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Abstract

Tetrad constraints can tell us something about the existence and structure
of latent parents shared by groups of observed variables. They are however
unspecified in the case that variables are related through non-linear functions
because they are defined as a vanishing constraint on the covariance matrix.
Still, it might be the case that the distributions of the observed variables contain
enough information to judge if a tetrad constraint holds, even if the relations in
the model are non-linear. To find out of this is true, a random forest classifier
is trained on the kernel mean embedding of the distributions of the observed
variables. The classifier is tested against the Wishart test, a statistical test for
tetrad constraints, on test data sampled from a multitude of different pure and
impure measurement models. It is found that if the test and training data share
the same underlying graphical structures and data generating process, then the
classifier can beat the Wishart test in cases in which the tetrad constraints are
not specified. But if the test data is sampled from a more complex graph than
the training data, the results of the classifier degrade. A possible explanation
is that the more complex graphs contain distributions that do not exist in the
training graphs. Further research is needed to see how the variety of training
distributions can be increased without the search space growing too large.
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Chapter 1

Introduction

1.1 Background

Asking and answering causal questions is something that comes natural to hu-
mans. ‘Why did I miss my bus?’ Because I spent 5 minutes talking to my
neighbour. ‘What would happen if I just stopped writing here?” This thesis
would not get finished. Our causal understanding of the world not only allows
us to explain the past, it also gives us a means to reason about the future. Under
the motto ”representation first, discovery second” [1], Judea Pearl pioneered the
representation of both Bayesian statistics and causal mechanism in graphical
form [2]. Besides giving us the ability to ask and answer causal questions, the
graphs also made it easier to reason about the discovery of causal relations.

A popular method to discover the causal graph underlying the observed
data is by looking for constraints in the data that the structure of the graph
leaves behind. Certain assumptions about the relations between the variables
and their noise distributions allow for the (partial) discovery of the true causal
graph. Most constraint based discovery algorithms use conditional indepen-
dence constraints. They are however less effective when we are dealing with
unobserved (latent) variables that have a causal effect on the variables that we
do observe [3]. It might be the case two variables only seem dependent because
there is a third, hidden variable, that is the cause of both.

Learning something about the variables that we do not observe is a difficult
problem. There is an infinite amount of structures that we can consider when we
are allowed to add extra variables. There are however signals called the tetrad
constraints that shared latent parents leave in the covariance matrix of the
observed children. These signals can tell us something about the existence and
structure of the unobserved variables by only looking at the observed data. Their
definition is however restricted to the case where relations between variables are



linear and their noise distributions are Gaussian. This makes sense since the
covariance matrix defines how a group of variables is linearly related. It is
however not unthinkable that the distributions of multiple variables that share
a latent parent will leave a signal even if they are non-linearly related, it is just
not captured in the covariance matrix. Looking for such a signal would require a
more general method that can learn directly from the distributions of variables.

The last decade has seen a growing interest in causality from the machine
learning community. Not only can causal information help to make machine
learning algorithms more robust, machine learning theory can help the other
way around by identifying the circumstances under which we can learn the
causal structure of a model from data [4]. A lot of work has focussed on the
special case of learning the causal direction between two variables. In this case
it is believed that one variable Y is defined by a function f(X,e€) of the other
variable X and a noise term e. If no assumptions about the form of this function
are made, inferring the causal direction is impossible. There is enough flexibility
tomake Y = f(X,¢) and X = f(Y, ¢) fit the data. Assumptions such as additive
noise restrict the form of f so that the causal structure between the variables
can be identified.

A successful approach to learning the causal direction between two variables
is the randomized causation coefficient (RCC).The RCC trains a classifier with
the kernel mean embedding of the distributions of the variables as feature [5]. A
problem of this method however is that it is unclear how to extend it to problems
that contain rich latent hierarchies [6], something that is deemed important if
we want to build artificial intelligence that is more human-like. A good first
step would be to limit the amount of latent structures we need to consider by
classifying the constraints that underlie the true causal graph.

1.2 Problem

There are two intertwined problems that this thesis deals with. On the one
hand it tries to extend the idea of tetrad constraints in the covariance matrix
to data that is non-linearly related by looking at the whole distribution of the
variables. The tetrad constraints are the special four variable case of the more
general notion of rank constraints on the covariance matrix. Just as conditional
independence is linked to the graphical criterium of d-separation, the rank con-
straints on the covariance matrix are graphically represented as t-separations.
Both the idea of rank constraints on the covariance matrix and its graphical
interpretation t-separation can only be applied when the relations between vari-
ables are linear. So the general problem we are trying to solve is seeing if the
whole distribution of non-linearly related variables contains enough information
to discern different cases of rank constraints in the covariance matrix. The



graphical criterium t-separation will come in handy here because it will allow
us to know when we should expect a rank constraint to hold.

On the other hand it tries to extend the idea of the RCC to latent structure
discovery. It is unclear how to use the RCC to classify complex structures
without adding a label for each case. To solve both these problem we will
use the ideas behind the RCC to make a classifier that uses the kernel mean
embedding of the observed variable distributions as feature to discern different
cases of rank constraints in the data. We will then test if this method also works
on cases where the idea of t-separation is undefined.

Thus, the main questions we are trying to answer is:

Can the randomized causation coefficient tell us something about the latent vari-
able structure in the cases that the rank constraints on covariance matrices are
not applicable?

To answer this question, we will first need to exactly specify how latent
variable discovery works when it is framed as a classification problem. That is
why the first sub-question we will answer is:

How is latent variable discovery formulated as a classification problem?

After it is clear how latent variables and structure can be discovered via
a classifier using the KME of distributions as feature, we need to see how this
compares to methods based on rank constraints on the covariance matrix of
linearly related data. That is why the second subquestions is:

How does a classifier using the KMFE of distributions as feature compare to
other statistical tests that test for t-separation constraints?



Chapter 2

Literature Review

2.1 Representing causal relations

Before we can discuss the discovery of causal structures we first need a way
to represent them. An often used representation are directed acyclic graphs
(DAGs). In a DAG nodes are connected by directed edges and there is no path
that follows the direction of the edges that will visit a node twice.

A famous use of DAGs is for representing a joint distribution of random
variables in the form of a Bayesian network. Bayesian networks exploit the
conditional independences between variables to compactly represent their joint
probability distribution. The joint distribution is factorized into conditional
probabilities that represent the distribution of a variable as conditioned on its
direct influences. These conditional probabilities P(X|Y") are made graphical by
a node X having as parents the variables in Y. The conditional independences
between variables are represented in the Bayesian network graph through the
concept of d-separation.

It is tempting to see the directed arrows in a Bayesian network as causal
relations but this is wrong. An arrow X — Y in a Bayesian network denoting
a correlation between X and Y can imply according to Reichenbachs common
cause principle that X causes Y, Y causes X or there is a confounder X < Z —
Y. The Bayesian network only has to represent the underlying joint distribution.
Often the graph that does this is not unique, which stands in contrast to the
unique graph that represent the causal structure of the data [7].

