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Abbreviations 
BBB Blood-Brain Barrier 

CED   Convection-Enhanced Delivery 

CNS Central Nervous System 

CSF   Cerebrospinal Fluid 

DTI Diffusion Tensor Imaging 

ECS Extracellular Space 

EPI Echo Planar Imaging 

FEM Finite Element Method 

FID Free Induction Decay 

FVM Finite Volume Method 

GBM Gliobastoma Multiforme 

ISF  Interstitial Fluid 

MRI Magnetic Resonance Imaging 

NMR Nuclear Magnetic Resonance 

OVGU Otto van Guercke Universitaet Magdeburg 

PVS Perivascular Space 

REV Representative Elementary Volume 

RF Radio Frequency Pulse 

T1 Spin-lattice relaxation time 

T2 Spin-spin relaxation time 

T2* Spin-spin and magnetic inhomogeneity relaxation time 

TE Echo Time 

TR Repetition Time 
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Nomenclature 
Symbol Unit Definition 

𝑫𝑫�  m2/s Porous media diffusion 
coefficient 

𝑲𝑲�  m2 Average intrinsic 
permeability coefficient 

B0 - External magnetic field 
vector 

c mol/m3 Concentration of the 
dissolved therapeutic agent 

D m2/s Free diffusion coefficient 

D* 

 
 

m2/s Porous media diffusion 
tensor 

Dawd mm2/s Self diffusion coefficient of 
water in brain tissue  

Dw mm2/s Free diffusion coefficient of 
water 

E Nm Energy 

E Pa Young’s modulus 

f Hz Frequency 

Fs/f 

 
 

N/ m3 Volume force between solid 
and fluid 

G T Magnetic gradient 

h m2 kg / s 

 

Planck’s constant 

I - Identity matrix 

K 

 
 

m2 Intrinsic permeability tensor 

K0 m2 Initial intrinsic permeability 
tensor 

m  Magnetic dipole moment 

M T Net magnetization vector 

p Pa Pressure 

pv Pa Ventricle pressure 

q 

 
 

m/s Darcy velocity 

rc m Radius of catheter 
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rs/s m3/(kg s) Sink /source term 

S A Magnetic signal 

u m Local displacement 

vl m/s Real velocity of the fluid 
phase 

vR 

 

m/s Relaive velocity between 
fluid and solid phase 

vs m/s Velocity of the solid phase 

x 

 
 

m Spatial coordinate (cartesian) 

γ - Gyromagnetic ratio 

λ Pa Lame constant 
(compressibility) 

λw - Eigenvalues 

μ Pa Lame constant (rigidity) 

μs kg/(ms) Viscosity solid phase 

μw kg/(ms) Dynamic viscosity of water 

ν - Poisson’s ratio 

ξ - eigenvector 

ρ mol 

 
 

mol/m3 Molar density of water 

ρs - Spin density 

σtot 

 
 

Pa Total elastic stress tensor 

τ - Tortuosity 

τ 
 

Pa Stress tensor 

Φ 

 
 

- Effective porosity 

φo 

 

- Initial porosity 

ΩF 1/s Source or sink term of 
volume balance 

ΩT 

 
 

mol/(m3s) Source or sink term of 
transport equation 
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Abstract 
Convection-Enhanced Delivery (CED) is a technique where a therapeutic agent is infused 
under positive pressure directly into the brain tissue. CED is a promising method for 
treatment of patients with brain tumors. However, since the final concentration distribution is 
highly dependent on the location of the infusion, heterogeneity and anisotropy of the brain 
tissue, the infused agent may not reach the targeted region. In order to predict the final 
concentration distribution, optimize the location and infusion rate, numerical models can be of 
great help. In this study patient-specific geometry and parameters, obtained from Diffusion 
Tensor Imaging (DTI), were implemented in a numerical model which describes the flow and 
transport in an elastic deformable matrix. Fractional anisotropy (FA) was used to distinguish 
between grey and white matter and tortuosity to differentiate between inside and outside the 
brain tissue. However, to completely resolve the geometrical boundaries a higher resolution of 
the DT-images than used here (2mm) is necessary. The DT-images were in addition used to 
determine the orientation of the white matter fiber tracts and calibrate permeability and 
diffusion coefficients found from the literature. In the current study information about the 
porosity and Lamé parameters were also based on values found from the literature. 
Unfortunately, these values vary with several orders of magnitude and before the model 
presented here can produce reliable results consistent parameter values are needed.  Finally, 
the obtained parameters were then read in from file based on a voxel approach, where one 
voxel in the DT-image is represented by one element in the grid used for the simulations. This 
allows a realistic representation of the physical boundaries using a structured grid. Given 
realistic literature values the calibration of the permeability and diffusion tensors were shown 
to be successful and resulted, as expected, in preferential flow in the direction of the white 
matter fiber tracts.  
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Chapter 1 

1 Introduction 
1.1 Motivation 
Research to develop effective treatment and solve the so called “mystery of cancer” has a high 
priority in our society. At the moment, the most accepted theory is that cancer develops from 
an accumulation of mutated cells that grow uncontrollably and escape destruction by the 
immune system (Levin 2002). Chemical, physical and biological agents, as well as inherited 
alterations can cause damage of DNA and cells to become cancerous. Every time cells 
reproduce themselves alterations can occur. But, for a cell to become cancerous several 
mutations must happen and often mutated cells destroy themselves. Therefore, it generally 
takes long before cells become cancerous; and the probability of developing cancer increases 
with age. Brain tumors are not among the most common types of cancer, but since they 
interfere with essential brain functions, the effects are in many cases severe. Despite intensive 
research the prognosis of healing brain tumors are low. However, a relatively new form of 
treatment, called convection-enhanced drug delivery (CED), may increase the chance for 
patients with malignant tumors to recover. CED is a form of treatment where a therapeutic 
agent is infused under positive pressure directly into brain tissue via catheters. The technique 
is still on an experimental level, but has shown promising results and apart from brain tumors, 
CED can be used in the treatment of patients with e.g. Alzheimer or epilepsy. Thus, it is 
worthwhile to carry out research related to local delivery techniques.  

In this study the flow and transport of an infused therapeutic agent in brain tissue is modeled 
based on porous media assumptions. To develop simple models which capture the main 
characteristic observed during CED, understanding the processes are essential. For such 
sophisticated systems as the human brain, this can only be achieved through interdisciplinary 
work combining knowledge from e.g. medicine, physics, chemistry and hydrodynamics.  

1.2 Outline  

The aim of this study was, first, to implement patient-specific parameters and geometry in a 
poro-elastic model. Second, to compare the result from the poro-elastic model with a rigid 
model, and finally to investigate effects of anisotropy and heterogeneities on the final 
concentration distribution. In Chapter 2 an introduction to brain anatomy, brain tumors and 
CED is given. Then in Chapter 3, natural and CED induced flow processes are described, and 
a comparison between rigid and elastic models found in the literature is done. In Chapter 4 the 
balance equations are defined. The volume balance describing the fluid flow, the momentum 
balance characterizing the deformation of the brain tissue as a result of the infusion and, 
finally, the transport equation for the therapeutic agent are defined. As there are no analytical 
solutions for such complex problems the balance equations are transformed into numerical 
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algorithms which are implemented in DUMUx, this is explained in Chapter 5. In the model 
several patient-specific parameters are needed; i.e. initial permeability tensor (K0), initial 
porosity (φ), diffusion tensor (D*) and elastic properties of the tissue (μ and λ). Patient-
specific parameters can, to some extent, be obtained from Magnetic Resonance Imaging 
(MRI). In Chapter 6 the physical background and a selection of MR-imaging techniques are 
explained. Then, in Chapter 7 the MRI-data set used in this study is presented. From this data 
set information about the geometry, heterogeneity and anisotropy of the brain is obtained. 
Moreover, MRI techniques which in future studies can be used to determine porosity and 
elastic properties of the tissue are presented. Since MRI cannot provide reliable values for all 
parameters a discussion of the values found in the literature are presented. In the next chapter 
(Chapter 8) simulations are done for the isotropic and homogenous case and a comparison 
between a rigid and the poro-elastic model is done. For further validation the results are 
compared to an elastic model by Chen et.al.  (2007). Finally, in Chapter 9 the patient-specific 
parameters and geometry is implemented and the effect of the location of the infusion 
investigated. It should be noted that in this study only infusion into normal brain tissue, thus 
without a tumor, is considered. 
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Chapter 2 

2 Background 
2.1 Brain Anatomy 
The anatomy describes the shape and structure of an animal or a plant. Here we are 
considering the human brain which together with the spinal cord makes up the Central 
Nervous System (CNS). On a macroscale the human brain consists of different compartments, 
all controlling different, vital body functions. Zooming in, it becomes evident that each 
compartment comprises different types of structures; i.e. the brain tissue is penetrated by 
capillaries. Zooming further into microscale different cell types within the tissue can be 
delineated. 

2.1.1 Microscale 

Although it is an extremely complicated system, the CNS mainly consists of two cell types; 
neurons and glial cells (Martin 2003). As can be seen in Figure 2.1 the neurons consist of four 
components; cell body, dendrites, axon and axon terminals. Actually neurons look a bit like 
trees which have many branches or dendrites, but only one stem namely the axon. Neurons 
are responsible for transmission of information and can receive and send information to 
thousands of other neurons. The other cell type, the glial cells, are not directly responsible for 
transmitting information, but play an important role in providing structural and metabolic 
support for neurons. However, glial cells are likely to be involved in the diffusion-based 
chemical communication system of the brain (Nicholson 2001). Further, the glial cells can be 
divided into microglias and macroglias. Microglias respond to infections and damage of the 
nervous system, while macroglias supports the neurons. There are four different types of 
macroglia: Oligodendrocytes, Schwann cells, astrocytes and ependymal cells (see Figure 2.1) 
(Martin 2003). 

 
Figure 2.1 Schematic representation of neurons and glia. 

2.1.2  Mesoscale 

One can distinguish two different types of tissues in the CNS namely white matter and grey 
matter. Grey matter has a high density of tightly packed neuron cell bodies, whereas white 
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matter mainly consists of long axons that form fiber tracts. The axons in the white matter are 
covered by a white, fatty layer called myelin which is formed by oligodendrocytes and 
Schwann cells (Martin 2003). Further, it can be useful to distinguish between the extracellular 
space and the intracellular space in the CNS. The extracellular space refers to the space 
between the cells, whereas the intracellular space refers to the space inside the cells. 
Moreover, the tissue is penetrated by numerous blood vessels, which are a part of the blood 
system, often referred to as the vasculature. Together the cells and the interstitial space make 
up the extravascular.  

 

 

Figure 2.2  Schematic representation of the different compartments in brain tissue (Vaupel and Hammersen 
1983). 

To provide a continuous supply of glucose and oxygen to the brain, a large number of blood 
vessels penetrate the brain tissue. Since the cerebrospinal fluid is produced from blood plasma 
there is a close connection between the ventricles and the vasculature (Abbott 2004). 
However, blood also carries substances that can be harmful to the brain tissue. To prevent 
these substances from entering the interstitial space, the brain tissue is protected by a highly 
selective permeability barrier called the blood-brain barrier (BBB). It keeps out substances 
which are soluble in water (except glucose), while lipids can pass through (Martin 2003). The 
inner lining of the blood vessels, called the endothelial layer (see Figure 2.3), is different in 
the central nervous system compared to other tissues. In other tissue there are spaces between 
the endothelial cells that let molecules pass, whereas in the CNS the endothelial cells are 
tightly joined forming the already mentioned blood-brain barrier. A similar barrier exists 
between cerebrospinal fluid and blood, on the other hand there is no such barrier between the 
interstitial fluid and the cerebrospinal fluid (Johansen, et al. 2008).  
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2.1.3 Macroscale 

Together with the spinal cord the brain makes up the central nervous system (CNS). As can 
be seen in Figure 2.4, the brain can be divided into different regions: Brain stem, cerebellum, 
cerebral hemisphere and diencephalon (Martin 2003). Every part can be subdivided into 
numerous smaller areas all controlling different body functions, both conscious and 
unconscious. Without going into details, we may briefly say that the brain stem and the 
cerebellum regulate the body functions, and the diencephalons participate in sensory functions 
and transmit information to the cerebral hemisphere, which is the most highly developed part 
of the brain. The outer part of the cerebral hemisphere, the cortex, consists of grey matter, 
while the inner part mainly consists of white matter. Also the cerebellum (from Latin; the 
little brain) can be divided into white and grey matter in a similar way.  

Figure 2.3 a) The vessel walls in the CNS have tight junctions between the endothelial cells. Between the 
brain tissue and the cerebrospinal fluid (CSF) no such barrier exists. (Johansen, et al. 2008) b) Schematic 
representation of the blood-brain barrier (BBB). 

a) b) 
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Figure 2.4 MRI of the human brain showing selected compartments of the brain (NASA 2005) 

For protection, three meningeal layers cover the central nervous system; dura mater, 
arachnoid mater and pia mater. Separating the arachnoid and the pia, the subarachnoid space 
is filled with cerebrospinal fluid. Cerebrospinal fluid (CSF) is produced in the walls of the 
ventricle system (Martin 2003), and fills up all cavities in the brain for protection against 
traumas. 

2.2 Brain tumors 
There are numerous different types of brain tumors. Usually the tumors are named after the 
type of cells they originate from or the location in the brain. Tumors can occur in any part of 
the brain, e.g. brain tissue, nerves that enters the brain or in the meningeal layers. Most 
tumors occur in the brain tissue and develop from glial cells. These types of tumors are called 
gliomas and can be divided into oligodendromas, astrocytomas, and ependymalas, depending 
on the type of glial cells they originates from (Levin 2002). Another important feature of 
brain tumors is how fast they grow and whether they are likely to spread. To determine this, 
tumor cells are examined under microscope and based on the findings graded from 1 to 4. 
Tumors of grade 1 grow slowly, usually they do not spread, and are thus regarded as benign. 
Tumors of grade 4 grow rapidly, are likely to spread and are thus regarded as highly 
malignant.  

The most common gliomas are astrocytomas, which usually occur within the white matter. 
One type of astrocytomas is glioblastoma multiforme (GBM), which is both the most 
common and most malignant type (Levin 2002). GBM’s are characterized by cell necrosis 
creating dead areas inside the tumor. They also have a considerably higher density of blood 
vessels than normal brain tissue. Due to higher permeability of the vessel walls in the tumor 
region and the lack of a lymphatic system to drain interstitial fluid away from the tumor, the 
pressure in the tumor region is often higher than in normal brain tissue (Hassid, et al. 2006). 
These features cause heterogeneities in the tumor region that can be seen on a MRI scan and 
help diagnosing the disease. 

Skull

Cerebral
hemisphere

Cerebellum

Spinal cord

Brain stem

Ventricles

Meningeal 
layers

Dienchephalon
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2.3 Convection-Enhanced Delivery (CED) 
Despite intensive research during the last 30 years the prognosis of curing brain tumors, 
especially GBM’s, is poor. Different conventional therapies all have various drawbacks. 
Removing the visible tumor alone is not a solution since the tumor cells migrate along the 
white fibre tracks and start growing at new locations. Alternatively, the tumor can be treated 
with radiation. The problem with this method is the side effects; the radiation does not only 
act on the tumor cells but also on the healthy ones. A better treatment alternative is 
chemotherapy; at the moment there exist efficient drugs that work on cancer cells and not on 
healthy cells. However, it is difficult to get high enough concentration of the drugs inside the 
tumor. This is mainly because of two different effects. First, when one injects a therapeutic 
agent intravascular it gets diluted. Thus, one needs a high dose to get the required 
concentration inside the tumor, but the dose is limited by the concentration of drug the body 
as a whole can stand without severe consequences. Second, the blood-brain barrier prevents 
the drugs to enter the interstitial space, which means that the drugs never reach the cancerous 
cells (Groothuis 2000). 

 

To overcome the problems associated with the blood-brain barrier and systemic toxicity, 
therapeutic agents can be introduced directly into brain tissue (Morrison, et al. 1994, 
Groothuis 2000, Raghavan, et al. 2006). There are several ways of doing this. One is to leave 
tablets containing an active therapeutic agent in the cavity of the removed visible tumor 
(Groothuis 2000). Another is to inject the agent directly into the brain tissue via catheters 
(Baxter and Jain 1989). Both these methods rely on diffusion of the agent into the brain tissue, 
but since diffusion-driven transport causes spreading only a few millimeters into the tissue, 
these methods are not very effective. A third technique is to infuse the agent continuously, 

Figure 2.5(left) MRI showing a glioma. The region affected by the tumour is significantly larger 
than the visible tumour. (right) The therapeutic agent is infused into the heterogeneous tissue 
through a catheter (Raghavan, Brady, et al. 2006) 
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such that a pressure gradient arises. This technique is called convection-enhanced drug 
delivery (CED) since the spreading is dependent on the infusion pressure as well as diffusion. 
The pressure gradient induce flow and results in a higher concentration of the drug farther 
away from the infusion site than in the case of  only diffusion-driven delivery (Raghavan, et 
al. 2006, Morrison, et al. 1994).  

