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Abstract

We consider the one-loop quantum backreaction on a spatially flat, homogeneous and isotropic
background with a small, positive deceleration parameter driven by a single minimally coupled
inflaton field. The one-loop effect is calculated in a fully fixed gauge where the coordinate systems
of subsequent constant time hypersurfaces coincide and matter field fluctuations vanish. This gauge
has been chosen with an eye on future works in the stochastic approach to inflation. The main result
is a nonvanishing backreaction sourced exclusively by scalar interactions, which induces a negative,
logarithmic correction to the scale factor; thus, slowing down the universe’s growth during inflation.
The logarithmic behaviour is consistent with Weinberg’s theorem. Curiously, the backreaction is
inversely proportional to the first geometric slow-roll parameter; thus, it diverges in the de Sitter
limit. Most likely this is a gauge artefact. Future research will have have to reveal whether this
dependence survives in other gauges and whether there are any significant late time manifestations
of the backreaction.
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Notation

Here follows a brief summary of the notational conventions adhered to in the present work.

• We will work in natural units, c = 1 = ~, although ~ is written explicitly to indicate the order
of the loop expansion.

• In natural units, the reduced Planck mass is defined as M2
p = (8πGN )−1.

• The metric signature of the Minkowski metric is: (−,+,+,+).

• A ’dot’ represents a partial derivative with respect to coordinate time, Ȧ ≡ 1
c
∂
∂tA = ∂0A. The

latter is written in scenarios where the ’dot’ is notationally undesirable. For instance in ∂0
ˆ̃
ψ.

• A partial derivative with respect to conformal time is denoted by ∂ηA ≡ ∂
∂ηA.

• We distinguish between the first geometric slow-roll parameter ε, and a small positive constant
ε.

• The Einstein summation convention is implied everywhere.

• Greek indices range over all space-time indices, whereas Latin indices are used for spatial
indices only. Hence, in D-dimensional spacetime, µ = 0, 1, 2, . . . , D−1, and i = 1, 2, . . . , D−1.

• The gradient operator is used interchangeably with partial spatial derivatives when the Ein-
stein summation is obvious. For instance, ∇2ψ = ∂i∂

iψ, or (∇ψ)2 = ∂iψ∂
iψ. Similarly the

partial operator includes time indices ∂2ψ = ∂µ∂
µψ, or (∂ψ)2 = ∂µψ∂

µψ.
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Chapter 1

Introduction

Every now and then, I find it hard to comprehend how a world like ours can even exist. No matter
what shape it has taken, its mere existence blows my mind. For me, appreciation is ever-present,
while apprehension is build step-by-step through experience. I learned that our collective under-
standing of physics evolves the same way. Physics attempts to make sense of the things in this
world at every scale, whether conceivable or inconceivable. Cosmology is a study of extremes on
the energy, length and time scale; it attempts to describe the origin and evolution of the universe.
Of particular interest is the era of inflation shortly after the big bang during which the universe
grew rapidly. Getting the details regarding inflation just right is crucial in order to explain the
observed large-scale distribution of galaxies, clusters and voids. Such details include the dynam-
ics of cosmological inhomogeneities, which are ultimately responsible for structure formation. The
dynamics of the universe can be studied in the framework of Einstein’s theory of general relativity
or (extended) versions thereof. However, the quantum nature of primordial fluctuations demands a
theory of quantum gravity or, at the very least, an approximation of it.

The theory of inflation has been around since the year 1980, when A.Starobinsky published a gen-
eralisation of general relativity as an attempt to include quantum-gravitational effects [1]. Based on
his model, he found a universe which starts out in a de Sitter state, meaning it grows exponentially
fast. Why would such an inflationary phase be desirable? A model of the universe without inflation
has to deal with two fine-tuning problems: the horizon problem and the flatness problem. Both
problems require the model to have an absurdly specific initial configuration of inhomogeneities; a
set of initial conditions that leads to a universe which is as spatially flat, homogeneous and isotropic
as ours is observed to be. Inflation provides an elegant solution to both of these problems. Nowa-
days, the theory of inflation is well-established within cosmology. In the last forty years a lot of
different models of inflation have been suggested. Through precise measurements of cosmological
parameters [2], some of these models are disfavoured or even excluded.

Another major success of the theory of inflation is the framework it provides for the formation
of large scale structure (LSS) from primordial quantum fluctuations. Inflation stretches quantum
fluctuations beyond the Hubble horizon where they freeze and become classical density fluctuations.
After inflation, the fluctuations re-enter the Hubble horizon where they act as the seeds for struc-
ture formation. A footprint of density fluctuations in the early universe can be found in the cosmic
microwave background radiation (CMBR). The inhomogeneities in the CMBR are incredibly tiny,
which tells us that the universe was homogeneous and isotropic at large scales. For this reason,
perturbation theory is extremely useful when studying these types of cosmological inhomogeneities.
Though, there is no unique formulation; there are superfluous degrees of freedom that introduce
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CHAPTER 1. INTRODUCTION 2

coordinate effects. One can distinguish between three kinds of perturbations which evolve sepa-
rately at linear order: scalar, vectorial and tensorial perturbations. Scalar perturbations are the
most important during inflation because they result in the density fluctuations as seen in the CMBR.

The origin of primordial quantum fluctuations can be traced back to the Heisenberg uncertainty
principle which allows for spontaneous, minute changes in the vacuum energy. Such a vacuum fluc-
tuation manifests itself as the creation and annihilation of a particle-antiparticle pair. Even though
individual pairs can not be detected, the cumulative effect can be significant enough to be observ-
able. Working with quantum effects does come with strings attached. It requires quantization to
transition from a classical theory to a quantum theory. In the case of gravity, this is rather difficult
because the quantized version of classical gravity, quantum gravity, is poorly understood at this
time. At best one can take a perturbative approach. One way of quantizing gravity in that case is
by following the same quantization procedure used in the development of quantum mechanics and
quantum field theory. Canonical quantization, as it is called, is not straightforward as one has to
deal with divergences. Ultraviolet divergences can be dealt with by defining and subtracting the
appropriate counterterms, whereas infrared divergences signal that something is deeply unphysical
about the calculation. Janssen et al. [3] deal with infrared divergences when deriving the prop-
agator for a massless minimally coupled scalar on a D-dimensional, spatially flat, homogeneous
and isotropic background with arbitrary constant deceleration parameter. Their results make the
present work possible. Here, we derive the propagators for scalar and tensor metric perturbations
in similar fashion and on the same background.

Doing perturbation theory up to quadratic order one is able to describe interactions, which intro-
duce non-Gaussianities in the spectrum of the CMBR [4]. Not only that, interactions may affect
the large-scale cosmic evolution through a backreaction. If inflation lasts long enough, the energy
density of vacuum fluctuations may become high enough such that it influences the dynamics of the
universe on large scales. An effective way to deal with a quantum backreaction is to realize that
inflation is a macroscopic phenomenon. This means that, for practical purposes, the behaviour of
the scalar field is only relevant at large spatial scales because this is the part that is observable
in the CMBR and eventually sources the formation of large scale structure. This notion is used
in the framework of stochastic inflation to construct an effective classical theory of fluctuations on
super-Hubble scales by averaging the contributions from sub-Hubble scales. However, in inflation,
sub-Hubble modes are constantly crossing the Hubble horizon. These quantum-fluctuating modes
can then be considered as a stochastic source to the equation of motion of the infrared part of the
theory. That quantum fluctuations of a scalar can be described by a classical stochastic process
was shown by A.Vilenkin [5]. When applied to inflation one essentially ends up with a classical
Langevin equation for large scale fluctuations. This result was first derived under slow-roll condi-
tions by Starobinsky [6] and was later generalized by Nakao, Nambu, and Sasaki [7][8] and many
others. The beauty of this approach is that it is a classical approximation to infrared quantum
gravity, which is a huge simplification.

