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Abstract

Model order reduction aims to reduce the order of high-order dynamical systems while preserving most
of their input-output behaviour. In this thesis, we will give a short introduction to model order reduction
and examine two methods in detail that are considered truncation techniques, balanced truncation and
modal truncation. We will discuss some of their properties and apply these methods to a real-life scenario
by trying to reduce the order of several digital audio filters. These filters are models that process a digital
audio signal to generate varying sounds. Next, we will compare the results of different reductions in
terms of a computable error bound on the approximations. We will see that for our specific type of filter,
balanced truncation seems to be able to provide the best reductions, where we can sometimes find an
accurate approximation with an order reduced by more than 50%.
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1 INTRODUCTION 1

1 Introduction

In computational science, many phenomena can be modelled using dynamical systems that may contain a
very large of amount of variables or equations. These systems are models of a high order and therefore
require a lot of computation to study their behaviour. A common example is a circuit model of a particular
electrical circuit that might consist of a very large number of elements. This circuit can be modeled using a
large amount of equations, creating a system of a very high order. This could easily be a system of ∼ 105

equations. Calculations become very costly, and so it would be useful to approximate this model with a
model of a much lower order.

The aim of model order reduction (MOR) is to approximate a certain high-order model by replacing it with
a model of a lower order, trying to assure that the reduced-order model produces an output that is similar to
the output of the original system under the same input. This allows the behaviour of models to be studied
more effectively, while preserving a reliable outcome. Model order reduction often tries to capture certain
essential properties of a system in an automatic way. Two main categories of methods are projection tech-
niques and truncation techniques, and there exist methods that combine methods from these categories or
fall outside of these categories.

The two truncation techniques that will be discussed in this thesis are balanced truncation and modal trunca-
tion. Balanced truncation was published by Moore[1] in 1981 and was developed in the field of systems and
control theory. In 1984, Glover[2] published the method of Hankel-norm reduction, belonging to the same
category of techniques. These methods are based on the idea that the largest singular values of a system are
important to the output of a system. Modal truncation differs from these, and produces an approximation
by using the dominant modes of a system in the reduced model.

In the category of projection techniques fall methods that usually project the model to a certain space of a
lower dimension. One of the first methods was Asymptotic Waveform Evaluation. There exist also several
Krylov-subspace methods and another method is the Proper Orthogonal Decomposition method. These are
not discussed in this thesis, but they are summarized in [3] and [4]. There exist many MOR approaches, of
which some have a more general use and others are useful for rather specific cases.

We will go more in-depth on the truncation techniques and we will apply them to several digital audio filters.
Digital audio filters used in audio production and design are often represented as a dynamical system. This
application often requires fast computation of the effect of a filter on a certain input and therefore it is a
subject that might benefit greatly from reducing the order of these filters.

The aim of this thesis is to give an introduction to model order reduction by discussing two basic truncation
techniques in detail and applying them to real-world examples to show what potential reductions of the
model order are possible. In this section we have given a very short introduction to the field of model order
reduction. In section 2, we cover some basic concepts and representations of models used in MOR and we
present the theory of the two MOR methods in detail. We also discuss these methods in terms of stability
and error bounds and we list some methods that improve or alterate the based truncation techniques. In
section 3, we examine the set-up of the experiments and some theory necessary to put the MOR techniques
in practice. We present the results of the experiments in section 4 and compare them, and we conclude in
section 5.
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2 Model order reduction

This section will cover the necessary theory to put truncation MOR techniques in practice. In the first part,
we will look at some representations of models which will be used to apply the techniques. In the second
part, we will describe the process of balanced truncation and we will do the same for modal truncation in
the third part. Finally, we will discuss these methods in terms of stability, error analysis and computational
obstacles.

2.1 Model representations

In this section we will look at different representations for the models that will represent an audio filter in
section 3. These representations allow for different types of reduction that can be applied. We will also see
how MOR transforms these system in the general case. The first three parts are based on [4] and [5].

2.1.1 State-space models

Many models in computational science are described by a system of ordinary differential equations in the
time domain. Let f : Rn×Rm → Rn and g : Rn×Rm → Rp be two functions, then such a dynamical system
is typically of the form

ẋ(t) = f(x(t),u(t)),

y(t) = g(x(t),u(t)).

In this system, u ∈ Rm is the input, y ∈ Rp the output and x ∈ Rn is a state vector. We often assume
the initial conditions where u(0) = 0, x(0) = 0 and therefore y(0) = 0. This formulation of a dynamical
system is called a state-space representation. In a state-space representation, the output depends on the state
variables of which the values change through time, dependent on the values they have at a certain point in
time and the value of the input. It is a very convenient formulation when we have a model that is described
by a high-order differential equation, as this form allows us to replace that model with a system of first-order
differential equations [6]. When f and g are linear functions, this system is written in a more simple way
using matrices as

ẋ(t) = Ax(t) + Bu(t), (2.1a)

y(t) = CTx(t) + Du(t). (2.1b)

Here A ∈ Rn×n is often called the state matrix, which must be invertible for the equation to have a unique
solution. Matrices B ∈ Rn×m,C ∈ Rn×p and D ∈ Rp×m are respectively the input, output and feedthrough
matrix. This feedthrough matrix is the zero matrix when there is no direct feedthrough of the input in the
system. All matrices can be time-dependent, in which case the model is called a time-varying system, or
time-independent, in which case we speak of a time-invariant system. The systems under considerations will
all be linear time-invariant systems (LTI), so the formulation of (2.1) will be used. If m > 1 and p > 1, system
(2.1) is a multi-input, multi-output (MIMO) system. When m = p = 1, the system is termed single-input,
single-output (SISO) and it is formulated as

ẋ(t) = Ax(t) + bu(t), (2.2a)

y(t) = cTx(t) + du(t). (2.2b)

Here we use vectors b, c ∈ Rn and values d, u, y ∈ R.

