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Abstract

Monte Carlo cluster algorithms are popular for their efficiency in studying the Ising model near its critical
temperature. We might expect that this efficiency extends to the bond-diluted Ising model. We show,
however, that this is not always the case by comparing how the correlation times τw and τsw of the
Wolff and Swendsen-Wang cluster algorithms scale as a function of the system size L when applied to
the two-dimensional bond-diluted Ising model. We demonstrate that the Wolff algorithm suffers from a
much longer correlation time than in the pure Ising model, caused by isolated (groups of) spins which
are infrequently visited by the algorithm. These cause the correlation time to scale as τw ∼ Lzw with a
dynamical exponent zw = γ/ν ≈ 1.75 independent of the bond concentration p for 0.5 < p < 1. Moreover,
we show that the Swendsen-Wang algorithm does not suffer from the same problem. Consequently, it
has a much shorter correlation time, shorter than in the pure Ising model even. Numerically at p = 0.6,
we find that its dynamical exponent is zsw = 0.09(4). Lastly, we tested a novel way of determining
the dynamical exponent for the Metropolis algorithm and confirmed that it worked properly. With this
method we determined that zm = 3.337(3) at p = 0.6.
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1 Introduction

The Ising model is one of the most popular models in statistical physics because its simplicity makes it easy
to study while it is complex enough that a lot can be learnt from it [1]. Since its inception, numerous variants
of the Ising model have been proposed to study different phenomena. An important class of such variants
are the Ising models with impurities. These are used to investigate how the presence of impurities, which
occur frequently in nature, affect the properties of a system. Common ways to model impurities in the Ising
model is by randomly removing spins (site-dilution [2–4]), bonds (bond-dilution [5–9]) or alternatively by
randomly modifying the strength of the interactions in some other way [6, 10]. In this thesis we will focus
on the variant with bond-dilution.

The introduction of bond-dilution to the model changes its properties significantly. For example, it has
been shown that the critical temperature that separates the ferromagnetic and paramagnetic phases of the
Ising model changes depending on the extent of the bond-dilution [8]. This even introduces a new type of
phase transition because the critical temperature drops to zero at a certain bond concentration creating two
phases (zero and non-zero critical temperature) separated by what is referred to as the percolation thresh-
old [11]. In addition, it appears that the presence of impurities also alters the university class of the model [2].

A common approach to study the Ising model is the use of Monte Carlo methods. The choice of the al-
gorithm should not change any of the equilibrium properties, as all algorithms sample the same (Boltzmann)
distribution. However, the dynamics of different algorithms can vary wildly leading to big differences in
the efficiency for studying a certain model. In the pure Ising model cluster algorithms such as the Wolff
and Swendsen-Wang algorithms have proven themselves to be much more effective at criticality than single
spin-flip algorithms like Metropolis [12]. This difference is expected to be even more pronounced in the bond-
diluted Ising model since it has been recently shown that single spin-flip algorithms suffer from a diverging
correlation time when the percolation threshold is approached [5]. The dynamics of cluster algorithms for
the bond-diluted Ising model remains poorly studied and so it is still unclear whether they actually are more
effective. Some studies have proposed that the efficiency of these cluster algorithms carry over to the bond-
diluted Ising model and that correlation times actually decrease when site- or bond-dilution is introduced
[4, 13]. We will present a quantitative analysis of the dynamics of the Wolff and Swendsen-Wang algorithms
to show that this is in fact not the case for the Wolff algorithm. We will demonstrate that the Wolff algorithm
suffers from much longer correlation times than in the pure model, caused by isolated (groups of) spins, a
fact which was previously hinted at by Ballesteros et al [14].

This thesis is organised as follows. Sections 2 through 6 are dedicated to the theory that will help us to
understand our results. Here we will introduce the principles behind Monte Carlo algorithms, the Ising
model both in its pure and bond-diluted form, the algorithms that were studied, how to characterise their
efficiency and what observables and techniques were used in our analysis. Section 7 is about the results from
our simulations and what we can learn from them. Finally, we summarise our main results in section 8 and
discuss potential avenues for further research.

2 Monte Carlo methods in Statistical Physics

Statistical physics is a branch of thermodynamics that studies systems that can, as the name already suggests,
be accurately described with statistics. Within statistical physics you have multiple ensembles which represent
different types of systems. The ensemble that we are interested in for this thesis is the canonical ensemble
which describes a system in contact with a heat bath or thermal reservoir at temperature T [15]. The system
can exchange energy with this thermal reservoir and through this exchange our system is also kept at the
temperature T [15]. No other exchanges are allowed so the number of particles N in our system and the
volume V are fixed as well as the temperature T of the reservoir [15]. It can be shown that the possible
states for such a system follow a probability distribution called the Boltzmann distribution P and that this
distribution is proportional to the so-called Boltzmann factor P ∼ e−βE where E is the energy of a state
and β = 1

kBT
with kB the Boltzmann constant and T the temperature [15]. We have plotted the Boltzmann

factor in figure 2.1. An important thing to note in this plot is that the Boltzmann factor rapidly decays so
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Figure 2.1: Plot of the Boltzmann factor e−βE , where β = 1
kBT

and E the energy of a state. Note how it
rapidly decays such that the probability of finding a state is very small if βE � 1.

that the probability of finding the system in a particular state quickly becomes very small if βE � 1.

When studying these systems, we are usually interested in calculating properties that could also be measured
in experiments. For example, if the system is a gas of particles, we might be interested in its pressure under
certain conditions. In statistical physics these properties can usually be calculated as ensemble averages. Say
that we are interested in some quantity Q then its ensemble average 〈Q〉 is the average of the value that the
quantity has in every possible state weighted with the probability of that state, so we can write it as [12],

〈Q〉 =

∑
µQµe

−βEµ∑
µ e
−βEµ

(2.1)

where the sum is over all states µ, Qµ is the value of Q in state µ and Eµ is the energy of state µ.

While it might seem straightforward to compute this average, in reality the total number of possible states
is often so large that computing this sum explicitly becomes intractable [12]. So instead we might try to
sum over a subset of M states to get an estimate QM of the ensemble average 〈Q〉. This leaves the question
of how to choose the subset to sum over. Say that we want to sample the states at random from the state
space according to some probability distribution pµ where pµ is the probability of choosing state µ. With
this choice our subset of states is {µ1, µ2, . . . , µM} and our estimator QM becomes [12],
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QM =

∑M
i=1Qµip

−1
µi e
−βEµi∑M

j=1 p
−1
µj e
−βEµj

. (2.2)

This still leaves us with the choice of the probability distribution pµ. The easiest choice would be to sample
the states uniformly at random so that all probabilities are equal and pµ = constant [12]. With this choice
the estimator becomes [12],

QM =

∑M
i=1Qµie

−βEµi∑M
j=1 e

−βEµj
(2.3)

where we have cancelled all probabilities since they are constant and equal. For many cases, however, this
turns out to be a poor choice because as we already saw the Boltzmann factor will be very small for many
of the states so that there is a good chance that we will mostly sample states with a small Boltzmann factor
that do not really contribute to the ensemble average making our estimator QM a bad representation of 〈Q〉
[12]. Equilibrium Monte Carlo methods were proposed as a solution to this problem. In its essence, a Monte
Carlo algorithm is a recipe for sampling the states in such a way that the probability of sampling a state is
exactly proportional to the Boltzmann factor, i.e. pµ ∼ e−βEµ [12]. We call this importance sampling. If we
now plug pµ ∼ e−βEµ into equation 2.2 we find that our estimator becomes a simple expression [12],

QM =
1

M

M∑
i=1

Qµi . (2.4)

So we can compute our estimator by simply computing the arithmetic mean of our subset of states and this
will in general give us a much better estimate of the ensemble average [12].