The original goal of this thesis was to develop a stochastic description of inflationary dynamics for
the infrared sector of the theory. For that purpose, we fixed a gauge where the coordinate systems
of subsequent constant time hypersurfaces coincide. This gauge is particularly useful in stochastic
inflation because the equations simplify. By carefully treating the gauge one finds that there is
an additional scalar contribution to the off-diagonal part of the metric. We continue by defining
new independent scalar and tensor fields. From there, we derive the classical action expanded up
to quadratic order in metric perturbations and find that it agrees with other fully gauge fixed and
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gauge invariant formulations [9]. These new fields are quantized according to canonical quantization
using the results from [3]. Finally, we calculate the one-loop quantum backreaction on the dynamics
of scalar metric fluctuations and find a negative time-dependent correction which is singular in the
de Sitter limit. It turns out that, on average, gravitational wave interactions do not contribute to
the backreaction at this order and that only scalar interactions are relevant. Unfortunately, the
time frame did not allow for a stochastic treatment of the results, so this is left for future work.



Chapter 2

Standard model of the universe

History has known many models of the universe. In the earliest models, stars and planets would
rotate around the earth in circular orbits, while later models proposed the sun as the centre of
the universe. Nowadays, the scientific consensus is that the universe does not a have a preferred
position and direction. This notion is made precise in the cosmological principle which is minimally
stated as the universe is homogeneous and isotropic. The homogeneity of the universe is to be
understood only on large scales, i.e., when the universe is averaged over cells with a diameter of 108

to 109 light-years. At these scales, the distributions of mass and luminous sources as found by ob-
servations are compatible with the cosmology principle [10],[11],[12]. The cosmological principle is
crucial in modern cosmology not for its accuracy, but rather, because it provides an enormous simpli-
fication such that the parameters of theoretical models might be fitted by astronomical observations.

Often, new perspectives on astronomy and cosmology are accompanied by a new understanding of
gravity. The work of Galileo on the concept of relativity permanently shifted the perspective away
from geocentric models, while Newton’s theory of gravity provided the mathematical tools to un-
derstand the motion of planets in the solar system. Expanding on this work, Einstein published the
theory of general relativity in 1915, which accounts for several shortcomings of Newtonian gravity
while also making a large number of predictions, such as the expansion of the universe and the ex-
istence of black holes. General relativity is supported by an overwhelming amount of observational
evidence and, as such, is the mathematical foundation of many cosmological models. The quest to
understanding gravity continues to the present day with the development of quantum gravity which
seeks to unify Einstein’s theory of general relativity with quantum mechanics. Undoubtedly, an
accurate description of quantum gravity will provide new insights into the workings of the universe.

Today’s ’standard’ model of the universe is compatible with both the cosmological principle and
Einstein’s theory of general relativity. The ΛCDM-model, as it is called, is the simplest model that
provides a reasonably accurate description of the universe. The main purpose of this chapter is to
discuss the origin and workings of this model at an introductory level. Section 2.1 conceptualizes
homogeneity and isotropy as the FLRW metric and introduces the possibility of a non-trivial scale
factor. Sections 2.2 and 2.3 discuss the evolution of the scale factor from Einstein’s equations.
Tracing back our universe to its origin introduces so-called fine-tuning problems, which are cov-
ered in sections 2.4.1 and 2.4.2. A period of rapid expansion, called inflation, is hypothesized as a
solution to several fine-tuning problems. In section 2.5 we discuss the several models of inflation.
Finally, section 2.6 explains how the standard model of the universe is used to understand large
scale structure formation.
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CHAPTER 2. STANDARD MODEL OF THE UNIVERSE 5

2.1 Friedmann-Lemâıtre-Robinson-Walker

The most general homogeneous and isotropic spacetime is described by the Friedmann-Lemâıtre-
Robertson-Walker (FLRW) metric, which, in generic spatial coordinates, is of the form,

ds2 = −dt2 + a2(t)dΣ2, (2.1)

where a(t) is known as the scale factor, while dΣ2 is a space-like line element on a generic spatial
hypersurface of uniform curvature. In fact, as Robertson and Walker rigorously proved in 1935, the
FLRW metric is unique; it is the only one that describes a homogeneous and isotropic universe.
As the FLRW metric describes a spatially isotropic universe, it is more natural to use spherical
coordinates. The corresponding line element,

ds2 = −dt2 + a2(t)
dr2

1− κr2
+ a2(t)r2

(
dϑ2 + sin2(ϑ)dϕ2

)
, (2.2)

is expressed in terms of the comoving spherical coordinates r, ϑ, ϕ and the spatial curvature pa-
rameter κ. In a positively curved spacetime κ > 0, while κ < 0 in a negatively curved spacetime
and, when κ = 0, the spacetime is spatially flat. In this interpretation, κ has units of length−2

and is equal to the Gaussian curvature at the time when a(t) = 1. There is a redundancy in the
description of the line element (2.2); the metric is invariant under the rescaling: a→ λa, r → r/λ,
κ→ λ2κ. This means that λ can be chosen such that a(t0) = 1 at the present time t0.

The precise interpretation of the scale factor a(t) is most easily illustrated by calculating the physical
(or proper) distance between the observer with comoving coordinates (r, ϑ, ϕ) and the origin,

dphys(t) = a(t)χ = a(t)

∫ r

0

dr√
1− κr2

= a(t)×


√
κ
−1

sin−1(
√
κr) κ > 0√

|κ|−1
sinh−1(

√
|κ|r) κ < 0

r κ = 0

, (2.3)

where χ is the comoving distance; the distance between the two points measured along a path
defined at the present time. The physical distance scales directly with the scale factor. This means
that the scale factor can increase (or decrease) the distance between the two positions. According
to the cosmological principle, this holds for any two comoving observers everywhere in the universe.
In the presence of a nontrivial scale factor, the FLRW metric is no longer invariant under Lorentz
boosts. This means that the universe picks out a preferred rest frame: the comoving coordinates.
One can imagine the comoving coordinates as a grid painted on a balloon. As the balloon inflates or
deflates, the physical distance between any two grid points changes by a factor a(t). This distance
changes at a rate

vphys =
d

dt
dphys(t) =

ȧ(t)

a(t)
dphys(t) = H(t)dphys(t), (2.4)

where H(t) is known as the Hubble parameter. In the case that ȧ(t) > 0, the spacetime is expand-
ing, while in the case that ȧ(t) < 0 the spacetime is contracting. Note that the interpretation of
the scale factor is independent of the curvature parameter κ.