CED can be applied at different stages in the treatment. 1) For tumors located inaccessible for 
the sergeants, CED can be applied as the main treatment. 2) Accessible tumors can be treated 
before surgery to decrease the size of the tumor for easier removal. In both cases the infusion 
can be done either intra-tumoral or in the vicinity of the tumor (Chen and Sarntinoranont 
2007). 3) CED can also be applied after surgery to kill cancer cells in the infiltrated region 
and thus hold back spreading. Additionally, it should be mentioned that CED not only can be 
applied to brain tumors, but also other diseases in the CNS can be treated; e.g. Parkinson 
(Gill, et al. 2003) and epilepsy (Rogawski 2009). 

CED is still on an experimental level and many questions are left open, but it is well known 
that the location of the injection is crucial since the distribution of the agent is heavily 
dependent on factors such as heterogeneities in the brain tissue and high interstitial tumor 
pressure due to edema (Figure 2.5). This makes it difficult to predict spatial distribution and 
local concentration variations (Raghavan, et al. 2006, Groothuis 2000). To be able to plan 
and optimize the use of convection-enhanced delivery of drugs for brain tumors a patient-
specific model needs to be developed.  
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Chapter 3 

3 The Brain as a Porous Medium 
A porous medium can be defined as a solid or a structure with voids, through which fluid can 
flow. Thus, many materials can be characterized as a porous medium. Although the human 
body is a highly sophisticated system, the porous medium assumptions can be used to 
describe many parts of it. These assumptions capture many relevant features and processes 
e.g. diffusion, in the extracellular space (ECS) accurately (Nicholson 2001). This is rather 
unexpected since the brain is a dynamic system where old cells are constantly replaced by 
new ones, and the boundary between the cells and the interstitial fluid are highly complex.  

To develop a simple model, which captures the main characteristic of phenomena of interest 
in the brain tissue, understanding the system is essential. In the following the concepts of the 
model used in this study are described.  

3.1 The concept of a Representative Elementary Volume (REV) 
On a macroscale many properties of a porous medium are volume-dependent, or in other 
words scale dependent. An example of a volume-dependent parameter is porosity. On a pore 
scale the porosity can be either 0 or 1, depending on whether the measurement point fall in a 
pore or on a particle. Nevertheless, if the volume or scale of the sample is incrementally 
increased the values from different measurement volume centered around a given location 
will tend towards one average value. The minimal volume needed of a sample to obtain a 
consistent value of a measured parameter is referred to as the representative elementary 
volume (REV) (Bear 1969). For a homogenous medium the representative volume may be 
chosen arbitrary as long as it is larger than the minimum REV, while for a heterogeneous 
medium the averaged properties will change inside the REV if it is larger than a given 
threshold value. E.g. for brain tissue it is important that the REV is small enough to 
distinguish grey matter from white matter, since the properties of the tissue varies 
significantly between the tissue types. From Figure 3.1 b) it becomes clear that the volume 
chosen is too large to be used as a REV, while the volume chosen in Figure 3.1 c) is 
appropriate since it represent only one type of structure. In this work it is assumed that one 
common REV can be defined for all properties. 
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Figure 3.1 Zooming into brain tissue.  a) Choose one slice from a stack of images of the human brain. b) zoom in 
to a region of interest (ROI) of the slice. Note; this region consists of different structure types. c) Zooming in 
again a region representing only one type of structure is resolved. The region marked is, thus, small enough to 
represent a REV. d) It is reasonable to assume that for this REV average values of porosity, permeability etc. are 
valid. (BrainMaps 2009) 

3.2 Modeling flow and transport 

Thus, based on the previous section modeling flow and transport, one may consider the brain 
as a porous medium where the neurons and glial cells make up the solid phase. Between the 
neurons and glial cells there is a thin, fluid-filled space (Gillies, et al. 2005). This interstitial 
space is highly tortuous and the pore sizes are of nanoscale. Nevertheless, it makes up 20% of 
the total volume of the brain, in comparison to the vasculature which only occupies 3% 
(Nicholson 2001). In other words, the brain is a heterogeneous porous medium with a porosity 
of approximately 20%. Blood vessels, ventricle walls and meningeal layers all contribute to 
different heterogeneities. Moreover, different properties of the grey and white matter lead to 
both heterogeneity and anisotropy. Grey matter has low permeability, but is relatively 
homogeneous and isotropic. On the other hand, white matter has higher permeability, but is 
anisotropic. This anisotropy arises from the fibers formed by the axons in the white matter. 
Heterogeneities and anisotropy are important factors for the transport processes in the tissue, 
and should be taken into account in models describing e.g. CED. Already existing models for 
this purpose can be divided into two main categories, where the CNS is either described as a 
rigid- or an elastic porous medium. 

3.2.1 Rigid Models 

In the literature several models describing the brain as a rigid porous medium can be found. 
CED was first proposed in the beginning of the 1990’s and one of the first mathematical 
models was developed by Morrison et.al. (1994). This model describes the transport of 
macromolecules, assuming isotropic and homogenous brain tissue for the case of high-flow 
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and low-flow infusion. Hence, in the latter case they only consider diffusion. The model 
developed by Morrison et.al. was based on a model by Baxter and Jain (1989) applied for 
low-flow infusion. In both of these models, analytical solutions were derived. Later numerical 
solutions were obtained for more realistic cases. E.g. Raghavan et.al. (2006), Linninger, et al. 
(2008 a) and Linninger, et al. (2008 b) all modeled CED into a human brain, while 
Sarntinoranont et.al (2006, 2003) and recently Kim, et.al. (2009) modeled CED into the spinal 
cord of a rat. These models all use geometry based on MR-images and both anisotropy and 
heterogeneities are taken into account; 

3.2.2 Poroelastic Models  

Obviously brain tissue is not rigid; it is in fact quite deformable. The poroelastic theory 
developed by Biot (1955) can be applied to describe fluid transport in the interstitial space. 
This means that the brain is treated as a sponge-like material. When a sponge is squeezed it 
induces flow and fluid leaves through the boundaries. This flow occurs because the sponge 
deforms and that produces a pressure gradient (P. Netti, et al. 1995) . Of course flow is only 
induced if you overcome the stiffness of the solid phase and the fluid flow resistance. The 
flow resistance is dependent on the pore size and fluid properties. Several models treating the 
brain as an elastic porous medium can be found in the literature. Basser (1992), Netti and 
Baxter (1997), Chen, et.al. (2002), and Smith and Humphrey (2007) all used a poroelastic 
consolidation model and derived analytical solutions for the pressure field and velocity 
distribution during infusion the center of a spherical tumor. Netti et.al.(1995), 
Kalyanasundaram, et.al. (1997), Gillies et.al.(2005) and Chen et.al. (2007) used a similar 
poroelastic consolidation model, but instead of deriving analytical solutions the equations 
were solved numerically.  

3.3 Transport processes  
In the CNS of healthy humans, there are numerous transport processes continuously going on. 
A brain tumor alters these vital processes which has severe consequences for the patient. 
Moreover, CED treatment interrupts the already altered system and introduces new transport 
mechanisms.      

3.3.1 Natural processes 

First, blood is circulating through the vasculature, from the heart and distributed throughout 
the body. This is a pulsatile flux that follows the heart beat, but since the brain is far away 
from the heart the blood flow is relatively constant. Second, the cerebrospinal fluid (CSF) 
flows from the ventricles where it is produced, to the subarachnoid space before it exits the 
ventricular system and is taken up by the vascular system. Third, the interstitial fluid (ISF) is 
believed to be produced in the walls of the capillaries driven by an ionic gradient (Abbott 
2004).  Since there are no physical barriers between the meningeal layers and the brain tissue, 
CSF acts as a second source for the ISF. Further, ISF is not stagnant; it circulates creating 
what is referred to as bulk flow of the interstitial fluid. This convective flow is not uniform, 
but rather preferential patterns are created in the vicinity of the larger vessels, perivascular 
space (PVS), and along the white matter fiber tracts (Abbott 2004). Within the neuropil (see 
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Figure 3.2) the resistance against flow is high and the bulk flow is assumed to be negligible. 
Linninger et.al. (2007) did a first attempt in modeling the flow of CSF in the ventricular and 
subarchnoid pathways. In that study also bulkflow was included. 

 

Figure 3.2 Bulkflow in the interstitial space (Abbott 2004) 

Another important transport mechanism in the CNS is diffusion. Nutrients are, as mentioned, 
transported by the blood to the brain. However, when it exits the capillaries the nutrients are 
transported to their final destination by diffusion. Information is transmitted through the 
neurons, but is also dependent on diffusion of chemical signals between the dendrites and 
transmitters (Nicholson 2001). 

3.3.2 Processes induced by CED 

The therapeutic agent is infused through a catheter. Even with the best devices this may cause 
damage to the brain tissue and backflow along the outer walls of the catheter. Since the 
infusion pressure is higher the displacement of the tissue is larger close to the catheter, which 
provides pathways for the infused fluid to escape into the CSF filled cavities or region with 
higher permeability than the target volume (Morrison, et al. 1999).  Morrison, et al. (1999) 
derived an equation describing this backflow and showed that backflow is inversely 
proportional to the radius of the catheter. In more recent studies by Linninger et.al. (2008 a, 
2008 b) the catheter was also included in the model domain and the concentration distribution 
for the case of one and multiple ports were compared.  

Due to effects from vascular and osmotic pressures, the human brain holds a positive pressure 
of approximately 400 Pa (Smith and Humphrey 2007). In the tumor region, the interstitial 
fluid pressure is significantly higher. As can be seen from Figure 2.5 the region surrounding 
the tumour is characterized by edema. The edema arises due to an interrupted BBB in the 
tumor region and the lack of a lymphatic system in the CNS. Inside the tumor, positive 
pressures up to 4000 Pa have been measured (Hassid, et al. 2006). This pressure has a 
significant impact on the distribution of the infused fluid. It hinders the injected fluid to flow 
into the tumor; it will flow more in the direction of normal brain tissue than in the direction of 
the tumor. Nevertheless, it can destroy tumor cells that have infiltrated normal brain tissue 
and therefore possibly avoid spreading of the cancer cells.  
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The elevated interstitial pressure in the tumor hinders spreading in the desired direction. On 
the other hand, the infusion pressure itself induces flow from brain tissue into the vasculature. 
Before the infusion, the pressure inside the capillaries is in equilibrium with the interstitial 
fluid pressure, but during the infusion a pressure gradient between the interstitial and 
vasculature space is created. This produces a flux from the brain tissue into the capillary bed 
to reestablish equilibrium. An expression for this sink term can be found with the help of 
Starling’s law (Morrison, et al. 1994) and has been applied in several studies, e.g. Netti, et.al. 
(1997), Smith and Humphrey (2007). In normal brain tissue, where the BBB is intact, this 
sink term is small, but inside the tumor where the BBB is disrupted the capillary bed can 
possibly cause a significant sink effect.  

Last but not least, the therapeutic agent can undergo degradation or attach to the cells. 
Degradation or irreversible metabolism will obviously hinder the spreading of the drug. 
Further, attachment or adsorption is dependent on the properties of the infused agent and will 
slowdown the spreading. Morrison, et al. (1994) included linear metabolism and adsorption. 
This processes were also included by, e.g. Linninger et.al. (2008 a). 
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Chapter 4 

4 Mathematical Model 
4.1 Assumptions 
The model applied in this study is based on a 1D model developed by Gillies et.al (2005)  and 
extended to 3D by Melanie Darcis (2007). Although vital, the natural transport processes (see 
chapter 3.3.1) are neglected. Hence, only the CED induced transport processes were 
considered. For the mathematical model the following assumptions were made; 

• The therapeutic agent is completely soluble in the interstitial fluid.  
• Fluid and solid phases are both regarded as incompressible.  
• Changes in density and viscosity of the fluid phase as a result of dissolution of the 

therapeutic agent are neglected.  
• Temperature is assumed to be constant.  
• The solid matrix is assumed to behave as a linear elastic material (infinitesimal 

deformation) 
• Chemical reactions, absorption and adsorption of infused agents are neglected. 
• Physical dispersion is neglected since numerical dispersion is assumed to be larger.  
• Gravity forces neglected 

 
Thus, a single phase, isothermal transport equation within an elastic matrix is solved for the 
fluid phase. To develop continuity and elasticity equations, the solid matrix is taken into 
account as a second phase. The system of equations is then solved for the primary variables; 
pressure (p), molar concentration of therapeutic agent (c) and the displacement field (u).  

4.2 Euler vs. Lagrangian description 
Physical quantities can be described using either Lagrangian or Euler coordinates. In the 
Langrangian description one follows the fluid particles and describes the variations around 
each fluid particle around its trajectory. While in the Euler description, the variations are 
described at all fixed points as a function of time. This implies that in the Euler description 
different particles pass the same fixed point at different times. In the problem treated here the 
Euler approach is used, which is the common approach in fluid mechanics. This is possible as 
long as the deformation is assumed to be small (Hassanizadeh and Gray 1980).  

4.3 Volume balance 
Even though, material of both, fluid phase and solid phase, are assumed to be incompressible 
the matrix is not incompressible since “rearranging” the solid matrix will cause deformation 
and a new shape. Assuming the density of the solid and the liquid phase, constant the mass 
balance can be transformed to a volume balance see e.g. Hassanizadeh and Gray (1980). 

Solid phase:  
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𝜕𝜕(1 − 𝜑𝜑)
𝜕𝜕𝜕𝜕

+ (1 − 𝜑𝜑)𝛻𝛻 ∙ 𝐯𝐯𝑠𝑠 = 0 (4.1)  

Liquid phase:   

𝜕𝜕𝜑𝜑
𝜕𝜕𝜕𝜕

+ 𝜑𝜑𝛻𝛻 ∙ 𝐯𝐯𝑙𝑙 ±  
𝑟𝑟𝑠𝑠 𝑠𝑠⁄

𝜌𝜌𝑙𝑙
= 0 (4.2)  

Here vs and vl represent the velocity of the solid and fluid phase respectively. φ is porosity, rs/s 
is a source/sink term and ρl the density of water. Adding equation (4.1) and (4.2) yields: 

𝛻𝛻 ∙ (𝜑𝜑𝐯𝐯𝑙𝑙 + (1 − 𝜑𝜑)𝐯𝐯𝑠𝑠) ± 
𝑟𝑟𝑠𝑠 𝑠𝑠⁄

𝜌𝜌𝑙𝑙
= 0 (4.3)  

The velocity of the solid phase (vs) can be represented by the partial time derivative of the 
displacement field (u) for infinitesimal deformation: 

𝐯𝐯s =  
D𝐮𝐮
D𝜕𝜕

≈
∂𝐮𝐮
∂𝜕𝜕

 (4.4)  

Further, the average pore velocity (vl) can be obtained from the momentum balance of the 
fluid phase (Hassanizadeh and Gray 1980): 

𝜑𝜑𝜌𝜌𝑙𝑙
𝐷𝐷𝐯𝐯𝑙𝑙
𝐷𝐷𝜕𝜕

= 𝜑𝜑𝜌𝜌𝑙𝑙𝒈𝒈 +  𝛻𝛻 ∙ (𝜑𝜑𝝉𝝉𝑙𝑙) + 𝑭𝑭𝑠𝑠𝑙𝑙  
  

(4.5)  

The first term on the right hand side represents the volume forces, g represents gravity, 
whereas the second and third are surfaces forces. Since this representation is on a macroscale, 
viscous effects may be assumed to be negligible and the stress tensor (τl) can be represented 
by the hydrostatic pressure (p) multiplied by the identity matrix (I): 

𝝉𝝉𝑙𝑙 =  −𝑝𝑝𝑰𝑰 (4.6)  

Fsl represents the friction forces between the solid and the liquid phases. In a heterogeneous 
medium the forces exerted on the solid from the fluid are smaller in the areas with low 
porosity than in areas with high porosity, to balance the forces there has to be a force in the 
direction from lower to higher porosity. This force prevents the fluid from flowing due to 
porosity gradients. Further, we assume that the average drag of the solid on the fluid is 
dependent on the difference between the solid and the fluid phase velocity T(vR):  

𝐯𝐯R = 𝐯𝐯𝑙𝑙 − 𝐯𝐯𝑠𝑠 (4.7)  