Now that we know that a Monte Carlo algorithm tries to sample the states of a system according to the
Boltzmann distribution, we can answer the question of how this sampling could work. The Monte Carlo al-
gorithms we consider in this thesis are based on a Markov process. This means that they work by generating
a new sample from an existing sample [12]. So say that we have a state µ our Monte Carlo algorithm will
be a recipe for producing a new state ν. We then obtain our subset of states by repeating this recipe until
enough states have been generated. This generation is usually a stochastic process where we have a collection
of transition probabilities P (µ→ ν) dictating the probability that we will generate state ν if we are in state
µ [12]. These probabilities of course need to be normalised so,∑

ν

P (µ→ ν) = 1. (2.5)

The key ingredient for constructing a correct Monte Carlo algorithm that generates states in such a way that
the probability of finding a state is exactly proportional to its Boltzmann factor is to choose these transition
probabilities so that they satisfy certain properties. These properties will then ensure that we will sample
the states according to the correct Boltzmann distribution. The first condition is called ergodicity and it
is the requirement that we should always be able to reach any state of the system from any other state if
we run the algorithm for long enough [12]. Note that this does not require that we are not allowed to set
some transition probabilities to zero, but they should be chosen so that there is always a path of possible
transitions between any pair of states [12]. The second condition is that we require our Markov process to
satisfy detailed balance. This means that we require that in equilibrium for any pair of states µ and ν the
rate of transitions from µ to ν is equal to the rate of transitions from ν to µ [12]. We can write this down as
[12],

pµP (µ→ ν) = pνP (ν → µ) (2.6)

where pµ is the probability of being in state µ in our simulation. If we rewrite this a bit and remember that
we want that pµ ∼ e−βEµ we find that,

P (µ→ ν)

P (ν → µ)
=
pν
pµ

= e−β(Eν−Eµ). (2.7)
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In this form detailed balance gives us a concrete condition that our choice of transition probabilities has to
satisfy. To summarise, if we can show that a Monte Carlo algorithm satisfies the conditions of ergodicity and
detailed balance we are ensured that it is correct and that it will generate states according to the correct
Boltzmann distribution [12]. There are still a lot of ways in how we can satisfy these two conditions, but
discussing this is beyond the scope of this thesis. We will, however, give some examples of correct Monte
Carlo algorithms later on.

Two final remarks are in order. First of all, we mentioned that we want to satisfy detailed balance in
equilibrium, but how do we know if our Markov process is in equilibrium? Also, how do we start the Markov
process, i.e. what should be our initial state? These are not always easy questions to answer, but luckily it
can be shown that satisfying these two conditions also ensures that no matter what state we start our simu-
lation in our Markov process will always tend towards equilibrium if we run the simulation for a sufficiently
long time [12]. Consequently, our sample probabilities pµ will always tend to the Boltzmann distribution
[12]. The process of running the simulation for a sufficiently long time to reach equilibrium is referred to as
thermalisation [12]. Secondly, the conditions of ergodicity and detailed balance are sufficient conditions for
a correct Monte Carlo algorithm but they are not necessary [12]. Therefore, it is also possible to construct
an algorithm which is correct but that does not satisfy these conditions. However, we will only consider
algorithms which do satisfy these conditions in this thesis.

3 The Ising model

Before giving some examples of Monte Carlo algorithms it is useful to introduce the model that we studied
in our simulations. We will start with the pure Ising model and then explain how to introduce bond-dilution
to get the bond-diluted Ising model.

3.1 The pure Ising model

Of all statistical physics models the pure Ising model is certainly one of the most well studied [1]. In its
essence it is a model for a physical system consisting of particles arranged on a regular lattice where each
particle can be in two states [1]. It is usually introduced as being a model for atoms in a crystal where
each atom acts like a little magnet and has a spin which can be either up or down, and this is also the
interpretation that we will use in this thesis, but it could be equally well-used to describe any other lattice
system where each lattice point can be in two states such as a mixture of two kinds of molecules or a mixture
of particles and holes (empty spaces) [1]. Furthermore, it is the pure Ising model in the sense that we are
considering the model without any modifications or extensions as it was originally proposed. We are free to
choose the lattice so we will restrict ourselves to one of the simpler cases, a two-dimensional square lattice.
With this choice we can visualise the model as in figure 3.1.

As can be seen in the figure, our particles, which we will refer to as spins since we are using the magnet
interpretation of the Ising model, are arranged on the lattice points of a two-dimensional square lattice. Each
particle can be in either one of two states which we refer to as up and down respectively. A single state or
configuration of the Ising model can then simply be obtained by assigning the choice up or down to each of
the spins in the lattice. An example state is given in figure 3.2. In principle, a lattice should be infinite.
However, to be able to run Monte Carlo simulations we need finite size systems so we define the system size
L to be the number of spins on one side of the square as is illustrated in figure 3.3. With this definition our
lattice will contain a total of N spins where N = L2 for a two-dimensional square lattice.
The model would not be very interesting if the spins did not interact with each other. However, if we add too
many interactions the model can quickly become intractable. Luckily, a lot of interesting things can already
be learned if we use the approximation that spins only interact with their nearest neighbours. With this
approximation, the Hamiltonian for the system can be written as [12],

H = −J
∑
〈ij〉

sisj (3.1)
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Figure 3.1: Overview of our conventions for the pure two-dimensional Ising model on a square lattice.
Each square represents one of the spins in the lattice which can be in one of two states as is illustrated on
the right. The same conventions will be used in all the Ising model illustrations.

Figure 3.2: An example of what a state would look like with the conventions from figure 3.1.
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Figure 3.3: An illustration to explain how the size of the lattice L is defined in our model.

where the sum is over all nearest neighbour pairs in the lattice, si represents the spin of site i which can take
on two values (si = ±1) and J is the coupling constant which is a measure of the strength of the interaction.
Intuitively, each spin interacts with each of its four neighbours and if two neighbours are in the same state
(i.e. the spins are parallel) this gives a contribution of −J to the total energy and if two spins are in opposite
states (i.e. they are anti-parallel) this gives a contribution +J to the total energy. The Hamiltonian then is
the sum of all these contributions. This is depicted in figure 3.4. Sometimes people also include an external
field term in the Hamiltonian, but we will ignore that here and only consider the zero field case [12]. Besides
the energy another interesting property of a state is the sum over all the spin values si. Since each spin
represents a magnet this quantity is referred to as the total magnetisation M of the lattice and it is given by
[12],

M =
∑
i

si. (3.2)

See figure 3.5 for a diagrammatic explanation of the magnetisation.

The aforementioned discussion hopefully convinces the reader that the Ising model is indeed simple enough
to be easy to study. Yet, despite its simplicity the model has enough complexity to exhibit some interesting
properties. One of the most noteworthy is that it actually has a phase transition as a function of the
temperature T [12]. As we vary the temperature the model will transition from a ferromagnetic phase, where
on average the majority of spins are pointing in the same direction (i.e. the average total magnetisation
M is non-zero), to a paramagnetic phase where the orientation of the spins is practically random such that
the average total magnetisation M is zero [12]. This can be nicely visualised by plotting the average total
magnetisation per spin M/N as is done in figure 3.6.

The critical temperature Tc at which this phase transition occurs can be determined numerically in many
ways, for example by using Monte Carlo methods. One of the most impressive accomplishments in the
history of the Ising model, however, is the exact analytical solution of the two-dimensional Ising model
by Lars Onsager in 1942 [1]. This solution also gives us the critical temperature which turns out to be
Tc = 2J/ log

(
1 +
√

2
)
≈ 2.269J [12]. The presence of a phase transition means that the model can also be

used to study the behaviour of a system at criticality (i.e. in the vicinity of the critical temperature) and as
we will see later this is also interesting for studying the dynamics of Monte Carlo algorithms.
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Figure 3.4: An illustration to explain the interactions that contribute to the energy of a state for the pure
two-dimensional Ising model. Each spin (square) interacts with each of its four nearest neighbours. The
contribution of such an interaction to the total energy is given on the right. Here J is the coupling constant
that also occurs in the Hamiltonian.

