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Abstract

Gravitational waves are ripples in space-time, generated by superheavy objects rotating
around each other. These waves travel through space contain information about the objects
which caused them, which can be retrieved when they are detected and analysed. The way in
which thesewaves alter space-time are very distinct, up to six of these so called polarisations are
possible. The number of these polarisations present in theories of gravity actually differ: if we
would be able to measure how much exist, we could use this to validate these theories. When
we use lensed gravitational waves, we would be able to do this with just 3 detectors. A frame-
work is developed to allow for these waves to be combined and analysed, and simulations are
ran as a proof of concept and demonstrate the workings of this framework.
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1 Introduction

In 1905, Albert Einstein published his groundbreaking Zur Elektrodynamik bewegter Körper, in
which he showed the principles of special relativity. This theory does not hold true for non-
inertial systems, and thus a more general theory had to be developed to incorporate gravity.
In 1916, he published Die Grundlage der allgemeinen Relativitätstheorie, where he gave his fam-
ous equations now known as the Einstein field equations[1]. A very interesting consequence of
General Relativity are gravitational waves. In 1916, Albert Einstein published Näherungsweise In-
tegration der Feldgleichungen der Gravitation[2], in which he postulates their existence. When to
supermassive objects, say two black holes, rotate around each other, their gravitational pull is
so large that they distort space-time itself. We can measure these distortions using gigantic de-
tectors, as space itself extends and contracts. These ripples in space-time, much like the ripples
of a pond when we trow a stone in it, travel through the universe from their point of origin all
the way to the earth.

However, Einstein also saw that the effects of these waves would be so minuscule that they
would probably never be detected[3]. However, this turned out not to be the case, as in septem-
ber 2015, the first gravitational waves were ever were detected by the LIGO/Virgo collaboration,
an event known as GW150914[4]. The two LIGO (Laser Interferometer Gravitational-Wave Ob-
servatory) detectors at Hanford and Livingston, USA, detected the same gravitational wavewith
a time difference of about 7 miliseconds. In 2017, the Nobel Prize in Physics was awarded to
Rainer Weiss, Barry C. Barish and Kip Thorne ”for decisive contributions to the LIGO detector and
the observation of gravitational waves”[5].

General relativity however is not the only theory of gravity, albeit the most accepted one.
Other ones include the Brans-Dicke [6], Lightman-Lee [7] and Rosen [8][9] theories of gravity.
Since most theories produce their own distinct gravitational waves, their detection can be used
to look at their validity. One very distinct difference between General Relativity and other the-
ories of gravity are the number of so called polarisations: unique directions in which space-time
is distorted by the gravitational wave. In General Relativity, there are two, but there can be up
to six in different theories. In order to measure each of these polarisations individually, we need
at least as many detectors as polarisations present in the gravitational wave [10].

While there are not yet 6 gravitational wave detectors, we can use a network of 3 detectors
to measure the same wave 6 times using gravitational lensing [10]. Gravitational wave lensing
occurs when a very heavy object (such as a black hole or even an entire galaxy) distorts and
curves space-time around it, altering the trajectory of a gravitational wave in such a way that the
same wave arrives at our detectors twice, at different times [11] [12]. Since the detectors have a
different orientation between the first and second observation of the wave due to the rotation of
the earth, we effectively have a network of 6 detectors.

For the thesis, a frameworkwas developed to to allow for the simultaneous analysis of the two
detections of the same gravitational wavewith the goal of looking into the different polarisations
present in a gravitational wave. As a proof of concept and workings of this framework, we will
be simulating gravitational waves for the theories of General Relativity, Brans-Dicke, Lightman-
Lee and Rosen, after which we look into how well the framework can distinguish between the
different theories.
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2 General Relativity and Gravitational Waves
In this chapter, we will take a look at Einstein’s theory of General relativity and its fundamental
equations in section 2.1. In section 2.2, we take a look at the fundamentals of gravitational waves
and how they are detected. We continue in section 2.3, wherewe derive some of themost import-
ant equations of General Relativity that are used in gravitational waves. In this thesis, Einstein’s
summation convention is used. When the same index is used twice as both an upper and lower
index, a summation over that index is implied. Or, in formula form:

AαB
α =

∑
α

AαB
α.

We also use a geometrized unit system, which means that we take Newton’s constant of gravity
and the speed of light to be equal to unity, or

G = c = 1.

2.1 General Relativity in broad strokes
In 1916, Einstein published Die Grundlage der allgemeinen Relativitätstheorie, where he gave his
famous equations now known as the Einstein field equations, where he laid the foundations for
General Relativity [1]. Here we will a slightly different and more modern representation as
given in equation (8.7) of [13], were the field equations take the form

Gαβ + Λgαβ = 8πTαβ , (2.1)

where Gαβ is the Einstein tensor, gαβ is the metric tensor, Λ is the cosmological constant and T
is the stress-energy tensor. The cosmological constant Λ contains information about the rate of
expansion of the universe: if positive, the expansion accelerates [14]. It can be shown that this
combination of Λgαβ is of no influence on the final equations we will be deriving, so for the rest
of the paper we take Λ = 0[13]. The metric tensor gαβ contains the information of space-time
which is used to measure the distance in space-time between two points (equation 1.1 of [15])

ds2 = gµνdx
µdxν , (2.2)

where xµ is a four vector which contains the time and spatial components of the point.
Gαβ contains information information about the curvature of space-time, and is related to

the so called Riemann tensor, another tensor which contains information about the curvature of
space-time via the relation (combining equations 6.98, 6.91 and 6.92 from [13]):

Gαβ = Rµαµβ − 1

2
gαβg

µνgγσRµνγσ. (2.3)

Here, Rαµνβ is the Riemann tensor, and is defined as (equation 1.8 of [15])

Rαµνβ =
∂

∂xν
Γαµβ − ∂

∂xβ
Γαµν + ΓανρΓ

ρ
µβ − ΓαβρΓ

ρ
µν , (2.4)

with Γµαβ the Christoffel symbol, as defined in equation (1.5) of [15]:

Γµαβ =
1

2
gµγ

(
∂

∂xβ
gαγ +

∂

∂xα
gβγ −

∂

∂xγ
gαβ

)
. (2.5)
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A special case of the metric tensor gµν is when there is gravity present, i.e. a perfect vacuum
with no external gravitational fields, when the metric tensor is just the Minkowski metric ηµν :

ηµν =


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 (2.6)

It easily follows from the above equation that in this case, ds2 = dx2 + dy2 + dz2 − dτ2, as we
would expect in the non-relativistic case.

The first non-trivial solution for gµν was found by Karl Schwarzschild in 1916. The so called
Schwarzschildmetric describes space around a point mass, and is given by [16]

dτ2 =
(
1− rs

r

)
dt2 − dr2

1− rs
r

− r2(dθ2 + sin2 dϕ2),

where r, ϕ and θ are the standard spherical coordinates, and rs is the so-called Schwarzschild
radius, which is given by rs = 2M . A very interesting consequence of this metric are black holes,
which will be treated later in this thesis.

2.2 Gravitational Waves and their observations

See also figure INSERT FIGUREONE FROM [4]. Below in figure 1, a schematic representation
of the interferometers which are used in gravitational wave detections is given. Very crudely
said, they are traditional Michelson interferometers, blown up to gigantic scales: the Japanese
KAGRA detector has arms of nearly 3 kilometres long, and the LIGO detectors are nearly 4
kilometres long. When a gravitational wave goes through the detector, space-time within the
detector is distorted, resulting in the fact that the length of the arms of the detectors change.
How exactly the shape of space-time changes is derived later in this chapter: as we will show,
the length of the two detector arms will differ through this. A laser is shot into the two arms
using a beam splitterwhich reflects half of the light into one arm, and the other half into the other.
The two bundles reflect at the end of their arms, and are sent back at the beam splitter, where
they are recombined. Due to the difference in arm length, the bundles arrive with a different
phase, which then leads to interference of the amplitude of the combined laserbeam[17]. This
is measured at the photodetector at the end of the interferometer, from which we know the
difference in length of the two arms. This difference is absurdly small: the LIGO detectors are
able to measure a difference in length of 1/10.000 of the radius of a proton of their 4 kilometre
long arms [18]. This is equivalent to the width of a hair over the distance between us and the
nearest star system Proxima Centauri, 4.2 lightyears away.
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Figure 1: A schematic not-to-scale representation of a laser interferometer, specifically the LIGO
detectors. Adapted from figure 2 of [4].

The detectorsmostly recover only noise, which is created by thermal ormechanical vibrations
in the detectors. Because of this, an event has to be found inmultiple detectors around the world
to make sure that the wave event is no statistical fluke of the noise. During this thesis, we will
be using (virtual instances of) three detectors: LIGO Hanford, LIGO Livingston and KAGRA.
Their relevant statistics and characteristics are defined in the bilby package [19], which is used
throughout the project.
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Figure 2: The first gravitational wave event, GW150914 as observed in the LIGO Hanford (H1)
and LIGO Livingston (L1) detectors. Top left: the measured strain in the H1 detector. Top right:
the measured strain of in the L1, with the H1measured strain superimposed over it. Bottom left:
in red the reconstructed waveform from H1 the using numerical relativity, with in grey the 90%
credibility region. Bottom right: in red the reconstructedwaveform from L1 the using numerical
relativity, with in grey the 90% credibility region. Adapted from figure 2 of [4].

2.3 Derivations in GR

2.3.1 Geodesic Deviation and Tidal Force

In an Euclidean space, two straight lines that start parallel to each other will stay parallel, no
matter their length. We call the space-time geometry of such models flat space-time, and their
metric is given by the Minkowski metric as defined in equation 2.6[13]. This seems to be the
case for the world we observe around us, and holds true in Newtonian physics. However, when
our world is exposed to strong nonuniform grativational fields, this assumption does not hold:
parallel straight lines do not stay parallel under these circumstances when they are stretched
enough. The geometry of such non-Euclidean space-times are called curved space-time.

The space-time of GR (and all other alternative theories which will be discussed here) are
Riemannian spaces. This means that space-time is flat when we look at a sufficiently small por-
tion of it, but becomes curved when we start to zoom out. A very practical application of this
are two particles which are both freely falling in a gravitational field, produced by an object very
far away. They will both be falling in straight lines, which are parallel to each other, and keep
following these straight lines. In the beginning they will fall parallel to each other, but over a
longer portion of time their straight paths are no longer parallel to each other. The paths of such
falling particles are called geodesics.

The path the particles follow on these geodesics is called the geodesic equation, and defined

8
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in equation (6.51) in [13] as

d

dλ

(
dxα

dλ

)
+ Γαµβ

dxµ

dλ

dxβ

dλ
= 0,

with Γµαβ the Christoffel symbol as defined in equation 2.5. If we take two particles which are
freely falling, we can connect them via a vector ξ⃗, a four-vector which contains the proper time
difference ξ0 and proper distances between the two. The evolution of component ξα is derived
in Schutz (equation 9.25 from [13]) to be

d2

dτ2
ξα = RαµνβU

µUνξβ ,

where U⃗ = dx⃗/dτ is the four-velocity of the particles, where x0 = τ is the time component,
and x1, x2, x3 are the three spatial components, and Rαµνβ is the Riemann-tensor as defined in
equation 2.4. If we now impose the initial condition that the particles are stationary with respect
to each other, so U⃗ = (1, 0, 0, 0), we obtain that

d2

dτ2
ξα = Rα00βξ

β = −Rα0β0ξβ . (2.7)

The result above is called the tidal force of the gravitational wave: when it changes the shape of
the space around the two particles, the proper distance between them starts to change, as if they
are moved by a force. Equation 2.7 holds true for all metric theories of gravity, and thus for all
theories of gravity which are treated in this thesis.

