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“It remains conceivable that the measure relations of space in the infinitely small are not in

accordance with the assumptions of our geometry, and, in fact, we should have to assume that

they are not if, by doing so, we should ever be enabled to explain phenomena in a more simple

way.”

Berhnhard Riemann
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Riemannian geometry is used in many theoretical models such as general relativ-
ity. Theoretical physicists and mathematicians have researched this extensively to
describe the behaviour of particles and interactions in spacetime. These interactions
include solutions to the heat equation and Brownian motion. In this thesis, we give
an elaborate theoretical description of differential geometry starting frombasic topol-
ogy and expand it to develop a thorough conceptualization of Riemannian geometry
including geodesics and Riemannian distance. We formalize the heat equation on
compact Riemannian manifolds and show the existence and uniqueness of the solu-
tion that commences as a point source called the fundamental solution and derive an
explicit expression using the Euclidean case. In addition, we show that the transition
density function of Brownian motion that determines the likelihood of terminating
within a certain region on compact Riemannian manifolds is precisely given by the
fundamental solution of the heat equation. Finally, we show some applications of
these two results and give an overview of present and future research.
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1. Introduction
Ever since the apple fell on the head of Isaac Newton in the 17th century, mathe-
maticians and physicists have been working on theories to describe gravity. At the
end of the 19th century it became clear that velocity affected the flow of time and
that time and space could not be described seperately, giving rise to a new branch of
differential geometry called Minkowski spacetime. Not long after that, in the 20th
century, Minkowski’s former student Albert Einstein developed the theory of general
relativity and theorized that gravity curves spacetime and that spacetime could be
described using manifolds – curved spaces that, locally, look like Euclidean spaces.

It was already in 1854 that the formalism that Einstein used to develop his theory of
general relativitywas developed by Bernhard Riemann. In this year, he published his
work "Ueber die Hypothesen, welche der Geometrie zu Grunde liegen", that is, "On
the Hypotheses on which Geometry is Based" [1]. Riemann revolutionized the field
of differential geometry by laying out a mathematical framework that introduced the
notion of distance, angles, length and energy of curves, surface area and volume on
manifolds. The framework was based on a metric tensor which enriched manifolds
to be a Riemannian manifold. This allowed physicists and mathematicians to do
explicit calculations on manifolds.

One of the phenomena that theorists could describe is how heat and temperature
flow throughout a Riemannian manifold. The behaviour of heat flows is governed
by solutions to the heat equation, a partial differential equation that all functions de-
scribing diffusive processes generally solve. It was the mathematician Beltrami who
generalized the heat equation to Riemannian manifolds rather than just Euclidean
space.
Another example that is closely related to the heat equation is Brownian motion,
which gives a mathematical description of the random movement of a particle sus-
pended in a certain medium. In probability theory, Brownian motion is a stochastic
process that admits such randommovement subject to a Gaussian probability distri-
bution. Riemannian geometry gave rise to the stochastic analysis on manifolds and
mathematicians have formalized the behaviour of Brownian motion on manifolds
for the past century.

In this thesis, we aim to show two important results in Riemannian geometry. The
first goal is to show the intuitive fact that any compact Riemannian manifold admits
a solution to the heat equation whose initial temperature distribution is entirely con-
centrated on a single point on the manifold, and that it is unique. This solution is
called the fundamental solution of the heat equation. From it, we are able to calculate
solutions given any (finite) initial temperature distribution.
The second objective concerns Brownian motion and the probability that a "particle"
ends up in a specific region on a Riemannian manifold after random motion during
a specific positive time. The probability density associated to this continuous dis-
tribution is called the transition density function. The main goal is to show that the
transition density function of Brownianmotion onRiemannianmanifolds is precisely
given by the fundamental solution of the manifold.
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The structure of this thesis is as follows.
In Chapter 2, we introduce the reader to the concept of differential geometry assum-
ing the reader is familiar with basic topology, analysis and calculus. We explore the
differentiability and derivatives of functions on manifolds.

InChapter 3,we expand the theory ondifferential geometry toRiemannian geometry
and introduce the notions of Riemannian metrics, differentiability and derivatives of
vector fields, energy-minimizing curves called geodesics and the Riemannian distance
function.

In Chapter 4, we introduce the heat equation on compact Riemannian manifolds
and prove the first objective after letting the Euclidean case inspire us for an ansatz.
Moreover, we derive an expression for the fundamental solution on compact Rie-
mannian manifolds.

In Chapter 5, we introduce the stochastic process Brownian motion on Rieman-
nian manifolds and prove the second objective. Similar to the heat equation, we first
take a look at the Euclidean case.

Finally, in Chapter 6, we discuss some applications of the two main statements
of this thesis and elaborate on current and future research. Topics include the fading
away of the fundamental solution of the heat equation as a function of Riemannian
distance, the disappearingproperty of Brownianmotion on certainmanifolds and the
behaviour of the fundamental solution and Brownian motion throughout manifolds
in the limit of short time duration.
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Part I

Theory
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2. Differential Geometry
This chapter includes a short introduction to differential geometry covering the parts
necessary for understanding Riemannian geometry and how the heat equation can
be considered within the field. We will follow [2] closely, with additions from [3].
We assume that the reader is familiar with basic topology and concepts such as
homeomorphisms and topological manifolds.

2.1 Differentiable Manifolds

Reminder. A topological space (M ,T ) is an n-dimensional topological manifold if
the following holds:

(i) (M,T ) is Hausdorff;

(ii) (M,T ) is second-countable, i.e. (M,T ) admits a countable basis;

(iii) (M,T ) is locally Euclidean. This means that for all p ∈M there exists an open
subset U ⊂ M such that p ∈ U and an open subset V ∈ Rn such that U is
homeomorphic to V (denoted U ∼= V ).

Remark. Often we simply writeM is an n-manifold.

Definition 2.1. LetM be an n-manifold. Then the homeomorphisms x : U → V are
called charts ofM .

In topology, it is straightforward to discuss continuous functions (maps). Let M
be a topological manifold and take a map f : M → R. Since we are talking about
differential geometry, it makes sense to look at the differentiability of f . But what does
this mean?
An intuitive approach to define this is to look at how f is differentiable in the subset
of Rn rather than M itself. In other words, for a chart x : U → V , we look at how
f behaves in points in U that are linked to points in V via x. One could try the
following definition:

f is called differentiable at p ∈ M if, for some chart x : U → V with p ∈ U , the
function f ◦ x−1 : V → R is differentiable in x(p).

In essence, this definition says that f is differentiable on M if it is differentiable
in Rn (when expressed in coordinates). However, this definition is prone to prob-
lems if p ∈ M is in the domain of multiple charts. Let y : Ũ → Ṽ be another chart
such that p ∈ Ũ . Then (near y(p)) we have

f ◦ y−1 = (f ◦ x−1) ◦ (x ◦ y−1).

We see that the first part f ◦ x−1 is differentiable at x(p), but that the second part
x ◦ y−1 is only continuous. Hence, in this definition, differentiability depends on
the choice of charts. This is something we do not want, since there are no preferred
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coordinate systems on topological manifolds. This problem can be circumvented if
x ◦ y−1 is not only a homeomorphism, but also a differentiable homeomorphism, i.e.
a diffeomorphism. In that case, differentiability of f ◦ x−1 implies differentiability of
f ◦ y−1. To enforce this notion, let us define the following.
Definition 2.2. Let M be an n-manifold. A pair of charts of M x : U → V and
y : Ũ → Ṽ are called C∞-compatible if

y ◦ x−1 : x(U ∩ Ũ)→ y(U ∩ Ũ)

is a C∞−diffeomorphism (i.e. a homeomorphism that is infinitely continuously
differentiable (and so is its inverse)).
Definition 2.3. A set of charts xi : Ui → Vi, i ∈ I for some indexing set I is called an
atlas ofM if the Ui coverM . An atlas A is called a C∞−atlas if any two charts in A
are C∞−compatible.
Definition 2.4. A C∞−atlas Amax is called maximal or a differentiable structure if
a chart that is C∞−compatible with all charts in Amax is already contained in Amax.
The differentiable structure allows us to talk about a set of charts that are all compat-
ible with each other, i.e. for which the attempted definition is reasonable, since any
x ◦ y−1 is infinitely continuously differentiable. Hence we arrive at the following:
Definition 2.5. LetM be an n−manifold and letAmax be a differentiable structure on
M . Then the pair (M,Amax) is called an n−dimensional differentiable manifold.
Now, we can define what it means for a map between differentiable manifolds to be
differentiable.
Definition 2.6. Let M and N be differentiable manifolds, let p ∈ M and let k ∈
N ∪ {∞}. A map f : M → N is called k-times continuously differentiable (i.e. Ck)
near p if for all charts (x : U → V ) ∈ Amax(M) with p ∈ U and every chart
(y : Ũ → Ṽ ) ∈ Amax(N) with f(p) ∈ Ũ there exists a neighborhood
W ⊂ x(f−1(Ũ) ∩ U) of x(p) such that

y ◦ f ◦ x−1 : x(f−1(Ũ) ∩ U)→ Ṽ

is Ck onW .

2.2 Tangent space

Now that we can define a differentiable map f between differentiable manifolds, we
can ask ourselves how to define the derivative of f in p ∈ M . For maps R → R the
derivative at a point p is given by the slope of the tangent line through p. This concept
can be extended to maps with multi-variable inputs with help of partial derivatives.
In any case, the derivative is a linear approximation of the map in a certain point. We
can define the derivative of a differentiable map between differentiable manifolds
similarly, employing the notion of a linear approximation as follows.
Definition 2.7. Let M be a differentiable manifold, let p ∈ M and let x : U → V a
chart with p ∈ U . A tangent vector on M at the point p is an equivalence class of
differentiable curves c : (−ε, ε)→M with ε > 0 and c(0) = p, where the equivalence
relation on such curves is given by c1 : (−ε1, ε1) → M ∼ c2 : (−ε2, ε2) → M if and
only if

d

dt
(x ◦ c1)|t=0 =

d

dt
(x ◦ c2)|t=0.
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In other words, two curves are called equivalent if they have the same "slope" at p.
Note that the definition of the tangent vector does not depend on the choice of chart.
Let y : Ũ → Ṽ be another chart such that p ∈ Ũ . Then the chain rule tells us that

d

dt
(y ◦ c)|t=0 =

d

dt

(
(y ◦ x−1) ◦ (x ◦ c)

)
|t=0 = D(y ◦ x−1)|x(p)

( d
dt

(x ◦ c)|t=0

)
(2.1)

where D(y ◦ x−1) denotes the total derivative of y ◦ x−1. This tells us that

d

dt
(x ◦ c1)|t=0 =

d

dt
(x ◦ c2)|t=0 iff d

dt
(y ◦ c1)|t=0 =

d

dt
(y ◦ c2)|t=0.

Notation. The equivalence class of c is denoted c0.

We have introduced the notion of a linear approximation as tangent vectors. How-
ever, similar to maps with multi-variable inputs, one point can have an infinite
amount of tangent lines. In two-variable maps, these lines form a tangent plane.
More generally, a multi-variable map has a tangent space at each point. We can define
this similarly for differentiable manifolds as the set of all tangent vectors at a certain
point.

Definition 2.8. The set

TpM := {c0|c : (−ε, ε)→M differentiable with c(0) = p}

is called the tangent space ofM at the point p.

Before we start talking about the derivative of a map between differentiable mani-
folds, we prove the following lemma.

Lemma 2.9. LetM be an n−dimensional differentiable manifold, let p ∈ M and let
x : U → V be a chart ofM with p ∈ U . Then the map

dx|p : TpM → Rn, c0 7→ d

dt
(x ◦ c)|t=0

is well-defined and bĳective.

Proof. It follows immediately from the equivalence relation that defines c0 that the
map is well-defined and injective. Let v ∈ Rn and set c(t) := x−1(x(p) + tv). Choose
ε > 0 such that x(p) + tv ∈ V as long as |t| < ε. We obtain

dx|p(c0) =
d

dt

(
x ◦ x−1(x(p) + tv)

)
|t=0 =

d

dt
(x(p) + tv)|t=0 = v,

which shows surjectivity.

Remark. We can equip TpM with a vector space structure so that dx|p becomes a
linear isomorphism. This structure is independent of choice of chart.

Now that we have established a linear approximation of M at p as TpM it makes
sense to define a derivative of a map f .

Definition 2.10. LetM andN be differentiable manifolds, let p ∈M and let f : M →
N be differentiable near p. Then the derivative of f in p is given by the differential
of f in the point p defined as the map

df |p : TpM → Tf(p)N, c0 7→ (f ◦ c)0.



Chapter 2. Differential Geometry 7

Remark. The differential of charts x : U → V , i.e. dx|p now has two meanings: the
map defined in Lemma 2.9 maps c0 onto d

dt(x ◦ c)|t=0 ∈ Rn, while the differential of
x in Definition 2.10 maps it onto (x ◦ c)0 ∈ Tx(p)Rn. It is easy to see that the map
Rn → TpM, v 7→ c0

p,v with cp,v(t) := p + tv is an isomorphism relating the two
definitions.

Lemma 2.11. df |p is well-defined and linear.

Proof. Let x : U → V be a chart ofM such that p ∈ U and let y : Ũ → Ṽ be a chart of
N such that f(p) ∈ Ũ . Let c0 ∈ TpM . We show that df |p is independent of the choice
c : (−ε, ε)→M . By the chain rule, we calculate

dy|f(p)((f ◦ c)0) = (y ◦ f ◦ c)0

=
(
(y ◦ f ◦ x−1)0 ◦ (x ◦ c)0

= D(y ◦ f ◦ x−1)|x(p) ·
(
(x ◦ c)0

)
= D(y ◦ f ◦ x−1)|x(p) · dx|p(c0).

Hence we obtain that

df |p =
(
dy|f(p)

)−1 ◦D(y ◦ f ◦ x−1)|x(p) ◦ dx|p

which is independent of the choice of representative c, hence it is well-defined.
Moreover, it is the composition of three linear functions and therefore, the differential
is linear.

Theorem 2.12. (Chain Rule). Let M , N and X be differential manifolds and let p ∈ M .

Let f : M → N be differentiable near p and let g : N → X be differentiable near f(p). Then,

d(g ◦ f)|p = dg|f(p) ◦ df |p.

Proof. Let c : (−ε, ε)→M with c(0) = p be a differentiable curve. Then,

d(g ◦ f)|p(c0) =
d

dt

(
(g ◦ f) ◦ c

)
|t=0 =

d

dt

(
g ◦ (f ◦ c)

)
|t=0

and we see that this is per definition equal to

dg|f(p)

(
(f ◦ c)0

)
= dg|f(p)

(
df |p(c0)

)
.

We see that the differential behaves like the derivative as we know it.

Theorem 2.13. (Inverse Function Theorem). Let M and N be differentiable manifolds

and p ∈ M . Let f : M → N be a Ck map (k ≥ 1). Assume that df |p : TpM → Tf(p)N
is an isomorphism. Then there exists an open neighborhood U ⊂ M of p and an open

neighboorhoodW ⊂ N of f(p) such that

f |U : U →W

is a Ck-diffeomorphism.
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Proof. Let x : U1 → V1 be a chart of M with p ∈ U1 and let y : U2 → V2 be a chart
of N with f(p) ∈ U2. Then the map y ◦ f ◦ x−1 is well-defined on x

(
U1 ∩ f−1(U2)

)
.

Since df |p is an isomorphism, it is invertible, ensuring invertibility of total derivative
D(y ◦f ◦x−1). The "usual" inverse function theorem frommultivariable analysis tells
us that there exists open neighborhoods V ⊂ x

(
U1 ∩ f−1(U2)

)
of x(p) and V ′ ⊂ V2

of y
(
f(p)

)
so that (y ◦ f ◦ x−1)|V : V → V ′ is a Ck-diffeomorphism. By setting

U := x−1(V ) andW := y−1(V ′) the assertion follows.

Apart from partial derivatives, in multi-variable calculus, we can define a deriva-
tive of a function in an arbitrary direction. This can be extended to manifolds as well
for arbitrary differentials and classes of the tangent space at a certain point.

Definition 2.14. Let M be a differential manifold, let p ∈ M and let c0 ∈ TpM
corresponding to curve c : (−ε, ε) → M . Let f : M → R be differentiable near p.
Then, the directional derivative of f in the direction c0 is defined as

∂c0f := df |p(c0) =
d

dt
(f ◦ c)|t=0 ∈ R.

2.3 Derivations

The goal of this section is to construct a useful manner to describe elements in the
tangent space of a certain differentiable manifoldM at point p ∈M in terms of charts
x and the associated dx|p, and how different charts can describe the same tangent
space element. To do this, we introduce the notion of derivations, functions that
behave similar to a derivative as we know it. First, let us cover a bit of notation.

Notation 2.15. Let U ⊂M be open and let k ∈ N ∪ {∞}.We write

Ck(U) := {f : U → R|f is Ck}.

Let a ∈ R, let f ∈ Ck(U) and let g ∈ Ck(Ũ). Then we write

a · f ∈ Ck(U) (a · f)(z) := a · f(z)

f + g ∈ Ck(U ∩ Ũ) (f + g)(z) := f(z) + g(z)

f · g ∈ Ck(U ∩ Ũ) (f · g)(z) := f(z) · g(z)

and we write
C∞p :=

⋃
U open, p∈U

C∞(U).

Definition 2.16. A map ∂ : C∞p → R is called a derivation if the following holds:

(i) Locality: if Ũ ⊂ U is open and p ∈ Ũ , then for f ∈ C∞(U) we have

∂f = ∂(f |Ũ ).

In other words, zooming in further near p does not change the derivation of a
function f .

(ii) Linearity: Let a, b ∈ R and let f, g ∈ C∞p . Then we have

∂(af + bg) = a∂f + b∂g.
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(iii) Leibniz Rule: Let f, g ∈ C∞p . Then,

∂(f · g) = ∂f · g(p) + f(p) · ∂g,

which can be compared to the product rule for differentiating.

To familiarize the reader with derivations, we give a few examples.

Example 2.17. (1) IfM = Rn, then ∂
∂xi

∣∣
p
is a derivation for all 1 ≤ i ≤ n.

(2) Directional derivative ∂c0 is a derivation. (i) and (ii) are obvious, since zooming in
does not affect c0 ∈ TpM and the differential df |p is linear. We check the Leibniz
Rule (iii).

∂c0(f · g) =
d

dt

(
(f · g) ◦ c

)
|t=0

=
d

dt

(
(f ◦ c) · (g ◦ c)

)
|t=0

=
d

dt
(f ◦ c)|t=0 · g(c(0)) +

d

dt
(g ◦ c)|t=0 · f(c(0))

where we used the product rule in the last equality. Using that c(0) = p and the
definition of the directional derivative, we see that this equals

∂c0(f) · g(p) + f(p) · ∂c0(g).

Definition 2.18. The set Der(C∞p ) is the set of all derivations at p ∈M .

Now, why would we want to look at the set of all derivations at a certain point? Let
us get back to the directional derivative defined in Definition 2.14. Such a derivative,
naturally, depends on the chosen direction c0 ∈ TpM . Therefore, we can view
∂. := ∂{.} as a function that takes elements of TpM to the corresponding directional
derivative. As we have seen in Example 2.17(ii), the directional derivative is indeed a
derivation at p, hence an element of Der(C∞p ). As will be shown shortly, this function
is actually an isomorphism. This means that we can relate any element of the tangent
space at p to a directional derivative at p. Before proving this, let us show that ∂. is a
linear map.

Lemma 2.19. The map ∂. : TpM → Der(C∞p ), c0 7→ ∂c0 is linear.

Proof. Let x : U → V be a chart of M with p ∈ U and let f ∈ C∞(U). Let v ∈ Rn
and define c(t) := x−1(x(p) + tv). Since (dx|p)−1 is linear, it suffices to show that
∂. · (dx|p)−1 is. We have(

∂. ◦ (dx|p)−1(v)
)
(f) = df |p

(
(dx|p)−1(v)

)
= df |p

(
c0
)

=
d

dt

(
f ◦ c

)
|t=0

=
d

dt

(
f ◦ x−1(x(p) + tv)

)
|t=0

=
〈
grad(f ◦ x−1)|x(p), v

〉
where grad denotes the usual gradient from multi-variable calculus and 〈.〉 denotes
the Euclidean inner product. Since grad(f ◦ x−1)|x(p) is independent of v, this
expression is linear in v and hence this concludes the proof.
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Collorary 2.20. Let {ei}1≤i≤n be the standard basis of Rn and let x : U → V be a
chart ofM such that p ∈ U . Then, {(dx|p)−1(ei)}1≤i≤n is a basis for TpM .

Proof. Let f ∈ C∞(U) and let c0
i := (dx|p)−1(ei). We find

∂c0i
(f) =

〈
grad(f ◦ x−1)|x(p), ei

〉
=
∂(f ◦ x−1)

∂xi

∣∣∣∣
x(p)

.

Notation 2.21. We write, for charts x : U → V ofM with p ∈ U and maps f ∈ C∞p

∂f

∂xi

∣∣∣∣
p

:=
∂(f ◦ x−1)

∂xi

∣∣∣∣
x(p)

.

From Collorary 2.20 it becomes clear that, using the above notation, ∂
∂xi
|p is a deriva-

tion for all 1 ≤ i ≤ n.

Now let us prove that the tangent space at a point in a differentiable manifold is
isomorphic to the set of derivations at that point.

Proposition 2.22. LetM be a differentiable manifold and let p ∈M . Then, the map

∂. : TpM → Der(C∞p ), c0 7→ ∂c0

is an isomorphism. More precisely, every derivation in Der(C∞p ) is a directional
derivative. Moreover, for every chart x : U → V with p ∈ U ,{

∂

∂xi

∣∣∣∣
p

}
1≤i≤n

is a basis of Der(C∞p ).

For this rather involved proof, we are going to need the following.

Lemma 2.23. Let q ∈ Rn, let r > 0 and let U := B(q, r). Now, let h ∈ C∞(U). Then
there exist functions g1, . . . , gn ∈ C∞(U) such that

(i) h(x) = h(q) +
∑n

i=1(xi − qi)gi(x), and

(ii) ∂h
∂xi

(q) = gi(q).

Proof. (of Lemma 2.23). Let x ∈ B(q, r). Define cx : [0, 1]→ R by cx(t) := h(tx+ (1−
t)q), i.e. the image under h of the straight line between q and x. We see that

h(x)− h(q) = cx(1)− cx(0)

=

∫ 1

0

d

dt
cx(τ)dτ

=

∫ 1

0

n∑
i=0

∂h

∂xi
∣∣
tx+(1−t)q(x

i − qi)

=

n∑
i=1

(xi − qi)
∫ 1

0

∂h

∂xi
∣∣
tx+(1−t)qdt
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where we used the chain rule in the third equality. Now, define

gi(x) :=

∫ 1

0

∂h

∂xi
∣∣
tx+(1−t)qdt.

This proves (i). Differentiating both sides of (i) at q w.r.t. xi yields the expression in
(ii).

Proof. (of Proposition 2.22). It suffices to show that
{

∂
∂xi

∣∣
p

}
1≤i≤n is a basis of Der(C∞p ).

Indeed, by Collorary 2.20, the linear map ∂. maps the basis of TpM {(dx|p)−1(ei)}i
onto

{
∂
∂xi

∣∣
p

}
i
. If this were the basis of Der(C∞p ), this linear map would send the

basis of TpM to the basis of Der(C∞p ), hence it is an isomorphism.
To prove this, we must show linear independence and the generating property (i.e.
any element is a linear combination of the basis) of

{
∂
∂xi

∣∣
p

}
1≤i≤n.

(a) Linear Independence. Let γ :=
∑n

i=1 a
i ∂
∂xi

∣∣
p

= 0. It suffices to show that ai = 0 for
all 1 ≤ i ≤ n. Let γ act on f := xj . Then

0 =
n∑
i=1

ai
∂xj

∂xi
∣∣
p

=

n∑
i=1

aiδji = aj , ∀1 ≤ j ≤ n

with Kronecker Delta δji .

(b) Generating Property. Let ξ ∈ Der(C∞p ). Define aj := ξ(xj) for all 1 ≤ j ≤ n. We
are left to show that

ξ =
n∑
j=1

aj
∂

∂xj
.

First, we show that ξ vanishes on all constant functions. By Leibniz Rule we see
that

ξ(1) = ξ(1 · 1) = ξ(1) · 1 + 1 · ξ(1) = 2ξ(1)

hence ξ(1) = 0. Now, let a ∈ R. We find, by the linearity property of derivations,
that

ξ(a) = ξ(a · 1) = a · ξ(1) = 0.

Next, let p ∈ U ′ and U ′ ⊂ M open. Next, choose a neighborhood W of p
such that W ⊂ U ∩ U ′ and x(W ) = B(x(p), r) for some r > 0. Now, let f ∈
C∞(U ′) ⊂ C∞p . We apply Lemma 2.23 with h := f ◦ x−1. There must exist
g1, . . . , gn ∈ C∞(B(x(p), r)) such that

(f ◦ x−1)(x) = (f ◦ x−1)(x(p)) +

n∑
i=1

(xi − xi(p)) · gi(x), and

∂(f ◦ x−1)

∂xi
(x(p)) = gi(x(p)).
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We will now denote (i), (ii) and (iii) to be the properties of a derivation defined
in Definition 2.16. It follows now that

ξ(f)
(i)
= ξ(f |W )

= ξ

(
f(p) +

n∑
i=1

(
xi − xi(p)

)
(gi ◦ x)

)
(ii)
=

n∑
i=1

ξ

((
xi − xi(p)

)
(gi ◦ x)

)
since ξ(f(p)) vanishes

(iii)
=

n∑
i=1

(
ξ
(
xi − xi(p)

)
· gi(x(p)) +

(
xi − xi(p)

)
|p · ξ(gi ◦ x)

)
.

Now we see ξ(xi(p)) = 0 as xi(p) is constant. Also, evaluating (xi − xi(p)) in p
yields 0. Hence, by linearity of ξ (property (ii)), we see that

ξ(f) =

n∑
i=1

ξ(xi)gi(x(p))

=

n∑
i=1

ai · ∂f
∂xi

∣∣∣∣
p

which points out that the generating property is satisfied. Hence, we have
completed the proof.