𝑭𝑭𝑠𝑠𝑙𝑙 = 𝑝𝑝𝛻𝛻𝜑𝜑 + 𝑻𝑻(𝐯𝐯R)  (4.8)  

Performing a Taylor expansion around vR = 0, neglecting higher order terms and assuming 
creeping flow, T(vR ) can be approximated as; 

𝑻𝑻(𝐯𝐯R) = −𝐑𝐑 ∙ 𝐯𝐯R  (4.9)  
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Here R is a second order tensor resulting from the Taylor expansion. Neglecting the inertia 
term, the momentum balance (4.5) can be written as: 

0 =  𝜌𝜌𝑙𝑙𝜑𝜑𝒈𝒈 − 𝛻𝛻(𝜑𝜑𝑝𝑝) + 𝑝𝑝𝛻𝛻𝜑𝜑 − 𝑹𝑹 ∙ 𝐯𝐯𝑅𝑅 (4.10)  

𝐯𝐯R =  −𝑹𝑹−1 ∙ 𝜑𝜑(𝛻𝛻𝑝𝑝 − 𝜌𝜌𝑙𝑙𝒈𝒈) (4.11)  

𝐯𝐯𝑹𝑹𝜑𝜑 =  −𝑹𝑹−1 ∙ 𝜑𝜑2(𝛻𝛻𝑝𝑝 − 𝜌𝜌𝑙𝑙𝒈𝒈)  ∶= −
𝑲𝑲
𝜇𝜇𝑤𝑤

∙ (𝛻𝛻𝑝𝑝 − 𝜌𝜌𝑙𝑙𝒈𝒈) (4.12)  

As can be seen from equation (4.12), R can be related to the conductivity of the medium and 
finally it can be written as: 

𝐯𝐯R = 𝐯𝐯𝑙𝑙 − 𝐯𝐯𝑠𝑠 = −
𝑲𝑲
𝜇𝜇𝑤𝑤𝜑𝜑

∙ (𝛻𝛻𝑝𝑝 − 𝜌𝜌𝒈𝒈) (4.13)  

Then applying relation (4.4) and equation (4.5) yields: 

𝐯𝐯𝑙𝑙 = −
𝑲𝑲
𝜇𝜇𝑤𝑤𝜑𝜑

∙ (𝛻𝛻𝑝𝑝 − 𝜌𝜌𝒈𝒈) +
𝜕𝜕𝐮𝐮
𝜕𝜕𝜕𝜕

 (4.14)  

Here K represents the intrinsic permeability tensor and wµ  is the viscosity of water. Since the 
fluid source is applied as a point source the pressure gradient is steep and more important than 
gravity, and thus assumed negligible. Substituting equation (4.4) and (4.14) in equation (4.3) 
and rearranging yields the final form of the fluid-solid mixture volume balance:  

𝛻𝛻 ∙ �
𝜕𝜕𝐮𝐮
𝜕𝜕𝜕𝜕

−
𝑲𝑲
𝜇𝜇𝑤𝑤

∙ 𝛻𝛻𝑝𝑝� =  ±
𝑟𝑟𝑠𝑠 𝑠𝑠⁄

𝜌𝜌
= 𝛺𝛺𝐹𝐹(𝐱𝐱, 𝜕𝜕) (4.15)  

 

4.4 Elasticity Equation 
To be able to set up a balance of forces in a porous medium, both the fluid and the solid phase 
have to be considered. The momentum balance of the fluid phase is given in equation (4.5) 
and for the solid phase the following holds (Hassanizadeh and Gray 1980):  

(1 − 𝜑𝜑) ∙ 𝜌𝜌𝑠𝑠
𝜕𝜕2𝐮𝐮
𝜕𝜕𝜕𝜕2 =  𝜌𝜌𝑠𝑠(1 −𝜑𝜑)𝒈𝒈 − 𝛻𝛻 ∙ �(1 −𝜑𝜑)𝝉𝝉𝑠𝑠� + 𝑭𝑭𝑙𝑙𝑠𝑠  (4.16)  

Here ρs and τs are the density and the stress tensor of the solid phase respectively. The last 
term in equation (4.16) represents the friction forces between the fluid and the solid phase and 
according to Newton’s 3rd law:  

𝑭𝑭𝑠𝑠𝑙𝑙 = −𝑭𝑭𝑙𝑙𝑠𝑠  (4.17)  

Adding equations (4.5) and (4.17), neglecting the acceleration of the fluid phase, yields: 

(1 − 𝜑𝜑) ∙ 𝜌𝜌𝑠𝑠
𝜕𝜕2𝐮𝐮
𝜕𝜕𝜕𝜕2 =  (𝜌𝜌𝑠𝑠(1 −𝜑𝜑) + 𝜌𝜌𝑙𝑙𝜑𝜑)𝒈𝒈 − ∇ ∙ �(1 − 𝜑𝜑)𝝉𝝉𝑠𝑠 + 𝜑𝜑𝝉𝝉𝑙𝑙� (4.18)  
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The stress tensors for the solid phase can be split into the hydrostatic pressure and the elastic 
stress tensor:  

𝝉𝝉𝑠𝑠 =  −𝑝𝑝𝑰𝑰 + 𝝈𝝈𝑠𝑠𝐸𝐸   (4.19)  

Inserting equations (4.6) and (4.19) an expression for the total stress tensor (τtot) in equation 
(4.19) can be found: 

𝝉𝝉𝜕𝜕𝑡𝑡𝜕𝜕  = (1 −𝜑𝜑)𝝉𝝉𝑠𝑠 + 𝜑𝜑𝝉𝝉𝑙𝑙 ≅  (1 − 𝜑𝜑)𝝈𝝈𝑠𝑠𝐸𝐸 − 𝑝𝑝𝑰𝑰 = 𝝈𝝈 − 𝑝𝑝𝑰𝑰  (4.20)  

Since the displacement field is assumed small, the acceleration term in equation (4.19) is 
negligible. As already mentioned, gravity is neglected, since a steep pressure gradient is to be 
the dominating driving force. Thus, the momentum balance for a porous media reduces to: 

𝛻𝛻 ∙ (−𝑝𝑝𝑰𝑰+  𝝈𝝈) = 0  (4.21)  

Further, the displacement field (u) can be related to the deformation or strain tensor field: 

𝒆𝒆 =  𝛻𝛻𝐮𝐮 + 𝛻𝛻𝑇𝑇𝐮𝐮 𝑡𝑡𝑟𝑟  𝑒𝑒𝑖𝑖𝑖𝑖 =  
𝜕𝜕𝑢𝑢𝑖𝑖
𝜕𝜕𝑥𝑥𝑖𝑖

+
𝜕𝜕𝑢𝑢𝑖𝑖
𝜕𝜕𝑥𝑥𝑖𝑖

  

  

(4.22)  

Assuming a linear elastic medium, the following linear stress-strain relation holds:  
𝜎𝜎𝑖𝑖𝑖𝑖 = 𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑙𝑙 𝑒𝑒𝑖𝑖𝑖𝑖   (4.23)  

For an isotropic medium the fourth order tensor Cijkl can be described by the Kronecker delta 
and the Lamé parameters, λ and μ, which are two independent parameters. 

𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑙𝑙 = 𝜆𝜆𝜆𝜆𝑖𝑖𝑖𝑖 𝜆𝜆𝑖𝑖𝑙𝑙 + 𝜇𝜇(𝜆𝜆𝑖𝑖𝑖𝑖𝜆𝜆𝑖𝑖𝑙𝑙 + 𝜆𝜆𝑖𝑖𝑙𝑙𝜆𝜆𝑖𝑖𝑖𝑖 )  (4.24)  

Applying this relation in equation (4.23), it can be shown that the following relation holds: 

𝜎𝜎𝑖𝑖𝑖𝑖 = 2𝜇𝜇𝑒𝑒𝑖𝑖𝑖𝑖 + 𝜆𝜆𝑒𝑒𝑚𝑚𝑚𝑚 𝜆𝜆𝑖𝑖𝑖𝑖   (4.25)  

Substituting (4.22) and (4.25) into (4.21) and rearranging yields: 

𝛻𝛻 ∙ [𝜇𝜇(𝛻𝛻𝐮𝐮 +  𝛻𝛻𝑇𝑇𝐮𝐮) + 𝜆𝜆(𝛻𝛻 ∙ 𝐮𝐮)𝑰𝑰 − 𝑝𝑝𝑰𝑰] = 0  (4.26)  

The Lamé parameters are used to characterize the elasticity of a medium. For small values of 
μ and λ, deformation may occur even at low infusion pressure. While high values imply that 
the medium can be regarded as rigid.  

4.5 Transport Equation 
The transport equation can be derived from the mass balance of the infused therapeutic agent 
and results in the following equation: 

𝜕𝜕(𝑐𝑐𝜑𝜑)
𝜕𝜕𝜕𝜕

+ 𝛻𝛻 ∙ (𝜑𝜑[𝑐𝑐𝐯𝐯𝑙𝑙− 𝑫𝑫∗𝛻𝛻𝑐𝑐]) =  𝛺𝛺𝑇𝑇(𝐱𝐱, 𝜕𝜕) 
(4.27)  
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Where c [mol/m3] represents the concentration of the therapeutic agent. Substituting the 
transport velocity of the fluid phase (vl) in the transport equation yields the transport equation 
in terms of the primary variables: 

𝜕𝜕(𝑐𝑐𝜑𝜑)
𝜕𝜕𝜕𝜕

+ 𝛻𝛻 ∙ �𝜑𝜑 �𝑐𝑐 �−
𝑲𝑲
𝜇𝜇𝑤𝑤𝜑𝜑

∙ 𝛻𝛻𝑝𝑝 +
𝜕𝜕𝐮𝐮
𝜕𝜕𝜕𝜕
�− 𝑫𝑫∗𝛻𝛻𝑐𝑐�� =  𝛺𝛺𝑇𝑇(𝐱𝐱, 𝜕𝜕) (4.28)  

The first term represents the storage, the second term the advection and diffusion, and the 
term on the right hand side the source/sink term of the therapeutic agent.  

4.6 Effective parameters  
In an elastic medium the structure of the solid phase is time dependent.  This should be taken 
into account in the model by relating medium properties to deformation.  

4.6.1 Porosity 

Even though both fluid phase and solid phase, are regarded as incompressible, their volume 
fractions can change due to local displacement. From the literature the following expression 
describing the effective porosity can be found (P. Netti, et al. 1997):   

𝜑𝜑 =
𝜑𝜑0 + 𝛻𝛻 ∙ 𝐮𝐮
1 + 𝛻𝛻 ∙ 𝐮𝐮

 (4.29)  

Most poroelastic models found in the literature including porosity changes apply equation 
(4.32) (Gillies, et al. 2005, Chen and Sarntinoranont 2007, Chen, et al. 2002). However, an 
expression for the effective porosity can be derived from the volume balance of the solid 
phase (equation 4.1):  

𝜕𝜕(1−𝜑𝜑)
𝜕𝜕𝜕𝜕

+ (1 − 𝜑𝜑)𝛻𝛻 ∙ 𝐯𝐯𝑠𝑠 = 0  (4.30)  

Using relation (4.4) yields: 

−
1

1 − 𝜑𝜑
∙
𝜕𝜕𝜑𝜑
𝜕𝜕𝜕𝜕

+
𝜕𝜕(𝛻𝛻 ∙ 𝐮𝐮)
𝜕𝜕𝜕𝜕

= 0 (4.31)  

∂
𝜕𝜕t

(𝑙𝑙𝑙𝑙(1 −𝜑𝜑) + 𝛻𝛻 ∙ 𝐮𝐮) =  0 (4.32)  

𝑙𝑙𝑙𝑙(1 − 𝜑𝜑) + 𝛻𝛻 ∙ 𝐮𝐮 =  𝑐𝑐𝑡𝑡𝑙𝑙𝑠𝑠𝜕𝜕.  (4.33)  

Applying the following initial condition the constant on the right hand side can be found: 

𝜑𝜑 = 𝜑𝜑0  and 𝛻𝛻 ∙ 𝐮𝐮     
 
⇒ 𝑐𝑐𝑡𝑡𝑙𝑙𝑠𝑠𝜕𝜕. =  𝑙𝑙𝑙𝑙(1 − 𝜑𝜑0) (4.34)  

Inserting (4.34) in (4.32) yields: 

𝑙𝑙𝑙𝑙 �
1 − 𝜑𝜑
1 − 𝜑𝜑0

� +  𝛻𝛻 ∙ 𝐮𝐮 = 0 (4.35)  

Solving this equation with respect to porosity yields: 
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𝜑𝜑 = 1 − (1 −𝜑𝜑0)𝑒𝑒−𝛻𝛻∙𝐮𝐮   (4.36)  

In Figure 4.1 the divergence of the displacement versus the porosity is plotted using the two 
different formulas for the porosity. As long as the divergence of the displacement is small 
they yield the same result, this implies that the pressure gradient is relatively gentle or that the 
Lamé parameters are high. However, when the displacement is large the difference between 
equation (4.29) and (4.36) increases.  

 

Figure 4.1The displacement is plotted versus porosity for an initial porosity of 0.2. For small deformation it can 
be seen that the different formulas does not make a difference, while for increasing divergence eq 4.37  results in 
lower porosity changes than the equation found in the literature.  

4.6.2 Permeability 

In a rigid medium the permeability is time independent. However, for an elastic medium this 
is not the case. Zhang, et al. (2000) showed that during intra-tumoral infusion an increase of 
the infusion pressure led to significant changes in the permeability of the tissue. These 
changes are related to the deformation, which causes changes in size and connectivity 
between pores in the tissue. Moreover, tissue expansion may increase the conductivity and, 
thus, the permeability of the tissue, whereas compression closes the paths and may reduce 
permeability of the tissue (McGuire, Zaharoff and Yuan 2006).  Lai and Mow (1980) 
proposed the following exponential relationship between the deformation and permeability: 

𝑲𝑲 = 𝑲𝑲𝟎𝟎 ∙ 𝑒𝑒𝛽𝛽∇∙𝐮𝐮  (4.37)  

Here K0 is the initial permeability field and β is a material constant, and yet another unknown 
parameter. McGuire et.al. (2006) fitted this parameter to results obtained from an experiment. 
Relation (4.37) was also applied in a poroelastic model by Chen et.al. (2007), a sensitivity 
analysis was carried out and β found to vary between 0 and 5. 
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4.6.3 Diffusion 

The last part of the second term in equation (4.28) represents diffusion. Diffusion is molecular 
transport caused by concentration gradients and can be described by Fick’s 1st law:  

𝑱𝑱 =  −𝑫𝑫∗∇𝑐𝑐   (4.38)  

Where c is the concentration of the drug in the porous medium, D* is an effective diffusion 
coefficient and in general different from the diffusion coefficient of the agent in free water. 
The diffusive coefficient is reduced since the connections between the pores do not form 
straight channels. This is commonly taken into account by the tortuosity and it is often 
assumed that the tortuosity depends upon the porosity. For geological applications Archie’s 
(Archie, 1942) law can be applied: 𝜏𝜏2 =  𝜑𝜑𝛼𝛼 . Nicholson et. al. (1981) attempted to validate 
this law for brain tissue, but the results were not convincing. Later experiments have shown 
that porosity and tortuosity in brain tissue in general are two independent variables (for details 
see e.g. Sykova and Vargova (2008)). It should be noted that in equation (4.28) porosity is not 
included in D* and therefore D* is constant with time. This assumption is reasonable for a 
convection dominated problem. The method of determination of the effective diffusion 
coefficient (D*) is explained in Chapter 7.  