CHAPTER 2. STANDARD MODEL OF THE UNIVERSE 6

2.2 Expansion of the universe

When Friedmann wrote down the FLRW metric for the first time in 1922, there was no reason to
assume that the universe was expanding. Cosmic inflation was only confirmed seven years later by
the efforts of Hubble and Lemâıtre. They found a linear relation between the recessional velocity of
galaxies and their distance from us by observing their redshift. The Hubble-Lemâıtre law, as it is
called, is precisely of the form of equation (2.4), with H0 = H(t0) (≈ 70 (km/s)/Mpc); the Hubble
parameter at the time of observation t = t0 (sometimes referred to as Hubble’s constant). With the
Hubble parameter determined at the present time, the question naturally arises: what was it in the
past?

Friedmann had already begun to answer this question when he derived his equations for the evolution
of the scale factor from Einstein’s field equations. Einstein’s field equations describe the relation
between the geometry of spacetime and the distribution of matter within it,

Gµν − gµνΛ = 8πGTµν , (2.5)

where Gµν is the Einstein curvature tensor, gµν is the metric tensor, Λ is the cosmological con-
stant, and Tµν is the stress-energy tensor of matter fields. The Einstein curvature tensor is derived
uniquely from the geometry of spacetime, while the stress-energy tensor contains information about
the density and flux of energy and momentum. The cosmological constant, denoted by Λ, is the
energy of the vacuum that exists throughout the entire universe. At first, the importance of the
cosmological constant was overlooked. However, as will be discussed later, it is actually quite im-
portant as it is part of where the ΛCDM model got its name.

The Friedmann equations are derived based on the assumption that the universe can be modelled
as a perfect fluid; a fluid without shear stresses, viscosity and heat conduction. This assumption
is mostly predicated on the cosmological principle which requires the universe to be homogeneous
and isotropic. A perfect fluid is characterized by two quantities, namely the energy density ρ and
the pressure P. In the language of general relativity the expression for the stress-energy tensor of
a perfect fluid is

Tµν = (ρ+ P)uµuν − gµνP, (2.6)

where uµ is the four-velocity vector field of the fluid. In the rest (comoving) frame of the fluid, in
which uµ = δ0

µ, the components of the stress-energy tensor reduce to

T00 = ρ, T0i = 0, Tij = gijP. (2.7)

The components of the Einstein curvature tensor can be derived from the metric in equation (2.2),

G00 = 3

[(
ȧ

a

)2

+
κ

a2

]
, G0i = 0, Gij = gij

[
2
ä

a
+

(
ȧ

a

)2

+
κ

a2

]
, (2.8)

and together with equations (2.5) and (2.7) they yield the Friedmann equations,

H2 ≡
(
ȧ

a

)2

=
8πG

3
ρ+

Λ

3
− κ

a2
, (2.9)

Ḣ +H2 ≡ ä

a
=− 4πG

3
(ρ+ 3P) +

Λ

3
. (2.10)
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This set of equations tells us the history and fate of a universe defined by the set of parameters
(ρ,P, κ,Λ). One particularly interesting case would be that of a vanishing vacuum energy (Λ = 0).
Then, if ρ + 3P > 0, the expansion of the universe would be decelerating (ä < 0). The condition,
ρ + 3P > 0, is known as the strong energy condition and is satisfied by all conventional matter.
In this scenario, our universe, which is expanding today, as we know from Hubble’s law, has been
expanding at every point in the past. Naturally, this means that the expansion must have started
at some moment in the past with a = 0. When the scale factor vanishes, the mass of the universe
is contained in a single point: a singularity. First proposed by Lemâıtre in 1931, the theory of a
universe expanding from a very high density initial state became known as the big bang theory.
The theory provides an upper bound on the age of universe by using the Hubble constant to trace
back the slowest possible expansion (as shown in figure 2.1),

t0 − tBB < H−1
0 = 13.799± 0.021 billion years. (2.11)

Nowadays, it is well established that the vacuum energy is nonzero which has significant implications
on the expansion history of the universe.

Figure 2.1: The upper bound on the age of the universe. The dashed line is the slowest possible
expansion based on the Hubble constant. The solid line depicts an arbitrary evolution of the scale
factor which starts at tBB. Image source: [13]

2.3 Expansion history of the universe

In order to uncover the expansion history of our universe, one must learn what the set of parameters
(ρ,P, κ,Λ) looked like in the past. The cosmological constant does not change with time, while the
other parameters are generally time-dependent. A powerful tool to constrain this time evolution is
in the form of conservation laws. One such conservation law can be obtained from the Friedmann
equations, namely

ρ̇ =− 3H(ρ+ P)

=− 3Hρ(1 + ω), with ω = P/ρ.
(2.12)

This is the expression for the conservation of energy in the cosmological setting, where ω is the
equation of state parameter. Equation (2.12) can be solved to yield

ρω(t) =
ρω,0

a3(1+ω)
, (2.13)

where ρω,0 = ρω(t0). The scaling properties of the energy density depend solely on the equation of
state parameter. One can classify the matter of the universe based on this parameter; an overview is
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Major category Minor category ω ρ(t) Ωi,0

Matter (m) Baryonic matter (b) 0 a−3 0.0493± 0.0007
Dark matter (dm) 0 a−3 0.2645± 0.0058

Radiation (r) Neutrinos (ν) 1/3 a−4 < 0.0021
Photons (γ) 1/3 a−4 ∼ 10−5

Dark energy (de) Vacuum energy (Λ) -1 a0 0.6847± 0.0073

Table 2.1: An overview of the matter content of the universe categorised based on the equation
of state — The equation of state parameter — The scaling of the energy density— Values of the
density parameters as obtained by the Planck 2018 collaboration [2].

given in table 2.1. The total energy density is the sum of the energy densities of all fluids contained
in the universe

ρ =
∑
i

ρi = ρb + ρdm + ρν + ργ + ρΛ + . . . , (2.14)

where the dots represent components that are too small to be relevant for large-scale dynamics of
the universe. The Friedmann equation (2.9) can be rewritten in terms of dimensionless parameters

1 = Ωb + Ωdm + Ων + Ωγ + · · ·+ Ωκ + ΩΛ, (2.15)

where

Ωi =
ρi
ρcr

, ρcr =
3

8πG
H2, ΩΛ =

Λ

3H2
, Ωκ = − κ

a2H2
. (2.16)

A universe with density ρcr is spatially flat. The values of the dimensionless parameters today
as obtained by observations can be found in table 2.1. Subsequently, the curvature term can be
obtained from equation (2.15)

Ωκ,0 ≡ 1− Ωb,0 − Ωdm,0 − Ων,0 − Ωγ,0 − ΩΛ − · · · = −0.0027± 0.0039 −→ |Ωκ,0| < 0.01. (2.17)

Amazingly, the total energy density today is very close to the critical density resulting in a universe
that is nearly spatially flat (κ ≈ 0). This coincidence is called the flatness problem and it is one
of the fine-tuning problems without which the evolution of the universe would have proceeded very
differently and life might not have been possible. This, and other, fine-tuning problems will be
discussed in section 2.4.