The following procedures follow section 6.5 of [13]. In order to find how the gravitational
waves enter equation 2.7, we first express the Riemann tensor in terms of the space-timemetric g
as defined in equation 2.4. Using equation 2.5, and using that the space is locally flat, we obtain
that for a point in a local inertial frame Γµαβ = 0, but its derivative is equal to

∂

∂xσ
Γµαβ =

1

2
gµγ

(
∂2

∂xσ∂xβ
gαγ +

∂2

∂xσ∂xα
gβγ −

∂2

∂xσ∂xγ
gαβ

)
.

If we substitute this into equation 2.4, we obtain that

Rαµνβ =
1

2
gασ

(
∂2

∂xβ∂xν
gσµ +

∂2

∂xµ∂xν
gσβ − ∂2

∂xσ∂xν
gµβ − ∂2

∂xν∂xβ
gσµ − ∂2

∂xµ∂xβ
gσν +

∂2

∂xσ∂xβ
gµν

)
=

1

2
gασ

(
∂2

∂xµ∂xν
gσβ − ∂2

∂xσ∂xν
gµβ − ∂2

∂xµ∂xβ
gσν +

∂2

∂xσ∂xβ
gµν

)
, (2.8)

where we used the commutativity of partial derivatives.
Following section 8.3 of [13], we approximate that for weak gravitational fields, where space-

time is nearly flat, the space-time metric is equal to the flat Minkowski metric η with a metric
perturbation h. We thus write that

gαβ = ηαβ + hαβ ,

with |hαβ | ≪ 1. Since we know from equation 2.6 that the derivatives of the Minkowski metric
vanish, we can substitute the above into equation 2.8, perform some simple algebra and discard
the higher order terms to obtain that

Rαµνβ =
1

2

(
∂2

∂xµ∂xν
hαβ +

∂2

∂xα∂xβ
hµν −

∂2

∂xµ∂xβ
hαν −

∂2

∂xα∂xν
hµβ

)
, (2.9)
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which is the Riemann tensor written in terms of the linear metric perturbation. This can be
substituted back into equation 2.7 to obtain the tidal force, and thus movement of particles, in
terms of the metric pertubation h.

2.3.2 Linearised Einstein Equations

In the following sections, we will explore how we can use the expressions as given above to see
how gravitational waves deform space in GR. Using the result from equation 2.9, we can rewrite
the Einstein field equations as defined in equation 2.1. We can rewrite the metric perturbation h
as trace reversed metric pertubation as given in equation (1.12) of [15],

h̄αβ ≡ hαβ − 1

2
hγγ .

If we substitute the above into equation 2.9 and equation 2.10, we obtain that the Einstein tensor
is equal to (equation (1.13))

Gµν = −1

2

(
∂2

∂xα∂xµ
h̄να +

∂2

∂xα∂xν
h̄µα − ∂2

∂xα∂xα
h̄µν − ηµν

∂2

∂xα∂xβ
h̄αβ

)
. (2.10)

The gauge transformation, a transformation which leaves the Riemann tensor invariant, of h̄ is
given by

h̄′µν = h̄µν −
∂

∂xµ
ζν −

∂

∂xν
ζµ + ηµν

∂

∂xα
ζα.

We can easily simplify equation 2.10 if we set the so called Lorentz gauge condition (equation 8.33
of [13]):

∂

∂xν
h̄µν = 0. (2.11)

Using both this, equation 2.10 and the D’Alambertian, or four-dimensional Laplacian, as defined
in equation (8.37) of [13] as

□f =

(
− ∂2

∂t2
+∇2

)
f =

∂2

∂xα∂xα
f = ηαβ

∂2

∂xα∂xβ
f,

the Einstein field equations (equation 2.1) reduce to:

□h̄µν = −16πTµν . (2.12)

This set of equations are called the Linearised Einstein equations, since all terms are linear, and are
valid for weak gravitational fields.

2.3.3 Metric pertubations and wave properties in GR

In this section, we will follow chapter 9.1 from Schutz [13]. The stress-energy tensor Tµν of
equation 2.12 is completely empty when we consider a perfect vacuum with no electromagnetic
fields present. In this case, equation 2.12 thus reduces to

□h̄µν = 0.

The solutions to this equation are given by

h̄µν = Aµνe
ikαx

α

, (2.13)

10
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where it can be shown that this solution holds if kαkα = 0, or that kα is a null vector. We can
expand the exponent of equation 2.13 to be equal to

kαx
α = ωt+ k⃗ · x⃗,

where ω = k0 is the frequency of the wave, and k⃗ is the direction of propagation. Since kα is a
null vector, it follows that |⃗k|2 = ω2, fromwhich it follows that the phase velocity of thewave[17]
is equal to ω/k = 1, and that gravitational waves thus show no dispersion.

We can also now derive the velocity of the gravitational wave. If we take a photon which
travels in the same direction as vector k⃗, we can write its position with regards to the wave as

xµ(λ) = kµλ+ lµ,

where λ is some parameter and l the initial distance between the photon and wave at λ = 0. If
we multiply each side with kµ and use the fact that kµkµ = 0, we obtain that

kµx
µ(λ) = kµl

µ,

and thus that the separation is constant. We have thus shown that gravitational waves follow
the exact path of photons with the speed of light in GR. Note that this is not true for all theories,
such as Rosen, where there is a difference in velocity between light and gravitational waves[20].

2.3.4 Effects of a gravitational wave on test particles

The matrix A from equation 2.13 has the dimensions 4x4, but we can simplify this further in GR
by imposing something called the transverse traceless gauge, whichwewill show now. We already
used the Lorentz gauge, so using equation 2.11 it follows that

Aαβkβ = 0,

or that A is completely orthogonal to the direction of motion of the gravitational wave in GR. If
we take the very simple assumption that our wave travels along the z-axis, that all components
Aαβ with either α or β equal to z are empty. It can be shown that there are two more conditions
which can be put upon A, the first being

AαβU
β = 0.

It can be shown that we may take Uβ = δβ0 , with δ the Kronecker delta, which results in all the
terms with an index 0 of A are empty. If we finally take the final condition

Aαα = 0,

which can be shown by some algebra, we know that A can be represented as

ATTαβ =

Axx Axy 0
Axy −Axx 0
0 0 0

 , (2.14)

This equation we used that ATT is symmetrical and we removed the indices using time for sim-
plicity (since they are all 0). Within the transverse traceless gauge, we have thus 2 distinct ways
at which spacetime is being warped by the gravitational waves. If we substitute equation 2.14

11
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into equation 2.13, relate h̄µν to the Riemann tensorR using equation 2.9 and insert that into the
tidal force of equation 2.7, we obtain the equations of motions of two particles which the gravit-
ational wave goes through. It can easily be shown that two particles separated in the x-direction
by a distance ϵwith vector ξ⃗ move as

∂2

∂t2
ξx =

1

2
ϵ
∂2

∂t2
hTTxx ,

∂2

∂t2
ξy =

1

2
ϵ
∂2

∂t2
hTTxy .

When the particles are only separated in the y-direction by a distance ϵ, the vector ξ⃗ connecting
the two changes as

∂2

∂t2
ξx =

1

2
ϵ
∂2

∂t2
hTTxy ,

∂2

∂t2
ξy = −1

2
ϵ
∂2

∂t2
hTTxx .

We can visualise these equations of motion using a ring of test particles. From now on, we will
use the naming convention that hxx = h+ and hxy = h×, due to reasons which will be presented
in the next section. We call Aαβ the polarisation tensor, and every of its unique components a
polarisation mode. These modes directly determine the way that a gravitational wave distorts
space.

3 Gravitational Waves in Binary Inspiral
In the previous section, we laid the foundations of how gravitational waves distort space-time.
In this section, we will derive the shape of a gravitational wave that is generated by two massive
objects spiralling towards each other before ultimately colliding. This is also called the inspiral.
In section 3.1, we derive just how much energy enters a gravitational wave every second by
relating it to the orbital energy of the two spiralling objects. Then, in section 3.2, we derive the
frequency and phase of the gravitational waves. Finally, in section 3.3 we discuss the Stationary
Phase Approximation, a crucial approximation used when deriving gravitational waves, and
take a look at previous research concerning its accuracy.

3.1 The Energy of a gravitational wave
During this section until stated otherwise, we will follow [21]. When two massive objects circle
around each other, they emit gravitational waves. Of course, energy is conserved, and thus this
energy must come from somewhere. As a result of the gravitational waves, the orbital energy of
the two objects decreases by an equal amount as is put into the gravitational wave. In equation
form, we can write this as

dEorb
dt

= −dEGW
dt

. (3.1)

We can write the orbital energy as a linear sum of the kinetic and gravitational energy of the two
objects, namely

Eorb =
1

2
mv21 +

1

2
mv22 −

m1m2

R
,

whereR is the distance between the twomassive objects. It can be shown that v1 = m2Rω1/(m1+
m2) and v2 = m1Rω1/(m1 +m2), where ω is the orbital frequency. If we use this and combine
this with Kepler’s third law R3 = M/ω2 where M is the total mass, we can rewrite the orbital
energy as

Eorb = −1

2
M5/3ω2/3, (3.2)

12
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where M is the chirp mass, which is a combination of the two masses given by

M =
(m1m2)

3/5

(m1 +m2)1/5
. (3.3)

Meanwhile, we can write the change in orbital energy as the change of orbital energy passing
through a sphere which fully encloses the two circling objects. It can be shown that we can write
this in terms of the entries in the hij matrix of equation 2.14, namely EQUATION 3.31 & 3.32

dEGW
dt

=
r2

32π

∫ ∫
⟨ḣij ḣij⟩dΩ =

32

5
(Mω)10/3 (3.4)

where dΩ = sin θdθdϕ.

3.2 Frequency and Phase Evolution
If we insert equation 3.2 and 3.4 into 3.1, and define the gravitational wave frequency fgw = πω, we
obtain a differential equation for fgw:

dfgw

dt
=

96

5
π8/3M5/3f

11/3
gw . (3.5)

If we solve this equation, we obtain the gravitational wave frequency as a function of time:

fgw(t) =
1

π
M−5/8

(
5

256τ(t)

)3/8

, (3.6)

where τ(t) = tc − t, with tc the so called time of coalescence. This is the time at which the two
objects collide with each other, and fgw → ∞. This is of course a unphysical result, so there must
be a maximum frequency.

It can be shown that there exists a so called innermost stable circular orbit, the smallest radius
for which the inspiral can be described using quasi-circles. Below this radius, the two objects
start to fall to each other and merge. This is also the point where to good approximation the
generation of gravitational waves stops, so this is the upper limit to fgw. If we use Keppler’s
third law to convert the radius to a frequency, we find that fgw,ISCO is given by

fgw,ISCO =
1

63/2πM
.

