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Abstract

A well-studied class of geometrical problems is the class of point enclosing problems. Here we are given
a point set P and a convex shape s. Either we have to enclose as many points of P with s or we have
to enclose a certain number of points and we minimise the size of s. In both cases the input consists
of a set points and value which is either the number of points k that we must enclose or the size r of
the shape. We consider specifically the interval for 1-dimensional points and the circle and square for
2-dimensional points. Although these problems have been studied extensively in the last few decades, we
take a different approach. Instead of solving one of these problems directly, we construct, for a specific
problem, a data structure on the point set such that we can query either a value k or r (depending on
the problem) and answer the problem more quickly. Building the data structure might take more time
than computing the problem directly, but if we need to solve the same problem for different values of k
or r, this approach can be faster than solving the problem from start for each individual input.
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1 INTRODUCTION AND PROBLEM DESCRIPTION 1

1 Introduction and problem description

Throughout this thesis we define P to be a point set in Rm with m ∈ {1, 2}. Occasionally, we show statements
that hold in higher dimensions as well. Then we denote the dimension by d which will always be a constant.
We will consider two variants of problems that are closely related. In the first we are given a certain convex
shape s and we must position s such that it contains the maximum number of points in P . In the second
variant we are given a class of shapes S and an integer k. We then have to find the shape s of S of minimal
size that contains at least k points. In both cases points on the boundary of s are contained by s as well.
More precisely, we consider the following problems:

� Min-Seg(k): Given a set P of n points in R1. Find the smallest interval (or segment) that encloses at
least k points of P . We call this interval the k-smallest interval.

� Max-Pts-Seg(r): Given a set P of n points in R1. Find an interval of size r that encloses the maximum
number of points of P .

� Min-Square(k): Given a set P of n points in R2. Find the smallest axis-aligned square that encloses
at least k points of P . We call this square the k-smallest square.

� Max-Pts-Square(r): Given a set P of n points in R2. Find an axis-aligned square with sides length
r that encloses the maximum number of points of P .

� Min-Circle(k): Given a set P of n points in R2. Find the smallest circle that encloses k points of P .
We call this circle the k-smallest circle.

� Max-Pts-Circle(r): Given a set P of n points in R2. Find a circle of diameter r that encloses the
maximum number of points of P .

� Min-Area(k): Given a set P of n points in R2. Find the smallest area axis-aligned rectangle that
encloses k points of P .

� Max-Pts-Area(α): Given a set P of n points in R2. Find an axis-aligned rectangle with area α that
encloses the maximum number of points of P .

� Min-Perim(k): Given a set P of n points in R2. Find the smallest perimeter axis-aligned rectangle
that encloses k points of P .

� Max-Pts-Perim(α): Given a set P of n points in R2. Find an axis-aligned rectangle with perimeter
α that encloses the maximum number of points of P .

� Min-Diag(k): Given a set P of n points in R2. Find the smallest diagonal axis-aligned rectangle that
encloses k points of P .

� Max-Pts-Diag(α): Given a set P of n points in R2. Find an axis-aligned rectangle with diagonal α
that encloses the maximum number of points of P .

� Max-Pts-Rect(l, w): Given a set P of n points in R2. Find an axis-aligned rectangle with length l
and width w that encloses the maximum number of points of P .

Remark 1.0.1. Since our goal was to consider most of these problems, we have found results for these
problems in the literature study. For completion we have included all definitions here, but we do not discuss
all problems involving the rectangle except for Max-Pts-Rect(l, w) outside the literature study.

The problems we introduced above are researched extensively as we will see in Section 3. They all fall in
the category function problems [20] where each valid input has a single output. A different set of problems
is the category of data structure problems. Here we are first given input which we have to store in a data
structure. Then we are given a query on the input that we have to answer using the data structure. The
goal is to built the data structure in such a way that we can answer the query efficiently. We have to find a
balance between the query time, the preprocessing time to construct the data structure and the space usage
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of the data structure. This approach is useful when we have to answer multiple queries on the same input.
A data structure can be designed depending on the available space or preprocess time.

In this thesis we aim to find a data structure for the above problems. Specifically, we consider the
problems Min-Seg(k), Max-Pts-Seg(r), Min-Square(k), Max-Pts-Square(r), Min-Circle(k), Max-
Pts-Circle(r) and Max-Pts-Rect(l, w). In Section 2 we introduce the theory and techniques that we use
in this thesis. Section 3 is a literature study where we discuss some of the results that already exist on our set
of problems. Then in Section 4 we consider the Min-Seg(k) and the Max-Pts-Seg(r) problems. Although
we do not present any major results, we discuss some idea, lemmas and examples. In Section 5 we describe
a data structure for both the Max-Pts-Square(r) problem and the Max-Pts-Rect(l, w) problem. Its
query time is O(n log(n)/ log log(n)) which is faster than the current fastest algorithm for these algorithms,
but we assume that the maximum number of points covered by the square/rectangle is bounded by a certain
function. Then in Section 6 we consider the problems on the circle. For both problems we present a data
structure that requires minimal space during construction. Finally, in Section 7 we briefly discuss possible
further research directions.

1.1 Relevance

The above problems are interesting in several real-life problems where we have a set of objects that we have
to cover or enclose, but our number of resources is only limited. For example, we have to place a cell phone
tower in an area with a low density population. If the signal has only a limited range, it might not be
strong enough to reach everyone. However, we still want to reach as many people as possible. If the signal
distributes equally in all directions, this is simply the Max-Pts-Circle(r) problem.

Now suppose we need a fixed number k of resources that are distributed over an area. Suppose we
want to find a place such that the distance to the k closest resources is minimised. This corresponds to the
Min-Circle(k). On the other hand, if we need to enclose the resources with a fence and we want to use
the minimal number of fences, we have the Min-Perim(k) problem (assuming the fences must be placed
axis-aligned).

In other problems we might be interested in different shapes, but it is useful to consider these problems
for the most basic shapes. Results we achieve might be applicable for other shapes as well.

2 Preliminaries

In this section we discuss the prerequisite knowledge that is needed to understand this thesis. We mention
certain conventions that we use in this thesis. We explain the computational model that we are working with.
Since we occasionally use a slightly different model in this thesis, we also mention these small differences.
Of course, throughout this thesis, we always state explicitly which model we are working with whenever we
deviate from our main model. We also explain some other relevant problems that occur in this thesis. We do
not focus on solving these problems, but rather use them to solve the problems that we are interested in. We
discuss a construction that we use to solve the Min-Circle(k) problem. Finally, we discuss two important
transformations which allow us to reduce a subproblem of the Min-Circle(k) to a related problem which
we subsequently solve.

2.1 Basic definitions and conventions

Throughout this thesis we say that a circle C contains a point p if p is an element of the disc enclosed by C.
Although we often mean a disc when talking about a circle, we only use the term ‘circle’, since this is also
the term that is used in the literature as we will see in Section 3. When a point lies on the boundary of a
disc, we say that it lies on the boundary of the circle, even though this is superfluous.

Since all our problems involving squares or rectangles only consider axis-aligned squares and rectangles,
we will not specify that they are axis-aligned each time. Unless specified otherwise, any square and rectangle
is axis-aligned.
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We will be working with arrangements of (hyper)planes a few times in this thesis, so we briefly explain the
terminology that we use. We use the term hyperplane in a d-dimensional space to denote a (d−1)-dimensional
hyperplane unless stated otherwise. To describe the arrangement, we need the following definition.

Definition 2.1.1 ([8]). Let P be a finite set of points in Rd. If, for some d′ ≤ d all points of P do not lie in
one (d′ − 1)-dimensional hyperplane, but they do lie in a d′-dimensional hyperplane, then the convex hull of
P , s := conv{p ∈ P}, is a d′-dimensional convex polytope. In particular, if all points of P do not lie in the
same (d− 1)-hyperplane, then s is a d-dimensional polytope. If |P | = d′ + 1, then we call s a d′-dimensional
simplex. The points in the set P are called the vertices of s. Note that convex polytopes can also be defined
by the intersection of a set halfspaces. In other words a convex polytope is bounded by (d− 1)-dimensional
hyperplanes. This definition, however, is slightly weaker as it allows for unbounded objects. These objects
we will call unbounded convex polytopes or unbounded simplices.

Unless stated otherwise, we will use the term ‘convex polytope’ to denote a d-dimensional convex polytope
and ‘simplex’ has an analogous convention. In 2-dimensional space a convex polytope is a convex polygon.
A simplex becomes then a triangle. A 3-dimensional simplex is a tetrahedron.

Suppose we have a set H of hyperplanes in d dimensions. Then H partitions the total space in convex
polytopes of dimensions from 0 to d. We call this collection the arrangement of H, denoted by A(H). A
0-dimensional polytope is the intersection of d hyperplanes and we will call this a vertex of the arrangement.
Unless stated otherwise, we use the term ‘cell’ only for d dimensional polytopes. Specifically, in two dimensions
we use the terms vertices, edges and cells for the 0-, 1- and 2-dimensional polytopes respectively. Similarly, in
three dimensions we will use the terms vertices, edges, faces and cells, again for the 0-, 1-, 2- and 3-dimensional
polytopes respectively.

2.2 Computational model

When considering geometric problems, it is good practice to state explicitly which model of computation we
are considering. A computational model tells us how computation as an abstract concept works and thus
what steps an algorithm may take to translate the input to the output. Many algorithms make use of the
word RAM model. In this model each word (e.g. number, string etc.) is stored as a finite sequence of bits.
The length of a single word (i.e. the number of bits) is at least dlog ne where n is the size of the input. These
words are stored in a RAM (Random Access Machine) which allows access in constant time. This model is
very close to how computers work internally which makes it a useful model to consider.

However, in the area of computational geometry this model has some downsides. Because numbers are
represented by a finite sequence, we cannot represent all real numbers, since floating point numbers have
only finite precision. Even if we only allow finite precision numbers as input, this presents us with problem,
since it is difficult to represent, for example, intersections of circles, in finite precision numbers.

An alternative to the word RAM is the real RAM model. This is an extension of the word RAM, adding a
second kind of RAM, the real RAM. This RAM can store real numbers with infinite precision. An algorithm
can access these values and perform operations on them in constant time. Which operations we can do
exactly, differs between papers, but generally we allow addition, subtraction, multiplication and division.
Taking the square root and some other simple functions are also allowed in some papers [30]. The result is
that an algorithm only does ‘simple’ comparisons, meaning that each comparison involving a parameter x
can be written as p(x) = 0 or p(x) > 0 where p is a low-degree polynomial, i.e. we can compute its roots in
constant time.

There are some ways that the two kinds of RAM can interact. The first one is that we can cast values
in the word RAM to the real RAM. The integer value can then be used as a real number. While deter-
mining which interaction we allow, we consider how powerful the model becomes. For example, if we allow
real numbers to be cast back to the word RAM in constant time, then it turns out that in this model
P = PSPACE [32]. Although the model is of course not ‘wrong’, it does allow an unreasonable amount of
computational power, since in the word RAM model it is still unknown whether P = PSPACE. Therefore,
we do not allow real numbers to be cast back to the word RAM with for example a floor or ceiling func-
tion. An important remark is that not all published papers use the exact same model. Some algorithms that
are presented, do make use of operators like the floor function. We will explicitly state whenever this happens.
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Lastly, we want to consider some slight variations in the meaning of the Big O notation. In this thesis we
sometimes express the space or time usage in the number of words and sometimes we consider the number
of bits explicitly. For example, if we store n values each between 0 and n, then we often state that this costs
O(n) space. This is true if you consider the number of words that are used. However, in some contexts it
makes more sense to consider how many bits are used in total. For instance, when performing bit operations.
In that case the memory usage becomes O(n log n) as we need log(n) bits to represent each number. In this
thesis we will state explicitly which variant we use, if there is a possible confusion.

2.3 Related problems

Apart from the main problems we mentioned in the introduction, there are some other problems that we will
see in this thesis. We mainly use these problems to solve our main problems. The first one is the Simplex
Range Reporting problem. In the Simplex Range Reporting problem we must preprocess a set P of
points in Rd. A query then consists of a simplex s. We have to report the points of P that are enclosed by
s. Sometimes we are only interested in the number of points in s. We refer to that problem as the Simplex
Range Counting problem.

A special case of the above problem is the Halfspace Range Reporting problem [1]. In stead of a
simplex, we must report the set of points that lie in a given halfspace. For simplicity, we assume that the
hyperplane defining the halfspace is non-vertical. For any point set P there always exists a simplex that
reports the same points as the halfspace. Before we show this formally, we need a different lemma.

Lemma 2.3.1. Suppose we have a set P of n points in Rd. Then there exists a d-dimensional simplex s
such that all points of P lie in the interior of s.

Proof. We use induction on the dimension d. For d = 1, this is trivial. We choose s = [pmin − 1, pmax + 1]
where pmin := min{p ∈ P} and pmax := max{p ∈ P}. Now suppose we have shown this lemma for d = d′.
Now we show that it also holds for d = d′ + 1. We project P on the plane xd′+1 = c where we choose c such
that all points of P lie above this plane. So let P ′ = {(p1, . . . , pd′ , c) | (p1, . . . , pd′ , pd′+1)}. By assumption,
we can find a set S′ of d′ + 1 points in the xd′+1 = c plane that form a d′-dimensional simplex and contain
all points of P ′ in its interior. Now for some arbitrary (p1, . . . , pd′ , 0) ∈ S′ we define pm = (p1, . . . , pd′ ,m)
with m ∈ N. Then let sm := conv(S′ ∪ {pm}) be a (d′ + 1)-dimensional simplex. Note that sm1 ⊂ sm2 if
m1 ≤ m2. For every p ∈ P there exists a Mp ∈ N such that p lies in the interior of sMp . Then we can choose
Mmax = max{Mp | p ∈ P} and sMmax contains all points of P in its interior.

Lemma 2.3.2. The Halfspace Range Reporting problem is a special case of the Simplex Range
Reporting problem.

Proof. Suppose we have a set P of n points in Rd and a halfspace H. Let PH be the set of points of P that
are contained in H. Without loss of generality we can assume that H is the space above some hyperplane
h. Our argument here is very similar to the proof of Lemma 2.3.1. Let Ph be the orthogonal projection of
P on h. Now we use Lemma 2.3.1 to find a set S′ of d points that form a (d− 1)-dimensional simplex in the
plane h that contains all points of Ph in its interior. Let −→v be the unit vector perpendicular to h pointing
in the positive direction of the dth coordinate. We take some arbitrary p from S′. We define pm = p+m−→v
and let sm := conv(S′ ∪ pm). With a similar argument as before there exists a Mp ∈ N for every p ∈ PH .
Then, if Mmax, we have that sMmax encloses PH . Since sMmax does not lie below h, it contains no points of
P \ PH .

Analogously to the Simplex Range Counting problem, we also have the Halfspace Range Count-
ing problem.

Finally, we define the Vertical Ray Stabbing problem. Here we are given a set of n (d−1)-dimensional
non-vertical hyperplanes in Rd and a query point q in Rd. We must report the hyperplanes that lie above
q. The Vertical Ray Counting problem is then the same problem where we are only interested in the
number of hyperplanes.
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Figure 1: A (1/2)-cutting of a set of lines in R2. Each of the cells is intersected by at most three lines.

2.4 (1/r)-cuttings

An important construction that is often used in divide-and-conquer algorithms, is the (1/r)-cutting. Suppose
we have a set of (d−1)-hyperplanes H in d dimensions. A (1/r)-cutting subdivides the space in d-dimensional
simplices or cells such that each cell is only intersected by a small number of hyperplanes. Formally, for
1 ≤ r ≤ n a (1/r)-cutting (on H), consists of (possibly unbounded) simplices that partition1 Rd such that
the interior of each simplex is intersected by at most n/r hyperplanes. In some literature this is referred to
as an ε-cutting which has the property that each cell is intersected by at most εn hyperplanes. Furthermore,
we define the size of a (1/r)-cutting as the number of simplices it has. Figure 1 shows an example of a
(1/2)-cutting of a set of six lines.

The fact that we only consider the interior of a cell is just a minor detail, but otherwise the following
problem could happen. Suppose d is some large constant and we choose r = n/2. If a cell also includes its
boundary, then it could happen that an (1/r)-cutting does not exist. If n > d and all hyperplanes of H are
pair-wise non-parallel, then there exists a point p that is intersected by d hyperplanes. But since p lies in
some cell, either its interior or on the boundary, this cell is intersected by more than n/r = 2 hyperplanes.
Since we will never choose r = O(n), n/r will always be sufficiently larger than d, so this fact is not really
important.