What is special about causal graphs is that they allow us to do interventions
and ask counterfactual questions. An intervention fixes a variable’s value so that
we can observe how this changes the rest of the system. Normally this is done
with a randomized controlled experiment where one variable is changed while
the rest are static or random. When it is not possible to do such an experiment,



causal graphs can be used to infer the effects of interventions from observational
data.

To see a DAG as a causal graph, we can assume it was induced by an
underlying structural causal model (SCM) [§]. An SCM consists of two sets of
variables U and V. U stands for exogenous variables (also called error terms)
which are external to the model, their cause is not explained. V are endogenous
variables, each endogenous variable has at least one exogenous parent. The
value of each variable in V' is defined as a function of its parents. If we are given
a set of observed random variables X;...X,, we assume that each observed
variable is defined as a function:

X,’ = fz(PAZ, (]7,)7
where i = 1,...,n and PA; denotes the endogenous parents of X;.

These functions are easily translated to a graph where each node Xj its in-
coming arcs are the parents PA; and U;. SCMs are rich in meaning by expressing
the observational distribution and the interventional distribution. Although we
will not try to infer the exact functions relating these variables for interventional
purposes, we will need to make assumptions about the form of the functions to
learn something about the causal structure that connects the variables.

2.2 Learning the structure of a causal graph

Learning a causal graph can be split into the learning the structure and learn-
ing the parameters. We will focus on learning the structure, which is about
finding a set of nodes and vertexes connecting them to accurately display the
underlying causal relations. Learning causal graphs has two levels of difficulty.
The classical statistical problem is that the observed data will not accurately
represent the population. But even if we could obtain the data truly represent-
ing the population, we would still not be sure about the causal relations. The
functions in a SCM can be so expressive, that many graphical structures can
be linked to an SCM that lets them induce the same observed distribution [3].
Assumptions about the graph structure, function classes and noise terms are
therefore essential to limit the amount of graphs we need to consider and make
the true causal structure identifiable.

2.2.1 Assumptions

There are three important assumptions that are often made about the relation
between the observed data and the underlying structure generating it:

e The causal Markov condition



e The faithfulness condition
e The causal sufficiency assumption

The Markov condition states that if a distribution is Markov relative to
a graph, then a d-separation in the graph implies a conditional independence
in the data. This is equivalent to assuming that each variable is conditionally
independent from its non-descendants given its parents. It also allows us to
state that two graphs are Markov equivalent if the same set of distributions
is Markovian relative to both graphs. The assumption that a distribution is
Markov relative to a causal graph is called the causal Markov condition. This
property is important for causal inference because it means that we only need
to control for a variable’s parents if we want to measure its effect with an
intervention.

Faithfulness assumes that a conditional independence in the data implies
that there is a d-separation in the underlying causal graph. Assuming faith-
fulness allows us to learn the structure of the causal graph on the basis of
conditional independences in the observed data. Together the causal Markov
condition and faithfulness assure there is a one-to-one correspondence to the
independences that we can read from the graph and the conditional indepen-
dences in the distribution. This allows us to find the class of Markov equivalent
graphs, graphs that entail the same set of independences. It will however not
guarantee that we can find a unique graph.

A set of variables is causally sufficient if there is no hidden common cause
that is causing more than one variable in the set. A common cause C of X and Y
means that there is a directed path from C to X and a direct path from C to Y,
that both do not include X and Y. A common cause is also called a confounder
[3]. Causal sufficiency is important because it assures us that the results of
an intervention will not be muddled by unmeasurable effects. Unfortunately,
the assumption is unrealistic because often it is not possible to measure every
variable that might be of influence.

2.2.2 Dealing with latent variables

Letting go of causal sufficiency means we have to find a way to take the existence
of latent variables into account when learning the structure of the observerd
variables. Learning a DAG with latent variables is a highly non-trivial problem
because of the infinite amount of options you can consider (for a specific list of
problems see [9]).

A solution is to make assumptions about the structure of the latent vari-
ables, limiting the amount of cases we need to consider. A strong constraint
would be to assume that the causal graph is biparte. This splits the variables



into two groups and only allows arrows from one to the other. The latent vari-
ables will be the group with outgoing arrows and the observed variables will
be the group with incoming arrows. Assuming this structure will allow us to
consider a lot less latent variable models, making the problem manageable. A
relaxation of this constraint would be to assume that the underlying causal
DAG between the observed variables is sparse, and a few hidden variables have
a direct effect on many of the observed ones. Making this assumptions covers
important real-world applications [10]. I will refer to graphs that have this gen-
eral structure, with the addition that we also take structure between the latent
variables into account, as multiple indicator models.

Multiple indicator models can be divided into a structural and measurement
model. The structural model contains the connections between latent variables.
The measurement model contains all other connections, which are the connec-
tions from latent variables to observed variables and the connections between
observed variables [TT]. If every node in the measurement model has one parent
in the structural model and no parents from the measurement model we call it
a pure measurement model [I2]. The problem of learning the structure of la-
tent variables consists of two steps. First, discovering the correct measurement
model. Second, discovering the correct structural model.

2.2.3 Causal discovery methods

Most methods for learning causal structure fall into the categories of score based
and constraint based. Score-based methods use a scoring function to find the
graph that best fits the data. This is an NP-hard problem where the amount
of graphs one needs to consider grows exponentially with the variables in the
model. Therefore methods often rely on step by step improvements to reach
a maximum. If latent variables are taken into account, searching the space of
possible models becomes intractable [7].

Constraint-based methods often refers to methods that rely on indepen-
dence tests. The variables in the data are tested for (conditional) independence,
and the graph is made such that it captures the found independences. Indepen-
dence test based methods such as the PC algorithm assume that the distribution
is faithful and Markovian to the underlying graph and data is causally sufficient,
allowing for the identification of the class of DAGs that are Markov equivalent
to the true graph. To get the right results one needs a correct threshold to
accept and reject independence tests, something that is not trivial to obtain. A
similar method that deals with latent variables is FCI, which returns the class
of MAGs that are equivalent in the independences that they model. The per-
formance of these methods worsens with latent variables. When for example a
lot of the observed variables share latent parents, FCI will output a very dense
graph. This makes it difficult to orient the edges and thus a lot of uncertainty
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Figure 2.1: An example of a linear model satisfying three tetrad constraints
[11].

is present in the final result.

The best we can get with conditional independence constraints on problems
with latent variables is a partially ancestral graph that displays the uncertainty
we have about the correct causal graph. This PAG will contain the correct
causal graph, but it will possibly also contain a lot of uncertainty when dealing
with latent variables.

2.2.4 Causal discovery based on tetrad constraints

Another kind of constraint to consider are the Tetrad constraints. They were
discovered by Charles Spearman in 1928 [I3]. He wanted to show that cogni-
tive abilities are organized hierarchically and that general intelligence tops the
hierarchy. So Spearman was trying to see if multiple highly correlated random
variables share one latent parent (general intelligence), which is an instance of
a multiple indicator model. To find the latent parent we need to assume that
there is a linear model with at least 4 random variables that are functions of
an unmeasured variable. An example of this model can be seen in figure (4.1
In this model every pair of observed variables is dependent if you condition on
any other observed variable or set of observed variables. Thus, looking for con-
ditional independence makes no sense. The latent parent does however leave
a signal by entailing three constraints on the correlations (covariances) of the
measured variables, which can be seen below.
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p13p24 — prap23 =0 (2.1)
p12p34 — p1ap2s =0
p13p24 — p12p34 =0 (2.3)

An example of a model where only the first tetrad constraint is entailed
is seen in figure Important to notice is that the constraints give a general
indication of the model. Some examples of adjustments that could be made to
the graph in figure while still entailing the same constraint [11]:

e Inverting the arrow between L and Lo.
e Inverting the arrow between L; and Xs.

e Adding a shared parent L3 for L; and X3.