Hence, we have concluded from Lemma 2.9 and Proposition 2.22 that for any differ-
entiable manifoldM and p ∈M ,

Rn
(dx|p)−1

∼= TpM
∂.∼= Der(C∞p )

ei 7→ (dx|p)−1(ei) 7→
∂

∂xi

∣∣∣∣
p

.

From now on, we will identify tangent vectors with their corresponding directional
derivative as follows.

Notation 2.24. Let ξ ∈ TpM . We write

ξ := ∂ξ =
n∑
i=1

ξi
∂

∂xi

∣∣∣∣
p

with ξi = (dx|p(ξ))i, instead of ∂ξ or ξ =
∑n

i=1 ξ
i(dx|p)−1(ei).

Now, we can ask ourselves: how do the coefficients ξi, . . . , ξn of a tangent vector
change under transformation of charts? Let y : Ũ → Ṽ be another chart. We express
the same tangent vector ξ ∈ TpM with respect to both charts, i.e.

ξ =

n∑
i=1

ξi
∂

∂xi

∣∣∣∣
p

=
n∑
i=1

ηi
∂

∂yi

∣∣∣∣
p
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and we are curious how the coefficients ξi depend on coefficients ηi and vice versa.
First, we observe that

(ξ1, . . . , ξn)T = dx|p(ξ) = (dx|p)
(

(dy|p)−1
(
(η1, . . . , ηn)T

))
.

Now, we apply the Chain Rule from Theorem 2.12 to compute

(ξ1, . . . , ξn)T = D(x ◦ y−1)|y(p)(η
1, . . . , ηn)T

in which we can swap the roles of x and y to obtain

(η1, . . . , ηn)T = D(y ◦ x−1)|x(p)(ξ
1, . . . , ξn)T .

Hence, we obtain

ηj =
n∑
i=1

∂(yj ◦ x−1)

∂xi

∣∣∣∣
x(p)

ξi. (2.2)

Let us briefly interpret this result from a physicist’s point of view. Often, tangent
vectors are referred to as contravariant vectors. The word contravariant indicates that,
under a change of basis, the vector changes in the exact "opposite" way to compensate
for the change. For example, if a basis of Rn is changed under a certain matrix, then
the contravariant vector changes under its inverse. A change of basis is essentially
a change of coordinate system. This has many applications in physics, for example
when studying mechanics (or any other field of classical/special relativistic physics)
in different reference frames.
In differential geometry, charts can essentially be viewed as a coordinate system re-
lating a neighborhood of a point in a manifold to the Euclidean space. Equation (2.2)
tells us how the coefficients of a certain tangent vector in the tangent space are trans-
formed as we choose another chart, or in other words, a different coordinate system.
In many fields of physics (of which general relativity is the most famous example),
space (or spacetime) is often described bymanifolds (curved spacetime). Hence, this
transformation rule is of great importance for describing physical phenomena such
as gravity. To illustrate how the transformation works, we can look at a special case.

Example 2.25. Let ξ = ∂
∂xi

∣∣
p
, or equivalently (ξ1, . . . , ξn)T = ei. We want to know

how to describe ξ using another chart y. By applying Equation (2.2), we find

∂

∂xi

∣∣∣∣
p

=
n∑
j=1

ηj
∂

∂yj

∣∣∣∣
p

=

n∑
j=1

n∑
k=1

ξk
∂(yj ◦ x−1)

∂xk

∣∣∣∣
x(p)

· ∂

∂yj

∣∣∣∣
p

.

Now, we see ξk = δki and hence the summation over k is cancelled andwe can replace
k → i. We obtain

∂

∂xi

∣∣∣∣
p

=

n∑
j=1

∂(yj ◦ x−1)

∂xi

∣∣∣∣
x(p)

· ∂

∂yj

∣∣∣∣
p

. (2.3)

Equation (2.3) essentially tells us how a basis of directional derivatives changes under
a change of charts.
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Descirbing tangent vectors with respect to the basis ∂
∂xi

∣∣
p
requires writing out sum-

mations over certain indices, as can be seen in the discussion above. In physics
literature, it is common to use the Einstein summation convention to shorten expres-
sions. The convention means that when an index appears twice in an expression
(necessarily once as an upper index and once as a lower index), then a summation
over this index is implicit. In this way, Equation (2.3) is written as

∂

∂xi

∣∣∣∣
p

=
∂(yj ◦ x−1)

∂xi

∣∣∣∣
x(p)

· ∂

∂yj

∣∣∣∣
p

.

Note here that the index j in ∂
∂yj

is considered a lower index and can be interpreted
as "the derivative with respect to yj". Often, this expression is written even shorter
using Notation 2.21 and leaving out the indication of the point p, as

∂

∂xi
=
∂yj

∂xi
· ∂

∂yj
.

This expression is relatively easy to remember, since we can cancel ∂yj . The Einstein
summation convention will be used throughout this thesis.

2.4 Vector Fields

We have established a formalism to describe derivatives of functions between dif-
ferentiable manifolds in a certain point p ∈ M . However, in some cases we want to
describe behaviour of functions at all points of a manifold at once. In vector spaces,
functions that associate a direction and magnitude (i.e. a vector) to all points in the
space are called vector fields. For differentiable manifolds, it is a bit more subtle, since
each point has its own distinct tangent space. Hence, we define a vector field as a
function that assigns to each point in a differentiable manifold a tangent vector of
the associated tangent space. To define it properly, we are going to need the set of all
tangent spaces.

Definition 2.26. Let M be a differentiable manifold. The Tangent bundle of M is
defined as

TM :=
⋃
p∈M

TpM.

As it turns out, we can equip TM with a differentiable manifold structure. Let
π : TM → M be the "projection" map that sends a tangent vector belonging to
a tangent space TpM for a p ∈ M to the point p itself. Let A be the differentiable
structure ofM . For every chart x : U → V inAwe can construct a chartXx : Ux → Vx
of TM , where

Ux := π−1(U) ⊂ TM,

Vx := V × Rn ⊂ R2n and

Xx(ξ) :=

(
x
(
π(ξ)

)
, dx|π(ξ)(ξ)

)
so that we haveX−1

x (v, w) = (dx|x−1(v))
−1(w). We will not go into the proof that TM

is indeed a differentiable manifold. For the proof, we refer to [2]. However, this fact
does allow us to define the notion of a vector field in differential geometry. As a final
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remark, we can express the projection map π : TM →M in terms of charts x as

x ◦ π ◦X−1
x : V × Rn → V, (v, w) 7→ v

from which we see that it is a smooth map.

Definition 2.27. A map η : M → TM is a vector field onM if

π
(
η(p)

)
= p

for all p ∈M . Vector fields are sometimes also called sections of the tangent bundle.

This definition says that such a function η is a vector field if it assigns to each p a
tangent vector from the correct tangent space TpM , or equivalently, if the tangent
vector "projects" to p under π. In addition, since bothM and TM are differentiable
manifolds, we already know what it means for a vector field to be differentiable, or
Ck.
We can characterize a vector field by coefficient functions, rather than coefficients.
Let x : U → V be a chart ofM . Then, a vector field η on U has coefficient functions
η1, . . . , ηn : V → R so that

η(p) = ξi
(
x(p)

) ∂
∂xi

∣∣∣∣
p

(notice the Einstein summation convention). We say that η is Ck if and only if its
coefficient functions are.
Let us look at an example of a vector field.

Example 2.28. ConsiderM = R2 with polar coordinates. Let φ0 ∈ R. Set U := R2\l
where l denotes the half-line from the origin under angle φ0 from the horizontal
axis, i.e. l := {λ · (cosφ0, sinφ0)T |λ ∈ R≥0}. Next, set V := (0,∞) × (φ0, φ0 + 2π).
Define the function F : V → U , (r, φ) 7→ (r cosφ, r sinφ) so that we can choose chart
y := F−1.
On U we can define the vector field η := r ∂∂r , such that its coefficient functions are

η1(r, φ) = r

η2(r, φ) = 0.

Tangent vectors associated to points in M are pointed radially outward and its
magnitude is equal to the distance from the origin r. This can be seen in Figure
2.1(a). Since we chose our manifold to be a Euclidean space, an obvious choice for
a chart is the identity function x := id : R2 → R2.We wish to express η in terms of
x instead of y, where we express x1 and x2 as r cosφ and r sinφ, respectively. To do
this, we use Equation (2.3) to find

η = r
∂

∂r

= r

(
∂x1

∂r

∂

∂x1
+
∂x2

∂r

∂

∂x2

)
= r

(
cosφ

∂

∂x1
+ sinφ

∂

∂x2

)
= x1 ∂

∂x1
+ x2 ∂

∂x2
.
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a b

Figure 2.1: Vector Fields in the Euclidean plane. (a) The vector field
η = r ∂∂r . (b) The vector field η = ∂

∂φ .

Hence, in Cartesian coordinates we find coefficient functions

ξ1(x1, x2) = x1

ξ2(x1, x2) = x2.

Similarly, define a vector field on U by η := ∂
∂φ . This vector field assigns a vector to

each point that points in the axial direction (perpendicular to the radial direction;
in the direction of the "angular frequency") and its magnitude is proportional to the
distance to the origin, as shown in Figure 2.1(b). Here, the coefficient functions in
polar coordinates are given by

η1(r, φ) = 0

η2(r, φ) = 1

andwe can use Equation (2.3) to find the Cartesian coefficient functions. We compute

∂

∂φ
=
∂x1

∂φ

∂

∂x1
+
∂x2

∂φ

∂

∂x2

= −r sinφ
∂

∂x1
+ r cosφ

∂

∂x2

= −x2 ∂

∂x1
+ x1 ∂

∂x2
.

Hence, we find Cartesian coefficient functions

ξ1(x1, x2) = −x2

ξ2(x1, x2) = x1.

This concludes the chapter ondifferential geometry theory. The next chapter includes
the theory on Riemannian Geometry, where notions of distance and angles between
points on a differentiable manifold are introduced.
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3. Riemannian Geometry
So far, we have defined differentiable functions on manifolds, giving rise to differ-
entiable manifolds. This allows us to do analysis with linear approximations to
manifolds (tangent spaces) and to maps (differentials). In order to describe the be-
haviour of solutions to the heat equation and the behaviour of Brownian motion
on manifolds, we are required to develop a formalism that incorporates distance
between points and angles between tangent vectors. In other words, we need to do
geometry. To be able to do geometry on manifolds, we introduce scalar products
on tangent spaces. The formalism that incorporates all of the above is Riemannian
geometry and gives rise to Riemannian manifolds. This will be introduced in this
chapter.

In Euclidean spaces, we are comfortable with the fact that heat from a point source
travels radially outward from that point. For instance, think about the heat of a
candle: if you hold your hand anywhere, but at a constant distance from the candle,
youwill feel the same amount of heat. The intuitive fact that heat doesn’t travel along
any arbitrary path, but in a straight path radially outward, follows from the fact that
the straight path is the path along which the energy it takes to travel that distance is
minimized (the Lagrangian action is minimized). One can imagine that on certain
manifolds, for instance on a sphere, this energy-minimizing path between two points
is not a straight path anymore. In general, an energy-minimizing path between two
points on a manifold is called a geodesic (this is not the definition, but a property).
Geodesics are important for studying the heat equation and Brownian motion and
will be elaborated on as well in this chapter. The chapter will follow the structure of
[2] and includes insights from [4].

3.1 Bilinear forms

Before diving into Riemannian geometry, we are going to need some basics from
linear algebra. First we introduce the notion of a bilinear form.

Definition 3.1. Let V be an n-dimensional R-vector space. A symmetric bilinear
form is a map g : V × V → R that satisfies

(i) g(av + bw, u) = ag(v, u) + bg(w, u) for all v, w, u ∈ V and a, b ∈ R and

(ii) g(v, w) = g(w, v) for all v, w ∈ V .

Hence, it is a symmetric function and linear in both the first and second parameter
(due to symmetry). We call g non-degenerate if g(v, w) = 0 for all w ∈ V implies
that v = 0.

Let (b1, . . . , bn) be a basis of V . Then, we define

gij := g(bi, bj)

for all i, j = 1, . . . , n. We see that the gij form a symmetric n× n-matrix. Conversely,
we can construct g from its matrix elements gij . Indeed, if v = aibi and w = cjbj in
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V (note the Einstein summation convention), we find

g(v, w) = g(aibi, c
jbj)

(ii)
= aicjgij .

Definition 3.2. Let V be an n-dimensional R-vector space. Then the dual space is
defined as

V ∗ := {linear maps V → R}

and the dual basis (b∗1, . . . , b
∗
n) of basis of V (b1, . . . , bn) satisfies so that b∗i (bj) = δij .

Notation 3.3. Often we write

g =
n∑

i,j=1

gijb
∗
i ⊗ b∗j

so that for v, w ∈ V we can write

g(v, w) =

n∑
i,j=1

gijb
∗
i (v) · b∗j (w) = gija

icj

as above.

Since (gij)i,j=1,...,n denotes a symmetricmatrixwith real elements, it is diagonalizable
and hence there exists a basis (e1, . . . , en) of V such that g(ei, ej) is always zero if
i 6= j and is either −1 or 1 if i = j. Hence, we have

(gij)i,j=1,...,n =



−1 0
. . .
−1

1
. . .

0 1


. (3.1)

We call this basis the generalized orthonormal basis. Moreover, the index of g is
defined as the amount of times −1 occurs on the diagonal in Equation (4.5), and is
denoted Index(g). Observe that g is positive definite if and only if Index(g) = 0.
In that case, the expression in Equation (4.5) is the identity matrix. Therefore, the
positive definiteness of g is equivalent with g being a Euclidean scalar product (w.r.t.
the generalized orthonormal basis).

LetB = (b1, . . . , bn) be a basis of V . We can ask ourselves how the elements gij of the
representingmatrix of g change under a transformation of bases. LetA = (a1, . . . , an)

be another basis of V and denote elements of the transformation matrix T by tji so
that we have ai = tji bj . Then,

gAij = g(ai, aj)

= g(tki bk, t
l
jbl)

(ii)
= tki t

l
jg(bk, bl)

= tki t
l
jg
B
kl.

(3.2)

Along with bilinear forms come a kind of isomorphism between them.
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Definition 3.4. Let V andW be n-dimensional R-vector spaces and let gV and gW be
symmetric bilinear forms on them. Then a map Φ : W → V is called an isometry if
it is linear, bĳective and satisfies

gV
(
Φ(w1),Φ(w2)

)
= gW (w1, w2) ∀w1, w2 ∈W,

that is, if Φ∗gV = gW , where (Φ∗g)(w1, w2) := g
(
Φ(w1),Φ(w2)

)
.

3.2 Riemannian metrics

We are now fully equipped to introduce the notion of Riemannian geometry.

Definition 3.5. LetM be a differentiablemanifold. Let g be amap that assigns to each
point p ∈M a non-degenerate symmetric bilinear form g|p on the associated tangent
spaceTpM . Let x : U → V be a chart ofM . Wedefine the function g(x)

ij := gij : V → R
as

gij(v) := g|x−1(v)

(
∂

∂xi

∣∣∣∣
x−1(v)

,
∂

∂xj

∣∣∣∣
x−1(v)

)
.

If g "depends smoothly on the base point", i.e. for every chart x : U → V of M the
gij : V → R are C∞-functions, then g is called a semi-Riemannian metric. If, in
addition, g|p is positive definite for all p ∈M , then g is called a Riemannian metric.

We see that Riemannian metrics are a Euclidean scalar product by its positive defi-
niteness.

Remark. Note that g can be viewed as a tensor field (a function that assigns a
tensor, in this case a matrix, to all points on the manifold). Similar to vector fields, g
is expressed with respect to the basis { ∂

∂xi
}i of the tangent space (or actually of the

set of derivations, see Notation 2.24) induced by the chart x. Moreover, similar to the
smoothness of vector fields, we then require the coefficient functions to be smooth.

Definition 3.6. Apair (M, g) with differentiable manifoldM and (semi-)Riemannian
metric g is called a (semi-)Riemannian manifold.

3.2.1 Choice of charts

It is imperative to determine how a (semi-)Riemannian metric g transforms under
change of charts. Let x : U → V and y : Ũ → Ṽ be two distinct charts ofM such that
p ∈ U ∩ Ũ . We apply Equation (2.3) to find (using Einstein’s summation convention)

∂

∂yi

∣∣∣∣
p

=
∂(xj ◦ y−1)

∂yi

∣∣∣∣
y(p)

· ∂

∂xj

∣∣∣∣
p

.

Next, define ai := ∂
∂yi

∣∣
p
, tji := ∂(xj◦y−1)

∂yi

∣∣
y(p)

and bi := ∂
∂xj

∣∣
p
.We apply Equation (3.2)

to find
g

(y)
ij

(
y(p)

)
=
∂(xk ◦ y−1)

∂yi

∣∣∣∣
y(p)

· ∂(xl ◦ y−1)

∂yj

∣∣∣∣
y(p)

· g(x)
kl

(
x(p)

)
hence we must have for all v ∈ y(U ∩ Ũ)

g
(y)
ij (v) =

∂(xk ◦ y−1)

∂yi

∣∣∣∣
v

· ∂(xl ◦ y−1)

∂yj

∣∣∣∣
v

· g(x)
kl

(
(x ◦ y−1)(v)

)
(3.3)
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or, using Notation 2.21 and not noting the point in which the partial derivatives are
defined (physicist’s notation),

g
(y)
ij =

∂xk

∂yi
∂xl

∂yj

(
g

(x)
kl ◦ (x ◦ y−1)

)
.

Recall that dx|p : TpM → Rn is a linear isomorphism for all charts x : U → V with
p ∈ U . Thus, so are all its components dxi|p : TpM → R, 1 ≤ i ≤ n. By Definition 3.2,
we see that dxi|p ∈ (TpM)∗ for all 1 ≤ i ≤ n.

Definition 3.7. The dual space T ∗pM := (TpM)∗ is called the cotangent space of M
at p.

Lemma 3.8. The dual basis of { ∂
∂xi

∣∣
p
}i is {dxi|p}i.

Proof. As we have seen in Proposition 2.16 we have that dx|p
(
∂
∂xi

∣∣
p

)
= ei and hence

we have dxj |p
(
∂
∂xi

∣∣
p

)
= δji for all i, j = 1, . . . , n.

This allows for a useful way to write g. Namely, according to Notation 3.3 we
write

g|p = gij(
(
x(p)

)
· dxi|p ⊗ dxj |p

or in physicist’s notation: g|p = gij · dxi · dxj .

Lemma 3.8 allows us to express coefficients of dx|p of a chart x with respect to
coefficients of dy|p of chart y (at this point, it goes without saying that p is assumed
to be an element of the intersection of the domains of x and y).

Lemma 3.9. Let (a1, . . . an) and (b1, . . . , bn) be bases of a vector space. Let tji be
elements of the transformation matrix T so that ai = tji bj . Then the associated dual
bases satisfy

b∗i = tjia
∗
j .

Proof. We have

tjia
∗
j (bk) =

(
tjia
∗
j

)(
(T−1)lkal

)
= tji (T

−1)lka
∗
j (al).

Note that a∗j (al) = δjl hence this expression is equal to tij(T−1)jk which essentially
boils down to the element of the i-th column and the k-th row of the matrix T (T−1),
i.e. the identity matrix. Of course, this is 1 if the element is on the diagonal and 0
otherwise, hence this is equal to δik. Thus, t

j
ia
∗
j is by definition the i-th element of the

dual basis of (b1, . . . , bn) and we must have that it equals b∗i .

Collorary 3.10. Let b∗i = dxi|p and a∗j = dyj |p for all i, j = 1, . . . , n. Then we have

dxi|p =
∂(xi ◦ y−1)

∂yj
· dyj |p. (3.4)

or in physicist’s short notation: dxi = ∂xi

∂yj
dyj .
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3.2.2 Examples of Riemannian metrics

The definition of the Riemannian metric is rather abstract. To familiarize the reader
with Riemannian metrics, we discuss some examples in this section.

Example 3.11. The first intuitive example of a Riemannian metric is the Euclidean
space Rn with standard basis {ei}i := { ∂

∂xi
}i for chart x = id : Rn → Rn (we leave

out the subscript p since this is the same at all points in Rn). The Euclidean inner
product says, for v, w ∈ Rn that 〈v, w〉 = vjwj . For the metric gEucl we have

gEucl(v, w) = (gEucl)ijv
iwj

thus we must have that (gEucl)ij is the identity matrix.

But what if we chose polar coordinates? Let us take n = 2. Set dx1 and dx2 the
components of the differential associated to chart x = id (again omitting the sub-
script p). Then, according to Notation 3.3 we can write gEucl = dx1 ⊗ dx2. Now,
writing x1 = r cosφ and x2 = r sinφ, we wish to express gEucl in terms of differential
components dr and dφ. By Equation (3.4), we see that

dx1 =
∂x1

∂r
dr +

∂x1

∂φ
dφ = cosφ dr − r sinφ dφ

dx2 =
∂x2

∂r
dr +

∂x2

∂φ
dφ = sinφ dr + r cosφ dφ.

As a result, we find

gEucl = (cosφ dr − r sinφ dφ)⊗ (cosφ dr − r sinφ dφ)

+ (sinφ dr + r cosφ dφ)⊗ (sinφ dr + r cosφ dφ)

= dr ⊗ dr + r2(dφ⊗ dφ).

and hence we have
(gEucl)

polar
ij =

(
1 0
0 r2

)
.

What this matrix says is that in any point (r, r sinφ) ∈ R2 we have that

• the tangent vector ∂
∂r has length 1,

• the tangent vector ∂
∂φ has length r, and

• ∂
∂r and ∂

∂φ are orthogonal to each other (since the off-diagonal elements are zero,
indicating their Euclidean inner product is zero).

These results are exactly what we found in Example 2.28.

Another example is what happens when the Euclidean plane R2 is "bent" to a certain
shape (for example, a paraboloid). To elaborate on this, we can determine in general
what metrics on submanifolds look like.

Remember that for any n-dimensional differentiable manifold M we have, for each
p ∈ M , a canonical isomorphism Φp : TpM → Rn exists, defined by c0 → d

dtc|t=0,
where c0 is the equivalence class of the curve c : (−ε, ε). Thus, for an n-dimensional
submanifold M ⊂ Rn+k with k = 1, 2, . . . , Φp : TpM → Rn+k becomes an injective
canonical map.
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Lemma 3.12. Let M ⊂ Rn+k be an n-dimensional submanifold with canonical in-
jective map Φp. Then (M, g) is a Riemannian manifold, where the metric g is de-
fined such that each g|p := Φ∗p〈·, ·〉 (notation according to Definition 3.4), where
〈x, y〉 =

∑n+k
i=1 x

iyi denotes the usual Euclidean scalar product for x, y ∈ M (since
they are points of Rn+k as well).

Proof. First of all, the Euclidean scalar product is positive definite. Since Φp is
injective, we must have that g|p is positive definite as well for all p ∈ M (indeed,
Φ∗p〈x, x〉 = 〈Φp(x),Φp(x)〉 ≥ 0 and by injectivity we have Φ∗p〈x, x〉 = 0 =⇒ Φp(x) =
0, hence x must be 0, showing positive definiteness). Hence, we see that (M, g)
with the Riemannian metric defined using g|p as in Definition 3.5 is a Riemannian
manifold for all submanifoldsM .

Definition 3.13. This metric g is called the first fundamental form.

Lemma 3.14. The gij of the first fundamental form are smooth.

Proof. The charts of submanifolds correspond to local parametrizations ofM , which
means maps F : V →M with V ⊂ Rn ⊂ Rn+k open, so that x = F−1 : U = F (V )→
V is a chart ofM . Now, let p = x−1(v) for some v ∈ V . Then we have

gij(v) = g|p
(
∂

∂xi

∣∣∣∣
p

,
∂

∂xj

∣∣∣∣
p

)
=
(
Φ∗p〈·, ·〉

)( ∂

∂xi

∣∣∣∣
p

,
∂

∂xj

∣∣∣∣
p

)
=

〈
Φp

(
∂

∂xi

∣∣∣∣
p

)
,Φp

(
∂

∂xj

∣∣∣∣
p

)〉
.

Now, we remember that the tangent vector ∂
∂xi

∣∣
p
is essentially the equivalence class of

a curve through p that is the preimage under the chart x of a curve through x(p) = v
defined by c(t) = v+ tei (with standard Euclidean basis (e1, . . . en)). This preimage is
then exactlyF ◦c, thuswe see thatΦp

(
∂
∂xi

∣∣
p

)
= d

dtF (v+tei)|t=0, which is by definition
∂F
∂xi

(v) for all 1 ≤ i ≤ n. As a result, we have

gij(v) =
〈 ∂F
∂xi

(v),
∂F

∂xj
(v)
〉

and we obtain
gij =

〈 ∂F
∂xi

,
∂F

∂xj
〉

(3.5)

which is a smooth function.

To clarify this discussion, let us look at an example of a submanifold of R3.

Example 3.15. Let P := {(x, y, z) ∈ R3|x2 + y2 = 2z} ⊂ R3 be the paraboloid as
shown in Figure 3.1. We can obtain P by "bending" the Euclidean plane R2 to the
proper shape. This "bending" can be seen as a parametrization from R2 to P , given
by

F : V = R2 → P

(x, y) 7→
(
x, y,

1

2
(x2 + y2)

)
.
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As is illustrated inFigure 3.1, thebasis ofP givenby
(
∂
∂x1

∣∣
p
, ∂
∂x2

∣∣
p

)
=:
(
F (e1)|p, F (e2)|p

)
for p ∈ P induced by chart x = F−1 (the orthogonal projection onto the plane z = 0)
is "stretched out" in points p = F ((x, y)) with (x, y) ∈ R2 further away from the
origin, and they need not be orthogonal with respect to the Euclidean scalar product
on Cartesian coordinates. To verify this, let us compute gP . By Equation (3.5), we see
that, for p = F ((x, y)),

(gP )ij |p =

(
1 + x2 xy
xy 1 + y2

)
.

