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Abstract

In this thesis, we study the relation between heterotic string theory and generalized geometry. First
we construct consistent superstring theories with a focus on the heterotic versions. Then we define
Courant algebroids and show their basic properties. Then we examine reduction of Courant algebroids
and show that heterotic Courant algebroids can be obtained through the reduction of exact Courant
algebroids. After that, we introduce geometric structures on Courant algebroids, including generalized
metrics, generalized connections and generalized complex structures. Next we examine the low energy
limit of heterotic string theory called heterotic supergravity. When compactified on a 6-dimensional
internal space, we obtain the Strominger system. Using the geometric structures introduced earlier,
we can formulate the Killing spinor equations on a heterotic Courant algebroid. We will then show
that the Strominger system is equivalent to the Killing spinor equations, meaning that solutions to
the Strominger system are preserved under Courant algebroid isomorphisms. Finally we explore the
concept of T-duality. We show that two T-dual torus bundles have isomorphic Courant algebroids.
We find the Buscher rules and show how they can be obtained from a canonical transformation.
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1 Introduction

In the beginning of the twentieth century, two major theories of physics emerged. The first is general
relativity, which describes gravity and the structure of spacetime on the largest scales. The second
is quantum mechanics, which describes physics at the smallest scales. Both theories have shown
remarkable results, but they are not compatible with each other. General relativity is a classical field
theory like electromagnetism. However, unlike electromagnetism, there is no corresponding quantum
field theory. This is because gravity is perturbatively nonrenormalizable.

To unite quantum mechanics and general relativity, we need a theory of quantum gravity. There are
several candidates for this. The main candidates are string theory and loop quantum gravity, but there
are more alternatives. Here we will focus on string theory.

The simplest version of string theory is bosonic string theory, which describes relativistic strings moving
through an ambient space. Bosonic string theory has several shortcomings. The first problem is that
it contains a tachyon in the spectrum, which is a state with a negative squared mass. This leads to
inconsistencies in the theory. Another problem is that there are no fermions in the theory. Since we
have observed many fermions like quarks and electrons in nature, a complete theory of physics should
include fermions.

Starting from bosonic string theory, we add fermionic degrees of freedom to the action. After adding
fermionic degrees of freedom the theory is reformulated in superspaces, which adds Grassmann variables
to the coordinates. Like with bosonic string theory, the fermions need to satisfy certain constraints
imposed by setting the conserved supercurrent and the energy momentum tensor to 0.

An analysis of the boundary conditions for the fermions leads to 2 possible options. The first option
is to have periodic boundary conditions, which was first studied by Ramond in 1971 [18]. The second
option is to have antiperiodic boundary conditions, which was first studied by Neveu and Schwarz
in 1971 [16]. These different boundary conditions lead to different generators for the super Virasoro
algebra. With the super Virasoro algebra, we quantize the theory. The super Virasoro algebra is also
used to determine the critical dimension D and the normal ordering constant a. The theory so far still
contains a tachyon. The tachyon is removed by imposing the GSO conditions, first proposed in 1977
by Gliozzi, Scherk and Olive|8].

Adding fermionic degrees of freedom doesn’t lead to a unique theory. Instead, there are choices
involved, leading to 5 different versions of superstring theory. These versions are called Type I, Type
ITA, Type IIB, Heterotic SO(32) and Heterotic Fg x Fj.

The focus of this thesis is on heterotic string theories. The right and left moving fermions decouple
in the action and heterotic string theories only impose supersymmetry on the right moving fermions.
For the left moving part the heterotic theories introduce 32 fermions without supersymmetry. The
internal symmetry group of the left moving part can be either SO(32) or Es x Eg.

The five superstring theories are not completely separated. There are dualities relating the different
versions called S-duality and T-duality. T-duality relates both type II theories to each other and both
heterotic theories to each other. The theories are compactified on a torus and conceptually the radius
of the torus gets inverted. In the case of circle bundles we find the Buscher rules. The Buscher rules can
also be obtained using canonical transformations, showing that both systems are physically equivalent.
Heterotic string theory has infinitely many states, most of which have very high masses. Even the
lowest nonzero mass of a state is too high to measure experimentally. Thus we examine heterotic
supergravity; the low energy limit of heterotic string theory. This theory has only massless fields. We
formulate the action and compute the equations of motion and the supersymmetry transformations.
Then we compactify this theory on a 6-dimensional internal space. In order to keep supersymmetry,
the internal space needs to satisfy certain constraints. These constraints were formulated in 1986 by
Strominger and are called the Strominger system [21].



The Strominger system is the following set of differential equations

AF =0, F*=0,

AuRy =0, RY* =0,
d*w — dlog(||Q[|) = 0,
dd‘w—a(Tr(RAR) —Tr(Fn A Fp))=0.

The first two lines describe Hermite-Yang-Mills connections. The third equation is called the dilatino
equation and describes a conformally balanced metric. The last equation is called the Bianchi identity,
and it couples the structure of the first 3 equations into one equation.

The mathematical language to describe this system is differential geometry. Differential geometry is
the study of smooth manifolds and geometric structures on them. Examples of geometric structures
include a Riemannian metric, a symplectic structure, a complex structure and a connection.

The Riemannian metric is the central object of study in Riemannian geometry, the natural language
of studying general relativity. Symplectic geometry is useful for the study of Hamiltonian mechanics.
As such, these structures naturally provide a language for many areas of theoretical physics. While
these and other geometric structures play a role in the Strominger system, we will consider a different
kind of geometric structure here.

In this thesis, we explore how a subfield of differential geometry known as generalized geometry can
help us better understand the Strominger system. This area of study focuses on a mathematical object
known as a Courant algebroid. The simplest example of a Courant algebroid over a manifold M is
TM®T*M.

To better understand the bundle TM & T* M, we first consider the double of a vector space V' which
is given by V @ V*. This vectorspace has a natural bilinear pairing

1
(X +0a,Y +8) = 3(8(X) +a(Y)).
Then we take this a step further and consider for a manifold M the double of the tangent bundle, given
by TM & T*M. Pointwise this is the double of the tangent space and there is a natural projection p
to the tangent bundle itself. Together with a Dorfman bracket given by

(X +a,Y+8]=[X,Y]+ Lx(B) — tyda,

this is the first example of a Courant algebroid. The Dorfman bracket is analogous to the Lie bracket
of vector fields. This is an example of an exact Courant algebroid. If a Lie group G acts on the
manifold M, we can perform reduction to get a heterotic Courant algebroid. This is the type of
Courant algebroid that is the most interesting for our purposes.

In generalized geometry we study geometric structures on these Courant algebroids. The first structure
we introduce is the generalized metric, which is a bundle automorphism of the Courant algebroid.
This bundle automorphism turns the pairing into a positive definite bilinear map. For both exact and
heterotic Courant algebroids the generalized metric can be characterized in terms of more well-known
objects. Next we consider generalized connections which behave similar to normal connections. We
are particularly interested in generalized connections which are torsion free and compatible with the
generalized metric. Unlike in Riemannian geometry, such a generalized connection is no longer unique.
The third structure we study is a generalized complex structure. This is a simultaneous generalization
of complex en symplectic strutures. We then combine multiple structures to get generalized Kéhler
and generalized SKT structures.

On a heterotic Courant algebroid we construct a family of torsion free generalized connections which
are compatible with a given generalized metric. This generalized connection gives rise to a Dirac
operator on spinors. With these Dirac operators, we formulate the Killing spinor equations:

Din=0,
lﬁfnzo.



Solutions of these equations are preserved under Courant algebroid isomorphisms. We will show that
these Killing spinor equations are equivalent to the Strominger system, meaning that solutions of one
system translate to solutions of the other system. This means that the Strominger system is a natural
system of equations on a heterotic Courant algebroid.

This thesis is organised as follows:

Section 2] gives an introduction to superstring theory and heterotic superstring theory. Section [3]intro-
duces Courant algebroids. In section [4] we study several geometric structures on Courant algebroids.
In section [5| we formulate the Strominger system and the Killing spinor equations and prove their
equivalence. In section [f] we study T-duality in relation to generalized geometry and as a canonical
transformation.



2 Superstring Theory

2.1 Introduction

This section follows the book Superstring Theory: Volume 1, Introduction, by Green, Schwarz and
Witten [12]. Recall the Polyakov action for bosonic string theory:

1
4ol

Sp = — / BPoV—=hh*P 0y X" 05 X 1, .
In two dimensions every (pseudo-)metric is conformally flat. This means that locally we can write
hap = €*/nap for a particular choice of coordinates and a particular smooth function f. This choice
of coordinates is called conformal gauge. In conformal gauge this action simplifies to:
1
Sp = / d?00,X,,0° X" .

4o/

We modify this action by including D fermions ¢’} (o, 7) transforming in the vector representation of
the Lorentz group SO(D — 1,1). Thus the new action becomes

]. Yol R «a
S=-1= /d%(aax,ta X —i)"p"Oathy) »

where p® is a two dimensional Dirac matrix given by

o (0 =i\ . [0 i
p(i 0>’p<i 0>'

These Dirac matrices satisfy the Clifford algebra {p®, p?} = —2n®?. The components of ¥* are given

by
[t
v = <wi> '

Since the p® are imaginary, the operator ip®d, is real. Hence it makes sense to demand that the
components of ¥* are real as well. In this basis of Dirac matrices charge conjugation corresponds
to complex conjugation. This means that the requirement for the spinors to be real is equivalent to
requiring the spinors to be invariant under charge conjugation. These two-component real spinors are
called Majorana spinors.

The equal 7 commutation relations for the bosonic coordinates are given by [X*(o,7), X¥ (o', 7)] =
it §(c—o'). Similarly, the equal 7 commutation relation for the fermions is given by [t (o, 7), ¥} (07, 7)] =
™ 54p6(c — o'). Since the Lorentz pseudometric 17, is not positive definite, the oscillators of X°
will have negative norm squared. These states are called ghosts. In the critical dimension for bosonic
string theory, D = 26, the Virasoro algebra can be used to decouple the ghosts from the theory. For
the fermions the same problem occurs with 1°. In order to get a theory without ghosts the fermions
also admit a certain symmetry. This symmetry is superconformal symmetry.

Let € be a constant anticommuting spinor. The action S is invariant under the infinitesimal transfor-
mations

dXH =gyt
oYt = —ip® 0, X e.

These transformations are known as the supersymmetry transformations.
Lemma 2.1.1. Let X* and y* be the bosonic and fermionic fields and assume that V" is on-shell.

Then the commutator of two supersymmetry transformations with different values of € will generate a
spacetime translation in the fields X* and ¥*.



Proof. The parameter for the translation is given by
a® = 2ig1p%s .
First we consider the bosonic field X*:
[01,02) XH = 6160 X" — 5261 X*
= 01(&29") — S2(E190")
= —iégp“&,X“el + ’L'élpaaaX#EQ
= (—’Lfgpaé‘l + iflpafg)aaXu
= (2i&1p%2) 0, X"
= a%0, X" .

Now consider the fermionic field ¥*. Since ¥* is on-shell it satisfies the Dirac equation p“0d,y¥* = 0.
In components this equation is given by:

ol = ol
Dot = =t .
This allows us to work out an expression for [d7, da]iH:
[01, O2] it = 61699" — 26190"
= 7i51paaaXp’52 —+ ’i(;zpaaaXuEl
i0u (820" p%e1 — E19" pZea)

G R YO iy FRCIERTEER AT (s

iEl_ i€2_

+ (2= 01 — e2,.010") (%H) + (e14019" — e1_010%) <i€2+>

1€1_ 1E9_

— 9 €14624 0! — 1169, 1YY"
e1-€2- 0ol +e1_ea_ 1YY,

py (614824 +e1-€2-)00V" + (e1-€2— — €14624 )01 YY
(€1+€2+ + 61_62_)(901/157_ + (51_82_ — €1+€2+)611/}l_:_

=a” a¢”-
O

Using the Noether method we can find the conserved supercurrent and the energy momentum
tensor. In the supersymmetry transformations € is a constant. If € is not a constant, the action is not
invariant. The variation of the action will then be of the form

2
55 =2 / Po(0aE) T
7
This means that J¢ is the conserved supercurrent satisfying 9,J% = 0. This method will give
1
Jo = 50’ patt 05X,
Using this method for the translations where do® is a constant gives the energy momentum tensor
i
TO‘B = 6QXH(9,3X” + 1¢“(paaﬁ + pg@a)ﬁju .

Since the energy momentum tensor is traceless, the off-diagonal entries in lightcone coordinates vanish.
Because of the identity p®p®p, = 0 for Dirac matrices in two dimensions, the supercurrent also satisfies
the condition p®J, = 0.



2.2 Superspace

Bosonic string theory lives on a worldsheet . Superstring theory introduces a new superspace called 3.
Besides the wordsheet coordinates, the superspace also contains two Grassmann variables 4 forming
a two-component Majorana spinor. A general function Y* in superspace is of the form

Y (0%, 04) = X (0®) + 0 (0®) + 9 (0)0 + %593“(0“) .

This is the most general power series expansion in powers of 4. Higher orders in #* vanish since it
is an anticommuting variable. Such a function is called a superfield. In superspace, supersymmetry is
generated by the generator

0 e
Qa = 904 +i(p™0) 40q -

Instead of this generator, it is often convenient to introduce an anticommutating €4 and work with
&Q instead. This will then generate the following transformations of the superspace coordinates:

504 = [£Q, 0% = e*,
do = [EQ, 0% = igp“0.
On the coordinates of superspace the commutator of these transformations is given by [d1,d2]Y* =

—(2i€1p%2) 00 Y* = —a®0,Y*. Using the two dimensional Fierz identity

_ 1 _
0a0p = _§6ABQC907
we find that the transformation JY* = 2QY* leads to
OXH =&yt
oYF = —ip®ed X" + Bte,
OB* = igp® 0" .
In the case of B* = p®d,¥*" = 0, this reduces to the previous supersymmetry transformations. In order

to write interesting Lagrangians, we need a derivative operator which is invariant under supersymmetry.
The operator which satisfies this is given by

0
Dpy=—5—i(p"0) 40,
AT HpA (p*0)a

This operator is called the superspace covariant derivative. It anticommutes with @ so {D,Qp} = 0.
This means that covariant derivatives of superfields transform in the same way as the superfields
themselves. The superspace covariant derivative has self anti-commutation relation

{Da,Dp} = 2i(p™) a4B0a -

Like the derivative we also need an integral to write down a theory. In superspace this integral is given
by
/ d*od®9.

where d20 is the Berezin integral for Grassmann variables. An important property of this integral
is that it is invariant under supersymmetry transformations, meaning that for any superfield Y with
action

S = /d20d2ay.



we get

5S = / d>od?0zQY = 0.

Note that the B* field is the only contributor to the Berezin integral. Since this field transforms as a
total derivative under the supersymmetry transformation, the integral over a closed manifold will be
0.

Using superspace formalism we can build a new action for a string in D dimensions. It is given by

§=_" / d25d>0DY" DY, .
4

The covariant derivatives are

DYH = b1 + 9B — ip®00, X" + %éepaaaw :

DY" = + B0 + 10 X"0p" — £000.0"p"
Since the Berezin integral only keeps terms proportional to 09, we need to compute the coefficient in
front of 66 in the expansion of DY*DY,,. This coeflicient is given by

(—0a X, 0% X  + itp" p* Oty + B B,,)00 .

Since A9 = —2i0'0?, the Berezin integral picks up another factor of —2i. Hence after the Berezin
integral is performed, the action reduces to

S = % /d2a(8aXH8°‘X” — i) p*Oatp, — B,B").

The equation of motion for B* is B* = 0, meaning that the new field drops out of the theory and
we recover the previous action. This shows how the previous theory can be obtained from the most
general superfield, despite the lack of B¥-term in the action.