The stability of a system is determined by matrix A. This property assures that the output signal of the
system is bounded in the time domain. We call a system and the corresponding matrix A stable if its
eigenvalues λi have non-positive real parts and if all λi are simple, for which Re(λi) = 0, giving us the
following definition
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Definition 2.1.1. A linear time-invariant state-space system formulated as (2.1) is termed stable if and only
if for all eigenvalues λi of A
(a) Re(λi) ≤ 0
(b) if Re(λi) = 0 then λi 6= λj for all j with j 6= i

If a certain system is stable, we would like this property to be preserved during order reduction.

2.1.2 Similarity transformation

We often want to do a linear change of coordinates of the state vector x. This is done using a similarity
transformation on the state-space system. Let the matrix T represent the one-to-one linear transformation,
then applying it to the state vector gives

x = Tx̃ and x̃ = T−1x,

as the inverse of a one-to-one linear transformation always exists. By substituting x = Tx̃ in system (2.1),
we obtain the system

T˙̃x(t) = ATx̃(t) + Bu(t),

y(t) = CTTx̃(t) + Du(t).

Now left-multiply the first equation with T−1, resulting in

˙̃x(t) = T−1ATx̃(t) + T−1Bu(t),

y(t) = CTTx̃(t) + Du(t).

This means we can always perform a similarity transformation on a state-space system by making the following
substitutions in (2.1)

ẋ(t) = Ãx(t) + B̃u(t), (2.3a)

y(t) = C̃Tx(t) + D̃u(t), (2.3b)

where
Ã = T−1AT,

B̃ = T−1B,

C̃T = CTT,

D̃ = D.

A very convenient feature of the similarity transformation is the preservation of stability, because the eigen-
values of A are eigenvalues of Ã as well, which can be shown directly.

Theorem 2.1.2. If the stable LTI state-space system (2.1) is transformed to system (2.3), using a linear
transformation T, the resulting system is also stable.

Proof. Let v be an eigenvector of A, λ its corresponding eigenvalue and ṽ = T−1v the transformed eigen-
vector. Then we find

Ãṽ = (T−1AT)(T−1v) = T−1Av = T−1λv = λṽ.

Therefore, an eigenvalue of Ã is an eigenvalue of A as well, and system (2.3) is stable by definition (2.1.1).
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2.1.3 General order reduction

The dimension n of state variable x characterizes the complexity of the system and therefore n is considered
the order of the model. The objective of model order reduction (MOR) is to replace the problem with one of
a reduced order r that produces a similar output to the output of the original system under the same input.
There exist various measures for a certain output being similar to the original output. These measures are
often the basis for a particular reduction method. For a linear time-invariant system, order reduction comes
down to reducing the matrix A to Â ∈ Rr×r, which means the matrices B and C are reduced to B̂ ∈ Rr×m
and Ĉ ∈ Rr×p. This will result in the following system

˙̃x(t) = Âx̃(t) + B̂u(t), (2.4a)

ỹ(t) = ĈT x̃(t) + Du(t), (2.4b)

with state variable x̃ ∈ Rr and output ỹ ∈ Rp.

2.1.4 Transfer function

It is often useful to analyse a dynamical system by transforming it to the frequency domain from the time
domain. In this section and the next, we look at a representation of a model in the frequency domain using
a transfer function, as described by Antoulas [3]. Using the well-known Laplace transform, a system of
differential equations can be transformed into algebraic equations. This (unilateral) Laplace transform is
defined as

F (s) =

∫ ∞
0

f(t)e−stdt,

where a real function f(t), t ≥ 0, is transformed to the complex-valued function F (s), where s = σ + ωi
is the frequency parameter. Values of s where σ = 0 and ω ≥ 0 are referred to as the angular frequency or
radian frequency, which will represent our input signals in the frequency domain.

The linearity of the Laplace transform is easily shown, so when applied to the state-space model (2.1) the
result is the following representation in the frequency domain:

sX(s) = AX(s) + BU(s), (2.5a)

Y(s) = CTX(s) + DU(s). (2.5b)

The state x(t), input u(t) and output y(t) are transformed to vectors X(s),U(s) and Y(s) respectively,
with dimensions equal to the original vector. Here, we assume the zero-conditions x(0) = 0, u(0) = 0 and
y(0) = 0. Note that this is a system of purely algebraic equations, where the state variable X(s) can be
eliminated to acquire the relation

Y(s) = (CT (sIn −A)−1B + D)U(s),

which is possible since A was an invertible matrix. We now define a matrix-valued transfer function H(s) ∈
Cp×m as

H(s) = CT (sIn −A)−1B + D. (2.6)

This transfer function describes a direct relation between the input and output of the system in the frequency
domain, which means the complete behaviour of the system can be analysed from this transfer function.
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2.1.5 Pole-residue representation

We would like to expand the transfer function (2.6) as

H(s) =

n∑
i=1

Ri
s− pi

+ D.