Each X; in figure is defined by the function X; = A;1L; + ¢;, where
A denotes the linear coefficient and e the error term. For the error terms we
will assume that they have a mean of zero and are independent from each
other and the latent variable. So the population covariance of each observed
variable is 0;; = A\;j1\j1¢, where ¢ stands for the variance of L;. If one replace
the sample covariances with the definition of the population covariances in the
tetrad constraint equations, it can be seen that in the case of three t-separation
constraints both terms in the substraction contain the same ingredients for all
three equations. But in the case of the one t-separation constraint case of figure
the terms are not equal in two of the three equations because one of the
terms captures the variance of both L, and Ly. In the ideal case we could find
the tetrad constraints in the population, but due to sampling errors often not
all tetrad constraints will vanish [I4].

Finding tetrad constraints requires a statistical test that takes into account
the average sampling error that will occur when using the sample covariance
matrix. John Wishart deviced a statistical test that checks whether a non-
zero tetrad constraint should or should not hold [I5]. The test is based on the
Wishart distribution, which captures the distribution of the covariance matrix
of normally distributed variables. The Wishart test checks how likely it is that
the non-zero tetrad constraints should hold, given the variance of the Wishart
distribution. The Wishart test has been used in multiple causal discovery meth-
ods that build a graph based on the tetrad constraints that hold in the data
[16] [17].

11
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Figure 2.2: An example of a linear model satisfying one tetrad constraint [IT].

2.2.5 Tetrad representation theorem and trek-separation
constraints

The tetrad constraints were first linked to graphical models through the tetrad
representation theorem [18]. The theorem uses the notion of choke points to de-
fine the graphical requirements for a tetrad constraint to be present. The idea
of d-separation and the tetrad representation theorem were unified under the
concept of trek-separation [I9]. Trek-separation or t-separation gives a graphi-
cal interpretation to the existence of rank constraints in the covariance matrix
of Gaussian graphical models (which are characterized by linear coefficients,
continuous variables and Gaussian error terms).

A trek between (sets of) nodes X and Y is an ordered pair of directed paths
(Px, Py), where Px has a sink in (meaning that it ends in) X and Py has a
sink in Y and both paths have the same source Z. An important subtlety in
the definition is that the common source Z can also be either X or Y. A set
(Tx,Ty) t-separates X from Y if every trek (Px, Py) from a node in X to a
node in Y, either Px has a node in Tx or Py has a node in Ty [?]. So if there
is a directed path from X to Y, then the common source is X and any node on
the path can block Py and thus t-separate X from Y.

In the case of d-separation it can be stated that if variable(s) C d-separates
A from B, then the rank of the covariance matrix 3 , o g, = #C. So the rank
of the rows of A and C and column B and C in the covariance matrix are equal
to the amount of variables in C'. This is another way of saying that if we already
know C then knowing A will not give us any extra information about B (or vice
versa). The tetrad representation theorem states that if (T'x,Ty) t-separates
variables X and Y, then the rank of the covariance matrix is constrained as

12



ZXX < r. Here r stand for #T'x + #7Ty, where #1 denotes the size of the set.

The idea of t-separation allows us to express rank constraints on the covari-
ance matrix that can not be explained with d-separation. But these situations
do not occur in Gaussian tree models [20] (of which pure measurement models
are a special case). Still, we will use the term t-separation because its one-to-one
correspondence with the underlying tetrad constraints it will make it easier to
talk about those in the coming examples.

Interesting work has been done to extend the Tetrad representation theorem
to the non-linear and cyclic case [?]. A brief intuition of these findings is that
as long as the path from latent confounder to observed variable remains free
of non-linear relations and does not belong to a cycle, then the identifiability
results of the causal structure will remain the same.

But besides the above exception, both the ideas of tetrad constraints on the
covariance matrix and its graphical interpretation t-separation are only defined
in models with linear path coefficients. This is also because the idea relies on
the covariance matrix, which measures the linear dependence between variables.
When this is calculated, a lot of information contained in the original distribu-
tions is lost. It might be the case that even when the relations between variables
are nonlinear, that it is still possible to discriminate between graphs that would
contain different t-separations in the linear case. The next chapter will discuss
a method that will allow us to learn directly from the distribution.

2.3 The kernel mean embedding of distributions

The past decade has seen a rise in the applications of the kernel mean embedding
(KME) in statistical inference. There is for example a kernel based two sample
test [?], a kernel test for independence [?] and a kernel test for conditional
independence [21].

The general idea of the kernel mean embedding is that it maps a distri-
bution to a point as seen in figure 2.3] If the kernel used is characteristic, the
mapping becomes injective. This means that each distribution is mapped to a
unique vector. These vectors thus define a metric that can be used to compare
distributions.

2.3.1 Using the kernel mean embedding as a feature

Besides its use in making statistical tests, the KME can also be used as a
feature for machine learning methods. Already a method has been developed
for identifying the structure of a causal graph by phrasing it as a machine
learning problem [5]. The method tries to infer the causal direction between
two variables. For this, access is assumed to a set {(S;,1;})";, where each \S; is

13
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Figure 2.3: A graph showing how the kernel mean embedding maps each distri-
bution to a point in a space [22].

a sample set drawn from a joint distribution P of the sets of random variables
X; and Y;. The binary variable /; indicates whether X; causes Y; or vice versa.
Essential for this method to work is a way to featurize the observations as a
probability distribution. To see how this is done, a further explanation of the
kernel mean embedding is required.

First off is the kernel function k defined as k : X x X — R. The function k
is a similarity measure that expresses how equivalent two inputs are with a real
number. A famous example of such a measure is the dot product between two
vectors. To exemplify the usefulness of a similarity measure we can take a binary
classification problem with data of the form (x1,y1)...(Tm,ym) € X x {£1}
(which is alike to the problem we defined earlier). Given a new example z;, a
similarity measure allows us to find its label by looking at the labels of previous
examples that are similar to z; [23].

Second, there is the idea of a reproducing Kernel Hilbert space (RKHS). A
RKHS is a space where each coordinate is an infinite list of numbers representing
a function. What makes these spaces very useful is that they give a means to
compare the similarity of functions by looking at the distances between the
points in the RKHS. For a tutorial introduction of the mathematical details of
the RKHS see [24].

