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Abstract

In the past few decades research in light imaging and wave-front shaping techniques
have received growing attention. The statistics of the transmission matrix have made
it possible to better understand the properties of optical scattering in disordered me-
dia and have provided the means to more efficiently propagate light through diffusely
scattering media. Experimentally the transmission matrix has successfully been calcu-
lated using a spatial light modulator. Numerically, methods for computing the optical
transmission matrix exist, however, they are “scattered” in the literature, not very ef-
ficient and not regularly updated. KWANT, an open source python package created
to compute simulations of electronic transport experiments, has proven to be highly
efficient, easy to use, and well-maintained. Motivated by the similarities between the
Schrodinger equation and the Helmholtz equation, we compute an optical scattering
experiment simulation using KWANT and show that it can in fact be implemented for
research in the field of optics.

Front page: The picture on the front page is a photo that was taken on the coast of
Greece. The lattice structure was obtained using KWANT and it was edited into the photo.
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1 Introduction

Light has a fundamental role in the way humans interact with the world. The field of optics
marks its origin back to the ancient cultures. In the past few decades experiments have shown
the possibility of wave-front shaping and opened new prospects to the fields of imaging and
focusing of light and their applications [IH6]. For that reason, the study of the propagation
of light through disordered structures has received growing attention. When light travels
through media it is scattered and its direction is deviated. If a scattering object is placed
between a detector and a light source, depending on how weakly or strongly scattering the
object is, the light propagating through the object is distorted. In order to obtain useful
information on the distortion one must solve what is referred to as the “scattering problem”.
The scattering problem is not only pertinent to optics, but it is to all wave phenomena.
Similarly to optics, the understanding of the propagation of waves in disordered media is a
fundamental aspect of the scattering problem in other branches of physics, such as in solid-
state physics and acoustics. There already exists extensive literature on waves propagating
in ordered and homogeneous systems (|7, [§]), however, understanding the behavior of waves
in more complicated structures is a very difficult task.

For the case of light, the scattering of electromagnetic waves can most exactly be calcu-
lated by finding the solutions of Maxwell’s equations [8]. Due to the disorder of the medium,
however, it is impossible to obtain a solution analytically and attempting to find numerical
solutions is extremely inconvenient. A successful statistical tool that has facilitated the ma-
nipulation of wave behavior in disordered media is the transmission matrix [2, OHI1]. The
transmission matrix is part of the scattering matrix and it includes information about the
medium in which the wave propagates. It provides more insight into the medium than us-
ing different methods ([I]), and the information that can be extracted from it enhances our
ability to manipulate the propagation of waves.

In the case of optical scattering calculating the transmission matrix is a rather elusive
problem. In most recent experiments the optical transmission matrix was retrieved using a
spatial light modulator [I} 2, 4], [5, [10]. Numerically it is still very challenging to obtain results
for a system large enough to resemble real experiments, as the amount of time and memory
that are employed to compute those kinds of simulations makes is rather inconvenient. It is
then of great interest to look for more convenient numerical methods to retrieve the optical
transmission matrix. Reconstructing the transmission matrix is a problem that has been
solved in the field of electronic transport. In the case of optics, there exist several numerical
methods that have been employed to obtain the optical transmission matrix of a system [12].
They, however, lack in efficiency, and accessibility. The development of a well-maintained,
convenient and uncomplicated framework for computing optical scattering experiments would
be of great use for research in the field of optics.

Concerning the domain of electronic transport, in 2014 a new open source Python package
was created called KWANT [13]. The Python package is well designed to solve the scattering
problem in a highly efficient and compact way, and it provides the means for obtaining the
transmission matrix of a system. Furthermore, it has proven to compute scattering systems
much faster than the other existing methods [I3], [14]. It would be of great use to research in
optics if it were possible to simulate optical scattering systems with KWANT. Literature has
shown that for non-absorptive stationary scattering, when neglecting the effects of polariza-
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tion is possible, electrons and photons are described by the same wave-equation [1, 4, T5HIT].
Because of the similarities among the Helmholtz equation, describing the propagation of light,
and the Schrédinger equation, describing the propagation of electrons, it is then possible to
work at the interface between electronic transport and optics, and to transfer notions and
concepts from one field to another. For that reason we aim to show that KWANT can be used
to obtain the transmission matrix of an optical scattering system. We will therefore show
that the transmission matrix of a scattering system computed using KWANT provides the
statistics that one would expect from an optical scattering system. The ultimate motivation
for this research it that of providing convincing enough results such that we can use KWANT
for further exploration in the field of optics.
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2 Theory

Many phenomena can be described as the propagation of waves. For this reason the problem
of wave scattering in disordered media has been addressed from different branches of physics,
such as acoustics, electronics and electromagnetism. Obtaining an exact solution to the
wave equation is an almost impossible challenge, as even numerically it requires immense
computational power. The obstacles that characterize the scattering problem have required
theorists and experimental physicists to approach scattering differently. Extensive work in
mesoscopic scattering theory has led to the formulation of useful theoretical tools to effectively
tackle the scattering problem in the context of electronic transport [T, 15 [I8]. The scattering
matrix contains information regarding the way a wave has been scattered after it has traveled
through a disordered medium and it makes an effective tool in both electronic transport
theory and optics. It is necessary to understand where the two subjects meet and the role
the scattering and transmission matrix play in them.