Thephase of the gravitationalwaveΦgw is directly related to the rate atwhich the twomassive
objects in inspiral rotate around each other, and thus fgw via

2πfgw = Φ̇gw. (3.7)

Integrating this equation yields the phase as a function of time:

Φgw(t) = −2

(
τ(t)

5M

)5/8

+Φc,

where Φc is the phase at the time of coalescence .
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3.3 Stationary Phase Approximation
In this section, we will follow procedures as set out in section I C of Cutler and Flanagan [22].

Right now, our frequencies and phase depend on time. However, we want a final function
for the gravitational wave in terms of frequency. If we take h(t) to be our gravitational wave,
we can use a Fourier transform to go to a gravitational wave dependant on the gravitational
wave frequency h̃(fgw), where the tilde indicates a Fourier transform. The formula for a Fourier
transform of h(t) is given by

h̃(fgw) =

∫
h(t)e2πiftdt. (3.8)

If we make the assumption that we can write h(t) as a wave of the form h(t) = A(t) cos(Φgw(t))
with amplitudeA and phase ϕ, we can rewrite the above equation by expanding the cosine into

h̃(fgw) =
1

2

∫
A(t)

(
e2πifgwt+iΦgw(t) + e2πifgwt−iΦgw(t)

)
dt.

As stated in section I B of [23], there exists no value of t for which the argument of the left ex-
ponent in the brackets vanishes. Thus, via the Riemann-Lebesgue Lemma, its Fourier transform
goes to zero as |t| → ∞, and can thus be neglected.

The Fourier integral above cannot be solved analytically unless some approximation is used.
The stationary phase approximation states that the largest contribution of the remaining integral
comes from the stationary point, where the derivative of the exponent is zero, or Φ̇(ts) = 2πfgw.
This time ts(fgw) is not a scalar, but different for every frequency. If we Taylor expand around
this point ts(f), we obtain that:

h̃spa(fgw) =
1

2

∫
A(t)e2πifgwts(fgw)−iΦgw(ts(fgw))− 1

2 iΦ̈gw(ts(fgw))(t−ts(fgw))2)dt. (3.9)

From equations 3.5 and 3.7, we can derive that

ts(fgw) = tc − 5(8πfgw)
−8/3M−5/3

Φgw(ts) = Φ(tc)− 2(8πMfgw)
−5/3,

and we know that Φ̈gw(t) = 2π ˙fgw = 96
5 π

8/3M5/3f
11/3
gw . If we then combine all of the above,

insert it into equation 3.9, we obtain that

h̃spa(fgw) =
πM
2

A(tc)(πMfgw)
−11/6eiψ,

with ψ the phase given by

2πfgwtc − Φgw(tc)−
π

4
+

3

256
(πMfgw)

−5/3

3.3.1 Validity of the SPA

It is of interest how accurate this SPA is. Droz et al. have shown very convincingly that this
SPA is a very good approximation by deriving the leading order correction term for h̃spa. From
equations (2.23) and (2.26) of [24], this is taken to be

h̃lo(f) = h̃spa(f)(1 + δAw)e
i(δψ+δψw),

14
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with
δψ(u) =

12√
30π

92

45
u5 +O(u10)

the largest growing phase drift. Aw and ψw are small modulations in the amplitude and phase
oscillating as a function of frequency. Since for all observed frequencies fgw and chirp masses
M used in this thesis, u = (πfgwM)1/3 ≪ 1, it is clear that this correction term is negligible.

Furthermore, Droz. et al. have numerical Fourier transforms (also known as Fast Fourier
Transforms) to numerically approximate the waveform without a SPA, and compared this to the
analytical waveform with the SPA. They defined a quantity called overlap, which is defined in
equation (4.1) of [24] to be

O =
(h̃fft|h̃spa)√

(h̃fft|h̃fft)(h̃spa|h̃spa)
, (3.10)

where hfft is the numerical waveform, hspa is the analytical waveform using the SPA, and we use
the notation

(a|b) = 2

∫ Fmax

Fmin

a∗(f)b(f) + a(f)b∗(f)

Sn(f)
df

with Sn the spectral density of the noise of the used detector. The overlap for several different
waveforms are given in table 3.3.1.

M(M⊙) 1.00 1.25 1.50 1.75 2.00 2.25 2.50 2.75 3.00 10.00
O 0.9999 0.9998 0.9997 0.9997 0.9996 0.9994 0.9994 0.9994 0.9994 0.9972

Table 1: Data adapted from table 1 of [24], with M defined in equation 4.5 and in solar masses,
and O as defined in equation 3.10.

As can be seen, the overlap is very close to unity, even for high masses. Due to this high
accuracy in both the analytical and numerical tests, we conclude that the SPA is a very accurate
approximation and we will thus use it in this thesis.

4 Post Einsteinian theories of Gravity and their Waveforms
In this section, we will take a look at how the different polarisations are detected by an interfer-
ometer. First, we introduce different theories of gravity and their polarisation modes in section
4.1. After this, we treat how the orientation of the detector changes the observed signal in section
4.2. We will then give the full equations for each different polarisation in section 4.3.

4.1 Non-GR theories and polarisations
Until now, we exclusively treated General Relativity. However, this is not the only theory of
gravity, albeit the most accepted. In this thesis, 3 alternative theories of gravity are also con-
sidered: Brans-Dicke[6], Rosen [8][9] and Lightman-Lee[7]. These theories have been chosen
as they have (historically) been seen as viable alternatives for GR, and are all metric theories of
gravity. A theory of gravity is a metric theory when it satisfies two conditions[25]:

• The theory contains ametric containing proper length s and proper time τ via the equation
ds2 = gµνdx

νdxµ,
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• The stress-energy tensor T for all matter and fields satisfies∇ · T = 0when acted upon by
gravity.

Since they are all metric theories, the tidal force equation 2.7 holds true, and their gravitational
waves also contain polarisations. However, were we found that GR only contains h+ and h×
in section 2.3.4, these theories also contain extra terms. Below in table 4.1, a overview has been
given for all the polarisation modes which are present in the used theories. Apart from the
plus and cross polarisation modes h+ and h×, the x and y vector modes hXvec and hY vec, the
breathing mode hB , and the longitudinal mode hL.

Theory of gravity h+ h× hB hL hXvec hY vec
GR ✓ ✓

Brans-Dicke1 ✓ ✓ ✓
Rosen ✓ ✓ ✓ ✓ ✓ ✓

Lightman-Lee ✓ ✓ ✓ ✓ ✓ ✓

Table 2: Data adapted from [26] and [23]. 1In Brans-Dicke theory, if the graviton is massive,
there is also a longitudinal mode which is correlated to the breathing mode. In this thesis, we
consider the hypothetical graviton to be massless.

These polarisation modes enter a matrixAαβ the same way as equation 2.14 in GR, which for
all the theories takes the form

hαβ =

hB + h+ h× hXvec
h× hB − h+ hY vec
hXvec hY vec hL

 , (4.1)

where modes that are not present are set to be equal to zero. From this equations we can derive
the equations of motion for every theory of gravity in a similar method as seen in section 2.3.4.
The effects of these polarisations on a ring of test particles are seen in figure 3.
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Figure 3: The effects of the different polarisation modes on a ring of test particles. The gravita-
tional wave in this example propagates in the direction of the z-axis. The dotted line resembles
the ring of particles under no metric perturbations, and the red and black lines are the config-
urations of the particles which it oscillates between when the polarisation is present. Adapted
from figure 1 of [10].

4.2 Orientation of the detectors and measured signal
In this section we will give full equations for all polarisation modes for every treated theory of
gravity. The total waveform as measured by the interferometer, also called the strain, is given by
the sum of all the polarisations times a factor which determines the sensitivity of the interfero-
meter for that particular polarisation. In formula-form, the strain S(t) is given by

S(t) = F+A+ + F×A× + FBAB + FLAL + FXvecAXvec + FY vecAY vec, (4.2)

where hi is the polarisation mode as given in equation 4.1, and Fi is the angular pattern function
of this polarisation, which we will now derive.

As evident from figure 3, the orientation of an interferometer with respect to the incoming
wave is of direct influence on the measured polarisation modes: if it points in a direction per-
pendicular to the plane of perturbation of a polarisation, it won’t measure it. The angular pattern
functions tell us what fraction of each polarisation is measured, based on the orientation of the
interferometer. First, we construct a matrix h′αβ , which is the matrix hαβ from equation 4.1 con-
taining all the polarisation modes, rotated using the standard spherical coordinates as given in
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the rotation matrix R. Then, h′αβ is given by [21]

h′αβ = (RhαβR
T )αβ , (4.3)

with the rotation matrix R given by

R =

cosϕ sinϕ 0
sinϕ cosϕ 0
0 0 1

1 0 0
0 cos θ − sin θ
0 sin θ cos θ

 cosψ sinψ 0
− sinψ cosψ 0

0 0 1

 ,

and RT being the transposed matrix of R. Here, the rotational parameters ϕ, θ and ψ are as
defined in figure 4.

Figure 4: The rotational parameters ϕ, andψ which define the the orientation of one set of axis
to another. Adapted from [21].

The full strain measured by an interferometer is given by [23]

S (t) =
1

2

(
ê1
iê1

j − ê2
iê2

j
)
h′ij ,

where ê1 and ê2 are basis vectors in the directions of the arms of the interferometer. If we take
them to be along the x and y-axis, so ê1 = (1, 0, 0) and ê2 = (0, 1, 0), and substitute equation 4.3,
we arrive at an equation in the formof equation 4.2, with the angular pattern functionsFi(θ, ϕ, ψ)
given by:
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F+ =
1

2
(1 + cos2 θ) cos 2ϕ cos 2ψ − cos θ sin 2θ sin 2ψ

F× =
1

2
(1 + cos2 θ) cos 2ϕ sin 2ψ + cos θ sin 2θ cos 2ψ

FB = −1

2
sin2 θ cos 2ϕ

FL =
1

2
sin2 θ cos 2ϕ

FXvec = − sin θ(cos θ cos 2ϕ cosψ − sin 2ϕ sinψ)
FY vec = − sin θ(cos θ cos 2ϕ sinψ + sin 2ϕ cosψ).

4.3 Waveforms
4.3.1 New parameters

In the non-GR theorieswe discuss in this thesis, a concept of sensitivity is introduced. It is defined
as the sensitivity of an object to changes in the gravitational constant G [27]: in GR and Newto-
nian gravity, this is evidently a constant, but in Brans-Dicke, Rosen and Lightman-Lee theories
of gravity it is not. It is formally defined as

s = −
(
∂ lnMi

∂ lnG

)
N

, (4.4)

with Mi the inertial mass of the object and N the baryon number. It has been shown that for
normal stars, this sensitivity would be sn∗ ∼ 10−6, for white dwarfs the sensitivity would be
sWD ∼ 10−3, neutron stars have a sensitivity between sN ∼ 0.1 and sN ∼ 0.4, and black holes
have a theoretical limit of sBH = 0.5 [27][28].

As will be seen in the following parts of this section, the non-GR theories mainly depend on
the difference in scalar charge of the two objects. Therefore, it is best to chose a system where
this difference is as large as possible.

