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Abstract

The two main topics of this thesis are Hilbert schemes of points and moduli spaces. We will see how a set
of ideals can be given the structure of a projective variety. With this structure we will use group actions
to determine the Euler characteristic of the Hilbert schemes of points on a surface. Subsequently, we will
explore connections on R4 and see how the Yang-Mills equations arise from minimizing a quantity known
as action. We will then construct all solutions to these equations and see how the geometrization of these
solutions gives rise to the moduli space of framed instantons. We will see how this space is some sense
equal to the Hilbert scheme of points.
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Introduction

In mathematics, one often receives some set of objects from a problem and tries to study these objects. Most
often it is necessary to equip such a set with more structure to see how our objects behave. In algebra one
might see how the set of permutations can be given the structure of a group. In geometry you want to
have some concept of distance between your points. In number theory you want study how addition and
multiplication behave.
In this thesis, we will start off by considering the Hilbert scheme of points. Our definition will start as some
set of ideals, which we will equip with a topology and we will see how we can take limits and make paths in
our space. We will use these concepts to calculate the Euler characteristic of our space, which we will define
in the first chapter.
The second main topic will be the Yang-Mills equations. Here one describes a physical system through the
use of fields, and with the principle of least action some differential equations for connections will be derived.
When you consider these equations over R4, one can use the ADHM construction to find all solutions to
the more specific anti-self-dual equations. These solutions are called instantons. With this construction we
get a way of characterizing all instantons by some linear data, which naturally comes with more structure
and therefore we can use this to see our set of instantons as a space with more structure. This is called the
moduli space of instantons and we will see how that space is isomorphic to the Hilbert scheme of points in
some special case.

Outline of this thesis

In chapter 1 we will define the Euler characteristic of a topological space. This is a preparation for chapter
3. Then in chapter 2 we will define the Hilbert scheme of points over C2, where we will see the importance
of monomial ideals and give a topology to this Hilbert scheme. In chapter 3 we will continue studying this
Hilbert scheme and show it is path-connected and moreover calculate the Euler-characteristic. Chapter 4 will
start with some mathematical preparations where we will define differential forms, and then we will define
connections and derive the Yang-Mills equations. In chapter 5 we will focus on the ADHM construction,
where we construct all solutions to the Yang-Mills equations. At last, in chapter 6 we will look at the set of
all solutions, and study this as a geometric space, called the moduli space of instantons. Here we will see how
the space of solutions to the Yang-Mills equations has the same structure as the Hilbert scheme of points for
some special cases.
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1 EULER CHARACTERISTIC 1

In this chapter we will introduce homology groups and the Euler characteristic. The Euler characteristic χ
is a topological invariant that describes the shape of a topological space. We will see how we can calculate
it for some examples.

1 Euler characteristic

Originally the Euler-characteristic was defined for polyhedra. One of the first applications of the Euler-
characteristic was the classification of the Platonic solids [1].

Definition 1.0.1. For a polyhedron with V vertices, E edges and F faces we define the Euler characteristic
χ as:

χ = V − E + F (1.1)

Leonhard Euler stated in 1758 that for all convex polyhedra we have χ = 2. The Euler characteristic of a
topological space can be defined in terms of homology groups. In some way we want to associate a sequence
of abelian groups with our space. This sequence of groups together with a sequence of homomorphisms
between them, is called a chain complex. We will then construct such a chain complex for a special set of
topological spaces. Moreover we will see how a complex can be created for any topological space and we will
even calculate some Euler characteristics.

1.1 Chain complex

Definition 1.1.1. A chain complex (C•, ∂•) is a sequence of abelian groups Ci together with a sequence of
homomorphisms ∂i : Ci → Ci−1 such that ∂n ◦ ∂n+1 = 0 for all n ∈ Z. From ∂n ◦ ∂n+1 = 0 it follows that
Im ∂n+1 ⊂ ker ∂n, and thus we can define the nth homology group Hn to be ker ∂n/Im ∂n+1.

We can write out a complex as follows.

. . .
∂4−→ C3

∂3−→ C2
∂2−→ C1

∂1−→ C0
∂0−→ . . .

Chain complexes play a big role in the definition of homology, but also appear in other situations. In the
fourth chapter we will encounter differential forms and the exterior derivative d, that takes k-forms to k+ 1-
forms and also satisfies d2 = 0. That complex is called the de Rham cohomology. Cohomology groups appear
as a dual notion to homology groups.

Definition 1.1.2. A cochain complex (C•, ∂•) consists of a sequence of abelian groups Ci together with
homomorphisms ∂n : Cn → Cn+1 that satisfy ∂n+1 ◦ ∂n = 0. We define the nth cohomology group Hn to be
ker ∂n/Im ∂n−1.

A natural way to transform a chain complex (C•, ∂•) to a cochain complex is by considering the groups
Hom(Ci, G) for some fixed group G. We can then define a homomorphism from Hom(Ci, G) to Hom(Ci+1, G).
For an element in f ∈ Hom(Ci, G) we can compose f with ∂i+1 and create a map f ◦∂i+1 : Ci+1 → G. In this
way we have used ∂i+1, that maps from Ci+1 to Ci, to create a mapping from Hom(Ci, G) to Hom(Ci+1, G).
This reverses the arrows between our groups.
We can also consider finite sequences of groups. These can be fitted in the definition of a chain complex by
taking trivial groups for all other parts of the sequence. A sequence where almost all groups are trivial, is
called bounded. We will now look at an example of a short sequence, which is actually some specific example
of the de Rham cohomology.

Example 1.1.3. In first-year multivariable calculus class the grad, curl and div operators are often taught
and it is well know that curl(grad(f)) = 0 and div(curl(v)) = 0 for all f ∈ C∞(R3,R) and v ∈ C∞(R3,R3).
With these two relations we can use these operators as our homomorphisms to create a chain complex:

0 −→ C∞(R3,R)
grad−→ C∞(R3,R3)

curl−→ C∞(R3,R3)
div−→ C∞(R3,R) −→ 0

4



1 EULER CHARACTERISTIC 2

1.2 Simplicial homology

The original formula for the Euler characteristic was stated in terms of vertices, edges and faces. We now
want to expand this idea and generalize vertices, edges and faces to bigger cells of higher dimensions. For
these definitions we follow the book from Munkres [2].

Definition 1.2.1. In RN we define an n-simplex σ spanned by a0, . . . , an to be the set of all points x such
that x =

∑n
i=0 tiai where we have ti ≥ 0 for all i and

∑n
i=0 ti = 1.

For n = 0 we just get the point a0 and for n = 1 we have the set ta0 + (1 − t)a1 with 0 ≤ t ≤ 1, thus a
1-simplex is an line segment.

Definition 1.2.2. For a simplex σ spanned by a0, . . . , an we call a simplex spanned by a subset of {a0, . . . an}
a face of σ. Any face that is different from σ we call a proper face. The union of all proper faces is called
the boundary of σ. We define two orderings of the vertex set of a simplex to be equal if they differ from
each other by an even permutation. This creates two equivalence classes, and for a simplex σ we will call its
equivalence class its orientation. An oriented simplex is a simplex σ together with an orientation of σ.

Now, with this definition that generalizes vertices, edges and points we can define a more general idea of
polyhedra.

Definition 1.2.3. A simplicial complex K in RN is a collection of simplexes in RN such that:

1. Every face of a simplex of K is in K.

2. The intersection of any two simplexes of K is a face of each of them.

Definition 1.2.4. For a simplicial complex K we define |K| to be the subset of RN that is the union of the
simplexes of K. We give this space a topology by giving each simplex its natural topology as a subspace of
RN and defining a subset A of |K| to be closed if and only if A ∩ σ is closed for all σ ∈ K. The space |K| is
called the polytope of K.

We will now use this data to associate abelian groups with a simplicial complex.

Definition 1.2.5. Let K be a simplicial complex. A p-chain is function c from the set of oriented p-simplexes
of K to the integers, such that:

1. c(σ) = −c(σ′) if σ and σ′ are opposite orientations of the same simplex.

2. c(σ) = 0 for all but finitely many simplexes.

We denote the group of oriented p-chains with Cp(K). If there are no p-simplexes in K we define this group
to be the trivial group. For an oriented p-simplex σ spanned by a0, . . . , ap, we define [a0, . . . , ap] to be the
function c such that c(σ) = 1 and c is zero for all other simplexes.

Definition 1.2.6. We define the boundary operator ∂p : Cp(K) → Cp−1(K) to be a homomorphism that
takes a simplex σ = [v0, . . . , vp] and maps it as follows:

∂pσ = ∂p[v0, . . . , vp] =

p∑
i=0

(−1)i[v0, . . . , vi−1, vi+1, . . . , vp] (1.2)

So on the right-hand side we have deleted vi from the simplex.

We can now explicitly compute that ∂p−1 ◦ ∂p = 0 and then everything is prepared to define the simplicial
homology groups of K. For a simplex σ = [v0, . . . , vp] we see:

∂p−1 ◦ ∂p([v0, . . . , vp]) =

p∑
i=1

(−1)i∂p−1[v0, . . . , v̂i, . . . , vp]

=
∑
j<i

(−1)i(−1)j [. . . , v̂i, . . . , v̂j , . . . ] +
∑
i<j

(−1)i(−1)j−1[. . . , v̂i, . . . , v̂j , . . . ] = 0,

(1.3)

where we write v̂ for a vertex that is removed from the simplex.
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Definition 1.2.7. The kernel of ∂p is denoted by Zp(K), the image of ∂p+1 is denoted by Bp(K). The
elements of Zp(K) we call cycles and the elements of Bp(K) we call boundaries. Because ∂p ◦ ∂p+1 = 0 we
see that Bp(K) ⊂ Zp(K) and thus we can define Hp(K) = Zp(K)/Bp(K) to be the pth homology group of
K.

In some way these groups formalize the idea of the number of holes in |K| of dimension n.

Definition 1.2.8. The kth Betti number bk(X) of a space X is defined as the rank of Hk(X), which is the
number of linearly independent generators of Hk(X).

Intuitively, we see that when a homology group is non trivial, we have an element that is a cycle but is not
a boundary of some simplex. Thus it corresponds to a missing ”hole” in our space. The kth Betti number
counts how many holes with a k-dimensional boundary we have. For instance the hole in a circle has some
1-dimensional boundary, while the hole inside of a sphere has a 2-dimensional boundary.

Example 1.2.9. We will now calculate the homology groups of a triangle 4ABC in R2. A triangle has 3
vertices, 3 edges and 1 face. When we view our triangle as a simplicial complex, we see that it is equal to
{ABC,AB,BC,CA,A,B,C}. Thus we see that our non-trivial groups of p-chains are C2 = span(ABC),
C1 = span(AB,BC,CA) and C0 = span(A,B,C). Our boundary operators work as follows: ABC 7→
BC −AC +AB, AB 7→ A−B, BC 7→ B −C, CA 7→ C −A and A,B,C 7→ 0. So our homology groups are:

H2 = ker ∂2/Im ∂3 = 〈0〉/〈0〉 = 0

H1 = ker ∂1/Im ∂2 = 〈bc− ac+ ab〉/〈bc− ac+ ab〉 = 0

H0 = ker ∂0/Im ∂1 = 〈a, b, c〉/〈a− b, b− c〉 ∼= 〈a〉 ∼= Z

And therefore we see that the zeroth Betti number is equal to 1, and all other Betti numbers are zero. 4

1.3 Other homology theories

With simplicial homology we have a way of associating a chain complex with a simplicial complex K. More-
over, it can also be proven that the homology groups only depend on the underlying topological structure of
the space |K| [2]. This means that these groups are topological invariants that we can assign to topological
spaces which happen to be polytopes of some simplicial complex. A deficiency of these simplicial homology
groups is that we cannot assign them to any topological space. There are however other homology theo-
ries that construct a chain complex on any topological space. An import theory is the theory of singular
homology.

Definition 1.3.1. A singular n-simplex in a topological space X is a continuous function σ : ∆n → X,
where ∆n is the polytope of a single n-simplex. We define the singular chain group Sn(X) of X in dimension
n to be the free abelian group generated by all of the singular n-simplexes of X. We define the boundary
homomorphism ∂n : Sn(X) → Sn−1(X) to be the homomorphism that sends a singular n-simplex to the
alternating sum of its faces.

Very similar to the proof of the simplicial homology we can show that ∂n+1 ◦ ∂n = 0. An import result in
homology theory is that the simplicial and singular homology groups of a polytope of a simplicial complex are
isomorphic [3]. It should be noted that quite a lot of topological spaces are the polytope of some simplicial
complex. In particular it is proven in [4] that every smooth manifold is a polytope of some simplicial complex.
Using the Betti numbers of a space we can now define the Euler characteristic of a space X.