2.3 Constraints

The commutator of two supersymmetry transformations is a translation. In bosonic string theory the
translations are generated by Lg and L. Like Ly and Ly we need to extend @ 4 to an infinite component
supersymmetry. The equations of motion for the fermion fields are p®0,¢¥"* = 0. In components, this

is given by
0 0 L
Z .2 =0
(80 + 37’) - ’

8 a )
(&;‘&)WO'

Writing 0+ = %(GT + 0, ), the fermionic part of the action can be written as

Se =2 [ o osb. + 0 u).

This means that the positive and negative chirality components of the spinor are decoupled. The
equations of motion for the fermionic components are similar to the equations of motion of the bosons.
We have 049" = 04 (0-X*) = 0 and the same for + and — reversed. Supersymmetry is the symmetry
between " and _X* or between z/;ff_ and 04 X*. This decoupling can be used to simplify expressions
for the supersymmetry current and the energy momentum tensor. The conserved supercurrent has

10



4 component. In lightcone coordinates these are written as Ji 4, Jy_, J_4 and J__. Here the first
index denotes the lightcone coordinate and the second index denotes the chirality. The components
Ji_ and J_4 vanish, so we will write J; and J_ for the nonvanishing components. These are given

by
‘]-'r = ’lpia"v‘Xﬂ s
_=y"o_X,.
These currents satisfy 0_J; = 04J_ = 0. We want to know what algebra these J; and J_ generate.
Recall that the nonvanishing equal 7 (anti)commutation relations of ¢} and 04 X* are given by

{vhi(0),¥1(0")} = md(o — o)™,
(02 X" (0), 02 X" (o) = £ 500 = o ).
With this, we find the equal 7 anticommutation relations for J, and J_:

{110, 7+ ()} = 760 — o")T 4 (o),
{J_(0),J_(¢")} =7d(c — 0" )T__(0),

{J1(0), J- (o))} = 0.

In lightcone coordinates, the energy momentum tensor is given by
. )
Tyy =04 X"0, X, + ?/’iaﬂ/}w )
T = 0- X0 X+ 590t

In bosonic string theory the constraints T = T__ = 0 solved the problem of the timelike component
X% We may try a similar approach and demand that T, = T__ = 0 for string theory. Since the
energy momentum tensor appears in the anticommutation relations of J; and J_, it is natural to
demand J; = J_ = 0 as well. The derivation of the constraints is a lot more rigorous than this simple
guess for superstring theory. A more rigorous approach for superstring theory confirms this guess.

2.4 Boundary conditions

We start by analyzing the possible boundary conditions in the unconstrained theory. For the bosonic
coordinates X*, the boundary conditions from bosonic string theory still apply. The diffferent bound-
ary conditions give rise to open and closed strings. For the fermionic degrees of freedom a surface term
arises in the variation of the Lagrangian. This surface term vanishes when ¢ 1y —_d, = 0 at the
boundary. Here the index is supressed, but this equation should hold for each p independently. This
constraint is satisfied by setting ¢ = £¢" at each end of the string. Since the overall signs of ¢)_ and
14 are not physical, we can set ¥/ (0, 7) = 4" (0, 7) without loss of generality. The sign at the other end
now becomes physically meaningful. The Ramond boundary conditions impose ¢4 (7, 7) = ¢ (7, 7).
These conditions lead to the following mode expansion:

1/}#(0'7' \[Zd,u —in(T— 0)

nez
Wi (o, 7) die=m (r+o)
o = 5 2

The Neveu-Schwarz boundary conditions impose ¢ (7, 7) = —¢" (w,7). They lead to the following
mode expansions:

1/)#0'7’ Z b,u, 77,7"(7'0"

T€Z+ 5

11



i(o_ . Z by —lT(T+0')
n€l+t;

The strings with Ramond boundary conditions turn out to describe spacetime fermions whereas the
strings with Neveu-Schwarz boundary conditions describe spacetime bosons. For closed strings the
boundary conditions are periodicity and antiperiodicity for the separate components. The mode ex-

pansions for this are given by
_ Z dze—Qin(T—U) ,

nez

Z bﬁe—QiT(T—U) ,

reZ+3

or

and

,(/)+ o, 7_ Zdu 2zn(7'+a)

nez

Z Bi‘te—Qir(T—&-a‘) )

n€Z+3

or

In super string theory the Virasoro algebra gets expanded to the super-Virasoro algebra. Like in the
bosonic case, it contains the L,, modes which are given by

1 [" ; ; [ ;
L, = 7/ do(e™ T +e"™T__)=— doe™ T, .
™ Jo s

—T

Depending on the boundary conditions for the fermionic degrees of freedom we define a different set
of generators. In the case of Ramond boundary conditions, we define for each integer m € Z the

generator
\[/ szJ 4 efzmaJ ) \[ dO'BimUJ_i_

0 -7

In the case of Neveu-Schwarz boundary conditions, we define for each half integer r € Z + % the

generator
\[/ zraJ _|_ e*’LT‘G‘J ) \[ do_eiTJJ+
™

—T
For closed strings there are two sets of generators of the super-Virasoro algebra. One set contains the
mode of Ty and J; and the other contains the modes of 7__ and J_. Classically all modes should
vanish, but in the quantum theory this is more subtle. This will become clear in the quantization of
the super string.

2.5 Covariant quantization

The equal 7 commutation relations for the bosonic coordinates is given by
[X*(0,7), X" (0", 7)] = —imd(o, 0" )nh" .
From this, we easily calculate the commutation relations for the coefficients of the mode expansion:
[ o] = mbmnn™”

These relations remain the same in super string theory. For the closed string the same relations hold
for the a#,. For the fermionic degrees of freedom we have the equal 7 anticommutation relation

{wi(UV T)a w% (J/a T)} = 7“5(07 OJ)(;ABWMV .

12



From this we deduce that the coeflicients b and d¥ of the mode expansion satisfy
{01, 65} = 0" 6r s,

and
{dh. dn} = 0" 6mgn -

m’-'n

The mass shell condition for the Virasoro constraints states that
o' M? = N + constant .

The constant comes from normal ordering. The number operator N decomposes as N = N® 4+ N¢ or
N = N® + N® where N*, N¢ and N? are given by

0
N® = E A—p - Ay,
n=1

N = ind,n-dm
n=1

oo

N”:Zrb_r-br.

—1
=3

The ground state is the state which is annihilated by all o and d¥ with positive n or by all a# and b#
with positive n and 7. Acting with o, or d”,, on a state raises the value of o’ M? by n units, while
acting with " . will raise the value by r units. The generalized Virasoro algebra generators decompose

gg)

similarly. For the Ramond boundary conditions we have L,,, = Lg,? )+ L? and for the Neveu Schwarz

boundary conditions we have L,,, = Lg,f ) + ng). Here

ng):%z:afn'am+n:7

neZ
like in bosonic string theory, and
1 1
ng) = 5 Z(n+ im) : d_n . dm+n iy
nez
o =1 > (r+1m)-b Dpgr
m 2 2 c U—erp m-+r - -
rezZ+i

The normal ordering is only needed in the case n = 0. The fermionic generators are given by

Fn = g 5a—n‘d7rz+7z i)
nez

GT:Z:a_n-bT_H,,: .

neE”Z

The super-Virasoro algebra in the bosonic (NS) sector is given by
1
[Lin, L) = (m —n)Lypyn + gD(m3 — M)0mtn
1
[Lma Gr] = (im - T)Gm-i-?“ ,

1 1
{Gr7 Gs} = 2Lr+s + iD(Tz - Z)CST-&-S .

13



In the fermionic (R) sector, it is given by
[Lym, Ln]) = (m —n)Lppyn + éDm35m+n ,
s Bl = (51 = 1) g
{F,Fy} = 2Lqn + %Dm25m+n .
In the R sector, the entire algebra is generated by Fy, L_1 and Lp. In the NS sector, the linear span
of L_1, Lo, L1, G_1 and G1 forms a subalgebra known as OSp(1|2). Now we impose the constraints

on the quantum théory by 2fequiring the physical states to be annihilated by the positive-frequency
components of the super-Virasoro algebra. In particular, a physical bosonic state |¢) should satisfy

Lin|¢) =0,

Grl¢) =0,

(Lo — a)|¢) = 0.
for all n,r > 0 and some constant a which will be determined later. The conditions for all n,r > 0
all follow from the cases r = 2 and r = 3. This means that it is sufficient for a state [¢) to satisfy

(Lo — a)|¢) = G1|p) = Gz|¢) = 0. Now we want to find the critical values for a and D. In bosonic
string theory, these parameters represented the boundary between ghosts and no ghosts, which resulted
in a variety of extra zero-norm states. We can study this by looking at the ground state |0; k). This

state is on-shell for %2 = a. The excited state |¢) = G_1[0;k) is on-shell for %2 =a—31. Fora=1

this state satisfies G% |¢) = 0 and the state has zero norm. For higher values of a the state will have a

negative norm. Because a = % sits at this boundary, it is the critical value.

With @ = § there is a family of zero norm states given by G7%|(5>, where |¢) in annihilated by G,
G 3 and Lg. For the critical dimension we follow a similar approach. We construct a family of zero

norm states of the form

|p) = (G_g + AG_%L—1)|¢>7

where |§) satisfies R 3 }
G1lg) = Gsld) = (Lo +1)|¢) = 0.

Using the commutation and anticommutation relations we find
Gilé) = (2= NL1|9),
Gsle) = (D —2—4))|9).

This means that |¢) is physical for A = 2 and D = 10, since these are the only values for which |¢) is
annihilated by G 1 and G 3 simultaneously. Thus we conclude that D = 10 is the critical dimension.
In the fermionic sector any physical state has to satisfy F,|¥) = L,|¢) = 0 for any n > 0. The zero
mode also gives the condition (Fy — u)|¢)) = 0. From this we find that

(Fo + 1) (Fo — )9 = (F§ — p?) ) = (Lo — p?)[v)) = 0

The arbitrary constant p does not arise from a normal ordering ambiguity when passing from the
classical to the quantum theory. Since Fp is anticommuting, a non-zero value of y would cause the
operator (Fp — p) to be neither commuting nor anticommuting. The positive frequency super-Virasoro
algebra is generated by Ly and Fy. States of the form [¢) = Fy|t)) with Lo|t)) = Fi|s) = 0 have zero
norm, but they are only on-shell for 4 = 0. This is the first family of zero-norm states. The second
family is given by |¢)) = FoF_1|9) where Fy|¢) = (Lo + 1)|¢)) = 0. These states satisfy Fylp) = 0. In
order for this to be a physical state, it also has to be annihilated by L;. Using the (anti-)commutation
relations, we find L;|¢) = (3D — g)hﬂ), from which we conclude that D = 10 is the critical dimension
for the fermionic sector as well.
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2.6 Vertex Operators

We now turn our attention to vertex operators. First we consider the boson emission from a bosonic
state. A physical vertex operator needs to have conformal dimension J = 1 in order to map physical
states to physical states. For super strings this is still a necessary but no longer a sufficient condition.
The vertex operator must have the right commutation relations with the G,’s as well.

Let V = V(7 = 0) be a candidate for a physical vertex operator, and assume that there is another
vertex operator W such that for each r € Z + % we get

V(0) =[G, W(0)].

This works if W is a bosonic vertex operator. In the case of a fermionic vertex operator, the commutator
should be replaced by an anticommutator.
Since G2 = La,., we find that {G,,V(0)} = [La., W(0)]. Now V(7) is given by

Vir) = eiLOTV(O)e_iLOT .

And by definition of conformal dimension J we get

; d
[Lm, V(1) = e”’”(—i(T +mJ)V (7).
T
From this we deduce that V' has conformal dimension J = 1 if and only if W has conformal dimension
J = % As a first example, we consider the operator

W(0) =: e*X(O)

which has conformal dimension J = % for k2 = 1. This is the mass-shell condition for the bosonic
tachyon. The corresponding operator is given by

V(0) =[Gy, W(0)] = k- 1(0) : X

at 7 = 0 and '
V(r)=k-¢(r): e X ()

for general 7. Here 9*(7) is given by

v = X e

reZ+3

This vertex operator has conformal dimension J = 1 since both factors have J = % and they commute.

Thus V is the vertex operator for the emission of the tachyon. The first excited state is the massless
vector of polarization (* and momentum k* and is given by ( - b_% |0; k). The G 1 condition requires
¢ - k = 0 for this state to be physical. For the construction of the vertex operator corresponding to
this state we consider the operator

W1(0) = ¢ - (0)e™ X

which has conformal dimension J = % for k? = 0. The corresponding vertex operator is given by

V1(0) = {G,, W1(0)} = (¢- X(0) — ¢ - (0)k - (0))e™X©) |

The vertex operators are seperated into two groups. One group has an even number of ¢ excitations
and the other group has an odd number of v excitations. If W is a bosonic operator then the
commutator [G,, W] gives a fermionic vertex operator V while if W is a fermionic operator then the
anti-commutator {G,, W} gives a bosonic vertex operator. String states corresponding to a fermionic
vertex operator V correspond to Fock states with an even number of b excitations and are called states
of odd G-parity. These states lead to anomalies at the one-loop level, so they will be removed from
the spectrum. One of the removed states is the tachyon.
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2.7 The GSO conditions

The model we discussed so far is called the RNS-model after Ramond, Neveu and Schwarz. Even for
D =10 and a = § (NS sector) or a = 0 (R sector), this is an inconsistent quantum theory. Additional
conditions need to be imposed on the model in order to get a consistent quantum theory. These con-
ditions were proposed by Gliozzi, Scherk and Olive and are known as the GSO conditions.

One reason why the current theory needs further restrictions on the spectrum is that it contains a
tachyon. The theory can only have the potential to describe nature if it doesn’t predict tachyons.
The second reason is that the theory has anti-commuting operators ¥* which map bosons to bosons.
While this is not contradictory, it is still unnatural. It is preferred to have only commuting operators
which map bosons to bosons. The proposal is to simply discard all states which are obtained by acting
with an odd number of 1*-operators on the good states. To do this, we introduce the operator (—1)%",
which acts as (—1)FX# = X#, (—1)Fy# = —p#. We give the massless vector positive sign. The GSO
projection is obtained by removing the —1-eigenspace of the operator (—1)%.

The third reason for introducing this GSO projection is that the theory in the 10-dimensional ambient
space becomes supersymmetric. This means that both the 2-dimensional wordsheet theory and the
10-dimensional spacetime theory become supersymmetric, which results in a more elegant theory.
The massless part of the spectrum contains a vector and a spinor. The massless vector is given by
b_1]0; k). The massless spinor is given by |a; kYyu®(k), where u®(k) satisfies the massless Dirac equation
and a is a spinor index. Unbroken supersymmetry requires that each masslevel contains a supersym-
metric pair. The massless vector has 8 independent transverse degrees of freedom. For even dimensions
D, spinors have 2% complex components. In 10 dimensions, this means 32 complex components. By
simultaneously imposing Weyl and Majorana constraints, the number of degrees of freedom can be
reduced to a quarter of the original number, which is 16 real components in this case. These degrees
of freedom need to satisfy the Dirac equation, which relates half of the degrees of freedom to the other
half. Thus both the massless vector and the massless spinor have 8 degrees of freedom which means
they can form a supersymmetry pair.

The Majorana condition states that the fermion fields are real. This is the result of a choice of basis in
which the intertwiner is real. In general a fermion v is a Majorana fermion if it satisfies ¢ = ¢, where
¢ is the charge conjugate of ¥. In order for this to make sense, the Dirac matrices all have to be
real or completely imaginary. A representation where all Dirac matrices are either real or imaginary
is called a Majorana representation. We will work with a representation in which the Dirac matrices
are purely imaginary. We write I'* for these 32 x 32 imaginary Dirac matrices.