This tells us the following:

• if (x, y) is further away from the origin, the distance between points grows larger,

• since the off-diagonal terms are non-zero everywhere except in the origin, the basis(
F (ei)|p, F (ej)|p

)
is not orthogonal,

• close to the origin/centre of P (i.e. in the limit of small x, y) gP resembles the
Euclidean metric. In Figure 3.1 this can be seen as the paraboloid being "tangent"
to the Euclidean plane, meaning that if you zoom in far enough, the "bending" is
negligible.

We can also determine gP in terms of cylindrical coordinates. In this case, we
can define P = {(r cosφ, r sinφ, z) ∈ R3|r2 = 2z}. By Equation (3.4) we see that
dz = r dr. Since cylindrical coordinates are essentially polar coordinates extended to
R3 by Cartesian coordinate z, we can use the calculations from Example 3.11 to find

gP = dr ⊗ dr + r2(dφ⊗ dφ) + dz ⊗ dz
= dr ⊗ dr + r2(dφ⊗ dφ) + r2(dr ⊗ dr)
= (1 + r2)(dr ⊗ dr) + r2(dφ⊗ dφ)

and hence we find
g
cyl
P =

(
1 + r2 0

0 r2

)
.

We see that ∂
∂r and ∂

∂φ are orthogonal and that the metric grows larger for points
further away from the origin. Note that, in this case, the metric gives problems in
the origin of R2 (r = 0), since then, we can choose any value of φ to describe that
point. To define the metric at the origin, one would have to employ another chart. A
similar phenomenon arises in the next example.

Example 3.16. LetM = Sn ⊂ Rn+1 be the n-sphere. The first fundamental form on
the sphere is called the standard metric, gstd of Sn. The charts can be described by the
stereographic projection from two antipodal points. Let us look at the case n = 2, as
shown in Figure 3.2. Take these points to be the south pole SP = (−1, 0, 0) and the
north pole NP = (1, 0, 0). Let U1 := S2\{SP}, then the chart on U1 is given by

x1 : U1 → R2, y = (y0, y1, y2) 7→ 2

1 + y0
(y1, y2).

Let U2 := S2\{NP}, then the chart on U2 is given by

x2 : U1 → R2, y = (y0, y1, y2) 7→ 2

1− y0
(y1, y2).
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F

F (e1)

F (e2)

e1 e2

Figure 3.1: The parametrization function F of the paraboloid
P := {(x, y, z) ∈ R3|x2 + y2 = 2z} "bending" R2. As indicated, R2 is
"stretchedout" so that thedistance betweenpointsF ((x1, y1)) andF ((x2, y2))
gets larger if (x1, y1), (x2, y2) are further away from the origin. In addition,
the parametrized basis

(
F (e1), F (e2)

)
need not be orthogonal.
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Figure 3.2: Parametrization of the 2-sphere. The standard metric on S2 is
"retracted" near the poles and relatively "stretched out" near the equator.

Essentially, the point on the sphere is projected onto the Euclidean plane tangent
on the antipodal point (i.e. NP for x1 and SP for x2) along the line through the
projection point (SP for x1, NP for x2). Both charts are necessary to cover S2.
Let us express the standard metric in terms of the stereographic projection from the
south pole, x1. Then the inverse is given by

F : R2 → S2 ⊂ R3, x→ 1

4 + ‖x‖2
(
4− ‖x‖2, 4x

)
.

We compute that 〈
∂F

∂xi
,
∂F

∂xj

〉
=

16

(4 + ‖x‖2)2
δij

for all i, j = 1, 2. Hence, by Equation (3.5), we obtain

(gstd)ij =
16

(4 + ‖x‖2)2

(
1 0
0 1

)
.

As seen in Figure 3.2, the metric on the "equator" of the sphere is relatively stretched
out compared to the neighborhood of the poles. The metric confirms this: if ‖x‖ is
large, the point x on the Euclidean plane tangent on the north pole is far away from
NP . Hence, the slope of the line through x and SP is smaller and the intersection
with S2 is therefore closer to SP . The expression above tells us that for these points,
the metric is "retracted" (i.e. becomes smaller).

The above example using the stereographic projection is useful for illustrating Rie-
mannian metrics, but for Sn it is often convenient to use spherical coordinates.
Since the distance from the origin is always 1 for points on the sphere, we can de-
scribe points on S2 using only the polar angle φ and azimuthal angle θ. Then, the
parametrization function F is given by

F (φ, θ) = (cosφ sin θ, sinφ sin θ, cos θ)

so that we can describe the metric gsphstd with respect to the basis
(
∂
∂φ ,

∂
∂θ

)
. Note that

again, we cannot describe SP andNP using this parametrization, since any value of
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φ can be used to describe these (θ = 0 for SP , θ = π for NP ). To be able to describe
these points as well, we can repeat this process for a distinct pair of antipodal points
to cover S2.
We compute 〈

∂F

∂φ
,
∂F

∂φ

〉
= sin2(θ),〈

∂F

∂θ
,
∂F

∂θ

〉
= sin2(θ) + cos2(θ) = 1,〈
∂F

∂θ
,
∂F

∂φ

〉
= 0

and hence
g
sph
std (φ, θ) =

(
sin2 θ 0

0 1

)
.

Noting that sin2 θ → 0 as θ → 0 or θ → π (i.e. close to the poles) and that sin2 θ = 1
for θ = π/2 (i.e. on the equator), we confirm again that the metric is "retracted" near
the poles and relatively "stretched" near the equator.

3.3 Differentiating Vector Fields

Before we talk about the distance between two points on a Riemannian manifold, let
us define how to differentiate a vector field in a certain direction. This is important
for, among other things, defining the divergence of vector fields, which we will need
to study the heat equation (see Section 4.2). To do this, we require an important type
of function called a Levi-Civita connection. This will be helpful in defining geodesics
hereafter.

We have seen how to differentiate functions on manifolds and we have seen what it
means for a vector field to be differentiable (or Ck). But we have not yet seen how to
actually differentiate a vector field. What is its differential? Similar to the approach
with derivations, we develop an axiomatic formalism to describe differentials. Ex-
cept, this time, we are differentiating vector fields instead of functions. Let us define
the following.

Definition 3.17. LetM be a differentiable manifold and let k ∈ N∪{∞}. Let U ⊂M
open. Then we define the set of Ck-vector fields defined on U as Ck(U, TM).
Moreover, let p ∈M . Then, we set

Ξp :=
⋃

U⊂M,p∈U
C∞(U, TM).

Now, the properties of the derivative of a smooth vector field η ∈ Ξp along the
direction of a tangent vector ξ ∈ TpM are incorporated in a kind of function called
the Levi-Civita connection, as mentioned before. This function should take η and ξ
and give us a derivative in the form of another tangent vector in TpM , hence it is a
function Ξp × TpM → TpM .

Definition 3.18. Let (M, g) be a Riemannian manifold. Let p ∈ M . A Levi-Civita
connection (at p) is a map

∇ : Ξp × TpM → TpM

that satisfies the following conditions:
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(i) Locality: For all ξ ∈ TpM and η ∈ C∞(U, TM) and for all Ũ ⊂ U with p ∈ Ũ we
must have

∇ξη = ∇ξ(η|Ũ ).

(ii) Linearity in first argument: For all ξ1, ξ2 ∈ TpM , for all a, b ∈ R and for all η ∈ Ξp
we have

∇aξ1+bξ2η = a∇ξ1η + b∇ξ2η.

(iii) Additivity in the second argument: For all ξ ∈ TpM and for all η1, η2 ∈ Ξp wemust
have

∇ξ(η1 + η2) = ∇ξη1 +∇ξη2.

(iv) Product Rule I: For all f ∈ C∞p , for all η ∈ Ξp and for all ξ ∈ TpM we demand
that

∇ξ(f · η) = ∂·η|p + f(p) · ∇ξη.

(v) Product Rule II: For all ξ ∈ TpM and for all η1, η2 ∈ Ξp:

∂ξg(η1, η2) = g|p(∇ξη1, η2|p) + g|p(η1|p,∇ξη2).

(vi) Torsion-freeness: For all charts x : U → V ofM with p ∈ U we have

∇ ∂

∂xi
|p
∂

∂xj
= ∇ ∂

∂xj
|p
∂

∂xi

for all i, j, which is similar to how the curl of a gradient of a usual vector field
always vanishes.

Wewill not show this here, but (iii) and (iv) implyR-linearity in the second argument.
Moreover, (vi) holds for any chart containing p (if it holds for one chart).
Instead of starting from such a function, sometimes it is necessary to construct one
instead.

Definition 3.19. Let x : U → V be a chart. We write ∇ ∂

∂xi
|p

∂
∂xj
∈ TpM as a tangent

vector as follows:
∇ ∂

∂xi
|p
∂

∂xj
= Γkij

(
x(p)

)
· ∂

∂xk

∣∣∣∣
p

, (3.6)

where the Γkij are named Christoffel Symbols.

Lemma 3.20. The Christoffel symbols determine∇.

Proof. Let ξ = ξi ∂
∂xi

∣∣
p
∈ TpM and let η = ηi ∂

∂xi

∣∣
p
∈ Ξp. We denote the properties of

∇ similar to Definition 3.18. We have

∇ξ(η)
(ii), (iii)

= ξi∇ ∂

∂xi
|p

(
ηj

∂

∂xj

)
(iv)
= ξi

(
∂ηj

∂xi

∣∣∣∣
x(p)

· ∂

∂xj

∣∣∣∣
p

+ ηj |x(p) · ∇ ∂

∂xi
|p
∂

∂xj

)
(3.6)
= ξi

(
∂ηj

∂xi

∣∣∣∣
x(p)

+
(
ηj |x(p) · Γkij(x(p))

)) ∂

∂xk

∣∣∣∣
p

.

(3.7)
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Remark. Note that (vi) is equivalent to symmetry of the Christoffel symbols in the
lower indices, i.e. Γkij = Γkji for all i, j, k.

We are almost ready to determine the definition of a differential of a vector field.
However, we have to ask ourselfs: how can we be sure that a Levi-Civita connection
even exists at all points p? And is it unique, or are there multiple? As we will see
shortly, there must exist exactly one Levi-Civita connection at all points of a Rieman-
nianManifold. The proof of this is rather involved, but is worth going through, since
wewill find an expression for the Christoffel symbols as a function of the Riemannian
metric matrix elements (gij) along the way.

Proposition 3.21. (The Fundamental Theorem of Riemannian Geometry). Let
(M, g) be a Riemannian manifold and let p ∈ M . Then there exists a Levi-Civita
connection at p and it is unique.

Proof. First, we show uniqueness. Let x : U → V be a chart ofM with p ∈ U . We are
going to differentiate the metric function with respect to components of x. We find
(where we implicitly evaluate in p):

∂gij
∂xk

=
∂

∂xk
g

(
∂

∂xi
,
∂

∂xj

)
(v)
= g

(
∇ ∂

∂xk

∂

∂xi
,
∂

∂xj

)
+ g

(
∂

∂xi
,∇ ∂

∂xk

∂

∂xj

)
= g

(
Γlki

∂

∂xl
,
∂

∂xj

)
+ g

(
∂

∂xi
,Γlkj

∂

∂xj

)
∗
= Γlkig

(
∂

∂xl
,
∂

∂xi
+ Γlkjg

(
∂

∂xi
,
∂

∂xl

)
= Γlkiglj + Γlkjgil

where we used the linearity of g at ∗. Summarizing this result and rearranging the
indices, we obtain the following set of equations:

∂gij
∂xk

= Γlkiglj + Γlkjgil (3.8)

∂gik
∂xj

= Γljiglk + Γljkgil (3.9)

∂gkj
∂xi

= Γlikglj + Γlijgkl. (3.10)

Now, since we are discussing a Levi-Civita connection which, in particular, satisfies
the torsion-freeness, we may assume symmetry of the Christoffel symbols in the
lower indices. Using this while writing out (3.8)−(3.9)+(3.10) we find

∂gij
∂xk

− ∂gik
∂xj

+
∂gkj
∂xi

= 2Γlkiglj .

Denote (gij)ij be the inverse of (gij)ij so that gijgjk = δik (note that this inverse exist
as g is non-degenerate, meaning all g|p are). We obtain now(

∂gij
∂xk

− ∂gik
∂xj

+
∂gkj
∂xi

)
gjm = 2Γlkigljg

jm = 2Γlkiδ
m
l = 2Γmki.
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Renaming the indices as (k → j,m → k, j → m) we find the following important
relation:

Γkij =
1

2
gmk

(
∂gim
∂xj

+
∂gjm
∂xi

− ∂gij
∂xm

)
. (3.11)

As a result, the Christoffel symbols are uniquely determined, smooth functions
V → R for any chart x : U → V on (M, g). Hence, ∇ is uniquely determined by the
components of g and their derivatives with respect to the components of the chart x.

We are yet to show the existence of the Levi-Civita connection at p. Define Γkij
as in Equation (3.11) and define ∇ as in Equation (3.7). Then (i) follows from the
locality of derivations ∂

∂xi
, (ii) follows from the linearity of g, (iii) follows immediately

from the linearity in ηj in the expression in (3.7) and (vi) follows from the fact that we
can swap indices i and j in the expression between the brackets in (3.11) while only
changing the order of addition (that is, doing nothing). Let us show that ∇ obeys
the first product rule (iv):

∇ξ(fη) = ξi
(
∂(f · ηk)
∂xi

+ fηjΓkij

)
∂

∂xk

∗
= f · ξi

(
∂ηk

∂xi
+ ηjΓkij

)
∂

∂xk
+ ξi

∂f

∂xi
ηk

∂

∂xk

= f · ∇ξη + ∂ξf · η.

where we used the usual product rule in ∗. Finally, we check the second product rule
(v). In the following, we rename indices and use the fact that gijgki = δkj occasionally.
We write out

∂ξg(ξ, η)− g(∇ζξ, η)− g(ξ,∇ζη)

= ζk
∂

∂xk
(gijξ

iηj)− gijζk
(
∂ξi

∂xk
+ ξlΓilk

)
ηj − gijξiζk

(
∂ηj

∂xk
+ ηlΓjlk

)
= ζk

∂gij
∂xk

ξiηj − gijζkξlΓilkηj − gijξikηlΓ
j
lk

= ξiηjζk
(∂gij
∂xk

− gljΓlik − gilΓljk
)

(3.11)
= ξiηjζk

(
∂gij
∂xk

− 1

2
gljg

ml

(
∂gim
∂xk

+
∂gkm
∂xi

− ∂gik
∂xm

)

− 1

2
gilg

ml

(
∂gjm
∂xk

+
∂gkm
∂xj

−
∂gjk
∂xm

))

= ξiηjζk

(
∂gij
∂xk

− 1

2

(
∂gij
∂xk

+
∂gkj
∂xi

− ∂gik
∂xj

)
− 1

2

(
∂gji
∂xk

+
∂gki
∂xj

−
∂gjk
∂xi

))
= 0.

This concludes the proof.

Note that the differential of a vector field (or actually, the Levi-Civita connection ∇)
depends on the metric g (specifically the second product rule (v), which is therefore
sometimes referred to as the compatibility with the metric). It is indeed quite curious
that both differentiability and the derivative of a function on a differentiablemanifold
are defined, as well as the differentiability of vector fields, while on the other hand,
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we need a Riemannian metric to define the derivative of a vector field.
Let us now formally define the derivative of a vector field.
Definition 3.22. Let (M, g) be a Riemannian manifold and let ∇ be its Levi-Civita
connection. Moreover, let p ∈M , ξ ∈ TpM and η ∈ Ξp. We call

∇ξη ∈ TpM

the covariant derivative of η in direction ξ.
Let us look at an example of the covariant derivative and Christoffel symbols for the
Euclidean plane similar to Examples 2.28 and 3.11.
Example 3.23. Let (M, g) = (R2, gEucl). In Cartesian coordinates (i.e. components of
chart x = id) x1 and x2, the gij = δij are constant, hence its derivatives are zero and
we find Γkij = 0 for all i, j, k = 1, 2. Let us look at the derivative of the vector field ∂

∂φ

along direction ∂
∂φ in polar coordinates r, φ.

∇ ∂
∂φ

∂

∂φ
= ∇−x2 ∂

∂x1
+x1 ∂

∂x2

(
− x2 ∂

∂x1
+ x1 ∂

∂x2

)
= −x2 ∂

∂x1
+ x1 ∂

∂x2
(−x2)

∂

∂x1
+−x2 ∂

∂x1
+ x1 ∂

∂x2
(x1)

∂

∂x2

= −x1 ∂

∂x1
− x2 ∂

∂x2
= −r ∂

∂r
.

That is, the derivative of the vector field depicted in Figure 2.1(b) has magnitude r
and points radially inward (this can be compared to centripetal force/acceleration
in physics where the derivative w.r.t. angle φ corresponds to angular momen-
tum/velocity).

Remember that, in polar coordinates, the metric is given by

(g
polar
Eucl )ij(r, φ) =

(
1 0
0 r2

)
and similarly

(g
polar
Eucl )ij(r, φ) =

(
1 0
0 1

r2

)
.

Thus, the Christoffel symbols with respect to polar coordinates, computed with
Equation (3.11), are given by

Γ1
11 =

1

2

(
1 · (0 + 0− 0) + 0 · . . .

)
= 0

and similarly
Γ2

11 = Γ1
12 = Γ1

21 = Γ2
22 = Γ1

11 = 0.

Finally,

Γ2
12 = Γ2

21 =
1

2

(
1

r2

(
∂g12

∂φ
+
∂g22

∂r
− ∂g21

∂φ

)
+ 0 · . . .

)
=

1

r

and similarly, Γ1
22 = −r. The Christoffel symbols allow us to directly compute

through Equation (3.7)

∇ ∂
∂φ

∂

∂φ
= Γ1

22

∂

∂r
+ Γ2

22 = −r ∂
∂r
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which is indeed the same result as in Cartesian coordinates treated above.

Other than defining a derivative of a vector field in a certain direction ξ ∈ TpM , we
can also define the derivative of a vector field along a map.

Definition 3.24. Let M and N be differentiable manifolds and let f : N → M be a
map. Then a map ζ : N → TM is a vector field along f if

πM ◦ ζ = f

where πM : TM →M is the "projection map" defined for vector fields in differential
geometry.

Example 3.25. (Vector fields along curves). Let N = I ⊂ R be an open interval and
f = c : I →M be a curve. Then ζ as in Definition 3.24 is a vector field along the curve
c. A special case which is important for the notion of geodesics is ζ(t) = ċ(t) := c0

t

where ct(s) := c(t+ s). This is called the velocity field of c.

We can also define a covariant derivative along a map.

Definition 3.26. Let N be a differentiable manifold. Let (M, g) be a Riemannian
manifold. Furthermore, let f : N →M be a differentiable map and let η : N → TM
be a differentiable vector field along f . Let p ∈ N and ξ ∈ TpN . Then, we define the
covariant derivative∇ξη ∈ Tf(p)M as follows:
Let x : U → V be any chart of (M, g) with f(p) ∈ U , and write for points q ∈ N , as
usual,

η(q) = ηj(q)
∂

∂xj

∣∣∣∣
f(p)

with differentiable coefficient functions η1, . . . , ηn that are well-defined on f−1(U).
Now, choose a curve c : (−ε, ε) → N with associated equivalence class c0 = ξ and
define ∇ξη as in Equation (3.7), while replacing p → f(p) and differentiating along
the curve rather than w.r.t. the components of the chart x. In other words,

∇ξη =

(
∂ξη

k + ηj(p)df i(ξ)Γkij
(
x
(
f(p)

))) ∂

∂xk

∣∣∣∣
f(p)

.

Proposition 3.27. Let the setting be the same as Definition 3.26. Then the covariant
derivative ∇ξη is defined independently of charts x and the choice of curve c to
represent c0 = ξ. Moreover, if we have that whenever η is of the form ζ ◦ f for some
differentiable vector field onM ζ, then it implies that

∇ξη = ∇df |p(ξ)ζ

then the operator ∇ is the Levi-Civita connection.

Proof. This follows directly from the fact that the changes made to Equation (3.7) in
Definition ?? coincide with the fact that ∇ξη = ∇df |p(ξ)ζ.

Notation 3.28. Let the setting be the same as the Definition above. Let y be a chart
on N containing p (we call this local coordinates y). Then, we write

∇η
∂yi

(p) := ∇ ∂

∂yi
η =

(
∂ηk

∂yl

∣∣∣∣
y(p)

+
∂f i

∂yl
(p) · ηj

(
y(p)

)
· Γkij

(
x
(
f(p)

))) ∂

∂xk
(p). (3.12)
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If dim N = 1, we write
∇η
∂t

=:
∇η
dt
.

Example 3.29. Let c : I → M be a continuous piecewise C2-curve and let c0
t be the

velocity field. We have

∇ċ
dt

(t) =

(
(c̈)k(t) + ċi(t) · ċj(t) · Γkij

(
x
(
c(t)
))) ∂

∂xk

∣∣∣∣
c(t)

(3.13)

where ck := xk ◦ c. This can be interpreted as a kind of vector field that assigns an
"acceleration" (i.e. a change in velocity) to each point in the image of c. This notion
will be important for defining geodesics.

3.4 Geodesics

The last phenomenon we need to explore before being able to complete a formalism
of Riemannian geometry using a distance function is the notion of the paths of least
energy between two points on a Riemannian Manifold, geodesics. Let us define the
energy of a curve.

Definition 3.30. Let (M, g) be a Riemannian manifold. Let c : [a, b] → M be a
continuous C1-curve. Then the energy of c is given by

E[c] :=
1

2

∫ b

a
g
(
ċ(t), ċ(t)

)
dt.

Note that since g is positive definite we have E[c] ≥ 0 where the equality holds
only if c is a constant path, i.e. ċ = 0. In light of the hints towards the definition
of geodesics throughout this thesis, we can ask the question: are there curves with
minimal energy between two given points?
To answer this question, we define first the notion of a variation of a curve c, which is
essentially a "continuous film" of different (but similar) curves around c in the same
sense that a homotopy in multivariable analysis or topology is a "film" of paths. One
could also interpret a variation as a "curve of curves", i.e. a curve where the points
on the curve represent a unique curve.

Definition 3.31. LetM be a differentiablemanifold and let c : [a, b]→M be a smooth
curve. Then the smooth map

C : (−ε, ε)× [a, b]→M

with C(0, t) = c(t) for all t ∈ [a, b] is called a variation of c. If, in addition, C(s, a) =
c(a) and C(s, b) = c(b) for all s ∈ (−ε, ε), we call C(s, t) a variation with fixed
endpoints.
The vector field η(t) := ∂C

∂s (0, t) is called the variational vector field.

For a variation with fixed endpoints, C(s, a) and C(s, b) are constant functions (with
respect to s), hence the variational vector field vanishes at a and b.

Notation 3.32. We often write C(s, t) =: Cs(t).

If we have such a variation, we can ask ourselves how the energy of all the curves
in the variation "varies" as a function of s, or particularly, what the "slope" (i.e. the
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change rate of the energy with respect to s) of this energy is on the curve c. We call
this "slope" the first variation of the energy.

Theorem 3.33. Let (M, g) be a Riemannian manifold. Let c : [a, b]→M be a smooth curve

and let C : (−ε, ε) × [a, b] → M be a variation of the curve. Denote the variational vector

field by η. Then,

d

ds
E[Cs]

∣∣
s=0

= −
∫ b

a
g

(
η(t),

∇
dt
ċ(t)

)
dt+ g

(
η(b), ċ(b)

)
− g
(
η(a), ċ(a)

)
.

Proof. First, notice that the "velocity field" of the variation C is the field Ċs(t) =
∂C
∂t (s, t). Let us prove the theorem with a direct computation, where the roman
numbers denote the properties of the Levi-Civita connection from Definition 3.18.

d

ds
E[Cs]

∣∣
s=0

=
1

2

d

ds

∣∣∣∣
s=0

∫ b

a
g
(
Ċs(t), Ċs(t)

)
dt

∗
=

1

2

∫ b

a

∂

∂s

∣∣∣∣
s=0

g

(
∂C

∂t
(s, t),

∂C

∂t
(s, t)

)
dt

(v)
=

[
g

(
∇
∂s

∂C

∂t
(0, t),

∂C

∂t
(0, t)

)
+ g

(
∂C

∂t
(0, t),

∇
∂s

∂C

∂t
(0, t)

)]
dt

=

∫ b

a
g

(
∇
∂s

∂C

∂t
(0, t),

∂C

∂t
(0, t)

)
dt

(vi)
=

∫ b

a
g

(
∇
∂t

∂C

∂s
(0, t),

∂C

∂t
(0, t)

)
dt

=

∫ b

a
g

(
∇
dt
η(t), ċ(t)

)
dt

(v)
=

∫ b

a

[
d

dt
g
(
η(t), ċ(t)

)
− g
(
η(t),

∇
dt
ċ(t)

)]
dt

and the result follows from integrating the first term using the fundamental theorem
of calculus. In the above, at ∗weused thewell-known result inmultivariable calculus
that limits (and thus derivatives) of integrals are equal to the integral of the limit
of the integrand as long as the integration- and limit parameters are independent.
Moreover, the torsion-freeness at (vi) allows us to switch parameters s and t in the
expression ∇∂s

∂C
∂t .

Collorary 3.34. If C is a variation with fixed endpoints, we have that the boundary
terms in the variation of the energy vanish (as η(b) = η(a) = 0) and we have

d

ds
E[Cs]

∣∣
s=0

= −
∫ b

a
g

(
η(t),

∇
dt
ċ(t)

)
dt.

Let us show that given a smooth curve c and a vector field η along it, there always
exists a variation C so that its variational vector field is η.

Lemma 3.35. Let c : [a, b] → M be a smooth curve and let η be a vector field
along c. There exists a variation C of c with variational vector field η. Moreover, if
η(a) = η(b) = 0, we can choose the variation to have fixed endpoints.
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Proof. Let x : U → V be a chart of M . Assume that c(t) ∈ U if η(t) 6= 0. Writing
η = ηj ∂

∂xj
we set the variation

C(s, t) :=

{
x−1

((
c1(t), . . . , cn(t)

)
+ s
(
η1(t), . . . , ηn(t)

))
, c(t) ∈ U

c(t), c(t) 6∈ U.