Here pi ∈ C is called a pole and Ri ∈ C its corresponding residue. To achieve this representation, we will
look only at SISO systems, so we examine the scalar H(s) ∈ C. An extension to MIMO systems is given in
[7]. To produce the pole-residue form, the eigenvalues λi ∈ C, i = 1, ..., n, of A are needed. Each eigenvalue
has a corresponding right and left eigenvector, vi ∈ Cn and wi ∈ Cn respectively.
We assume that A is a non-defective matrix and therefore the right and left eigenvectors can be scaled using
factor φ so that (φ̄w∗i )(φvi) = 1, given that φ2(w∗i vi) = 1. Here, φ̄ denotes the complex conjugate of φ
and w∗i the conjugate transpose of wi. It can also be shown that left and right eigenvectors of different
eigenvalues are orthogonal, so w∗i vi = 0, i 6= j. Let V and W have the right and left eigenvectors as columns,
and W∗AV = Λ = diag(λ1, ..., λn). It follows that W∗V = In. By doing a similarity transformation by
setting x = Vx̃, we find the transformed system

˙̃x(t) = Λx̃(t) + W∗bu(t), (2.7a)

ỹ(t) = cTVx̃(t) + du(t). (2.7b)

The transfer function of this system is clearly

H(s) = cTV(sIn −Λ)−1W∗b + d. (2.8)

By doing the matrix multiplications, it can easily be shown that this transfer function is

H(s) =

n∑
i=1

Ri
s− λi

+ d, (2.9)

where Ri = (cTvi)(w
∗
i b). This is exactly the formulation we were looking for and it will be the basis for the

modal truncation method.
Since the eigenvalues λi of A are the poles of the transfer function, we can also formulate the stability of a
state-space model in terms of the poles of its transfer function.

Definition 2.1.3. A linear time-invariant system with transfer function (2.9) is termed stable if and only if
for all poles λi
(a) Re(λi) ≤ 0
(b) if Re(λi) = 0 then λi 6= λj for all j with j 6= i

2.2 Balanced Truncation

Balanced truncation or Truncated Balanced Realization (TBR) was first introduced by Moore[1]. This section
will describe the process of balanced truncation as described in [3]. The method consists of a balancing part
and then a truncation part. We are going to assume the state-space matrix A is stable. The first step is to
find a balancing transformation. For this goal we need two concepts from control theory, the controllability
and observability Gramian. We define a Gramian matrix in the following way [8].

Definition 2.2.1. A Gramian or Gram matrix G is defined as a Hermitian matrix of inner products of a set
of vectors v1, ..., vn in an inner product space V where G = [〈vi, vj〉]ni,j=1.

We need the following theorem.
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Theorem 2.2.2. ([8], 7.2.10) Let v1, ..., vm be vectors in an inner product space V with innerproduct 〈·, ·〉,
and let G = [〈vj , vi〉]mi,j=1 ∈Mm. Then
(a) G is Hermitian and positive semidefinite
(b) G is positive definite if and only if the vectors v1, ..., vm are linearly independent
(c) rank(G) = dimspan{v1, ..., vm}

Because of definition (2.2.1) and theorem (2.2.2), we can conclude that the controllability and observability
Gramians are positive definite.
Given a linear system like (2.1), the finite and infinite controllability Gramian are defined as

Wc(K) =

K∫
0

eAtBBT eA
T tdt, Wc =

∞∫
0

eAtBBT eA
T tdt, (2.10)

and the finite and infinite observability Gramian as,

Wo(K) =

K∫
0

eA
T tCTCeAtdt, Wo =

∞∫
0

eA
T tCTCeAtdt. (2.11)

We use the exponential of a matrix here, described by the following power series [9]

eA =

∞∑
m=0

Am

m!
.

The infinite Gramians are the solutions to the following Lyapunov matrix equations

AWc + WcA
T = −BBT , (2.12a)

ATWo + WoA = −CTC. (2.12b)

Using that A is stable and therefore has eigenvalues λi, i = 1, 2, ..., n with negative real parts, we can
diagonalize matrix A and determine the exponential by

eA = W∗eΛV,

where Λ = diag(λ1, ..., λn) and where W∗ denotes the conjugate transpose of W. Now, eΛ = diag(eλ1 , ..., eλn),
so if t → ∞, we find that eΛt = 0n,n and therefore eAt = 0n,n [9]. We can now show quite easily that the
controllability Gramian is the solution to Lyapunov equation (2.12a) by doing

AWc + WcA
T =

∞∫
0

AeAtBBTeA
Ttdt+

∞∫
0

eAtBBTeA
TtAT dt =

∞∫
0

d

dt
(eAtBBTeA

Tt)dt = 0−BBT = −BBT.

This is done in a similar way for the observability Gramian. The goal is to find a basis transformation that
introduces new coordinates x̃ where x = T0

−1x̃. Here, the matrix T0 is the representation of the basis
transformation. The two Gramians are transformed to

W̃c = T0WoTT
0 and W̃o = T−1

0 WoT−T
0 .

We need to make the transformed Gramians satisfy

W̃c = W̃o = Σ = diag(σ1, ..., σn).
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Here, σ1, ..., σn are called the Hankel Singular Values (HSV), defined as

σi =
√
λk〈Wc,Wo〉, i ∈ [1, ..., n],

the positive square roots of the eigenvalues of the inner product of the Gramians. If finding the balancing
transformation T0 succeeds and T0 is applied to the system then the new system is called balanced.