Nowadays, the three largest energy contributions are from: dark energy (68.5%), cold dark matter
(26.5%), and baryonic matter (4.9%). However, in the history of the universe, there have been
eras in which different types of matter were dominant. One can retrace the energy contributions
at different times using the scaling of the energy densities in table 2.1; the result is shown in figure
2.2. The dominant energy contribution has changed twice in the history of the universe. Initially,
the relativistic components such as photons and neutrinos represented the majority of the energy.
At aeq ' 3 · 10−4 (or redshift zeq ' 3230) this changed, and matter became the dominant energy
source. Only recently, at aΛ ' 0.7 (z ' 0.4), the universe entered a dark energy-dominated era.

Using the Friedmann equation (2.9), one can derive the evolution of the scale factor as a function
of time in flat, single-component universes. Single-component universes can serve as approxima-
tions to the universe away from moments of energy equality. In accordance with the discussion in
section 2.2, the rate of expansion of a flat universe decelerates in matter- and radiation-dominated
universes. Whereas in a flat universe described exclusively by a positive cosmological constant the
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Figure 2.2: A plot of the energy densities in the expansion history of the universe. The energy
densities of radiation (red line), matter (blue line), dark energy (green line) scale differently with
the scale factor. Therefore, the energy composition of the universe is constantly changing. The
vertical dotted lines show the moments of energy equality between matter-radiation and matter-
dark energy. As such they mark the boundaries of the different eras. Image source: [14]

scale factor grows exponentially with time. Such a universe is characterized as a de Sitter universe.
While a de Sitter universe expands exponentially on spatially flat sections, the same is only true at
late times for curved sections of spacetime.

One can extend this analysis to multi-component universes. For example, in a flat universe domi-
nated by matter and a cosmological constant, the scale factor is

a(t) =

(
Ωm

8πGΩΛ

)1/3

sinh2/3

(√
3Λt

2

)
. (2.18)

This solution to the Friedmann equation describes our universe quite well. At late times the scale
factor increases exponentially (a ∼ eHt) as expected, while at early times the scale factor increases
by the same power law as in a matter-dominated universe (a ∼ t2/3). Unlike the de Sitter universe,
the solution in (2.18) has a singularity at t = 0, which is consistent with the paradigm of the big
bang theory.

One can go another step further. In the present age of data processing, the Friedmann equation
(2.15) can be integrated numerically which allows for more complicated models. The simplest
parametrization that describes our universe well is the ΛCDM model which is based on six pa-
rameters. The values of these parameters are not predicted by theory, but rather derived from
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Description Symbol value

Baryon density parameter Ωbh
2 0.02242± 0.00014

Dark matter density parameter Ωch
2 0.11933± 0.00091

Size of the sounds horizon 100θMC 1.04092± 0.00031
Scalar spectral index ns 0.9649± 0.0042 km/s/Mpc

Amplitude of primordial curvature fluctuations ln(1010As) 3.044± 0.014
Reionization optical depth τe 0.66± 0.012

Table 2.2: The six base parameters of the ΛCDM model and their values as obtained by the Planck
2018 collaboration [2]

.

observations. An overview of the parameters and their values are given in table 2.2. The ΛCDM
model presupposes that certain other parameters, such as the total energy density, are fixed. Nat-
ural extensions of the ΛCDM model allow one or more of these fixed parameters to vary in an
attempt to remedy some of the shortcomings of the model; usually at the cost of certainty.

2.4 Inflation

Using the ΛCDM model one can quite confidently trace the universe back to when it was about one
picosecond old; when the four fundamental forces took their present form. However, some questions
remain unanswered. For example, why is the universe almost spatially flat? Or, why is the universe
homogeneous and isotropic on large scales? That last one is particularly hard to answer given that
the theory of gravitation is attractive and, thus, inhomogeneities are expected to grow. In order
to explain both of these queries, the universe must have started out in an incredibly fine-tuned
initial state. That is to say, a miracle took place. For most physicists this would be too much of
a coincidence, to not be a problem. In this section, we introduce the concept of inflation; a short
period of rapid expansion in the first picosecond of the universe. The theory of inflation resolves
the aforementioned issues, as well as others, rather successfully.

2.4.1 The flatness problem

The first query is known as the flatness problem; a universe as flat as ours is improbable. In order
to quantify the flatness problem, recall the Friedmann equation (2.15) and the definition of the
curvature density parameter (2.16)

1 = Ωb + Ωdm + Ων + Ωγ + · · ·+ Ωκ + ΩΛ, Ωκ = − κ

a2H2
. (2.19)

The value of the curvature density parameter today is constraint by observation, |Ωκ,0| < 0.01.
Using the expansion history of the universe discussed in section 2.3 one can trace its value back to
the early universe. A sufficiently accurate approximation can be made by modelling the matter-
and radiation-dominated eras as single-component universes. In this case, the curvature density
parameter evolves as

Ωκ(a) = Ωtot(a)− 1 ∼ a (matter era), (2.20)

Ωκ(a) = Ωtot(a)− 1 ∼ a2 (radiation era). (2.21)
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As a result, at the time of matter-radiation equality |Ωκ| ≤ 10−6, while at the beginning of radia-
tion era |Ωκ| ≤ 10−30. Hence, the universe was even more flat in the past. This level of flatness is
considered a fine-tuning problem. Fine-tuning may not technically be a problem as it is physically
possible, nevertheless we would like an explanation for this phenomena if possible.

One such explanation is provided by adding a phase of de Sitter inflation before the beginning of
the radiation era. During de Sitter inflation, the curvature density parameter evolves as

Ωκ(a) = Ωtot(a)− 1 ∼ a−2 (de Sitter inflation). (2.22)

The inflationary phase drives the universe to be flat. If inflation last sufficiently long, the spatial
curvature can be become as small as needed. An equivalent argument based on geometry can be
stated as follows: any small region of a smooth, possibly curved, manifold will become flat when
enlarged by a sufficient amount. Thus, our universe could have started with practically any non-zero
curvature before inflation drove it to be as flat as it would need to be at the start of the radiation era.
Hence, fine-tuning of the curvature parameter is no longer needed and the flatness problem is solved.

2.4.2 The horizon problem

As mentioned in the beginning of this chapter, the cosmological principle of large scale homogeneity
and isotropy is satisfied by our universe. The strongest footprint of the cosmological principle in the
early universe is found in the oldest electromagnetic radiation: the cosmic microwave background
radiation (CMBR). The CMBR is a remnant of the hot big bang, i.e., when the universe was a hot
plasma in an approximate thermal equilibrium. As the universe expanded and cooled down, the
matter became less dense and photons were able to move freely, whereas before photons were con-
stantly scattered by uncombined electrons and protons. Said photons have been travelling through
space ever since. The CMBR that is reaching us now has a very precise spectrum of wavelengths,
that of a black-body with temperature 2.725 ± 0.001K. Figure 2.3 shows the anisotropies of the
CMBR, which are at the level of δT ∼ 30 µK. This level of isotropy represents another fine-tuning

Figure 2.3: A map of the temperature fluctuations of the cosmic microwave background radiation
(CMBR) based on the data of the Wilkinson Microwave Anisotropy Probe (WMAP). Image source:
[15]
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problem. According to the ΛCDM-model as described earlier in this chapter, different regions of
the cosmic microwave background were out of causal contact at the time the CMBR was created.
Following the evolution of the universe described in this chapter, one would be able to observe
∼ 103 of these regions nowadays. Here is the crux of the horizon problem: how can ∼ 103 causally
disconnected regions have the same temperature up to an accuracy of δT/T ∼ 10−5?