Then, the associated vector field satisfies(
∂C

∂s
(0, t)

)j
= dxj

(
∂C

∂s
(0, t)

)
=
∂(xj ◦ C)

∂s
(0, t)

=
∂(cj(t) + sηj(t))

∂s

∣∣∣∣
s=0

which is precisely ηj(t) (by simply differentiating). Thus, C has variational vector
field η and if η(a) = η(b) = 0 we have that C has fixed endpoints.
To extend this argument to the general case of allM instead of an open subset U , we
use the compactness of the interval [a, b] and the continuity of c to find that the set
c([a, b]) is compact. Hence, we can find a finite subcover of opens that are domains
of charts. This way, the variation can be constructed piecewise.

Now we are ready to look at geodesics. In fact, it follows from Theorem 3.33
and Lemma 3.35 that an energy-minimizing curve is precisely a curve that "feels no
acceleration", i.e. the "acceleration field" defined in Example 3.29 vanishes on the
image of the curve. The latter is indeed the definition of a geodesic. First, let us
introduce some useful notation.

Notation 3.36. Let M be a differentiable manifold. Let p, q ∈ M . We define the set
of smooth curves from p to q by

Op,q(M) :=
{
smooth curves c : [a, b]→M | c(a) = p, c(b) = q

}
.

Collorary 3.37. For a Riemannian manifold (M, g) and curve c ∈ Op,q(M) we have
that the following statements are equivalent:

(i) The curve is an "extreme" of the variational energy. This means

d

ds
E[Cs]

∣∣
s=0

= 0

for all variations Cs of cwith fixed endpoints.

(ii) For all t the "acceleration field" vanishes, i.e.

∇
dt
ċ(t) = 0.

Proof. The implication "(ii) =⇒ (i) is obvious, just fill in ∇dt ċ(t) = 0 in the expression
in Corollary 3.34. For the converse, let c be defined on [a, b]. Assume (ii) is not true,
i.e. there is a τ ∈ (a, b) so that ∇dt ċ(τ) 6= 0. We show that (i) must be false too. Under
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the assumption, there must exist a tangent vector ξ ∈ Tc(τ)M with

g

(
ξ,
∇
dt
ċ(τ)

)
> 0

(by non-degenerateness of g). Let η′ be the vector field parallel to c so that η′(τ) = ξ.
By the definition of continuity, there must be a neighborhood of τ so that the metric
does not vanish, i.e. there exists an ε > 0 so that Iε := (τ − ε, τ + ε) ⊂ [a, b] and

g

(
η′(t),

∇
dt
ċ(τ)

)
> 0

for all t ∈ Iε. Next, choose a smooth function f : [a, b]→ Rwith f(t) > 0 for all t ∈ Iε
and f(t) = 0 for all other t (compare this to a partition of unity in topology). Now
set η(t) = f(t) · η′(t). Then we have

g

(
η(t),

∇
dt
ċ(τ)

)
= f(t) · g

(
η′(t),

∇
dt
ċ(τ)

)
which is positive on Iε and zero on [a, b]\Iε. By Lemma 3.35 we can chose a variation
with fixed endpointsC of c so that the variational vector field is η. Then, the variation
of the energy for this variation is non-zero, as

d

ds
E[Cs]

∣∣
s=0

= −
∫ b

a
g

(
η(t),

∇
dt
ċ(τ)

)
dt < 0

and we may conclude that ∇dt ċ = 0 on (a, b). Since this is a continuous map, it must
also be 0 on boundary points a and b.

Definition 3.38. A geodesic is a smooth curve c such that ∇dt ċ = 0.

From a physics point of view, this can be interpreted quite intuitively. A geodesic
between two points is a curve that feels no exterior force (thus no acceleration),
or "friction". Since, in physics, force is considered to be the spatial derivative of
energy (in fact, the negative gradient of the energy, where exterior force is considered
negative). Since the exterior force is zero, the energy must be constant along the
geodesic. If there had been any force, the energy would be higher, from which we
can conclude that the geodesic minimizes the energy of curves between two points.

Example 3.39. Let (M, g) = (Rn, gEucl). In Cartesian coordinates, we see that ∇dt ċ = 0
is equivalent with the fact that c̈ = 0, since the Christoffel symbols vanish (apply
Equation (3.13)). Solving this "differential equation", we get that c(t) = p+ tv so that
geodesics are straight lines (parametrizedwith constant speed v) from p to q = p+bv.

Lemma 3.40. For any geodesic c, the norm induced by the Riemannian metric of the
tangent vectors ċ is constant.

Proof. By the second product rule of the Levi-Civita connection (v) in Definition 3.18)
we find

d

dt
g
(
ċ, ċ
)

= 2g

(
∇
dt
ċ, ċ

)
= 0

as ∇dt ċ = 0 for geodesics and g is non-degenerate.

A logical step to take is to show that geodesics always exist and are unique.
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Proposition 3.41. Let (M, g) be a Riemannian manifold and let p ∈M and ξ ∈ TpM .
Then, there exists an open interval I ∈ R with 0 ∈ I and a geodesic c : I → M with
c(0) = p and ċ(0) = c0 = ξ.
Moreover, if c : I →M and c′ : I ′ →M are two such geodesics with c(0) = c′(0) and
ċ(0) = ċ′(0), they must agree on their common domain I ∩ I ′.

Proof. Let x : U → V be a chart ofM so that p ∈ U . By Equation (3.13) we see that c
is a geodesic (i.e. ∇dt ċ = 0) if and only if, for all k = 1, 2, . . . , n, we have

(c̈)k + Γkij
(
c1, . . . , cn

)
· ċi · ċj = 0

with ck = xk ◦ c. This is a system of ordinary differential equations (of the second
order). Thus, by the existence and uniqueness theorem of differential equations (also
known as the Theorem of Picard-Lindelöf), we see that c exists and is unique up to
the assertions above.

Let us look at an example: the geodesics on (Sn, gstd).

Example 3.42. We can predict that the geodesic between two points on the sphere
lies on the great circle through them. If c is a geodesic, then gstd(ċ, ċ) = a > 0 (since
it is constant and ≥ 0, while equality holds only if c is the constant curve). Thus, we
seek a parametrization of this great circle as

c(t) := p · cos(at) +
Φp(ξ)

‖Φp(ξ)‖
sin(at)

so that it satisfies the initial conditions

c(0) = p,

ċ(0) = ξ, ⇐⇒ dc

dt
(0) = Φp(ξ).

In our ansatz we find
dc

dt
(0) =

Φp(ξ)

‖Φp(ξ)‖
· a

thus we must have that a = ‖Φp(ξ)‖ = ‖ξ‖. Therefore, we conclude that the unique
geodesic on the sphere at p along ξ is

c(t) = p · cos
(
‖ξ‖t

)
+

Φp(ξ)

‖ξ‖
· sin

(
‖ξ‖t

)
. (3.14)

We continue the discussion on geodesics by introducing the Riemannian exponential
function. A useful insight, before introduction of this function, is that if cξ is a
geodesic with c(0) = p ∈ M and ċ(0) = ξ ∈ TpM , then c′(t) := cξ(at) is also a
geodesic for all a ∈ R (given that c is defined on all of R). Indeed, by the usual
product rule,

∇
dt
ċ′(t) =

∇
dt

(
a · ċξ(at)

)
= a2

(
∇
dt
ċξ

)
(at) = 0.

Since we have that c′(0) = cξ(0) = p and ċ′(0) = a · ċξ(0) = aξ, we conclude that
c′ = caξ. Notice especially that cξ(a) = caξ(1).

Definition 3.43. Let (M, g) be a Riemannian manifold. Let p ∈M and ξ ∈ TpM . Let

Dp :=
{
ξ ∈ TpM | the maximal domain of cξ contains 1

}
.
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Then the Riemannian exponential map expp : Dp →M is defined by

expp(ξ) := cξ(1).

Note that, for any p ∈M , we have that expp(0) = p since c0 is the constant curve at p
(c0(t) := p for all t).

Lemma 3.44. The curve c(t) := expp(tξ) is the unique geodesic with initial values
p ∈M and ξ ∈ TpM .

Proof. By the discussion before the definition of the Riemannian exponential map,
we have expp(tξ) = ctξ(1) = cξ(t).

Example 3.45. (1) Let (M, g) = (Rn, gEucl). Then Dp = TpRn since all curves are
defined at 1. We have

expp(ξ) = p+ 1 · Φp(ξ) = p+ Φ(ξ)

for canonical isomorphism Φp.

(2) Let (M, g) = (Sn, gstd). Similar to (1), here we have Dp = TpM and by Example
3.42 we have

expp(ξ) = p · cos
(
‖ξ‖
)

+
Φp(ξ)

‖ξ‖
· sin

(
‖ξ‖
)
.

Lemma 3.46. The differential of the Riemannian exponential map at 0 is given by the
canonical isomorphism

d expp
∣∣
0

= Φ0 : T0Dp = T0(TpM)→ TpM.

Proof. Let ξ ∈ TpM . We compute

d expp
∣∣
0

(
Φ−1

0 (ξ)
)

= d expp

(
d

dt
(tξ)

∣∣
t=0

)
=

d

dt
expp(tξ)

∣∣
t=0

= ξ.

Hence d expp
∣∣
0
◦ Φ−1

0 = id.

In particular, we have that d expp
∣∣
0
is invertible.

Collorary 3.47. Let p ∈ M . There exists an open neighborhoodWp ⊂ Dp ⊂ TpM of
0 such that

expp
∣∣
Wp

: Wp → expp(Wp) =: Up

is a diffeomorphism.

Proof. Since d expp
∣∣
0
is invertible, the assertion follows from the inverse function

theorem 2.13.

Collorary 3.48. Let p ∈ M . Then there exists an r > 0 so that the closed ball
B̄(0, r) ⊂Wp and hence expp |B̄(0,r) is a diffeomorphism on its image.

Before we are ready to do Riemannian geometry properly by introducing a distance
function, we can introduce a certain coordinate system that allows us to view things
"from a geodesic’s point of view". Choose a basis (E1, . . . , EN ) of TpM so that it is a
generalized orthonormal basis with respect to g|p, i.e. g|p(Ei, Ej) = δij . Define the
linear isomorphism

A : Rn → TpM, (a1, . . . , an) 7→ aiEi.
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Definition 3.49. Let Vp := A−1(Wp) ⊂ Rn so that expp ◦A : Vp → Up is a diffeo-
morphism with associated chart x := (expp ◦A)−1 : Up → Vp. This means that we
have

Rn ⊃ Vp
A∼=

TpM
∪
Wp

expp∼= Up ⊂M.

Then the coordinate system belonging to x (i.e. its components) are called Rieman-
nian normal coordinates or geodesic normal coordinates (since the exponential
function determines geodesics onWp).

Why are these coordinates useful for doing geometry?

Proposition 3.50. Let (M, g) be a Riemannian manifold and p ∈M . Let gij : Vp → R
be the matrix representation of the metric g (in Rn rather than TpM since these
spaces are isomorphic) and let Γkij : Vp → R be the Christoffel symbols in Rieman-
nian/geodesic normal coordinates around p. Then we (conveniently) have:

(i) x(p) = 0,

(ii) gij(0) = δij ,

(iii) Γkij(0) = 0.

Proof. (i) Sincewehave exp−1
p (p) = 0wefindx(p) = A−1

(
exp−1

p (p)
)

= A−1(0) = 0.

(ii) Denote (e1, . . . , en) the standard basis of Rn. We find

gij(0) = g|p
(
dx−1|0(ei), dx

−1|0(ej)
)

= g|p
(
d(expp ◦A)|0(ei), d(expp ◦A)|0(ej)

)
= g|p

(
d expp |0(Ei), d expp |0(Ej)

)
which, by Lemma 3.46 is equal to g|p

(
Ei, Ej

)
= δij .

(iii) Let v = (v1, . . . , vn) ∈ Rn. Then the geodesic with c(0) = p and ċ(0) = A(v) is
c(t) = x−1(tv) = expp(tA(v)). In Riemannian/geodesic normal coordinates we
get by Example 3.13

(c̈)k + Γkij
(
c1, . . . , cn

)
· ċi · ċj = 0

with ck = xk ◦ c = tvk so that ċk(t) = vk and (c̈)k(t) = 0. Evaluating in t = 0
yields

0 = 0 + Γkij(0, . . . , 0) · vi · vj .

This already hints towards the fact that the Christoffel symbols vanish. We can
formally show this by defining another bilinear form hk on Rn by hk(y, z) =
Γkij(0)yizj . To show the symmetry, note that

hk(x, y) = Γkij(0)yizj = Γkji(0)yjzi = Γkijy
jzi = hk(z, y)

wherewe used the torsion-freeness of the Levi-Civita connection. By the above,
we see hk(v, v) = 0 for all v ∈ Rn and hence hk ≡ 0 on Rn. This implies that
Γkij(0) = 0 for all i, j, k = 1, . . . , n.
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Remark. These normal coordinates around p allow us to describe the metric so that
it behaves like the standard Euclidean metric. As a result, we can write geodesics
pointing radially out of p (radial geodesics) as

crp(t) =

(
t
∂

∂x1

∣∣∣∣
p

, . . . , t
∂

∂xn

∣∣∣∣
p

)
.

3.5 Riemannian Distance

So far, we have seen that we can define a metric on Riemannian manifolds and that
it can be interpreted as the amount of "stretching" or "retracting" with respect to a
certain basis. Wehave seen that there always is an energy-minimizingpath (geodesic)
between two points on a Riemannian manifold since we can assign to each point a
unique Levi-Civita connection. The next step is to determine the distance between
points on a Riemannian manifold. In this section, we generally assume that (M, g) is
a Riemannian manifold.

Definition 3.51. Let c : [a, b]→M be a continuous and piecewise C1-curve. Then,

L[c] :=

∫ b

a
‖c′(t)‖dt

is the length of c, where ‖.‖ is the norm induced by the Riemannian metric, i.e.
‖x‖ =

√
g(x, x) and ′ denotes the derivative with respect to parameter t.

Note that the length of c is independent of its parametrization. If ψ : [a, b]→ [α, β] is
a parameter transformation, then

L[c ◦ ψ] =

∫ b

a
‖(c ◦ ψ)′(t)‖dt

=

∫ b

a
‖c′(ψ(t))‖ · |ψ′(t)|dt

∗
=

∫ β

α
‖c′(s)‖ds

= L[c]

where ∗ denotes the substitution s = ψ(t). We can define the distance between two
points as the length of the shortest curve connecting them, or rather, the infimum of
all such curves.

Definition 3.52. Let p, q ∈ M . Then the Riemannian distance or geodesic distance
between p and q is given by

d(p, q) := inf
{
L[c] | c : [a, b]→M a piecewise C1-curve with c(a) = p, c(b) = q

}
.

Note that there need not be a shortest curve between two points. Take, for example,
p, q ∈ M = R2\{0} so that p = −q. Then we have d(p, q) = 2‖p‖ but the curve with
this length necessarily passes through 0, hence it is not defined on M . Hence all
curves c through p and q have L[c] > d(p, q).

Let us show that (M,d) is a metric space.
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Lemma 3.53. (Gauss Lemma). Let p ∈ M and b > 0. Assume that the geodesic
c(t) = expp(tξ) is defined on [0, b]. Then expp is defined on an open neighborhood of
{tξ|0 ≤ t ≤ b} ⊂ TpM and we have

(i) d expp |tξ(ξ) = ċ(0),

(ii) for η ∈ Ttξ(TpM) ∼= TpM we have

g
(
d expp |tξ(η), ċ(t)

)
= g(η, ξ).

In particular, it holds that d expp |tξ(η) ⊥ ċ(t) if η ⊥ ξ.

Proof. (i) We see d expp |tξ(ξ) = d
ds expp(tξ + sξ)|s=0 = d

dsc(t+ s)|s=0 = ċ(t).

(ii) To prove this, one needs the notion of Jacobi fields. We will not treat this here
and refer to [2].

Collorary 3.54. (without proof). Let r > 0 so that expp |B̄(0,r) is a diffeomorphism
on its image. Let c : [a, b] → M be a piecewise C1-curve that starts in p but ends
outside of the image of the (open) ball with radius r around 0 under the exponential
function, i.e. c(a) = p and c(b) 6∈ expp

(
B(0, r)

)
. Then we have that L[c] ≥ r.

The above result seems reasonable: the length of a path starting in p and ending
outside of the exponential of the ball with radius r cannot be shorter in length than
r.

Theorem 3.55. (M,d) is a metric space.

Proof. Obviously, we have d(p, q) ≥ 0 and d(p, p) = 0 (since the constant curve has
length 0) for all p, q ∈ M . Let p 6= q. Choose r > 0 so that the exponential re-
stricted to the close ball around 0 with radius r is a diffeomorphism, and so that
q 6∈ expp

(
B(0, r)

)
. By Corollary 3.54 we have that every curve between p and q has

at least length r, hence d(p, q) ≥ r > 0. Thus we have d(p, q) = 0 ⇐⇒ p = q.

Symmetry d(p, q) = d(q, p) follows from the fact that the inverse curve of c, c−, simply
means traversing it in the opposite direction, i.e. c−(t) = c(b − t) for c : [a, b] → M .
The length stays the same.

We are yet to show the triangle inequality. Let ε > 0 and choose continuous piece-
wise C1-curves c1 from p tom ∈M with L[c1] ≤ d(p,m) + ε and c2 fromm to q with
L[c2] ≤ d(m, q) + ε. Now concatenate c1 and c2 (i.e. consecutively traverse them) so
that we have a continuous piecewise C1 curve c from p to q. We obtain

d(p, q) ≤ L[c] ≤ L[c1] + L[c2] ≤ d(p,m) + d(m, q) + 2ε.

The triangle inequality follows from taking the limit ε ↓ 0.

Let us now introduce a useful definition.

Definition 3.56. Let p ∈ M . Then the injectivity radius of M at p is given by
largest distance r (actually, the supremum) so that the exponential function at p is a
diffeomorphism on the open ball B(0, r), denoted

injrad(p) := sup{r > 0| expp |B(0,r) : B(0, r)→ expp
(
B(0, r)

)
is a diffeomorphism}.
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Remark. The injectivity radius depends on p and can be very large at some points
compared to other points.

We will see that the image of an open ball with a radius smaller than the injec-
tivity radius at p under the exponential function at p is actually an open ball with the
same radius around p.

Lemma 3.57. Let 0 < r < injrad(p). Then expp
(
B(0, r)

)
= B(p, r).

Proof. Let q = expp(ξ) with ‖ξ‖ < r. Then the map t 7→ expp(tξ) with t ∈ [0, 1] is a
curve from p to q with length ‖ξ‖ < r. Thus, d(p, q) < r so that q ∈ B(p, r).
Conversely, if q ∈ B(p, r) then there is a curve between q and pwith a length smaller
than r. Hence, by Corollary 3.54 we have that q ∈ expp

(
B(0, r)

)
.

As it turns out, the Riemannian distance function d actually induces the original
topology onM .

Proposition 3.58. The metric d induces the original topology onM , ensuring that d
is indeed a continuous map.

Proof. We have to prove that being open with respect to d (d-open) and being open
with respect to the topology onM (open) are equivalent.
Claim: Every d-open set is open.
Let U ⊂ M be d-open. For every p ∈ U there must exist a r(p) > 0 such that
B(p, r(p)) ⊂ U . Let r(p) < injrad(p) (without loss of generality). Then B(p, r(p)) =
expp

(
B(0, r(p))

)
is the image of an open subset of TpM under a diffeomorphism

(hence a homeomorphism). Hence, it is open itself. We now haveU =
⋃
p∈M

B(p, r(p)),

i.e. a union of open subsets ofM , thus U is open.
Claim: Every open set is d-open.
The proof is similar to the first claim.

Collorary 3.59. The map d : M ×M → R is continuous.

Finally, we will show that every shortest curve between two points is a geodesic
(although, as we have seen, the converse need not be true).

Lemma 3.60. Let M be a Riemannian manifold and c : [a, b] → M a continuous,
piecewise C1-curve. Then

L[c]2 ≤ 2(b− a) · E[c]

where the equality holds if c is a geodesic.

Proof. This follows from the Cauchy-Schwarz inequality on square-integrable func-
tions (remember that ‖.‖ =

√
g(·, ·)):

L[c]2 =

(∫ b

a
‖ċ‖ · 1dt

)2

≤
∫ b

a
‖ċ‖2dt ·

∫ b

a
1dt = E[c] · 2(b− a).

By Cauchy-Schwarz, equality holds if and only if 1 and ‖ċ‖ are linearly dependent,
i.e. if g(ċ, ċ) is a non-zero constant (positive since g is positive definite). We call c in
this case "parametrized to proportionally to arc-length". By Lemma 3.40, geodesics
have this property.

Collorary 3.61. A curve c is a geodesic if and only if c minimizes the length and is
parametrized proportionally to arc-length, i.e. g(ċ, ċ) = λ for some constant λ > 0.
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Collorary 3.62. By the above corollary, if c is the shortest curve connecting p and q,
it is a geodesic if and only if it is parametrized proportionally to arc-length.

The converse need not be true. For example, great circles on Sn are geodesics that
connect a point to itself. However, there is only one curve with the shortest length
that connects a point to itself, and it has length 0 – the constant curve.
In light of the discussion on the heat equation – how the heat of a candle dissipates
radially, that is, along geodesics in R3 – we can generally predict that the heat will
spread out along geodesics in any Riemannian manifold. The above tells us that if
there is a shortest curve between two points, the heat will travel along that curve.
Let us conclude this chapter with definitions that come in useful with discussing the
heat equation and Brownian motion on Riemannian manifolds.

Definition 3.63. A geodesic c : [a, b]→M is calledminimal if

L[c] = d
(
c(a), c(b)

)
.

Definition 3.64. Let c : [0, b]→M(b > 1) be a geodesic so that p := c(a) ∈M and so
that c(t) := expp(tξ) for some ξ ∈ TpM . Then, the set of tangent vectors ξ for which c
is a minimal geodesic for t ∈ [0, 1] but not minimal for 1 < t < b is called the cutlocus
in TpM . The cutlocus inM is defined as

expp
(
cutlocus of TpM

)
.

Wemay interpret the cutlocus of p inM as the points in themanifoldwhere geodesics
starting at p stop being minimizing (hence, it is easier to describe points outside of
the cutlocus – we will get back to this in Chapter 6).

Definition 3.65. Let p ∈M . We callM geodesically complete at p if expp is defined
everywhere on TpM , that is, if all geodesics through p are defined everywhere on
R. If M is geodesically complete at all q ∈ M we call M a geodesically complete
Riemannian manifold.

As it turns out, by the Hopf-Rinow Theorem [2] M being a complete Riemannian
manifold is equivalent to (M,d) being a complete metric space, and equivalent toM
being geodesically complete at a single point. Also by Hopf-Rinow,M is a complete
Riemannian manifold if all closed balls of the form B̄(p, r) with p ∈ M, r > 0 are
compact.
It follows that any compact Riemannian manifold is geodesically complete.
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Part II

Heat Equation and Brownian
Motion
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4. Heat Equation on Riemannian
Manifolds
This chapter contains the discussion on the heat equation on Riemannian manifolds.
In particular, we prove that the fundamental solution or heat kernel of the heat equation,
i.e. the solution of the heat equation whose initial condition is a point heat source,
exists and is unique on all Riemannian manifolds. In this chapter, we will restrict
ourselves to compact Riemannian manifolds without boundary (the case where the
compact Riemannian manifold has a boundary will be discussed in Chapter 5). To
be able to discuss all this, we need theory on differential- and Riemannian geometry
from the preceding chapters.

4.1 The heat equation

The heat equation is a partial differential equation that describes how heat is dis-
tributed over space and how that distribution changes over time. Usually, solutions
to this equation can be interpreted as temperature. By the second law of thermo-
dynamics, heat will always move from hotter areas to colder areas. Intuitively, the
rate at which the temperature changes is proportional to the change in the slope of
the spatial temperature distribution, i.e. a second spatial derivative. On R, the heat
equation reads

∂u

∂t
=
∂2u

∂x2
.

More generally, the heat equation on Rn reads

∂u

∂t
= ∆u (4.1)

where ∆ :=
∑n

i=1
∂2

∂xi2
is the Laplace operator on Rn representing the second spatial

derivative. Given an open subset U ⊂ Rn and an open interval I ⊂ R, a function
u : U × I → R is called a solution of the heat equation if it is C1 in the t-parameter, C2

on the spatial parameter and satisfies Equation (4.1). Oftentimes, the heat equation
is described using an operator.

Definition 4.1. The heat operator is the operator

L := ∆− ∂

∂t

so that the heat equation (4.1) becomes

Lu = 0.

Naturally, to describe the flow of heat in a certain body, we must have some initial
condition as to where the heat is concentrated at t = 0 (else, there is no heat to
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distribute!). Hence, the (homogeneous) heat equation is given by{
Lu(x, t) = 0 (x, t) ∈ Rn × (0,∞)

u(x, 0) = f(x) x ∈ Rn
(4.2)

for some initial distribution f(x). We aim to study the heat equation on Riemannian
manifolds. By Chapters 2 and 3, we know how to differentiate a solution u with
respect to t, but the Laplace operator is more subtle. The next section includes
theory on the Laplace operator on Riemannian manifolds (M, g) called the Laplace-

Beltrami operator induced by the metric g, denoted ∆g. Then, we will dive into the
fundamental solution onRn beforewe discuss the fundamental solutions on compact
Riemannian manifolds. We largely follow the discussions from [3], [5] and [6].

4.2 The Laplace-Beltrami operator

In this section, we assume that (M, g) is an n-dimensional Riemannianmanifold. Let
f ∈ C∞p (M) and remember that the differential at p ∈ M , df |p : TpM → R is linear,
meaning df |p ∈ T ∗pM . For a chart x : U → V we have

df =
∂f

∂xi
dxi.

The non-degenerateness of all g|p implies that there exists a unique vector field on
the tangent bundle TM , called the gradient of f and denoted by grad f so that

g|p
(
(grad f)(p), ξ

)
= df |p(ξ) for all ξ ∈ TpM.

Let us formally define this.

Definition 4.2. The gradient induced by metric g is the linear operator

grad : C∞p (M)→ Ξp

so that
g|p
(
(grad f)(p), η

)
= df |p(η) for all η ∈ Ξp.