What is important, is the observation that for any H and 1 ≤ r ≤ n it is possible to create a (1/r)-cutting.
Indeed, we can always consider the cutting that coincides with the arrangement and that splits cells into
simplices. Of course, this creates a cutting that is of the same complexity as the arrangement itself. The
goal, thus, is to find an arrangement, whose space usage depends only on r. If r is small, then each cell
may intersect many hyperplanes, so the cutting probably does not need to have many cells. Chazelle and
Friedman showed that a cutting of size O(rd) always exists [12] and that it can be computed in polynomial
time (if d is constant). Later, Chazelle proved a better result which is the following:

Theorem 2.4.1 (Chazelle, Theorem 3.3 [11]). Given a collection H of n hyperplanes in Rd, for any r ≤ n
it is possible to compute a (1/r)-cutting for H of size O(rd) in time O(nrd−1).

This theorem presents us with a lot of freedom as we can freely choose r and the space usage and
construction time depend on r. Note that size of the cutting is optimal.

1Technically, it is not a full partition, since the simplices have overlapping boundaries.
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Figure 2: Canonical triangulation of a 2-dimensional polygon.

Lemma 2.4.2. Suppose we have a set H of (d− 1)-dimensional hyperplanes in general position. Any (1/r)-
cutting on H must have size Ω(rd).

Proof. Any d hyperplanes from H will meet in a single intersection point, since we assumed general position.
This means that in total there are

(
n
d

)
= Θ(nd) points that are intersected by d hyperplanes. As each cell

of the cutting is only intersected by n/r hyperplanes, it can contain at most O((n/r)d) of these points. The
result of this observation is that we need Ω(rd) cells in the cutting.

We will now briefly explain how Chazelle’s algorithm works. He starts with the ‘cutting’ that is just
the unbounded area Rd. Then each step he refines the cutting by splitting the simplices into smaller ones.
Specifically, for some positive constant r0 < r and for k = 0, . . . , dlogr0 re he computes a (1/rk0 )-cutting Ck
for H.2. Every iteration Chazelle’s algorithm iterates over each simplex s of Ck−1. Let H|s be the set of

hyperplanes of H that intersect s. If |H|s| is at most n/rk0 , then it is already a valid cell for Ck. Otherwise,
Chazelle computes a specific subset R of H|s. We will not go into full detail how we choose R exactly, but
rather give an intuitive explanation. Note that the arrangement of R bounded by s also splits s in smaller
cells. Unfortunately, these cells are not necessarily simplices but convex polytopes. Now R is determined as
follows. We start by computing a (1/r′)-approximation A of H|s for some constant r′. Now, A is a subset of
H|s such that for any line segment e we can approximate H|e using A|e. Then for this set A we compute the
(1/r′)-net R. This net has the property that for every line segment e for which A|e is sufficiently large, then
R|e > 0. So instead of approximating the number of hyperplanes that intersect a certain line segment, it can
only detect whether this happens a certain number of times. It turns out that for this R we have that each
cell in the resulting subdivision is intersected by at most n/rk0 hyperplanes of H.

Finally, the subdivision that R imposes on s does not necessarily consist of d-dimensional simplices but of
convex polytopes. Chazelle ensures that all cells are simplices again by computing what is called a canonical
triangulation (sometimes called the bottom vertex triangulation [3]). This works as follows. Suppose we have
some d-dimensional polytope s. If d = 1, we are done, since any line segment is already a simplex. Otherwise,
we recursively compute the canonical triangulation of its (d−1)-dimensional sides. Each side consists then of
(d− 1)-dimensional simplices whose boundaries are (d− 2)-dimensional simplices. We denote the total set of
these boundaries by B. We select the lowest vertex v of s in terms of the dth coordinate. For each boundary
b ∈ B we consider the (d−1)-dimensional simplex, defined by the points b∪{v}. All these simplices together,
subdivide s in d-dimensional simplices. In R2 this process reduces to connecting each vertex in the polygon
to the lowest vertex via an edge. This is shown in Figure 2. Then the polygon is split into triangles. By
computing the canonical triangulation for each of the polytopes and joining the subdivisions of all simplices
of Ck−1, we get Ck.

Since we will alter this algorithm slightly later on, we will briefly discuss part of its time and space analysis.
Chazelle shows cutting a simplex s can be done in O(|H|s|) time, where H|s is the set of hyperplanes that
intersect s. We will call this the conflict list of s. If s is a simplex of the cutting after iteration k, then

|H|s| ≤ n/rk0 . Moreover, the number of simplices after iteration k, denoted as |Ck| is bounded by r
(k+1)d
1 for

some constant r1. We ensure that we choose r0 ≥ r1 to get the bound |Ck| ≤ r(k+1)d
0 . If we consider the final

2We can assume r0 exists, because Matoušek already showed the same result when r ≤ n1−δ for an arbitrary small δ [26].
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Figure 3: Dual transforms of some points and lines.

iteration where k = dlogr0 re, then we get a cutting of complexity O(rd). The total runtime now becomes

∑
0≤k≤dlogr0 re

O

(
n

rk0

)
|Ck| ≤

∑
0≤k≤dlogr0 re

O
(
nr

k(d−1)+d
0

)

= O

n · ∑
0≤k≤dlogr0 re

(
rd−10

)k (rd0 is constant)

= O
(
n
(
rd−10

)dlogr0 re) (geometric series)

= O(nrd−1).

During the algorithm we assume that for each simplex s we keep track of the list H|s. However, then the

space usage of the algorithm in the final step becomes O(rd · n/r) = O(nrd−1). Hence, we can compute a
(1/r)-cutting on a set of n hyperplanes in O(nrd−1) time using O(nrd−1) space.

2.5 Duality of points and hyperplanes

In this thesis we occasionally use the duality transforms. Definitions and properties in this section are taken
from [14, Chapter 8]. We start with duality transforms in two dimensions. Then, it is a mapping that projects
points on lines and lines on points in the following way.

� A point p = (px, py) is mapped to the line p∗ : y = pxx− py.

� A line ` : y = ax+ b is mapped to the point `∗ = (a,−b).

The images p∗ and `∗ are called the dual of p and ` respectively and they lie in the dual space. The
transformation has some important properties.

� The dual of the dual of an object equals the object: for every point p and line ` we have that (p∗)∗ = p
and (`∗)∗.

� It is incidence preserving: p lies on ` if and only if `∗ lies on p∗.

� It is order preserving: p lies above ` if and only if `∗ lies above p∗.

An example is shown in Figure 3. We see that a line containing two points is mapped to a point that is
intersected by two lines.

Remark 2.5.1. It is not possible to transform vertical lines or receive a vertical line as the dual of some
point.
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Figure 4: The dual of line segment becomes a double wedge.

If we consider a line segment to be a set of points, then the dual of a line segment becomes what is called
a double wedge and we can describe it as the area between two lines. If we have a line segment between the
points p and q, then the dual pq∗ is equal to the symmetric difference of the half-planes below p∗ and q∗.
This is depicted in Figure 4. We also see that the line ` that intersects the line segment, is contained in the
double wedge in the dual plane. Note that ` lies above p and below q, so `∗ must lie below p∗ and above
q∗. Similarly, if a line passes above p and q then its dual will also lie below p∗ and q∗, so outside the double
wedge.

The duality transform also works in higher dimensions. A point in Rd is mapped to a (d− 1)-dimensional
hyperplane and vice versa in the following way.

� A point p = (p1, p2, . . . , pd) is mapped to the hyperplane p∗ : xd = p1x1 + p2x2 + . . .+ pd−1xd−1 − pd.

� A hyperplane h : xd = a1x1+a2x2+. . .+ad−1xd−1+xd is mapped to the point h∗ = (a1, a2, . . . , ad−1,−ad).

The same properties still hold. Moreover, if we have two points p and q in Rd, then pq∗ equals the symmetric
difference of the halfspaces below p∗ and q∗.

We can use this transformation to show the equivalence between the Halfspace Range Reporting
problem and the Halfplane Reporting problem. Suppose we have an instance of Halfplane Reporting.
Then we can transform the set H of hyperplanes to a set H∗ of points in Rd and the query point q to a
hyperplane q∗. Then we must report the points of H∗ that lie in the halfspace above q∗. The reverse
transformation works similar.

2.6 Transformation of the circle problem

We now present an algebraic transformation that transforms circle containment queries into higher-dimensional
halfspace containment queries which we will call the lifting transformation. Later, we will use this trans-
formation to solve the Min-Circle(k) problem using the Halfplane Reporting problem. In short, we
will map each point in R2 to a plane in R3 and a circle to a point in R3. The transformation has then the
property that points lie in the circle if and only if the corresponding planes lie above the point representing
the circle. Later, we briefly describe this transformation in higher dimensions, but now we specify it only for
R1 and R2.

We start with the 1-dimensional case. So we have a set P of n points in R. A point of P is mapped to
a line `p in R2. Let f(x) = x2 be the unit parabola. A point p ∈ P is then mapped to the line `p that is
tangent to f in the point (p, f(p)). We then get `p(x) = 2px − p2. This situation is shown for two points
in Figure 5. For any two points p1 and p2 in P we have the following property: if `p1(q) ≥ `p2(q) for some
q ∈ R, then |p1 − q| ≤ |p2 − q|. In other words, for any q ∈ R we can determine whether q lies closer to p1
or p2 by looking which of the corresponding lines takes on a larger value at that point. As a consequence,
if `p1(q) = `p2(q), then q is the midpoint of the interval [p1, p2]. We will prove the above statement for the
2-dimensional case which automatically also proves it for the 1-dimensional case.

Now, we consider the transformation of points in two dimensions. So we have a set P of points in R2. We
will transform a point of P to a plane hp : R2 → R in R3. Let f(x, y) = x2+y2 be the unit paraboloid. Now hp
is defined such that it is tangent to f at (px, py, f(px, py)). It follows that hp(x, y) = 2pxx+2pyy−(p2x+p2y). It

follows that hp(px, py) = p2x + p2y, so hp goes through the desired point. Moreover, we have that ∂f
∂x (px, py) =
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Figure 5: Transformation of one-dimensional points to lines.

2px =
∂hp
∂x (px, py) and the same holds for the partial derivative to y. This shows that hp is tangent to f in

(px, py, f(px, py)). We define H(P ) := {hp | p ∈ P} as the set of transformed points. Now we show a useful
property of this transformation. Intuitively, we show the following. Suppose we consider a point p ∈ P and
q ∈ R2 and let q′ = (qx, qy, 0). If we draw a vertical line (in the z-direction) through q′, then it intersects
both f and hp. The distance between these intersection points is then the distance between p and q squared.
Formally, the result is as follows.

Lemma 2.6.1. For any p ∈ P and q = (qx, qy) ∈ R2, we have that |f(q)− hp(q)| = ||q − p||2. Here || · || is
the standard Euclidean norm.

Proof. This just follows from the definition:

|f(q)− hp(q)| = q2x + q2y − 2pxqx − 2pyqy + p2x + p2y

= (qx − px)2 + (qy − py)2

= ||q − p||2

Now if we want to find the point in P that lies closest to q, we have to find which of the planes has the
highest intersection point with the vertical line through q′. Furthermore, if we sort the planes top to bottom
by intersection point with this line, we get the points of P sorted closest to farthest from q. A corollary of the
above observation is that if we consider a point q such that hp(q) = hp′(q) for two distinct points p, p′ ∈ P ,
then q is equidistant to p and p′. This is analogous to the claim we made about the 1-dimensional points.
Note that the lemma above also holds for points in one dimension, since we can place the 1-dimensional
points on the x-axis in two dimensions. Then in three dimensions we can consider the cross section of y = 0
to get the transformation of 1-dimensional points.

Remark 2.6.2. To avoid confusion with duality transform in Section 2.5 we will use the term projected space
to refer to the space that contains the transformed objects.

Now we briefly consider the d-dimensional variant. We then consider a set P of points in Rd. The trans-
formation of a point p = (p1, . . . , pd) of P , hp, then becomes a d-dimensional hyperplane in Rd+1 that is
tangent to the (d+1)-dimensional unit paraboloid f(x1, . . . , xd) = x21+ . . .+x2d in the point (p1, . . . , pd, f(p)).
A result similar to Lemma 2.6.1 holds then, but since we do not need a more general result than this lemma,
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it is outside the scope of this thesis.

The above procedure transforms d-dimensional points to d-dimensional hyperplanes in Rd+1. Next we
show how we transform a d-dimensional sphere to a (d + 1)-dimensional point. Again, we only discuss the
case where d = 1, 2 and we briefly mention the general transformation. We start in one dimension. Let P
be a set of points in R1 and let C be a 1-dimensional circle with centre c and radius r. Then C is just the
interval [c− r, c+ r]. Let pC denote the transformed circle. We define pC = (c, c2 − r2). Then it holds that
any p ∈ P lies on C if and only if pC lies on hp. Furthermore, if p lies in the interior of C, then pC lies below
hp. We will show these claims for the 2-dimensional case which, similar to before, automatically proves the
above statements. We have drawn an example in Figure 6. In the figure we see that the transformation of
C1, pC1 , lies on `p1 , since p1 lies on the border of C1. On the other hand pC2 lies above `p2 (and above `p1
for that matter), so C2 does not contain p2.

Now let us consider the 2-dimensional case. Suppose we have a circle C with centre c = (cx, cy) and
radius r. We define pC = (cx, cy, c

2
x + c2y − r2). Just as in the 1-dimensional case we want that the distance

between pC and f(c) equals r2. In that case it follows from Lemma 2.6.1 that a point p lies on C if and only
if pC lies on hp. We can formalise this as follows.

Lemma 2.6.3. For any p ∈ P and circle C with centre c = (cx, cy) and radius r, it holds that p lies on C if
and only if pC lies on hp. Furthermore, p lies in the interior of the disc enclosed by C if and only if pC lies
below hp.

Proof. If p lies on C, then by Lemma 2.6.1 we have that |f(c)−hp(c)| = ||c− p||2 = r2. Since f(c) = c2x + c2y,
it follows that hp(c) = c2x + c2y − r2 and we conclude that pC lies on hp. Note that it is not possible that
hp(c) = c2x+c2y+r2, because hp(x) ≤ f(x) for all x ∈ R. So in particular, we have that hp(c) ≤ f(c) = c2x+c2y.
Now let p and C be such that pC lies on hp. So hp(c) = c2x+ c2y− r2. Then |f(c)−hp(c)| = r2 and by Lemma
2.6.1 we have that p lies on C.

Now suppose we have a point p ∈ P that lies in the interior of C. By Lemma 2.6.1 it follows that
|f(c)− hp(c)| = ||c− p||2 < r2. Analogous to the situation above, we see that hp(c) > c2x + c2y − r2 and thus
pC lies below hp. The reverse implication works with a similar argument.

Note that a circle is always transformed to a point below the paraboloid, since c2x + c2y − r2 < f(cx, cy) if
r > 0. Moreover, for any point p = (px, py, pz) in the projected space below the paraboloid, there is a circle

C such that pC = p. The centre of C is (px, py) and its radius is equal to
√
p2x + p2y − px.

We do want to mention that the above transformation is closely related to a different transformation of
the circle [14, Chapter 8.5]. Here a circle C is transformed into a plane hC . This plane intersects the unit
paraboloid such that if we map this intersection down on R2, then we get the original circle back. A point
in R2 is then mapped to the unit paraboloid. This point lies inside C, if and only if its transformation lies
below hC . This transformation is more common and works almost identical to the one we used. Although
we do not use this one, we want to show the relation between the two.

3 Related work

In this section we want to give an overview of the current results so far, concerning the problems we have
described before. We will discuss not just the fastest algorithms for each subproblem, since the techniques
used in older algorithms can still be useful. Moreover, the ‘fastest’ algorithm may depend on the input. Many
papers we will discuss present algorithms where the running time is expressed in both n and k, meaning that
some algorithms may be more efficient for smaller values of k than others, but not for larger values. Other
papers present algorithms with expected running times or arbitrary approximations with a running time
expressed in some error ε. We will not discuss all techniques and algorithms that are used in the algorithms
in great detail, but we give a broad overview and consider some of them in depth. Table 1 shows the results
that we discuss in this section.