4.7 Initial and Boundary conditions 
To be able to solve the set of equations developed in the previous sections initial and 
boundary conditions are needed. Initially the pressure is set equal to the intracranial pressure, 
while the concentration of the therapeutic agent and the displacement are assumed to be zero. 
The pressure is usually assumed to be constant here, thus a Dirichlet boundary condition is 
applied: 

𝑝𝑝 = 𝑝𝑝𝑣𝑣 (4.39)  

Although, this may not be the case if the catheters are placed in the vicinity of the 
subarachnoid space or the ventricles. The displacement obviously has to be zero at the skull 
and here a Dirichlet boundary condition is plausible. However, at the boundary between the 
parenchyma and the ventricles there are at least two different possibilities. Either one can 
assume that the displacement is zero at this interface and apply a Dirichlet condition, or one 
can assume that the stress is zero at the boundary and apply the following Neumann boundary 
condition: 

𝝈𝝈 ∙ 𝐧𝐧 =  0 (4.40)  

Regarding the transport boundary condition, it can be assumed that the therapeutic do not 
reach the boundary for short infusion times and low infusion rates, thus a Dirichlet boundary 
condition is plausible. For higher infusion rates and/or longer infusion times a permeability 
condition can be applied to represent the boundary between tissue and ventricles (Linninger 
et.al., 2008 a): 

−𝑫𝑫∗(𝐧𝐧 ∙ ∇𝑐𝑐) = 𝑖𝑖𝑝𝑝𝑐𝑐 (4.41)  
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Here kp represents the conductivity of the meningeal layers (see Figure 2.4). As described in 
the chapter about brain anatomy (see chapter 2.1) there are no physical barrier between brain 
tissue and CSF. The effect of the pial membrane on CED was studied in by Jagannathan, et al.  
(2008), which observed leakage into CSF filled cavities on MR-images. However, to our 
knowledge, there are no computational models that include a quantitatively measured kp -
value.  
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Chapter 5 

5 Numerical Model 
Since analytical solutions of differential equations describing realistic physical problems only 
can be derived for special boundary and initial conditions, numerous numerical methods have 
been developed. First, a given physical problem is transformed into a mathematical model. 
These models consist of continuous equations which have to be discretized in time and space 
before they can be implemented and finally solved with the help of a computer. In the 
discretization the differential terms are replaced by algebraic terms. Although a compromise 
between computational costs and exact solutions has to be done, the following criteria should, 
as far as possible, be fulfilled (Helmig 1997):  

• Consistency  
- Discretization is said to be consistent with the analytical problem as long as the 

truncation error tends to zero when the timestep and gridsize approach zero. 
• Convergence 

- Solution of the discretized equation will be convergent if the solution 
converges towards the exact solution of the differential equation when the 
timesteps and the grid size approach zero.  

• Stability 
- Small perturbation does not blow up or cause divergence of the solution. 

• Monotonic solution behavior  
- Value of a nodal variable has to lie between the neighboring discrete nodal 

values. Note that this does not strictly hold for models with source and sink 
terms. 

• Conservative  
- A method is conservative as long as the inflow equals the outflow through the 

control volume for a given period of time.  

Different physical problems are described by different differential equations. Different types 
of equations have different properties. Finally, this leads to different numerical challenges and 
different spatial discretization techniques are required.  An elliptic equation, i.e. the Laplace 
operator, has the property that the information is diffusively spreading in all directions, thus 
the best numerical approximation is to use information from all neighbouring nodes. On the 
other hand convection dominated problems give rise to hyperbolic equations due to the non-
linear term (see equation (4.31)). In this case, the information is only spreading in one 
direction and there is no information about the front propagation in the opposite direction. A 
parabolic equation is a combination of an elliptic and a hyperbolic equation including a time 
dependent term. For a parabolic equation the information spreads more in the direction of the 
flow, but still it is plausible to use information from all neighboring nodes. Consequently, the 
solution at node i has to be approximated based on the upstream node. In the problem treated 
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here the governing equations have a parabolic behavior and since they consist of both an 
elliptic term and a hyperbolic term different types of discretization techniques are required for 
the different parts of the equations.   

5.1 Finite volume and finite element methods 
The Finite Element Method (FEM) and the Finite Volume Method (FVM) are both widely 
used discretization techniques. Both approaches are based on the weak formulation, or 
integral formulation, instead of the actual differential equation. One of the differences 
between the methods is how the weighting functions are chosen. E.g. in the ordinary 
Gallerkin method the weighting function is set equal to the basis functions (see Figure 5.1), 
while in the sub-domain collocation method, or BOX method, the weighting functions are 
piecewise continuous inside one box and zero everywhere else (Helmig 1997). In this study, 
calculation where performed using two different software, namely COMSOL Multiphysics 
and DUMUx. 

 

Figure 5.1 1D illustration displaying the basis and weighting functions in one box volume (Helmig 1997) 

5.1.1 COMSOL Multiphysics 

COMSOL Multiphysics is a commercial modeling tool based on the finite element method 
(FEM). It has a large number of built-in physics modes, such that models can be created by 
defining relevant physical quantities instead of the underlying equations. COMSOL 
Multiphysics then internally compiles a set of PDE’s representing the physical problem. If 
one prefers to specify the equations by hand, or if no suitable physics mode exists, the PDE’s 
can be implemented manually. Still COMSOL Multiphysics performs the discretization of the 
problem automatically. In COMSOL Multiphysics, one can create complex geometries 
yourself or import external geometries, including MR-images.  

5.1.2 DUMUx 

DUMUx is a modeling tool based on the FVM. It is an open source code developed at the 
University of Stuttgart providing a multi-scale, multi-physic toolbox for the simulation of 
flow and transport in porous media. Moreover, DUMUx inherits functions from DUNE, the 
Distributed and Unified Numeric Environment. DUNE is a modular toolbox allowing 
implementation of e.g. FEM and FVM methods which then can be used to solve differential 
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equations. In the following section, the derivation of the discretized equations implemented in 
DUMUx is described. All the final simulations presented in this work was performed using 
DUMUx. 

5.2 Space discretization 
The space discretization is done using a fully upwind BOX method. In this section the 
discretization technique is explained by deriving the discretized version of the transport 
equation. As already mentioned the finite volume method is based on the integration form of 
the equations. Thus, substituting the primary variables with approximated values and 
integrating the transport equation over a volume G yields (Class 2007): 

�
𝜕𝜕(𝜑𝜑�̃�𝑐)
𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑
 

𝑑𝑑

+ �(𝛻𝛻 ∙ [𝜑𝜑(�̃�𝑐𝐯𝐯𝑙𝑙 − 𝑫𝑫∗𝛻𝛻�̃�𝑐)])𝑑𝑑𝑑𝑑
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𝑑𝑑

= �𝜀𝜀𝑑𝑑𝑑𝑑
 

𝑑𝑑
 

Here vl is the fluid velocity as given in equation (4.14) And the discretization is 
explained in section 5.4. The approximation of the primary variables are defined as 
follows: 

(5.1)  

�̃�𝑐 =  ��̂�𝑐𝑖𝑖𝑁𝑁𝑖𝑖

𝑙𝑙𝑙𝑙𝑡𝑡

𝑖𝑖=1

 ,              𝐮𝐮� =  �𝐮𝐮�𝑖𝑖𝑁𝑁𝑖𝑖 ,
𝑙𝑙𝑙𝑙𝑡𝑡
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                      𝑝𝑝� =  ��̂�𝑝𝑖𝑖𝑁𝑁𝑖𝑖  ,
𝑙𝑙𝑙𝑙𝑡𝑡

𝑖𝑖=1

 (5.2)  

where nno represents the total number of nodes. The discrete (𝐮𝐮�) values of the primary 
variables at each node (i) are approximated in between the nodes by linear basis functions. 
The basis functions are defined in such way that they are zero everywhere except between 
node i and the set of neighboring nodes: 

𝑁𝑁𝑖𝑖(𝐱𝐱𝑖𝑖) =  𝜆𝜆𝑖𝑖𝑖𝑖  =  �
1 𝑓𝑓𝑡𝑡𝑟𝑟 𝑖𝑖 = 𝑖𝑖
0 𝑓𝑓𝑡𝑡𝑟𝑟 𝑖𝑖 ≠ 𝑖𝑖

�  (5.3)  

Here δik represents the Kronecker symbol. The term on the right hand side in equation (5.1) 
represents the error arising from the approximation of the primary values. To minimize this 
error the equations are multiplied by a weighting function or test function (Wi): 

�𝑊𝑊𝑖𝑖𝑑𝑑𝑑𝑑
 

𝑑𝑑
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𝑑𝑑

= 0     
(5.4)  

Equation (5.4) is the weak formulation of (4.31). The term on the right hand side in equation 
(5.1) disappears since the weighting functions have to fulfill the following condition: 

�𝑊𝑊𝑖𝑖𝜀𝜀dG = 0
 

G
                               (5.5)  

In the BOX scheme the weighting function (Wi) applies a constant value inside the box Bi, 
everywhere else Wi is zero (see Figure 5.1 and Figure 5.2). 
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𝑊𝑊𝑖𝑖 =  �  1 𝑖𝑖𝑙𝑙 𝑏𝑏𝑡𝑡𝑥𝑥 𝐵𝐵𝑖𝑖
0 𝑡𝑡𝑢𝑢𝜕𝜕𝑠𝑠𝑖𝑖𝑑𝑑𝑒𝑒

�    
 
⇒    𝛻𝛻𝑊𝑊𝑖𝑖 = 0 (5.6)  

 

 

Figure 5.2 - 2D illustration of the box scheme the implemented model in this case is 3D, but the principle is the 
same.  

To enable a finite volume discretization mass lumping is applied to the storage and the source 
term. Doing this, the storage and the source/sink terms are concentrated into the nodes. 
Further, it is required that the sum of all values of Wi at a node k equals 1 and that the 
weighting functions are linearly independent. As a result, the weighting and basis functions 
can be cancelled in the storage and sink/source term. For the diffusion and convection term 
the Gauss theorem is applied: 
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ΓB i

 

(5.7)  

 

Note that 𝛻𝛻𝑊𝑊𝑖𝑖  = 0 and therefore the term including 𝛻𝛻𝑊𝑊𝑖𝑖  disappears. In the box method first a 
finite element mesh is created then this mesh is superposed by a finite volume mesh. The 
integrals are then evaluated at the boundary of the finite volume mesh, in other words along 
the boundary of the boxes. From equation (5.7) it can be seen that only the integral along the 
boundary ΓBi is needed. ΓBi  represents the boundary of the finite volume box Bi. This means 
that the fluxes can be controlled and that the technique is locally mass conservative. 



35 

 

According to equation (5.6), Wi can be let out for the flux term and replaced by VBi in the 
storage and source/sink term. Combining (5.4) and (5.7) yields the space discretization of the 
transport equation: 

�V𝐵𝐵𝑖𝑖 ∙
∂(φc�)
∂t

dG
 

G

+ �[𝜑𝜑(�̃�𝑐𝐯𝐯𝑙𝑙 − 𝑫𝑫∗𝛻𝛻�̃�𝑐)] ∙ 𝐧𝐧dΓ𝐵𝐵𝑖𝑖

 

ΓB i

+ �V𝐵𝐵𝑖𝑖 ∙ Ω(𝐱𝐱, t)dG
 

G

= 0   (5.8)  

For the convective part of the equation a fully upwind technique is used, while a central 
scheme used for the diffusive part. An upwinding method is calculating the solution at node i 
based on the solution of the equation at the node upstream with respect to the direction of the 
transport velocity. For a sharp front, in a convection dominated transport problem, an 
upwinding technique is used since it is likely that the values of the transported component are 
zero at the downstream node. This method is stable, but has an accuracy of first order which 
leads to a diffusive solution and the sharp front is smeared out. 

5.3 Time Discretization 
Even though it is possible, a finite integral approach is hardly used for the time discretization. 
Instead a finite difference scheme is applied resulting in a semi-discrete method, i.e. finite 
volume or finite element in space and finite difference in time. The finite difference method is 
derived from the Taylor expansion of the primary variables in the vicinity of the integration 
point: 

(φc�)t+∆t =  (φc�)t +
∂(φc�)
∂t

∙ ∆t + 𝑂𝑂(∆t)                            (5.9)  

This is a linear approximation where all higher order terms are neglected. Note that higher 
order schemes include higher order terms of the Taylor serie and that the big-O notation 
represents the error caused by the truncation. Letting 𝑓𝑓(𝜑𝜑𝑐𝑐) represent the space dependent 
part of the equation, hence advection and diffusion, the transport equation can be written: 

𝜕𝜕(𝜑𝜑�̃�𝑐)
𝜕𝜕𝜕𝜕

= 𝑓𝑓(�̃�𝑐,𝑝𝑝�,𝐮𝐮�)                                      (5.10)  

Neglecting the truncation error and recasting expression (5.9) yields the first order 
approximation of the time derivative and the discretized equation becomes: 

𝜕𝜕(𝜑𝜑�̃�𝑐) 

𝜕𝜕𝜕𝜕
=

(𝜑𝜑�̃�𝑐) 
𝜕𝜕+∆𝜕𝜕 − (𝜑𝜑�̃�𝑐) 

𝜕𝜕

∆𝜕𝜕
= 𝑓𝑓(𝑐𝑐 �,𝑝𝑝 � ,𝐮𝐮 � ) 

𝜕𝜕+∆𝜕𝜕   (5.11)  

This time discretization is commonly referred to as the implicit Euler scheme, since it 
evaluates the unknown spatial derivatives on the new time-level. This leads to a coupled 
system of equations which is computational more expensive, but implicit methods are 
unconditionally stable, thus increasing the timestep size does not affect the stability of the 
solution.  
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5.4 Equations Implemented in DUMUx 
The source is assigned to one single node. Low permeability values and/or high infusion rates 
leads to a steep pressure gradient in the vicinity of the infusion point and the transport 
processes are thus convection dominated. This is the main advantage of convection-enhanced 
delivery. However, numerical solutions of the poro-elastic equations may become unstable for 
steep pressure gradients, and strong non-physical oscillations in the pressure field appear for 
the first time steps before the pressure approaches steady-state. To achieve a stable solution 
Aguilar et.al. (2008) transformed the original form and derived a set of equations where a 
perturbation term is added to the flow equations. Implementing this perturbation term, the 
discretized average pore velocity (vl ) which was given in equation (4.14) becomes: 

𝐯𝐯𝑙𝑙 = −
𝑲𝑲
𝜇𝜇𝑤𝑤𝜑𝜑
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t

∆t � (5.12)  

The perturbation term is dependent on the gridspacing, thus when Δx approaches 0 we are left 
with the original equation. Combining the time and the space discretization, the implemented 
transport equation is obtained: 
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Applying the same space and time discretization technique to the volume balance and 
including the perturbation term yields the following equation: 
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(5.14)  

Finally, the elasticity equation becomes: 

� ∇ ∙ �𝜇𝜇�∇𝐮𝐮� + ∇T𝐮𝐮�� + 𝜆𝜆(∇ ∙ 𝐮𝐮�)𝑰𝑰 − 𝑝𝑝�𝑰𝑰�𝜕𝜕+∆𝜕𝜕 

Γi

∙ 𝐧𝐧𝑑𝑑Γi = 0 (5.15)  

As explained in chapter 5.2 the integration is done at the boundary of each sub-control 
volume (see Figure 5.2), while the parameters are usually assigned node wise. However, a 
heterogeneous permeability field causes discontinuities in the pressure gradient at the 
interface between two sub-control volumes with different permeability values. In DUMUx the 
fluxes are calculated based on a multiple point approach. In most cases the solution is mass 
conservative. Except in the case of a heterogeneous permeability field, with a non-orthogonal 
approximation of K at the integration points, where it leads to a non-monotonic solution 
behavior (Nordbotten, Aavatsmark and Eigestad 2007). A monotone solution was one of the 
properties required for a robust model, and to fulfill this criterion the permeability and 
diffusion tensors are assigned element wise (see Figure 5.3). This method cannot be 
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generalized, but then this numerical phenomenon can be avoided calculating the fluxes based 
on only two nodes (Nordbotten, Aavatsmark and Eigestad 2007). 

‘  

Figure 5.3 (left) Assigning K node wise result in discontinuities in the permeability field at the integration point, 
this leads to a discontinuous pressure gradient and non-monotonic solution behaviour of the solution. (right) 
Assigning K element wise instead of node wise this problem can be avoided.  
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Chapter 6 

6 Magnetic Resonance Imaging (MRI) 
In 1946 Felix Bloch and Edward Purcell independently discovered magnetic resonance. Since 
then the development of nuclear magnetic resonance (NMR), or magnetic resonance imaging 
(MRI), has made it possible to obtain information about microstructures of human tissue. 
Already in the seventies the first images of humans were obtained, but it was only in the 
eighties that MRI became a useful diagnosing tool. In the nineties a wide range of new 
applications and improvement of the techniques was developed, and today it is an essential 
tool in medicine. Here only the medical application will be discussed, but MRI is also a 
valuable tool for obtaining information about various materials in other disciplines; i.e. 
hydrology and geology. 

6.1 Magnetic Resonance 
Electrons, neutrons and protons are rotating around their own axis. This property is called 
spin and takes discrete values of +1/2 or -1/2, dependent on the direction of rotation. Due to 
the spin, electrons and nucleons have a dipole moment (m) and act as tiny magnets (see 
Figure 6.1). The energy of a magnetic dipole within an external magnetic field (B0) can be 
described as: 

 
𝐸𝐸 =  − 𝐦𝐦 ∙ 𝑩𝑩0. (6.1)  

The magnitude of the energy E is, thus, dependent on the rotation angle (θ) between m and B0 
(see Figure 6.1). E is minimal when the magnetic dipole is oriented parallel to B0, while the 
maximum is reached when m is oriented anti-parallel to B0. As the energy is lowest when θ = 
0, there is a force acting on m that tries to bring m back to the energetically favorable 
condition; i.e. parallel to the magnetic field.  