For even dimensions D there is a matrix analogous to 75 in 4 dimensions. In D = 10 we introduce
I;; =T°%...T% Like 73, this matrix satisfies {I';1,T#} = 0, (I'11)? = Id3e. Spinors with eigenvalue 1
are called spinors of positive chirality and spinors with eigenvalue —1 are called spinors with negative
chirality. The operators %(IdSQ + T'11) project spinors of definite chirality, called Weyl spinors. Re-
stricting to spinors of positive chirality or to spinors of negative chirality is called a Weyl condition.
In a Majorana representation the matrix I'y; is real. This means that the positive chirality and the
negative chirality parts of real fermions are also real. Thus the Majorana condition and the Weyl
condition are compatible and we can impose both conditions simultaneously. These conditions are not
compatible in 4 dimensions, since 75 is imaginary. It is only possible to impose both conditions at the
same time in D = 2(mod8) and spinors satisfying both conditions are called Majorana-Weyl spinors.
We can generalize this to states which have mass by the operator

[ =Ty (-1)r,
where Nr is given by

n=1

This operator satisfies {T',d*} = 0. Since ¥*(o,7) is linear in the coefficients d*, we also get

{T,¢#(o,7)} = 0. The operator I' represents (—1)¥" in the R sector. The corresponding notion in
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the NS sector is given by
G = _(_1)NG )

where Ng is given by

oS

2.8 Heterotic string theory

With the Chan-Patton method it is possible to place charges at the ends of an open string. This is
possible due to the existence of special points on the strings; the ends. For closed strings there are no
such special points. Hence if we wish to place charges on them, the only way to do so is by distributing
them over the entire string. So far we have added fermionic fields with a spacetime index p to the
string. We will now consider adding fermionic fields with more internal quantum numbers, which
will introduce internal symmetry groups. As we have seen before, the components of the Majorana
fermions in the action decouple. Therefore it is possible to include left moving modes of one type and
right moving modes of another type. We will take the right moving modes to be the supersymmetric
fermions we have discussed so far. The left moving modes will be non-supersymmetric Majorana-Weyl
fermions A4, with 1 < A < n for some n. These carry internal symmetry groups and will be discussed
later. The action for this theory in conformal gauge is given by

9

—1 N ) RS
S=o / d*c (Z(aaxﬂa Xt — 20t Oty ) =20 Y Aﬁ@&) .

pn=0 A=1

The right moving part of the theory is supersymmetric and leads to a critical dimension of D = 10.
Since the left-moving part is not supersymmetric, it will have the same ghost fields as the bosonic
string theory. These ghost fields have a central charge of —26, which is cancelled by 26 bosonic fields.
We only have 10 bosonic fields, so the rest of the cancelation has to come from the left-moving fermions
A, Since Majorana-Weyl fermions contribute % to the central charge, we need 32 Majorana fermions
for the cancelation of the Weyl anomaly.

2.8.1 Heterotic SO(32)

If all A satisfy the same boundary conditions, their symmetry group is SO(32). The first option is
to assign periodic boundary conditions to all fermions. This is known as the periodic sector (P sector)
and is analogous to the Ramond sector. The fermions have a mode expansion given by

)\A(O_Jr) — Z )\;‘L\ef%‘na"' )
neEZ

The second option is to assign antiperiodic boundary conditions to all fermions, which is known as the
antiperiodic sector (A sector) and is analogous to the Neveu-Schwarz sector. The mode expansion is
given by
irot
)\A(0+) _ Z /\;4672”0 )
reZ+i

The canonical anticommutation relations for these are given by {\*, A2} = §456,, ., and {\4, \B} =
5486, .

The left-moving modes give rise to a different Virasoro algebra. The Virasoro constraints for the
right-moving modes is given by L,,|¢) = (Lo — a)|¢) = 0 for all m > 0 and for some normal ordering
constant a. These operators are the same as before. For the left-moving modes we also get the Virasoro
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constraints L,,[¢)) = (Lo — @)|)) = 0 for all m > 0, but for different operators L,, and a different
normal ordering constant @. The operator Ly is given by Ly = % + N, where N is given by

N =Y (A_p-an+nrt A
n=1

in the P sector and

N =

NE

o0
Gop o Gp Y AN
—1

1 r=g

n

in the A sector. For the right-moving modes a = 0. The contribution of a bosonic coordinate to the
normal ordering constant is . We have 8 transverse bosonic degrees of freedom, giving a contribution

24"
of % or +. Fermionic degrees of freedom with integer modes give a contribution of *iv while fermionic

3
degrees of freedom with half-integer modes give a contribution of 4—18. Hence for the P sector and for

the A sector we find different values for the normal ordering constant:

8 32
WPTon T T T
PRI
AT o0 TR T

With this we find that in the P sector, the mass is given by iMQ = N + N + 1, whereas in the A
sector it is given by iM 2 — N+ N —1. The mass-shell condition from the right-moving modes implies
N = N +1 in the P sector and N = N — 1 in the A sector. Since N and N are non-negative, the P
sector has no massless states. In the A sector, the massless states are given by N =0, N = 1.

For the right-moving modes, the operator N is always an integer. The condition N = N — 1 in the A
sector means that N also has to be an integer. This implies that we need to remove all states with an
odd number of A excitations. This is analogous to the GSO conditions for the right-moving modes.
A natural thing to do is to also apply a GSO-like condition on the P sector. This turns out to be
necessary for unitarity at one-loop level.

The operator (—1)f in the P sector is given by

(—1D)F = Xo(—=1)™M,
where

Ny = i ML
n=1

and -
Mo = AAZ .. A2,

The states with N = 0 in the P sector are given by Spin(32) spinors |a) satisfying the condition
Xola) = |a). All excited states can be obtained by acting with an even number of A4 excitations on
such states to ensure they satisfy the GSO-like condition.

2.8.2 Heterotic Fg x Fjg

So far we assigned the same boundary conditions to all left-moving Majorana-Weyl fermions. We
will now explore what happens when we take mixed boundary conditions into account. As a first
impression this gives a lot of new possibilities at the cost of losing symmetry.

We will consider the case where some of the fermions satisfy periodic boundary conditions and the rest
of the fermions satisfy antiperiodic boundary conditions. If we take n fermions with periodic boundary
conditions, then the normal ordering constant will be given by

n

a=1-—.
16
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Recall that N has integer eigenvalues. In the P sector N also has integer eigenvalues. In the A sector
N has integer and half integer eigenvalues, but by level matching we discarded the states with half
integer eigenvalues. It turns out that half integer values for a lead to one-loop anomalies, so we won’t
consider those cases. This leaves us with the natural choice of n = 16, with a = 0 and symmetry group
Spin(16) x Spin(16).

Since @ = 1 in the A sector, massless states are obtained by acting with two A%, operators on the
ground state. These states are given by ’

AAB L0y,
Under the action of the group Spin(16) x Spin(16), these states transform as:

)
(120,1) for 1 < A, B < 16,
(1,120) for 17 < A, B < 32,
(16,16) for 1 < A < 16,17 < B < 32.

Here 16 and 120 denote the vector representation and the adjoint representation of SO(16). Together
they form the adjoint representation of SO(32) given by 496 = 120 © 120 ¢ (16 ® 16).
In the case of 16 fermions with periodic boundary conditions and 16 antiperiodic boundary conditions
we get @ = 0. Because of this, there are new massless states. If we denote the two spinor representa-
tions of Spin(16) as 128 and 128’, then the massless states transfrom as either (128,1) & (128',1)
r (1,128) @ (1,128’), depending on whether the first 16 fermions satisfy periodic or antiperiodic
boundary conditions.
Again we will need to impose GSO conditions on these states. Now there are two candidates for (—1)F".
The first candidate, (—1)f1, anticommutes with the first 16 fermions and commutes with the last 16
fermions. The second candidate, (—1)f2, commutes with the first 16 fermions and anticommutes with
the last 16 fermions. We will keep those states which have eigenvalue 1 for both (—1)f% and (—1)%2.
We impose that the groundstate of the A sector |0) 1, is even under both operators. The allowed states
can be constructed by acting on the ground state with two fermions that are either both from the first
group of 16 or both from the second group of 16. The allowed states transform as:

(120,1) @ (1,120).

The two spinor representations have opposite signs under (—1)f, so we only keep one representation
from each pair. This leaves us with two copies of 120 & 128. These form the exceptional Lie algebra
¢s, the Lie algebra of the exceptional Lie group Fs. Thus the gauge group becomes Fg x FEg.

2.8.3 The bosonized approach to the heterotic string

Instead of 32 fermions we will now consider 16 additional bosons in the left moving part of the theory.
The 16 new dimensions introduced in this way will be compactified on a suitable torus. The suitable
torus will be the one which correctly describes the bosonized fermions with boundary conditions.

For the 16 newly introduced bosons we write the mode expansion as

Xi((f )—xL +pL T+ 0) Z aI —Zin(r+o) |
n;éO

For bosons with both a left moving part and a right moving part, we have a center of mass coordinate
2! and momentum p’. The canonical commutation relations for ! and p’ are given by

2!, p’] ="

The left moving parts and right moving parts both contribute half of this relation, such that for
and pi the commutation relations are

[‘rLapi] 5IJ
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Upon quantization, the left moving momentum operator becomes p! = f% 821 .

L
We construct the torus by taking 16 linearly independent vectors e!, where the lower index denotes
different vectors and the upper index denotes the coordinates of the vector. We define I' to be the

lattice consisting of all points of the form ) niel. We consider the torus T'¢ = RI¢/x[. We

introduce the metric
16
_ Z I_I
9ij = €; ej .
I=1

We consider the case where this matrix has integer entries and 2 on all diagonal entries. The momenta
KT are required to give a well defined value for

e2iK<m

9

since this quantity is observable. This is satisfied when K'e! is an integer for all 1 < i < 16. This

means that K lies in the dual lattice ', consisting of integer multiples of e;! satisfying

16

I I _ ¢
E e; €; = dij
I=1

In order to ensure that X, only has left-moving modes, K also needs to lie in I'. The requirement that
the entries of g;; are integers ensures that I' C I'. If I' = T then the lattice is said to be self-dual. if the
entries of g;; are integers, the lattice is called an integral lattice. If on top of that the diagonal entries
are even, the lattice is said to be an even lattice. All v € T" have even norm squared: (v,v) € 2Z.
Lattice sites with K2 = 2 correspond to massless states.

Even self-dual lattices only exist in dimensions d = 0(mod8). In d = 8, the only even self-dual lattice
is I's, the root lattice of Fg. In d = 16, the only even self-dual lattices are I's x I's and I'1g, which
contains the root lattice of SO(32) as a sublattice. Choices for either I's x I's or I'1g correspond to the
gauge groups Fg X Fg and SO(32).
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3 Courant Algebroids

We will now turn our attention to a new topic. This section will be the first introduction to Courant
algebroids. We will use these results in section [4] to introduce geometrical structures on Courant
algebroids. In section [§] we will show the interplay between Courant algebroids and superstring theory
through the Strominger system.

3.1 Introduction

Let V be a real n-dimensional vector space. The double of V is defined as V & V*. It is equipped with
a canonical non-degenerate bilinear form of signature (n,n) given by

(X +a,Y +B) = (B(X) +a(Y),

for XY € V and o, € V*. In addition, the double comes with a canonical orientation. For the
choice of orientation, first note that A?"(V @ V*) ~ A"(V) ® A"(V*). With this identification we
define the map A?"(V & V*) = R, (u1 A+ Aty) @ (ul A+~ Au™) — det(u’(u;)). The orientation is
given by the bases which map to R.

The symmetry group of the double is SO(V @& V*) ~ SO(n,n), the indefinite special orthogonal group.
This group is given by

SO(n,n) ={A € End(Ve V") | (Az, Ay) = (z,y) Ve,y € V ® V* det(A) = 1}
This is a subgroup of the split orthogonal group O(n,n). The Lie algebra of SO(n,n) is given by
so(n,n) ={T € End(Ve V") | (Tz,y)+ (z,Ty) = 0}.
The extended double is given by H =V & g ® V*, where g ~ R™ is equipped with a bilinear form ¢
of arbitrary signature. The extended double has a canonical bilinear form given by

(Xts4a,Y+itp) = %(5(){) +a(Y)) + (s, )

Similar to the double we can define a symmetry group and its Lie algebra. The extended double can
be oriented once an orientation on g is chosen.

3.2 Clifford algebras and spinors

Let V be a real n-dimensional vector space with a non-degenerate bilinear form of arbitrary signature.
Its Clifford algebra is given by
CUV) =@ V/(u? — (u,u))

Here ®°*V denotes the free tensor algebra. The Clifford algebra contains the spin group as a subgroup.
The spin group is given by

Spm(V) = {’Ul """ U2k|’l}i (S ‘/, <'Ui,’l)j> = :I:(SU} .
The spin group is the double cover of SO(V) through the map p : Spin(V) — SO(V), p(x)(v) =

z-v-z7 wherev € V, x € Spin(V).

3.3 Courant Algebroids

This section follows the approach of |1]. Let M be an n-dimensional manifold. Consider the double
of the tangent bundle, i.e., TM @ T* M. Since this is pointwise the double of a vector space, it comes
with a non-degenerate bilinear form of signature (n,n). It also has a projection = : TM & T*M —
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TM,X + a — X called the anchor. We will equip this with the structure of a bracket similar to the
Lie bracket for vector fields. Vector fields act on differential forms through the interior product:

X () =tx(),

where X € X(M), p € Q*(M). This is a map of degree —1. There is also a canonical map of degree 1,
namely the exterior derivative. The Lie bracket of two vector fields is the unique vector field satisfying

ux, e = [Lx,wyle = [[ex, d], wyle,

where X,Y € X(M), ¢ € Q*(M). The brackets denote the supercommutator of graded algebras, which
is given by
[A,B]=AoB— (-1)4IBIBo 4.

This approach to the Lie bracket will be used in defining the Dorfman bracket. The double bundle
TM & T*M acts on differential forms through the Clifford action:

(X +a)(p) =ixp+aip,

where X € X(M), a € QY(M) and ¢ € Q*(M). This action has mixed degree, but both degrees are
odd. With this, we can define the Dorfman bracket of two sections ej,eq € T'(TM @ T*M) as the
unique section satisfying
[e1, e2] () = [e1, [d, e2])(¢) ,
where ¢ € Q*(M) and [, -] denotes the supercommutator. Explicitly, this bracket is given by
(X +a, Y+ 6] =[X,Y]+ Lx(B) — tyda.

This bracket is no longer skew-symmetric, but it does satisfy a Jacobi-like identity

le1, [e2, €3]] = [[e1, e2], €3] 4 €2, [e1, €3]] -
The structure (TM & T*M, [-,-], 7, (-,-)) is the first example of a Courant algebroid.

Definition 3.3.1. A Courant algebroid is a 4-tuple (E, [, -], p, (-,-)) consisting of a vector bundle
E — M, a bilinear bracket [-,-] : T'(F) ® T'(F) — I'(E), a bundle map p : E — TM and a symmetric
non-degenerate bilinear form (-, -) on F, such that the following conditions hold for all ey, 3, e3 € T'(E):

o [e1; [e2, €3]] = [[er, €2, €3] + [e2, [e1, €3]]
o ([e1,e2] + [e2, e1], €3) = d{e1, ea)(p(es))
o ple1)({e2,es)) = (le1, e2], €3) + (ea, [e1, €3])
We call [, -] the Dorfman bracket, p the anchor and (-, -) the pairing of E.
Lemma 3.3.2. Let E be a Courant algebroid. Then we have the following identities:
o [e1, fea] = flen, ea] + pler)(f)ez
e p(le1,ea]) = [p(er), p(ea)], where the right hand side denotes the Lie bracket for vectorfields.