3 RELATED WORK 11

ℓp1

ℓp2

y = x2

p2
C2

C1

p1

pC2

pC1

R
2

R

Figure 6: Transformation of one-dimensional circles to points.

3.1 Problems on the square

We start with the problem Max-Pts-Square(r). There is a well-known algorithm that solves this problem
in O(n log n) time. We give a brief explanation here. For a more detailed explanation, see Section 5.1. We
solve it by transforming it into a related problem. Suppose we place a square of size r centred at each vertex
of P . We call the number of squares that enclose a point q ∈ R2 the depth of q. The depth of the arrangement
of squares is the maximum depth over all points in R2. Now if we consider a point q with depth k, then we
enclose k points of P if we place a square of size r centred around q. We see that Max-Pts-Square(r) is
equivalent to finding the depth of the arrangement of squares of size r centred around the points of P . We
accomplish this by use of a plane sweep algorithm with a segment tree as status structure [14, Chapter 10].
Normally, the goal of a segment tree is to report the intervals that contain a certain point. For this reason
we store a segment in O(log n) nodes of the segment tree, resulting in O(n log n) space in total. However,
if we are not interested which points we enclose, but only how many, we can just store the depth in the
arrangement in which case we only need O(n) space. An equivalent result was discovered by Eppstein and
Erickson [17] that also generalises to higher dimensions. They adapt an algorithm by Overmars and Yap [29]
to find the depth of an arrangement of axis-aligned boxes. More precisely, if the boxes are d-dimensional,
the algorithm runs in O(nd/2 log n) time using O(nd/2) space.

The Max-Pts-Square(r) problem is often used as a subroutine in algorithms that solve Min-Square(k).
Observe that a solution square for Min-Square(k) either has two points of P on the top and bottom boundary
or on the left and right boundary. This means that we can reduce the set of possible square sizes to the set
of horizontal and vertical differences between two points. Note that this set has size O(n2). The most trivial
approach we could take is performing a binary search on this set to find the smallest square that can enclose
k points. Normally this algorithm would take O(n2 log n) time, since each iteration of the binary search we
need to find the median value of O(n2) numbers. Luckily, we can come up with a better strategy to find a
median (or at least a value that splits the set in constant fractions). Using a search technique proposed by
Frederickson and Johnson [19] that performs this search in O(n log n) time, Eppstein and Erickson achieved
an O(n log2 n) algorithm for this problem using O(n) space [17, Lemma 5.7].

An even better result, albeit randomised, was achieved by Chan [9] using a general technique that can
be applied to several other geometric minimisation problems. We will discuss the method using our problem
in greater detail than other results, since it is generally applicable. An important property that Chan’s idea
exploits is that the decision variant of a problem can be computed more efficiently than the original problem.
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Problem Exact Approximation

Min-Square(k)

O(n log2 n) in O(n) space [17]

Expected O(n log n) in O(n) space [9]

O(n+ (n− k) log2(n− k))
in O(n) space [24]

Max-Pts-Square(r)

O(n log n) in O(n) space [17] and
via sweep line with Segment Tree

O((n−k) log(n−k)) in O(n) space [24]

Min-Circle(k)

Expected O(k(n− k) log n+ n log3 n)
O(nk log2 n) in O(nk) space [16]

2-approximation in O(n) time [21]

O(nk log2 n log(n/k)) in
O(n log n) space [16]

(1 + ε)-approximation in expected
O(n+ n ·min( 1

kε3 log2 1
ε , k)) time [21]

Expected O(n log n+ kn) in
O(nk) space [27]

Expected O(n log n+ nk log k)
in O(n) space [27]

Expected O(nk) in O(n+k2) space [21]

Max-Pts-Circle(r)

Min-Area(k)

O(nk2 log n+ n log2 n) [15] (1 + ε)-approximation in expected
O((1/ε3) log(1/ε) · n log n) [10]

O(n2 log n)/O(nk log(n/k) log k) [10]

Max-Pts-Area(α)
O(n5/2 log n) [22] Whp (1 − ε)-approximation in

O((n/ε4) log3 n log(1/ε)) time [15]

Min-Perim(k) O(n log n+ nk log k) [10]

Max-Pts-Perim(α)

O(n5/2 log n)/O(nk3/2 log k) [22] (1 − ε)-approximation in

O
(
n+ n

kε5 log5/2
(
n
k

)
log
(
1
ε log

(
n
k

)))
time [22]

Min-Diag(k)

Max-Pts-Diag(α) O(n5/2 log n) [22]

Table 1: An overview of the results that we will discuss

In our case, the decision variant is the problem that, given a value k and real r, asks whether we can enclose
k points with a square of size r. We can solve this problem using the algorithm for Max-Pts-Square(r).
Now suppose we call the specific problem instance we are interested in P and the general problem Π with
w(P) its solution. The main idea is to divide the problem in several subproblems P1, . . . ,Pr such that
w(P) = min{w(P1), . . . , w(Pr)}. A requirement is that the size of each of the subproblems is at most a
constant fraction α < 1 compared to the original problem. The algorithm starts by recursively calculating
the value w(P1). The next step is then not to also calculate w(P2), but to check first if w(P2) is smaller than
w(P1) using the decision variant. If this is not the case, we do not have to compute w(P2) explicitly, saving
us some work. Otherwise, we calculate it recursively. We continue with the next subproblem until we are
done. In the worst case we have that w(P1) ≥ w(P2) ≥ . . . ≥ w(Pr). Then the decision variant will answer
‘yes’ each time and we have to calculate the next value explicitly. However, if we choose the permutation
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of the subproblems randomly, the probability of this happening is quite small. On average the number of
subproblems we have to calculate explicitly is 1+1/2+1/3+ . . .+1/r = O(log r). With some analysis, Chan
showed the following lemma.

Lemma 3.1.1 ([9]). Let α < 1, ε > 0 and r be constants, and let D(·) be a function such that D(n)/nε is
monotonically increasing in n. Given any problem P ∈ Π, suppose that within D(|P|) time,

(i) we can decide whether w(P) < t for any given t ∈ R, and

(ii) we can construct r subproblems P1, . . . ,Pr ∈ Π, each of size at most dα|P|e, so that

w(P ) = min{w(P1), . . . , w(Pr)}.

Then we can compute w(P) in O(D(|P|)) expected time.

Note that there are some requirements in order to use this lemma. For example, the algorithm for the
decision variant cannot be ‘too fast’. If we have an algorithm that runs in O(log n) time, this technique
cannot be applied. However, in our case it does work, since we have an O(n log n) algorithm for the decision
variant. We can create the subproblems as follows. We draw a vertical line such that dn/5e points lie on the
left of this line. The area to the right we call W1. We also draw a vertical line such that dn/5e lie on the right
and we call the area to the left W2. Similarly, we draw two horizontal lines with corresponding half-planes
W3 and W4. The intersection of these half planes is denoted by R0. This construction is drawn in Figure 7.
Now we distinguish between two situations.

1. The optimal square contains R0.

2. The optimal square is contained in one of the four half planes.

Suppose the first situation holds. The O(n log n) algorithm for Max-Pts-Square(r) can be extended with
the additional requirement that the square must contain a certain rectangle. In this case specifically we
require that R0 must lie inside the square. Then we remove all points in R0 from the set P as they will
automatically lie inside a square that contains R0. These are roughly n/5 points, so we get a problem of size
approximately 4n/5. We also decrease k with the number of points that lie in R0. Now suppose the optimal
square lies in Wi for i ∈ {1, 2, 3, 4}. We can remove the n/5 points that lie outside this half plane. Again we
get a subproblem with size approximately 4n/5. In the end we have five subproblems for which at least one
has a solution that is equal to that of the original problem. Now we can apply Chan’s Lemma and we have
an expected O(n log n) algorithm for solving Min-Square(k).

Mahapatra et al. [24] aimed to solve Min-Square(k) for large values of k, in particular if k > n/2. They
exploit the fact that if k is close to n, then certain points in the ‘centre’ of P have to lie in the optimal
square. They divide P in (not necessarily disjoint) sets Pb, Pt, Pl, Pr and Pf . Then they define Pb as the
(n − k) bottom most points and similarly Pt, Pl and Pr for top, left and right respectively. Finally, they
define Pf = P \ (Pb ∪ Pt ∪ Pl ∪ Pr). In a small proof they show for k > n/2 that all points of Pf lie inside
the optimal square. This of course still holds if Pf is empty. Note that the number of points outside of Pf is
O(n − k). Using the same technique for Max-Pts-Square(r) as we presented at the start, they solve this
problem in O((n − k) log(n − k)) time after we have removed the points in Pf . Now for Min-Square(k)
they note that the optimal square has either two points on the top and bottom, or on the left and right
side of the square. Without loss of generality we assume that they lie on the top and bottom. Since there
are only O(n − k) relevant points left, there are O((n − k)2) possible squares that we have to consider.
Mahapatra et al. use a prune-and-search technique to reduce the number of possible squares by 1/4 each
iteration without computing all these distances explicitly. In each iteration they use the above algorithm
for max-Pts-Square(r) as a subroutine. In the end O(log(n− k)) iterations are necessary, resulting in an
O(n+ (n− k) log2(n− k)) time algorithm.

3.2 Problems on the circle

When we change our shape from a square to a circle, it changes the problem quite significantly. If we
approach this variant in the same way, we achieve algorithms that are less efficient. Suppose we take our
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Figure 7: Construction of subproblems.

O(n log n) algorithm for Max-Pts-Square(r) and try to apply it to Max-Pts-Circle(r). We can still try
to find the largest depth in the arrangement that now consists of circles. However, when we considered the
arrangement of squares, there were O(n) events that all took O(log n) time. However, n circles can have
Ω(n2) intersection points. Note that n squares can also have O(n2) intersection points, but they only have
O(n) different x-coordinates.

Fortunately, there are other approaches we can take, but before we consider those, we want to consider
this problem for specific values of k. If n = k, this corresponds to the smallest enclosing circle. This problem
can be solved in expected O(n) time as follows [14, Chapter 4]. The algorithm takes a random permutation
of the points and starts with a circle that encloses the first two points. Then we iteratively add the other
points while maintaining the smallest enclosing circle. Suppose we have a circle C at a certain step and we
consider a new point p. Then there are two situations possible. In the first, p is already contained in C and
we do not have to update it. In the second situation, p is not contained in C. We can show that the new
smallest circle has p on its boundary. We determine the new circle by solving the subproblem where we need
to find the smallest enclosing circle for a set of points that has p on its boundary. We solve this in a similar
fashion as the original problem. We choose a random permutation, start with two points and iteratively add
the others. The difference is that our intermediate circles all have p on their boundary. Again in each step
there are two possibilities. However, if the new point q lies outside the current circle, we solve the subproblem
where we need to find the smallest enclosing circle that has both p and q on its boundary. Again, we take
the same approach, until we get the same subproblem, but with three points. This is an easy problem, since
there is exactly one such circle. At first glance, this seems like a highly inefficient algorithm, since we iterate
through the point set very often. However, similarly to Chan’s algorithm we use the fact that it is unlikely
that we need to recalculate the circle each iteration. With some analysis we see that each subproblem and
the original problem can be solved in expected O(n) time.

Another special case is when k = 2 which is equal to the closest pair problem where we just need to
find the pair of points that lie closest to each other. It is known that we can find such a pair in O(n log n)
time [34] and that this is also a lower bound by reduction from the element uniqueness problem [7], just as
we saw with Min-Seg(k). However, if we assume a slightly stronger model, we can achieve better results.
Rabin presented an expected O(n) algorithm assuming a FindBucket function which takes O(1) time [31].
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This function can, given a set of predetermined intervals in R1, find for any real number r to which interval r
belongs. Although Rabin focused on the power of randomisation, Fortune and Hopcroft showed that Rabin’s
result was partly possible because of his stronger model. They showed that, under the same assumptions, we
can solve the closest pair problem in deterministic O(n log log n) time [18].

The first technique for the general Min-Circle(k) we want to discuss is the Voronoi diagram. A Voronoi
diagram is a planar subdivision built on a point set P . To avoid confusion we will call the points of P sites.
Each cell of the diagram corresponds to a site p and contains exactly those points that lie closest to p. Figure
8 shows a Voronoi diagram for a set of sites. We can extend this idea such that a cell corresponds to a set of
multiple sites. Suppose we have p, q ∈ P , then we can try to find the set of points for which the two closest
sites are p and q. We can subdivide the plane into cells that each correspond to two sites. This is called
the second order Voronoi diagram. Generally, in the kth order Voronoi diagram, each cell corresponds to a
subset of k sites. It turns out that the solution to Min-Circle(k) encloses exactly one of these subsets. We
can determine this diagram in expected O

(
k(n− k) log n+ n log3 n

)
and the complexity of the diagram is

O(k(n− k)) [3]. Of course, we still need to figure out which cell corresponds to the smallest circle. Before we
do that we discuss some properties of the kth order Voronoi diagram that are shown in [23]. First, we note
that two adjacent cells differ only in one site. More precisely, if we denote the two point sets that correspond
to these cells by A and B, then we have that A = P ′ ∪ {a} and B = P ′ ∪ {b} for some P ′ ⊂ P and a, b ∈ P .
The line segment that separates the two cells is part of the bisector of a and b. If we consider a vertex v (not
a site!) of the kth order Voronoi diagram, then three cells meet here. There are two possibilities such that
each pair neighbouring cells differ in one site. We denote the sets of sites that correspond to these three cells
by A, B and C. In the first case we have that A = P ′ ∪ {a}, B = P ′ ∪ {b} and C = P ′ ∪ {c} with P ′ ⊂ P
such that |P ′| = k − 1 and a, b, c ∈ P . The points a, b and c are all equidistant to v. It turns that a circle
C centred around v, going through a, b and c encloses all sites of P ′. Thus C encloses k + 2 sites in total.
In the second case we have that A = P ′ ∪ {a, b}, B = P ′ ∪ {b, c} and C = P ′ ∪ {a, c} where P ′ ⊂ P with
|P ′| = k − 2. Again, the circle C with centre v going through a, b and c encloses all points of P ′. However,
C now encloses a set of k + 1 points.

Now we show how we can find the smallest circle that encloses k points. As we will show later in Lemma
6.0.1 there are two possible cases for this circle. Its boundary contains either three points of P or it contains
two points that form a diagonal of the circle. In the first case, it turns out that the centre occurs as vertex
in either the (k − 1)th or the (k − 2)th order Voronoi diagram. In diagrams we only consider the vertices
for which the adjacent cells together correspond to a set of k sites. In the second case we only consider the
(k−1)th order Voronoi diagram. Then each pair of adjacent cells corresponds together to a set of k sites. Let
a and b be the two sites that form the line segment separating the two cells. Then a circle at the midpoint
between a and b that passes through a and b encloses k points and has a and b on a diagonal.

To find the solution of the Min-Circle(k) we only have to determine the (k − 1)th and (k − 2)th order
Voronoi diagram. The number of vertices and edges in both these diagrams is O(k(n− k)). We can solve the
problem in O(k(n− k) log n+ n log3(n)) time using O(k(n− k)) space.

A completely different approach was taken by Efrat et al. in [16]. They use the parametric search
techinque that was introduced by Megiddo [28]. Since this is a more general technique, we will first explain
the method in more depth.