Figure 3.5: An illustration to explain the magnetisation of a state for the pure two-dimensional Ising model.
Each spin is assigned a contribution to the total magnetisation depending on the state of the particular spin
as indicated on the right. The total magnetisation is then simply the sum of all these contributions.
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Figure 3.6: A plot of the average magnetisation M per spin for the pure two-dimensional
Ising model on a square lattice as a function of the temperature T . Note that M is non-
zero below a certain temperature and zero above this temperature, indicating a phase transition
from a ferromagnetic to a paramagnetic phase with the magnetisation as the order parameter.
The critical temperature at which this phase transition occurs is analytically known to be Tc =
2J/ log

(
1 +
√

2
)
≈ 2.269J where J is the coupling constant from the Hamiltonian [12]. Image

taken from: https://www.semanticscholar.org/paper/MATH-505-Project-%3A-Ising-model-%E2%80%

93-Phase-transition-Wu-Li/de75b1ed085ada344a8fe3e28307bbe52ac73b83 (accessed 02-07-2021).

3.2 The bond-diluted Ising model

Now that we are familiar with the pure Ising model we can introduce the model that was studied in this thesis,
the bond-diluted Ising model. Introducing bond-dilution to the model is actually pretty straightforward. If
we consider the presence of the interaction between two nearest neighbours as a bond in the lattice, then we
can simply go from the pure Ising model to the bond-diluted Ising model by randomly removing a fraction
1− p of the bonds from the lattice [5]. Here we have defined p to be the bond concentration (i.e. the fraction
of bonds that is still present in the model). This definition of p also gives us a simple way of defining the
Hamiltonian. The process of removing bonds is illustrated in figure 3.7.

We will now turn our attention to defining the Hamiltonian. The choice of the letter p for the bond con-
centration is no coincidence. It turns out that p can be interpreted as the probability that there is a bond
between two nearest neighbours [5]. Consequently, if we choose p = 1 we retrieve the pure Ising model while
p = 0 corresponds to a collection of non-interacting spins. The interactions in the bond-diluted Ising model
are exactly the same as in the pure Ising model. The only difference is that a spin only interacts with one
of its nearest neighbours if there is a bond between them [5]. With this in mind, we can write down the
Hamiltonian as [5],

H = −J
∑
〈ij〉

cij(p)sisj (3.3)

where the sum runs over all pairs of nearest-neighbour sites, si = ±1 is the spin on site i and cij(p) is a
constant that follows a Bernoulli distribution with probability p, i.e. it has value 1 with probability p and
value 0 with probability 1−p. We will refer to an instantiation of the cij ’s for all nearest-neighbour pairs as a
randomness configuration of the model. The bond-dilution is frozen in for a particular configuration, in other
words the values of the cij ’s are fixed for a specific configuration. We can also compute the magnetisation of
a state for the bond-diluted Ising model and it is defined in the exact same way as for the pure Ising model.
All through the thesis, energy is measured in units of J .

The introduction of bond-dilution to the Ising model makes it possible to study the effect of impurities

https://www.semanticscholar.org/paper/MATH-505-Project-%3A-Ising-model-%E2%80%93-Phase-transition-Wu-Li/de75b1ed085ada344a8fe3e28307bbe52ac73b83
https://www.semanticscholar.org/paper/MATH-505-Project-%3A-Ising-model-%E2%80%93-Phase-transition-Wu-Li/de75b1ed085ada344a8fe3e28307bbe52ac73b83
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Figure 3.7: An illustration to explain how to go from the pure Ising model to the bond-diluted Ising model.
If we consider the interaction between two nearest neighbours as a bond in the lattice, then all we have to
do to get the bond-diluted Ising model is to simply remove a random fraction 1 − p of the bonds from the
lattice where p is the bond concentration, i.e. the fraction of bonds that remain in the lattice.

on the properties of a system. One such effect is that bond-dilution seems to change the critical temperature
Tc of the ferromagnetic to paramagnetic phase transition. It has been shown that Tc gets smaller when
lowering the bond concentration p and eventually drops to zero for pc = 0.5 which is referred to as the
percolation threshold [5]. This temperature dependence of Tc is plotted in figure 3.8. Interestingly enough,
this introduces a second phase transition to the model, one where the critical temperature Tc of the other
phase transition is the order parameter, i.e. it is zero below a certain value of p and non-zero above it. As
was mentioned in the introduction, the bond-diluted Ising model also has other new properties but this is
beyond the scope of this thesis.

4 Three algorithms

Now that the model has been introduced, let us give some examples of Monte Carlo algorithms for the bond-
diluted Ising model that were used in our simulations. We will start with the Metropolis algorithm, which
is one of the simplest algorithms that exists for the Ising model. It is a single spin flip algorithm, meaning
that at each step we only consider a single spin to be flipped. A single step proceeds as follows [12],

1. choose a spin at random from the lattice,

2. calculate the change in energy ∆E for flipping the spin,

3. flip the spin with probability e−β∆E if ∆E > 0 or with probability 1 otherwise.

These steps are repeated until enough samples have been generated. Another term frequently used in con-
junction with the Metropolis algorithm is a sweep which is equal to N Metropolis flips where N is the number
of spins in the lattice (L2 in two dimensions) [12]. Note the occurrence of a Boltzmann factor-like term in
the probability for flipping the spin. It is straightforward to show that by choosing the probability in this
way we satisfy detailed balance and indeed generate states such that the probability of finding a state is
proportional to its Boltzmann factor (just use that the transition probability from the high energy to the low
energy state is 1 while it is e−β∆E in the opposite direction) [12]. Since the probability of flipping a spin is
always non-zero it is hopefully also clear that we can reach any state from any state just by flipping enough
spins which ensures we also satisfy ergodicity [12].

The simplicity of the Metropolis algorithm makes it easy to implement and implementations are usually
also very fast (in terms of CPU time used per sweep). However, it is not without its difficulties. Near the
critical temperature of the Ising model we often find large domains of parallel spins in the lattice [12]. It is
difficult for Metropolis to flip a spin in the bulk of such a domain because this would increase the energy
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Figure 3.8: A plot of the critical temperature Tc of the ferromagnetic to paramagnetic phase transition
of the bond-diluted Ising model as a function of the bond concentration p. We see that the introduction of
bond-dilution lowers the critical temperature until it becomes zero at pc = 0.5 which we call the percolation
threshold [5]. Note that this in fact introduces a second phase transition to the model, one where the critical
temperature Tc of the other phase transition is the order parameter, i.e. it is zero below a certain value of p
and non-zero above it. Image taken from [5].

by a large amount (i.e. ∆E is relatively large and positive such that the probability for the flip is small).
This means that the primary way for the Metropolis algorithm to change these domains is by flipping spins
at the boundaries which is a slow process. Therefore, it takes a long time to reach a significantly different
state. This problem is illustrated in figure 4.1. To get around this problem algorithms were proposed that
flip entire clusters of spins at once which we will refer to as cluster algorithms.

The first example of these is the Wolff algorithm. The basic idea behind this algorithm is to grow a cluster
of spins and flip all the spins in this cluster simultaneously with probability 1. To grow a cluster we perform
the following steps [12],

1. choose a spin at random from the lattice,

2. consider each of its neighbours. If the spins are aligned, add the neightbour to the cluster with proba-
bility 1− e−2βJ with β = 1

kBT
and J the coupling constant from the Hamiltonian,

3. for each of the neighbours added in step 2 also consider all their neighbours to be added to the cluster
and repeat this until no more neighbours exist that have not yet been considered.

It can be shown that by growing the cluster in this way we satisfy both ergodicity and detailed balance
[12]. It is important to note here that in the bond-diluted Ising model two spins are only considered to be
neighbours if there is a bond between them. A single cluster move of the Wolff algorithm is visualised in
figure 4.2.

The second cluster algorithm under consideration is the Swendsen-Wang algorithm. Similar to the Wolff
algorithm, clusters of spins are grown according to the aforementioned procedure. It differs, however, in the
fact that we do not just grow a single cluster, but cover the entire lattice with clusters and flip each of these
with probability 1

2 in a single step [12]. Since clusters are grown in the same way as in the Wolff algorithm,
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Figure 4.1: Illustration of the difficulties that the Metropolis algorithm faces near the critical
point. Around the critical temperature the lattice often consists of relatively large domains of parallel
spins. The primary way for the Metropolis algorithm to change these domains is by flipping spins
at the boundaries which is a slow process. Therefore, it takes a long time to reach a significantly
different state. Image taken from: https://www.chegg.com/homework-help/questions-and-answers/

page-mentioned-approximation-way-evaluate-2d-ising-model-even-though-exact-solution-gives--q45099410

(accessed 02-07-2021).