2.1 Electronic Transport

From quantum mechanics we know that electrons exist both as particles and waves. Their
behavior is characterized by the wave function W(r, ¢) which absolute square gives a probabil-
ity density of the electron. In vacuum an electron behaves as a plane wave. Its configuration
depends on the quantum states available to the electron, such that

1 ik —iB(k)1/h) (1)

7 ,

where k is the wave vector corresponding to the available state, E(k) = h?k?/2m is the energy
corresponding to that state, and v the volume over which a single electron is spread [18]. In
general, the behavior of the electron can most exactly be obtained solving the Schrodinger
equation:

\I/k(I', t) =

ov h?
h— = ——VU +V(r)¥ 2
= VUV, )
also expressed in terms of the Hamiltonian operator H = —%V—i—‘/(’/’). In most cases finding

a solution to the Schrodinger equation is a very difficult task. There are several instances for
which solving it is less difficult. As we are interested in the more general features of electronic
transport we will consider a relatively simple case, the infinite wire.

Consider a wire of rectangular cross-section. It is infinitely long in the z-direction and
it is confined to an arbitrary length by an infinite potential in the y- and z-directions, such
that impenetrable walls are created which ensure that electrons cannot escape the wire. As
the electrons travel through the structure, when they hit the walls they are reflected. The
solution to the Schrodinger equation is given by the superposition of incident and reflected
waves. As derived in [I§], for such system we obtain the following wave function:

lﬁkm,n(iE,y,ZE) = wk’z(m)@TL(ya Z)v (3)

such that its horizontal motion is that of a plane wave with ¢y_(z) = e?*+%, and its tranvserse

motion in the y- and z-directions described by ©,(y, z) is quantized. The electron can only
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exist in one of n allowed states. The states that the electrons can take are called modes (or
transport channels in the context of electronic transport), and they characterize the wave
function that describes their propagation in the wire. For this reason the wire acts as what is
called a wave guide, such that to different wave guides correspond different sets of available
modes.

From classical wave theory we know that if a wave sent from the left hits a scattering
barrier, part of it will be reflected back and part of it will be transmitted. Consider the
case of a potential barrier of thickness d and finite size Uy. The electrons propagating in
the wire will be reflected or transmitted depending on whether their energy FE is smaller
or larger than the potential of the barrier. After the electrons are reflected or transmitted

o

Figure 1: Sketch of wave scattering by a rectangular a potential barrier

they will continue to “freely” propagate in the left or right direction. We then expect that
their wave function is given by the superposition of these two cases, such that, for a certain
energy, the absolute square of the wave function gives the probability of the electrons being
transmitted or reflected. Following the discussion on [I8] we define the factors named r
and t which represent the reflection and transmission amplitudes of the propagating electron
wave (see Fig.. Their absolute squares give the reflection coefficient R(E) = |r|* and the
transmission coefficient T(E) = |t|>. They are the fraction of the incident wave that is
reflected and transmitted. This constitutes the simplest example of scattering systems of
electrons which motion is confined in the transverse direction. In the context of electronic
transport the potential barrier is said to act as a scatterer. The modes with which the
electrons are transmitted in the wire are called open channels, the remaining make the closed
channels. For each channel we can define a channel-dependent transmission coefficient T, (E).
For an open channel (a fully transmitted wave) 7' = 1, for a closed channel (a fully reflected
wave) T = 0.

When we describe electron transport in solids, the main quantity of interest is the conduc-
tance. The conductance is a measure of the intensity of the transported current I through a
system and the voltage difference V" applied to it, such that G = I /V. It has been experimen-
tally shown that, when dealing with narrow conductors, as the with of the conductor con-
straining the electrons is reduced the conductance reduces in discrete steps of height (2¢2/h)
(see [15]), as in Figl2] Solids structures are made of molecules and atoms and they can be
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Figure 2: Sketch of the quantization of the conductance G expressed in units of 2¢2/h.

treated as scattering regions that deviate the trajectory of the electrons that travel through
them. The probability that an electron is transmitted is given by the channel-dependent
transmission coefficient T, (E). For a fixed energy, the transmitted current must then be
proportional to the number of open channels. The relationship among the conductance and
the transmission coefficient of a medium is given by the Landauer formula:

G(B) = 2= S T(E), (1)

such that, at a fixed energy F, each available mode m, if open, contributes one unit of
2¢%/h to the conductance. Therefore, in a system in which electron travel “undisturbed”,
its conductance will show m stepsﬂ When a wave hits a scattering region, its amplitudes
is modified and the initial transverse mode might change into another one. Consider now a
system as the one in Fig[3| with the scattering region being solid and the leads two ideal wave
guides. The scatterers in this case originate from the defects or impurities within the solid
structure, they are randomly distributed and contribute a potential of random size. The
wave functions of the electrons take complicated forms in the scattering region and they are
impossible to calculate. In the leads however the electrons behave as plane waves that can
take a specific set of shapes depending on the available transport channels, so that they can
enter and leave the scattering region in that same set of transport channels (see Figid)). Be
Ny and Ng the number of available transport channels to the left and right of the scattering
region at a fixed energy F, then there exists a (N, + Ng) X (N + Ng) matrix that contains
information regarding the probability that an electron that hits the scattering region with
mode n will be transmitted or reflected with mode mP] Such matrix is called the scattering
matriz and it has the following block structure:

Pt

The N; x Ng transmission matrix ¢ and the N, x N reflection matrix 7 contain the trans-
mission and reflection amplitudes for electrons propagating from left to right respectively ¢

Hurther discussion and sources on the matter can be find in [I8] and [15].
2for further discussion on the scattering matrix and its properties within electronic transport theory see
15, (18, [19).
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Figure 3: Sketch of the structure of a scattering system to study electronic transport.

and r. The matrices ' and # instead account for electrons coming in from the right. The
absolute square of each element of the transmission and reflective matrices gives the channel-
dependent transmission and reflection coefficients, such that T, = |tnm|2 and R,,, = |7“nm|2.
It is then clear that once the transmission matrix of a scattering system has been found a lot

LeAd
7z

Figure 4: Sketch of the structure of a two-terminal scattering matrix.

of information can be gathered regarding the initial and final state of an electron wave hit-

ting the scattering region, and, in particular, the open channels that will provide the greater
transmission can be identified.

2.2 Optical Scattering

In a transparent medium light travels in a straight line: this light is referred to as ballistic.
However, when it encounters obstacles, two thing happen: part of it is absorbed or its
direction is changed, scattered. Depending on the nature of the obstacle and the heterogeneity
of the scattering medium, light will scatter differently. When light propagates through many
weakly-absorbing obstacles it undergoes what is called multiple scattering. Light that travels
in a medium and is fully transported undergoing multiple scattering is called diffusive, as the
energy in the initial beam is converted in a glow of scattered light. In general, for light that
travels in a medium of width W, such that the average distance between the occurrence of
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two scattering events is the mean-free-path [, then light propagates ballistically if L < [
, and diffusely if L > [;. The diffusive behavior of light can be seen looking up in the sky
on a cloudy day, such that it is often very difficult to deduce were exactly the sun is located
above the clouds. Being able to explain and predict how light is scattered in a medium of
arbitrary disorder is done by solving the scattering problem.

It is well known that the propagation of light is described exactly by Maxwell’s equations
[8]. In order to solve the scattering problem, one would have to define a dielectric function
e(r,t) of the scattering medium, with its positional dependence referring to the location of
each scatter [3]. One does not need to point out that, when considering a realistic medium,
that is an ambitious and extremely difficult task. Furthermore, numerically it would require
an inconveniently long amount of time and memory to bring forth such calculations. On
one hand, diffusion theory is well equipped to describe energy transport of classical waves
traveling in scattering media [7]. On the other hand however, by using diffusion theory one
is only able to obtain ensemble-averaged properties of light propagating in a medium ([7, 9]),
and one is only able to predict a smooth interference pattern [4]. Diffusion theory does
indeed neglect several features which take place in the mesoscopic and microscopic scattering
regimes, such enhanced back-scattering effects and Anderson localization [20]. Experiments
have shown that, in the case of diffusion, the only information regarding the scattering of
a laser beam is found in interference patterns that are called speckles. It has indeed been
observed that when monochromatic light undergoes multiple scattering by a medium, the
speckles look grainy ([4]), meaning that there exist “open channels” to which light can couple
and transport almost “undisturbed” ([21]), or, at least, more light is able to reach the same
point. The intensity of a speckle grain at a location is a consequence of the superposition of
all the wave amplitudes arriving at that location. Each amplitude corresponds to a mode,
such that there will be modes that contribute to speckle grains and other which do not, the
former being the open channels, the latter the closed channels. A dark spot means that the
resulting amplitude is zero, whereas an intensity maximum is found if all waves superpose at
that point. For purely diffusive scattering of light, it can be derived that the speckle intensity
probability distribution takes that of a negative exponential, such that the ration between the
square of the standard deviation and the mean of the intensity gives a normalized variance
D = o?/I=1 [6, 22].