The Gramians were positive definite matrices and therefore we can perform Cholesky factorisations to obtain
upper triangular U and lower triangular L so that Wc = UUT and Wo = LLT [8]. These matrices are real if
A,B,C are real. By doing a singular value decomposition on the matrix UTL, we obtain the Hankel singular
values, following [10]. The singular value decomposition gives us

UTL = ZΣY ∗.

The matrix Σ contains all Hankel singular values on its diagonal and we can now construct the balancing
transformation T0 by calculating

T0 = UZΣ−
1
2 ,

and
T0
−1 = Σ−

1
2 Y∗LT .

So we have found a balancing transformation T0. This transformation is applied to the linear system (2.1),
resulting in the balanced system

ẋ(t) = Ãx(t) + B̃u(t)

y(t) = C̃
T
x(t) + Du(t)

. (2.13)

We now partition the matrix of Hankel singular values Σ so that

Σ =

(
Σ1 0
0 Σ2

)
.

As the dimensions of Σ1 will be the order of the reduced system, we can choose the dimensions of Σ1 and
Σ2 to fit the desired order of the reduction. If the dimension of Σ1 is r × r, the following matrices can be
partitioned similarly:

Ã =

(
A11 A12

A21 A22

)
,

B̃ =

(
B1

B2

)
,

C̃ =

(
C1

C2

)
.

A reduced system can now be constructed using matrices A11,B1 and C1:

ẋ(t) = A11x(t) + B1u(t),

y(t) = C
T
1x(t) + Du(t).

(2.14)

2.3 Modal Truncation

The general idea of modal truncation is approximate a dynamical system by its dominant modes [7]. We will
look at SISO systems, in [7] this method is extended to MIMO systems. We can obtain a reduced order model
called the modal equivalent by projecting the state-space on a subspace spanned by the dominant modes.
These dominant modes are certain eigenvectors and eigenvalues of state matrix A. In practice, the objective
of modal truncation is to replace the model with order n by a reduced model of order r < n by replacing
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the transfer function H in pole-residue notation, as defined in section 2.1.5, with a transfer function H1 of r
terms. This transfer function is therefore characterized as

H1 =

r∑
i=1

Ri
s− λi

+ d, (2.15)

with λi and Ri defined analogously to the original transfer function.
We need to make a selection of terms of the original transfer function that are used in the reduced function, so
we need to choose a set of pairs (λi, Ri) of poles and residues. This can be done in different ways, one of which

is based on the dominance of the pole, measured by |Ri|
|Re(λi)| , as given by Rommes [7]. We choose the set of

pairs with the largest dominance and produce a transfer function like (2.15). To find the corresponding state-
space representation of the reduced system, a similarity transform with matrices V,W has to be performed
in the following way:

Ã = W
∗
AV,

b̃ = W
∗
b,

c̃ = cV.

Matrix V ∈ Cn×r has the corresponding r right eigenvectors of the used eigenvalues and poles λi as its
columns and matrix W ∈ Cn×r has the r left eigenvectors as its columns. We have now found a reduced
system of the form (2.4). A notable advantage is that the poles of the reduced system were also poles of the
original system.

2.4 Properties of the truncation methods

2.4.1 Stability

Both truncation methods have the useful property of preserving stability of the system. Balanced truncation
requires the stability of the original system so that the Gramians are well defined. During the balancing
transformation, the stability of the system is preserved because of theorem (2.1.2). Truncating the matrix Ã

to Ã11 guarantees the stability of the latter matrix, which is shown by Moore[1].
Applying modal truncation naturally preserves stability, as poles of the reduced transfer function were also
poles of the original transfer function and therefore they adhere to the stability requirement in definition
(2.1.3).

2.4.2 Error bound

A great advantage to both truncation methods is that they allow the computation of a particular error
bound. When applying either form of MOR, one can use this information to select an appropriate reduction
in terms of the possible size of the error in the approximation. It also allows us in this thesis to com-
pare the results of these methods in the context of this error bound. The error bound is described using
the H∞-norm, defined as ‖H‖H∞ := supω∈R‖H(iω)‖2, where the ‖.‖2-norm is the matrix spectral norm.
This means that the result of calculating the H∞-norm is the largest singular value of the transfer function
evaluated on the imaginary axis[10]. In a SISO system, this norm simply becomes ‖H‖H∞ := supω∈R|H(iω)|.

If we define H as the transfer function of the original system and H1 as the transfer function of the reduced
system, the error bound for balanced truncation given by Glover[2] holds

‖H−H1‖H∞ ≤ 2 ·
n∑

i=r+1

σi. (2.16)

For modal truncation[11], the error in the reduced transfer function can be quantified as

‖H−H1‖H∞ ≤
n∑

i=r+1

|Ri|
|Re(λi)|

. (2.17)
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2.4.3 Computation

When using systems of much higher order than the systems examined in this thesis, the truncation methods
described above might become too computationally expensive. There exist some solutions to these problems
listed here. Modal truncation as described in 2.3 requires a full eigenvalue decomposition of matrix A to
produce a transfer function in pole-residue form. To calculate the error bound, we need the same eigenvalue
decomposition. This might not be an option for very large scale systems, with order n > 2000 [3]. Rommes
and Martins[12] present an approach for these systems by using the subspace accelerated dominant pole al-
gorithm (SADPA). They extend the method to MIMO systems in [13] via the subspace accelerated MIMO
dominant pole algorithm (SAMDP).