Figure 4.2: Visualisation of a single cluster move in the Wolff algorithm. We go from state A to state B
in a single step. Note that the Wolff cluster that has been grown is indicated by the spins enclosed in the
dashed line and that all spins in the cluster are flipped in this cluster move. Image taken from [16].

https://www.chegg.com/homework-help/questions-and-answers/page-mentioned-approximation-way-evaluate-2d-ising-model-even-though-exact-solution-gives--q45099410
https://www.chegg.com/homework-help/questions-and-answers/page-mentioned-approximation-way-evaluate-2d-ising-model-even-though-exact-solution-gives--q45099410
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Figure 5.1: Illustration of how a Markov Chain Monte Carlo algorithm produces a chain of states.

showing that the Swendsen-Wang algorithm satisfies ergodicity and detailed balance proceeds analogously
[12].

5 Characterising efficiency

Before we can compare the efficiency of the algorithms mentioned in the previous section, we first need to
clarify what we mean when we are talking about the efficiency of a Monte Carlo algorithm. As we mentioned
earlier, our Monte Carlo algorithms work via a Markov process that generates a new state from an existing
state. When we repeat this generation step we end up with a chain of states as is illustrated in figure 5.1.
Because of this, these algorithms are also known as Markov Chain Monte Carlo algorithms [12]. Ultimately,
we are interested in generating a set of samples that are uncorrelated [12]. However, it is hopefully intuitive
that if you generate a state from another state then these two states will probably be correlated to some
degree. Therefore, we could ask ourselves the following question, if we start in state µ how many times do
we need to repeat the generating step to end up in a state ν that is uncorrelated to µ? If we measure our
time in Monte Carlo steps, then the number of steps that we need for this defines a timescale which is called
the correlation time τ [12]. This correlation time is exactly how we will characterise the efficiency of our
algorithms. More efficient algorithms have shorter correlation times.

Now that we have established that we can characterise the efficiency of our algorithms with their correlation
times, we will discuss how we can quantify it. First, we need some way of quantifying correlations. A common
way to do this for two random variables X and Y is by calculating their covariance which is defined by,

cov(X,Y ) = 〈(X − 〈X〉) (Y − 〈Y 〉)〉 . (5.1)

When computing (X − 〈X〉) (Y − 〈Y 〉) we have two possibilities, (i) X and Y are on the same side of their
average (both larger or both smaller) which gives us a positive number, (ii) X and Y are on opposite sides
of their average which gives us a negative number. The intuition behind the covariance formula is that when
X and Y are positively correlated, we expect that that possibility (i) will occur most frequently so that the
covariance will yield a positive number, while if X and Y are negatively correlated possibility (ii) will occur
most frequently and the covariance yields a negative number. If, however, X and Y are not correlated then
possibility (i) and (ii) will occur the same number of times and the covariance will yield zero. So we see that
the covariance is indeed a good measure of correlation between two random variables.

The random variables that we are interested in for computing the correlation time are the states of the
system separated by some time difference ∆t in our simulation. But since the state itself is not something
which has a numerical value, we will instead use one of the quantities that we can compute for a state, i.e.
the magnetisation for an Ising model state. So our random variables would be the magnetisation at two
different time steps, M(t) and M(t+∆t). This allows us to define a useful quantity called the time-displaced
autocorrelation of the magnetisation χ(∆t) as [12],

χ(∆t) =

∫
dt [m(t)− 〈m〉] [m(t+ ∆t)− 〈m〉] (5.2)
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Figure 5.2: Plot of the magnetic autocorrelation χ(t) versus time t for the Metropolis algorithm and the
pure two-dimensional Ising model on a square lattice with time measured in Metropolis sweeps. Note that
for small t the autocorrelation seems to decay exponentially, which allows us to define a correlation time τ
by assuming χ(t) ∼ e−t/τ . τ could be determined by fitting a line of that form through the data. For this
example this would give τ = 95(5). Image taken from [12].

where m = M/N is the magnetisation per site. Notice how this has the same structure as the covariance
as we intended. An example of what this function could like for a simulation of the pure two-dimensional
Ising model with the Metropolis algorithm is given in figure 5.2. Notice how it starts out as a straight line
in a plot with a logarithmic y-axis. This suggests that the correlations decay exponentially at first. If we
know propose that χ(t) ∼ e−t/τ then this gives us a way of quantitatively defining the correlation time τ
[12]. It also proposes a way of calculating τ , by fitting a line of this form through the autocorrelation data.
For example, for figure 5.2 this would give τ = 95(5) with time measured in Metropolis sweeps [12] for this
specific data set. Unfortunately, the story is not always this simple and sometimes the decay will be more
complicated. Still, this gives us a reasonable way of quantifying τ and as we will now show we actually do
not need to measure τ explicitly to compare the efficiency of algorithms.

While we do characterise the efficiency of our algorithms through the correlation time τ , we will not use it
directly to compare their efficiency. The reason behind this, is that the correlation time is not a constant for
a specific algorithm but also depends on many other properties of our system. For example, it is temperature
dependent as is illustrated in figure 5.3 for the correlation time of the Metropolis algorithm. Notice the
sharp peak around what appears to be the critical temperature Tc of the pure Ising model. It turns out that
correlation times are often peaked around critical points which is commonly referred to as critical slowing
down [12]. Moreover, the correlation time often depends on the system size L [12]. The nice thing about the
scaling of the correlation time with system size is that it has an explicit form near the critical temperature.
In that regime τ ∼ Lz where the exponent z is called the critical dynamical exponent [12]. This dynamical
exponent is, in fact, a constant for a specific algorithm and for this reason we will use z as the measure of
efficiency that we will compare our algorithms with [12]. A larger z means that the correlation time increases
more rapidly with system size, so if we have two algorithms with exponents z1 and z2 and z1 > z2 then
the correlation times for algorithm 1 will always become larger than those for algorithm 2 if we make the
system large enough. This should convince the reader that z is a good measure to compare algorithms, the
smaller z the more efficient the algorithm. As an example, let us give the dynamical exponents zm, zw and
zsw for the Metropolis, Wolff and Swendsen-Wang algorithms respectively as they have been determined for
the two-dimensional pure Ising model, zm = 2.167(1), zw = 0.25(1) and zsw = 0.25(1) [12]. This confirms
that the cluster algorithms are indeed more efficient than Metropolis near the critical temperature as was
intended.
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Figure 5.3: Plot of the correlation time τ of the Metropolis algorithm for the pure two-dimensional
Ising model on a square lattice as a function of temperature T . Note the sharp peak around a certain
temperature. This is no coincidence as the peak is located near the critical temperature Tc of the ferromagnetic
to paramagnetic phase transition of the model. It is often the case that correlation times of Monte Carlo
algorithms peak around critical points [12]. Image taken from [12].

Before we end this section we will take a short detour and return to the issue of thermalisation. If we study
how the probability of finding a state ν in our Markov chain develops during our simulation, we will denote
the probability at a certain time t by wν(t), then we see that the probability one time step later is related to
the probabilities at this time step via [12],

wν(t+ 1) =
∑
µ

P (µ→ ν)wµ(t). (5.3)

In this notation t = 0 corresponds to the start of our simulation (so when we start the thermalisation process).
If we collect all the probabilities in a vector w(t) and all the transition probabilities in a matrix P, then we
can concisely write this relation for all probabilities as a matrix vector equation [12],

w(t+ 1) = P ·w(t). (5.4)

Now if we write w(0) as a linear combination of the right eigenvectors vi of P then we can use equation 5.4
to write w(t) as [12],

w(t) = Pt ·
∑
i

aivi =
∑
i

aiλ
t
ivi = a0λ

t
0v0 +

∑
i 6=0

aie
−t/τivi (5.5)

where ai are coefficients that depend on the configuration of our system at t = 0, λi is the eigenvalue
corresponding to eigenvector vi (which we have ordered from largest eigenvalue to smallest eigenvalue, so λ0

is the largest eigenvalue) and we defined a set of quantities τi for all i 6= 0 as [12],

τi = − 1

log λi
. (5.6)

The reason that we use the symbol τi for these quantities is no coincidence. They are directly related to the
correlation time τ that we defined earlier in this section [12]. From this form it becomes explicit that w(t)
will approach v0, the eigenvector corresponding to the largest eigenvalue λ0, for large times t (if t becomes
large enough λt0 will be much bigger than all other λti). It turns out that v0 corresponds to the Boltzmann
distribution if our transition probabilities satisfy ergodicity and detailed balance and this confirms that w(t)
indeed tends to the Boltzmann distribution for large times [12].