The technique requires a minimisation (or maximisation) problem. More precisely, the problem consists
of a predicate Q : R→ {>,⊥} such that for all x, y ∈ R where x ≤ y we have that Q(x) implies Q(y). In our
case Q reports whether we can enclose k points with a circle of radius x. We are interested in the smallest
value x∗ for which Q(x∗) holds. Formally, we search for x∗ = inf{x ∈ R : Q(x)}. Suppose we have an
algorithm A that takes a parameter x and checks whether x ≤ x∗, x ≥ x∗ or x = x∗ in O(T ) time. Remember
that in the real RAM model, we assume that A only does simple comparisons. Now we determine x∗ by
pretending to run it as an argument of A. We maintain an interval that will always contain x∗. Initially,
this is R. Every time A does a comparison on x∗ using a polynomial p, we calculate its roots x1, . . . , xm.
Then we run A on these values to get a smaller interval for x∗. For example, p gives roots x1 and x2 with
x1 ≤ x2. Running A on x1 gives x∗ > x1 and running it on x2 gives x∗ < x2. In that case we know that
x∗ ∈ (x1, x2). This should be enough information to continue the algorithm in the branch of x∗. If we
continue, we eventually find the correct value of x∗, since A should be able to find out that x∗ is the value
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Figure 8: Voronoi diagram for a set of points (taken from [23]).

we are looking for. The total runtime then becomes O(T 2).
We can even improve upon this runtime. If we receive roots x1, . . . , xm, then instead of running the

algorithm on all roots, we can use a median selection algorithm combined with a binary search to get a
runtime of O(m + T logm) as opposed to the O(mT ) runtime for the naive approach. Before we assumed
that the number of roots at a certain step is always constant. However, a larger number of roots can help
us increase the runtime of the algorithm. One way to achieve this is by considering a parallel algorithm AP .
Suppose that AP runs in O(TP ) when using P processors. If each processor gives us a constant number
of roots in each step, the total number of roots per step becomes O(P ). With the above technique we
can determine which step we should go to next in O(P + T logP ) time. This results in a total runtime of
O(TPP + TPT logP ) time.

Now Efrat et al. considered the arrangement of circles that we described above, but instead of performing
a plane sweep algorithm they observe that if the arrangement of circles has depth at least k, then there must
be a point on the boundary of one of the circles that also has depth at least k. They determine for each
circle the minimum radius to get a boundary point of depth k using Megiddo’s technique. They achieve this
in O(n log2 n) time, resulting in an overall time complexity of O(n2 log2 n) when computing the radii for all
circles. This is their first naive approach. They improve this result by using a Lemma from Pach [35] which
states that if there are at least 9nk intersecting pairs of circles, then the depth of the arrangement is at least
k. The first step then is to find a radius rinit such that there are at least 9nk intersecting pairs of circles.
Then we know that the optimal radius is at most rinit. Moreover, if we only consider radii that are at most
rinit, we know that only the 9nk intersecting pairs will be relevant, meaning that we can precalculate the
‘neighbours’ of each circle, so we do not have to check all possible intersections during the algorithm. This
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leads to an algorithm that runs in O(nk log2 n) time using O(nk) storage. Although determining rinit in the
required time is not trivial, we leave these details out. Efrat et al. also present a slightly modified version
that runs in O(nk log2 n log(n/k)) time using O(n log n) space.

The final two results we want to discuss, do not consider the exact same general problem as we described
it above. They both construct regular grids to partition the point set in smaller sets which is not generally
possible. Instead, we either need to make assumptions about the input or we need to add operations to our
model, making it stronger, but the results more restrictive. The first paper is by Matoušek [27] and he makes
the implicit assumption of bounded spread. He assumes that each pairwise distance in P lies in the range
[δ/2, 2nδ] where δ is some horizontal or vertical distance between two points. Of course, this does not hold
generally, since we can always place vertices further apart. Matoušek’s algorithm resembles that of Efrat et al.
However, he starts by finding an r0 such that k ≤ depth(r0) = O(k) where depth(r) is the maximum depth
of the arrangement of circles with radius r (as described earlier). He determines r0 in O(n log n) time. As a
consequence, a circle intersects at most O(k) other circles. Intuitively, we can see this as follows. Suppose we
have a circle C. We can only place a constant number of circles that intersect C such that the depth of that
arrangement is equal to 2. So, if we allow the depth to be one higher, we can only add a constant number
of circles. If the number of circles only increases by a bounded constant each time, that means that if the
depth is O(k), then C intersects with O(k) circles. He goes on to determine r∗p which is the smallest r such
that a circle of radius r around point p contains a point x of depth k in the arrangement of circles of radius
r. Because there are only O(k) neighbours, he can determine r∗p in O(k log2 k) expected time. Calculating

this value for each p ∈ P results in an algorithm of O(n log n+ nk log2 k) expected time. He improves upon
this result by starting with r0 and filtering out the points q for which r∗q ≥ r0, which he can do efficiently.
From the remaining points he picks p at random and calculate r∗p. Again he filters out some of the points.
After doing this O(log n) times, he ends up with the optimal r∗. Note that this approach greatly resembles
the idea of Chan. He ends up with two variants: an O(n log n + nk log k) expected time algorithm that use
O(n) space and an algorithm that takes O(n log n+ nk) expected time using O(nk) space.

The second paper we want to discuss is by Har-Peled and Mazumdar [21]. They do allow the use of the
floor function. Their algorithm consists of many steps. We will highlight some of these steps, but not go
into full detail. They start with a simple 2-approximation where they partition the point set in m = O(n/k)
horizontal and vertical slabs such that each slab contains at most k/4 points. The resulting non-uniform
grid has the nice property that the optimal circle must contain one of the grid points. Otherwise, the circle
intersects with only one vertical and one horizontal slab resulting in at most k/2 points. Then they determine
for each of the O((n/k)2) grid points p the smallest circle that contains k points and has p as its centre. The
smallest of these circles is then a 2-approximation of the optimal circle and can be determined in O(n(n/k)2)
time. They improve this running time to expected O(n(n/k)) by taking a random sample where they choose
each vertex with probability 1/k. Then for each point p of the random sample they determine the smallest
circle with p as its centre that contains k points. If the random sample contains a point of the optimal circle,
then we have again a 2-approximation, using a similar reasoning as before. They check whether this is the
case using a regular grid such that each grid cell contains a small number of points if the sample contains
a point of the optimal circle. This succeeds with a constant probability, so after some iterations, they find
a suitable sample. They continue with a linear time approximation. Instead of directly calculating the size
of the grid, they improve it overal several rounds by starting with a small subset of the points and adding
more points iteratively while improving the grid size. After some analysis, this results in an O(n) expected
time 2-approximation. They apply then Matoušek’s algorithm [27] on certain subsets constructed with the
resulting grid to get an expected runtime O(nk) using O(n + k2) space. They conclude their paper with a
(1 + ε)-approximation using O

(
n+ n ·min

(
1
kε3 log2 1

ε , k
))

expected time.

3.3 Problems on the rectangle

In the case of the rectangle, we immediately have multiple variants. Although they seem to differ quite a lot,
we will see that some approaches work for more than one variant.

First, we start with the ‘simple’ problem Max-Pts-Rect(`, w). We see that the same algorithm that
we used for Max-Pts-Square(r), can be used here as well. The only thing that changes is the moments at
which our events take place. Thus, we can solve this problem in O(n log n) time using O(n) space.
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Compared to the results of the square and the circle, many results of the rectangle variants are more
recent. We start with a result by Aggarwal et al. in [4]. They first present a simple O(n3) time algorithm
to compute the Min-Perim(k) problem. They use that the four boundaries of the optimal rectangle each
contain a point of P . They fix two points of P on the left and lower sides and determine for this specific case
the optimal rectangle. This is possible in linear time after presorting the points horizontally and vertically.
They use this procedure on all O(n2) possible lower-left pairs to get the optimal rectangle. Then they also
present a different algorithm that is more efficient for small values of k. By computing the (6k − 6)th order
Voronoi diagram this leads to an O(k2n log n) time algorithm using O(nk) space.

Next, we consider a result by Segal and Kedem [33]. Their algorithm is focused on values of k that
are at least n/2 and is especially efficient if k is close to n. They present an algorithm that solves both
Min-Area(k) and Min-Perim(k) in O(n + k(n − k)2) time using O(n) space. They start with a simpler
problem where we want to find the smallest rectangle that contains k x-consecutive points. Note that this
can easily be computed by sorting the points by x-coordinate in O(n log n) time. Segal and Kedem, however,
only sort the x-largest (so rightmost) n− k points. Then they perform a sweep line on the leftmost points,
while maintaining the top, bottom, left and right side of the rectangle using tournament trees. This results
in a O(k+ (n− k) log(kn)) time algorithm which is indeed faster than the naive approach for large values of
k. For the actual problem they perform a sweep line from the left as well. The main difference is that they
do a second sweep line per event starting at k points to the right. So, if the first sweep line is at the ith point
starting from the left, they start the second sweep line at the (i + k − 1)th point. These two points will be
the left and the right side of the rectangle. With similar tournament trees and some additional structures,
they can determine the smallest rectangle for each pair points from the previous event quite efficiently. This
leads to a O(n+ k(n− k)2) time algorithm that uses O(n) space.

The previous results were quite old. Now we want to consider some more recent papers. De Berg et al.
[15] studied the case where k is small, but specifically for Min-Area(k). They use a divide-and-conquer
approach. They draw a horizontal line `, splitting P in two equally sized sets, and consider the cases where
the optimal rectangle either intersects ` or it lies completely above or below ` for which they go in recursion.
Now let Φ(Q, q, k) be the area of the minimum area rectangle R such that R contains k points of Q and q lies
either on the top or the bottom side of R. De Berg et al. show that they can compute this value in O(|Q|2)
time. Then, in the case that the optimal rectangle intersects `, they determine for each p ∈ P a set Qp where
|Qp| = O(k) such that min{Φ(Qp, p, k) | p ∈ P} equals the area of the optimal rectangle. With a series of
lemmas they show that the defined Qp has indeed these properties and that they can compute the minimal
area rectangle in O(nk2 log n + n log2 n) time. This is nearly linear for small values of k. They end their
paper with a randomised approximation algorithm for Max-Pts-Area(α). It returns with high probability
in O((n/ε4) log3 n log(1/ε)) time a rectangle of at most area α that covers (1 − ε)κ∗ points where κ∗ is the
maximum possible number of points that can be covered by a rectangle of area at most α.

Kaplan et al. [22] were the first to break the cubic barrier. An important comment is that they use a
different model as they use floor functions and hash tables in their algorithms. They find an O(n5/2 log n)
algorithm that works for Max-Pts-Area(α), Max-Pts-Perim(α) and Max-Pts-Diag(α). For the latter
two problems they improve their algorithm to get a k-sensitive runtime of O(nk3/2 log k). They continue with

a (1 − ε)-approximation for Max-Pts-Area(α) that runs in O
(
n+ n

kε5 log5/2
(
n
k

)
log
(
1
ε log

(
n
k

)))
. They

end with an O(nk3/2 log k log n) time algorithm for Min-Perim(k) by using their algorithm for Max-Pts-
Perim(α) a logarithmic number of times.

Another recent result is by Chan and Har-Peled [10] where they studied both the Min-Area(k) and
Min-Perim(k) problem. Their result is especially significant as it is the first near quadratic time algorithm
for these problems. Previous algorithms had not yet accomplished this for certain values of k. They start
with an O(n2 log n) time algorithm using a divide-and-conquer approach. During their algorithm they keep
two horizontal slabs σ and τ each containing q points where σ lies above τ or σ = τ . The subproblem they
consider each time is the minimum rectangle (by area or perimeter) such that the top side lies in σ and the
bottom side in τ . They solve this problem by splitting both σ and τ in two equally sized horizontal slabs
respectively σ1 and σ2 and τ1 and τ2. Then they consider the four possible pairs between the smaller slabs.
They manage an O(q2) space datastructure. This data structure is built on a set of n 1D points of whom q
are marked. They can delete or unmark marked points and report the shortest interval containing k points
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all in O(q) time. They use this data structure for the slabs to quickly remove points that lie above σ or below
τ . The marked points are those that lie inside the slab and a point is unmarked when it moves to the space
between the two slabs. Since there are q points in the slabs, updating the data structure when splitting the
slabs can be done in O(q2) time. This results in a total runtime of O(q2 log q) for the subproblem. In the
original problem they start with σ = τ being the complete set of points. Then q = n, so their algorithm runs
in O(n2 log n) time. A known reduction of the minimum perimeter problem where the problem is reduced
to O(n/k) instances of size O(k) results in an O(n log n + nk log k) time algorithm. They also present a
reduction themselves for the area problem which results in O((n/k) log(n/k)) instances of size O(k). This
leads to an O(nk log(n/k) log k) time algorithm. Chan and Har-Peled continue with many other results that
follow from their algorithm. The most important one, relating to this thesis, is the (1 + ε)-approximation for
Min-Area(k) that runs in O((1/ε3) log(1/ε) · n log n) expected time.

4 1-dimensional variant

In this section we consider the 1-dimensional problems. For some point set P in R1, we want to solve the
Min-Seg(k) and the Max-Pts-Seg(r) problems. Since the points of P have an ordering, statements like ’p
is larger than q’ are well-defined. We first start with a direct algorithm for both of them.

Lemma 4.0.1. Let P be a set of n points in R1 and let k be an integer such that 1 ≤ k ≤ n. We can solve
the Min-Seg(k) problem, i.e. finding the smallest interval containing k points, in O(n+ (n− k) log(n− k))
time using O(n) space.

Proof. We start with an O(n log n) time algorithm. We sort the points in ascending order. We denote the
points of P by p1, p2, . . . , pn where pi is the ith point in the sorted set. It is evident that the small-
est interval containing k points has a point on both its left and right boundary. Otherwise, we can
shrink the interval, while not reducing the number of points it contains. Now we consider the intervals
[p1, pk], [p2, pk+1], . . . , [pn−k+1, pn] and we determine which one is the smallest. We have O(n) such intervals
and determining the length of each interval can be done in O(1). The sorting step is the most expensive and
we achieve an O(n log n) time algorithm that uses O(n) space.

To get to a k-sensitive running time, we use the following fact. If k > n/2, then the points pn−k+1, . . . pk
are contained in any interval that contains k points. It is thus not necessary to sort these points. We only
need to sort the first n− k and the last n− k points. We can find these sets in O(n) time using quickselect
with median of medians to select a pivot. Then we only need to sort two sets of size n − k, resulting in a
running time of O(n+ (n− k) log(n− k)).

For the Max-Pts-Seg(r) we can achieve very similar results.

Lemma 4.0.2. Let P be a set of n points in R1 and let r be a positive real number. We can solve the
Max-Pts-Seg(r) problem, i.e. finding an interval of length r that contains the maximum number of points
of P , in O(n log n) time using O(n) space.

Proof. The approach is almost identical to that of the Min-Seg(k) problem. We start by noting that we can
assume that the interval that contains the most points has a point on its left boundary. We sort the points of
P and let p1, . . . , pn be such that pi is the ith point in the sorted set. We begin with the interval [p1, p1 + r]
and we determine the number of points in it by binary searching the value p1 + r in the sorted set P . Let pj
be the largest point of P less than or equal to p1 + r. Next, we consider the interval [p2, p2 + r]. We can now
find the largest point of P less than or equal to p2 + r by iterating over the points of P in ascending order
starting from pj . Similarly, we can determine the number of points in the intervals [p3, p3+r], . . . , [pn, pn+r].
If we consider these intervals as a sliding interval, we see that the right side crosses each point in P at most
once. So determining the number of points in the intervals [p1, p1 + r] to [pn, pn + r] can be done in O(n)
time after we have sorted the points. Finally, we report the interval that contained the most points. Again,
sorting is the most expensive step, so the algorithm runs in O(n log n) time.

We can even show that Θ(n log n) time is a lower bound to solve the Min-Seg(k) problem for certain value
of k. If k = 2, then we can reduce the element uniqueness problem to the Min-Seg(2) problem. The element
uniqueness problem is the problem of determining whether there exists a duplicate in a list of numbers. It is
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known that Θ(n log n) is a lower bound for this problem [6]. Now consider a larger (but constant) value of
k. We can reduce Min-Seg(2) to Min-Seg(k) by creating dk/2e copies of every point. Then we can solve
Min-Seg(2) by solving Min-Seg(k) on this new problem. It follows that Min-Seg(k) is lower bounded by
Θ(n log n) for a constant k.

The approach of Lemmas 4.0.1 and 4.0.2 imply directly a data structure variant that we can use. In
both lemmas we start with sorting the point set P . This step is identical for every value of k and r in the
problems Min-Seg(k) and Max-Pts-Seg(k) respectively. After sorting the point set, we only need linear
time to consider the relevant intervals.

Corollary 4.0.3. Let P be a set of n points in R1. We can preprocess the set P in O(n log n) time in an
O(n) space data structure such that we can answer the Min-Seg(k) and Max-Pts-Seg(r) problems in linear
time for any integer k such that 1 ≤ k ≤ n and for any positive real r in O(n) time.