In balanced truncation, heavy computation is performed in solving the Lyapunov equations. This is usually
done by making a Schur decomposition of matrix A[4] and then some form of substitution in the obtained
equation. An alternative is presented by Benner[14] using the matrix sign function. Another option is using
alternating direction implicit iteration (ADI), for example as done by Ellner and Wachspress[15].
A different approach is to calculate the Gramians directly from their definition instead of the Lyapunov
equations. A method to do this is presented by Silveira and Philiphs[16] via Poor Man’s Truncated Balanced
Realization (PMTBR).
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3 Application to digital audio filters

In this section, we give a short introduction to digital audio filters in a very simple setting and we look at
different concepts from section 2 in this context. Next, using the theory discussed in the previous section,
we apply a reduction to the model order of a filter to get a better understanding of the methods. As digital
filters are discrete-time systems in practice, some alterations to the truncation methods are needed and these
will be discussed here. The information in the first two parts is based on [5].

3.1 Introduction to digital audio filters

In digital signal processing, filters are used to modify a digital signal, by transforming the current sample
of the signal, possibly using surrounding samples of the input or output signal. In audio applications, these
filters change the sound of audio signals mostly by adjusting the frequency, amplitude or phase or a mix of
these. These calculations are often done in real-time, causing a need for good performance on the application
of the filter. Therefore, filters of lower orders might be more appropriate in many cases. Here, we define a
digital filter and discuss a few different types.
To start, we can define a digital signal in the following way.

Definition 3.1.1. Digital signal A discrete-time signal is a sequence of time-ordered real or complex numbers,
that can be denoted as the real- or complex-valued function of an integer sample number x(n), n ∈ Z.

It is useful to define the signal space S ⊆ `2 of all complex signals x : N→ C. A digital filter T will map an
input signal x to an output signal y, which means the filter T can be regarded as an operator on the signal
space S.

Definition 3.1.2. Digital audio filter A digital audio filter T maps a signal x to a signal y, with x, y ∈ S.
The relation can be notated as

y(n) = Tn(x(n)),

where Tn is the transformation of the input signal to a sample value at time n.

When the signals are defined as a sequence of real or complex numbers, the filter that is applied is considered
a single-input, single-output filter. Alternatively, the input and output could be vector-valued and then the
filter is multi-input, multi-output. We will mostly look at linear time-invariant SISO filters. These LTI filters
are the only filters that preserve a signals frequency and they are therefore very important when processing
audio[5].

Example 3.1.3. A simple example is a SISO filter defined by the difference equation

y(n) = x(n) + x(n− 1),

where x(n) is the signal input amplitude at sample n and y(n) the signal ouput amplitude. This is a very
simple low-pass filter, meaning that signals at low frequency are left unchanged by the filter, but the amplitude
of signals with a high frequency is reduced. It is clearly linear and also time-invariant, because the map is
the same independent of the current sample n. 4

3.2 Adaptations for discrete time systems

We can set up a transfer function for example (3.1.3) like in section 2.1.4 by using the unilateral z-transform,
that can be considered as the discrete-time equivalent of the Laplace-transform. This transfer function H(z)
is given by

H(z) =
Y (z)

X(z)
,

where Y (z) and X(z) are the z-transform of the output and input signal, respectively. The z-transform is a
linear operator that can be applied by using the following map

x(n−∆)→ X(n)z−∆, ∆ > 0.
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This means we can find the transfer function of example 3.1.3 by applying the z-transform and solving for
Y (z)/X(z), so

Z{y(n)} = Z{x(n) + x(n− 1)},

Z{y(n)} = Z{x(n)}+ Z{x(n− 1)},

Y (z) = X(z) +X(z)z−1,

H(z) =
Y (z)

X(z)
= 1 + z−1.

We have now found a simple transfer function for our filter with a zero q at q = 1 and no poles.

Example (3.1.3) uses a simple finite impulse response (FIR) filter, as opposed to an infinite impulse response
(IIR) filter. A FIR digital filter has an impulse response that is always zero after a finite number of samples.
This impulse response is the output signal given by using an input signal with amplitude 1 at sample 0
and amplitude 0 at any other sample. These filters do not have any feedback loops and are also called
non-recursive. On the other hand, an IIR filter has an impulse response that does not converge to zero due
to the use of feedback and they are called recursive.
These IIR filters are often represented in the state-space form as defined in section 2. A discrete IIR state-
space filter can be written as

x(n+ 1) = Ax(n) + bu(n), (3.1a)

y(n) = cTx(n) + du(n). (3.1b)

Here u is the input signal, x the vector of state variables and y the output signal.