Definition 1.3.2. For a topological space X we define its Euler characteristic χ as follows:

χ(X) =

∞∑
i=0

(−1)ibk(X) (1.4)

Where bk(X) denotes the kth Betti number, which was defined as the rank of Hk(X).
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For make this sum well-defined, we need two things. First of all, we want the sum to converge. Since all
Betti numbers are integers, we want this to be a finite sum. For this thesis we will only be considering the
Euler characteristic of manifolds. For a manifold M of dimension n it is a well known result that bk(M) = 0
for k > n. Thus our sum will always converge. Second of all, we have the requirement that all Betti numbers
should actually be finite. For compact manifolds this is always the case, but we will see that this can become
a problem for other manifolds.
We can compare this definition 1.3.2 to the first definition 1.0.1 of the Euler characteristic for polyhedra.
At 1.0.1 we also had an alternating sum, however the rank of a homology group is not always equal to the
number of n-simplexes in a complex. For example we have seen a triangle 4ABC where only the zeroth
Betti number was nonzero and equal to 1. If we fill in our original equation for the Euler characteristic we
get χ = 3 − 3 + 1 = 1, which fortunately agrees with the value obtained from the new definition. We will
now prove that these definitions correspond for polytopes of simplicial complexes.

Theorem 1.3.3. For a polytope of a finite simplicial complex we have χ =
∑
i(−1)iki, where ki is the

number of i-simplexes.

Proof. From 1.2.5 we see that ki is equal to the dimension of Ci. Let n be the highest number such that Cn
is nontrivial. We calculate:

χ =

n∑
i=0

(−1)irank(ker ∂i/Im ∂i+1) =

n∑
i=0

(−1)i(rank ker ∂i − rank Im ∂i+1)

=

n∑
i=0

(−1)irank ker ∂i +

n+1∑
j=1

(−1)jrank Im ∂j

= rank ker ∂0 + (−1)n+1rank Im ∂n+1 +

n∑
i=1

(−1)i(rank ker ∂i + rank Im ∂i)

(1.5)

We know that ∂0 maps to the trivial group, so ker ∂0 = C0. We also notice that the domain of ∂n+1 is the
trivial group, implying that its image is also trivial and thus that rank Im ∂n+1 = 0. Since all these maps
are Z-linear we also know that for a map with domain Ci that rank ker ∂i + rank Im ∂i = rank Ci. So our
last expression simplifies to

∑n
i=0 rank Ci, which is exactly what we wanted to prove.

In this thesis we want to talk about the Euler characteristic of a non-compact space. Definition 1.3.2 for the
Euler characteristic will not work for non-compact spaces, since the Betti numbers then do not have to exist.
However there exists a cohomology theory named cohomology with compact support that will also make
sense for some non-compact spaces. For locally compact spaces we can use the cohomology with compact
support to define the Euler characteristic with compact support χc. It is proven in [5] and [6] that χ and
χc correspond for compact spaces. In that way χc extends the definition of the Euler characteristic. We
do however have to be careful, there are some properties of the Euler characteristic for compact spaces that
are not true any more for the Euler characteristic with compact support. One important example is that
for compact space the Euler characteristic is homotopy-invariant, for the Euler characteristic with compact
support this is not the case. We will now state some important properties for the Euler characteristic with
compact support from [7] and [8].

Theorem 1.3.4. For a proper smooth submersion f : X → Y with X,Y smooth manifolds, Y connected and
generic fiber F we have

χ(X) = χ(Y ) · χ(F ). (1.6)

If we have a locally compact space X with M,N open or closed in X we have

χ(M ∪N) = χ(M) + χ(N)− χ(M ∩N). (1.7)

If we have a fibration p : E → B with fiber F where B is path-connected and the fibration is orientable over
a field K, then the Euler characteristic with coefficients in K satisfies

χ(E) = χ(F ) · χ(B). (1.8)

These properties can be used to calculate the Euler characteristic of many spaces. The last property is a
more general form of the first one, and will become useful later in chapter 3 3.



1 EULER CHARACTERISTIC 5

1.4 Calculating Euler characteristics

We now have found ways to calculate the Euler characteristics of compact spaces and moreover have some
tools to relate the Euler characteristic of non-compact spaces to smaller spaces. We will now calculate the
Euler characteristics of some well-known spaces. We will start off by proving a lemma for the Cartesian
product of spaces.

Lemma 1.4.1. For two spaces M,N which have some Euler characteristic we have χ(M×N) = χ(M)·χ(N).

Proof. We will use the first property from 1.3.4. Take X = M ×N and take the function f : X →M to be
the projection to the first coordinate. Projections are examples of smooth submersions. For each point m in
M we have the fiber F = f−1({m}) = {m} ×N ∼= N . Therefore we see that χ(M ×N) = χ(M) · χ(N).

Example 1.4.2. First of all, we will calculate χ(R). We can use the second property in 1.3.4, by observing
that R = (−∞, 0)∪{0}∪ (0,∞). Thus we can use the union property twice to see that χ(R) = χ((−∞, 0)) +
χ({0}) + χ((0,∞)). Now we can use that the Euler characteristic of a single point is 1 and since R is
homeomorphic to (−∞, 0) and (0,∞) the equation reduces to χ(R) = 2χ(R) + 1, therefore we have χ(R) =
−1. With the product property we see χ(Rn) = (−1)n and because C is homeomorphic to R2 we have
χ(Cn) = 1. 4

Example 1.4.3. We can see the circle S1 as a simplicial complex with two edges that meet at both sides.
Then we have two edges and two vertices, so by 1.3.3 we see that χ = 2− 2 = 0. 4

Example 1.4.4. For the torus T = C∗ we can calculate its Euler characteristic in two ways. First of all we
have the homeomorphism C∗ → S1×R the map z 7→ (z/|z|, log(|z|)). Thus we see that χ(C∗) = χ(S1)χ(R) =
0×−1 = 0. We can also use the second property in 1.3.4 and see that χ(C) = χ(C∗) + 1. 4

We also have all the tools to prove Euler’s statement that all convex polyhedra have χ = 2, by recognizing
that all convex polyhedra are homeomorphic to S2. In particular we see that all convex polyhedra should
have the same Euler characteristic as the tetrahedron, where we can count 4 vertices, 6 edges and 4 faces to
conclude that χ = 4− 6 + 4 = 2.
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2 Hilbert scheme

The main topic of this chapter will be defining the Hilbert scheme of points. We will see how we can use
the structure of the Grassmanian to give structure to our set. Furthermore we will also see how the Hilbert
scheme is related to sets of points.

2.1 The Hilbert scheme

Although we will be mostly interested in the Hilbert scheme Hilbn(C2), we will start off by studying a simpler
space: Hilbn(C).

Definition 2.1.1. The Hilbert scheme Hilbn(C) as a set is defined as the set of ideals I in C[x] such that
C[x]/I is a vector space of dimension n over C.

Since C[x] is a principal ideal domain, we know that each ideal is generated by a polynomial f(x). Moreover
we can also see that dim(C[x]/(f(x))) = deg(f). The generator for such an ideal is unique up to multiplication
with a constant. We see that every ideal is in bijective correspondence with the roots of the polynomial f ,
since those exactly fix a polynomial up to multiplication with a constant. We define the set SnC as the set
of arrangements of n points modulo the symmetric group acting on these points by interchange. We see that
Hilbn(C) ∼= SnC. Although Hilbn(C) has an abstract definition, it is actually an algebraic description of a set
that feels more natural. The set SnC can easily describe physical situations where you have similar objects
appearing with a different parameter. However, from a mathematical point of view the Hilbert scheme is
preferred.
We can make a map from Hilbn(C) to Cn by taking the monic generator of an ideal, which is unique, and send
it to its non-leading coefficients. This map is bijective, since every monic polynomial also generates a unique
ideal and we can inverse the map. Although we have not given Hilbn(C) the structure of a topological space
yet, this can be done and then this map actually forms a homeomorphism, and we can actually calculate
that χ(Hilbn(C)) = χ(Cn) = 1.
We will now continue to the object that is more interesting to us. The Hilbert scheme of points over C2.

Definition 2.1.2. The Hilbert scheme Hilbn(C2) of n points in the plane is defined as a set by the ideals
I ⊂ C[x, y] such that C[x, y]/I has dimension n as a vector space over C. For an ideal I ⊂ C[x, y] we call the
dimension of C[x, y]/I the colength of I.

A first remark we can make is that both definitions for these Hilbert schemes of points only refer to the set
of objects. The complete structure of these objects was developed by Alexander Grothendieck[9]. In general
a Hilbert scheme is a scheme that is the parameter space for the closed subschemes of some projective space.
But the complete definition of Hilbert schemes goes beyond this thesis. Fogarty proved that Hilbn(X) is
smooth and irreducible for a smooth irreducible surface X over C and that this variety comes equipped with
a Hilbert-Chow morphism that is a resolution of singularities of Symn(X) [10]. Finally the construction of
the Hilbert scheme of points of a surface we are using here is due to Haiman [11].
We have seen that for the Hilbert scheme over the complex line, we have correspondence between ideals
and sets of points. We can also try to make such a correspondence for our Hilbert scheme over C2. But
multivariable polynomials do not have some standard form whence we can read the roots. For instance we
can look at the ideal I = (x2 − y, y2), we can calculate that it is of colength 4. There is no direct way to
think of 4 points that we can associate with this ideal. One might recognize that (0, 0) is a root of every
polynomial in I, this is however the only point that is a root of every polynomial in I. The ideal (x2, y2)
has the same property however, thus in the sense of points there is no trivial way to uniquely assign ideals
to sets of points.
We can also try work the other way around. For a set of points in C2, does there exist a natural ideal we
can associate it with? It turns out that for a set of n different points the ideal that vanishes on all of those
points is an ideal of colength n. If we have a set of n different points with different x-coordinates, we can use
Lagrange interpolation to find an polynomial y = P (x) of degree n−1 such that all points are on that curve.
Furthermore we can take the polynomial Q(x) =

∏
i(x−xi), where xi are the first coordinates of our n points.

The ideal I = (y − P (x), Q(x)) vanishes exactly on the n different points we started with. Moreover we see
that 1, x, . . . , xn−1 form a basis of C[x, y]/I, and thus this is an ideal with colength n. If some x-coordinates
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of points coincide, the Lagrange polynomial does not exists. We could then try to switch x and y around, or
if that is still not possible we can rotate our coordinates such that all points have a different first coordinate.
For instance we can consider the points (0, 0) and (−1, 1). The Lagrange polynomial y = −x passes through
both points, and x(x + 1) gives our x-coordinates, thus (y + x, x2 + x) is the ideal that vanishes on both
points. An ideal that vanishes on n different points is called a generic ideal. We will later see a way to
associate a set of points with every ideal, but it will not be a nice bijective correspondence. This mapping is
called the Hilbert-Chow morphism.
A special kind of ideals in Hilbn(C2) are the monomial ideals.

Definition 2.1.3. A monomial is a polynomial of the form xayb for some non-negative integers a, b. A
monomial ideal is an ideal that is generated by monomials.

For a monomial ideal we can look at the monomials that are not contained in the ideal. By definition of
an ideal we know that if xayb ∈ I and we have both a′ ≥ a and b′ ≥ b, then xa

′
yb
′

is also an element of I.
Because we want the colength n of an ideal to be finite, there are also finitely many monomials that are not
contained in I, since they form a basis of C[x, y]/I. We can visualize these monomials as a partition of n.

Definition 2.1.4. A partition of a positive integer n is a non-increasing sequence (λi)i∈N of natural numbers
where only finitely many terms are non-zero and the sum of all terms is n.

We will see that there exists a bijection between the partitions of n and the monomial ideals of colength n.
We will illustrate this by example and then prove the actual statement.

Example 2.1.5. The sequence (4, 2, 1, 0, . . . ) forms a partition of 7. We associate this with the monomial
ideal I4+2+1 = (x4, x2y, xy2, y3). We visualize this by drawing the Young diagram.

y2

y xy

1 x x2 x3

(2.1)

We see that the width of the different layers corresponds to the partition, and the monomials in the boxes
are exactly the monomials that are not contained in I. 4

Theorem 2.1.6. There is a bijection between the partitions λ of n and the monomial ideals I ⊂ C[x, y] of
length n given by

λ 7→ Iλ := ({xrys|r ≥ λs}) (2.2)

with inverse
I 7→ λ(I) = (λi)i∈N := (min{j|xjyi ∈ I})i∈N. (2.3)

Proof. First of all we will prove these maps are well-defined. We start off by remarking that by definition Iλ
is a monomial ideal. Furthermore we note that for a partition λ of n we have #{(r, s)|r < λs} =

∑
λs = n.