Proof. For the first identity consider the expression p(ej){fez,es). Using the axioms of Courant
algebroids, we can express this as

pler)((fea,e3)) = ([e1, fea], e3) + (fea, [e1, e3]) -

By linearity of the pairing, we can take the function f in front of the pairing and use the Leibniz rule
to get

ple1)(flea, e3)) = pler)(f)(e2, e3) + fpler)(ea, e3) .

22



Using the axioms of Courant algebroid, this becomes

pler)(flez; e3)) = pler)(f){ez; es) + f(len, ea], ea) + flez [er; e3]) -

Comparing these expressions, we find

le1, fea] = fler, e2] + p(er)(f)ez -
For the second identity we consider how both sides act on a function (es,es). First we consider
p(le1, e2])(es, eq):
p(ler, e2])(es; eq) = ([[en, e2], e3], ea) + (es, [[e1, 2], e4]) ,
<[€1, [6 ]] > <[627 [61, 63]]7 64> + <€3a [61, [627 64]]> - <63» [627 [61, 64]]> .

Now we consider [p(ey), p(e2)]{es, eq):

plez)p(er)(es, ea)

ple1)(es, [e2, ea]) — plea)([er, €3], 1) — ple2)({es, [e1, e4]),
(le2, es], [e1, ea]) + ([e1, €3], [e2, ea]) + (es, [e1, [ea, e4]])
(lers es], [e2, ea]) — ([e2, €3], [e1, ea]) — (es, [ea, [e1, ea]])

( 1)

ez, [e1, €3]], €

]
[p(e1), p(ea)](es, ea) = pler)plez)(es, ea) —
= p(e1)([e2, e3leq) +
= ([e1, [e2, €3]], ea) +
- <[627 [617 63]],64) -
)

= ([e1, [e2, €3]], €4) — + (es, [e1, [e2, e4]]) — (es, [e2, [e1, e4]]) -

Thus we conclude that p([e1,es])(es,es) = [p(e1), p(ea)]{es,eq). By non-degeneracy of the pairing
it is always possible to find e, eq such that (es,es) doesn’t vanish locally. By linearity in the first
argument of the pairing we can multiply e3 by a function such that (es,es) can be an arbitrary
function locally. Since both vectorfields have the same action on any arbitrary function, we conclude

that p([e1, e2]) = [p(e1), ple2)]- O

Using the pairing and the anchor, we can produce a map I'(T*M) — ['(E). A 1-form o € Q' (M)
is mapped to o/ = $p*(a) € T(E) such that for all e € I'(E) the equation (¢, e) = 2a(p(e)) holds.
A Courant algebroid is called transitive if the anchor is surjective. It is called exact if the following
sequence is exact:

1

0—>T*M*>2 E L5 TM —o0.
For transitive Courant algebroids the map % p* is injective. Since we will be concerned with transitive
Courant algebroids only, we will identify 1-forms with their image under the map % p*. An isotropic
splitting for E is a section s : TM — E of p such that the image s(T'M) is isotropic with respect to
the pairing. Such an isotropic splitting gives an identification £ ~ TM & T* M, where the anchor is
the projection and the pairing is given by (X + o, Y + 8) = 1(8(X) + «(Y)). There exists a closed
3-form H such that the Dorfman bracket can be written as [20]:

(X +a, Y+ 6] =[X, Y]+ Lx(8) —tyda+yixH.
This 3-form is explicitly given by the equation
H(X,Y, Z) = ([s(X),s(Y)],s(2)),

for all X|Y,Z € X(M). A different choice of the splitting results in a different 3-form H’, but the
difference between H and H' is exact. Hence the cohomology class [H] € H3(M) is independent of
the choice of the splitting and is called the Severa class. Conversely, any closed 3-form H defines an
exact Courant Algebroid structure on £ = TM @ T*M. The bracket is called the H-twisted Dorfman
bracket. This gives a bijection between the set of equivalence classes of exact Courant algebroids on
M and H3(M).

After the introduction of the objects of study, the next question is always what the maps between
those objects are. This is where the notion of a Courant algebroid isomorphism comes in.
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Definition 3.3.3. Let (E, [, ], p, (,-)) and (E',[-,]', ¢/, (-,-)") be two Courant algebroid structures on
M. A Courant algebroid isomorphism ¢ : E — E’ consists of a diffeomorphism f : M — M and a
bundle isomorphism ¢ : E — E’ covering f, such that the induced map of sections ¢, : I'(E) — T'(E’)
given by ¢.(e) = ¢ oeo f~1 interchanges the Courant algebroid structures. This means that the
following equations hold for all ey, e5 € T'(E):

o ou([e1; €2]) = [puer, pues]

o p'(pser) = fup(er)

o (pue1,pue) = (f71) (1, e2)

The corresponding infinitesimal notion is given by derivations.

Definition 3.3.4. A derivation D : E — FE consists of a bundle endomorphism D : E — E and a
vector field X such that:

e Dley,es] = [Deq, es] + [e1, Des]
e X((e1,€2)) = (De1, ea) + (e1, De)
holds for all ey, e; € T'(E).

From the second condition it becomes clear that X is uniquely determined by D. For this reason
we write p(D) = X. The space Der(FE) of derivations forms a Lie algebra.
Derivations satisfy two important identities. For all D € Der(E), e € I'(E) and F' € C*(M) the
following relations hold:

o D(fe) = fD(e) + p(D)(f)e
* p(De) = [p(D), p(e)]

The first identity motivates why these endomorphisms are called derivations. The map p : Der(E) —
X(M) is a homomorphism of Lie algebras. The adjoint action defined by ad.,(e2) = [e1,e2] is a
derivation for all e; € I'(E). Derivations of this form are called inner derivations.

3.4 Courant algebroid reductions

Let M be a manifold and G a Lie group which acts on M on the right by diffeomorphisms. Let g be
the Lie algebra of G defined using left invariant vector fields on GG. By differentiation the right action
of G determines a Lie algebra homomorphism 1 : g — X(M).

A lifted action of G on E is a right action of G on E by automorphisms covering the right action of
G on M. A lifted infinitesimal action is a Lie algebra homomorphism ¢ : g — Der(E) covering the
homomorphism v : g — X(M). This means that the following diagram commutes:

g L> Der(E)

Nk
X(M).

Consider a lifted action of G on E and assume that M is a principal G-bundle. This turns the quotient
space E/G into a vector bundle over M/E. There is a canonical identification between I'(E/G) and
['(E)%, the set of G-invariant sections of E. If ej,es € I'(E) are G-invariant, then both [ey, 2] and
(e1,e2) are also G-invariant. We define the anchor p as the composition

I(E/G) ~T(E)Y —— I(TM)¢ —— I(T(M/G)).
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Definition 3.4.1. The Courant algebroid (E/G, [-,], p%, (-,-)) constructed above is called the simple
reduction of F by the lifted action of G.

Another notion of an action is the extended action introduced in [4]. Let G be a compact, connected,
semisimple Lie group with an action on M and a lifted action G — Aut(FE). Differentiating this lifted
action gives the lifted infinitesimal action p : g — Der(FE). Let ad : I'(E) — Der(FE) denote the adjoint
action of the sections of F. If the image of y lies in the set of inner derivations, we can lift the action
of p to an action g — I'(E). However, this doesn’t necessarily respect the different bracket structures
of g and T'(E). In the case of interest this is not the case, so we will look at trivially extended actions
only.

Definition 3.4.2. Let G be a Lie group acting on the manifold M with induced infinitesimal action
¥ :g = X(M) and E a transitive Courant algebroid over a manifold M. A trivially extended
action o : g — I'(E) is an action « satisfying p o « = ¢ which integrates to an action of G on E.

The case of compact Lie groups G and exact Courant algebroids E can be characterized in terms of
the Cartan complex of equivariant cohomology. Since G is compact there exists a G-invariant splitting
s: TM — E. Let H be the associated 3-form of this splitting. We can compute the action of g on
E in two different ways. Firsly, for every e € g we get e(X + 0) = Ly)(X + ). Secondly, writing
a(e) = e) + E(e), we get

e(X+0)=lale),X +0] = Ew(e)(X +0)+ LY(Ld,(e)H —d&(e)).
By comparing these two expressions we conclude that

dﬁ(e) = Lw(e)H .
Furthermore, the condition that « is a Lie algebra homomorphism is given by

a(ler, e2]) = ¥([e1, e2]) +&([en, e2])

= [Y(e1) +&(e1), ¥(e2) +E(e2)]

= [Y(e1), (e2)] + Loper)€(€2) = typ(es) (byperyH — d€(e1))
= P([e1, e2]) + Ly(e)é(e2)

from which we conclude that Ly )§(e2) = &([e1,e2]). If we view & as a g*-valued 1-form then this
means that it is equivariant.

Definition 3.4.3. The Cartan complex of equivariant forms is the differential graded algebra of
equivariant polynomials g — Q¢(M). In degree k, it is given by

QM) = @ (S'e" @ QM)
2p+q=k

where SP denotes the symmetric algebra of degree p. The equivariant derivative dg is given by

da(p)(e) = d(p(e)) = ty(e)p
with ¢ € Q% (M) and e € g.

We consider the element ¢ given by ¢(e) = H + £(e). Its equivariant derivative is given by
dap(e) = —{a(e),a(e)). We introduce the bilinear form c(e) = —(a(e), a(e)) and write this equation
as dgp = c¢. An extended action of this form acts on £ =TM & T*M by Lie derivative, so there is no
obstruction to integrating this to a G-action on FE.
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Definition 3.4.4. Two extended actions are equivalent if they are related by an automorphism.

If two extended actions are equivalenttheir corresponding equivariant 3-forms differ by a dg-exact
term. A different invariant splitting leads to the addition of an exact term ¢ — ¢ + dgfB, with
B € Q2(M)%. This leads to theorem 2.13 of |4]:

Theorem 3.4.5. Let G be a compact Lie group. Then trivially extended G-actions on a fized exact
Courant algebroid with prescribed quadratic form c(e) = —(a(e), a(e)) are up to equivalence in bijection
with solutions to the equation dgy = ¢, with p(e) = H + &(e) and H a representative of the Severa
class of E.

3.4.1 Reduction by extended actions

An extended action o : g — TI'(E) is called non-degenerate if for every z € M the bilinear form
cz(a,b) = —{a(a)y, a(b);) is non-degenerate. We denote the image of o by K and its annihilator by
K+. Both K and K+ are G-invariant. The action of G on P is free, so the rank of K is equal to the
dimension of G. Both K+ and K N K~ also have constant rank. We consider the vector bundle

KJ_

Brea = g/

Taking the quotient ensures that the induced pairing is non-degenerate. If we take ej,es € I'(K™),
then for every xz € g we get

(a(x), [e1, e2]) = plea)(a(x), e2) — (€2, [e1, a()]) -

The first term vanishes because a(r) € K and ey € K+. The second term can be rewritten as

—(e2, [e1, a(@)]) = —p(e2)(er, a(@)) + (ea, [a(2), e1]) -

The first term vanishes again for the same reason. The second term contains [«(z), e1], which is the
action of z on e;. By G-invariance this term also vanishes. We conclude that for e, e; € T'(K1) we
get [e1, es] € (K ). This means that E,..g with the induced structures is a Courant algebroid.

Let €1, ...,e, be a basis for g. Take X € X(P), then X € T'(p(K1)) if there exists an 8 € Q*(P) such
that for all 1 < i < n we get

(X 4+ B,p(er) + €(e0)) = 5(E(e)(X) + Bl(er)) = 0.

Since 1 (e;) are nowhere vanishing and dim(P) > dim(g), we can always find solutions for 3. This
means that p, when restricted to K=, is surjective. Thus we conclude that the Courant algebroid
obtained through this reduction procedure is transitive.

For non-degenerate extended actions we get K N K+ = {0}, so we get

Ereqg=K*/G.

3.5 Lie Algebroids

Definition 3.5.1. A Lie algebroid L over M is a vector bundle L together with a skew-symmetric
bilinear form [-,-] : I'(E) ® I'(E) — I'(E) and a bundle map 7 : L — T'M such that for all ey, ez, e3 €
(L), f € C°(M) we get:

b [617 [627 63]] = [[617 62}7 63} + [627 [617 63“

o m([e1,e2]) = [m(e1), m(e2)]
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o [e1, fea] = m(e1)(f)ez + fle1, ea]

A Lie algebroid is called regular if 7 has constant rank and transitive if 7 is surjective. A transitive
Lie algebroid A is called quadratic if V' = Ker(w) is equipped with a non-degenerate bilinear pairing
(+,-) which is preserved in the sense that for all a € T'(A4), b,c € T'(V) we get:

m(a)({b; ) = ([a,b], ¢) + (b, [a, c]) -

Definition 3.5.2. Let G be a Lie group and P — M a principal G-bundle. The quotient of T'P by
the action of G defines a vector bundle A = TP/G, such that sections of A can be identified with
G-invariant vectorfields on P. The Lie bracket of two G-invariant vectorfields is again G-invariant, so
this turns A into a Lie algebroid called the Atiyah algebroid of P.

We will assume that G is compact, connected and semisimple. Let g be the Lie algebra of G
and equip it with a G-invariant, non-degenerate bilinear form ¢(+,-) = (-,-). For any principal bundle
P — M with Atiyah algebroid A the kernel V' of the anchor 7 can be identified with the adjoint bundle
gp = P xXg g. The pairing (-,-) is G-invariant, so it induces a pairing on gp which we will also call
(+,-). With this pairing the Atiyah algebroid is a quadratic Lie algebroid.

3.6 Heterotic Courant Algebroids

Let H be a transitive Courant algebroid. The anchor p dualises to an injective map % pr i T*M — H.
Lemma 3.6.1. The quotient A =H/T*M carries the structure of a quadratic Lie algebroid.

Proof. The three relations between the bracket and the anchor are automatically satisfied since they
already hold for any Courant Algebroid. Hence we only need to show that the Dorfman bracket is
skew-symmetric on sections of A. For any 3 sections eq, s, e3 of H we have the following identity:

([e1, 2] + [e2, e1], e3) = d{er, ea)(p(es)) .

Setting e = e, we get
1
([er, 1], es) = (e, e1)(ples)) -

This means that

fevser] = 30" dles,e1)).

Hence in the quotient A = H/T*M we find [e1,e1] = 0 and the bracket is skew-symmetric. Thus A
carries the structure of a Lie algebroid. The condition for the pairing is automatically satisfied for any
Courant algebroid. O

Definition 3.6.2. A heterotic Courant algebroid is a transitive Courant algebroid H such that
there exists a principal G-bundle P for which A = H/T*M is isomorphic to the Atiyah algebroid of
P as quadratic Lie algebroids.

Let H be a heterotic Courant algebroid associated to the Atiyah algebroid A ~ H/T*M. Let K be
the kernel of p and gp be the adjoint bundle. We get the exact sequence

0 K H—L TM 0

An isotropic splitting s splits the sequence above. The subspace s(T'M) N K gives a lift of gp to K
orthogonal to T*M. As such, it also splits the following sequence:

0 —— T*M K gr 0
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This determines a decomposition H = TM & gp & T*M where the anchor is the projection onto T'M
and the paring is given by

(X+s+a,Y+t+p5)= %(ﬁ(X)Jra(Y))Jr(s,t).

Not all quadratic Lie algebroids A associated to a principal G-bundle P — M come from a quotient
of transitive Courant algebroids H by the cotangent bundle. Let A be a connection with curvature
F'. The closed 4-form (F, F') represents the first Pontryagin class of P. The quadratic Lie algebroid A
comes from a transitive Courant algebroid if and only if the first Pontryagin class vanishes [4].

