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1 Introduction

In [3] it is shown that for a compact space X, the groups K~"(X) can be described using
Clifford-algebras. In this thesis, we will show that it is possible to do something similar for
equivariant K-theory. Moreover, we will show how Clifford algebras can be used to show
that the groups K;"(X) are periodic.

We will now indicate per section what it contains, what references we used and what material
is new. Note that since we of course wrote everything in our own way, combined multiple
sources and applied the theory to different cases, all material differs from the sources. In
this section, we will only mention the most important new results/proofs.

The material in this thesis is ordered as follows:

e In Section 2, the notion of a G-space and a G-vector bundle for a group G will be
introduced. We will for example show how G-vector bundles can be constructed using
clutching functions, show that under certain conditions (equivariant)-sections of a G-
vector bundle can be extended and show that G-vector bundles can be embedded in
‘trivial’ G-vector bundles. This section will mostly be based on [8] and [1] where we
changed some of the proofs to hold for G-vector bundles.

The most notable material that is new with regard to [8] and [1] is:

(i) We give a different proof of Theorem 2.31 because we want to use a different version
of the Peter-Weyl theorem.

(ii) We also introduce quaternionic G-vector bundles and show how Theorem 2.31 can
be proven for real and quaternionic G-vector bundles

e In Section 3, we will give the definition of the group K;"(X). We will also construct
the long exact sequence for these groups and prove some of the basic properties of the
groups K;"(X). This section is based on [8]. The most notable material that is new
with regard to [8] is:

(i) We prove Theorem 3.20 differently.
(ii) We work out an example for Proposition 3.14. (Example 3.15)

e In Section 4, we will introduce Banach categories and pseudo abelian categories to view
equivariant K-theory from a more general perspective. We will show that the category
of G-vector bundles is a Banach category. This section is based on [3] and the definitions
found on [5], [7] and [6]. Unless otherwise stated, the proofs in these sections are our
own.

e In this section we will define the group K(C') and K~'(C) of a Banach category C.
The group K (¢) of a quasi surjective Banach functor ¢ will also be introduced. We will
prove some basic results for these groups and show how these groups give an ‘alternative’
definition of K¢(X) and K;'(X) we defined in section 3 This section will be based on
chapter II. 1, I1.2 and II1.3 of [3] and section 8 and 9 of [4]. The most notable material
that is new in this section is:

(i) We define the group K~ !(C) differently and consequently we need to prove Lemma
5.10 because it no longer holds by definition.



(ii) We show how the theory of this section can be applied to G-vector bundles.

(iii) We give our own proof of Theorem 5.18.

(iv) We use [4] to show that the group K (X,Y) in section 3 coincides with the group
K (i*) in Section 4.

In Section 6 we introduce Clifford algebras. The main result of this section is that the
Clifford algebras are in some sense periodic. In the next three sections, we will use
this to show show that the groups K;"(X) are periodic. This section will be based on
chapter II1.3 of [3] and [4].

In Section 7 the groups KZG’m(X ) are introduced. We will use the results from the
previous section to show that they are periodic. We will then explain how these groups
can be used to show that

(K&)™(X,Y) = (K" (X,Y) and (Ke)™(X,Y) = (Kg) " *(X,Y),

which is the main result of this section. This section is based on section III. 4 of [3].
The most notable material that is new in this section is:

(i) We apply the theory to G-vector bundles and relate it to the groups K."(X,Y).
(ii) Lemma 7.9 and Lemma 7.10.
(iii) We give a different proof of Proposition 7.2.

In Section 8, we will introduce gradations and will use them to define the groups
K4™(X, A) from the previous section. The main results of this section will be that

the groups Kém(X, A) are periodic (Proposition ??), that
KE™(X,0) = KY"(X)
(Lemma 8.9) and the proof of Equation 7.1 (Theorem 8.16) which says that
K3'(X, A) = Ka(X, A).

This section is based on chapter II1.4 and II1.5 of [3] The most notable material that is
new in this section is:

(i) We apply gradations as defined in [3] to G-vector bundles.

(ii) We give our own proof of Proposition 8.11 and Lemma 8.15.

In Section 9 we will finish the proof of Theorem 7.16. We will prove that
Ko™H(X,A) =2 KY™M(X % [0,1], X x {0,1} UA x I) (1.1)

and describe the isomorphism explicitly. We will base the proof on the proof in chapter
I11.5 and TIL.6 of [3] of Theorem 5.10, but change it such that it applies to the equivariant
case. The most notable material that is new in this section is:

(i) We change the proof in [3] to prove Equation 1.1 if G is finite.

(ii) We give another (new) proof based on the case where G is finite to prove Equation
1.1 for the case that G is a compact Lie group.



e Section A is the appendix. In A.1 we define and construct the Haar measure and show
it can be used to integrate vector valued functions. This appendix is based on chapter
19 of [9]. But the proofs in Section A.1.2 are our own. We also have an appendix about
representations of groups. The aim of this appendix is to develop enough theory to
state the Peter-Weyl theorem. This appendix is based on chapter 20, 21 and 23 of [9].
But the proofs in Section A.2.1 and A.2.2 are our own.



2 Vector bundles

In this section the notion of a G-space and a G-vector bundle for a group G will be intro-
duced. We will for example show how G-vector bundles can be constructed using clutching
functions, show that under certain conditions (equivariant)-sections of a G-vector bundle can
be extended and show that G-vector bundles can be embedded in ‘trivial” G-vector bundles.
This section will mostly be based on [8] and [1] where we changed some of the proofs to hold
for G-vector bundles.

In this section a compact space X is a Hausdorff space, with the property that any open
cover {U;}ier of X has a finite subcover. We start with some definitions:

Definition 2.1. Let G be a topological group and let X be a topological space. Let o :
G x X — X be a left action on X. We then call the pair (X, a) a G-space. We will usually
Just say that X is a G-space and use the notation gz = a(g, ) or l,(z) = a(g, x).

Definition 2.2. Let X be a G-space and Y C X. We call Y a G-invariant subspace, if
gyeY forallyeY and g € G.

Since a G-space has more structure than a topological space, a morphisms between G-
spaces also must 'preserve’ this structure. This motivates the following definition:

Definition 2.3. Let G be a group and let X, Y be G-spaces. A continuous function f :
X =Y is called a G-map if

flg-z)=g- f(=),
forallge G and x € X.
Example 2.4. Let G be a finite group. The pair (G, «), where we endow G with the

discrete topology and define o by (g, h) = lg(h) = g - h is an example of a G-space. The
map 7y, : G — G, defined by 7,(g) = gh is an example of a G-map

With the terminology introduced above, we can give the following definition:

Definition 2.5. Let K = R or C and X be a G-space. A G-vector bundle over X is a
G-space E together with a G-map p : E — X and, for all x € X, the fiber E, := p~(x) of
x 18 endowed with the structure of a K-vector. It must satisfy the following conditions:

(i) The map l, : E, — E,; is a linear map.

(i1) For all x € X, there exists an open neighbourhood U, of X and a homeomorphism
U p YU,) — U, x K", such that P oV = p|y,, where P : U, x K* — U, is the
projection P(y,v) =y, and the map V|~ : p~'(y) = {y} x K" = K" is a linear
1somorphism for all y € U,. We will call the isomorphism V¥ a local trivialisation.

IfK=R we call p: E — X a real G-vector bundle and if K = C, we callp : E — X a

complex G-vector bundle.
There is also a notion of a morphism between G- vector bundles:

Definition 2.6. Letp: E — X and q : E' — X be G-vector bundles. A G-map F : E — E’
is a G-vector bundle morphism if

(i) We have p=gqo F.



(i1) For all x € X, the map F|g, : E, — E. is linear.

We call F' a (G-vector bundle) isomorphism if there exists a G-vector bundle morphism
F':E' — FE, such that Fo F' =id and F : oF = 1d.

Remark 2.7. Notice that a G-vector bundle morphism F' : E — E’ is already an isomor-
phism if F|, : E, — F, is an isomorphism for all x € X. The map F’: E' — E can then be
defined by F’|, = (F|,)~! and is continuous.

Remark 2.8. There is also a more general notion of a G-vector bundle morphism. If
p: E— X and ¢ : E' — X' are G-vector bundles. Then a G-map F': E — F is a morphism
of vector bundles if:

(i) There exists a continuous G-map f : X — X’ such that fop=go F.
(ii) For all z € X, the map F|p, : B, — Ej, is linear.

However, unless otherwise stated, by a morphism of G-vector bundles, we will mean the
morphism defined in Definition 2.6.

Example 2.9. Let G be a group X a G-space and « : G — C™ a continuous representation
of G. Then the bundle p : X x C" — X, where p(x,g) =z and h - (z,v) = (hz,a(g)v) is a
complex G-vector bundle. Notice that the vector space C" together with the multiplication
g-v = a(g)v is a G-module. We will often denote the representation above by p : X x M — X,
where M is a G-module.

Example 2.10. Let G be a Lie group viewed as a GG space as in example 2.4. Let TG
denote its tangent bundle. Then the bundle p : TG — G, where the G-action on TG is
given by h - v, = Tl,(g)v, for v, € TG, is a real G-vector bundle. Notice that the map
Try: TG — TG, defined by T'r(vy) = Try(g)v, for v, € TG, is an example of a morphism
of vector bundles in the sense of Remark 2.8.

Now that we have some intuition about what a G-vector bundle is, we will show how
known G-vector bundles can be used to construct new G-vector bundles.

Definition 2.11. Let G be a group and p : E — X and p' : E' — X be G-vector bundles,
then the following bundles are G-vector bundles:

1. The bundle ¢ : E&E' — X, where (E®E'), = E, & E., for allx € X and the G action
is given by g(v,w) = (gv, gw), for all (v,w) € E, ® E.,

2. The bundle q : EQE" — X, where (EQF'), = E,QFE! forallz € X and the G-action is
given by the map g-: B, @ E;, — Eg, @ By, induced by the map g- : B, X B}, — Eg, @ By,
defined by g(v,w) = (gv) ® (gu).

3. The bundle ¢ : Hom(E, E') — X, where Hom(E, E'), = Hom(E,, E!), which is the
set of linear maps from E, to E! and the action of g is defined by g(A : E, — E') =
lyoAoly—r: By — E,.

In the following lemma, we will define the topology show that they are indeed G-vector
bundles.

Lemma 2.12. The bundles defined above are indeed G-vector bundles.



Proof. We will prove the lemma for (), the proof of the other cases is similar. Let {(U;, U;, V%) }ier
be a cover of X, such that ¥ : p~*(U;) — U x K" and ¥ : (p)~(U;) — U; x K" are local
trivialisations. Notice that for all g € G, the map

Yol : l;((pA(U))) — U; x K"

is also a local trivialisation. Therefore, we can add local trivializations to the cover I, such
that if (UZ, ¢Z,¢7{) € {(Ul, \I/i, \I%)}ieh then (l;l(Ul),¢Z o) lg, w; o) lg> S {(Ul, \I’i, \Ilg)}le[ Let
F =L Ui x K% x K% and let 7 : F — E & E' be the map defined by m(z,v,v') =
(U; (), ¥ (")) for i € I. We now endow E @ E' with the quotient topology (U C E @ E
is open if and only if 77(U) is open). With respect to this topology the map p: E®E' — X
is continuous and the map (¥;, ) : p~1(U;) — U; x K™ x K" are local trivializations. Since

moly: [[UixK" xK" > E® E

il

which maps a 2 € I, ((U;) x K" x K™ to gz € U; x K* x K™ is continuous and constant on
the fibers of , it induces a continuous map [, on E@ E’, which is precisely the multiplication
we already defined. Therefore, £ @ E’ is a G-vector bundle. O

Another construction which is often useful is the pull-back of a GG-vector bundle.

Definition 2.13. Let p : E — X be a G-vector bundle and let f :' Y — X be a G-map,
then we can define the pull-back bundle q : f*E —Y by f*E, = Ey,) and endow it with the
G-action which maps a v € B, to gv € By = Efgy) = Egy.

Lemma 2.14. This bundle is indeed a G-vector bundle.

Proof. We endow f*E with the topology such that the following diagram is a pull-back
square:

E L5 E

y - v x

Thus f*F = {(y,v) € Y x E | f(y) = p(v)}, with the subspace topology, where F(y,v) =v
and ¢(y,v) = y. With this definition, the action of G on f*E becomes g - (y,v) = (gy, gv),
which is continuous and well defined. We now show that the bundle has local trivialisations.
Let y € Y. Then there exists a local trivialisation (U, ¥), such that f(y) € U. We now
define the map H : ¢ '(f~1(U)) — f~1(U) x R" by H(y,v) = (y,pry o ¥(v)), where pr, is
the projection on the second coordinate. Notice that H has a continuous inverse which is
given by H ' (y,v) = (y, ¥~ (f(y),v)). Therefore, ¥ is a local trivialisation. O

Example 2.15. Let p : E — X be a vector bundle, A C X a G-invariant subset and
i : A — X the inclusion. The bundle bundle ¢ : i*E — A is an example of a pull-back
bundle. Notice that this bundle is isomorphic to the bundle p|,-1(4) : p~'(A) = A. We will
often denote this bundle by E| 4.



Example 2.16. If p: X x M — X is a G vector bundle and f : Y — X is a G-map, then
P % M) = {Y % (X M) [ 2= f(5)} Y x M,
where the isomorphism is given by (y, f(y),v) — (y,v).

The following lemma shows how the pull-back ‘commutes’ with the sum and product of
G-vector bundles we defined before:

Lemma 2.17. Letp: E — X and q : F — X be G-vector bundles and f : Y — X a G-map,
then

ffEeF)= ffE® f'F
and

[(E®F) = f*(E)® f(F).
Proof. The isomorphisms are given by the map ¥ : f*(E @& F) — f*E @ f*F, defined by
U(y, (ve, VF)) = ((y,vE), (y, VF))
and ¢ : f*(E®F) — f(E)® f*(F), defined by
O(y, Ve @ Vr) = (v, Ve) ® (y, V).
O

The pull-back the composition of functions and pullback are related in the following sense:

Lemma 2.18. Let X, Y and Z be G-spaces, f : X =Y and h :' Y — Z be G-maps and
p: E — Z a G-vector bundle. Then

(ho f)'E = f*h*E.
Proof. By definition, we have
(ho f)'E = {(x,v) € X x E | ho f(z) = p(v)}

and
JTWE ={(z,(y,v) € X XY x E| f(z) =y and h(y) = p(v)}.

The map ¥ : f*h*E — (ho f)*FE defined by
U(z,y,v) = (z,v)
gives the required G-vector bundle isomorphism. O

We will now prove some basic results about sections of G-vector bundles. We first give
the definition:

Definition 2.19. Let p: E — X be a G-vector bundle. We call a map s : X — E a section
if p(s(z)) = x for all x € X. We will denote the space of sections over X by I'(E). We
call a section s : X — E an equivariant section if s is a G-map and will denote the set of
equivariant sections by T'9(E).



Example 2.20. If X x M is a G-vector bundle, then the map s : X — X x M, defined by
s(x) = (z,v) for av € M, is a section of X x M. If v = 0, then

s(gz) = g(z,0) = (gz,0) = g(z,0) = g(sz)
and the section is an equivariant section.

The following lemma and theorem motivates why it can be useful to look at sections of a
G-vector bundle

Lemma 2.21. Let p: E — X and q: F — X be G-vector bundles, let Hom,(F, F') denote
the space of morphisms of vector bundles between E and F'. Then,

I'“(Hom(E, F)) = Hom(E, F).

Proof. Let f € Homy,(E, F'), then for all x € X, the map f|g, : E, — F, is a linear map
and hence and element of Hom(E,, F}). Let H : Homy,(E,F) — I'“(Hom(E, F)) be the
map defined by H(f)(x) = f|g,. We first show that H(f) is continuous. Let (U, ¥g) and
(U, Ur) be local trivialisations of E and F, then f induce a vector bundle homomorphism

f:1UxK" = UxK™ over U. The map f:U = My,(K), with f(z) = f(z,-) is continuous.
Because f = H(f)|U, it follows that H(f) is continuous. Also notice that fol, = 1,0 f,
which implies that

g : (H(f>(x)) = lg © f|Eac © l971 = ngac © lg o l971 = ngx = G(f)(gx)

Hence H is well defined.

We now show that H has an inverse. Let s € ['“(Hom(F, F)). Then s induces an element
s" € Homyy,(E, F), which is defined by s'(v) = s(p(v))(v). As before, it can be shown that s
is continuous by restricting to a local trivialisation. We show that s’ is a G-map. Since s is
an equivariant section, we have s(gx) = gs(z) = ly 0 s(x) o [,-1. Therefore,

s'(gv) = s(p(gv)

and s is a G-map. We claim that H~! is the map which maps s to s’. Notice that
Ho H™\(s)(x) = H(s')(x) = |1, = s(x)

and
H™ o H(f)(v) = H(f) (v) = H(f)(p(v))v = flpw(v) = f(v).
Thus, H~! is indeed the inverse. O

To state the next theorem, we need the following definition:

Definition 2.22. Let X and Y be G-spaces and let f,g:Y — X be G-maps. We call f and
g G-homotopic if there exists a homotopy H : Y x [0,1] — X, such that:

9



(i) The map Hy := H(-,t) is a G-map for all t € [0,1].
(i) Hy = f.
(iii) Hy = g.

Theorem 2.23. Letp: E — X be a G-vector bundle with X compact, Y a compact G-space
and f,g:Y — X be G-homotopic. Then

ffE=g'F.
To prove this theorem we will need a view lemmas:

Lemma 2.24. (Tietze extension theorem) Let X be a compact (Hausdorff) space, let A C X

be a closed subset and let f : A — X be a continuous map, then there exists a map f : X — R,
such that fla = f.

Lemma 2.25. Let p: E — X be a G-vector bundle, with X compact and let Y C X be a
closed subset. Let s : Y — Ely be a section, then there exists a section §: X — E, such that
§|y = S.

Proof. For each y € Y, let (U,,¥,) be a local trivialisation of E. Since X is compact
Hausdorff, X is normal, which implies that there exists an open V,, C U,, such that {y} C
V,CcV,CcU.

Notice that {(V,|y)}yey is a cover of Y. Because Y is a closed subset of a compact
space X, it follows that Y is compact. This implies that the cover {(V,|y)},ey has a finite
subcover {V;NY }ier. Let {x:}ierU{xy_x} be a partition of unity subordinated to the cover
{Vi}ier U{X —Y}. Notice that pryoW;0s: U; — R" is a vector valued function. Since for all
i € I, the set Y NV is a closed subset of V;, we can use Lemma 2.24 to extend the coordinate
functions of pry o ¥; o s and obtain a map s; : V; — R” such that s;|zy = pry o ®; 0 sy,
and a section s, := ;' o (id x 5;) : V; = E|y, such that |- = s|y-. Let §: X — E be the

section defined by
S(x) = xilw)s'(2),
iel
where si(z) ;= 0if z ¢ V;. For y € Y, we have
F=Y x)s' W) => xiw)sy) = s(y).
iel iel
Therefore, s is the required section. O
If we assume that Y is G-invariant, then the following holds:

Lemma 2.26. Letp : E — X and s : Y — El|y as above. Assume in addition that Y
is G-invariant and that s is an equivariant section, then there exists an equivariant section
§: X — E such that §|y = s.

Proof. Lemma 2.25 implies that there is a section s’ : X — E, such that s'|y = s. Let
5 : X — FE be the section defined by

5(z) = /G g (g7 x)dg.

10



We first show that for all € X, the integral is well defined. Let f : X x G — E denote

the function f(z,g) = gs'(¢g~'x). Notice that f(z,9) = ar(g,s'(ax(g~',x))), which implies

that f is continuous. Therefore, f, := f(x,) is continuous. We have s(¢~'z) € E,-1,, which
implies that gs'(¢g~!(z)) € E, @ K" for all g € G. Therefore, the function f: X x G — E is
continuous and f, can thus be integrated as explained in definition A.17 in the appendix.

We now show that § is continuous. Let (U, V) be a local trivialisation and let € U. Let
V C U x R™ open. We will show that there is an open W C U, such that (z,s'(x)) € W
and W C 57 Y(U). Since V is open, there exists an open neighbourhood U, of x and an
e > 0, such that Uy x Ba(s'(z)) C V, where By (s'(z)) := {y € R",||s'(x) — y|| < 2¢}. For
g€ G, welet Uy = (pryo f) 1 (Bf(x,g))) C G x X. Notice that {prs(U,)}sec is an open
cover of G. Since G is compact, the cover {pr,(U,)}4ec has a finite subcover {prq(U,,)}ier-
Let W := NMierprx(U,,). Notice that W is open and z € W. For (y,g9) € W x G, we have
(y,g9) € Uy, for a i € I, by construction we also have (z, g) € U, and thus

1f(z,9) = fy, 9)Il < 2e.
Lemma A.18 now implies that for all y € W, we have

15(2) — 3w = | / £, 9)dg - / f(,9)dgll = | /G f(2.9) — fy.9)dgl
< [0 = sy < [ 2edg <2

Therefore,
W C 51 (W x By (s(z))) c 51(V)
and § is continuous.

We now show that 5|y = s. Let y € Y. Since Y is G-invariant and s is equivariant, we
have gy € Y and

95'(97y) = gs(g™'y) = g9 's(y) = s(y)
for all (g,y) € G x Y. Therefore,

5(?/):/098’(91y)d9=/08(y)d9=8(y)-

Lastly, we prove that § is equivariant. Let z € X and A € G. Then using lemma A.18, it
follows that

§(hr) = /Ggs(glhx)dg = /thlgs’((hlg)lx)dg = h/Gl;kllfz(g)dg = h/Gfm(g)dg = hs(z).

The section s is thus the required section. O
Before we can prove the theorem, we need one more lemma:

Lemma 2.27. Let X a compact G-space , Y C X be a G-invariant subset and letp : B — X
and q : F' =Y be G-vector bundles. Assume that there exists an isomorphism f : Ely — Fly
over Y. Then there exists an open' Y C U C X and an isomorphism f : Ely — F|y, such

that fly = f.

11



Proof. In Lemma 2.21, we showed that the map f : E|y — F|y can be viewed as an
equivariant section f’ € I'“(Hom(E, F)|y). Lemma 2.26 implies that this section can be
extended to a section f € I'“(Hom(E, F)). Notice that the function detof is continuous
and let U = (detof)'(C — {0}). Since for all v € U, the map f(u) is an isomorphism,
Remark 2.7 implies that f : E|y — F|y is an isomorphism. It remains to show that
Y C U and that U is G-invariant. We first show that Y C U. Since f : E|ly — Fly is
an isomorphism, it follows that for all y € Y the map f|, : E, — F, is an isomorphism.
Therefore, det(f(y)) = det(f(y)) # 0 and y € U.

We now show that U is G-invariant. Let g € G and u € U. Then

det(f(gu)) = det(gf) = det(l, o f) = det(l,) det(f) 0,
where we view [, as the linear map [, : F,, = Fy,. Therefore, gu € U. O
We are now ready to prove Theorem 2.23

Proof of Theorem 2.23. Let H : Y x [0,1] — X be a G-homotopy such that Hy = f and
H; = g. The space Y x [0,1] , with the action g(y,t) = (gy,t) is a G-space and with this
action, the homotopy H : Y x [0,1] — X is a G-map. Let pry : Y x [0,1] — Y denote the
projection onto Y. Notice that for all ¢ € [0, 1], the map H; o pry is a G map. By definition,
we have

(fropry) Ev ={((y,t),v) € (Y x [0,1]) x E [ H; o pry(z,t) = p(v)}

and
H'E ={((z,t),v) € (Y x [0,1]) x B =| H(z,t) = p(v))}.

Since Y x {t} is a closed G-subspace and H |y, = H; o pry, we have
(Hyopry ) Evly xqy =2 H*Ely x 413

where the isomorphisms is given by ®((y,t),v) = ((y,t),v). Lemma 2.27 now implies that
there exists a G-invariant open neighbourhood Y x {t} C U, such that ® extends to an
isomorphism @ : (H; o pry)*E|y — H*E|y. Since Y is compact, there exists an open
t € Wy C [0,1] such that Y x W; C U. For all s € W, we have that @’ restricts to an
isomorphism

@ : (Hyopry ) Elyxs = H El|yxs.

Since
(Hiopry ) Elyxs =iy(Hyopry)'E = (Hyopry oi,)"E = H{E
and
H'E|yxs =i:H'E| = (Hoi,)"E = HIE,

where i5(y) = (y,s), it follows that HE = HIE for all s € W;,. We now show that this
implies that HJE = H{E. Let ~ be an equivalence relation on [0, 1] defined by s ~ ¢
if H*E = HE. The argument above implies that for all ¢ € T, the class [t]. an open
set. However, because [t]. = [0, 1] — Usgp.[s]~, the set [t]. is also closed. Because [0,1] is
connected, it follows that [0]. = [0,1] and HJE = Hj. O

This theorem is will turn out to be very useful. We now give some first applications of
this theorem to illustrated its usefulness.
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Theorem 2.28. Let X be compact and G-contractible (G-homotopy equivalent to a point)
and let p : E — X be a G-vector bundle. Then there exists a G-module M, such that
EX2X x M.

Proof. Since X is G-contractible, there exists a g € X and a G-homotopy H : X x [ — X
such that Hy = id, Hi(z) = x¢ for all z € X. Theorem 2.23 implies that

E=id'E = H}(E) 2 H}(Elg,).
Notice that E|,, = {z¢} x M for some G-module M. Example 2.16 implies that
Hi(Ey) = Hi({xo} x M) = X x M.
Thus, £ 22 X x M. [

Let X be a compact G-space and let X, X5 be closed G-invariant subsets, such that
XiUXy =X. Let p1 : E1 — X7 and py : Ey — X5 be G-vector bundles Let Y = X; N X,
and let f : Ey|y — FEs|y be an isomorphism. Notice that Y is indeed a G-invariant subset of
X, which implies that the bundles E}|y and FEs|y are indeed G-vector bundles We can then
define the bundle

p: E; Uf By — X,

whith Ey Uy By := Ey [[ Ea/ ~ where identify a v € E;, with its image f(v).

Theorem 2.29. The bundle Ey Uy Ey is indeed a G-vector bundle and if g is homotopic to
f through G-vector bundle isomorphisms, then Ey Uy Ey = Ey U, Ey.

Proof. We first show that F; Uy Fy is indeed a G-vector bundle. We will only show that
E, Uy F5 has local trivialisation, the other requirements follow directly from the construction.
First assume that x ¢ Y. We can assume without loss of generality that « € X;. Let (U, V)
be a local trivialisation of Fy, then (U N (X; —Y), V|ynx,—y)) is a local trivialisation of
E, Uy Es.

Now assume that z € Y. Let (Uy, V) be a local trivialisation of Fj, such that = € Uj.
Since Y is compact, Y is normal and there exists an open neighbourhood V' of x, such that
{r} CV CV C X. Notice that the map

o ™ Ealyny = (VNY) X K" = (X x K" |y,

is an isomorphisms and V' NY is a closed subset of X,. Therefore, if we apply lemma 2.27
(where we endow E, and X, x K" with the trivial action), it follows that the map W o f~!
extends and we obtain a local trivialisation (V3, ¥5) of Ey, such that WUy|y s = Wo f~1. We
now define the map ¥ [[ Vs : Ey|vuw, [ E2lvow, — (VU VL) x K, by

U(z) if z€V
\DH‘I’2 - {\112((:16) x eV

This map is constant on the equivalence classes of ~ and hence induces a map ¥ Uy U, :
Ey Us Es|yvuy, — (VU V,) x K, which is the desired local trivialisation.

We now show that if g is homotopic to f through G-vector bundle isomorphism, then
E, Uy By = By Uy Es.
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Let H : Eily x [0,1] — FEs|y denote the homotopy, with Hy = f and H; = g. Let
pry : Y x [0,1] = Y be the map defined by pry (y,t) = y and let i, : Y — Y x I be the map
given by i(y) = (y,t). The map H induces a map H : pry Ei|y xjo,1] — Pry Falyxjo,1) defined
by H((y,t),v) = H(v,t). The idea of the prove is that we show that

Ey Uy, By = i;‘(pr;El Ug prZEg).
Since F(y,t) = (y,t) is a G-homotopy from iy to i;, Theorem 2.23 then implies that
By Up, By = idg(pry By Uy pryEy) = 47 (pry By U pry Es) = By Uy, Es.
It thus remains to show that £y Uy, Fy = i} (prZEl Ug prZEg). By definition, we have
iy (pry By Up pryFa) = {(y,v) € X X pryEy U pryEs | (y,1) = q(v)}
Define the map @ : Ey [[ B2 — pry Ey Uy pry Ey by

_ f(pg,(v),t,v) if veE
(I)(U) - {(gEQ(U)7t7U) v € By

Notice that this map is continuous and that if v, = Hyvy, then ®(v;) = ®(v2). Therefore,
this map induces a map ® : Ey Uy, Ey — pry By U pry By, Since p(®(Ey Ug, E»)) C Y x {t},
this map is in fact a map ® : Ey Uy, Fy — if (pry By Ug pryE»), which is the required
isomorphism. O

This construction has the following nice properties, which follow directly from the con-
struction:

Lemma 2.30. (i) Let p; : E; — X; and q; : F; — X; be vectorbundles for i € {1,2} and
let f: E1— Fy and g : Fy — Fy be isomorphism, then

(B1@® Fi) Ugpg) (Ba® Fo) = (By Uy Fy) & (Ea Uy F).
(ii)) Let p : E — X be a vectorbundle, Ey = Elx,, Ey = E|x, and f : Eily — FEs|y te

cannonical isomorphism, then
E = FE, Uy Es.

We will end this section by proving a theorem that will need in the next section:

Theorem 2.31. Let X be a compact G-sapce and let p : E — X be a G-vectorbundle, then
there exists a G-module M and a vectorbundle E*+, such that X x M =~ E @ E*.

To prove this theorem, we will need to introduce the notion of a metric on a G-vector
bundle:

Definition 2.32. Let p: E — X be a G-vector bundle. A map n: E® E — K is a metric
on E if u|lg,xg, is an inner product. We wil call v invariant if p(gv, gw) = p(v, w).

Lemma 2.33. Let p: E — X be a G-vector bundle, then E has an invariant metric.

Proof. We first construct a metric and then use the metric to construct an invariant metric.
Let {(U;}ier be a cover of X of local trivialisations. Since X is compact, we can assume
that it is a finite cover. Let p; @ (U; x K") x (U; x K") — K be the metric defined by
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wi(v,w) = (v,w), where (-,-) is the Euclidean inner product. Since U; x K* = Ey,, this
defines a metric on E|y,. Let x; be a partition of unity subordinated to {U;}. The function
u o E® E — K, defined by

/“L/<U7 U)) = Z Xi(p(vv w)):ui(U? w>7

el

is a metric on E. The function pu(v,w): E® E — K, with

p(ww) = [ g, gu)ds,
G
also defines a metric on G. Notice that

pu(hv, hw) = /

1 (ghv, ghw)dg = / i (v, -w)dg = / 1(gv, gw)dg = p(v, w).

G G G

which implies that the metric is invariant. O
The following proposition shows why metrics can be useful

Proposition 2.34. Let p : E — X be a sub bundle of p : F — X, then there exists a
G-vector bundle p : E+ — X, such that E ® E+ = F.

Proof. Let p be an invariant metric on F. Then we define the bundle £+ by
Ef ={veF,|uvw)=0foralwcE,}.
The action on E* is the action on F restricted to £+. This is well defined because

(gv, w) = p(gug(g~'w)) = p(v, g~ 'w) =0,

for all v € Ej and w € E,,. We now show that the bundle is locally trivial. Let zo € X and
$1,..., Sy be sections such that s1(y), . .., sk(y) is a basis of E, for all y in some neighbourhood
of zg and sj11(%o), - - ., Sn(wo) is a basis of F,.. Let U be an open neighbourhood of x, such
that s;(z) # 0 for all z € U and 1 <i < n. By setting

/ o 81<33)
) = @) s @)

and

5§+1($) = 8iy1 — (

plsip(x), 51(x)) plsin (2), 5i(2))
T s (@) = S s (),
p(si(x), s1(x)) p(si(x), si(x))
it follows that the local sections {s},(y), ..., (y)} form a basis of E, for all y is some open
neighbourhood W of zy, which implies that E+ is locally trivial. O]

We will use this result to prove the following lemma, which will enable us to prove Theorem
2.31:

Lemma 2.35. Let M be a G-module, p: E — X a G-vector bundle and m: X x M — F a
surjective map, then there exists a bundle Ker(E), such that Ker(E) & E = X x M.
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Proof. Let q : Ker(E) — X be the G-vector bundle, such that Ker(E), = ker(7|z1xar). We
leave it to the reader to check that ¢ : ker(E) — X is well defined. Notice that locally 7 is
a surjective map U x K® — U x K™, which implies that the kernel has a locally constant
rank. The following sequence of maps is pointwise an exact sequence

0 — Ker(F) —— X xM —— E > 0 .

Notice that Ker(£) is a G-vector bundle, which is also a subset of of X x M. If we let p
be an G-invariant metric on X x M, then Proposition 2.34 implies that we have Ker(E) &
Ker(E):t =~ X x M. Let j : Ker(E) @ Ker(E)* — Ker(FE) denote the projection on the
first coordinate. Then since j o i = id, the sequence is pointwise a split exact seqence and
X X M = ker(F) @ E, where the isomorphism is given by the map ¥ : X x M — ker(E)® E,
with W(z,m) = (j(xz,m), p(x,m)). O

Remark 2.36. Notice that the proof this lemma, also holds if we replace the bundle X x M
by an arbitrary vector bundle. The statement then becomes:

Let m: F — E be a surjective G-vector bundle morphism, then there exists a bundle Ker(E),
such that Ker(E) @ E = F.