Thus there are exactly n monomials that are not contained in Iλ, since Iλ is a monomial ideal it follows that
these monomials span C[x, y]/Iλ and thus the colength of Iλ is n. A proof for the fact that the monomials
outside of a monomial ideal span its quotient space will be seen later in 2.2.3.
We know for an ideal I that if xjyi ∈ I, we also have that xjyi+1 ∈ I, therefore we see that the sequence
λ(I) is non-increasing. Additionally min{j|xjyi ∈ I} is equal to the number of monomials of the form xayi

for some a that are not elements of I. Hence we see that
∑
i min{j|xjyi ∈ I} is equal to the number of

monomials that are not elements of I, since I is a monomial ideal of colength n we see that this sum must
be equal to n. Therefore our sequence also sums to n, and will be zero from some point on.
Now just have to check that these maps are inverses of each other.

λ(Iλ) = (min{j|xjyi ∈ ({xryi|r ≥ λi})})i∈N = (λi)i∈N (2.4)

I(min{j|xjyi∈I})i∈N = ({xrys|r ≥ min{j|xjys ∈ I}}) = ({xrys|∃c ∈ N : xr−cys ∈ I}) = I (2.5)

We can conclude that these two maps are indeed inverses of each other and therefore form a bijection.
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2.2 Gröbner basis

Before we continue working with the Hilbert scheme, we will do some preparations to work with multivariable
polynomials. For polynomials in one variable you can look at the leading term and in a quotient ring C[x]/I
you can write elements with a representative of lowest possible degree. Such concept are not unambiguously
defined for multivariable polynomials. For instance the leading term of x2 + y2 is not clear without defining
an order first. Another problem we have for ideals in C[x, y] is that there is no standard way to write their
generators.
First of all we have to choose some ordering of all monomials. We will focus on an ordering for two variables.
Most of the things we mention here will also be applicable to situations with more variables. There is some
freedom in the choice of this ordering, since there is no fundamental difference between x and y, but we have
to choose one to be smaller. For the theory of Gröbner bases we do want some properties in the ordering.
The first property we require is that for all monomials M,N,P we have that

M ≤ N ⇐⇒ MP ≤ NP. (2.6)

The second property we require is that M ≤ MP for all monomials M,P . Similarly to the order with
one variable these requirements guarantee us that multiplying things will in general increase the size of a
polynomial. A possible ordering for monomials would be to start off by comparing the degree in x, and if
that is equal compare the degree in y. This is called the lexicographic order and it can easily be checked that
satisfies our two requirements. We however will be working with the graded reverse lexicographic order. We
will first compare the total degree of a monomial, and if those are the same we will compare the degree of x.
We then get the following order:

1 < y < x < y2 < xy < x2 < y3 < xy2 < x2y < x3 < y4 < . . .

An advantage of this ordering is that most of the time calculations will be a bit shorter. This also has the
advantage that there are only finitely many monomials smaller than any specific monomial M .
With this ordering every polynomial can be rewritten in a standard form, we see that x2+xy+y2 is decreasing
in terms, just like it is natural to write a polynomial as 2x2 − 3x+ 1, instead of −3x+ 1 + 2x2.

Definition 2.2.1. Let K be some field and fix a term order on a polynomial ring R over K. A Gröbner basis
G of an ideal I in R is a generating set of I such that the ideal generated by the leading terms of polynomials
in I equals the ideal generated by the leading terms of G. Equivalently we have the property that the leading
term of any polynomial in I is divisible by the leading term of some polynomial in G. A Gröbner basis is
termed reduced if the leading coefficient of each element in G is 1 and no monomial in any element of G is
generated by the leading terms of the other elements of the basis.

Reduced Gröbner bases are unique for any given ideal and any monomial order [12]. We will see that the
ideals generated by the leading terms of some other ideal come back later. We define the initial ideal in(I) to
be the ideal generated by the leading terms of the elements of I. Notice that any initial ideal is a monomial
ideal by construction.
We will now prove a lemma from [12], that will become useful later.

Lemma 2.2.2. Let Vm be the vector subspace inside of C[x, y] spanned by the monomials of degree at most
m. Given any colength n ideal I, the image of Vm spans C[x, y]/I as a vector space for m ≥ n

Proof. We look at the set M of monomials that are not contained in in(I). If those are linearly dependent
in C[x, y]/I, then we would have a non-zero sum of these monomials that is contained in I. That would
imply that the leading term of that sum is also in in(I), which is impossible. Therefore they form a linearly
independent set in C[x, y]/I. Moreover for each polynomial p ∈ C[x, y] that has a leading term that is not
in M , we can subtract some element of I to get a smaller leading term. We can repeat this process until
we get a polynomial whose leading term is in M . We can then subtract the leading term and look at the
rest of the polynomial. With this algorithm we keep on reducing the leading term of our polynomial. Since
there are only finitely many monomials smaller than the original leading term of p, this algorithm will reach
0 at some point. We can reverse the process and write p = m + i for i ∈ I and m ∈ 〈M〉, since each steps
either subtracts an element of I or an element of 〈M〉. In conclusion we see that p+ I = m+ I, thus every
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polynomial in C[x, y]/I can be written as a linear combination of the monomials in M . Therefore M forms
a basis of C[x, y]/I.
Since dimC[x, y]/I = n, we see |M | = n. We have already seen that if xayb /∈ in(I), then also xa

′
yb
′
/∈ in(I)

for a′ ≤ a and b′ ≤ b, therefore we see that the highest possible degree for an element of M is n− 1, and thus
all element of M are also contained in Vm for m ≥ n.

Corollary 2.2.3. The colength of I is equal to the colength of in(I).

Proof. We have seen that the set M of monomials that are not contained in in(I) forms a basis in C[x, y]/I.
This set also forms a basis in C[x, y]/in(I), since every polynomial in C[x, y] can naturally be written as a
sum of monomials, some elements of in(I) and some not elements of in(I). Since this set forms a basis in
both quotient spaces, we see that their dimensions are the same.

2.3 Topology of the Hilbert scheme

For more structure on our set of ideals we want to view it as a subset of some variety with more structure,
and try to inherit some of this structure. All elements of Hilbn(C2) are ideals I with some property for the
linear space C[x, y]/I. This incentivizes us to look at Hilbn(C2) like it is a collection of linear subspaces.
This brings us to the Grassmannian. For some n-dimensional vector space V we write Grk(V ) as the space
of k-dimensional linear subspaces of V .

Definition 2.3.1. The Grassmannian Grk(V ) is the space of all k-dimensional subspaces of some vector
space V . When V is a real (or complex) vector space with dimension n it can be shown that Grk(V ) is a
compact smooth (or complex) manifold of real (or complex) dimension k(n − k). We will write Grk(V ) for
the set of codimension k subspaces of V [13].

We now want to find a vector space V that contain all our vector spaces from the Hilbert scheme. We can view
C[x, y]/I as a subspace of C[x, y] by choosing a basis B of C[x, y]/I, and then choosing any representative
of each element in B. However, we can not choose C[x, y] as our V , since the Grassmannian is defined for a
finite-dimensional vector space. In our choice for the representative we can still fix this problem, by choosing
the representatives with a small degree, we can replace C[x, y] by some finite dimensional space. We will
use our lemma 2.2.2. From now on we will choose m = n for the rest of our proofs, however there do exist
situations where a higher choice of m can be beneficial [12]. We want to use the structure of Grn(Vm) to
define structure on Hilbn(C2).

Definition 2.3.2. By Pn we denote the projective n-space over C. A projective variety over C is a subset
W ⊂ Pn such that W is the zero-set of some family of homogeneous polynomials in C[x0, . . . , xn]. A quasi-
projective variety is a locally closed subset of a projective variety.

Theorem 2.3.3. The Grassmanian Grk(V ) is a projective variety for every finite linear space V .

This is proven in [12].

Theorem 2.3.4. The Hilbert scheme Hilbn(C2) is a quasiprojective variety in Grn(Vm).

Proof. We will sketch the idea of this proof, but will not fill in all details. A full proof can be found in [12]
We start off by making an open covering of Hilbn(C2). For a partition λ of n we define Uλ to be the set
of ideals I such that the monomials outside of Iλ map to a vector basis of C[x, y]/I. We have seen before
that for every ideal I we can construct similar bases for C[x, y]/I and C[x, y]/in(I), and since all monomial
ideals are in bijective correspondence with the partitions we conclude that each I is an element of Uλ for
some partition λ.
This condition of having a certain basis corresponds to the non-vanishing of some Plücker coordinate. Com-
bined with some other remarks it will follow that Uλ is locally closed. Now we have an open cover of Hilbn(C2)
in Grn(Vm) that is locally closed, thus Hilbn(C2) is a quasi-projective variety.
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2.4 Hilbert-chow morphism

We have seen that for Hilbn(C) there is a natural map to the n-fold symmetric product of C. For C2 we have
a somewhat similar idea, but especially the n-fold symmetric product of C2 is not a ”nice” space any more.
This subsection will not be relevant to the next chapter, but it will explain some ideas that we will see later
for the moduli space of some system we will solve.

Definition 2.4.1. Let M be some set and m a positive integer. In Mm we define the relation ≈ such that
x ≈ y if and only if there is a permutation θ : {1, . . . ,m} → {1, . . . ,m} such that yi = xθ(i). We will denote

the set Mm/ ≈ as M (m) and this set is called the symmetric product of M .

Theorem 2.4.2 ([14]). The set (Cn)(m) is a manifold only for n = 1.

This case of n = 1 exactly corresponds with the symmetric product of C which we saw to be isomorphic to
Hilbn(C). For the other cases we get singularities in our space. Now as stated before it was proven by Fogarty
that Hilbn(C2) is a resolution of singularities of Symn(C2). This resolution is given by the Hilbert-Chow
Morphism. The complete definition of algebraic varieties and irreducibility can be found in [15].

Definition 2.4.3. For two irreducible varieties X,Y a birational map g : X → Y is a rational map such
that there is a rational map Y → X inverse to f . A resolution of singularities of an algebraic variety V is a
non-singular variety W with a proper birational map W → V .

The exact definition of a rational map f is a bit tedious, but is a kind of partial function between algebraic
varieties. It has some open U ⊂ X as its domain and can locally be written in coordinates using rational
functions. For algebraic varieties we use the Zariski topology, which has the property that every non-empty
open set is dense in the total variety, provided the total variety is irreducible. If we have birational map
between two varieties X,Y we call those birationally equivalent. This means that we can identify X minus
some lower dimensional subset with Y minus some lower dimensional subset.

Example 2.4.4. The circle X with equation x2 + y2 − 1 = 0 in C2 is birationally equivalent with the line
y = 0. We can define the maps:

f(t) =

(
2t

1 + t2
,

1− t2

1 + t2

)
g(x, y) =

1− y
x

(2.7)

We see that these maps are indeed given by rational functions. The fact that g is not defined in (0,−1) is no
problem for a rational map, since it is just some zero dimensional variety that is missing from the domain.
We can also see that f is not defined for t ∈ {−i, i}, again however this is not a problem. 4

The theory of resolutions is concerned with the question whether every algebraic variety V has a resolution.
A singular point of a variety is a point where its tangent space may not be regularly defined. For instance the
curve defined by y2 − x2(x+ 1) = 0 has a singular point at the origin, since it crosses itself. A non-singular
variety is a variety without any singular points.

Theorem 2.4.5 ([16]). Every variety over a field with characteristic 0 has a resolution

Now we go back to our case. The Hilbert-Chow morphism is a resolution, thus we should get some mapping
from ideals in Hilbn(C2) to a set of points in Symn(C2).

Definition 2.4.6. The Hilbert-Chow morphism f : Hilbn(C2) → Symn(C2) can be calculated as follows.
For a point p ∈ C2 we define Ip := I+ (x−px, y−py)n. We send an ideal I to the set that contains p exactly
dimC[x, y]/Ip times.

Example 2.4.7. Consider the ideal I = (x2 +x, y2 +x−1). We can check that its generators form a Gröbner
basis and thus in(I) = (x2, y2). We also know that C[x, y]/I is spanned by monomials outside of in(I), and
thus we see 1, x, y, xy form a basis for C[x, y]/I and I ∈ Hilb4(C2).
If we have a point p ∈ C2 with px /∈ {0,−1}, then we can calculate that I + (x− px, y− py)4 = C[x, y], since
(x−px)4 and x2 +x share no roots, and thus we can use Euclid’s algorithm to find a non-zero constant in Ip.
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If px = 0, we can use (x2−x+1)(x2+x)−x4 = x to see that x ∈ Ip, thus y2−1 is also in Ip. Again we see that
if py is not a root of y2 − 1, then we get a non-zero constant in Ip. We can check that I(0,1) and I(0,−1) both

have colength 1. For px = −1 we can find with similar reasoning that py should be ±
√

2. Both corresponding
ideals also have colength 1 and thus we send I to the set {(0, 1), (0,−1), (−1,

√
2), (−1,−

√
2)}. 4

Example 2.4.8. The ideals (x3, y), (x2, xy, y2) and (x, y3) all have colength 3 and are all mapped to the set
with the origin three times. 4

It is possible to interpret this construction geometrically. The addition of two ideals corresponds to inter-
secting their zero-sets. Therefore we are looking how much of a zero every points in C2 is of an ideal. It

can be shown that C[x,y]
I =

⊕
p∈C2

C[x,y]
Ip

.With this equation we can compare dimensions and verify that the

Hilbert-Chow morphism always gives a set of n points.
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3 Paths in the Hilbert scheme

In this section we will see how we can move points in our Hilbert scheme. Most importantly we will see the
flat limit of an ideal. Furthermore we will prove that the Hilbert scheme is connected and we will finally
calculate χ(Hilbn(C2)).