Theorem 3.6.3. Let P — M be a principal G-bundle with Atiyah algebroid A and a connection V
with curvature F. Let H° be a 3-form such that dH® = (F,F). This pair determines a heterotic
Courant algebroid H such that H/T*M ~ A. The bundle decomposes as H =TM & gp & T*M, the
anchor is given by the projection and the pairing is given by:

(X+s+a,Y+t+0) = %(6(X)+a(Y))+(s7t).

The bracket is given by

(X +s+a,Y+t+8=[X,Y]+Vxt—Vys—[s,t] - F(X,Y)
+LxB —yda+ Lybeo + 2<t,LxF> (1)
—2(s, .y F) +2(Vs,1).

Conwversely, for a heterotic Courant algebroid with splitting s : TM — H there is a pair (V, H%) with
dH® = (F, F) with the bracket given above.

Proof. The proof for this follows from the classification of transitive Courant algebroids [22]. O

Let H=TM & gp ®T*M be a heterotic Courant algebroid. For a 2-form B we define the B-shift
as
(X +s+a)=X+s+a+ixB.

And for the gp-valued 1-form A we define the A-transform
eMX +s+a)=X+s—AX +a+ (2s— AX, A).

Both of these transforms preserve the anchor and the pairing. If we write the dependence of the bracket
on V and H° explicitly, i.e., [-,-] = [,-]y go, then the A-shift and the B-shift transform the bracket
as follows:

[eBu, er]v’Ho = ePlu, Vv, HO+dB

[GA% €AU]V,H0 =e? [UaU}v+A,H0+2<A,Fv>+<A,dVA>+§<A,[A,A]> .
Heterotic Courant algebroids can be obtained by reduction of exact Courant algebroids. Let o : P — M
be a principal G-bundle. Every exact Courant algebroid is associated to a closed G-invariant 3-form
H. The Courant algebroid is then given by £ = TP @ T* P with the projection as anchor, the usual
pairing and the H-twisted Dorfman bracket. The action of G on P extends to an action of G on F
since H is G-invariant. As mentioned earlier, trivially extended actions « : g — I'(E) correspond, up
to equivalence, to solutions to the equation dgy = c. Here p(e) = H + £(e) and c(e) = —(a(e), a(e)).
We will consider the case where the pairing is given by ¢, i.e., {e1,e3) = c(e1,e2) = —(a(e1), a(e2)).
This leads to proposition 3.3 of [1]:
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Theorem 3.6.4. Equivalence classes of solutions to the equation dg(H + &) = ¢ = (-,-) correspond
to pairs (H°, A), where H® is a 3-form on M and A a connection on P with curvature F satisfying
dH® = (F,F). The corresponding solution has H, & given by

H =0o*(H%) — CS3(A),
52 _CA7

where we view ¢ as a map g — g*. Here CS3(A) is the Chern-Simons 3-form of A given by

CS5(A) = c(A, F) — %C(A, A, A)).

Proof. We write the extended action a : g — I'(E) as a(x) = 9 (z)+(x). Since c is non-degenerate, we
can write £ = —cA’ for some g-valued 1-form A’. From the G-invariance of £ and ¢ we get that A’ has
to be G-invariant as well. With a(x) = ¢(z) — ¢(A’, ) the condition ¢(z,y) = —{a(x), a(y)) becomes
2¢(z,y) = (A (Y(x)),y) + (A (¥(y)),z). We choose a basis ey, ..., e, of g with corresponding dual
basis e',...,e" of g*. Let Ag = Afe; be a connection 1-form on P, where Af(¢(e;)) = d5. We can
write A" as

A = aé-Ajei + Ble; ,

for some G-invariant functions aé and some 1-forms B® € Q!(M) satisfying B?(¢(e;)) = 0. Note that
we left out pull-back notation. In this basis, the constraint 2c(z,y) = c(A4’(¥(x)),y) + c(A'(¥(y)), x)
reads

2¢i5 = afcjk + a?cik .

Hence afcjk = ¢;j + Bij, where 3;; = —B;;. This means that af = 6? + 7 B,,;. Substituting this gives
AI = AQ + Biez- + ﬁikck-jAéej .

We define the connection 4 by A = Ay + B'e;. With this notation, ¢ is given by £ = —cA — B;;Aje’.
If ¢ = H + £ is a solution to dgy = ¢, then we can construct another solution ¢’ = ¢ — dg(%ﬁijAéAé)
=H +¢,with H = H— d(ﬂijAf)A{)) and & = £+ B;;Aje’ = —cA. This shows that up to equivalence
every solution of dg(H + &) = c is given by an extended action £ = —cA for some connection A.

We now need to find the closed invariant 3-form H for which the condition dg(H —cA) = c is satisfied.
We write the connection A as A = A’e;. We can now decompose H as

T | o
H=H"+ HJ A"+ SHEA' N AT 4 SH AT A AT N AR

Note that pull-back notation is again suppressed. We write the structure constants with respect to

the basis as ij, meaning that [e;, ej] = cfjek. We also write c;;i = céjclk. The curvature of A is given
by Fie; with F¥ = dA* + %cfin A A7. With this notation, the condition dg(H — cA) = ¢ becomes
doH — cijFiej + %CijkAi A Ale* = 0. By comparing coefficients we find H?Jk = Cijk, Hf] = 0 and
H}! = —¢;;F7. We recognize this as H = HY — CS3(A4). Since H has to be closed and dCS3(A4) =
c(f, F), we get dH® = ¢(F, F). Conversely any pair (H", A) satisfying dH® = ¢(F, F) gives a solution

to dg(H — cA) = ¢, where H = H° — C'S3(A). O
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4 Generalized geometry

4.1 Generalized metrics

Definition 4.1.1. A generalized metric on a Courant algebroid F is a self-adjoint orthogonal bundle
automorphism G : E — E which satisfies

(Geg,er) >0
for all non-zero vectors e, € F,.

Since G is self-adjoint and orthogonal it squares to the identity. It has eigenvalues 1 and —1 and
we denote the eigenspaces by V; and V_. This means that G restricted to Vi gives +Id. Therefore a
generalized metric is completely determined by its eigenspaces V. and V_. For this reason the choice
of an eigenspace V, is equivalent to the generalized metric G.

Lemma 4.1.2. The restriction p+ of p to Vi is surjective.

Proof. Assume that there is an X € X(M) which does not lie in the image of p,. Consider o € Q!(M)
such that a(X) # 0. As an element of F, « is orthogonal to V., so it has to be a section of V_.
However, it has zero norm, contradicting the fact that 0 is the only element of zero norm in V_.
Therefore we conclude that p, is surjective. The same proof applies to p_. O

Theorem 4.1.3. Let E be an exact Courant algebroid over a manifold M. A generalized metric G is
equivalent to a metric g on M and an isotropic splitting s : TM — E.

Proof. First we assume there is a generalized metric G with eigenspaces V; and V_. The signature
of the pairing of E is (n,n) and p_ is surjective by lemma By dimension counting p_ is an
isomorphism. Denote the inverse of p_ by A such that A : TM — E, A\ = (p_)~!. This induces a
Riemannian metric g on M given by

9(X,Y) = ~(\(X),A(Y)).
We define the splitting s : TM — E by s(X) = A(X) + g(X). For vectorfields X,Y € X(M) we get
(5(),5(0)) = A(X) + 9(X), (V) +9(¥)
= (XA + 3 (090 + a0 9(X))
560V, X) + g(X, V)

Hence this splitting is indeed isotropic. Now assume we have a metric ¢ on M and an isotropic
splitting s : TM — E. We use the splitting to identify £ ~TM & T*M. With this identification, the
eigenspaces are given by

Vi = {X + g(X)|X € TM},

Vo={X —g(X)| X eTM}.
These eigenspaces uniquely determine the generalized metric G. Since the eigenspaces are orthogonal
complements either V. or V_ would already give enough information to reconstruct G. O
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Note that a choice of splitting s corresponds to a choice of a 3-form H representing the Severa class
of E. This means that a generalized metric corresponds to a pair (g, H), where g is a metric on M
and H is a representative of the Severa class of E.
A different choice of the splitting leads to a B transform. Therefore, in a general splitting the
eigenspaces have the form
Vi={X+g9X)+:xB| X €TM},

Vo ={X — g(X)+.xB|X € TM}.

For heterotic Courant algebroids the situation is very similar. We can identify H ~TM @& gp & T*M
using a splitting s : TM — H. The pairing is the canonical pairing and the bracket is given by Equation
Hence this identification corresponds to a choice of connection and a choice of representative of the
Severa class. With the identification, the eigenspaces are given by

Vi = {X +t+g(X)|X € TM,t € gp},
V. = {X — g(X)|X € TM}.

This shows that a generalized metric on H is equivalent to a triple (g, V, H), where g is a metric on
M, V a connection on gp and H a representative of the Severa class of H. If we denote the projections
to gp and T*M by m,,, and 77«7, the connection V and the 3-form H are given by

Vxa =g, ([X,aly),
Lybe = WT*M([Xa Y]H) .

A different choice of splitting now leads to a (B, A)-transform. Therefore, in a general splitting the
eigenspaces have the form

Vi={X+t—-AX+g(X)+:xB+ (2t —AX, A)|X e TM,t € gp},
Vo ={X - AX —g(X)+1xB - (AX,A)|X € TM}.

For any Courant algebroid E with generalized metric G we define the projections Iy : £ — Vi,
II. = 1(Id ¥ G). We will use the notations e™ =TI e and e~ =II_e.

4.2 Generalized connections

Definition 4.2.1. A generalized connection D on a Courant algebroid E is a bundle map
D:T(E)—->T(E*"®EFE),

satisfying the Leibniz rule
Dﬁlfe2 = p(el)feQ + fD6162 )

and which is compatible with the pairing:
ple1)(ez; e3) = (De, €2, €3) + (€2, De, €3) ,
for all e1, eq,e3 € T(E), f € C®°(M).

Generalized connections always exist. We can construct one by taking any normal connection V¥
on E compatible with the pairing and define

Deleg = Vf(el)ez.

The torsion Tp € A3(E*) is defined as

1
Tp(er, ez, e3) = (Deea — Deyer — [[e1, e2]], e3) + §(<De361,€2> — (Deye2,€1)),
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where [[eq, e2]] = %([e1, e2] — [e2, €1]) is the skew-symmetrization of the Dorfman bracket. The diver-

gence of a section e € I'(E) with respect to a generalized connection D is defined as

n

divp(e) = Tr(De) = Y (De,e’),

i=1

where €1, ..., e, is a basis of E and el,...,e™ is the dual basis. For normal metrics there is a unique

connection which is both torsion free and compatible with the metric, known as the Levi-Civita con-
nection. However, in the generalized setting uniqueness is lost. The divergence satisfies the Leibniz
rule

divp(fe) = p(e)(f) + fdivp(e),

for all e e T'(E), f € C*°(M). A generalized connection D is compatible with a generalized metric G
if it preserves the eigenspaces, meaning

DT (Vy) cT(E*® Vy).
For sections ef € I'(V,y), e; € I'(V_) we define the generalized curvature as

GR(ef.e;) =D D, —D,-D,+ — Dyp.+

el ,ex]l”

Explicit calculations of the generalized curvature can be found in [10].

4.3 Generalized complex geometry

Generalized complex geometry was first introduced by Nigel Hitchin [15] and later developed by Marco
Gualtieri [14].

Definition 4.3.1. Let V be a real vector space. A generalized complex structure on V is an
endomorphism J of V @ V* satisfying J2 = —Id and J* = —J.

Here V & V* is identified with its dual by the canonical pairing.
Any generalized complex structure is orthogonal, meaning that J*7 = Id. Let J be a linear complex

structure on V and define
7, = -J 0
7=\o J )

The endomorphism 7 satisfies J} = —Id and J; = —Js, meaning that it is a generalized complex
structure.
Let w be a linear symplectic structure, viewed as a map V' — V*. Then we define

0 —w!

The endomorphism 7, satisfies J2 = —Id and J* = —J,,, meaning that it is a generalized complex
structure. Thus a linear generalized complex structure is a generalization of both linear complex and
linear symplectic structures.

A generalized linear complex structure on V is equivalent to a maximal isotropic linear subspace
L Cc (V& V*)®C of real index 0, meaning that L N L = {0}. The subspace L is given by the
i-eigenspace. For z,y € L, we find (Jx, Jy) = (x,y) by orthogonality of J, but since z,y € L we also
get (Jx, Jy) = (iz,iy) = —(z,y). Hence we get (x,y) = 0, meaning that L is indeed isotropic. Now
L is the —i-eigenspace, so L& L = (V@ V*)®C and LN L = {0}, which means that L is a maximally
isotropic subspace of real index 0.

For a given subspace L, we can define J to be multiplication by ¢ on L and multiplication by —i on
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L. The real transformation then defines a linear generalized complex structure J on V.

We can define complex and symplectic structures on manifolds. These structures correspond to
smoothly varying linear complex and symplectic structures together with an integrability condition.
For complex structures the integrability condition is the vanishing of the Nijenhuis tensor. For sym-
plectic structures the integrability condition is closedness of the symplectic form. Generalized complex
structures follow the same approach.

Definition 4.3.2. A generalized almost complex structure 7 on a manifold M is a smoothly
varying linear generalized complex structure J € I'(End(TM @&T*M)). A generalized almost complex
structure is integrable if the i-eigenspace L C (T'M & T*M) ® C in involutive under the Dorfman
bracket. An integrable generalized almost complex structure is called a generalized complex structure.

We decompose (TM ®T*M)®C = L@ L and define the projection E = p(L) C TM ®C, satisfying
E®E = TM®C. The type of a generalized complex manifold at a point 2 € M is the real codimension
of F, in T, M®C. This type may or may not be constant over the manifold M. For generalized complex
structures of constant type, the two extremal cases of type 0 and type n = dim(M) correspond to
symplectic and complex structures.

The generalized complex structure 7, induced by the symplectic form w is of constant type 0 and

given by
0 —w!
Jw - (w 0 ) .

The maximal isotropic subbundle L is given by
L={X-iw(X)|XeTM®C}.

This subbundle is involutive for a non-twisted Dorfman bracket if and only if dw = 0.
The generalized complex structure J; induced by the complex structure J is of constant type n and

given by
-J 0

The maximal isotropic subbundle L is given by
L=T"MeT""*M.

This subbundle is involutive for a non-twisted Dorfman bracket if and only if J is integrable as an
almost complex structure.

Each maximal isotropic subbundle L C (T'M & T*M) ® C corresponds to a line bundle K C A*T*M
[5]. The bundle L is the annihilator of K with respect to Clifford multiplication:

L={X+ae(TMaT*M)®C|(X +a) K =0}.

The bundle K is called the canonical bundle. We can explicitly construct it as follows:
First, for any vector space V, subspace E C V and € € A2E* we define

L(E,e)={X+a€ E®V'|q, =txc}.

Claim 1. This subspace is maximally isotropic. Moreover, any maximally isotropic subspace L is of
this form.

To show this, consider the projection 7 : V@ V* — V and define E = 7(L). Since L is isotropic
we have LNV* C Ann(FE), and since L is maximally isotropic we get an equality. For any X + « € L
we define ¢(X) = [a] € V*/Ann(E) ~ E*. Now every element of L can be written as X + txe + 3,
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where 8 € Ann(FE). Since X + 1xe + 8 € L(FE,¢), we conclude that L C L(FE,¢). By the maximality
of L, we conclude that L = L(E,¢).
For any nonzero spinor ¢ € A®*V* the null space is defined as

L,={ecVaV*|e p=0}.

For any nonzero spinor this null space is isotropic. If in addition it is maximal, the spinor is called
a pure spinor. This means that pure spinors are elements of canonical bundles of maximal isotropic
subspaces.

Lemma 4.3.3. The canonical bundle of L(E, €) is given by K = exp(e)-det(Ann(E)), where det(Ann(E))
is the determinant bundle of Ann(E) and exp(e) - o =@ —e A for any ¢ € U.