The preferred approach to the scattering problem is to find a tool that relates the field
of the light coming in to that of the light coming out of the scattering region. From the
discussion in the previous chapter we know well that such a tool exists and it is the scattering
matrix. In particular, in optics one is interested in the transmission matrix ¢, which is found
in the scattering matrix as indicated in EqJ5| and relates the set of allowed input modes to
that of allowed output modes, such that

Eo = {E™, (6)

Specifically each incident field in channel n and outgoing field in channel m make a linear
combination of all contributions N to the output channel, such that

N
Bt = tyumEL. (7)
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The transmission coefficients are only valid if the system is static. Their distribution
must obey the same statistics of the speckle intensity distribution as they are related to the
resulting intensity of the scattered light [3]. For scattering in a homogeneous, ordered sample,
we expect that the optical transmission matrix takes the form of an identity matrix, i.e. for
each channel light travels through the medium undisturbed. For scattering in the diffusive
regime we expect the distribution of the values of the components of the transmission matrix
to decay exponentially, as it does for speckle intensities. Having established the role of the
transmission matrix in electronic transport theory and optics, we can demonstrate where the
two fields come into contact.

2.3 Analogy between Electronic transport theory and Optical Scat-
tering

There exist a good amount of literature that outlines the similarities among electronic trans-
port theory and optical scattering, both theoretically ([I} 4, 15], [16]) as well as experimentally
[T7]. The starting point is that the structure of the Schrodinger equation, describing the

propagation of electrons,
ov ih?
h— = ——VVU 4+ VU 8
"ot 2mv TV ®)

and the Maxwell equation, describing the propagation of photons,

PEr,t) 1,
o2 EV E(r,t), 9)

are very similar. The greatest difference stands in the fact that the wave function U(r,t)
is a statistical quantity and it provides a probability density, whereas the field E(r,t) is a
measurable macroscopic vector quantity that gives an intensity.

For a system of stationary states and a well defined energy Ej, using the definition of
momentum operator p = —thV, the Schrodinger equation takes the following form:

(7= 2200 - 53] ) =0 (10)

On the other hand, in a source-free, linear and frequency-independent dielectric medium with
dielectric function €(r), we can obtain the Helmholtz equation in scalar form,

2

(7= G-t + 5 ) vt o, ()

c2

as derived in [1]. It is known that electromagnetic waves in a dielectric medium behave
similarly to electrons in a potential. With this clarification we see that to each quantity in
Eq/[T1] cna be found a corresponding one in Eq[I0, which also implies that both equations
have the same solutions. Furthermore, In the case of the potential V' (r) that vanishes, and
of light propagating in vacuum, such that e(r) = 1, we see that both equations have the
same solutions. In the case of a well-defined energy, for example, their solution is of the
same exponential form as in Eq[l] To this extent the analogy holds for very limited cases
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as many microscopical properties of light scattering can only be obtained through Maxwell’s
equations and electrons and light scatter differently. In particular the dispersion relation is
quadratic in the electronic case, whereas it is linear in the optical case. That implies that their
scattering behavior as a function of time cannot be treated analogously. Nevertheless, for
the case of stationary scattering, polarization does not play an important role [I]. As we are
interested in obtaining statistics of the scattering amplitudes of electrons traveling through
a stationary medium, the analogy among electronic and optical scattering should hold. By
using a method intended for electronic transport, we can expect to obtain a transmission
matrix that displays, to some extent, the statistics relative to the optical case.
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3 Numerical Methods

KWANT is designed to simulate calculations on tight-biding model{’} Using KWANT in
Python, it is possible to construct scattering systems consisting of a finite scattering region
which shape and dimension can be set arbitrarily, and attach to it semi-infinite leads. Those
leads act exactly as the ideal wave guides from which the radiation comes in and hits the
scattering region, similarly to the example in Fig[3l In KWANT the tight-bidning model is
applied to a lattice structure such that the Hamiltonian is discretized and is represented as an
“annotated infinite graph” with each node corresponding to a lattice point [13]. After a tight-
binding system has been created, the calculation of, for example, the transport properties of
the lattice is passed to a solver. The transmission matrix of the system is directly calculated
by the solver, and can easily extracted from the program.

3.1 Framework of the Simulation

In order to asses the possibility of KWANT being able to provide useful results in optical
scattering simulations we aimed to reproduce those elements whose statistics we could com-
pare to the theory. We computed the transmission matrix of a 2-dimensional crystal lattice.
The theoretical framework of this system is very similar to that of the infinite wire discussed
above. The Hamiltonian of a two-dimensional lattice takes the following form:

32
- h

2ma?

