∞b (Rn) as the set of all smooth functions
which are bounded and for which all partial derivatives are bounded.

C∞b (Rn) = {f ∈ C∞(Rn) : ∃M : |f(x)| ≤M, |∂if(x)| ≤M for all x ∈ Rn, i ≤ n}

One can now define “smooth” random variables with the following idea.

Definition 3.2. Let h1, h2, . . . , hn ∈ H and let f ∈ C∞(Rn). The random variable X of
the form

X = f(W (h1),W (h2), . . . ,W (hn)) (3.1)

is smooth in the sense that

∂if(W (h1),W (h2), . . . ,W (hn))
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exists. We denote by S the set of all random variables of this form.

S = {f(W (h1),W (h2), . . . ,W (hn)) : f ∈ C∞(Rn), h1, h2, . . . , hn ∈H , n ∈ N}

Furthermore, we define Sb as the random variables of the form Eq. (3.1), where we restrict
f to C∞b (Rn).

Remark 3.1. Note that since bounded functions are square-integrable, we can consider Sb
as a linear subspace of L2(Ω). Notice also that the representation of X in S and Sb is by
no means unique. In fact, using that W is a linear map we can apply a Gram-Schmidt
procedure to find orthonomal elements e1, e2, . . . , en, with

X = f(W (h1),W (h2), . . . ,W (hn)) = g(W (e1),W (e2), . . . ,W (en)),

for some map g ∈ C∞(Rn).

Example 3.2. Suppose that W (h) is the isonormal process from Example 3.1 with Wt =
W (I[0,t]). The function f(x1, x2) = sin(x1) cos(x2) is in C∞b and thus the expression

f(Wt,Ws) = sin(Wt) cos(Ws)

is a smooth random variable in Sb. 4

Since the functions f ∈ Cb(R) are completely smooth, they have a well-defined derivative
everywhere. This enables us to define a derivative for smooth random variables.

Definition 3.3. Let X ∈ Sb be a random variable of the form

X = f(W (h1),W (h2), . . . ,W (hn)).

We define the Malliavin derivative as the operator D : Sb → L2(Ω; H ), such that

D(X) =

n∑
i=1

∂if (W (h1),W (h2), . . . ,W (hn)) hi.

Remark 3.2. Since we choose f as well as the partial derivatives to be bounded, the expres-
sion D(X) is certainly square-integrable as W (hi) are square-integrable random variables.

Example 3.3. The smooth random variable

f(Wt,Ws) = sin(Wt) cos(Ws)

has Malliavin derivative

D[f(Wt,Ws)] = cos(Wt) cos(Ws)I[0,t] − sin(Wt) sin(Ws)I[0,s] ∈ L2(Ω; H ).

4

Remember from Example 3.1 that we considered W (h) as the “Wiener integral” of h. The
Malliavin derivative then, heuristically, coincides with the chain rule, if we consider hi to be
the derivative of W (hi). We now see that this coincides with what we expect from ordinary
Itô calculus.

Example 3.4. We can now consider the Malliavin derivative of the Brownian motion. We
have f(x) = x and thus

DW (I[0,t]) = f ′(W (I[0,t])) · I[0,t] = I[0,t].
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We see that hi is indeed the derivative of W (hi) in the Malliavin sense. Furthermore, this
agrees with what we expect from classical Itô calculus, as we have

Wt =

∫ T

0

I[0,t](s)dWs,

for an Itô integral with respect to the Brownian motion W(t). 4

Remark 3.3. The Malliavin derivative DX of a random variable X is an H -valued random
variable. This means that

〈DX,h〉H ∈ L2(Ω)

is well-defined as a random variable. Due to the definition of a derivative as a limit for
regular smooth function, it follows that for any h ∈ H , this expression can be interpreted
as a directional derivative. We have that

〈DF, h〉H = lim
ε→0

1

ε
[f (W (h1) + ε〈h1, h〉H , . . . ,W (hn) + ε〈hn, h〉H )

− f (W (h1), . . . ,W (hn))]. (3.2)

The Malliavin derivative is therefore to be interpreted as the change in the random variable
X due to a change in randomness, which is induced by h through W (h).

Just as in ordinary calculus, the Malliavin derivative has many of the standard properties.
For instance, the Malliavin product rule follows directly from the ordinary product rule
and the definition of the Malliavin derivative. Hence, for any two smooth random variables
X,Y , we have

D(XY ) = D(X)Y +D(Y )X.

Similarly, a stochastic integration-by-parts formula exists if we again consider W (h) to be
the integral of h. To proof it, we first need to prove the following relation:

Proposition 3.2. Let X be a smooth random variable. Then, we have that

E[〈DX,h〉H ] = E[XW (h)],

for all h ∈H .

The proof is based on the classic integration-by-parts formula.

Proof. Let h ∈H . Since W is a linear operator, we may assume WLOG that ‖h‖ = 1. We
now construct a function g ∈ C∞b (Rn) and orthonormal elements e1, e2, . . . , en, such that

X = g(W (e1),W (e2), . . . ,W (en)),

where e1 = h. The random variables W (e1),W (e2), . . . follow a standard normal distribu-
tion and are jointly Gaussian. Therefore,

E[〈DX,h〉H ] =

∫
Ω

∂1g(W (e1),W (e2), . . . ,W (en))

=

∫
Rn
∂1g(x)φ(x)dx = −

∫
Rn
g(x)∂1φ(x)dx,

where φ(x) is the Gaussian kernel. Note that we’ve used that φ(x) vanishes at infinity.
Furthermore,

−
∫
Rn
g(x)∂1φ(x)dx =

∫
Rn
x1g(x)φ(x)dx = E[W (e1)g(W (e1),W (e2), . . . ,W (en))],

which confirms the identity.
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This proposition is important because it tells us that the expectation in the integrated state
(i.e. X and W (h)) is the same as in the “derivative state” DX and h. The integration-by-
parts formula follows from this property.

Proposition 3.3. Let X,Y ∈ Sb and h ∈H . Then,

E[Y 〈DX,h〉H ] = E[XYW (h)−X〈DY, h〉H ].

Proof. We may assume that

X = f(W (h1),W (h2), . . . ,W (hn)),

and also
Y = g(W (h1),W (h2), . . . ,W (hn)).

Note that since f and g are bounded, so is fg. From the regular product rule for real-valued
functions, it follows that

D(XY ) = D(X)Y +D(Y )X,

and thus from the previous proposition, it follows that

E[XYW (h)] = E[〈D(XY ), h〉H ] = E[X〈D(Y ), h〉H ] + E[Y 〈D(X), h〉H ].

In classical multivariable calculus, derivative operators are usually unbounded. The same
is true for the Malliavin derivative operator D. However, we can show that it is at least
closable, meaning that we can extend it to a closed operator.

Proposition 3.4. The derivative operator is closable.

Proof. To show that it is closable, it suffices to show that if xn → 0 and Dxn → y, then
y = 0. Let G ∈ Sb be any random variable. Then,

E[〈y, h〉H G] = E[〈 lim
xn→0

Dxn, h〉H G].

We can thus expand the Malliavin derivative from Definition 3.3 to a closed operator which
is defined on a larger space. From now on, we define the operator D as the closed operator
on D1, which we define as the closure of Sb in L2(Ω; H ) with respect to the norm

‖X‖D1 :=
√

E[X2] + E[‖DX‖2H ].

A further question to consider is the existence of higher order derivatives. This requires a
slight generalization of the Malliavin derivative, as the image DX of the derivative operator
is in L2(Ω,H ) rather than L2(Ω,R). The following example shows the generalization, where
the second-order derivative operator exists as a map into L2(Ω,H ⊗H ).

Example 3.5. Suppose that X = W (h)3 is a smooth random variable, where h ∈ H .
Then, the first Malliavin derivative of X is given by

DX = 3W (h)2 h ∈ L2(Ω; H ).

For the second Malliavin derivative, we write

D2(X) = 6W (h)(h, h) ∈ L2(Ω; H ⊗H ),

where (h, g) ∈H ⊗H for some h, g ∈H . 4
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3.2.2 The Divergence Operator

While the study of derivatives of random variables is fruitful in general stochastic analysis,
we are mainly interested in the adjoint operator of the Malliavin derivative, which is known
as the divergence operator.

Theorem 3.1. Let X ∈ L2(Ω; H ) be an H -valued random variable, such that for all
F ∈ D1, we have that

|E[〈DF,X〉H ]| ≤ c‖F‖2, (3.3)

where c is some constant c ≥ 0. Then, there exists a unique random variable δ(X) ∈ L2(Ω),
such that

E[Fδ(X)] = E[〈DF,X〉H ],

for all F ∈ D1.

Proof. In that case, the map L : D1 → R given by

L(F ) = E[〈DF,X〉H ]

is a bounded linear functional on the subspace D1 of L2(Ω). Using the Hahn-Banach the-
orem, we can extend the linear functional to all of L2(Ω) and by the Riesz representation
theorem, there exists a unique element δ(X) ∈ L2(Ω), such that

L(F ) = 〈F, δ(X)〉 = E[Fδ(X)].

Definition 3.4. We define the divergence operator as the operator

δ : Dom δ → L2(Ω),

which is the map X 7→ δ(X) in the sense of Theorem 3.1 and Dom δ is given by the square-
integrable random variables such that Eq. (3.3) holds.

The random variable δ(X) is often called the Skorohod integral of X. As we will later see,
the operator δ can indeed be interpreted as an integral operator.

Example 3.6. By Proposition 3.2, we have that if X = h is a deterministic element in H ,
we have that

δ(h) = W (h).

Now suppose that

X =

n∑
k=1

Xkhk,

where Xk ∈ Sb for all k. Then, for any F , we have

E[〈DF,
n∑
k=1

Xkhk〉H ] =

n∑
k=1

E[Xk〈DF, hk〉H ].

We can thus apply Proposition 3.3 to obtain

E[〈DF,X〉H ] = E

[
F

n∑
k=1

XkW (hk)− 〈DXk, hk〉H

]
,

and therefore

δ(X) =

n∑
k=1

XkW (hk)− 〈DXk, hk〉H . (3.4)

4
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An interesting question is to consider what would happen when composing the derivative
and the integral operator. Note that since ran(δ) ⊂ L2(Ω) is not necessarily contained in D1,
we cannot freely compose the operators. However, for sufficiently regular elements, there
exists a handy relation showing the “commutation relation”, which follows directly from the
result in the previous example.

Proposition 3.5. Let h ∈ H and let X be of the form X =
∑n
k=1Xkhk where for all k

we have Xk ∈ Sb. Then,

〈Dδ(X), h〉H = 〈X,h〉H + δ(〈DX,h〉H ).

Proof. We remember that the product rule is also true for Malliavin derivatives. From
Eq. (3.4), we have that

δ(X) =

n∑
k=1

XkW (hk)− 〈DXk, hk〉H ,

and thus

〈Dδ(X), h〉H =

n∑
k=1

〈Xkhk, h〉H + 〈D(Xk)W (h), h〉H − 〈D(〈DXk, hk〉H ), h〉H .

The first term on the right-hand side is simply 〈X,h〉H . It thus suffices to prove that

n∑
k=1

〈D(Xk)W (h), h〉H − 〈D(〈DXk, hk〉H ), h〉H = δ(〈DX,h〉H ).

We first see that

〈DX,h〉H =

n∑
k=1

〈D(Xkhk), h〉H =

n∑
k=1

〈D(Xk), h〉H hk ∈ L2(Ω,H ).

According to Eq. (3.4) again, we find

δ

(
n∑
k=1

〈D(Xk), h〉H hk

)
=

n∑
k=1

〈D(Xk), h〉H W (hk)− 〈D(〈DXk, h〉H ), hk〉H .

It remains to show that

〈D(〈DXk, h〉H ), hk〉H = 〈D(〈DXk, hk〉H ), h〉H .

By the definition of a smooth random variable as well as Remark 3.1, we can now find
an orthonormal set {e1, e2, . . . , eN} such that Xk = fk(W (e1),W (e2), . . . ,W (eN )) for some
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smooth functions fk.

〈D(〈DXk, h〉H ), hk〉H =

N∑
i=1

〈D(∂ifk〈ei, h〉H ), hk〉H

=

N∑
i=1

〈ei, h〉H 〈D(∂ifk), hk〉H

=

N∑
i,j=1

〈ei, h〉H 〈hk, ej〉H 〈D(∂ifk), ej〉H

=

N∑
i,j=1

〈ei, h〉H 〈hk, ej〉H 〈D(∂jfk), ei〉H

=

N∑
j=1

〈hk, ej〉H 〈D(∂jfk), h〉H

= 〈D(〈DXk, hk〉H ), h〉H ,

where we have used the expansion of h as well as the symmetry of partial derivatives. This
completes the proof.

3.3 Malliavin Calculus with Iterated Integrals

The derivative operator and its adjoint are the cornerstones of Malliavin calculus and its
applications. We will now consider a specific example of an isonormal process and analyse
the derivative/divergence operators in terms of so-called iterated Itô integrals. We will thus
define these operators using the regular tools from Itô calculus. This will allow us to see
why the divergence operator is an “integral”. Throughout this section, we will work on a
complete probability space (P,Ω,F) with Wt = W (t, ω), t ≥ 0 being a classical Brownian
motion.

3.3.1 The iterated Itô integral

We start by introducing a special subset of square-integrable functions. Let T > 0 be finite
and let L2

(
[0, T ]n

)
be the space of real-valued square-integrable functions on [0, T ]n, i.e.

f : [0, T ]n → R, such that

‖f‖2L2([0,T ]n) :=

∫
[0,T ]n

(
f(t1, t2, . . . , tn)

)2
dt1dt2 . . . dtn <∞.

Definition 3.5. We call a function f : [0, T ]n → R symmetric, if

f(t1, t2, . . . , tn) = f(tσ1
, tσ2

, . . . , tσn),

for any permutation (σ1, σ2, . . . , σn) of (1, 2 . . . , n).