3.1 Flat limit

In this paragraph we will define the flat limit. In this context we see it as a parametrized family of ideals in
Hilbn(C2) that will contain some starting ideal I, and will also contain in(I). We will try to make an ideal
I ”flow” to its initial ideal. For this to happen we want the non-leading terms of the reduced Gröbner basis
of I to vanish. We will start with an example.

Example 3.1.1. We have seen before that the ideal I = (x2 + x, y2 + x− 1) has colength 4 and the written
generators form the reduced Gröbner basis, therefore we also have in(I) = (x2, y2). We want to multiply x
and y by some power of t such that the non-leading terms vanish when t goes to 0. If we have x 7→ tax and
y 7→ tby we get the ideal

It = (t2ax2 + tax, t2by2 + tax− 1) = (x2 + t−ax, y2 + ta−2bx− t−2b). (3.1)

So we want to choose a, b such that −a > 0, a − 2b > 0,−2b > 0. If we can find such a, b the non-leading
terms will vanish when t goes to 0. We can choose a = b = −1 in this case, and we check these satisfy our
conditions. Therefore the family It = (x2 + tx, y2 + tx− t2) creates a path from I to in(I), since t = 1 gives
us I and t = 0 gives us in(I). 4

Here we have to be a bit careful, since we are taking a limit of ideals. Also the map x 7→ t−1x makes no sense
for t = 0, but because ideals are closed under scaling this mapping does seem to work when we apply it to the
whole ideal at the same time. If we had chosen a = b = 1 and take the limit from t to 0, the only surviving
term is 1, but that would mean that I0 = C[x, y]. Then this family would not be a subset of Hilb4(C2) any
more and our limit point would not exist. The correct terminology for such a family to be continuous is for
such a family to be flat.

Theorem 3.1.2 ([12]). We view a family It as an ideal in C[x, y][t]. If C[x, y][t]/It is a finitely generated
free C[t]-module with dimension n then It is a flat family.

A first remark we make here, is that we cannot multiply or divide by t anymore once we fix our family of
ideals as an ideal in C[x, y][t]. In our example we did divide to make our leading terms free of t.

Theorem 3.1.3. For I ∈ Hilbn(C2) we can create a flat family of ideals It such that I0 = in(I) and I1 = I.

Proof. We take our original ideal I and we map x 7→ tax and y 7→ tby, where a = −2n − 1 and b = −2n.
We know all elements of the reduced Gröbner basis should at most have a leading term of degree n. Now
we compare two monomials p1 = xm1yn1 and p2 = xm2yn2 that could appear in elements of the reduced
Gröbner basis. We see that our mapping will send pi 7→ tami+bni for i ∈ {1, 2}. Now assume that p1 > p2,
we will show that the exponent of t will be greater in front of the smaller monomial.
Since we use the graded reverse lexicographic order, we can separate p1 > p2 in two cases. For the first case
we have that the degree of p1 is greater than the degree of p2, thus m1 + n1 > m2 + n2. Since these are all
integers we see that m1 + n1 ≥ m2 + n2 + 1. Furthermore we know that the total degree of both monomials
can be at most n, thus m2 ≤ n and m1 −m2 > −2n. We can use these inequalities to see that

am1 + bn1 = −2nm1 −m1 − 2nn1 ≤ −2nm2 −m1 − 2nn2 − 2n < −2nm2 −m2 − 2nn2 = am2 + bn2. (3.2)

Now in the other case we have m1 + n1 = m2 + n2 and m1 > m2. We can then directly see that

am1 + bn1 = −2nm1 −m1 − 2nn1 < −2nm2 −m2 − 2nn2 = am2 + bn2. (3.3)

We conclude that p1 > p2 implies am1 + bn1 < am2 + bn2. Thus the factor t in front of the leading term
has the smallest exponent. We can thus multiply or divide by a power of t such that the leading term of the
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polynomial has no factor of t and all other monomials have some positive power of t in front of it. We can
write all of the polynomials in the Gröbner basis this way and choose those polynomials to generate an ideal
It in C[x, y][t]. Since the leading terms have no factor of t, we see that C[x, y][t]/It has to have dimension n
as a module over C[t]. This is because we can still reduce all polynomials in the same way to lower degree
in x and y as we could do in C[x, y]/I, since our leading terms did not change. The only difference is that
we will gather some factors of t, but those do not matter since we see our space as a module over C[t]. We
conclude that this is a flat family. By construction we can also see that for t = 1 we get I back and for t = 0
we get in(I).

This construction of the family of ideals can also be seen as a group action of C∗ working on an ideal. We
will later use this idea to calculate the Euler characteristic of Hilbn(C2).

3.2 Connectedness

To show the Hilbert scheme is connected, we will construct a path between any two ideals. We will follow
some ideas from [12]. We have already seen that we can use the flat limit to make a path from any ideal I to
its initial ideal, and therefore to some monomial ideal. So all for us left to do is connect the monomial ideals
by at path.

Definition 3.2.1. For a partition λ of n we have seen there exists a monomial ideal Iλ. For all monomials
xhyk outside of Iλ we can look at the point (h, k) ∈ N2 ⊂ C2. The ideal I ′λ that vanishes on all of these n
points is called the distraction of Iλ.

For a monomial ideal Iλ = 〈xa1yb1 , . . . , xamybm〉 we can consider the polynomials

fi = x(x− 1)(x− 2) . . . (x− ai + 1)y(y − 1)(y − 2) . . . (y − bi + 1) (3.4)

We see that 〈f1, . . . , fm〉 ⊂ I ′λ, since every polynomial vanishes on the given points in N2. Therefore we see
that 〈f1, . . . , fm〉 has a colength of at least n. But by construction we can also see that the leading terms
of the fi are exactly the xaiybi , which are the generators of Iλ. Therefore we have a colength of at least n.
In conclusion we can see that 〈f1, . . . , fm〉 = I ′λ. But we can also see that in(〈f1, . . . , fm〉) = Iλ, because we
know the leading terms of all generators. Therefore we see that in(I ′λ) = Iλ, and from the flat limit we see
that there must be a path connecting these ideals. By construction we also know that I ′λ is a generic ideal.

Theorem 3.2.2. There exists a path between any two generic ideals.

Proof. We will start off by creating a path between two generic ideals of which only one vanishing point
differs. Let I be the ideal that vanishes on S ∪ {pI} and J a generic ideal that vanishes on S ∪ {pJ}. There
must exist some path γ : [0, 1] → C2 such that γ(0) = pI , γ(1) = pJ and γ does not intersect S. Then we
can create the path It as the ideal that vanishes on S ∪ {γ(t)}. This is well-defined since there is a unique
colength n ideal that vanishes on n points. Moreover this is continuous since γ is continuous.
Now for any two generic ideals we can repeat the construction above and move all points one by one.

Theorem 3.2.3. The space Hilbn(C2) is connected

Proof. For any two ideals I, J we will construct a path between them. We saw before that there exists a
path from I to in(I), from where we can make a path to its distraction. Then we can do the same for J , and
the two distractions are both generic, thus there is a path between them. Combining all of these path we get
a path from I to J . Thus Hilbn(C2) is path-connected, and therefore it is also connected.

3.3 Euler characteristic

The goal of this subsection is to calculate the Euler characteristic of Hilbn(C2). We will use the Bia lynicki-
Birula decomposition of Hilbn(C2) to make this calculation. To talk about such a decomposition we have to
have a group action of the algebraic torus C∗ that works on our space.
We have seen that with the flat limit that we can make create a group action of C∗ on Hilbn(C2) by defining
t · I = {f(tax, tby)|f ∈ I}.Here we choose the a and b we found for the flat limit in 3.1.3, thus a = −2n− 1
and b = −2n. Since t ∈ C∗ we see that the leading coefficients will not change for polynomials under this
action, thus we indeed get a new element in Hilbn(C2).
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Theorem 3.3.1 (Bia lynicki-Birula [17]). Consider a smooth variety X over C with an action of C∗. Let
F1, . . . , Fr be the components of XC∗ . Let Xi := {x ∈ X|limt→0t · x ∈ Fi}; Then all Xi are locally closed in
X. Furthermore we have for each i that the limit map Xi → Fi is regular and it is an affine bundle.

Thus we are interested in the fixed points of this torus action. We can take the reduced Gröbner basis of an
ideal I, and notice that t · I is generated by polynomials that have the same leading terms as I, but only
in the smaller terms change due to t. Therefore we see that these new polynomials form a reduced Gröbner
basis for t · I. But two ideals are the same if and only if they have the same reduced Gröbner basis, thus all
generators cannot have any smaller terms than the leading term. Thus we see that all fixed points of C∗ are
monomial ideal. And it can also easily be verified that all monomial ideals are indeed fixed points. We have
already seen that there are finitely many monomial ideals, thus they are isolated and they all forms their
own component of C∗. Therefore there are exactly p(n) different Xi, where p(n) is the number of partitions
of n.

Theorem 3.3.2. The Euler characteristic χ of Hilbn(C2) is equal to the number of partitions of n.

Proof. We will use the third property of 1.3.4. We can use theorem 3.3.1 to see that the limit map is regular
and an affine bundle. Because it is an affine bundle it is also a fibration. And our limit map has a codomain
of one point, which is path-connected. Moreover it also orientable, once again because our codomain only
has one point. Because we have an affine bundle, we see that our fiber is homeomorphic to Ck for some k.
We can conclude that

χ(Xi) = χ(Ck)χ({I}) = 1 (3.5)

Where we have also used that the Euler characteristic of a single point is 1. Now we can use the second
property of 1.3.4 to calculate:

χ(Hilbn(C2)) =

p(n)∑
i=1

χ(Xi) =

p(n)∑
i=1

1 = p(n) (3.6)
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4 Yang Mills Instantons and the ADHM construction

In this section we will define connections and see how we can define the action. We will start with a
mathematical preparation before we can define connections. We will then see how the Yang-Mills equations
arise from minimization and reformulate the problem to the anti-self-dual equations. We mostly follow the
notes from [18].

4.1 Differential forms

To formulate the Yang-Mills equations, we will have to work with differential forms. More specifically we will
work with vector-valued differential forms. We will first define ordinary differential forms, and later expand
that definition to vector-valued differential forms.

Definition 4.1.1. Let V,W be two vector spaces of the same field K. We define the tensor product V ⊗W
to be the quotient space F (V ×W )/ ∼. Here F (V ×W ) denotes the free vector space of V ×W , which
consists of all possible finite expressions that are a sum of elements from V ×W multiplied by some scalars
in K. The equivalence relation ∼ is the smallest equivalence relation that satisfies distributivity and scalar
multiplication:

(v, w) + (v′, w) ∼ (v + v′, w) and (v, w) + (v, w′) ∼ (v, w + w′) (distributivity)

c(v, w) ∼ (cv, w) ∼ (v, cw) (scalar multiplication)

for all c ∈ K, v, v′ ∈ v and w,w′ ∈ W . The equivalence class [(v, w)] is denoted by v ⊗ w. We define the
kth tensor power of V to be the tensor product of V with itself k times and denote this by T kV . The tensor
algebra T (V ) of V is defined as the algebra of all tensors on V with multiplication being the tensor product.
This can be constructed by the following definition.

T (V ) =

∞⊕
k=0

T kV. (4.1)

Example 4.1.2. The tensor product of C2 with C3 consists is spanned by all kind of elements of the form
(v, w), where v ∈ C2 and w ∈ C2. If we choose a basis ei of C2 and fi of C3 we can write that

v ⊗ w = (v1e1 + v2e2)⊗ (w1f1 + w2f2 + w3, f3) =

2∑
i=1

3∑
j=1

viwjei ⊗ fj (4.2)

Thus all elements x in C2 ⊗ C3 are sums of elements that can be written as linear combinations of ei ⊗ fj ,
thus every x can also be written as a linear combination of ei ⊗ fj . Therefore we see that all combinations
of ei ⊗ fj form a basis of six elements. Moreover if we have a basis B1 for V and a basis B2 for W it can
be shown that B1 ×B2 forms a basis of V ⊗W . Therefore we also see that Cn ⊗ Ck ∼= Cnk. For the tensor
algebra we see that our elements consist sums of scalars, vectors from V and various products of vectors. 4

Definition 4.1.3. The exterior algebra Λ(V ) of a vector space V is the quotient algebra of the tensor algebra
T (V ) by the ideal generated by elements of the form x⊗ x. The exterior product ∧ of two elements in Λ(V )
is the induced multiplication from the tensor product in T (V ).