4.3.2 GR

From equations (30)-(34) of [23], we can derive the full expressions for every polarisationmode
present in GR: h+ and h×. We give the Fourier transforms of the polarisations using the SPA as
discussed in previous sections. The response functions are:

h̃GR+ = −

√
5π
6 (Mπ)1/6e−iΨ

(2)
GR(1 + cos2 ι)

4Du
7/2
(2)

,

h̃GR× = −

√
5π
6 (Mπ)1/6ie−iΨ

(2)
GR cos ι

2Du
7/2
(2)

.

Here, D is the distance from the observer to the source, M is the chirp mass, which is given by

M =
(m1m2)

3/5

(m1 +m2)1/5
, (4.5)
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u(2) is a parameter given by

u(l) =

(
2πMf

l

)1/3

(4.6)

where f is the frequency of the wave, and Ψ
(2)
GR is the GR phase to the 0PN order given by:

Ψ
(l)
GR = −2πftc + lϕc/2 +

π

4
− 3l

256u5(l)
. (4.7)

4.3.3 Brans-Dicke

From equations (48)-(56) of [23], we can derive the full expressions for every polarisationmode
present in the Brans-Dicke theory of gravity: h+, h× and hB . We give the Fourier transforms
of the polarisations using the SPA as discussed in previous sections. A parameters unique to
Brans-Dicke is the Brans-Dicke coupling constant ωBD, which determines the deviation from GR.
In the limit that ωBD → ∞, the expressions for GR are obtained. From observations made by the
Cassini spacecraft, theminimum value of this constant is set to be ωBD > 40000 [29]. A different
constant kBD = 1

2 + 2
3 (s1 + s2 − 2s1s2) only depends on the scalar charges as defined in ??. The

response functions are:

h̃BD+ =

√
5π
6 e

−iΨ(2)
BDM2BBD(kBDξ − 1)(1 + cos2 ι)

384u
11/2
(2) D

h̃BD× =

√
5π
6 e

−iΨ(2)
BD iM2BBD(kBDξ − 1) cos ι

192u
11/2
(2) D

h̃BDB = −

√
5π
6 e

−i(Ψ(1)
BD+Ψ

(2)
BD)M2ξ sin(ι)(96eiΨ

(2)
BDu(2)Sη

1/5 − eiΨ
(1)
BDBBDΓ sin ι)

768u
11/2
(2) D

where ξ = (2 + ωBD)
−1, Γ = 1− 2(m1s2 +m2s1)/mtot, S = s1 − s2, M is given in equation 4.5,

ι is the angle between the observer and the plane of coalescence, and the symmetric mass ratio η
given by

η =
m1m2

(m1 +m2)2
, (4.8)

and we defined for easy handling of the equations that

ABD = 24 + 12kBDξ − Γ2ξ

BBD = 4ABDu
2
2 − 5S2η2/5ξ.

The Brans-Dicke phase Ψ(l)
BD is given by

Ψ
(l)
BD = Ψ

(l)
GR +

5l

7168
ξS2η2/5u−7

(l) ,

with Ψ
(l)
GR the GR phase as defined in equation 4.7.
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4.3.4 Rosen

From equations (64)-(72) of [23], we can derive the full expressions for every polarisationmode
present in theRosen theory of gravity: h+, h×,hB , hL, hXvec andhY vec. We give the Fourier trans-
forms of the polarisations using the SPA as discussed in previous sections. The Rosen coupling
constant is given by kR = 1− 4s1s2/3, with si the sensitivity of the i-th object as defined in sec-
tion ??. We deviate from the definition of the original paper, since there was most likely an error
in the definition of the constant G[30]. We follow Wong et al. in their definition of G = s1 − s2.
The full expressions for each polarisation mode reads:

h̃R+ =

√
5π
21 ie

−iΨ(2)
R M2(1 + cos2(ι))

4Dk
3/4
R u

7/2
(2)

h̃R× =

√
5π
21 e

−iΨ(2)
R M2 cos(ι)

4Dk
3/4
R u

7/2
(2)

h̃RB = −

√
5
21π

1/3ie−i(Ψ
(1)
R +Ψ

(2)
R )M2 sin(ι)(AR +BR)

12Dk
3/4
R u2(2)

h̃RL = −

√
5
21π

1/3ie−i(Ψ
(1)
R +Ψ

(2)
R )M2 sin(ι)BR

6Dk
3/4
R u2(2)

h̃Rse = −

√
5
21π

1/3ie−i(Ψ
(1)
R +Ψ

(2)
R )M2 cos(ι)BR

6Dk
3/4
R u2(2)

h̃Rsn =

√
5
21π

1/3e−i(Ψ
(1)
R +Ψ

(2)
R )M2BR

6Dk
3/4
R u2(2)

,

where M is given in equation 4.5, ι is the angle between the observer and the plane of coales-
cence, and u(l) in equation 4.6. We have defined the following for easy handling of the equations

AR = 2eiΨ
(2)
R Gk1/6R η1/5

BR = AR + 3eiΨ
(1)
R u(2) sin(ι),

where η is given in equation 4.8, and the phase of the gravitational wave is given by

Ψ
(l)
R = π/4 + lΦc − 2πftc +

3l

224u5(l)
k
−5/6
R +

25l

8232

G2η2/5

u7(l)
k
−2/3
R

4.3.5 Lightman-Lee

From equations (80)-(88) of [23], we can derive the full expressions for every polarisationmode
present in the Lightman-Lee theory of gravity: h+, h×,hB , hL, hXvec and hY vec. We give the
Fourier transforms of the polarisations using the SPA as discussed in previous sections. We
again use the modified expression of G = s1 − s2. The full expression for each polarisation
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mode reads

h̃LL× =

√
5π
21 e

−iΨ(2)
LLM2 cos(ι)

2DB
7/2
LL

h̃LL+ = −

√
5π
21 ie

−iΨ(2)
LLM2(3 + cos(2ι))

4DB
7/2
LL

h̃LLB =

√
5π
21 ie

−i(Ψ(1)
LL+Ψ

(2)
LL)M2 sin(ι)(−5ALL + 6BLL)

24DB
9/2
LL

h̃LLL = −

√
5π
21 ie

−i(Ψ(1)
LL+Ψ

(2)
LL)M2 sin(ι)(ALL +BLL)

6DB
9/2
LL

h̃LLse =

√
5π
21 ie

−i(Ψ(1)
LL+Ψ

(2)
LL)M2 cos(ι)(ALL −BLL)

6DB
9/2
LL

h̃LLsn =

√
5π
21M

2(−5e−iΨ
(1)
LLGη1/5 + 3e−iΨ

(2)
LLu2 sin(ι))

6DB
9/2
LL

,

where M is given in equation 4.5, ι is the angle between the observer and the plane of coales-
cence, u(l) in equation 4.6 and η in equation 4.8, and we have defined

ALL = 5eiΨ
(2)
LLGη1/5

BLL = 3eiΨ
(1)
LLu2 sin(ι)

and the phase of the gravitational wave is given by

Ψ
(l)
LL = π/4 + lΦc − 2πftc +

3l

224u5(l)
− 625l

16464

G2η2/5

u7(l)
.

5 Lensing of Gravitational Waves
In this section, we look at how a gravitational lens can produce multiple images of the same
gravitational wave. In section 5.1, we will take a look at the basic principles and equations of
gravitational lensing. After this, we will see in section 5.2 in what way the gravitational wave
changes after it is lensed. Finally, we will look at some research to find how often a lensed
gravitational wave is expected to be detected in section 5.3.

5.1 Basic Principles of Gravitational Lensing
In this section, we will follow chapter 1 and 2 of [11].

During this section and the remainder of this thesis, we are talking about gravitational lens-
ing as described in the theory of General relativity. However, for alternative theories of gravity,
gravitational lensing might also work differently [31] [32]. Since there has been nearly no work
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done in this field, we assume lensing is not significantly different in other theories of gravity,
and thus follow the GR equations for every theory.

As we have seen in section 1, space is deformed around gravitational fields. When we intro-
duce a gravitational potential Φ to a flat Minkowski space, the metric takes the form as defined
in equation (1) of [33]

gµν =


−(1 + 2Φ) 0 0 0

0 1− 2Φ 0 0
0 0 1− 2Φ 0
0 0 0 1− 2Φ

 , (5.1)

where Φ ≪ 1. An object which creates such a gravitational potential is called a weak lens, which
we will consider here. Light that comes near such an object travels through this curved space-
time, and thus follows a curved path, much like an optical lens. These lenses can be anything
that generates a strong gravitational field: stars, black holes or even entire galaxies. Note that
when the gravitational wave passes too close to these objects (and thus Φ grows too large), they
behave as strong lenses, and the equations shown in this section do not necessarily hold true. The
principles of lensing stay the same, and can be applied to both weak and strong lenses. For the
remainder of this thesis, we make the assumption that our lenses are point-lenses: the lensing
object is a point mass.

From the equation above, it follows that the speed of light on a path through this curvature is
reduced. If we insert equation 5.1 into the equation for the proper distance between two points,
equation 2.2, we obtain that for ds2 = 0 (the light-like path gravitational waves follow in GR)
the speed of light is equal to

c′ =

√
1 + 2Φ

1− 2Φ
≈ 1 + 2Φ.

Note that Φ is negative, and thus the speed of light (and gravitational waves) is smaller than in
a pure vacuum. Due to this, a gravitational wave has a longer travel time through the distorted
space-time, an effect called the Shapiro time delay[34]. This delay ∆t is given by

∆tS =

∫
dl

c′
−
∫
dl = −2

∫
Φdl. (5.2)

It is thus clear that two gravitational waves that are created at the same time and travel the same
distance to our detectors do not arrive at the same time if one of them enters a gravitational field
on the way, but the other does not.
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Figure 5: A schematic view of a possible lensed event. DS is the distance from the observer (the
interferometer on the right hand side) to the plane of the event (the two bodies in inspiral on the
left hand side), DLS is the distance from the lensing plane (the star) to the plane of the event,
and DL is the distance from the observer to the lensing plane. Note that DS ̸= DLS + DL. α̂
is the angle of curvature of the path as defined in equation 5.4, β is the angle between the lens,
the observer and the event, and θ is the angle between the lens, the observer and the lensed
gravitational wave.

The gravitational wave does not only slow down in the distorted space-time however, its path
is also curved. From figure 5, a geometric construction can be used when the angles θ⃗, β⃗ and ˆ⃗α
are small, so they are related via the so called lens equation:

θ⃗DS = β⃗DS + ˆ⃗αDLS (5.3)

It can be shown after some algebra that the path curves by an angle ˆ⃗α,

ˆ⃗α = 2

∫ e⃗B

e⃗A

∇⃗⊥Φde⃗, (5.4)

where ∇⃗⊥ are the vectorial derivatives perpendicular to the direction of motion, and e⃗ is the unit
vector tangent to the direction of motion. For a point mass, this equation takes the very simple
form

ˆ⃗a = 4
M

b
,

where M is the mass of the point mass, and b the shortest distance between the lensing object
and the path of the wave if it would not have been lensed.