We denote the set of all symmetric square-integrable functions as L̃2
(
[0, T ]n

)
. For any non-

symmetric function f ∈ L2
(
[0, T ]n

)
, we can define a symmetrization f̃ ∈ L̃2

(
[0, T ]n

)
which

is given by

f̃ =
1

n!

∑
σ∈Σ

f(tσ1
, tσ2

, . . . , tσn).

Example 3.7. Let us consider some trivial examples of symmetric functions.

• Any single-variate f : [0, T ]→ R function is symmetric.
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• The function
f(x1, x2) = x1x2

is clearly symmetric due to the fact that f(x1, x2) = f(x2, x1).

• The function
g(x1, x2) =

x1

x2 + 1

is not symmetric. The symmetrization of g is given by

g̃ =
1

2

(
x1

x2 + 1
+

x2

x1 + 1

)
,

which is a symmetric function.

4

Note that for an already symmetric function f ∈ L̃2
(
[0, T ]n

)
, we have that f̃ = f . Also

note that
‖f‖L2([0,T ]n) = ‖f̃‖L2([0,T ]n),

meaning that the operator which sends f to f̃ is an isometry. Symmetric functions are
particularly handy for so-called iterated Itô-integrals.

Definition 3.6. Let fn ∈ L̃2
(
[0, T ]n

)
be symmetric. We define the n-fold iterated Itô

integral as

In(fn) = n!

∫ T

0

∫ tn

0

· · ·
∫ t3

0

∫ t2

0

f(t1, t2, . . . , tn)dWt1dWt2 . . . dWtn .

Since f is square-integrable, we have that In(fn) ∈ L2(Ω).

The reason that iterated integrals are interesting to consider is that they form an orthogonal
structure on L2(Ω). This follows from the regular Itô isometry for stochastic integrals.

Proposition 3.6. Let fn, gm be symmetric square-integrable functions. Then,

E[In(fn)Im(gm)] =

{
0 if m 6= n,

n!〈fn, gn〉L2([0,T ]n) if m = n.

Proof. Assume, without loss of generality, that n > m and denote, for any 1 ≤ i ≤ n, the
square-integrable random variables

Fi = n!

∫ ti+1

0

∫ ti

0

· · ·
∫ t2

0

f(t1, t2, . . . , tn)dWt1dWt2 . . . dWti ,

and, for any 1 ≤ j ≤ m,

Gj = m!

∫ tj+1

0

∫ tj

0

· · ·
∫ t2

0

g(t1, t2, . . . , tm)dWt1dWt2 . . . dWtj ).

The values tn+1 and tm+1 correspond to T , such that Fn = In(fn) and Gn = Im(gm). Now,
we use the Itô isometry repeatedly to find

E[In(fn)Im(gm)] = E[FnGm] =

∫ T

0

E[Fn−1Gn−1]dtn =

∫ T

0

∫ tn

0

E[Fn−2Gn−2]dtn−1dtn.
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We can continue this for m steps until we have

= m!

∫ T

0

∫ tn

0

· · ·
∫ tn−m+2

0

E[Fn−m]g(tn−m+1, tn−m+2 . . . , tn)dtn−m+1 . . . dtn−1dtn

= 0, (3.5)

since E[Fn−m] = 0. If m = n, we see from Eq. (3.5) that

E[In(fn)2] = (n!)2

∫ T

0

∫ tn

0

· · ·
∫ t2

0

f(t1, t2, . . . , tn)g(t1, t2 . . . , tn)dt1dt2 . . . dtn

= n!〈f, g〉L2([0,T ]n).

For the last step, note that the integral is exactly over a region of size 1
n! of the whole n-

dimensional box [0, T ]n. Using a symmetry argument, we conclude that the integral above
is the same as 1

n! times the integral over the whole box.

The next theorem, which is attributed to Itô [29], shows why iterated Itô integrals are
useful in the study of stochastic analysis. The orthogonal structure on L2(Ω) provides a
decomposition in iterated integrals.

Theorem 3.2 (Wiener Itô Expansion I). Let X ∈ L2(Ω) be an FT -measurable random
variable. Then, there is a unique sequence (fn)n∈N of symmetric functions, fn ∈ L̃2

(
[0, T ]n

)
,

such that

‖X −
n∑
i=0

Ii(fi)‖L2(Ω) → 0,

where I0(f0) = E[X]. We write X =
∑∞
n=0 In(fn). Furthermore, the L2-norm of X is given

by

‖X‖2L2(Ω) =

∞∑
n=0

n!‖fn‖L2([0,T ]2).

Proof. See [27, Theorem 1.10]

The decomposition of random variables leads directly to the definition of the Skorohod
integral for iterated Itô integrals. Let us consider a square-integrable random process Xt.
Using the expansion theorem, we find unique sequences (fn,t)n∈N of symmetric functions
such that

Xt =

∞∑
n=0

In(fn,t).

Since the functions fn,t depend on t, we can view fn as a function of n + 1 variables such
that

fn : [0, T ]n+1 → R
(t1, t2, . . . , tn, t) 7→ fn,t(t1, t2 . . . , tn). (3.6)

Definition 3.7. Let Xt ∈ L2(Ω), for all t ∈ [0, T ], and let (fn,t)n∈N be the sequences of
symmetric functions of the Wiener Itô Chaos Expansion (Theorem 3.2). Furthermore, let
f̃n be the symmetrization of fn as in Eq. (3.6).

We define the Skorohod integral of Xt as the random variable

δI
(
Xt

)
:=

∫ T

0

XsδWs :=

∞∑
n=0

In+1(f̃n),
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if the sum converges in L2(Ω). In that case, we call the process Xt Skorohod-integrable and
write Xt ∈ Dom δ.

The Skorohod integral is thus an integral for a stochastic process, where the integrand does
not have to be adapted. How does the integral compare to the Itô integral if Xt is adapted?
It turns out that in this case the Skorohod integral coincides with the Itô integral with
respect to the Brownian motion.

Proposition 3.7. If Xt is an adapted square-integrable stochastic process, then the integrals∫ T
0
XsdWs and

∫ T
0
XsδWs coincide.

Proof. See [27, Theorem 2.9].

Let us consider a simple example of a Skorohod integral.

Example 3.8. Consider the integral ∫ T

0

WT δWt.

First of all, note that this cannot be evaluated using ordinary stochastic calculus due to the
fact that WT is not adapted. The Wiener-decomposition of WT is given by

WT = I1(1),

according to Definition 3.6. Therefore, we find that f1(t1) = 1. Since this function is not
time-dependent, we find∫ T

0

WT δWt = I2(1) = 2!

∫ T

0

∫ t2

0

1dWt1dWt2 = 2!

∫ T

0

Wt2dWt2 = W 2(T )− T,

where the last equality follows from ordinary Itô calculus. 4

3.3.2 The white noise case

In the previous two sections, we have introduced two different approaches to the Skorohod
integral, leading to Definition 3.4 and Definition 3.7. We will now show that iterated Itô
integrals can be constructed using an isonormal process and that these definitions of the
Skorohod integral agree with the divergence operator. This particular construction is known
in the literature as the white noise case. Since the construction is somewhat technical, we
will only show results here and refer to Appendix B for the rigorous construction.

The idea is to construct a Hilbert space which governs the time direction of a stochastic
process. We let

H = L2(µ, [0, T ],B[0, T ]),

where µ is a σ-finite atomless measure. In that case, the H -isonormal process W : H →
L2(Ω) is characterized by the mapping on the indicator functions, as their linear span is
dense in H . We denote

W (A) = W (IA),

where A is a measurable set such that µ(A) <∞. We can now analogously define an iterated
stochastic integral.

Definition 3.8. Let f be an indicator function on L2(µn, [0, T ]n), such that

f(t1, t2, . . . , tn) = IA1×···×An(t1, t2, . . . tn), (3.7)
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where A1 × · · · ×An are pairwise disjoint. Then, we define

În(f) := W (A1) . . .W (An).

We expand this definition to elementary functions and then to their closure. This means
that for any function f ∈ L2([0, T ]n), the expression

În(f) ∈ L2(Ω)

is well-defined.

We use the hat for the operator În to distinguish it from Definition 3.6, as we have yet to
establish how the definitions are related (see Theorem 3.4 below).

Remark 3.4. Note that, unlike Definition 3.6, this operator is defined on all of L2([0, T ]n)
rather than just symmetric functions. However, by linearity, it is immediate that

În(f) = În(f̃),

where f̃ is the symmetrization of f .

Analogously to Theorem 3.2, we can orthogonally decompose any random variable X ∈
L2(Ω).

Theorem 3.3. Let X ∈ L2(Ω) be a square-integrable random variable. Then, there is a
unique sequence (fn)n∈N of symmetric functions fn ∈ L2

(
[0, T ]n

)
, such that

X =

∞∑
n=0

În(fn).

Since W is an isonormal process, the derivative operator is defined as an operator D : D1 ⊂
L2(Ω)→ L2(Ω; H ). We now identify the space L2(Ω; H ) with L2(Ω× T ) in the following
way. For the random variable X ∈ L2(Ω; H ) and a given ω ∈ Ω, we have that

X(ω) ∈ L2([0, T ])

and thus is a function on [0, T ]. We can thus consider

X(ω, t) ∈ L2(Ω× T ).

Proposition 3.8. Let X ∈ D1 be given by the expansion

X =

∞∑
n=0

În(fn)

for a sequence of symmetric functions. Then, its Malliavin derivative is given by

D(X) =

∞∑
n=1

nÎn−1(fn(·, t)) ∈ L2(Ω× T ).

In a similar fashion, we can now express the divergence operator for a random variable
X ∈ L2(Ω× T ). First, notice that for any t ∈ [0, T ], the expression Xt is a random variable
in L2(Ω) and thus we can write

Xt =

∞∑
n=0

În(fn,t).
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Proposition 3.9. Let Xt ∈ Dom δ ⊂ L2(Ω× T ) be given by

Xt =

∞∑
n=0

În(fn,t).

Then, we have

δ(Xt) =

∞∑
n=0

În+1(f̃n), (3.8)

where f̃n is given as in Eq. (3.6).

We thus see that Eq. (3.8) is equal to Definition 3.7 if we can show that În(f) = In(f) for all
f . Let L2(µ, [0, T ],B[0, T ]) = L2(γ, [0, T ],B[0, T ]), where γ is the usual Lebesgue measure,
which is known to be atomless. Remember from Example 3.1 that in this case,

Wt = W (I[0,t])

is a Brownian motion.

Theorem 3.4. Let f ∈ L̃2([0, T ]n) = L̃2(γn, [0, T ]n,B([0, T ]n) be a symmetric function.
Then, the iterated stochastic integrals coincide, i.e.

In(f) = În(f).

Proof. Since we defined Î on the span of elementary functions, it suffices to show that this
is true for elementary functions. Note that these functions are not necessarily symmetric.
Due to Remark 3.4, this does not matter as we can simply consider symmetrizations.

Let f be an indicator function in L2([0, T ]n), such that

f(t1, t2, . . . , tn) = IA1×···×An(t1, t2, . . . tn),

where A1 × · · · ×An are pairwise disjoint and let f̃ be its symmetrization.

From the definition it is clear that

În(f̃) = În(f) =

n∏
k=1

W (Ak).

To compute In(f), we will use Proposition 1.8 from [27]. The function f can be written as
f = IA1

⊗ IA2
· · · ⊗ IAn , and therefore

In(f̃) =

n∏
k=1

∫ T

0

h1(IAk(t))dWt =

n∏
k=1

∫ T

0

IAk(t)dWt.

Since W (Ak) =
∫ T

0
IAk(t)dWt, the proof is complete.

3.4 Expansion of White Noise Theory

So far, we have defined the Skorohod integral by means of the divergence operator as well
as by iterated Itô integrals. In this section, we will introduce the third approach, which is
based on the grounds of the so-called white noise probability space. This chapter is based
on the theory of Hida’s white noise theory as well as on the Wick product. As the original
theory due to Hida is too general for the purpose of this thesis, we will follow the approach
as introduced by Holden et al. [30]. However, in order to compare this approach to the
previous sections, we will slightly adapt the approach to be able to consider a finite interval
[0, T ].

We begin this chapter with the construction of the white noise probability space.
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Definition 3.9. Let S = S(R) be the Schwartz space, which is defined as the locally convex
vector space

S(R) = {f ∈ C∞(R) : ∀α, β, ‖f‖α,β <∞},

where
‖f‖α,β = sup

x∈R
|xαf (β)(x)|.

Remark 3.5. A function f ∈ S is called rapidly decreasing, if the function and all of its
derivatives go to 0 faster than at a polynomial rate as |x| increases.

The topological dual space S∗ of the Schwartz space is called the space of tempered dis-
tributions. We write 〈f, f∗〉 = f∗(f) for any f ∈ S, f∗ ∈ S∗. Furthermore, for every
tempered distribution f∗ ∈ S∗, we can identify real-valued functions as kernels and obtain
the following inclusions:

S(R) ⊂ L2(R) ⊂ S∗(R)

For a more detailed overview of Schwartz spaces and their dual, we refer to Chapter 3 and
4 of [31]. We continue with the construction of a probability measure on S∗(R).

Definition 3.10. Let B = B(S∗) be the Borel σ-algebra of S∗ with respect to the weak-star
topology. The probability measure P : B → [0, 1], such that∫

S∗
exp(i〈f, ω〉)dP(ω) = exp

(
− 1

2
‖f‖2L2(R)

)
, (3.9)

for all f ∈ S is called the white noise probability measure.

The existence of such a probability measure is guaranteed by the Bochner Minlos theorem
[30, Theorem 2.1.1]. It is often referred to as a Gaussian measure on S∗.

The next lemma shows that in fact Gaussian properties are easily obtained with this mea-
sure.