The horizon problem is nicely formulated with the help of conformal diagrams, also known as Pen-
rose diagrams. The goal of a conformal diagram is to show the causal structure of spacetime.
These diagrams are obtained by applying a particularly clever coordinate transformation on ordi-
nary space-time diagrams. An infinite spacetime is mapped to a finite representation. In such a
representation, the light cones are portrayed at 45◦ and each point represents a 2-sphere. Figure
2.4a shows a conformal diagram of our universe without inflation. Two points in the CMB that
are sufficiently separated are shown to have been out of causal contact since the beginning of the
universe at τi = 0. The light cones do not overlap. This means that these two points of the sky
have never been able to interact. Therefore, it is strange that they are observed to be at equal tem-
perature. In reality, there are a lot of regions that are causally disconnected in this way. The way
inflation solves this issue is by adding a whole section to the conformal diagram between τi = −∞

(a) A conformal diagram of the universe without
inflation. At the time of the CMBR, the two pink
regions are outside of causal contact. Taking into
account the evolution of the universe, one finds
that these regions have been out of causal contact
since the hot big bang at τi = 0.

(b) A conformal diagram of the universe with in-
flation. Before the hot big bang at τ = 0, the uni-
verse underwent a phase of rapid expansion in the
first picosecond of the universe. In the conformal
diagram, inflation occurs between τi = −∞ and
τ = 0 allowing the pink regions to have causally
communicated in the past.

Figure 2.4: Figures from [16]
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and τ = 0. Assuming inflation lasts long enough, the light cones of the previous two regions now
overlap in the past. With inflation in place, it makes sense that the temperature distribution of the
CMBR is homogeneous and isotropic on large scales because the universe reached thermal equilib-
rium at some time during inflation. In this way, inflation provides an elegant solution to the horizon
problem.

2.5 Inflationary models

The previous discussion seems to suggest that the universe has gone through an era of inflation.
Unfortunately, there is no direct evidence that supports this suggestion. One can only test the
predictions of inflation against observations. Certainly, the observed spatial flatness of the universe
and the large scale isotropy and homogeneity count towards indirect evidence. Although unverified,
the theory of inflation is a vital part of the current understanding of the universe. Therefore, we
would like a comprehensive model of inflation. Since this is an active area of research, there is a
variety of models, some have more merit than others.

The first model of inflation was published by Starobinsky in 1980 [1]. His model is based on a
generalisation of Einstein’s theory of general relativity to include curvature squared corrections.
The action for this particular model is,

SS =
1

2

∫
d4x
√
−g
{
M2
pR+

R2

6M2

}
, (2.23)

where g is the metric determinant, Mp is the reduced Planck mass, R is the Ricci scalar, and M
is a constant. Starobinsky wanted to include quantum-gravitational effects to see how they might
change the beginning of the universe. The first quantum corrections to Einstein’s equations mani-
fest themselves as curvature squared corrections to the Einstein-Hilbert action. The addition of R2

leads to an effective scalar, called the scalaron, when curvatures are large, i.e., when the universe
is small. This led Starobinsky to a picture of the universe which is initially in a de Sitter state,
meaning that flat spatial sections are expanding exponentially fast. Later, Chibisov and Mukhanov
found that the spectrum of scalar cosmological perturbations in Starobinsky’s model is nearly scale
invariant [17], which still agrees with current observations of anisotropies in the CMBR. Nowadays,
the Starobinsky model and its descendants are categorized as f(R) modified gravity theories.

Another way to model inflation is by using the vacuum energy of a scalar field. Imagine a universe
dominated by the energy of a scalar field Φ(t, ~x), known as the inflaton field. The dynamics of such
a scalar field in a curved spacetime is described by the following action

S = SEH + SΦ =

∫
d4x
√
−g

{
M2
p

2
R− 1

2
gµν∂µΦ∂νΦ− V (Φ)

}
, (2.24)

where V (Φ) denotes the potential of the scalar field, which describes its self-interaction. In this
particular action the scalar field is minimally coupled to gravity for the sake of simplicity. For the
same reason, the cosmological constant, Λ, is set to zero. The equation of motion for the scalar
field is obtained by varying the action with respect to Φ,

δS

δΦ
=

1√
−g

∂µ(
√
−g∂µΦ)− V ′(Φ) = 0, (2.25)
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where V ′(Φ) = dV (Φ)/dΦ. The effect of the scalar field on the surrounding spacetime and vice
versa is governed by the Einstein equation

Gµν = 8πGTΦ
µν , (2.26)

where the energy-momentum tensor is

TΦ
µν = ∂µΦ∂νΦ− gµν

(
1

2
∂σΦ∂σΦ + V (Φ)

)
. (2.27)

From this point on, assume a spatially homogeneous scalar field Φ(t, ~x) = φ(t) and the FLRW
metric as in equation (2.1). The energy-momentum tensor reduces to that of a perfect fluid with
energy density ρφ and pressure Pφ given by

ρφ =
1

2
φ̇2 + V (φ), (2.28)

Pφ =
1

2
φ̇2 − V (φ). (2.29)

Additionally, Einstein’s equations yield the Friedmann equations as discussed in section 2.2

H2 ≡
(
ȧ

a

)2

=
8πG

3
ρφ (2.30)

Ḣ +H2 ≡ ä

a
=− 4πG

3
(ρφ + 3Pφ) . (2.31)

where the spatial curvature is neglected because inflation will flatten the universe immensely. Fi-
nally, the equation of motion for the scalar field reduces to

φ̈+ 3Hφ̇+ V ′(φ) = 0. (2.32)

The previous five equations fully determine the dynamics of the inflaton field, although they are
not all linearly independent. From these equations it is not immediately clear what happens to the
scale factor; whether or not the universe is expanding and at what rate. To this end, examine the
equation of state parameter introduced in section 2.3,

ωφ =
Pφ
ρφ

=
1
2 φ̇

2 − V (φ)
1
2 φ̇

2 + V (φ)
. (2.33)

A universe dominated by a scalar will exhibit accelerated expansion only if ωφ < −1/3. It is clear
that the scalar potential is of some importance in this matter.

In 1981, Alan Guth proposed a potential that would lead to inflation. In his original work [19], he
elaborated on the practicality of inflation when it comes to solving the fine-tuning problems. He
continued by describing inflation as a delayed first order phase transition. The scalar potential he
proposed is shown in figure 2.5a. Initially, the inflaton is stuck in a local minimum of the potential,
and then tunnels through the potential barrier towards the true minimum. Guth realized that this
approach to inflation is inherently flawed. The transition to the true vacuum occurs by chance and,
therefore, can not occur everywhere simultaneously. In an exponentially expanding universe, it is
impossible for the entire space to tunnel to the true vacuum. In fact, the amount of space in the
false vacuum increases because the expansion of space is much faster than the tunnelling process.
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Therefore, the inflationary scenario Guth proposed is unending. This is known as the ’graceful exit
problem’.