We are now ready to prove Theorem 2.31 for a complex G-vector bundle.

Proof of Theorem 2.31 for a complex G-vector bundle. We first assume that F is a complex
vector bundle. Lemma 2.35 implies that it is sufficient to construct a surjective G-vector
bundle morphism p: X x M — F.

Let 9 € X. Let (Uy,, ¥;) be a local trivialisation, such that U,, is a compact neighbour-
hood of zy. Let s; : U,, — X x C™ be the section defined by s;(x) = (x,¢;) for 1 <7 < n. Let
B:Gx U, — U; xC" be the map B(g,x) = (v, gs;(g7x)) and let V! := 71U, x B(e;, €;)),
with ¢; > 0. Since {e} x U,, C V; and U,, is compact, there exists an open set W; C G,
such that W; x U, C V;. Let {xw,, Xa-1e}} be a partition of unity with respect to the
cover {W;,G — {e}} of G. Notice that xw, € L*(G). Theorem A.36 implies that there
exists a f; € ,c(q Ca(G), such that ||f — xw|lz2 < €. Notice that there is a finite sub-
set J; C [G], such that f; € @ c; Ca(G), which is a finite dimensional vector space. Let
P : P,es CalG) = I'g(E) be the map such that

Ny F0)osta s

Notice that @ is linear. We endow Im(®) with the G-action g-s = [,0g0l,~y. We first show
that this action maps the image of ® to itself:

R = b | fsta g

= oy LD kohas(hg) )i
a ]

= oy | L @asta g
G i

= ®(Lyf)(x).
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Since by Lemma A.35, we know that @, ; Cu(G) is Ly invariant, it follows that L, f €
@D.c), Ca(G), which implies that h - ®(f) € im(®). This computation shows that

id x ©: X x @ Ca(G) = X x im(®),
acd;

is a morphism of G-vector bundles, where the action on X x @, ; Ca(G) is g - f = Ly(f).
Let J, = U ,J;. We now show that there is an open set U, and a surjective morphism
T:X X @aeJ Ca(G)lUg’c — E|Ug’c

Notice that

I9(50(e0) = (o)l = I | filohas(o ™ au)dg = sl

- m/ Ixw; (9)si(z0) — fi(9)gs(g™ zo)dy]
G

< UL 0@ — £@)stzolds + | 15(0)(srn) — gs(g ')l
! Hsi(x i(9)]€
sﬁgﬁgmmum+ém@m@>
Clsi@olll , . Jo(lile) = xi(9)l + Ixi)ldg)
= Jaxwdg Jo xwidg
Cllsi@oll  _ Joxwdg +¢

Therefore, we can approximate s;(zg) as close as we want, which implies that we can assume
that {®(f1)(xo), ..., P(f2)(x0)} is a basis of E,,. This implies that {¢(f1)(x),...,o(fn)(x)}
is a basis of F, for all x in a neighbourhood U, of xo. It follows that the map 7 :
X X @Bocy, Ca(G)|lyr — Ely: defined by 7(z, f) = ®(f)(z) is a surjective G-vector bun-
dle morphism.
We now use this map to obtain the surjection F': X x M — F.
Notice that {U.}.cx is a cover of X. Since X is compact, this cover has a finite subcover
{Usg, .- Uz, }. Let J = Ui Jp,. Let F: X X @, c;Ca(G) = E be the map defined by
F(z,f) = ®(f)(z). The argument above implies that F' is a surjective G-vector bundle
morphism, which proves the theorem for the complex case.

O

We now prove the real case:

Proof of Theorem 2.31 for a real G-vector bundle. We again construct a surjective map F' :
XXM — FE. If p: E— X is areal G-vector bundle, we can construct the complex G-vector
bundle bundle ¢ : F ® C — X. This bundle is defined by (F ® C), = E, ®g C and the
G-action is defined by ¢g(V ® z) = (gv) ® z. Since £ ® C is a complex G-vector bundle,
there exists a surjective map F': X x M — F® C, where M is a complex GG-module. Notice
that we can also view X x M and F as real G-vector bundles, by forgetting the complex
structure. Since there is a surjective real G-vector bundle morphism 7 : £ ® C — FE,
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defined by 7(v ® z) = Re(2)v, the map 7o F : X x M — E is a surjective G-vector bundle
morphism. O

We will also need a variation of Theorem 2.31 for a quaternionic G-vector bundle. We
first give the definition of such a bundle:

Definition 2.37. Let X be a compact G-space. A quaternionic vector bundle over X is a
pair (E,0), where p : E — X is a real G-vector bundle and o : H — End(E) is a unital
R-algebra homomorphism. A map f : (E,0) — (F,p) is a quaternionic G-vector bundle
morphism if it is a G-vector bundle morphisms and p(h) o f = foo(h) for all h € H.

Example 2.38. If X is a G-space, then the bundle ¢ : X xH — X, where the H-action is left
multiplication and the G-action is given by g(x, h) = (gx, h) is an example of a quaternionic
G-vector bundle. Moreover, if p : F — X is a real G-vector bundle, then £ ®g (X x H) is a
quaternionic G-vector bundle, where the H-action is given by z - (v ® h) = (v ® xh).

Remark 2.39. If (F, 0) is a quaternionic G-vector bundle, then for each = € X, there exists
a neighbourhood U of X and a n € N such that there is a H-module isomorphism

E|U—)U><Hn.

One can construct this isomorphism as follows: Let v € E, and s; : X — FE a section
such that si(z) = v. Then the vectors s(z),0(i)s1(x),0(j)s1(X),o(k)si(x) are linearly
independent. If the span of these vectors is not yet E,, let

w € E, — Span(sy(z),0(i)s1(x),0(5)s1(X), o(k)s1(x))
and sy : X — E, a section such that ss(x) = w. Since
w & Span(sy (x), 0(i)s1(z), 0(j)s1(X), o (k)s1(2)),
the vectors
si(x),0(i)s1(x),0(j)s1(X), 0(k)s1(x), 52(x), 0(i)s2(x), 0(j)s2(X), o (k)s2(x)
are linearly independent. We can repeat this process to eventually obtain a basis
S1 (37)’ U(i)sl(x)7 U(j)sl (X)> J(k)sl(x)7 ] Sn(x)v U(i)sn(x)’ U(j)sn(X)v J(k)3n<x>

of E,.. We can restrict to a neighbourhood U of z, such that these sections form a basis of
E, for all y € Y. The isomorphism is now given by the map F': U x H* — E|y, with

F(uy,hy, ... hy,) =0c(hy)si(u) + ...+ o(hy)sp(w).
We also need the following definitions:

Definition 2.40. Let V' be a finite dimensional H-module. We call a map g : V xV — H
a quaternionic inner product on V', iff

1. g(u,v) = g(v,u) for all u,v € V.

2. g(v,v) >0 for allv € V and g(v,v) = 0 if and only if v = 0.
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3. g(ul +U2,U) = 9(“1711) +9(U27U) for all uy,vi,v9 €V

4. g(Au,v) = Ag(u,v) for all A € H and u,v € V.
Remark 2.41. Notice that part 1 of the definition implies that

9(v,v) = g(v,v).
Therefore, we have g(v,v) € R, which is needed for part 2 of the definition.
Example 2.42. The map (-,-) : H" x H® — H, defined by

(u,v) = Z uv.

is an example of an quaternionic inner product.

Definition 2.43. Let (E,0) be a quaternionic G-vector bundle. We call a map p: (E,0) @
(E,0) — H a quaternionic metric if p|g,«g, 1S a quaternionic inner product. It is invariant

if 1(gv, gw) = p(v,w) for all g € G.

Remark 2.44. Notice that Lemma 2.33, Proposition 2.34, Lemma 2.35 and Remark 2.36 also
holds for quaternionic bundles. (The direct sum is defined by (E,0)® (F, p) = (E®F,0®p)).
The proof of these statements for quaternionic G-vector bundles are similar to the proofs we
already gave, where we now use quaternionic metrics instead of metrics, use the quaternionic

inner product from the Example 2.42 instead of the Euclidean inner product and replace the
G-module M in Lemma 2.35 by the G-module M & H.

With this remark, we are ready to state and prove the theorem:

Theorem 2.45. Let (E,0) be a quaternionic G-vector bundle. Then there ezists a real
G-module M and a quaternionic G-vector bundle (E+, o), such that

Xx(Me@H) =2 (EQEHoc@ot).

Proof. Notice that since E is a real vector bundle, there exists a real G-vector bundle E+
and a real G-module M, such that £ @ E+ = X x M as real G-vector bundles. Let
®: X x M — E® E*+ denote this isomorphism and let P : E @ E+ — E denote the
projection. The map 7 : X x (M @ H) — E defined by

m(m, h) = a(h)P(®(m)),

is a surjective quaternionic G-vector bundle morphism. Remark 2.44 together with Lemma
2.35 implies that there exists a quaternionic G-vector bundle (F, p), such that

(E®F,odp) =X x (M@ H).
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3 Equivariant K-theory

In this section, we will give the definition of the group K;"(X). We will also construct the
long exact sequence for these groups and prove some of the basic properties of the groups
K;"(X). This section is based on [§].

In this section, all topological spaces are compact and G will always be a compact Lie group.
Let p: E — X be a complex (or real) G-vector bundle. We let

[E]:={¢: F — X |q: F— X isisomorphic top: F — X}

denote its isomorphism class. We will denote the set of complex (or real) G-vector bundles
over X by E&(X), where K = C or R. We are now ready to give the following definition:

Definition 3.1. Let X be a compact G-space. Then, for K = C or R, we define the group
KG(X) by
Kg(X) = {([E],[F]) | E,F € £5(X)}/ ~,

Where ([EL],[E_]) ~ ([F.], [F_]) if there exists a G-vector bundle L € EX(X), such that
E.0F 0L=F, oFE oL
We will often denote ([E4], [E-]) by [EL] — [E_] or simply B, — E_.

Remark 3.2. We will often denote K&(X) by Kq(X).
It turns out that K¢ (X) ‘naturally’ has the structure of an abelian group:

Lemma 3.3. The direct sum (Ey —E_)®(Fy—F_) = (EL®F.)—(E_®F_) gives Kg(X)
the structure of an abelian group.

Proof. First, notice that @ is associative. Let E be a G-vector bundle on X. We show
that £ — E is the identity. For Fy — F_ € Kg(X), we have (F, — L) @ (F — E) =
(FL ® F)— (F_-® FE). Since

F.e&(F.@E)~(F.eE)&F.

via the isomorphism ®(f,, f_,e) = (f4, e, f), it follows that (F, ®F)—(F_-®FE)=F,—F_
in Kg(X). We now prove that each element in K (X) has an inverse. Let £, —F_ € Kg(X).
Then E_ — E; € Kg(X) and

(By —E_)® (E-—Ey)=(Ey®E.)— (E- 8 Ey).
Since E_ & E, = E, & E_, via the isomorphism ®(v;,v_) = (v_,vy), it follows that
(EL®E)—(E-0Ey)=(E;0E ) (E,®E )=e

in Kg(X)
Lastly, we show that K (X) is indeed abelian. Let F,. — F_ | F, — F_ € Kg(X). We have
that

(B.—E)&(F, —F) = (B, & F,) — (E_& F.)

and
(F,—F )& (B, — B )= (F, & E,) — (F. & E).
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Since B, @ Fy = Fy @ E, via the isomorphism ®(v,, vs) = (v, ve), it follows that

(F, @B~ (F. @B )= (B, & F,) — (E_®F.).

It is sometimes useful to describe K¢ (X) in the following way:

Proposition 3.4. Let (Ey,E_),(F1,F.) € Ex(X) x Ec(X) and ~ be the relation from
Definition 3.1. Then (Ey, E_) ~ (Fy, F_) iff There is a G-module M, such that

E,eF ®oMx=2F . ®E_& My,
Where M~ denotes the trivial bundle X x M.

Proof. Since Mx € Eg(X), it follows that if E, & F. & Mx = F, & E_ & Mx, then
(B4, E_) ~ (F,,F_). Now assume that (Ey, F_) ~ (F,, F_). Then, there is a F' € £5(X)
and an isomorphism ® : £, @ F. @ F — F, & E_ @ F Theorem 2.31 implies that there
exists a bundle F'*, such that F @ F*+ = My, for some G-module M. It follows that

E.®F oMx=2E, oF o FOF"2F, E_ oFQF*2F, ®FE_ & My,
which proves the proposition. O

Remark 3.5. Let {e} be the trivial group. Notice that the only finite dimensional complex
(or real) {e}-modules are the spaces C" (or R") for n € Ny, with the trivial action. The
proposition above thus implies that in ) (X) x & (X), we have (Ey, E_) ~ (Fy, F_) if
and only if

ELoF (X xCY=2F,oE (X xC"),

or (X x R") in the real case. We will often denote K, (X) by K*(X).
This remark enable us to compute some examples:

Example 3.6. Let X = {pt}. We will compute K{Hi}(X ). Since every {e}-vector bundle
over pt is trivial, the previous remark implies that

X x K" — X x K" = X x K- — X x Kb,
if and only if there exists a [ € Ny such that
X x Kn++k_+l ~ X Kk.q.—i—n_—l—l'

This is true if and only if ny —n_ =k, — k_. Therefore, the function & : Kﬁ}(X) — Z
defined by
QX XK' — X xK")=n, —n_

is an isomorphism.

Example 3.7. We will now compute K¢ (G), where the G-action is given by left multipli-
cation. We will show that
Ke(G) = Koy (pt) = Z.
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Let i, : pt — G be the G-map defined by i.(pt) = e, where e denotes the identity in G. The
map i} : Kq(G) — K. (pt) defined by

(B~ B) = B, — i,

where we restrict the G-action to a {e} action, is a well defined group homomorphism. We
will show that 4 is an isomorphism. Let r : K (pt) — Kq(G) be the map defined by

r(pt xK" — pt xK"~) =G x K™ — G x K",
where the GG action on G x K"* is defined by
g(h,v) = (gh,v).

Notice that r is a well defined group homomorphism and i} or =id. If E € £;(G), then the
map f: G x E, — E, defined by

fi(g,v) =(g,9v)

is a G-vector bundle isomorphism (the G-action on G x E, is defined by g(h,v) = (gh,v)).
This implies that
roi, =id.

The elements of K(X) can all be written in the following way:

Lemma 3.8. Let E, — E_ € Kg(X). Then there exists a G-module M and a G-vector
bundle F', such that
E.—E_ =F — My.

Proof. In Theorem 2.31, we showed that there is a G-vector bundle E+ and a G-module M
such that F_ @ E+ = M. Therefore,

B, —E = (E,—E)&(E-—BY) = (B, & BY) - (E_ @ BY) = (E. @ EX) — My.
O

We can endow K (X) with the structure of a ring, by giving it the following multiplica-
tion:

By —E )@ —F)=(E,@E ) (E-a L) - (E_@F, e EL®F).
Lemma 3.9. This multiplication indeed gives Kq(X) the structure of a ring.

Proof. We will leave most of the verifications to the reader. We will only show what the unit
of the ring is. The unit is given by the bundle Ky := X x K, where the G-action is defined
by g(x,v) = (gx,v). The isomorphism ® : F x Ky — E is given by

d(v®c) = cv.

The rings K¢ (X) have even more structure:

Lemma 3.10. The assignment X — Kq(X) is a functor K¢ : Topll — Ring, where Topg
1s the category of compact G-spaces.

22



Proof. To show that it is a functor, we first must define how Kg actsona G-map f : X — Y.
The map f*: Kg(Y) — Kg(X) is defined by f*(E, — E_) = f*E, — f*E_. Notice that if
(Ey,E_) ~ (Fy, F_), then there exists an F' € E5(Y") such that

E.oF oF~2F, ®oE_oF.
Lemma 2.17 implies that
JE o fF @ F [ (E,0F 6F) = [(F,0E 0F) = ['F,e [ E & [F

Therefore, the map is well defined. We now show that f* is a ring homomorphism. Notice
that
[fO)=f(E-E)=fE-fE=0
and
YK 2 XK.

In Lemma 2.17, we showed that f*(E®F) = f*(E)® f*(F) and f*(EQF) = f*(E)® f*(F),
which implies that f*: Kg(Y) — Kg(X) is indeed a ring homomorphism.

In Lemma 2.17 we also showed that for all £ € £5(Y) and G-maps f : Z — X and
g: X — Y, we have

"9 E= (g0 f)E,
as G-vector bundles. Because we also have id*E = E, for all G-vector bundles E € E5(Y),
the assignment X — K(X) is a functor. O

Before we study Kg(X) further, we will calculate KG(X) for some G-spaces X. We will
need the following lemma:

Lemma 3.11. Let p : E — X be a G-vector bundle and let P : E — E be a morphism of
G-vector bundles, such that P> = P. Then ImP := {P(v) | v € E} and Im(id — P) are

G-vector bundles, such that
ImP & Im(id — P) =2 E.

Proof. Notice that
(id — P)(id — P) = id — 2P + P* =id — 2P + P = id — P

and

p(id —p) = (id —p)p=p—p = 0.
We first show that for all x € X, we have E, = Im(P), & Im(id — p),. Let v € Im(P) N
Im(id — P). Then v = (id — P)y and v = P(z), for some y, z € E,. It follows that

0= P(id— P)y = P((id— P)y) = P(P(2)) = P(z) = v.
Notice that for all v € E,, we have v = Pv + (id — P)v. Therefore,
E, =1Im(P), ® Im(id — p),.

We now show that Im(P) is indeed a G-vector bundle. We only show that Im(P) has local
trivialisations, the other properties follow directly from the definition of Im(P).
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Let x € X. Let sq,...,s, be sections, such that s;(z),...,sk(x) form a basis of Im(P)(z)
and sg.1(x), ..., s,(z) form a basis of Im(id — P)(x). The sections

Psy, ..., Psy, (id — P)Sg41, ... (id — P)sy,

Now have the property that det(Psi(z),..., Psg(z), (id — P)sg1(), ... (id — P)sp(x)) # 0.
Therefore, there exists an open neighbourhood U of z, such that for all y € U, we have

det(Ps1(y), - .., Pse(y), (id — P)se1(y), - . (id — P)sa(y)) # 0.
It follows that the map ¥ : imP|y — U x K*, defined by
U Hu, (z1,...,21)) = (21Psy(u), ... 2 Psi(u)),
is a local trivialisation. O
Remark 3.12. We will often denote the bundle Im(P) by PE.

Remark 3.13. If Q : £ — E is also a G-vector bundle morphism such that Q? = @ and
H:E x|[0,1] - E is a G-homotopy between P and () such that H, : E — E is a G-vector
bundle morphism which satisfies H? = H;, then PE = QF. This can be shown as follows:
Let mx : I x X — X denote the projection and 4, : X — I x X be the inclusion i,(z) = (¢, z).
The map H induces a G-vector bundle morphism H : 7% E — 7% E defined by H [((2,1),v) =
H(t,v). Notice that H?> = H, which implies that we can construct the bundle H(7*E). We
have itH(m*E) = PE and z’{H( FE) = QFE. Since there is a G-homotopy between iy and
11, Theorem 2.23 implies that PE = QF.

Proposition 3.14. Let X be a G-space, such that gr = x, for all (g,z) € G x X. Then,
there is a ring isomorphism:

d: KYX)® R(G) = Ka(X),
where R(G) .= KS({pt}).
Proof. Let p : X — {pt} denote the map defined by p(x) = pt. We define the map & :
K&(X) x R(G) — K®(X), by
cD((Mpt_N JO(EL—E_)) == (p"Mpy—p" Npt)®(Ey—E_) = (Mx@ELONx®QE_)—(Nx®E, &@MxQFE_).

The group action on Mx ® E is defined by g(m ® v) = (¢gm) ® v and is defined similarly on
Nx® FE_, Ny ® £, and Mx ® E_. Notice that ® is a bilinear map, which implies that P
induces a map ® : K5(X) ® R(G) — K®(X). We show that this map is an isomorphism
by constructing an inverse. To construct this inverse, we first need to define some other maps.

Let p: E — X be a G-vector bundle over X. we can define the map P : £ — FE, by
P(e) = [ (gv)dg
G

Notice that P is continuous and P|g, is linear for all x € X. We now show that P is a
G-map. Let h € G, then

hP(v) = h /G gudg = /G (hg) vdg = /G gudg = /G (gh)vdg = /G g(hv)dg = P(hv).  (3.1)
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Since for all h € G, we have hP(v) = P(v), it follows that

P(P()) = /G gP(v)dg = /G P(v)dg = P(v).

Lemma 3.11 now implies that PE := ImP is a G-vector bundle. In Equation 3.1 we showed
that gP(v) = P(v). Therefore, the G-action on PF is trivial. Since the action of G on X is
also trivial, we can view PE as an element of K¢(X). Let ¥y, : K5(X) — K®(X) be the
ring homomorphism defined by ¥, (E; — E_) = PHom(Mx, F,) — PHom(Mx, E_), where
M is a G-module.

With this notation, we are finally ready to define the inverse ¢ : K& — K¢(X) ® R(G)
by

p(BEy—E)= > My Uy(E—E).
Me[G]

Notice that ¢ is a ring homomorphism. We now show that ® o ¢ = id. Notice that

Cop(Ey —E_)= @ Mx® PHom(My,E.) — @ My @ PHom(My, E_).

Me[G] Me[G]

We will show that
E, =~ P My ® PHom(My, E.) =: F.
Me[G]
Let z € X. Then
F,= @ M ® PHom(M, (E.)),.
Me[G]

Notice that f € PHom(My, (E})), implies that f : M — E, is a map such that ljo fol,-1 =
f and thus that f is an equivariant map between representations of G. Since (Ey), is a
finite dimensional representation of GG, Proposition A.28 implies that there exists irreducible
representations (aq, M), ..., (a,, M), such that (E})xy = @, M;. Lemma A.31 now
implies that

Fx = B M @ Hom(M, é M;)

Me[G] i=1
~ B @ M @ Hom(M, M;)
Me[G] i=1

>~ P M; ® Hom(M;, M;)

i=1

= @MZ ®c C
=1

Ny
i=1

=F,.
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Chasing through all the identifications, we see that the isomorphism F, — F, is given by
(m® f) — f(m). Notice however that this isomorphism is the restriction of the morphism

of G-vector bundles h : F' — E, defined by h(m ® f) = f(m), to F,. Therefore, the map h
is a morphism of vector bundles, which is fiberwise an isomorphism and thus an isomorphism.

We now show that ¢ o ® = id. Let (M}, — Npt) ® (Ey, E_) € R(G) ® K(X). Then
po®(Qp — Np) ® (B4, E_)) = > My @ PHom(Myx,Qx ® E, ® Nx @ E_))

MEe[G]

~ 3" My ® PHom(My, (Nx ® E; ® Qx ® E_)).
Me[G)

Since
PHom(Mx,Qx ® E, ® Nx ® E_) = PHom(Mx,Qx ® E.) ® PHom(Mx,Nx ® E_),

to show that ¢ o @ is an isomorphism, it is sufficient to show that
> My ® PHom(Mx,Qx ® Ey) = Qu ® E,
Me[G]

the proof for the other terms is then similar and we obtain

@0 O((Qpt — Npt) @ (B, E-)) = (Qpt ® Ef + Ny ® E_) — (Npy ® B 4 Qpy ® EL)
= (Qp — Np) ® (B — E_).

We first show that the map p: PHom(My,Qx) ® F;y — PHom(Myx,Qx ® E.) given
by
pAv)=A,:m—>Am v

is an isomorphism. Notice that u is a G-vector bundle morphism and p is injective. We now
show that p is surjective. Let B € PHom(My,Qx ® E,), and let m € M. We have

B(m) = inz ® vy,
i=1

where vy, ..., v, is a basis of E,. Because B € PHom(Mx,Q ® E.),, we have

n

Blgm) = gB(m) = gy _mi © v = > _(gni) 9 v,

i=1
for all g € G. Let for all 2 € I, let

B; :==id®pr, o B: M —  ® Span(v;) = Q.
Then, by construction:

i=1

Therefore,
PHom(My,Qx ® Ey) = PHom(Mx,Qx) ® E,.

26



In Proposition A.28, we showed that M = @le M., where M), are irreducible representa-
tions. Lemma A.31 now implies that

> My ® PHom(Myx,Qx ® Ey) = > M, ® PHom(My,Qx) ® E.
Me[G] MEe[G]

= > Mu®( @Pﬂom (Mx, (M;)x) @ E.)
Me[G]
k

= (M) ® (PHom((M;)x, (M;)x)) ® E4)

i=1

_Z pt®(cX®E+)

- Z pt ® E+
k
= (EB(Mi)pt) ® Ly
i=1
= th ® E+7

which proves the theorem. O]

We now give an example to show how this proposition can be used to compute the group
Kg(X) for a G-space X.

Example 3.15. We will show how to compute K, (5?), where the action on S? is such that
gr =z for all (g,7) € S* x X. In section 7, we will show that K¢(S?) = Z. We now need
to determine R(S'). The irreducible representations of S* are given by the maps 7, : St —
C — {0} = Aut(C), defined by ~,(e??) = ()" for n € Z. Let M, := {®F v, | k € N}u {0}
and notice that the direct sum gives M,, the structure of a mon01d isomorphic to Ny. Since
every representation is isomorphic to the direct sum of irreducible representations, every
isomorphism class of £5({pt}) corresponds to an element of

M = BrezMy, = SrezNo.
Therefore, the group KG({pt}) isomorphic to the group

Ke({pt}) = @rerl. (3.2)

We now determine the ringstructure of KS({pt}). If k,l € Z, then the representation v ®;
on C ® C is isomorphic to the representation 44, on C. It follows that 7, = (71)*. Since in
Equation 3.2, the representations v, 7, and 7; correspond to the elements (k, 1), ({,1) and
(1,1), we must have (k,j) ® (I,7) = (k+1,i-j) on GrezZ. Notice that this implies that the

elements (1,1) and (—1,1) generate the ring GrezZ. Therefore, we have
1
KE({pt) = 21X, .

with the relation X - % = 1. The element X corresponds to the element (1,1) of ®;czZ and
thus to the representation ;.
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To further study the groups/rings K¢(X), we will define the reduced groups Kg(X).
Definition 3.16. Let X be a compact G-space. Then, for K= C or R we define
RE(X) = {[B) | F < €5}/ ~,
Where [E] ~' [F] if there exists G-modules M and N, such that
E® Mx = F® Ny.
We will often denote an element of Kg by [E].
Lemma 3.17. The sum [E] @ [F] = [E @ F] give Ko(X) the structure of an abelian group.

Proof. We will only prove that that there is an identity element and that every element has
an inverse, the other properties follow almost directly from the definition of the sum. The
identity element of the group 0, is the vector bundle X x {0}, where {0} is viewed as a zero
dimensional vector space. Notice that for all £ € E5(X), we have

0+E=E~E+0,

which implies that 0 is the identity.
Let £ € E5(X). We will construct the inverse of E. In Theorem 2.31, it is shown that there
exists a G-vector bundle E+ and a G-module M, such that £ @ E+ = My = My. This

implies that
E®E-®0~06 My,

and thus that [E ® E+]. = [0].. O
As before, the map X — K¢(X) can be viewed as functor Top, — Ab, where Kg(f)(E) =

J*E, for a G-map f:Y — X.
The functors K and K¢ have the following useful property:

Proposition 3.18. Let X and Y be G-spaces and let f,g:Y — X be G-maps. Then,

(i) If f and g are G-homotopic, then f* = g*, viewed as maps Kq(X) — Kg(Y) or

Ka(X) = Ke(Y).

(i) If f is a G-homotopy equivalence, then Kg(X) = Kg(Y) and Kq(X) =2 Kg(Y)
Proof. We will prove the statement for K¢, the proof for K¢ is similar. We first prove
(i). Let B, — E_ € Kg(X). Since f and g are G-homotopic, Theorem 2.23 implies that
ffEL = g*EL. Therefore,

f(Ey —E.)=fFE, - fE. =¢FE,—¢gE =g (E, - E_).

We now show (ii). Since f is a G-homotopy equivalence, there exists a map h : X — Y,
such that foh and ho f are G-homotopic to the identity. Part (i) of our lemma now implies

that
ffoh*=(ho f)" = (id)* = id,
viewed as a map from Ks(Y) to Kg(Y), and
h*o f*=(foh) = (id)* =id,
viewed as a map from Kg(X) to Kg(X). Thus, the map f* : Kg(X) — Kg(Y) is an

isomorphism, which proves the proposition. O
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As the notation might suggest, the group K¢ (X) is closely related to the group Kg(X).

Proposition 3.19. Let X be a compact G-space and xo € X a point such that gxg = ¢ for
all g € G. The following sequence is a split short exact sequence of abelian groups:

0 — Ka(pt) 7= Kg(X) —— Kg(X) —— 0 ,

where p : X — {pt} is the projection, i : {pt} — X defined by i(x) = xq and 71(E—Myx) = E.

Proof. We first show that 7 is well defined. Let £, —FE_ € Kg(X). In Lemma 3.8 we showed
that there exists a G-vector bundle ' and an G-module M, such that £y, — E_ = F — My.
Assume that we also have that E, — E_ = F' — MY%. Then, we have F' — My = F' — M}
and Lemma 3.4 implies that there exists a G-module N, such that

Fo(My® Nx) = F' @ (Mx @ Nx).

Thus, [F]. = [F']~ and 7 is well defined.
We now show that the sequence is exact. Notice that since i*p* = (poi)* = (id)* = id, it
follows that p* is injective. Also notice that since 7(E) = [E]./, the map 7 is surjective. We
now show that Im(P) = Ker(7). We have

T(p"(Mpy — Nyt) = 7(Mx — Nx) = [Mx].

Because Mx &0 = 0 My, it follows that [Mx]|., = 0 and Im(P) C Ker(7). We now prove
that Ker(7) C Im(w). Let £, — Mx € Ker(m). Then there exists G-modules N and N’,
such that Ey @ N = N’. This implies that £y = N% — Nx and

Ey— My = (Nx = Nx) = My = Nx — (N ® Mx) = p"(Np — (Npt © M)

Thus, we have E, — Mx € Im(p*). Since i* o p* = id, the sequence is a split short exact
sequence. O

Let X be a compact G-space. We will denote the one-point compactification of X by X T
and we will denote the point that is added to X by pt. Notice that if we endow X with
the G-action gxr = g if x € X and gpt = pt, the space Xt is a G-space. Also notice that
since X is compact, we have X = X [[{pt}. With this notation, we can state the following
important consequence of this proposition:

Theorem 3.20. Let X be a compact G-space. Then,
Ko(XH) = Ko(X),
as abelian groups.

Proof. First, notice that K¢(X) ® K%(pt) & K%(X*), where the isomorphism is given by

O(Ey — E_, My — Ny) = (B [[ My — E_T] Noo),
with B [[ Mp|x := Ey and EL [] Mpt|pt := Mpt. Let i : Ka(pt) = Ka(pt) @ Ka(X) be

the map defined by
ipt (Mpy — Npt) := (Mpy — Nig, 0)
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and let m: Kg(pt) @ Kg(X) — Kg(X) be the map defined by
Tx((Mp — Npt), (Ex — E_)) := EL & Nx — ExMx.
This yields following the exact sequence:

Doppt

0 —— Ka(pt) Ka(X) 2225 Ko(X) —— 0

Let i : {pt} — X denote the inclusion. We have

Z*(¢ © Z'pt(*]wpt - N)pt) = i*(OHMpt - OHNpt) = Mpt - Npt-

Therefore, the sequence above is a split short exact sequence exact sequence. It follows that
Kg(X) = Ker(i*). Applying Proposition 3.19 to X, with xy = pt, we see that the sequence

0 — Ka(pt) 7= Ka(X+) — Kg(X+) — 0,

is also split short exact sequence. Thus, we also have Kg(X 1) = Ker(i*) and
Kao(X1) = Kg(X).
O]

Remark 3.21. The following notation will be useful to describe G-vector bundles over X .
If X and Y are compact G-spaces and f : Y — X is a G-map, then f induces a G-map
f:XT = YT which is given by f(z) = f(x) if x € X and f(pt) = pt. We will usually
denote this map by f. If F is a G-vector bundle over X, we will also use the notation E for
the bundle E' [0, over X

It might not be clear why it would be useful to look at the groups K(XT). It will turn
out that the groups Kg(X) can be used to construct an exact sequence which will be of vital
importance for the development of the theory.

To construct this exact sequence, we must first introduce some notation. Let X be a G-
space, and xg € X, such that gzg = x, for all ¢ € G. The reduced cone over X is defined
by

CX =X x1I/({xo} x[0,1]U{1} x X).

The reduced suspension of X is denoted by
YX =X xI/({xo} x[0,1]U{1,0} x X).

Notice that CX and ¥X are G-spaces, where the action on an element [(x,t)] is given by

gl(z, t)] = [(gz,1)].
Lastly, if X, Z,, Z, are G-spaces and 7; : X — Z; and iy : X — Z5 is an inclusion which is

also a G-map, then
212 =21] 2/~
X

where 7 (x) ~ i5(x) for all z € X. Notice that XX = CX [[ CX, where we identify (z,0)
with(z,0) for all z € X. The isomorphism is given by the map ® : CX [[yCX — XX
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defined by

(z,5+1%) (x,t) is an element of the first cone
O[(x,1)] = if .
(z,5—1%) (x,t) is an element of the second cone

With this notation, we are ready to state the following Lemma:

Lemma 3.22. Let X be a G-space, A a closed G-invariant subspace and xo € A C X, such
that grg = xo for all g € G. Let X [[,CA be defined by a ~ (a,0), for all a € A and let
ia: A= X and iy : X — X[, CA denote the inclusion. Then, the following sequence is
exact:

Ra(X 1, CA) — Ke(X) —2 Ke(A) . (3.3)

Proof. We first show that Im(:%) C Ker(i%). Notice that ¥ o t% = (ix 0i4)*, where ix oia
is the inclusion of A into X [[,CA. Let H : A x [0,1] = X [[4, CA be the map defined by
H(a,t) = (a,t). Then H is a G-homotopy, such that Hy = ix ois and H;(a) = [(zo, 1)] for
all a € A. Therefore, Theorem 2.23 and example 2.16 imply that

(’LX OiA)*E = (Hl)*E = MA

and

[(ix 0i4) E) = [Ma]wr = 0.