Proof. First we note that L(E,¢) = exp(e)L(FE,0), where exp(e) denotes the e-transform. Now if X +«
annihilates ¢, then exp(e)(X +a) = X + a+txe annihilates exp(e) - . Hence we can restrict ourselves
to the case e = 0. Take any nonzero ¢ € K = det(Ann(E)), then (X + ) - ¢ = ixp+aAp =0
holds if and only if tx¢ = 0 and a A ¢ = 0. This means that X € E and « € Ann(E), showing that
L(E,0) = L. O

With this, we can define an alternative grading on the complex of differential forms. We define
Up =K and U, = A*L - Uy for 1 < k < 2n. Thus we decompose A*T*M ® C as

NT"MRC=Uy®--- @ Uz, .

Clifford multiplication by sections of L has degree —1 and Clifford multiplication by sections of L has
degree 1. Furthermore, we have the symmetry Uy = Usy,_p.

In complex geometry the exterior derivative splits in the Dolbeault operators, d = @ = . In generalized
complex geometry it is also possible to define operators 0, 0 analogous to the Dolbeault operators.
Explicitly, they are given by:

0= Th—1 © d: F(Uk) — F(Uk_l) s
0=mpr10d:T(U) = T(Ups1)-

Here 7y, is the projection onto Ug. The generalized almost complex structure J is integrable if and
only if d = & + 0. The proof can be found in [14]. Just as in complex geometry, we find 9% = 92 = 0
and 90 = —d9 as a consequence of d? = 0. This is because 92, 9% and 90 + 99 all map into a different
U,.
For a generalized complex structure [J; associated to a complex structure J, the new grading is well
known. Here Uy = A™9T*M and

Up = @ APrrT M,

p

for k > 1. The operators @ and 0 are the Dolbeault operators and d77 = d°.

4.4 Generalized Kahler structure

We want to combine the notion of generalized complex structures with that of a generalized metric. For
this, we impose the condition that 7 leaves the eigenspaces V, and V_ invariant. This implies that G
and J commute. From this we find that (GJ)? = —Id and (GJ)* = J*G* = —JG = —GJ, meaning
that GJ defines a new generalized almost complex structure. Imposing that this new generalized
complex structure is integrable leads to the notion of generalized Kahler structures.

34



Definition 4.4.1. A generalized Kihler structure is a pair (J1,J2) of commuting generalized
complex structures for which G = — 71 7> is a generalized metric.

Any Kahler structure (g,w,J) defines a generalized Kéahler structure by taking J; = J; and
Jo = J,- The corresponding generalized metric is given by

_ (0 ¢!
g_(g 0)'

Let (J1,J2) be a generalized Kéahler structure. Write the generalized metric G = —J1 7> as follows:

_ (A g}
If we square this, we get

G2 = A2 +g7lo Agl+g7tA*\ | (T1drum 0
T \ocA+ A% ogl4+ (A7) ) 0 Idr«ar ) -

Now we define the 2-form b = —gA. Using the equation above, we can write

_ —1b —1
G = g > g ).
g+bg—b bg
From this we see that a generalized Kéahler metric is completely determined by a Riemanian metric

g and a 2-form b. In terms of these maps, the eigenspaces Vi are given as the graph of b £+ g. The
2-form b is not necessarily closed. The torsion of a generalized Kéahler structure is the 3-form h = db.

4.4.1 Relation to Bi-Hermitian geometry

The restrictions of the anchor p4 = Py, are isomorphisms Vi ~ T'M. We can use these isomorphisms
to transform geometric structures on Vi to geometric structures on T'M. By compatibility with the
generalized metric we find Jy),, = Jo),, and Jy, = —Jo|,_ - Because of this we only need to
transform J;. This results in two almost complex structures J+ on T'M which are compatible with
the induced generalized metric g.
The generalized Kéhler structure (71, J2) is equivalent to the quadruple (g, b, J;4, J_) of a Riemannian
metric g, a 2-form b and two almost complex structures Ji compatible with the metric g. This
quadruple is subject to integrability conditions.
We first note that pleq, e2] = [p(e1), p(e2)], since p is the anchor. This means that subbundles closed
under the Dorfmann bracket get projected onto subbundles closed under the Lie bracket. This implies
that the almost complex structures Jy are integrable turning (g, J_, J1 ) into a bi-Hermitian structure.
We define the 2-forms w4 by

w(X,Y) =g(J(X),Y).

Let T1° be the i-eigenbundle of Ji and L = Py, )~'T1° be the preimage under the restriction of
the anchor. These are explicitly given as

LT ={X+(+9)(X)|X e T}°}
= {X + (b—iwy ) (X)X € T},

L7 ={X + (b-g)(X)|X €T}
={X + (b+iw_)(X)|X € T Y.
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Now we can find the integrability conditions for these bundles from Proposition 6.16 from [13]: A
subbundle F' C (TM & T*M) ® C given by

F={X+c¢(X)|X € E}.

For some complex 2-form ¢ and a subbundle E is Courant integrable if and only if F is Lie integrable
and c satisfies
Lxtyde =0,

for all X,Y € E.
This means that Ji are integrable almost complex structures and

db=d°w_ = —dSwy

where d is the d°-operator associated with J4.

4.5 SKT structures

Definition 4.5.1. A strong Kéihler structure with torsion, or SKT structure, is a Hermitian
structure (g, J) on an manifold M for which the corresponding Hermitian 2-form w satisfies dd“w = 0.

In the context of Courant algebroids, this definition generalizes to the following [6]:

Definition 4.5.2. A SKT structure on an exact Courant algebroid F is a generalized metric G with
a complex structure J on the positive eigenspace V; which is orthogonal with respect to the pairing
and for which the i-eigenspace is involutive.

Since p; : Vi — TM is an isomorphism interchanging the brackets, we can use J to define a
complex structure J on M by setting J = J o p_T_l. Integrability of J implies the integrability of J.
We take the metric g to be the one induced by p, meaning that g(X,Y) = (p;'(X), p7'(Y)). In fact,
this metric is the same as the metric induced by p_. Now (g, J) defines an SKT structure on M [6].
Furthermore, H = d°w represents the Severa class of E.

Definition 4.5.3. A hyper KT structure on a Riemannian manifold (M, g) is a triple I, J, K of
complex structures which are Hermitian with respect to g satisfying IJ = K and

diwr = dSwy = djwx = H .
for a closed 3-form H.

This also has an analogous definition for exact Courant algebroids:

Definition 4.5.4. A hyper KT structure on an exact Courant algebroid E is a generalized metric
G together with 3 generalized complex structures Z, J and K on V, satisfying ZJ = K.
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5 The Strominger system and Killing spinors

5.1 Supergravity

Heterotic string theory leads to a spectrum of massless states and higher excited massive states. The
massless states consist of the spacetime metric g, the field strength H, the dilaton ¢ and the gauge
connection A. The higher excited states have masses associated to the string scale o’. This scale has
to be close to the Planck scale in order to give Newtonian gravity in the low energy limit. This energy
scale is so high that there is currently no hope to approach it in experiments. Because of this, we
will consider the low energy limit of the theory. The resulting effective field theory is called heterotic
supergravity. This theory only contains the massless fields having truncated out all the massive fields.
The action of the supergravity theory with these fields can be constructed using the Noether method
[24]. The bosonic part of the action of heterotic supergravity is given by [17]:

Oé/

1
S = 2 (R —4]do* + —=|H|?
[ et (R—adgl + g5lmP+ G

(Tr(|F|)? - Tr|R|2)> dvol .

Here R is the Ricci scalar of g, F the curvature of the gauge connection of the SO(32) or Fs x Eg
gauge bundle and R is the curvature with respect to g. The field strength H is given by

O/

H=dB + Z(csg(A) —CS3(V)),

with V a connection constructed as follows. Let V¢ be the Levi-Civita connection of g. Then we
define a new connection V by

1
VxY = VLY + ag_l(Lybe) .

The norm of a differential form « is given by |a|?dvol = a A *a, where * is the Hodge star operator.
By varying this action with respect to the inverse metric g"*”, the Kalb-Ramond field B, the gauge
connection A and the dilaton ¢, we get the equations of motion:

1
Ry =V, Vyp — zHuaﬁHﬁ’B + o (Tr(FuaFy) — Tr(RuRy)) =0,
d*(e"**H) =0,

—2p
dy(e7F) + 5

x(FA+xH) =0,
1
R — 4Ap — 4|dp|* — 5|H|2 —a/(Tr(|F]? - Tr|R)?) =0.
The supersymmetric partners of the bosonic fields are the gravitino v;, the dilatino A and the gaugino

X- We denote the 10-dimensional gamma matrices by I'p; for 0 < M < 9. The supersymmetry
transformations of these fields are given by

S = (Vi + éHMNpFN ATP)e,
o= (Yo + 1—12HMNPFM ATN ATP)e
ox = %FMNFM ATNe.
Once we have a solution which extremizes the action, we need to impose that the transformations

vanish, 01y = dA = dx = 0, in order to satisfy supersymmetry.
We consider the theory on a compactified space M x X, where M is 4-dimensional Minkowski space
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and X is a compact 6 dimensional manifold known as the internal space. These constraints impose
certain restrictions on the geometry of the internal space which were first formulated by Strominger
[21]. The conditions §1p; = 6A = 0 imply the existence of spinors 7+ satisfying V*ny = 0 which we
will assume to be normalized. With these spinors we can define

Tar = ik g™ Tar AT ey (2)

This tensor J satisfies J? = —Id, which means that it is an almost complex structure. In addition the
Nijenhuis tensor vanishes, meaning that the almost complex structure is integrable [21]. If the 2-form
w defined by w(X,Y) = g(J(X),Y) is closed, the manifold is K&éhler. The field strength H is given
in terms of w as H = d°w = i(0 — d)w, where 0 and 0 are the Dolbeault operators. The restrictions
on the geometry of the space are combined in the form of a system of differential equations called the
Strominger system.

5.2 The Strominger system

For this section we will use the formulation of the Strominger system given by Mario Garcia Fernandez
in his lectures on the Stominger system [9].

Definition 5.2.1. A topological Calabi Yau manifold is a pair (X,Q) consisting of a complex
manifold X of dimension n and a nowhere vanishing section €2 of the bundle A"7T*X.

A hermitian metric on X is a metric g which is compatible with the almost complex structure J,
meaning that g(J(X),J(Y)) = g(X,Y) for all X,Y € X(X). We will write g(J(X),Y) = w(X,Y) for
all X,Y € X(X). We denote by A, : Q¥(X) — QF~2(X) the operator

U turth = x(w A *)
which in coordinates is given by w4, ;. where w” = (w™');;. The norm ||Q||2 is given by

n(n—1)

w™ . -
||Q|\3JF:(—1) T "QAAQ.

The dilatino equation for a hermitian metric g on (X, Q) is given by
d*w = dlog (||

This equation is equivalent to the conformally balanced equation
d([|fjow" ) = 0.

Let g be a balanced metric on X, meaning that dw™ ! = 0. Let E be a holomorphic vector bundle
over X of rank r and write QP7(FE) for the E-valued (p, ¢)-forms. The holomorphic structure on E is
equivalent to a Dolbeault operator

Op : QPI(E) — QP1TTY(E),

satisfying 5]25 = 0. For a hermitian metric h on E, there is an associated unitary Chern connection A.
This is the unique connection satisfying

d?afl = 5E )
d(sat)h = (dAsvt) + (87 dAt)a

where s,t € T'(E) and dy4 is the covariant derivative associated to A. The curvature of the unitary
Chern connection is the End(E)-valued (1, 1)-form

F, =d%.
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For a hermitian metric h on E, the Hermite-Einstein equation is given by
AL Fp, = iMld,
for a real constant A. A unitary connection is called a Hermite-Yang-Mills connection if
ALFy =i)Md,
Fy? =0.
We now have all the ingredients for the Strominger system.

Definition 5.2.2. Let (X, Q) be a topological Calabi-Yau manifold with F — X a holomorphic vector
bundle and g, h hermitian metrics on 7X and E respectively. Let A be a unitary connection on (F, h)
and V a unitary connection on (T'X,g,J). Then the Strominger system is given by

AFp =0, FX=0,
AyRy =0, RY?=0,
d*w — dlog(||Q[|) =0,
dd°w — a(Tr(RAR) — Tr(Fy A Fy)) =0,

where « is a real constant.

The first two equations are the condition that both A and V are Hermite-Yang-Mills connections.
The third equation is the dilatino equation. The last equation is called the Bianchi identity and couples
two Hermite-Yang-Mills connections A and V to a conformally balanced metric g with induced 2-form
w.

5.3 Killing spinors

For a given generalized metric we can define the Gualtieri-Bismut connection [13|. Let C* denote the
orthogonal complement of gp in V¥, meaning

Ct=gpcCcVT.
If we restrict p to CT, we get an isomorphism
plev :CT S TM .
With this, we define the map
C=ply opolly +p|glopoll_.
This map sends V_ to CT and V. to V_. In the splitting £ ~ TM & gp & T*M, this map is given by

CX +g9(X)+t) =X —g(X),
C(X —g(X)) =X +9(X),

for X € X(M), t € gp and induced metric g seen as a map TM — T*M.

Definition 5.3.1. Let E be a transitive Courant algebroid with generalized metric G. The Gualtieri-
Bismut connection D associated to the generalized metric G is given by

D2€2 = [e1—, e ]t +err,ea- ] +[Clerr), e2+ ]+ +[Cler-), ea-] .
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The torsion of D is denoted by Tp5. From this, we construct the canonical generalized Levi-Civita
connection DXC. For ey, ey, e3 € I'(E), the generalized connection D€ is given by

1
<D£10627 63> - <D562,€3> — gTDB (61,62, 63) .

In Riemannian geometry the Levi-Civita connection is the unique torsion free connection which is
compatible with the metric. In the generalized case, uniqueness is lost. We can deform this generalized
connection by a Weyl term, which keeps the generalized connection torsion free and compatible with
the generalized metric. For ¢ € E*, the Weyl term x¥ is given by

<X51€27 e3) = ¢(ez)(e1,e3) — @(es)(er, e2) -
All Weyl terms are of this form. With respect to the eigenspaces of the generalized metric, we write

£k, _ P
xo e =1lix iey .
1

Using this, we define a new torsion free generalized connection which is compatible with the generalized
metric as follows:

DY = DLC 4 Pttt 4 1 )Xgo**f )

1
3(rank(V,) — 1)X 3(rank(V_) —1

Explicit calculations for these connections come from [11].
We will now assume that M is a spin manifold of dimension 6. Since rank(V_) = 6, we can decompose
the spin bundle in positive and negative half spinor bundles

Spin(V_) = Spin_(V_) & Spin (V_) C C¢(V_).
For ¢ € C*°(M), we take the generalized connection D¥ associated to V and the 1-form
@ = 6dy.

We will write
DY :T(V_) = T((V2)®@ VY)

for the induced differential operators. These operators work on spinors as
D% :T(Sping (V_)) = I'(Spiny (V2)) @ V).
This gives rise to an associated Dirac operator

DY :T(Spiny(V_)) = T(Spin_(V_)).

Definition 5.3.2. Let M be a spin manifold of dimension 6, F a heterotic Courant algebroid over M,
G a generalized metric and n € Spiny (V_) a positive chirality spinor. The Killing spinor equations
are given by
Din=0,
lz)fn =0.
Solutions to the Killing spinor equations are respected by Courant algebroid isomorphisms. This

means that if 7 is a solution to the Killing spinor equations obtained from V, and ¥ and (¢, f) is an
isomorphism, then ¢, satisfies the Killing spinor equations for ¢(V,.) and f.1.
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Recall that a generalized metric on a heterotic Courant algebroid is equivalent to a triple (g, V¢, H).
We define the connections V* in terms of the Levi-Civita connection VZ¢ and H by

1
9(VXY, 2) = g(VX".Y, 2) £ SH(X,Y, Z).