Let us express the gradient vector field in terms of chart x (i.e. local coordinates).
Write, with coefficient functions ai,

grad f = ai
∂

∂xi
.

Then we find

∂f

∂xj
=

∂f

∂xi
dxi
(

∂

∂xj

)
= df

(
∂

∂xj

)
= g

(
ai

∂

∂xi
,
∂

∂xj

)
= aig

(
∂

∂xi
,
∂

∂xj

)
= aigij .
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Now, we canmultiply both sides with the inverse matrix of gij , namely (gij)ij , to find
ai = gij ∂f

∂xj
. Hence, we obtain

grad f =
∂f

∂xj
gij

∂

∂xi
. (4.3)

Next, we discuss the divergence operator that acts on vector fields in Ξp and returns a
function in C∞(M).
Definition 4.3. The divergence induced by metric g is the linear operator

divg : Ξp → C∞p (M),

defined in local coordinates as, for a chart x : U → V with p ∈ U ,

divg(η) = dxi
(
∇ ∂

∂xi
η

)
with Levi-Civita Connection ∇ (we leave out evaluations at p here and will do so in
the following).
Let us rewrite this expression in terms of the metric g [7]. First we write η = ηj ∂

∂xj
.

By Equation (3.7) we can write

∇ ∂

∂xi
η =

∂ηj

∂xi
∂

∂xj
+ ηj∇ ∂

∂xi

∂

∂xj
=
∂ηj

∂xi
∂

∂xj
+ ηjΓkij

∂

∂xj

and thus, since dxi( ∂
∂xj

) = δij , we find

divg(η) =
∂ηi

∂xi
+ ηjΓiij

(note how this turns into the regular divergence inRn, where the Christoffel symbols
vanish).
Next, we apply Equation (3.11) to find

Γiij =
1

2
gik
(
∂gik
∂xj

+
∂gjk
∂xi

− ∂gij
∂xk

)
=

1

2
gik

∂gik
∂xj

=
1

2
Tr
(

(gik)
∂

∂xj
(gik)

)
∗
=

1

2

∂
∂xj

det(gik)

det(gik)

where, at ∗, we used the theorem from [8] and the fact that gik is the inverse of gik.
Hence, by simply rewriting conveniently and using the product rule backwards, we
arrive at

divg(η) =
∂ηi

∂xi
+ ηjΓiij

=
1√

det(gkl)

√
det(gkl)

∂ηi

∂xi
+

1√
det(gkl)

1

2
√

det(gkl)

∂

∂xj
(

det(gkl)η
j
)

=
1√

det(gkl)

∂

∂xj

(
ηj
√

det(gkl)

)
.

(4.4)
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We are now equipped to define the Laplace-Beltrami operator.

Definition 4.4. The Laplace-Beltrami operator on (M, g) is the linear operator

∆g : C∞p (M)→ C∞p (M)

defined by
∆g := divg ◦ grad .

Its linearity follows from the linearity of divg and grad. Moreover, we have that

∆g(f · h) = f ·∆g(h) + ∆g(f) · h+ 2g(grad f,grad h). (4.5)

We express ∆g in terms of chart x as, using Equations (4.3) and (4.4),

∆g =
1√

det (gkl)

∂

∂xi

(
gij
√
det (gkl)

∂

∂xj

)
. (4.6)

We can also look at the Laplace-Beltrami operator in geodesic normal coordinates.
Fix p ∈ M . Denote the associated chart with y. By Proposition 3.50 and using
Lemma 3.57 we find that gij = δij with determinant 1 for all q ∈ injrad(p) so that its
derivatives with respect to the components of y vanish. Hence, we find

∆gf =

n∑
i=1

∂f

∂yi

in normal geodesic coordinates.

Let us look at some examples.

Example 4.5. ConsiderM = Rn. By example 3.11 we have that (gEucl)ij = δij for all
x ∈ Rn. Plugging this in Equation (4.6) we obtain straightforwardly

∆gEucl =

n∑
i=1

∂2

∂xi2

as we have seen in Section 4.1.

Example 4.6. Consider M = S2, i.e. the 2-sphere. Consider the standard metric in
spherical coordinates

g
sph
std (φ, θ) =

(
sin2 θ 0

0 1

)
from Example 3.16. Its determinant is equal to sin θ. Hence, we get by Equation (4.6)

∆
g
sph
std

=
1

sin θ

(
∂

∂θ

(
sin θ

∂

∂θ

)
+

∂

∂φ

(
1

sin θ

∂

∂φ

))
=

1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1

sin2 θ

∂2

∂φ2
.

(4.7)
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4.3 Heat equation on Riemannian manifolds and the Funda-
mental Solution

Let (M, g) be a compact Riemannianmanifoldwithout boundary throughout the rest
of this chapter. We define the heat operator for Riemannian manifolds similar to the
definition on Rn.

Definition 4.7. The heat operator on (M, g) is the operator

L := ∆g −
∂

∂t

so that the heat equation becomes{
Lu(x, t) = 0 (x, t) ∈M × (0,∞)

u(x, 0) = f(x) x ∈M
(4.8)

for some initial distribution f(x).

Before we go ahead and prove some interesting properties of the Riemannian mani-
fold version of the heat equation, we must define how to integrate over (subsets of)
a Riemannian manifold. The exact definition involves differential formswhich we will
not go into here.

Definition 4.8. Let J be a finite indexing set so that {Uj , xj}j∈J is an atlas ofM (this
is possible sinceM is assumed to be compact). Moreover, let {ρj}j∈J be a partition
of unity subordinate to {Uj , xj}j∈J . We can represent an (infinitesimal) volume
element of (M, g) by the differential form ωg. Therefore, we define the integral over
M as ∫

M
ωg =

∑
j∈J

∫
Uj

ρjωg :=
∑
j∈J

∫
xj(Uj)

(
xj(ρjωg)

)
where we can interpret the latter integral as an integral over a subset of Rn for
infinitesimal volume elements dVj := xj(ρjωg) in the usual sense. In short, we
use the compactness and the homeomorphisms with subsets of Rn to formalize an
integration technique. Instead of writing the ωg differential form, we will write a
volume element (depending on spatial variable x and metric g) as dVg(x) (cf. [5]).

First, let us show that the solution to the heat equation (4.8) is unique. To this end,
note that umust be a square-integrable function. Then, we can show that u(x, t) is a
decreasing function in t (with respect to the L2-norm, defined on a manifold M by
‖u‖L2 =

∫
M |u(x, t)|2dVg(x)).

Lemma 4.9. Let u(x, t) solve the heat equation. Then t 7→ ‖u(·, t)‖L2 is decreasing
with t.

Proof. We have that

d

dt
‖u(·, t)‖2L2 =

∫
M

∂

∂t

(
u(x, t)u(x, t)

)
dVg(x)

= 2

∫
M
u(x, t)

∂

∂t
u(x, t)dVg(x)

= −2

∫
M
u(x, t)∆gu(x, t)dVg(x)

= −2‖∆gu(·, t)‖L2 ≤ 0.
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Lemma 4.10. Let u(x, t) solve the heat equation (4.8). Then the solution is unique.

Proof. Suppose that u1 and u2 are two are solutions, then u := u1−u2 is a solution to{
Lu(x, t) = 0 (x, t) ∈M × (0,∞)

u(x, 0) = 0 x ∈M
.

Since u(x, t) is a decreasing function in t and ‖u(·, 0)‖L2 = 0, we must have that
‖u(·, t)‖L2 = 0 for all t > 0 and hence u(x, t) = 0 for all x ∈ M, t ∈ (0,∞). Hence
u1 = u2.

Next, we introduce Duhamel’s Principle. This is a mathematical trick that we use to
show uniqueness of the fundamental solution (which will be formally defined later
on).

Proposition 4.11. (Duhamel’s Principle). Let u, v : M × (0,∞) → R be maps that
are C2 in the first parameter and C1 on the second. Let t > 0 and let a, b such that
a < b and [a, b] ⊂ (0, t). Then, we have∫

M
u(y, t− a)v(y, a)− u(y, t− b)v(y, b)dVg(y)

=

∫ b

a

∫
M
Lu(y, t− s)v(y, s)− u(y, t− s)Lv(y, s)dVg(y) ds.

Proof. We write out

Lu(y, t− s)v(y, s)− u(y, t− s)Lv(y, s)

= ∆gu(y, t− s)v(y, s)− u(y, t− s)∆gv(y, s) +
∂

∂s
u(y, t− s)v(y, s)− u(y, t− s) ∂

∂s
v(y, s)

= ∆gu(y, t− s)v(y, s)− u(y, t− s)∆gv(y, s)− ∂

∂s

(
u(y, t− s)v(y, s)

)
.

First of all, upon integrating over the spatial parameter y we find that the first two
terms cancel each other out. This follows from the fact that the Laplace-Beltrami
operator is formally self-adjoint. This property is a direct result of Green’s theorem
and the fact that, in this case, the boundary ofM is empty. For a detailed derivation
of formal self-adjointness, see [6].
Next, integrating with respect to s from a to b gives(∫

M

(
u(y, t− s)v(y, s)

))∣∣∣∣s=b
s=a

which yields the wanted result.

Let us now define the fundamental solution of the heat equation. Assuming, for
now, that such a solution exists, we will show that it must be unique. Existence will
take more rigor to prove.

Definition 4.12. Let Lx be the heat operator where the Laplace-Beltrami operator
acts on the variable x. The fundamental solution (also called heat kernel) is given
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by a continuous function p : M ×M × (0,∞)→ Rwhich is C2 with respect to spatial
parameters x, y ∈M and C1 with respect to the temporal parameter t and satisfies

Lxp(x, y, t) = 0 and lim
t→0

p(·, y, t) = δy

where δy is the Dirac delta function at y ∈M i.e. it is infinite at y and zero elsewhere
and has integral 1, so that we have

lim
t→0

∫
M
p(x, y, t)f(x)dVg(x) = f(y)

for all bounded maps f : M → R. We can interpret the fundamental solution as a
solution to the heat equation that describes how heat dissipates from a point source

at y ∈M with a temperature of 1. Then, for any initial distribution f(y) we can find
a solution by "superposition": we think of the f(y) as an infinite set of infinitesimal
point sources with finite temperature (≤ 1) and integrate over all of them:

u(x, t) =

∫
M
p(x, y, t)f(y)dVg(y).

Proposition 4.13. The fundamental solution to the heat equation (4.8) onM is sym-
metric in the two spatial variables x, y. Moreover, it is unique (here, we assume that
it exists).

Proof. Suppose that there are two fundamental solutions p1 and p2. Fix the points
x, z ∈ M . We are going to apply Duhamel’s principle to u(y, t) = p1(x, y, t) and
v(y, t) = p2(z, y, t). Note that the right hand side of Duhamel’s principle vanishes
since Lp1 = Lp2 = 0. Thus, we have∫

M
p1(x, y, t− a)p2(z, y, a)− p1(x, y, t− b)p2(z, y, b)dVg(y) = 0.

Now, let the parameters a and b approach 0 and t, respectively. Then p2(z, y, a)→ δx
and p1(x, y, t− b)→ δz , hence we get that p1(x, z, t)− p2(z, x, t) = 0 or

p1(x, z, t) = p2(z, x, t).

We can repeat the previous steps with a single fundamental solution p (i.e. set
p1 = p = p2) to find that for all fundamental solutions pwe have p(x, z, t) = p(z, x, t),
that is, they are symmetric in the spatial variables. Now we know that p1(x, z, t) =
p1(z, x, t) = p2(z, x, t) and therefore we have that p1 must agree with p2 onM ×M ×
(0,∞). Thus, the fundamental solution is unique.

Collorary 4.14. Since the fundamental solution p(x, y, t) is symmetric in the spatial
variables x and y, the operators Lx and Ly act equivalently on p.

An interesting property of the fundamental solution is that it integrates (spatially) to
1. To show this, we introduce the inhomogeneous heat equation and we prove a useful
lemma.

Definition 4.15. Let f : M → R be C2 and let F : M × (0,∞) be C2 onM and C1 on
(0,∞) (assume both are not trivial maps). Then the inhomogeneous heat equation
is given by {

Lu(x, t) = F (x, t) (x, t) ∈M × (0,∞)

u(x, 0) = f(x) x ∈M
. (4.9)
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We also refer to Equation (4.8) as the homogeneous heat equation.

Remark notice that the inhomogeneous heat equation also has a unique solution.
Just repeat the proof of the homogeneous case (L(u1−u2) must then be zero as well).

Physically, we can interpretLu(x, t) = F (x, t) as the presence of somekindof external
heating or refrigeration process governed by F .

Lemma 4.16. Let f : M → R be C2 and let F : M × (0,∞) be C2 on M and C1 on
(0,∞). Then the solution to inhomogeneous heat equation (4.9) is given by

u(x, t) :=

∫
M
p(x, y, t)f(y)dVg(y) +

∫ t

0

∫
M
p(x, y, s)F (y, t− s)dVg(y) ds.

Proof. Let x ∈ M be fixed and let u be the solution to the inhomogeneous heat
equation (4.9). We apply Duhamel’s principle to u and v(y, t) := p(x, y, t). Then,
since Lu = F and Lp = 0 we obtain∫
M
u(y, t−a)p(x, y, a)−u(y, t−b)p(x, y, b)dVg(y) =

∫ b

a

∫
M
F (y, t−s)p(x, y, s)dVg(y)ds.

Now, let a→ 0 and b→ t so that the first term of the integrand in the left hand side
vanishes and u(y, t − b) → f(y). Then rearranging the equation yields the desired
expression.

Collorary 4.17. For a fundamental solution pwe have∫
M
p(x, y, t)dVg(y) = 1.

Proof. Let u(x, t) ≡ 1 so that it satisfies the homogeneous heat equation (i.e. F ≡ 0)
with initial distribution f ≡ 1. Then, by Lemma 4.16 we get the assertion immedi-
ately.

Collorary 4.18. Let t, s > 0. Then, for fundamental solution pwe have

p(x, z, t+ s) =

∫
M
p(x, y, t)p(y, z, s)dVg(y).

Proof. Let y ∈M be fixed. Then u(z, s) := p(z, y, t+ s) solves the homogeneous heat
equation with initial distribution f(x) = p(x, y, t). Hence, by Lemma 4.16 we get the
assertion.

4.4 The fundamental solution on Rn

The reader might be confused by the fact that we have been talking about the heat
equation onRiemannianmanifolds and then "suddenly" turn toRn again. The reason
for this is that we give the process of arriving at the existence (and formulas) of the
fundamental solutions for compact Riemannian manifolds rather than just state it
and prove it directly. The fundamental solution onRn is not only a good warm-up, it
provides a very useful ansatz for determining the fundamental solution on compact
Riemannian manifolds.
Before continuing, let us give a brief reminder on basic Fourier transform theory.



Chapter 4. Heat Equation on Riemannian Manifolds 52

Definition 4.19. Let f ∈ C∞(Rn), then its Fourier Transform is given by

f̂(ξ) :=
1

(2π)n/2

∫
Rn
e−ixξf(x)dx.

Remark. In the above definition, f need not be a function, but can be a distribution
as well. For example, the Fourier transform of 1 is a Dirac delta function.

Definition 4.20. Let f, g ∈ L2(Rn), i.e. square-integrable functions. Then their
convolution product is given by

(f ∗ g)(x) =

∫
Rn
f(x− y)g(y)dy.

Lemma 4.21. Some well-known results on Fourier Transforms include:

(i) (f ∗ g)̂ = f̂ · ĝ

(ii) (f · g)̂ = f̂ ∗ ĝ

(iii) f(x) =
∫
Rn e

ixξ f̂(ξ)dξ

(iv) (f ′)̂(x) = i · ‖x‖f̂(x).

Assume now that p(x, y, t) is the fundamental solution on Rn. Then, for initial
distribution f(x),

u(x, t) =

∫
Rn
p(x, y, t)f(y)dy

solves homogeneous heat equation (4.2). In the following, ’ˆ’ will denote a Fourier
transform in the spatial variable, ‖.‖ will denote the Euclidean norm and ∂t will
denote the partial derivative with respect to t. Then, we get

‖y2‖û(y, t) =
n∑
i=1

y2
i û(y, t)

(iv)
= (−

n∑
i=1

∂2

∂xi2
u)̂(y, t)

= (−∆u)̂(y, t)

= −∂̂tu(y, t) = −∂tû(y, t).

For fixed x and y, this is an ordinary differential equation in the variable t that has
the solution

û(y, t) = h(y)e−t‖y‖
2

for some map h : Rn → R so that h(y) = û(y, 0) = f̂(y). Hence we write û(y, t) =

f̂(y)e−t‖y‖
2

= f̂(y)e−‖
√

2ty‖2/2 and we apply (iv) again to find

û(y, t) = f̂(y)
( 1

(2t)n/2
e−‖.‖

2/4t
)̂

(y).

Hence, by (i),

û(·, t) =

(
f ∗
[

1

(2t)n/2
e−‖.‖

2/4t

])̂
.
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In other words, we have by definition of the Fourier transform

u(y, t) = f ∗
[

1

(2t)n/2
e−‖.‖

2/4t

]
(y) =

1

(4πt)n/2

∫
Rn
f(x)e−‖y−x‖

2/4tdx

and therefore we must have

p(x, y, t) =
1

(4πt)n/2
e−‖y−x‖

2/4t

and there we have it – the fundamental solution of the heat equation in Rn. We still
have to prove this, but first, let’s discuss this result. First, observe that p(x, y, t) ≥ 0
for all x, y ∈ Rn, t ∈ (0,∞).
Earlier, we motivated that the angle at which you hold your hand near a candle is
irrelevant in terms of the temperature you feel, as long as the distance to the candle
is constant. However, it seems logical that the temperature you feel does depend on
the distance. That is, if your hand is only a millimeter away from the fire, it will
burn. On the other hand, if your friend Rik who lives 10 kilometres away lights
a candle, you cannot feel it. The fundamental solution provides these insights as
well - if x ≈ y, the felt temperature is about 1 (i.e. u(x, t) = 1 with f(y) = δy).
On the other hand, if ‖x‖ � ‖y‖, the exponential factor ensures that u(x, t) → 0.
Now, we can ask ourselves the question: how does the felt temperature change for
intermediate distance from the candle (i.e. not too close and not too far) (in this
case, we assume that the candle keeps on burning, so that the heat distribution does
not change and we can "fix" t)? Notice that p is exactly given by an n-dimensional
Gaussian distribution for a fixed t. It is a well-known result (from i.e. statistical
physics) that the Gaussian distribution above approaches the Dirac delta function
δ(y − x) =: δx(y) as t→ 0. Hence we have the following: the moment a candle is lit
(t = 0), we have the "point source" of heat in the form of a Dirac delta. After that, the
heat spreads out like a Gaussian distribution until it finds a steady-state distribution.
When the candle is blown off (somehow without moving the surrounding air), the
steady-state distribution slowly approaches a uniform distribution of a temperature
of (nearly) 0. The Gaussian nature of the fundamental solution already hints towards
probabilistic phenomena such as Brownian motion, but more on that later.

Proposition 4.22. The function p : Rn × Rn × (0,∞)→ [0,∞) given by

p(x, y, t) =
1

(4πt)n/2
e−‖y−x‖

2/4t (4.10)

is the fundamental solution for the heat equation on Rn.

Proof. It is easy to check that Lyp = 0. We have yet to prove that limt→0 p(x, y, t) =
δx(y). First, let us show that p integrates to unity. This follows directly from the fact
that it is a Gaussian probability distribution, but we show it here nonetheless. We
will use integration with "n-spherical coordinates", i.e. we integrate p over a sphere
Sn−1 with radius r andmidpoint x and then integrate over all values of r. We denote
the "direction" (i.e. all angles that define a point on a sphere) with ξ and we look
at y = x + rξ. The Jacobian is known the be rn−1 by going from

∫
Rn to

∫∞
0

∫
Sn−1(x),
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hence ∫
Rn
p(x, y, t)dy =

∫ ∞
0

∫
Sn−1(x)

p(x, x+ rξ, t)rn−1dξdr

=

∫ ∞
0

∫
Sn−1(x)

1

(4πt)n/2
e−r

2/4trn−1dξdr

∗
=

∫ ∞
0

∫
Sn−1(x)

1

(4πt)n/2
e−s

2
sn−1(4t)(n−1)/2

√
4tdξdr

= π−n/2
∫ ∞

0

∫
Sn−1(x)

e−s
2
sn−1dξds

= π−n/2
∫
Rn
e−‖y‖

2
dy = 1.

where at ∗ we made the substitution s2 := r2/4t so that ds = 2
√
tdr and rn−1 =

sn−1(4t)(n−1)/2. In the last step we used the Gaussian integral and in the step before
that we returned to usual integration hence dividing by Jacobian sn−1 and introduc-
ing the norm.
Now let f : Rn → R be a bounded map. Let R > 0 and let Bρ(x) be the open ball
around xwith radius ρ := 2

√
tR. Then we have by the triangle inequality∣∣∣∣f(x)−

∫
Rn
p(x, y, t)f(y)dy

∣∣∣∣ =

∣∣∣∣ ∫
Rn
p(x, y, t)(f(x)− f(y))dy

∣∣∣∣
≤
∣∣∣∣ ∫

Bρ(x)
p(x, y, t)(f(x)− f(y))dy

∣∣∣∣+

∣∣∣∣ ∫
Rn\Bρ(x)

p(x, y, t)(f(x)− f(y))dy

∣∣∣∣
≤ 1 · sup

y∈Bρ(x)
|f(x)− f(y)|+

∫ ∞
ρ

∫
Sn−1

p(x, x+ rξ, t)|(f(x)− f(x+ rξ))|rn−1dξdr

where, in the last step, we used the following: in the first term, the integral cannot be
larger than the supremum of the integrand multiplied by the integral over p, which
is 1. In the second termwe switched to n-spherical coordinates and excluded the ball
Bρ(x). Moreover, we used the "triangle inequality" for integrals, i.e. |

∫
f(x)dx| ≤∫

|f(x)|dx. We are now to show that the expression above vanishes as R → ∞ and
t→ 0, since then we have that

f(x) = lim
t→0

∫
Rn
p(x, y, t)f(y)dy

and hence that limt→0 p(x, y, t) = δx(y).
The idea is as follows: we choose R to be very large, but not approaching infinity.
Then, we let t → 0 so that ρ → 0 and the first term vanishes. Next, we do the
substitution r → 2

√
ts (so that we integrate from R instead of ρ). Moreover, if f

is bounded by constant C, then |f(x) − f(x + rξ)| ≤ 2C maxy∈Rn Bρ(x) =: 2C‖f‖∞.
Thus, call the second term T2, then we have

T2 ≤
∫ ∞
R

∫
Sn−1

p(x, x+ 2
√
ts, t) · 2‖f‖∞ · (2

√
ts)n−1 · 2

√
tdξds

=

∫ ∞
R

e−s
2
sn−1 · 2‖f‖∞ds

∫
Sn−1

dξ

where we see that the influence of t vanishes by taking into account the Jacobian of
the substitution. The integral over the sphere will yield an n-dimensional "volume"
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that is finite and hence, as R→∞, this expression vanishes as well.

Now we are done! Let us get back to the fundamental solution on compact Rieman-
nian manifolds and see how the result in Rn can help us.

4.5 Fundamental solutionon compactRiemannianmanifolds

Before diving into the fundamental solution, let us make a setting.
Let p ∈ M and let ε = infp∈M (injrad(p)) so that the exponential map expp is a
diffeomorphism on Bε(0) ∈ TpM for all p ∈ M . Then, let q ∈ Bε(p) := expp(Bε(0)).
We are going towrite points in polar coordinates. That is, q = expp(rξ)with r ∈ (0, ε)
and ξ ∈ Sn−1(0) ⊂ TpM . We can write the Laplace-Beltrami operator on Rn from
Equation (4.6) can be written in terms of geodesic polar coordinates, i.e. a radial
operator ∂r := ∂

∂r and a Laplace-Beltrami operator for the metric induced on the
geodesic sphere with radius r around p, Sn−1

r (p) ⊂ M , here denoted gS , as follows
[6]:

∆g = ∂2
r +

∂r
(√

det(gij)∂r
)√

det(gij)
+ ∆gS .

Now, we wish to find the fundamental solution on compact Riemannian manifolds.
We are inspired indeed by the fundamental solution on Rn given by Equation (4.10).
Since we have developed a notion of distance on Riemannian manifolds, we can
try the exact same solution but in terms of Riemannian distance d(p, q) rather than
‖y− x‖2 – the distance on Rn. Note that for a q = expp(rξ) we have that d(p, q) = r is
the length of the geodesic connecting p and q (the "radial" geodesic). Outside ofBε(p)
things become a bit messy since we do not know what the geodesic is and distance
becomes harder to define. Therefore, consider the set of all ε-balls around all points
in M Vε :=

{
(p, q) ∈ M ×M | q ∈ Bε(p)

}
. Now, we can imitate the fundamental

solution in Rn (and thus turning back to x, y instead of p, q) by defining the function
G : Vε × (0,∞)→ R defined by

G(x, y, t) :=
1

(4πt)n/2
e−d(x,y)2/4t.

Now, this function may not be defined everywhere onM but let us ignore that, since
we have a bigger problem: G does not solve the heat equation! Let us check this. In
geodesic polar coordinates, we have

G(x, y, t) =
1

(4πt)n/2
e−r

2/4t

and letting ∆g work on the variable y we get

∆gG = ∂2
rG+

∂r
(√

det(gij)∂r
)
G√

det(gij)
+ ∆gS = ∂2

rG+ ∂rG
∂r
√

det(gij)√
det(gij)

since G is independent of ξ so ∆gSG = 0.
Next, let us define the auxiliary function Fx : Bε(x)→ R by

Fx(y) :=

√
det(g|y)ij
rn−1

, Fx(x) = 1
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where g|y is the metric at y with respect to the geodesic polar coordinates coming
from x.

Lemma 4.23. The function Fx : Bε(x)→ R is smooth and strictly positive.