In order to solve the graceful exit problem, one might consider the potential in figure 2.5b, intro-
duced by Andrei Linde and by Albrecht and Steinhardt in 1982. The potential is very flat around
the origin, i.e., V ′(φ) ≈ 0. This way, the inflaton rolls slowly down the potential into the true
vacuum, avoiding the need for tunnelling. The benefit of this potential is that inflation naturally
ends when the inflaton reaches the end of the flat section, thus solving the graceful exit problem.
The drawback is that inflation generated in this way generally does not last long enough to solve
the flatness- and horizon problem. Only when the potential is extremely flat or when the initial
conditions are fine-tuned such that the scalar field starts at φ ≈ 0 and φ̇ ≈ 0, but φ 6= 0. Certainly
such fine-tuning conditions are undesirable.

One model that attempts to deal with these fine-tuning conditions is the model of chaotic inflation,
also proposed by Andrei Linde. The model relies on either of the following potentials,

V (φ) =
1

2
m2φ2, V (φ) =

1

4!
λφ4, (2.34)

which are relatively simple; m and λ are constants. Using incorrect arguments, Linde argues that
it is natural for the scalar field to start far away from the origin, such that V (φ) � φ̇2, which is
required to start inflation. Not only is a revision of the initial scale of inflation required, but also the
naturalness of the potential itself can be called into question. In order to reconcile the predictions
of chaotic inflation with large scale CMB anisotropies, one has to fine-tune the constant in the
potential to a very small number. Furthermore, chaotic inflation based on the quartic potential has
been disfavoured by observations based on the relatively large deviation from scale invariance.

The above discussion implies that there exist some conditions for inflation: the potential must be
sufficiently flat such that the potential energy dominates the kinetic energy and φ̈ must be small
such that inflation lasts long enough. These requirements are known as the slow-roll conditions,

φ̇2 � V (φ), φ̈� 3Hφ̇, V ′(φ). (2.35)

(a) The scalar potential proposed by Guth which
gives rise to inflation by means of a first order
phase transition. The idea is that the inflaton
field would tunnel through the potential barrier
into the true vacuum. However, the tunnelling
process is too slow and, thus, the resulting infla-
tionary period is endless.

(b) An alternative proposal for the scalar poten-
tial from an inflationary model called ’new infla-
tion’. In this case, the potential is extremely flat
around the origin. The necessity for such a flat
potential inadvertently leads to fine-tuning con-
ditions, called slow-roll conditions.

Figure 2.5: Figures from [18]
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It is mathematically more desirable to formulate these conditions in terms of dimensionless quanti-
ties, which are known as the slow-roll parameters,

εV ≡
1

2
M2
p

(
V ′

V

)2

, (2.36)

ηV ≡M2
p

V ′′

V
. (2.37)

In terms of these parameters, the slow-roll conditions are simply εV , ηV � 1. In the slow-roll regime,
the Friedmann equations become

H2 =
8πG

3
V (φ), (2.38)

H2 + Ḣ =
8πG

3
V (φ). (2.39)

These equations immediately imply that Ḣ ≈ 0, which represents an almost exponentially expanding
universe known as a ’quasi-de Sitter’ universe. Inflation ends when the slow-roll parameters become
of order unity. The duration of inflation is expressed in terms of the number of e-foldings,

N =

∫ tend

t
H(t′)dt′ = ln

(aend
a

)
. (2.40)

The flatness problem and the horizon problem require inflation to last at least 60 e-foldings, which is
satisfied in most inflationary scenarios. After inflation has ended, the inflaton enters an oscillatory
regime after which it will decay. The energy of the inflaton potential will be released and take the
form of a thermalized gas of Standard Model particles in a process called ’reheating’.

2.6 Evolution of scales and large scale structure formation

A comprehensive model of the universe explains all that can be observed within it. The most pal-
pable observation is the presence of structure in our universe. Structure is the collective name for
planets, solar systems, galaxies, galaxy clusters and many other compact objects in space. Thus,
structure can be found at many different scales. A big success of the ΛCDM model is the prediction
of structure formation on the largest scales. The presence of galaxy clusters and voids is said to
originate from quantum fluctuations in the early universe. Due to the evolution of the universe,
in particular the rapid expansion of inflation, these tiny density fluctuations grow to be larger and
larger. An early imprint of these density fluctuations is found in the temperature spectrum of the
cosmic microwave background radiation emitted at the end of the radiation era (see figure 2.3).
These density fluctuations form the seeds of large scale structure, in that, after the decoupling
of photons, baryons could freely move and, due to the attractive nature of gravity, over-densities
accumulated more and more matter which eventually lead to the formation of galaxies.

There are several important scales relevant to structure formation. The most important scales are
the Hubble radius (RH) and the physical scale of perturbations (λphys). While the latter evolves
proportional to the scale factor, the former scales as one over the Hubble parameter,

RH ∝
1

H
, λphys ∝ a. (2.41)
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The Hubble radius is interpreted as the distance to the Hubble limit. Beyond the Hubble limit, the
expansion of the universe is faster than the speed of light. Therefore, any two regions separated by
a distance greater than the Hubble radius are outside of causal contact with each other. Figure 2.6
shows the evolution of the aforementioned scales in inflation, radiation era, and matter era. During
inflation, the Hubble radius is constant while the physical scale of perturbations grows with the ex-
pansion rate of the universe. Inevitably, the physical scale of the perturbations is going to outgrow
the Hubble radius. The first horizon crossing, as it is called, occurs at a1x in figure 2.6. Hence,
one can classify a scale R as sub-Hubble (R � RH), or super-Hubble (R � RH). At sub-Hubble
scales the amplitude of vacuum fluctuations for any field evolves inversely proportional to the scale,
i.e., δϕ|R ∝ 1/R for R � RH . At super-Hubble scales, the behaviour of fluctuations is not the
same for all fields. One distinguishes between conformally coupled fields, which do not couple to
gravity when appropriately rescaled, and nonconformally coupled fields. The latter category will be
the most relevant as it includes minimally coupled scalar fields, gravitons and massive fermionic-
and gauge fields. The amplitude of fluctuations for nonconformally coupled fields remains constant
at super-Hubble scales while for conformally coupled fields it scales as 1/R. This means that, at
the second horizon crossing a2x, there are large-scale fluctuations whose amplitudes have not been
suppressed by the universe’s expansion. In particular, this is true for scalar metric fluctuations
which manifest as gravitational potential wells upon re-entering the horizon. These gravitational
wells pull in surrounding matter, starting an accumulation which will eventually result in galaxy
clusters and, on the other hand, voids.

There is one important ingredient which was not explicitly mentioned in the above discussion: dark
matter. Although it is included in the term ’matter’, a specific remark is in order. Dark matter
is an important puzzle piece in understanding the evolution of the universe and, thus, structure
formation. It is estimated that dark matter accounts for 85% of matter in the universe. Dark
matter is different from baryonic matter in that it only interacts with gravity. Other than that, it

Figure 2.6: The evolution of scales in a simplified history of the universe. The blue line tracks the
Hubble radius and the red line tracks the physical scale of perturbations in time through inflation,
radiation era, and matter era. The marks on the time axis, a1x and a2x, denote the first and second
horizon crossing of the physical scale.
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is a mysterious form of matter; its composition is unknown. However, because it does not interact
with radiation it can move freely in the radiation era. Therefore, it starts to accumulate earlier
than baryonic matter. It is quite certain that without dark matter structure formation would not
have been able to progress to its current state.