We might wonder if we can achieve a faster query time than the result of Corollary 4.0.3. One way to
achieve this is to precalculate the solution of Min-Seg(k) for all values of k and store those values in an array
A. We can then report the solution in O(1) time. Using Corollary 4.0.3, we can compute these values then
in O(n2) time. We can also answer the problem Max-Pts-Seg(r) in O(log n) time using a binary search on
A.

Of course the above result is not very useful, but it does give us a goal for further improvements. A
reasonable question is whether we can achieve a sublinear query time using subquadratic preprocessing time.
Such a result might be useful when n is too large to allow for quadratic algorithms, but we still want fast
query times. Although we do not have concrete results, we have some ideas and conditional results that we
want to present.

4.1 Reductions of the Min-Seg(k) problem

We begin with introducing a different problem. Let P be a set of n points in R1, t a point in R1 and k an
integer such that 1 ≤ k ≤ n. We define Min-Seg-With-Point(k, t) as the problem of finding the smallest
interval that contains k points of P while also containing the point t. We can show the following conditional
theorem.

Theorem 4.1.1. Let P be a set of n points in R1. Suppose we have an algorithm A that can compute for
some t ∈ R1 the solution to Min-Seg-With-Point(k, t) for all values of 1 ≤ k ≤ n in f(n) time where
f(n) = o(n2). Then we can compute the solution to Min-Seg(k) for all values of 1 ≤ k ≤ n in subquadratic
time.

Proof. We start by sorting the point set P from left to right and we denote the points in this order by
p1, . . . , pn. We use the following observation. For any point t ∈ R1 and value of k, there are three cases
possible for the k-smallest interval:

1. the k-smallest interval lies completely to the left of t;

2. the k-smallest interval lies completely to the right of t;

3. the k-smallest interval contains the point t.

If we choose t = bn/2c we can use a divide-and-conquer algorithm. For the first two cases we compute
recursively the solution to the Min-Seg(k) problem for 1 ≤ k ≤ n/2. We then get the smallest intervals
containing only points to the left and to the right of t which we will denote by L(k) and R(k) for 1 ≤ k ≤ n/2
respectively. Then we use algorithm A to compute smallest interval that contains t for 1 ≤ k ≤ n. We denote
these intervals by C(k) for 1 ≤ k ≤ n. For k > n/2 this is automatically the k-smallest interval as well. For
k ≤ n/2 we have that the k-smallest interval is equal to the smallest interval among L(k), R(k) and C(k).

Now we consider how much time this algorithm uses. Let the running time of this algorithm be denoted
by T (n). We spend 2T (n/2) on the two recursive calls. Since A outputs n values, we know that f(n) = Ω(n).
The rest of the algorithm uses linear time. We conclude that the running time meets the following recursive
relation

T (n) = 2T (n/2) + f(n).
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To analyse the runtime, we distinguish two cases. If f(n) = O(n1+ε) for some constant ε > 0, then we know
that T (n) = O(n1+ε) = o(n2). If f(n) = Ω(n1+ε), there is polynomial difference between nlog2(2) and f(n)
and we can apply the master method [13]. The running time is then O(f(n)) = o(n).

The above theorem helps us reduce the problem to a different problem that might be easier to solve. We
want to mention that there is a reverse relation as well.

Theorem 4.1.2. Suppose we have an algorithm B that can compute, for any point set P of n points in R1,
the solution to Min-Seg(k) for all values of 1 ≤ k ≤ n in f(n) time. Let P be a set of n points in R1 and
t ∈ R1. We can compute the solution to Min-Seg-With-Point(k, t) for all values of 1 ≤ k ≤ n in f(2n)
time.

Proof. We define the (multi)set T as {t, . . . , t} consisting of n duplicates of t. Let P ′ = P ∪ T . If B requires
a point set without duplicates, we can choose n distinct points in [t− ε/2, t+ ε/2] where ε > 0 is such that
|p − q| > ε for any p, q ∈ P . We know have a set P ′ of 2n points. If k > n, then it must contain at least
one point of T and since all points of T lie inside an interval of size ε, we know that the smallest interval
containing k points contains all points of T . It follows that the solution of Min-Seg(k) for k > n contains
the same points of P as the solution of Min-Seg-With-Point(k, t).

4.2 Ideas for the Min-Seg-With-Point(k, t) problem

Now we discuss our idea for a data structure for Min-Seg(k, t). Specifically, for the variant where t splits P
in two sets A and B such that |A| = |B| = n/2. For simplicity we assume that P contains an even number
of points. Let ai and bi be the ith point from the sets A and B of points to the right and left respectively,
starting from t and let a0 = b0 = t by convention. We start by finding the optimal segments where we only
allow the points of B. Note that this only works if k ≤ n/2, but we ignore that for now. The idea is to
iteratively add the points of A, starting from a1, while maintaining the smallest segments for each k. We
denote the solution to Min-Seg-With-Point(k, t) over the set B ∪ {a1, . . . , ai} by Ii,k. Then In/2,k equals
the solution to Min-Seg-With-Point(k, t) over P . At the start, we have I0,k = [t, bk]. If we add a1 to
our point set, then some of the segments will ‘shift’ to the left as there is a new smallest segment. In other
words, for those values of k, we have that I1,k 6= I0,k. More precisely, exactly those intervals whose final part
is larger than t− a1. The process is visualised in Figure 9. This immediately presents us with a problem as
there is no structure that determines which segments shift, i.e. the k values do not form a connected interval
for example. In fact, we can show the following.

Lemma 4.2.1. Let [j] = {1, . . . , j} and E ⊆ [n/2]. Then we can find a point set P and t ∈ R as we described
above such that I0,k shifts when we add a1, if and only if k ∈ E. More precisely, we have that I0,k 6= I1,k if
and only if k ∈ E.

Proof. Let t = 0. In accordance with the above notation we define P by means of A and B. Let a1 = −2.
The other elements of A are irrelevant, but for completion, we define ai = −2− i for 2 ≤ i ≤ n/2. We define

∆bk = 3 if k ∈ E and ∆bk = 1 if k ∈ [n/2] \E. Now let bk = t+
∑k
j=1 ∆bj . At the start of the algorithm, we

have that I0,k = [t, bk]. If we add a1, then we shift those segments for which [a1, bk−1] is a smaller segment
than [t, bk]. That is of course when t− a1 ≤ bk − bk−1 = ∆k which holds if and only if k ∈ E.

In accordance with the above notation, we define for sets A and B the following variables. Let ∆bi =
|bi − bi−1| and ∆ai = |ai − ai−1|. In that case it holds that bk = t+

∑k
j=1 ∆bk and ak = t−

∑k
j=1 ∆ak. We

will call these intervals between two points subsegments.

So initially, there does not seem to be any structure that we can exploit to keep track of which segments
have shifted. We also cannot move all intervals explicitly each step, since it is possible that this becomes too
expensive. Note that if we must shift the kth interval when we add ai, then this means that Ii,k 6= Ii−1,k.
If we were to move each interval explicitly, then this would cost Ω(n2) time which follows from the following
lemma.

Lemma 4.2.2. For any n ∈ N, there exists a set P of n points in R1 and a t ∈ R such that the number
of shifts over all segments is Θ(n2). More precisely, we have that |I| = Θ(n2) where I = {Ii,k | 0 ≤ i ≤
n/2, 1 ≤ k ≤ n}.
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Proof. Let t = 0. We define ai = −i and bi = i/2 for 1 ≤ i ≤ n/2. We see that Ii,k = [ai, bk−i] if k ≥ i. This
immediately shows that |I| = Θ(n2).

The above result prevents us from just shifting all segments each step explicitly. We did see that only
those segments for which ∆bk > ∆a1. Our main idea is to store these ∆bk in the leaves of a binary search
tree (BST) sorted by length. This way, we can store which segments are shifted by marking the highest nodes
in the BST such that all leaves in that subtree are shifted, similarly to how segments are stored in a segment
tree. When all points of A are added, we can determine how often a segment is shifted.

ta1 b1 b2 b3 b4

k

.

.

.

(a) At the start all intervals begin at t

ta1 b1 b2 b3 b4

k

.

.

.

(b) When adding pl1, some of the intervals shift to the left

Figure 9: Example of shifting intervals.

However, we encountered several problems that can occur. First of all, if a certain segment does not shift,
when adding a1, then it might still be the case that it shifts two steps, when adding a2. This makes it more
complicated and we can construct an example where this happens on a larger scale.

Example 4.2.3. We want to achieve that for some k we shift its segment one step when we add a1 until aT
where T = O(n). Then for k + 1, we do not shift it when we add a1, but we shift it two times, when adding
a2. From then it also shifts one step each time until aT . This pattern continues until k + T for which we do
not shift its segment when adding a1 up to aT−1. Then when we add aT , we shift it T steps at once. Such an
example shows that segments can jump an arbitrary number of steps and that we can have a linear number
of different step sizes.

For simplicity, we assume that n is a multiple of 4, but with some rounding it works for other values n as
well. Let ∆bk = Ω − k for some large Ω � n. Then we define ∆ak = Ω − n/4 − (k − 1) + ε for some small
but positive ε. Note that ∆a1 > ∆bn/4, but ∆a1 < ∆bk for all k > n/4. This means that if we add a1, then
for k = n/4 we need to shift the segment to the left, but for larger k this does not happen. Similarly, if we
add a2, we get that ∆a1 + ∆a2 > ∆bn/4 + ∆bn/4+1, so for k = n/4 + 1, we shift the segment two steps at
once. For k > n/4 + 1 the segment does not move and for k = n/4 the segment moves another step. Table
2 shows the number of shifts for the intervals with n/4 ≤ k ≤ n/2 when we add the points a1 to an/4. It is
clear that this pattern continues, until k = n/2 that moves n/4 steps at once. 4

k a1 a2 a3 a4 . . . an/4

n/4 1 1 1 1 . . . 1
n/4 + 1 0 2 1 1 . . . 1
n/4 + 2 0 0 3 1 . . . 1
. . .
n/2 0 0 0 0 . . . n/4

Table 2: The number of shifts we perform on the k-smallest intervals when we add ai.

A different problem we have not addressed yet is that the above divide-and-conquer step only works for
values of k ≤ n/2. We could solve this by starting all intervals for k > n/2 completely to the right. The
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I4

I5

Figure 10: This situation cannot occur

intervals then all start at a unique point of A and each time we add a point from A, we add the corresponding
interval to the data structure.

4.3 Interesting examples

Although it is difficult to prove, we expect it to be impossible to find a data structure that is able to answer
the Min-Seg(k) problem for all 1 ≤ k ≤ n in subquadratic time. The main argument here is that there are
O(n2) candidate intervals, meaning there exist O(n2) intervals that have a point of P on their left and right
endpoint. Any such interval contains a certain number of points of P and could therefore be the smallest one.
If there is an algorithm that can determine all k-smallest intervals in subquadratic time, it cannot consider
all these candidates explicitly. One way to avoid this is to find a relation between the k-smallest intervals.
For example, if, given a small set of the k-smallest intervals, reduces the number of possibilities of other
k-smallest intervals, we might not need to consider each of the O(n2) candidate intervals. We have found
one such relation that might be useful.

Lemma 4.3.1. Let P be a set of n points in R1 and let k and k′ be integers such that 1 ≤ k, k′ ≤ n
and k 6= k′. Let Ik and Ik′ be the k- and k′-smallest intervals respectively. If Ik and Ik′ are unique, then
|Ik ∩ Ik′ ∩P | 6= 1. This means that Ik and Ik′ cannot share exactly one point of P . So either they are disjoint
or they overlap on multiple points of P .

Proof. Figure 10 shows an example of the situation that we claim impossible. We use a proof by contradiction.
Without loss of generality we assume that k < k′ and that Ik lies to the left of Ik′ . We denote the points
of P contained by Ik from right to left by p1, . . . , pk. Similarly, we denote the points of P contained by Ik′

from left to right by q1, . . . , qk′ . Note that p1 = q1. The length of Ik is now |pk − p1| and the length of Ik′

is |qk′ − q1|. Because Ik is the k-smallest interval and Ik is unique, we know that |pk − p1| < |qk′ − qk′−k+1|.
But then we have that

|pk − qk′−k+1| = |pk − p1|+ |q1 − qk′−k+1| < |qk′ − qk′−k+1|+ |q1 − qk′−k+1| = |qk′ − q1|.

It follows that the interval [pk, qk′−k+1] is smaller than the the interval [q1, qk′ ]. This is of course a contra-
diction with the assumption that Ik′ was the unique k′-smallest interval.

Next, we want to show some examples that could be used to check other relations. We might suspect that
many of the k-smallest intervals overlap with each other. Then if we know some of the k-smallest intervals,
this could reduce the search for others. For example, if we have a set P ′ that contains k points of P that
lie relatively close together compared to the other points of P . Then it is not unlikely that the k′-smallest
intervals with k′ ≤ k also contain points of P ′. This is all quite informal and not meant to describe a specific
relation between the k-smallest intervals. On the contrary, we now show some examples that illustrate that
the above intuition does not always hold.
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Figure 11: Illustration of Example 4.3.2.

Example 4.3.2. For any value of n ∈ N, there exists a set P of n points in R1 such that the k-smallest
intervals for 2 ≤ k ≤ b

√
nc are pairwise disjoint. The idea is to create for each 2 ≤ k ≤ b

√
nc a set Pk of

k points such that if p, q ∈ Pk for some k, then they lie extremely close, but if p ∈ Pk and q ∈ Pk′ where
k 6= k′, then lie far apart. For 2 ≤ k ≤ b

√
nc, we define

Pk = {kΩ + jkε | 1 ≤ j ≤ k}

where ε is some small constant and Ω > n/ε. Note that Pk contains k points such that two consecutive
points are at a distance kε. This ensures that the k-smallest interval with 2 ≤ k ≤ b

√
nc always encloses

Pk and not some set of points of Pk′ with k′ > k. To ensure that the k-smallest does not enclose multiple
smaller Pk′ , we place the groups at a huge distance of almost Ω. Figure 11 shows this construction for a
small set of points. It follows that if we take P ′ =

⋃
2≤k≤b

√
nc Pk, then the k-smallest intervals of the set P ′

for 2 ≤ k ≤ b
√
nc are disjoint and |P ′| ≤ n. Now we only need to ensure that we have a set of n points. Let

s = n − |P ′|. We define P1 = {−jΩ | 1 ≤ j ≤ s} where Ω is defined in the same way as before. Now, let
P = P1 ∪ P ′. Neither of the k-smallest interval with 2 ≤ k ≤ b

√
nc contains any of the points of P1, since

the distance from a point in P1 to any other point of P is always at least Ω. 4

Example 4.3.3. For any n ∈ N, there exists a set P of n points in R1 such that there are ρn values k
such that the k-smallest interval is disjoint from the (k + 1)-smallest interval. For simplicity we assume n is
divisible by 12. Otherwise, we can place a few points very far away just as in Example 4.3.2. The example we
will now describe is shown in Figure 12. We divide P in two sets P1 and P2 both containing n/2 points. The
points of P1 are divided into groups of two points such that the distance between two consecutive groups is
some large constant Ω. The two points in such a group are placed at distance 1. The points of P2 are divided
into smaller groups of three points such that the distance between two consecutive groups is 3

2Ω. Again, the
three points in a small group are placed at distance 1 between consecutive points. Lastly, the two sets P1

and P2 are placed at a distance Ω2.
The large distance between P1 and P2 ensures that the k-smallest interval only contains points of either

P1 or P2, but not both, if k ≤ n/2. Let k be such that k + 1 < n/2 is an odd multiple of 3. We can write
k+ 1 = 3(2j + 1) = 6j + 3 for some j ∈ N. Then k = 6j + 2. Using only points in P1, we can find an interval
of length 3jΩ + (3j+ 1) which contains 3j+ 1 groups of two points. If we only can use points of P2, then the
interval needs to overlap with at least 2j + 1 groups of three points. From the rightmost group we only need
to include two points. The interval has then length 3

2Ω · 2j + 2(2j + 1)− 1 = 3jΩ + 4j + 1. For any j ≥ 1 we
have that the k-smallest interval only contains points of P1.

Now we consider the smallest interval for k+ 1. If we can only points from P1, then the smallest interval
containing k + 1 points covers 3j + 1 groups of two points entirely and one group partly. The length of this
interval becomes (3j + 1)Ω + (3j + 1). If we only use points of P2, then we can take an interval that covers
exactly 2j + 1 groups of three points. The length of this interval is then 3

2Ω · 2j + 2(2j + 1) = 3jΩ + 4j + 2.
Thus, we conclude that the (k + 1)-smallest interval only uses points of P2. 4

. . . . . .
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Figure 12: Illustration of Example 4.3.3.
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Figure 13: An arrangement of squares. The area marked in red has depth 3 which is the maximum in the
arrangement.