The kernel mean embedding of the probability distribution P is defined in
equation [2.4] The distribution P of random variable Z takes on values in the
separable topological space (Z,7,). The kernel mean embedding pj(P) is an
element in Hy, the reproducing Kernel Hilbert space (RKHS) associated with
k. So the distribution P can be defined as a infinite dimensional coordinate in
a space. Important about kernel mean embedding is that it is injective when a
characteristic kernel is used (such as the Gaussian kernel), allowing us to have
a unique representation for each probability distribution that we can compare
for their similarity.

(s (P) = /Zk(@ )dP(z) (2.4)
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Often we do not have access to the true distribution P but only some
samples from the distribution. So we estimate the kernel mean embedding with
the emperical mean embedding seen in equation where Pg stands for a
sample of {z;}? ; drawn from a distribution P.

1 n
8(Pg) := — k(z;,-) € Hg 2.5
(P = Dk (25)

The learning of the causal direction involves featurizing each sample S into
a kernel mean embedding p(Psg) by using a characteristic kernel so that no
information is lost. For this to work the authors make two assumptions. The
first assumption is that all pairs of distributions between two variables and
directions between two variables (P,[) are defined by a mother distribution M.
Second, each P holds enough information to predict [.

Because the kernel mean embedding can be infinite dimensional, [5] ap-
proximates it by using random Fourier features. Random features allow us to
lower the dimensionality of the input and approximate the similarities between
the original inputs [?]. Because random features are used, the authors call
the method the randomized causation coefficient. The approximation of the
empirical mean embedding with random features gives us a low dimensional
featurization of the distributions, which together with the causal direction as
label can be fed into a classifier. This method has achieved the best known
results on the Tiibingen cause-effect pairs, a popular dataset that consists of
two-variable pairs with their causal direction [25].

The method can also be extended to classify more than two variables. But
extending it from a two dimensional probability distribution to an n-dimensional
probability distribution makes the amount of DAGs we need to consider grow
super-exponentially in n. This is why [B] suggest to keep it to the basic cases
of X Y, Y - X and X 1L Y to learn causal graphs. If however, we are
dealing with latent variables then there will be constraints on the marginalized
graph that can not be discovered by looking at only two variables. If however
we are able to discern between pairs of variables being t-separated or not, we
will have an intermediate step in which we do not have to add every possible
latent configuration as label but we can still say something about the latent
variables. To make this work, we will assume that the kernel mean embedding
will carry enough information to learn the constraints that the distributions of
the variables in these sets might contain.

Previously, a Hilbert space embedding has been used to detect a hidden
confounder shared by two or more variables [26]. This method is however limited
to finding a confounder that takes on a finite range of values and in practice
shows to be only appropriate for a confounder with a small number of values.

15



2.4 Theoretical difference between classifying the
causal direction between two variables and
classifying the tetrad constraints

The idea of training a classifier on datasets featurized with the KME to learn
the causal direction between two variables is based on the idea of an asymmetry
existing between cause and effect [?]. This assumes that the cause is causally
sufficient to determine the effect and that there is independence of mechanism
and input. The last assumption states that the process that generates the values
of the cause variable (input) is independent from the process that transforms
the values of the cause into the effect (mechanism). If we for example take
the relationship between the altitude of a city and its average temperature, we
would find that higher altitudes are the cause of lower temperatures. Even if
we take a different landscape where the distribution of altitudes changes, the
function that transforms altitude into a temperature will remain the same [3].
The asymmetry exists because the function that calculates the causal value
from the effect value does depend on the distribution of the effect. So different
temperature distributions would lead us to different functions that calculate the
altitude from the temperature.

The main point of bringing this up is that classifying tetrad constraints is
not based on this theory. The idea of tetrad constraints is that every sample
dataset drawn from certain graphs will have the same vanishing points in the
covariance matrix. So this relies on the causal graph leaving a fingerprint in the
dataset that is invariant given different path coefficient. This is the case when
the data comes from a model that has linear coefficients and standard Gaussian
noise. It might be the case that t-separated sets of variables leave different
signals, even in cases of non-linear coefficients and non-Gaussian noise, which
can be detected in their distribution. If this is the case it, it would not be based
on the assumption of independence of mechanism and input since this does not
transfer to groups of variables sharing a latent parent. So just because the KME
of distributions is a useful feature when classifying the causal direction between
two variables does not mean that it is trivial that this will also be the case for
classifying tetrad constraints.
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Chapter 3

Classifying t-separation
constraints

The previous chapter gave an overview of the literature surrounding my research
topic and explained the ingredients necessary to devise a method that can help
us answer the main question of this thesis. This chapter will explain how this
method is constructed.

The outline of a method that finds the causal relations between variables is:

1. Make judgements about the causal relations between the variables in our
data.

2. Combine these judgements to form a causal graph.

In the case of constraint based methods, the judgements represent the con-
straints that are found in the data. These constraints can then be used to form a
graph. The goal of this paper is to find a new method to test for t-separation con-
straints in a given dataset. This will be done by featurizing tetrads of variables
with the kernel mean embedding, labelling them with t-separation constraints
and classifying them with a random forests classifier. The focus will thus lie on
part 1 of the program. For part 2 there are multiple existing algorithms that
use t-separation constraint to construct a graph [16] [17].

3.1 Kernel Mean Embedding as feature

There are three parameters that can be varied with the kernel mean embedding;:
which sets of variables to embed, the length of the KME vectors and the weights
used for the embedding. In [5] a sample of two variables S = (z;,v;);_, is
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encoded as v(S) = (u(Sz), u(Sy), (Szy)), where p stands for the kernel mean
embedding.

There are a few different options I considered for featurizing tetrads of
variables:

1. The kernel mean embedding of each of the four marginal distributions.
U(S) = (,U'(Szn )7 ﬂ(Syz)v N(Sys)v H(Sy4))

2. The kernel mean embedding of the joined distribution of the two pairs of
variables that are being tested on the t-separation constraint.

v(S) = (1(Sy1ys)s 1(Sysya))

3. The kernel mean embedding of the joint distribution of the tetrad.
v(S) = M(Sy1y2y3y4)

The low-dimensional random approximation of the KME of a set of ex-
amples S is computed as p ., (S) = % > es(cos((wy, 2) + bj))7,. Here m
stands for the size of each KME vector, which should be increased until no
clear improvements are made. C} is a constant based on the fourier transfor-
mation of the kernel function k and b; is drawn from the uniform distribution
UJ0, 27r]. The most important property of this function is that it approximates
the Gaussian kernel.

The weights are taken from the distribution of the fourier transformation
of the kernel, which in the case of a Gaussian kernel is N'(0,2vI). ~ is found
by using the median heuristic, a method that is for example used in finding
the bandwidth for a kernel density estimation. In other words, it adjusts the
method for the variance found in the data. It can be calculated as v = \/H/2,
where for n random variables X, we have H = Med{||X; — X,||?|1 <i < j <n}
[27]. H takes the median value of the ordered list of all differences between the
random variables in our dataset.