A method to produce a state-space realization from a transfer function is given by Smith [5] by creating a
state-space model in controller canonical form. We give a short summary here. Given a general IIR filter
with transfer function

H(z) =
b0 + b1z

−1 + ...+ bnb
z−nb

1 + a1z−1 + ...+ ana
z−na

,

we find the direct-path coëfficient d by doing one step of long division, which results in

H(z) = b0 +
(b1 − b0a1)z−1 + ...+ (bn − b0an)z−n

1 + a1z−1 + ...+ ana
z−na

,

H(z) = b0 +
β1z
−1 + ...+ βnz

−n

1 + a1z−1 + ...+ ana
z−na

.

Here n = max(na, nb) and ai = 0 for i > na bi = 0 for i > nb. The model in controller canonical form is now
given by the matrices

A =


−a1 −a2 · · · −an−1 −an

1 0 · · · 0 0
0 1 · · · 0 0
...

...
. . .

...
...

0 0 · · · 0 1

 , b =


1
0
0
...
0

 , c =


β1

β2

β3

...
βn

 , d = b0.

We now have the possibility to transform a filter from a difference equation to a transfer function and from a
transfer function to a state-space model. Using the pole-residue notation from section 2.1.5, we can transform
a state-space model back to a transfer function. This will give us the necessary freedom when applying model
order reduction to the filters.
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For discrete systems, we need to make one important alteration to one of the reduction techniques. When
applying balanced truncation to a discrete system, we need to find the discrete controllability and observability
Gramian. These arise from the corresponding discrete Lyapunov equations [17]. The discrete controllability
Gramian Wc and discrete observability Gramian Wo are the solutions of the equations

Wc −ATWcA = BBT , (3.2a)

ATWoA−Wo = −CTC. (3.2b)

Here, we must also note that the error bound for balanced truncation stated in section 2.4.2 also applies to
discrete-time systems according to the work of Gu[18].

3.3 Implementation

All pythoncode used for implementation of the reduction techniques and to generate the data in this thesis can
be found at: https://github.com/DavidDdeBest/TruncationMORtoDAF. To demonstrate the implementation
of the truncation techniques applied to digital audio filters, we start with a small example.

Example 3.3.1. Consider an IIR filter with a transfer function H(z) with poles p ∈ {− 1
2 ,−2,−3,−4} and

zeros q ∈ {−1, 1
2 , 1, 2}. This means that

H(z) =
(1 + x)(− 1

2 + x)(−1 + x)(−2 + x)

(1 + 2x)(1 + 1
2x)(1 + 1

3x)(1 + 1
4x)

=
− 1

2 + x+ x2 − 5
2x

3 + x4

1 + 47
24x+ 67

42x
2 + 41

84x
3 + 1

12x
4
.

We have a filter of order 4 and since every pole p is negative, this is a stable filter. This transfer function can
be used to provide a state-space model in controller canonical form using the method described in section
3.2. The resulting system is described by the matrices

A =


− 47

24 − 67
42 − 41

84 − 1
12

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 , B =


1
0
0
0

 , C =


95
96

151
84

− 379
168

25
24

 , D = −1

2
.

4

We now apply balanced truncation and modal truncation to example (3.3.1). Balanced truncation will pro-
vide us with a set of four Hankel singular values, that are used to calculate an error bound. These values are
plotted below.
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Figure 1: Balanced truncation applied to example (3.3.1). When we do not perform a reduction, so the
model stays at order four, the error bound is naturally zero. There is no HSV plotted corresponding to this
order as it does not exist.

As expected, the error bound corresponding to a reduction increases significantly with a reduction to a smaller
order. We also use modal truncation to reduce the order of this filter. This provides us with a set of four
poles that each have a dominance. These are used to calculate an error bound per possible order reduction.

Figure 2: Modal truncation applied to example (3.3.1). When no reduction is done and the model order
stays at order four, the error bound is naturally zero. There is no dominance of a pole plotted corresponding
to this order as there does not exist a fifth pole.

We see that in this example that balanced truncation achieves significantly better results in terms of keeping
a small error bound in comparison to modal truncation. Only when balanced truncation is used to reduce
the order of this model to three, we seem to be able the find a reduced-order model with an error that is
close to zero. Next, we will set up some more advanced examples.
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3.4 Audio filter construction

In this section we describe the method of setting up filters of a certain order, and the motivation for this
choice. We are going to construct an all-pass IIR dispersion filter. All-pass filters leave the amplitude un-
changed for signals of any frequency. A dispersion filter changes the group delay of frequencies. The group
delay may be interpreted as the time delay of the amplitude envelope of a sinusoid at frequency ω. These
types of filters have their use in multiple applications, for example the synthesis of realistic percussive and
piano string sounds[5].

Our goal is to compare the accuracy of reductions done by both methods to filters of different orders, espe-
cially at higher orders, where sizeable reductions can have a lot of benefits in terms of performance when
using the filter. This means we want to design filters in a way that we can have influence on its order and so
that we can make this order rather large.
Here, we use a method presented by Abel and Smith [19]. This method allows for an easy design of very high
order filters in cascaded biquad form using any desired group delay function. An important feature is that
we can influence the order of the resulting transfer function. This means that by using this method we can
examine the truncation methods for different orders of filters. An alteration we make to the method is that
we only use biquad sections that are stable, which is not garantueed in the original method. This restricts
what types of group delay functions we can construct, but that is not a problem for our experiment, as the
main goal is to just set up multiple filters of different orders.
We summarize the method here.