(024 07) + V(y). (12)

The light is confined to the lattice structure by the hard-wall potential V (y), such that the
lattice acts as a wave guide. Each lattice point is separated by an arbitrary lattice constant
a. In this way the Hamiltonian is discretized, and it can be solved as it is custom for a the
tight-binding model for which each lattice point contributes an energy to the Hamiltonian,
and the interactions with the neighbouring sites are accounted for by appropriate corrections
(see more in [I3]). As it is custom workflow with KWANT, we firstly created a tight-binding
system and set its on-site and hopping energies. We set that each lattice point has an onsite
potential of 4¢ and a closest neighbour correction of —¢, with ¢t = Q;hjz being the energy term
in the Hamiltonian of Eq[12] For simplicity we set t = a = 1. In order to test the accuracy of
the code we initially built a dummy rectangular lattice of length L = 20a and width W = 6a,
such that in Figy] The red parts indicating the semi-infinite leads attached to each side
acted as the ideal wave guides in which the light propagates to come in, and come out of the
lattice. The incoming light is then confined in the transverse direction and for each energy
the photons can only take a specific number of modes, which maximum is that equal to the
width of the lattice. At this point we had a homogeneous lattice structure with which we
could attempt to simulate the behavior of light and obtain a transmission matrix for the
system. From theory we know that light traveling in a homogeneous structure propagates
ballistically.

In order to test how KWANT simulated the diffusive light we were required to add
scatterers to the system. That was done by making the system in-homogeneous, or impure,

3The tight-binding model has proven a very successful method in describing the interactions among
particles in a solid and crystal structures [7, [15] 23].
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Figure 5: Rectangular lattice six lattice-points wide and twenty long, indicated by the color
blue, and the semi-infinite leads attached to both sides indicated by color red.

so by adding a certain degree of disorder in the lattice. From the theory, we knew that
disorder in a medium acts as a finite potential V' # 0 randomly distributed among the lattice
points. We decided to assign to each point a 1% probability of it being added an attractive
potential V' = —0.5¢ to its on-site potential, such that the lattice had an impurity amounting
to 1% of the medium. Furthermore, it was necessary to increase the length of the lattice,
such that we could simulate light (or electrons) traveling a greater distance before being
“detected”. In order to be able to asses for which size the system behaved fully diffusely
as well as to see whether any interesting trends occurred, we tested the scattering system
for various lattice lengths, which ranged between structures long 16 to 12000 lattice points.
In particular we hoped to obtain a transmission matrix whose the elements would show a
distribution of the form of an exponential decay, which is ultimately the result that is found
when light behaves diffusely in a medium. In order to obtain more accurate results, for each
lattice length we gathered 1000 transmission matrices and plotted the distribution for the
values of the elements of the matrices. In order to differentiate the ballistic, semi-ballistic,
and diffusive regimes we treated diagonal and off-diagonal elements separately.
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Figure 6: (a) Conductance graph and (b) transmission matrix for a homogeneous scattering
lattice; (c) Conductance and (d) transmission matrix for a scattering lattice with impurity
of 1%. Of the transmission matrix elements it was taken the absolute up to three significant
figures and each, and it was rounded to zero any values less than 10710,

4 Results and Discussion

4.1 The Ballistic and Diffusive Regimes

The first objective of this research was to extract the transmission matrix from the solver.
For a pure system we expected the transmission matrix to be the identity matrix. For a
homogeneous system of six lattice points wide, we obtained a conductance graph that showed
six steps, and we were able to extract a 6 x 6 transmission matrix. The results are shown
in Figlol As the calculation of the transmission matrix with KWANT gave its elements in
complex form, we took the absolute of each element to obtain real transmission amplitudes.
Furthermore, for the sake of clarity we approximated each element of the order smaller than
1071% to zero. As we can see from Figlf|b) the transmission matrix we extracted, when
approximated and taken the absolute value of its elements, was indeed equal to the identity
matrix we were expecting. That is appropriate as it means that for a homogeneous system,
for each of the six modes n in the left lead and m in the right lead, there exists a respective
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transmission coefficient t,,,, such that Eq7] would essentially simplify to
Efn?t = 5mnErian (13)

which represents the ballistic behavior of light. When adding the scatterers to the same sys-
tem by setting the impurity of the medium to 1%, we obtained the transmission matrix shown
in Fig.@(d). Because of scattering events taking place, the amplitude of the light outgoing the
scattering region in the same mode it came in is reduced, meaning that the diagonal elements
of the impure system should be smaller. Furthermore, when light is scattered, the original
mode with which the wave entered the scattering region will change, such that the ampli-
tude of light coming out of the scattering region in a different mode will be greater and less
waves will “freely” propagate through the lattice, meaning that the off-diagonal transmission
amplitudes of the impure system should be larger than those for a homogeneous system. If
we compare the transmission matrices for the ideal and impure cases in Figl6| we indeed see
that for the impure system the off-diagonal elements are significantly larger, and the diagonal
elements are smaller, even though still very large, than those for the homogeneous case.
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Figure 7: Distribution count of square absolute of the off-diagonal elements of 1000 trans-
mission matrices for (a) L=500, (b) L=2500, (c¢) L=5000 and (d)L=10000.
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In the impure system, light does not propagate freely anymore, however, as the diagonal
transmission amplitudes are much greater than the off-diagonal amplitudes, the ballistic
light is still prevalent.
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Figure 8: Distribution count of square absolute of the diagonal elements of 1000 transmission
matrices for (a) L=500, (b) L=2500, (c¢) L=5000 and (d)L=10000.