We can learn two more things from this. Firstly, we see that there is in fact not a single correlation time
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(a) State A (b) State B

Figure 6.1: Illustration to explain how the age labels are updated after a single Wolff cluster move. This
cluster moves takes us from state A to state B. The numbers in each square represent the age label of the
corresponding spin for that state. The Wolff cluster that was grown in this cluster move is indicated by the
yellow line which encloses the cluster of spins. Note that the age labels of the spins inside the cluster are set
to 0 after this move while all other age labels are incremented by 1.

but actually as many as there are states in the system [12]. However, for sufficiently long simulations the
largest of these correlation times, τ1, will significantly dominate the dynamics so that we can still compare
different algorithms with a reasonable degree of accuracy by assuming that the system only has a single
correlation time τ [12]. Moreover, the correlation time also pops up when discussing the dynamics of ther-
malisation. Therefore, the timescale on which our system converges to its equilibrium during thermalisation
is also dictated by the correlation time.

6 Observables and Methods

6.1 Observables

During our simulations we keep track of several quantities. This includes the energy E and magnetisation M
of a state, which follow directly from the definition of the model and require no further explanation. In addi-
tion, we measured a self-defined quantity which we will refer to as the spin age and which we will define below.

To extract more information about the dynamics of the Wolff algorithm from our simulations we label
each site in the lattice with a spin age ai, which we define to be the time since site i was last visited (i.e. was
part of a Wolff cluster) measured in the number of Wolff cluster moves. In other words, when a site is visited,
its age is set to 0 and each subsequent Wolff cluster move where the site is not visited the age is incremented
by 1, this is illustrated in figure 6.1. Once the system is thermalised, both with respect to its configuration
of spins and the distribution of ages, we then count how often a certain age occurs at various steps in the
simulation, to produce a histogram showing the distribution of ages in equilibrium. To be specific, at certain
steps in the simulation (between moves) we measure for each age a how many spins in the lattice are labelled
with that age at that step and we call this number the age frequency fL(a).

6.2 Finite size scaling

Ultimately, we want to determine the dynamical exponent for each algorithm to compare their efficiency for
the bond-diluted Ising model. A straightforward way to do this would be to calculate the correlation time τ
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from our data (i.e. by calculating autocorrelation functions) for different system sizes L and then fit a line
∼ Lz through these points to determine z. However, it is not always easy to accurately determine τ because
the decay of the correlation might not be exponential for the entire range of your measurements. This would
introduce additional errors because one would need to estimate where the exponential decay stops and which
data is used to determine τ . Moreover, as we will see later the decay might not be exponential at all, but
rather something more complicated such as stretched exponential. Therefore, we used a different technique
to determine τ called finite size scaling which we will explain below.

We will explain the method by studying how a quantity called the equilibrium mean-square displacement
of the magnetisation evolves with the single spin flip dynamics of the Metropolis algorithm. Our discussion
here follows the discussion on the same topic from the paper by Walter and Barkema [16]. We will define the
equilibrium mean-square displacement of the magnetisation h(t) as

h(t) =
〈

[M(t)−M(0)]
2
〉

(6.1)

where M(t) is the magnetisation at time t during our simulation with t measured in Metropolis sweeps. When
we start at t = 0 how does h(t) evolve when t increases. At first, the spin flips that Metropolis performs
will be uncorrelated. Moreover, the number of flips performed on our two-dimensional square lattice scales
as L2t. We therefore expect that for small times (t < 1) h(t) will behave diffusively, i.e.

h(t) ∼ L2t. (6.2)

On the other hand, for large times (t > τ) we expect that M(t) and M(0) are no longer correlated such that
〈M(t) ·M(0)〉 ≈ 0. So to see how h(t) behaves at these large times we can expand the parentheses,

h(t) =
〈

[M(t)−M(0)]
2
〉

=
〈
M(t)2 +M(0)2 − 2M(t) ·M(0)

〉
≈ 2

〈
M2
〉
.

Now if we recall the definition of the magnetic susceptibility

χ = β/N
(〈
M2
〉
− 〈M〉2

)
(6.3)

and use that 〈M〉 ≈ 0 at T ≥ Tc combined with the fact that χ ∼ Lγ/ν at the critical temperature and that
N = L2 in two dimensions, we find that for large times h(t) ∼ L2+γ/ν . So far, we have learned that h(t)
behaves as ∼ L2t for t < 1 and as ∼ L2+γ/ν for t > τ . Furthermore, we know that τ ∼ Lz at the critical
point so h(t) has to grow from h(t ≈ 1) ∼ L2 to h(t ≈ τ ∼ Lz) ∼ L2+γ/ν . If we now assume that h(t) exhibits
power law behaviour we can conclude that at intermediate times h(t) ∼ tγ/(νz). Putting it all together we
can write down the following form for h(t),

h(t) ∼ L2+γ/νF(t/Lz) (6.4)

where F(x) is a scaling function that satisfies F(x) = constant for x� 1 and F(x) ∼ xγ/(νz) at intermediate
times. Having derived this form for h(t) we can now easily explain how finite size scaling works. Say that
instead of plotting h(t) vs t we were to plot h(t)/L2+γ/ν vs t/Lz for different system sizes L we see that we
are in fact plotting F(x) as a function of x for all values of L. Consequently, these curves should all fall
on top of each other. The key is that this only happens if we use the correct values of γ/ν and z, so if we
tune these values until the curves collapse we have a way of determining the values of these critical exponents.

The previous discussion was for the specific example of the equilibrium mean-square displacement of the
magnetisation for the Metropolis algorithm. However, the approach is the same for different quantities and
algorithms, we rewrite the quantity in such a way that all the L dependence becomes explicit. This way an
L-dependent scaling of the axes allows us to collapse curves for different system sizes. In our simulations,
this scaling will usually involve Lz so that we can determine the dynamical exponent z by tuning its value
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until the curves fall on top of each other. This approach has the advantage that we do not need to know
anything about how the correlations decay, we just need to find the right scaling. Therefore, this is often
easier to do while also giving more accurate results.

Lastly, we want to mention that the aforementioned discussion also suggests an alternative way of deter-
mining z that only requires us to simulate at a single system size L. We mentioned that for intermediate
times h(t) ∼ tγ/(νz). So assuming that we have some other way of calculating γ/ν we can get an estimate of
z by fitting a line of this form through the h(t) data of a single simulation.

7 Results and Discussion

7.1 The Wolff algorithm

We will first discuss the behaviour of the Wolff algorithm applied to the bond-diluted Ising model. To
study the behaviour we ran simulations with the Wolff algorithm for various system sizes with p = 0.6 at
(βJ)−1 = 0.940 where β = 1

kBT
and J the coupling constant. We chose this value for p because the effects

of bond-dilution become more pronounced when the bond fraction p is significantly below 1. The temper-
ature was chosen to be in the vicinity of the critical temperature as determined with the Binder cumulant.
The value we found is also in good agreement with the critical temperature found in other papers, see for
example [5]. Unless otherwise mentioned we used 100, 000 different realizations of the bond dilution in each
simulation. For all the results we measure time in cluster moves of the algorithm used, because we found this
the most intuitive timescale for understanding the results. However, when evaluating the performance of an
algorithm, we prefer to measure time such that it scales with required CPU time. Since the CPU time per
single Wolff cluster move can vary significantly, we require also a second timescale for the Wolff algorithm. A
good candidate is to measure time such that t = 1 corresponds with the situation where on average as many
spins are flipped as there are in the lattice. It can be shown that the relation between this new time t and

our previous time, which we will denote by tsteps for Wolff, is given by t = tsteps
〈n〉
L2 where 〈n〉 is the average

cluster size of a Wolff cluster [12]. It can also be shown that 〈n〉 scales as Lγ/ν at the critical temperature
so that we can use Lγ/ν−2 as a conversion factor when required [12]. By construction the same number of
spins, all the spins in the lattice, are visited by the Swendsen-Wang algorithm in each cluster move, so tsteps

already scales with CPU time for Swendsen-Wang and no additional timescale is required and we will just
use t to denote the time measured in Swendsen-Wang cluster moves.