Given a certain group delay δ(ω) that is dependent on the normalized radian frequency ω, we add a constant
delay to δ(ω) so that it integrates to a multiple of 2π. If

∫ π
0
δ(ω)dω = 2kπ, the resulting transfer function

will be k cascaded biquad factors and the order of the eventual system will be 2k. A biquad is generally a
two-pole, two-zero second-order filter, with a transfer function G(z) of the form

G(z) = g
1 + b1z

−1 + b2z
−2

1 + a1z−1 + a2z−2
.

The next step is to divide the group delay in 2π-area frequency bands by setting bounds ωj , j ∈ {0, 1, 2, ..., k}.
This means determining a set of ωj ∈ [0, π] so that

∫ ωj+1

ωj
δ(ω)dω = 2π, and

∑k−1
j=0

∫ ωj+1

ωj
δ(ω)dω = 2kπ. Here

ω0 and ωk are set to 0 and π respectively.
We now fit a first-order all-pass section Hi(z) to each band, by defining

Hj(z) =
−ρje−iθj + z−1

1− ρjeiθjz−1
.

This is a first-order filter with a pole pj at ρje
iθj and zero ζj at 1

ρj
eiθj . We also define

θj =
1

2
(ωj + ωj−1), j ∈ {1, 2, ..., k}

and

ρj(β) = ηj −
√
η2
j − 1

where

ηj(β) =
1− βcos∆j

1− β
, ∆j =

1

2
(ωj − ωj−1).

β is a user-determined parameter, determining the ’smoothness’ of the group delay approximation. We will
use a value of 0.8, giving a fairly smooth curve.
Finally, these first-order sections are cascaded together with their complex conjugate H ′(z)j to obtain a
biquad filter with real coëfficients. The resulting transfer function is given by

H(z) =

k∏
j=1

H(z)j ·H ′(z)j =

k∏
j=1

ρ2
j − 2ρjcosθjz

−1 + z−2

1− 2ρjcosθjz−1 + ρ2
jz
−2
.
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All that was needed for this method was a set of band bounds and a predetermined β-value. The result is a
filter with a transfer function with structure that we understand and an order we have some influence over.
We also know all the poles and zeros. These features make this method very useful.

We can plot the group delay τ(ω), where ω ∈ [−π, π], of each first-order all-pass section by using the following
relation

τ(ω) =
1− ρ2

1 + ρ2 − 2ρcos(ω − θ)
.

These sections all integrate to 2π and the summation of these sections results in the group delay of the
dispersion filter [19].

Example 3.4.1. We create a filter of order 10 by using 5 stable biquad sections. The sampling rate in this
example is 14 kHz, so the Nyquist limit is at 7 kHz. The filters group delay increases as a signal frequency
approaches this Nyquist limit, meaning the amplitude envelope will be delayed more at higher frequencies.

Figure 3: The group delay of the dispersion filter in example (3.4.1) consisting of five stable biquad sections.
The group delay of each individual all-pass section is plotted in green.

4

Example 3.4.2. In this example we design a filter using twenty biquad sections, creating a model of a much
larger order, which is fourty. This allows for a much larger group delay at higher frequencies, as the group
delay needs to integrate to a larger multiple of 2π. The sampling rate is again 14 kHz.

4

In the next sections we will perform order reductions for these two examples and compare their results.
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Figure 4: The group delay of the dispersion filter in example (3.4.2) consisting of twenty stable biquad
sections. The group delay of each individual all-pass section is plotted in green.
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4 Experiments

In this section, we will discuss several examples of audio filters by applying both balanced and modal trun-
cation and comparing their results in terms of possible errors. All these filters will be stable, as the poles
used in the transfer function all have negative real parts. We will see if there are general properties that are
found in all reductions. We would also like to see if one method constantly produces better results, or if both
methods have their specific uses. We will examine models of different orders, and we would like to study the
relative size of the reductions that can be made while only having small errors in the approximation, so when
the error bounds have are close to zero.

Firstly, we will continue example (3.4.1) and then give another example. We can plot the error bounds of
the possible reductions for example (3.4.1) in the same way as we did for (3.3.1). The results are found in
figures (5) and (6).

Figure 5: The size of the Hankel singular values of example (3.4.1) and its corresponding error bound at
different reductions under balanced truncation.

The following is a similar case.

Example 4.0.1. Here, we use an order 10 filter with a transfer function consisting of five biquad sections
as described in section (3.4). It models a group delay as plotted in figure (7). This filter is similar in terms
of order to example (3.4.1), but models a more detailed group delay.
The results of using both methods to truncate the filter are found in figures (8) and (9).

4

There are a few things that stand out when analysing these error bounds of examples (3.4.1) and (4.0.1).
Firstly, the possible error in a reduced system becomes larger in all cases, when making a larger reduction.
This is expected behaviour of course. It is clear that the error becomes enormous when reducing to a system
of order one or zero for both examples, but order reductions smaller than 40% seem to give relatively small
errors. An exception seems to be the case of modal truncation applied to example (3.4.1), where there is a
large possible error for all reductions.
Because of the extreme increase in errors that comes with greater reductions, it is hard to see at what point
the errors become almost zero. We give a better view for these values of the balanced truncation method for
example (4.0.1) in figure (10). Example (3.4.1) gives similar results, the plot is ommitted here.