With the median heuristic values [0.17,~, 10|, three Gaussian kernels are
estimated and summed to form one kernel mean embedding vector u(S;). In
practice the same weights will be used for every single variable, since we can
calculate the median heuristic only once for a dataset. It is however unclear if
the training data needs to use the same weights as the test data. [27] seems
to suggest that this is not necessary since the median heuristic is calculated for
a dataset, but in the code from [5] the same weights are used for training and
testing. After doing some experiments it can be concluded that not sharing the
weights will lead to classifier scores that are no better than a random choice
algorithm. This unfortunately leaves open how to exactly calculate the median
heuristic, since it is undefined over multiple datasets. Some small experiments
have lead me to cautiously conclude that the effect of choosing a different median
heuristic does not strongly affect the results of the classifier.
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The last thing that elicits some elaboration is the use of the Gaussian kernel
function. There are at least a few other kernel functions that have the same
properties as the Gaussian kernel function [22] and can be approximated by
random fourier features [?]. There is however no general heuristic known to
choose the correct kernel function, and most literature seem to suggest iterating
through the different kernels to find the one that delivers the best results [?].
Searching for the best kernel has not been included in this paper because it
is not about finding the optimal solution to a problem, but giving a proof of
concept that it could work.

3.2 T-separation constraints as label

To learn tetrad constraints from the data, we will label each of the three ways
to split the four variables into two sets of pairs with being t-separated or not.
So if we have the variables z1, x2, x3 and x4 then we would have three ways to
divide the variables into two pairs:

T122 X T3Z4,
123 X T2Z4,
T1XTg4 X T2T3.

Each of the three sets is labeled on being t-separated or not. This can easily
be done by using the graphical criterium of t-separation [19] since we know the
underlying causal graph that generated the data.

3.3 Random Forest Classier

For the classification of t-separation constraints we need a binary classifier be-
cause each KME embedding of two pairs of variables is either labeled as t-
separated or not. Two methods suited for binary classification tasks are random
forest and support vector machines. In practice the difference in score between
these two methods is not statistically significant on many datasets [?]. Because
random forests has already worked on a similar problem it is chosen over other
binary classification methods [5].

19



Chapter 4

Experiment Setup

4.1 Goal of the experiments

The main objective of the experiments is to see how well the kernel mean em-
beddings fares against the Wishart test in classifying t-separation constraints
on tetrads of variables. This is of course a very broad question since there is an
infinite amount of settings in which we can compare the methods. To keep the
results of the experiments concise, it is necessary to break down how exactly
the comparison between methods will be made into various subgoals. The first
step is to test the Wishart test on data generated with linear path coefficients,
on which it is known to work. The second step is to test the Wishart test on
data with non-linear coefficients. To limit the amount of graphs that can be
tried, only two elementary graphs containing cases of 3 and 1 t-separation(s)
are considered. The first subgoal of the experiments will be to find a setting
in which the Wishart test works effectively and one in which it does not. This
will be done by searching for a clear decline in the results of the Wishart test
on non-linearly generated data.

Once established, these two settings can be used to test different ideas for
optimizing the KME. The second goal of the experiments is to see how well
different hyperparameters settings of the KME work and which ones should be
varied when comparing it to the Wishart test.

When the best settings for the kernel mean embedding are known, they can
be compared to the Wishart test. The third goal is to see which method works
better on pure measurement models, so we will compare them on the two basic
graphs.

Besides the two basic cases of t-separation, there are also multiple impuri-
ties that can exist in a measurement model. To see if the KME is more flexible,
it will be compared against the Wishart test on data generated by three basic
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graphs each containing one of the three impurities. So the fourth goal is to
establish which methods works better with impure measurement data.

Lastly, both methods are run on a big impure measurement model with
nonlinearly generated data and a big pure measurement model with linearly
generated data. The goal of this is to test both methods on a more realistic
example.

4.2 General setup for the experiments

For the experiments both training and test data need to be generated because
there is a general lack of datasets of which the underlying causal graph is known.
The benefit of generating data for causal discovery methods is that the causal
direction labels between variables are contained in the way we generate the
values of the variables. There are however, as far as I know, no general guidelines
in generating data, only recurring practices, on which this section is based.
The process of generating data will consist of making a SEM and splitting it
in a latent and observed part. For the training data a sparse SEM with limited
noise distributions and simple coeflicients is important because it will make the
results of the experiments more generalizable to other problems. For the test
data generation we will start with elementary SEMs that have a small amount
of nodes that cover most of the cases that we will see in SEMs with many nodes.

4.3 Generating Test data

4.3.1 Graphs

Figure 4.1: Model with three t-separations.
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Figure 4.2: Model with one t-separation.

The most simple models for generating test data are the elementary ones
that contain 3 or 1 t-separation constraints, as seen in images and re-
spectively. These two graphs will give a good indication of how well a method
would work if the given measurement model is pure.

Besides these graphs with pure measurement models, there are also three
impurities that we can introduce that are easy to model graphically. The first
one is cross construct impure. An example can be seen in[4.3] where the child X5
of one latent parent L is the parent of the child X3 of another latent parent L.
In this graph 0 t-separations occur between any two pairs of observed variables.

€1 €9 €3 €4
Figure 4.3: An example of a graph with a cross construct impurity.
The second one is intra construct impure. An example can be seen in

where the child X5 of latent variable L is also the parent of another child X3
of L. In this graph, one of the three t-separations between pairs of variables
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occurs, namely between (Xa, X3) and (X7, Xy).

Figure 4.4: An example of a graph with an intra construct impurity.

The third one is latent measure impure. An example can be seen in
where two latent parents L1 and L2 share a child X5. In this graph five of
the fifteen possible t-separations between pairs of variables occur. This is the
standard one between (X, X2) and (X3, X4) and the four variations you get
when swapping any one of these variables for X5.

Figure 4.5: An example of a graph with an latent measure impurity.

Besides these basic cases, two larger graphs are included to make the ex-
periments a bit more realistic. This is a large impure measurement model as
seen in figure [4.6] and a large pure measurement model as seen in figure [4.7]
This model consists of all the basic graphs that we have discussed thus far. We
would expect the methods to perform no worse on the large graph than its worst
sub-graph performance.
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Figure 4.6: Large impure measurement model used for generating test.

The graph from figure has five latent variables L1...L5, where L1
is the parent of all other latent variables. Each latent variable has 4 unique
observed children. Furthermore, the cross construct impurity of X13 — X9,
the intra construct impurity of X17 — X 20 and the latent construct impurities
of L3 — X8 and L4 — X12 are introduced to make the model impure.

The graph in figure contains five latent variables that each have four
children.

Figure 4.7: Large pure measurement model used for generating test data.

4.3.2 Noise and path coefficients

It is possible to mix linear and non-linear functions between variables within
one experiment, but to keep things simple the choice of function class will only
vary per experiment.

In the first setting, linear relations between latent and observed variables,
we start with calculating the values of all parentless variables (L1) by sam-
pling its values from a standard Gaussian distribution. Then the values of all
remaining latent variables are calculated by the following procedure:

1. For each parent = of a variable, the vector of effects is calculated with
equation aL,. Here a is drawn from a uniform distribution (0.5, 2).
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2. All effect vectors for a single variable are added together.
3. The vector is standardized.