Finally, a proper discussion of perturbations and large scale structure formation requires quantiza-
tion of the relevant fields. Chapter 4 contains such, and a treatment of quantum fluctuations.



Chapter 3

Cosmological perturbations

In reality, the inflationary scenario is more complicated than the homogeneous picture sketched in
section 2.5. The universe is not homogeneous at small scales. Quantum fluctuations in the inflaton
field generated during inflation are claimed to be responsible for the temperature anisotropies of the
cosmic microwave background radiation. Not only that, these primordial (quantum) fluctuations
eventually led to the formation of the large scale structure of the universe (as discussed in section
2.6). This chapter provides a classical treatment of perturbations at both linear and quadratic
order. In section 3.1, the background field method will be introduced and the perturbations will
be categorized according to the scalar-vector-tensor decomposition. Sections 3.2 and 3.3 discuss
the scientific jargon concerning gauges. Then, section 3.4 covers the main principles from earlier
sections applied to classical linear perturbation theory of gravity by expanding Einstein’s equations.
Quadratic perturbation theory is treated in the framework of the action formalism, introduced in
section 3.5. We start by following existing literature in deriving the quadratic action in the co-
moving gauge. With an eye on future calculations, we introduce a different gauge, named the
stacked gauge, in section 3.6. A gauge transformation is performed in order to obtain the action in
the desired gauge. Finally, in section 3.7, the exact equations of motion are derived and expanded
up to quadratic order in perturbations. This quadratic equation of motion will be used in chapter
5 to calculate the one-loop quantum backreaction to the tadpole equation.

3.1 Scalar-vector-tensor decomposition

Cosmological perturbations are usually studied by splitting the field into a homogeneous classical
background and inhomogeneous (quantum) fluctuations

gµν(t, ~x) = gbµν(t) + δgµν(t, ~x) (3.1)

Φ(t, ~x) = φ(t) + ϕ(t, ~x), (3.2)

where the background fields are denoted by gbµν ,φ, and the fluctuations are denoted by δgµν and
ϕ. This method is based on the assumption that the fluctuations are small compared to the back-
ground, i.e., δgµν � 1 and ϕ� φ. There is one caveat to the background field method: the above
decomposition is far from unique. This is on account of the fact that there are more degrees of
freedom than required to describe the underlying physics. As a result, not all degrees of freedom
are physical. A more technical discussion of gauge freedom and gauge transformations will take
place in section 3.2.

19
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It is common practice to categorize perturbations based on their transformation under spatial
rotation. Each of these components evolves separately (at linear order) which simplifies the study of
cosmological perturbations significantly. There are three categories: scalar, vectorial, and tensorial
perturbations. Their classification is based on helicity. The effect of helicity can be shown as follows.
Let δX be a generic perturbation, then its Fourier form is

δX~k(t) =

∫
d3xei

~k~xδX(t, ~x). (3.3)

Performing a rotation by an angle θ around the wave vector ~k will demonstrate the essential property
for massless perturbations,

δX~k(t)→ eimθδX~k, (3.4)

where m is called the helicity. Scalar, vectorial and tensorial perturbations have helicity m =
0,±1,±2 respectively. The decomposition based on this property is called the scalar-vector-tensor
decomposition, or SVT decomposition for short.

Let us apply the SVT decomposition to the metric fluctuation in equation (3.1). One can rewrite
the metric up to first order in perturbations,

ds2 =gµνdx
µdxν

=− (1 + 2Ξ)dt2 − 2aBidtdx
i + a2[(1− 2Ψ)δij + 2Sij ]dx

idxj ,
(3.5)

where the background metric is taken to be gbµν = diag(−1, a2(t), a2(t), a2(t)). One can break down
the above quantities further by explicitly separating them into scalar, vectorial and tensorial degrees
of freedom

Bi = ∂iB +BT
i , with ∂iBT

i = 0, (3.6)

Sij = 2∂i∂jE + 2(iFj) + hTTij with ∂iFi = 0, and hTTii = 0 = ∂ih
TT
ij . (3.7)

Some of these fields are restricted by constraints, e.g., BT
i , Fi, and hTTij . The following is an overview

of the degrees of freedom and their category.

• 4 scalars: Ξ, Ψ, B, E i.e. 4 scalar degrees of freedom,

• 2 vectors: BT
i , Fi i.e. 4 vectorial degrees of freedom,

• 1 tensor: hTTij i.e. 2 tensorial degrees of freedom.

In total this accounts for the ten independent components of the symmetric 4× 4 metric perturba-
tion δgµν . As mentioned, not all of these are physical degrees of freedom. The scalar and vector
components will transform under a general coordinate transformation. Consequently, there exists a
transformation after which either the scalar or vector perturbation is zero. Therefore, these pertur-
bations should not be interpreted as physical. On the other hand, the tensor components remain
invariant under such a transformation. The symmetric tensor hTTij has six independent components
and satisfies the four constraints in equation (3.7). The remaining two independent tensorial de-
grees of freedom of hTTij are interpreted as the two polarisations of gravitational waves: the plus
(+) and cross (×) polarization. Gravitational waves carry energy in the form of gravitational ra-
diation. They can be generated by the acceleration of massive objects, such as in a binary black
hole. To some level, they are also generated during inflation and as such they will be relevant
in the remainder of this thesis. Similarly, scalar perturbations are important during inflation as
they are generated by the vacuum fluctuation of the inflaton field. Vector perturbations, in compar-
ison, are generally considered irrelevant during inflation and, thus, will be disregarded in this thesis.
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3.2 Gauge transformations

The theory of general relativity is invariant under diffeomorphisms; the metric field gµν may be
changed at will by performing a general coordinate transformation. Such an operation will not
change the underlying physics, since it is simply a relabelling that leaves the underlying theory
unchanged. However, this can give rise to ambiguities; certain perturbations might vanish by per-
forming a particular transformation. Thus, it is crucial to distinguish between the true dynamical
information and the information related to the coordinate system. Generally, there are two ways to
avoid the clash between the smaller number of variables describing the dynamics and the redundant
variables needed to ensure the correct transformation properties: gauge fixing and gauge invariant
variables.

Fixing a gauge corresponds to establishing the slicing and threading of spacetime. Slicing the
spacetime refers to the choice of the equal time hypersurfaces. Threading the spacetime then
defines the spatial coordinates on each spacelike hypersurface. The most intuitive way to illustrate
the workings of this slicing and threading is at the hand of the ADM-formalism. Performing an
ADM-decomposition of the metric comes down to rewriting it as follows,

ds2 = −N2dt2 + gij(dx
i +N idt)(dxj +N jdt), (3.8)

where N = N(t, ~x) is called the lapse function and Ni = Ni(t, ~x) is called the shift vector. The shift
vector takes into account the movement of the observer on the three-space while the lapse function
captures the fact that the evolution of coordinate time is generally not homogeneous throughout
spacetime. Neither are physical effects, rather, they are coordinate effects. Figure 3.1 shows an
image of the physical interpretation of the lapse function and shift vector between two space-like hy-
persurfaces. In the ADM-formalism, the coordinate-dependent information is nicely separated from
the true physical dynamics. Fixing a gauge comes down to solving the constraint equations satis-
fied by the lapse function and shift vector, which then defines the slicing and threading of spacetime.