Example 4.1.4. For two elements x, y ∈ V we know that (x+ y) ∧ (x+ y) must be 0, since it is contained
in the ideal where we have divided by. Thus we can calculate:

0 = (x+ y) ∧ (x+ y) = x ∧ x+ x ∧ y + y ∧ x+ y ∧ y = x ∧ y + y ∧ x. (4.3)

Therefore we see the wedge product is antisymmetric. The elements in Λ(V ) that are the product of k vectors
span the a space that we call the kth exterior power. 4

Definition 4.1.5. A vector bundle consists of a continuous surjection π : E → X called the bundle projection
from the total space E to the base space X together with the structure of a vector space of dimension k on
all fibers π−1({x}) for x ∈ X. It also has to satisfy the condition that for each x ∈ X we can find an open
U around x such that there is a homeomorphism from π−1(U) to U × Kk. Here K is the scalar field of our
vector space structure for the fibers.



4 YANG MILLS INSTANTONS AND THE ADHM CONSTRUCTION 16

Example 4.1.6. Locally a vector bundle is just the Cartesian product of some vector space with your base
space. But this local property does not always translate to the whole space, for instance we can see the
Möbius strip as vector bundle over the circle, where our fibers have the structure of R. If you look close by at
a point on the circle it just looks like a piece of the plane, but because of the twist in the fibers the Möbius
strip is a different space from S1 × R. 4

We will now use a definition from [4].

Definition 4.1.7. Suppose M is an n-dimensional smooth manifold and x ∈M . A tangent vector at a point
x can be defined as an equivalence class of smooth curves γ̃ : (−1, 1)→M for which γ̃(0) = x. We consider
two smooth curves γ̃1, γ̃2 equivalent if

d(ϕγ̃1(t))

dt

∣∣∣∣
t=0

=
d(ϕγ̃2(t))

dt

∣∣∣∣
t=0

in some coordinate system (U,ϕ).

A special kind of vector bundle is the tangent bundle. This is the vector bundle that assigns the tangent
space as a fiber to each point in a manifold. The cotangent bundle is the bundle that assigns the dual of the
tangent space to each point in the manifold.

Definition 4.1.8. Let M be a smooth manifold. A differential form of degree k is a smooth section of the
kth exterior power of the cotangent bundle of M . The set of all k-forms on M is a vector space denoted by
Ωk(M).

Example 4.1.9. In general we see that a k-form is a linear, alternating map that takes k vectors and returns
a scalar. After all you need a vector for each linear map you get from the cotangent bundle. A 0-form is
therefore takes no vectors and returns a scalar for each point in M , therefore a 0-form is a smooth function
on M to K. A 1-form is a smooth section of the cotangent bundle of M , therefore a 1-forms can be seen as
a function that for each point in M assigns a linear map from the fiber at that point to K. We can use the
wedgeproduct we have in the the exterior algebra to multiply k-forms. The wedge-form of a p-form and a
q-form is a p+ q-form. 4

At last for the regular n-forms, there is also some kind of derivative.

Definition 4.1.10. The exterior derivative d is the unique K-linear mapping from k-forms to k + 1-forms
that satisfies the following three conditions.

� df =
∑
i
∂f
∂xi

dxi, so df is the differential of f for a 0-form f .

� d(df) = 0 for a 0-form f .

� d(α ∧ β) = dα ∧ β + (−1)p(α ∧ dβ), where α is a p-form

We can also formulate this in terms of local coordinates. We will write dxI = dxi1 ∧ · · · ∧ dxik for I =
(i1, . . . , ik). Then we have for the exterior derivative d that

d(g dxI) =
∂g

∂xi
dxi ∧ dxI (4.4)

Here we use the Einstein summation convention that if there is an index variable that appears twice in a
single term, we take sum over all values.
Now that we have defined regular k-forms, we are ready to define vector-valued differential forms. We will
state the definitions used in [19].

Definition 4.1.11. LetX be a manifold and F either a vector space or a manifold. Then F -valued differential
forms Ωr(U,F ) on an open U of X are defined as Γ∞(U,Λr(T ∗X)⊗F ). Where Γ∞(M,E) denotes the space
of smooth sections from M to E.
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If we have two vector spaces E,F with an action of E on F we also extend the definition of the wedge product
to ∧ : Ωp(U,E)× Ωq(U,F )→ Ωp+q(U,F ) by

a ∧ b =
1

p!q!

∑
P∈Sp+q

sign(P )α(XP (1),...,XP (p)
)β(XP (p+1), . . . , XP (p+q)). (4.5)

Here Sn is the permutation group of order n and all Xi are vector fields on U . Moreover if E = F and E is
an algebra, then we define the commutator [α, β] = α ∧ β − (−1)pqβ ∧ α.

Definition 4.1.12. The exterior derivative d : Ωk(U,F )→ Ωk+1(U,F ) is defined as the linear operator with
dα = A⊗ dη for α ∈ Ωk(U,F ) with η ∈ Ωk(U) and A ∈ F such that α = A⊗ η.

We will now see some remarks from [19] which we can use later to simplify some expressions.

Remark 4.1.13 (Lindenhovius). If we have some α ∈ Ωp(U,F ) and β ∈ Ωq(U,F ) for some algebra F and
write α = Tiα

i and β = Qiβ
i where αi, βi are all ordinary differential forms with Ti, Qi ∈ F then we have:

α ∧ β = TiQjα
i ∧ βj

[α, β] = [Ti, Qj ]α
i ∧ βj

d(α ∧ β) = dα ∧ β + (−1)pα ∧ dβ

d[α, β] = [dα, β] + (−1)p[α,dβ]

(4.6)

Definition 4.1.14. Let us work on a manifold with a tangent space of dimension m. We write I =
(µ1, . . . , µr) with 1 ≤ µ1 < · · · < µr ≤ m for the multi-index of length r. With Ī = (µ̄1, . . . , µ̄m−r)
we denote the multi-index of length m − r that is also increasing and complements I. Then we write
dxI = dxµ1 ∧ · · · ∧ dxµr . The hodge star operator ? : ωk(U,F ) → ωm−k(U,F ) is the unique linear mapping

such that ?dxI = (−1)σ(I)dxĪ , where (−1)σ(I) is the sign of the permutation µ1 . . . µrµ̄1 . . . µ̄m−r. If we have
a Riemannian manifold we get that ?2 = (−1)r(m−r)Id.

Remark 4.1.15. If we work over R2 with a trivial bundle of R2 attached to each point. We see that
?1 = (−1)σ(12)dx(1,2) = dx1 ∧ dx2. Moreover we see that ?dx1 = dx2, ?dx2 = −dx1 and ?(dx1 ∧ dx2) = 1.
We see for 1,dx1 ∧ dx2 that if we let ? act twice we get the same element back, but for the 1-forms we get a
minus sign. This agrees with the sign (−1)r(m−r).

Now we have defined vector-valued differentials forms, we have enough tools to continue and understand the
Yang-Mills equations.

4.2 Connections and curvature

In physics, gauge theory is a type of field theory which studies invariants in space. More precisely, gauge
theory is concerned with local transformations that do not change the Lagrangian. Mathematically this is
formulated in terms of connections, which act on a vector bundle.

Definition 4.2.1. A connection A on a vector bundle π : E →M of rank n is a gl(n)-valued 1-form. For a
connection A ∈ Ω(M, gl(n)) we also get a corresponding differential operator on M :

dA := d + ρ(A) (4.7)

This operator is called the covariant exterior derivative. The adjoint operator of dA is given by ?dA?.

The ρ which we encounter in this equation appears because we need some representation forA. The connection
A has some value in gl(n) but it has act on some section E →M . For this action there are all different kinds
of possibilities how to act, ρ contains the information about how this action works.
Before we continue, we have some restrictions on our connection A. We will be working with Hermitian
vector bundles, these give us an inner product on all fibers and we want our connection to be compatible
with that inner product.
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Definition 4.2.2. A Hermitian vector bundle π : E →M is a complex vector bundle over M together with
a Hermitian inner product on each fiber.

For our connection to be compatible with the inner product it means that for all α1, α2 ∈ Ω0(M,E) we want
to have that:

d(α1, α2) = (dAα1, α2) + (α1,dAα2) (4.8)

Because of the Leibniz rule for derivatives we can see that this simplifies to (ρ(A)α1, α2)+(α1, ρ(A)α2) = 0 for
all α1, α2. Therefore we see that A must be skew-Hermitian. Thus from now on we only look at connections
A that are u(n)-valued 1-forms acting on E by ρ. With our connection A and its differential operator we can
now also define the curvature 2-form.

Definition 4.2.3. The curvature F is defined as

F := dAA = dA+A ∧A = dA+
1

2
[A,A] (4.9)

For any connection there is already an identity that we can verify by calculation.

Theorem 4.2.4 (Bianchi Identity). For any connection A we have dAF = 0.

Proof. By definition we get:

dAF = (d + ρ(A))(dA+
1

2
[A,A]) = d2A+

1

2
d[A,A] + ρ(A)(F ) (4.10)

We start by using d2 = 0, thus the first term vanishes. Then for the last term we have to know how ρ(A)
works on F . It works on F by the adjoint action. Thus we get:

ρ(A)(F ) = [A,F ] = [A,dA+
1

2
[A,A]] = [A,dA] +

1

2
[A, [A,A]] (4.11)

Here we use the commutator for vector-valued differential forms. Now we write A =
∑
µAµ(x)dxµ in local

coordinates and calculate:
[A, [A,A]] =

∑
µ,ν,ρ

[Aµ, [Aν , Aρ]]dxµ ∧ dxν ∧ dxρ (4.12)

If we look at the coefficient in front of a term dxµ ∧dxν ∧dxρ there are two options. If µ, ν, ρ are all different
then there are six terms in the sum contributing to this term and we see that this coefficient is equal to:

[Aµ, [Aν , Aρ]] + [Aρ, [Aµ, Aν ]] + [Aν , [Aρ, Aµ]]− [Aµ, [Aρ, Aν ]]− [Aν , [Aµ, Aρ]]− [Aρ, [Aν , Aµ]] (4.13)

But because of the Jacobi-identity for matrices we know that both the positive terms and the negative terms
sum to 0. The second option is that µ, ν, ρ are not all different, but then we see that dxµ ∧dxν ∧dxρ = 0. So
we see that all coefficients in [A, [A,A]] are zero, thus [A, [A,A]] = 0. Now for the exterior derivative we see:

d[A,A] + 2[A,dA] = [dA,A]− [A,dA] + 2[A,dA] = [dA,A] + [A,dA]

= dA ∧A− (−1)1·2A ∧ dA+A ∧ dA− (−1)1·2dA ∧A = 0
(4.14)

Here we have used the definition of the wedge product and the last equation from 4.6. So the two terms
cancel and we are left with dAF = 0

4.3 Action and instantons

In this subsection we will see how we can define the action of a connection on the the manifold M = R4. As
you see more often in physics, we are interested in connections A such that this action is minimal. We will
then see what the topological charge is of a connection and moreover see why we actually should be working
over S4 instead of R4.
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Definition 4.3.1. The action of our system is the functional SE [A] that depends on the connection A by
the following equation:

SE [A] = −
∫
M

Tr(F ∧ ?F ). (4.15)

The gauge group acts on F by the adjoint operator, and moreover a change of basis also acts as a adjoint.
Since the trace is cyclic we can pass both these operators to the same side where they cancel out. Thus the
action is invariant under the Gauge group and under choice of coordinates. In the intersection of two opens
the transition also acts on F by the adjoint operator, therefore this expression is also globally defined (2.2.7
in [19]).
We are interested in connections A such the action is minimal. We will use standard technique of setting the
derivative equal to zero for this to happen. Assume we have some perturbation A+ tα for small t, then we
can calculate:

F [A+ tα] = d(A+ tα) + (A+ tα) ∧ (A+ tα)

= dA+ dtα+A ∧A+ tα ∧A+ tA ∧ α+ t2α ∧ α
= F [A] + t(dα+A ∧ α+ α ∧A) + t2(α ∧ α)

= F [A] + t(dAα) + t2(α ∧ α)

(4.16)

Here we have used that the A and α are one-forms, thus the commutator is the sum of two wedge products.
We also notice that

∫
M

Tr(A∧ ?B) is a bilinear form that we will note by (A,B). We can now also calculate
for the action that

SE [A+ tα] = (F [A+ tα], F [A+ tα])2 = (F [A], F [A])2 + 2t(F [A],dAα) +O(t2) (4.17)

Now we see that for A to minimize the action, we must have that the derivative to t is zero, therefore we
should have (F [A],dAα) = 0 for all α. Now we can use the fact that ?dA? is the adjoint operator of dA to
conclude that ?dA ? F [A] = 0, which implies that dA ? F = 0. Together with the Bianchi identity dAF = 0
these equations are called the Yang-Mills equations, and solutions to these equations are called Yang-Mills
connections.
Now we can perform a similar calculation to another quantity called the topological charge.