Figure 7.1 shows the evolution of the energy of the system towards its thermal equilibrium value as a
function of Wolff cluster moves. For L = 40 we ran for 400 cluster moves per configuration, for L = 100
we ran for 300 cluster moves and in between we tuned the number of cluster moves to roughly keep the
CPU time used per simulation constant. At tsteps = 0 the system starts in the configuration with all spins
pointing up (si = 1 for all i). Notice how the curve seems to transition from a fast decay for small tsteps

to a slower decay at large tsteps. When the vertical and horizontal axes are scaled with L2 the right tails of
the curves, the regions of slower decay, collapse. Since these right tails are the limiting factor in convergence
of the energy to its equilibrium this suggests that the correlation time τsteps,w scales as L2 such that τw
scales as Lzw with zw = γ/ν. Numerically, it is reported that γ/ν is independent of p for p ≥ 0.6, and
actually indistinguishable from γ/ν = 1.75 as in the regular Ising model [8]. Note that, while the equilibrium
exponents are numerically indistinguishable, the dynamic exponent is very different: in the regular 2D Ising
model the dynamic exponent is reported as zw = 0.25(1) [12].

We will now show that the long tail in the convergence of the energy is caused by a few spins which survive for
a very long time (i.e. they are not touched by the algorithm for many steps). Consequently, the correlation
stored in these spins, however small it might be, will also survive for a long time. To demonstrate this we
computed a histogram of the distribution of the spin ages throughout a simulation with the Wolff algorithm
in the manner described in the Model and Methods section. For these simulations we used 10,000 realizations
of the bond-dilution. To initialise the system we first thermalise with 50 Swendsen-Wang moves, starting
from a state with all spins pointing up. We also first run the simulation for 5N Wolff cluster moves to make



7 RESULTS AND DISCUSSION 18

0.00 0.02 0.04 0.06 0.08 0.10 0.12
tsteps L 2

10 2

|E
(t)

E
|L

2

L = 40
L = 50
L = 60
L = 70
L = 80
L = 100

Figure 7.1: Convergence of the energy E(t) to the thermal equilibrium 〈E〉 during thermalisation with
the Wolff algorithm for different system sizes L with p = 0.6 at (βJ)−1 = 0.940 where β = 1

kBT
and J the

coupling constant. For tsteps = 0 the system starts in a state with all spins pointing up. Both the vertical
and horizontal axes were scaled with L2. Note the collapse of the right tails of the curves, suggesting that
the correlation time τsteps,w ∼ L2.
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Figure 7.2: Distribution of spin ages a during a simulation with the Wolff algorithm at equilibrium with
p = 0.6 at (βJ)−1 = 0.940 and with p = 0.7 at (βJ)−1 = 1.310 where β = 1

kBT
and J the coupling constant.

The spin age is defined as the time since the site was last visited, measured in Wolff cluster moves. The
horizontal axis was scaled with L2. The collapse of the curves again suggests that the correlation time τsteps,w

of the Wolff algorithm scales as L2, in agreement with figure 7.1.

sure that spins can actually reach all the ages that we report in the histogram. Finally, we measure the age
for an additional 1000 consecutive Wolff steps. We did the simulations for both p = 0.6 at (βJ)−1 = 0.940 as
before and for p = 0.7 at (βJ)−1 = 1.310, which we found to be in the vicinity of the critical temperature at
that bond fraction p, again in agreement with the critical temperature found in other papers [5]. The results
are shown in figure 7.2.

The figure clearly shows that some spins survive for a very long time. Also note the strikingly good collapse
of the curves when we scale the horizontal axis with L2, both for p = 0.6 and p = 0.7. This supports our
earlier finding that τw scales as Lzw with zw = γ/ν ≈ 1.75. It also seems to suggest that the scaling of τw is
independent of the bond concentration p for p < 1. We believe that these long surviving spins are actually
isolated spins in the lattice (i.e. spins which have all their bonds removed or small groups of spins which
have their bonds to the rest of the lattice removed, this is illustrated in figure 7.3). Such spins would only
be flipped by the Wolff algorithm if they are chosen as the seed spin. And since each spin is equally likely to
be picked and there are L2 spins, this would explain the L2 limiting factor in the correlation time τsteps,w.



7 RESULTS AND DISCUSSION 20

Figure 7.3: Illustration of an isolated spin which might be created in the bond-diluted Ising model if all
bonds for a particular spin are removed. The isolated spin in question is the square in the center of the
lattice.

7.2 The Swendsen-Wang algorithm

Now we will turn our attention to the Swendsen-Wang algorithm. By construction, it visits every spin in the
lattice each step, so it should not suffer from the problems encountered with the Wolff algorithm, originating
from long surviving spins. Similar to the Wolff algorithm we ran simulations for various system sizes L at
p = 0.6 and (βJ)−1 = 0.940. Figure 7.4 shows the analogue of figure 7.1 but then for Swendsen-Wang. In
addition, it contains an inset figure that shows the same data but plotted in a different way. At L = 30
we ran for 300 Swendsen-Wang steps per configuration while at L = 100 we ran for 100 steps; in between
we tuned the steps to keep the CPU time used roughly constant. In the main part of the figure we can
see that the energy quickly converges to its thermal equilibrium value and the slowly decaying tail from
figure 7.1 is absent. Moreover, when scaling the vertical axis with L2 and the horizontal axis with Lzsw with
zsw = 0.09(4) the curves collapse suggesting that the correlation time τsw for Swendsen-Wang at p = 0.6
scales as Lzsw . Note that the dynamical exponent zsw is significantly smaller at p = 0.6 than for the regular
2D Ising model (p = 1) where zsw = 0.25(1) [12]. This is the opposite of the super slowing down observed
for the Metropolis algorithm [5]. Finally, in the inset figure the data for h(t) versus time t is plotted. Here

h(t) = − log (c |E(t)− 〈E〉|) with c = |E(0)− 〈E〉|−1
. The blue curve is a straight line with slope 0.87. Since

the data seems to be parallel to this blue curve instead of a curve with slope 1, the convergence of the energy
seems to be stretched exponential.

We already determined a value for the dynamical exponent zsw from figure 7.4. However, this plot shows
data from simulations out-of-equilibrium so to confirm the scaling of the correlation time we also determined
it from equilibrium simulations. For this we computed the evolution of the mean-square displacement of the
energy 〈[E(t)−E(0)]2〉 from the same data as was used for figure 7.4. To obtain equilibrium data we discarded
all data before the system was thermalised. For L = 30 this meant all data before t = 50 and for all other
system sizes all data before t = 20 (i.e. these times became the new t = 0 for determining 〈[E(t)−E(0)]2〉).
The results are shown in figure 7.5. After scaling the vertical axis with the numerically determined limit
values of the curves, we can collapse the curves using a horizontal scaling of Lzsw with zsw = 0.09(4). This
confirms our earlier numerical estimate of the dynamical critical exponent for the Swendsen-Wang algorithm
at p = 0.6.