Using equation 5.2 and 5.4, we can determine a total difference in travelling time∆t between
a straight path and a lensed path between the source and an observer. We can take this difference
in time to be

∆t = ∆tS +∆tpath,

where ∆tpath is the difference in travel time due to the difference in path length. After some
very involved calculus (see also section 3.4.2 from [12]), the full equation for the time delay for
point-lenses can be shown to be equal to equation (3.110) from [12]:

∆t =
DLDS

2DLS
(β⃗ − θ⃗)2 − 4M ln |θ⃗|. (5.5)
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Note that in the case that |β⃗|, |θ⃗, | ˆ⃗α| ≪ 1[11], we can use equation 5.3 to simplify the above to

∆t =
DLDLS

2DS

ˆ⃗α2 − 4M ln |θ⃗|.

examine a very interesting scenario. A gravitational wave is created by two super heavy
objects in inspiral, such as black holes or neutron stars, and is sent towards the Earth. It is
possible that this gravitational wave reaches our detectors twice or more when one so called
image of the gravitational wave reaches us via a nearly straight path, and one reaches us via a
more curved trajectory involving a lens.. It is clear that there is a time delay between the arrival
of the two images due to the difference in path length, and that we can thus detect the same
wave twice.

This is of great interest, since this allows us to probe the polarisations of the gravitational
waves more deeply. If the lensing occurred very far away from the Earth, we can state that
the two gravitational waves come from the same direction in the sky: the deflection angle for
strongly lensed waves is in the order of magnitude of | ˆ⃗α| ≈

√
M/1021M⊙ arcseconds, with M

the mass of the lens and M⊙ a solar mass, or 2 × 1030 kg [32]. It follows that the difference in
direction of the two images can be put to zero to good approximation. The first image is detected
by our interferometers, which arms point in a certain direction and thus measure the metric
perturbations in those directions. When the second image of the wave arrives after some time,
the Earth has rotated around its axis by a certain amount. Due to this, the same detectors now
point in a different directionwhen viewed from the sky. These detectors nowmeasure themetric
perturbations of the same wave but now from a different angle. We can thus combine these two
sets of measurement to very accurately determine in what directions the wave perturbed the
metric, and thus what polarisations are present. This result could be used as a test for general
relativity: if more modes are present than just the plus and cross polarisations (see also table
4.1), this means a correction of the theory is necessary.

5.2 Effect on Gravitational Waveform
Gravitational lenses do not only change the velocity and direction of a gravitational wave, but
also change the wave itself.

The main effect is magnification: when a gravitational wave passes a lens, two images arrive
at the observer with a difference in amplitude. Their amplitudes are governed by equation (18)
from [35]:

F (f) =
√

|µ+|+ i
√
|µ−|e2πif∆t, (5.6)

where f is the frequency of the wave,∆t is the time delay between images as defined in equation
5.5, and

µ± =
1

2
± y2 + 2

2y
√
y2 + 4

is the so called magnification factor of each image. y is a parameter expressing the location of
the lens, with y = β (4MDLS/(DLDS))

−1/2 [11]. It follows from this that the amplitude of
the lensed wave is always larger than the unlensed wave. A ratio between the two, called the
magnification ratio is simply given by

µ =

(∣∣∣∣µ−

µ+

∣∣∣∣)1/2

=
y −

√
y2 + 4

y +
√
y2 + 4

. (5.7)
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This µ is what we will be measuring during the thesis, not the individual magnification
factors µ+ and µ−, simply because we cannot measure them individually. Because all waves
go as one over distance, as seen in section 4.3, the amplitude of the wave is directly correlated
with the distance. Because of this, we can’t determine the ”real” distance between us and the
origin of the gravitational wave, since both waves have a modified amplitude and thus different
apparent distance travelled. However, the first image to arrive is the least magnified the two,
since its path was the most direct and thus the least lensed. Because of this, we will be taking
determining the apparent distance as conveyed by the first image during this thesis. Do keep
in mind that while this might me a good approximation for the real distance depending on the
value of the magnification ratio, this is not the real distance between us and the event.

The lens also has an effect on the polarisation tensor of the gravitationalwave, either changing
the contents of the polarisation vector [35] or having the different polarisations arrive at different
times at the detector [32]. However, in both cases, it is shown that this effect is so small that it is
immeasurable, and we thus take it that the lens only scales the amplitude of the wave.

5.3 Lensing rates

It is of course of interest how often we expect to detect a lensed gravitational wave for the rel-
evance of the research as presented here. For the purpose of this thesis, we are actually talking
about a double lensed event [36]: a gravitational wave which is detected twice by the detectors.
For the results as presented below, we expect an image to be detected when it has a SNR> 8,
with SNR as defined in equation 6.5.

It is possible that there are additional images of the wave, but that these are too weak to be
detected. It is also possible to have waves which are lensed thrice or more times, but these fall
beyond the scope of this paper. It should however be very easy to expand the procedures as
developed for this thesis for these cases. A recent statistical model study by Wierda et al. has
looked into this and presented the results as seen in table 3.

Lensed Events L/H/V/K L/H/V/K (A+)

Double 0.92+0.46
−0.31 yr−1 2.5+1.2

−0.8 yr−1

Triple 0.23+0.12
−0.08 yr−1 0.55+0.28

−0.19 yr−1

Quadruple 0.12+0.06
−0.04 yr−1 0.30+0.15

−0.10 yr−1

Total 1.3+0.6
−0.4 yr−1 3.3+1.7

−1.1 yr−1

Unlensed 1.9× 103 yr−1 5.8× 103 yr−1

Table 3: The rate at which lensed gravitational waves are detected for a detector network con-
sisting of 4 detectors (LIGO Livingston [L], LIGO Hanford [H], Virgo [V] and KAGRA [K]).
Data adapted from table 1 of [36]. The uncertainties are at a 90% confidence level. The [V] and
[K] detectors are always at their design sensitivity, [L] and [H] are at their design sensitivity in
the first row, and at their sensitivities after the A+ upgrade in the second.

The A+ sensitivities of the LIGO detectors are expected to be operational in 2024[37].

26



Bachelor thesis J.L. Kamermans 16th June 2021

6 Model selection and Parameter Estimation
In this section, wewill take a look at how the data fromagravitationalwavedetector is processed.
In section 6.1, we take a look at the noise in a detector: what does it look like and what are its
origins? We then continue with section 6.2, where we treat Bayes’ theorem. After this, in section
6.3, we treat how to use calculations to extract the parameters of the binary systemwhich caused
the gravitational wave from the data.

6.1 Characteristics of the noise
For this subsection, wewill follow sections 2.1 and 2.2 of [15], where a more thorough treatment
of this subject can be found.

Most of what a GWdetectormeasures is noise, with the occasional signal buriedwithin it. To
be able to extract the weak signal (often in the order of 10−21), we need a good understanding
of what the noise looks like. First we will treat what causes the noise, then some mathematical
characterisations of this noise.

6.1.1 Cause of noise

This subsubsection follows section V of [38]. The interferometers used (very simply said) use
the displacement of the mirrors at the end of the arms to measure the change of the length of the
arms. The problem is that not only the distortions of space-time of gravitational waves change
the positions of themirrors: unwantedmovements of themirrors is created by displacement noise.
Furthermore, some effects cause differences in the phase of the lasers, which also leads to differ-
entmeasurements since the difference of the phase of the two beams is used through interference
to determine the difference in length of the arms of the detector. This type of noise is called phase
noise.

The displacement noise is given by:

• Mirror thermal noise. These are mainly in the mirror coating of the mirror, not the bulk
material. These coatings typically have very internal friction quality, and thus are very
prone to Brownian effects. Small thermodynamic fluctuations of the temperature of the
coating also produces noise, but create small differences in the refraction index of the mir-
ror too.

• Suspension thermal noise. Themirrors of the detectors are kept into place by a suspension
system to isolate it from external vibrations, and to allow it to move separately from the
detector when a gravitational wave passes. This is mainly done by hanging the mirror by
a thin fibre, so the mirror acts as a pendulum. This makes it that there is nearly no thermal
noise through the suspension, but it is not fully eliminated.

• Tidal forces. The tidal forces of the Sun and the Moon create the largest differences in
length of the detector: for a 4km detector arm this effect is around 100-200 µm. This is
mostly compensated by actuators in the detector arms itself.

• Seismic vibrations. While it is easy to see that a large-scale earthquake would create a
gigantic amount of noise (and damage the detector in the process), secondary microseism
are the second largest cause of length change of the arms of a detector. These very small
earthquakes change the length of the arms by several µm, and are compensated by sensors
within the detector arms itself.
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• Newtonian gravity noise. Due to changes in density of for example the atmosphere, the
local gravitational force on the mirrors changes, causing small movements of the mirrors.

• Electromagnetic coupling. The comsic background rays of (mostly) muons ionize the
electrons of the mirrors, adding kinetic energy in the process. The changes in the back-
ground magnetic fields also influence magnets used in the interferometer.

The phase noise is given by:

• Quantum effects. A series of different quantum effects, such as the difference in arrival
time of the separate photons that make up the laser, create a noise in the phase.

• Scattering from residual gas. Since a perfect vacuum is not attainable, the interferomet-
ers are filled with gasses of particles of very low density which cause as little scattering
as possible with the lasers. Slight differences in the density of these gasses cause slight
differences in the optical phase of the laser.

• Backscatter. Due to slight imperfections in the shape of the mirrors, the light can reflect
diffusely, causing noise in the phase.

6.1.2 Power spectral density

The noise is a so called random wide-sense stationary process. If we take that the noise output is
given by a random function x(t), thismeans that the statistical properties of x(t) are independent
of time. Themean value ofE[x(t)] is a constant for every time t (withE[] the ensemble average),
and the autocorrelation function E[x(t)x(t′)] only depends on the time shift ∆t = t− t′. A very
helpful way of characterising the noise is through the so called power spectral density of the noise.
This function shows the correlation of the noise with itself over frequency. It can be shown
(equation (2.1) of [15]) that via a Fourier transform, the autocorrelation function of the noise is
given by

E[x̃(f)x̃∗(f ′)] ≡ N (f)δ(f − f ′), (6.1)
where δ is the Dirac delta function, and N is the power spectral density. The noise is thus a
collection of random events x̃(f) with variance N . If the power spectral density is a constant,
there is no dependence on frequencies, and we speak of white noise, otherwise we call the noise
coloured noise.

6.1.3 Gaussian noise

A linear combination of a large number of independent random processes can be approximated
by a Gaussian random process. Gaussian noise is thus the main part of the noise in the detector.
During normal simulations, a set of Gaussian noise is added to simulate all the noise in the in-
terferometer. During this bachelor project, we sadly could not do this due to time constraints:
the inclusion of noise creates a very heavy computational workload. For completeness sake, we
have included the very basics of this noise.

We can write this combination of random events as the vector x⃗, with the contents xi = x(ti)
and ti = (i − 1)T/N , where T is the total time and N the step size of the time. The probability
distribution function (pdf) of this random process is given by the N-th dimensional Gaussian
distribution function

pdf(x⃗) = 1√
(2π)Ndet(C)

exp[−1

2
(x⃗− µ⃗|x⃗− µ⃗)], (6.2)
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with µ⃗ a vector containing the average µi for every xi, andC the covariancematrix with elements
Cii′ = E(xixi′)− µiµi′ , and

(a|b) = 4R

[∫ ∞

0

ã(f)b̃(f)

N
df

]
, (6.3)

with R[] the real part, and N the power spectral density as given in equation 6.1.