We now show that Ker(:i*) C Im(i%). Assume that [E]., € Ker(i%). Then [E|4] = 0 and
there exists G-modules M and N such that E|s® Ny = M4. Let & : E|4® Ny — M4 be an
isomorphism. Because CAUX = X [[,CA and X NCA = A, which is a closed G-subspace
of A. Theorem 2.29 implies that

(E® Nx)Usp Mca
is a G-vector bundle over X [[, C'A. Since i% ((E@® Mx)Ug Nca) = E @ My, it follows that
[i%((E® Mx) Up Nealw = [E® Mx|w = [E]..
O

Remark 3.23. If X, and Y; are compact G-spaces, Xo C X; and Yo C Yy and f: Y] — X,
is a map such that f(Yz) C Xy, then f induces a G-map f : Y1 ][y, CY2 — X; ][y, CXo,

defined by f(y) = f(y) if z € Y1 and f(y,t) = (f(y),t) if (y,t) € CYs. Notice that this map

makes the following diagram commutes:

5k
ZY2 ~

Ke(Vi 11y, CYz) —— Ka(Y1) —2 Ka(Ya)
f.*)I\ f* f*
Ke(Xi [y, CXo) I Ka(Xh) —2 Ka(Xo)

We will often denote the map f by f and write f as f : (V,Ys) — (X1, X2) to emphasize
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We can iterate this process from the lemma to extend the exact sequence. If in the
lemma above, we replace A, X and X [[,CA by X, X[[,CA and (X][,Ca) ][y Cx =
CX ][], Ca, we obtain the exact sequence

Ko(CX[[,CA) —— Ka(X],Ca) —— Ka(X) . (3.4)
If we repeat this process and now attach on CX [[, CA a cone along X [[, C'A, we get
CxJJca I cx]Jca=@ex][ca [ cx]Jcca=cx]Jex]]cca
A X[[,CA A A X[, CA CA X CcA

and the following exact sequence:
Ko(CX[[x(CX][p,CCA)) —— Ko(CX][,CA) —— Ko(X[[,CA) . (3.5)

The following lemma shows why this sequence makes sense:

Lemma 3.24. Let X and A be as above. We have
Ka(TA) = Kq(CX [ CA),
A

and
Ko(zX) = Ke(CX [[(cXx [ cca).
X cA
Proof. We will prove that Kg(XA) 2 Kq(CX [[,CA), the proof of the other statement is
similar. Notice that it, by Proposition 3.18, is sufficient to show that ¥ A is G-homotopy
equivalent to CX [[(CX ][], CA). We claim that the inclusion i : ¥A = CAJ[,CA —
CX ][4 CAis a G-homotopy equivalence. Let p: CX ][, CA — XA be the map defined by

x,0) if [(z,t cX
p([(z,1)]) = {[[((a,t))]] if [[((x,t))]]iCA

We have

' z,0)] if te[0,3
poilz,t]) = {[:p[,(Zt —)]1] if ti%,ﬁ'

The homotopy H : XA x I — ¥ A, defined by
1
H((z,t),s) = ([(=,

1—

1
= 39
where we have the convention that ([z,t]) = [(z,0)] if ¢ < 0, gives the G-homotopy between
id and p o 1.
Notice that the G-homotopy

F:CxX[[cAxT—CX]]CA,
A A

defined by
B [(z,t+ s] if [(z,t)] e CX
F(lz,t),s) = {[x, A+ 8)(t)— s if [(2.0)] €CA
where we have the convention that [(x,¢)] = ([z,1)] if ¢ > 1 and ([a, —t]) = ([a,t]) € CX,isa
G-homotopy between iop and ¢d. Therefore, the inclusion ¢ is a G-homotopy equivalence. []
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We are now ready to construct the exact sequence:

Theorem 3.25. Let X be a G-space, A C X a G-invariant subspace and and xo € A, such
that grg = xo for all g € G. The following sequence is exact:

Ra(2X) -2 Ra(BA4) —— Ko(X[,CA) X Ko(X) —25 Ko(X) . (3.6)
Consider the diagram:

CA[[,CA ——— CX][,CA

T

CX[[xCX — (CX[4(CX [[o4 CCA)

where every map is the inclusion. Let i : CA[[,CA = CX [[((CX [[o4 CCA denote the
composition of maps in the upper half of the diagram and j the composition of maps of the
lower half of the diagram. We will show that ¢ and j are G-homotopic.

Notice that the maps ¢ and j coincide on the first copy of C'’A. On the second copy of C'A,
the map ¢ maps into CC'A via the map

i(z,t) = ((x,1),0)
and 7 maps into CC'A via the map
j(l‘, t) - ((l’, 0)7t)'

These map are homotopic relative to X via the homotopy

H(((2,5),1),6) = (2. \/1 + tan?(£(0)) <§f§%$§ _Sm@?)) (j))

cos(5¢

where f(¢) := F¢ if t < 0.5 and f(¢) := 5(1—¢) if t > 0.5. Therefore, the maps 7 and j are

G-homotopic. Proposition 3.18 now implies that the following diagram, induced by equation
3.7, commutes:

Ke(CX[[x(CX][p4CCA) —— Ko(CX][,CX)

N

Ko(CX][,CA) ————— Kq(CAT],CA).

Also notice that, by Lemma 3.24 the horizontal arrows are isomorphisms. Combining this
with Equation 3.3 ; Equation 3.4 and Equation 3.5, we obtain the desired exact sequence:

Ra(2X) 2% Ko(BA) —— Ko(X [, CA) —X Ko(X) —4 Ka(X) .

This theorem motivates the following definitions:
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Definition 3.26. Let X, A and xq be as above, then for all n € Ny we define:

K;"(X) := K(Z"X)

and
KG"(X, A) = Ke(3"X [] cxA).
nnA
Definition 3.27. Let X be a compact G-space and A C X a closed G-invariant subset. For
all n € Ny, we define: )
Kg"(X) = Kg"(XY)

and

K;"(X,A) = K;"(XH,A™).
Remark 3.28. Notice that Theorem 3.20 implies that Kg(X) = Kg(X) as a group.

Remark 3.29. Using Equation 3.6, we obtain the exact sequence

—— KX A) —— KTV —— KT (A) —— KM X A) ——

S ——— K%(X,A) ———— K%(X) ———— K2(A).

and a similar one for the K~ groups

~ We will end this section by giving another interpretation of the group Kg(X,A) and
Kg(X,A). Let X and A be defined as before. Notice that the space X/A := X/ ~, where
x~yifr=yorazye Aisa G-space. Let m: X — X/A denote the projection. Then, we
have

Proposition 3.30. Let X be a G-space, A a closed G-invariant subset. If A is G-contractible,
then the map ™ : Kg(X/A) — Kg(X) is an isomorphism.

Proof. We will prove the proposition by constructing an inverse i. Let E € E5(X). Because
A is G-contractible, it follows that there exists a G-module M and an isomorphism f : F|4 —
A x M. In Lemma 2.27, we showed that there exists an open G-invariant set A C U, such
that f extends to an isomorphism f : E|y — U x M. We now define the G-vector bundle i( F)
as follows: i(F) := E/ ~, where v ~ w if v = w or v,w € E|A and pr,,(f(v)) = pry, (f(w)).
Let 7’ : E — i(E) denote the projection. Notice that the G-action on E induces a G-action
on i(E). Let ¢ : i(E) — X/A denote the projection defined by ¢([v]) = [p(v)]. To show that
q:i(E) — X/Ais a G-vector bundle, we will prove that the G-vector bundle is locally trivial
and leave the verification of the other properties to the reader. First assume that =z € X/
A—n(A). Let (U, ¥) be alocal trivialisation of F, with € U, then (UN(X —A), V|yn(x—a))
is a local trivialisation of i(F), with x € U N (X — A).

Now assume that z € A. Let f : E |y = U x M the isomorphism we defined before. Notice
that 7’ o f is constant on the fibers of 7’. This implies that there exists a unique continuous
map g : {(E)|~w) = 7(U) x M such that go 7’ = 7" o f. The pair (7(U), g) is the desired
local trivialisation around x. 3

The map ¢ induces a map i : Kg(X) — Kg(X/A) by i(E — F) =i(E) —i(F). Notice that
i is well defined. By construction, we have i7*E = E and 7*i(E) = E, which implies that 7
is the inverse of 7* and 7* : Kg(X/A) — Kg(X) is an isomorphism. O
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Remark 3.31. A direct consequence of this theorem is that, because C'A and C(A™) are

G-contractible, we have 3 3
Kg(X,A) 2 Kg(X/A)

and

Ko(X, A) = Ko(X*JAY) = Ko(X/A).

In the next sections, we will develop the theory further, to eventually show that the groups
K;"(X) are periodic:
(K&)™™(X) = (Kg) ™" *(X)
and
(K&) ™ (X) = (Kg) ™" ™(X).

To show this, we will first look at the group K (X) from the perspective of Banach categories,
then introduce Clifford algebras and show that they are in a certain sense periodic. After
his, we will link these algebras to the groups K~"(X) to prove that the groups K;"(X) are
periodic.

35



4 Banach categories

To view equivariant K-theory from a more general perspective, we will introduce Banach cat-
egories and pseudo abelian categories. We will show that the category of G-vector bundles
is a Banach category. This section is based on [3] and the definitions found on [5], [7] and [6].

We will start with a definition:
Definition 4.1. Let C be a locally small category. We call C an additive category if
(i) For each object C,C" € C the set Home(C, C”) has the structure of an abelian group.

(i1) For each object C,C",C" € C, the composition o : Home(C,C") x Home(C',C") —
Home(C, C") is bilinear.

(i1i) The category C has finite products and co-products.

Remark 4.2. Since Hom¢(C, (") is an abelian group, it contains a morphism O¢ ¢, which
is the identity of the group. Since composition is bilinear, we have

00/70// O f = OC’,C” O f —I— 00/70// (o] f —f— (—00170// (o] f)
= (00/701/ + OC/’CH) (@] f + (_OC/,C” (@] f)
= Ocrono [+ (=0crcro f)=0ccn
for all f € Home(C, C") and similarly we have g o 0¢,cv = O¢ ¢ for all g € Home(C', C").
Example 4.3. The category of vector spaces over C is an example of an additive category.

We start with proving some basic properties of additive categories:

Lemma 4.4. Let C be an additive category and let A, CY, ..., C, be objects of C. Let f;, g; :
A — C; be morphisms for 1 <i <mn. Let (fi,...,f,): A— [, Ci denote the unique map
with the property that p; o (fi,..., fa) = fi, where p; : [[[_, C* — C" denotes the projection.
Then,

(fla"'afn) + (917"'7971) = (fl +gla7fn+gn)

Proof. Since composition of functions is bilinear, we have
pio((fi, s fu) + (9152 90)) =pio (froooo s fn) £ Pi0o (91, 90) = fi + gs.
for all 1 <17 < n, which proves the lemma. O
Lemma 4.5. Let [, C; be the product from the previous lemma. Let
ic, = (0c,cns- -5 00,0, 1, de;, 0c,,000vs - -5 0c,0,0)

We have

n

id, o = ) _ic, o pi

=1
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Proof. Notice that by definition, we have

Dj Ol = { idCi] it o= (4.1)
This implies that
pj(Z ic,op;) = Z(Pj oic,)op; =idc; o pj + ZOC,-,CJ- op; =p; +0=pj,
i=1 i=1 i#j

for all 1 < j < n. The fundamental property of the product now implies that

ZiCi Op; = (pla"'vpn)‘

=1

Since p; o id = p; for all 1 < j <n, we also have id = (py,...,p,), which proves the lemma.
]

We can use these lemmas to show that abelian categories have the following useful popery.
The proof is based on the proof proposition 2.1 from [5].

Proposition 4.6. Let C be an additive category and let C, ..., C, be objects of C. Then

Proof. To show that the product and co-product are isomorphic, it is sufficient to show that
the product has the fundamental property of the co-product. We first consider the case
n = 0. In this case our diagram is empty and we have to show that a terminal object also
is an initial object. Let C' denote an terminal object. Then by definition, there is a unique
morphism f : C'— C. Since O¢ ¢, idc € Home(C, C'), it follows that f = 0c ¢ = idc. Let C'
be an object of C' and g € Hom¢(C, C"). Remark 4.2 implies that

g=goidc=go0cc=0ccr.

Therefore, we have Hom¢(C, C") = {0¢ v} and C is an initial object.

We now consider the case where the diagram is not empty. Let p; : [[[_, C* — C; denote
the projection and let i, be defined as in the lemma above. We show that [T, Ci, where
the inclusions are given by the maps ic, : C; — [[;_; C; for 1 < j < n is a co-product. Let
A€ Candlet f; : C; - A be morphisms in C. We claim that the map g := > | fiop; is
the unique map with the property that goic, = f; for all 1 < j < n. We first show that g
indeed has this property. Equation 4.1 and Remark 4.2 imply that

gOZC —Zfz OZC ’Oidj_’_ZinOCj,Ci:fj
i#]
We now show that g is unique. Assume that h : [[;, C; — A also satisfies h o ic, = f;.
Lemma 4.1 implies that

n

h:hoid:ho(iiaopi):Z(hoic Opz Zfzopz_g

i=1 i=1
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Therefore,

i]@zfiﬁ.
=1 =1

O

Remark 4.7. In the proof of Proposition 4.6, we did not use that C has co-products. The
proposition shows that a category C is already a additive category if it satisfies (z) and (i7)
of Definition 4.1 and has finite products.

Remark 4.8. If i% : C; — [1;_, C; is the inclusion. Then the isomorphism of the previous
proposition can be described explicitly by the map @ : [, C; — [[, C, defined by
i%o0d =ig,.
This Lemma shows that every finite product in an additive category C also has the struc-
ture of a co-product and every finite co-product also has the structure of a product. We

will therefore no longer distinguish between them and will write the product/co-product of
object C4,...C, of C by @, C.

Remark 4.9. Let C be an additive category and Cj, D; be objects in C for 1 < ¢ < n and
1<j<k Let f:®",C; — @®F D, be morphisms in C. Lemma 4.5 implies that

k n
f=ido foid= ZZiDipDifiijCj'

i=1 j=1

If we let f;; := pp, fic, € Home(Cj, D;), then we can write f as the matrix:

fir o fin

fea o frm

We can recover f from this matrix via the formula

k n
f= Z Z ip, fi,jpc;-

i=1 j=1

Notice that this matrix is unique, because if the is a matrix (f;;)1<i<k1<j<) such that

k n
f = Z Z iDifi/,ijjJ

i=1 j=1

then
k n

k n
fp,q = pr o (Z ZZleZ,ijJ> © iq = pr o (Z ZZDZfz/,]pC]) © iq = fz/,]

i=1 j=1 i=1 j=1
If g: ', B; — ®"_,C; is also a morphism, then these matrices have the property that
Jir o fin qgia - g1

fog= : : : :
fk,l fk,n gn,l gn,l
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This is true because Equation 4.1 implies that
(fog)pq = pp,foidoido gip,

n n
=3 pp, fic, o (pesic,) © pe,gic,

i=1 j=1

= Z(prf ic,pc;) © (ic,pe,gic, )
=1

= Db, (Z Jpibiq)ic,-
=1

If Ay and hy are morphisms in C, we wil often use the notation h; @ hy to denote the

matrix
hi O
0 ho/°

As the @ notation might suggest, the sum @ of G-vector bundles can be viewed as the
product of those bundles in a certain additive category.

Proposition 4.10. Let E5(X) be the set of G-vector bundles over a compact G-space X.
The category E&(X), where the objects are G-vector bundles and the morphism are G-vector
bundle morphism (as defined in Definition 2.6), is an additive category.

Proof. Let p: F — X and ¢ : FF — X be G-vector bundles. If f,g € Homgg(x)(E, F), then
the sum (f+g¢)(x) := f(x)+g(z) gives the set Homg(F, F') the structure of an abelian group
such that the composition of maps is bilinear. We now show that E%(X) has finite products.
First, notice that the G-vector bundle X x 0 is a terminal object. Now let p; : E; — X be
G-vector bundles for 1 < i < n. We claim that the bundle ¢ : E; & ... ® E,, — X, with the
projection m; : By @ ... ® E, — E;, defined by p;(vy,vs,...,v,) = v;, is the product of these
vector bundles. To prove the claim, we check the fundamental property of the product. Let
¢ : A — X be a G-vector bundle and let f; : A — FE; be G-vector bundle morphism for
1<i<n Themap f: A— E1® ... 3 E,, defined by f(v) = (fi(v),..., fu(v)) is the
unique G-vector bundle morphism with the property that p; o f = f;. Hence E1 @& ... ® FE,
is indeed the product of the G-vector bundles. Therefore, the categoy Ex(X) is an additive
category. L]

In the proposition above, the set Homgg(X)(E.F ) has more structure then an abelian

group; it is a K vector space. This motivates the definition of a Banach category (Definition
2.1 on page 59 of [3]):

Definition 4.11. Let K = C or R. Let C be a category. We call C a Banach category if C is
an additive category, such that for all object C,C" of C, the set Home(C, C") has the structure
of a Banach space over K, such that the composition map o is bilinear and continuous.

Proposition 4.12. The category Ex(X) is a Banach category.

Proof. Let p: E — X and ¢ : F — X be G-vector bundles. We want to give Homgg(X)(E, F)
the structure of a Banach space. Let ug and pupr be invariant metrics on £ and F'. For each
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r € X andvg € E, and vy € F,, welet ||vg|g = \/pe(re, 2p) and ||vp||p =/ pr(zr, 2F).
We now define the norm || - | on Homgx (X, Y’) by

[All == sup ([[Av]|F).
veFE
vl =1

It is clear from the definition that if | A|| < oo for all A € Homgx x)(E, F), then [|[| is a norm.
We show that ||A]| < co. Since ||Av||r = (v/- o iy 0 Ap o A)(v), where Ap(vy) := (v, vy), it
follows that

Al = SU]D(\/T ogroApo A|(,quAE)*1(1))-
Since (gg o Ag)~'(1) is a closed subset of a compact space, it is compact. Therefore, the
map /- 0 fty © Ap 0 Al(upony)-1(1) attains its maximum and ||A]| < oo.
We now show that (Homgx x)(E, F), || - [[) is complete.
Let {A;}ien be a Cauchy sequence. Let x € X and

[Aille := sup  ([|Av]|r).

UGE.Z7||U||E:1

We have ||A; — A;]|. < ||A; — A;||. Therefore, The sequence {4;|g, }ien is a Cauchy sequence
in Homyp;, (E,, F;) (the set of linear maps from F, — F,) with the operator norm. Since this
is a Banach space, there is a unique A, € Homyp;,(E,, F,), such that lim, ., A;|. = A,. We
define A: E — F by A|g, = A,. We show that A is a G-map. Notice that for all x € X, we
have

lg o) Az'Em o) lgfl == Az|Ex

Therefore,

hm lg o) AZ|EI o) lgfl — A1|Ez = hm 0=0
1—00 i—>00

and
4, = zlggo Ailp, = ZILI?O lgo Ailg, o lg-1 = lgAglg-1.

Thus, we have [;A = Al,. We leave it to the reader to check that A is indeed continuous.
Therefore, The map A is a morphism of G-vector bundles. We now show that we indeed
have lim,,_,,, A; = A. Let € > 0. Since A; is a Cauchy sequence, there is a N € N, such that
for all ¢,j > N, we have ||4; — A;|| < e. Let i > n. For each x € X, there exists a i, > 1,
such that ||4;, — All. < e. Therefore,

A = Ail| = sup A — Ajf[, =< sup([|[A — Ay, || + [|Ai, — Ail]) < sup2e = 2¢
zeX rzeX

zeX

and limy, o A; = A. Thus (Homgx x)(E, F), || - ||) is a Banach space.
We now show that the composition map

o+ Homgx x) (£, F) x Homgx x)(F, F') — Homgx x)(E, F')
is continuous. Let A € Homex x)(E, F') and B € Homgs x(F, F”). Notice that for all v € F),
with gr(v,v) # 0, we have
v

|1Bo| = [|1B
[v]| 7

ol < 1Bl e
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Therefore, ||Bv|| < ||B||||v|. This implies that
[BA|| = sup  ([[BAv[lp) < sup  |B[[[[Av]| =Bl sup [[Av]| =|B[[A],

veE, [[v]p=1 veE, [jv]lp=1 veE, [lv]p=1

which implies that the composition is continuous. Thus, the category £5(X) is a Banach
category. O

Remark 4.13. In our definition of the Banach structure on Homgx x)(E, F), we defined
the Banach structure using the metric ug and pup. It is at first not clear what happens to
the Banach structure if we choose other metrics py and ). Let ||.||” denote the norm on
Homgx xy(E, F) induced by 5 and pf. We show that the map

tdo-: (Homgg(x)(E, E) ) — (Homgg(x)(Ea ) -1

is an isomorphism. First notice that id o - is bijective and linear. We show that id o - is
continuous. In the proof of the proposition above, we showed that |[id o Al < |lid||[|A]],
which implies that id o - is bounded and thus continuous. Notice that

oid : (Homgg(X)(Ea ) -1 — (Homsg(X)(EvF% 1)

is the inverse of id o - and ||A oid|| < ||A||||id||, which implies that id o - is continuous.
Therefore, id o - is an isomorphism.

Thus the choice of metric on the G-vector bundles does not matter in the sense that a
different choice of metrics will give an isomorphic Banach space.

The Banach structure on Homg, x)(£, F') has the following useful property:

Proposition 4.14. There is a bijection between paths in Home,x)(E, F') and homotopies
between G-vector bundle morphism.

Proof. First, Let H : [0,1] — Homg,(x) be a path in Homg,(x)(E, F). We claim that the
map H : E x [0,1] — F defined by H(z,t) = H(t)(z) is a homotopy between H, and
H, though G-vector bundle morphism. This is the case if H is continuous. Let z € X
and let (U, V) and (U, VUp) be local trivialisations of E and F, such that U is a compact
neighbourhood of x and let v € E,. Let ug and py be the metrics which induce the norm
on Homg,(x). In the local trivialisation U x R", we have

[Prsn H (£) (0) — prn H () (w) || < |[prn H (¢)(v) — praH (1) (w)]
+ [[pran H (t) (w) — pre« H (s)(w)].

Since H(t) is a G-vector bundle morphism, there exists an open neighbourhood of U; C
U x R" of v such that if w € Uy, then ||prg. H(t)(v) — prr. H(t)(w)|| < €. We may assume
that there exists an N € N, such that U; C U x B(0, N). Remark 4.13 implies that we may
assume that pp|yxre and pp|yxrm are the Euclidean metric. Therefore, we have

[PrRn H () (w) — pria H (s)(w)|| < |[H(#) = H(s)]|[[w]-

Since H is continuous, there exists an open neighbourhood I of ¢ such that if s € I, then
|H(t) — H(s)|| < . Therefore, if (w,s) € Uy x Iy, then

[Pt H () (v) — pry. H(s)(w)]| < 2.
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Therefore, the map pry; o H | Bl x[01] and prgs o H | £ x[0,1] are continuous, which implies
that H | Elyx[0,1) 18 continuous and thus that H is continuous.
Now let H : E x [0,1] — F be a homotopy through G-vector bundle morphism. We
define the path H’ : [0,1] — Homg,(x)(E,F) by H'(t) = H(-,t). We show that H' is
continuous. Let ¢t € [0,1], z € X and let v € (gg o Ag)~!(1) and t € [0,1]. Since the map
h:[0,1] X (ug o Ag)~ (1) — R defined by

h(s> U) = \/uF(AF(H(U7 t) - H(U’ S)))v

is continuous, there exists open neighbourhoods U, of v in (g0 Ag)~'(1) and I, of ¢ in [0, 1]
such that U, x I, C h™'((—¢,¢€)). Since {U,}ve(gpony)-1(1) is an open cover of a compact
space, it has a finite sub cover U,,,...U,, . Let I =N} ,1;. Then, by construction, we have
that |H'(t) — H'(s)|| < 2¢if s € I, which implies that H’ is continuous. The operation ’ and
~are by construction each others inverse, which proves the proposition. ]

The set Homgg x)(E, E) has even more structure then just being a Banach space, it has
the structure of a Banach algebra, where the multiplication is given by composition.

Definition 4.15. A Banach algebra is a K-Banach space (V)| - ||), together with a multipli-
cation - : V. x V.=V such that

(i) The triple (V,+,-) is an associative K-algebra.
(11) For all Uyv € V, we have |Juv|] < ||lul|||v]|

Remark 4.16. The element ¢d : £ — FE has the property that v -id = id - v = v for all
v € V. The Banach algebra Homgg(x)(E, E) is thus a Banach algebra with unit.

Example 4.17. Because the set is Homgg(E , E) a Banach algebra, we can define the expo-
nential and logarithm on Homgx (E, E). The exponential for a v € Homgx (E, E) is defined

by
exp(v) :== Z T
k=0

where v° = id. For v € Homgx (E, E), with [[id — v[| <1, we can define the logarithm by

log(v) := Z (=)™ (v = Zd).

n
k=1

We leave it to the reader to check that both sums are indeed convergent. The exponential
function still has some of the properties from the exponential function on K. One can check
by writing out the power series that

exp(A1v) exp(Av) = exp((A1 + A2)v),

for all v € Homgk(x)(E, E) and A, A» € K. Notice that this implies that exp(v) exp(—v) =
exp(0) = id and hence that exp(v) € Autek(x)(E). Another property that caries over is

exp(log(v)) = v,

for all v € Homgx (E, E), with [[id — v|| < 1. Again, this can be shown by writing out the
power series.
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We have now seen examples of additive categories and Banach categories. These cate-
gories have more structure than a category and therefore the functors between them should
‘preserve’ this extra structure. This motivates the following definition, which is based on
Definition 1.1 of [6].

Definition 4.18. Let C and D be additive categories. A functor F : C — D is an additive
functor if:

(1) the functor maps initial objects to initial objects and terminal objects to terminal objects.
(ii) The functor F preserves finite products and co-products.

Remark 4.19. A functor F preserves finite products if for a product []_, X; with pro-
jections p; : [[_, X — Xj, we have F([]_, Xi) = [[, F(X;) and the projections on
F(IT, Xi)) are given by F(p;) : F([[=, Xi)) — F(X;). The definition for co-products is
similar.

This notion of morphism might seem the wrong notion of morphism, because we do not
require F' : Home(C,C") — Homp(F(C), F(C")) to be a group homomorphism. However,
the following proposition shows that an additive functor already has this property.

Proposition 4.20. Let C and D be additive categories and let C,C" be objects of C. Then
for each fy, fo € Home(C,C"), we have

F(fi+ f2) = F(f1) + F(f2).
Proof. Consider the following diagram:

C
id g id
i1 v D2
C p<:>1 cCoC Z—%> C
h
f1 f2
o

Where p; and ¢; are defined as before, the function g is defined as the unique function such
that p; o g = id and h is defied as the unique function such that h oi; = f;. Notice that
g =11+ 1y and h = f; o p; + fy 0 po. This implies that

hog= (fiopi+ faops)o (i1 +1i2) = f1 + fo
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If we apply F' to all objects and morphisms in this diagram, we obtain the following diagram:

F(C)
id F(g) id
F(i1) e F(p2)
F(C) F(C®0) /=2 = F(C) -
F(p1) F(i2)
F(f1) F) F(f2)
F(C")

Since F preserves limits, F'(g) is the unique map such that F(p;) o F/(g) = id. Therefore, we
have F'(g) = F(i1) + F(iy). Since F preserves co-products, the map F'(h) is the unique map
such that F'(h) o F(i;) = F(f;). This implies that F'(h) = F(f1) o F(p1) + F(f2) o F(p2).
Thus,

F(fitfs) = F(hog) = F(h)oF(g) = (F(f1)oF (p1)+F(f2)oF (p2))o(F (i1)+F(i2)) = F(f1)+F(f2),
which proves the proposition. O

There is also a notion of a morphism between Banach categories (The definition is based
on Definition 2.6 on page 60 of [3]):

Definition 4.21. Let C and D be Banach categories. We call a functor F' : C — D a Banach
functor if:

(i) The functor F is an additive functor.

(ii) For each C,C" € C, the map F : Hom¢(C,C') — Homp(F(C), F(C")) is linear and
continuous.

Example 4.22. Let X be a compact G-space and A C X an closed G-invariant subset. The
inclusion i : A — X induces a functor i* : E5(X) — E5(A) which maps an object E to i*E
and acts on morphism by i*f = f|4. Since *(X x 0) = A x 0, the functor i* preserves the
initial and terminal object. Also notice that i*(E; & Fy) = i*(E) @ i*(E) and that ¢* maps
the inclusion and projections of E; @ Es to those of i*(E; @ Es). Therefore, the functor i*
is an example of an additive functor. Because we also have that

(f +Ag) = (f £ Ag)la = fla+ Agla =7 (f) + X" (9g),

for f,g € Homgg(x)<E1,E2) and
[ fll = 11f el < (],

the map ¢* : Homgx ) (E1, E2) = Homgz (4 ("1, " E») is linear and continuous. Therefore,
the functor ¢* is a Banach functor.

In some cases, a Banach functor preserves even more structure (The definition is based
on Definition 2.6 on page 60 of [3]):
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Definition 4.23. Let C and D be Banach functors. We call a Banach functor F': C — D
quasi surjective, if for every object D of D there exists an object C of C and an object D+
of D such that

D@ D+ = F(0).

Example 4.24. We claim that the functor ¢* from the previous example is also an example
a quasi surjective functor. Let D € £5(X). Theorem 2.31 implies that there is a G-module
M and a D+ € EX(X), such that D & D+ 2 A x M. In Example 2.16, we showed that
i*(X x M) = A x M. Therefore, we have

(X x M)~ D& D+,
which implies that * is quasi surjective.

We end this section by looking at another special type of additive categories. The defini-
tion we give is based on the Definition in [7].

Definition 4.25. Let C be an additive category. We call C a pseudo-abelian category if
for each object Cy of C and each morphism P : Cy — Cy, with P2 = P, the functor
Imp : C°? — Set defined on objects by

Imp(C) :={f € Home(C,Cy) | po f = f}.
and a morphisms by
F(g)(f)=1foyg

15 representable.

Remark 4.26. A functor F': C°? — Set is representable if there exists an object C of C such
that the functor yo : C? — Set is naturally isomorphic to F', where yo(X) := Home (X, C)

and yo(g)(f) = fog

Example 4.27. We claim that the category £5(X) from the previous examples is an example
of a pseudo-abelian category. Let E € E5(X) and let P : E — E be a G-vector bundle
morphism such that P2 = P. In Lemma 3.11 we showed that ImP is a G-vector bundle. We
claim that yp,p = Imp. We define the natural isomorphism o : yp,p — Imp by

or(f)=Pof.

First, notice that ¢ is indeed a natural transformation. We now show that o is an isomor-
phism. Let 7 : Imp — y,p be the natural transformation defined by 7#(f) =i o f. Notice
that 7 is a natural transformation. We claim that 7 is the inverse of 0. Let F' € E5(X).
We have 7p 0 op(f) = i0 Po f. Since f = Po f, it follows that Im(f) C Im(P). Since
Plimp = id, it follows that i o Po f = f. With a similar argument, it follows that

opoTrg=Poiog=g.
Therefore, the functor Imp is representable and £5(X) is a pseudo-abelian category.

The following lemma about pseudo-abelian categories will often be usefull:
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Lemma 4.28. Let C be a pseudo-abelian category, C' an object of C and P; : C' — C be
morphisms such that Pf =P foralll <i<mn, PboP;=PjoPF, =0 and Z?Zl P, = 1d.
Then, we have

c=aq! 0,
where C; is an object such that ImP; = yc,.

Proof. First, notice that since C is pseudo-abelian, there exists objects C; and a natural
isomorphisms o; : Yo, — Imp,. We claim that the map L = (o7 (P),...,0; (P.)T : C —
@7 ,C; is an isomorphisms. Consider the map @ := (o1 (idg,), . .., 0n(idc,)) : ®F,C; — C.
We have

n

QL = Z oilide,)o; (P) = ailide,o; Z P, =

=1
If 7 # j, then
LQi; = 0; ' (P)oj(ide,) = o7 ' (Pioj(ide,)) = o7 (PiPjo;(idc,))
=0;'(0¢c;,c) = 0; (Pio0c,c) =0; '(P)o0c,c=0cc,

and if ¢ = j, then
LQi; = o7 '(P)oy(ide,) = o7 '(Poi(ide,)) = o7 ' (0i(idc,)) = ide;.
Therefore, LQ = idgn ¢,
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5 K-theory for Banach categories

In this section we will define the group K(C') and K~*(C) of a Banach category C. The
group K(p) of a quasi surjective Banach functor ¢ will also be introduced. We will prove
some basic results for these groups and show how these groups give an ‘alternative’ definition
of Kg(X) and K;'(X) we defined in section 3 This section will be based on chapter II. 1,
I1.2 and II1.3 of [3] and section 8 and 9 of [4].

To define the group K (C') for a Banach category C, we will need the following definition:

Definition 5.1. Let M be a commutative monoid. An abelian group group Mg together with
a monoid monomorphism v : M — Mg is called the Grothendieck group of M, if for each
monoid homomorphism f : M — A, with A an abelian group, there exists a unique group
homomorphism f': Mg — A, such that

floi=f.