Of course the above examples do not prove any sort of lower bound on the running time. It is only an
indication that finding a relation between k-smallest intervals is difficult. Moreover, these examples can be
useful to test claims that we might conjecture.

5 A data structure for the square

In this section we aim to construct a data structure that solves the problems Max-Pts-Square(r) and
Min-Square(k). Let P be a set of n points in R2. We start by focusing on the Max-Pts-Square(r)
problem. Before we describe this data structure, we revisit the algorithm that solves the problem directly in
Section 5.1. Then in Section 5.2 we construct a data structure that allows for a faster query time than solving
the problem. This requires extra assumptions on the computational model which we relieve in Section 5.3
by making an assumption on the input.

5.1 A direct algorithm for Max-Pts-Square(r)

As our algorithm and data structure are based on a specific algorithm for the Max-Pts-Square(r), we now
explain it in great detail. Instead of finding a square of size r that encloses the maximum number of points,
we place a square Sq(p) around each point p of P . This results in an arrangement of squares for which we
have to find its maximum depth, the maximum number of overlapping squares. The situation is shown in
Figure 13. The algorithm to compute the depth of the arrangement is a sweep line algorithm that uses a
dynamic segment tree as a status structure.

Let I = {[ai, bi] | 1 ≤ i ≤ m} be a set of m intervals in R1. A segment tree [14, Chapter 10] is a binary
tree data structure that can store this set I. If we only consider the endpoints of the intervals of I, then R1

is split into several smaller intervals, which we call elementary segments to avoid confusion with the intervals
of I. These segments are stored in ascending order in the leaves of the segment tree. So the leftmost leaf
corresponds to the leftmost elementary segment. Note that two leaves that share the same parent contain
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Figure 14: A segment tree on a set of six intervals. The interval i4 is stored in three nodes.

segments that are adjacent. Also note that the jth endpoint is the left side of the jth leaf. An internal node
stores a segment as well. This segment is defined as the union of the leaves in its subtree. To refer to the
segment of a node v, we will simply use the notation v when it is clear we mean the segment stored at v.
Figure 14 shows an example of a segment tree on a set of intervals. We can represent the interval i4 using
only three nodes of the segment tree. We chose the nodes whose segments are contained in i4, but for which
the parents are not. In general any interval i can be represented by O(log n) nodes this way [14, Lemma
10.10]. We call this the canonical set of i which we denote by I(i).

In a static segment tree, we store each interval of I in the O(log n) nodes of its canonical subset. However,
in a dynamic segment tree the tree is only built on the fixed set of endpoints of the intervals of I, but no
intervals are stored yet. We can insert an interval in the segment tree by storing it in the nodes that form
its canonical subset. We can also remove an inserted interval again. Both operations run in O(log n) time.

Now we go back to our sweep line algorithm. We move a horizontal sweep line from top to bottom over
the squares. If we project the squares on the sweep line, we get a set of intervals. During the sweep we insert
intervals in the segment tree, when we reach the top of a square and we remove it from the segment tree,
when we hit the bottom. Because we know exactly where the top and bottom of each square is, we can sort
these events in top-down order, before we start the sweep.

We now explain how the insertion and removal work. A small difference with the dynamic segment tree
is that we do not store the intervals explicitly in each node. Instead, for a node v in the segment tree we
store two values:

� nv, the number of intervals that cover the segment of v, but not that of its parent;

� dv, the maximum depth inside the segment of v of the arrangement induced by the intervals that do
not cover v.

An insertion of an interval i then finds the canonical subset of i. For v ∈ I(i) we increase nv by 1. To
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update the dv, we use the following lemma.

Lemma 5.1.1. Suppose we have a segment tree with a set of intervals I inserted. Suppose v is some internal
node and let l(v) and r(v) be its left and right child respectively. Then dv = max(dl(v) + nl(v), dr(v) + nr(v)).

Proof. Let I ′ be the set of intervals in the segment tree that do not cover v. Then dv equals the maximum
depth of the arrangement of I ′ inside the segment v. Note that segment v is equal to the union of the segments
l(v) and r(v). Then dv equals the maximum of the maximum depths of the arrangement of I ′ inside the
segments l(v) and r(v). Now we can determine the maximum depth of the arrangement of I ′ inside l(v) as
follows. Suppose the maximum is achieved at the point p somewhere in the segment l(v). All intervals that
cover l(v) also cover p. Thus, if we only consider the intervals of I ′ that do not cover l(v), then the maximum
depth of the arrangement of this set intervals is also achieved at p. This depth is exactly the value dl(v). If
we also include the intervals that do cover l(v), i.e. I ′, we find that the maximum depth of the arrangement
of I ′ inside the segment l(v) is equal to nl(v) + dl(v). An analogous reasoning holds for r(v). Now it follows
that dv = max(dl(v) + nl(v), dr(v) + nr(v)).

This lemma shows how we can compute the value dv of an internal node v. Since the value nv only
changes if v is a node of the canonical subset I(i) of an interval i, we only need to update the value dv of a
node v if its subtree contains a node of I(i). We can ‘bubble up’ the information layer by layer starting from
I(i). We spend O(1) time per node in the tree and since the canonical set of an interval i has size O(log n),
the total time of an insertion equals O(log n).

The removal of an interval works in a similar fashion and also takes O(log n) time. Each square contributes
only two operations, one insertion and one removal, so the total time of this algorithm is O(n log n).

One final step we have glossed over so far is how we determine the maximum depth in the arrangement
of squares. We keep track of the maximum depth D in the area above the sweep line. Note that the removal
can never increase the depth, so we only check if we need to update D after an insertion. We determine the
depth of the total arrangement of the intervals that are currently in the tree. This is equal to the maximum
depth of the arrangement of the set of squares that intersect the sweep line. We can find this value at dρ
where ρ is the root of the tree. Because no interval covers the segment of ρ, we have that nρ = 0 and that
dρ considers every interval that is currently in the tree. If dρ > D, we update the current value of D. After
the sweep the value D contains the maximum depth of the arrangement of the squares.

5.2 Finding a data structure for Max-Pts-Square(r)

Now we will augment the above algorithm, so we can answer Max-Pts-Square(r) faster. Specifically, we
alter the segment tree, so insertions and removals can be done slightly faster, albeit under some assumptions.

The first important change is that we use a B-tree instead of a binary tree. A B-tree of order f is a tree
data structure where each non-leaf has f children [5]. We use the B-tree as a segment tree, which we call a
segment B-tree. This means that each node still corresponds to a segment. The only difference with a regular
segment tree is that each segment is now split in f smaller segments instead of just two. Just as in a regular
segment tree, a node stores the segments in left-to-right order. If the number of elementary segments is not a
power of f , we add segments on the right side, until it is. Each internal node then has exactly f children and
the depth of the tree equals O(logf (n)). We define C(v) to be the set of children of a node v. We augment
a node v with the following data:

� Nv, an array of size f that stores for each child w the value nw;

� Dv, an array of size f that stores for each child w the value dw.

The value dρ of the root ρ (remember that nρ is always 0) is stored separately in the root, so the root
has an additional value.

Lemma 5.2.1. Suppose we have a segment tree with a set of intervals I inserted. For any internal node v,
let dv and nv be the same as in Section 5.1. Let u be an arbitrary internal node of the segment tree. Then it
holds that

du = max
w∈C(u)

(Nu(w) +Du(w)).
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Proof. For each child w of u we have that Nu(w) + Du(w) = nw + dw by definition. Note that du is the
maximum of nw + dw over all children w of u following the same argument as the proof of Lemma 5.1.1. The
lemma then follows directly.

Now we have described how the data structure works. Before we consider the preprocessing step and how
the queries work, we choose the order f of the B-tree. We choose f = log n. In that case Nv and Dv become
arrays of size log n. The height of the tree is equal to O(logf (n)) = O(log n/ log log(n)).

We start with our first result which we then improve in later steps.

Theorem 5.2.2. Let P be a point set in R2. We can preprocess these points in a data structure using
O(n) space in terms of number of words in O(n log n) time such that, for any real positive r, we can answer
Max-Pts-Square(r) in O(n log2(n)/ log log(n)) time under the following assumptions:

� we can increment and decrement any contiguous (part of an) array of at most f numbers by 1 in O(1)
time;

� we can determine the maximum over f numbers of log(n) bits in O(1) time.

Proof. We start with the preprocessing step. The first problem we solve is how the segment B-tree works if
the intervals are not known beforehand. Note that the exact length of the intervals is in fact not relevant for
the segment tree. If we know in which order the endpoints occur, then we can find the canonical subset of
each interval. However, the order of the endpoints can also differ for different values of r. If r is extremely
small, then the squares will not overlap and the resulting intervals will also be disjoint. However, for larger
r this is not the case. But note that the structure of our B-tree is identical for any order of endpoints. Since
the number of endpoints does not change, it is always a tree of the same depth where each internal node
has f children. We only need to know the order of the endpoints when we are inserting the intervals in the
tree. We can determine the order of the intervals in O(n) time at the start of a query as follows. First, note
that for a point p = (px, py) ∈ P the corresponding interval equals [px − r/2, px + r/2]. The midpoint of this
interval is always px independent of r. It follows that if we sort P by x-coordinate, we also get the order of
the left sides of the corresponding intervals. The same holds for the right side of the intervals. This sorting
step takes O(n log n) time and can be done in the preprocess step. Then, at the start of a query, we can
determine the actual position of the endpoints and compute the order of all endpoints in O(n) by using the
merge step from the merge sort algorithm.

The next preprocess step is to determine the order of the insertions and removals. This situation is
very similar to finding the order of the endpoints. The top of a square of a point p = (px, py) ∈ P is at
y = py + r/2 and its bottom is at y = py − r/2. So the order of the tops of the squares is independent of r.
In the preprocess step we sort the points of P by y-coordinate (in a separate array of course). Again, at the
start of a query we can determine the order of insertions and removals in O(n) time using the merge step of
the merge sort algorithm.

The final preprocess step is constructing the B-tree itself. We build the structure and the arrays Nv and
Dv are initialised to 0 for each internal node v. Note that the size of the data structure is only O(n) in
terms of the number of words. However, each entry of arrays Nv and Dv can range from 0 to n, needing
log(n) + 1 bits. More importantly, although each internal node store log(n) values, for each child, in both Nv
and Dv, per child only two values are stored. As each node only has one parent (except the root), in total
the combined space usage of all Nv and Dv arrays is O(n) in terms of the number of words.

Now we discuss the insertion and removal operations. We insert some interval i in the segment B-tree.
Suppose we are in a node v of the B-tree. Let v1, . . . , vf be the children of v in left-to-right order. Now i
covers some part of v, but not v completely. Otherwise, we would not visit v. Then v contains either the left
or the right endpoint or both of them. We assume for now it only contains both the left and right endpoint,
but the other two cases are analogous. We denote the two children that contain the left and right endpoints
by vl and vr respectively. If they happen to fall on the border of two child nodes, then we choose the nodes
that are contained in v.

The interval i contains all children in the (possibly empty) set A = {vl+1, . . . , vr−1}. For each child
w ∈ A we want to increment the value Nv(w) by 1, since i is an interval that covers w, but not its parent
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v. Because A is a contiguous interval, we can, with our assumption, perform this increment in O(1) time.
Next we consider the children vl and vr. If i covers either vl or vr entirely, we increment Nv(vl) or Nv(vr)
respectively. Otherwise, we traverse to vl and vr where we follow the same steps again. Eventually we arrive
in the leaves from where we can start updating the Dv arrays. We can use Lemma 5.2.1 for this. Since the
value Dv(w) is equal to dw, a node w can compute its own dw and then update the corresponding value in
the array of its parent. We can then, in the same way as in Section 5.1 bubble up the information to update
the Dv arrays in the entire tree.

Let us consider the cost of an insertion. In the top-down traversal we spend O(log(f)) time in a node,
since we must perform a binary search to find which children contain the left and right boundary of i. The
increment of part of the Nv array is then done in O(1) time. In the bottom-up traversal, we must perform
f additions to compute Nv(w) + dv(w) for each child w of v. This takes O(f) time. Then we can take the
maximum over all values in O(1) time. In total we spend O(f) time in each node and we traverse O(logf (n))

nodes. Thus, an insertion costs O(f · logf (n)) = O(log2(n)/ log log(n)) time.
The removal of an interval works in an analogous way and has the same cost. Instead of incrementing a

part of the array, we now decrement it by 1. We perform n insertions and n removals. We already spent O(n)
time to find the order of the endpoints and the order of the insertions and removals. In total the runtime of
a query becomes O(n+ n log2(n)/ log log(n)) = O(n log2(n)/ log log(n)).

The above result is slower than the result of Lemma 5.1.1. In the next theorem we improve the steps, so
that we only spend O(1) time per node.

Theorem 5.2.3. Let P be a point set in R2. We can preprocess these points in a data structure using
O(n) space in terms of number of words in O(n log n) time such that, for any real positive r, we can answer
Max-Pts-Square(r) in O(n log(n)/ log log(n)) time under the following assumptions:

� we can increment and decrement any contiguous (part of an) array of at most f numbers by 1 in O(1)
time;

� we can determine the maximum over f numbers of log(n) bits in O(1) time.

Proof. In the algorithm of Theorem 5.2.2, whenever we insert an interval i in our segment B-tree, there
are two steps where we spend more than O(1) time per node in the tree. The first is during our top-down
traversal. We have to find which children contain the left and right endpoint of the interval which can be
done with a binary search on the children. However, we can determine directly which child contains these
endpoints. Suppose the left endpoint of the interval is the jth endpoint altogether. Since the subtree of every
child of a node contains the same number of leaves, we can calculate directly which subtree contains the jth
leave and therefore the jth endpoint. In the same way we can find the right endpoint.

The second step where we spend more than O(1) time is when a node w calculates the new value dw to
update Dv(w) of its parent v. We did not assume we can add two arrays pointwise together. However, we
can avoid doing this addition altogether. In addition to Nv and Dv, we augment an internal node with an
extra array Ev of size log n where Ev(w) := Nv(w) +Dv(w) for every child w of v. Whenever we increment
a contiguous part of the array of Nv, we also increment the same part of Ev. Similarly, whenever we update
a value Dv(w), we check whether Dv(w) has increased by 1 (note that during one insertion this value can
either be incremented with 1 or it remains the same). If this is the case we also increment Ev(w). The node
v can now update Du(v) (and Eu(v)) of its parent u by calculating the maximum value of the array Ev. By
our assumptions, we can perform this calculation in O(1) time. Note that the array Nv has now become
redundant. The array Dv is not redundant, since it is not guaranteed that Dv(w) (and Ev(w)) need to be
incremented and we only know whether this happens by comparing it to the old value of Dv(w).

During an insertion we now only spend O(1) time per node, so the total cost of an insertion becomes
O(logf (n)) = O(log n/ log log n). The removal operation works again in the same way. With this increased
runtime, the total query time becomes O(n log(n)/ log log(n)).

5.3 Relieving the assumptions

Now it is time to address the assumptions we made and see if we can relieve them in some way. As a start
we want to mention that we do not necessarily have to pick f = log(n). The same argument works for any
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f = O(n). For example, if we choose f = log log(n), then our assumption is weaker, but the running time
becomes larger. If we choose f = O(1), we make no extra assumptions and we get the original running time
of O(log(n)) per insertion/deletion.

Next, we consider the problem Max-Pts-Square(r) under the assumption that k, the maximum number
of points that can be contained by a square of size r, is bounded by some function g(n). By making this
extra assumption, we can remove the previous assumptions and design an algorithm entirely in the word
RAM model.3 Before we prove this statement, we need a small lemma.

Lemma 5.3.1. For any positive real m and α such that α < 1. We have that

logm(n) · 2log
α(n) = o(n).

Proof. We will prove this by showing that

lim
n→∞

logm(n) · 2logα(n)

n
= 0.

We show that for any k > 0, there exists an N ∈ N such that for all n > N , it holds that

2log
α(n)

n
< k.