6.1.4 Signal to Noise Ratio

Another very useful definition is the so called signal to noise ratio (SNR). The observational data
d⃗ can be written as a linear sum of the noise n⃗ and a gravitational wave signal h⃗(θ⃗), or

d⃗ = n⃗+ h⃗(θ⃗).

The SNR tells us how much of our data d⃗ consists of the signal h⃗(θ⃗). It is defined as [39]

SNR =
(⃗h(θ⃗)|d⃗)
(d⃗|d⃗)1/2

. (6.4)

As stated before, during this thesis, no extra noise is included during the simulations. This
means that n⃗ = 0⃗, and thus d⃗ = h⃗(θ⃗), and thus that

SNR = (⃗h(θ⃗)|⃗h(θ⃗))1/2 = 2R

[∫ ∞

0

h̃(f)2

N
df

]1/2

, (6.5)

with R[] the real part, and N the power spectral density as given in equation 6.1.

In this thesis, three detectors are used. When a wave is detected by multiple detectors, the
SNR of this event is added quadraticaly:

SNRtot =

√∑
i

SNR2
i

6.2 Bayes’ theorem
In this subsection, we follow section II of [40], where a more thorough treatment of the subject
can be found.

The way which parameters of the objects that generated gravitational waves are extracted,
is via hypothesis testing. Very crudely said, this means comparing the probabilities that a wave
is in the strain when a certain value of a parameter is taken and from this derive probability
distributions for the value of every parameter.

This is done via Bayesian inference, in which Bayes’ theorem stands central. In the context
of this thesis, it is given by the equation

P (Hi|d⃗, I) =
P (Hi|I)P (d⃗|Hi, I)∑

i

P (d⃗|I)
, (6.6)

where P (A|B) is the probability of A being true if B is true, d⃗ is the observational data, I is the
prior information, and Hi is the model or hypothesis. In the context of this thesis, Hi is either
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the gravitational wave model as described in section 4.3, or the hypothesis that the data consists
of pure noise. These priors are a probability distributions and boundaries for every parameter
within the model. More information about these priors is given in section 7.1.

A very helpful way of comparing between two different models, is via the so called Bayes
factor: the ratio Oij between the probabilities of two different models Hi and Hj is given by

Oij =
P (Hi|I)P (d⃗|Hi, I)

P (Hj |I)P (d⃗|Hj , I)
≡ P (Hi|I)
P (Hj |I)

Bij , (6.7)

with Bij the Bayes factor. One can take the Bayes factor to be between the hypothesis H⟩ that a
gravitational wave of a particular model is present, and the hypothesis Hj that the data is just
pure noise. This way, if the data is more likely just pure noise, we end up with Bij < 1. We will
use this to confirm the validity of our results.

6.3 How to estimate parameters
Our model H contains a set of parameters θ⃗. In this thesis, our waveform models have between
11 and 14 parameters. We will take a look at the exact parameters in section 7.1, but for now
it suffices to understand that these parameters define the system from which the gravitational
waves originated, such as masses.

These parameters are computed via the likelihood that the gravitational wave data d⃗ fits the
modelHi: if the model using the parameters θ⃗ fits the data best, these values for the parameters
must be the true values. We call this probability of d⃗ fitting the model H the evidence, which is
given by

Z = P (d⃗|H, I) =
∫
Θ

p(θ⃗|H, I)p(d⃗|H, θ⃗, I)dθ⃗, (6.8)

whereΘ is the full parameter space. It is clear that this integral is between 11 and 14 dimensional,
and thus analytically unsolvable. This is done numerically via specialised computer clusters,
where this can still be a matter of months until a result is obtained.

The final result for all the parameters θ⃗ is a probability function, also called the posterior
density function or just posterior, given by

p(θ⃗|d⃗,H, I) = p(θ⃗|H, I)p(d⃗|θ⃗,H, I)
p(d⃗|H, I)

.

The posterior of a single parameter θA depends on all other parameters θ⃗B , where θ⃗ = {θA, θ⃗B}
and ΘB is the parameter space of all parameters θ⃗B . It can be shown that this posterior is given
by

p(θ⃗A|d⃗,H, I) =
∫
ΘB

p(θ⃗|d⃗,H, I)dθ⃗B . (6.9)

For a hypothesis where a signal is present, the probability function p(d⃗|θ⃗,H, I) is given by
a Gaussian distribution function like equation 6.2, substituting d⃗ for x⃗, and setting µ⃗ = h⃗(θ⃗). If
we have a hypothesis Hn where the signal is pure noise, so h⃗(θ⃗) = 0, the probability function
p(d⃗|θ⃗,H, I) is given by the same equation, but now µ⃗ = 0.

In this thesis, a signal is detected by multiple detectors. The total data is given by d⃗total =
{d⃗1, d⃗2, ...}, with every entry the observational data of a different detector. A probability of the
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total data is then very easily calculated as the product

p(d⃗total|θ⃗,H, I) =
∏
i

p(d⃗i|θ⃗,H, I).

6.3.1 Nested sampling

The nested sampling algorithm was first developed by Skilling[41] as a way to decrease the com-
putation time it takes to solve the evidence of equation 6.8. The total parameter space Θ is of
course a continuous manifold: every parameter can take any value (albeit bounded), and their
probability functions as given in equation 6.9 are smooth functions. In order to numerically cal-
culate this, we approximate that the values of a parameter are finite and lie on a lattice. Every
one of these points, called live points, is given a certain weight by aweight function w⃗. When there
are a total of N live points, we can thus approximate equation 6.8 as

Z ≈
N−1∑
i=0

p(d⃗|θ⃗i,H, I)wi ≡
N−1∑
i=0

Liwi, (6.10)

where it is defined that wi = p(θ⃗i|H, I)dθ⃗, and Li = p(d⃗|θ⃗i,H, I) is called the likelihood. The
calculation of the weight function is what makes the nested sampling algorithm so efficient and
helpful.

If we think of each likelihoodLi as lying on a contour plot of probabilities in parameter space
(see the left hand side of figure 6), we can defineXi as the prior mass corresponding to that point.
The prior mass is higher if Li lies on a point of low probability, and is normalised to unity. We
can then rewrite equation 6.10 to be equal to

Z ≈
∑
i

L(Xi)∆Xi,

where ∆Xi = Xi+1 − Xi. It can be shown that to very good approximation, we can write that
Xi ≈ exp(−i/N), and the corresponding weight wi = (Xi−1 +Xi+1)/2.
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Figure 6: A visualisation of the connection between the likelihood Li and the corresponding
prior massXi. On the left, a contour plot of the probabilities of each likelihood is given. On the
right, the corresponding weight mass is given. Adapted from figure 1 of [40].

In quasi code, the nested sampling algorithm is given by chapter 6 of [42] to be:

• Start with N points θ⃗0,...,θ⃗N from prior.
Initialise Z = 0 and X0 = 1.

• Repeat for i = 1, .., j:
Record the lowest of the current likelihood values as Li, set Xi = exp(−i/N) and set
wi = (Xi−1 +Xi+1)/2.
Increment Z by Liwi, then replace points of lowest likelihood by new one drawn from
within L(θ⃗) > Li, in proportion to the prior I(θ).

• Increment Z by N−1(L(θ⃗1) + ...+ L(θ⃗N ))Xj

During the execution of the algorithm, for every point i, the value ofLi, θi andXi is stored. Since
these points are drawn from the prior distribution, we can calculate the probability density of
the parameters as

p(θ⃗i|H, I) = p(θ⃗i|NS)Xi,

where p(θi|NS) is the probability density as determined by nested sampling. Using equation
6.8, we can thus write that the probability density of θi goes as

p(θ⃗i|d⃗,H, I) ∝ p(θ⃗i|NS)p(d⃗|θ⃗i,H, I)Xi. (6.11)

We can thus use nested sampling to determine the probability densities for every parameter.

7 Binary systems and Parameters
The gravitationalwaves as treated in this paper all find the same origin: two verymassive objects
circling around each other and, after some time, colliding and merging into one object. We treat
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two of such binary systems: a Binary Black Hole, two black holes which inspiral and collide, and a
Neutron Star Black Hole binary, consisting of a neutron star and a black hole. Gravitational waves
of both these events have been observed [43] [44], and thus present real physical relevance.

7.1 Gravitational wave parameters
From an unlensed gravitational wave in GR, 15 parameters can be extracted[43] which tell us all
about the two objects fromwhich it originated. Not all of these parameters are used in this thesis
to save time on the very long computing time, so that this research could be finished within the
allotted time. We took all of our observed objects to be spin-less: this saves 6 parameters in the
total (spin magnitude and orientation for both objects, and two parameters which have to do
with their orientation relative to each other).

Most of the parameters are present in every theory of gravity as treated in this thesis. These
are: the chirpmassM as defined in equation 3.3 and themass ratio q = m2/m1 which define the
masses of the two inspiraling objects, the right ascension α and declination δ which determine
the position of the event in the sky, the luminosity distance dL which determines the distance
to the event, the time of coalescence tc which determines when the signal entered the detectors,
the phase ϕ0 which is the phase at tc as defined in section 3.3, the inclination angle ι which is
the angle between the observer and the plane on which the two inspiraling object move, and the
angle ψ which determines the rotation of this inspiraling plane with respect to the observer.

Because we are looking into gravitational waves which are lensed, two more parameters
enter: the magnification ratio µ as defined in equation 5.7 and the time shift tshift, which is the
difference in time of arrival of the two images as defined in equation 5.5.

Finally, some extra parameters enter for non-GR theories of gravity. As can be seen in section
4.3, the Brans-Dicke theory of gravity depends on a coupling constant ωBD and the sensitivities
s1 and s2 of the two colliding objects as defined in equation 4.4. The Rosen theory of gravity also
depends on the sensitivities, and Lightman-Lee only depends on the difference in sensitivity
∆s = s1 − s2. An overview is given below in table 7.1.

Theory of gravity s1 s2 ∆s ωBD
GR

Brans-Dicke ✓ ✓ ✓
Rosen ✓ ✓

Lightman-Lee ✓

Table 4: The extra parameters that enter the model, based on the theory of gravity of the model.

The full list of parameters is thus given by:

θ⃗ = {M, q, ι, ψ, ϕ0, tc, tshift, α, δ, dL, µ, s1, s2,∆s, ωBD}, (7.1)

where we set the parameters that do not enter a model to be equal to 0.
From this set of parameters, we create two separate sets of parameters, one for each wave.

This is done because the frameworks upon which we work are not designed to process multiple
images of the same events: we create a likelihood function which acts as a single event, but con-
sists of two.
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For the fist event, we simply take the parameters as given in equation 7.1 and remove the two
parameters that have to do with the lensing: the time-shift tshift and magnification ratio µ. For
the second event, the wave changes as described in section 5.2. Since only the amplitude of the
wave changes, but the rest stays the same, we change the luminosity distance: a weaker wave
seemingly seems to have come from farther away. As can be seen in section 4.3, all gravitational
waves of interest go as 1/dL, so we can simply state that dL,2 = µ × dL: a signal that is twice
as weak seems to have come from twice as far. The lensed wave also arrives at a later time of
course, to we take that tc,2 = tc + tshift. After this, the lensing parameters are removed from
the list of parameters, a likelihood function is calculated for both the first and second event, and
they are combined into a single one.