Lemma 5.2. Let M be a commutative monoid. Then the group Mg exists and is unique up
to isomorphism.

Proof. We first show uniqueness. Assume that an abelian group N, with the map j : M — N
is also a Grothendieck group of M. Since 7 : M — N is a monoid homomorphism and
Mg is a Grothendieck group of M, Definition 5.1 implies that there exists a unique group
homomorphism j’ : Mg — N such that j' o7 = j. Similarly, there exists a unique group
homomorphism ¢ : N — Mg, such that ¢ o j = i. Notice that

i'ojoi=10j=1i.

Therefore, we have the following commutative diagram:

M — Mg

Notice that ¢d and i’ o j* both have id o7 = i and (i’ 0 j') 0 ¢ = i. Definition 5.1 says that
there is a unique map with this property, hence ¢’ o j' = id. With a similar argument it can
be shown that j' o4’ = id. Thus, the map j' : Mg — N is an isomorphism.

We now show existence of the group. We define Mg := M x M/ ~, where (m,n) ~ (a,b) if
there exists a | € M such that m + b+ k = a+ n + k and the sum of two elements is given
by (m4,m_) + (ny,n_) = (m4 + ny,m_ +m-_). We leave it to the reader to verify that ~
is an equivalence relation and M is a group. The proof is somewhat similar to the proof of
Lemma 3.3. We now show that Mg, with the monoid homomorphism i : M — Mg defined
by i(m) = (m, 0) satisfies definition 5.1. Let h : M — A be a monoid homomorphism, where
A is an abelian group. Assume that there exists a h’' : Mg — A such that h' o7 = h. Then,
since i(m) = (m,0), we must have

h'(m,0) = h(m).
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Because (m,0) + (0, m) = 0, we must have
0= h'(0) = h((m,0) + (0,m)) = h'(m,0) + 1'(0,m) = h(m) + h'(0, m)
and thus that A'(0,m) = —h(m) and
h'(m,n) = h'(m,0) + h'(0,n) = h(m) — h(n).

Thus if A’ exists, it is defined as above. Since the map h'(m,n) = h(m) — h(n) is a well
defined group homomorphism, the group M is indeed the Grothendieck group of M. O

The construction of the Grothendieck group of a monoid looks very similar to our con-
struction of the group K& (X). In fact, if we let ES(X) := ([E] | E € E&(X)) and define the
operation @ : E&(X) x EX(X) — EX(X) by [E]®[F| = [E®F]. Then (ES(X), ®) is a com-
mutative monoid and the construction in Lemma 5.2 shows that K5 (X) is the Grothendieck
group of E5(X). This motivates the following definition:

Definition 5.3. Let C be an additive category. Let Cy = 0b(C)/ ~, where C ~ D if
C and D are isomorphic, denote the commutative module where the addition is given by
[C] & [D] = [C @ D]. Then we define K(C) as the Grothendieck group of Cyy.

We can also define a group similar to the group K (X,Y") for a Banach functor ¢ : C' — D.
We will define this groups using triples (C,C_, «), where C,C_ € C and a : p(C}) —
©(C_) is an isomorphism. We will call the triple elementary if C', = C_ and « is homotopic
to the identity trough automorphism (In this context, a homotopy between maps f; and f,
is thus a map H : [0,1] — Aut(C,), such that H(0) = fy and H(1) = f(1). We will call
the triples (C,C_, a) and (C,,C’, /) isomorphic if there exists isomorphism f : Cy — C",
and g : C_ — C" such that p(g) oa = o o o(f). We will define the sum of two triples
(Cy,C-,a) and (C',C",d/) by

(CL,Co,a)® (C,C1,d )= (CLd CL,C_aCadd).
With this terminology, we are ready to give the definition:
Definition 5.4. Let ¢ : C — D be a Banach functor. We define

K(p) ={(C,C_,a) | Cy,C_ €C and a : p(Cy) — ¢(C-) is an isomorphism.}/ ~ .

Where (Cy,C_,a) ~ (C',C", &) if there exist elementary triples (D, D, ) and (D', D', ")
such that
(Cy,C_,a)® (D,D,p) = (C,,C,d)® (D', D', p").

We will denote the equivalence class of (Cy,C_ ) by [Cy,C_, al.

Lemma 5.5. The set K(p), with the addition [C,,C_,a] = [C' ,C", o] =[C. & C,C_ ®
C",a®d] is a group.

Proof. First notice that @ is well defined and (K (¢), ) is a monoid, where a triple [C,, C_, ]
is 0 if and only if there exist elementary triples (D, D,~) and (D', D’,+) such that

(CJr?Cf?ﬁ) ¥ (D7D77) = (DlaDlaﬂy,)'
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We now show that @ is commutative. Let C7,Cy € C and g : C1 & Cy — Cs @ C1 be the

map defined by
0 1
()
Since ¢ is a Banach functor, we have

0 LY (e(0) e(1)) _ (01
90<5) - 30((1 O)) - (go(l) QD(O)> - (1 0) '
Therefore, the following diagram commutes:

©(Ch) ® (Cy) RN p(C1) ® ¢(Cs)

£ ) 6
P(Co) ® (C1) 2% o(Cy) @ 9(Ch)

and the addition is commutative. We now show that every element has an inverse. Let
C,,C_,a] € K(p). We show that [C_,C,,a™!] is the inverse. Notice that

[C+, C_, O[] @ [O_, C+, a_l] = [O+ EB C_, C_ @ C+, (e} EB Oé_l] (51)

and that the following diagram commutes:

P(CL) @ p(C) 225 o(CL) @ p(Cy)

p(id)k B@((O _1>)'
1 0

P(Cr) ® p(C-) =0 (C) ® p(C)
)
This implies that [C, & C_,C_®C,,a®a ] =[C,®C_,C,®C_, a], where a is the matrix

on the lower horizontal arrow. If we view o a a number, we can use Gaussian elimination to
write the matrix a as a product of elementary matrices and we obtain:

6T

Notice however that if we view « again as a morphism, all the matrices are well defined
automorphism of ¢(C,) @& ¢(C-) and the equality also holds in this case. The homotopy
H :[0,1] = Aut(p(Cy) ® p(C-)) given by

o= (2 96 ) ()

shows that [Cy & C_,Cy & C_,a] is an elementary triple, which implies that [C, @ C_,C, &
C_,a] =0. O
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Remark 5.6. Notice that if o is homotopic to a morphism [, then

0 —a '\ . . 0 —a!
(ﬁ 0 ) is homotopic to <a 0 )

If we replace in [Cy,C_, alby [C4,C_, (] in Equation 5.1 in the lemma above, we see that
this implies that
[Cy,C,Bl®[C-,Cy,a7] =0
and thus that
[Cy, O, Bl = [Cy, s 0l
Before we proceed, we give an example which motivates why this group could be useful:

Example 5.7. Let X be a compact G-space and Y C X be a closed G-invariant subset. In
Example 4.22 we showed that the functor i* : £5(X) — E&(Y) is a Banach functor. The
group K (i*) consists of triples [E, F,al], with E, F € E£(X) and a : E|y — F|y a G-vector
bundle isomorphism. We will later give a geometric interpretation of these groups and will
show that K (X,Y) = K(i*).

To show that K(i*) &2 Kg(X,Y), we must first understand the group K (i*) better. To
do this, we need to introduce the group K (C) of a Banach category C.
Definition 5.8. Let C be a Banach category. We let

K1C):={(C,a) | C € 0b(C) and o : C — C is an isomorphism}/ ~ .

Where (C, ) ~ (C', &) if there exists an object D of C, such that a®idec ®idp is homotopic
through isomorphism to idc® o’ ®idp (which we will denote by a®ide Gidp ~ idc®a’ Gidp )

We will denote the equivalence class of an element by [C,«al. The sum of two elements of
K=YC) is defined by
C,a]l® [C",d|=[CaC add.
It will turn out that (K—!(C),®) is a group. To show this, we first need the following
lemmas:
Lemma 5.9. The set K~'(C) together with the map & is a monoid.

Proof. First, notice that ¢ is well defined and associative. We now show that K~!(C) has
a zero element and determine all triples which are zero. We claim that that [C,a] = 0 if
and only if there exists a D € C, such that a @ idp is homotopic to idc @ idp through
isomorphisms. If [C,a] = 0, then [*,id] & [C,a] = [*,id]|, where % is the initial/terminal
object in C. This implies that there exists a D € C, such that

1d, ®a®idp ~ id, @ ide B idp.

Since End(x) = {0}, this implies that a @ idp ~ idc @ idp. If there exists a D € C, such
that « @ idp is homotopic to idc @ idp through isomorphisms, then for all [E,~] € K~1(C)
we have [E,7] @ [C,a] = [E® C,y @ o] and
YEa®ide @ (idp B idg) ~ v B ide @ ide @ idp ® idg
~idg @ ide @ idg B idp Sy
~idp @ idc © 7D idg @ idp
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where in the last two lines, we used that v @ 1dg ~ idg & v, where the homotopy is given by

wo = (S ) (5 ) (ol o).

This implies that [E® C,y® a] = [E,v|. The proof for the case [C,a] ®[E, ] is similar. [

Lemma 5.10. Let [C, ay],[Ca, 0] € K(C) and let h : Cy — Cy be an isomorphism in C
such that hoay = as o h. Then
[01,041] = [027042]-

Proof. We first show that [C, ;] @ [Ca, a3 '] = 0. Notice that
[Cr,on] ®[C,05"] = [Cr ® Ca,on @ ay'] = [Cr & Co,aq @ (hay'h7H)).

We have 0 - -
—1p-1 _ 0 —(hoa; ™)™ 0 -
a3 ® hay h™ = (hoozl_l 0 ) (—h 0 > (5.4)

It follows from Equation 5.2 and Equation 5.3 that both matrices in Equation 5.4 are ho-
motopic to the identity. Remark 5.9 now implies that

[C1 @ Cr,a®a™t] =0.
If we let h = id and a1 = a», then this computation shows that
(C o] @ [C 03] = [Cr05 "] @ [C 0] = 0.
For a general h, we now have
[C1, 1] = [Cy, 1] @ [Cy, a5 ] @ [Ca, ag] = [Ca, ag].
O

Proposition 5.11. The set K—(C), with the operation [C,a] @ [D,3] = [C ® D,a ® 3] is
indeed a group.

Proof. Notice that @ is well defined and K~!(C) is a monoid. We now show that it is
commutative. Let [C,a],[D, 3] € K7'(C). Then, we have

[C,a]l®[D,f]=[C®D,a®d ] and [D,5]|®[C,a] =D& C,5& al.
Notice that ho (o @ ) = (8 @ a) o h, where

h:(? é)

Lemma 5.10 now implies that [C & D,a® 5] =[D & C,B® a.
Lastly, notice that in the proof Lemma 5.10 we showed that [C, o] & [C, a~!] = 0. Therefore,
K~1(C) is a group. O

The following lemma will sometimes be useful:

Lemma 5.12. Let [C, o], [C,as] € K(C). Then
[C, al] D [C, Oég] = [C, alon].
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Proof. Notice that [C,aq] ® [C,ag] = [C @& C, a1 & as] and
[C,ar00) =00 [C, aran] = [Cid] & [C, ayan] = [Cid & ayas).
Because
(id ® cnas) = (o] ' @ ay) o () B ),

Equation 5.4, with h = id and o = ;' implies that o' @ oy is homotopic to the identity.
Therefore,
[C, aras] = [Cyaq & ag.

We will now calculate the group K~*(C) for some Banach categories C.

Example 5.13. We will calculate K ~*(EX(pt)). Notice that if [F, A] € K1 (EX¥(pt)), then
E = R™ for some n € N and A € GL,(R). Notice that [E, A;] = [E, As] if and only if there
exists n € N and [Es,id] € K~*(EX(pt)) such that

These two morphism are elements of GL;(R) for some k € N. Since elements of GL(R) are
homotopic if and only if their determinants have the same sign, it follows that Equation 5.5
holds if and only if

sgn(det(Ay @ idg, ®idg,)) = sgn(det(idg, & Az & idg,)).

Since det(A; @ idp, @ idg,) = det(A;) and det(idg, & A @ idg,) = det(Ay), we have
[E, Ai] = [E, Ay] if and only if sgn(det(A;)) = sgn(det(Ay)). Therefore,

K'(EX(pt)) = Z/2Z.

Example 5.14. We now determine K~ '(ES(pt)). Let [M,a] € K~1(E5(pt)). Since M is
a finite dimensional representation and o € Autg(M), Theorem A.38 implies that o ~ id.
Therefore,

[M,a] =[M,id] =0
and

K~ (E5(pt) = {0}.

It is not obvious how the group K~!(C) is related to the group K(C). The following
theorem shows how they are connected:

Theorem 5.15. Let C and D be Banach categories and let ¢ : C — D be a quasi-surjective
Banach functor. Then there exists a map 0 : K~'(D) — K(p) such that the following
sequence is exact:

11

K-Y(C) = K-Y(D) —2— K(p) —— K(C) —— K(D) ,

Where i 1([C, a]) = [p(C), p(@)], 5([C, O, a]) = (C, C-) and i(C1—C-) = (p(C4), ¢(C-)).
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Proof. We start by defining 0. Let [D,a] € K~1(D). Since ¢ is quasi surjective, there exists
a D' € ob(D) and C € ob(C) such that there exists an isomorphism f : D & D' — ¢(C).
We define

I(D,a) :=[C,C, fla®id)f].

Notice that this map is well defined, because if we have an isomorphism g : D& D" — ¢(C"),
then we have

(C.C, flawid) f]+[C",C" gla @id)g ™| = [COC, COC', fla®id)f ©gla ®id)g]
Since the following diagram commutes:

(D& D)& (D& DY 5 ¢(C) & ¢(D)

ka@id@al@id kf(aeéid)fl@g(al@id)gl )
(De D) & (Da D) L2 o(C) @ p(C)

and Equation 5.2 and Equation 5.3 imply that o ®id® o~ ®id is homotopic to the identity,
it follows that f(a @ id)f~' @ g(a™ @ id)g~' is homotopic to the identity. Therefore, we
have

C,C, fla@id) [+ [gla™ @id)g™] =0,

which implies that 0 is well defined. We leave it to the reader to check that i_;, j and 7 are
well defined.
We now check exactness of the sequence. We first show that Im(j) C Ker(i). We have

1o ]([C-H C—v a]) = (90(0-1-)7 90(0—))

Since a : p(Cy) — ¢(C-) is an isomorphism, it follows that (¢(Cy), p(C-)) = 0.

We now show that Ker(7) C Im(j). Assume that i(C,,C_) = 0. Then we have (p(C.), p(C-)) =
0, which implies that there exists an object D of D such that p(Cy) ® D = ¢o(C_) @ D.
Since ¢ is quasi surjective, there is an object Cy of C' and an object D+ of D such that
D & D+ = ¢(Cy). Therefore,

P(C) ® ©(Co) 2 (Cy) @D d D= p(C_)® D@ D" = o(C_) & ¢(Cy).

Let 5 : o(Cy) @ o(Cy) — ¢(C-) @ ¢(Cp) be the isomorphism from the equation above.
Then, by construction, we have

J(CL @ Co,C- & Cy, B) = (Cy & Cy, O ® Cy) = (Cy, C.).
We now prove that Imd C Ker(j). Notice that
jod([D,a]) =j([C.C, fla®id)f]) = (C,C) = 0.

We now show that Ker(j) C Imd. Let [C4,C_, o] € Ker(j), then j([C1,C_,a]) = (C4+,C-) =
0, which implies that there exists a Cy € ob(C) and an isomorphism f : C. ®Cy — C_ @ Cy.
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Because the following diagram commutes

0(C1) ® p(Co) —2F s o(C-) @ ¢(Co)

lso(g) lw(id) )

P(C_) @ p(Co) “Z 4(CL) @ pl(Co)
it follows that
[CL,0_,a] =[Cy ®Cy,C_®Co,a@id =[O @ Cy,C_®Co,a@idop(g)].
Notice that
A([p(C-) @ (Cy),a@idop(g™)]) = [C- & Co,C- & Co,a@ido p(g~)],

which proves the claim.

We prove that Im(i_;) C Ker(9). Notice that
doi4([C,al) = ([p(C), p(a)]) = [C, C, p(a)].

The commutative diagram:

implies that
[C,C, ()] = [C,C,id] = 0.

Lastly, we show that Ker(d) C Im(i_y). If ([D,«]) = 0, then there exists an object D" of
D, an object C of C and an isomorphism f: D & D" — ¢(C'), such that

I[D,a]) =[C,C,foadido f']=0.

By definition, this implies that there exists elementary triple [Cg, Cg, 8] and [Cy, Cy, 7], such
that
(Ca 07 f cad Zd o f_l) S¥ (CEa CE) /B) = (007 0077)'

Therefore, there are isomorphisms h : C & Cp — Cy and g : C & Cy — Cj such that the
following diagram commutes:

Do D' @®p(Cr) —I2 s o(C) @ p(Cr) — s o(Cy)

ka@id@ﬁ kfoa@idoflﬂéﬁ B’Y )

Do D' @ p(Cr) —I2 s o(C) @ p(C) —22 s o(Cy)
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This implies that the diagram

7 h
Do D ®p(Cr) —I2 s o(C) @ p(Cr) —2 s 5(Ch)

a®id®s foa®idof1@®p o(h)o(g~ )y >

Do D ®p(Cr) —I2 s o(C) @ p(Cr) —2 s 5(Co)

commutes. Since 7 is homotopic to the identity, Lemma 5.10 implies that

[D,a] =[D& D' & ¢(Ck),a®idd f
= [2(Co), p(Co), p(h)p(g~ )]
= [¢(Co), ¥(Co), p(hg™ )]
= i-1([Co, Co, hg™']).

]

Example 5.16. Let X be a G-space and zy € X such that grg = xo for all ¢ € G. In
Example 4.22 and Example 4.24, we showed that the functor i* : E5(X) — EE({xo}) is a
quasi-surjective Banach functor. Theorem 5.15 now implies that the following sequence is
exact:

THEE(X)) = KU EE{o)) 2 K (i) —1— K(X) —— K({o}) .

Notice that if [M,a] € K Y EE({xo}), then [X x M,a] € K (X), where a(z,m) =
(x,a(m)) and i_1([X x M,a&]) = [M,a]. Thus, the map i_; is surjective, which implies
that 7 is is injective.

We will now give geometric interpretations of the groups K ~1(£5(X)) and K (i*). These
interpretations will also show how these groups are related to the groups we introduced in
section 3. We will start with the K~! groups.

Lemma 5.17. Let X be a G-space and let [E,a] € K YEX(X)). Then, there exists a
G-module M and a bijective G-vector bundle morphism 5 : X Mx — Mx such that

[E, o] = [MXx, 5].

Proof. Let [E,a] € K71(E5(X)). In Theorem 2.31, we showed that there exists a G-vector
bundle E+ and a G-module M, such that E® E+ = Mx. Let f : E® E+ = My denote the
isomorphism. Notice that [E+,id] = 0. Lemma 5.10 now implies that

[E,a]=[E® E-,a®id = [Mx,foa®ido f!].

Theorem 5.18. There exists an isomorphism

THEG(X)) = KE(BXT).
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Proof. We first give the definition of o. Notice that XX = CX T [+ CX*. We will denote
the first cone by C; X and the second cone by CoX . We have C; X T NCoX T = X, Let
[E,a] € K~YEX(X)). Lemma 5.17 implies that

[E,a] = [Mx, foa®ido f].
We define
U([E,Oz]) = (MCIX+ Ufoa@idELoffl ]—[idEpt M02x+).

We will often drop the []id from the notation, to shorten the notation. We first show that
o is well defined. Assume that have that [E’, §] = [E, «] Then, by definition, there exists a
G-vector bundle F', such that

Theorem 2.31 implies that we may assume that F' = Q) x for some G-module (). By definition,
we have o([E', B]) = (N¢yx UgoBesid s, 109~ Ne,x). Theorem 2.29 and Lemma 2.30 now imply

that

o([E,a]) = [Mc,x+ Ufoasid,,, of—1 Moy x+)|~

= [Mc, x+ Usoamidy,, of-+ Mopx+)]~r

+ [(N @ Q) ey x+ Uggamid)o((idsidymidyo(g—1aid) (N @ Q)cyx+]v

= (M ® N ® Q)c,x+ Ufagmid)o(avid)e(idoid)@id)o(fag—1@id) (M &N @ Q)c, x+
(M & N @ Q) x+ Uragaidy(idwid)a(Baidy@id)o(f- g @id) (M & N ® Q)cyx+]~
= [Meyx+ Uia Mo, x+]v @ [Neyx+ Ugopaidog—t Nowx+] @ [Qeyx+ Uid Qeyx+]r
= [Neyx+ Ugopamidog—t Newx+] s

= o([E", B]).

We now show that o is a group homomorphism. Let [E,al, [F, 8] € K71(EX(X)). Lemma
5.17 implies that [E,a] = [Mx, foa @ idg. o f~1] and [F, §] = [Ny, gOﬂ@szLog NIt
follows that
[E,a] @ [F, 8] = [Mx, foa®ido f~]®[Nx,godidog™]
=[(Me&N)x,f®go(adid)® (Baid)og™' &[]

Lemma 2.30 implies that,

o([E, o] ® [F,B] = [(M & N)cyx Usago(asiaje(peidog—tas-1 (M & N)cyx]v
= [(Me, x Ufoamidor—t Meyx) ® (INV)eyx Ugopmidog—1 Newx |~
=o([E,a]) & o([F, B]).

It remains to show that o is bijective. We first show that o is surjective. Let [E]. € Kg(X).
In Lemma 2.30, we showed that

EF= E|ClX+ Uz‘d E|CQX+~ (56)

Since C X is G-contractible, there exists a G-module M and isomorphism « : Mg, x+ —
Elo,x+ and f: Mg, x+ — Elc,x+. If we combine this with Equation 5.6, we obtain:

E = Mo, x+Ug-14 Mcyx+.
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Notice however that we need that S~'a|y, = id. Theorem A.38 implies that (after a
change of basis) the map 3"y, is homotopic to a direct sum & @y, : @?:1(@?:1Mi) —
A @f;l M;M;, where M = &I | M; and M; are irreducible G-modules. Let [ := {1 <i <

n|+;,=—}and N := B @?i:l M;. Notice that
X" x N2 Nex+ U_id11—id Nox+-

By construction, the map 8~ |y, & —id : M & N — M & N is homotopic to the identity.
Theorem 2.29 now implies that

[E]N' = [‘]\401)(+ Ug-1a ]\402)(+ ©® (NCX+ U*id]_[*id NCX+)]NI
= [M & Neyx+ Up-1ag-ia M @ Neyx+]
= [M & Ng, x+ U,B—laea—id\M@NX [idnmang, M & Neyx+]

Therefore,
[E]w = o([M & Nx, 3 'a @ (—id))).

Now assume that o[E, o] = 0. As before, we have
olE, o] = Mc, x+ Ufoamidof-1 My x+.
Since o([E, a]) = 0, it follows that there exists G-modules N and @, such that
(C1 X" X M Ujoppidof-1 Co X x M) & Nex+ = Qux+.
Notice that
(Mey x+ Upoamidof—t Meyx+) @ Nuxt+ = (M @ N)eyx+ Ufoamidof)wia (M ® N)cyx+.

and
Qex+ = Qcyx+ Uig Qeyx+-
Let
h: (M@ N)e,x+ Ufoamidof1ywia (M ® N)eyx+ = Qcyx+ Uia Qenx+

be the composition of all these isomorphism and let i; : (M®N)¢, x+ — (MON)c, x+Ufoamidof—1)@id
(M & N)¢,x+ denote the inclusion. Notice that hoi; : (M & N)cx+ — Qx+ is an isomor-
phism. Chasing trough al these identifications, we see that the following diagram commutes

(M@ N)x+ _hotn Qx+
(foa®idof~VY@id]] id id]Jid -

(M@N);ﬁ ﬂ) Qx+

It follows that
(f O(X@Z'do f_l) @Zd = (hoig)_l 0] (hO i1)|X+.

Let H: (M & N)x+ x I — (M & N)x+ be defined by
H(z,v,t) = (2, prygy © (i2) " o (i1)([z,1],v)).
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The map H is a G-homotopy from (f oa @®ido f~1) ®id to H = H(-,1). Since

H($, v, 1) = (x>prM@N ° (iQ)_l © (21)([33, 1]7 U)) = (:E,prM@N o (i2)_1 © il([pt7 O]’ U)) = (iL‘,U).
the function (f o @ido f~!) @ idy, is homotopic to the identity. This implies that

[E,a]=[E® E*, a®id

= [Mx+, foa@ido f]

= [Mx+ @ Nx+, foa®ido f!]
= [Mx+, Hi| = [Mx+,id] = 0.

]

Example 5.19. In Example 5.13, we showed that K‘l(é’{ﬂi}({pt})) = 7. The Theorem
above now implies that

Z/22 = K (Ef,({pt}) = Ky (S{pt} ") = Ky (S").

We will now give a geometric interpretation of the group K (i*) for the inclusion i* :
Ea(X) — Eq(Y). If Y =, there is an easy interpretation:

Proposition 5.20. Let X be a compact G-space and i : ) — X be the inclusion. We have
K(i*) =2 Kg(X).

Proof. The elements of K (i*) are triples [E,, E_, a]. Notice however that o : § — 0 is the
empty function. By looking closely at the definition of K (:*), we thus have [Ey, E_ o] =
[F,, F_, B] if and only if there exists G-vector bundles )1 and Qs such that F, &0 = F, Qs
and E_ @ Q; & F_ & Q. We claim that j : (E5(X),®) — K(i*) defined by j(E) =
([E,0x,a]) is the Grothendieck group of (E§(X),®). We check the fundamental property.
Let A be an abelian group and h : Eg(X) — A a monoid homomorphism. If i : K(i*) — A
is a group homomorphism such that ko j = h, then Since [E,0,a]®[0,E,a] = [E,E,a] =0,
we must have ([0, E,a]) = —h([E,0,a]) = —h(E) and h([E, F,a]) = h(E) — h(F). We
leave it to the reader to check that A is well defined. Thus, K (i*) is the Grothendieck group
of E¢(X) and hence isomorphic to K(X). One can check that, in fact, the isomorphism is
given by CI)([E+7F77(I)]) = (E+>F*)' u

For the case where Y # (), we will need the following lemma:

Lemma 5.21. Let X be a compact G-space and Y C X a closed G-invariant subset. Let
1:Y — X denote the inclusion. If there exists a map P : X — Y, such that Poi = id, then
the sequence

% ~

0 —— Ke(X ][, CY) —— Ko(X) == Kg(Y) —— 0 .

from Lemma 3.22 is a split short exact sequence.

Proof. In Lemma 3.22 we already showed that Im(j*) = Ker(i*). We first show that i* is
surjective. Let [E, ] € Kg(Y). We have [P*E]. € Kg(X) and

H([PPElv) = [i" P E]w = [(P 1) Elw = [(id)" E]v = [E]+.
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Second, we show that j* is injective. Let [E]w € Kq(X [, CY) and assume that [j*E]. =
0. By definition, there exists G-modules M and N such that j*E & Nx = Mx. Since CY is
G-contractible and E|y & Ny = My, we have £ & Ny 1, oy = Mcy. Notice that

E® Nx11, 0y = (Elx © Nx) Uia (Ecy © Ney) = Mx U, Mey,
for some isomorphism « : My — My. We define the map f : Mx U, Mcy — Mx 1y, cy by

B (z,m) if (x,m)eCY
f(z,m) = {(x7prM(a(P(;L’)’m))) (x,m) e X

Notice that f is well defined and a G-vector bundle isomorphism, which implies that
[E]N/ = [E @ NXL[YCY]N’ = [MX]_[YCY]N, = 0
O

Let X and Y be compact G-spaces, and Xy C X and Yy C Y be closed invariant subsets
and f: (Y,Yy) — (X, Xo) a G-map. The map f :Y — X induces a group homomorphism
f* K(i,) — K(iy,) defined by

f*([E—H E_,Oé]) = [f*E—i-a f*E—7O~5]7

where &(v) = a(v) € (E_),, ). With this notation, we are ready to state the following
proposition:

Proposition 5.22. Let X be a compact G-space and Y C X a closed G-invariant subset.
Leti:Y — X be the inclusion. There exists a natural group morphism

O K(i") - K(X,Y),
such that ® is an isomorphism if Y = ()

Proof. Let Xo, X7 = X. Let Z := X, [[y Xi. Let P; : Z — X be the projection defined by
P(i,x) = x and let i; : X; — Z be the inclusion. Notice that ¢;P; = id. Lemma 5.21 implies
that the following sequence is a split short exact sequence:

0 —— K(Z,X,) —s K(Z) —2s K(X;) —— 0 . (5.7)

Since X;'/Yt = ZT/X{ ., we have K(X;,Y) = K(Z,X; ;). Moreover, this isomor-
phism is induced by the inclusion f; : (X;,Y) — (Z, X;_1), (which induces an inclusion
fi o Xi' ly+ CY* — Z7[Ix+ CX[y). If E is a G-vector bundle over a compact G-

space X, we will also use the notation E to denote the G-vector bundle E [0, over X .
With this notation in place, we are ready to define ®. Let [E,,E_,a] € K(i*). Then
F := (Ey U, E_) defines a G-vector bundle over Z*.Theorem 2.31 implies that there exists
a bundle B+ € £5(X ™) and a G-module M such that E_ & E+ = My+. Notice that

1P @ P (B = [Flgs ® (P o) (B)]w = [B- @ (B)]w = 0.
Equation 5.7 implies that there exists a unique F’ € K(Z, X;) such that

T (F) = [F & P{(E2)]v.
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We now define ®([F,, E_,a]) as the unique x € K(X,Y') such that
m(f) e = [F e PrEY..

We first check that @ is well defined. First, notice that ®((FL & F,,E_ ® F_,a® ) =
OB, E_,a)® O(Fy, F_, ). This implies that if ® is constant on the equivalence classes,
then ® is a group homomorphism. We first show that all the elementary triples are in the

kernel of ®. Let (E, E, a) be an elementary triple. Since a is homotopic to the identity, we
have F':= EU, E = E U,y E = Pf(FE). Therefore,

[F & P{(EY)]w=[P(E®EY)]w=PIE®E]=0

and ®(E, F,«) = 0. We now show that if two triples are isomorphic, they are mapped to
the same element. Let (E,, E_,«) and (Fy, F_, 3) be isomorphic triples. Then there exists
isomorphism ¢ : £, — Fy and h: E_ — f_ such that h|g_|, o = o g|g,},. Notice that
the map gUh : By Uy By — F Ug F_ defined by

gune)= {000 T UEE

is a well defined G-vector bundle isomorphism and the map h : PfE_ — P/F_, defined by

h(z,v) = (x, h(v)),
is also a G-vector bundle isomorphism. Therefore,
(B U B1 @ PYES = [Fy Ug F_ @ PUF

and ®(E, F_,«a) = (F.,F_,5).

Thus, the map ® is a well defined group homomorphism.

We now prove that ® is an isomorphism if Y = (). Let [E,, E_,«a] € K(i*). In this case,
Xoll, Xi =Xo[[X1 and F := E, U, E_ = E. [[ E_. Notice that

E JIE-eP/(EY) = (By & (BY)|x [[(B-© EY)lx: =71 ((By © EY)|x [ Mogxr):

Since

fo(By @ EX [ Mex,) = (By © ED)|x [ | Mot

, Using the isomorphism from Theorem 3.20, we see that this element corresponds to the
element
E.®Et—My=FE, -E_,

of K(X) = K(X,0). It follows that ®([Ey, E_,a]) = Ey — E_. Proposition 5.20 implies
that ® is an isomorphism.

Lastly, we show that ® is natural. Let h: (X,Y) — (X', Y’) be a continuous G-map. As
we noted in remark 3.21, the map h induces a map h: X [[,, CY — X'[[, CY’. The map
h also induces a G-map h : X Uy X — X’ Uy X’ which we will all denote by h to keep the
notation simple. This map than induces a map h : Z* [+ X+ — (Z2')" [[(xy+ C(X')".
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With this notation, the following diagram commutes:

7t — T s 7t Uy CXT — Xt Uy+ CYT
0

(2" —"= (Z')F Uy C(X)* —— (X U+ CY')F

Let [E,, F_,®] € K(i%/), with i : X’ — Y’ and assume that ®([Fy, F_,Y]) = E. We show
that ®(f*([Fy, E_,a])) = f*E. The diagram inplies that if 75 (f;) ' E = z, then

hew = w2 (' E).
In our case, we have z = F, U, E_ & P} E*. Notice that
W'z = h*E, Us h"E_ @ Py (W E_)*),
where & is defined as in the remark before the proposition . Therefore,

WE = ®[hE,., hE_,a).

The map @ is actually always an isomorphism.
Theorem 5.23. The map P is a natural isomorphism.

Proof. Let X be a compact G-space and {z} € X a G-invariant subset. We will first show
that @ : K(i*) - Kg(X,{zo}) is an isomorphism. Consider the following diagram:

0 —— K(i*) —— K(&a(X)) — K(Ec({xo}))

0 —— Kg(X)Y) —— Kg(X) ——— Ke({xo})

Lemma 3.22 implies that the lower horizontal sequence is exact and Example 5.16 shows
that the upper horizontal sequence is exact. Since ® is natural and all the maps are induced
by inclusions (we view Kqg(:) as Kg(-,0) and K(j*), with j : 0 — X as K(Eg(X))), the
diagram commutes. Since the last two vertical arrows are isomorphism, the first vertical
arrow is also an isomorphism.