We can visualize the accuracy of reductions in another way, by showing the impulse response of the filter at
different reductions. This is done for example (3.4.1) in figure (11) for the original filter and three reductions
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Figure 6: The dominance of the poles of the transfer function of example (3.4.1) and its corresponding error
bound at different reductions under modal truncation.

Figure 7: A plot (blue line) of the group delay imposed by the filter of example (4.0.1). This filter has a
transfer function of 5 cascaded biquad sections, each applying a group delay that is plotted by a green line.

using balanced truncation. The impulse response fully characterizes LTI filters[5], and will give us some idea
of the succes of a reduction.

There exists only a small noticable difference between the impulse response of the original filter and of the
filter of order 9. When reduced to order 7, the filter still approximates the impulse response quite well
during the first 15 samples, but most detail is lost between samples 15 and 40. The order-3 filter has an
impulse response that is clearly very different from the original filter. These are results that can be expected
considering the error bounds in figure (5). Applying balanced truncation to example (4.0.1) produces very
similar results when plotting the impulse responses, these figures are ommitted.
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Figure 8: The size of the Hankel singular values of example (4.0.1) and its corresponding error bound at
different reductions under balanced truncation.

Figure 9: The dominance of the poles of the transfer function of example (4.0.1) and its corresponding error
bound at different reductions under modal truncation.
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Figure 10: A close-up view of the Hankel singular values and error bound of example (4.0.1). Hankel singular
values corresponding to lower orders than shown are very large.

Figure 11: The impulse response of filter (4.0.1) and the approximations at three different order. The impulse
response of the original filter is plotted in each figure with a dotted grey line.
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We will now continue example (3.4.2) by showing the error bound data for both methods in figures (12) and
(13). We only show where the error bound approaches zero here, for all cases the values becomes extremely
large at greater reductions. We will also discuss a new example.

Figure 12: The size of the Hankel singular values of example (3.4.2) and its corresponding error bound at
different reductions under balanced truncation.

Figure 13: The dominance of the poles of the transfer function of example (3.4.2) and its corresponding error
bound at different reductions under modal truncation.

Example 4.0.2. Another filter that we will reduce is also made up of twenty cascaded biquad sections, so it
has order 40. The group delay it imposes is shown in figure (14). The filter has a more detailed group delay,
but the same order as filter (3.4.2).

4
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Figure 14: A plot (blue line) of the group delay imposed by the filter of example (4.0.2). This filter has a
tranfer function of 20 cascaded biquad sections, each applying a group delay that is plotted by a green line.

Figure 15: The size of the Hankel singular values of example (4.0.2) and its corresponding error bound at
different reductions under balanced truncation.
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Figure 16: The dominance of the poles of the transfer function of example (4.0.2) and its corresponding error
bound at different reductions under modal truncation.

These examples of filters of order 40 show, like previous examples, that the Hankel Singular Values and
dominance of the poles corresponding to higher orders approach zero very rapidly at some point. The error
bound that belongs to reductions to these orders approach zero as well. We see that for these high-order
filters balanced truncation produces great results, where a reduction to order 11 has only a small error. This
is an excellent result. In [20], Mackenzie, Kale and Cain use balanced truncation to reduce a very high-order
model and find a possible reduction of a similar size. Modal truncation achieves less impressive results in
these cases. In example (3.4.2), a reduction to order 26 seems acceptable, and for example (4.0.2) we can
only reduce the order to the 30-35 range. This is still a moderately positive outcome, but modal truncation
is significantly less effective here than balanced truncation.

When evaluating all examples, we find that almost all filters can be reduced in order by using both methods.
Balanced truncation produces the best approximations at greater reductions. These reductions are in several
cases greater than 50%, while only keeping a very small error bound. Modal truncation allows the order to
be reduced a little, but never more than 30%, without generating large errors in the approximation. We have
examined filters of different orders, and for all orders we can do about the same relative size of reduction.
Most importantly, we have shown that both methods can be used to reduce the order of digital audio filters
and produce viable results.
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5 Conclusion

We gave a short introduction to model order reduction and both balanced and modal truncation have been
examined in detail. The necessary theory has been covered and the methods are discussed in terms of the
properties they provide like stability preservation and computable error bounds. We have examined how to
apply these methods to the real-world application of digital audio filters and presented the results of different
examples.

Both truncation methods allowed for reductions of several orders, sometimes more than 50%, while preserving
the input-output behaviour of the original model. For the filters examined in this thesis, we can conclude
that balanced truncation seems to allow for larger order reductions while keeping the possible error close to
zero. This was the case for filters of both moderate and high orders. We used filters that generate a certain
group delay, that were all constructed via the same method. If the comparison between balanced and modal
truncation were to be researched further, another method to construct these filters could be used, to see if
the methods provide a smaller or larger advantage. Next, different types of filters might be examined, like
various types of low-pass or high-pass filters. These are filters with other characteristics, and the methods
might accomplish different results. It would also be possible to examine the effects of projection based MOR
techniques on these filters. As different techniques are specialized to certain systems to a varying degree,
there might be significant differences in the sizes of reductions that are possible.

To conclude, we have given a good overview of two truncation based MOR techniques and their viability in
reducing the order of digital audio filters. We have found that for a specific type of filter the methods can
be used to greatly reduce the order of the system, while assuring that its output is similar to the original.
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