In order to reduce the ballistic light we were required to increase either the impurity, or
the length of the system. As it was convenient to compare some of our results with [24],
we decided to maintain the same degree of impurity (1%), build a system 11 lattice point
wide, and calculate transmission matrices for lengthier systems, with the ultimate goal of
obtaining results that could well represent the diffusive regime of optical scattering. For
over twenty-five lattice lengths ranging from 16 to 12000 we plotted the distribution of the
transmission coefficients of 1000 transmission matrices calculated for each length, and treated
the diagonal and off-diagonal cases separately. Some of the plots we obtained are shown in
Fig[7] for off-diagonal and in Figl§| for diagonal elements, as well as the conductance graphs
for those same systems in Fig[9] To identify the size of the lattice in which light would scatter
diffusely, we needed to obtain a distribution of both diagonal and off-diagonal transmission
coefficients that decayed exponentially. In Figl[7] we see that for the lattice lengths 500 and
2500 the distribution of the off-diagonal elements resembles that of an exponential decay.
Most transmission coefficients take values close 0, with maximum values around 0.2. That
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Conductance for: L=500, W=11, Impurity=1% Conductance for: L=2500, W=11, Impurity=1%
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Figure 9: Conductance graphs for scattering through a rectangular lattice of width W = 11
and length (a) L=500, (b) L=2500, (c) L=5000 and (d)L=10000.

means that for those systems most light that is scattered propagates diffusely. The two cases
are however very different in their distribution of the diagonal transmission coefficients. For
L = 500 we see that they are greatly spread, and they take values ranging from 0 to more
than 0.7. That means that many photons propagate through the medium ballistically or
semi-ballistically. For L = 2500 the diagonal transmission coefficients show a distribution
close to that of an exponential decay. For L = 5000 and L = 10000 we see that the number of
transmission coefficients that take value 0 has increased drastically, meaning that very little
light has propagated through the medium. By looking at Fig[9 we are able to see the number
of open channels available to the photons for each sample. If for L = 2500 there are about 3
channels open, for L = 5000 there are 2 and for L = 10000 only 1. One open channel means
that only one photon, or one wave, can travel through the medium. When the conductance
reduces to this extent the amount of radiation that propagates through the medium is too
little for the statistics of the transmission matrix to provide valuable results.

In order to evaluate whether we could find a system that, to the best accuracy, simulated
the diffusive regime of optical scattering, we computed the normalized variance of the dis-
tribution of the transmission coefficients for each length. We expected that we could find a
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Normalized variance obtained for:
Lattice L || 1000 1500 2000 2500 3000 3500 4000
Diagonal | 0.369909 | 0.642945 | 0.939526 | 1.11198 | 1.30945 | 1.33973 | 1.46089
Off-diag 0.961478 | 1.00905 | 1.05637 | 1.11669 | 1.25858 | 1.29322 | 1.40918

Table 1: Table for normalized variance values for different lattice lengths.

” Normalized vanance for waveguides of increasing length
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Figure 10: Normalized variance for lattice lengths ranging from L = 16 to L = 12000 for
off-diagonal, diagonal, and all elements of the transmission matrix as indicated by the legend.

system that showed a normalized variance close to 1 for both diagonal and off-diagonal coeffi-
cients, and a conductance with a maximum greater than 2. The plot we obtained is shown in
Fig[I0] and some interesting values are shown in Tab[l] As we can see in Tab[l] the diagonal
and off-diagonal elements converge up to two significant figures for L = 2500. Beyond that
size, the normalized variances of the diagonal and off-diagonal distributions stay close and
grows slowly. For L > 5000, even though the diagonal and off-diagonal coefficients distribute
similarly and their normalized variance is statistically close enough to 1, the conductance
available to such systems is too little and the medium does not have enough open channels
for a scattering experiment to be able to provide useful results. On the other hand, as we can
see from Fig[I0] for L < 2500, the shape of the distribution of the diagonal and off-diagonal
elements diverges fairly quickly. As shown in[I} at L = 2000 the normalized variances for
the diagonal and off-diagonal cases have already slightly diverged, however, they are still
very close to 1. For systems with a length below 2000, the diagonal transmission coefficients
spread and take larger values than the off-diagonal elements, showing a distribution similar
to that in Fig.(a). For those systems the diagonal coefficients begin to show the ballistic
scattering of light, and their statistics cannot be used to test for diffusive light.
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4.2 The Optimal Diffusive Length