Definition 4.3.2. Let M be some manifold with dimM = 4. The topological charge k of a connection A is
defined as the following integral:

k := − 1

8π2

∫
M

Tr(F ∧ F ) (4.18)

When we perform the same variational argument we find that we encounter dAF in the derivative instead
of dA ? F . Because of the Bianchi identity that derivative is always zero for each connection, thus we see
that k does not depend on A. It can be proven that if M = S4, then k is an integer. This is because the
expression for k can be recognized as some Chern class. Chern classes form some topological invariant for
complex vector bundles. A proof for this can be found in [19].
The curvature 2-forms live in the space Ω2(U, u(n)) for U some open in a 4-dimensional manifold M . We
can see that implies that ∗∗ : Ω2(U, u(n)) → Ω2(U, u(n)) is equal to the identity, so therefore the possible
eigenvalues of ? are ±1. Therefore we can split our spaces in the direct sum of the eigen spaces of ?:

Ω2(U, u(n)) = Ω2
+ ⊕ Ω2

− (4.19)

We call these two spaces the self-dual and anti-self-dual spaces. For any curvature form F we can decompose
F as F+ + F−, we can now calculate that:

−8π2k =

∫
M

Tr(F+ + F−) ∧ (F+ + F−)

=

∫
M

Tr(F+ ∧ ?F+)−
∫
M

Tr(F− ∧ ?F−)

= −
∫
M

|F+|2 +

∫
M

|F−|2

(4.20)
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Here we have used that the eigenspaces are orthogonal. Moreover we can take the absolute values of both sides
to find 8π2|k| ≤ |SE [A]|. Therefore we have a lower bound for the action, which we wanted to minimalize,
that can only be attained if F+ = 0 or F− = 0. We also see that if one of those parts is 0, we actually get this
minimum. Therefore we know that a solution on M must be self-dual or anti-self-dual. We can now also see
that the minimal value of the action is equal for all connections, since in every minimum we have 8π2k as our
value of SE(A). All connections that satisfy the anti-self-dual equations are called the Yang-Mills instantons.
Let us consider an anti-self-dual instanton on R4. We can then write F =

∑
µ,ν Fµνdxµ ∧dxν , where we sum

over all µ < ν. We obtain that

? F = F12dx3 ∧ dx4 − F13dx2 ∧ dx4 + F14dx2 ∧ dx3 + F23dx1 ∧ dx4 − F24dx1 ∧ dx3 + F34dx1 ∧ dx2 (4.21)

And we can compare this with −F to get that

F12 + F34 = 0

F13 + F42 = 0

F14 + F23 = 0

(4.22)

Here we have used that F24 = −F42.
From the definition of F we can deduce that in coordinate language we get Fµν = ∂µAν − ∂νAµ + [Aµ, Aν ].

Proposition 4.3.3. We can write Fµν = [Dµ, Dν ], where Dµ = (dA)µ.

Proof. Let Φ ∈ Ωk(U,F ) be some differential form our operators act on.

Dµ(DνΦ) = (∂µ +Aµ)((∂ν +Aν)Φ) = ∂µ(∂νΦ) + ∂µ(AνΦ) +Aµ(∂νΦ) +Aµ(AνΦ)

= 0 + (∂µAνΦ +Aν∂µΦ) +Aµ∂νΦ +AµAνΦ
(4.23)

[Dµ, Dν ]Φ = (∂µAνΦ +Aν∂µΦ) +Aµ∂νΦ +AµAνΦ− (∂νAµΦ +Aµ∂νΦ)−Aν∂µΦ−AνAµΦ

= ∂µAνΦ +AµAνΦ− ∂νAµΦ−AνAµΦ = (∂µAν − ∂νAµ + [Aµ, Aν ])Φ
(4.24)

Here we have used the Leibniz rule for the derivative and the fact that d2 = 0.

We can also look at what happens when the values of our connection 1-form are in an abelian group, instead
of u(n). Then our commutator in F vanishes and we get

||F ||2 = (F, F ) = ±(?F, F ) = ±(dA,dA) = ±(?d ? ?A, dA) = ±(d† ? A, dA) = ±(?A,d2A) = 0. (4.25)

Therefore we see that with an abelian structure group all instantons are trivial and equal to 0.
From now on we will focus on anti-self-dual instantons. We have two invariants for these instantons, namely
n and k. An important remark is that it is not trivial that k is even an finite number, since we can possibly
integrate over non-compact spaces such as R4. It is however shown by Uhlenbeck [20]that all instantons
on R4 with a bounded norm, and thus bounded topological charge, may be obtained from an instanton on
S4 = R4 ∪ {∞}. We can now conclude that k should also be an integer for instantons on R4, since the
topological charge is an integer for solutions on S4. Such instantons with a finite topological charge are
called framed instantons. We denote the moduli space of framed instantons that satisfy the anti-self-dual
equation by Mfr

ASD.
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5 ADHM construction

In this section we will see how we can use some linear data to construct Yang-Mills instantons on R4. Moreover
it is proven in [21] that this construction gives us all the solutions to the anti-self-dual equations. This idea
is called the ADHM construction, named after Michael Atiyah, Vladimir Drinfeld, Nigel Hitchin and Yuri I.
Manin.

5.1 ADHM data

If we take x1, x2, x3, x4 as our coordinates in R4, we can write this in C2 as z1 = x2 + ix1, z2 = x4 + x3. We
can also take our real differential operators (dA)µ = Dµ and transform them to complex coordinates. We
define our operators D1,D2 as follows:

D1 =
1

2
(D2 − iD1)

D2 =
1

2
(D4 − iD3)

(5.1)

Theorem 5.1.1. The anti-self-dual equations in terms of Dµ are equivalent to the following equations for
D1,D2:

[D1,D2] = 0

[D1,D†1] + [D2,D†2] = 0
(5.2)

Proof. First of all we want to take the equations from 4.22 and use 4.3.3 to formulate them in terms of the
Dµ operators. We then get that

[D1, D2] + [D3, D4] = 0

[D1, D3] + [D4, D2] = 0

[D1, D4] + [D2, D3] = 0

(5.3)

We can fill in the definition of D1,D2 to get that

4[D1,D2] = [D2 − iD1, D4 − iD3] = [D2, D4]− [D1, D3]− i([D1, D4] + [D2, D3]) (5.4)

We see that equating this to zero is equivalent to the second and third equation of 5.3.
Furthermore we want to know what D†µ is. Component-wise we have Dµ = ∂µ + ρ(Aµ). We now that A is

u(n)-valued, thus Aµ is skew hermitian and thus A†µ = −Aµ. Furthermore our inner product is the integral
of the product of functions. With partial integration we can see that:∫ ∞

−∞
(∂µf(xµ)) · g(xµ)dxµ +

∫ ∞
−∞

f(xµ) · (∂µg(xµ))dxµ = [f(xµ)g(xµ)]∞−∞ = 0 (5.5)

Thus in terms of inner products we see that (∂µf, g) + (f, ∂µg) = 0, thus ∂†µ = −∂µ. Therefore we get that

D†µ = −Dµ. Then we can also conclude for D1

D†1 =
1

2
(D†2 − (iD1)†) =

1

2
(D†2 + iD†1) =

1

2
(−D2 − iD1) (5.6)

Then we can calculate

4[D1,D†1] = [D2 − iD1,−D2 − iD1] = [D2,−iD1] + [−iD1,−D2] = 2i[D1, D2] (5.7)

Analogously we see 4[D2,D†2] = 2i[D3, D4], thus we see that the second equation in 5.2 is equivalent to the
first equation of 5.3.

For the ADHM construction you start with some linear data that satisfies equations that look quite similar
to these equations in D1,D2. However this data consists of just some matrices instead of linear operators,
and are therefore a lot simpler to work with.
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Definition 5.1.2 (ADHM Data). An ADHM system on C2 is a set of linear data:

1. Vector spaces V,W over C with dimV = k and dimW = n.

2. Complex k × k matrices B1, B2, a k × n matrix I and an n× k matrix J .

Remark 5.1.3. With this data we see that B1, B2, B
†
1, B

†
2 all take vectors from V and send them back to

V , while I†, J both take vectors from V and take them to W and finally I, J† both take vectors from W and
send them back to V .

Definition 5.1.4 (ADHM system). A set of ADHM Data is an ADHM system (U, V,W,B1, B2, I, J) if it
satisfies the following two constraints:

1. The matrices B1, B2, I, J satisfy the ADHM equations:

[B1, B2] + IJ = 0

[B1, B
†
1] + [B2, B

†
2] + II† − J†J = 0

(5.8)

2. For all x, y ∈ C2 with x = (z1, z2), y = (w1, w2) and z1, z2, w1, w2 not all 0 we have the maps αx,y :
V →W ⊕ V ⊕ V and βx,y : W ⊕ V ⊕ V → V :

αx,y =

 w2J − w1I
†

−w2B1 − w1B
†
2 − z1

w2B2 − w1B
†
1 + z2


βx,y =

(
w2I + w1J

† w2B2 − w1B
†
1 + z2 w2B1 + w1B

†
2 + z1

) (5.9)

And we want αx,y to always be injective, while βx,y should be surjective for all such x, y.

Lemma 5.1.5. If (B1, B2, I, J) all satisfy the constraints for an ADHM system, then for any g ∈ U(k) we
also have that (gB1g

−1, gB2g
−1, gI, Jg−1) satisfies the constraint

Proof. Assume that (B1, B2, I, J) satisfies the ADHM constraint.

[gB1g
−1, gB2g

−1] + gIJg−1 = g[B1, B2]g−1 + gIJg−1 = g([B1, B2] + IJ)g−1 = 0

[gB1g
−1, (gB1g

−1)†] + [gB2g
−1, (gB2g

−1)†] + gI(gI)† − (Jg−1)†Jg−1 =

g[B1, B
†
1]g−1] + g[B2, B

†
2]g−1 + gII†g−1 − gJ†Jg−1 =

g([B1, B
†
1] + [B2, B

†
2] + II† − J†J)g−1 = 0

(5.10)

Here we have used [gXg−1, gY g−1] = g[X,Y ]g−1 and (gXg−1)† = (g−1)†X†g† = gX†g−1 since g is unitary.
We can also calculate that αx,y and βx,y transform to:

αx,y =

 g(w2J − w1I
†)g−1

g(−w2B1 − w1B
†
2 − z1)g−1

g(w2B2 − w1B
†
1 + z2)g−1


βx,y =

(
g(w2I + w1J

†)g−1 g(w2B2 − w1B
†
1 + z2)g−1 g(w2B1 + w1B

†
2 + z1)g−1

) (5.11)

So we see injectivity and surjectivity are preserved since g is invertible.

So we care about our ADHM systems modulo U(V ).

5.2 Making connections

We will now take some ADHM system and construct a Yang-Mills instanton from this data. This construction
creates a bijection between the set of ADHM systems and the space of Yang-Mills instantons.
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Theorem 5.2.1. For an ADHM system the following diagram forms a short chain complex. Moreover the
homology group of W ⊕ V ⊕ V is a vector space with dimension n for all x, y.

V
αx,y−→W ⊕ V ⊕ V βx,y−→ V (5.12)

Proof. For this to be a chain complex we only have to check that Imαx,y ⊂ kerβx,y, or equivalently that
βx,y ◦ αx,y = 0.