The stretched exponential decay during thermalisation was unexpected, so to investigate whether this also
occurs in the pure Ising model we repeated the simulations that were used to produce figure 7.4 for p = 1
and (βJ)−1 = 2.269 with otherwise exact same conditions. At p = 1 there is only one possible randomness
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Figure 7.4: Convergence of the energy E(t) to the thermal equilibrium 〈E〉 during thermalisation with the
Swendsen-Wang algorithm for different system sizes L with p = 0.6 at (βJ)−1 = 0.940 where β = 1

kBT
and

J the coupling constant. For t = 0 the system starts in a state with all spins pointing up. The vertical axis
was scaled with L2 and the horizontal axis with Lzsw with zsw = 0.09(4). Note that this plot is equivalent
to figure 7.1 but for the Swendsen-Wang algorithm. The collapse of the curves suggests that the correlation
time for the Swendsen-Wang algorithm scales as Lzsw with zsw = 0.09(4). Also note the absence of a slowly
decaying tail, demonstrating that the Swendsen-Wang algorithm does not suffer from the same problems
that plague the Wolff algorithm (see figure 7.1). The inset figure in the top-right shows the same data but

plotted differently. Here h(t) = − log (c |E(t)− 〈E〉|) with c = |E(0)− 〈E〉|−1
. The blue curve is a straight

line with slope 0.87. Since the data seems to be parallel to this blue curve instead of a curve with slope 1,
the convergence of the energy seems to be stretched exponential.
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Figure 7.5: Mean-square displacement of the energy 〈[E(t)−E(0)]2〉 in thermal equilibrium as a function
of Swendsen-Wang moves t for different system sizes L with p = 0.6 at (βJ)−1 = 0.940 where β = 1

kBT
and

J the coupling constant. The vertical axis was scaled with the numerically determined limit value of the
curves, while the horizontal axis was scaled with Lzsw with zsw = 0.09(4). The collapse of the curves confirms
the numerical value of the dynamical critical exponent for the Swendsen-Wang algorithm.
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configuration (as all bonds are still there and there is no randomness), but we still averaged over 100, 000
independent simulations for better statistics. The results can be seen in figure 7.6. From the inset figure we
can see that the decay is still stretched exponential for p = 1 but this time the slope of the curve is 0.81 so
it is slightly different. We also see a nice collapse of the curves when using zsw = 0.25(1) which is consistent
with the dynamical exponent from the literature as expected [12].

7.3 The Metropolis algorithm

For reference, we also studied the dynamics of the Metropolis algorithm. Since this has been studied in
other papers, this allowed us to confirm that our methods are correct and to test a new way of determining
the dynamical exponent for the Metropolis algorithm. We ran simulations with the Metropolis algorithm
for various system sizes L at p = 0.6 and (βJ)−1 = 0.940. Each simulation was first thermalised with 50
Swendsen-Wang steps. After thermalisation we ran each simulation for an additional 300 Metropolis sweeps.
Since sweeps are directly proportional to CPU time we will denote time measured in sweeps simply with t
and no other timescale is needed. Figure 7.7 shows the equilibrium mean-square displacement of the absolute
magnetisation 〈[|M(t)|−|M(0)|]2〉 as a function of sweeps t. Notice that the simulations were not long enough
to reach the long timescale where the mean-square displacement saturates to a limit value, which made it
impossible to use finite size scaling for determining z. This is an unfortunate side effect of the super slowing
down observed for Metropolis that causes the correlation time to become very long [5].

To get around this problem we used the alternative technique for determining z that was mentioned at
the end of section 6. Recall that at intermediate times the mean-square displacement behaves as ∼ tγ/(νz)

(technically this was for the magnetisation M not the absolute magnetisation |M |, but this should still hold
in our case because the Ising model has an up-down symmetry so that the sign of the total magnetisation
does not matter). So if we could fit a curve through our data at intermediate times this allows us to determine
z. We decided to use the L = 80 data for the fit. Since it is not immediately clear from the data where
the intermediate timescale begins we fit a curve through the data that transitions from tα to tβ behaviour,
namely a function f(t) of the form f(t) = (1−s(t))c1tα+s(t)(c2t

β+c3) where s(t) = 0.5+0.5 tanh ((t− a)/b)
is a switching function. This avoids the problem of having to guess where the tγ/(νz) behaviour begins, we
can just fit through all the data and β gives us the exponent we are interested in. The result of the fit
can be seen in figure 7.8. Combining the result of the fit with our assumption that γ/ν is approximately
numerically independent of p and equal to its value in the pure Ising model, i.e. γ/ν ≈ 1.75 [8], we find that
zm = 3.337(3) at p = 0.6. This is in good agreement with other results which confirms that this is also a good
way of determining the dynamical exponent for the Metropolis algorithm [5]. This method might actually be
preferable since simulations only need to be long enough to reach the intermediate timescale and simulations
at a single system size L are already sufficient.

8 Conclusion and Outlook

We have shown how the correlation times τw and τsw of the Wolff and Swendsen-Wang cluster algorithms
scale as a function of the system size L when applied to the two-dimensional bond-diluted Ising model. We
demonstrated that the Wolff algorithm suffers from a much longer correlation time than in the pure Ising
model, caused by isolated (groups of) spins which are infrequently visited by the algorithm. These cause
the correlation time to scale as Lzw where zw = γ/ν ≈ 1.75 independent of the bond concentration p for
0.5 < p < 1. Moreover, we have shown that the Swendsen-Wang algorithm does not suffer from the same
problem, by construction. It has a much shorter correlation time, even shorter than in the pure Ising model.
Numerically, we have found that its correlation time scales as Lzsw with zsw = 0.09(4) at p = 0.6. Lastly, we
tested a novel way of determining the dynamical exponent for the Metropolis algorithm and confirmed that
it worked properly. With this method we determined that zm = 3.337(3) at p = 0.6.

We expect that the Wolff algorithm will suffer from the same problems in the three-dimensional bond-
diluted Ising model, albeit to a lesser degree as more bonds will have to be removed to create isolated spins.
In addition, we think the same will hold for the site-diluted and weakly diluted (i.e. where you weaken
instead of removing the bonds) Ising models. This could be something to explore in the future. Finally,
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Figure 7.6: Convergence of the energy E(t) to the thermal equilibrium 〈E〉 during thermalisation with the
Swendsen-Wang algorithm for different system sizes L with p = 1 at (βJ)−1 = 2.269 where β = 1

kBT
and J

the coupling constant. For t = 0 the system starts in a state with all spins pointing up. The vertical axis
was scaled with L2 and the horizontal axis with Lzsw with zsw = 0.25(1). Note that this plot is equivalent to
figure 7.4 but for p = 1. The collapse of the curves suggests that the correlation time for the Swendsen-Wang
algorithm scales as Lzsw with zsw = 0.25(1) as was expected. The inset figure in the top-right shows the same

data but plotted differently. Here h(t) = − log (c |E(t)− 〈E〉|) with c = |E(0)− 〈E〉|−1
. The blue curve is a

straight line with slope 0.81. Since the data seems to be parallel to this blue curve instead of a curve with
slope 1, the convergence of the energy seems to be stretched exponential.
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equilibrium as a function of Metropolis sweeps t for different system sizes L with p = 0.6 at (βJ)−1 = 0.940
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Figure 7.8: Mean-square displacement of the absolute magnetisation 〈[|M(t)| − |M(0)|]2〉 in thermal
equilibrium as a function of Metropolis sweeps t for L = 80 with p = 0.6 at (βJ)−1 = 0.940 where β = 1

kBT
and J the coupling constant. The curve through the points is a least squares fit to the data of the form
f(t) = (1 − s(t))c1tα + s(t)(c2t

β + c3) where s(t) = 0.5 + 0.5 tanh ((t− a)/b) is a switching function. f(t)
models a curve that transitions from tα to tβ behaviour. Ultimately, we were interested in the exponent β
since z could be determined from that via β = γ/(νz). From the fit we find that zm = 3.337(3).
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we stated that zw is independent of the bond concentration for 0.5 < p < 1. We believe that this is the
case because the limiting factor in the correlation time is the presence of isolated spins and there is always a
possibility of isolated spins for 0.5 < p < 1. However, as we start approaching p = 1 the number of isolated
spins in a single randomness configuration will drop significantly until at some point the average expected
number of isolated spins drops below 1. Technically, we will still encounter isolated spins in this regime
if we make our systems large enough or sample enough randomness configurations and so the correlation
problem will still exist to some degree. However, the situation where some configurations have an isolated
spin while others have none is fundamentally different from the situation where each configuration has some
finite concentration of isolated spins. It might be interesting to investigate how zw behaves in this regime.