Now assume that X is a compact G-space and Y C X is a closed G-invariant subset. Let
m:(X,Y)— (X/Y,Y/Y) be the projection. Using Remark 3.31, we see that

Ko(X,Y)=Ke(XT, YN 2 Ko(XT/YH) 2 Ko(XT/ YT, YY) = Ko(X/Y,Y/Y).
One can check that this isomorphism is induces by 7* : Kg(X,Y) — Kg(X/Y,Y/Y). Let
i:Y = X and j:Y/Y — X/X be inclusions. Since ® is natural, the following diagram
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comimutes:
Kq(i*) —2= Kg(X/Y, YY)

* *

KG(]*) L) KG<X7 Y)

Since the upper half of the diagram is a composition of isomorphism, it follows that ® o7* is
an isomorphism. This implies that 7* is injective. To show that ® : Kg(j*) — Kg(X,Y) is
an isomorphism, it is sufficient to show that 7* : K(i*) — K(j*) is surjective and hence an
isomorphism. Let [E,, F_,a] € K(j5*). In Theorem 2.31, we showed that there exists a G-
vector bundle E+ and a G-module M such that E_ ¢ E+ = My. Notice that [E,, E_,a] =
[E, @& EL, Mx, ], for some G-vector bundle isomorphism 3 : E, & E*|y — My. Since
E, & Ef]y = My, we can use the same construction as the construction in Proposition
3.30 to obtain the G-vector bundle ¢ : E, & E*/ ~— X/Y on X/Y, where v ~ w if
pry; o B(v) = pry, o f(w). Notice that § induces a map B:E.® Et/ ~— My/y defined
by ﬂN(v) = (q(v), Pry(B(v))). The triple [, & EL/ ~ .MX/y,B] now defines an element of
K (7*), such that

W*[EJr D Ei_/ N>MX/Y73] = [E+ D Ei_aMXaﬁ] = [EJF,E,,CK].
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6 Clifford algebras

In this section we introduce Clifford algebras. The main result of this section is that the
Clifford algebras are in some sense periodic. In the next to chapters, we will use this to show
show that the groups K;"(X) are periodic. This section will be based on chapter II1.3 of
[3] and [4].

We start with a definition:
Definition 6.1. A quadratic form on K" is a function @) : K" — K, defined by

Q(ZE) = Z Z Ai,jxixj;

i=1 j=1
with >\i,j e K.
Example 6.2. The map z — (x, ), where (-, -) denotes the Euclidean inner product on R™,

is an example of a quadratic form.

Let TFK™ := K"®...®K" be the tensor product of k copies of K. We can then construct
the space

TR" :=Re P T'R").
i=1
Notice that TR™ has the structure of a R-algebra, where the multiplication is given by
v-w = v ®w. With this notation, we can give the following definition:

Definition 6.3. Let Q) : K" — K be a quadratic form. We define the Clifford algebra of )
by the quotient algebra
C(Q) = TK"/1,

where I is the two sided ideal generated by the set {r @z —1-Q(zx) | z € K"}

Remark 6.4. Notice that the map i : K" — C(Q) defined by i(z) = x is injective, which
implies that K" C C(Q).

The algebras have the following useful property:

Proposition 6.5. Let M be a K-algebra with unit, the map @ a quadratic form on K" and
let L : K" — M be a linear map such that (Lz)* = 1-Q(x). Then, there exists a unique
(unital) algebra morphism L : C(Q) — M such that Loi = L.

Proof. Assume that L exists. Notice that by definition we have L(1) = 1. Let Yoo Ni€h, ©
o ®ey,, € C(Q), with A; € K", the vectors e; the standard basis and 1 < k;,,, < n.

Because L is an K-algebra morphism, we must have
I’(Z A€k, ® ... Qe )= Z )\ifz(eki’l) Ce fj(ekml) = Z Ai(Leg,,) ... (Leg,, ).
i=0 i=0 i=0

Therefore, if L exists, it must be defined as above. Notice that L is well defined if it map the
elements of the ideal I to 0. This is the case if for all z € K", we have L(zx @z — Q(z)1) = 0.
Let x € K. We have

Le@r—1-Q@) = L(x)- L(z) —1-Q(x) = 1- Q(z) — 1 - Qx) = 0.
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]

Example 6.6. Before we proceed we will give another example of a Clifford algebra. Let
Q : R*! — R be the quadratic form defined by

k k+1

Qri(x) = —(Z r3) + Z 3.

i=1 i=k+1
We will denote the algebra C(Qy;) by C*!. Notice that

—1 if 1<i<k

e?:Q(ei>:{1 k+1<i<k+1 (6.1)

We claim that
€;€; + €je; = 0 (62)

if © # j. This holds because
Qe +ej) — Qle;) —Q(e;) =0
and in C*! we have Q(v) = v ® v for al v € V, which implies that
(ei+e)R(e;+e)—eRe—ej@e; =0

and
€i€j + €;€e; = 0.

Using these relations, it follows that the set B = U?;ISBZ-, with

Bi :{6]1®®€J1

is a basis of C**! and dimC**! = 28+, One can check that this, together with equation 6.1
and 6.2, implies that

CY0 =R, oW ~C and C%0 >~ 1.

The remainder of this section, we will compute the algebras C*! for all (k,1) € Ny x N.
The following lemmas will enable us to do this:

Lemma 6.7. Let (RPT4, CP4) and (RY™, CY™) be Clifford algebras. If p + q is even and
(e1€a...€p1q)* =1 (in CP1), then

Cp+l,q+m ~ OP9 Qp Cl,m'

Proof. First, notice CPHHat™ =~ C(Q, . & Qi,m), where Q,, ® Qi is a quadratic form on
RP+? @ R*™ defined by

Qp.q D Qum(v1,v2) = Qpg(v1) + qm(v2).
Let c:=ejey...ep14 and L : RPHGRT™ — C(Q,, ® Qr.m) be the map defined by

L(Ul,Ug) =0 Q 1+C®'U2.
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Since ce; = (—1)P 7 te;e for 1 < i < p+q, we have ce; = —e;c and cv = —wvc for all v € RPT.
Therefore,
(L(v,v2)) = (11 @14+ c@1)* =1 @ 1 +v1c @ vy — v1¢ @ vy + ¢ ® v}

- Qp,q(vl> ®1+1&® Ql,m(vl) = Qp,q(vl) + Ql,m(UZ)

= (Qp,q S¥ Ql,m)(vla UQ)-
Proposition 6.5 implies that this map induces a unique map L : C(Qp®Qrm) = CPIRQRrCH™,
such that Loi = L. Since both algebras have dimension 274+ it is sufficient to show that
L is surjective. To show this, it suffices to show that the image of L contains a multiplicative

basis of CP4 @z C*™. We must thus show that the image of L contains the elements e; ® 1
and 1 ®ej, for 1 <i<p+qgand 1 <j <[+ m. Notice that

L(ei, O) =¢Q 1

and

Lic®e;)=(c®1)-cRej=c"®e; =1Re;.

Lemma 6.8. We have
CO’2 ® Ck,l ~ Cl,k+2

and
02,0 ® Ck,l ~ Cl+2’k.

Proof. We will prove the first statement, the proof of the second statement is similar. As in
the previous lemma, we have C*2 =~ C(Qpa & Q10 @ Qo). We now define the map

L:RPoR @ R" - 0% @ CH
by
L(u,v,w) =u® 1+ ejes @ (w,v).
Notice that
Lu,v,w)* =u*®1-1® (w,v)* = Qo2(u) — Qi (w,v)
= Qoz2(u) + Qui(v,w) = (Qoz ® Quo & Qo) (u, v, w).

Proposition 6.5 implies that this map induces am map L : C(Qo2®Q10® Qo) — CH2@CH.
As before, these algebras have the same dimension and we have to show that the image of L

contains a multiplicative basis. We have L((e;,0,0)) = e;®1 and L(—c®(0, e;,0)) = 12(0, ¢;)
and L(—c® (0,0,¢;)) =1 ® (0, ¢;). O

Remark 6.9. This Lemma implies that
0074 ~ 00,2 ®R 02,0

and
04,0 ~ 02,0 QR 00,2'

Since C%? @g C?0 = C?0 @p %2, it follows that
00,4 ~ 04,0.
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Lastly, we need the following statements about matrices. In this lemma, if B is a K-
algebra, we will use the notation M, (B) for the algebra of n x n matrices with coefficients
in B.

Lemma 6.10. Let K = R or C and let B be a K-algebra. Then we have the following
1somorphisms:

(i) My(My(B)) = Mym(B).
(ii) B ®@x M,(K) = M, (B).
(11i) M,(B) @k Mp(K) = M, (B)
Proof. We leave the verification of these statements to the reader. m

Example 6.11. Before we show how to determine all the Clifford algebras C?4, we compute
some more examples. We will determine C%!, C%? and C''. We start with C''!. Notice

that the map
01 10 1 0
L:C" — Span((o 1) , (O _1)).

Which maps 1 to the first matrix and e; to the second matrix is an isomorphism. Since

I+e, (10 1—61
(1) s (00)

The map L : C%' — R @ R defined by L(a + be;) = (a + b,a — b) is an isomorphism,
where R @ R is the R algebra with addition (a,b) + (¢,d) = (a + ¢,b + d), multiplication
(a,b)(c,d) = (ac,bd) and scalar multiplication A(a,b) = (Aa, Ab).

We have C%? = M,(R), where the isomorphism is given by

1 10 1 0 0 1
—>01 61—>0_1 82-)10.

We also have C1! 2 M, (R). in this case the isomorphism is given by

1—>(1 O) 61—>(0 _1) 62—><0 1).
0 1 1 0 1 0
We will now use the algebras we have already computed to compute the other Clifford
algebras.
Proposition 6.12. The following identities hold:
(i) If 1 > m, then C'"™ = My (C'=™0).
(i) If m <1, then Cv™ 22 Mym (CO™~)
(iii) Ok o2 CLETS 2 p o (Clim),
(iv) COk+2 22 £, (CR0)
(v) CF+20 = COk @ T
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Proof. We first prove (i). Notice that in C™', we have (e;e2)? = 1. Lemma 6.7 now implies
that
Ol,m ~ Cl—l,m—l QR Cl’l.

If we now use lemma 6.7 repeatedly, then, because [ > m, we obtain
cltm= ol g (Cht @ .. @ Chb). (6.3)
Since CM = My (R). Lemma 6.10 (4i7) implies that
C'®...CH =2 My(R)® ... Ma(R) = Mym(R).
We can now apply Lemma 6.10 (i) to Equation 6.3 to obtain
Chm = OO0 @p Mom 22 Mym (CT7™).

The proof of (i7) is similar to the proof of (7). We now show (iii). We will prove the theorem
for C'*8% the proof for the other case is similar. Lemma 6.7 together with Remark 6.9
implies that

00,8 ~ 00,4 ® 00,4 ~ 00’4 ® 04,0 ~ 04,4‘

Using Part (i) of this proposition, we get C** = My (C%%) = My(R). We can now apply
Lemma 6.7 to C'*8* to obtain

CH—S,k ~ Cl,k QR 08,0 ~ Cl,k QR M16(R) ~ Mlﬁ(Cl’k),

where the last isomorphism follows from Lemma 6.10 (i7).
Lastly, we prove (iv) and (v). We will only prove (iv), the proof of (v) is similar. In

Lemma 6.8, we showed that
CO,k+2 ~ Ck,O ® 00,2

and in Example 6.11 we showed that C%? = My(R). Therefore, Lemma 6.10 (i) implies
that
COM2 22 OO @ My(R) = My(CH0).
O]

Remark 6.13. A direct consequence of part (i) — (i7i) of this proposition is that every
Clifford algebra C“™ is isomorphic to Mynm (CPLmdim) for a (ppm, grm) € {(0,k) | 0 < k <
7Y U{(k,0) |0 <k <7} and n,,, €Ny.

Remark 6.14. Notice that part (iii) of the proposition above implies that the algebras are
periodic with period 8 in the sense that increasing one of the indices of C*™ by 8 will give
an algebra isomorphism to M;(C"™).

Remark 6.13 implies that to be able to determine all Clifford algebras, we must only
determine C%F and C*° for all 0 < k < 7. Using that we already determined the algebras
for k£ < 2 and Proposition 6.12 (iv) and (v) we can determine the remaining algebras: The
first few calculations are as follows:

CO’S = MQ(CI’O) = MQ((C),
CH0 2= O = My(C*0) = My (H),
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k Ck:,O CO,k:
0 R R

1 C ReR
2 H M5 (R)
3 H & H M;(C)
4 M, (H) M, (H)
6| M(®) Ma(H)
7| Ms(R) ® Ms(R) Ms(C)

Table 1: The algebras C*° and C%*,

CH =M gpH~ ROR)@HH¢ H.

If we continue this process, we eventually obtain Table 1, which is table 1 of [4]. We
will end this chapter by examining what happens in the complex case. Let Q(,SJ :CHl 5 C
denote the quadratic form defined by ’

k+1

@) == )+ Y o

i=1 i=k+1

and let
Ce' = C(QF))-

Before we show how to compute these algebras, we will first give some examples:

Example 6.15. Notice that C(g’o = C. Using the same isomorphism as in Example 6.11,
where the matrices now represents objects in My(C), we obtain C2' =2 C@C, C&' =2 My(C)
and C% 22 My(C). We also have C° 2 C @ C, where the isomorphism is given by

L(z+ ew) = (z + 1w, z — iw).
Lastly, there is an isomorphism 0(2:,0 = M,(C), which is defined by

L (Lo L (i0 1 (01
01/ @ 0 —i)> ¢ @ ~1 0/

We will again use these algebras to determine the other algebras. To do this, we will use
the following Lemma:

Lemma 6.16. Let (CPt9, C%%) and (CH™, CL™) be Clifford algebras. Then,
(i) If p+ q is even and (e1es...€p14)° =1 (in CE?), then

p+l,g+m ~ ~pq Im

(ii) we have
0,2 Pd ~ 1gp+2

and
2 2
C ,0 ® prq ~ C‘l+ ,p‘
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Proof. The proof of the statements is almost identical to the proof of Lemma 6.7 and Lemma
6.8. ]

Since C* = C2° = M,(C), part (1) of this lemma implies that
CElt? 22 O =2 My (Cry). (6.4)

If k=2m+iand l =2n+ j, with ¢, € {0,1} and we apply Equation 6.4 repeatedly, then
we obtain N
C(g?l = M2m+'n (C’é]),

where, since C((C)’l > C’é’o, the order of the indices 7, j in C¢’ does not matter. Therefore, we
have

M2m+n (C) (Z,j) -
C(éJ g M27n+n (C @ C) g M27n+n (C) @ M2'm+n (C) lf (2,]) — (0, ].) or (]_, O) .
Momtnt1 (ng’]) (Z,j) = (17 1)

This equation implies that

Thus, in the complex case, the Clifford algebras are periodic with period 2.
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7 The groups K"™

In this section the groups K le (X) are introduced. We will use the results from the previous
section to show that they are periodic. We will then explain how these groups can be used
to show that

(K&)™(X,Y) = (Kg) " (X,Y) and (KG)"(X,Y) = (Kg) " *(X,Y),

which is the main result of this section.
This section is based on section III. 4 of [3].
We start with a definition:

Definition 7.1. Let C be a Banach category and let B be a finite dimensional K-algebra
with unit. We let CB be the category whose objects are pairs (C, f), where C' € ob(C) and
f: B — End(C) is a (unital) algebra homomorphism. A morphism o : (C, f) — (D, g) is a
map o € Home(C, D) such that o o f(b) = g(b) o o, for allb € B.

The construction we defined above ‘preserves’ some of the structure of C.

Proposition 7.2. The category C? defined above is still a Banach category. Moreover, if C
is pseudo-abelian, then CP is also pseudo-abelian.

Proof. Since Homes ((C, f), (D, g)) is a linear subspace of Hom¢(C, D), restricting the norm
on Home(C, D) to Homes((C, f), (D, g)) endows it has the structure of a normed vector
space, such that composition is bilinear and continuous. We now show that the norm is
complete. Let € > 0 and (4;);eny be a Cauchy sequence in Homes ((C, f), (D, g)). Since
Home(C, D) is complete, this sequence has a limit A in Home(C, D). Notice that

[Af(b) = g(b)A[l = [[Af(b) — Aif(b) + Aif(b) — g(b)All = [|Af(b) — Aif(b) + g(b)Aif — g(0)A]
< (1A = A F(O)] + [lg(b) (A = A

Since composition is continuous, we have ||[(A — A;)f(b)|| + [|lg(b)(A — A;)|| < e for i suf-

ficiently large, which implies that ||Af(b) — g(b)A| < €. Therefore, Af(b) = ¢g(b)A and

A € Homes ((C, f), (D, g)). Tt remains to show that C? has finite products and co-products.

If (Cy, f;) are objects of C for 1 <i < n, then the object

(Cr®..0C, [1D...8 fn),

with same projections and inclusions as in C has the structure of a product and co-product.

Now assume that C is a pseudo-abelian category. Let (C, f) be an object of C® and let
P € Homes((C, f),(C, f)) be a morphism such that P> = P. Since C is an object of C
and C is a pseudo-abelian category, there exists an object Cy € C, such that the functor
Im$ : C%? — Set, which acts on objects by

Im%(X) := {h € Hom¢(X,CO) | po f = f}.

and a morphisms by

F(g)(h)=hog
is naturally isomorphic to y¢, : C% — Set (which acts on objects by y¢, (X) = Home (X, Cp)
and on morphisms by y¢,(g)(h) = h o g). Let o : yg, — Im% denote this isomorphism and
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let o~ denote its inverse. Now consider the functors Imp : C¥ — Set and y(c,, 1), where
fo: B — End(Cy) is defined by

fo(b) == 071<P) o f(b)oo(ids,).
Notice that because
oY (P)oo(id) = o (Poo(id) = o (o(id)) = id,

we have fo(ab) = fo(a)fo(b) and f(1) = id, which implies that f; is indeed a (unital) algebra
homomorphism.

We claim that o|ycy.f) * Y(co.fo) — Imp induces an isomorphism. We first show that o is
well defined. Let h € ycy, 1) (X, g), then,

a(h)og(b) = a(hog(h))

=0

Therefore, the map o|yc,, ) is well defied. We now show that o~ *|r,, is also well defined,
which implies that o is a natural isomorphism. Let A € ImP((X, g)). Then

o () o g(b) =

o
o
=0 (Pof(b)o
o
o

]

Remark 7.3. Let C = E5(X) and (E, f) € E&(X)B. In section 4, we showed that Endgx )
is a Banach algebra, where the multiplication is given by composition. The Lemma above
implies that

Endgg(X)B(E, f) - Endgg(x) (E)

is a Banach space. Notice that if 01,0, € Endé‘g(x)B(E, f), then
0102f = 01f0 = fo109,

which implies that o102 € Endgk(xys(E, f). Therefore, the set Endgx xys(E, f) is also a
Banach algebra.

Although it is in general difficult to determine all the morphisms of C in Hom¢s(C, D),
in some cases we can at least find some of the morphisms:
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Example 7.4. Let C be a Banach category and B be a finite dimensional K-algebra. Let
(C,f) € CB. Then @ ,(C,f) = (P, C, fD,...,f) € CP. As before, we can view a
matrix A € M, (K) as an element of Endc (€D, C') by viewing the matrix elements A; ; as
the map A; jidc. Since Mide f = fAide for all A € K, it follows that Af = fA and thus that

AEEDch(@C;f®7"'7f)
1=1

for all A € M, (K).

We will be interested in the categories Cﬁém = C%"", where C is a real Banach category
and C(lc’m .= C%" if C is a complex Banach category.

We will now translate the propositions about the structure of the algebras C?? to state-
ments about the categories C”4. To do this, we need the following Lemmas:

Lemma 7.5. Let C be a pseudo-abelian Banach category and let A and B be K-algebras.
Then the following categories are equivalent:

1. (CA)B ~ CA@]KB'
2. (CA9B) = CA x CB, where C* x CB denotes the product of the categories.

Proof. We first show (i). Let F : (CA)P — CA®xB be the functor that maps an object
((C, fa), fB) of (CMHP to the object (C, fa ® fp) of CA®%B where fa ® fp is defined by
fa® fela®b) = fa(a) o fp(b), and maps a map o : ((C, fa), fg) — ((D,g4),gp) to the
map o : (C, fa® fg) = (D,g94 ® gp). We first show that this functor is well defined. We
show that f4 ® fp: A ®x B — End¢(C) is indeed an algebra homomorphism. Notice that
fa ® fp is a K-module homomorphism. Since for all b € B, we have fg(b) € Endea(C), it
follows that for all b € B and a € A the following diagram commutes:

o 9o
BfB(b) BfB(b) :
o o

Therefore, we have

fa® fplac®bd) = fa(ac) fp(bd) = fa(a)fa(c)fz(b)f(d)
= fa(a)fa(b)fa(c)fe(d) = fa® fB(a,b)fa® fr(c,d).

We now show that o is well defined. By definition, we have o € Homea ((C, fa), (D, g4)) and
oo fp(b) = gg(b) oo for all b € B. This implies that

oo fa(a) o fp(b) = ga(a) o o fp(b) = ga(a) o gp(b) 00

and o0 € Homgasgs((C, fa ® fB),(D,94 ® gp)). Moreover, if 0 € Hompas,s)((C, fa ®
fB), (D, g4 ® gg)), then, by definition we have

oo fala) =00 fa® fpla®l) =ga®@gpla®1)oo =ga(a)oc

72



and similarly oo fg(b) = gp(b)oo. This implies that o € Homcays(((C, fa), fB), ((D,ga), 98))-
Therefore, the map o — o gives a bijection

Homyca)s(((C, f4), f8), (D, g4), 95)) = Homeaews ((C, fa © f5), (D, 94 ® g5))

and F is full and faithful. We now show that F is essentially surjective. Let (C,h) € CA®xB,
Then, we have

We now show (ii). Let F: C* x CP — CA®P be the functor, which is on objects defined
by F((C1, f1),(Cy, f2)) = (C1 @ Cy, f1 © f2), where fi © fo : A® B — Ende(Cy @ () is
defined by (fi1 & f2)(a,b) = (fi(a), f2(b)), and a morphism (,p) : ((C1, f1),(Co, f2)) —
(D1, 91), (D2, g2)) is mapped to the morphism o @ p : (C1 © Cy, f1 @ fa) = (D1® D2, 91D g2).
Notice that the functor is well defined. We now prove that F' is an equivalence. We first
show that F'is full. Let 0 € Homeass(Cy @ Csy, f1 @ fo, D1 & Dy, g1 ® g2). By definition, we
have

oo fala) ® fp(b) = gala) ® gp(b) oo

for all (a,b) € A @ B.Therefore,
0= pp, © (9a(1) ® g5(0) © 0) = pp, 0 (9 © ga(1) @ g5(0)) = pp, © 7 © (ic, ©pcy).

Therefore, 0 = pp,oic,. With a similar computations, we can show that 0 = pp,oic,. This
implies that there exists morphisms o1 € Home(Ch, Dy) and o3 € home(Csy, Do) such that
o = o1 ® o,. Notice that

ga(a)or = pp, o (gala) ® gr(b) 0 01 @ 03) 0ic, = pp, (01 & 020 fala) & fr(b)) oic,
= pp,(01fa(a) ® oafp(b)o) cic, = a1 0 fala).
(

It follows that o1 € Homea ((Ch, fa), (D1, ga)) and similarly that oo € Homea ((Ca, f5), (D2, 95))-
Therefore, we have 0 = F((01,02)).

We now show that F' is faithful. Assume that oy @ o9, 3 ® pz € Homeass(Cy & Cy, f1 ®
fo, D1 @ Dy, g1 ® go) and py & pe = 01 @ 09. By definition, this implies that pu; = o7,

fa = oo and thus that (pq, po) = (01,02). Lastly, we show that F' is essentially surjective.
Let (C,h) € CA®B. Notice that P, := h(1,0) and P, := h(0,1) are maps in C*®® such that
P! = Py, P} = Pyand PoP, = PyoP, = (. Since C*%? is pseudo-abelian by Proposition7.2,
Lemma 4.28 implies that C' = Cy & (s, where C; is an object such that ImP;, = yq,. Let

0; : Yo, — ImP; denote this isomorphism. By chasing through the isomorphisms in the proof

of Lemma 4.28 we obtain that the A & B acts on C; via the map

hi(a,b) = o7 (Py) o h(a,b) o o1(ide,) = oy (P o h(a,b) o o1(ide,)) = o7 *(h(a,0)oy(ide,)).

Therefore, the map h; only depends on a we can view (Cy, h1) as an elemt of C*. Similarly,
we can view (Cy, hy) as an elemnt of C® and we obtain

(C,h) = F((Ch, hy), (Cq, ha)).
]

KoK 5

Example 7.6. A consequence of this lemma is that the category (E€5(X)) is equivalent

to the category 5 x EF.
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Lemma 7.7. Let C be a pseudo abelian Banach category. Then, the categorys C and CMn(K)
are equivalent.

Proof. Let C be an object of C. We define the functor F : C — CM»&) by F(C) = (@7_,C, h),
where the action h maps a matrix A € M,(K) to the matrix A : (&]-,C,h) — (&!,C,h),
where we interpret the indices of the matrix a a multiple of the identity. The functor
F maps a morphism f : C — D to the morphism f & ... & f. Notice that F' is well
defined. It is clear from the definition that F'is faithful. We now show that F'is full. Let
f = (fii)i<ijen : F(C) = (@,C,h) — (®",D,g) = F(D) be a morphism in CM®) By
definition, we must have g(A) o f = foh(A) for all A € M, (K). Let A denote a matrix
which is everywhere zero except at A, ,. Then, Because Af = fA, it follows that f,; = 0 if
v # q, fip=0if 7 #pand f,, = fgq Since p and ¢ where arbitrary, the matrix fi<; j<n
must be a diagonal matrix and

f=f1®...® fin=F(fr1)

Lastly, we show that F is essentially surjective. Let (C,h) € CM®)  Let P, € M,(K)
denote the projection to the i-th coordinate and let h; := h(P;). Notice that h? = h; and
hiohj = hjoh; =0. Since C is pseudo-abelian, Lemma 4.28 implies that

C = EB?:OCh

where Imh; = y¢, in C. We first show that the C; are isomorphic. Let L;; € M, (K), for
i # j, denote the linear map, such that L, ;j(e;) = e;, L; ;(e;) = e; and L; j(e) = ey, it k # 4, j.
Notice that P, = L; ;P;L; ;. If f € Im(h;), then

hih(Li;) [ = h(Lij)h(Li;PiLi;) f = h(Lij)hif = h(Li;)f-

This implies that the map f — h(L;;)f is a well defined natural transformation from Im(h;)
to Im(h;). Since f — h(L;;)f is also a natural transformation from Im(h;) to Im(h;) and
h(L;;)? = id the map is a natural isomorphism. Therefore,

yc; = Imh; = Tmh; = ye,

and CZ = Cj.
If ; : yo, — Imh; denotes the natural isomorphism from the definition of Cj, then the
isomorphism above is given by the map I;; := o; ' (P;) o h(L; ;)o;(idc,) : C; — C;. We claim
that the map

fri=ido, ® oy (P) o h(Lgy)oa(idy)) @ ... Doy (h) o h(Lny)on(idy)) : (@1-,Cy, h) — F(Cy),

is an isomorphism in C(©). B
We first determine the induced M,,(K) action h on &7 ,C; induced by h. The action of a
matrix A on ®]_,C; is given by

(Ul_l(hl)a s 70-7:1<hn))T © h(A> © (Jl(idCﬁ)a s 7O-n<ian))'
This implies that . .
h(P)py = { 0 if (p,q) # (i,19)

ide, else
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and

3 vde, if l=Fkandl#1,j
ML)k =07 (h(Pro Ly j) o oy (idy)) = < o7 () h(Li ;) o (id)) (I,k) = (4,7) or (j,1)
0 else

Because I, ; = I, ;1; j and I; ; = I;;, the action of the matrices P; and L, ; is compatible with
f. Since the matrices P; and L;; generate M,(K) and these matrices are compatible with
f, the morphism f is indeed an isomorphism in C*»©).

U

Y

Let C denote a pseudo-abelian Banach category. The isomorphisms Cbm+8 = Cl+8m ~
My(CH™) and CH1m+L 2 Mo (CB™) together with the lemmas above now imply that C5™ ~
CP4 if | —m = p — ¢ mod 8. Similarly, we obtain C¢™ ~ C2¢ if | — m = p — ¢ mod 2. This
is the periodicity we hinted at earlier. If we specialize to the case where C = E5(X), we can
use Lemma 7.5 and 7.7 to obtain Table 2, where £5(X) denotes the category of quaternionic

[—mmod8 | (E4(X))m (E5(X))"m
0 £6(X) £6(X)
1 ES(X) ES(X) x EG(X)
2 £6(X) E6(X)
3 EG(X) x EG(X) | E6(X) x E5(X)
4 £6(X) £6(X)
5 ES(X) EE(X) x EG(X)
6 EX(X) ES(X)
7 EG(X) x EG(X) | E6(X) x E6(X)

Table 2:  The categories (E5(X))b™ and (E5(X))b™

G-vector bundles, where the objects and morphism are defined as in Definition 2.37.
We will now explore some of the consequences of these equivalences in the case C = £5(X).

Remark 7.8. Let A and B be K algebras. The equivalence preserves surjective G-vector
bundle morphisms in the following way:

(i) A surjective morphism f € (E5(X))A®=P corresponds to a surjective morphism f €
(EX(X))M)® and vice versa.

(ii) A surjective morphism f € (ES(X))A®8 corresponds to a pair of surjective morphisms
(f1, f2) € (EE(X))? x (EE(X))® and vice versa.

(iii) A surjective morphism f € (E5(X)) corresponds to the morphism @7, f € (E5(X))MnE)
which is surjective. Similarly, a morphism f € (E£(X))M»®) can, after possibly pre
and post composing with an isomorphism, be viewed as a morphism @7, f and hence
corresponds to a surjective morphism f in E5(X).
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Lemma 7.9. Let (E,0) € (E5(X))"™. Then, there exists a G-module M and a (E+,ot) €
(EE(X))b™ such that

(E@EY o@or =X x (MeC"™),p),
where p(x)(m ® c¢) = (m ® zc) and g(m @ ¢) = (gm @ ¢), for allx € C*™ and g € G.

Proof. First, notice that since F € E5(X), there exists a G-vector bundle F' € £5(X) and a
G-module M, such that
EFE®F=XxM.

Let & : E® F — X x M denote the isomorphism and let p : £ & F — E denote the
projection. The map 7 : (X x (M @ C*™), p) — (E, o), defined by

m(m @ c) = a(c)p(®(z,m))

is a surjective morphism in (£5(X))"™. Remark 7.8 implies that the equivalences from
Lemma 7.5 and 7.7 preserve surjective vector bundle morphisms. Since (£5(X))"™ is equiv-
alent to one of the categories in Table 2, via these equivalences, the morphism 7 corresponds
to a surjective morphism or a pair of surjective morphisms in E5(X), E5(X) or EE(X). To
keep the exposition simple, we assume that the morphism 7 : (X x (M ® C*™),p) — E
corresponds to a pair surjective of morphisms (1, ms) : (Fy, Fb) — (L1, L) in EE(X). The
proof for the other cases is similar. Remark 2.44 together with Remark 2.36 implies that
there exists Ly, Ly in £5(X) such that

(L1, Lo) ® (Ly, Ly) = (L1 ® Ly, Ly & Ly) = (Fy, F).

Since an equivalence of categories preserves and reflects limits and co-limits. This implies
that there exists a L € (E5(X))4™ such that (E® L,o ® o) = ((M @ C™), p). O

If G is a finite group, we can slightly improve this lemma.

Lemma 7.10. Let G be a finite group. Let (E,0) € (ES(X))"™. Then, there exists a
(E+,ot) € (EE(X))b™ such that

(E®@E+ oot =2 X x (éK[G]) ® Ch™).

=1

Proof. Let m: (X x (M®C"™), p) — (E, o) be the morphism in (£5(X))"™ from the previous
lemma. Lemma A.43 says that there exists a surjective G-module morphism ® : @} | G —
M. Notice that the map P: X x (P}, G) @ C'™) — X x (M @ C"™, defined by

P(:L‘, (g ® C)) = (ZL‘,(I)(g) ® C),

is a surjective morphism in (E5(X))"™. We can now proceed analogously to the previous
lemma to obtain the desired result. O]

We are now ready to define the group K™ (X).

Definition 7.11. Let C be a Banach category and Let i, : C]%’mﬂ — Cﬁg’m be the functor
that restricts the C']%’mﬂ actions on the objects of C to a C*™ action and maps a morphism

to itself. We then define
K"™(C) := K (i1 m)-
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If C = EL(X), we will use the notation
K" (X = K(iggn = (E6(X))"™ ! = (E6(X))"™)
and will often omit the K from the notation.

Remark 7.12. Because for objects C, D € C the Banach structure on Homei,m+1((C, f), (D, g))
and Homeim ((C,61m(f)), (D, i1m(g))) is obtained by restricting the Banach structure on
Hom¢(C, D), the functor i, is a Banach functor, which implies that the group K(i;,,) is
well defined.

Remark 7.13. If C = £5(X), then we claim that i,, is quasi surjective. The claim holds,
because if £ € (E5(X)5™, then there is a B+ € (E5(X)Y™ such that E® E+ =2 X x (M ®
C™). Notice that the projection 7 : X x (M @ C*™*l) — X x (M ® C"™), where we view
both bundles as an elements of £5(X)"™, is a surjective morphism in £5(X)"™. As before,
this implies that there is a surjective morphism 7’ : X x (M @ C*™*!) — F in EL(X)"™ and
hence that there exists a F' € £5(X)"™ such that

E®F =X x(M®CH™M),
Thus, the functor ¢, is quasi-surjective.
The periodicity of the categories extends to the groups Kb™:
Proposition 7.14. Let C be a pseuso-abelian category, then we have
Kbm(C) 2 K (C),
if l—m=p—q mod8 (or mod2) in the complex case.