Proof. This follows from the fact that the metric is positive definite and smooth.
By positive-definiteness, we see that the determinant of the metric at y is positive.
Moreover, on Bε(x)\{x} we have that 0 < r = d(x, y) < ε and hence the function
y 7→ 1/d(x, y)n−1 = 1/rn−1 is positive and smooth. Hence, so must be Fx. Finally,
we are left to show that Fx is continuous in x. If we let y → x, or equivalently r → 0,
we see that the metric in normal geodesic coordinates approaches δij (Proposition
3.50(ii)). Hence, the metric in geodesic polar coordinates approaches the Euclidean
polar metric

gpolar =


1 0

r2

. . .
0 r2

 .

The case n = 2 was derived in Example 3.11. Note that det(gpolar) = r2(n−1). Hence,
we see that

lim
y→x

Fx(y) =
rn−1

rn−1
= 1

and hence Fx is smooth on all of Bε(x). We conclude in particular that the root, the
derivative and the inverse of Fx are well-defined on Bε(x).

We now compute

∂tG =

(
n

2t
+
r2

4t2

)
G

while

∆gG = −∂2
rG− ∂rG

(
∂rFx
Fx

+
n+ 1

r

)
=

(
n

2t
+
r2

4t2

)
G+

r

2t

∂rFx
Fx

G 6= ∂tG.

Thus, G does not work. Hence, we have two options at this point: start over and try
a new solution, or modify G so that it does solve the heat equation. The reader may
have guessed that we tend to go for the latter option.
Now, how do we go about modifying G? Well, the second term of ∆gG makes it so
that it does not solve the heat equation. This termwill blow up as t→ 0. To this end,
we can try to multiplyG by some function and a power of t. But which power do we
choose? Answer: well, all of them! Let, for all k ∈ N the function Sk : Vε×(0,∞)→ R
be given by

Sk(x, y, t) := G(x, y, t)

k∑
i=0

ui(x, y)ti

with maps ui : Vε → M (note that ti represents "to the power of i"). We hope to
determine the ui so that LySk = 0. As mentioned, the spoiler is that we will not get
this, but we will make it so that LySk → 0 as t → 0 with "speed of convergence"
similar to tk−n/2.
Let us compute LySk. First, we compute the Laplace-Beltrami operator acting on Sk
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using Equation (4.5):

∆g(Sk) =∆gG ·
( k∑
i=0

ui(x, y)ti
)

+G ·
( k∑
i=0

∆g(ui(x, y)ti)

)
+ 2g

(
grad G,grad (u0 + . . .+ tkuk)

)
.

Since G is independent of ξ, the gradient of G involves only radial derivatives. Also,
in geodesic polar coordinates, g(∂r, ∂ξ) = 0 and g(∂r, ∂r) = 1. (compare to the polar
metric in R2 and the paraboloid in Examples 3.11, 3.15). Hence we get that the last
term is equal to 2∂rG(∂ru0+. . .+tk∂ruk) = r

t (∂ru0+. . .+tk∂ruk)G. By the discussion
on G not solving the heat equation, it follows that LyG = r

2t
∂rFx
Fx

G. Hence, we find

LySk = G ·
( k∑
i=1

uit
i−1 +

r

2t

∂rFx
Fx
·
( k∑
i=0

uit
i
)

+
r

t

( k∑
i=0

ti∂rui
)

+
k∑
i=0

∆gui

)
(4.11)

where the first term in the parentheses denotes ∂t
∑k

i=0 uit
i.

What we want to do is build the ui so that

LySk = G · tk ·∆guk (4.12)

so that it vanishes like tk−n/2 (since G ∝ t−n/2). We can rearrange the terms in
Equation (4.11) and "force" it to be equal to Equation (4.12) to find the system of
equations

r∂ru0 +
r

2

∂rFx
Fx

u0 = 0

r∂rui +
r

2

(
∂rFx
Fx

+ i

)
ui + ∆g(ui−1) = 0, i = 1, . . . , k.

The first equation yields u0(x, y) = f(ξ)F
−1/2
x (y) for some function f of the angular

variables ξ in geodesic polar coordinates coming from x. However, we want u0 to be
defined on y = x (i.e. r = 0) thus f must be constant (independent of the angles).
We set it to 1 so that

u0(x, y) = F−1/2
x (y) =

r(n−1)/2(
det(g|y)ij

)1/4 , u0(x, x) = 1.

Next, we show the existence of ui for all other 1 ≤ i ≤ k. The second equation in the
system is rather hard to solve, thus we use the fact that vi = fr−iF

−1/2
x for a function

of angles f = f(ξ) solves the simpler equation

r∂rvi +

(
r

2

∂Fx
Fx

+ i

)
vi = 0.

We can then make an "ansatz" by using the chain rule backwards, given by

ui := hr−iF−1/2
x
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for some function h dependent on distance r, h = h(r). Plugging this into the second
equation, we see that ui satisfies it if we have

∂rh+ F 1/2
x ∆g(ui−1)ri−1 = 0.

To wrap up, denote the geodesic between x and y as c. For fixed x, the function
∆gui−1(x, y) is a function of r = d(x, y) along c, hence we can simply find h by
integrating with respect to r:

h(r) =

∫ r

0
F 1/2
x

(
c(s)

)
·∆g

(
ui−1(c(s), y)

)
si−1ds

and we can conclude that Equation (4.12) is satisfied as long as

ui(x, y) = (d(x, y))−iF−1/2
x (y)

∫ d(x,y)

0
F 1/2
x

(
c(s)

)
·∆g

(
ui−1(c(s), y)

)
si−1ds.

Remark. Here, we evaluate the geodesic c in terms of distance instead of "curve
parameter" t as usual. We can do this because of the fact that geodesics are unique
and minimizing within injectivity radii (i.e. outside of the cutlocus). For example,
say that x = c(a) and y = c(b), then we have c(0) := c(a), c

(
d(x, y)

)
:= c(b) and

c
(
d(x, y)/2

)
:= c

(
(a+ b)/2

)
.

Lemma 4.24. The ui are smooth on Vε for all 0 ≤ i ≤ k.

Proof. First, we have that u0 is smooth, since by Lemma 4.23 we have that all the Fx
are smooth on Bε(x). Therefore, ∆gu0 is smooth as well. Then, for u1, plug in u0 in
the integral (which is smooth on Vε), so that u1 is smooth. Note that u1 does not have
a singularity in x = y. If we let y → x, we have that Fx(y)→ 1. Since ∆gu0 is smooth,
it must have no singularities on Vε. Thus, the resulting integral is proportional a
power of d(x, y) of at least 1 and the factor (d(x, y))−1 is cancelled out. A similar
argument goes for u2 using the obtained smoothness of u1. By repeating inductively,
we see that all the ui are smooth.

Let us summarize what we have shown so far:

Proposition 4.25. The set of functions uk ∈ C∞(Vε), k ∈ N defined by the recursion

u0(x, y) = F−1/2
x (y)

uk(x, y) = (d(x, y))−kF−1/2
x (y)

∫ r

0
F 1/2
x

(
c(s)

)
·∆g

(
uk−1(c(s), y)

)
sk−1ds.

satisfies
LySk = G · tk ·∆guk

for all k ∈ N, where Ly = ∆g − ∂t (where ∆g acts on variable y). Moreover, we have
that u0(x, x) = 1 and by plugging this into the recursive formula we get u1(x, x) =
Rg(x)/6 where Rg(x) defines the scalar curvature of (M, g) at x (how much is the
space bent? This is a good question when studying, for instance, gravitation in
spacetime. We will not go into this here).

Thus, we have established a function on all balls inM with the largest radius so that
the Riemannian exponential function is a diffeomorphism on the balls. This function
solves the heat equation in the limit of short time t. The next item on our schedule
towards the fundamental solution is to extend the definition of Sk to all ofM instead
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Figure 4.1: Bump function. The bump function α(x, y) is zero outside of
the ε-ball and one inside of the ε/2-ball around x (the small half of the ball).
In between (inside of the big half of the ball), α goes from 0 to 1 in a smooth
(in this case linear) manner.

of Vε. To do this, we can employ a "partition of unity"-like function – a "bump"
function that is zero everywhere except on Vε. Then, at the edge, we let the function
continuously increase in value until it reaches Vε/2, where it will be 1 uniformly. In
other words, we define the function α ∈ C∞(M ×M, [0, 1]) as

α(x, y) :=


1 y ∈ Bε/2(x)

D(x, y) y ∈ Bε(x)\Bε/2(x)

0 y ∈M\Bε(x)

(4.13)

where D(x, y) is any smooth, strictly monotone decreasing function (with respect
to d(x, y)) so that D(x, y) → 1 if d(x, y) → ε/2 and D(x, y) → 0 if d(x, y) → ε. An
example of such a bump function is shown in Figure 4.1.
We get that α ≡ 0 on M\Vε and α ≡ 1 on Vε/2. Then, we define the function
Hk : M ×M × (0,∞)→ R by

Hk(x, y, t) := α(x, y)Sk(x, y, t).

This function is actually an extension of Sk from Vε to M (technically, from Vε/2 to
M ) and has some interesting properties hinting towards the fundamental solution.

Lemma 4.26. Let k > n/2. Then, the function Hk ∈ C∞(M ×M × (0,∞)) has the
following properties:

(i) LyHk ∈ C l(M ×M × [0,∞)) for all 0 ≤ l < k − n/2,

(ii) For all x, y ∈M , Hk(x, y, t)→ δx(y) as t→ 0.

(iii) Let τ > 0. There exists a constant A = Aτ such that

‖(LyHk)(·, ·, t)‖L∞(M×M) ≤ Atk−n/2

for all t ∈ [0, τ ].

Proof. We are going to assume l = 0, the other cases follow (since the extension of
LyHk to t = 0, as we will see, vanishes).
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(i) Now, the issue here is that we have to show continuity of LyHk in t = 0. This
is easy for Vε/2, because α ≡ 1 there. Thus, LyHk = G · tk · ∆g(uk) → 0 as
t → 0. Thus, continuity of LyHk is preserved on Vε/2 if we set LyHk = 0 there
for t = 0, i.e. LyHk ≡ 0 on Vε/2 × {0}. For M\Vε it is even easier, since α ≡ 0
here and thus Hk ≡ 0 so we set LyHk = 0 on t = 0 and continuity is preserved
in a similar way.
Finally we extend LyHk to t = 0 on the parts in between, Vε\Vε/2. Here, we have
by Equation (4.5)

LyHk = α · (∆g − ∂t)Sk + ∆g(α) · Sk + 2g
(
grad α,grad Sk

)
which can be written asG(x, y, t) ·f(x, y, t) for some function f ∈ C∞(M×M×
(0,∞)). This function has a singularity in t = 0 coming from grad Sk. That is,
we claim that grad Sk(x, y, t) ∝ 1/t (i.e. has a pole of order 1). Indeed,

grad Sk = G · grad
( k∑
i=0

uit
i

)
+ (grad G) ·

k∑
i=0

uit
i

and we see that the first term yields only nonnegative powers of t, while
grad G ∝ G/t as a result of the exponent. Since d(x, y) > ε/2 > 0 for all
ε > 0 on this domain, we have that G(x, y, t) · f(x, y, t)→ 0 as t→ 0 (due to the
exponential factor) and thus we may also set Hk ≡ 0 at t = 0 here.

(ii) Let f ∈ C∞(M) so that it is bounded and smooth. Remember that Hk =
αG(u0 + . . .+ tkuk). Hence, we want to prove that

f(x) = lim
t→0

k∑
j=0

tj
∫
M
α(x, y)G(x, y, t)uj(x, y)f(y)dVg(y)

= lim
t→0

k∑
j=0

tj

(∫
Bε/2(x)

α(x, y)G(x, y, t)uj(x, y)f(y)dVg(y)

+

∫
M\Bε(x)

α(x, y)G(x, y, t)uj(x, y)f(y)dVg(y)

)
.

We look at this problem for each 0 ≤ j ≤ k separately. Since, for all ε > 0 we
have that d(x, y) > ε/2 on the integration domain of the second term of the last
expression, we see that the exponential factor in G makes the integrand, and
therefore the entire term, vanish as t → 0 (since the uj are smooth). For the
first term, we have on its integration domain α ≡ 1. We write out G(x, y, t)
and we transform to normal coordinates instead of geodesic polar coordinates,
i.e. y → v with y = expx(v), so that we integrate over the tangent space at x,
TxM , which, as we know, is isomorphic to Rn. Denoting J(v) for the associated
Jacobian, we get that this term equals (omitting the summation over j and the
tj): ∫

Bε/2(x)

1

(4πt)n/2
e−d(x,y)2/4tuj(x, y)f(y)dVg(y)

=

∫
TxM

1

(4πt)n/2
e−‖v‖

2/4tuj(x, expx(v))f((expx(v))J(v)dv.
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Nowcomes ahandy insight: OnTxM ∼= Rn, 1
(4πt)n/2

e−‖v‖
2/4t is precisely equal to

the fundamental solution p(0, v, t) which approaches δ0(v) as t→ 0. Therefore,
the above expression approaches uj(x, expx(0))f(expx(0))J(0) and by seeing
that (expx(0) = x) and J(0) = 1 (since there is no change in structure here at 0),
we obtain that∫

M
α(x, y)G(x, y, t)uj(x, y)f(y)dVg(y)→ uj(x, x)f(x) (t→ 0).

Now, using that u0(x, x) = 1 we get∫
M
α(x, y)G(x, y, t)u0(x, y)f(y)dVg(y)→ f(x) (t→ 0)

and for any other 1 ≤ j ≤ k we have

tj
∫
M
α(x, y)G(x, y, t)uj(x, y)f(y)dVg(y)→ 0 (t→ 0)

and hence
k∑
j=0

∫
M
α(x, y)G(x, y, t)uj(x, y)f(y)dVg(y) =

∫
M
H(x, y, t)f(y)dVg(y)→ f(x) (t→ 0).

Thus we may conclude that Hk(x, y, t)→ δx(y) as t→ 0.

(iii) First, note that the assertion holds for t = 0 by item (i). On Vε/2 it is clear,
since here LyHk = G · tk · ∆g(uk) and hence we can choose, for fixed t, A =
sup(x,y)∈(M×M)G(x, y, t)∆g(uk(x, y, t) (which we can do since G and ∆guk are
smooth). Remember that G has a factor t−n/2. On M\Vε we have LyHk ≡ 0
so the assertion holds. From the proof of item (i) we see that, on Vε\Vε/2,
LyHk(x, y, t) = G(x, y, t) ·f(x, y, t) with for a smooth f . Here, we have LyHk →
0 (t → 0) as well. Choose a τ > 0. Since Sk → 0 like tk−n/2 as t → 0,
there must exist a constant so that this is true for all t ∈ [0, τ ] (given that
LyHk ∈ C l(M ×M × [0,∞)).

So far, we have modified G to the extent that we have an expression Hk that ap-
proaches the Dirac delta for small t and that is defined on all ofM ×M × [0,∞). In
addition, it solves the heat equation but only for t = 0 (by the proof of Lemma 4.26(i)).
Thus, this is not yet a fundamental solution. At this point, we are going to need some
understanding of how the heat operator Ly acts on the convolution of functions.
Remember that for F,H continuous and integrable functions onM ×M × (0,∞) we
have the convolution

(F ∗H)(x, y, t) :=

∫ t

0

∫
M
F (x, z, s)H(z, y, t− s)dVg(z)ds

from which it follows that for such an F , we have that F ∗Hk ∈ C l(M ×M × (0,∞))
for all 0 ≤ l < k−n/2. Of course, this only makes sense ifHk is integrable. Showing
this is very subtle and we will not do this here, but it follows from the fact that the
uj and G are integrable.
Let us find out how the heat operator Ly acts on (F ∗Hk)(x, y, t).
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Lemma 4.27. Let F ∈ C0(M ×M × [0,∞)). Then

Ly(F ∗Hk)(x, y, t) = F (x, y, t) +
(
F ∗ (LyHk)

)
(x, y, t).

Proof. Let us first determine the temporal partial derivative. We have

∂t(F ∗Hk)(x, y, t) = ∂t

∫ t

0

∫
M
F (x, z, s)Hk(z, y, t− s)dVg(z)ds

(a)
= lim

s→t

∫
M
F (x, z, s)Hk(z, y, t− s)dVg(z) +

∫ t

0

∫
M
F (x, z, s)∂t

(
Hk(z, y, t− s)

)
dVg(z)ds

(b)
= F (x, y, t) +

∫ t

0

∫
M
F (x, z, s)∂t

(
Hk(z, y, t− s)

)
dVg(z)ds.

Here, we used the Leibniz rule for integration at (a). At (b), we used the fact that s
approaching t means t − s approaching zero and then applying Lemma 4.26(ii) so
that Hk(z, y, t− s)→ δz(y) and hence the integration cancels and we replace z with
y in F (x, z, t).
Now we can compute

Ly(F ∗Hk)(x, y, t) = F (x, y, t) +

∫ t

0

∫
M
F (x, z, s)∂t

(
Hk(z, y, t− s)

)
dVg(z)ds

−∆g

∫ t

0

∫
M
F (x, z, s)Hk(z, y, t− s)dVg(z)ds.

∗
= F (x, y, t) +

∫ t

0

∫
M
F (x, z, s)(∂t −∆g)

(
Hk(z, y, t− s)

)
dVg(z)ds

= F (x, y, t) +

∫ t

0

∫
M
F (x, z, s)Ly

(
Hk(z, y, t− s)

)
dVg(z)ds

= F (x, y, t) +
(
F ∗ (LyHk)

)
(x, y, t).

where we used at ∗ that the integral is over z, not y, and that F (x, z, s) is independent
of y, so ∆g acts only onHk(z, y, t) and thus we can write it inside of the integral and
hence combine the two integrals into one.

At last, we are ready to find a fundamental solution! We search for fundamental
solutions of the form

p = Hk − F ∗Hk

for a suitable choice of F . Let us introduce a final piece of notation.

Notation 4.28. For continuous, square-integrable maps F and j = 1, 2, . . .we write

(F )∗j := F ∗ . . . ∗︸ ︷︷ ︸
j times

F.

If j = 1 we have (F )∗1 = F .

Since we want Lyp to vanish, we can consider for all k > n/2 the functions

Fk :=
∞∑
j=1

(−1)j+1(LyHk)
∗j .

Let us assume for now that this series converges (as we will show shortly). Then
p = Hk − Fk ∗Hk solves the heat equation, as we will see now.
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Lemma 4.29. Let Fk be as defined above. Then p := Hk −Fk ∗Hk is a solution to the
heat equation.

Proof. First notice that, for such a p,

Lyp = Ly(Hk − Fk ∗Hk)

= LyHk − Ly(Fk ∗Hk)

= LyHk − Fk −
(
Fk ∗ (LyHk)

)
.

(4.14)

Then, by Equation (4.14) we find that

Lyp = LyHk − Fk −
(
Fk ∗ (LyHk)

)
= LyHk −

∞∑
j=1

(−1)j+1(LyHk)
∗j −

( ∞∑
j=1

(−1)j+1(LyHk)
∗j
)
∗ (LyHk)

= LyHk −
∞∑
j=1

(−1)j+1(LyHk)
∗j −

( ∞∑
j=1

(−1)j+1(LyHk)
∗j+1

)

= LyHk −
∞∑
j=1

(−1)j+1(LyHk)
∗j −

( ∞∑
j=1

(−1)j+1(LyHk)
∗j + LyHk

)
= 0.

(4.15)

Proposition 4.30. Let 0 ≤ l < k − n/2. Then the series Fk ∈ C l(M ×M × [0,∞)). In
particular, it is convergent. Moreover, let τ > 0. Then there exists a constant C = Cτ
such that

‖Fk(·, ·, t)‖L∞(M×M) ≤ Ctk−n/2 for all t ∈ [0, τ ]

where ‖Fk(·, ·, t)‖L∞(M×M) := sup(x,y)∈(M×M)(Fk(x, y, t)).

Proof. By Lemma 4.26(iii), we have that there must exist a constant A = Aτ such that

‖(LyHk)(·, ·, t)‖L∞(M×M) ≤ Atk−n/2

for all t ∈ [0, τ ], in particular for t = τ . Let
∫
M dVg(y) =: volg(M). Then, for all

j = 1, 2, . . . and t ∈ [0, τ ] we have [6]:

‖(LyHk)
∗j(·, ·, t)‖L∞(M×M) ≤

A(Aτk−n/2)j−1volg(M)j−1

(k − n
2 + j − 1) · · · (k − n

2 + 2)(k − n
2 + 1)

tk−
n
2

+j−1.

We can apply the ratio test to this to find that

lim
j→∞

‖(LyHk)
∗j+1(·, ·, t)‖L∞(M×M)

‖(LyHk)∗j(·, ·, t)‖L∞(M×M)
≤ lim

j→∞

Aτk−n/2volg(M)

(k − n
2 + j)

t = 0 < 1

for all k > n/2. Thus, we find that
∑∞

j=1(LyHk)
∗j converges absolutely uniformly

(w.r.t. the L∞-norm) if k > n/2, which gives us the second assertion. Moreover,
it gives that

∑∞
j=1(−1)j+1)(LyHk)

∗j = Fk converges uniformly, i.e. to a continuous
function. By functional analysis statements we conclude that it must beC∞ but since
LyHk is only C l, so is Fk.

Now, since we have proved that Fk is well-defined, it is time that we prove the main
result of this chapter.
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Theorem 4.31. For compact Riemannian manifold (M, g) the fundamental solution of the

heat equation exists and is given by

p = Hk − Fk ∗Hk

for all k > n/2 + 2.

Proof. By Lemma 4.29 we know that p is a solution to the heat equation. Moreover,
since k > n/2 + 2, we have that p ∈ C2(M × M × (0,∞)). Next, we prove that
p(x, y, t)→ δx(y) as t→ 0. By Lemma 4.26 we have that this is the case for Hk, thus:

lim
t→0

∫
M
p(x, y, t)f(y)dVg(y) = lim

t→0

∫
M

(
Hk(x, y, t)− (Fk ∗Hk)(x, y, t)

)
f(y)dVg(y)

= f(x)− lim
t→0

∫
M

(Fk ∗Hk)(x, y, t)f(y)dVg(y).

(4.16)

Now, let C so that by Proposition 4.30 we have ‖Fk(·, ·, t)‖L∞(M×M) ≤ Ctk−n/2 for all
t ∈ [0, τ ]. Then, the kernelRk := t−(k−n/2)Fk is (uniformly) boundedonM×M×[0, τ ]
(itsL∞-normmust be atmostC). Thus, we have that, for t ∈ [0, τ ],Rk∗Hk(x, y, t)f(y)
is bounded as well, hence so is its integral overM . Therefore, we obtain (for k > n/2
thus in particular k > n/2 + 2):

lim
t→0

∫
M

(Fk ∗Hk)(x, y, t)f(y)dVg(y) = lim
t→0

tk−n/2
∫
M

(Rk ∗Hk)(x, y, t)f(y)dVg(y). = 0.

Thus, by Equation (4.16) we have that

lim
t→0

∫
M
p(x, y, t)f(y)dVg(y) = f(x)

and therefore, p(x, y, t)→ δx(y) as t→ 0.

This concludes themain result of this chapter: for any compact Riemannianmanifold
there must exist a fundamental solution to the heat equation – a solutionwith a point
source as initial condition. In addition, by Proposition 4.13, it must be unique.

Collorary 4.32. The fundamental solution p = Hk − Fk ∗Hk is unique, and hence it
is (or, can be defined) independent of k.

Let us look at an example on a simple space. First, we give an important result.

Proposition 4.33. (without proof) [6]. Let (N, gN ) be a Riemannian manifold and
let Γ be a discrete algebraic group acting properly and freely on N . Let (M, gM ) be
the resulting compact quotient manifoldM = N/Γ (SinceM is compact, the group
Γ is finitely generated, thus Γ is a countable group). Let pN ∈ C∞(N ×N × (0,∞))
be the fundamental solution on N given by pN = Hk − Fk ∗Hk as before. Then the
fundamental solution for the heat equation on (M, gM ) is given by p : M ×M ×
(0,∞)→ R,

p(x, y, t) :=
∑
γ∈Γ

pN (xN , γ · yN , t)

where · denotes the group operation of Γ.
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Example 4.34. Let the fundamental solution on Rn be given by Equation (4.10). We
look at the Torus Tn = Rn/Zn. Here, the group operation of Zn is component-wise
addition. Let the corresponding covering map be

π : (Rn, gEucl)→ (Tn, gT)

and define x′, y′ ∈ Rn so that π(x′) = x ∈ T and π(y′) = y ∈ T. Then we have that
the fundamental solution on Tn is given by

pT(x, y, t) :=
1

(4πt)n/2

∑
m∈Zn

e−‖y
′+m−x′‖2/4t.

For the one-dimensional torus, that is, the circle S1, we find

pS1(x, y, t) = 2
√
πtθ3

(
(x− y)π, e−4π2t

)
where θ3(p, q), where θ3(p, q) is the "third order" Jacobi theta function (Riemann
himself came up with this notation). This example illustrates that the fundamental
solution is hard to explicitly define, even for simple spaces.

This concludes the chapter on the heat equation. Next, we discuss an application in
Riemannian geometry and stochastic analysis – Brownian motion.
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5. Brownian Motion
In this chapter, we discuss how Brownianmotion behaves on Riemannianmanifolds.
To this end, we first introduce the concept of Brownian motion in general. Before
jumping to Riemannian manifolds, the case of Rn is discussed. Similar to Chapter 4,
we have in mind a main statement that we want to prove. This statement is that the
transition density function of the Brownian motion is in fact equal to the fundamental
solution of the heat equation (albeit the heat equation with an extra factor of one
half). The transition density function can be interpreted as follows: if we select a
regionD ⊂M and a starting point p ∈M at t = 0. What is the probability that after
time t, the Brownian motion will be inside of the regionD? It certainly is convenient
that the fundamental solution integrates to unity. But more on that later. We assume
that the reader is familiar with basic probability theory and stochastic processes.