Lemma 3.5. For any f ∈ S, the map ω 7→ 〈f, ω〉 is a Gaussian random variable on the
probability space (P,S∗,B). Furthermore, we have that

E[〈f, ·〉] = 0,

and
E[〈f, ·〉2] = ‖f‖2L2(R). (3.10)

Proof. To see that 〈f, ω〉 is a random variable, note that the map

ω 7→ 〈ω, f∗∗〉

is continuous on the weak-star topology of S∗, where f∗∗ is naturally embedded in the
double dual of S. Let t ∈ R be any scalar. For the map t · f(x) ∈ S, we have∫

S∗
exp(i〈tf, ω〉)dP(ω) =

∫
S∗

exp(ti〈f, ω〉)dP(ω) = ϕ〈f,·〉(t),

where ϕ〈f,·〉(t) is the characteristic function of 〈f, ·〉 showing that it is N(0, ‖f‖2L2) dis-
tributed.

The lemma shows that Gaussian random variables are easily constructed. Moreover, this
result can be extended to Gaussian vectors.
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Lemma 3.6. Let {ek : 1 ≤ k ≤ n} be functions in S which are orthonormal. Then, the
random vector

ω 7→ (〈e1, ω〉, 〈e2, ω〉, . . . , 〈en, ω〉)

is a standard normal random vector.

Proof. Let t ∈ Rn be given and consider the characteristic function of the random vector

ϕ(〈e1,·〉,...,〈en,·〉)(t) =

∫
S∗

exp

(
i

n∑
k=1

tk〈ek, ω〉

)
dP(ω) =

∫
S∗

exp

(
i〈

n∑
k=1

tkek, ω〉

)
dP(ω).

By the definition of P, it follows that

ϕ(〈e1,·〉,...,〈en,·〉)(t) = exp

(
−1

2
‖
n∑
k=1

tkek‖2L2(R)

)
= exp

(
−1

2

n∑
k=1

t2k

)
,

since ek are orthonormal in L2(R). The right-hand side is the characteristic function of a
standard normal random vector.

Remark 3.6. This result implies in particular that we can calculate the expectation

E[f(〈e1, ω〉, 〈e2, ω〉, . . . , 〈en, ω〉)]

for any suitable f as the distribution of the random vector is given by

dλn(x) = (2π)−
n
2 exp(−1

2
|x|2)dx1dx2 . . . dxn.

The objective now is to construct a Brownian motion Wt, t ≥ 0 on the probability space
(P,S∗,B). To do so, we want to study the properties of the random variable

ω 7→ 〈I[0,t], ω〉.

However, notice that as I[0,t] is not rapidly decreasing, the expression 〈I[0,t], ·〉 is not well-
defined.

Since S(R) is dense in L2(R)1, we can extend the definition to square-integrable functions.
We can define for any f ∈ L2(R)

〈f, ω〉 = lim
n→∞

〈fn, ω〉,

where the limit converges in L2(Ω) due to the isometry of Eq. (3.10). We can thus define
the random process

W̃t(ω) = 〈I[0,t], ω〉,

where, according to Lemma 3.5, for all t, we have that W̃t ∼ N(0, ‖I[0,t]‖2L2(R)) = N(0, t).

Using Kolmogorov’s continuity theorem [17, Theorem 4.23], there exists a continuous mod-
ification of W̃t which we will denote as Wt as it is in fact a Brownian motion.

Definition 3.11. The map w : L2(R)× S′ → R given by

w(f, ω) = 〈f, ω〉 = wf

is called the white noise process defined on the white noise probability space.

1Note that the set of test functions C∞
0 is contained in S.
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Remark 3.7. Note that if suppf ∈ [0,∞), then wf coincides with the Itô integral. This can
be seen as the integrals agree on indicator functions, which span a dense subset of functions
with support on [0,∞). Therefore, we also write

wf =

∫
R
f(s)dWs.

Similar to the first Wiener Itô chaos expansion (Theorem 3.2), we want to decompose random
variables as sums of white noise processes. This is achieved using the natural structure of
Hermitian polynomials for Gaussian random variables, as described in Appendix A.

For the remainder of the section, we will fix a finite T > 0 and consider the interval [0, T ]
as a finite time horizon. Furthermore, we fix an orthonormal basis {ek}k of L2([0, T ]) and
let α be a multi-index of length m. Generally, the choice of basis does not matter. It can
be chosen for instance as

ek(t) =

√
2

T
sin

(
kπt

T

)
. (3.11)

Consider the random variable, Hα : Ω→ R, given by

Hα(ω) =

m∏
j=1

hαj (wej ),

where hαj is the αj-th Hermitian polynomial. The functions ek are embedded into L2(R)
in a natural way. It turns out that the random variables of this type indexed over the set
of multi-indices J form an orthogonal basis of the Hilbert space L2(Ω).

Theorem 3.7 (Wiener Itô Chaos Expansion II). The family of random variables {Hα : α ∈
J } form an orthogonal basis of L2(Ω). I.e, for any X ∈ L2(Ω) there exist unique elements
cα ∈ R, such that

X =
∑
α∈J

cαHα

in L2(Ω). Furthermore, we have

‖X‖2 = E[X2] =
∑
α∈J

α!c2α.

Proof. Let us first show that the random variables are orthogonal. Let α, β ∈ J be multi-
indices. We may assume that they have the same length as one can extend the length by
adding zeros. Then,

E[HαHβ ] = E

 m∏
j=1

hαj (wej )hβj (wej )

 .
Consider the function f : Rm → R, such that

x 7→
m∏
j=1

hαj (xj)hbj (xj).

By Lemma 3.6 and in particular Remark 3.6, it thus follows that

E[HαHβ ] = E [f(we1 , we2 . . . wem)]

=

∫
Rm

m∏
j=1

hαj (xj)hβj (xj)dλm

=

m∏
j=1

∫
R
hαj (xj)hβj (xj)dλ =

m∏
j=1

δαj ,βj ,
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which shows the orthogonality. To show that the system is a basis, consider the set of
random variables of the form

p(we1 , we2 , . . . , wen),

where p is a polynomial in n variables. Such random variables are called stochastic polyno-
mials. It is well-known that the set of stochastic polynomials is dense in L2(Ω) [17]. Since
any polynomial can be written as a linear combination of products of Hermite polynomials,
the proof is complete.

Remark 3.8. This expansion is an analog to Theorem 3.2. One can show that if

X =
∑
α∈J

cαHα,

we can write

X =

∞∑
n=0

In(fn),

where
fn =

∑
α∈J ,|α|=n

cαe
⊗α1
1 ⊗̂ . . . ⊗̂e⊗αkk .

Here, the function f⊗̂g is the symmetrization of

f ⊗ g(x, y) = f(x)g(y).

We will use the notation
e⊗α1

1 ⊗̂ . . . ⊗̂e⊗αkk := e⊗̂α.

It thus also follows that
Hα = I|α|(e

⊗̂α).

As an example for the second Wiener Itô expansion, let us consider white noise process wf
for some f ∈ L2([0, T ]). We make use of the following notation. We write ε(k) to indicate
the multi-index of type

ε(k) = (0, 0, . . . , 0, 1, 0 . . . , 0),

where the 1 is on the k-th position.

Example 3.9. Consider a function f ∈ L2([0, T ]). Then, since ek is an orthonormal basis
of L2([0, T ]), we can write

f =
∑
k=1

〈f, ek〉L2([0,T ])ek,

and thus

wf = 〈
∑
k

〈f, ek〉L2([0,T ])ek, ω〉 =
∑
k

∫ T

0

f(a)ek(a)da 〈ek, ω〉 =
∑
k

(∫ T

0

f(a)ek(a)da

)
Hε(k) ,

since the white noise process is a linear functional. Therefore,∫ T

0

fdW (s) =
∑
k

ckHε(k) ,

where

ck =

∫ T

0

f(a)ek(a)da.
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Of particular interest is the decomposition where f = I[0,t], since we have seen that the
white noise process is the Brownian motion in this case. We see that for any t ∈ [0, T ], we
have

Wt =
∑
k

(∫ t

0

ek(s)ds

)
Hε(k) .

4

Using the Wiener Chaos expansion, we can characterize an important subset of L2(Ω), the
so-called stochastic test functions. They form a vector space, which we call the Hida test
function space. The precise definition of such random variables is complex and beyond the
scope of this thesis. It suffices for us to have a characterization of stochastic test functions
and its topological dual space according to [32].

Definition 3.12. Let X =
∑
α∈J aαHα be a random variable on the white noise probability

space. We call X a stochastic test function if

sup
α∈J

α!a2
α(2N)kα <∞, for all k ∈ N,

where

(2N)γ :=

m∏
a=1

(2a)γa .

The set of all stochastic test functions (S)2 is a vector space which we call the Hida test
function space.

Definition 3.13. The dual space (S)∗ of (S) can be identified as expressions f =
∑
α∈J bαHα

such that
sup
α∈J

α!b2α(2N)−qα <∞, for some q ∈ N.

The action of f =
∑
α∈J bαHα ∈ (S)∗ on X =

∑
α∈J aαHα is given by

〈X, f〉 = f(X) =
∑
α∈J

α!aαbα.

The topology on (S)∗ is induced by the norms

‖f‖2q :=
∑
α∈J

α!b2α(2N)−qα, (3.12)

i.e. fn → f if and only if ‖fn − f‖q → 0 for some q ∈ N.

We can thus express (S) and (S)∗ in terms of (possibly infinite) linear combinations over
the orthogonal set {Hα : α ∈ J }. The spaces can be ordered in the following way:

(S) ⊂ L2(Ω) ⊂ (S)∗

The reason to introduce stochastic test function spaces is to define another integral. While
the integral is defined on (S)∗, the inclusion above shows that it can be interpreted as a
stochastic integral. This integral is defined in a weak sense, and hence is called the Pettis
integral.

Definition 3.14. Let Y : [0, T ]→ (S)∗ be such that

〈X,Yt〉 ∈ L1([0, T ]) (3.13)

2The space (S) should not be confused with S, which is the space of the Schwartz functions.
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for all X ∈ (S). Then, we denote the Pettis integral
∫ T

0
Ytdt of Yt as the unique element in

(S)∗ such that

〈X,
∫ T

0

Ytdt〉 =

∫ T

0

〈X,Yt〉dt,

for all X ∈ (S). In this case, we call Yt Pettis-integrable.

Before considering examples of such integrals, we want to consider the characterization for
a stochastic process to be Pettis-integrable. The following proposition shows that it is not
necessary to check Eq. (3.13) for all X.

Proposition 3.10. Let Yt =
∑
α cα(t)Hα be such that∑

α∈J
α!‖cα‖2L1([0,T ])(2N)−αp <∞, (3.14)

for some p <∞. Then, Yt is Pettis-integrable.

Proof. Let X =
∑
α∈J bαHα(S) be any stochastic test function. Then, for any p, we have,∫ T

0

∣∣∣∣∣∑
α∈J

α!cα(t)bα

∣∣∣∣∣dt ≤∑
α∈J

α!|bα|‖cα‖L1([0,T ])

=
∑
α∈J

√
α!(2N)

αp
2 |bα|

√
α!(2N)

−αp
2 ‖cα‖L1([0,T ]),

which can be split into

=

(∑
α∈J

α!(2N)αpb2α

) 1
2
(∑
α∈J

α!(2N)−αp‖cα‖2L1([0,T ])

) 1
2

.

Since X is a stochastic test function, the first term is bounded for all p. This concludes the
proof.

While the definition of the Pettis integral is in a weak sense, we will see with the next
example that it is obtained easily by integrating the coefficients, under the condition that
Eq. (3.13) is fulfilled.

Example 3.10. Suppose that Yt =
∑
α cα(t)Hα is Pettis-integrable and letX =

∑
α bαHα ∈

(S). To find the integral of Yt, we consider∫ T

0

〈X,Yt〉dt =

∫ T

0

∑
α

α!cα(t)bαdt =
∑
α

α!bα

∫ T

0

cα(t)dt.

If we denote the coefficients of
∫ T

0
Y (t)dt as aα, we see that by the definition of the Pettis

integral that ∑
α

α!aαbα =
∑
α

α!bα

∫ T

0

cα(t)dt,

and thus

aα =

∫ T

0

cα(t)dt.

4

The Pettis integral is thus another way to integrate a stochastic process. Given the story
line of this thesis, we would expect it to coincide with the Skorohod integral and thus also
with the Itô integral. However, before comparing it to these integrals, we want to first
elaborate more on the structure of (S)∗, by introducing a natural product on this space,
called the Wick product.
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3.5 Wick Products and Integration

In this section, we will introduce the Wick product, which is a natural operator on (S)∗.
This will allow us to derive the Skorohod integral in terms of a Pettis integral in Theo-
rem 3.10.

The Wick product originated from physics in the context of quantum field theory. Mainly
due to Hida, it made a significant impact in stochastic analysis as a product for random
variables, particularly in the context of the white noise probability space. There are many
ways to define the Wick product. For this thesis, it makes sense to use the definition as
follows:

Definition 3.15. Let X,Y ∈ (S)∗ be given by
∑
α∈J aαHα,

∑
α∈J bαHα, respectively. The

Wick product of X and Y is given as

X � Y =
∑
α,β∈J

aαbβHα+β =
∑
γ∈J

( ∑
α+β=γ

aαbβ

)
Hγ .

It is clear that the Wick product is associative just as a regular product. Importantly, the
spaces (S) and (S)∗ are closed under the Wick product.

Proposition 3.11. Let X,Y ∈ (S). Then,

X � Y ∈ (S).

Alternatively, let X,Y ∈ (S)∗. Then,

X � Y ∈ (S)∗.

Proof. Let X,Y be given by the usual decomposition (i.e Definition 3.15). The coefficients
of X � Y are thus

cγ =
∑

α+β=γ

aαbβ .