Proof. We will prove the proposition for the real case. The proof for the complex case is
similar. First, notice that it is sufficient to show that K!*8™(C) =~ K'™(C), K\™+8(C) =
Kb™(C) and K'Lm+l(C) =2 K'™(C). We will show that K't8™(C) = K'™(C). Let Fy,, :
Clm — CH8™ denote the equivalence from Lemma 7.7 combined with Lemma 7.5 (i) . We
claim the map F : K"™(C) — K'™®™(C) defined by

F([C-H ., Oz]) = [E,m+1(0+)v E,m+1(c—)v E7m(a)]

Is an isomorphism. We first show that F' is well defined. Notice that F},,(«) is a map
from Fj p(11m(C4)) t0 Fpp(igm(C-). We need that it is a map from 448 m(Fm+1(C)) to
i118.m(Fimi1(Cy)). This holds if 4480 Fjni1 = Fjn 04m. We will now show that this is the
case. The functor F,,+1 sends an object (C, o) to the object

(@Zlilov o ® p)a

where p : Mg(R) — Ende(918,C) is the map that sends a matrix to the endomorphism
associated to the matrix and o ® p : OV @ Mg(R) — Ende(®8,C,) is defined by
oc@pla®b)=0c(a)®...®c(a)op(b). The element e;yg,my1 of C™ 18 corresponds to the
element e; ...eg ® ey of Mg(R) ® CH™F1. This implies that

n 16
il+8,m(@ O? o 10) = (@ 07 Ulol,m Qp= F},m(il,m)(ca J)'

=1 i=1
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It is clear that the functors also coincide on morphism. Since Fj,, is a Banach functor and
an equivalence, it F' preserves morphisms and maps elementary triples to elementary triples.
Therefore, F' is a well defined group homomorphism.

We now show that it is injective and surjective. We first proof infectivity. Assume that
F([C4+,C_,a]) = [Fim+1(Cy), Flms1(C2), Fim ()] = 0. Then there exists elementary triples
D, D, ] and [D', D', f'] such that (Cy,C_,«a) & (D,D,B) = (D', D', ). Because Fj,, is
an equivalence, there are objects F, E' € Cv™*! and isomorphisms f : D — Fj,,11(F) and
D' — F i E in CH8™ L Therefore,

F(Cy,C,0) @ (Funsa(E), Fmsa (E), f7Bf) = (Fynr(B), i (E), f71B'f).

Since the morphisms between these objects in (C4™)M16(%) are diagonal matrices with the
same morphism on each entry on the diagonal, we can project to first coordinate to obtain

<C+, C,, CY) S (Ea E7 (filﬂf)l,1> = (E,a Ela (filﬁlf)l,l)a

where the last to triples are elementary triples.

We now prove surjectivity. If [C'y,C_, a] is a triple in K!T®™F1(C), then since Fj,, is essen-
tially surjective, there exists an object D, D_ € C"™*! and an isomorphisms fy : Cy —
Fim41(Dy). Then, we have

[C-I—a C—7a] = [E,m-ﬁ-l(D-‘r)v E,m+1(D—)7f—a © f;l]

Since the morphism in (C™)M+() are diagonal matrices with the same morphism on each
entry on the diagonal, we can project to the first coordinate to obtain

[Fvmi1(Dy), Frmga(D-), f- oo fi'] = F([Dy, D-, (f-aco 7))
[l

Before we study the groups K™(X) further, it might be good to explain why we are
interested in these groups. Now that we have defined the groups K5?(X), we will slightly
generalise the definition to obtain a group K3?(X,A), where A is a closed G-invariant

subspace of X. These groups again have the property that K3%(X, A) = KIG’m(X JA) if
p—q=1—mmod 8 (or mod 2 in the complex case). We will then show that

K'(X, A) = Ko(X, A) (7.1)

and
KA (X, A) 2 KE™(X % [0,1], X x {0,1} U A x I). (7.2)

Applying this equation repeatedly, we obtain the equation:
K5™(X, A) = K2(X x [0,1]™, X x 90,1 U A x [0,1]™) (7.3)

These equation and the following lemma will then enable us to prove the periodicity of the
groups K;"(X, A).

Lemma 7.15. Let X be a compact G-space and'Y a closed G-invariant subset. We have:

Ka(X x [0,1]", X x 9[0,1]" " U A x [0,1]")) & K;"(X, A).
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Proof. Remark 3.31 implies that it is sufficient to show that ¥"(X)/X"(A") is G-homotopy
equivalent to
Y =X x[0,1]"/(XT x9[0,1]" U At x [0,1]").

Notice that the map
fY = 3(XT)/EM(AT),

defined by f([z,v]) = [z, v] is a G-isomorphisms, which proves the Lemma. O

Theorem 7.16. Let X be a compact G-space and A C X a closed G-invariant subset. We
have the following group isomorphism

(KO ™(XY) =KX, Y)e  and  (K§(X,Y) = KG"(X,Y)c.
Proof. Equation 7.3 together with Lemma 7.15 implies that
KgM(X, A) = KX x [0,1]™, X x 9[0,1]™ U A x [0,1]™)
~ Ko((X x [0,1]™ X x 9]0, 1™ U A x [0,1]™)
~ K;"(X,Y).
O

Remark 7.17. A direct consequence of this theorem and the periodicity of the groups
K4™(X,Y) is that
Kl’m(X, Y) ~ KlG—m mod S(X, Y)

(or mod 2 in the complex case) and that
(Ko)™"(X,Y) = (Kg) " (X,Y) and (KG)"(X,Y) = (Kg) " (X,Y).
Example 7.18. Let X = {pt}. We have
(KG)™"(X,0) = (K§)"(X*) = KG(X"(X ")) = K&(5").

where S" := {x € R"" | || X|| = 1} is viewed as a G-space with a trivial action. We already
showed that 3
Ka(XT) = Kg(pt) = R(G)

and }
K&(SptT) =2 K'(E6(pt)) = 0.

Remark 7.17 now implies that

“Cramy ~ JR(G) if  n=2k
KG(S)_{ 0 n=2k+1
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8 Gradations

In this section, we will introduce gradations and will use them to define the groups K ém(X ,A)
from the previous section.
The main results of this section will be that the groupsk, le(X , A) are periodic (Proposi-
tion 8.11, that
KE(X,0) = K" (X)

(Lemma 8.9) and the proof of Equation 7.1 (Theorem 8.16) which says that
KS'(X, A) = Ka(X, A).
This section is based on chapter I11.4 and IIL5 of [3] We start with a definition:

Definition 8.1. Let (E, f) € (E&(X))'™. We call a morphism h € Endexxyn(E, f) a
gradation on (E, f) if:

(i) flei)h = —hf(e;) foralll1 <i<l+m

(ii) h?2 =1

We will denote the set of gradations on (E, f) by Gr"™(E, f) and endow it with the subspace
topology.

Remark 8.2. Notice that a gradation is an extension of the C*™ structure on E into an
Ctm+L structure.

We will be interested in triples ((E, f),ay,a_), where (E, f) € (E5(X))"™ and oy, ay €
Gr'™(E, f). We will define the sum of gradations by

((Elafl)anraoQ) D ((E2> f2)7ﬁ+767) = ((El D E27 fl S f2>,0&1 S a2>ﬁ1 S ﬁQ)

If a,,a_ € Grad"™((E, f), then the notation o, ~ a_ will mean that o is G-homotopic
to a_ through gradations. We are now ready to define the relative group K“™(X, A):

Definition 8.3. Let X be a G-space and A C X a closed G-invariant subset. We define:

KY(X, A) = {((B, ), ar,a_) | (B, f) € ob((EE(X))™), ay,a- € GP™(E, f) and ayla = a_|a}/ ~ .

where ((E, f),aq,a_) ~ ((E', f"), By, B-) if there exists a (F,~,7), such that
ay B Dy~a @B DY,

relative to A (thus the G-homotopy H between the gradations has the property that Hy|popror), =
a L ®P_®|y forallt € [0,1]). We will denote the equivalence class of a triple ((E, f), ay, o)
by [(E, f), a4, a_]. The operation

(B, f)y o, a @ (B [), B, B-] = [(By @ By, f @ [), 00 @ a2, 1 @ P

gives ch}m(X, A) the structure of an abelian group.

Lemma 8.4. The set K"™(X, A), together with the operation & is indeed a group.
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Proof. First, notice that a triple [E, ay,«_] is 0 if and only if there exists a triple (F,~,~)
such that

ar Dy=a- Dy,

relative to A. Also notice that & is well defined and associative. We now show that every
element has an inverse. Let [F, o, as] be a triple. Then, we have

[E704+705*] ® [EvaJr?Oé*] = [E@ E>@+ Da_,a_ D Oé+].
Notice that the homotopy H : [0,1] — Gt""(E @ E)

H() — (eos@e) —sin(%f))) (1 © ) (eos(%@) sin(%w) | 1)

sin(560  cos(%) —sin(36 cos(%)

is a homotopy through gradations and since ay|g, = a_|g|,, it follows that H(t)|g, =
a, ®a_|a=a_ ®asla and thus that it is a homotopy relative to A. Therefore,

[EGE arda_,a_day]=0.

Lastly, we show that @ is commutative. Let  := [E, oy, a_],y := [F, B;,3-] € K"(X,Y).
Then, we have

oy @y+a) ' =[EOFOFOE 0, @B, 0 Ga,a ©f ®fr ®ayl.
Using the homotopy from Equation 8.1 twice, we obtain:
o OP DL Do 2a- BB DL Doy ~a B DL Day.
Therefore, we have (x ®y) ® (y ® x)~' = 0 and & is commutative. O

Remark 8.5. If f: (Y, B) — (X, A) is a G-map, then f induces a map f*: Kldm(X, A) —
K4™(Y, B), defined by

f*([Ev Qg a—]) = (f*E, f*a-H f*Oé_),
where f*ay : f*E — f*E is defined by f*a|sp, = alfy). Therefore, the assignment
(X,Y) = K5™(X,Y) is a contravariant functor.

There is also a notion of an isomorphism between triples:

Definition 8.6. Letx := ((E, f), oy, a_) andy := ((F,h), By, 5_) be triples, with (E, f), (F,h)) €
(EE(X))b™ an isomorphism ¢ € Homgx (xyym ((E, f), (F, h)) is an isomorphism between x
and y if poay = f4 0 ¢.

Lemma 8.7. Let x = ((E, f), oy, a ),y = ((F,h),By,5-) and ¢ be defined as above, and
assume that [z], [y] € K"™(X, A). then

[(E7f>7a+7a*] = [(F, h),ﬁ+,ﬁ,]

Proof. The proof of the Lemma is somewhat similar to the proof Lemma 5.10. Notice that
[E,Oé+,067] D [F75775+] = [EEB F,Oé+ S 577057 @BJr]
We have 1 = ¢ oay o ¢~ !. Equation 5.4 implies that

(0 e\ (0 6T _ (0 67 fa 0 0 ¢
wsomass = (0 ) (%) =00 (5 welden) (B %)
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The leftmost matrix in the final equation is homotopic to the identity via the homotopy H ()
from equation 5.3, with « replaced by ¢. One can check that the map

Ai(t) = H(t) o (o ® B.) o (H(1) ™,
is a homotopy from o @ [y to ay @ [_ relative to A and through gradations. O

We will now show that Kg™(X,0) = K5"(X). To show this, we need the following
lemma:

Lemma 8.8. Let (E, f) € (Eq(X))"™ and oy, o € GI"™(E, f). If s ~ a_ via a homotopy
H:1— G"™(E, [), then there exists a map H : I — Autig,x)ym(E, f) such that H(0)=1
1

and HQ)o H(1) ™ = a_
Proof. Let h:[0,1]*> — Endl(’gz(x))l,m(E, F) be the map defined by

1+ H(t)H(s)
—

Notice that h(t,t) = id and is hence invertible for all ¢ € [0,1]. Since h is continuous and
the subset of automorphism is open, there exists an open set {(¢,t) |t € I} C U C I?, such
that h(s,t) is invertible if (s,t) € U. Since I? is compact, there exists an ¢ > 0, such that
B((t,t),e) C U forallt € I. Let n = |2] and a; = i§ for 1 <4 < n and 2,11 = 1. Then,
this implies that the map H : I — Aute,(xym (E, f) defined on [z, 74,1] by

h(t,s) =

H(t) = h(t,z;)h(x;, xi—1) ... h(x2, 21)h(x1,0)

is a well defined automorphism. Since h(t, s)H(s) = w = H(t)h(t, s) it follows that

A, A1) = AWHO) Q)™ = HOALW A1) = a_.

Proposition 8.9. Let X be a compact G-space, Then,
Kg"(X,0) = K" (X).
Proof. Let ® : K5™(X) — K5™(X,0) be the map defined by

(I)([(E-H J+)7 (E—7 0'_), Oé]) = [(E-H O-‘C’lvm)a a_10+<€l+m+1)7 0— (6l+m+1>a]'

We first check that @ is well defined. Assume that y := ((Fp), (F,p), ) is an elementary
triple, then and let = := ((E;,04), (E—,0-),«). Then,

D([a+y]) = [(Ex 0lorm), 04 (€rrmer)s 00— (tsmsn)alBI(F, plon ), pleromsn)s B~ plerrmsn) 8]

Since [ is homotopic to the identity through automorphisms in E¢(X)b™, it follows that

plertmr1) = BT plerrm+1)B and [(F) ploim), (€l+m+1) B~ plerm+1)B] = 0. Now let z as
before and assume that y := ((Fy, py), (F_, p_),«) is isomorphic to x. Then, there exist
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morphisms f € Hom((Ey,04), (Fy,ps)) and g € Hom((E_,0_), (F-, p—)) such that goa =
B o f. This implies that
O([y]) = [(F-I—ap+|C’l’m)7p+(6l+m+1)a5_1p+(el,m+1)6]
[(Fy, pilem), pi(€rrmin), B 90 (errmir)g ™ f]
[(F, pilerm), foy(ermi) 7 fa o (ermen)af ™
[( ). f

+
Fy,pilewm), for(ermi) 7 fa oy (erpme)af ™)

Therefore, Lemma 8.7 now implies that ®([y]) = ®([z]). The map ® is therefore well defined.
Also notice that ® is indeed a group homomorphism. We now show that ® is an isomorphism.
We first show that ® is surjective. Let [(E,0),ay,a_] € K" (X,0). Then

(I)<<E7 U+)7 (E7 0-*>7 Zd) = [(E7 U): Ay, Oé*]u

where o4 is the C»™*! structure induced by ¢ and ..
We now show that ® is injective. Assume that

(I)([(EJN U+)7 (E*> 07)7 Oz]) = [(E> UJr’Clvm)? J+<€l+m+1)a a~lo. <€I+M+1)a] = 0.

Let 6, be the Ct™ ! action on E, such that 6 |ctm = 0 |ctm and 64 (€14mi1) = @ to_(e14mi1)a.
Notice that o : (Ey,0y) — (E_,0_) is a morphism in E;(X)"™ 1. Therefore, the diagram

. .
(Et,o4|cim) —— (B4, 64 |ctm)

(E+7O-+|Cl,m) L} (E_,O-_|Cl,m)
commutes and
[(E-H U+)7 (E—7 0—)7 Oé] = [(E-i—? J+)7 (E+7 O-+)7 Zd]
We may thus assume that o = id. Since
(D([(E-l—v U-l—)v (E—7 U—)7 OZ]) = [(E’ O-+|Clvm)7 U+<el+m+1)7 a_la— (€l+m+1)a] =0,
There exist a triple ((F, p), 8, 8) such that
o (Ctrm1) ® B = (a7 o (ermi1)a) @ B.

Lemma 8.8 implies that there exists a map h : I — Autg,x)m(Ey @ F, 0|cimg,) such that
h(0) = id and

h(1) 0 04 (erimi1) ® B o h(1)™h = (a7 o (e1rmi1)a) © B.

This implies that h(1)~! : (E_®F,0_®8) — (EL®F), 0, ®) is a morphism in Eg (X)L
Now notice that the diagram

(E+@F,O’+@pﬁ|cl,m) L) (Ef@F,6f®pﬁ‘Cl,m)
id h(1)~1!
-1

h(1)"la
(E+ @ F, (o m @ pﬁ|cl,m) — <E+ @ F, (o @ pﬁ|cl,m)
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commutes,where pg denotes the C™*+1 action induce by p and 3, which implies that

[(E-H U+)> (E—a U—)a a] EL, J+)7 (E—a U—>a a]) @ [(F, pﬁ)v (F> pﬁ)a id]
EL,®Fo.® pﬁﬁ% (E-H o & pﬁ)» h(l)_l]

[(
[(
0.

It is zero because h(1) is homotopic to the identity through automorphisms. ]

Remark 8.10. This proposition implies that the groups Kldfn(X7 0¥ = KX, 0)if l—m =
p—qgmod 8if K=R or mod 2 if K= C.

The remark above also holds if we replace () by a closed G-invariant subset A C X.

Proposition 8.11. The groups Kém(X, Ak and KZY(X,A) are isomorphic if | —m =
p—q mod 8 if K=R or mod 2 if K= C.

Proof. As before, we will prove this theorem for K = R. It is sufficient to show that
Ko™MX, A) = KS9™(X, A), KG™ (X, A) =2 KG™"8(X, A) and K2™(X, A) = KV (X A).
We will show that K2™(X,A) = K"8™(X, A). The proof for the other cases is simi-
lar. We will define the isomorphism using the map of the previous proposition. Let = :=
(E,0),a;,a ] € KZ"(X, A). By forgetting the ‘extra’ structure, the triple [(E, o), oy, o]
defines an element of K, ém(X ,0). Using the isomorphism from Proposition 8.9, this element
corresponds to the triple [(E, o), (E,0_),id] € Kg(X)"™, where o is the CY™*1 action
induced by o and «a.. Using the isomorphism from Proposition 7.14 we see that this triple
corresponds to the triple

[((@zlglE’ O+ ® p), (@ililEa 04 ® P), Zd] € KG(X)Lmv

where p sends a matrix A € Mi(R) to the corresponding isomorphism in &.%, F and 0. ®p :
CHEmHL @ Mis(R) — End ()8, E) is defined by

o+ ®pla,b) =o0x(a)® ... ox(a)o p(b).

Using again the isomorphism from Proposition 8.9, we see that this element corresponds to
the triple

(DI E.c®p),ar,®...0a,opler...es),a_ D...Ba_ople...e5)l.

Notice that the gradations coincide on @5, E|y and this triple can thus be viewed as an
element

(B, E,o@p),ay®...0a,opler...es),a- D...0a_op(e...es)] € KX, A).

Notice that the composition of all these identification is a well defined group homomorphism
o Kim™(X,A) — K'™(X, A). We now show that ® is an isomorphism by defining an
inverse. Let [(F,0), (., 3_] € K"®™. The equivalence of Lemma 7.7 implies that (F, o) =
(B, FE,6 ® p) for some (E,5) € Eg(X)"™. Let f: F — @, E denote this isomorphism.
Then, we have

(F,0), B+, 8-] = [(®:251E,6 @ p), fB+ 1 [B-f ).
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As before, we can we view this triple as an element of K éj&m(X ,0) and hence as an element

of K™ (X) and use the isomorphisms from Lemma 7.14 and Proposition 8.9 to obtain the
triple

[(E,5), (pler...es) fBef )i (plers. . es)(fB+f )i

in Kgm(X ,A). where the subscript refers to the entry of the matrix that represents the
morphism p(e; ...eg) fB+f'. Notice that this is a well defined group homomorphism. It is
clear from the definition that this morphism is the inverse of ®. O]

We will end this section by showing that Kg°'(X,Y) = Kq(X,Y). To show this, we will
need to prove some lemmas:

Lemma 8.12. Let p : E — X be a G-vector bundle and Y C X a closed G-invariant
subset. If H : Ely x [0,1] — El|y is a homotopy between G-vector bundle isomorphisms
and through G-vector bundle isomorphism such that Hy = id, then there exists a homotopy
H : Ex|0,1] = E, such that Hy is an isomorphisms fort € [0,1], Hy = id and Hy o1 = H.
Proof. Let mx : X x [0,1] — X denote the projection and let h : 7% Ely o1 % [0,1] —
% Ely xj0,1) be the map defined by h((v, s),t) = H (v, st). Notice that we can view h as a con-
tinuous map h : [0, 1] — Autgg(yx[()’l])(W}E|YX[Q71]). Let f:[0,1)> — Autgg(YX[m])(W}E|yX[071})
be the map defined by f(s,t) = h(s)~'h(t). Notice that f is continuous and f(,t) = id for all
t€[0,1]. Let U = {(s,t) € [0,1]* | |lid— (s, t)|| < 1}. Notice that U is open. With a similar
argument as in the proof of Lemma 8.8, we obtain 0 =ty < t; < ... <t, <t,1 =1€]0,1]
such that for all 0 < i <mn and t € [t;,t;11], we have f(t;,t) € U. Since |[id— f(t;, tis1)|| € U
and End (7% E|y«0,1))) is a Banach algebra, Example 4.17 implies that the function log(-) is
defined on f(t;,t;11). Therefore, we have log(f(;,ti+1)) € End(7%x Ely«jo,17). Using Lemma
2.26 and 2.21, we can extend this map to obtain a map «a; € End(7% F). As mentioned in
Example 4.17, the exponential function is also defined on End(7n% E) . We now define:

H :=exp(ap) ...exp(ay).
Notice that
Hly := exp(ao)ly - .. exp(a1)]y = exp(agly) ... exp(an]y)
= exp(log(f(to. t1)) - - - exp(log(f (tns tnt1)) = f(to,t1) - f(tn, tns1)
=h(0)"'h(1) =ido H
=H
Therefore, the map 77}1':[0_ 'H is the required map. O]

Remark 8.13. Since Endgx 4).m ((E, 0)) is a Banach space and a sub algebra of Endgz 4 (E)

for any G-space A, it follows that if H is a homotopy through isomorphisms in 5(Y)b™,
the extension H is a homotopy through isomorphisms in £&(X)h™.

This lemma will enable us to prove that the group KIG’m(X ,A) fits into a short exact
sequence:

Lemma 8.14. The following sequence is an exact sequence:

KE™(X, A) —L KE™(X) —2s K5™(A) |
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where j([E, a4, a_]) = [E, oy, a_]. Moreover, if A is a G-retract of X, then we obtain the
short exact sequence:

0 —— Kg"(X, A) —— KG"(X) —"= Kg"(4) — 0.
Proof. The proof of this Lemma is quite long, so we will postpone it to the end of the

section. ]

Notice that this Lemma is very similar to Lemma 5.21. The following lemma is a refor-
mulation of Proposition 3.30, but now for the groups K741(X A).

Lemma 8.15. Let X be a compact G-space, A C X a closed G-invariant subspace and
m: (X, A) — (X/A, A/A) the projection. The map

™ KE™(X/A, AJA) — K5™(X, A)
s an isomorphism.

Proof. We will prove the theorem by constructing an inverse. Let ([(E, o), ap,a_] € Kg™(X, A).
As discussed before, Lemma 7.9 implies that there exists a G-module M and a triple
[(E+,01),7,7] such that

[(E7U)7a+7a*] D [(EL7O’L)777 7] = [(X X (M ® Cl,erl)upX‘C’*’”)va<€l+m+1>76)]7

For some 3 € Gr"™(X x (M ® C*"*1), px|cim). Notice that i*8 = i*p(ejmye1), Where
i: A — X is the inclusion. We now define the inverse j : K2™(X, A) — Kg™(X/A, A/A) by

(B 0),ap,a]) = [(X/Ax (M Cl7m+1)7pX/A|Clvm)7pX/A(el,m—H)v5]7

Where 3([z],v) = B(x,v). We leave it to the reader to verify that j is well-defined. It is clear
from the definition that 7* o j = id. We now show that j o 7* =id. Let [(F,0),ay,a_] €
K4™(X/A, A). As before, we have

[(E70->)Oé+7a—} = [(X/A X (M ® Cl’m—i_l)upX/Y|Clvm)7pX/Y(el,m-‘rl)uﬁ]a
Now notice that

Jo W*[(E7 U), aq, 04—] =jo 7r*[(X/A X (M ® Cl’m+1), PX/Y|Cl,m), pX/Y(el,m-H)a 5]
= j[[(X X (M & Cl,m—l-l)’ PX‘CW”); pX(el,m+l>7 W*B]
= [(X/Ax (M ® Cl7m+1)apX/Y|Cl’m)>pX/Y(€l,m+l)aﬁ]

With these lemmas in place, we are ready to prove the theorem:

Theorem 8.16. There is a natural isomorphism

D KX, A) —» Kq(X, A).
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Proof. Our approach will be the same as in the proof of Proposition 5.22 and Theorem 5.23.

Thus, we will define a natural homomorphism ® : K%%(X A) — K (X, A) and proof that it

is an isomorphism if A = (). We can then proceed analogously to the proof of Theorem 5.23

to show that ® is also an isomorphism if A # ().

We will first define ® and show that ® is natural. Let [(E,0),ay,a_] € K®(X, A). Let
1+ a+

P:tZ: B .

Notice that P? = Py and Py|g), = P_|g|,. We now define
(I)([(E>U)va+’a—]) = [P-I—E’ P—E’/BL

where 5 : Py E|y — P_El|y is the identity. Remark 3.13 implies that this map is well defined.
Also notice that ® is indeed a group homomorphism.
We now show that & is natural. Let f: (Y, B) — (X, A) be a G-map. By definition, we
have
[(E, o), ar,a]) = [(f°E, ff0), [Toy, ffa_].
Notice that IHT% = f*P.. Therefore, we have
O([(fE, fo), fray, [fa]) = ([P E, (P ) [ E, [*5].
The bundle (f*P.)f*FE is canonically isomorphic to f*(PE.). Therefore, we have
[(f*P)fE(f*P-)["E, B] = f*[PLE, P_E, B].

We now complete the proof by showing that the map is an isomorphism if A = (). We
will construct an inverse and show that this inverse is an isomorphism.
Let h: Kq(X) — Kg°(X,0) be the map defined by

WE,—E_)=|[E, & E_, (é _01) : (_01 (f)]

We leave it to the reader to verify that h is well defined. We first show that ® o h = id. If
we let h(E, — E_) as above, then the corresponding projections Py and P_ are

P, = %(z’d+ ((1) _01)) = ((1) 8) and P = %(z’d+ <_01 _OO>) = (8 (1)) .

Therefore, P (E, @ E_) = E; and P_(E, @ E_) = E_ and
Soh(BE, —E)=E, —E_.
We now show that ho ®([E,ay,a_|) = [E,a,,a_]. By definition, we have
ho®([E,ay,a]) = [P.E® P_E,id® —id, —id & id).

If we add the triple [(1 — P.)E @ (1 — P_)E, —id, —id] = 0 and then rearrange the terms,
we obtain

ho®([E,at,a_])=[PtE®P_-E®(1—PL)E® (1 — P_)E,id® —id ® —id ® —id, —id ® id & —id & —id)
—[PLE®(1-P)E®P.E®(1—P.)E,id® —id® —id® —id, —id & —id & id & —id)
=[E® E,at+ @ (—id), (—id) ® a_].
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Where the last equality holds because ay |p, g = id and ay|i—p, = —id. We claim that
[E® FE,a, @& (—id),(—id) @ a_]=[E,ay,a_].
The claim holds because
ap @ (—id) @ a_ = A7 (—id) @ a_ ®a A,
where

B =

_— o O
OO =
O = O

—+

Since det(B) = 1 the matrix B is homotopic to id through invertible matrices in M3(K),

which implies that
a; & (—id) B a_ ~(—id) ®a_ P ay.

As promised, we end with the proof of Lemma 8.14.

Proof of Lemma 8.14. First, notice that since a|g|, = a_|g,, it follows that i*a, = i*a_
and hence that
i*oj([E,ay,a ]) =[i"E,i"ay,"a_] = 0.

We now show that Ker(i*) C Im(j). Let [(F,0),a:,a_] € Ker(:*). By definition, this
implies that there exists a (F,7) € £5™(A) and a gradation v on F such that
lay) &y ~i*(a) B . (8.2)

Proposition 8.9 implies that (F,7) together with 4 corresponds to an element of (F, 7)) €
Eq(A)mFL Using Lemma 7.9 we see that there exists a (F1, 73) € Eg(A)!™*! and a
G-module M such that

(FOF @) 2 (Ax (M C™ ) pa).

Notice that
P(X % (M ® O ), py) = (A x (M ® C™1), ).

Also notice that
T()L(el-i-m—i-l) € Grl,m(ELaTHCva)

and
px(epigi) € Grim(X x (M @ CH™ 1), px|cim)).

If we define (4 := ay @ px(€ptq+1), then we obtain
(X x (M @ CY"™ ), px|eim), B+, -] = (B, 0), ar, o]
and using Equation 8.2 we see that
By =it P

Lemma 8.7 implies that there exists amap & : [0, 1] = Autgx qym (A X (M@CH 1) px|oim),
such that h(0) = id and h(1)i*B,h(1)™' = i*3_ and Lemma 8.12 implies that this map
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extends to a map h : [0,1] — Autgz xym (X x (M @ CL™ ) oot ), with h(0) = id.
Therefore, we have

(X % (M @ O™ ), pxleim), Be, B-) = [(X x (M ® CY"™*), px|cum ), A(1)B4h(1) 7, B-].

Since i*(h(1)8.h(1)71) = h(1)i*Boh(1)~" = B_, the last triple lies in the image of j.
We now show that the sequence is short exact if A is a G-retract of X.
We first show that i* is surjective. Let [E, ay,a_] € Kg™(X, A). Then, we have

I E rtan, ra] = B ag, a .

We now show that j is injective. Assume that j([(E,0), a4, a_]) = 0. Then, there exists a
gradation v over a (F,7) € £5(X)"™ such that ay ® v ~ a_ @& v. Lemma 7.9 implies that
we can add a gradation 0 = [((E @ F)*, ), 0,6] to [(E® F,o0 ® 1), a4, a_], to obtain

[E,Oz+,Oé_] = [(X X (M® Cp’q+1))7p|0p*q76+76—]7

with 5, ~ f_ and S+ = p(eprq+1). We show that we also have that 5. ~ [_ relative to A.
Since 8, ~ B_, there exists a homotopy H : (X x (M @ CP71)) x [0,1] = X x (M ® CP4T)
such that

(i) Hy € Homg,(xym((X x (M @ CP9H) (X x (M ® CPat1)),
(i)
(i) H
(iv) Hif Hy ' = f-.

Let H : (X x (M ® CP7t1) x [0,1] = (X x (M ® CP91) be the map defined by

H; is a G-vector bundle isomorphism for all ¢ € [0, 1],

H((z,v),t) = H(z,t)H((r(x),v),t)" "

The homotopy 3 B
t— H,B3,H!

is a homotopy between _ and

HlH((T(')a ')7 1)_15+H((’F('), ')7 1)H1_1 = Hlﬂ—Hl_l = B—i—-
Where
H((r(-),), )7 B H((r (), ), 1) = B
because 8, : X x (M @ CP9T) — X x (M @ CP%t1) does not depend on X and the equality

holds on the vector bundle restricted to Y. Notice that by construction, it is a homotopy
relative to Y. N

89



9 Periodicity theorem

In this section we will finish the proof of Theorem 7.16. We will prove that
K™ (X, A) =2 KE™M(X % [0,1], X x {0,1} UA x I) (9.1)

and describe the isomorphism explicitly. We will base the proof on the proof in chapter I11.5
and I11.6 of [3] of Theorem 5.10, but change it such that it applies to the equivariant case.

9.1 The group G is finite and A = ()

We will start with the case that G is finite and A = () We will prove that Equation 9.1 holds
by showing that it follows from a more general statement about Banach algebras (Theorem
9.12). To do this, we must first obtain more convenient descriptions of K5" (X, A) and
K§™(X x[0,1], X x{0,1}UAX I). We will first provide another description of Kg" ! (X, A).
To do this it will be convenient to have the following definition:

Definition 9.1. Let X be a G-space. We call a sequence ((F,,0,))nen in E5(X, A)b™ a
cofinal sequence if:

(i) For all n,k € N, we have (F,,0,) ® (F,0r) = (Fuik, 0n ® o).
(i) For all (E,7) € E&E(X, A)b™ there exists a k € N and a bundle (E+, ) such that
(E ©® EJ',T ©® TJ') = (Fk,Uk).

Example 9.2. If G is a finite group, then Lemma 7.10 implies that the sequence (F},)nen
defined by

F, = PK[G e ™,
i=1

is a cofinal sequence.

Remark 9.3. If ((F,,0,))nen is a cofinal sequence in E5(X)"™+1 then the sequence
n— ((Fm 0n|Clvm)v 0n<€m+l+1))

is a sequence of gradations with the property that

(i) For all n,k € N, we have 0, (€mti41) ® Ox(€mrit1) = Tpgr(Cmpit1)-

(ii) For each gradation ((F,7),a), with (E,7) € £5(X) and a € Gr"™(E, 1), then there
exists a n € N and a gradation ot on a (E+,71) € E&(X)5™ such that

(Ee® EL? T TL)» a® O‘J_) = ((Fn, onlotm); on(emiiy))-

We will often denote ((F,, on|ctm), on(€mrir1)) by (Frn, on(€1imat))-

The following lemma shows why a cofinal sequence is a useful notion to have:
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Lemma 9.4. Let [E, oy, a_] € KG™(X, A) and (F,, 0,)nen be a cofinal sequence in ES(X)m+1,
Then, there exists an n € N such that

[E, oy, a] = [Fo, on(€rim+1), ],

for some B € Gr"™(F,). Moreover, we have

[y on(erymin), Bl = [Fi, ok(€ryma1),7]
iff there exists an p € N such that

On(€rm+1) @Y B 0p(€r4mt1) 22 B D Oprp(€ram+1)-

relative to A.
Proof. Remark 9.3 implies that there exists a gradation (E+, a7) and an n € N such that

(B® B a e ab) 2 (Fyoulctime)).
It follows that

[E,a,a ] =[E,ay,a ]+ [EY ag, ap) = [Fy, 00(Crimy1), o @ o).