We start by noting that log(n)− logα(n)−m log log(n) goes to infinity as n→∞. Therefore, there exists an
N ∈ N such that logα(n) + log logm(n) = logα(n) + m log log(n) < log(k) + log(n) = log(kn) for all n > N .
Since the function f(x) = 2x is strictly monotone increasing, we have that logm(n) · 2logα(n) < kn for all
n > N from which it immediately follows that

logm(n) · 2logα(n)

n
< k.

Using this result we can now prove the following lemma.

Lemma 5.3.2. Suppose we have a variable n and positive real constants c, ρ and ε with ε+ ρ < 1. We can
preprocess a data structure that uses o(n) bits space that contains an ordered set A of f := logε(n) integers
such that we can increase or decrease any contiguous part of A by 1 in O(1) time and retrieve the maximum
value at any time in O(1) time under the assumption that the stored values are always less than 2c log

ρ(n).

Proof. If the values of A are all less than 2c log
ρ(n), we can represent them with w := c logρ(n) bits. The set A

can then be represented by a number containing wf = c logρ+ε bits. We call this number the state of A. The
idea for the data structure is to construct a large table where each row corresponds with one of the possible
states of A. The columns of the table correspond with the possible edits we can perform on A. This is either
incrementing a contiguous part of A or decrementing it. As there are f values in A, there are O(f2) possible
edits. The table then stores for each state and edit what the resulting state is, if we apply the edit to that
state. Now if we want to increment or decrement a contiguous part of A, we can simply look up what the
resulting state becomes in O(1) time. To find the maximum of A, we add one extra column to our table that
stores for each state the maximum value. Again, we can just look up this value in O(1) time. A visualisation
of the table can be seen in Table 3. For simplicity we left out the removal edit.

Next, we discuss how we can construct this table. Suppose we are considering a certain state E that
consists of f numbers of w bits and we want to determine the state of some edit. Let us denote this edit
by {i, j} where we want to increase the range of values between the i-th and j-th index (inclusive). We can
increment all values individually, starting from the ith one, but we observe that we then also determine the
states for edits {i, i}, {i, i+ 1}, . . . , {i, j − 1}. So we can start with the edit {1, 1}. From there we determine
{1, 2}, {1, 3} etc. After that we start with {2, 2} and continue to {2, f}. Each edit can be determined in O(1)
time from the previous edit. We can find the maximum of a state in simply O(f) time by considering the

3This is only after the discretisation step which of course happens in the real RAM model.
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f numbers of w bits f(f+1)
2 edits maximum︷ ︸︸ ︷ ︷ ︸︸ ︷ ︷ ︸︸ ︷

2fw states { 0, 0, . . . , 0 0, 0, . . . , 0, 1 0, 0, . . . , 1, 1 . . . 1, 0, . . . , 0, 0 0
0, 0, . . . , 1 0, 0, . . . , 0, 2 0, 0, . . . , 1, 2 . . . 1, 0, . . . , 0, 1 1
0, 0, . . . , 2 0, 0, . . . , 0, 3 0, 0, . . . , 1, 3 . . . 1, 0, . . . , 0, 2 2
...

...
...

. . .
...

...
2w − 1, 2w − 1, . . . , 2w − 1 - - - - 2w − 1

Table 3: The large table that will store all possible state edits

f values. Since we also spend O(f2) time to construct the row for this state, it does not increase the com-
plexity of the construction time. We conclude that the table can be built in linear time in the size of the table.

Each entry in the table consists of f numbers of w bits. This costs wf = c logρ+ε(n) bits. We have a

row for each possible state. Since a state is represented by wf bits, we have at most 2wf = 2c log
ρ+ε(n) rows.

Finally the number of rows is O(f2) = O(log2ε(n)). Because ρ + ε < 1, we can apply Lemma 5.3.1 and the
total number of bits of the table then becomes

2c log
ρ+ε(n) · c logρ+ε(n) ·O

(
log2ε(n)

)
= 2c2log

ρ+ε(n)O
(
logρ+3ε(n)

)
= o(n).

Using this lemma, we can now show the following theorem on the Max-Pts-Square(r) problem.

Theorem 5.3.3. Suppose we have some point set P ∈ R2. Then we can construct a data structure in
O(n log n) time using O(n) space in terms of the number of words such that, given a real value r, we can answer
Max-Pts-Square(r) in O(n log(n)/ log log(n)) time under the assumption that the maximum number of
points enclosed by a square of size r is at most 2c log

ρ(n) where c and ρ are positive constants with ρ < 1.

Proof. Let ε be a constant such that ε < 1−ρ. We start by choosing f = logε(n) as the order of our segment B-
tree. Each internal node then has logε(n) children. The height of the tree becomes O(log(n)/ log(logε(n))) =
O(log(n)/ log log(n)) which is equal to the height of the tree of Theorem 5.2.3. Under our assumption, for
any node v no entry of Ev becomes more than k. Thus, we can use Lemma 5.3.2. It follows that we can
increment any contiguous portion of Ev and calculate the maximum in O(1) time. Note that we only need
to preprocess the large table once, since we can use it for every node in the B-tree. Constructing this data
structure is done faster than the O(n log n) sorting step, so the total preprocessing time remains the same.
Moreover, the table uses o(n) number of bits to store, so it definitely uses less than O(n) in terms of number
of words. The state of a node uses less than log(n) bits as well which fits in one word. The total memory
cost of the data structure then becomes O(n) in terms of the numbers of words stored.

5.4 The result applied to other problems

We can use Theorem 5.3.3 not only for the Max-Pts-Square(r) problem. Unfortunately, we cannot apply
it to the Min-Square(k) problem. Recall that the k-smallest square always had either a point of P on
both its top and bottom side or on its left and right side. It followed that we could reduce the possible
sizes of the k-smallest intervals to a set of size O(n2). In Section 3.1 we discussed an algorithm by Eppstein
and Erickson [17, Lemma 5.7] where the direct algorithm of the Max-Pts-Square(r) was invoked O(log n)
times by applying a binary search on all these O(n2) possible sizes for the square size. Determining the next
size required O(n log n) time using a search technique by Frederickson and Johnson [19]. This O(n log n)
overshadows the O(n log(n)/ log log(n)) query time we have in 5.3.3.

Fortunately, we can apply Theorem 5.3.3 to the Max-Pts-Rect(l, w) problem.
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Theorem 5.4.1. Suppose we have some point set P ∈ R2. Then we can construct a data structure in
O(n log n) time using O(n) space in terms of the number of words such that, given real values l and w, we
can answer Max-Pts-Rect(l, w) in O(n log(n)/ log log(n)) time under the assumption that the maximum
number of points enclosed by a rectangle of size l by w is at most 2c log

ρ(n) where c and ρ are positive constants
with ρ < 1.

Proof. This problem is very similar to the Max-Pts-Square(r) problem. We use the same sweep line
algorithm where each rectangle is mapped to an interval on the sweep line. Note that all insertions events are
still in the same order as the order of P , sorted by y-coordinate and the same holds for the removal events.
Thus, we can determine the order of all events in O(n) time by merging the insertions and the removals. In
a similar way, we can determine the order of the endpoints of the intervals. The rest of the algorithm is the
exact same.

6 A data structure for the circle

In this section we consider the Min-Circle(k) and the Max-Pts-Circle(r) problems and describe a data
structure for both of them. We will solve these problems using the lifting transformation of Section 2.6.
Suppose we have a point set P in R2. We assume P to be in general position, meaning there are no four
co-circular points. We want to find a smallest circle containing k points which we denote by Ck. The following
lemma reduces the number of candidate circles for Ck significantly.

Lemma 6.0.1. Suppose P is a point set in R2 in general position. For any value of k, then for the smallest
circle containing k points, Ck, there are two possible cases:

1. the boundary of Ck contains three points of P ;

2. the boundary of Ck contains two points that form a diagonal of Ck.

Proof. Suppose we have some value k for which Ck has neither of the two stated properties. By the general
position assumption we know that Ck has at most one point of P on its border. Then we can shrink it by a
small amount while still containing the same k points. So Ck is not the smallest circle containing k points
and by contradiction the lemma holds. An example where k = 8 is shown in Figure 15.

Suppose we have a circle C that has three points p, q and r of P on its boundary. We apply the lifting
transformation to these circle and points. As a short reminder, a point p in P becomes a plane hp in R3 in
the projective space and a circle C becomes a point pC in R3. Then p lies inside C if and only if hp lies above
pC . In the second dual space these become planes hp, hq and hr respectively. By Lemma 2.6.3 we have that
the transformation of C, pC , must lie on each of these three planes in the projected space. It follows that
pC coincides with the unique intersection point s = (sx, sy, sz) of the three planes. Note that s is a vertex
in the arrangement of H(P ). Since each circle corresponds to a vertex in the arrangement in the projected
space, we can consider each possible circle that has three points of P on its border by visiting all vertices
in the arrangement of H(P ). For each vertex s we can determine the radius of the corresponding circle by

reversing the transformation of a circle. If s = (sx, sy, sz), then the radius equals
√
s2x + s2y − sz.

We will not use the lifting transformation for the circles whose boundary contains two points on a diag-
onal. For completion we do explain their transformation and to which points in the projected space these
circles are mapped. Suppose we have a circle C with two points p and q on a diagonal of its boundary. Then
the centre of this circle is the midpoint of the line segment pq. The transformation pC lies somewhere on
the line that is the intersection of hp and hq. Note that if we map this line on the z = 0 plane, we get the
bisector of p and q, since each point on the bisector is equidistant to p and q. Each of these points defines
a circle that goes through p and q, but we are looking for the one where p and q lie on a diagonal. That
is the circle with the smallest radius. This means that we are looking for the point on the line that is the
intersection of hp and hq that has the smallest vertical distance to the unit paraboloid.

Since we only use the lifting transformation for circles that have three points of P on its boundary, we
give this problem a specific name. We define Min-SubCircle(k) as the problem of finding the smallest circle



6 A DATA STRUCTURE FOR THE CIRCLE 33

Figure 15: We shrink C8, until its border contains three points.

that contains k ≥ 3 points of P of which three lie on its border. We observed that a circle C that is defined
by three points of P actually corresponds to a point pC in R3 that is the intersection of three planes of H(P ).
Given a circle C, we can compute how many points lie in the interior of C by counting the number of planes
lying strictly above s. In the literature, this is often called the level of a point in an arrangement [3]. Now we
see that the problem Min-SubCircle(k) is equivalent to finding a vertex of level k − 3 in the arrangement
of planes in the projected space that minimises some function f : R3 → R. The function f , in this case,
computes the radius of the corresponding circle and we can define it as f(x, y, z) =

√
x2 + y2 − z. We search

for a vertex of level k− 3, since the level of a point excludes planes that go through the point. Note that we
can look for exact levels and not for levels at least k− 3, since we assumed the points are in general position.
If C is the k-smallest subcircle, we know that the j-smallest subcircle, with j < k, has radius strict smaller
than C, since we can shrink C by a small amount to exclude exactly one point. Of course this problem uses
a specific function of f , but there might be other problems that use a different function. As we will present
an algorithm that does not use the specific f , we can formulate this as a generalised version of the problem.

Definition 6.0.2. Let H be a set of n hyperplanes in R3. Let also f : R3 → R be a function and let j be
an integer. Then we define Min-Level(j, f) to be the problem of finding the vertex q of H of level j that
minimises f . We use the term j-smallest level (of f) to refer to the solution of this problem.

Lemma 6.0.3. The Min-SubCircle(k) problem is a special case of the Min-Level(j, f) problem.

Proof. We transform the set of points P to H(P ). Then we choose f(x, y, z) =
√
x2 + y2 − z and j =

k − 3.

6.1 Finding all j-smallest levels

Before we describe a data structure for the Min-Circle(k) problem, we consider the problem of computing
all j-smallest levels for a given function f : R3 → R. That is, we are given a set H of planes in R3 and a
function f : R3 → R. Then for each value j we find a vertex in the arrangement of H of level j such that
f is minimised. We will discuss four algorithms in total. We start with the following algorithm presented in
Algorithm 1. We just fully construct the entire arrangement of planes. Then we consider the graph consisting
of just the vertices and edges of the arrangement. So two vertices v and w are connected if there are two
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Algorithm 1: NaiveAlgorithm(H, f)

Input: A set of n planes H in R3 and a function f : R3 → R
Result: The solutions of Min-Level(j, f) for 1 ≤ j ≤ n in an array A
1. Construct the arrangement A(H) of the planes.
2. Construct the graph G that consists of the vertices and edges of A(H).
3. Select random vertex v of G and determine its level j:

3a. Determine f(v) and update A[j].
3b. Select random unvisited neighbour w of v.
3c. Compute level of w from j.
3d. Set v := w.

3. Return A.

planes going through both and no other plane intersects the line segment vw. We perform a breadth-first
search (BFS) on this graph. During the BFS we store a reference to the j-smallest level for each value of j.
We can start from any vertex v for which we determine its level in the arrangement. We just iterate over all
planes and count how many lie above v. When we go to a neighbouring vertex w, we can compute its level
from the level of v using the following lemma.

Lemma 6.1.1. Given an arrangement of a set H of planes in R3. We assume general position, so in
particular no four planes share a common point. Then for any two vertices v and w that are adjacent in the
arrangement, we can determine the level of w, given the level of v, in O(1) time.

Proof. We start by noting that if v and w are adjacent in the arrangement, then there are two planes, h1
and h2 of H that contain both v and w. Then there are two more planes, hv and hw, such that v is the
intersection point of h1, h2 and hv and w is the intersection point of h1, h2 and hw. All other planes either
pass below or above vw. If this is not the case, then some plane h must intersect vw. It cannot go through
v and w by the general position assumption. Suppose h intersects the interior of vw. Then the planes h, h1
and h2 intersect each other in a point on vw, so v and w are not adjacent.

Let lv be the level of v. We start by setting the level lw of w to lv. The only difference between the level
of v and the level of w can be caused by hv or hw, since all other planes pass above, below or through both
v and w. If hv passes above w, then there is an additional plane passing above w and we increment lw by 1.
Similarly, if hw passes above v, then we decrement hw by 1. Now we have the level of w.

For each vertex v we calculate f(v) (slight abuse of notation) and its level j and check whether f(v)
is smaller than the one we had stored level j. We will call this algorithm NaiveAlgorithm. Since the
arrangement has complexity O(n3), we need both O(n3) space and time.

We want to avoid using cubic space. An intuitive approach is to generate all O(n3) intersections in
sequence and query how many planes lie above it. This is the Vertical Ray Stabbing problem. This
approach can more easily be solved by considering the dual problem we described in Section 2.5. In R3

each plane h is transformed to a point h∗ and a point p is transformed to a plane p∗. By applying this
transformation we end up with the following problem. Given a set of points P ∈ R3 and a plane h, how many
points of P lie above h. We already saw in Section 2 that this is called the Halfspace Range counting
problem. If we can solve this problem, we can also count the number of planes that lie above a certain point.
If we want to avoid large space usage, then we can use the following result by Matoušek [25]. He constructs
a data structure of size O(n) in O(n1+δ) where δ is some arbitrary small positive constant. A query then
costs O(n2/3) time. This algorithm is actually used to solve the Simplex Range Counting problem, but
with Lemma 2.3.2 this also solves the Halfspace Range counting problem. Unfortunately, if we query
each of the O(n3) vertices of the arrangement, we get a total running time of O(n11/3) algorithm.

Finally, we show an algorithm that computes all j-smallest levels in O(n3) time using O(n) space. Before
we consider this algorithm however, we revisit Chazelle’s algorithm for the (1/r)-cutting. Although the
cutting itself only uses O(rd) space, the algorithm that computes it uses O(nrd−1) workspace. Because our
aim is to achieve linear space usage, we must alter the algorithm, so it uses less space. Choosing r = O(1)



6 A DATA STRUCTURE FOR THE CIRCLE 35

does not work as it does not reduce the number of hyperplanes that intersect a simplex enough. At the cost
of some time we reduce the space usage in the following lemma.

Lemma 6.1.2. Given a set H of n hyperplanes in Rd. We can find a (1/r)-cutting of size O(rd) in O(nrd)
time using O(n+ rd) space.