We have

sup
γ∈J

( ∑
α+β=γ

aαbβ

)2

(2N)kγ ≤ sup
γ∈J

∑
α+β=γ

a2
α

∑
α+β=γ

b2β(2N)kγ

= sup
γ∈J

∑
α+β=γ

a2
α(2N)kα

∑
α+β=γ

b2β(2N)kβ

≤ sup
α,β∈J

∑
α

a2
α(2N)kα

∑
α

b2β(2N)kβ ,

for all k ∈ N. Since X,Y ∈ (S), the claim follows directly. The proof for (S)∗ works in a
similar fashion.

In some cases, the Wick product coincides with the regular product, or is at least comparable.
First of all, the products coincide if one of the factors is deterministic. We have that

X � Y = X · Y,

if X or Y is deterministic. Furthermore, the next Lemma shows that the Wick product for
white noise processes is connected to their regular product.

Lemma 3.8. Let f, g ∈ L2([0, T ]) be square-integrable functions. Then, we have

wf � wg = wf · wg − 〈f, g〉L2([0,T ]).
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Proof. Since ek is an orthonormal basis, we can write

wf = 〈
∑
k

〈f, ek〉L2([0,T ])ek, ·〉 =
∑
k

〈f, ek〉L2([0,T ])〈ek, ·〉 =
∑
k

〈f, ek〉L2([0,T ])Hε(k) ,

and thus

wf � wg =
∑
k,l

〈f, ek〉L2([0,T ])〈g, el〉L2([0,T ])Hε(k)+ε(l)

=
∑
k

〈f, ek〉L2([0,T ])Hε(k)

∑
l

〈g, el〉L2([0,T ])Hε(l) −
∑
i

〈f, g〉L2([0,T ]).

The last term appears as Hε(k)Hε(l) = Hε(k)+ε(l) if k 6= l, but

H2
ε(k) − 1 = H2ε(k) .

This proves the lemma.

By Remark 3.8, one can derive the expansion of a random variable in terms of iterated
integrals. This implies that we can derive the Wick product in terms of iterated Itô inte-
grals.

Proposition 3.12. Let X,Y ∈ L2(Ω) be given by the expansions
∑∞
n=0 In(fn) and

∑∞
n=0 In(gn),

respectively. Then, we have that

X � Y =

∞∑
n,m=0

In+m(fn⊗̂gm) =

∞∑
i=0

Ii(
∑

n+m=i

fn⊗̂gm).

Proof. Suppose that X,Y are given by the usual decomposition. The Wick product X � Y
has coefficients

cγ =
∑

α+β=γ

aαbβ .

Therefore, we can write

X � Y =
∑
i=0

Ii(hi),

with

hi =
∑
|γ|=i

( ∑
α+β=γ

aαbβ

)
e⊗γ11 ⊗̂ . . . ⊗̂e⊗γkk .

For any n,m, let fn, gm be given by

fn =
∑
|α|=n

aαe
⊗α1
1 ⊗̂ . . . ⊗̂e⊗αkk ,

and
gm =

∑
|β|=m

bβe
⊗β1

1 ⊗̂ . . . ⊗̂e⊗βkk .

Then, we can compute∑
n+m=i

fn⊗̂gm =
∑

n+m=i

∑
|α|=n,|β|=m

aαbβe
⊗α1
1 ⊗̂ . . . ⊗̂e⊗αkk ⊗̂e⊗β1

1 ⊗̂ . . . ⊗̂e⊗βkk ,

which reduces to ∑
|γ|=i

( ∑
α+β=γ

aαbβ

)
e⊗γ11 ⊗̂ . . . ⊗̂e⊗γkk ,

and is thus equal to hi.
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Let us now see how the Pettis integral, introduced in Definition 3.14 is related to the
Skorohod integral. In order to do so, we need to introduce what is referred to as the
singular white noise.

Remember the construction of the Brownian motion Wt = 〈I[0,t], ω〉 on the white noise
probability space. By Example 3.9, the decomposition of Wt is given by

Wt =
∑
k

(∫ t

0

ek(s)ds

)
Hε(k) .

This can be considered as a map Wt : [0, T ]→ (S)∗, given by

t 7→Wt.

A question worth considering is: Is this function differentiable? In other words, does the
limit

lim
h→0

Wt+h −Wt

h

exist for any t ∈ [0, T ]?

Proposition 3.13 (and Definition). The function t → Wt is differentiable in (S)∗ for all
t ∈ [0, T ] and its derivative is given by the process Ẇ : [0, T ]→ (S)∗, where

Ẇt =
∑
k

ek(t)Hε(k) .

This process is called the singular white noise.

Proof. Remember that the topology on (S)∗ is induced by the norms given in Eq. (3.12).
For any h, t, we have

Wt+h −Wt

h
=
∑
k

1

h

∫ t+h

t

ek(s)ds Hε(k) ,

and thus

‖Wt+h −Wt

h
− Ẇt‖2q =

∑
k

(
1

h

∫ t+h

t

ek(s)ds− ek(t)

)2

(2N)−qε
(k)

.

Since
(

1
h

∫ t+h
t

ek(s)ds− ek(t)
)2

→ 0 as h→ 0, and

∑
k

(2N)−qε
(k)

=
∑
k

2k−q <∞,

for any q ≥ 2, we see that ‖Wt+h−Wt

h −Ẇt‖2q → 0 for any q ≥ 2, which proves the proposition.

We can now derive an equivalent Skorohod integral using a Pettis integral and the singular
white noise. The integral we want to consider is of the form∫ T

0

Xs � Ẇsds.

Let us first consider what the domain of such an integral would be.
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Lemma 3.9. Let Xt =
∑
α∈J cα(t)Hα be such that there is a value q ∈ R+, such that

K := sup
α∈J
{α!‖ca‖L1([0,T ])(2N)−qα} <∞.

Then, Xt � Ẇt ∈ (S)∗ is integrable.

Proof. The Wick product is given by

Xt � Ẇt =
∑
α∈J ,k

cα(t)ek(t)Hα+ε(k) =
∑
γ∈J

∑
α∈J ,k

α+ε(k)=γ

cα(t)ek(t)Hγ .

According to Proposition 3.10, it suffices if there is some p with∑
γ∈J

γ! ‖
∑
α∈J ,k

α+ε(k)=γ

cα(t)ek(t)‖2L1([0,T ])(2N)−pγ <∞.

We first evaluate the norm of the coefficients:

‖
∑
α∈J ,k

α+ε(k)=γ

cαek‖2L1([0,T ]) ≤

 ∑
α∈J ,k

α+ε(k)=γ

‖cαek‖L1([0,T ])


2

≤ C2

 ∑
α∈J ,k

α+ε(k)=γ

‖cα‖L1([0,T ])


2

,

where C2 = 2
T is obtained by Eq. (3.11).

The number of terms in the sum is determined by l(γ), which is the number of non-zero
elements in γ. Thus, we can simplify to

‖
∑
α∈J ,k

α+ε(k)=γ

cαek‖2L1([0,T ]) ≤ C
2l(γ)2

∑
α∈J

∃k:α+ε(k)=γ

‖cα‖2L1([0,T ]).

Now, let p = 2q. Then,∑
γ∈J

γ! ‖
∑
α∈J ,k

α+ε(k)=γ

cα(t)ek(t)‖2L1([0,T ])(2N)−2qγ

≤ C2
∑
α∈J ,k

(α+ ε(k))!l(α+ ε(k))2‖cα‖2L1([0,T ])(2N)−2q(α+ε(k))

≤ C2K
∑
α∈J ,k

(α+ ε(k))!

α!
l(α+ ε(k))2(2N)−ε

(k)

(2N)−qα <∞,

for any q > 1
2 . This concludes the proof.

Theorem 3.10. Let Xt be a stochastic process which is Skorohod integrable (in an iterated
integral sense) and such that ∫ T

0

E[X2
t ]ddt <∞.

Then, Xt � Ẇt is Pettis-integrable for all t, and∫ T

0

XsδWs =

∫ T

0

Xs � Ẇsds.
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Remark 3.9. Combining this result with Example 3.10 shows that if we know the Wiener-Itô
decomposition of a square-integrable process Yt, the Skorohod integral is easily found.

Proof. Since Xt is square-integrable, it follows by Lemma 3.9 that Xt � Ẇ is integrable.
This follows because∑

α∈J
α!

∫ T

0

aα(t)2dt =

∫ T

0

∑
α∈J

α!aα(t)2dt =

∫ T

0

E[X2
t ]dt <∞

and therefore

α!‖aα‖2L1[0,T ] ≤ α!

∫ T

0

aα(t)2dt

is certainly bounded. Let Xt =
∑
α∈J aα(t)Hα be the composition of Xt. The right-hand

side is thus given by∫ T

0

∑
α∈J ,k∈N

aα(s)ek(s)Hα+ε(k)ds =
∑

α∈J ,k∈N

∫ T

0

aα(s)ek(s)dsHα+ε(k) .

The process Xt is given in the first Wiener expansion by

Xt =

∞∑
n=0

In(fn(·, t))

with fn =
∑
|α|=n aα(t)e⊗̂α. Therefore,

δI(Xt) = δI(

∞∑
n=0

In(fn(·, t))) =

∞∑
n=0

δI(In(fn(·, t))) =

∞∑
n=0

δI(In(
∑
|α|=n

aα(t)e⊗̂α),

as the operator δI is linear. Since ek is an orthonormal basis, we can write

=

∞∑
n=0

δI(In(
∑
|α|=n

∑
k

〈aα, ek〉L2[0,T ]eke
⊗̂α)) =

∞∑
n=0

δI(
∑
|α|=n

In(
∑
k

〈aα, ek〉L2[0,T ]eke
⊗̂α))

and thus using the definition of the Skorohod integral, we have

=

∞∑
n=0

∑
|α|=n

In+1(
∑
k

〈aα, ek〉L2[0,T ]e
⊗̂α⊗̂ek) =

∞∑
n=0

∑
|α|=n

∑
k

〈aα, ek〉L2[0,T ]In+1(e⊗̂α+ε(k)).

This simplifies to ∑
α∈J ,k∈N

∫ T

0

aα(s)ek(s)dsHα+ε(k) ,

which shows that the two expressions are equal.

This shows that, in direct combination with Example 3.10, the Skorohod integral is easily
obtained if the second Wiener Itô expansion is known.

Corollary 3.1. Let Xt =
∑
α∈J cα(t)Hα be a square-integrable process which is Skorohod

integrable. Then, we have∫ T

0

XsδWs =
∑
α∈J

∑
k∈N
〈cα, ek〉L2([0,T ])Hα+ε(k) (3.15)

and

E[

∫ T

0

YsδWs] = 0.
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Proof. Using Theorem 3.10 it suffices to evaluate∫ T

0

Xs � Ẇsds =

∫ T

0

∑
α∈J ,k∈N

cα(s)ek(s)Hα+ε(k)ds.

by the definition of the Wick product. But as seen in Example 3.10, this is equal to

∑
α∈J ,k∈N

∫ T

0

cα(s)ek(s)dsHα+ε(k) ,

which concludes the proof.

In this section, we introduced the Skorohod integral as a stochastic integral. We showed
three different formulation for it. First, we defined it as the adjoint operator of the Malliavin
derivative. Then, we defined with iterated Itô integrals. Lastly, we introduced the Wick
calculus to define the Skorohod integral as a Pettis integral with the singular white noise
process.

4 Stochastic Integrals with Fractional Brownian Mo-
tion

The Skorohod integral from the previous section will lay the foundation for the formulation
of a stochastic fractional integral, which we will introduce here. In order to move from the
Skorohod integral to a stochastic fractional integral, we will make use of so-called fractional
operators, which originate from fractional calculus. These operators will “render” either the
integrand or the white noise in a way that we obtain the desired properties of the stochastic
integral.

As in the previous section, we will introduce the integral in two ways, as a divergence integral
and as a Pettis integral, which is how they are described in the literature. Then, we will
show that they coincide and thus describe the same integral.

4.1 The Divergence Integral

Here, we will introduce a fractional stochastic integral as the divergence operator of a
Gaussian isonormal process.

In Example 3.1 it has been shown how a Brownian motion can be constructed using an
isonormal process. This construction works due to the fact that we choose the inner product
on the Hilbert space such that it coincides with what we expect from the covariance function
of a Brownian motion.

This indicates that we can generalize this approach to represent a fractional Brownian
motion as an isonormal process. In fact, let H be the closure of the set

E = Span
(
{I[0,t] : t ∈ [0, T ]}

)
,

with respect to the inner product

〈I[0,s], I[0,t]〉H =
1

2
(t2h + s2H − |t− s|2H) := RH(s, t).

Clearly, the process
WH
t = WH(I[0,t])
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is a centered Gaussian process with covariance function

E[WH
s W

H
t ] = 〈I[0,s], I[0,t]〉H = RH(s, t).

Using Kolmogorov’s theorem, this process has a continuous modification. Therefore, we
consider WH

t as a fractional Brownian motion with Hurst-index H. The definition of the
divergence type integral follows directly from the isonormal process WH .

Definition 4.1. Let X be an H -valued square-integrable random variable such that for all
F ∈ D1,

|E[〈DF,X〉H ]| ≤ c‖F‖2,
where D is the derivative operator and c some constant. We define the divergence stochastic
integral of X as the random variable

δH(X),

where δH : Dom δH → L2(Ω) is the divergence operator as defined in Definition 3.4.

Here, H -valued square-integrable random variables can again be considered as square-
integrable stochastic processes by identifying L2(Ω,H ) with L2(Ω× T ).

First of all, let us confirm that the divergence integral is indeed centered.

Proposition 4.1. Let Xt ∈ L2(Ω× T ) be a stochastic process, which is in Dom δH . Then,
we have that

E[δH(Xt)] = 0.

Proof. The (deterministic) process F = 1 has Malliavin derivative DF = 0. Therefore,

E[δH(Xt)] = E[δH(Xt) · 1] = E[〈Xt, 0〉H ] = E[0] = 0,

which follows by the definition of the divergence operator.