In Fig[l0] we can clearly see how the scattering regime of light is related to the length of
the medium. Until the normalized variance of the diagonal and off-diagonal distributions
at a length do not meet, light propagates ballistically in the medium. That means that
the lattice is not long enough for two scattering events to take place before light has come
out of the scattering region, meaning that its length is smaller than the mean-free-path [
of the propagating light. For very short lengths light does indeed propagate almost purely
ballistically, such that L < [,. As the system grows longer, the value of the normalized
variance for the diagonal and off-diagonal distributions approaches 1. For a rectangular
lattice of width W = 11 and impurity 1%, that is the case at its best at about L = 2500
lattice points. In other words, in KWANT, a rectangular lattice 11 points wide and 2500 long,
with an impurity of 1%, makes the system that simulates diffusive light most appropriately.
We call this length the optimal diffusive length. 1t can therefore be argued that: on one hand,
for a system with greater impurity, we expect that the value of the optimal diffusive length
would shift to the left, meaning that the diffusive regime best occurs at a shorter length.
On the other hand, for a system of greater width, as more open channels exist, we expect
that the value of the optimal diffusive length would shift to the right. That implies that, in
principle, using KWANT, any system can be built such that the optimal diffusive parameters
can be found to test the diffusive scattering of light. In this view, within the boundaries in
which the analogy between electronic transport theory and optics is valid, KWANT can then
be used to calculate the transmission matrix of an optical scattering system.
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5 Conclusive Remarks

In conclusion, wave-front shaping is a fundamental aspect of focusing light in disordered
media. Light imaging has applications in a wide variety of scientific fields. It is of great
importance to provide better tools make it easier to bring forth research in optics. The
transmission matrix has proven a very useful tool for the understanding of the behavior of
waves in a scattering system. A convenient and well-maintained numerical method that can
be used to calculate the optical transmission matrix had not yet been found. Enlightened
by the similarities between the scattering properties of photons and electrons, we employed
KWANT, a python package created to provide calculations for electronic transport systems,
to obtain the transmission matrix of a scattering structure, and evaluate if it could accurately
reproduce the statistics of an optical transmission matrix.

We were indeed able to show that the transmission matrix calculated with KWANT re-
produced the statistics expected for an optical scattering experiment. We built a rectangular
lattice of width W = 11 and impurity of 1% and tested it for different lengths. We obtained
the following results. Firstly, for the case of a pure system, we obtained a transmission ma-
trix that had the form of the identity matrix, and reproduced the ballistic propagation of
light. Secondly, by adding scatterers to our system and testing it for increasing lengths, we
were able to obtain data that showed the scattering regime of light to go from ballistic to
diffusive, and we were able to identify a size range within which light scattered diffusely to
a satisfactory extent. We found that to be the case for lengths included between 2000 and
5000 lattice points. Thirdly, we identified an optimal length such that our system simulated
the diffusive regime of light scattering to a very good extent. We called that the optimal
diffusive length. For our system the optimal diffusive length was found at L = 2500. Finally,
we have argued that, in principle, the optimal diffusive parameters such as size, disorder, and
shape of a system, of any dimensionality, built using KWANT, can be found. That implies
that, within the boundaries in which the analogy between electron transport theory and
optics stands, KWANT can always be used to compute the optical transmission matrix of a
scattering system. It is with this conclusion that we hope to motivate the usage of KWANT
for more and less advanced research in the field of optics.



REFERENCES 20

References

1]

2]

[11]
[12]

[13]

[14]

[15]

[16]

S. Rotter and S. Gigan, Reviews of Modern Physics 89 (2017), ISSN 1539-0756, URL
http://dx.doi.org/10.1103/RevModPhys.89.015005.

S. M. Popoff, G. Lerosey, R. Carminati, M. Fink, A. C. Boccara, and S. Gigan,
Phys. Rev. Lett. 104, 100601 (2010), URL https://link.aps.org/doi/10.1103/
PhysRevLett.104.100601

A. Boniface, Ph.D. thesis, Université Pierre et Marie Curie (2020).

A. P. Mosk, A. Lagendijk, G. Lerosey, and M. Fink, Nature Photonics 6 (2012), ISSN
1749-4893, URL https://doi.org/10.1038/nphoton.2012.88.

I. M. Vellekoop and A. P. Mosk, Opt. Lett. 32, 2309 (2007), URL http://ol.o0sa.org/
abstract.cfm?URI=01-32-16-2309.

I. M. Vellekoop, Ph.D. thesis, University of Twente, (2008).

P. Sheng, Introduction to Wave Scattering, Localization and Mesoscopic Phenomena
(Springer, 2006), ISBN 3540291555, URL http://hdl.handle.net/1783.1/28823.

J. D. Jackson, Classical electrodynamics; 2nd ed. (Wiley, New York, NY, 1975), URL
https://cds.cern.ch/record/100964.

P. Pai, Ph.D. thesis, Utrecht University (2020).

P. Pai, J. Bosch, and A. P. Mosk, OSA Continuum 3, 637 (2020), URL http://wuw.
osapublishing.org/osac/abstract.cfm?URI=osac-3-3-637.