Consider the following sections of E:

ap =X +s+g(X),

b—:Y_g(Y)7
C+:Z+t+g(Z),
d_=W —g(W).

The Bismut-Gualtieri connection for these sections is given by

+

Df cy =21, (VY Z + g c(iy Fot)) + Vit — F(Y, Z),
DP d_ =2l (VxW +g 'ctwF,s)) ,
DP d_ =2II_ (VyW) .

DB ¢, =211, (VLZ + g 'c(txF\t)) + Vit — F(X,Z),
(

Now we conslider the generalized connection D' = V9 @ VY @ V9 ' 'on E=TM & gp @ T*M, where
V9 and V9 = denote the Levi-Civita connection and the induced Levi-Civita connection respectively.
One; =X +s+aand ey =Y + ¢+ S, the generalized connection D’ acts as

Dley=V%Y + Vit + V% B.

When comparing this expression to the expressions for D, we see that a couple of terms are missing.
For e = X + s + «a, we construct the following endomorphisms to make up for this difference:

0 0 0
X/e = —ixF —c_l(c(s, ) o,
txH — 2¢(F), s) 2c(tx F,-) 0
and
0 0 0
Xow = | —exF 0 0
txH  2¢(txF,-) 0

These endomorphisms are precicely constructed such that
DY =D'+(xe)" ™+ ()T )T RO (3)
Using Lemma 3.5 of [10] we can now easily compute the torsion of DZ. The torsion of D? is given by
Tps(er,ea,e3) = (X0, eatseat) + (Xb,_ea—,e3-) .

Here X is given by

0 0 0
Xf = —xF Cil(c(sv ['7 ])) 0],
uxH —2c¢(F,s) 2c(txF,-) 0

with e = X + s + a. From this we get an explicit expression for DC, namely:

DLC _ pB _



Now we introduce new connections Vs on TM given by
+3 LC 1
The generalized Levi-Civita connection now acts on ay,b_,cy and d_ as
Lc, _ +3 2 L
Dyep =211 (V°Z + 39 c(exFt) + 39 c(tzF,s)
) 2 L
+vXt7§F(X’Z)7§C (C(Sv[ta'}))v
Di%ey =201y (V¥Z +g ' e(iy F,t)) + VSt — F(Y, Z),
DECd_=2l_ (VxW + g 'c(twF, s)) ,
LC -3
DECd- =21 (VW) .
Lastly, we are able to explicitly compute D¥ for 1-forms . This generalized connection is given by

1

_ pLc
Diyer = Diler + 3(rank(V}) — 1)

L (p(Z)ay = 2(9(X, Z) + (s, 1)) ,

D;P_C+ = DZE,CC+7
D? d_ = D @
ay ay -
1
3(rank(V_) — .1)

Df d-=DyCd_ + I (p(W)b- = 2g(Y, W)p)

Now we can formulate the Killing spinor equations more explicitly.

Lemma 5.3.3. The Killing spinor equations are equivalent to the following set of equations:

F.-n=0,
V'n=0,

(H +2dy) -n=0,
dH —c¢(FANF)=0.

Note that the anchor provides an isomorphism p),, between V_ and TM, which we use to identify
Spin(V_) with Spin(TM). The differential forms F,H and dyp act on Spin(TM) as sections of
A*(T*M) C CU(TM) = End(Spin(TM)).

Proof. Let {e1,...,e,} be alocal orthonormal frame with respect to g and let {e!,...,e"} be the dual
frame. We can write any A € End(TM) as

A= g(Aei, €j)€i & €j .

Since e’ ®e; — el ®e; embeds as 1ele’ in CL(TM), any skew symmetric A € End(TM) acts on C{(T M)
as

1 >
A= iz:g(Aei,ej)eje .

i<j
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Now we can compute D¥7 as follows:

D‘OU = Df_cn
=Din+x""n
1 L .
= V45> 9T e eyl
i<j
—Vgn—fZHeZ,ej, elet 77+Z (eirej),-)ele’ - n
i<J 1<j

=V n—c(F-n,).

Here the first line follows from equation [4] and the second line follows from equation This shows
that the equation D¥n = 0 is equivalent to the first two equations. Now we compute D?7:

1 o
Dfn=Dan+B(x‘p) n
1 1
:D/ /——— _ Z(By——— (N —
Tn+x"T"n 3(X) n+15(><) n
1 1 o
=Vin+ - Zg T = SO T e eg)ele 4 oog(XF) T e e)elel
z<J
1 i g
:Vgn_EZH(eiaejv')eje N
1<j
30 Z(de(ez)eJ @& —6dy(ej)ele’ - n@e’)

i<j

O LS W 966 s LY H(eer 0

i<j z<]
1 o _ o .
i Y e n@ e — di(es)et e
1<J
=V n+ - ZH ey e, )elel g+ = Zdw e)ele’ -m@el —di(ej)ele’ -n@el).
1<] 1<J

Since V7™n =0, we get

Don= 3> Hiesejen)ebelel n+ = S (dileetele’ @ el (ex) — dib(eg)etelel -2 el(er)

i<j i<j
S —— ZH er, e, ei)efedel -+ — Z dip(e;)ekel el r]éj + dyp(ej)efeled - ol 4 2dip(e;)er 51 nor)
1<]
=—(H 4+ 2dy) - n

Hence this gives us the third equation. The last equation holds for any heterotic Courant algebroid.
Conversely, the last equation can be used to reconstruct the generalized metric and hence the gener-
alized connections. O

Lemma 5.3.4. Let H € Q3(M) and ¢ € C®(M), then a solution (g,n) with nonvanishing n €
Spiny (V_) to the system

V™ n=0,
(H +2dyp) -n=
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is equivalent to a Calabi-Yau structure (w,$2), consisting of a 2-form w, an integrable almost complex
structure J and a holomorphic volume form § satisfying

H=d,
1
p = —5logl|Qle —
0" = d°log]|Ql
for some constant r [21)].

Proof. Here we follow the proof of [11]. Let (g,n) be a solution to the equations. Define J as in
equation [2] and define ¢ by

Unap =1 0n ATy ATpn_ .
Then 4 is a parallel completely holomorphic 3-form and the Nijenhuis tensor of J vanishes [21]. The
antiholomorphic vectorfields can be characterized as follows:

T"'M ={X € TM ® Clix¢ = 0}.

The 2-form w is the corresponding parallel Kahler form defined by w(X,Y) = g(JX,Y) for all X, Y €
X(M). Using the SU(3) structure, we find a isomorphic bundle for the half spinor bundle Spin, (V_),
namely the Clifford module Spin (V_) ~ Q%cv¢n(M). We also get the isomorphism Spin_(V_) ~
Q00dd The Clifford action is given by

a0 = \/i(l,gflaLn +a%t A o).

This Clifford action sends Spin4(V_) to Spins(V_). For SU(3), the space of even parallel spinors
is 1-dimensional and 7 is identified with a non-vanishing function which we take to be the constant
function 1 for simplicity [23]. We choose a basis {dz;,dz;} of 1-forms such that locally

g=0Ydz; - dz; .
In this basis, we get
dz;-1=0,
dzj -1 =2dz;,
dz; Ndz; Ndz -1 =0,
dz; NdZ; Ndzy -1 = V2(6ipdZ; — §j1dZ;) .

Now the second equation becomes

1,2 5 12,V ., 3
(H +2dgp) -1 =2V2 | H*® + Z(Hz—ﬂ dz; — H;7dz;) + Op

i<j

From this we find that H%3 = 0 and iA,H"? = —20¢, since the sum here is exactly iA,H"2. From
the equation V~—J = 0 we get H = d°w |21], which implies

Aydw =2dyp.
Now we define Q = e~2%¢. Then
o= 51l ~ ll).
which gives K = —1|[¢)||.,. Using that A,dw = Jd*w ([9]), we get
dw = dlog(||9.).

We get the opposite direction by defining 7 = 1 in the Spiny(V_) model induced by the SU(3)
structure. O
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This brings us to theorem 1.2 of [11]:

Theorem 5.3.5. The Strominger system is equivalent to the Killing spinor equations on a heterotic
Courant algebroid.

Proof. Assume that we have solutions to the Killing spinor equations. This gives rise to a topological
Calabi-Yau structure on M with conformaly balanced Kéhler form w and H = d°w. Additionally, we
have F -1 = 0, which implies that both A and V are Hermite-Yang-Mills [23]. On top of that, the
equation dH — ¢(F A F') = 0 combined with H = d°w gives the Bianchi identity.

Conversely, for a solution to the Strominger system we define § = VB A, H = d°w and ¢ as before. Now
the half spinor determined by w and the complex structure satisfies the Killing spinor equations. [

As a consequence, the Strominger system is a natural system of equations in generalized geometry,
meaning, solutions are exchanged under isomorphisms of Courant algebroids.
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6 T-duality

T-duality, short for target space duality, is a duality between two string theories described on different
target spaces. It relates a theory on a torus bundle M — B to a theory on a torus bundle M — B,
both over the same base manifold B. Both torus bundles are equipped with a 3-form H and H. Here
we follow the approach of [7].

Definition 6.0.1. Let M and M be two T* bundles over a base manifold B and H € Q3. (M),
He Q3Tk (M ) be two invariant closed 3-forms. Consider the fiber product M x g M with projections

p:MxpgM-— Mandp: MxgM— M. Now M and M are T-dual if there exists a T2*-invariant

2-form F € Q2. (M xp M) such that

o dF =p*H —p*H
o F:th x th — R is non-degenerate

where t§,(t% ) is the tangent space to the fiber of p(p).

In the literature one often imposes that H and H represent integral cohomology classes and that
(F(99,.95,)) € GL(k,Z),

where {0, } ({3‘%}) is a basis of invariant period 1 elements of t§, (t’;&[). This last conditions means
that F' is unimodular. Consider the filtration

*B)y=F'c...cFF =0k (M),

with F? = Ann(A+!% ). For T-dual bundles M and M we find that H € F*, which follows from the
equation dF = p*H — p*H.

Theorem 6.0.2. Given a principal T*-bundle M over B and an invariant 3-form H € F* C Qz}k (M)
representing an integral cohomology class, there is another principal T*-bundle M over B with 3-form
H dual to M [3].
Proof. The 3-form H is given by

H={0)+h,

where h € FO, ¢ € Q*(B,th7), 0 € Q' (M, t},) a connection and (-,-) denotes the pairing between t%,
and its dual t§¥. We take M to be a principal T*-bundle over B with Chern class [¢]. Closedness of &
follows from the closedness of H. Let 6 € Q'(M,t57) be a connection such that dff = ¢. Then define
¢ =df and

Now we find that

pH =5 H = (¢,0) = (¢, 0) = (d0,0) — (0, 0) = —d(,0)..
Hence F = —(f,0) is unimodular and M and M are T-dual. O

This brings us to a theorem relating the twisted cohomology of the T-dual bundles.
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Theorem 6.0.3. Let (M, H) and M,H) be two T-dual bundles over B with F such that dF =

p*H —p*H. Then the map 7 : Q% (M) — Q3. (M) given by

)= [ e ne

gives an isomorphism of twisted differential compleves (2%, (M),dy) and (Qgpk(M),dﬁ), Here the
domain of the integral consists of the fibers of p and dgp = dp + H A ¢ for differential forms ¢. [2]

Proof. Invertibility of 7 follows from the non-degeneracy of F'. The fact that 7 intertwines the differ-
entials follows from the following calculation:

dﬁTgp:/deg(eF/\tp)
:/ def No+ef Ndp+HnNel A
Tk
:/ (H-—H)AeF' No+ef Ndp+HAe N
Tk

:/ e A(dp + H A p)
Tk
:TdH(p.
O

The isomorphism 7 can be seen as a composition of a pull-back, a B transform and a push-forward,
which are all operations on the Clifford module of T*-invariant forms. In order to turn 7 into an
isomorphism of Clifford modules, we need to specify how it acts on T*-invariant sections. In other
words, we need to find a map ¢ : (TM ® T*M)/T* — (TM @ T*M)/T* such that

T(v-p) =p(v)-Tp

holds for all v € (TM @ T*M)/T* and p € Q. (M). We want to apply the same approach to ¢ as for
7, namely to define it as a composition of a pull-back, a B-transform and a push-forward. However,
this is not directly well-defined, so we have to make some choices. Consider X +«a € TM @ T*M/T*.
Now p*« is well-defined, but this doesn’t hold for X. For X we get a lift X e T(M xpg M, which is
unique up to vectors in the fiber of p. Applying a B-transform with filed —F now yields X +p*a— Lz F.
We want to take the push-forward of this section to get a section of (TM *M )/T*. This is dependent
on the choice of lift for X. Also, the push-forward of p*a — ¢ F' is only defined if this form is basic,
meaning that
pra(Y)—F(X,Y)=0

must hold for all Y € 5. Fortunately, by the non-degeneracy of F', there is a unique lift X of X for
which this holds. For this choice of X, we define

(X +a)=p.X +p'a— i3 F

Now ¢ satisfies 7(v - p) = ¢(v) - 7(p). Using this equation, we can prove the following theorem:

Theorem 6.0.4. Let (M, H) and (M, H) be two T-dual bundles over a common base B. Then ¢ is an
isomorphism of the Courant algebroids M and M with the H -twisted and H-twisted Dorfman brackets

17
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Proof. Let vi,vo € TM &T*M, p € Q5. (M), then

(v, 00)7(p) = T({v1,01)p) = 7(v1 - (01 - p)) = p(v1) - (p(v1) - 7(p)) = {p(v1), P(v1))7(p) -
Hence (v1,v1) = {(p(v1),¢(v1)). For the bracket, we get

o([vi,v2lm) - 7(p) = 7([v1, v2]m - p)
7([[ds, v1],v2] - p)
= [[dg, (v1)], o(v2)] - 7(p)
= [p(v1),(v2)] g - 7(p)-
Hence o([v1, v2]m) = [p(v1), (v2)] - 0
We can write the T*-invariant double bundles as
(TM & T*M)/TF ~TBaT*Bati, @tk
(TM & T*M)/T* ~TBoT*Ba t&; otk .
In this splitting the map ¢ simply interchanges the t55 and t§, coordinate |7]. This means that
any T*-invariant geometric structure can be transported to the T-dual space using ¢ and 7. For a
pair of T-dual spaces (M, H) and (M, H), and a generalized complex structure Jy on M, we get a

corresponding generalized complex structure J,; on M. This means that for the grading of differential
forms UY, and U 11\34 and generalized Dolbeault operators dy; and Oy we get

T(U]]\C/[) = U],\CZ ’
T(Omv) = Oy 7(¥),
T(Omvp) = Oy 7(¥) -
Since ¢ interchanges the tangent and cotangent direction, the properties of T-dual geometric structures
may differ. See 7] for how different structures change under T-duality.
The relation between T-duality and exact Courant algebroids gives different perspectives on T-duality.

The first perspective is that of a different reduction of the same base space. This is described by
Theorem 6.4 of [7]:

Theorem 6.0.5. Let (M, H) be the total space of a principal T* x T*-bundle and let U : t* x ¥ —
D(TM@T*M) be a lift of of the T* x T* action for which the pairing on W(t* x ) is non-degenerate,
of split signature, and such that U(t*) and U (") are isotropic. Then the spaces M and M obtained by
reducing M by the action of T* and T* are T-dual and all T-dual pairs arise from such a reduction.

As a consequence, the Courant algebroid of T*-invariant sections of TM @ T*M and the Courant
algebroid of T*-invariant sections of TM @ T*M are isomorphic, since both are isomorphic to the
reduction of M by the action of T% x T*.

A second perspective on T-duality is as a generalized submanifold.