Each parameter has a corresponding prior. These are probability distributions of a parameter
which speed up the sampling. This is done both by the boundaries and shape of the prior. For
example, the the prior of the mass ratio q is taken to be between 0 and 1 since it is a ratio, the
sensitivities s1 and s2 have an upper limit just above 0.5 since this is their theoretical maximum,
and the luminosity distance dL has a non-uniform distribution to reflect that the further awaywe
move from the Earth, the more stars and black holes we encounter from which the wave might
originate.

7.2 Binary systems
7.2.1 Binary Black Holes

The first of the two observed systems are so called Binary Black Holes (or BBH for short). These
are two black holes which circle around each other, and make up the most of the observed bin-
ary systems at the LIGO-Virgo collaboration [45], and are thus of great interest. The parameters
are loosely inspired on event GW150914[4][43], which was the first ever detected gravitational
wave event, but some parameters where changed to create a more interesting scenario. Its sky
position and mass-related parameters where taken to be the same, but we increased the lumin-
osity distance to dL = 1000 × 106Mpc, such that the signal would be more difficult to find in
the noise. While it could be read in section 4.3 that in the event that the Brans-Dicke coupling
constant ωBD exists, its value would > 40000, we chose to take a value of ωBD = 4, since trial
runs indicated that for ωBD = 40000, there is no distinguishable difference between the GR and
the Brans-Dicke gravitational waves. For the values of the sensitivities as defined in equation
4.4, we took the values of s1 = 0.5, s2 = 0.3 and thus ∆s = 0.2. While we stated before that
in the case of Black Holes, it can be observed from section 4.3 that all the alternative theories
scale with the difference in sensitivities: if we take this to be zero, there simply would be no
interesting results as a result. Because of this, the BBH systems are non-physical, but since the
goal of this paper is a proof of concept, this is not an issue. For the lensing parameters, we took
that µ = 1.5 and tshift = 3600s.

7.2.2 Neutron Star Black Hole

The second observed system in this thesis is the Neutron Star Black Hole (or NSBH for short).
The first gravitational wave originating from such a system was detected in 2017 [44]. This is a
muchmore interesting case for the probing of alternative theories of gravity, because of themass
difference of the two objects: a neutron star has a mass of at most 2.16M⊙ [46], while black holes
have a mass of at least 3.3M⊙, although typically higher [47]. Because of this, there is a large
difference in sensitivity ∆s for the alternative theories of gravity, since it scales with mass[27].
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We can thus use a physical system to still produce gravitational waves of interest.

However, since the masses of one of the two objects is significantly lower in comparison to a
BBH system, the NSBH system has a relatively low chirp mass M: we take a system consisting
of the massesm1 = 10M⊙ andm2 = 2M⊙, resulting in a chirp mass ofM ≈ 3.67M⊙ and a mass
ratio of q = 0.2. As seen in section 4.3, this will result in weaker GW’s (especially for the Rosen
theory of gravity), so we will place the the system at a distance of dL = 200Mpc. Since we want
this system to be as physically correct as possible, we take s1 = 0.5, s2 = 0.4 and thus ∆s = 0.1,
in accordance with the theoretical values as posted in section 4.4. All other parameters are the
same as in the BBH case.

8 Results
WRITE SHORT INTRODUCTION TO THIS CHAPTER

8.1 How the results are obtained
Throughout the different runs, only 2 parameters are changed: the injected waveform (the wave-
form model which is used to generate the gravitational wave), and the sampled waveform (the
waveform model which is used to estimate the parameters). The sampler is run for every com-
bination of these two parameters, resulting in 4× 4× 2 = 32 different results. For every run, the
results are obtained the same way, of which we will now give a very crude overview:

• An waveform object containing the model for the injected gravitational wave is generated
using the bilby package [19], using the injected waveform model as described in section
4.3.

• Using this waveform object, the two images of the detected gravitational wave are gener-
ated.

• These images are ”injected” into the network of three detectors, that is to say, a strain is
calculated for every detector, where the strain is defined in equation 4.2. Since the first
image and second image arrive at a different time, we end up with 6 different strains.

• A second waveform object is generated, this time using the waveform which is to be used
by the sampler.

• The priors for every parameter are generated for the sampler, based on the sampled wave-
form.

• Using the 6 different strains, priors and waveform object containing the sampled wave-
form, a combined likelihood function is calculated.

• The likelihood function and priors are handed to the pymultinest sampler [48], which cal-
culates the likelihood for the sampled waveform.

8.2 Bayes factors
First, we take a look at the results from all 32 runs combined. Below in table ??, we have the
logarithmic Bayes factors log(B) for every run. We will draw some quick conclusions from this
table, then move on to every individual system for more in depth discussion. Firstly, notice that
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for every case, there is nearly no difference in the logarithmic Bayes factor for General Relativity
and the Brans-Dicke theory of gravity. Why this is, we will continue to look into in the next
section. Secondly, the signal for Rosen is always very weak: it consistently has the lowest Bayes
factorswhen it is not the injectedwaveform, andwhen it is, the logarithmic Bayes factors are very
low in comparison to other runs using the same system. When the Rosen wave was injected into
the NSBH system, all the values for log(B) where below zero: this indicates that the sampler
deems it more likely that the strain is just pure noise, and thus that no signal was found. Lastly,
we notice that the BD and GR theories, when the sampled waveforms, always return values of
log(B) which are very close to one another. When we take a look at the uncertainties in the
values of log(B) due to random events [40], we find that these are in the order of 10−1, and thus
that the values of sampled BD and GR waves do not differ significantly.

Waveform BBH NSBH
GR-GR 235.62 482.29
GR-BD 236.21 482.14
GR-LL 173.37 6.44*
GR-Rosen 16.72 -0.70

BD-GR 192.67 398.31
BD-BD 193.11 398.58
BD-LL 138.67 2.04*
BD-Rosen 11.67 -0.71

LL-GR 52.66 -1.25
LL-BD 53.05 -1.23
LL-LL 602.43 916.54*
LL-Rosen 24.98 -0.66

Rosen-GR -2.62 -1.33
Rosen-BD -2.55 -1.32
Rosen-LL 32.49 -2.27*
Rosen-Rosen 40.28 -0.70

Table 5: The logarithmic Bayes factors log(B) for every run, as defined in equation 6.7, where
every value listed has an uncertainty in the order of 10−1. The naming convention of the runs is
that first, the injected waveform model is named, separated by a dash from the sampled wave-
formmodel. The valuesmarkedwith a * are from runswhere the sampler hasn’t fully converged,
but were far enough done for it to be a very good indication.

8.3 Results per system
8.3.1 Binary Black Hole

We will take a look at the Binary Black Hole system as described in section 7.2.1. Of particular
interest are the runs where the sampled waveform is the same as the injected waveform. For
these we will take a look at the parameters as calculated by the sampler. This gives us a sense
for the correlation between the Bayes factor B as defined in equation 6.7, and the accuracy of
the calculated parameters. The results are given in the form of a probability distribution for the
value of the parameter, which are included in a series of corner plots. For illustrative purposes,
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the plots of the Lightman-Lee run for the BBH systemwith no noise is included in the appendix.
The results are below in table 6.

Parameters: Injected Value GR BD LL Rosen

M(M⊙) 28.25 28.29+0.10
−0.14 28.34+0.09

−0.13 28.38+0.04
−0.06 28.09+0.36

−0.74

q 0.84 0.86+0.09
−0.08 0.89+0.07

−0.08 0.96+0.02
−0.03 0.78+0.14

−0.17

ι(rad) 0.79 0.55+0.27
−0.25 0.58+0.25

−0.26 0.79+0.07
−0.06 0.68+0.33

−0.31

ψ(rad) 2.659 2.00+0.84
−1.58 2.10+0.76

−1.67 2.66+0.08
−0.09 1.21+1.06

−0.54

ϕ0(rad) 0 3.84+1.88
−3.12 3.89+1.86

−3.23 0.15+6.08
−0.11 3.79+1.61

−3.00

tc(s) 100000 100000+0.00
−0.00 100000+0.00

−0.00 100000+0.00
−0.00 100000+0.00

−0.00

tshift(s) 3600 3600+0.00
−0.00 3600+0.00

−0.00 3600+0.00
−0.00 3600+0.00

−0.00

α(rad) 1.375 1.39+0.13
−0.12 1.39+0.14

−0.13 1.37+0.06
−0.05 1.42+0.34

−0.30

δ(rad) -1.2108 −1.21+0.01
−0.01 −1.21+0.02

−0.01 −1.21+0.01
−0.01 −1.20+0.04

−0.03

dL(106Mpc) 1000 1179.12+151.50
−205.35 1267.01+179.02

−212.38 1009.84+31.65
−31.32 1159.44+256.46

−249.01

µ 1.5 1.55+0.16
−0.14 1.55+0.17

−0.15 1.50+0.09
−0.09 1.77+0.57

−0.36

s1 0.5 0.40+0.10
−0.10 0.47+0.04

−0.11

s2 0.3 0.40+0.10
−0.10 0.46+0.05

−0.11

∆s 0.2 0.20+0.00
−0.00

ωBD 4 24776.57+16620.57
−16370.82

SNR-1 20.11 18.43 30.50 11.10
SNR-2 12.07 11.08 19.98 5.20
Log(B) 235.62 193.11 602.43 40.28

Table 6: The estimated parameters for every model using the same injected and sampled wave-
form for the BBH system. The parameters are as defined in section 7.1, their uncertainties are a
1−σ confidence interval. SNR-1 is the signal to noise ratio as defined in equation 6.5 of the first
image, SNR-2 of the second image. Log(B) is the logarithm of the Bayes factor as defined in
equation 6.7, taken between the modelH and the noise. When no value for a parameter is given,
the parameter is not present in that theory of gravity. Note that some parameters are periodic: ι
and ψ are periodic between 0 and π, α and δ are periodic between −π and π, and ϕ0 is periodic
between 0 and 2π. Because of this, a value might seem to be determined very inaccurately when
in reality it is not.

It might feel logical that since no noise was added, the SNR should potentially infinite. How-
ever, per construction in equation 6.5, it is not, and still is a useful number which indicated how
well the signal is defined in the detectors. While SNR is thus a bit of a misnomen in this case,
we will stick with it due to convention.

Whenwe look at the relation between the SNRs and the Bayes factorB, a very simple relation
between the two becomes clear: the higher the SNR, the better the sampler can determine the
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correctness of the model, and thus results in a higher B. The differences in SNR (and thus B)
come from the differences in amplitude of the different gravitational waves: as can be seen in
section 4.3, the waves created by Lightman-Lee just have a larger amplitude then Rosen gravit-
ational waves. The SNR of 5.20 of the second Rosen image is even lower than the conventional
threshold of 7 or 8 for detecting an event[40], and might thus not even be noticed under real
circumstances when even more noise is added. We also see that the higher the Bayes factor B,
the better the parameters are calculated.