 

 
 

 

As shown in Figure 6.1 there are two energy states associated with the spin within an external 
magnetic field. In the low energy state m precess around B0 in the field direction and in the 

Figure 6.1 (left) the energy of a magnetic dipole is dependent on the rotation angle θ, since E 
= - m·B0. (right) Energy levels of the nucleon in an external magnetic field B0.  
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high energy state m precess around B0 in the counter direction. By absorbing electromagnetic 
radiation, i.e. a photon, the spin direction changes and the nucleon transforms from the low to 
the high energy level. Then, when the spin returns to the initial state, energy is emitted in 
form of a photon. This phenomenon is called magnetic resonance and describes the 
interaction between the spins and an external magnetic field (Hoa 2009). However, a 
transformation only takes place if the energy of the electromagnetic radiation exactly matches 
the energy difference between the two states. This energy difference (ΔE) is related to the 
frequency (f) through Planck’s (h) constant: 

 

∆𝐸𝐸 = ℎ𝑓𝑓 = ℎ
2𝜋𝜋
∙ 𝛾𝛾𝐵𝐵0. (6.2)  

Here B0 is the magnitude of the external magnetic field and γ is the gyromagnetic ratio, i.e. 
the ratio between the magnetic dipole moment and the angular moment in the system. The 
‘matching frequency’ (f) is called the resonance or Larmor frequency, and is in the same 
range as radio frequencies. Magnetic resonance can be observed in all elements with an odd 
number of protons and/or neutrons, but since hydrogen is abundant in human tissue, protons 
are of main interest in medical MRI. 

6.2 Net Magnetization and the Radio Frequency (RF) Pulse 
Placed in an external magnetic field (B0), about half of the spins in the object will be at the 
low energy level, while the other half will be at the high energy level. Since the low energy 
level is favorable, the number of spins in the low energy state is slightly abundant, and a net 
magnetization vector (M) is generated parallel to B0. This net magnetization vector can be 
decomposed into two components: Mz longitudinal and Mxy transverse to B0. When the net 
magnetization is in equilibrium with B0, the transverse component of M is zero. Note that at 
equilibrium the spins are completely out of phase and M do not precess around B0. However, 
if a radio frequency (RF) pulse at Larmor frequency is applied perpendicular to B0, a new but 
weaker magnetic field is induced. This causes both the magnitude and the direction of the net 
magnetization vector to change, and the protons to precess about the induced magnetic field 
as well as B0 (see Figure 6.2).  
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Figure 6.2 a) -At equilibrium the net magnetization vector M is parallel to the applied magnetic field. b) –An RF 
pulse is applied and M is flipped down to the xy-plane c) The RF pulse causes the spins to precess in phase 
about both B0 and the induced magnetic field in the xy-plane. 

 

An RF pulse adds energy to the object and causes the protons to change from the low to the 
high energy state. This means that the number of protons in each state can be equalized and 
that the longitudinal component of the net magnetization vector disappears. This is called a 
90° pulse since M is flipped into the xy-plane (see Figure 6.2). Applying the RF pulse for a 
longer period of time, more protons will change to the high energy state and finally the net 
magnetization vector will point antiparallel to B0, this is called a 180° pulse. 

6.3 Relaxation Times 
After a 90° pulse is turned off, all spins are in phase; i.e. all the magnetic dipoles points in the 
same direction and rotates at the same frequency (see Figure 6.2c). However, before long they 
start to dephase. The first reason for the dephasing is interaction between the spins. If two 
spins are placed next to each other, the magnetic field of one of them affects the other. The 
second reason is inhomogeneities in the external magnetic field (B0). In an inhomogeneous 
field each spin is exposed to a slightly different magnetic field strength and this causes 
protons at different locations to precess at different frequencies. Thus, after a given time M is 
back to equilibrium parallel to B0.  This time is referred to as the relaxation time and can be 
split into T1, T2 and T2

*: 

 
•  T1 characterizes the rate at which Mz recovers and refers to the time it takes for the 

spins to return the energy they obtained from the RF pulse to the surrounding lattice.  
•  T2 characterizes the rate at which Mxy decreases and depends primarily on the spin-

spin interaction. 
• T2

* is also describing the decay of Mxy, but depends on both the spin-spin interaction 
and inhomogeneities in B0. 
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As the relaxation times are influenced by the lattice and the spin density; i.e. the material 
properties, different relaxation times makes it possible to distinguish between different types 
of tissue. Due to low proton density there is little interaction between the spins in water and it 
takes long before dephasing occurs. In tissues with higher proton density there is more 
interaction between the spins and the dephasing is faster. Thus, the T2 relaxation time is 
longer in water than in solids. In human tissue fat has the longest T1, followed by solids and 
water. 

 

 

 

6.4 Free Induction Decay (FID) 
The RF pulse comes from a coil placed in the vicinity of the sample. After the pulse is 
switched off, the same coil receives a signal in form of a current induced by the transverse 
component of M. Since M rotates in the xy-plane and the coil only detects a current when M 
points in the direction of the coil, plotting the current as a function of time yields a sinusoidal 
wave (Figure 6.4). Moreover, the magnitude of the signal (S) decreases with time due to 
dephasing of the spins. The relaxation time is described by T2

* through the following 
relationship: 

𝑆𝑆 = 𝑆𝑆0
 𝑒𝑒

− 𝜕𝜕
𝑇𝑇2
∗cos(𝑓𝑓𝜕𝜕)  

(6.3)  

 

 

Figur 6.3(left) T1 weighted image. White matter appears white and fluid filled cavities black. 
(Right) T2 weighted image, where white matter appears darker than grey matter and fluid 
filled cavities appears white. Both images from a patient at OVGU-Magdeburg. 
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6.5 Spatial Encoding 
The received signal from an RF pulse has no spatial information and the MR-images need to 
be spatially encoded. Since the Larmor frequency of M is a function of the local magnetic 
field strength (see equation 6.1) this can be done by applying different types of magnetic field 
gradients (Figure 6.5): 

1) Selection gradient (Gslice): A slice selection is done by applying a magnetic gradient in 
the z-direction together with an RF pulse (𝐵𝐵(𝑧𝑧) = 𝐵𝐵0 + 𝑑𝑑𝑠𝑠𝑙𝑙𝑖𝑖𝑐𝑐𝑒𝑒 ∙ 𝑧𝑧). Thus, according to 
equation 6.2 a range of Larmor frequencies will appear in the z-direction. Choosing 
only a selection of these frequencies (Δν) a thin slice (Δz) can be identified and the 
dimension reduced from 3-D to 2-D.  

2) The frequency encoding gradient (Gread) is applied in x-direction during the recording 
of the signal. Just as the slice selection gradient it causes the Larmor frequency to be 
dependent on the location in the direction of the gradient and the spatial resolution in 
x-direction can be resolved.   

3) Phase encoding gradient (Gphase): Before the signal is recorded a phase encoding 
gradient is applied in y-direction. This causes a phase shift of the spins and when the 
signal is recorded the protons spins at the same frequency, but in different phase. 

Figure 6.4 (left) A 90° pulse rotates the magnetic field into the xy-plane and a 
FID signal is recorded in the coil. (left) FID signal as a function of time. 
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Figure 6.5 The principles of 1) Slice selection gradient. 2) Frequency encoding gradient. 3) Phase encoding 
gradient. 

To obtain a full 3D image a sequence of RF pulses has to be applied varying the phase 
encoding and slice selection gradient; e.g. if it is 128 voxels in y-direction the sequence need 
to be repeated 128 times (Hoa 2009). Thus, the number of sequences needed is related to the 
resolution of the image. Finally, applying an inverse Fourier transformation, the recorded data 
can be converted into the frequency (ν) domain and the different frequencies at different 
locations in space identified. The Fourier transformation will not be discussed here, but for a 
given function f, it is defined as: 

𝑓𝑓(𝜈𝜈) = � 𝑓𝑓(𝜕𝜕)𝑒𝑒−𝑖𝑖𝑓𝑓𝜕𝜕 𝑑𝑑𝜕𝜕
∞

−∞
=  � 𝑓𝑓(𝜕𝜕)[cos(𝑓𝑓𝜕𝜕) − 𝑖𝑖sin(𝑓𝑓𝜕𝜕)]𝑑𝑑𝜕𝜕

∞

−∞
 

. 
(6.4)  

6.6 MR-Image Sequences 

6.6.1 Spin-Echo Sequence 

Figure 6.2 shows the principle of a spin-echo sequence. First a 90o pulse is applied to the spin 
system and the magnetization vector (M) is flipped down to the xy-plane. Here it precess 
about the z-axis. Subsequently, it starts to dephase and when the spins are completely out of 
phase, M no longer precess around the z-axis. At this point in time an 180o pulse is applied 

z 
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ω Δν 

Δz 
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and the net magnetization vector is rotated around the x-axis and the spins are rephasing. 
Finally, a signal (S) can be recorded. The time from the 90° pulse is applied until the signal is 
recorded is referred to as the echo time (TE). Since the 180° pulse corrects for dephasing due 
to the inhomogeneities in the field, the transverse relaxation time for a spin echo sequence is 
T2 dominated (Hornak 1996-2008). The signal equation for a repeated spin echo sequence as a 
function of the repetition time, TR, and the echo time (TE) can be defined as the time between 
the 90o pulse and the maximum amplitude in the echo. 

𝑆𝑆 = 𝜒𝜒𝜌𝜌𝑠𝑠(1 − 𝑒𝑒−𝑇𝑇𝑅𝑅 𝑇𝑇1⁄ )𝑒𝑒−𝑇𝑇𝐸𝐸 𝑇𝑇2⁄  (6.5)  

Here χ is a proportional constant and ρs is the spin density of the tissue. The spatial encoding 
is visualized in Figure 6.7 and is applied as explained in the previous section. To obtain a full 
image the spin-echo sequence needs to be repeated varying the spatial encoding gradients as 
many times as there are voxels in each direction. 

 

 

Figure 6.6 –Schematic representation of a spin-echo experiment. A) M is at equilibrium. B) 90° pulse flips M 
into the xy-plane where it precess about B0 and a FID signal can be recorded. C) The spins dephases. D) The 
spins are completely out of phase. E) A 180° pulse is applied and rotates M about the x-axis. F) Now it starts 
rephasing. G) M is completely in phase and precess about B0 and an echo signal can be recorded. (source: 
Wikipidia) 
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Figure 6.7  –Schematic representation of the pulsed-gradient spin-echo experiment. In addition to the spin-echo 
now a gradient Gdiff is applied for a time δ. The diffusion time is defined as ∆ − 𝟏𝟏

𝟑𝟑
𝜹𝜹 (Hagmann, et al. 2006) 

6.6.2 Gradient-Echo Imaging 

A drawback with MRI techniques based on the spin-echo sequence is that it takes long to 
collect an image. This is because the sequence only can be repeated when the net 
magnetization has returned to the equilibrium along the z-axis. To shorten down the repetition 
time (TR) a gradient-echo sequence can be applied instead of a spin-echo sequence. Here the 
frequency encoding gradient (Gread) is reversed to rephase the spins instead of an 180° pulse. 
The gradient-echo technique is much more sensitive to noise, but is preferred in 3D imaging 
since a larger volume can be imaged in shorter time. 

6.6.3 Functional MRI –Echo Planar Imaging (EPI) 

Using EPI or functional MRI it is possible to record images of the brain at video rates. The 
initial part is similar to gradient-echo technique, but now the phase and frequency encoding 
gradients are cycled. This is done instead of applying different phase and frequency encoding 
gradient and an entire image can be obtain within in one TR period (Hornak 1996-2008). 
Functional MRI is capable of measuring dynamic changes in the tissue, such as changes in 
blood flow. Since blood supply changes rapidly during brain activity, functions can be related 
to specific locations in the brain. 

6.6.4 Diffusion Tensor Imaging 

Diffusion is a stochastic process which can be defined as movement of atoms or molecules 
from areas with high concentration to areas with low concentration. The diffusive flux can be 
described by Fick’s first law which relates this flux to the concentration gradient (see chapter 
3). Although there are no concentration gradients present, the same principle is used in MRI 
to describe the thermal motion of spins and is referred to as self-diffusion (Dawd).  A diffusion 
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weighted MR-image can be based on both spin-echo and gradient-echo sequences, but since 
the first is most common, the explanation here is based on a spin-echo sequence.  

For the spins to rephase after the 180° pulse in a spin-echo sequence, they have to precess at 
the same frequency as they did during the first pulse. In the presence of a magnetic field 
gradient this is not the case. As a result, the movement of spins within a magnetic field 
gradient leads to decreased signal intensity (Hagmann, et al. 2006). This means that transport 
processes such as diffusion can be observed by introducing a pulsed gradient into the spin-
echo sequence. In addition to the ordinary spin-echo experiment, two gradient pulses (Gdiff) 
are added and applied for a time δ (see Figure 6.7).  The protons which do not move between 
the applications of the two gradients are not affected by these gradients, as they are dephased 
by the first and rephased by the second. On the other hand, the spin of the protons, which 
moved in the direction of the gradient during the interval between the two gradients (Δ), will 
not be rephased by the second gradient. This results in a lower transverse component of the 
net magnetization vector (M). Finally, the diffusion weighted image shows lowest signal 
intensity in the regions where the diffusion along the magnetic gradient is highest and the 
recorded signal can be described as follows.  

𝑆𝑆 = 𝑆𝑆0𝑒𝑒−�𝛾𝛾∙𝑑𝑑𝑑𝑑𝑖𝑖𝑓𝑓𝑓𝑓 ∙𝜆𝜆�
2(𝜆𝜆−𝜆𝜆 3)𝐷𝐷� = 𝑆𝑆0𝑒𝑒𝑏𝑏𝐷𝐷  (6.6)  

 

Often the simplified form using the b-factor is used. The b-factor provides information about 
the strength of the diffusion weighting (Vorisek and Sykova 2009). For a heterogeneous and 
anisotropic medium, such as white matter, the diffusion coefficient takes the form of a full 
tensor and must be estimated for every voxel. To obtain a full diffusion tensor image the 
diffusion gradients are, therefore, applied in at least seven non-parallel directions.  
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Chapter 7 

7 Parameters and Geometry from MRI 
In the previous chapters a model capable of modeling flow and transport processes in the 
central nervous system was described. To apply this model to realistic case, information about 
the microstructures of the tissue is needed and since every human is unique, patient-specific 
parameters must be found in vivo before they can be implemented in the model. To some 
extent, Magnetic Resonance Imaging (MRI) enables this. In this study initial permeability 
(K0), diffusivity of the therapeutic agent (D*) and information about the geometry of the brain 
are obtained from diffusion tensor imaging (DTI). In future studies we will also attempt to 
obtain initial porosity (φ0) and Lamé parameters (μ and λ) from MRI. In the following, 
techniques capable of doing this are described. But, in the scope of this study, the parameters 
were based on average values found from the literature.    

7.1 Relating transport properties of macromolecules to DTI 
In chapter 5 it was explained how the self-diffusion of water in human tissue can be found 
from diffusion tensor imaging (DTI). Basser et.al. (1994) showed how the self-diffusion 
tensor (Dawd ) (see chapter 5) can be estimated from spin-echo experiments using multiple 
regressions. Later in the same year they also verified how this technique can be used to 
determine the orientation of white matter fiber tracts. Here the eigenvector corresponding to 
the largest eigenvalue of Dawd defines the tissue’s fiber tracts axis (z-axis), while the two 
remaining perpendicular eigenvectors defines the x- and y-axis. Finally, Dawd can be 
represented voxel wise as a positive definite symmetric tensor as follows: 

𝑫𝑫𝑎𝑎𝑤𝑤𝑑𝑑
𝑖𝑖 =  �

𝐷𝐷𝑥𝑥𝑥𝑥𝑖𝑖 𝐷𝐷𝑥𝑥𝑥𝑥𝑖𝑖 𝐷𝐷𝑥𝑥𝑧𝑧𝑖𝑖

𝐷𝐷𝑥𝑥𝑥𝑥𝑖𝑖 𝐷𝐷𝑥𝑥𝑥𝑥𝑖𝑖 𝐷𝐷𝑥𝑥𝑧𝑧𝑖𝑖

𝐷𝐷𝑥𝑥𝑧𝑧𝑖𝑖 𝐷𝐷𝑥𝑥𝑧𝑧𝑖𝑖 𝐷𝐷𝑧𝑧𝑧𝑧𝑖𝑖
�   𝑖𝑖 = 1,2, … … , 𝑙𝑙𝑙𝑙𝑡𝑡  

 

(7.1)  

Where nno is the number of voxels in the DTI data. Moreover, a general macroscale transport 
tensor, e.g. electrical conductivity or diffusion tensor, can be related to the microstructures of 
the medium through its statistical moments (Brown 1955, Sen and Torquato 1988). Tuch et.al. 
(2001) demonstrated how this principle can be used to link Dawd to the electrical conductivity 
of biological tissue. Further, they proposed that the same principle can be used to estimate 
diffusion of macromolecules (D*) within the tissue and permeability (K0) of the tissue. 