We now prove the second statement. Assume that

[Fn, onleirmsr), B = [F, ok (€r4mr1), 7]
By definition, there exists a gradation (L, ) such that

On(€rtm+1) ® 7 @6 2 B D op(€r4m1) 6. (9.2)
As before, there exists a gradation (L1, 6+) and a p € N such that
(L® L6 ®67) = (Fy opleirmin))-

If we add d* to equation 9.2, we obtain

Tn(€r4mr1) DY D@ oplCipms1) = B ® Orip(Cipme1)-

Let (F,)nen denote a cofinal row in EémH(X ), then we define the topological space
Gr"™ ((Fy)nen) = colim,enGr*™(F,, o, (e1m1)),

where the inclusion Grl’m(Fn) — Grlm(FnH) is given by a = o @ o1(ejymy1). We choose
(errms1) = o1(epmi) € GrP™((F,)nen) as a base point for mo(Gr'™ ((F,)nen)) and give
7o(Gr"™) ((F,)nen) the structure of a commutative monoid by endowing it with the addition
([f1 @ [g]) = [f @ g]. More precisely, the addition is defined by choosing a representatives
f € Gi'"™(F},) and g € Gr"™(F,) for some k,n € N and map it to the class of the direct sum
f® g€ G (Fiyn) € Gr"™((F,)nen). This is well defined, because we have

(A® tidp, ) f ® o1 (errmsr) D gD o1 (€rpmi1) (AT D Lidp) = fD gD o1(€1ami1) B o1(€ramer).
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for some invertible matrix A € M, 4+1(K). Since either det(A @ id) or det(A & —id) is
positive, we may assume that

B(f ® o1(erim+1) D g ® 01(€r4mi1)) B~ = f D g ® o1(€rymr1) D o1(errm),

for an invertible matrix B € My ,+2(K) with det(B) = 1. Since det(B) = 1. It follows that
B is homotopic the identity through invertible matrices, which implies that

J @ o1(ereme1) © 9D or(€rpms1) = f © 9D or(€rim1) ® o1(Crpmer).

Theorem 9.5. Let (F,,),en be a cofinal sequence in SémH(X). The map ® : 7o Gr"™ ((Fp)nen) —
K4™(X,) defined by
O([f]) = [Fk, or(erme), frl,

for some k € N, where fi, € Gr"™(F},) C Gr"™((F,)nen) is a representative of f, is a monoid
isomorphism and (mo( Gr"™ ((Fy)nen), ®) is an abelian group.

Proof. Since Gr'™((F,)nen) is Hausdorff, the image of a map h : [0,1] — Gr"™((F,)nen)
is contained in Gr'™(F},) for some k depending on h. Lemma 9.4 now implies that ® is
well defined. Also notice that ® is indeed a monoid homomorphism. We now show that
® is surjective. Let [E,ay,a_] € K¥(X,). By Lemma 9.4, there exists a k € N and a
B € Gr™(F},) such that

[E, ay,a_] = [Fg, ok(€14m+1), 5]
Therefore, we have

(I)(ﬁ) = [E,CY+,(J4_].

Lastly, we show that ® is injective. Assume that

(I)(ﬁ) = [Fm Uk(€l+m+1)7 5]-

Lemma 9.4 implies that there exists a n € N, such that

ﬁ D Un(€l+m+1) = Un+k(el+m+1)-

This homotopy is a homotopy between  and 0,45 (€14ms1) in Gr™((F,)nen). Thus,

[6] = [Jn+k(€l+m+1)] =0.
]

This theorem gives a nice description of the group K le(X ,) provided that we can find a
cofinal sequence. We have shown in Example 9.2 that this is possible if G is finite. We will
now choose a cofinal sequence (F},)nen to get a better description of Gr™ ! ((F,)nen). Let
(F,)nen be a sequence in £5™ (X)), where F, := (X x (@7, K[G] ® C"™*2 p,)), where p, is
the C""*2 action as defined in Lemma 7.9. Remark 7.13 implies that (F,, p,,) is a cofinal row.
It will be useful to also consider the cofinal row (F,, p,)|nen defined by Fy = (Fy® Fy, p1®p)),
where pi|cimir = pi|cimr and pl(€r4mr2) = —pl1(€rrmr2)-

With this choice of cofinal sequence, we will define the set GL(F1, pi|cim) and show
how this set relates to the set of gradations. First, notice that Remark 7.3 says that
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Endgi xyum ((F1, plcem)) is a Banach algebra, where the multiplication is given by composi-
tion. As explained in Remark 4.9, we can view each morphism

A € Endgg(X)l,m«Fn, IOTL’CLVm>> = Endgg(X)l,m<@ Fl,plfcz,m @ e EB p1|cl,m)

=1

as a matrix (A;;)i<ij<n, With A;; € EndEg(X)l,m(F]_,p1|Cl,m). We set GL,(F}) to be the
set of matrices with coefficients in Endgx xyi.m (F1, p1]cim) which are invertible. Notice that
there is a canonical bijection

GLn<F1) = Autgg(x)l,m((Fn, pn‘cl,m)),

which sends a matrix to the corresponding morphism. This isomorphism induces a topology
on GLg(FY, p1|cim). We now define the space

GL(F, p1|cim) := colimg_,oo GLog(F1, p1]ctim ),

where the inclusion GLok(FY, p1|cim) — Glogio(F1, p1]cim) is given by f — f @ e @ —¢,
where € 1= p(€p+g+2)p(€p+gt1)-

We now define the map () : Endex(xym (F1, pr]oim) = Endgx xyim (F1, p1]cim) by

I = pi(eremer) fo1(€remr).

Notice that ? = f. This map induces a map  : GLox(Fy, p1|ctm) — GLog(F1, pi|cim), by
letting it act on the matrix elements. With this map, we can define the subsets

GL™ (Fy, pi|cim) = {f € GL(Fy, p1|ctm) | f = —f}

and
I(F1’p1|c’l,m) = {f E GL_(F17p1|Cl,m) | f2 = —1}

Notice that since € = —¢ and €2 = —1, these definition make sense. The following propositions
show how these definitions relate to the group K5™ (X, 0).

Proposition 9.6. There is an isomorphism
Kg™ (X, 0) = mo(I(Fy, piloim)),

where we choose € € I(Fy, pi|cim) as our base point and the group structure on wo(I(Fy, p1|cim))

is defined by [f] @ [g] = [f @ g].

Proof. Since the sequence (Fn,ﬁn)neN is a cofinal sequence in E5(X)"™*2 Theorem 9.5
implies that KX, 0) = mo(Gr"™ " (F,cy)), where the group operation is endowed
by the direct sum. It is therefore sufficient to construct a homeomorphism between ¢ :
I(Fy, pr|gm) — Gr"™ ! (F,en) that preserves the base point and show that the group struc-
ture on mo(I(Fy, p1|ctm)) induced by ® and the group structure on Gr*™ ™ (F,cy) is the
direct sum.

We first define ®. Let

I(Fy, prleim) i= {f € GLak(Fy, pilcem) | f = —f and f* = —1}.
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Notice that I(Fy, p1|cim) = colimy oo I (F1, p1|cim), where the inclusion Iy (Fi, p1|cim) C
I 1 By, prlcim ) is given by f— f @ e @ —e. We now define ® on Ij,(F, p1|cim by §p(a) =
apok(€r1me1) for all k£ € N. We first check that apax(€j1m11) is indeed a gradation. Notice
that

D (@) = apak(Crrmir)par(erimir) = aa = a(—a) = id,

apak(€rrmr1)p(ep) = —ap(ey)par(€rrm+1) = plep)ap(€rim1)

for 1 <p<Il+m and

Pr(€remy1) = Qpp(€rimy1) = —apr(€rpmr1)-

This implies that @, () is a gradation. Also notice that @ is continuous. Since

Ppri(a®ed —€) = ad plerrmtz) & —plerrmt2) = @ S Pr(€rrm+2),

it follows that the maps ®;, for k € N induce a unique map ® : I(Fy, p1|cim) — Grl™ L (Fen).
This map is a homeomorphism, because it has an inverse, which is on (Fy, pg|cim+1 defined
by @1 (a) = api(eirmy1). We leave to the reader to check that this map is well defined and
indeed the inverse.

Notice that ®(€) = p(eiym+2), which implies that the ® maps the base point to the base
point. Also notice that ®.[a @ ] = P.a] ® @.[0] and ¢ o @ 8] = & a] & D713
Therefore, the direct sum give mo(I(F}, p1|cim)) the structure of an abelian group isomorphic
to K™+ (X, (). O

We will now describe the group
KP1(X % [0,1],{0,1} x X)

in terms of GL(F, p1|cim). Let (F,, pn) be defined as before. Notice that (Fy, pp|cim+1)nen
is a sequence in EémH(X ). Remark 7.13 implies that (F,, pn)nen is a cofinal sequence in
EémH(X). Let p: X x I — X denote the projection. Then, since

(D" Fras D" palcrmsn) = (X x [0, 1]) x (&, K[G] @ CV™2), pon|croma),

the sequence ((p*E,, p*fin) Jnen is a cofinal sequence in 5™ (X x [0,1]). We will often denote
P pn by pn. With this notation in place, we can show the following:

Lemma 9.7. Let (E,0) € E5(X x [0,1])4™. Then there exists a bundle (E+,0b) € E&E(X x
[0, 1])5™ such that
(E®@ Bt o@ot) = (piFo, 1),

where T, |ctm = plotm and

To(erm+1) (2, 1),0) := Bu((2,1),0) = (pn(€prgr1) cos(mt) + pr(€irmy2) sin(mt))v

for some n € N.

Proof. Since (p*F,, p|ctmsi )nen is a cofinal sequence, there exists a bundle (E*,ob) such
that

(E® EL o®ot) = (p*Ey, pulcime).
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We now define the morphism f : p*F, — p*F,) by

F((@,),0) = (c0s(5t) = pulerimsreremsz) sin(Gt))e.

Notice that p,(ex)of = fopn(ex), for 1 < k < [4+m, which implies that f € Endgg(xﬂ)z,m(ﬁ’n, plotm).

Also notice that h is invertible, with

7 (. 1),0) = (cos(5) + palersmierims) sin(51)).

Therefore, the map & is an isomorphism from (p*E,, p|cime) to (p*E,, 7) € ES(X x I)bm+1),
where T|cim = pp|lctm and T(eryms1) = f o plerpmer)f~". Writing out the definition we
obtain

Plerm1)(@,1),0) = (cos(5t) = pn(eremieirma) sin(G )p(erim1) (€0s(G5t) + pu(€remercrimez) sin(F )

s . ™ ™ . ™
= (005(575) = pn(€rpm+1€i4m2) Sln(it))(/)n(eumﬂ) COS(gt) + pn(€r4m+2) Sln(gt))v

= ((cos()* = sin(5)*)p(errmr) + 2sin(F1) cos()plerem1))v

= Bn((z,t),v).
]

Notice that since (p*F,, T,) ® (p*Fk, 7)) = (0" (Frik, Tnrk), the bundles (p*F,, p,,) are a
cofinal sequence in E5(X x I). This yields the following result:

Lemma 9.8. Let [E,ay,a_] € Kg™(X x [0,1], X x {0,1}), then we have
[E,ap,a_] = [p*Fy, B, f] (9.3)
where, f € Gr'™(X x [0,1]). Moreover, we have
0" Fas By f] = (0" Fi, Brs B
iff there exists a p € N such that
B ®h® By = f D Brrp
relative to X x {0, 1}.

Proof. This is a direct consequence of Lemma 9.4. O]

We now want to relate the map f from the previous Lemma to a map
f:1— Autgg(X)l,m(Fn,ﬁ|Cl,m).

Lemma 9.9. We may assume that the map f in equation 9.3 of the previous Lemma is
given by 3 }
f|ﬁnx{t} = f(t)pn(errmir) (1),

Where f :[0,1] — Autgg(X)l,m<Fn,ﬁ|Cl,m) is a map such that f(0) = id and

Pr(€prqr1) f(1) = = f(1)p(€p+qt1)-
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Proof. We can view the gradation f € Gr'™(p*F,, p|ctm) as a continuous map f : [0,1] —
Gr'"™(F,, p|lcim) defined by f(t) = . Lemma 8.8 implies that there exists a map

f:I— Autgg(x)l,m(ﬁn,ﬁycl,'rrL) such that f(0) = id and f(1)f(0)f(1)~" = f(1). Notice that
the construction in Lemma 8.8 is such that we even have f(t)f(0)f(t)"' = f(t) for all ¢ €

[07 1]- = 6n|p*E\xx{o71}a it follows that f( ) = p(6l+m+1) ( ) _P(6l+m+1)
and thus B B

FOplerrms) F)™ = —plerimr).
Therefore, the map f has the required properties. O]

These map have the following useful property:

Lemma 9.10. We have [p*Fy, Bu, fpn(€rims1) f 7] = [0"F, B, Bk (€rime1)h ™Y, for maps
f10,1] = Autex xoym (Fy, plerm) and b2 [0,1] = Autex xym (Fy, ploim) as in Lemma 9.9 if
and only if there exists a homotopy

H: [07 1] X [07 1] — AUtfg(X)(Fn+k+p7 ﬁn+k+P|Cva)v

such that Hy = f, Hy = h and Hy; is a map such that Hy(0) = id and Hy(1)p(€j1mi1) =
—p(€rrm+1)He(1).

Proof. 1t is clear that if such a homotopy H : [0,1] x [0,1] — Autgg(x)(ﬁmmp, Prtktplctm)
exists, then . )
[p*Fm ﬁna fﬁn(el+m+1>f71] = [p*Fkv ﬁk? hﬁk(el+m+1)h71]'

Now assume that [Fy,, Bn, fon(€romi1) f 1] = [Fr, Br, hor(€roms1)h™!] Lemma 9.8 implies that
there exists a p € N such that

B ® hpr(errms1)h ™ @ By = fpn(erim1)f " & Brp

relative to X x {0,1}. We can view the homotopy L : I — Gr"™(p*Fyyy s ps niisplcim) as

a map L’ : [0, 1] [O, 1] — Grb ( n+k+p7pn+l+P|Clm)7 where L/( ) ) - L( )|p “Frgkplxx ey
We have Ly(t) := L(-,0) = Buip(t) ® h(t) and Ly = B,4,(t) & h(t). Since the homotopy is
relative to X x {0,1}, we have L(0,s) = pnirtp(€irm+1) and L(1,t) = —ppiksp(€romt1). We
now have the following commutative diagram:

[07 1] X {07 1} s Autsg()()lvm (Fn+k+p> ﬁn+k+p|01’m)
g TPt ketp(€ptqr1)T )

[0, ].] X [0, 1] —> GI‘ ( n+k+p:pn+k+p|(ﬂm>

where i is the inclusion an L’ is defined by

L'(£,0) = Bu(t) ® h(t) @ B,(t) and L'(t,1) = f(t) @ Bryp(t), L'(0,8) = id,

for t € [0,1]. Since ([0,1] x [0,1],[0,1] x {0,1} U {0} x [0,1]) is homeomorphic to ([0, 1] x
[0,1],{0} x [0,1]). We can use Lemma 8.8 to obtain a map

H: [O, ]_] X [0, 1] — Autgg(x)l,m(ﬁn_i_k_;_p,ﬁn+k+p|cl,m)7
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such that

Hj0.1)x{0o13u{0yx[01] = L

!/

and
H6p+q+1H_1 = L/.

The map H now is the required homotopy. O

We will now rephrase this Lemma to make it into a statement about GL(F}, p|cim). Let
Q(GLok(F1, plcim), GLgy (F1, ploim)) be the space of maps f : [0, 1] — GLoy(F1, plotm) with
the property that f(0) = id and f(1) € GL,,(F1, p|cim)) endowed with the compact open
topology. We now define

7Tl<GL2k(F1, p|Cl,m), GLQ_k(Fl, p|Cl,m)) = COhmkHooﬂ'o(Q(GLgk(Fl, p|CL,m), GLQ_k(Fl, plcl,m))),

where the inclusion

7o (U GLak (F1, pleim ), GLoy (1, plorm))) = mo(QGLaki2(F1, plerm), GLgy o (F1, pleim)))
is given by
f — f @717

where
T

2
We choose [y1] as our base point. On 71 (GLay (F1, p|ctm ), GLgy (F1, plcim)), we can define the

addition [f]®[g] = [f®g] (We need to choose representatives fi € mo(Q(GLak(F, plcim), GLg. (Fi, plcim)))
of [f] for some k € N and

gn € mo(Q(GLay (F1, plcim), GLy, (F1, plcim))) of [g] for a n € N to take the direct sum and

the addition is thus defined by

71 (t) := cos(=t) + (e & —¢) sin(gt).

/1@ lg] = [fx © ge])
We leave to the reader to verify that this addition is well defined and gives

Wl(GLQk’(Fh p|C'lvm)> GLQ_k:(Fh p|C’lvm))7

the structure of a commutative monoid. With these definitions, we can rephrase Lemma 9.9
and Lemma 9.10 to obtain the following theorem:

Theorem 9.11. The map
U - 7y (GLor(Fy, pleim ), GLg (Fy, plenm)) = KE™(X % [0,1], X x {0,1}),
which is defined on mo(Q2(GLay (F1, plctm ), GLgy (F1, plcim))) by
Yo (f) = [ s dletm)s Brs Flk(€rpmen) f1].

18 a monotd isomorphism and hence an isomorphism of groups.
Proof. Notice that

~ _ ™ ~ . ™ ™ - . ™
Yi(t)p1(errmi1)71 ()" = (cos(5t) + pr(erymi2erimi) Slﬂ(*t))ez+m+1(008(§t) — pr(errmr2€iimy1) Sln(gt))

2 2
= (p1(et4+m+1) cos(gt) + p1(erym+2) sin(gt))(cos(gt) — p1(€r4m+1€i4m+2) sin(gt))
= cos(mt)pr(er+m+1) + sin(mt)pr(erym2)
=6
Therefore, the map ¥ is well defined. It is clear from the definition that & is a monoid
homomorphism and Lemma 9.9 and Lemma 9.10 imply that ¥ is an isomorphism. O
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We have now expressed the groups K2 (X, 0) and K" (X x[0, 1], X x{0,1}) in terms
of the Banach algebra (Fy, p1|cim). The following general theorem about Banach algebras
shows why we have reduced to these definitions:

Theorem 9.12. Let A be a Banach algebra with an algebra homomorphism () : A — A
such that @ = a for all a € A. If A contains an element € such that €2 = —1 and € = —e,
then the map

j :mo(1(A)) = m(GL(A), GL™(A4)),

defined by
. s . T
JU) = cos(5t) +sin(50)f
15 a bijection.

Remark 9.13. For a general Banach algebra A, the definition of the spaces GL(A), GL™(A),
I(A), mo(1(A)) and 7(GL(A),GL™(A)) are the same as the definitions we gave earlier for
the Banach algebra (Fi, p|cim).

Proof. The proof of this theorem is a bit beyond the focus of our thesis. The proof can, for
example, be found in [3] as Theorem 6.12 on page 167.
The original proof can be found in [10]. O

With this theorem and all the work we have done, we can at last prove the theorem:

Theorem 9.14. Let G be a finite group, then there exists an isomorphism
Ko™ H(X,0) =2 KX x [0,1], X x {0,1}).
Proof. In Proposition 9.6 we showed that
K" (X, 0) = mo(L(FY, pileim))-

Theorem 9.12 implies that

mo(L(F1, prlcrm)) = w1 (GLak(F1, plerm), GLy, (F1, plorm))-
Lastly, in Theorem 9.11 we showed that

1 (GLak(F1, plotm ), GLyy(Fr, plerm)) = KM™(X x [0, 1], X x {0, 1}).
Which proves the theorem. O
S

Remark 9.15. We can also describe this isomorphism more explicitly. Let [(E, o), oy, o]

KW 41X (). Lemma 9.4 implies that there exists a n € N and a 8 € Gr'"™ " (F,, p|ctms1)
such that

[(E> U)v Ay, a—] = [(Fn, ﬁ|01,m+1), ﬁn(el+m+2)7 ﬂ]

This corresponds to the class

B € wo(Gr"™ ((Fy, pulctm Jnen)

and hence to the class
[Bpan(€ipm+1)] € mo(I(F1, pr|ctm).

98



This class corresponds to the path

. ™ .

j(t) = cos(gt) + 81n(§t)ﬁp2n(el+m+1)
in 71 (GLak (F1, plcim ), GLgy (F1, ploim)). We have

3P +1)3 (0™ = (c08(5) + sin(50)Bpan (€1 1)) (pan Erms1) cos(5E) + sin(51)5)
= cos(7t) pan(€11ma1) + sin(nwt) 5.

Using the isomorphism from Theorem 9.11 on [Bpa,(€14m+1)], we thus obtain the element
(B Plt ), Bus cos(nt)pan(ersmsn) + sin(rt) 8]

Let p: Kb HH(X () — K™ (X x [0,1], X x {0,1}) be the map defined by

w(E o),ap,a )= ((p"E,p*o|cim), cos(t)o(erm1) + sin(t)ay, cos(t)o(epymr1) + sin(t)a_).

Notice that p is a well defined group homomorphism and

p([(Fn, plorns), puerime2), B1) = [(Fu, flotm), B, cos(mt) pan(ersm1) + sin(nt) 5],

which implies that the isomorphism from Theorem 9.14 is induced by .

9.2 The group G is a Lie group and A = ).

We will now prove that if G is a Lie-group, the group homomorphism
p KW (X, 0) — K9™(X < [0,1], X x {0,1})
defined by
W(l(E, o), a0 ]) = (0" B 50 loun ), cos(or(ermsn) +sin(t)a, cos(t)o(ermsr) +sin(t)a_.

is an isomorphism. As mentioned before, since a Lie group GG can have an infinite number
of irreducible representations, we can no longer use a cofinal sequence in 5 (X )™ to show
this. However, we can still do something similar.

Let [G]k denote the set of isomorphisms classes of irreducible (real or complex) finite
dimensional representations of G. For each [N] € [G], we choose a representative N and a
G-invariant inner product (-,-)y on N. This inner product induces an inner product (-,-)x
on N ® Cv*+2 which is defined by

(n,m) if e, ... =e€j,...,€;
o e endom (e} = { € = G

n

For n € N. We let E,(X) := X X [[yeq @ini(N @ Cm+2) denote the product of these
representations/ G-modules in Top, let m, : E,(X) — X denote the projection and let
PN i [[yes N — N denote the projection. We endow the space with a G-action defined by

g(z,v) = (gz, gv),
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where ¢ - v is the unique map with the property that py o (gv) = gpy(v). Similarly, we can
endow E,(X) with a Ct"™*+2Zaction p defined by

p(u)(x,v) = (z, p(u)v).

Notice that the space E,(X) almost has the structure of a G-vector bundle, with a Ct™+2-
action, expect for the fact that the fibers of the projection 7 : X X [[y¢(q @i (N ® Clm+2)
can be infinite dimensional vector spaces. This motivates the following definition:

Definition 9.16. We define (E,,(X))nen as the category, whose objects are the spaces E,(X)
for n € N and the G-vector bundle X x {0} an whose morphisms are continuous G-maps
f: Ey — E, such that :

1. my=m,of.
2. For all x € X, the map f‘{x}XHNe[G] ot (voctmi2) t (Ek(X))e = (En(X))y is linear.

3. We have

11l == sup | f|xxer  nvoctmez|lN < oo
neN

Where ||f|Xx@k:1N®Cz,m+2|| is the norm of the G-vector bundle morphism
f|X><€Bi.“:1N®Cl,m+2 X X @?ZlN ® Ol,m-i—? S5 X x @Zﬂ:lN ® Cl,m+2.

Remark 9.17. Notice that with the norm on the morphisms we defined above, the category
(Bn(X))nen is a Banach category. Therefore, the categories (E,(X))%% are also Banach
categories and the space End (X))z,mN((En), p) is a Banach algebra.

n ne

For the category (E,(X))nen, we can define gradations and the group Kg™ ((En(X))nen, )
as follows:

Definition 9.18. Let (E, f) € (E,)i%. We call a morphism h € End g, (X))z,mN(E,f) a
n ne
gradation on (E, f) if:

(i) f(e))h = —hf(e;) foralll <i<Il+4+m

(ii) h? =1

We will denote the set of gradations on (E, f) by Gr"™(E, f) and endow it with the subspace
topology.

and

Definition 9.19. Let X be a G-space. We define:
K" ((Bn(X))nen) = {((E. f),ar,a-) | (B, f) € 0b((Bn)pty), - € GIH™(E, )}/ ~.
where ((E, f),ay,a_) ~ ((E', f"), By, B-) if there exists a triple (F,~,7), such that

aL B PDy~a_BLL Dy

through gradations.
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Remark 9.20. The proof that this is indeed a group is similar to the proof of Lemma 8.4.
Moreover, Lemma 8.7 and Lemma 8.8 still hold for the group K“™((E,(X))nen)-

Remark 9.21. If A C X is a closed G-invariant subspace, we can also define the group
Khm((En(X))neN? (En<A)neN)) as the group of triples

((En(X)v f)> Oy Oé,),

where ay|g, (1) = a_|g,(a) and we identify ((E,(X), f), at,a_) with ((Ex(X), f'), B+, B-) if
there exists a triple (E,(X),~,7), such that

ar @by ~=a-BP By

through gradations relative to F,,,x1,(A). Asbefore, the direct sum gives K™ ((E,(X))nen, (En(A)nen))
the structure of a group.

The idea is that we use the group K""((E,(X))nen) to define the cofinal sequences.
To do this, we define the sequence (E,, p|ctmt1)nen)"™ ™ in (E (X X I))nen by

By = E\(X x[0,1]) ® Ey(X x [0,1])
and p1 = p & p', where p|cimis = p and p'(€14m12) = —p(€r4m+2) and
Eo1=FE,0F.
We will now shows how we can relate this sequence to the group K2™(X x [0,1], X x {0,1}).

Definition 9.22. Let I C [G] be a finite subset and Y be a compact G-space. We define the
map

P} : End(g,(v)),en(En(Y)) = Endeqx) (Y x @ EPN).

Nel i=1

by
P;(U) = O-‘YX@NEI DN

Remark 9.23. Notice that if M, N € [G] and M # N, then for the set of equivariant maps
between the representations, we have Homg (M, N) = 0. This implies that in the definition

above we have .
Im(Pfo) CY x EHEPN.

Nel =1

Remark 9.24. The map P} induces a homomorphism
Pr o KM ((Eu (Y % [0, 1])nen, (Bn(Y % {0,1})nen) — K™Y x [0,1],Y x {0,1}),
defined by

Pi([(Bns0),ar,0-]) = (I(Y x D EDP N, Pio), Piay, Pia]).

Nel i=1

We can define the gradation 3, on (E,, p|cum) by
Br‘mmm = plerrm1) cos(mt) + p(€rsm+2) sin(mt).

and proceed analogously to the case where GG was finite to obtain the following results:
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Lemma 9.25. Let [(E,0),ap,a_] € Kg™(X x[0,1], X x{0,1}). Then, there ezists an € N,
ad e G ((E,, ploim) and finite set I C [G] such that

(B,0), v, ] = Pi{(En, pu), Bus 0]

and
Py(0) = Py (Bn) (9.4)
for all N € [G] — 1.

Proof. Lemma 7.9 implies that there exists a (E+,0b)) € £HX x [0,1]), a ar €
Gr™ Y (E+, ot) and a G-module M such that

(E@E  oc@0b)=((X x[0,1]) x M ® C"*2 p|eimir)

and
a® ot = plerimea).

Therefore, we have
(B, o), ] = [((X % [0,1]) x M & CY™2, pleu), plerman), 1,
fore some v € Gr"™(((X x [0,1]) x M ® C*"*2 p|cim+2). Notice that
M =@, &, N,

as a representation, where IV; are distinct irreducible representations. We can assume that
ki =ky=...=k,. Let I = U {N;} and let ' € Gr"™(FE,) be the gradation defined by

Pré'(v) = v @ pnlerimyr),

and

P;\(fé/(v) = ﬁn(el+m+1)a (95)
for N € [G] — I. Notice that

PI*[(ETL; ﬁn|01vm> ﬁn<el+m+1>7 6/] = [(Ea O'>7 Oy Off]-

As in Lemma 9.8, we let f : (E,, pnlctm) = (En, pn|ctm) be the automorphisms in
End 5 xxp, i ((En, Pnlcim)) defined by

T . s

f(t) = cos(Et) — pn(€rimi1€rims2) 81n(§t).

Remark 9.20 implies that

[(Em ﬁn|(ﬂ’m)7 ﬁn(el—km—&-l)’ 5/] = [(E~m panClvm)u fﬁn(61+m+1>f_1, félf_l]
= [(ENnv ﬁnlcl"”)u B 5]

with 6 := f&'f~1. Equation 9.5 implies that we also have that
Py (8) = Pf By,
for N € [G] — 1. O
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This Lemma allows us to prove the following proposition
Proposition 9.26. The map
D . Kém(X x [0,1], X x {0,1}) = K" ((E,(X x [0,1]))nen, (En(X x {0,1}))nen)

defined by
O(((B,0),ay,a-]) = [(En, pn), Ba, 0],

where § is defined as in the previous Lemma, is an injective group homomorphism. Moreover,
we have that if

2= ((Ep, pn)s Buy 0],y = (B, pr), Brs €] € Im(®),
were 0 and € are as in the previous Lemma, then x =y if there exist a p € N such that
ﬁn@f@/@pgé@ﬁlﬁ_m
relative to X x {0, 1}.

Proof. The proof of this statement is similar to the proof of Lemma 9.4. We will only
proof that the map injective and leave the verifications of the other properties to the reader.
Assume that ®([(E,0),aq,a_]) = 2 = 0. By definition, there exists a finite subset I C [G]
such that

Pl*x = [(Ev U)a O, a*]‘

Since z = 0 and PJ is a group homomorphism, we also have
Pix=P/0=0
and thus z = 0. O
Lemma 9.27. We may assume that the map & in Proposition 9.26 is given by
8(t) = f(t)plerrm) fH(2)

where
f [O 1] — Aut (X x[0,1]))" lm (Egn(X X [O 1]) p2n|cl,m)

is such that f(0) = id and p(€j1m+1)f(1) = —f( )p(€14mi1). Moreover, if € = hp(epmy1)h™!
1s as in Proposition 9.26, then

[(E’m ﬁn)a ﬁna 5Oﬁ(el+m+l)50_1] == [(En7 ﬁn) ﬂn: 5lﬁ(el+m+1)5_1]
iff there exists a homotopy H : [0,1]* — At xupo. i (Eon, pan|cim is a homotopy such

that Hy = f, Hi = h, Hy(0) = id and p2n(€l+m+1)H(1) = —pon(€rime1)He(1) for all
t €10,1].

Remark 9.28. The map 6(t) denotes the map 6|g|y,,,
Proof. The proof of the statement is similar to the proof of Lemma 9.9 and Lemma 9.10. [

We can do something similar for the group group K, IG’mH(X . 0).
For n € N, Let (F,, p,) be defined by

= (Ev(X) @ Ey(X),p® p))
where p'|ctm+1r = ploimir and p'(€j1me1) = —€4me1 and

(Fn+1>ﬁn+1) = (Fn ® F1, pn ® ﬁl)
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Lemma 9.29. Let [(E,0), ay,a_] € K& (X,0). Then, there exists a k € N, a finite
subset I C G and a B € Gr"™ Y (F,) such that

Pr{(Fa, pn), 7dﬁo(el-i-m-&-2)> Bl =(E,0), ot a]

Moreover, if N € [G] — I, then
Py = plerim+2).
Proof. The proof is similar to the proof of Lemma 9.25 m

Proposition 9.30. The map x : K™ (X,0) — K" ((En(X))nen) defined by

X([(E’ 0)7 ay, Oé_]) = [(an ﬁn>7 ﬁ(€l+m+2)7 5]7

where 3 is defined as in the previous Lemma, 1s a well defined injective group homomorphism.

Moreover, if @ = [(Fu, ), plersmia), 8] and y = [(Fi, pi), pletsms2), 7] are in the image of
X, then x =y if and only if there exists a p € N such that

Pr(Ciym+2) ® 7 ® ppleipms2) = B ® piip.
As before, we define
Grl’m“((En)neN) = ColimnﬁooGrl’mH((Fn, platm+1)),

where the inclusion is given by
= @& pi(ermsa).

and obtain:

Theorem 9.31. The morphism
X0 : KémH(X, 0) — mo(Gr"™ (B nen))

defined by
[(Ev 0)7 Ay, O‘*] — [ﬁ]?

where B is defined as in Lemma 9.29, is a well defined injective monoid homomorphism.
Proof. The proof is similar to the proof of Theorem 9.5. O

We have now shown how we can use the category (E, )nen to describe the group K™ (X, 0)
and K"™(Y x [0,1],Y x {0,1}). As in the case where G was a finite group, we will use these
result to reduce the bijectivity of 1 to Theorem 9.12.