Over all, the sampler was able to very accurately determine the parameters for every model,
except for the Brans-Dicke model. Here, the coupling constant is calculated to be ωBD ≈ 24777,
with errors in the same order of magnitude. If we fill in this value of ωBD into the model, we see
that this is essentially the GR-limit case of Brans-Dicke theory: the cross and plus polarisations
become indistinguishable from the GR polarisations, and the breathing polarisation disappears.
Because of this, the sampler actually calculates the wave to be a GR waveform. As we can see
from the plots in figure 7, there is only a significant difference between GR and BD for ωBD ⪅ 10.
Because prior of ωBD was taken to be very large to also include the ”real” value of ωBD ≈ 40.000
[29], the sampler most likely did not have the resolution to find these values, and found no
difference in waveforms when it changed ωBD: hence the very large uncertainty. Because the
sampler was basically working in the GR-limit of BD theory, the calculated values for the sens-
itivities s1 and s2 are also very badly returned: these are taken to be 0.4± 0.1, which is just a flat
probability distribution between the borders of the prior of 0.35 and 0.55, meaning the sampler
cannot find any difference in the wave when it changes these values. Concluding from this, even
for extremely low values of ωBD = 4, the sampler seemingly cannot distinguish between Gen-
eral Relativity and Brans-Dicke.
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Figure 7: The amplitude of the plus-polarisation |h+| of the Brans-Dickewave for the parameters
of the BBH system as defined in section 7.2.1 for different values of the Brans-Dicke coupling
constant ωBD. In red: |h+| for the GR wave of the same BBH system.

Below in table 7, we can see the Bayes factors for this system, but comparing the hypothesis
of the injected wave model with another wave model. From the definition of the Bayes factor in
equation 6.7, it is clear to see that we can simply use the relation

log(Bis) = log(Bin)− log(Bsn) (8.1)

where Bis is the Bayes factor between the injected and sampled wave model, Bin is the Bayes
factor between the injected wave model hypothesis and the noise hypothesis, and Bsn is the
Bayes factor between the sampled wave model and the noise hypothesis. We can thus easily
subtract the values in table 5 from each other to compare how much better a model fits the
signal.
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GR BD LL Rosen
GR 0 -0.95 61.89 218.54
BD 0.44 0 54.44 181.44
LL 549.77 549.38 0 577.45

Rosen 42.90 42.83 7.79 0

Table 7: The logarithm of the relative Bayes factor log(Bis) as defined in equation 8.1 for the BBH
model, where every value listed has an uncertainty in the order of 10−1. The injectedmodels are
places on the row above, the sampled waveforms on the column to the left. Note that log(Bis) <
0 indicates that the signal is deemedmore likely to be the sampled wave model than the injected
wave model.

From the relative logarithmic Bayes factors, we can immediately notice again that the differ-
ence between General Relativity and Brans-Dicke is very small indeed, and do not differ signi-
ficantly due to the uncertainties in the Bayes factors [40]. We also notice the very high Bayes
factors when we inject using Lightman-Lee. This can be explained from the fact that for this
set of runs, the SNR was very high, and thus the wave was very clearly defined, allowing the
sampler to see a clear distinction between the waveform models.

The relatively small difference between LL and Rosen when the Rosen wave is injected ( a
value of 7.79) is strange, since the difference between Rosen and LL when LL is injected is so
large (577.45). This is again most likely due to the high difference in SNR, and thus how badly
the Rosen wave is defined in the detectors.

Lastly, the sampler is able to very distinctly pick out LL when it is injected, and while it sees
GR and BD to be the same, it is able to differentiate between these two and LL and Rosen when
GR and BD are injected. The high values for B when LL is injected are again easily explained
when we look at the SNR: because it is so high for the LL injection cases (it only depends on the
injected wave, and is thus the value from table 6 is the same for all LL injections of this system),
the waveform is very clearly defined in the detectors, and thus can be easily distinguished.

8.3.2 Neutron Star Black Hole

We will now turn our attention to the NSBH system as defined in section 7.2.2. First, we once
more look at the full results from the ”correct” runs: where the injected and sampledwavemodel
are the same. These results are shown in table 8 below.
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Parameters: Injected Value GR BD LL* Rosen

M(M⊙) 3.67 3.67+0.00
−0.00 3.68+0.00

−0.00 3.67+0.00
−0.00 3.90+3.35

−2.00

q 0.20 0.20+0.01
−0.01 0.20+0.02

−0.01 0.20+0.00
−0.00 0.56+0.28

−0.28

ι(rad) 0.79 0.51+0.24
−0.24 0.52+0.25

−0.24 0.72+0.06
−0.05 1.55+0.57

−0.57

ψ(rad) 2.659 1.84+0.96
−1.35 2.15+0.67

−1.69 2.71+0.03
−0.03 1.58+1.07

−1.08

ϕ0(rad) 0 3.43+2.22
−2.73 4.20+1.51

−3.42 6.11+0.04
−0.09 3.09+2.18

−2.10

tc(s) 100000 100000+0.00
−0.00 100000+0.00

−0.00 100000+0.00
−0.00 99999.99+0.64

−0.63

tshift(s) 3600 3600+0.00
−0.00 3600+0.00

−0.00 3600+0.00
−0.00 3599.99+0.32

−0.31

α(rad) 1.375 1.38+0.04
−0.04 1.38+0.04

−0.04 1.33+0.01
−0.02 3.15+2.16

−2.12

δ(rad) -1.2108 −1.21+0.00
−0.00 −1.21+0.01

−0.00 −1.21+0.00
−0.00 0.00+0.69

−0.67

dL(106Mpc) 200 239.55+24.17
−34.93 260.33+28.00

−39.64 200.73+4.20
−3.75 3832.68+750.38

−1076.29

µ 1.5 1.53+0.11
−0.10 1.53+0.12

−0.11 1.47+0.05
−0.05 2.89+1.33

−1.43

s1 0.5 0.40+0.10
−0.10 0.39+0.10

−0.09

s2 0.4 0.40+0.10
−0.10 0.39+0.10

−0.09

∆s 0.1 0.09+0.00
−0.00

ωBD 4 24882.97+167594.38
−16663.25

SNR-1 28.05 25.77 37.57 16.93
SNR-2 16.93 15.581 25.17 8.41
Log(B) 482.29 398.58 916.54 -0.70

Table 8: The estimated parameters for every model using the same injected and sampled wave
model for the NSBH system. The parameters are as defined in section 7.1, their uncertainties
are a 1−σ confidence interval. SNR-1 is the signal to noise ratio as defined in equation 6.5 of the
first image, SNR-2 of the second image. Log(B) is the logarithm of the Bayes factor as defined in
equation 6.7, taken between the modelH and the noise. When no value for a parameter is given,
the parameter is not present in that theory of gravity. Note that some parameters are periodic: ι
and ψ are periodic between 0 and π, α and δ are periodic between −π and π, and ϕ0 is periodic
between 0 and 2π. Because of this, a value might seem to be determined very inaccurately when
in reality it is not. Lightman-Lee is marked with a star, as this run had not yes fully converged,
but far enough for it to be included.

As in the BBH case, we again see that the Brans-Dicke coupling constant ωBD is very badly
returned: just like before its value and uncertainties indicate that probability distribution func-
tion is just the flat prior, and the sampler thus sees the BDmodel as in its GR limit. This is further
demonstrated by the fact that s1 and s2 are again returned exactly as their prior, since the BD
model does not depend on s1 and s2 in its GR limit.

The parameters for GR and Lightman Lee are returned very well, as to be expected by their
high SNR’s. The Lightman Lee wave is defined so well in fact, that the sampler is able to es-
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timate several parameters as the correct values with no significant uncertainty, even though the
sampler wasn’t done yet. This is reflected in the very high logarithmic Bayes factors for both
these runs.

The same can’t be said for the Rosenwave: It has a log(B) lower than 0. This indicates that no
signal was found, since the sampler thinks the strain measured is just pure noise. This is a very
weird result: while the SNRs are undeniably lower compared to the other cases, they are still
a lot higher than the conventional threshold of SNR= 8 [40], and higher than the BBH system
where a signal was found. We are unsure of the reason of this result, and recommend further
research to be done, since we assume this to be an error. Since no other discrepancies are found
in the results, we consider this to be an error isolated to the Rosen injection in the NSBH system,
and see no reason to doubt the validity of our other results.

We will now look at the Bayes factors comparing the different hypothesises as defined in
equation 8.1. The results of these comparisons are placed in table 9 below.

GR BD LL Rosen
GR 0 0.15 475.85* 482.99
BD 0.27 0 396.54* 399.29
LL 917.79* 917.77* 0 917.20*
Rosen x x x x

Table 9: The logarithm of the relative Bayes factor log(Bis) as defined in equation 8.1 for the
BBHmodel, where every value listed has an uncertainty in the order of 10−1. The injected mod-
els are places on the row above, the sampled waveforms on the column to the left. Note that
log(Bis) < 0 indicates that the signal is deemed more likely to be the sampled wave model than
the injected wave model. The crosses in the row corresponding to the Rosen injection indicate
that the authors deem these results invalid, and thus no interpretation to them will be given.
The values marked with a * indicate that the calculated value involves a Bayes factor from a run
that has not fully converged yet. While these values give a very good indication of the true value,
it might differ.

We once again see that the sampler does not find a significant difference between GR and
Brans-Dicke. The sampler is however able to clearly distinguish between the two and LL and
Rosen,where the highBayes factors are to be expecteddue to the high SNRs of the runs. Lightman-
Lee is also very clearly distinguishable by the sampler, even though as indicated the runs where
not complete. The reason behind the runs not being complete is most likely also found in the
high SNR of the Lightman-Lee injection: since the waveform is so clearly defined, it can determ-
ine the parameters to a very high accuracy, but this takes a lot of computing time (more than 9
days to be exact).

The Rosen injections are indicated with a cross, this is as to indicate that the authors deem
these results invalid, and improper to perform an analysis of this data. Apart from this, no
further difference with the BBH system was found.
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9 Conclusion
For this thesis, a framework was developed to combine the two detections of a lensed gravita-
tional wave and perform statistical analysis over them, in order to distinguish between multiple
theories of gravity. As a proof of concept and to demonstrate this framework, four theories of
gravity were selected, with which lensed gravitational waves were simulated from both a Binary
Black Hole and Neutron Star Black Hole merger. These waves where then combined using the
framework and it was analysed how well they could be distinguished from each other.

Of these four theories of gravity, the framework was able to distinguish very clearly between
General Relativity and the theories which do not contain a limit in which General Relativity is
reached. It was not able to distinguish between General Relativity and the Brans-Dicke theory
of gravity. We deem this to be due both to a resolution problems of the prior for the parameter
concerning the difference between Brans-Dicke and General Relativity, and the very small dif-
ference between Brans-Dicke and General Relativity in general.

The results contain discrepancies for the Rosen theory of gravity. The authors were unable
to find out why this was the case, and thus recommend further research to be done into why
this happened. Furthermore, due to time constraints, the simulations were not able to be done
using simulated noise. The authors recommend the framework to be tested using this noise, to
demonstrate the framework works under less-ideal and more realistic circumstances.
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A Appendix

Figure 8: Example of a corner plot: the Lightman-Lee injected and Lightman-Lee returned wave
of the BBH system. My excuses for the bad resolution, these images are simply too large to fit
on a traditional page.
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