B DETERMINING THE CRITICAL EXPONENTS γ/ν I

A Determining the critical temperature Tc

We wanted to study the dynamics of our Monte Carlo algorithms near the critical point of the ferromagnetic
to paramagnetic phase transition in the bond-diluted Ising model. This requires us to know what the
corresponding critical temperature is. For this we could consult the literature, but for completeness we also
want to show how we can determine the critical temperature ourselves. We will use the Binder cumulant
method here, where the Binder cumulant U(T, L) is defined as [17],

U(T, L) = 1−
〈
M4
〉

3 〈M2〉2
(A.1)

where M is the total magnetisation of the Ising model. The intuition behind the Binder cumulant method
is that in the ferromagnetic phase the distribution of the magnetisation M tends to two Gaussians centered
around the spontaneous magnetisation values (which have ± symmetry), such that U(T, L) tends to a non-
zero value [17]. Meanwhile, in the paramagnetic phase the distribution of M becomes a single Gaussian
centered around zero such that U(T, L) also tends towards zero [17]. At the critical point there is a crossover
between these two regimes and it turns out that the curves for different system sizes L all pass through the
same point [17]. Therefore, if we plot U(T, L) as a function of the temperature (βJ)−1 for different system
sizes L and locate the intersection point then this gives us an estimate of the critical temperature.

We ran multiple simulations with the Swendsen-Wang algorithm for a range of temperatures and system
sizes L at p = 0.6. For each temperature we used 25, 000 randomness configurations and for each config-
uration we ran for 100 Swendsen-Wang moves. The first 20 moves were discarded to allow the system to
come to equilibrium. The computed Binder cumulants U(T, L) as a function of the temperature (βJ)−1 can
be seen in figure A.1. Notice that the curves indeed pass through the same point at a certain temperature.
To be able to locate this intersection point better we plotted the same data again but zoomed in on the
region around the intersection point in figure A.2. From the location of the intersection point we find for the
critical temperature at p = 0.6 that (βcJ)−1 = 0.955(5). This confirms that the simulations that we ran at
(βJ)−1 = 0.940 were in the vicinity of the critical point as intended. Our estimate is also in good agreement
with other results [5].

We repeated these simulations with the same exact conditions but for p = 0.7. The results can be seen
in figure A.3. By locating the intersection point we find that (βcJ)−1 = 1.320(10) at p = 0.7. This again
confirms that our simulations at (βJ)−1 = 1.310 were near the critical point. This result is also consistent
with other papers [5].

B Determining the critical exponents γ/ν

We mentioned that it has been shown that γ/ν is numerically approximately independent of the bond con-
centration p and equal to its value in the pure Ising model, i.e. γ/ν ≈ 1.75 [8]. Here we will give an example
of how we could numerically determine γ/ν ourselves using a finite size scaling technique.

It is known that near the critical point the correlation length ξ and the magnetic susceptibility per spin

χ = β
N

(〈
|M |2

〉
− 〈|M |〉2

)
behave as [12],

ξ ∼ |t|−ν (B.1)

χ ∼ |t|−γ (B.2)

where t is the reduced temperature t = ((βJ)−1 − (βcJ)−1)/(βcJ)−1. Also notice that we used the absolute
magnetisation |M | in our definition of the susceptibility. We do this because in the absence of an external
field the Ising model has an up-down symmetry so that the sign of the total magnetisation does not matter.
During our simulations our system might move between equivalent states that differ only in the sign of the
total magnetisation. If we would not take the absolute value then the presence of both positive and negative
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Figure A.1: The Binder cumulant U(T, L) as a function of the temperature (βJ)−1 for various system
sizes L at p = 0.6. Notice how all the curves go through the same point at a certain temperature, as
indicated by the vertical dashed line. This intersection point gives us an estimate of the critical temperature
of the ferromagnetic to paramagnetic phase transition. From this intersection point we find for the critical
temperature that (βcJ)−1 = 0.955(5).
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Figure A.2: The Binder cumulant U(T, L) as a function of the temperature (βJ)−1 for various system sizes
L at p = 0.6. This is the same plot as figure A.1 but zoomed in on the region surrounding the intersection
point. From this plot we can more easily see that the intersection point is located at (βcJ)−1 = 0.955(5)
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Figure A.3: The Binder cumulant U(T, L) as a function of the temperature (βJ)−1 for various system
sizes L at p = 0.7. Notice how all the curves go through the same point at a certain temperature, as
indicated by the vertical dashed line. This intersection point gives us an estimate of the critical temperature
of the ferromagnetic to paramagnetic phase transition. From this intersection point we find for the critical
temperature that (βcJ)−1 = 1.320(10).
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(equivalent) values of M will give an incorrect estimate of the variance in the magnetisation and therefore
an incorrect susceptibility χ. If we combine these two relations we find that [12],

χ ∼ ξγ/ν . (B.3)

This already suggests that the magnetic susceptibility will depend on our system size L. Now analogous to
the discussion on the equilibrium mean-square displacement of the magnetisation h(t) from section 6 we can
rewrite χ to make its L dependence explicit. We will skip over most of the details here, the interested reader
is referred to section 8.3.2 in [12], but we can show that we can write the magnetic susceptibility χL(t) as a
function of the reduced temperature t in the form [12],

χL(t) = Lγ/ν χ̃(L1/νt) (B.4)

where χ̃(x) is a scaling function independent of the system size L that satisfies [12],

χ̃(x)→ constant as x→ 0. (B.5)

Therefore, if we would plot χL(t)L−γ/ν as a function of L1/νt then we would be plotting the same scaling
function χ̃(x) as a function of x for all system sizes L and all the curves should fall on top of each other,
provided that we use the correct value for (βcJ)−1, α = γ/ν and ν [12].

We used the same data as was used in appendix A to compute χL(t) for a range of temperatures and
system sizes L for both p = 0.6 and p = 0.7. In figure B.1 we can see the results for p = 0.6. We get an
excellent collapse of the curves if we use (βcJ)−1 = 0.955, α = 1.79(3) and ν = 1.20(10). This suggests that
γ/ν = α = 1.79(3) at p = 0.6.

Figure B.2 shows the same plot but for p = 0.7. Again we can obtain a very good collapse when using
(βcJ)−1 = 1.320, α = 1.77(3) and ν = 1.15(15). Therefore, we conclude that γ/ν = α = 1.77(3) at p = 0.7.
Our results for p = 0.6 and p = 0.7 support our earlier statement that γ/ν is numerically approximately
independent of the bond concentration p and close to its value in the pure Ising model, i.e. γ/ν ≈ 1.75 [8].
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Figure B.1: The magnetic susceptibility χL(t) as a function of the reduced temperature t where t =
((βJ)−1− (βcJ)−1)/(βcJ)−1 for various system sizes L at p = 0.6. For (βcJ)−1 we used the value determined
in figure A.1, i.e. (βcJ)−1 = 0.955. Notice the strikingly good collapse when we scale the vertical axis with
L−α and the horizontal axis with L1/ν where α = 1.79(3) and ν = 1.20(10). From this we learn that the
critical exponents γ/ν = α = 1.79(3) at p = 0.6. The collapse of the curves also supports our estimate of
(βcJ)−1.
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Figure B.2: The magnetic susceptibility χL(t) as a function of the reduced temperature t where t =
((βJ)−1− (βcJ)−1)/(βcJ)−1 for various system sizes L at p = 0.7. For (βcJ)−1 we used the value determined
in figure A.3, i.e. (βcJ)−1 = 1.320. Notice the strikingly good collapse when we scale the vertical axis with
L−α and the horizontal axis with L1/ν where α = 1.77(3) and ν = 1.15(15). From this we learn that the
critical exponents γ/ν = α = 1.77(3) at p = 0.7. The collapse of the curves also supports our estimate of
(βcJ)−1.
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