In Figure 7.1 a cross section of the six diffusion weighted MR-images obtained from a patient 
at OVGU-Magdeburg is shown. Each 3D image represents one of the components of  Dawd 
consist of 128x128x65 voxels with a resolution of 2mm. All the calculations performed in the 
following are based on this data set. 
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Sarnitoranont et.al. (2006) calculated K and D* tensors for the spine of a rat and Linninger 
et.al. (2008) obtained the same parameters for a human brain. The main idea behind this 
approach is, as Basser et.al. (1994) and Tuch et.al. (2001) proposed, that it is assumed that 
Dawd, K and D* share the same set of eigenvectors. In the paper by Sarntinoranont et.al. 
(2006) the eigenvalues in the white matter regions are assumed to be equal in x- and y- 
direction, while they are significantly higher in the z-direction. This is a reasonable 
assumption for the spine, where the orientation of most of the fiber tracts is in the z-direction. 
In brain tissue the orientation of the fiber tracts is dependent on the location, but here the 
eigenvalues can be calibrated to the eigenvalues of the self-diffusion tensor following a three-
step calibration procedure proposed by Linninger et.al. (2008 a). In the first step, the self-

Figure 7.1 A cross-section of the six components of Dawd obtained from a patient at OVGU-Magdeburg. 
The data set consist of 128x128x65 voxels with a resolution of 2mm. 
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diffusion tensor (Dawd ), obtained from DTI, is decomposed into eigenvectors (ξ) and 
eigenvalues (λw) for each voxel: 

𝑫𝑫 = 𝝃𝝃 ∙ Ʌ ∙ 𝝃𝝃𝑇𝑇   𝑤𝑤ℎ𝑒𝑒𝑟𝑟𝑒𝑒  Ʌ =  �
𝜆𝜆1𝑤𝑤 0 0

0 𝜆𝜆2𝑤𝑤 0
0 0 𝜆𝜆3𝑤𝑤

�  𝑎𝑎𝑙𝑙𝑑𝑑 𝝃𝝃 = �
𝜉𝜉11 𝜉𝜉12 𝜉𝜉13
𝜉𝜉21 𝜉𝜉22 𝜉𝜉23
𝜉𝜉31 𝜉𝜉32 𝜉𝜉33

� (7.2)  

In the second step the mean of the eigenvalues are found (�̅�𝜆𝑤𝑤 ) and reference values from 
literature (𝐾𝐾� ) are scaled to the eigenvalues of Dawd: 

�̅�𝜆𝑤𝑤 =  1
3
∑ 𝜆𝜆𝑖𝑖𝑤𝑤

3
𝑖𝑖=1  𝑎𝑎𝑙𝑙𝑑𝑑  𝜆𝜆𝑖𝑖𝐾𝐾

′ = 𝐾𝐾� ∙ �𝜆𝜆𝑖𝑖𝑤𝑤
𝜆𝜆�𝑤𝑤
�. (7.3)  

Finally, in step 3 the permeability tensor (K0) is calculated: 

𝑲𝑲𝟎𝟎 = 𝝃𝝃 ∙ Ʌ′ ∙ 𝝃𝝃𝑇𝑇 ,    Ʌ′  =  �
𝜆𝜆′1𝐾𝐾 0 0

0 𝜆𝜆′2𝐾𝐾 0
0 0 𝜆𝜆′3𝐾𝐾

�. (7.4)  

 

 

 

Figure 7.2 -Visualization of the calibration procedure figure from Linninger et.al. (2008 a) 

In Figure 7.3 the result of the calibration is shown as normalized values (𝐊𝐊𝟎𝟎/K�) for a cross 
section of the dataset. The results show that the permeability is six to seven times higher in 
the direction of the white matter fiber tracts.   

Here only calibration of K0 is shown, but exactly the same procedure is applicable to D*. 
Before doing the calibration, the raw DTI data need to be filtered to ensure that the diffusion 
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tensor is positive definite. A real and symmetric tensor is positive definite as long as all 
eigenvalues are positive. Here negative eigenvalues was simply set to one. 

 

 

7.1.1 Initial Permeability, K0  

The method proposed by Linninger, et al. (2008 a) requires a literature value for the 
permeability (𝐾𝐾�). Based on pressure fields measured during CED in clinical trials (Bobo, et 
al. 1994, Prabhu, et al. 1998, Morrison, et al. 1994), an average permeability value was 
calculated by Smith and Humphrey (2007) using the following relationship: 

𝐾𝐾� =  
𝜇𝜇𝑤𝑤 ∙ 𝛺𝛺

4𝜋𝜋𝑟𝑟(𝑝𝑝 − 𝑝𝑝𝑣𝑣)
 (7.5)  

Where Ω represents the infusion, r is the radius of the catheter, p is the observed pressure in 
the infusion point and pv is the pressure in the ventricles. This relationship was derived from 
the steady state solution of the pressure field (see chapter 4) and the result yields 𝐾𝐾�  = 1.8 ∙

Figure 7.3 Results from the calibration procedure. Note that the plots represents 𝑲𝑲𝟎𝟎/𝐾𝐾� . 
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10−15 𝑚𝑚2. However, a wide range of permeability values are found from the literature (Basser 
1992, Kaczmarek, Subramaniam and Neff 1997).  

In clinical trials significantly less spreading of the infused agent has been observed in grey 
matter than in white matter. To take this into account Kaczmarek et.al. (1997) assumed the 
permeability of white matter to be 100 times larger than that of grey matter. Based on this, 
both Linninger et.al. (2008 a) and Sarntinoranont et.al. (2003, 2006) used Kwm = 100Kgm in 
their studies. However, the pressure observed in clinical trials show no significant difference 
between grey and white matter. In the study by Bobo et.al.(1994) dissolved macromolecules 
were infused into white matter of a cat brain, whereas Prabhu et.al. (1998) did the infusion 
into grey matter of a rat brain. If Kwm = 100Kgm a much higher pressure increase would be 
expected in grey matter regions than in white matter regions. Therefore, it is remarkable that 
with the same infusion rates pressure elevation in the same order of magnitude were observed 
in both studies. 

Even though permeability values for normal brain tissue can be found from the literature, 
there is still a large uncertainty in this parameter. Therefore, more clinical trials should be 
done to establish consistent values, categorized after tissue- and tumor type. With a realistic 
reference value the calibration procedure proposed by Linninger et.al (2008 a) is reliable. In 
this study, a sensitivity analysis of the reference values is performed. 

7.1.2 Diffusion Tensor, D* 

In the calibration procedure we also need the effective diffusion tensor (𝐷𝐷�𝑒𝑒  ), which is 
dependent on the size and the properties of the infused therapeutic agent, is needed. Here the 
free diffusion coefficient of Gd-DTPA in water is used 𝐷𝐷� = 3.8 ∙ 10−10𝑚𝑚2/𝑠𝑠 (Kim, et al. 
2005) and then multiplied by the tortuosity (τ). An alternative way of obtaining D* from DTI 
is to look at the tortuosity alone, defining tortuosity as the square root of the free self-
diffusion of water (Dw) divided by the effective diffusion measured in DTI (Vorisek and 
Sykova 2009); 

1
𝝉𝝉

= � 𝐷𝐷𝑤𝑤
𝑫𝑫𝑎𝑎𝑤𝑤𝑑𝑑

. 
 

(7.6)  

Dw was here taken to be 3.22 ∙ 10−3 𝑚𝑚𝑚𝑚2 𝑠𝑠⁄ , which is found for water at 40°C (Holz, Hei and 
Sacco 2000). As discussed in section 4.6.3, the tortuosity is here kept constant, but the initial 
value (see Figure 7.4) is calculated from the diagonal of Dawd from the DTI-data; 

1
𝜏𝜏

= � 
𝐷𝐷𝑤𝑤

𝟏𝟏
𝟑𝟑(𝐷𝐷𝑥𝑥𝑥𝑥 +𝐷𝐷𝑥𝑥𝑥𝑥 +𝐷𝐷𝑧𝑧𝑧𝑧 )

 

 
(7.7)  
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Figure 7.4Tortuosity calculated from the DTI-data. 

A drawback of this method is illustrated in  . The diffusion of water in the tissue cannot 
exclusively be assigned to the extracellular space. Since water can diffuse through the cells, 
the diffusion coefficient obtained from DTI overestimates the tortuosity of the medium 
(Vorisek and Sykova 2009). However, the diffusion of macromolecules in human tissue D* 
can be obtained instead. The technique is called tetramethylammonium cation (TMA+) 
method. Without going into details, this real-time method measures the diffusion of a tracer 
compound (TMA+) injected into the ECS as a current pulse (see e.g. Vorisek et.al, 2009). 
However, this technique is invasive and therefore DTI is preferable in the planning of CED. 

 

Figure 7.5  a) Free diffusion. b) Diffusion of a micromolecule in brain tissue. c) Diffusion of macromolecules. 
NB! Higher tortuosity. d) Diffusion of water in brain tissue. Note that water can diffuse through the cells 
(Vorisek and Sykova 2009)  

 

7.2 Initial Porosity, φ0  
As already mentioned, different relaxation times makes it possible to distinguish between 
different kinds of tissue. This can be utilized to find the volume fraction of cerebrospinal fluid 
and interstitial fluid in the brain. Finding an average value of the volume fraction is already an 
established method. Recently a technique to obtain volume fraction of CSF/ISF on a voxel-
by-voxel base was developed by Bender and Klose (2009) using a gradient-echo sequence 
(see chapter 5). The T2 relaxation time is here split into three components:  

d) 

a) 

c) 

b) 
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1) The shortest relaxation time, which represents the water protons in between the myelin 
layers.  

2) The intermediate relaxation time, this signal comes from the intercellular water or in 
other words tissue.  

3) The longest T2 which can be assigned to ISF and CSF.  

Even though a gradient-echo sequence allow much shorter repetition times than a spin-echo 
sequence the signal arising from the myelin layers is difficult to measure. Therefore, the total 
recorded signal is divided into two components, st and sISF , which respectively represents the 
signal from the intercellular space (tissue) and from the extracellular (ISF/CSF) space. The 
recorded signal is a function of the echo time and can be described by the following signal 
model (Bender and Klose 2009); 

𝑆𝑆(𝑇𝑇𝐸𝐸) =  𝑆𝑆0 ∙ {(1 −𝜑𝜑𝐼𝐼𝑆𝑆𝐹𝐹) ∙ 𝑠𝑠𝜕𝜕(𝑇𝑇𝐸𝐸) + 𝜑𝜑𝐼𝐼𝑆𝑆𝐹𝐹 ∙ 𝑠𝑠𝐼𝐼𝑆𝑆𝐹𝐹(𝑇𝑇𝐸𝐸)} (7.8)  

The fraction of the signal arising from the ISF/CSF is represented by φISF, and the echo time 
(TE) is known. Further, the signal from the tissue can be described as; 

𝑠𝑠𝜕𝜕(𝑇𝑇𝐸𝐸) = 𝑒𝑒
−𝑇𝑇𝐸𝐸
𝑇𝑇2𝐼𝐼
∗  (7.9)  

While the ISF/CSF signal is assumed to have a frequency Δν and a phase shift θ; 

𝑠𝑠𝐼𝐼𝑆𝑆𝐹𝐹(𝑇𝑇𝐸𝐸) = 𝑒𝑒
�− 𝑇𝑇𝐸𝐸

𝑇𝑇2𝐸𝐸
∗ −2𝜋𝜋𝑖𝑖 ∆𝜈𝜈 ∙𝑇𝑇𝐸𝐸−𝑖𝑖𝑖𝑖 �

 (7.10)  

The true ISF/CSF volume fraction (φ0) can be estimated from the fraction of signal 
contribution φISF , the relative spin density (α), and the magnitude of the net magnetization 
(M); 

𝜑𝜑0 =  
𝛼𝛼𝜕𝜕𝑀𝑀𝜕𝜕𝜑𝜑𝐼𝐼𝑆𝑆𝐹𝐹

𝛼𝛼𝐼𝐼𝑆𝑆𝐹𝐹𝑀𝑀𝐼𝐼𝑆𝑆𝐹𝐹(1− 𝜑𝜑𝐼𝐼𝑆𝑆𝐹𝐹) + 𝛼𝛼𝜕𝜕𝑀𝑀𝜕𝜕𝜑𝜑𝐼𝐼𝑆𝑆𝐹𝐹
 (7.11)  

M describes the steady state magnitude of the magnetization of tissue (Mt) and CSF/ISF 
(MISF) and, as already mentioned, this is done voxel-by-voxel. In the scope of this study, it 
was not possible to get data providing patient-specific information about the porosity. This 
becomes important for tumor tissue which is known to have significantly higher porosity than 
healthy tissue. For healthy tissue the literature values are quite consistent, grey matter has 
slightly higher porosity than white matter. Here an initial porosity of 0.19 was applied to grey 
matter and 0.21 to white matter (Nicholson, Diffusion and related transport mechanisms in the 
brain tissue 2001). 

7.3 Lamé Parameters (μ and λ) 

7.3.1 Elastography 

Elastic properties of a medium can be obtained from elastography. Elastography is a MRI 
technique based on functional MRI (see chapter 6) capable of measuring 2D and 3D shear 
wave fields in brain induced by external actuators (Sack, et al. 2008). The motion encoding is 
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achieved using an oscillating motion-encoding gradient, which is synchronized to the 
vibration frequency. Analyzing and processing the raw data (see Klatt et.al. (2007) for details) 
yields a complex modulus (G), which is often related to Voigt’s model for viscoelasticity;   

𝑑𝑑 =  𝜇𝜇 + 𝑖𝑖𝜇𝜇𝑠𝑠𝜔𝜔 (7.12)  

Here μ is the Lamé parameter describing the rigidity of the medium and μs the shear viscosity 
of the medium. 

Recently, elastic properties of brain tissue have been obtained in vivo in a few studies using 
elastography. Sack et.al. (2008) obtained shear modulus (Lamé parameter, μ) and viscosity of 
an axial slice from the brain of healthy volunteers using elastography. The parameters were 
calculated from the image data based on Voigt’s model and the brain was assumed to be 
homogenous and isotropic with respect to elasticity. The shear modulus is known to be 
dependent on the vibration frequency. In the study by Sack et.al. the overall mean was 
calculated for f = 25 Hz and f = 50 Hz, yielding 1.17 ± 0.03 𝑖𝑖𝑃𝑃𝑎𝑎 and 1.56 ± 0.07 𝑖𝑖𝑃𝑃𝑎𝑎 
respectively. They concluded that frequency dependency is a result of the inadequacy of 
Voigt’s model for predicting the behavior of viscoelastic tissue. Klatt et.al. (2007) fitted 
different rheological models describing the shear modulus (μ) as a function of the frequency. 
In that study the frequency effect was corrected for and they reported a shear modulus based 
on Voigt’s model of 1.81 kPa. However, comparing results found in the literature, one have to 
be aware of the vibration frequency used in the experiment. Vappou et.al. (2007) obtained the 
same parameters for rats, but the results are not comparable with Sack et. al.’s results. This is 
probably not only due to different vibration frequency, but also the different slice directions. 
This indicates that heterogeneities are important for the elastic properties of the brain. 
Furthermore, the shear modulus reported by Sack et.al. are significantly lower than what is 
calculated in other studies (Smith and Humphrey 2007). 

Barbone et.al. (2007) proposed a method to calculate Lamé parameters from MRE based on 
inverse modeling. Since there exist values for the shear modulus (μ) the other Lame parameter 
λ could be found using this method. However, in the scope of this study this was not done.  

From this we conclude that, even though elastography is a promising tool, it is still not 
reliable and experimental values of different material properties found in vitro vary with 
several orders of magnitude. For an overview, see e.g. Smith and Humphry (2007).  