5.1 Definitions

Brownian motion is a concept that is often seen in physics literature. It can be
interpreted as the random movement of a particle suspended in some medium. For
instance, Einstein studied this process in the context of the diffusion of gas particles.
The diffusion of gas particles is related to the mean square distance that a particle
travels in a certain time. Therefore, Brownian motion is often related to discrete
spaces as a "random walk": at any discrete time interval ∆t, the particle has a
finite amount of options for a movement and each movement has a certain finite
probability. For continuous spaces, each movement has probability zero, but we
can define a probability density so that there is a finite chance that the particle will
move to a certain region. In a one-dimensional ideal gas, Einstein figured out that
this probability density with initial position y ∈ R is actually a Gaussian distribution
withmean y and variance 2DtwithD the diffusion coefficient for the gas. This seems
reasonable: on average, the particle travels further at larger time intervals.
Formally, we candefine "a Brownianmotion" as a stochastic process that encompasses
the above discussion. Before defining this, we remember a few definitions from
probability theory.

Definition 5.1. A probability space is a triple (Ω,F ,P) that provides a formal model
of random processes. It contains three elements:

(i) A sample spaceΩwhich is a set that contains all possible outcomes of the process,
such as "the value of the thrown die is 3."

(ii) An event space F which is a set of events. An event is a set of outcomes in the
sample space, such as "the value of the thrown die is less than 3."

(iii) A probability function P : F → [0, 1] which assigns a certain probability between
0 and 1 to each event in the event space, such as "the probability that the die
lands on 3 is 1/6" or "the probability that the value of the thrown die is less
than three is 1/3."

Definition 5.2. A random variable is a variable whose values depend on outcomes
of a random process. Formally, it is a measurable function X : Ω → R defined on
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probability space (Ω,F ,P). It represents the possible outcomes of an experiment or
process.

Let us state the definition of a stochastic process as a brief reminder.

Definition 5.3. Let (Ω,F ,P) be a probability space. Then a stochastic process is
a set of random variables {Xj}j∈J for some indexing set J . A simple example is
repeatedly flipping a coin and noting whether it lands on heads or tails (this is a
Bernoulli process).

The following discussion contains insights from [9].

Definition 5.4. Let {Xt}t≥0 be a stochastic process indexed by the nonnegative real
numbers t. We say that it has independent increments if for all choices of real
numbers

0 ≤ s1 < t1 ≤ s2 < t2 ≤ . . . ≤ sn < tn <∞

we have that the increment variables

Xt1 −Xs1 , . . . , Xtn −Xsn

are all independent of each other. Additionally, it has stationary increments if for
any 0 < s, t < ∞ we have that the distribution of increment variable Xt+s −Xs has
the same distribution as Xt −X0.

Definition 5.5. (Standard Brownian motion). A Standard Brownian motion is a
stochastic process {Xt}t≥0 indexed by the nonnegative real numbers t, where theXt

take values to R that satisfies the following properties:

(i) X0 = 0,

(ii) The function t 7→ Xt is continuous,

(iii) The process {Xt}t≥0 has stationary, independent increments,

(iv) The incrementXt+s−Xs has a Gaussian distribution around 0 with variance t.

Formally, Brownian motion is defined on the probability space (R,P(R),P) where p
is determined by the transition density function defined at the end of this section. In
Section 5.2, this definition will be extended to Rn, and to Riemannian manifolds in
general in Section 5.3.

We can interpret this as follows:

(i) At t = 0 the particle cannot have travelled anywhere, hence the process X0

represents a displacement of 0.

(ii) The "movement" of the particle is continuous, i.e. it cannot make any discon-
tinuous jumps, hence it follows a continuous curve.

(iii) Independence means that once the particle has moved along a certain path at
time t1, this path has no influence whatsoever on the path it will follow after
time t1 (hence it can be interpreted as "fully randommotion independent of the
past"). Stationary increments say that for any 0 < s, t < ∞ we have that the
position at time t + s has the same probability density in the motion starting
from time s as that the position at time t has while starting from time 0 (since
Xt −X0 = Xt).
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(iv) The probability density of motion starting from time s and ending in time s+ t
is determined by the Gaussian probability density. By (iii), it is also true for
s = 0.

Brownian motions are also called Wiener processes since Wiener proved that such a
stochastic process always exists on a given probability space.
In the following, we state some definitions on probability theory. We will not go in
full detail for some definitions, but they are necessary for proving the main result of
this chapter.

Definition 5.6. Let X be a set and let P(X) be its power set. Then a σ-algebra is a
set Σ ∈ P(X) so that

(i) Σ is closed under complementation (i.e. if S ∈ Σ, then X\S ∈ Σ),

(ii) Σ contains X itself and the empty set,

(iii) Σ is closed under countable unions (and hence by (i), under countable intersec-
tions).

Definition 5.7. Let X be a set. Let F ⊂ P(X) be an arbitrary family of subsets of X .
Let ΣF := {Σ | Σ is a σ-algebra containing F}. Then the σ-algebra generated by F
is given by

σ(F ) :=
⋂

Σ∈ΣF

Σ,

which is the unique smallest σ-algebra containing F .

Definition 5.8. Let (Ω,F ,P) be a probability space and let J be a countable index
set. For each j ∈ J , let Fj be a σ-algebra of F . Then

F∗ := (Fj)j∈J

is called a filtration of F if Fi ⊂ Fj for all i ≤ j. The space (Ω,F , F∗,P) is then called
a filtered probability space. For example, let {Xn}n∈N be a stochastic process on the
probability space. Then let Fn := σ(Xk|k ≤ n) (that is, the σ-algebra generated by
the random variables X1, . . . , Xn). Then (Fn)n∈N is a filtration.
Heuristically, we can interpret filtrations as a set of information. The amount of
information then increases as the stochastic process progresses. In the example
above, Fn would be the information in the first n random variables.

For Brownian motion we often work with probability space (Ω,F ,P) with a specific
filtrationF∗ := (Ft)t≥0 containing information on themotionduring the time interval
[0, t].

Definition 5.9. The independence of Brownianmotion from its past trajectory ("mem-
oryless") is a result of theMarkov propertywhich says that, for bounded continuous
maps f on a certain region D and for a Brownian motion {Xt}t≥0 on a probability
spacewith filtrationF∗ = (Ft)t≥0, wemust have thatE(f(Xt) |Fs) = E(f(Xt) |σ(Xs))
where E denotes the expectation value with respect to probability function P.

Next, we introduce a notion of explosion time of a stochastic process. In many
one-dimensional ordinary differential equations of the form

∂tu = b(u), u(0) = x0
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for some function b so that b(u) > 0 for all u, there exists a finite time T such that the
solution u(t) blows up as t→ T , i.e. limt→T u(t) =∞ [10]. Technically, this is the case
if and only if

∫∞
0 1/b(u(t))dt < ∞. In that case we can find an exact solution for T .

As was shown in [10], although we cannot find an exact solution, there is some finite
time at which solutions to stochastic differential equations (such as the heat equation
on Brownian motion) "explode".

Definition 5.10. A stochastic differential equation is a differential equation inwhich
one or more terms is a stochastic process. As a result, the solution is also a stochastic
process. A typical stochastic equation is of the form

dYt = µ(Yt, t)dt+ σ(Yt, t)dXt

where µ and σ are some functions of the stochastic process Yt := {Yt}t≥0 and where
Xt := {Xt}t≥0 denotes a standard Brownian motion. Heuristically, this stochastic
differential equation tells us that the change in Yt over an infinitesimally small time
interval [t, t+ dt] is normally distributed with mean µ(Yt, t) and variance σ(Yt, t)

2.

Definition 5.11. The finite (positive) time at which the solution to a stochastic differ-
ential equation approaches infinity is the explosion time and is denoted by e.

Definition 5.12. Let (Ω,F ,F∗,P) be a filtered probability space with filtration F∗ =
(Ft)t≥0. Let τ be a random variable with a strictly positive value. Then τ is called a
stopping timewith respect to the filtration F∗ if

{τ ≤ t} ∈ Ft

for all t ≥ 0. Essentially, what this requirement says is that along with the filtration
comes an explicit stopping time. For example, if you flip a coin five times, then τ = 5
provides a stopping time. In Brownian motion, let D ⊂ R be a specific region (later
we replace R with Rn or a Riemannian manifold), then τD can be set the minimal
time during which the Brownian motion stays within the region D. Hence, it is a
stopping time as well. Formally, this means that we create a new random variable
by mapping the first random variable Xt in the Brownian motion {Xt}t≥0 for which
it is not in D to the associated time t.
A non-example of a stopping time is flipping a coin until the total amount of heads is
20 more than the total amount of tails, since this does not provide an explicit time at
which we can stop flipping the coin. To know a "stopping time" we require, at some
point, knowledge about the past, present and future. Therefore, it does not satisfy
the requirement on the filtration above.

Notation 5.13. (wedge notation). We write for t, s ∈ R:

t ∧ s := min(s, t).

For example, if we want to study Brownian motion in a certain region D, we can
look at probabilities for times t ∧ τD, that is, for all times up until and including the
moment that the Brownian motion leaves the region D.

Next, we introduce the notion of amartingale. In essence, it is a sequence of stochastic
processes for which, at a given point in time, the conditional probability of the next
value in the sequence is precisely equal to the present one (the condition being "given
all other values for smaller times", and these values have no influence). Therefore,
we can interpret amartingale as a stochastic process for a "fair game". Let us formally
define martingales in the context of Brownian motions.
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Definition 5.14. Let {Xt}t≥0 be a Brownian motion. Then a continuous-time mar-
tingale with respect to the filtration F∗ = (Ft)t≥0 of {Xt}t≥0 is a stochastic process
{Yt}t≥0 such that for all twe have

E(|Yt|) <∞

and
E(Yt | {XT , T ≤ s}) = Ys

for all 0 ≤ s ≤ t. An example of a martingale is a Brownian motion, or a Brownian
motion up to a certain stopping time ("stopped process"), i.e. Xt∧τ .

We conclude this section with a formal definition of the probability that a Brownian
motion will still be in a certain region D after time t, or in particular, the probability
density in each given point (so that a probability will be given by integration over the
probability density). However, in order to talk about Brownianmotion onmanifolds,
we must first define this.

Definition 5.15. A Brownian motion starting at x ∈ M for a Riemannian manifold
(M, g) is a stochastic process {Xx

t }t≥0 indexed by the nonnegative real numbers t,
where theXx

t take values toM . It satisfies properties (ii) and (iii) from Definition 5.5
and the following:

(i) Xx
0 = x,

(ii) The increment Xx
t+s −Xx

s has a probability distribution equal to the transition
density function defined below.

(iii) Itô’s Lemma is satisfied (we will discuss this in Section 5.3).

Definition 5.16. Let (M, g) be a Riemannian manifold. Let Xt := {Xt}t≥0 be a
Brownian motion with explosion time e. Let D ⊂ M be a connected region of M .
Let x ∈ D. Then we denote the probability measure on M for a Brownian motion
starting at x by Px. Then, the transition density function pM (x, y, t) for Brownian
motion is defined so that

Px(Xt ∈ D, t < e) =

∫
D
pM (x, y, t)dVg(y). (5.1)

Recall that dVg(y) represents the Riemannian volumemeasure induced by the metric
g in the point y.

5.2 Transition density in Rn

Let pRn be the fundamental solution to the heat equation on Rn with a slightly
different heat operator

L :=
1

2
∆− ∂t. (5.2)

Then pRn is simply given by Equation (4.10) but with the substitution t → t/2, that
is,

pRn(x, y, t) =
1

(2πt)n/2
e−‖y−x‖

2/2t. (5.3)

Proposition 5.17. The transition density function pRn of Brownian motion on Rn as
in Equation (5.1) is given by Equation (5.3).
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Proof. For n = 1 this is obvious. Namely, the Brownianmotion starting at x is defined
to have a Gaussian distribution around x, which is given by Equation (5.3). We can
extend this argument to n > 1. Since each dimension adds a "degree of freedom"
to the Brownian motion’s "particle", we see that it can move independently in all
orthogonal directions (i.e. along the directions of the standard basis of Rn). Hence,
the displacement in one direction is independent from the displacement in the other.
Therefore we must have that

pRn(x, y, t) =

n∏
i=1

pR(xi, yi, t)

=

n∏
i=1

1√
2πt

e−(yi−xi)2/2t

=
1

(2πt)n/2
e−
[∑n

i=1(yi−xi)2
]
/2t

=
1

(2πt)n/2
e−‖y−x‖

2/2t.

Remark. By Definition 5.15 we see that we can define Brownian motion on Rn to
be a Brownian motion whose variables take values in Rn instead of R and whose
increments Xt+s − Xs have an n-dimensional Gaussian distribution around 0 with
variance t.

5.3 Transition density on Riemannian manifolds

Wewill nowprove that the fundamental solution of the heat equation is the transition
density function of Brownian motion on all compact Riemannian manifolds (M, g).
We followmainly the discussion of [11]. First, we state the following important result
(which we will not prove).

Lemma 5.18. (Itô’s Lemma).[12] Let f ∈ C2(M). Let Xt := {Xt}t≥0 be a Brownian
motion onM . Then we have that

f(Xt) = f(X0) + martingale +
1

2

∫ t

0

(
∆g(f)

)
(Xs)ds.

The martingale can be expressed explicitly on Rn but not in general on Riemannian
manifolds.

While we prove the main result, we will generalize the existence and uniqueness
of the fundamental solution on compact Riemannian manifolds with a boundary.
During this section, we let (M, g) denote a compact Riemannian manifold (with
boundary). Here, we denote the heat operator by

Lg :=
1

2
∆g − ∂t. (5.4)

Proposition 5.19. LetD be a smooth, relatively compact (i.e. its closureD is compact
in M ) domain on M . Then, there exists a unique fundamental solution of the heat



Chapter 5. Brownian Motion 72

equation with heat operator (5.4), pD(x, y, t), on D ×D × (0,∞) such that∫
D
pD(x, y, t)dVg(y) ≤ 1

where equality holds ifD = M (a detailed discussion on this is given in Section 6.2).
Moreover, it satisfies the Dirichlet boundary condition for each x ∈ D fixed:

pD(x, y, t) = 0, x ∈ ∂D.

We call pD(x, y, t) the Dirichlet heat kernel.

Proof. This is a consequence of the proof in Section 4.5 since D is compact. For
the latter assertion, the results in that section can be shown for compact manifolds
with boundary using an adaptation of Duhamel’s principle and the fact that for all
ϕ,ψ ∈ C∞(M) we must have that∫

∂M
ϕ(y)

∂

∂xj
ψ(y)dSg(y) = 0

for all 1 ≤ j ≤ n, where x is a chart and dSg(y) denotes a surface area element
induced by the metric g, similar to how dVg is a volume element induced by g. For
an elaborate discussion, see Chavel [5].

When x or y is not in D we put pD(x, y, t) = 0 to preserve continuity. We prove a
consequence of the above.

Proposition 5.20. Let the setting be the same as in Proposition 5.19. Let f be a
bounded, continuous map on D. Then the heat equation with initial and boundary
conditions 

Lgu(x, t) = 0 (x, t) ∈ D × (0,∞)

u(x, 0) = f(x) x ∈ D
u(x, t) = 0 (x, t) ∈ ∂D × (0,∞)

(5.5)

has the unique solution

u(x, t) =

∫
D
pD(x, y, t)f(y)dy.

Proof. The fact that u is a solution to (5.5) follows immediately from Proposition 5.19.
The proof for the uniqueness is precisely analogous to the proof of the uniqueness
of the regular homogeneous heat equation (Lemma 4.10).

Next, we are going to identify the Dirichlet heat kernel pD(x, y, t) as the transition
density function of Brownianmotion. That is, the Brownianmotion that is "killed" at
the moment the motion leaves the region D. This moment is given by the stopping
time

τD := inf{t > 0|Xt 6∈ D}.

Wewill refer to τD as the "first exit time" rather than stopping time, as it is in essence
the moment in time when the Brownian motion exits D.

Proposition 5.21. Let pD(x, y, t) be the Dirichlet heat kernel for relatively compact
domain D ⊂ M . Let the first exit time of Brownian motion on M from D be given
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by τD. Then we have that

Px(Xt ∈ D, t < τD) =

∫
D
pD(x, y, t)dVg(y),

that is, pD is the transition density function of Brownian motion onM that is killed
at ∂D.

For the proof we are going to need the following definition.

Definition 5.22. An exhaustion of a topological spaceM is a sequence of relatively
compact sets (i.e. their closure is compact inM ) {Dn}n∈N such that the closure ofDn

is contained in the interior ofDn+1 and we haveX =
⋃∞
n=1Dn, i.e. limn→∞Dn = M .

Proof. (of Proposition 5.21). By Proposition 5.20 we have that the solution of the
boundary condition version of the heat equation (5.5) is given by

u(x, t) =

∫
D
pD(x, y, t)f(y)dVg(y).

Next, let 0 < s < t∧ τD. Then, we apply Itô’s Lemma 5.18 (see the remark below this
proof) to u(Xs, t− s) to find

u(Xs, t− s) = u(x, t) + martingale +

∫ s

0
(
1

2
∆g − ∂t)u(Xs, t− r)dr

= u(x, t) + martingale +

∫ s

0
Lgu(Xs, t− r)dr.

Here, the last term vanishes because u solves the heat equation. Now, let {tn}n∈N be
a sequence such that limn→∞ tn = t and let {Dn}n∈N be an exhaustion of D. Then,
let s = limn→∞ sn = tn ∧ τDn (we write s = t ∧ τD for simplicity). In addition, we
take the expected value with respect to Px (denoted Ex). We obtain

Ex
(
u
(
Xt∧τD , t− (t ∧ τD)

))
=

∫
D
u(y, t)pD(x, y, t)dVg(y) + 0

= u(x, t)

where the martingale has vanished. Martingales have the property that if Xt is
a martingale, then for all t > 0 we have that E(Xt) = E(X0). In this case, the
martingale is a integral from 0 to t, and it must be equal to the case t = 0 which of
course integrates to 0.
In [11]Hsu showed that theMarkovproperty ofBrownianmotion leads to the fact that
we can separate the expectation value of f(Xt) into two terms: the expectation value
of u(x, t) up to the first exit time τD and the expectation value of u(x, t) thereafter.
Now, we have that u vanishes on (and thus beyond) the boundary of D. Thus, the
second term vanishes and we have

Ex(f(Xt), t < τD) = Ex
(
u
(
Xt∧τD , t− (t∧ τD)

))
= u(x, t) =

∫
D
pD(x, y, t)f(y)dVg(y).

From probability theory we see that this is equivalent to

Px(Xt ∈ D, t < τD) =

∫
D
pD(x, y, t)dVg(y),

concluding the proof.
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Remark. In the above proof, we have applied a slightly more general version of Itô’s
Lemma,which also includes a timevariable, accounting for the term−∂tu(Xs, t−r) in
the integral. For a detailed discussion, see the lecture notes on stochastic differential
equations by Ruszel [13]. Thus, we almost have the main result. We are ready to
prove it now.

Theorem 5.23. Let p be the fundamental solution to the heat equation with heat operator Lg
given by

p = Hk − F ∗Hk

as in Section 4.5 (of course, the definition of G(x, y, t) has slightly changed: similar to in

Rn, we have t → t/2 and thus, so has Hk := G · Sk). Then, p is the transition density

function of Brownian motion onM .

Proof. Let {Dn}n∈N be an exhaustion of M . Let f ∈ C0(M). Then, by the previous
proof we have

Ex(f(Xt), t < τDn) =

∫
Dn

pDn(x, y, t)f(y)dVg(y) =

∫
M
pDn(x, y, t)f(y)dVg(y) (5.6)

since pDn(x, y, t) = 0 if x or y is not in Dn. Thus, we have∫
M

[
pDn+1(x, y, t)− pDn(x, y, t)

]
f(y)dy

= Ex(f(Xt), τDn ≤ t < τDn+1) ≥ 0.

Hence, we have that pDn+1(x, y, t) ≥ pDn(x, y, t) onM ×M × (0, τDn+1).
Now, let n→∞. We define

pM (x, y, t) = lim
n→∞

pDn(x, y, t).

Since Brownian motion cannot leave M , there is no exit time τM . Therefore, the
Brownian motion is limited only by explosion time e. Also, by Proposition 5.19 we
have that

∫
M pM (x, y, t)dVg(y) = 1. Since pDn is the fundamental solution on Dn we

can conclude that pM is a fundamental solution on M . By Equation (5.6) we have
that, using the fact that the sequence {τDn}n∈N defined in the previous proof now
approaches e instead of some exit time as n→∞, we obtain

Ex(f(Xt), t < e) =

∫
M
pM (x, y, t)f(y)dVg(y)

or, equivalently,

Px(Xt ∈ D̃, t < e) =

∫
D̃
pM (x, y, t)dVg(y)

for all D̃ ⊂M (actually, on compact manifolds there is no escaping the manifold and
thus e =∞ with probability one, see Section 6.2). Thus pM is the transition density
function for Brownian motion onM .
Finally, by Lemma 4.13, the fundamental solution to the heat equation with Lg onM
is unique and hence, we have that pM = p. This shows the wanted result.

Remark. By Definition 5.15 we see that we can define Brownian motion on M to be
a Brownian motion whose variables take values in M instead of R, satisfying Itô’s
Lemma and whose increments Xt+s − Xs have a probability distribution given by
the fundamental solution to the heat equation Lgu = 0.



Chapter 5. Brownian Motion 75

This concludes the chapter on Brownian motion. However, the next chapter in-
cludes a summary of this thesis and will discuss some applications of this result and
Brownian motion and the heat equation on Riemannian manifolds in general.
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6. Applications & Outlook
In this chapter we look at a few geometric and probabilistic applications and/or lin-
gering questions concerning the heat equation and Brownianmotion on Riemannian
manifolds. The first subject will be on the fundamental solutions and how it should
be decaying as a function of geodesic distance (it turns out that this is very hard to
prove for general cases). Then, we will discuss Brownian motion on non-compact
Riemannian manifolds and how, in that case, Brownian motion can ’escape’ from the
manifold similar to how it could exit a region D ⊂ M discussed in Chapter 5. This
has to do with a property called stochastic completeness. Finally, we will discuss the
behaviour of solutions to the heat equation and Brownian motion on a short time
scale (called short-time asymptotics).

6.1 Fundamental solution and geodesic distance

6.1.1 The problem

Let us remind ourselves of the discussion on the heat of a candle in the beginning
of Chapter 4. We argued that a fundamental solution, i.e. the spreading of heat
from a point source, needs to spread out continuously along the geodesic lines (in
the case of our world, i.e. Rn, these are straight lines pointing radially outward).
Moreover, we argued that as we go further away from the candle, the heat we feel
from it should approach 0. This must be true for any distance from the candle. In
other words, the felt heat must always be less (or equal in the case of t = 0, for which
the heat has not spread out yet) for larger distances from the source at any time
t > 0. Therefore, we must have that the fundamental solution must be decreasing
monotonically as a function of distance. By inspecting the fundamental solution
on Rn given by Equation (4.10) (or by simply being aware of the properties of an
n-dimensional Gaussian function), we see that it is indeed a monotone decreasing
function of ‖y − x‖2.
Now, we want to generalize this to Riemannian manifolds. We want to prove the
following (assuming a fundamental solution exists for all Riemannianmanifolds, not
only the compact cases).

Conjecture 6.1. Let (M, g) be a Riemannian manifold and let p be the fundamental
solution on M with respect to the heat equation with heat operator Ly := ∆g − ∂t
operating on the second spatial variable y. Let d(x, y) be the geodesic (or Rieman-
nian) distance defined in Definition 3.52. Then, for any fixed (x, t) ∈ M × (0,∞),
the fundamental solution p(x, y, t) is a pointwise monotone decreasing function of
d(x, y).

Spoilers: we will not prove this here. In fact, this has (as far as we are aware) never
been shown! It turns out that this is very hard to prove and has only been proven
in simple spaces. Before discussing the proofs that show this, let us emphasize why
this is important.

To see the importance, let us think about what would be the case if Conjecture
6.1 weren’t true. In analogy with the candle example, that would mean that there
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is a pair of distances d1, d2 from the candle with d2 > d1 where a person standing
at a distance d2 would feel more heat from the candle than you, if you are standing
at distance d1. In other words, the heat must have travelled along a non-geodesic
path and turn up at d2 (for instance, it would go upwards a few metres, then go
above the other person and travel back down or something similar). This would be
absurd and it would contradict the behaviour of heat in general. Intuitively, we know
that the "detour" of heat cannot happen. Therefore, it seems excessively logical that
Conjecture 6.1 is true.
By this discussion, we see that the theorem is closely related to the statement that
heat always travels along geodesics for any Riemannian manifold. Of course, intu-
itively, it must be the case since geodesics are the paths that minimize energy and,
as we have observed in nature, processes always take the path of least energy (the
second law of thermodynamics, in essence).
Essentially, if this theorem is not true, then "nature" as we know it does not apply
to Riemannian manifolds (or actually, on any semi-Riemannian manifold including
the mathematical model for describing spacetime). The repercussions of this are
tremendous for physics as we know it.

It is very peculiar indeed that such an intuitive and important statement is so hard
to rigorously show (or, at least, for mathematicians nowadays). Luckily, there are
cases of Riemannian manifolds that do satisfy Conjecture 6.1. This indicates that
it must be true for all of them (this is similar to the Riemann hypothesis. A quick
reminder: the Riemann hypothesis says that the analytic continuation of the analytic
function f(s) =

∑n
i=0

1
ns , s ∈ C, that is, the Riemann zeta function, only has roots

for s = −2m for m ∈ N and Im(x) = 0 or for x so that Re(s) = 1/2. Computational
calculations were done on billions and billions of cases and all of them satisfied the
hypothesis, but the conjecture has yet to be proven).