Proof. Recall that Chazelle’s algorithm computes a (1/r)-cutting by iteratively splitting the simplices in
smaller ones, until each simplex is only intersected by n/r hyperplanes. The intermediate cuttings were
labeled Ck. In order to construct Ck+1 from Ck, Chazelle’s algorithm explicitly stored the conflict lists
H|s for all simplices s in Ck. In the final step this resulted in O((n/r) · rd) = O(nrd−1) space. Given the
conflict list H|s of some simplex s, the algorithm splits s for the next cutting in O(|H|s|) time. It follows
that we need at most O(|H|s|) additional space for this step. Now instead of storing the sets H|s explicitly,
we only determine H|s when we are splitting simplex s. We can achieve this simply by iterating over all

hyperplanes. This increases the time used per simplex from O(|H|s|) = O(n/rk0 ) to O(n). Then the runtime
of the algorithm becomes ∑

0≤k≤dlogr0 re

O(n)|Ck| ≤
∑

0≤k≤dlogr0 re

O
(
nrkd+d0

)
= O

(
n(rd0)dlogr0 re

)
= O(nrd)

The space usage now becomes O(n+ rd), since we only need to store H|s whenever we split simplex s. After

this is done, we can reuse this space for the next simplex. The cutting itself still has complexity O(rd).

With this lemma we can greatly improve the space usage for the algorithm to compute all j-smallest
levels.

Theorem 6.1.3. Given a set H of n planes in R3 and some function f : R3 → R, we can calculate all
j-smallest levels of f in O(n3) time using O(n3/2) space.

Proof. The algorithm we describe is presented in Algorithm 2. For each value of j we store a reference to the
j-smallest level. We then start by computing a (1/r)-cutting of H as described in Lemma 6.1.2. Before we
choose r, we describe first our algorithm. For each simplex s of the cutting we perform two steps. First, we
count the number t of planes that lie entirely above s and simultaneously we determine the conflict list H|s.
This can be done simply in O(n) time by iterating over the planes. Note that the number of planes that pass
above a vertex v in s equals the number of planes passing above s plus the number of planes of H|s passing
above v. The second step is to execute the NaiveAlgorithm on H|s. This gives us the j′-smallest levels on
H|s with 0 ≤ j′ ≤ |H|s|. This allows us to update the reference to the j-smallest levels for t ≤ j ≤ t+ |H|s|.
The NaiveAlgorithm costs O(|H|s|3) = O((n/r)3) time and also uses O((n/r)3) space. If we perform
these steps for every simplex in the cutting, we visit all vertices of our arrangement at least once. Note
that it may happen that we see some vertices more than once, since it is possible that a certain set of three
hyperplanes intersects more than one simplex. Then their intersection point occurs in the arrangement for
multiple simplices.

Let us analyse the running time and storage. Constructing the cutting can be done in O(nr3) time
and O(n + r3) space using Lemma 6.1.2. Per cell we spend O(n + (n/r)3) time and space and there are
O(r3) cells. In total we have an algorithm that runs in O

(
nr3 + r3 · (n+ (n/r)3)

)
= O(n3) time and uses

O(n+ r3 + (n/r)3) space. If we choose r =
√
n, then it becomes an O(n3/2) space algorithm.

The O(n3/2) space is already an improvement, but we can improve further. The NaiveAlgorithm, that
we use as subroutine, requires cubic space. Instead, we can use CuttingAlgorithm itself as a subroutine.
Since this algorithm uses less space, the total space usage also becomes smaller. If we choose r = n1/3, the

space usage then becomes O(n+ r3 + (n/r)3/2) = O
(
n+

(
n1/3

)3
+
(
n/n1/3

)3/2)
= O(n). We have come to

the following theorem.
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Algorithm 2: CuttingAlgorithm(H, f)

Input: A set of n planes H in R3 and a function f : R3 → R
Result: The solutions of Min-Level(j, f) for 1 ≤ j ≤ n in an array A
1. Construct a (1/

√
n)-cutting on H.

2. For each simplex s:
2a. Count the number of planes t that lie entirely above s.
2b. Find the set of planes R that intersect s.
2c. Set A′ = NaiveAlgorithm(R, f).
2d. Update A with A′ and t.

3. Return A.

Theorem 6.1.4. Given a set H of n planes in R3 and some function f : R3 → R, we can calculate all
j-smallest levels of f in O(n3) time using O(n) space.

The corresponding algorithm is presented in Algorithm 3.

Algorithm 3: ImprovedCuttingAlgorithm(H, f)

Input: A set of n planes H in R3 and a function f : R3 → R
Result: The solutions of Min-Level(j, f) for 1 ≤ j ≤ n in an array A
1. Construct a (1/n1/3)-cutting on H.
2. For each simplex s:

2a. Count the number of planes t that lie entirely above s.
2b. Find the set of planes R that intersect s.
2c. Set A′ = CuttingAlgorithm(R, f).
2d. Update A with A′ and t.

3. Return A.

6.2 Finding all k-smallest circles

Finally, we show how we can use these results to come to an efficient data structure for the Min-Circle(k).
We want this data structure to be able to report which point lies in the k-smallest circle whenever we query
the value k. Ideally, we use linear space and use O(k) time to report the points in the k-smallest circle. This
is in fact possible using only linear workspace during the construction of the data structure.

Theorem 6.2.1. Given a set P of n points in R2. We can construct a linear space data structure in O(n3)
time and O(n) space that, given an integer k, answers the Min-Circle(k) problem in O(1) time and reports
the corresponding k points in O(k) time.

Proof. We start by computing all k-smallest subcircles using Theorem 6.1.4. To compute the k-smallest
circles we only need to check the circles where two points of P lie on the diagonal. Per circle we simply
count the number of points, say k, it contains. If we keep track per value of k of the smallest circle, we can
determine the k-smallest circle by combining the results with the k-smallest subcircle. This step takes O(n3)
time as there are O(n2) circles we need to check and we spend O(n) time per circle. We also need only linear
space.

So we can determine the k-smallest circles in O(n3) time and O(n) space. The only step left is reporting
the k corresponding points in O(k) time. We start by noting that we cannot store these points explicitly, since
that uses O(n2) space. However, we can store the points that lie in the k-smallest circles for 1 ≤ k ≤

√
n,

as this uses O(n) space. Furthermore, we discuss a result by Afshani and Chan [1]. They consider the
variant of the Halfspace Range Reporting problem where we also report the points. In their paper they
build an O(n) space data structure on a point set P in O(n log n) time. Using this data structure, they
can query planes and report the points that lie above the plane in O(log n + k) time. After we apply the
transformation described in Section 2.6 to the set P and the k-smallest circles, we can query the k-smallest
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circles for 1 ≤ k ≤
√
n and store the reported points explicitly. We also store the data structure of Afshani

and Chan. Now we can report the k points in the k-smallest circle as follows. If k ≤
√
n, we have stored

the points explicitly, so we can report them in O(k) time. Otherwise, we query the data structure of Afshani
and Chan using O(log n+ k) = O(k) time.

We get a similar result for Max-Pts-Circle(r) problem.

Corollary 6.2.2. Given a set P of n points in R2. We can construct a linear space data structure in
O(n3) time and O(n) space that, given a positive real number r, answers the Max-Pts-Circle(r) problem
in O(log n) time and reports the corresponding points in O(k) time where k is the maximum number of points
contained by a circle with diameter r.

Proof. We build the same data structure as in Theorem 6.2.1. A query then consists of a binary search to
find the solution k and report the k smallest points in the exact same way as in Theorem 6.2.1.

6.3 Extra result on Chazelle’s algorithm

In Lemma 6.1.2 we showed that we can reduce the space usage of Chazelle’s algorithm to O(n+ rd) instead
of the O(nrd−1) at the cost of some extra computation time. We can actually achieve a better result than
what we showed there. The extra cost originated in finding the conflict lists H|s every time we needed to
split a simplex s. This takes O(n) time instead of the O(|H|s|) time we need to split the simplex. However,
we can find the relevant conflict list faster than in O(n) time.

Lemma 6.3.1. Let H be a set of n (d − 1)-dimensional hyperplanes in Rd and δ > 0. We can preprocess
these hyperplanes in a linear space data structure using O(n1+δ) time and space such that we can report the
set H|s of hyperplanes that intersect some d-dimensional simplex s in O(n1−1/d + k) time where k = |H|s|.

Proof. Before we show this general lemma, we prove it for the case where d = 2. The H set of hyperplanes,
which is now a set of lines, we will call L. The simplex s becomes then a triangle. Let s0, s1, s2 be the
vertices of s. We apply the standard duality transformation to the lines of L that we described in Section
2.5. Then each line ` becomes a point `∗ ∈ R2 and we define L∗ := {`∗ | ` ∈ L}. We also transform s0, s1
and s2 into the lines s∗0, s∗1 and s∗2 respectively. Now, if a line ` does not cross the triangle, then it either
must pass below all its vertices or over them. It follows that `∗ then lies above s∗0, s∗1 and s∗2 or below them
all. Let us call these regions A (above) and B (below) respectively. It follows that we must find the points
of L∗ that lie outside A and B. As A and B are defined by a constant number of lines, their complexity is
constant as well. So, we can subdivide R2 \ (A ∪ B) in a finite number of triangles. Now we have reduced
the problem to a finite number of instances of the Simplex Range Reporting problem.

In d dimensions the same logic applies. The simplex s is now defined by d points, so the complexity of
the regions A and B will only depend on d. Again A and B have constant complexity. Now all us rests is to
find an appropriate algorithm that solves the Simplex Range Reporting problem. For this we can use a
result by Matoušek [25]. He constructs a linear space data structure that can answer simplex range queries
in O(n1−1/d) time. The preprocess time is O(n1+δ) where δ is some small positive constant. The algorithm
also uses O(n1+δ) space during the construction of the data structure.

We use the above algorithm to get the following result on the (1/r)-cutting.

Corollary 6.3.2. Given a set H of n hyperplanes in Rd and δ > 0. We can find a (1/r)-cutting of size
O(rd) in O

(
n1−1/drd + nrd−1

)
using O(n1+δ + rd) space.

Proof. We combine Lemmas 6.1.2 and 6.3.1. Recall that in Chazelle’s algorithm in iteration k we had
|H|s| ≤ n/rk0 . Using Lemma 6.3.1 we can find H|s in O

(
n1−1/d + n/rk0

)
time. The total running time then

becomes ∑
0≤k≤dlogr0 re

O
(
n1−1/d + n/rk0

)
|Ck| ≤

∑
0≤k≤dlogr0 re

O
(
n1−1/drkd+d0 + nr

k(d−1)+d
0

)
= O

(
n1−1/d(rd0)dlogr0 re + n(rd−10 )dlogr0 re

)
= O

(
n1−1/drd + nrd−1

)
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We use O(n1+δ) space from Lemma 6.3.1 and O(rd) to store the total cutting.

7 Future research and ideas

Finally, we want to discuss some open questions and ideas that can further improve the results that we have
discussed in this thesis. An important open problem is whether we can, given a set of point in R1, find the
k-smallest intervals for 1 ≤ k ≤ n in subquadratic time.

In Section 5.4 we discussed whether we could use the results of Section 5 to Min-Square(k). We ob-
served that we could not speed up the binary search of the O(n2) possible squares. Although the call to the
algorithm for Max-Pts-Circle(r) has a speedup, determining the next value of r in the binary search costs
O(n log n). There might be a different way for finding this next value of r that does not require O(n log n)
time. In that case we also find results for the Min-Square(k) problem.

In Section 6 our idea basically comes down to iterating over each circle that has exactly three points of a
set P on its boundary in a particular order. Although we achieved minimal space usage, in some situations
a cubic algorithm might not be feasible. A different approach is then to look for a data structure that can
be built in less time at the cost of a higher query time. Using Lemma 3.1.1 from Chan we could take the
following approach. Instead of precalculating all solutions for all values of k, we visit the simplices of the
(1/r)-cutting during the query of a specific value k. Chan’s lemma uses the fact that checking whether the
solution of a subproblem is smaller than a specific value is easier than computing the solution itself. In
our case we can check whether a simplex s of the (1/r)-cutting contains a vertex of the arrangement of
hyperplanes such that the corresponding circle contains k points and is smaller than a value t. We denote
this problem by Dec(s, k, t). If we can solve this problem faster than the O((n/r)3) time that we spend in
our algorithm, we save time, since we only need to calculate the true solution for a small number of simplices.
In Chan’s lemma we observed that the expected number of subproblems that we have to solve completely
is O(logm) where m is the number of subproblems in total. In our case this is only O(r3), so we expect
to only need to compute O(log r) subproblems explicitly. Of course, to make a fair comparison, we need
to compare the query time to the direct algorithms for the Min-Circle(k) problem. In Section 3 we saw
that all known results achieve a O(n2 · polylog(n)) for k = Θ(n). Now suppose we have an oracle A that
can solve Dec(s, k, t) in f(n) where n is the number of planes that intersect s. We then spend f(n/r) time
per simplex. On top of that, for O(log r) simplices we must spend more time. The total running time then
becomes O((n/r)3 log(r) + f(n/r)r3). Whether such an algorithm has a query time that is faster than a
direct algorithm depends on the running time of the oracle. A future study could try to determine how we
can preprocess the cutting further to get a sufficient fast enough query time.

A different continuation is to find what other problems we could solve using Theorem 6.1.4. We con-
sidered a specific choice of the function f which reduced the problem to finding the k-smallest circles. One
possible generalisation is that of semialgebraic sets, which are regions that are bounded by a constant num-
ber of bounded degree polynomials [2]. For example, algorithms for (1/r)-cuttings have been generalised to
these semialgebraic sets under some conditions [2, Lemma 3.1]. In our case we considered the special case
where our semialgebraic sets where halfspaces, bounded by one hyperplane. Combined with the fact that
we can freely choose our function f , we might be able to achieve similar results for shapes different from circles.

Finally, in Section 6.3 we improved our result on Chazelle’s algorithm while remaining small space usage.
However, in Lemma 6.1.2 we achieved a space usage of O(n + rd) which is truly linear if r = O(n1/d). In
Corollary 6.3.2 we achieved a faster running time, but the space usage became O(n1+δ + rd). The question
remains how fast we can compute an (1/r)-cutting while retaining minimal space.

In general, we could try to achieve better results by making assumptions on the input. In Section 5 we
already made an assumption on the maximum number of points a square could enclose. However, a different
common assumption is that on the point set P . For example, we can assume a bounded spread. This means
that points cannot lie arbitrarily close or far apart from each other. In Section 3.2 we discussed two paper
that made this assumption.
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[3] Pankaj K. Agarwal, Mark de Berg, Jiŕı Matousek, and Otfried Schwarzkopf. Constructing levels in
arrangements and higher order voronoi diagrams. SIAM J. Comput., 27(3):654–667, 1998. doi: 10.1137/
S0097539795281840. URL https://doi.org/10.1137/S0097539795281840.

[4] Alok Aggarwal, Hiroshi Imai, Naoki Katoh, and Subhash Suri. Finding k points with minimum diameter
and related problems. J. Algorithms, 12(1):38–56, 1991. doi: 10.1016/0196-6774(91)90022-Q. URL
https://doi.org/10.1016/0196-6774(91)90022-Q.

[5] Rudolf Bayer and Edward M. McCreight. Organization and maintenance of large ordered indices. Acta
Informatica, 1:173–189, 1972. doi: 10.1007/BF00288683. URL https://doi.org/10.1007/BF00288683.

[6] Michael Ben-Or. Lower bounds for algebraic computation trees (preliminary report). In David S. John-
son, Ronald Fagin, Michael L. Fredman, David Harel, Richard M. Karp, Nancy A. Lynch, Christos H. Pa-
padimitriou, Ronald L. Rivest, Walter L. Ruzzo, and Joel I. Seiferas, editors, Proceedings of the 15th An-
nual ACM Symposium on Theory of Computing, 25-27 April, 1983, Boston, Massachusetts, USA, pages
80–86. ACM, 1983. doi: 10.1145/800061.808735. URL https://doi.org/10.1145/800061.808735.

[7] Jon Louis Bentley and Michael Ian Shamos. Divide-and-conquer in multidimensional space. In Ashok K.
Chandra, Detlef Wotschke, Emily P. Friedman, and Michael A. Harrison, editors, Proceedings of the 8th
Annual ACM Symposium on Theory of Computing, May 3-5, 1976, Hershey, Pennsylvania, USA, pages
220–230. ACM, 1976. doi: 10.1145/800113.803652. URL https://doi.org/10.1145/800113.803652.
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