While the definition of the divergence integral is straightforward, it can be very difficult
to evaluate an integral due to the fact that the divergence operator is defined in a weak
sense. This was less of a problem for the divergence operator δ in the white noise case,
due to the fact that the Skorohod integral could be calculated using iterated integrals. We
thus want to develop the connection between the fractional divergence operator δH and
the regular divergence operator or Skorohod integral from the previous section. This link is
established with the help of fractional operators. These operators play an important role for
the construction of fractional stochastic integrals. We will, however, mainly consider their
properties and refer for a full derivation to the existing literature, where they are discussed
in full detail.

The idea of fractional operators is to establish an isometry between the spaces H and
L2([0, T ]), which are the Hilbert spaces associated to δH and δ, respectively. It can be
shown that there exists a kernel KH(t, s), 0 < s < t < T , depending on the Hurst-index H,
such that ∫ t∧s

0

KH(s, u)KH(t, u)du = RH(s, t).

An important property of the kernel is that it is differentiable in the first variable. Further-
more, it has different properties for H > 1

2 and H < 1
2 , which are discussed in [13].

We use the kernel to define the linear operator KH : H → L2([0, T ]), which maps

KH(I[0,t])(s) = KH(t, s)I[0,t](s) (4.1)

and is therefore an isometry.
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Proposition 4.2 (and Definition). The linear operator

KHφ(s) = Kφ(s) := φ(s)KH(T, s) +

∫ T

s

[φ(t)− φ(s)]∂1KH(t, s)dt

satisfies Eq. (4.1) and is an isometric isomorphism between H and L2([0, T ]).

Proof. See for instance [13].

Theorem 4.1. Let X ∈ DH1
be a random variable. Then,

DHX = K−1(DX) ∈ L2(Ω; H )

Furthermore, if Y ∈ Dom δH is a H -valued random variable, then,

δH(Y ) = δ(KY ) ∈ L2(Ω).

Proof. It suffices to show that the equality is true for all smooth random variables. Let
f ∈ Cb(R) be given and let

X = f(WH(h1),WH(h2), . . .WH(hn)).

The derivative of X is given by

DHX =

n∑
k=1

∂kf(WH(h1),WH(h2), . . .WH(hn))hk

=

n∑
k=1

∂kf(W (Kh1),W (Kh2), . . .W (Khn))hk

= K−1
n∑
k=1

∂kf(W (Kh1),W (Kh2), . . .W (Khn))Khk

= K−1(DX),

which shows the first equality.

To prove the second equality, we need to show that

E[Xδ(KY )] = E[〈DX,Y 〉H ],

for any X ∈ DH1
. As K is an isometry, we have that

E[〈DHX,Y 〉H ] = E[〈K(DHX),KY 〉L2([0,T ])] = E[〈KK−1(DX),KY 〉L2([0,T ])],

and thus
E[〈DHX,Y 〉H ] = E[〈DX,KY 〉L2([0,T ])].

By the definition of the divergence operator, the right-hand side is equal to

E[Xδ(KY )].

This shows that one can interpret the fractional stochastic integral δH(X) as a regular
Skorohod integral, where the kernel K is applied to the integrand.
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4.2 The Regularity of the Fractional Operator

The fractional operator K establishes the connection between the regular white noise setting
and the fractional white noise setting. It is well-known that in the regular white noise setting,
and thus for the Itô integral, a relatively large class of processes is integrable. For instance,
an adapted process Xt is Itô integrable, if

E[

∫ T

0

X2
t dt] <∞, (4.2)

which in the case of deterministic integrals reduces to being square-integrable.

Whether a process Xt is thus integrable with respect to the fractional Brownian motion
roughly depends on whether K(Xt) fulfills Eq. (4.2). It will thus be the properties of this
operator which will answer the question of integrability.

This is where difficulties with the divergence integral arise, since the operator consists of
integrals with singularities, meaning that the domain of integration is severely impacted. To
see this issue, let us first consider a deterministic function f ∈ L2([0, T ]), and ask ourselves
the question: “Under which conditions for f does

δH(f) = δ(Kf) (4.3)

exist?” Since the properties of K heavily depend on the Hurst index, we will make a dis-
tinction between H > 1

2 and H < 1
2 .

Case H > 1
2

In this case the paths of the fractional Brownian motion are trending and more regular than
for the regular Brownian motion. This leads to the fact that the operator K has certain
regularity. We can show that Eq. (4.3) exists for any f ∈ L2([0, T ]) by showing that

L2([0, T ]) ⊂H . (4.4)

The idea of the proof is to consider a linear subspace of |H | of H induced by a metric
‖·‖|H |. The special property this metric has is that we have that

‖f‖|H | ≤ C‖f‖L 1
H [0,T ]

,

for some constant C. This in particular implies that

L
1
H ([0, T ]) ⊂ ‖f‖|H |,

and since H > 1
2 , we have 1

H < 2. This shows that

L2([0, T ]) ⊂ L 1
H ([0, T ]) ⊂ |H | ⊂H ,

and thus that Eq. (4.4) holds. An analytic expression for ‖·‖|H | and a more detailed proof
can be found in [33].

Case H < 1
2

The previous proof does not work for this case anymore, since H < 1
2 implies that 1

H > 2
and thus the inclusion

L
1
H (0, T ) ⊂ L2([0, T ])

is not true anymore. In fact, it can be shown that for H < 1
2 the space L2[(0, T )] is strictly

larger than H [10].
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The reason for this is that for H < 1
2 , the operator K has problematic singularities, which

require the function f ∈H to have a certain Hölder-continuity. One can show that

CγHölder ⊂ H,

for all γ > 1
2−H. Here, CγHölder denotes all Hölder-continuous functions with Hölder constant

γ.

As expected, these problems with integration are not exclusive to deterministic integrals.
Consider the equation

dXt = WH
t dWH

t . (4.5)

This equation can be considered elementary, since it is certainly linear and in general we
would expect a solution to exist. However, as Cheridito and Nualart [14] pointed out, for
H < 1

4 , this integral does not exist due to the fact that the paths become too irregular
for H < 1

4 . In the same paper, they propose an extension of the divergence integral δH to
a larger space using limit properties. However, while the proposed extension allows for a
solution of Eq. (4.5), it is not enough to remedy all the issues occurring for H < 1

2 .

4.3 Wick-Itô-Skorohod Integral

We will now show the construction of the Malliavin-based fractional stochastic integral using
the foundations of classical white noise theory. This construction is originally attributed to
Elliott and van der Hoek and further described mainly by Øksendal and Biagini. Note that
in these original papers, the authors usually work on R. We use an approach adjusted to a
fixed interval [0, T ] such that the formulation coincides with the approach from the previous
section.

For the construction of this integral, we will again use the fractional operator to render the
integral. However, instead of applying the operator on the integrand, as in the previous
section, we will apply the operator to the white noise process. In fact, we want to find a
“fractional” white noise process ẆH

t , such that the fractional integral still takes the form of
the right-hand side of Theorem 3.10, but the white noise process Ẇt replaced by ẆH

t .

Note that due to Theorem 4.1, we have that for a fBm,

WH
t = δH(I[0,t]) = δ(KI[0,t]),

where the right-hand side is the usual Skorohod integral. By Theorem 3.10, we can thus
write

WH
t =

∫ T

0

KI[0,t](s) � Ẇsds =

∫ T

0

KI[0,t](s) � Ẇsds =

∞∑
k=0

〈KI[0,t], ek〉L2Hε(k) . (4.6)

Now, consider again the integral operator from Proposition 4.2. The operator is well defined
for all ek

Lemma 4.2. The operator K has an adjoint operator K∗ on L2([0, T ]), which is given by

K∗(φ)(s) =

∫ s

0

φ(u)∂1K(s, u)du.

Proof. It is easy to see that K is well-defined on ek for all k, as they are continuous functions.

Since {ek : k ∈ N} is densely defined in L2([0, T ]), the operator K is densely defined and
thus there exists an adjoint operator by the Riesz representation theorem. To show that it
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is equal to the expression above, let f, g be functions. By the definition of the adjoint, we
then have ∫ T

0

Kf(s)g(s)ds =

∫ T

0

∫ T

s

f(u)∂1K(u, s)g(s)duds

=

∫ T

0

∫ u

0

f(u)∂1K(u, s)g(s)dsdu

=

∫ T

0

f(u)

∫ u

0

g(s)∂1K(u, s)dsdu,

where we have changed the order of integration.

By Eq. (4.6), we thus have

WH
t =

∞∑
k=0

〈I[0,t],K∗ek〉L2([0,T ])Hε(k) =

∞∑
k=0

∫ t

0

K∗ek(s)dsHε(k) .

This calculation indicates what the choice for the fractional white noise should be.

Definition 4.2. Let T,H be fixed. The process

ẆH
t = K∗ek(t)Hε(k)

is called the fractional white noise on [0, T ]. Furthermore, for a function Yt : [0, T ]→ (S)∗,
we define the Wick Itô Skorohod (WIS) integral as

δHWIS(Yt) :=

∫ T

0

Yt � ẆH
t dt,

where the right-hand side is the Pettis integral according to Definition 3.14, assuming the
integral exists. In that case, we call Yt WIS-integrable.

Remark 4.1. We will use the notation

eHk (t) := K∗ek(t).

Example 4.1. We will consider the fractional stochastic integral with WH
t as the integrand.

We know that

WH
t =

∑
k

∫ t

0

eHk (s)dsHε(k) .

Therefore, the Wick product is given by

WH
t � ẆH

t =
∑
k,l

∫ t

0

eHk (s)ds eHl (t)Hε(k)+ε(l) .

This implies that

δHWIS(WH
t ) =

∫ T

0

WH
t � ẆH

t dt =
∑
k,l

∫ T

0

∫ t

0

eHk (s)ds eHl (t)dt Hε(k)+ε(l)

=
1

2

∑
k,l

∫ T

0

eHk (s)ds

∫ T

0

eHl (s)ds Hε(k)+ε(l) ,

where the last equality follows from integration by parts .

Note that this is exactly equal to WH
T �WH

T . 4
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Let us now examine the link between the divergence integral from Section 4.1 and the WIS
integral as introduced above. The connection between the integrals is due to the direct link
to their respective definitions of the Skorohod integral.

Theorem 4.3. Let Yt be a square-integrable stochastic process which is in Dom δH . Then,
the divergence integral and WIS integral coincide.

δHWIS(Yt) = δH(Yt). (4.7)

Proof. Let Yt =
∑
α∈J cα(t)Hα be the Wiener-Itô expansion of Yt. Then, the left-hand side

is given by∫ T

0

∑
k∈N,α∈J

cα(t)eHk (t)Hα+ε(k)dt =
∑

k∈N,α∈J

∫ T

0

cα(t)K∗ek(t)dtHα+ε(k)

=
∑

k∈N,α∈J

∫ T

0

Kcα(t)ek(t)dtHα+ε(k)

=

∫ T

0

KYt � Ẇtdt

On the other hand, the right-hand side of Eq. (4.7) is equal to

δH(Yt) = δ(KYt),

according to Theorem 4.1. Lastly, by Theorem 3.10, we see that the two sides are equal.

The WIS-integral provides us thus with a straightforward way to calculate stochastic frac-
tional integrals. Furthermore, thanks to Proposition 3.10, we have a classification for the
domain of the WIS-integral. However, as for the divergence integral, the domain might be
restricted, in particular for integrals with Hurst index < 1

2 .

4.4 Xia Integral

We will now analyse the stochastic fractional integral developed by Xia et al. [16]. This
approach is similar to formulations by for instance Duncan [7], which form the basis for the
WIS integral. Xia et al. also show that their formulation is equivalent to the divergence
integral from Section 4.1. Due to Eq. (4.7), a direct link between the WIS-integral and the
Xia integral must exist. Showing this link is the main result of this section.

The idea of Xia’s formulation is intuitive and does not require any Malliavin calculus besides
the Wick product.

Definition 4.3. Let Yt be a stochastic process, such that the limit

lim
ε→0+

1

ε

∫ T

0

Yt � (WH
t+ε −WH

t )dt

converges in probability to a random variable δHXia(Yt). In this case, we call Yt Xia-integrable
and call δHXia(Yt) the Xia integral of Yt.

Remark 4.2. Since the Wick product can be defined in various ways, the Xia integral can
also be defined in different ways and not necessarily on the white noise probability space.
Here, however, we will consider it as a random variable on the white noise probability space.
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Theorem 4.4. Let Yt ∈ [0, T ] × (S)∗ be a Xia-integrable random process which is also
WIS-integrable in (S)∗ Then, we have that

δHXia(Yt) = δHWIS(Yt)

in (S)∗.

Proof. Let Yt =
∑
α∈J cα(t)Hα be the Wiener-Itô expansion of Yt. For any t ∈ [0, T ], ε > 0,

the fractional Brownian increment is given by

WH
t+ε −WH

t =
∑
k

∫ t+ε

t

eHk (s)ds Hε(k) .

We can write the limit of the Xia integral as

lim
ε→0+

1

ε

∫ T

0

∑
α∈J

cα(t)Hα � (WH
t+ε −WH

t )dt

= lim
ε→0+

1

ε

∫ T

0

∑
α∈J

cα(t)Hα �
∑
k

∫ t+ε

t

eHk (s)ds Hε(k)dt

= lim
ε→0+

1

ε

∫ T

0

∑
α∈J ,k∈N

cα(t)

∫ t+ε

t

eHk (s)ds Hα+ε(k)dt

=

∫ T

0

∑
α∈J ,k∈N

cα(t) lim
ε→0+

1

ε

∫ t+ε

t

eHk (s)ds Hα+ε(k)dt

=

∫ T

0

∑
α∈J ,k∈N

cα(t)eHk (t) Hα+ε(k)dt

=

∫ T

0

Yt � ẆH
t dt.

This proves the equality.

In this section, we introduced three formulations to a Malliavin-based fractional stochastic
integral. We have shown that the methods are equivalent if the integrals exists. Furthermore,
we have shown their connection to fractional operators and the Skorohod integral from
Section 3.