4. A vector of noise is sampled from a normal Gaussian and added to effect
vector.

5. The vector is once again standardized.

In the non-linear case the process is repeated, but in step one the function
a(1—b)L,+bcLe is used. Here a is drawn from a uniform distribution ¢4(0.5, 2),
¢ from U(0.5,2) and d is a random natural number ranging from 1 till 6. The
degree of non-linearity can be varied by adjusting b, where 0 stands for a purely
linear relation. To keep the duration of the experiments manageable, b is not
varied but set to 0.1.

4.4 Training data

To generate training data we will use two simple graphs as seen in and
Also, experiments will be done by generating training data from the two simple
graphs and the three examples containing an impurity. For simplicity, I will use
the same steps and settings as the test data generating process in these graphs.

4.5 Hyperparameters

So to summarize and elaborate further on the previous parts, these are the ele-
ments that can be varied in the experiments.

Both methods will be tested on different amount of samples per variable: 50,
100, 500 and 1000.

For the random forest classifier with the KME as feature:

e The combination of variables that I will use as feature: the embedding of
the joint distribution of four variables, the embedding of the marginal dis-
tribution of four variables and the embedding of the two joint distributions
of the pairs that are being checked for t-separation.

e The amount of different training distributions generated per graph exam-
ple: 100, 500, 1000.

e The length of each KME vector: 100, 500 and 1000.

e The amount of trees in the random forests classifier: 100, 500 and 1000.

25



For the Wishart test the significance level will be varied: 0.001, 0.005, 0.01, 0.05
and 0.1.

4.6 Code

The Github repository containing the code of the experiments: https://github,
com/JesseBalster/RCC_tetrad_constraints. To perform the experiments
code was written in python [28]. For generating data the python packages
pandas [29] and numpy [30]where used. The random forests classifier is taken
from the python package scikit-learn [3I]. Visualization were made with the
packages matplotlib [32] and seaborn [33].
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Chapter 5

Experiment Results

5.1 Experiment results format

To measure how well the methods performed in the experiments, the sensitivity
and specificity are shown graphically. The sensitivity is a measure that displays
how many t-separations are correctly identified, where a score of 1 means that
there were no false negatives. The specificity measures how many cases of no
t-separation are correctly identified, where a score of 1 means that there were
no false positives. Each point on the scatter plots displayed in this chapter
represent the average of 100 experiments run with a certain hyper parameter
setting.

5.2 The Wishart test on non-linear data

Before the results of the KME are displayed, it is worthwhile to first investi-
gate how well the Wishart test fares on data generated from non-linear path
coefficients versus data generated with linear path coefficients.

Figure [5.1] shows the results of the Wishart test on the basic graph with
three t-separations and with one t-separation. Since the three t-separation case
in has no negative labels the specificity is always zero and the sensitivity
equals the accuracy. Adding more samples decreases the sensitivity, meaning
that the test is more inclined to classify pairs of variables as not t-separated.
Also, the Wishart test declines faster on non-linear data than on linear data.

In figure it can be seen that in the linear case the Wishart test is able
to correctly classify the one existing t-separation and with increasing sample
sizes it is able to correctly classify all three labels of the graph. In the non-linear
case the specificity improves with sample size, but the specificity worsens. It can
also be seen that increasing the significance level does not lead to a better/worse

27



Sample size 50 Sample size 100 Sample size 50 Sample size 100
1.0 % B 1.0 & ex o . -

sig_level = sig_level sig_level sig_level
08 . 0001 . « 0001 08 « 0001 o
o e 0005 s 0.005 o s 0.005 o 0.005
o6 s 001 s 001 € o6 + 001 . 001
=} . 005 . 005 =] « 005 e 0os
£ 04 01 01 2 04 01 01
t% linearity linearity k% linearity linearity
0.2 o False s False 0.2 + False . False
« Tue x True x  Tiue . The
0.0 0.0
Sample size 500 Sample size 1000 Sample size 500 Sample size 1000
10% sig_level E sig_level 1D sig_level LX'S . x> sig_level LIS
0.8 é 0 Tem s BN CUE 08 ¢ 0001 + 0001
> 0 e - ¢ 0 O > * 0005 > ¢ 0005
S 06 =001 = e 001 So6 e 001 g+ 001
= . 005 = « 005 = 0.05 S . o005
] n n a
c 0.4 0.1 = 01 c 0.4 0.1 = 0.1
n% linearity (% linearity (% linearity | 3 linearity
0.2 e False e False 02 ., False e False
= True L] True M True - True
0.0 0.0
0.00 025 050 075 100 000 025 050 075 100 000 025 050 075 100 000 025 050 075 100
Specificity Specificity Specificity Specificity
(a) The Wishart test results on the ba- (b) The Wishart test results on the ba-
sic graph with three t-separations. sic graph with one t-separation.

Figure 5.1: The sensitivity and specificity of the Wishart test with different
significance levels used on linearly and non-linearly generated data.

score, but to a trade-off in sensitivity and specificity.

Although the test is more robust than expected on non-linear data, the
linearity or non-linearity of path coefficients still has an undeniable effect on
the results.

5.3 KME hyperparameter results

# samples | # distributions | # weights | # trees
Sensitivity | 0.242 0.026 0.0079 0.0023
Specificity | 0.071 0.018 0.0091 0.0006

Table 5.1: The correlation coefficients between the sensitivity and specificity
and the hyperparameters of the KME.

Before discussing the results of the KME in comparison to the Wishart
test, it is worthwhile to see how much the different hyperparameter influence
the KME in general. All combinations of setting each hyperparamter to 100, 500
and 1000 were tried, except for the amount of samples, which was also set to 50.
In table the correlation coefficients display the effect of the hyperparameters
on the sensitivity and specificity of the experiments. It can be seen that the
greatest effect is achieved by increasing the amount of samples. The amount of
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distributions has a smaller effect. The amount of weights and trees have very
little impact on the sensitivity and specificity.
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Figure 5.2: The sensitivity and specificity of the different experiments done with
the KME.

The same effects can be seen in figure [5.2] where the sample size results in
the experiments being clearly grouped, and the amount of distributions explains
most of the variance within a group. This is also in accordance with [5]. There
it is stated that the weight vectors need to be a certain size to contain all infor-
mation about the distribution, but beyond this size there are no improvements.
Random forest classifiers are also known to increase accuracy with the amount
of trees until a certain threshold, at which point the gains come to a halt [?]. It
is thus clear that setting the amount of trees and the size of the weights at 500
each will give a good enough indication of how well the KME works. A final
note is that in these experiments non-linear path coefficients were used, but the
same results occured when using linear path coefficients.

A second question regarding the KME is how training data sampled from
graphs containing an impurity will affect the results. For this experiment non-
linearly generated data was used, the amount of weights and tree size were set
to 500 and the amount of distributions was varied between 100, 500 and 1000.
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In figure the KME is trained on data sampled from the two basic graphs
and data sampled from the two basic graphs plus the three impure graphs.
As seen in [5.3a] sampling impure training data worsens the results on the two
basic graphs, especially on the graph with three t-separations. It does however
improve all instances of the graphs containing an impurity, as seen in figure
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Figure 5.3: The sensitivity and specificity of the KME test used on non-linearly

generate data, where the three points per class each represent the average of

100 experiments with a different distribution size.