7.3.2 Comparing material properties 

For small values of μ and λ, deformation may occur even at low infusion pressure. While high 
values imply that the medium can be regarded as rigid. The Lamé parameters are related to 
Young’s modulus (E), the Poisson ratio (ν) and the bulk modulus (κ) as follows; 

𝜆𝜆 =  
𝐸𝐸𝜈𝜈

(1 + 𝜈𝜈)(1− 2𝜈𝜈)
,     μ =  

E
2(1 + ν)

, ν =
3κ − E

6κ
 (7.13)  

Thus, the Lame parameters can be calculated if two material properties are known. In this way 
one can check whether properties found experimentally is consistent or not. Lippert et.al. 
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(2004) studied the high frequency properties of brain tissue and reported Poisson ratio (ν) in 
the range of 0.40-0.47, decreasing with increasing frequency. Note that 0.5 means that the 
medium is rigid. They found the bulk modulus κ = 2.1·106 kPa to be independent of 
frequency. However, combining such high values of the bulk modulus with a Young’s 
modulus of E = 5kPa (Smith and Humphrey 2007), yields a Poisson ratio less than 0.1, which 
is unrealistic. The κ-values reported by Smith and Humphrey indicate higher Poisson ratios 
than what they found in the literature (0.39-0.42). Based on Smith and Humphrey we have 
chosen to set the Poisson ratio in this study was set to 0.45 and Young’s modulus to 5 kPa, 
thus λ ≈ 15.5 kPa and μ ≈ 1.72 kPa. This is in agreement with the shear modulus reported by 
Klatt et.al. (2007) and considering the relation between Poisson’s ratio and Young’s modulus 
(E) and their effect on the Lamé parameters shown in Figure 7.6. Other values could also be 
justified since there is no consistency in the literature about the material properties of brain 
tissue. Moreover, differences between grey and white matter has also been observed, but they 
range from grey matter being stiffer than white matter to the other way around. 

 

 

 

7.4 Geometry  
From MRI the anatomy of the brain can be reconstructed. Obviously, this is important since 
different brain structures have different transport properties. This reconstruction should 
delineate white matter and grey matter regions, ventricles and meningeal layers. All these 
structures play an important role when modeling the flow and transport processes in the brain. 
Reconstruction can be done applying algorithms such as noise filtering, contrast enhancement 
and edge detection to MR-images. From this a domain corresponding to the shape of the brain 
is created. These are rather time consuming methods, therefore, in this study a voxel-based 
approach was used. This was also done in a study by Kim, et.al. (2009). In this approach a 
dimensionless index, fractional anisotropy (FA), is used to distinguish between white and 
grey matter. FA is calculated based on the eigenvalues obtained from DT-images: 

λ [Pa] 

 

μ [Pa] 

Figure 7.6 (left) Relation between Young’s modulus and shear modulus for different Poisson ratio’s. (right) Young’s 
modulus vs. λ. 
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𝑭𝑭𝑭𝑭 =  
√𝟑𝟑
√𝟐𝟐

∙
�(𝝀𝝀𝒘𝒘𝟏𝟏 − 𝝀𝝀�)𝟐𝟐 + (𝝀𝝀𝒘𝒘𝟐𝟐 − 𝝀𝝀�)𝟐𝟐 + (𝝀𝝀𝒘𝒘𝟑𝟑 − 𝝀𝝀�)𝟐𝟐)

�𝝀𝝀𝒘𝒘𝟏𝟏
𝟐𝟐 + 𝝀𝝀𝒘𝒘𝟐𝟐

𝟐𝟐 + 𝝀𝝀𝒘𝒘𝟑𝟑
𝟐𝟐

 (7.14)  

This index was proposed by Basser and Pierpaoli (1996) and is a measure of the fraction of 
Dawd which can be assigned to anisotropic diffusion. For an isotropic medium FA is 0, while 
for a cylindrical symmetric anisotropic medium FA = 1. For brain tissue it is a bit more 
complicated, in this study voxels with FA > 0.4 is defined as white matter. This is done based 
on the figures shown below. Distinguishing between grey and white matter is important since 
the infused agents spreads over larger volumes in white than in grey matter. For low 
resolution MR-images, the probability that the signal from one voxel only represents one 
tissue type is pretty low. This leads to another uncertainty in this parameter, but in the future 
higher resolution images will solve this problem.  

 

 

To delineate ventricles, meningeal layers and bones from the parenchyma the already 
calculated tortuosity field was used. This approach works well for the ventricles, but again the 
resolution is too low to successfully delineate the meningeal layers. 

Parameter Grey matter White matter Ventricle/meningeal layers 

Fractional Anistropy (FA) 0-0.4 > 0.4 - 

Tortuosity (τ) 0.24-0.54 0.24-0.54 < 0.24 or > 0.54 

Table 7.1 Based on threshold values it is distinguished between different regions and tissue type in the brain 
tissue. 

7.5 Grid 
After obtaining the geometry, the next step is grid generation. Complex geometry leads to 
unstructured grid. For unstructured grid the finite element method (FEM) might be preferable, 
however, if mass transport is considered and the local distribution is important the finite 

Figure 7.7 Fractional anisotropy calculated from the DTI-data shown in Error! Reference source not 
found..  
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volume method (FVM)  is a better option since, as already discussed, it is locally mass 
conservative. Sarntinoranont et.al. (2003, 2006) and Kim et.al. (2009) did their simulation 
based on a FE-method, while other studies have been using finite volume methods (Linninger, 
Somayaji and Erickson, et al. 2008). A FVM discretization for unstructured grids was 
developed by Somayaji, et.al. (2008). In this approach a local coordinate system is defined for 
each face of the grid cell (Somayaji, et al. 2008). However, since a voxel-based approach is 
used in this study, a structured grid with cubic elements was chosen. 
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Chapter 8 

8 Simulations for the Homogenous and Isotropic 
Case 

To test the model and compare it to previous studies simulations were done on a homogenous 
isotropic domain, using average parameters based on the discussion in Chapter 7. A 
sensitivity analysis has already been performed for the same model (see Darcis (2007)). Thus, 
a full sensitivity analysis was not done. Nevertheless, simulations were done for different 
permeability values, different source term and varying the grid spacing. Furthermore, the 
results from the elastic model were compared to the results from a rigid model and from a 
poro-elastic model by Chen and Sarntinoranont (2007). All simulations were done on a cubic 
domain with a regular grid and the results are presented as line plots along the x-axis through 
the center of the domain. 

Parameter Symbol Value Unit Reference 

Permeability 𝐾𝐾�0 1.82 ∙ 10−15  [m2]  (Smith and Humphrey 2007) 

Viscosity of water  μw 9.11 ∙ 10−4  [Pa s]   

Molar density of 
water ρmol 55500 [mol/m3]  

Diffusion 
coefficient  
Gd-DTPA 

D 3.8·10-10  [m2/s]  (Kim, et al. 2005) 

Porosity  φ0  0.2 [-]  (Nicholson 2001) 

Tortuosity τ 0.4 [-] (Nicholson 2001) 

Lamé parameters λ 1.55·104 [Pa] (Smith and Humphrey 2007) 

 
μ 1.72·103 [Pa] (Smith and Humphrey 2007, 

Klatt, et al. 2007) 

Material constant β 2 [-] 
(McGuire, Zaharoff and Yuan 
2006, Chen and Sarntinoranont 
2007) 

Table 8.1 Baseline values of the parameters used in the simulations in this chapter. 

If nothing else is said the diffusion coefficient of the contrast agent Gd-DTPA (Kim et.al., 
2005) was used for the infused agent. For all simulations the concentration of Gd-DTPA in 
the infused liquid was set to 10-7 mole Gd-DTPA per mole water.  For a homogenous and 
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isotropic medium the effective diffusion tensor reduces to a scalar and is for all calculation 
assumed to be equal to the free diffusion coefficient times the tortuosity which is kept 
constant: 

𝐷𝐷� =  𝜏𝜏𝐷𝐷     

8.1 Varying Permeability and Infusion rates 
In this case the modeled domain was 4·4·4 cm3 and the gridspacing was 2 mm using a regular 
cubic grid (see Figure 8.1). The simulations were performed for 2 hours with an initial 
timestep size of 5 seconds. As a previous parameter study showed that the model is most 
sensitive to the permeability, the initial permeability was varied. First the source term in the 
volume balance was set to 0.1 ml/hr and simulation performed for three different permeability 
values. Then the flow rate was increased to 0.3 ml/hr. The source term is given as a point 
source to one node and it thus fills up one finite volume box. This can be interpreted as a 
catheter with a radius of 1mm.  

The results can be seen in Figure 8.2 where the three different permeability values are 
compared. The time before steady state is reached is significantly higher for low permeability 
values than for high values, since low permeability leads to steeper pressure gradient, higher 
deformation and a longer consolidation period. However, after 2 hour steady state is assumed 
to be reached in all cases.   

 

Figure 8.1The simulations were done using a structured rectangular grid. 

The value calculated by Smith and Humphrey (2007) where chosen as reference value for the 
permeability. This value was, as mentioned in Chapter 7, based on measured pressure 
increases during CED of approximately 2.4 kPa for an infusion rate of 0.07 ml/h (Bobo, et al. 
1994). Applying permeability values of 1.82 ·10-15 m2 yields maximum pressures close to this 
(see Figure 8.2). The two other permeability values applied, 1.3 ·10-16 m2 and 1.3·10-14 m2, are 
well within the range of the values applied in other numerical models (see chapter 3 and 7). 
However, as can be seen in Figure 8.2, the lowest permeability values, leads to a pressure 
field with a maximum of about 30 kPa for an infusion rate of 0.3 ml/hr, which intuitively 
seems unrealistic high and could lead to rupture of the tissue. On the other hand, the highest 
permeability causes a pressure increase of only about 0.4 kPa with a source term of 0.1 ml/hr. 
This may be due to the coarse grid used here (see section 8.2), but in any case such high 
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permeability value cannot be justified from observations. In other words the assumption made 
by Kaczmarek et.al. (1997), which applied a permeability value for white matter two orders of 
magnitude larger than for grey matter, may not hold. 

Moreover, Bobo et.al. (1994) observed that the pressure first increased to about 9 kPa before 
it decreased to ~ 2.4 kPa. For low pressures the permeability is constant, then when the 
pressure reaches a certain level the channels within the tissue suddenly opens up and the 
pressure drops. This could be represented in the model by applying a threshold value for the 
pressure needed before the permeability starts to change. However, this was not implemented 
since it caused convergence problems. Bobo et.al. also noted that it takes about 10 min before 
maximum pressure is reached. This is similar to the results shown in Figure 8.2. 
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Source: 0.3 ml/hr: Source: 0.1 ml/hr: 
 

 

Figure 8.2 The effect of varying the permeability shown for the pressure, the divergence of the displacement and 
the porosity fields. 



62 

 

 

 

 

As can be seen in Figure 8.3, the spreading of the therapeutic agent decrease with decreasing 
permeability this is a result of the porosity increase in the vicinity of the infusion site. From 
Figure 8.3 it can also be seen that a higher infusion rate leads to more spreading. In Figure 8.4 
the fluid velocity (vl) profile in x-direction for an infusion rate of 0.1 ml/hr is compared with 
an infusion rate of 0.3 ml/hr. The permeability was in both cases set to 1.82·10-15 m2. The 
results clearly demonstrate that the fluid velocity is proportional with the infusion rate. Note 
that since the infused agent spreads spherically from the infusion point the velocities are 
negative at the left side of this point. 

 

Figure 8.3 The permeability change and concentration distribution for different initial permeability. Note that 
the normalized concentration is taken to be the real concentration divided by the concentration of the 
therapeutic agent in the infused fluid. 

Source: 0.1 ml/hr: 

 

Source: 0.3 ml/hr: 
 

 



63 

 

 

 

8.2 Non-linear Permeability Changes 
In the equation describing the permeability changes (see section 4.6.2) the material constant β 
is needed. Based on a study by McGuire et.al. (2006) β was varied between 0 and 5. The 
infusion rate was 0.3 ml/hr and K0 = 1.82·10-15 m2. The result can be seen in Figure 8.5 and 
shows that permeability changes have a significant effect on the pressure field. However, it 
did not have any considerable effect on the concentration distribution. 

 

 

8.3 Rigid versus Elastic Model 
As discussed in Chapter 3, brain tissue is often assumed to be a rigid porous medium in 
models describing flow and transport during CED. To test if this assumption holds the results 

Figure 8.4 Velocity profile in the x-direction for different infusion rate. K0 = 1.82·10-

15 m2   

Figure 8.5 Effect of permeability changes on the permeability field. 
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from the elastic model will be compared to the result from a rigid model using the same 
parameters, grid spacing and domain size as in the previous section. Again the simulations 
were performed for two hours and the results can be seen in Figure 8.6. 

For the highest initial permeability no significant difference in the pressure field was observed 
between the rigid and the poro-elastic model for injection rate of 0.1 ml/hr. For the baseline 
permeability a pressure difference was observed, this is due to changes in the permeability. 
However, there was no significant difference between the resulting concentration 
distributions. First for the lowest permeability values (K = 1.3·10-16 m2) a difference could be 
seen, but due to the high pressures created we doubt that this value can be realistic. So, if one 
is interested in the concentration distribution the assumption of treating brain tissue as a rigid 
porous medium may hold. In Figure 8.6 the pressure and concentration distribution after 15 
min and 2hr from the comparison are shown (K = 1.3·10-16 m2). Due to permeability changes 
the elastic model produces significantly lower pressure than the rigid model and as expected 
less spreading of the therapeutic agent is observed. 
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8.3.1 Gridspacing 

8.4 Grid Spacing 
The infusion pressure is dependent on the diameter of the catheter and the concentration 
distribution is, in the end, also dependent of this. Since the catheter is not included in this 
model we are not able to look at the backflow effect (see section 3.3.2), but we can investigate 
the effect of different catheter diameters, by refining the grid. To save computation time the 
grid was refined only around the center of the domain and the domain was 2·2·2 cm3 (see 
Figure 8.7). The simulations were again done for two hours with an infusion rate of 0.1ml/hr 
and K0 = 1.82·10-15m2. In Figure 8.8 the resulting pressure and concentration distribution can 
be seen. The pressure increase is inverse proportional with the grid spacing since the infusion 
rate is the same in all cases, while the volume to which the source term is assigned decreases.  

Figure 8.6 Comparing pressure and concentration distribution resulting from the elastic model with a rigid model, K 
= 1.3·10-16 m2. 

Source: 0.1 ml/hr: 
 

 

Source: 0.3 ml/hr: 
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 Due to higher pressure elevation the spreading is also largest for the finest grid. With a grid 
spacing of 2 mm the numerical diffusion becomes more evident and more spreading of low 
concentrations can be observed.  

 

Figure 8.7 To save computation time the grid was refined in the the centre of domain. 

 

 

 

8.5 Boundary Effects 
In all simulations Dirichlet boundary condition is applied for all primary variables. This is 
plausible for the pressure and also for the concentration as long as the infused agent do not 
reach the boundary. However, as can be seen in Figure 8.9, for the displacement boundary 
effects are evident. Here a domain of 2·2·2 cm3, 4·4·4 and 8·8·8 cm3 was compared. The 
minimum grid spacing was for all cases 2 mm and increasing towards the boundary (see 
Figure 8.7). It should be noted that lower infusion rate will lead to less influence of the 

Figure 8.8 Pressure and concentration distribution for different grid spacing with a source term of 
0.1ml/hr and K = 1.82·10-15m2  
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boundary. 

 

 

8.6 A Comparison Study 
This simulation was done to compare our model to a model by Chen and Sarntinoranont 
(2007). As described in Chapter 3, they modeled flow and transport during CED using a 
spherical domain and assigning a constant pressure to the boundary of the injection cavity. 
The boundary value of the pressure was 1.0 kPa and the radius of the cavity was 0.18mm. 
Thus, here a source term was applied to a volume with a radius of 0.25 mm and the magnitude 
was set to 0.0027 ml/hr which yields a pressure of approximately 1000 Pa at the boundary of 
the injection volume given the parameters in Table 8.2. Also here the grid was refined in the 
vicinity of the injection point.  

 

Figure 8.9 Comparing the result from different domain size to see the influence of the boundary condition. 
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Parameter  Symbol  Value  Unit  

Permeability 𝐾𝐾�0 9.11 ∙ 10−17 [m2] 

Viscosity of water μw 9.11 ∙ 10−4 [Pa s] 

Diffusion coefficient  
(effective) 
 

D 8.0·10-11 [m2/s] 

Porosity φ 0.2 [-] 

Tortuosity τ 1 [-] 

Lamé parameters λ 8.64·103 [Pa] 

 
μ 3.7·103 [Pa] 

Material constant β 2 [-] 

Table 8.2 Parameter values from Chen and Sarntinoranont (2007) 

The results can be seen in Figure 8.10. The pressure is in the range of 1.0-1.4 kPa 0.25 mm 
away from the centre of the injection, and thus comparable to the model by Chen et.al.. Figure 
8.10 shows that maximum pressure is reached after 20 min, in the model by Chen et.al. it 
assumed that maximum pressure was reached shortly after the infusion started. The result 
obtained here and clinical trials indicate that this assumption may not hold.  