M. Song, Master’s thesis, Imperial College London (2020).

S. A. Dyakov, V. A. Tolmachev, E. V. Astrova, S. G. Tikhodeev, V. Y. Timoshenko, and
T. S. Perova, in International Conference on Micro- and Nano-Electronics 2009, edited
by K. A. Valiev and A. A. Orlikovsky, International Society for Optics and Photonics
(SPIE, 2010), vol. 7521, pp. 140 — 149, URL https://doi.org/10.1117/12.862566.

C. W. Groth, M. Wimmer, A. R. Akhmerov, and X. Waintal, New Journal of Physics
16, 063065 (2014), URL https://doi.org/10.1088/1367-2630/16/6/063065.

C. H. L. Tatiane P. Santos, Leandro R. F. Lima, J. Comput. Phys. 394, 440 (2018),
URL https://doi.org/10.1016/5.jcp.2019.05.034.

S. Datta, FElectronic Transport in Mesoscopic Systems, Cambridge Studies in Semicon-
ductor Physics and Microelectronic Engineering (Cambridge University Press, 1995).

E. Akkermans and G. Montambaux, Physique mésoscopique des ¢électrons et
des photons., Savoirs actuels (EDP Sciences, 2004), ISBN 9782868837127, URL
http://search.ebscohost.com.proxy.library.uu.nl/login.aspx?direct=true&
db=nlebk&AN=202461&site=ehost-live.


http://dx.doi.org/10.1103/RevModPhys.89.015005
https://link.aps.org/doi/10.1103/PhysRevLett.104.100601
https://link.aps.org/doi/10.1103/PhysRevLett.104.100601
https://doi.org/10.1038/nphoton.2012.88
http://ol.osa.org/abstract.cfm?URI=ol-32-16-2309
http://ol.osa.org/abstract.cfm?URI=ol-32-16-2309
http://hdl.handle.net/1783.1/28823
https://cds.cern.ch/record/100964
http://www.osapublishing.org/osac/abstract.cfm?URI=osac-3-3-637
http://www.osapublishing.org/osac/abstract.cfm?URI=osac-3-3-637
https://doi.org/10.1117/12.862566
https://doi.org/10.1088/1367-2630/16/6/063065
https://doi.org/10.1016/j.jcp.2019.05.034
http://search.ebscohost.com.proxy.library.uu.nl/login.aspx?direct=true&db=nlebk&AN=202461&site=ehost-live
http://search.ebscohost.com.proxy.library.uu.nl/login.aspx?direct=true&db=nlebk&AN=202461&site=ehost-live

REFERENCES 21

[17] P. Darancet, V. Olevano, and D. Mayou, Phys. Rev. Lett. 102, 136803 (2009), URL
https://link.aps.org/doi/10.1103/PhysRevLlett.102.136803.

[18] Y. V. Nazarov and Y. M. Blanter, Quantum Transport: Introduction to Nanoscience
(Cambridge University Press, 2009).

[19] B. de Leeuw, Master’s thesis, Utrecht University (2015).

[20] B. Gérardin, J. Laurent, A. Derode, C. Prada, and A. Aubry, Phys. Rev. Lett. 113,
173901(2014),[HKLIhttps://link.aps.org/doi/lo.1103/PhysRevLett.113.173901.

[21] Y. Xu, H. Zhang, Y. Lin, and H. Zhu, Annalen der Physik 529, 1600225 (2017), URL
https://onlinelibrary.wiley.com/doi/abs/10.1002/andp.201600225.

[22] J. W. Goodman, Statistical optics, Wiley Series in Pure and Applied Optics (Wiley,
2015), URL ProQuestEbookCentralhttps://ebookcentral.proquest.com.

[23] M. P. Marder, Nearly Free and Tightly Bound Electrons (John Wiley & Sons, Ltd, 2010),
chap. 8, pp. 207-232, ISBN 9780470949955, URL https://onlinelibrary.wiley.com/
doi/abs/10.1002/9780470949955. ch8.

[24] A. Mosk, T. M. Nieuwenhuizen, and C. Barnes, Phys. Rev. B 53, 15914 (1996), URL
https://link.aps.org/doi/10.1103/PhysRevB.53.15914.


https://link.aps.org/doi/10.1103/PhysRevLett.102.136803
https://link.aps.org/doi/10.1103/PhysRevLett.113.173901
https://onlinelibrary.wiley.com/doi/abs/10.1002/andp.201600225
ProQuest Ebook Central https://ebookcentral.proquest.com
https://onlinelibrary.wiley.com/doi/abs/10.1002/9780470949955.ch8
https://onlinelibrary.wiley.com/doi/abs/10.1002/9780470949955.ch8
https://link.aps.org/doi/10.1103/PhysRevB.53.15914

	Introduction
	Theory
	Electronic Transport
	Optical Scattering
	Analogy between Electronic transport theory and Optical Scattering

	Numerical Methods
	Framework of the Simulation

	Results and Discussion
	The Ballistic and Diffusive Regimes
	The Optimal Diffusive Length

	Conclusive Remarks