The last experiment with the KME will be to see how different embeddings
affect the results, as seen in table Each row of the table represents a
different KME embedding, as discussed in section [3.1} The data is generated
with non-linear functions and the classifier is trained on a mix of pure and
impure graph examples. The extreme results of the marginal embedding can be
explained by it almost always deciding on no t-separation. The embedding of
the two pairs is however fairly close to the embedding of the joint distribution.
On the 3 t-separation case it is even better, but this can be explained by it
having a higher false positive rate on any other problem. So the embedding of
the joint distribution gives the overall best results. This is also the embedding
the encodes the most information and needs to be calculated uniquely for every
tetrad. From now on all experiments will use the joint embedding as feature for
the classifier.
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1 t-separation | 3 t-separations | cross construct impure | intra construct impure | latent measure impure
Joint 95.4% 60.3% 80.2% 89% 87.96%
Marginal | 66.2% 3% 97.8% 65.8% 66.5%
Pairs 89.1% 74.8% 76.6% 59.2% 83%

Table 5.2: The accuracy of different KME embeddings.

5.4 Comparing the KME with the Wishart test

For this section the amount of trees in the random forest and the size of the
KME weights will each be set to 500 and the training data will be sampled from
both pure and impure graph examples. The points on the graph represent the
amount of distributions set at 100, 500 or 1000 for the KME and the significance
level set to 0.001, 0.005, 0.01, 0.05 or 0.1 for the Wishart test.

5.4.1 The two basic graphs

Sample size 50

- N 2
* %
x

Sample size 100
L] L]

Sample size 50

Sample size 100
10 % © . o o

g0

0.8
test

o Wishart

%

test
o Wishart

o
&
0%

test graph
o Wishart o 1
o KME . 3

% graph test

4 o 1 e Wishart
x 3 o KME

graph graph

¢ 1 o 1

x 3 . 3

Sensitivity
o
=

Sensitivity
x

o
N

o
o

Sample size 1000

w‘!
.

Sample size 500 Sample size 1000 Sample size 500

ee LT )
°

oxg
X0

o
®

XX X

XX 30

°
S

test.

e Wishart
* KME
graph

test
e Wishart

test

e Wishart
o KME o KME o KME
graph graph graph

o 1 o 1 o 1 o 1
* 3 * 3 = 3 * 3

0.0

test.
o Wishart

Sensitivity
Sensitivity
Sensitivity
Sensitivity

°
S

02

0.0

0.0 02 04 06

Specificity

0.8 00 02 04 06 08 10

Specificity

0.2 08 10 00 02 04 06 0.8 10

Specificity

0.4 0.6
Specificity

(b) Graph comparing the Wishart vs
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Figure 5.4: The sensitivity and specificity of the Wishart tested versus the KME
on data sampled from the basic graph with one t-separation and with three t-
separations. Each point represents the average of 100 runs with either a different
distribution size for the KME or a different significance level for the Wishart
test.

The results of the KME versus the Wishart test run on data sampled from
the two graphs containing one and three t-separations can be seen in figure [5.4
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The linear case in figure shows that for low sample sizes the Wishart test
is superior in the three t-separation case, while the KME is superior in the 1 t-
separation case. When the sample size increases, both methods get comparable

results.

For the nonlinear case in figure [5.4b| we see about the same results for the
three t-separation graph, except for the Wishart test performing worse on lower
sample sizes. The KME test has a good performance on the 1 t-separation graph
with low sample size, and a nearly perfect performance with higher sample size.
It seems that the Wishart test improves to a certain point, at which it trades
in specificity for sensitivity when changing the significance level.

5.4.2 The three impure graphs
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Figure 5.5: The sensitivity and specificity of the Wishart tested versus the KME
on data sampled the three impure graphs. Each point represents the average
of 100 runs with either a different distribution size for the KME or a different

significance level for the Wishart test.

Results of the KME and Wishart test on the three graphs each containing a
different impurity can be seen in figure[5.5] For the KME training data sampled
from the two pure graph examples and three impure graph examples was used.
In both the linear and non-linear case the KME has a clear advantage on the
data sampled from the cross construct impure graph example. In the linear
case, both methods have different advantages on the intra measure and latent
construct impure graph examples at low sample sizes and become similar as the
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sample size increases. In the non-linear case the KME has a clear advantage on
every graph example at larger sample sizes.

5.4.3 The impure measurement model

Up until this point, the KME has been tested on data that has been sampled
from the same graphs as from which the training data has been sampled. This
is a simplification since normally we could not know the exact causal structures
that underlies the test data. The real challenge lies in generalizing the con-
straints seen in simple graph examples to bigger and more realistic graphs. In
figure [5.6] an experiment on data sampled from a larger impure measurement
model, as seen in figure[£.6] with non-linear coefficients can be seen. For this the
KME was trained on data sampled from the pure and impure graph examples
and each point represent the average of 10 runs.
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Figure 5.6: The sensitivity and specificity of the KME and Wishart test on
an impure measurement model with nonlinearly generated data. Each point
represents the average of 10 runs with either a different distribution size for the
KME or a different significance level for the Wishart test.

Both methods seem to lie on the same frontier of the sensitivity and specifity
tradeoff. In this model there were 7987 instances of no t-separation and 6547
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instances of t-separation. The best accuracy of the classifier was on 1000 samples
per variable and 1000 training distributions per graph example: 68.25% with a
standard deviation of 2%. The best accuracy of the Wishart test was with a
1000 samples per variable and a significance level of 0.1: 69.92% with a standard
deviation of 6%.

The methods lie very close, although the classifier is more stable in its
results.

5.4.4 The pure measurement model

To give the results on the impure measurement model a bit more context the
results on the pure measurement model (from figure displayed in figure
will also be discussed. The tests were done on linearly generated data, which
makes this a problem on which the Wishart test should get its best results. The
KME was only trained on the two pure graph examples. Each point represents
the average of 10 runs. Similar to the impure measurement model, it seems that
the KME is stuck at a certain threshold. The Wishart test however improves
to an almost perfect score with a high sample size.
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Figure 5.7: The sensitivity and specificity of the KME and Wishart test on an
pure measurement model with linearly generated data. Each point represents
the average of 10 runs with either a different distribution size for the KME or
a different significance level for the Wishart test.
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Chapter 6

Discussion

6.1 Conclusions from the experiments

The experiments have shown that the Wishart test is fairly robust when tested
on non-linearly generated data, although its results do degrade. The KME
based classifier is able to get similar results to the Wishart test when the test and
training data share the same underlying graphical structure and data generating
process. In this case, given two pairs of variables, the classifier is often able to
correctly decide if the pairs are t-separated or not. The results also remain fairly
stable when testing the classifier on training examples sampled from graphs
containing an impurity. This is an advantage over the Wishart test, that has
a worse performance on impure graphs and especially those with non-linear
functions between variables. The results mean that in theory the KME should
be a satisfactory feature for discerning the cases we can encounter in an impure
measurement model, assuming that the faithfulness and Markov assumptions
necessary for causal discovery hold and the variables are connected by a limited
set of non-linear functions.