6.1.2 Verified cases

In 1981, Cheeger and Yau showed that Conjecture 6.1 holds for the spacesRn,Hn and
Sn (where Hn denotes the n-dimensional upper-half plane {(x1, . . . , xn) | xn > 0}
equipped with a hyperbolic metric) [14]. Their proof was rather involved. It wasn’t
until three years ago, in 2018, that Alonso-Orán et al. introduced a more elegant
proof for the same spaces, but it included some generalizations [15]. The proof
made use of the parabolic maximum principle, or actually, the maximum principle for
parabolic operators. In particular, they showed that Conjecture 6.1 holds (but not for
all x ∈M , as stated) for

• smooth, compact hypersurfaces of revolution around the xn-axis for fixed points x on
the intersection of the xn axis and the hypersurface of revolution. A hypersurface
of revolution is essentially the n-dimensional body that is obtained after revolving
the n − 1-dimensional hypersurface (that is, a submanifold of dimension n − 1
embedded into the manifold) around the xn axis,

• spherically symmetric manifolds with bounded curvature (around any point x),

• smooth and connected hypersurface of revolution with non-empty boundary, for
x in the intersection of the xn axis and the interior of the connected hypersurface of
revolution (so that the fundamental solution either solves the heat equation with
Dirichlet or Neumann boundary conditions. The latter implies that the first spatial
derivative of p vanishes at the boundary, rather than p itself).
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From these, they were able to extract the cases of Hn and Sn without ever having to
state explicit expressions for the fundamental solutions.
Let us look at a non-spherically symmetric case – the flat torus T2

L as discussed in
Example 4.34 with n = 2, but with a width unequal to the length, i.e. with a certain
eccentricity L > 1. We then have T2

L = R2/(Z×LZ). We can obtain from the Poisson
summation formula that the fundamental solution is given by

pT2
L
(0, y, t) =

1

4πt

∑
n,m∈Z

e
−
(

(n−x)2+(Lm−y)2
)
/4t

If we fix y, then this function is decreasing for 0 < x < 1/2, since then (n − x)n is
increasing for all integers n. Similarly, it is decreasing for fixed x if 0 < y < L/2.
Now, since the radial derivative is a combination of derivatives with respect to x and
y, we must have that the function is decreasing in any radial direction. Therefore, it
must be decreasing along geodesics at least as y is outside of the cutlocus of x.

This leads us to the following: if we want to find out if the fundamental solu-
tion is decreasing as a function of geodesic distance on all of M , perhaps we can find
a region inM that does satisfy the property. Upon inspecting the case of the sphere
and the torus, we might suggest that this is always true outside of the collection of
cutloci inM . We will not discuss this here in detail, but there is a good chance that
this approach might work for all Riemannian manifolds. This is because the sphere
is essentially one of the worst cases there is, since, for example, the south pole can
get heat from all points through a geodesic on the arc on the great sphere connecting
them. However, there is an infinite amount of great spheres connecting the south
pole and the north pole. Multiple charts are needed to describe the geodesics along
these great spheres.

6.2 Escaping Brownian motion

As we have seen, the fundamental solution on a compact Riemannian manifold
integrates to unity, i.e.

∫
M p(x, y, t)dVg(y) = 1 for all (x, t) ∈ M × (0,∞). However,

for a Riemannian manifold in general, this need not be the case. This has to do
with the following notion. Remember that, for the fundamental solution of the heat
equation p,

Px(t < e) =

∫
M
p(x, y, t)dVg(y).

Definition 6.2. Let (M, g) be a Riemannianmanifold. ThenM is called stochastically
complete if for all x ∈M , a Brownian motion starting from x does not explode with
probability 1. That is,

Px(e =∞) = 1 ∀x ∈M

or, equivalently, it means thatM is stochastically complete if and only if the funda-
mental solution integrates to 1.

Nowwhat does it mean for a Riemannianmanifold to not be stochastically complete?
Well, we have actually already seen an example of this. Namely, let D ⊂ M be any
relatively compact domain onM such thatM\D 6= ∅. Then

Px(t < τD) =

∫
D
pD(x, y, t)dVg(y) < 1
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as we have seen in Section 5.3, meaning that D is not stochastically complete. Of
course, D is not geodesically complete either (cf. Definition 3.65), since there are
curves that have their image outside of D for some t ∈ R. However, stochastic
completeness does not imply geodesic completeness.

Example 6.3. LetM = R2\{0}. Since R2 is stochastically complete and a single point
does not contribute to an integral (or volume), M is stochastically complete. How-
ever, as mentioned while defining the Riemannian distance function (i.e. geodesic
distance) in Definition 3.52, we saw that there exists nominimizing geodesic between
points p, q ∈M such that p = −q. Hence,M is not geodesically complete.

Next, we let (M, g) be a stochastically incomplete Riemannian manifold, i.e.∫
M
p(x, y, t)dVg(y) < 1.

What does this say about the behaviour of Brownian motion onM? Probabilistically
it says that there is a certain moment in time when the Brownian motion stops
"running". Formally, it means that there exists a stopping time τ called the lifetime of
Brownian motion onM , such that Brownian motion Xt "disappears into infinity" as
t→ τ , that is,

lim
t→τ

Xt =∞M

where∞M denotes the "point at infinity" belonging to the one-point compactification
of M , denoted M̂ = M ∪ {∞M} [12]. So why is it important to study this? Let us
give a short, rather heuristic argument in light of physics.
In physics, Brownianmotion is often related to the randommovement or diffusion of
particles or energy (heat). Such particles or energy have a certain "mass" (equivalent
to energy). Say, we have found a part of spacetime in the universe that is a non-
stochastically complete manifold. Then it means that mass can just "disappear" in
that part of spacetime! This can (highly unlikely, of course) be in contradiction with
the conservation laws of physics, or with the idea that our universe is completely
isolated from other universes (or whatever is outside of our universe).
A set of geometric properties that ensure stochastic incompleteness were derived
by Ikeda and Watanabe [16]. The main ingredient of those properties is the Ricci

curvature of themanifold, denoted RicM (x) which essentially gives a kind ofmeasure
as to how much the geometry that is induced by the metric g is different from the
Euclidean metric in the point x. They showed the following:

Proposition 6.4. Let (M, g) be a geodesically complete n-dimensional Riemannian
manifoldwithn > 1 and fix o ∈M . Let r(x) := d(x, o) and let κ(r) be a nonincreasing
continuous map [0,∞)→ R such that κ < 0 for all r ∈ R, given by

κ(r) ≤ 1

n− 1
inf{RicM (x) | r(x) = r}.

Then,M is stochastically complete if, for fixed c > 0,∫ ∞
c

1√
−κ(r)

dr =∞.

More importantly, under a few minor extra assumptions, Varopoulos [17] showed
that if ∫ ∞

c

1√
−κ(r)

dr <∞,
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then M is not stochastically complete. Thus, as long as that integral diverges, we
should not have to worry about mass disappearing.
How can we interpret "mass disappearing into infinity"? For illustration, we look
at a simple example. Let Hn = {(x0, . . . , xn) | x2

0 = 1 + x2
1 + . . . + x2

n, x0 > 1}
be the n-dimensional hyperbolic space (note that here, Index(g) = 1 and hence Hn

is a semi-Riemannian manifold). It is important to mention that this space is not

an example of a stochastically incomplete manifold, since it has a constant negative
curvature and therefore satisfies the conditions in Proposition 6.4. However, it is a
space that allows us to gain insights into what it means for "mass to disappear into
infinity".

Definition 6.5. Let p ∈ Hn. Let S = (−1, 0, . . . , 0). Next, denote P the unique
intersection of the line through p and S and the hypersurface x0 = 0. Doing this for
all p ∈ Hn we obtain the n-dimensional Poincaré ball

BP := {P | p ∈ Hn}

Let us look at the 1-dimensional Poincaré line (one can verify that this is (−1, 1)).
This is an example of a stochastically incomplete space (we will not explicitly show
this by Varopoulos’ criterion). This is a result of the behaviour of the induced metric
near ±1. In order for P to be near to the edge, the point p ∈ Hn needs to approach
infinity in the x0 direction. Near 0, the distance between two points (say−a, a, a� 1)
is almost equal to their Euclidean distance. However, near say 3/4, the point p on the
hyperbolic plane needs to move exponentially more to reach pa, for which its image
on the Poincaré line Pa = 3/4 + a. Hence, the metric is "stretched" more as we P
approaches 1. But it can never reach 1, since the metric "diverges" as P → 1. Thus it
needs to travel an infinite distance to get to 1.
Thus, imagine if we have a Brownianmotion on the Poincaré line, starting at 0. Then,
after some time, the Brownian motion can be approaching 1 more and more. In fact,
it can be stuck approaching 1 forever, without ever reaching it. This is more or less
an interpretation of vanishing Brownian motion.

6.3 Short-time asymptotics

6.3.1 Asymptotic Expansion

As illustrated in Example 4.34, it can be very hard to define an explicit expression
for the fundamental solution of the heat equation, even for simple spaces. However,
sometimes one wants to study the behaviour of heat on a Riemannian manifold rather
than just know that a fundamental solution exists. Since we can expect heat to
travel along geodesics, a logical first step to take is to look at parts of the manifold
where geodesics arewell-defined andwhere their length agreeswith the Riemannian
distance between their endpoints (i.e. where the geodesics are minimizing). In other
words, for fixed x ∈ M where (M, g) is a Riemannian manifold, we look at points
y that are outside of the cutlocus of x (remember from Definition 3.64 that we could
interpret the cutlocus of x as the set of points in M for which geodesics stop being
minimizing). We denote the set of points that are in the cutlocus of x as Cx. It turns
out that the problem is larger for points within each other’s cutlocus since there, the
fundamental solution of the heat equation depends heavily on the geometric strucure
of the minimizing geodesics between them. In particular, it gives a problem because
there may be multiple minimizing geodesics between a given pair of points in each
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other’s cutlocus (for example, for a pair of antipodal points on the sphere). As Hsu
showed [11], it turns out that fundamental solutions of the heat equation behave
very nicely outside of the cutloci on a small time scale, and within the very limit of
t → 0 they behave even nicer (with "nice" being "Euclidean-like"). They showed the
following.

Theorem 6.6. (Asymptotic Expansion). Let (M, g) be an n-dimensional geodesically

complete Riemannian manifold. Consider the set of all cutloci,

CM := {(x, y) ∈M ×M | y ∈ Cx}.

Then, there exists a family of smooth functions Hi ∈ C∞((M ×M)\CM ), i = 0, 1, 2, . . .
such that, on any compact subsetK ⊂ (M ×M)\CM , the asymptotic relation

p(x, y, t) ∝ 1

(2πt)n/2
e−d(x,y)2/2t

∞∑
i=0

Hi(x, y)ti (6.1)

holds uniformly as t→ 0, and such thatH0(x, y) > 0 andH0(x, x) = 1. Moreover, we have

lim
t→0

log
(
p(x, y, t)

)
· t = −1

2
d(x, y)2.

The proof makes use of a compact domainD ofM and the fact that the fundamental
solution on M (denoted pM as before) has a component pD for times t < τD and a
component that accounts for the expectation value of pM in the case t ≥ τD. Then,
by the compactness of D it is isomorphic to some compact manifold N , and we can
estimate the upper bound for |pM − pN | and then let D approachM .
In addition, Hsu showed the identity ofH0. Let expx : TxM →M be the Riemannian
exponential map at x ∈ M and let J(expx)(ξ) be the associated Jacobian of expx at
ξ ∈ TxM (remember that this denotes how much volume elements are "stretched
out" or "contracted" in expx(ξ) with respect to the Euclidean volume at ξ). Now, let
y ∈M and let ξ = exp−1

x (y), then

H0(x, y) =
1√

J(expx)(ξ)
.

Theorem 6.6 allows us to look at how heat spreads along manifolds on small time
scales. For example, on the n-sphere.

Example 6.7. Consider the n-sphere Sn. Remember from Example 3.16 that the
standard metric on the 2-sphere is given in spherical coordinates by

g
sph
std (φ, θ) =

(
sin2 θ 0

0 1

)
and that we could also write this as gsphstd = sin2(θ)(dφ⊗dφ) +dθ⊗dθ. Let gSn denote
the standard metric on Sn in polar coordinates. Then, we can inductively find that

gSn = dr ⊗ dr + sin2(r)(dθ ⊗ dθ),

where dr denotes the angle that is introducedwhen going fromSn−1 toSn andwhere
dθ ⊗ dθ denotes the standard metric on Sn−1. We are going to derive the Jacobian
of the exponential map expx at y. Let (e1, . . . , en−1) be an orthogonal basis of Sn−1

at the angular position θ and let er be the unit vector in the radial direction on TxM
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(remember thatTxSn ∼= Rn) based at y. Themetric gSn tells us that ifwe go fromTxS
n

(i.e. from the Euclidean space) to Sn, then the radial unit vector stays the same but
the angular basis vectors are contracted by a factor sin(r), where r = d(x, y). Hence,
the Jacobian at y of the exponential map at x is J(expx)(exp−1

x (y)) =
(

sin(r)
r

)n−1
and

we have
H0(x, y) =

( r

sin(r)

)(n−1)/2
.

Now, by Theorem 6.6 we have that

pSn(x, y, t) ∝ 1

(2πt)n/2
e−d(x,y)2/2t

( d(x, y)

sin(d(x, y))

)(n−1)/2

for all d(x, y) < π (this criterion essentially says that x and y cannot be antipodal
points so that there is a unique geodesic between them). This expression is a lot
better to work with than for example the expression of the fundamental solution of
the heat equation on S1, see Example 4.34.

Moreover, using Theorem 6.6 we can use the fundamental solution to describe Brow-
nian motion on small time scales in a geodesic ball around its starting point, that is, a
ball on which the Riemannian exponential function is a diffeomorphism on its image
(which is again a ball). Remember that the radius of these balls for a point x ∈M is
given by its injectivity radius, i.e. injrad(x). Hsu showed the following result.

Proposition 6.8. Let ε := inf{injrad(x) | x ∈ M}. Let K be a compact subset of the
n-dimensional geodesically complete Riemannian manifold (M, g). Let r < ε. There
exists a strictly positive map cr ∈ C∞(K) such that

Px(t ≥ τr) ∝
1

t(n−2)/2
e−r

2/2tcr(x)

uniformly as t → 0, where τr denotes the first exit time of the ball around x with
radius r.

Hence, we can approximate the behaviour of Brownian motion in geodesic balls (as
soon as it leaves a ball with arbitrary radius r that lies completely within the geodesic
ball).

6.3.2 Distant points

Theorem 6.6 describes the behaviour of fundamental solutions to the heat equa-
tion when x and y are not in each other’s cutlocus. As mentioned, describing its
behaviour if y ∈ Cx is rather complicated due to the dependence on the struc-
ture of the set of minimizing geodesics between them. We define this set as
Ωx,y := {minimizing geodesics between x and y}. In the last section of this the-
sis, we discuss the behaviour of fundamental solutions of the heat equation on a
small time scale when x and y are far apart, perhaps in each other’s cutlocus. For ex-
ample, for antipodal points on a sphere. Throughout this section, we assume that the
n-dimensional Riemannian manifold (M, g) is compact and geodesically complete.
The first important result is Varadhan’s relation. We have actually already seen this:
it is the second implication of Theorem 6.6. However, Varadhan’s relation actually
implies that this holds for all points in a Riemannian manifold, rather than just those
outside of each other’s cutlocus.
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Theorem 6.9. (Varadhan’s relation). LetK ⊂M×M compact. Let p be the fundamental

solution of the heat equation on (M, g). Then, we have uniformly,

lim
t→0

log
(
p(x, y, t)

)
· t = −1

2
d(x, y)2

for all (x, y) ∈ K.

Varadhan proved this in 1967 [18]. Hsu proved this by proving that it is the upper
bound for lim supt→0 log

(
p(x, y, t)

)
tand the lowerbound for lim inft→0 log

(
p(x, y, t)

)
t

[11]. Thus, we can expand the argument outside of the cutlocus to inside as well, for
small times t, any "heat flow" onM is describable using the fundamental solution of
the heat equation. Note that sinceM is compact, we can chooseK to beM ×M .
Remark. The terms "inside" and "outside" of the cutlocus may be confusing in this
context. Remember that the "outside" of the cutlocus is a "nice" placewhere geodesics
are unique and minimizing and where they can be described by the Riemannian ex-
ponential function. The "inside" is the space beyond this nice place where other
geodesics become minimizing as well, such as antipodal points on a sphere.

What this means for Brownian motion is the following.

Collorary 6.10. Let D ⊂ M open and connected, with a smooth boundary ∂D. Fix
x ∈ D. Then

lim
t→0

t log
(
Px(t > τD)

)
= −1

2
d(x, ∂D)2

where d(x, ∂D) := inf{d(x, y) | y ∈ ∂D}.

In otherwords, on a scale of small time, the probability that the Brownianmotionwill
leave the region D is directly dependent on the distance from the boundary of that
region. Intuitively, this is logical – but it is indeed reassuring to find that Brownian
motion admits such behaviour at least in the limit of small t.

Next, we look at small time behaviour of points specifically inside each other’s
cutlocus. Let x, y ∈ M and let Ωx,y be the set of minimizing geodesics connecting x
and y.

Definition 6.11. We define the set that contains the "half point" for all minimizing
geodesics in Ωx,y (i.e. the geodesics evaluated at half the distance between x, y) as

Ω1/2
x,y :=

{
c
(d(x, y)

2

) ∣∣∣ c ∈ Ωx,y

}
.

Moreover, the ε-neighborhood of Ω
1/2
x,y is defined as

Oε(x, y) =
{
z ∈M | d

(
z,Ω1/2

x,y

)
< ε
}
.

Obviously, since geodesics are not minimizing in the cutlocus, we have that Ω
1/2
x,y ∩

(Cx ∪ Cy) = ∅. Hence d
(
Ω

1/2
x,y , (Cx ∪ Cy)

)
> 0 and thus we can choose Oε(x, y) to be

disjoint of the cutloci as well (for small enough ε).
Hsu showed the following important relation.

Theorem 6.12. Let p be the fundamental solution of the heat equation on (M, g). LetHi be as

in Theorem 6.6. Then there exists a constantλ > 0 so that for every (x, y, t) ∈M×M×(0, 1)
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we have

p(x, y, t) =
(
1 + f(x, y, t)

)e−d(x,y)2/2t

(πt)n
Iε(x, y) (6.2)

where f is a function so that |f(x, y, t)| ≤ λt and where the integral Iε(x, y) is given by

Iε(x, y) =

∫
Oε

H0(x, z)H0(z, y)e−Qx,y(z)/2tdVg(z)

in which we have used the expression Qx,y(z) := 2d(x, z)2 + 2d(z, y)2 − d(x, y)2
.

This result allows us to calculate the short-time asymptotic behaviour of the fun-
damental solution to the heat equation on manifolds even for points in each other’s
cutlocus. Let us conclude this chapter by illustrating this in a specific case – antipodal
points on the n-sphere.
Example 6.13. Let Sn be the n-sphere. LetN = (1, 0, . . . , 0) be the north pole and let
S = (−1, 0, . . . , 0) be the south pole. Let p be the fundamental solution of the heat
equation on Sn with the metric in polar coordinates as in Example 6.7. Note that
Ω

1/2
N,S in this case is the great sphere Sn−1 perpendicular to all the geodesics between

N and S, i.e. {(x0, . . . , xn−1) | x0 = 0} (the geodesics themselves are all semi great
spheres). For all z ∈ Sn, let r := d(N, z). Then, in other words, we have that Ω

1/2
x,y

is given by r = π/2. We have d(S, z) = π − r (since there is always a great sphere
through z,N and S). Then, we have

QN,S(z) = 2r2 + 2(π − r)2 − π2 = 4
(
r − π

2

)2
.

Remember from Example 6.7 that we have found for all x, y ∈M with d(x, y) < π

H0(x, y) =
( d(x, y)

sin(d(x, y))

)(n−1)/2

and that the volume element on the sphere (i.e. the Jacobian) is sinn−1(r)drdθ. Then,
by Theorem 6.12 we have, again using the polar coordinates integration technique,
that

p(N,S, t) ∝ e−π
2/2t

(πt)n

∫
|r−π/2|<ε

e−2(r−π/2)2/th(r)dr

∫
Sn−1

dθ

where the auxiliary radial function h is given by

h(r) =

(
r

sin(r)
· π − r

sin(π − r)

)(n−1)/2

sinn−1(r).

Now, we can apply the Laplace approximation to see that∫
|r−π/2|<ε

e−2(r−π/2)2/th(r)dr ∝
√
πt

2
h(π/2)

and hence we find the desired result

p(N,S, t) ∝ e−π
2/2t

√
2π2n−1

· 1

t(2n−1)/2
· vol(Sn−1) (6.3)

where we have vol(Sn−1) =
∫
Sn−1 dθ. For literature on the Laplace approximation,

see Copson [19].



Chapter 6. Applications & Outlook 85

Hence we have found how to describe the fundamental solution to the heat equation
and Brownian motion in the limit of short time in points of compact Riemannian
manifolds inside and outside of cutloci.
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7. Conclusion
In this thesis, we have discussed the following.
In order to look at the heat equation on Riemannian manifolds, we needed some
basics on differential geometry. In Chapter 2 we have seen what it means for func-
tions from and to manifolds to be differentiable. This gave rise to differentiable
manifolds, and what their derivatives are, i.e. differentials, using tangent vectors
in tangent spaces. Tangent spaces can be identified with Euclidean space through
isomorphism (the differential of charts). We saw that we could use derivations to
express tangent vectors in terms of the basis of the set of all derivations, i.e. the
directional derivative in the direction of the components of charts. We explored
how derivatives depend on the choice of charts. Finally, we defined vector fields on
differentiable manifolds using the tangent bundle and discussed what it means for
vector fields to be differentiable.

After this, we dived into Riemannian geometry theory in Chapter 3. We saw that
Riemannian manifolds are differentiable manifolds equipped with a (Riemannian)
metric that assigns to each point in the manifold a non-degenerate, positive definite,
symmetric bilinear form acting on the tangent space of that point. We introduced
the cotangent space while determining the dependence of the metric on the choice
of charts and saw some examples of Riemannian manifolds. Next, we defined the
derivative of vector fields and along the way introduced the Levi-Civita connection
and saw that is unique for each point on a Riemannian manifold and that it can be
expressed in terms of Christoffel symbols. Moreover, vector fields could be differen-
tiated in any direction using covariant derivatives, or along curves. This gave rise to
the idea of geodesics, which are curves that have a vanishing temporal derivative of
the velocity field. We saw that we could interpret this as the fact that geodesics that
feel no acceleration/force and hence it minimizes the energy of of all curves between
two points in a variation. In addition, the energy is constant and so is the metric in
the directional derivative along the geodesic in any point on the curve. We defined
the Riemannian exponential map and the injectivity radius and showed that it is a
diffeomorphism on balls with a radius equal to the injectivity radius and that the
map constitutes the unique geodesic on such a ball. We saw that doing geometry
was easier using geodesic normal coordinates. Finally, we introduced the Rieman-
nian distance function and lengths of curves and noted that the Riemannian metric
induces the original metric and topology on manifolds. We saw what it means for
geodesics to be minimal and introduced the important notions of a cutlocus and a
geodesically complete manifold.

Next, we discussed the heat equation. The main objective of Chapter 4 was to
show the existence and uniqueness of the fundamental solution of the heat equation,
that is, the solution that starts as a point source with temperature 1, on compact Rie-
mannian manifolds without boundary. First, we introduced the (in)homogeneous
heat equation and the heat operator. Next, we defined the Laplace-Beltrami oper-
ator on Riemannian manifolds using the gradient and divergence function induced
by the Riemannian metric. We then introduced the heat equation on Riemannian
manifolds and defined integration on them. We proved that solutions to the initial
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conditions version of the heat equation were unique and using Duhamel’s principle
we found that the fundamental solution is unique (if it exists). Subsequently, we took
a detour to the finding of the fundamental solution on Rn using Fourier analysis and
it yielded a good ansatz for the fundamental solution on compact Riemannian mani-
folds. However, this did not solve the heat equation and we modified the expression
to decay to zero as the time approaches 0 when the heat operator acts on it. Then, we
introduced a bump function to extend the argument beyond injectivity radii. Finally,
we used a series of convolutions to find an expression for the fundamental solution
of the heat equation on Riemannian manifolds, showing its existence. We concluded
with an example: the torus.

In Chapter 5, we discussed the stochastic processes known as Brownian motion
on Riemannian manifolds. The main objective here was to show that the transition
density, i.e. the probability that the Brownian motion will be in a certain region of
the manifold after a certain time, is defined by the fundamental solution of the heat
equation. We defined Brownian motion as a martingale where each random variable
has a Gaussian distribution with the variance equal to the time during which the
Brownian motion elapses. We looked into the notions of exit time and explosion
time. We took yet another detour to the transition density function on Rn and ver-
ified that the main assertion of this chapter was satisfied in the Euclidean space.
Finally, we used Ito’s Lemma to extend this theorem to relatively compact domains
and concluded that the density transition function is indeed given by the fundamen-
tal solution of the heat equation on compact Riemannian manifolds by letting that
domain approach the manifold itself.

In Chapter 6, we discussed examples of the heat equation and Brownian motion
on Riemannian manifolds. First, we discussed the intuitive but unsolved statement
that the fundamental solution is a decreasing function of Riemannian distance and
stressed the importance of this statement. We explored some proofs on specific cases
to help illustrate it.
Next, we discussed the notion of stochastically completeness of Riemannian mani-
folds and the phenomenon of disappearing Brownian motion. We provided some
geometric criteria for stochastically (in)completeness and looked into the example of
Poincaré balls.
We concluded the body part with a discussion on short-time asymptotics, which
provided us with mathematical apparatus to describe complex fundamental solu-
tions with less complex expressions in the limit of small time. We saw that this is a
lot harder for points inside of each other’s cutlocus and provided an expression of
proportionality for the fundamental solution on the n-sphere for points outside of
each other’s cutlocus. Finally, we saw that approximations can be made for distant
points, i.e. in each other’s cutlocus as well, such as antipodal points on the sphere.

All in all, we have developed a theoretical framework to show that the heat equation
has exactly one fundamental solution on compact Riemannian manifolds and that
this fundamental solution is the transition density function of Brownian motion on
compact Riemannianmanifolds. Future researchmay be done onprovingConjecture
6.1, developing a system so that the property of stochastically incompleteness can
more easily be identified, as well as non-asymptotic behaviour of the heat equation
and Brownian motion on Riemannian manifolds. One way to expand the research
done in this thesis is to prove the existence of, and to study, the fundamental solution
of the heat equation on non-compact Riemannianmanifolds, or on semi-Riemannian
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manifolds (in order to, for example, look at heat or Brownian motion in spacetime
bent by gravity).
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