Definition 6.0.6. For a pair (M, H), with A/ a manifold and H a 3-form, a generalized submanifold
is a pair (M, F) of a submanifold M and a 2-form F, such that dF = *H.

This gives rise to the notion of a generalized tangent bundle:
7 ={X+aecTM&T Nla|,, =xF}.

Theorem 6.5 of 7] provides a description of T-dual spaces in terms of generalized submanifolds:

Theorem 6.0.7. Let (M, H) and (M, H) be two principal T* bundles over a base manifold B. Define
(N,H) = (M x M,H — H) and M = M xg M. Then M and M are T-dual if and only if there
exists a 2-form F on M such that (M, F) is a generalized submanifold of (N, H) and such that Tp is
everywhere transversal to TM @& T*M and to TM & T*M.
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6.0.1 Heterotic T-duality

Heterotic Courant algebroids come from a reduction of an exact Courant algebroid by a principal
G-bundle. Recall that G is a compact, connected, semisimple Lie group. With an exact Courant
algebroid on the total space we get a heterotic Courant algebroid on the reduced space. This raises
the question of what happens with T-dual Courant algebroids after reduction to a heterotic Courant
algebroids. For this, consider a principal G x T*-bundle P over a base manifold M. We define
projections 0 : P - P/G =X, 7 : P — P/T’C =Py, mg: X - M and oy : Py — M, resulting in a
commutative diagram

PL>P0

bk

X s M

Let H € F'(P) be a 3-form representing an integral cohomology class. This means that there is a
T-dual space (15, fI) over the base Py. We need to lift the G-action on Py to a G-action on P which
commutes with the T*-action. This is possible whenever P is the pullback of a T*-bundle ¢ : X — M
by og. This turns out to always be case. Thus we have a commutative diagram

el

P%P(MT

ok

X s M «———
)

«—
Qe

<t

Let 0 be a principal connection for the T*-bundle X — M, then ¢*6 is a G-invariant connection on
P. Take H to be G x T*-invariant such that it decomposes as

H=(20)+h,
with h € F0 and ¢ € Q2(P,t%). Let ¢ and 1 be the actions of g on P and P coming from the G-action.

This gives a commuting diagram

L(P) —= T(Py) ¢—— I'(P)
ol
g

Theorem 6.0.8. The heterotic Courant algebroids X/T* and X /T* described above are isomorphic.

Proof. Since the map ¢ corresponding to the T-duality is independent of splitting we can show the
desired property in a certain splitting corresponding to specic extended actions. This is easiest done
by using pullback connections.

Let 0 € Q'(X,t*) and § € Q'(X, 1) be torus connections on X and X and pull them back to P and
P and let A € Q!(Py,g) be G connection which we pull back to P and P. We can find G x T* and
G x T* invariant representatives of the Severa classes written as

H=0"h—CS3(A),
H=6"h—CS3(A).

Since H and H are T-dual we can find a G x T* x T*-invariant 2-form F on P x p, P such that

H-H=h—h=dF,
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where we omit pullback notation. As before, we can further rewrite this to
H=H"+ (¢,0) — CS3(A),
H=H"+ (c,0) — CS3(A).
The extended actions are given by & = —cA, so the corresponding G-equivariant forms are given by
d=H+¢=H+(2,0) — CS3(A) — cA,
O=H+&(=H+ (c,0) — CS5(A) —cA.
On the correspondence space we get ® — & = dF = dgF, since the torus connections are basic. We

use the splitting
(TP&T*P)/T* ~ TPy & T*Py & t* @ t** |

(TP®T*P))T* ~TPy® T*Py & t** @ t* .
In this splitting, v : g — T Pre ~ TPy @ t* is given by
Y(x) = (Yo(2), ty(2)f) = (Yo(z),0),

and similar for 1/3 Hence the extended actions are given by

a(z) = (Yo(x), —¢(4,2),0,0),

a(x) = (Yo(x), —c(4,2),0,0).
Since ¢ simply interchanges the tangent and cotangent directions, we get ¢ o a = &, hence X /T* and
X /T* are isomorphic. O
6.0.2 Buscher rules

Now we consider the case of a circle bundle. Let (M, H) and (M, H) be T-dual circle bundles over
the base manifold B. M and M are endowed with connections 6 and § with F = —0 A 6. These
connections give splittings TM/S' ~ TB @& (), t*M/S' ~ T*B @ (0) and similar for M. Here TB
is the space of invariant horizontal vector fields and Jy is an invariant period 1 generator of the circle
action. A general section of (T'M @& T*M)/S! can be written as

X+ fOp+a+g0,
with X horizontal and « basic. A pullback of this section is given by
X + fOp + hdz 4+ a+ g0,
where we will need to find & later. The B-field transform by F' is given by
X + fO +hdg+a+ g0+ f0—ho.

Now we require a + g8 + f6 — hé to be basic for M x M —p M, which means that h = g. Now we
take the push forward of this section to M to get

<p(X+f89+a+gﬁ):X+gag+a+f0~. (5)

With this concrete formula for ¢ we can compute how a generalized metric transforms under T-duality.
Let G be an invariant generalized metric with positive eigenspace V. We can write V as the graph
of g + b, with g a Riemannian metric and b a 2-form. Since both g and b are S'-invariant, we can
decompose them as

g=gol-0+g1-0+g2,
b=by N0+ by,
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with g; and b; basic tensors of degree i. A general section of Vi can be written as
X+ fOp + (tx92 + fg1 + taba — fb1) + (91(X) + fgo + b1(X))6.

Using equation [5| we compute the image of this section under ¢:
X+ (91(X) + fgo + b1(X))95 + (txg2 + fg1 + taba — fb1) + 0.

This is the graph of g + b with

G=300-0+G -0+3Ga,
b="by NG+ by,
where g; and b; are given by
~ 1
go = —,
go
_ b1
g1 =———,
g0
- by -by — g1 -
Go = go + 1°01 — 01 917
g0
51:79717
g0
~ Ab
b2:b2+gl 1
90

These transformations are known as the Buscher rules. There is also a dilaton shift, given by

5w 110 <G00)
= 1 g Goo)

6.1 T-duality as a canonical transformation

A T-duality transformation can be seen as a canonical transformation [19]. We consider a bosonic
string in flat space with 1 compactified dimension of radius R. The Lagrangian density for the scalar
associated with the compactified dimension is given by

R2 N2 2
L= (0° =07,

where 6 is the scalar and § and 6’ denote the partial derivatives with respect to 7 and o respectively.
With the canonical momentum

2
Py LR,
o6 o
we get the Hamiltonian density
— CY, P2 R2 9/2
H=omli T’

Now we apply the transformation to the dual variables

é/:*POa
Py=-0.
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This transformation preserves the Poisson bracket, so it is a canonical transformation. The Hamiltonian
density in terms of these dual variables is given by

R’ P2+ i/é” .

H=5ut T 3R

And similarly, the Lagrangian density is given by

o/ . ~
L= @ —07).

’

‘ Q

This Lagrangian density is the same as before the transformation but with a new radius R =
Since the transformation was a canonical transformation, both Lagrangian densities describe the sa
physical system, which shows that the T duality transformation R= % holds.

Next consider the bosonic o-model with Lagrangian density

£

e

1 S 1
L= 5GMN(J:MxN — ™My 4 §BMN(.i‘MI/N — Ny,
By applying a Legendre transform to the compactified coordinate z° = 6 we get a Routhian. A
Routhian is a mixed version of the Lagrangian and the Hamiltonian, which is a function of coordinates
and both velocities and momenta. We apply the transformation of equation [6] again. This results in a
similar Lagrangian, but with new metric and 2-form. The new tensors are again given by the Buscher
rules:

= 1
GOO = Gfoo 5
Goi = gm ,
00
Gij _ Gij . GOiGOJé_OOBOiBOj 7
. Go:
Bo; = G((JJ(Z) ,
Bz‘j _ Bij B GOiBOj - BOiGOj '

Goo
Additionally there is a shift for the dilaton. This shift is given by

5—w— L (Goo)
p=¢ 4 ) GOO -

This approach of the bosonic o-model can be extended to the heterotic string. The transformations
for Gy and By remain the same. Additionally, the gauge fields Ag and A; transform as: [19)

- AO
Ay = 20
0 GOO )
< Goi — Bo;
Ai = — A, 4+ Ay 0~ Doi.
+ Ap Goo

However, this leads to wrong results due to the possible appearance of anomalies at the one-loop level.
Now we consider a compact scalar 6 coupled to a U(1) Wilson line. The degrees of freedom are 6
and a scalar y associated to a U(1) gauge symmetry satisfying the constraint equation y = y’. The
Lagrangian density for this system is

1 . 1 :
L= 5G(e2 —0?) + 5(y‘2 — %)+ A0 —y'0).
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Here G = %? and A represents a Wilson line along S*. The constraint ¢y = y’ will be required for the
equations of motion. The canonical momenta are given by

Py=Go— Ay,

P, =g+ Af'.
The corresponding Hamiltonian is given by

1 1 1 1
H = §G*1(Pg + Ay')? + §(Py — A0 + 5G€’2 + 5y’2 .

In these coordinates the constraint is given by
P,— A0 —y =0.

Now we need to find a canonical transformation. This transformation needs to leave the Dirac bracket
invariant|19]. We consider the following tranformation:

9= —Py+ AP,

§ =—(1+AA)P, + APy,
Py = —(1+AA)Y - Ay,
Py=—y — Af'.

(7)

Here A is the dual Wilson line. For any A this transformation has period 2, meaning that applying the
transformation twice result in the original coordinates. However, the transformation is not a canonical
transformation for arbitrary A. Hence we determine A by requiring equation |7] to be a canonical
transformation. This leads to the following relations:

= G
G=— "
(G + A2)2”
N a’A
SEEh

And since G = %f (G = %), these relations can also be expressed as

a/

R(1+ 24’
I
R2(1+94%) "

R

A

This approach can be generalized. Instead of taking 1 compact dimension and 1 gauge field, we can
consider n toroidal dimensions and several gauge fields. For multiple dimensions with several gauge
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fields, inverting a single radius leads to the following transformations: [19]

G = G0

0= (Goo + A2)2°
G — GooBoi + A2Go; — Ag - A;Goo

: (Goo + A)? ’
A GoiGo; — BoiBo;
Gi' = Gz ,

! it Goo + A3

1
+ Gog £ A7z (Goo(Boido - 4 + BojAo - Ai = (Ao - Ai) (Ao - A7)
0
+ A3((Goi — Boi)(Goj — Boj) + GoiAo - Aj + Goj Ao - Ai))

~ All
A — 0

0 Goo + A%’

A Goi — Boi + Ao - A;
A% = — A% + A%

) 7 + 0 GOO—FA% ,
By, — Goit Ao~ A

%7 TG+ A7
B;i = Bii — (GoiAo - Ai)Boj — (GojAo - Aj)Boi

] ] GOO + Ag ;

N 1 det(Q)
p=ptglog (det(G)) '

For inverting all radii you need to introduce canonical momenta for all coordinates 63, and self dual
gauge scalars y®. This way you end up with the correct T duality transformations for general toroidal
compactifications and arbitrary Wilson lines and a constant background for the Kalb-Ramond B-field.
We can choose a gauge in which the couplings between the scalars 0, and y® vanish. In this gauge,
we find

Gun =Gun + Ay - Ax,

Byn = Bun .
The transformation of A, is determined by the constraint

DTya :ya+AM9M :y/a+AM9/M :Daya.

6.2 Comparison of T-duality between string theory and Courant algebroids

We have discussed two notions of T-duality so far. The first notion was T-duality in Courant algebroids.
The first step here is to understand T-duality for exact Courant algebroids. Two torus bundles over
the same base manifold with closed invariant 3-forms are T dual if the fiber product of the bundles
satisfies some conditions. By theorem 6.5 of [7] we found that this condition is equivalent to the
statement that the fiber product of the torus bundles is a generalized submanifold of the Cartesian
product of the torus bundles. There is an isomorphism of Courant algebroids between two T-dual torus
bundles. Heterotic Courant algebroids arise from reducing exact Courant algebroids by the action of
a principal G bundle. We have shown that T-dual exact Courant algebroids give an isomorphism
of heterotic Courant algebroids after reduction. We found this by interchanging the tangent and
cotangent coordinates in a particular splitting, up to a sign difference.

The second notion of T-duality is the T-duality of string theory. First we considered a string theory
with 1 compactified dimension of radius R. This system is equivalent to a system where the radius
is inverted. We showed this by showing that this corresponds to a canonical transformation. In this
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transformation we interchanged the momenta with the spatial derivatives, up to a sign difference. For
the heterotic case we considered compact scalars coupled to Wilson lines. This approach was needed in
order to get the right o’ corrections, since the simpler model would lead to anomalies at the one-loop
level.

In both cases of T-duality the spaces are equivalent. In mathematics this is called an isomorphism
of Courant algebroids, in physics we say the systems are related by a canonical transformation. For
Courant algebroids there is no unique T-dual torus bundle. However, with a particular construction we
arrive at the Buscher rules. In string theory the T-dual is unique. We can find o’ corrections for string
theory, but there is no analogous construction on the Courant algebroid side for the o’ corrections. In
a sense, heterotic Courant algebroids only describe the low energy limit of the heterotic string.
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7 Conclusion and outlook

This thesis has covered two seemingly unrelated areas of study. On one side there is heterotic super-
string theory. String theory combines quantum mechanics and general relativity, which leads to extra
dimensions and higher excited energy states. The higher excited states have masses comparable to the
Planck scale, so we truncated the theory to end up with only massless states. The resulting theory
is called heterotic supergravity. We then compactified the theory to 4 non-compact dimensions and 6
compact dimensions. This lead to a system of equations for the internal space called the Strominger
system.

On the other side there is generalized geometry. The central object of study of generalized geometry is
the Courant algebroid. The simplest example is that of an exact Courant algebroid. If a Lie group acts
on the manifold, we can use a reduction procedure to obtain a heterotic Courant algebroid. We then
introduced several structures, such as generalized metrics and generalized connections. With these
structures we formulated the Killing spinor equations. These equations are equivalent to the Stro-
minger system, showing that the Strominger system is a natural system of equations in generalized
geometry.

Then we considered T-duality. T-duality is a relation between different torus bundles over the same
base manifold. We showed that two T-dual bundles over the same base manifold have isomorphic exact
Courant algebroids. Then we showed that reducing T-dual bundles by the action of a Lie Group G
results in two isomorphic heterotic Courant algebroids. For two T-dual bundles we can transform gen-
eralized geometric structures from one bundle to the other. When transforming a generalized metric
over a T-dual circle bundle we obtained a new generalized metric. This transformation is described by
the Buscher rules.

There is another way to obtain the same Buscher rules. We showed that the same transformations
arise from a coordinate transformation. Since this particular coordinate transformation preserves the
Poisson brackets, it is called a canonical transformation. Canonical transformations describe the same
physical system, which means that T-dual bundles describe equivalent physical systems.

We have found a connection between two different areas of study. At first sight there seems to be
no relation between heterotic string theory and generalized geometry, but when we looked deeper we
found multiple interactions between these areas. However, we first need to remove the higher energy
states from the theory in order for this connection to emerge. Thus generalized geometry provides a
useful description of heterotic string theory at low energy, but it is unable to describe the full theory.
In this way, it gives an infinitesimal or low energy approximation to heterotic string theory.

In mathematics there are many structures with an infinitesimal counterpart. Lie groups have Lie alge-
bras, Lie groupoids have Lie algebroids and so on. We say that the infinitesimal structure integrates to
the global counterpart. We could wonder if Courant algebroid should also be seen as infinitesimal ob-
jects. Perhaps integrating Courant algebroids to their (currently unknown) global counterparts could
help understand the higher energy behaviour of heterotic string theory. This could be the subject of
further study.
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