However, when we sample the training data from a different graph as the
test data, the results clearly degrade. So there is a gap in what the classifier
learns from the data sampled from basic graph examples and what the classifier
understands about the data sampled from more complex graphs. This gap can
also be observed in the results of the pure measurement model with linearly
generated data. It is likely that this gap exists because the KME does not
generalize well to graphs in which different kinds of distributions can occur.
The difficulty with larger graphs is that the distributions that are created by
larger hierarchies are non existent in the simple examples. This would also
explain why increasing the amount of samples per variable and the amount
of distributions per training graph barely increase the accuracy. It is not the
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case that the classifier should train on more of the same distributions that
already occur in the training data, but it should learn on different distributions
altogether. The creation of unseen distributions by large hierarchies might also
be amplified by non-linear functions, since these allow for the creation of wider
variety of distributions.

This problem could be prevented by sampling the latent variables from
more complex distributions, so that they could model any kind of structure
that causes them. Some options for and problems with doing this are discussed
in the next section.

6.2 Generating training data that is similar to
the test data

Besides what was mentioned in the previous chapter, another problem of using
the kernel mean embedding as a feature is that it relies on a large bag of sample
sets to train the classifier. It could be the case that the amount of labeled
training data is sparse or that there is none at all. In these cases it would be
required to first generate training data with similar distributions as the test
data before the classifier can be trained. As mentioned earlier, if the functions
that generate the data are to general, they can model any distribution and it
would not be possible to discern between the different underlying causal graphs.

In [5] data samples S; = {(zij,yij)7—,} are generated. The values of x
are decided by sampling from a Gaussian mixture model. To calculate y, a
spline f(z) is fitted on the values of = as a mapping mechanism. Then, random
Gaussian noise n is added to the results of the mapping function y = f(z) + n.
Finally, each of these samples is labelled with the causal direction between the
variables. The data generating process contains many hyperparameters such as
how many elements to include in the spline, the amount of variables to pick from
the mixture model and the variances of the sampling distributions. To decide
which of these parameters to choose, a grid search is done where the paramters
are found that generate data closest in distance to the test data. To measure

the distance, the authors use the following formula:
~ 2
argminz min H’U(Si) —v(5;) ‘ (6.1)
o

i<j<N

2

Here 6 represents the hyperparameter settings, v(.S;) represents the kernel
mean embedding of a test samples set and U(S'j) the KME of a generated sam-
ple set. The function finds the generated sample sets with the overall closest
distance to the test data sets.

Applying this approach to the latent variable case, it is likely that the

Gaussian mixture is able to model the possible complex hierarchy that lies

37



behind the latent variable. A problem with this function lies in the size of
the search space when not much is known of the process that generated the
test data. When increasing the amount of variables whose values need to be
calculated with this process, the amount of combinations we need to try grows
exponentially.

Similar work has been done to find conditional independences with a mimic
and classify approach [34]. In short this entails that the test data is split into
two, of which one part is used as a target for a mimicking algorithm. The
mimicked data is then added together with the second part and a classifier is
trained to separate these two sets. If it fails, then we know that the model that
the mimicking algorithm used is the correct one. This framework might have
interesting aspects that can be used to classify tetrad constraints. There are
however some additional challenges when applying this to tetrad constraints,
such as which models to choose as representative for the constraints.

6.3 Kernel methods versus statistical tests

Besides the difference in results of the Wishart test and Kernel mean embedding,
it is also interesting to look at the difference in how they can be applied. The
process of using a classifier as test is different from using a statistical test such
as the Wishart test. For a statistical test it is necessary to have an idea about
the distribution of a signal to know how likely it is that we should see it attain
a certain value. Using a classifier with the KME as feature requires that the
sampled training data is close enough to the test data and that what we are
testing for is discernable from a distribution. This opens up the door for a more
experimental approach to finding constraints in de data, but it does always leave
the chance that better parameter optimization would have lead to the envisioned
results.

The Wishart test is used both confirmatory [35] as well as exploratory
[I7]. Exploratory analysis entails that the observed data is tested for tetrad
constraints, after which the found constraints are used to infer a class of graphs
that adhere to them. It is yet to be seen if the KME can work like this since
the experiments have shown that if the true graph differs from the training
examples, the results degrade steeply. Confirmatory is when one has a certain
graph structure in mind and compares that vanishing tetrad constraints of that
graph with those in the observed data to see if it is a good fit. This could in
theory work since you can train the KME based classifer on training data from
the hypothetical graph.
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6.4 Future research

1. The most important next step is to figure out why the score of a KME
based classifier degrades on bigger graphs. A direction of further research
would be to see if adding a few more graph examples as training data
generators improves the results. Alternatively, one could search for the
training data that lies as close as possible to the test data. For this
the mimic and classify approach discussed in the previous section is an
interesting line of research to find methods that allow us to mimic the test
data.

2. In this thesis experimentation has been done with multiple KME embed-
dings. There is however a lot more possible such as adding and multi-
plying vectors. Would it for example work to embed the distribution of
four variables separately and add them together to get the same effect
as embedding the four variables together? If so, this would save a lot of
computational steps.

3. Although the random forest classifier is a powerful method, it might be
interesting to train a neural network on the KME. When done properly,
this might be able to capture more complex patterns that emerge between
the KME’s of distributions.

4. A thing that is hard to decide is the ratio of noise versus incoming values.
In my setup the values of a variable’s parents are first normalized before
the noise is added, making it an influential part of the variable’s value. It
could be interesting to investigate how different ratios would change the
results.

5. Another problem with doing research into measurement models is that
there is a lack of datasets where the causal structure is known. To further
the field of causal discovery more datasets of which the causal graph is
known need to be published so methods can be compared on clear bench-
marks.

6. Lastly, the problem of doing causal discovery without the assumption of
causal sufficiency and with the presence of non-linear continuous functions
between variables is barely discussed in the literature. Work has been done
on finding a confounder between two variables in this case, but methods of
finding more complex latent structures are never mentioned in overview
papers or books about causal discovery [3] [7]. It is however my belief
that focussing on signals that might exist in the distributions of multiple
observed variables can yield results that can not be obtained by the two
variable case.
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Chapter 7
Conclusion

In this thesis it has been attempted to solve two intertwined problems. On the
one hand we tried the extend the idea of tetrad constraints to multiple indicator
models with non-linear functions. On the other hand, we tried to apply the ideas
of the randomized causation coefficient on latent variable discovery. To do this
we trained a binary classifier on the KME of distributions to judge the existence
of a t-separation constraint between two pairs of variables.

Experiments have shown that in the case that test and training data share
the underlying graphical structures and data generating process the classifier
is able to discern between cases of t-separation just as good or better as the
Wishart test. This sparks hope that the KME of distributions contains enough
information to recognize t-separation constraints in the underlying graph and
can even go beyond by recognizing constraints in non-linearly generated data.
Unfortunately, the results degrade when using the classifier on more realistic
graphs with an increased amount of variables and larger hierarchies. The most
likely cause of this is that the larger graphs contain distributions that do not
occur in the more simple graphs used for sampling training data. Further re-
search is needed to see how the training data can capture a wider variety of
distributions without the search space growing too big.
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