Moreover, the resulting displacement is also comparable to Chen et.al.’s study, which 
obtained maximum radial displacement of 1.2·10-3 cm. Here it is slightly higher, but that can 
be explained by higher maximum pressure. Further, the porosity changes considerably with 
maximum of 24.5% in the infusion centre after 2hr of infusion. It should also be noted that 
our approach for calculating the effective porosity yields similar results as the approach 
usually found in the literature, which is expected for small deformations (see section 4.6.1). 
Finally, the concentration distribution is plotted. The result from the study by Chen et.al. 
predicted larger distribution volumes of the therapeutic agent using an elastic model than a 
rigid model. In the simulations performed here no difference were observed between the 
elastic and rigid model after 3min, while after 2 hours the predicted distribution volume for 
the elastic model were significantly smaller than that the result from the rigid. This can be 
explained from the different fluid velocities. The fluid velocity shown in Figure 8.10 is one 
order of magnitude lower than in the study by Chen et.al.. This is related to the grid spacing 
and the fact that the grid used here is coarse compared to theirs. This can explain higher 
concentration distributions, but not a larger distribution predicted from the elastic model 
compared to the rigid model. However, in the model by Chen et.al. it is assumed that the 
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infusion results in a constant pressure elevation at the boundary of the infusion cavity while in 
the model used here a constant infusion rate is applied. For a constant infusion rate the 
permeability changes leads to lower pressure elevation and lower transport velocity. In the 
case of a constant pressure elevation the permeability changes results in higher transport 
velocity and thus enhanced spreading of the therapeutic agent.  
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 Figure 8.10 Result from simulations using parameters based on Chen and Sarntinoranont (2007) 
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Chapter 9 

9 Implementation of Patient-Specific Parameters 
and Geometry 

One of the main aims of this study was to investigate effects of anisotropy and heterogeneities 
on the final concentration distribution of therapeutic agents in brain tissue. The simulations 
shown here were based on the dataset described in Chapter 7 and the parameter values 
obtained in the same chapter. 

As explained in Chapter 7 fractional anisotropy (FA) is used to distinguish between grey and 
white matter and the tortuosity used to delineate the ventricles, meningeal layers and bones 
from the brain tissue. Since the resolution of the DTI is quite low and only the transport 
within the parenchyma is considered, it is only distinguished between inside and outside the 
brain tissue. The calibrated diffusion and permeability tensors are implemented to account for 
heterogeneities and anisotropy of the tissue. These parameters are all read in from a file and 
assigned element wise, where the voxel size in the DT-images equals the size of the grid cells, 
i.e. 2·2·2 mm3. The parameter values taken from the literature are the same as in Chapter 8, if 
nothing else is given. Due to computational limits simulation of the whole brain was not 
possible; instead two volumes of interest were studied. All simulations were performed for 12 
hours with an infusion rate of 0.3 ml/hr, and the concentration is as in Chapter 8 set to 10-7 
mole Gd-DTPA per mole water. In the plots the normalized concentration is displayed; i.e. 
the actual concentration divided by the concentration of the agent in the infused fluid. As in 
Chapter 8 all primary variables are initial set to zero and Dirichlet boundary conditions 
applied (see section 8.5). 

 

 Figure 9.1 T2 weighted MR-image of the same patient as the DT-images described in Chapter 7 . The cross 
section that can be seen to the right is through the line that can be seen from the left image. The different 
compartments are shown. Note that white matter appears darker than grey matter.  

Grey matter 

Ventricle 

Meningeal 
layers 

White matter 
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9.1 Spreading in 3-D 
This simulation was done to see the effect of heterogeneities and anisotropy in 3-D. A source 
point was assigned to a white matter region and the reference permeability value needed in the 
calibration procedure was for white matter set to 𝐾𝐾�  = 1.82·10-15 m2 (Smith and Humphrey 
2007). To capture the hindrance of flow in grey matter regions, a reference 𝐾𝐾�  one order of 
magnitude lower was assigned here. Finally, outside the brain tissue a 𝐾𝐾�   value 3 orders of 
magnitude lower than for grey matter was assigned. This is not realistic since these regions 
represent free flow regions. However, since the meningeal layers and the boundaries to the 
ventricles are not resolved and it is assumed that the therapeutic agent cannot freely pass these 
boundaries, a low permeability was assigned to the entire regions. For the porosity it is also 
distinguished between grey- and white matter and inside and outside the brain tissue. Note 
that to be able to visualize the porosity changes as a result of the infusion the porosity was set 
to 0.25 outside the brain tissue. 

Parameter Symbol Unit White 
matter 

Grey 
matter Outside 

Permeability 𝐾𝐾�  [m2] 1.82 ∙ 10−15  1.3 ∙ 10−16 1.3 ∙ 10−19 

Porosity φ0 [-] 0.19 0.21 0.25 

Table 9.1Different parameter values assigned to different compartments in the modeled domain. 

The size of the domain was 6.0·9.6·5.4 cm3 (see Figure  9.2) and the result can be seen in 
Figure 9.3. In the figures the porosity field is shown in the background; note that white matter 
appears black since it has lowest porosity. The isolines show the pressure field, divergence of 
the displacement and the normalized concentration distribution respectively. The divergence 
of the displacement is shown since both the porosity 
changes and the permeability changes will follow 
the same distribution pattern. Comparing the results 
with the isotropic case the magnitudes of the primary 
variables are similar, but the distributions are 
significantly different. The results clearly show 
preferential flow in the white matter regions and it 
follows the pattern of the fiber tracts (see chapter 7). 
Moreover, the location of the infusion is chosen in a 
region were the diffusion component in z-direction 
is large. This can clearly be seen as the agent spreads 
most in z-direction. 

 
Figure  9.2 Domain: 6.0·9.6·5.4 cm3with a 
gridspacing of 2mm. 
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z-normal: y-normal: x-normal: 

1) 

2) 

3) 

4) 

Figure 9.3 Plots showing the results after 12 hours of infusion in 3-D. 1) Cross sections showing the modelled 
domain. 2) Pressure fields. 3) Divergence of the displacement. 4) Concentration distribution. Note, that agent 
spreads most in z-direction. 
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9.2  Location of the infusion 
To investigate the effect of the location of the infusion a source term of 0.3 ml/hr was applied 
at three different locations in the xy-plane (see figure grid). Due to computational limits the 
slab is only 1.6 cm thick, but in the xy-plane the whole brain is represented. This implies that 
the Dirichlet boundaries are plausible. The results can be seen in Figure 9.4 and as expected 
the final concentration distribution is heavily dependent on the location of the infusion. For 
the pressure field it should be noted that it is higher than in the previous simulation, this is due 
to the fact that injection above the ventricle is located at the boundary between grey and white 
matter.  

 

 

 

 

Figure 9.4 The simulation was done on a 1.6 cm thick slice of the DTI data set from OVGU-Magdeburg. Here effect of 
the location of the infusion displayed for the pressure field, divergence of the displacement and the normalized 
concentration. 
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9.3 Effect of Different Permeability Fields 
In the following, four different cases with different permeability fields are compared. In all 
cases the source terms were applied at the same locations as in the previous section. In Case 1 
all parameters are initially kept constant, apart from a lower permeability assigned to the 
regions defined to be outside the brain tissue. As no calibration of the permeability and 
diffusion coefficient is done the brain tissue is homogeneous and isotropic. In Case 2 the 
calibration is performed, but 𝐾𝐾�  is equal for grey and white matter. Case 3 is identical with the 
simulation done in the previous section, while in Case 4 the permeability outside the brain 
tissue is set three orders of magnitude higher than for the grey matter. 

  Permeability [m2] 

 Calibration Outside Grey matter White matter 

Case 1 No 

1.3 ∙ 10−19 
1.82 ∙ 10−15  

1.82 ∙ 10−15  
 

Case 2 

Yes Case 3 
1.3 ∙ 10−16  

Case 4 1.3 ∙ 10−13  

Table 9.2 Different 𝐾𝐾� values assigned to the different regions. 

To account for the hindrance of flow in grey matter, the permeability is often assumed two 
orders of magnitude lower for grey matter than for white matter. However, in Chapter 8 it was 
concluded that this causes unrealistic pressure elevations. As can be seen in Figure 9.5 the 
results of Case 1 shows that the agent spreads spherically from the injection point apart from 
in the vicinity of the ventricles. For Case 2 the effect of the anisotropic and heterogeneities as 
a result of the calibration procedure can be seen. However, in Case 3 the preferential patterns 
are more evident since 𝐾𝐾�   of white matter is one order of magnitude higher than of grey 
matter. If the results from clinical trials, that indicates similar permeability for grey and white 
matter, is valid the question arises whether Case 2 is sufficient to describe the flow pattern 
seen during CED. The reason for this hindrance is still an open question, but may be related to 
different elastic properties of the media. It could be that the permeability changes more in 
grey matter than in white matter. If the permeability changes are larger in grey than in white 
matter this can explain lower pressures and less spreading due to compression. However, 
significant changes only occur for high pressure, which would cause rupture of the tissue. 
Another explanation could be that the coefficient β needed in non-linear equation for the 
permeability change (equation 4.37) is significantly different for grey and white matter. 
Implementing this, the model may reproduce similar pressure elevation in both regions, even 
though the permeability and Lamé parameters are in the same order of magnitude similar, but 
this does not explain the physical reason for the observed flow resistance. 
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In Case 4 the assumption that macromolecules are hindered from entering the CSF was tested. 
If macromolecules are free to pass the meningeal layers a much larger leakage to CSF will be 
observed. This is done by assigning a high permeability to the regions defined outside the 
brain and shows a significant leakage to CSF if the injection is done in the vicinity of the 
ventricles. 

 

 

Case 1 Case 2 

Case 3 Case 4 

Figure 9.5 Case 1) Isotropic. Case 2) 𝐾𝐾�   equal for both grey and white matter. Case 3) 𝐾𝐾�   is 10 
times higher in the white matter regions than in the grey matter regions. Case 4) A high 
permeability is assigned to the areas outside the brain tissue. 
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9.4 Rigid versus Elastic Model  
In section 8.3 it was shown that the predicted pressure fields had higher max values for the 
rigid than for the elastic case, while the concentration distribution was only affected in the 
case of high pressure elevations. To see if there was any difference between the rigid and the 
elastic model for the heterogeneous and anisotropic case this simulation was done. Note that 
the injections were done at different locations than in the previous section, but the modeled 
domain is the same as in section 9.2 and 9.3. Comparing the results using a cross section of 
the domain it is difficult to see any difference, but displaying the results as line plots along the 
x-axis through the centre of the infusion point it becomes evident that again the pressures are 
different and also differences can be seen in the concentration profiles. In Case 2 the rigid 
model as expected predicts less spreading than the rigid model (see section 8.3). But in Case 1 
the drug spreads more in the case of the elastic model than in the case of the rigid model. This 
may be explained by a higher spreading of the elevated pressures, but there could also be 
other explanations. These results demonstrate that for a heterogeneous and anisotropic 
medium such as the brain it is more difficult to predict the spreading. 
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Case 1 

Case 2 

Case 1: Case 2: 

Figure 9.6 Pressure and concentration distribution from the comparison between the rigid and the elastic 
model.  
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Chapter 10 

10 Summary and Outlook 
10.1  Summary 
Convection-Enhanced Delivery is a promising method for treating brain tumors, but since the 
final concentration distribution is highly dependent on the location of the infusion and 
heterogeneity and anisotropy of the brain tissue, the infused agent may not reach the targeted 
region. In order to predict the final concentration distribution and optimize location and rate 
of the infusion, numerical models can be of great help. In this study patient-specific geometry 
and parameters were implemented in a numerical model which describes the flow and 
transport in an elastic deformable matrix and the result compared with a model assuming a 
rigid non-deformable matrix.  

Information about the geometry, heterogeneities and anisotropy of the brain tissue was 
obtained from Diffusion Tensor Images (DTI) from a patient at OVGU-Magdeburg. 
Fractional anisotropy (FA) was used to distinguish between grey and white matter and 
tortuosity to differentiate between inside and outside the brain tissue. Moreover, the DT-
images were used to determine the orientation of the white matter fiber tracts and calibrate the 
permeability and diffusion tensors.  The obtained parameters were read in from file based on a 
voxel approach, where one voxel in the DT-image is represented by one element in the grid 
used for the simulations. This allows a realistic representation of the physical boundaries 
using a structured grid. The resolution of the DT-images used here was 2 mm. This is too low 
to resolve the meningeal layers. Thus, to be able to successfully delineate the geometrical 
boundaries DT-images with higher resolution is crucial. In the calibration procedure described 
in Chapter 7 literature values for the permeability and diffusion coefficient are still needed. 
Moreover, the DT-images do not provide any information about the porosity and Lamé 
parameters. There exists MR-techniques capable of determining the porosity, but for the 
Lamé parameters further development is still needed. Therefore, to be able to do simulations, 
parameters found from the literature are unavoidable. Unfortunately, these values vary with 
several orders of magnitude.  

In Chapter 8 simulations were done for the homogeneous and isotropic case. Since a previous 
parameter study showed that the model is most sensitive to the permeability the main focus 
was on this parameter. The result showed that permeability values found from the literature 
creates unrealistic high pressures and clinical trials for obtaining reliable permeability values 
will be important in future studies. Using permeability values that resulted in realistic pressure 
increases the poro-elastic model produced significantly higher pressure elevation than the 
rigid model for the same infusion rate. On the other hand, negligible effects could be seen on 
the final concentration distribution of the therapeutic agent. Thus, given a reliable 
permeability field and if one is mainly interested in the concentration distribution rigid 
models may give adequate results. Finally, in Chapter 9 the parameters obtained from the DT-
images in Chapter 7 was implemented and the effects of anisotropy and heterogeneity studied. 
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The calibration was shown to be successful and resulted in preferential flow in the direction 
of the white matter fiber tracts. A permeability 2 orders of magnitude lower is often assigned 
to grey matter, but pressure elevation observed in clinical trials indicates similar permeability 
values for both tissue types. However, assuming the same literature value for the permeability 
in the calibration is not sufficient to explain the hindrance of flow into grey matter regions. 
Thus, the reason for the flow resistance is still an open question. It may be related to different 
elastic properties of the media and it could be that the permeability changes are larger in grey 
matter than in white matter.  

10.2 Outlook 
After implementing a perturbation term in the volume balance and the transport equation, and 
assigning the permeability and diffusion tensors element wise instead of node wise, the 
numerical model is believed to be quite robust. But still the model is immature and further 
development is needed. The first improvement should be to perform simulations based on 
more DTI data sets with a higher resolution. Then, the model needs to be verified. This could 
be done comparing the concentration distribution with MR-images before and after treatment 
in clinical trials. 

With realistic reference values the calibration procedure proposed by Linninger et.al (2008 a) 
is reliable, therefore, clinical trials should be carried out to determine permeability values 
categorized after tissue and tumor types. Since there already exist techniques capable of 
obtaining porosity from MRI a next step will be to include patient-specific porosity fields. A 
challenge related to this is that we are then dealing with two data sets and it is important that 
the voxels in both images matches. For the Lamé parameters there is still no reliable MR-
technique available, but hopefully elastography will give answers about the elastic properties 
of brain tissue before long.   

Another important step will be to do simulation based on dataset from patients with brain 
tumors. As mentioned in the introduction CED can also be used in the treatment of Alzheimer 
and epilepsy. These diseases also alter the transport properties in the brain tissue and 
simulations based on MRI from patients with these diseases will be useful. In this study 
simulations were only performed on a region of the brain. However, brain tumors can be more 
than six centimeter in diameter, thus larger volumes needs to be modeled. 

The current model is only valid under assumption of infinitesimal deformations, this could be 
expanded to the non-linear case. Chemical reactions, absorption and adsorption of infused 
agents have also been neglected. Dependent on the infused agent this needs to be included. 
Finally, it is these phenomena that destructs the cancer cells and heal the patient. Studies of 
the effects of interstitial fluid flow are needed and should be linked to the flow of 
cerebrospinal fluid through the cerebrospinal fluid. The catheter should be included in the 
modeled domain to account for backflow along the catheter wall. Significant work has already 
been done on the aforementioned phenomena. Nevertheless, a clarification of which processes 
that is most important is needed. In other words more work should be done on verifying the 
assumption, which optimally should result in a simple model capturing the main characteristic 
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of the flow and transport processes in brain tissue. Yet, step by step we are approaching a 
model that can be used to plan and optimize the treatment of patients with brain tumors which 
at the moment have severe diagnosis. 
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