As mentioned before, the space B := (Ei(X),p|cun) has the structure of a Banach
algebra, where the multiplication is given by composition. The map ( ) : B — B de-
fined by @ = p(ejrmy1)ap(€rims1) is an algebra homomorphism such that @ = « for all
a € B. We choose the element € := p(e1mi2€1me1) as our base point. Notice that
€ = —1 and € = —e. We now define the spaces GL((E1(X), p1|cim), GL™((E1(X), p1]cim),
I(EA(X), prlcun)s mo(I(E1(X), pilun)) and

™ (GL((EL(X), prfcrm)), GL™ ((EL(X), prlctm)))

as before. We have
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Lemma 9.32. The map h: Gr"™ (B (X))nen) — I((EL(X), pleim)) induced by the maps
By o GP YL plotme) = T((EV(X), plotm)) with

hi(f) = fpor(€rrmy1)
18 a homeomorphism and hence induces a bijection
ha = o (G1 (B (X))nen)) = mo(L((E1(X), plotm))).
Proof. The proof goes analogous to the proof of Proposition 9.6. m
Lemma 9.33. The map

4 (GL(Ero i) G (s i) = KE (B 00 1) e (a0 e
defined on 7o (U GLak(Er, p1|ctm), GLg. (E1, p1]cim)) by o
Uor(f) = [(Eks Bl crm ), B Fl€rzmen) £,

1s a well defined monoid homomorphism. Moreover, we have
Im(®) C Im(V)
and W|g-1(mmy) is injective. (Where ® is the map from Proposition 9.26 )

Proof. The proof that ¥ is a well defined monoid homomorphism is the same as in the proof
of Theorem 9.11. Lemma 9.27 implies that

Im(®) C Im(V)

and that W|g-1(m(s)) is injective

Theorem 9.12 now says the following:

Theorem 9.34. The map j : mo(I(E1(X), pr|cim)) = m(GL((EL(X), prlcim)), GL™ ((EL(X), prlcim)))
defined by

J(F)(E) = cos(5H) +sin(F) .
18 a biyjection.
With this theorem, we can finish the proof:
Theorem 9.35. The map pu: KG™ (X, 0) — KZ™(X x [0,1], X x {0,1}). is surjective.
Proof. We first show that the map
Vojoh:Im(yxy) — Im(P),

is a monoid isomorphism. Since h and j are isomorphism and ¥ is injective on W~ (Im(®)),
it is sufficient to show that joh is well defined and surjective. Let v € Im(y). By definition,
there exists a finite set I C [G] such that Py(5) = p(ej4m2) for all N € [G] — I. We have

h(7) = Vpr(€r4m+1) and

FR)(E) = cos(5t) + sin(S ) 1P (errm):
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Therefore, we have

U o joh(y) = [(Ek, prlcim), B, 5 (7)) br(errms1) (R() 7).

Notice that for N € [G] — I, we have
PR (3 () pr(erm1) i (R(7)) ™) = Py By
Since @ is well defined, Lemma 9.25 implies that
O(Pp(Vojoh(y)))=Wojoh(y).

We now show that Wojoh is surjective. Let z := [(E, o), ay,a_] € K™ (X x[0,1], X x{0,1})
and ~
q)(x) = [(Ekaﬁk>7/8k7,y]

Notice that there exists a finite set I C [G], such that

Pr(v) = Pn(Br)
for N € [G] — I and i
Pr((Ek, pr), Br, vl = (B, 0), ay ]

Lemma 9.33 implies that ®(x) € Im(¥). Therefore, there exists a f € m (GL((E1(X), p1|lcim)), GL™((Ey (X
such that

®(z) = [(Ex, pleim)s Blr, folerrma) f71].

Theorem 9.34 says that we may assume that f = j(9), for some § € mo(I(E1(X), p1|ctm))-
Let &' := 6pp(€irmy1). Notice that & € Gr" ™ ((E,)nen). Let 8y € G ((E,)nen) be
defined by

Prog :=4¢'

and
Pyo = plerym+1).
By construction, we have
Pi(Wojoh(8) = Pi(Wojoh(d)) =,
Moreover, we have
Py(¥ojoh(d)) = plertmtr),
which, because ® is well defined, implies that

O(x) =Wojoh(d)).

Therefore, the map W o j o h is an isomorphism. Since xo and ® are injective, the maps
Xo : K& (X, 0) — Im(xo) and ® : K5™(X x [0,1], X x {0,1}) — Im(®) are isomorphism
and the map W o j o h induces an isomorphism

KIG’mH(X, M) — K" (X x I,X x {0,1}).

By chasing through all the identifications as in Remark 9.15 | we see that this isomorphism
is given by p. Therefore, the group homomorphism x is an isomorphism. 0
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9.3 The group G is a Lie group and A # ()

We are now almost done. We will show that the map
i KX A) = KEMOX % [0,1], (X x {0,13) U (A x [0,1])) (9.7

defined as before is also an isomorphism if A # (). We will proceed in three steps. We will
first explain that p is natural, then prove that y is an isomorphism if Y is a point and will
then prove the general case.

If f:(X,Y)— (Z,W)is a G-map, then f induces a map

f (X x [0,1], (X x {0,1}) U (Y x [0,1])) = (Z x [0,1],(Z x {0,1}) U (W x [0, 1])).
A computations shows that we have

fru=nf 9.8)

which implies that p is natural. We will often denote f* as f*. With this observation, we
are ready for the case A = {pt}.

Proposition 9.36. Let xy € X, such that {zo} is a G-invariant subset. The map u gives
an isomorphism

i KEN(X {xo}) — KE™M(X % [0,1], X x {0,1} U {zo} x [0, 1]).

Proof. Consider the following diagram:

m™T i% m T m
0 —————— Kg" (X, {x0}) = K¢™(X,0) : K" (20,0) ————— 0

I+ g l“

0 — Kgm“(x x [0,1], X x {0,1} U {x0} x [0,1]) Y K5™(X % [0,1], X x {0,1}) J> K™ ({zo} x [0,1], {zo} x {0,1}) — 0

where ix : (X,0) — (X, {zo}) and iz, ({zo},0) — (X,0) are the inclusions. Lemma 8.14
implies that the upper row is exact.

The map 7 : (X x[0,1], X x{0,1}) — ({xo} x[0,1],{z0} x {0, 1}) defined by r(x,t) = (zo,t)
has the property that r oi,, = id. We can show with a proof similar to the proof of Lemma
8.14 that the lower row is also exact.

Since the map p in the middle and rightmost column are isomorphism, the map p in the
first row is an isomorphism. O

We can now finally prove the Theorem:

Theorem 9.37. Let X be a compact G-space and let A C X be a closed G-invariant subset.
The map
p: KPH(X,A) — KX % [0,1], X x {0,1} U A x [0,1]).

defined by

w(E o),ap,a )= ((p"E,p*o|cim), cos(t)o(erms1) + sin(t)ay, cos(t)o(epym1) + sin(t)a_).

1 a natural isomorphism
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Proof. The map p is natural in the sense of equation 9.8. We now show that p is an

isomorphism. In Lemma 8.15 we showed that the projection 7 : (X, A) — (X/A, A/A)
defines an isomorphism

™ KE™(X/A, AJA) — K5™(X, A).

Now consider the diagram:

Ko™(X/A, AJA) = y Kb'(X, A)
Kb (X /A % [0,1],AJA x [0,1] U X/A x {0,1}) &5 K"(X x [0,1],X x {0,1} U A x [0,1])

Where the map 7 : (X x[0, 1], X x{0, 1}JUAX[0,1]) — (X/Ax[0,1], A/Ax][0,1]JUuX/Ax{0,1})
is the projection. Since p is natural, the diagram commutes. With a reasoning similar to
that of Lemma 8.15, we can also show that 7* is an isomorphism. Proposition 9.36 implies
that the map p in the left column is an isomorphism. Therefore, the map

p: KVm(X,A) — KD™(X x [0,1], X x {0,1} U A x [0,1])

is an isomorphism. O
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A Appendix

A.1 Haar measure/integration of vector valued functions

A.1.1 Haar Measure

In this section, we will show how a continuous function f : G — C, where G is a Lie group,
can be integrated over the Lie group G. To accomplish this we will define the Haar measure,
show how it can be constructed and prove some basic properties of the Haar measure. We
will follow the approach from section 19 of [9].

We will start with the definition of a density on a vector space.

Definition A.1. Let V' be a n-dimensional real vector space. We call a function p: V" — C
a density if for every linear map L :V — V' the pullback T % p:= po (T,...,T) satisfies

Ty = | det(T) .
Example A.2. If V = C" and A € C, then the map u(vy,...,v,) = A det((vq,...,v,))|,
where we view v; as a column of a matrix, is a density.

Let DV denote the complex vector space of densities on V.The example above actually
already describes DV .

Lemma A.3. The vector space DV is a one dimensional complex vector space.
Proof. Let ey, ... e, be a basis of V and let A be densities on V. Let (vy,...,v,) € V™. Then

AL v) = M1, va)(e), o (01, vn) (en)
= |det(vy,...,vn)|A(e1, ..., en).

Thus the density is uniquely determined by its value on (es,...,e,) and the dimension of
D(V) is at most 1. The example above shows that the dimension of D(V') is at leat 1.
Therefore, D(V) = 1. O

If A:V — W is a linear map and g : W™ — C is a density on W, then we can use u to
define a density A* : V" — C by

A'pi=po (A,... A).

Now let M be a smooth manifold and let 7'M denote its tangent bundle. Then we can define
the density bundle DM, by DM,, := D(T'M,,).

Lemma A.4. The density bundle is a complex line bundle.

Proof. Let xy : U — R™ be a chart . Notice that TU = U x R". Let pu : R — C denote the
density defined by p(es,...,e,) = 1, where (ey,...,e,) denotes the standard basis. We can
now define the map s, : U — DU, defined by s(z) = p. The map sy is a local frame of DM.
If xiy : V — R™is a chart such that U NV # ), then we also obtain a section sy : U — DU.
Notice that

sy(z) = pley,. .. ,eX)
= (T (xoxy')a) (el en)
= [det(T(xuxy")a) (el s - s e)
= | det(T(xuxy')e)|su ().
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This implies that the frames we defined are smoothly compatible. One can check that
the charts &y DM — C, defined by @' (z,v) = (x;'(z),vsy) give DU a smooth structure
such that DM — M is a line bundle. O]

We denote the space of continuous sections of the density bundle of a manifold M by

I'(DM). We will call a s € I'(DM) a density on M. We call a density A\ € y(M) positive if
Image(\,) C [0, 00[ and A, # 0 for all m € M.
In example A.2 we saw that a density assigns to a vector space a multiple of (the absolute
value of) the determinant. Since the determinant ‘measures’ the n-dimensional volume of
vectors, a sections s € y(DM) assigns to each m € M a way to 'measure’ the volume enclosed
by the tangent vectors. We need one more definition before we can use this intuition to define
how to integrate over a density.

Definition A.5. Let M, N be manifolds, F : M — N be a diffeomorphism and A € T'(DN),
then we define the pull-back of A allong F by

F*(A\)(m) :=TF(x)"\(F(x)).
Notice that F*(\) € I'(DM).

We are now ready to define how to integrate over a density. Let U C R, f € Cy(U,C)
and Let p € T'(DU) denote the section of the density bundle such that pu,(e1,...e,) =1
Then we define

[ gui= [ f@s
U Rn

where the second integral is the Lebesgue integral.
Now let M be a smooth manifold, (U’, xyr : U' — U) a chart and A € I'(DU’) a compactly
supported density. Notice that (X(_],l)*)\ = gp for a g € Cy(U, C). Therefore, we can define

[ = [oaras [ g

It can be shown with the change of variable formula that this definition does not depend on
the choice of chart. We can now define the integral of a density over a compact manifold:

Definition A.6. Let M be a compact manifold, \ be a density on M and {(U;, xu,) }icr be a
finite cover of local trivialisations. Let 1; be a partition of unity subordinated to this cover,

then we have
A= / Wi,
[r=2 ]

iel
This integral has the following useful properties:

Lemma A.7. Let M, N be compact smooth manifolds and let F': N — M be a diffeomor-
phism, then

(i) The integral fM A does not depend on the choice of cover or partition of unity.
(i) [, F*A= [, A
(153) If AN(v1,...,v,) > 0 for all vy,...,v, € TM,, and all m € M, then fG/\ > 0 and
Jo A =0 implies that A\ = 0.
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Proof. We leave the verification of part (¢) to the reader. Part (i7) is a corollary of the change
of variable theorem. We now prove part (iii). Notice that

/M)\:;/Ui@bi)\.

the integral fU, Y\ = fRn Y;9;dx, where g; is a continuous non-negative function. Hence, for
alli €1, [, ¥iA > 0and [, ¥;g; = 0 if and only if 1;g; = 0, which implies that [, A >0
and [, A =0, if and only if A = 0. O

We can also use densities to integrate a function over a compact manifold:

Definition A.8. Let f : G — C be continuous and \ € I'(DM). Then, we have f -\ €

L(DM) and we define
/fv :Z/(f’y)-
e e

We will now switch our attention to invariant densities on a compact Lie group G.

Definition A.9. Let G be a compact Lie group and w € T'(DG). We cal w left invariant if
l;w = w, where l,(h) = gh. We will denote the set of invariant sections by I'c(DG).

It turns out that there is a simple characterisation of the left invariant densities on a Lie
group.

Lemma A.10. The map pr, : I'c(DG) — D(TG.) defined by pr.(\) = A(e), is an isomor-
phism.

Proof. First, notice that pr, is linear. Let A € I'¢(DG). Then

A(g) = (lg1A)(g) = Tly-1(9)" Ale).

It follows that if A(e) = 0, then A = 0. Thus pr, is injective. We now show that pr, is
surjective. Let v € D(TG.), we define A : G — DTG, by

Ag) :=Tly1(9)*A = Ao (Tly-1(g), ..., Tl,1(g)).

Notice that ) is continuous and that for h, g € G, we have

A (9) = (T1)(9)"A(hg)
= (Tlh)(9)" (Tl (ng)-1 (hg))" A(hg))
= (Tl )(9)* (MTly=1(g)Tly-1(hg), - .., Tlg=1(9) Tly-1(hg))
= Ao (Tl (9)Tl—1Tl(g), ..., Tl~1(9)Tl1Tl(g))
=Xo (Tly-1(g),...,Tl,-1(9))
= Xg).
Therefore, A € T(DG) and pr, is surjective. O

Remark A.11. Notice that if A € D(T'G.) is positive, then ) is also positive.

We are now ready to define the Haar measure.
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Theorem A.12. Let G be a Lie group, then there is a unique positive density dx € I'¢(DTG),
such that fG dx =1. We call dx the Haar measure.

Proof. Let A € DT'G., such that A > 0. Then A € I'¢(DTQG) is positive and Lemma A.7

implies that f c A=c # 0. Therefore, dx := % is the required density.

We now show uniqueness. Assume that dz’ is also a Haar measure. Lemma A.10 and the
fact that DTG, is one dimensional implies that dz = adz’, for a a € C. Since a = a fG dr =
fG adr = fG dr’ =1, it follows that dx = dz’. O

Remark A.13. We will usually denote the Haar measure by dz or dg, depending on the
variable we use.

We now state some useful properties of the Haar measure.

Lemma A.14. Let G be a compact Lie group and let dx denote the Haar measure. Let
fyg: G — C be continuous and let A € C. then the following statements hold:

(i) [oAf +gde = X[, fdz + [, gdz.
(i) [, folydr = [, fdx
(i) ridr = dx.
Proof. Part (1) follows directly from the definition. We now show part (i7). Notice that

/Gfolgdx:/a(folg)l;(da:):/Gl;(f-dx).

Because [, is a diffeomorphism, it follows that fG L(f - dr) = fG fdx, which proves part
(43). We now show that (ii7) holds. We first show that r;(dx) = [det(T'Cy-1(e))|dx, where

Cy=l,0 r;l = 7“9*1 o ly. Since dx is left invariant, we have for all g, h € G that

/G lortd = /G (ry o 1) d = /G (In o) de = /G (r,) (L1 dz) = /G (r,) de.

Therefore, rydr € I'c(DG) and rydz = cdz. It follows that C) . dx = I3, (rydz) = cdx
Applying pr, to the equation, we obtain

Cordr(e) = TCy-1(e)"dx(e) = | det(T'Cy-1(e))|dz(e),

which implies that ¢ = |det(T'C,-1(e))| We now show that |det(T'Cy-1(e))| = 1. Since
TCy, =TCy(e)TChe), it follows that

| det(T'Cgny-1(e))| = | det(T'Cp-1(e)TCy-1(e)| = | det(T'Ch-1(e))|| det(T'Cy-1(e))|.

Therefore, the map h : G — (0, 00) defined by h(g) = |det(T'C,-1(e))| gives a group homo-
morphism between G and (0, 00), where the group structure on (0, 00) is given by multipli-
cation.. Since G is compact, it follows that h(G) is a compact subgroup of (0, 00). Since the
only compact subgroup of (0,00) is 1, we have h(g) = 1 for all ¢ € G, which proves (iii). O

Remark A.15. If G is a zero dimensional compact Lie group (a finite group), we can not
use densities to define the Haar measure. However, we can define our Haar-measure as

1
/G fir =23 1(0),

geG

where |G| denotes the number of elements of G.

112



Remark A.16. In this section, we have defined the Haar measure using densities, which
requires our group to be a Lie group. It is possible to define the Haar measure for any locally
compact (Hausdorff) group. The construction for the more general case can for example be
found in section 9 of [2]

A.1.2 Integration of vector valued functions

In the previous section, we showed how the integral fG fdx is defined for a continuous
function f : G — C. In this section, we show how a function f : G — C" can be integrated
using the Haar measure.

Definition A.17. Let G be a Lie-group, let dz denote the Haar measure and let f =
(fi, s fn) : G = K", with K =R or C be a continuous function. Then we define:

/Gfdx::(/cfldx,...,/andx).

This integral has the following useful properties:

Lemma A.18. Let f,g: G — K" be continuous functions. Then the following statements
hold:

(i) [o\f+gde = X[, fdx+ [, gdx
(1) If A: K" — K™ is a linear map, then

/GAfdx:A/Gfdx.

(i1i) If g : K" — K" — K is an inner product and || - || is the norm associated to the inner

product, then
|| / fda|| < / 1
G G

(w) We have [, folydx = [, fdx.

Remark A.19. Part (ii) of this lemma implies that the integral does not depend on the
choice of basis and is hence defined for functions f : G — V|, where V' is an n-dimensional
K vector space. This holds because if f = (fi,..., f,) with respect to a basis (eq,...,e,)
and f = (f1,..., f]) with respect to a basis (fi,..., f,) and A:V — V the linear map such
that A(f;) = f!, then

/G(f{,...,f,;mx_/GA(fl,...,fn)dx_A/G(fl,...,fn)

Proof. Part (i) and (ii) follow directly from the fact that for a functions f,¢g : G — K and

1 € K, we have
//\f+gdx:)\/fdx+/gdx.

Part (iv) follows directly from part (i7) of Lemma A.14, because

/foldx— /floldx /fnoldx /fldx /and:v):/Gfdx.
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We now prove statement (ii7). Part (é¢) implies that we can assume that the standard
basis is an orthonormal basis of K". Notice that

|| / fasl =L / wfdal < 3| / difdzl,

and

L slde = [ S wllde =Y / lef lde.

el el
it is sufficient to show that for all i € I,

| /U Vi fdz|| < /U \|bs f | ez

Therefore, it is sufficient to show that

1] sasi< [ e

where f = (f1,..., fn) is a continuous function with compact support and dz denotes the
Lebesgue integral. Because for all 1 < ¢ < n, the function f; is integrable, there exists
a sequence of simple functions (functions with a finite image finite) {¢F}ren such that
Re|¢¥(v)| < |Ref(v)| and [Im¢¥(v)| < [Im(v)]| for all v € K and

lim Prdr = / fidz.
G

k—o00 Kn

For all k € N, we can assume that ¢f = Zj 1 ’LXAJ7 where forall 1 <i<kand1<j<m,

al € K, A; C K" are disjoint and y4, : K* — K is defined by y(z) = 1 if 2 € A; and 0 else.
Let o = (¢%,...,¢F), then

H/G<pkdx|\:H(Za{d:c(Ai),...,Zafld:c( Z L ad)|da(Ay),

where dz(A;) is the measure/volume of A4;. Because |Re¢¥(g)| < |[Ref(g)| and [Img¢f(g)| <
IIm f(g)| for all g € G and 1 < i < k, we have |a]| < |fi(g)] for all g € G. Since our basis is
orthonormal, we have ||(a],...,a?)|| < ||f(g)| for all g € A;. Since the A; are disjoint, the
function ||¢*|| is a simple function such that ||¢*|| < || f||. Therefore,

|| /G ol < SNl ., ad)dz(A / ¥ ldz < / | lldz
j=1

I [ gaol = fim | [ ool <t [ oo < [ |15
Ie. —00 Ie. k—o0 Ie. Ie.

and
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A.2 Representation of groups

In this section, we will introduce some notions of representation theory of Lie groups. The
aim of this section is to develop enough theory to state the Peter-Weyl Theorem. This
section is based on chapter 20, 21 and 23 of [9].

In this section, G will always be a compact Lie group. We start with the definition of a
representation:

Definition A.20. Let V' be a Banach space over C (or R). A complex (or real) rep-
resentation (o, V) of G in V is a continuous left action o« : G x V. — V, such that
a(g) == alggxv : V. = V is a linear map. We will call the representation finite dimen-
sional if V' is finite dimensional.

Example A.21. If we set V = C and G = S*, then the map a : S* x C — C, defined by
e z) = e 2,
is an example of a complex representation.

Example A.22. If we set V = R? and G = S*. The map « : S x R? — R2, defined by
al(eos(a).sine) = (i)~ )

is an example of a real representation of S'. Notice that this representation is obtained from
the example above, by forgetting the complex structure.

Example A.23. Let G be a Lie group and let V = L*(G) := {f : C = G : [,|f*|dz <
0o}/ ~, where we identify functions if ||f — g|l.2) = [, |f — g/°dz = 0. Notice that
(L*(G), || - ||¢) is a Banach space. The maps L, R : G x L*(G) — G, defined by

Lyf = folys
and
Ry=gor
where r,(z) = g and l,(x) = gz, are examples of infinite dimensional representations.
We have now seen some examples of representations. Just like G-vector bundles, some

representations can be constructed using other representations. This motivates the following
definition:

Definition A.24. Let (o, V) be a representation of G and let V' C 'V be a linear subspace.
We call V' an invariant subspace if a(g)V' C V' for all g € G. We call V' an irreducible
representation if 0 and V' are the only closed invariant subspaces and V' # 0.

Remark A.25. The representation of Example A.22 is an example of an irreducible repre-
sentation.

To write a representation (c, V') as a sum of irreducible representation our representation
must be unitary (V' has an inner product (-,-), such that (a(g)v,a(g)w) = (v,w) for all
g € G and v,w € V). The following lemma says that this is possible for finite dimensional
representations:
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Lemma A.26. Let (o, V') be a representation of G. Then we can endow V' with an inner
product, such that the representation is unitary.

Proof. This is a special case of Lemma 2.33 where we view our representation as a G-vector
bundle over a point. O

This lemma has the following useful consequences:

Lemma A.27. Let (a,V) be a finite dimensional representation of G and let U be an
invariant subspace, then there exists an invariant subspace H*, such that V = H © H+.

Proof. This is a special case of Proposition 2.34, where we again view our representation as
a G-vector bundle over a point. O

Proposition A.28. Let (a, V) be a finite dimensional representation. Then there exists
finite dimensional irreducible representations (ay, V;) for 1 < i < n, such that V = &I |V,
and a = (aq, ..., qp)

Proof. We proof the theorem with induction on the dimension of V. Notice that the propo-
sition holds if dim(V) = 1. Now assume that the proposition holds for representations of
dimension n and that dim(V) =n + 1. If V' is irreducible, then the proposition holds. If V'
is not irreducible, then V' has an invariant subspace V # W # 0. Lemma A.27 implies that
V =W @ W, with dim(W), dim(W+) < dim(V). Therefore, the proposition holds for W
and W+ and thus for V=W @ W+, O

For the rest of this section, we will assume that our representations are complex repre-
sentations.
We will now define the notion of a morphism between representations.

Definition A.29. Let (V,«) and (W, 3) be representations. A linear map L -V — W is an
equivariant map if for all g € G, we have Lo a(g) = B(g) o L.

Remark A.30. If we view V and W as G-vector bundles over a point, then the notion of
an equivariant map between these G-vector bundles coincides with the definition above.

It turns out that there are not many morphisms between finite dimensional irreducible
representations:

Lemma A.31. If (V,«) and (W, 3) are finite dimensional irreducible representations, the
following statements hold:

(i) If A:V — V' is equivariant and not an isomorphism, then A = 0.
(i) We have Endg(V) :={A:V =V | A is an equivariant map} = Cid.

Proof. We first prove (i). Since A is equivariant, it follows that 5(g)(Av) = A(a(g)v).
Therefore, im(A) is an invariant subspace of W. With a similar argument, it can be shown
that ker(A) is an invariant subspace of V. Since V is irreducible, we have ker(A) =V or 0. If
ker(A) =V, the proposition holds. Now assume that ker(A) = 0. Since W is irreducible, we
have im(A) = 0 or W. If im(A) = 0, it follows that W = 0, which leads to a contradiction.
If im(A) = W, then A is an isomorphism, which also leads to a contradiction. Therefore,
ker(A) =V and A =0.

We now show (i7). Let A € End(V). Let A € C be an eigenvalue of A. Since we are
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working with complex vector spaces, there exists a 0 # v € V, such that Av = A\v. Let
w € V. Since (o, V) is irreducible, there exists g1,...,g, € G and Aq,..., A\, € C, such that
w= ", Na(g;)v. We can now compute

Aw = A(Z Aia(gi)v) = Z NiAa(g))v = Z Aia(gi)Av = Z Aia(gi) v = )\Z Aio(gi)v = Aw,
i=1 i=1 i=1 i=1 i=1

which implies that A = Aid. Because (i -id)a(g) = a(g)(p - id) for all p € C and g € G, it
follows that
Endg(V) = Cid.

We will now assign a space of functions to a representation.

Definition A.32. Let (a, V') be a finite dimensional unitary representation. A matriz ele-
ment of (a, V') is a function m, ., : G — C, defined by

Myw(x) = (T(2)V, W),
where v,w € V. We denote the space of matriz elements of o by Cy(G).

Remark A.33. Notice that because V is finite dimensional, the space C,(G) is also finite
dimensional.

The space C,(G) can also be described in the following way:

Lemma A.34. Let f € Co(G), then there exists a linear map A : V. — V, such that
f(z) = tr(m(x)A). Also, if A:V — V is a linear map, then tr(m(-)A) € Co(Q).

Proof. For u,v € V, we define the map 7,, : V — V by T, ,(z) = (z,u)v. Notice that
tr(7y,) = v. This holds, because if (v, ey, ..., e,_1) is a basis of V, then with respect to this
basis we have

(v,w) (e, w) ... (en,w)
0 0 e 0
T’LU7’U = . . . y
0 0 0
which implies that tr(7,,,) = (v, w).

Therefore, m, ., (z) = tr(a(x)T,,) and

Z Moy, (1) = tr(a(z) Z Tovy o)

i=0
which proves the first claim. Now let A : V' — V be a lineair map. Let {vy,...,v,} be a
basis of V. Then
A = Z <A,Ujavi>ij,vi-
1<i,j<n
This holds, because we have

( Z (Avj, v3) Ty, v, )01 = Z (Avg, v;) Ty, 0, ) Uk = Z (Avg, v;)v; = Avy.

1<i,5<n 1<i<n 1<i<n
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for all 1 < k <n. Therefore,

tr(a(z)A) = tr(a(z) > (Avy, )Ty, ,)

1<ij<n

= Z <A’l}j,1}i>tr(06($)ij,vi)

1<ij<n

= Z (Avj, vi)my, o, (1) € Co(G).

1<i,j<n
[]

On L*(G), we define the representation (R,L) : (G x G) x C,(G) — Cu(G), by
(Ry, Lp)(f) = Ry o Lp(f). The matrix elements now have the following properties:

Lemma A.35. Let (V,a) and (W, 5) be finite dimensional irreducible unitary representa-
tions. Then the following holds:

(i) Co(G) is an (Ry, Ly) invariant subspace of L*(G).
(11) If there exists an equivariant isomorphism L :V — W, then C,(G) = Cs(G).
(iii) If (V,«) and (W, ) are not isomorpic, then Co(G) L Cs(G) in L*(G).
Proof. We first show (7). Notice that
(Ry, Ln)(tr(a()A))(x) = tr(a(h™ 2g)A) = tr(a(h)a(w)a(g)A) = tr(a(z)(alg)Aa(h™))).

Since a(g)Aa(h™!) is lineair, this implies that tr(a(z)(a(g)Aa(h™1))) € C,(G). Second, we
show (77). Notice that for all g € G, we have

tr(a(g)A) = tr(a(g) L LA) = tr(L7'B(g)LA) = tr(B(g) LAL™Y).

Since A — LAL™! is a bijection from End(V') onto End(V”’), It follows with lemma A.34
that C,(G) = Cs(G).
Lastly, we prove (iii). Let Ly, : V — V' be the map defined by

Loy = / (a(g)v,u) Blg~ wdg,
where u € V and w € W. Notice that
Luwa(h)o = /G (a(gh)v, w) B(h)B(gh)~ Ywdg
— 5(h) / (a(gh)v, uw)B(gh)wdg
G

— B(h) /G (a(g)v, u)B(gwdg
= B(h) Ly .
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Thus L, ,, is equivariant and lemma A.31 implies that L,,, = 0. Let w’ € W. Notice that
the map (-, w’) : W — C is linear. Lemma A.18 implies that

0 = (L) = { [ (alg)o.u) Bl pudg. 'y
= [ (o)) (Bt~

/ m (g)ms, ,(9)dg

M,m >L2(G)
Thus C,(G) L Cs(G) in L*(G). O

We are now ready to state the Peter-Weyl theorem. Let [G] denote the set of isomorphism
classes of finite dimensional irreducible representations of G. Then the following statement
holds:

Theorem A.36 (Peter-Weyl theorem). The subspace
D Cal
a€[G]
is dense in L*(G).
Proof. The proof of this theorem can, for example, be found in chapter 25 of [9] O

A.2.1 Equivariant maps between representations

In section we will elaborate a bit on Lemma A.31 and will describe the set Hom(V, W) of
equivarinat maps between two finite dimensional representations (V, ) and (W, 8) of G.

Lemma A.37. Let (V,«) be an irreducible real representation of G. We have
Ende(V) =R, C or H.

Proof. We show that Endg is a finite dimensional associative division algebra over R. First,
notice that in the proof of part (i) of A.31 we did not use that the representation was
complex. Hence, if A € Endg (V) and A is not an isomorphism, then A = 0. Also notice that
Endg (V) € End(V) is a sub vector space and hence finite dimensional. If A, B € Endg(V),
then AB € Endg (V). Therefore, Endg(V) is a finite dimensional associative algebra over
R. Notice that idy € Endg(V). If A € Endy(G) and A # 0, then A is an isomorphism and
A~! exists . Since [, 0 A = Aol, it follows that

A_lolg:A_lolgvoA_l:A_lvolgoA_lzlgOA_l.

Therefore, we have A~! € Endg(V) and Endg (V) is a finite dimensional associative division
algebra over R. This implies that Endg(V) = R, C or H O

Theorem A.38. Let (V,«a) be a complex (or real) representation and let A € Autg(V).
Then A is homotopic through equivariant automorphism of G to id (or +1id @ ... ® +,id)
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Proof. We showed that there exists (non-isomorphic) irreducible representations (V;, ;) for

1 <i < n, such that
n ki n ki
0= DT DHDe

i=1 j=1 =1 j=1
Since Homg(V;,V;) = 0 if ¢ # 7, it follows that
kj

n ki n k; k1
Home(V, V) = Home(ED P Vi. D P Vi) = Ende(@ V1) & . .. & Ende(EP Vi)

i=1 =1 i=1 =1 i=1 i=1

If the representation is complex, then End(V-) = Cid, which implies that

EndGEBV = GLy, (C).

and

Since GL,(C) is connected, it follows that Homg(V, V) is connected and hence that A is
homotopic to the identity. If the representation is real, then we have Enda(V;) = GLy, (K;),
with K; = R, C or H. Notice that this implies that

Since GLy, (K;) has at most two connected components and each component contains id
and/or —id, the claim follows. O

A.2.2 Group ring

In this section, we will introduce the group ring and prove some basic results about it. We
start with the definition:

Definition A.39. Let G be a group and K a field. The group ring is K[G| is a K-algebra
which is defined as follows: It is the free K-vector space over G, with a multiplication which
1s defined on its basis elements by

()\191) ()\292) ()\ )\2)(9192),
where A\, Aa € K, 91,92 € G, A\ Ay is the product in K and gygs is the product in G.

Remark A.40. Notice that K[G] also has the structure of a representation of G, where the

G-action is given by
g- (Z Aigi) = Z Ai(99:).
i=1 i=1

The group ring has the following useful property:

Lemma A.41. Let (V,«) be an irreducible representation of G, v € V.— {0} and let m :
K[G] — M be the linear map defined by

7(>Nig) =Y Nia(gi)v
i=0 i=0
Then m is surjective.
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Proof. Notice that by construction Im(7) is an invariant subspace of M. Since v € Im(r),
we have Im(7) # 0. Since M is irreducible, this implies that Im(7w) = M, O

Remark A.42. Notice that if G is finite, then K[G] is a finite dimensional representation
of G and 7 is a surjective equivariant map between these representations.

Lemma A.43. Let (V,«) be a finite dimensional representation of a finite group G. Then,
there exists a finite dimensional representation (V*, at) such that

VeViadat) @K[G]
i=1
Proof. Proposition A.28 implies that there are representations (V;, «;), such that
(V.o) = (Vi P o).
i=1 i=1
Lemma A.41 implies that there exists a surjective equivariant map
T @K[G] - (@ Vi, @iy ).
i=1 i=1

If we view these representations as G-vector bundles over a point, then Lemma 2.35 says
that there exists a representation (V+, at), such that

Vovt (é%)@vizéﬂqay

i=1
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