5 Numerical Solutions to Stochastic Differential Equa-
tion

The previous sections built the theoretical foundation for stochastic integration with a frac-
tional Brownian motion. We will now apply these results to simulate numerical solutions
to stochastic differential equations (SDEs). In particular, the goal of this section is to find
solutions to

dYt = µ(t)Ytdt+ σ(t)YtdW
H
t , (5.1)

where the second term is a stochastic fractional integral and µ, σ are deterministic functions.
We will interpret the stochastic fractional integral as a WIS integral, because the numerical
scheme is mainly based on the results of Section 4.3.

As with the theoretical part, we will first show the result for the non-fractional case, i.e.
when H = 1

2 and WH
t = Wt is a regular Brownian motion. Note that for this case, many

other numerical methods exist to find solutions to Eq. (5.1)
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5.1 A Malliavin-Calculus Approach for a Brownian Motion Simu-
lation

We start by finding solutions to the easiest type of SDEs. We want to find paths for

dYt = dWH
t ,

which means that Yt is a (fractional) Brownian motion.

Regular Brownian Motion

The common way to simulate paths of a Brownian motion is via a random walk approxi-
mation. A path is set on a finite grid where each increment is drawn independently from
a distribution. In this section, we will introduce another numerical scheme, based on white
noise theory and the Wiener-Itô expansion from Theorem 3.7. The resulting paths can
be evaluated on a continuous spectrum, which is different to the random walk approxima-
tion.

Remember from Example 3.9 that the Wiener-Itô expansion for a Brownian motion is given
by

Wt =
∑
k

∫ t

0

ek(s)ds Hε(k) .

The idea is to approximate the sum with a finite sum

Wt(ω) ≈WN
t :=

N∑
k=1

∫ t

0

ek(s)ds Hε(k)(ω). (5.2)

for some ω ∈ S∗. One can then evaluate the sum at any t ∈ [0, T ] for any ω. Two questions
arise which need to be addressed:

i) How does one draw samples from S∗, the dual space of the Schwartz functions?

ii) What are the modes of convergence?

To restate i), in order to evaluate Eq. (5.2), one needs to sample the random vector

HN
ε (ω) =


Hε(1)(ω)
Hε(2)(ω)
. . .

Hε(N)(ω)

 =


〈e1, ω〉
〈e2, ω〉
. . .
〈eN , ω〉

 .
Due to the fact that 〈ek, ·〉 are Gaussian random variables, drawing an ω from S∗ is not
necessary. Note that since {ek : k ∈ N} forms an orthonomal basis of L2([0, T ]), the random
vector HN

ε follows a multivariate normal distribution with covariance matrix

Σ =


〈e1, e1〉2 〈e1, e2〉2 . . . 〈e1, eN 〉2
〈e2, e1〉2 〈e2, e2〉2 . . . 〈e2, eN 〉2

. . .
〈eN , e1〉2 〈eN , e2〉2 . . . 〈eN , eN 〉2

 = IN .

The random variables 〈ek, ·〉 are thus independent standard normals and we can simply
sample N standard normal samples to generate a realization for HN

ε . After evaluating∫ t

0

ek(s)ds
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for each k ≤ N , we can evaluate Eq. (5.2) and obtain sample paths for Wt. Fig. 1 shows
the simulation of 10 paths of a Brownian motion with N = 100. An example python code
is listed in Appendix C.2

Figure 1: Simulation of 10 paths using the white noise method

Let us now address the second question. Suppose we fix some time t and consider the
sequence of random variables

{Wn
t : n ∈ N}.

Proposition 5.1. For all t ∈ [0, T ], the sequence {Wn
t : n ∈ N} converges, both, almost

surely and in L2(Ω), to the random variable Wt.

Proof. Note that L2-convergence is implied by the fact thatWt is well-defined. For complete-
ness, we will show it nevertheless. We can directly evaluate the integral of the orthonormal
vectors ek and find

∣∣∣∣∫ t

0

ek(s)ds

∣∣∣∣ =

∣∣∣∣∣
√

2T

πk

(
1− cos

(
kπ

T

))∣∣∣∣∣ ≤
√

8T

πk
.

Then, we have

E[(Wt −Wn
t )2] = E

( ∞∑
k=n+1

∫ t

0

ek(s)dsHε(k)

)2


≤
∞∑

k=n+1

8T

π2k2
E[H2

ε(k) ]

=

∞∑
k=n+1

8T

π2k2

→ 0
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as n → ∞ due to the fact that
∑∞
k=1

8T
π2k2 is a convergent sum. This shows that Wn

t

converges in L2 and therefore also in probability.

It remains to prove that the sequence converges almost surely. We will do so by applying
Kolmogorov’s Three-Series theorem. The convergence in L2 implies that the variance of the
limit is bounded. Furthermore, as each Hε(k) is centered, we also have that E[Wn

t ]→ 0. It
remains to show that there exists some A > 0, such that

∞∑
k=1

P
(∣∣∣∣∫ t

0

ek(s)dsHε(k)

∣∣∣∣ > A

)
<∞. (5.3)

We see that

P
(∣∣∣∣∫ t

0

ek(s)dsHε(k)

∣∣∣∣ > A

)
≤ P

(
Hε(k) >

Aπk√
2T

)
.

Choosing A =
√

2T
π , the equation Eq. (5.3) is certainly true as Hε(k) is standard normal.

Let us further analyze efficiency of this method. In the previous proposition we showed
an upper bound for the variance of the error term Wt −WN

t . We now create a sample of
100’000 paths for t = 10, for different values of N and compare the run time with the error
variance. Table 1 gives a comparison of this upper bound to the sample variance.

N Theoretical upper bound Sample variance Run time
10 0.771388 0.397591 0.03s
100 0.077139 0.033971 2.99s
1000 0.007714 0.003401 12.54s

Table 1: Error variance analysis

Note that compared to Brownian motion approximations from symmetric random walks,
this simulation has two advantages:

• One can calculate WN
t (ω) for any discrete time point t ∈ {t1, t2, . . . , tn} ⊂ [0, T ]

without having to simulate any other time steps.

• The error of the approximation is controlled by N and does not depend on a time
discretization.

• Once the values for
∫ t

0
ek(s)ds are calculated, the computational cost to evaluate a

new path is small, and only a single standard normal random sample needs to be
drawn.

The simulation is thus especially effective for cases where the path only needs to be simulated
at a few time steps, rather than over [0, T ].

Fractional Brownian Motion

We can now use the same procedure to simulate paths of a fractional Brownian motion. We
approximate

WH
t (ω) ≈WH

t

N
:=

N∑
k=1

∫ t

0

eHk (s)ds Hε(k)(ω). (5.4)

For H > 1
2 , the value for eHk (s) = K∗ek(s) can be computed by computing the analytical

expression from Lemma 4.2. Since we do not know an analytical expression for K∗ if H < 1
2 ,
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this is not possible. Nevertheless, it can be used that∫ t

0

eHk (s)ds =

∫ T

0

KI[0,t](s)ek(s)ds =

∫ T

0

KH(t, s)ek(s)ds,

which can be evaluated. We simulate 10 paths of a fractional Brownian motion using this
approximation, which are shown in Fig. 2, for H = 0.7.

Figure 2: Simulation of 10 paths

Let us again compare the error in variance of the method for different values of N . We set
t = 2 and compare the sample variance of WH

t to the variance of the fBm, which is given
by

E[WH
2 ] = 22H .

In Table 2, the results are presented for a chosen Hurst index of H = 0.7. We can see
that the sample variance is approaching the actual variance from below. This shows the
convergence of the method. From N = 200 on, however, the difference increases again.
The cause for this divergence is that the numerical integration becomes more difficult as N
increases, due to the fact that en(s) oscillates more for high values of n. This suggests that
a different choice for en(s) would be more appropriate, such as a basis based on indicator
functions.

This issue is especially noticeable for values of H < 0.5, which is why we will center our
analysis on values H > 0.5 from now on.

Remark 5.1. Note that the divergence did not occur in Table 1. This is due to the fact that
there exists an analytical expression for∫ t

0

ek(s)ds,

meaning no numerical integration is necessary.
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H = 0.7
N Variance Sample variance ∆ Run time
10 2.639016 2.502646 0.136370 0.03s
50 2.639016 2.582831 0.056185 0.46s
100 2.639016 2.612176 0.02684 0.77s
200 2.639016 2.528869 0.110147 2.25s
500 2.639016 5.161344 -2.522328 7.5s

Table 2: Sample variance H = 0.7

Besides analyzing the sample variance, we also want to test the samples for autocorrelation.
We do this with a Durbin-Watson statistic, which is mainly used to detect autocorrelation
in residuals of regressions. Suppose that the sequence ∆WH

t = WH
t −WH

t−1 is given for a
grid of time points. The Durbin-Watson test then evaluates

d =

∑T
t=2(∆WH

t −∆WH
t−1)2∑T

t=1(∆WH
t )2

The value d ∈ [0, 4] thus indicates the amount of autocorrelation, with a lower score indi-
cating positive autocorrelation and d = 2 in case of no autocorrelation.

To test for autocorrelation in our method, we sample 1000 paths with N = 50 and 100 time
points. The mean and variance of d for different values of H are shown in Table 3.

H = 0.7
H Mean d Variance d
0.6 0.596609 0.013117
0.7 0.491339 0.0134853
0.8 0.376435 0.013240
0.9 0.259012 0.012240

Table 3: Various Durbin-Watson statistics

The decreasing values of d clearly show the increase in positive autocorrelation, which is
what we expect from a fBm.

5.2 Stochastic Integrals with Deterministic Integrals

Let us now consider a slightly more complex SDE. In this step, we will find paths to
solve

dYt = σ(t)dWH
t ,

where σ(t) is a suitable deterministic function.

The process Yt is a Wiener-integral which is written in integral form as

Yt =

∫ t

0

σ(t) dWH
t ,

where t ≤ T .

In the non-fractional case, as a result of Theorem 3.10, we have that Y can be written
as

Yt =
∑
k

∫ T

0

σ(s)ek(s)ds Hε(k) .
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We can thus approximate this integral with

Yt ≈
N∑
k=1

∫ t

0

σ(s)ek(s)ds Hε(k) ,

and we only need to calculate k deterministic integrals at any time t to find the coefficients.
These coefficients can be calculated numerically or, in special cases, analytically.

Let us now consider the fractional case, where H 6= 1
2 . Due to the Definition of the WIS-

integral (Definition 4.2), we can write

Yt =
∑
k

∫ t

0

σ(s)eHk (s)ds Hε(k) =
∑
k

∫ t

0

σ(s)K∗ek(s)ds Hε(k) ,

which we again approximate as a finite sum with terms including up until N . Here, the
coefficients can be calculated in two separate ways, either by directly using the adjoint K∗
and thus evaluating ∫ t

0

σ(s)K∗ek(s)ds,

or using K by noting that∫ t

0

σ(s)K∗ek(s)ds =

∫ T

0

I[0,t](s)σ(s)K∗ek(s)ds =

∫ T

0

K(I[0,t]σ)(s)ek(s)ds.

As K∗ does not have an analytical expression for H < 1
2 , the first method does not work for

this case.

Remark 5.2. In order to properly implement this method, an efficient calculation of K∗ek
or Kσ is necessary. Although one possible implementation is given in Appendix C.2, we will
focus for now on the theoretical aspects and leave the efficient implementation for further
studies.

5.3 Exponential Wick Calculus

Note that SDEs of the type Eq. (5.1) have a stochastic integrand, as Yt itself is stochastic.
In this section, we will show that it is possible to express solutions to Eq. (5.1) using only
deterministic integrals. This requires us to first extend the results for the Wick calculus of
Section 3.5.

5.3.1 Non-fractional Case

We will here consider solutions to the differential equation

dYt = YtdWt,

with initial value Y0 = y0, almost surely. The solution to this equations is well-known as
the Doléans-exponential y0E(Wt), where [20, Section 7.4],

Yt = E(Wt) := exp

(
Wt −

1

2
t

)
.

Using the equivalence of the Skorohod integral and the Pettis integral, we can write the
equation in the Wick product form as

dYt = Yt � Ẇt dt. (5.5)
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This suggests that a solution with Wick products, which is equivalent to the Doléans-
exponential, should be available.

Consider the k-th Wick power, which we write as

X�k = X �X � · · · �X︸ ︷︷ ︸
k times

.

One can find X�k quite easily for any X of the type

X =

∫ T

0

f(t)dWt,

due to the fact that
X�k = I1(f)�k = Ik(f⊗·k).

This, on the other hand, can be written in terms of Hermitian polynomials as [27, p. 1.19]

Ik(f⊗·k) = ‖f‖khk
(
X

‖f‖

)
.

Hence, we have that

W �kt =
√
tkhk

(
X
√
t
k

)
.

Remark 5.3. Note how the various definitions of the Skorohod integral are still important,
as the different Wiener-Itô expansions have different properties.

Combining these facts, we can find a solution to Eq. (5.5) the following way.

Proposition 5.2. Let the Wick-exponential be defined as

exp�(X) :=

∞∑
k=0

1

k!
X�k,

whenever the sum converges in (S)∗. The Wick-exponential of the Brownian motion Yt =
y0 exp�(Wt) is a solution to the initial-value problem of Eq. (5.5).

Proof. The Wick-exponential of the Brownian motion is given by

exp�(Wt) :=

∞∑
k=0

1

k!
W �kt =

∞∑
k=0

√
tk

k!
hk

(
Wt√
t

)
.

By the generating function for Hermitian polynomials, this is exactly equal to the Doléans-
exponential,

exp�(Wt) = E(Wt).

Therefore, we conclude that Yt = y0 exp�(Wt) is a solution to Eq. (5.5) and thus to the
differential equation

dYt = YtdWt,

with initial value y0.