βx,yαx,y =
(
w2I + w1J

† w2B2 − w1B
†
1 + z2 w2B1 + w1B

†
2 + z1

) w2J − w1I
†

−w2B1 − w1B
†
2 − z1

w2B2 − w1B
†
1 + z2


=(w2

2IJ − w2w1II
† + w1w2J

†J − w2
1J
†I†) + (−w2

2B2B1 − w1w2B2B
†
2 − z1w2B2

+ w1w2B
†
1B1 + w2

1B
†
1B
†
2 + w1z1B

†
1 − w2z2B1 − w1z2B

†
2 − z1z2) + (w2

2B1B2

− w1w2B1B
†
1 + w2z2B1 + w1w2B

†
2B2 − w2

1B
†
2B
†
1 + w1z2B

†
2 + w2z1B2 − w1z1B

†
1 + z1z2)

=w2
1(J†I† +B†1B

†
2 −B

†
2B
†
1) + w1w2(J†J − II† −B2B

†
2 +B†1B1 −B1B

†
1 +B†2B2)

+ w2
2(IJ −B2B1 +B1B2)

=w2
1([B1, B2] + IJ)† − w1w2([B1, B

†
1] + [B2, B

†
2] + II† − J†J) + w2

2([B1, B2] + IJ)

(5.13)

And in the last line we can recognize the ADHM equations, thus βx,y ◦ αx,y = 0. The homology group at
W ⊕ V ⊕ V is defined as kerβx,y/Imαx,y. Since this is a vector space and we have an inner product on this
space, we see that this is the same as kerβx,y ∩ (Imαx,y)⊥. Since we are working over finite-dimensional
vector spaces we have Imαx,y)⊥ = kerα†x,y. It now follows that

W ⊕ V ⊕ V = ker(α†x,y)⊕ ker(α†x,y)⊥ ⊆ ker(α†x,y)⊕ ker(βx,y) (5.14)

Because we also have inclusion the other way around we find that ker(α†x,y)⊕ ker(βx,y) = W ⊕ V ⊕ V . Thus

we see it has dimension n + 2k. Since αx,y is injective we know that dim(ker(α†x,y)) = n + k, since α†x,y is
surjective. Moreover we also see that dim(ker(βx,y)) = n+ k. With the dimension theorem we now get:

dim(ker(α†x,y) ∩ ker(βx,y)) = dim(ker(α†x,y)) + dim(ker(βx,y))− dim(ker(α†x,y)⊕ ker(βx,y)) = n (5.15)

We can combine the given maps αx,y and βx,y to define a new map Rx,y as follows:

Rx,y :=

(
βx,y
α†x,y

)
: W ⊕ V ⊕ V → V × V (5.16)

The kernel of Rx,y is exactly the homology group we saw before, therefore we see that Rx,y has an n-
dimensional kernel. Since it maps from an n + 2k-dimensional space to a 2k-dimensional space this implies
that Rx,y is surjective. We can use the definitions of βx,y, α

†
x,y to write this more precisely:

Rx,y =

(
w2I + w1J

† w2B2 − w1B
†
1 + z2 w2B1 + w1B

†
2 + z1

−w̄1I + w̄2J
† −w̄1B2 − w̄2B

†
1 − z̄1 −w̄1B1 + w̄2B2 + z̄2

)
(5.17)

The operator Rx,y also gives rise to its adjoint operator which we denote by ∆x,y.

∆x,y := R†x,y =
(
β†x,y αx,y

)
=

 w̄2I
† + w̄1J w2J − w1I

†

w̄2B
†
2 − w̄1B1 + z̄2 −w2B1 − w1B

†
2 − z1

w̄2B
†
1 + w̄1B2 + z̄1 w2B2 − w1B

†
1 + z2

 (5.18)

The presence of x and y in this expression can be described more elegantly when we associate the complex
pairs with their quaternionic operator. We begin by defining four matrices τµ by τµ = iσµ for the first three
matrices (here σµ are the Pauli-matrices) and τ4 = I2. These matrices give rise to a ring isomorphism from
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H to the real span of τµ by (i, j, k, 1) 7→ (τ1, τ2, τ3, τ4). We can then write for x ∈ R4 that x = xµτµ and
similarly get x̄ = xµτ †µ. Now for x = (z1, z2) we can write z1 = x2 + ix1 and z2 = x4 + x3 and use this
isomorphism to get the following identification

q = (q1, q2)↔
(
q̄2 −q1

q̄1 q2

)
(5.19)

Now we will add to our identification that x should be seen as x⊗ Ik and y as y ⊗ Ik. Thus we get:

x = (z1, z2)↔
(
z̄2Ik −z1Ik
z̄1Ik z2Ik

)
(5.20)

We define two other matrices:

a =

 I† J

B†2 −B1

B†1 B2

 , b =

 0 0
Ik 0
0 Ik

 (5.21)

Now we can see that ∆x,y = ay + bx. With this new expression we can quickly calculate a new observation,
namely that ∆†xq,yq = q̄∆†x,y. An important consequence of this observation is that ker ∆†xq,yq = ker ∆†x,y.

∆†xq,yq = (awq + bzq)† = q†(aw + bz)† = q†∆†x,y (5.22)

We will now use these kernels to create a vector bundle. We write Ex,y = ker ∆†x,y. Thus for each point in
C2\{0} we now have some vector space Ex,y. But we have also seen that this vector space does not change
if we multiply by some quaternion. Therefore we can create a vector bundle E over P1(H) by choosing some
representative in the equivalence class, transforming it back to two complex numbers x, y and use Ex,y as
the vector space for this point. We have seen that this does not depend on which representative is chosen.
Also we know that these vector spaces all have dimension n, thus they are all isomorphic. By construction
we can also see that they change continuously and therefore form a vector bundle. As topological spaces we
even have P1(H) ∼= S4, thus we can also see this as a vector bundle over S4.
Because our coordinates are projective over H we can from now on assume that y = 1, thus (w1, w2) = (0, 1).
When y = 1 we will not write the subscript anymore for our operators.
We will use the elements in ker ∆† to construct our connection. First of all we can calculate ∆†∆ : V × V →
V × V .

∆†∆ =

(
βx,1
α†x,1

)(
β†x,1 αx,1

)
=

(
βx,1β

†
x,1 βx,1αx,1

α†x,1β
†
x,1 α†x,1αx,1

)
=

(
βx,1β

†
x,1 0

0 α†x,1αx,1

)
(5.23)

Here we have used that βx,yαx,y = 0. Furthermore we see:

βx,1β
†
x,1 − α

†
x,1αx,1 = II† − J†J + [B2, B

†
2] + [B1, B

†
1] = 0 (5.24)

Thus we see that βx,1β
†
x,1 = α†x,1αx,1. Furthermore we know that rank(ββ†) = rank(β) = k since β is

surjective, and since ββ† is a square k×k matrix we also see that it is invertible. So we can write ββ† = f−1

for some matrix f . Also we can clearly see that ∆†∆ is Hermitian, thus f−1 is also Hermitian, and therefore
f is also Hermitian.
We can also construct an orthonormal matrix M whose columns span ker ∆†. Since the domain of ∆† is
W ⊕ V ⊕ V and the dimension of its kernel is n + 2k − 2k = n (due to surjectivity) we see that M is a
(n+ 2k)× n matrix.

Theorem 5.2.2. Define Q as ∆f∆† and P as MM†. Here the f in the definition of Q acts on both
components of elements in V ×V . Both Q and P map from W ⊕V ⊕V to itself and are projection operators.
Furthermore we have that Q+ P = 1.

Proof. To see that P,Q are projection operators we have to show that P 2 = P and Q2 = Q. Since M is
orthonormal we have M†M = Id. Therefore it follows P 2 = MM†MM† = M IdM† = P . For Q we can
calculate that

Q2 = ∆f∆†∆f∆† = ∆f

(
f−1 0

0 f−1

)
f∆† = ∆f∆† = Q (5.25)
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We will define S := 1− P −Q. We note that because of ∆†M = 0 and M†∆ = 0 it follows PQ = QP = 0.
We now see that QS = Q− PQ−Q2 = Q−Q = 0, and since f and ∆ are of maximal rank it follows that
∆†S = 0. But that implies that all rows of S are elements of ker ∆†, and thus are a linear combination of
the rows in M . Therefore we see that S = MB for some matrix B. But now we can calculate:

0 = P − P = PS = MM†MB = MB = S (5.26)

And thus S = 0, and Q+ P = 1.

If we look at the trivial bundle S4 × (W ⊕ V ⊕ V ) and the vector bundle E, then M† works as a mapping
from W ⊕ V ⊕ V to Ex for each x ∈ S4. Notice that M depends on ∆†x, and is not constant for all x. Now
from this bundle projection a connection A is induced on E by defining the covariant derivative dA by (page
85 in [19]):

dAf = Pdf (5.27)

where f : U ⊂ M → E is a section. Here we have to be precise about what is happening on the left side.
Since f is a section on E and d is working on things in W ⊕ V ⊕ V , we need to embed elements from Ex to
W ⊕ V ⊕ V . This is done by the map M so we actually get Pd(Mf) for the right hand side. But since our
result is now in W ⊕ V ⊕ V , we should also embed the left hand side from Ex to W ⊕ V ⊕ V , and thus the
left hand side should actually be MdAf .
We can now calculate for a section s on E:

MdAs = Pd(Ms) = MM†(Mds+ (dM)s) = M(ds+ (M†dM)s) (5.28)

And when we compare this to the definition of the covariant derivative we see that A = M†dM . Thus we
have now constructed a connection from our ADHM system. We can now also calculate that A† = −A, this
follows from:

0 = d(idEx
) = d(M†M) = (dM†)M +M†(dM) = A† +A (5.29)

Since A is anti-Hermitian, we see that it is u(n)-valued. To show that A is anti-self-dual we do some pre-
computing.

∂µ(M†∂νM) = (∂µM
†)(∂νM) +M†(∂µ∂νM) = (∂µM

†)(∂νM) (5.30)

0 = ∂µ(0) = ∂µ(∆†xM) = (∂µ∆†x)M + ∆†x∂µM (5.31)

∂µ∆x = ∂µ(a+ bτνx
ν) = bτµ (5.32)

Now we can calculate:

∂µAν +AµAν = ∂µ(M†∂νM) + (M†∂µM)(M†∂νM)

= (∂µM
†)(∂νM)− (∂µM

†)M(M†∂νM) (By 5.30)

= (∂µM
†)(1−MM†)(∂νM)

= (∂µM
†)Q(∂νM)

= (∂µM
†)∆xf∆†x(∂νM)

= M†(∂µ∆x)f(∂ν∆†x)M (By 5.31)

= M†bτµfτ
†
ν b
†M (By 5.32)

Since x was identified with x⊕ Ik, we also get that τµ should be identified with τµ ⊗ Ik. Now we see that:

τµfτ
†
ν = (τµ ⊗ Ik)(I2 ⊗ f)(τ †ν ⊗ Ik) = τµτ

†
ν ⊗ f (5.33)

All these calculations are useful because we can now calculate Fµν .

Fµν = ∂µAν − ∂νAµ +AµAν −AνAµ
= M†bτµfτ

†
ν b
†M −M†bτνfτ †µb†M

= M†b((τµτ
†
ν − τντ †µ)⊗ f)b†M

(5.34)
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Now we can check by calculation that τµτ
†
ν − τντ †µ is anti-self-dual, and thus we see that Fµν is also anti-self-

dual. For this calculation we have to check that the following equation is satisfied.

1

2
εµνρφ(τρτ

†
φ − τφτ

†
ρ) = −(τµτ

†
ν − τντ †µ) (5.35)

Theorem 5.2.3. The topological charge of the bundle E is −k.

This theorem is proven in [19] and once again uses Chern-Theory to relate the integral to some Chern class.
So from every ADHM system we can create a Yang-Mills instanton over S4, with a topological charge of −k
and a rank of n. Moreover we see that this must also correspond with a framed instanton on R4.
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6 Geometrization

In this section we will look at properties of the space of instantons by looking at the space of ADHM systems.
Moreover we will see the Hilbert scheme in another way and see how that connects a specific moduli space
of instantons.

6.1 Moduli space of instantons

We will study the Yang-Mills instantons by studying the set of ADHM systems. Because of the bijective
correspondence we found, we can reformulate properties back in the instanton space. We will start with an
example.

Example 6.1.1. Assume we want to study all possible circles in R2. You could start with saying that three
points in the plane often have a unique circle that crosses all three points. As long as those points are three
different points and they are not all on a line there actually exists a unique circle through all three points.
Therefore you could think of the set of all three points with those conditions as the set that parametrizes all
circles. This is some set in R6 that is also a 6-dimensional manifold. But a lot of these triples correspond
to the same circle, so you want to look at this set of triples modulo some relation to make sure that you
actually get a one-to-one correspondence. One could also try to parametrize all circles by thinking of the set
R2 × R>0 by saying that each circle has a unique centre and some positive radius.
Another remark you could make is that two circles that have the same radius but different centres are
essentially the same. Therefore you could also take the space of circles and look at it modulo translations.
From that point of view the space of all circles is parametrized by R>0. Another question you could ask if
you also want to include extreme cases. For instance you could ask if a circle with radius 0 exists. Or when
you consider tangent circles and want to use Descartes’ theorem it makes sense to define circles with infinite
radius as lines. 4

In this example the set R>0 is called a moduli space for the set of all circles. Generally a moduli space is a
geometric space whose points represent objects of some fixed kind, or isomorphism classes of such objects.
This idea helps us in the classification of those objects, since we can often use coordinates in our moduli
space to describe all points. In our cases we will use the space of ADHM data as the moduli space for our
Yang-Mills instantons.
We will now follow the notes from [18], but now lecture 2, to define the moduli space of instantons. All
theorems that are not proven here can also be found there.