Remark 5.4. The Wick exponential in (S)∗ has the same properties as the regular exponen-
tial due to the fact that the Wick product is associative. For example, one can show that,
[27, p. 5.34],

exp�(X + Y ) = exp�(X) � exp�(Y ). (5.6)
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We can further confirm that exp�(Wt) is a solution to Eq. (5.5) by utilizing Wick calculus.
Opposed to regular SDEs, which are always to be understood as integral equations, the
Wick SDEs of the form Eq. (5.5) can be considered in their differential form, where we
write

dYt
dt

= Yt � Ẇt.

The left-hand side is then the Malliavin derivative in (S)∗. A comprehensive overview of
Wick calculus can be found in Appendix A.3 of [15]. By the Wick chain rule [15, Theorem
A.3.4], we have that

d

dt
W �kt = kW �k−1

t � Ẇt

and therefore
d

dt
exp�(Wt) =

d

dt

∞∑
k=0

1

k!
W �kt = exp�(Wt) � Ẇt. (5.7)

Remark 5.5. Despite the notation, the expression d
dt exp�(Wt) is not to be interpreted as a

derivative with respect to time t, but rather a derivative with respect to ω ∈ S∗, as it is a
Malliavin derivative.

A generalization to an SDE with a drift and diffusion coefficient follows directly. Consider
the equation

dYt = µ(t)Ytdt+ σ(t)YtdWt.

The solution to this SDE is again given by the Doléans exponential E(Xt), where dXt =
µ(t)dt+ σ(t)dWt is a semimartingale.

The equation can again be written in terms of a Wick equation as

dYt = µ(t) � Ytdt+ σ(t) � Yt � Ẇtdt = Yt � (µ(t) + σ(t)Ẇt)dt,

A natural guess for a solution is thus

Yt = exp�(Xt),

with Xt =
∫ t

0
(µ(s) + σ(s)Ẇs)ds. By the Wick chain rule, we again find

d

dt
X�kt = kX�k−1

t � (µ(t) + σ(t)Ẇt),

and thus also
d

dt
exp�(Xt) = exp�(Xt) � (µ(t) + σ(t)Ẇt),

which satisfies the SDE.

5.3.2 Fractional Case

The Wick product approach to SDEs is an alternative way to look at SDEs, such as to the
equations in (S)∗. While it may not seem as interesting for the non-fractional case, it is the
most efficient way to consider SDEs for fractional Brownian motions. Let us now consider
the Wick SDE, d

dYt
dt

= Yt � (µ(t) + σ(t)ẆH
t ), (5.8)

for an arbitrary Hurst coefficient H ∈ (0, 1). A solution is again given by

exp�(Xt) =

∞∑
k=0

1

k!
X�kt , (5.9)
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with Xt =
∫ t

0
(µ(s) + σ(s)ẆH

s )ds. Since Eq. (5.9) contains the Wick power, however, it
is not easily approximated for a numerical scheme. Therefore, we first need to rewrite the
expression.

Proposition 5.3. For Xt =
∫ t

0
(µ(s) + σ(s)ẆH

s )ds, we have that

exp�(Xt) = exp

(
Xt −

1

2
‖Kσ1[0,t]‖2L2[0,T ]

)
,

and thus the solution to Eq. (5.8) is given by

Yt = exp

(∫ t

0

µ(s)ds+

∫ t

0

σ(s)ẆH
s ds− 1

2
‖Kσ1[0,t]‖2L2[0,T ]

)
.

This shows that simulating paths, as in Section 5.2, suffices to simulate paths of solutions
to Eq. (5.8) without having to compute the stochastic integral∫ t

0

σ(s)YsdW
H
t .

Proof. The proof follows from the property for Wick exponentials of Eq. (5.6) and the
general properties of the Wick product. First, we see that

exp�(

∫ t

0

(µ(s) + σ(s)ẆH
s )ds) = exp�

(∫ t

0

µ(s)ds

)
� exp�

(∫ t

0

σ(s)ẆH
s ds

)
= exp

(∫ t

0

µ(s)ds

)
exp�

(∫ t

0

σ(s)ẆH
s ds

)
,

since Wick products coincide with regular products if one factor is deterministic. We will

thus only need to work out the term exp�
(∫ t

0
σ(s)ẆH

s ds
)

. By Eq. (5.6), we have

exp�
(∫ t

0

σ(s)ẆH
s ds

)
= exp�

(∑
k

∫ t

0

σ(s)eHk (s)dsHε(k)

)
=

�∏
k

exp�
(∫ t

0

σ(s)eHk (s)dsHε(k)

)
.

Since the random variables {Hε(k)k ∈ N} are independent, the terms

{exp�
(∫ t

0

σ(s)eHk (s)dsHε(k)

)
: k ∈ N}

are also independent, which means that the Wick product will be equal to the regular
product. We thus have

exp�
(∫ t

0

σ(s)ẆH
s ds

)
=
∏
k

exp�
(∫ t

0

σ(s)eHk (s)dsHε(k)

)
.

The individual factors are again decomposed using the generating function for Hermitian
polynomials. For any k, we have

exp�
(∫ t

0

σ(s)eHk (s)dsHε(k)

)
=

∞∑
n=0

∫ t
0
σ(s)eHk (s)ds

n!
Hnε(k)

=

∞∑
n=0

∫ t
0
σ(s)eHk (s)ds

n!
hn(wek)

= exp

(
wek

∫ t

0

σ(s)eHk (s)ds− 1

2

(∫ t

0

σ(s)eHk (s)ds

)2
)
.
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We can now use this term to find

exp�
(∫ t

0

σ(s)ẆH
s ds

)
= exp

(∑
k

wek

∫ t

0

σ(s)eHk (s)ds−
∑
k

1

2

(∫ t

0

σ(s)eHk (s)ds

)2
)

= exp

∫ t

0

σ(s)dWH(s)−
∑
k

1

2

(∫ T

0

Kσ1[0,t](s)ek(s)ds

)2


= exp

(∫ t

0

σ(s)dWH(s)− 1

2
‖Kσ1[0,t]‖2L2[0,T ]

)
.

The last equality follows from Parseval’s identity. This completes the proof.

With this method, we generate a simulation of 10 paths of the SDE

dYt = µ(t)Ytdt+ σ(t)YtdW
H
t ,

with

µ(t) = t, t ∈ [0, T ]

σ(t) = t, t ∈ [0, T ].

The results are presented in Fig. 3 and the code for the simulation can be found in Ap-
pendix C.3. Note, that, as in Remark 5.2, further work is required for an efficient imple-
mentation.

Figure 3: Simulation of 10 paths
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6 Conclusions

6.1 Stochastic Integration

In this thesis we introduced the Malliavin-based approach to stochastic integration with
respect to a fractional Brownian motion. We presented three ways to evaluate the inte-
gral ∫ T

0

XtdW
H
t .

The first approach is to consider the integral as a divergence operator of a particularly chosen
isonormal Gaussian process, an approach developed by authors including Alos, Nualart,
Decreusefond and Üstünel. The second approach is based on the Wick product on the
white noise probability space, which is originally attributed to Elliott and van der Hoek,
but then followed up by Øksendal, Nunno and Biagini. The third, more recent approach, is
by Xia et al. The most important property of these integrals is that they are all centered,
i.e. that

E[

∫ T

0

XtdW
H
t ] = 0,

for any process Xt. Furthermore, they all generalize the Itô integral. This means that if
H = 1

2 , the stochastic integrals coincide with the Itô integral.

Over the course of the thesis, we have proven that the integrals coincide due to their common
relation to the Skorohod integral and fractional operators. It is, however, unclear how the
respective domains of integration behave. It has been shown that, especially for small values
of H (H < 1

2 ), the rough paths of the fBm require a certain regularity on the integrand;
much more than for the regular Itô integral. For instance, the simple integral∫ T

0

WH
t dWH

t

is not well-defined in the divergence case if H < 1
4 , and a limit extension is necessary to

define the integral.

Each integral formulation has positive and negative aspects. The divergence integral is
defined in a weak way. It is thus difficult to find an analytic expression for the integral.
Conversely, the integral is a direct extension of the white noise Malliavin calculus case (i.e
Example 3.1) and requires the least amount of prior knowledge.

The WIS-integral can be computed in a straightforward way if the Wiener-Itô expansion of
the process to be integrated is known. Furthermore, Proposition 3.10 gives a simple charac-
terization for Pettis-integrable processes, thus further specifying the domain of integration.
However, this integral does require one to explicitly work with the fractional operator K and
its adjoint operator K∗, which, due to the irregular properties, can be challenging.

The Xia integral is the most intuitive integral, as it follows as a limit of some sort of
Riemann-sum approximation. This makes the integral especially convenient for time-discrete
processes. Furthermore, an integral of a continuous process can be approximated by such
an integral. Nevertheless, the integral contains a Wick product, which makes numerical
approximation more challenging.

6.2 Numerical Scheme

Continuing with the integral formulation, we introduced a new numerical scheme to simulate
paths on the white noise probability space in the last section of the thesis. The method
includes sampling the Gaussian bases Hε(k) and then approximating paths by truncation
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of the Wiener-Itô expansion, which by definition, converges quadratically. We have showed
numerical simulations for

i) regular Brownian motions,

ii) fractional Brownian motions,

iii) fractional stochastic integrals with respect to the fBm,

iv) fractional linear stochastic differential equations.

There are several practical applications of the method. The method can be used as an
alternative to Euler-approximations of regular Itô integrals and SDEs. The method can
particularly efficient in applications where paths need to be evaluated at arbitrary discrete
time points. Furthermore, while the initial computational cost is higher than with an Euler-
scheme, any additional path only requires sampling of one random variable as opposed to
the large amount of time points in the Euler-case.

This method also allows for a simulation of paths of the solution to SDEs of the type

dYt = µ(t)Ytdt+ σ(t)YtdW
H
t , (6.1)

where µ(t), σ(t) are suitable deterministic functions. Such SDEs are common in applications
related to financial modelling, where for instance Yt could be interpreted as the price process
of some asset.

It is important to note that the content of Section 5 is from a theoretical point of view
and that there are several challenges when implementing the method. The method requires
the evaluation of K(σ)(·) of eHk (t), which means that a numerical integration scheme is
necessary. As we have pointed out, this can lead to high computational costs or even
inaccurate solutions, due to the evaluation of improper integrals. Additionally, the choice
of the basis vectors {ek : k ∈ N} can influence the convergence of these integrals.

6.3 Further Considerations

The fractional Brownian motion has been shown to be a very suitable model for problems
occurring in various practical fields. Therefore, it has been a popular topic among mathe-
maticians, especially around the year 2000. However, the difficulties occurring due to irreg-
ular paths have been challenging for applications. In financial mathematics, for instance, a
solution to the arbitrage problem, induced by the fact that fBm is not a semimartingale,
remains to be found.

Nevertheless, models with fractional Brownian motions are gaining popularity, such as the
modelling of rough volatility. In order to properly apply such models, a solid understanding
of the fBm, stochastic integration, and the difficulties around it is crucial. Furthermore, it is
important to define a standard way to interpret such a stochastic integral. We believe that
the standard way should be the WIS-integral, as introduced by Elliott and van der Hoek.
Although the integral requires a solid understanding of the white noise probability space, it
allows for simple computations and additionally allows for numerical approximations.

Further research should be done into the domain of integration for the WIS integral. The
irregularities of the fractional operator need to be properly analyzed and compared with
the issues which have already been determined for the divergence integral. Additionally,
in order to speed up the simulations of paths, a more suitable expression for the fractional
operator is needed. The double integral occurring in the computation of∫ t

0

eHk (s)ds
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could possibly be approximated in a more efficient way than currently proposed in this
thesis.

In the end, the fractional Brownian motion remains a challenging topic compared to the
regular Brownian motion, due to the martingale and Markov properties of the latter. There-
fore, the benefits of using fractional models versus models with a regular Brownian motion as
noise term should be carefully compared to the additional computational challenges.
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A Hermitian Polynomials

Hermitian polynomials form a family of polynomials which occur naturally in the relation
to Gaussian random variables.

Definition A.1. Let n ≥ 0. We denote the n-th Hermitian polynomial as

hn(x) =
(−1)n

n!
e
x2

2
dn

dxn

(
e

−x2
2

)
, n ≥ 1,

and h0(x) ≡ 1.

The polynomials have various properties which follow directly from their definition. For
instance, it can be shown that they follow the recurrence relation

hn+1(x) = xhn − h′n(x).

Furthermore, for n ≥ 1, we have that

1. h′n(x) = hn−1(x),

2. (n+ 1)hn+1(x) = xhn(x)− hn−1(x),

3. hn(−x) = (−1)nhn(x).

Lastly, they can also be characterized via the so-called (polynomial) generating function. It
can be shown that

etx−
t2

2 =

∞∑
k=0

hn(x)tn. (A.1)

The reason why Hermitian polynomials are connected to Gaussian random variables is that
they form an orthogonal structure for normal random variables. It can easily be shown
that

1√
2π

∫ ∞
−∞

hn(x)hm(x)e
−x2
2 dx =

√
n!
√
m!δnm, (A.2)

for any n,m ∈ N. Since e
−x2
2 is the Gaussian kernel, this indicates the orthonormal structure

for Gaussian random variables. In fact, we have the following lemma.

Lemma A.1. Let X,Y be standard Gaussian random variables which are jointly Gaussian
distributed. Then, for any m,n ≥ 0, we have

E[hn(X)hm(Y )] =

{
0 if n 6= m,
1
n!E[XY ]n if n = m.

Proof. Since X and Y are jointly Gaussian with mean zero, we have that aX + bY ∼
N(0, a2 + b2 + 2abρ), where ρ = Cov(X,Y ). The moment generating function of aX + bY ,
evaluated at t = 1, is thus given by

E[eaX+bY ] = ea
2+b2+2abρ.

Rearranging the terms, we find that

E[eaX−
a2

2 +bY− b22 ] = eabρ.