Definition 6.1.2. ADHM data consists of two vector spaces V,W with dimV = k and dimW = n and maps
B1, B2 ∈ End(V ), I ∈ Hom(W,V ), J ∈ Hom(V,W ). Where the all the maps satisfy [B1, B2] + IJ = 0 and

[B1, B
†
1] + [B2, B

†
2] + II† − J†J = 0. We have that U(V ) acts on this space by (gB1g

−1, gB2g
−1, gI, Jg−1).

Definition 6.1.3. The moduli space of framed genuine instantons Mreg(n, k) is given by taking the set of
ADHM data (B1, B2, I, J) with trivial stabilizer under the action of U(V ) and quotienting out U(V ).

There is also another construction which is equivalent to this space. Here we start with a smaller set and
quotient by a larger set. This different notion will prove to be very useful, but will not be proven here.

Theorem 6.1.4. If V,W are vector spaces with dimV = k and dimW = n and we have B1, B2 ∈ End(V ), I ∈
Hom(W,V ), J ∈ Hom(V,W ) satisfying only [B1, B2] + IJ = 0. Let GLn act on this space as before. Then
the space of all such data with trivial GLn stabilizer, quotiented by GLn is equivalent to Mreg(n, k).

Definition 6.1.5. For ADHM data (B1, B2, I, J) there are two properties which we will name.

1. (Stability) There is no proper subspace S ⊂ V such that Bi(S) ⊂ S and I(W ) ⊂ S.

2. (Co-stability) There is no proper subspace S ⊂ V such that Bi(S) ⊂ S and S ⊂ ker J .

Proposition 6.1.6. The ADHM data that was used for the construction of instantons is both stable and
co-stable.
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Proof. Assume that S exists such that S ⊂ ker J and Bi(S) ⊂ S. Then we know that J |S = 0, thus we see
that B1 and B2 commute on S. Commuting matrices always share an eigenvector v. Therefore we can see
that if we choose (w1, w2) = (0, 1) and try to calculate αx,yv. Since v ∈ S we have Jv = 0. Therefore we get:

αx,yv =

 Jv
−B1v − z1v
B2v + z2v

 =

 0
−λ1v − z1v
λ2v + z2v

 (6.1)

Here λi are the eigenvalues of v for Bi. We can now choose z1 = −λ1 and z2 = −λ2 and see that we have
found a non-zero vector that is in the kernel of αx,y, but this contradicts the assumption that αx,y is injective
for all x, y.
Thus we see that all ADHM data from our construction is co-stable. For stability, we will use a duality
between ADHM data. It is easily verified that if (B1, B2, I, J) satisfies the ADHM equations and αx,y, βx,y
are respectively injective and surjective, then (B†2, B

†
1, J
†, I†) also satisfies al those conditions. So we know

that (B†2, B
†
1, J
†, I†) is co-stable. If there is a proper subspace S ⊂ V that violates stability, then we also

have that B†i (S
⊥) ⊂ S⊥, and S⊥ ⊂ ker I†. Therefore this violates the co-stability of (B†2, B

†
1, J
†, I†). Thus

our data is stable and co-stable.

Theorem 6.1.7. If (B1, B2, I, J) satisfies either the stability or the co-stability condition, then it has trivial
stabilizer under GLn.

Proof. Assume that (B1, B2, I, J) has a non-trivial stabilizer. Then there must be some g ∈ GLn such that
(B1, B2, I, J) = (gB1g

−1, gB2g
−1, gI, Jg−1). We can then take S = ker(g − idn) which violates stability.

Since (g− idn)Ix = gIx− Ix = 0 and because g commutes with both Bi, we have (g− idn)Bi = Bi(g− idn).
Therefore we see that Bi(S) ⊂ S.
We can also see that Im(g − idn) violates co-stability.

Moreover with these constraints we can reformulate our moduli space Mreg(n, k) to all ADHM data that
satisfy both ADHM equations and are regular, still modulo U(V ). We can also use 6.1.4 to see that this space
can also be seen as the space of ADHM data that is regular and only satisfies the first ADHM equation,
modulo GLn.

Definition 6.1.8. The compactification M̂(n, k) of Mreg(n, k) is defined as the set of ADHM data that
satisfies the first ADHM equation, modulo GLn. Furthermore we define M̃(n, k) as the set of ADHM data
that satisfies the stability condition and also satisfies the first ADHM equation, again modulo GLn.

Now it can be shown that the space M̂(n, k) has singularities and M̃(n, k) is the minimal resolution of this
space for all n, k.

6.2 Hilbert schemes in a different perspective

To connect our moduli spaces with the Hilbert scheme of points, we start by establishing a link from the
Hilbert scheme to a definition in terms of matrices.

Definition 6.2.1. A cyclic vector v0 for a set of n× n matrices is a vector such that the whole linear space
is spanned by the set of vectors obtained by applying the matrices repeatedly on v0.

Theorem 6.2.2. Let A be the set of all pairs of n× n matrices (B1, B2) such that they commute and admit
a cyclic vector. Here GLn acts on this space by conjugation. Then A/GLn ∼= Hilbn(C2).

Proof. First of all we remark that if g ∈ GLn, then gB1g
−1 · gB2g

−1 = gB1B2g
−1 = gB2B1g

−1, and thus
(gB1g

−1, gB2g
−1) is still a commuting pair of matrices. Moreover we see that a cyclic vector v0 for (B1, B2)

can be transformed into a cyclic vector for gB1g
−1, gB2g

−1 by taking gv0. Thus the action of GLn is
well-defined.
We will give two mappings which are each others inverses to show the correspondence.
First of all we construct a map from Hilbn(C2) to A/GLn. For some ideal I we know that C[x, y]/I is
an n-dimensional vector space. Choose some basis B for this space and let Mx be the map that sends a



6 GEOMETRIZATION 29

polynomial P (x, y) to xP (x, y). It is easily checked that this is a linear map. Now define My as the map
that multiplies by y. Since multiplying by x and by y commute, we see that Mx and My will also commute.
Moreover we see that 1 ∈ C[x, y]/I corresponds to some vector that is cyclic, since all polynomials can be
written as a sum of monomials, which are exactly the vectors obtained by applying Mx and My repeatedly
to 1. If we choose a different basis, we will just get conjugation by some element in GLn to our matrices, but
that will give a pair of matrices in the same equivalence class.
Now for a map from A/GLn back to Hilbn(C2). For some (M,N) ∈ A we define the ideal I = {P ∈
C[x, y]|P (M,N) = 0}. We see that conjugation by some matrix in GLn does not change these polynomials,
since we have P (gMg−1, gNg−1) = gP (M,N)g−1. Moreover this notion of polynomials is only well-defined
because M,N commute, otherwise we would get that xy and yx are different polynomials. It is also clear
by definition that I is some ideal, so we only have to show that its colength is n. We do know that (M,N)
admit a cyclic vector v0, thus we can choose n polynomials Qi such that Qi(M,N)v0 form a basis of Cn.
We see that these also form a basis for C[x, y]/I, since linear dependence in C[x, y]/I of these vectors is the
same as linear dependence in Cn due to the fact that all polynomials in I are zero. Moreover we can choose
our Qi to be minimal in the sense that they must generate C[x, y].
It is easily checked that composing these maps gives the identity.

Theorem 6.2.3. We have an isomorphism M̃(1, k) ∼= Hilbk(C2).

To prove this equivalence we first prove a lemma.

Lemma 6.2.4. For all (B1, B2, I, J) ∈ M̃(1, k) we have J = 0.

Proof. We see that C[B1, B2]I fulfils Bi(S) = S and I(W ) ⊂ S, thus because of stability we get that
C[B1, B2]I = V . Thus if we prove JP (B1, B2)I for any polynomial P we can can conclude J = 0. Because
of linearity it suffices to prove this for monomials. We also note that JI : C → C, and is therefore some
scalar multiplication. Thus we see that JI = Tr(IJ) = −Tr([B1, B2]) = 0, where we have used that
[B1, B2] + IJ = 0 and the fact that the trace of a commutator is always zero. We will use induction on the
degree of the monomial to prove JP (B1, B2)I = 0 for some monomial P . We will now prove that we can
change the order of the matrices in P . We will use our induction hypothesis to see that for monomials P,Q
in B1, B2 we have

JPB2B1QI = JP (IJ +B1B2)QI = JPB1B2QI. (6.2)

Here we have used our induction hypothesis for P , since the total degree of the monomial is clearly larger
than the degree of P . Furthermore we see that for any monomial R we have:

Tr(JRI) = Tr(IJR) = Tr(B2B1R)− Tr(B1B2R) (6.3)

We see that if R = Bki for some k ∈ N that we can use the cyclic property to show both traces are equal.
For the other cases we will use a more combinatorial argument.
We can rewrite any monomial such thatR = Bn1B

k
2 . We see that Tr(JRI) does not change under permutations

of the order in R. We can now see

Tr(JRI) = Tr(B2B1B
n
1B

k
2 )− Tr(B1B2B

n
1B

k
2 ) = Tr(B2B1B

n
1B

k
2 )− Tr(B2B

n
1B

k
2B1)

Tr(JRI) = Tr(B2B
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1B
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2B1)− Tr(B1B2B

n−1
1 Bk2B1) = Tr(B2B

n
1B
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2B1)− Tr(B2B
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1 Bk2B

2
1)

Tr(JRI) = Tr(B2B
n−1
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2
1)− Tr(B1B2B
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1 Bk2B

2
1) = Tr(B2B

n−1
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1)− Tr(B2B
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1 Bk2B

3
1)

(6.4)

Here we have used 6.3 repeatedly and use the cyclic property to change the last trace such that it starts with
B2B1. Then we choose a permutation of R such that our first term becomes the last term from the equation
before. We can keep on repeating this process until we have a last term that we have already encountered as
a first term. We can then sum up all traces to find that l ·Tr(JRI) = 0 for some number l, thus Tr(JRI) = 0.
We can conclude that JC[B1, B2]I = 0, thus J = 0.

Proof of 6.2.3. We saw that the elements of M̃(1, k) are quadruplets (B1, B2, I, J) such that [B1, B2]+IJ = 0
and the stability condition is satisfied, modulo GLn.
We have seen in theorem 6.2.2 that we have to show that A/GLn is isomorphic to M̄(1, k).
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We start with a map from A/GLn. If we have some pair (B1, B2), we know that there must be some cyclic
vector v0. Since n = 1 we see that we need some map I : C → V . We will choose the map with 1 7→ v0. In
total we will map our pair to (B1, B2, v0, 0). Because the image of I contains v0, we see that the stability
property must be satisfied.
Now if we have (B1, B2, I, J) ∈ M̄(1, k) we have seen that J = 0, thus B1 and B2 commute. We can also
look at the space C[B1, B2]I(W ). Because of the stability property we see that this must be the whole of V ,
and thus I(1) is a cyclic vector for B1, B2.

This equivalence does have some strange physical interpretation. It is known that there exist no U(1)
instantons, but we have a non-empty moduli space of these instantons. For instance in [22] it is discussed
why these new instantons appear and how these should be interpreted.



7 Conclusion

Let us summarize what we have done in this thesis. We’ve seen the definition of the Euler characteristic for
simplicial complexes and seen how it extends to compact complex manifolds. Moreover we have extended
the definition for non-compact manifolds and varieties. Subsequently we have defined the Hilbert scheme of
points over C2 and have seen how monomial ideals play an important role in this space. After equipping
this set with a topology we have seen how we can use the flat limit to make a path between ideals. This all
led to a calculation of the Euler characteristic of the Hilbert space of n points over C2, which is equal to the
number of partitions of n as we saw in 3.3.2.
In chapter 4 we have introduced differential forms and seen how they are used in Yang-Mills theory. From
the Yang-Mills functional the equations of motion can be derived by the principle of least action. We have
then used the structure of R4 to formulate the self-dual and anti-self-dual equations. Thereafter we have
defined Yang-Mills instantons and seen why we can view them over S4 instead of R4. Furthermore we have
constructed all Yang-Mills instantons over R4 with the ADHM construction. Finally we have studied the
moduli space of all instantons. In 6.2.3 we have seen a connection between these moduli spaces and the
Hilbert scheme of points.
For future research one could try to calculate the Euler characteristic for the Hilbert scheme of points over
other surfaces. For instance in [23] a more general result for the Euler characteristic is proven. In [24] the
Euler characteristic of moduli space of instantons plays an important role, which we have calculated in this
thesis for a specific case. The ADHM construction can also be generalized to find the anti-self-dual instantons
in more dimensions [25].
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