By the generating function Eq. (A.1), the left-hand side can be written as

E[

∞∑
k=0

hk(X)ak
∞∑
l=0

hl(Y )bl] = eabρ.
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The solution can be obtained by differentiating n times with respect to a, m times with
respect to b, and a subsequent evaluation at a = b = 0. Assuming, without loss of generality,
that m ≤ n, we find

E[n!m!hn(X)hm(Y )] = m!ρnbn−meabρ = δnmρ
nm!.

Since ρ = E[XY ], the equality is proven.

B Iterated Itô Integrals with Isonormal Processes

Here, we will discuss the rigorous construction of the iterated integral În(f), according
to Definition 3.8, where f ∈ L2([0, T ]). For simplicity, we will write In(f) instead of
În(f).

Let H be the Hilbert space

H = L2(µ, [0, T ],B[0, T ]),

where µ is a σ-finite atomless measure on [0, T ] and B[0, T ] = B the set of all measurable
subsets. Since H is a Hilbert space, there exists an isonormal Gaussian process W : H →
L2(Ω). In particular, if A ∈ B is a measurable set of [0, T ], the function IA is in H and we
denote

W (A) = W (IA). (B.1)

We now notice that random variables of the type Eq. (B.1) determine the whole isonormal
process W . This is the case since {IA : A ∈ B, µ(A) < ∞} is dense in L2([0, T ]) and thus
for any h ∈H , we can write

W (h) = W

(
lim
n→∞

N∑
k=1

akAk

)
= lim
n→∞

W

(
N∑
k=1

akAk

)
,

for some sequences {an ∈ R : n ∈ N} and {An ∈ B : n ∈ N}. The last equality follows from
the fact that W is an isometry. Denoting B0 = {A ∈ B : µ(A) <∞}, the set

{W (A) : A ∈ B0}

is thus dense in L2(Ω).

Now, let n ∈ N be fixed and consider a sequence {A1, A2, . . . , An} in B0 with the property
that Ak ∩ Al = ∅ for all k 6= l. The sets are thus pairwise disjoint. Furthermore, for some
fixed m ∈ N, we define the sequence of coefficients

{ai1...im : ik ≤ n, i ≤ m}

with the property that if ik = il for any k, l ≤ m, we have that ai1...im = 0. Now, consider
functions of the form

f(t1, t2, . . . , tm) =

n∑
i1,...,im=1

ai1...imIAi1×···×Aim . (B.2)

We call functions of the type Eq. (B.2) elementary functions and denote the space of all
elementary functions as Em, where m is fixed and n is chosen freely. One can interpret
elementary functions the following way. Let us consider the case when m = 2 and the
subsets A1, A2, as drawn in Fig. 4.
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T

T

A1

A2 IA1×A2

Figure 4: Graphical Representation of IA1×A2

An elementary function is for instance given by

f(t1, t2) = 2IA1×A2
+ IA2×A1

,

which is represented in Fig. 5. As we can see, due to the fact that A1 and A2 are pairwise
disjoint and a1,1 = a2,2 = 0, the diagonal line t1 = t2 remains at 0.

T

T

IA1×A2

IA2×A1

Figure 5: An elementary function in E2

The space of elementary functions will build the basis for a limit argument to define Im(f)
for any square-integrable function f . To do so, we have to first prove that Em is dense in
L2([0, T ]m)

Proposition B.1. For any m ∈ N, the space En is dense in L2(µm, [0, T ]m,Bm).

Proof. Since the regular simple functions are dense in L2, it suffices to show that for any
A ∈ Bm0 , the function IA is contained in the closure of Em. The set A ∈ B0[0, T ]m in turn
can be written as

A1 × · · · ×Am,
for some A1, . . . , Am ∈ B. Let us now fix some ε > 0. Since µ has no atoms, we can find a
collection of pairwise disjoint sets {E1, . . . , En}, such that µ(Ek) ≤ ε for all k ≤ n and such
that Aj can be written as a union of some of the sets Ek. The indicator function IA can
thus be written as

IA =
∑

i1,...,im=1

ai1,...,imIE1×···×En ,
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for some ai1,...,im ∈ {0, 1}. Note that the right-hand side is almost an elementary function,
only missing that ai1,...,im is not necessarily 0 if ik = il for some k 6= l. We thus define IB
as the elementary function

IB =
∑

i1,...,im=1

bi1,...,imIE1×···×En ,

where bi1,...,im = ai1,...,im if i1 6= . . . 6= im and 0 otherwise. The set B is thus a subset of A
and we find

IA − IB =
∑

i1,...,im∈J
ci1,...,imIE1×···×En ,

where J is the set of indices for which we put the coefficients to 0. Note that |J | can be at
most

(
m
2

)
. Therefore,

‖IA − IB‖22 ≤ εµ(A)m−1

(
m

2

)
→ 0,

as ε→ 0. The function IA is thus a limit point of IB . This concludes the proof.

Remark B.1. We thus see why it is important to assume that µ is atomless, as the choice
of E1, . . . , En is not necessarily given for a measure with atoms.

The definition of the iterated stochastic integral, according to Definition 3.8, now follows as
a limit of Eq. (3.7).

C Python Code

C.1 Brownian motion paths

The code below generates and plots paths of a regular Brownian motion.

1 import numpy as np

2 import matplotlib.pyplot as plt

3 import math

4

5

6 def E(k: int, t: float, T: float = 1.0) -> float:

7 """

8 Returns: \int_0^t e_k(s)ds, where {e_k : k \in N} forms

9 an orthonormal basis of [0,T]

10 """

11 return (

12 math.sqrt(2 / T)

13 * (T)

14 / (k * math.pi)

15 * (1 - math.cos(k * math.pi * t / T))

16 )

17

18

19 def SampleHermitianBase(K: int, NoOfPaths: int) -> np.array:

20 """

21 Returns: NoOfPaths samples for <e_k,w>, which are standard normal.

22 """

23 return np.random.normal(0.0, 1.0, [K, NoOfPaths])

24

25
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26 def BrownianMotionPaths(

27 T: float, NoOfPaths: int, NoOfSteps: int, N: int

28 ) -> np.array:

29 """

30 Returns: [NoOfPaths, NoOfSteps] array of Brownian motion sample paths

31 """

32 base = SampleHermitianBase(N, NoOfPaths)

33 result = np.zeros([NoOfPaths, NoOfSteps + 1])

34 time = np.zeros([NoOfSteps + 2])

35 dt = T / float(NoOfSteps)

36 for i in range(NoOfSteps + 1):

37 for k in range(1, N + 1):

38 result[:, i] += E(k, time[i], T) * base[k - 1, :]

39 time[i + 1] = time[i] + dt

40 return result

41

42

43 def Plot(paths: np.array, T) -> None:

44 _NoOfSteps = len(paths[0])

45 plt.plot(np.linspace(0, T, _NoOfSteps), np.transpose(paths))

46 plt.show()

47

48

49 N = 100

50 T = 10

51 NoOfPaths = 10000

52 NoOfSteps = 100

53 Plot(BrownianMotionPaths(T, NoOfPaths, NoOfSteps, N), T)

C.2 Fractional Brownian motion paths

The code below generates and plots paths of a fractional Brownian motion.

1 import numpy as np

2 import matplotlib.pyplot as plt

3 import math

4 from scipy.special import gamma, hyp2f1

5 import scipy.integrate as integrate

6

7 # Determine Hurst-Index

8 H_set = 0.7

9

10

11 def _e(k: int, t: float, T=1) -> float:

12 """

13 Basis vectors of [0,T]

14 """

15 return math.sqrt(2 / T) * math.sin(k * math.pi * t / (T))

16

17

18 def _K_H(t: float, s: float, H=H_set) -> float:

19 """

20 Fractional operator K_H(t,s)

21 """
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22 return (

23 (t - s) ** (H - 1 / 2)

24 / gamma(H + 1 / 2)

25 * hyp2f1(H - 1 / 2, 1 / 2 - H, H + 1 / 2, 1 - t / s)

26 )

27

28

29 def _KInt(start: float, end: float, k: int, T: float, H=H_set) -> float:

30 """

31 Calculates int_0^t K_H(t,s)e_k(s)ds

32 """

33 return integrate.quad(

34 lambda x: _K_H(end, x, H) * _e(k, x, T), start, end

35 )

36

37

38 def SampleHermitianBase(K: int, NoOfPaths: int) -> np.array:

39 """

40 Returns: NoOfPaths samples for <e_k,w>, which are standard normal.

41 """

42 return np.random.normal(0.0, 1.0, [K, NoOfPaths])

43

44

45 def FBM(T: float, NoOfPaths: int, NoOfSteps: int, N: int) -> np.array:

46 """

47 Returns: [NoOfPaths, NoOfSteps] array of fBm paths

48 """

49 base = SampleHermitianBase(N, NoOfPaths)

50 result = np.zeros([NoOfPaths, NoOfSteps + 1])

51 time = np.zeros([NoOfSteps + 2])

52 dt = T / float(NoOfSteps)

53 for i in range(NoOfSteps + 1):

54 for k in range(1, N + 1):

55 # Make sure no singularity at 0

56 if time[i] == 0:

57 time[i] = 0.00000001

58 result[:, i] += (

59 _KInt(0, time[i], k, T, H_set)[0] * base[k - 1, :]

60 )

61 time[i + 1] = time[i] + dt

62 return result

63

64

65 def Plot(paths: np.array, T: float) -> None:

66 _NoOfSteps = len(paths[0])

67 plt.plot(np.linspace(0, T, _NoOfSteps), np.transpose(paths))

68 plt.show()

69

70

71 N = 100

72 T = 2.0

73 NoOfPaths = 100

74 NoOfSteps = 100

75 paths = FBM(T, NoOfPaths, NoOfSteps, N)



C. PYTHON CODE 63

76 Plot(paths, T)

C.3 Fractional SDE

The code below generates and plots paths of the SDE Eq. (6.1).

1 import numpy as np

2 import matplotlib.pyplot as plt

3 import math

4 from scipy.special import beta

5 import scipy.integrate as integrate

6 import matplotlib.pyplot as plt

7

8 H_set = 0.7

9 c_H = (H_set * (2 * H_set - 1) / (beta(2 - 2 * H_set, H_set - 0.5))) ** (

10 1 / 2

11 )

12

13

14 def _e(k: int, t: float, T=1) -> float:

15 """

16 Basis vectors of [0,T]

17 """

18 return math.sqrt(2 / T) * math.sin(k * math.pi * t / (T))

19

20

21 def dK_H(t: float, s: float) -> float:

22 """

23 Derivative of K_H(t,s) with respect to t

24 """

25 if t == s:

26 t += 0.0000000001

27 return c_H * (t / s) ** (H_set - 1 / 2) * (t - s) ** (H_set - 3 / 2)

28

29

30 def SampleHermitianBase(K: int, NoOfPaths: int) -> np.array:

31 """

32 Returns: NoOfPaths samples for <e_k,w>, which are standard normal.

33 """

34 return np.random.normal(0.0, 1.0, [K, NoOfPaths])

35

36

37 def fbmIntegral(

38 NoOfPaths: int, NoOfSteps: int, sigma, T=1, K=10

39 ) -> np.array:

40 """

41 Returns: [NoOfSteps, NoOfPaths] array of int_0^t sigma(s)dW^H_s

42 """

43 HBSamples = SampleHermitianBase(K, NoOfPaths)

44 time = np.zeros([NoOfSteps + 2])

45 dt = 1 / float(NoOfSteps)

46 sum = np.zeros([NoOfSteps, NoOfPaths])

47 coeff = np.zeros(K)

48 E = lambda k, start, end: integrate.dblquad(
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49 lambda s, u: dK_H(s, u) * _e(k + 1, u, T) * sigma(s),

50 start,

51 end,

52 lambda s: 0,

53 lambda s: s,

54 )[0]

55 for i in range(1, NoOfSteps):

56 time[i] = time[i - 1] + dt

57 for k in range(K):

58 coeff[k] += E(k, time[i - 1], time[i])

59 sum[i] += coeff[k] * HBSamples[k]

60 return sum

61

62

63 def drift_term(mu, NoOfPaths: int, NoOfSteps: int) -> np.array:

64 """

65 Returns: [NoOfSteps, NoOfPaths] array of int_0^t mu(s)ds

66 """

67 result = np.zeros([NoOfSteps, NoOfPaths])

68 time = np.zeros([NoOfSteps + 2])

69 dt = 1 / float(NoOfSteps)

70 for i in range(1, NoOfSteps):

71 time[i] = time[i - 1] + dt

72 result[i] = np.repeat(integrate.quad(mu, 0, time[i])[0], NoOfPaths)

73 return result

74

75

76 def correction_term(sigma, NoOfPaths: int, NoOfSteps: int) -> np.array:

77 """

78 Returns: [NoOfSteps, NoOfPaths] array of ||K*sigma||_L^2

79 """

80 result = np.zeros([NoOfSteps, NoOfPaths])

81 time = np.zeros([NoOfSteps + 2])

82 dt = 1 / float(NoOfSteps)

83 for i in range(1, NoOfSteps):

84 time[i] = time[i - 1] + dt

85 result[i] = np.repeat(

86 integrate.dblquad(

87 lambda t, s: (dK_H(t, s) * sigma(t)) ** 2,

88 0,

89 time[i],

90 lambda s: s,

91 lambda s: T,

92 )[0],

93 NoOfPaths,

94 )

95 return result

96

97

98 def Plot(paths: np.array, T: float) -> None:

99 _NoOfSteps = len(paths)

100 plt.plot(np.linspace(0, T, _NoOfSteps), paths)

101 plt.show()

102
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103

104 K = 50

105 NoOfSteps = 50

106 NoOfPaths = 1000

107 T = 2

108 correction = correction_term(lambda x: x, NoOfPaths, NoOfSteps)

109 drift = drift_term(lambda x: x, NoOfPaths, NoOfSteps)

110 diff = fbmIntegral(NoOfPaths, NoOfSteps, lambda x: x, T, K)

111

112 paths = np.exp(diff) * np.exp(drift) / (np.exp(1 / 2 * correction))

113 Plot(paths, T)
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