Figure 3.1: The changes in coordinate system between two space-like hypersurfaces Σt and Σt+dt

as a result of the lapse function and shift vector. The shift vector Ni defines the movement of the
coordinate system on the hypersurfaces; if Ni = 0, the hypersurfaces are stacked on top of each
other perfectly. The lapse function N describes the local evolution of coordinate time; a non-uniform
lapse function will cause the hypersurface to contort along the time axis.
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As already mentioned, there are specific gauges in which perturbations vanish. Two examples are
the comoving gauge and the zero-curvature gauge. In the comoving gauge, the slicing of spacetime is
chosen orthogonal to comoving observers such that the observer does not witness any perturbations
in the scalar field, i.e., ϕ = 0. In the zero-curvature gauge, the trace over the spatial components of
the metric vanishes, i.e., Tr[gij ] = 0. One can go from one gauge to another by performing a gauge
transformation. Consider an infinitesimal coordinate transformation,

xµ → x̃µ = xµ + ξµ(x), (3.9)

where ξµ is some infinitesimal vector. The scalar field and the metric field transform under this
coordinate transformation as follows

Φ(x)→ Φ̃(x̃) = Φ(x), (3.10)

gµν(x)→ g̃µν(x̃) =
∂xρ

∂x̃µ
∂xσ

∂x̃ν
gρσ(x). (3.11)

Expanding up to linear order in ξµ, the above equations become

Φ̃(x) = Φ(x)− ξµ∂µΦ(x), (3.12)

g̃µν(x) = gµν(x)−∇µξν(x)−∇νξµ(x) = gµν(x)− Lξgµν(x), (3.13)

where ∇µ is the covariant derivative and Lξ is the Lie derivative in the direction of ξ. The above
transformations form the group of infinitesimal coordinate transformations. The arbitrary vector
ξµ has four independent components. In principle, one could set four out of the eleven fields to zero
with a single gauge transformation such that only dynamical fields remain.

3.3 Gauge-invariant variables

The definition of a gauge transformation in section 3.2 also immediately defines what it means for
a field to be gauge-invariant: it is identical in all reference frames. Constructing a gauge-invariant
formalism is typically very challenging. In practice, one does not specify the hypersurfaces of
constant time as one does when fixing a gauge. Instead, the choice of hypersurfaces is left arbitrary
and one defines infinitesimally invariant variables on them. When constructing gauge-invariant
variables out of the metric perturbation it is important to distinguish between the scalar, vectorial
and tensorial degrees of freedom as discussed in section 3.1. Recall that the metric perturbation
can be decomposed in four scalars Ξ,Ψ, B,E, two vectors BT

i , Fi and one tensor hTTij ,

ds2 =gµνdx
µdxν

=a2(η)
{
−(1 + 2Ξ)dη2 − 2Bidηdx

i + [(1− 2Ψ)δij + 2Sij ]dx
idxj

}
,

(3.14)
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where dη = a−1dt defines conformal time. According to the transformation law in equation (3.11),
the components of the metric perturbation transform as follows

Ξ→ Ξ̃ = Ξ +
a′

a
ξ0 + ξ0′, (3.15)

B → B̃ = B + ξ0 + ξ′, (3.16)

BT
i → B̃T

i = BT
i −

a′

a
ξTi + ξTi

′ (3.17)

Ψ→ Ψ̃ = Ψ− a′

a
ξ0, (3.18)

E → Ẽ = E − ξ, (3.19)

Fi → F̃i = Fi −
ξTi
a2
, (3.20)

hTTij → h̃TTij = hTTij , (3.21)

where a′ = ∂ηa is the partial derivative with respect to conformal time, and the shift vector ξi is
broken into a transverse and longitudinal part

ξi = ξiT + δij∂jξ, with ∂iξ
T
i = 0. (3.22)

Only in the special case that the infinitesimal transformation is purely longitudinal (ξTi = 0), the
scalar nature of the metric perturbations is preserved. This shows that not all four scalar fields can
be set to zero by a gauge transformation; only the ξ0 and ξ components can be used in gauge fixing
the scalars. By looking at the transformations of the four scalar components Ξ,Ψ, B,E as above,
one construct the following gauge-invariant quantities

ΞB = Ξ− 1

a

[
(B + E′)a

]′
, (3.23)

ΨB = ψ +
a′

a

[
B + E′

]
, (3.24)

which are called the Bardeen potentials. It must be noted that in Bardeen’s original notation
[20] they are defined slightly different, partly because of the different metric signature. Another
important remark is that the Bardeen potentials are only gauge-invariant up to linear order in in-
finitesimal perturbations; to study perturbations to higher order one would have to find a new set
of variables that are gauge-invariant up to the required order. Finally, there is an infinite amount
of gauge-invariant quantities. For example, any linear combinations of Bardeen potentials is again
gauge-invariant up to first order. The Bardeen potentials themselves are linearly independent.

Although the gauge-invariant formalism provides a complete description of the physics, it could
still be beneficial to consider specific gauges. In passing, we note the following two gauges that are
prominent in the literature,

• The synchronous gauge: Ξ = 0, B = 0,

• The longitudinal gauge: B = E = 0, which implies that ΞB = Ξ, and ΨB = Ψ.

In the synchronous gauge, there is still some residual gauge freedom after fixing Ξ = 0, B = 0. The
resulting unphysical gauge modes tend to make physical interpretation challenging in this gauge.
Conversely, the coordinates in the longitudinal gauge are fully fixed and the Bardeen potentials
reduce to the two gravitational potentials in equation (3.14).
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3.4 Linear perturbation theory

The previous sections have prepared us enough to attempt linear perturbation theory of gravity.
In this section, the focus will be on deriving the dynamical equations describing the evolution of
classical perturbations. These equations are obtained by expanding the Einstein equations up to
linear order. It was shown [21] that, in FLRW universes, the linearized Einstein equations can
be considered as linearizations of the exact solutions to the full nonlinear equations. This ensures
that linear perturbation theory is mathematically well-defined. This section will closely follow the
discussion in [22].

To set the scene, consider the metric in equation (3.14), where the background metric is chosen to be
the flat FLRW metric in conformal time. The metric perturbation will be treated as classical. One
can also split the Einstein tensor and energy-momentum tensor into a background and fluctuations,

Gµν = Ḡµν + δGµν , Tµν = T̄µν + δTµν . (3.25)

As a result, the Einstein equation itself decomposes into a background equation and an equation
of motion for small fluctuations. The components of the background Einstein tensor were already
derived in section 2.2. The components of the perturbed Einstein tensor can be calculated directly
from the metric in equation (3.14). It is a rather tedious calculation, the results can be found in [22].

The next step is to construct a gauge-invariant formulation of the perturbation equation. First of
all, δGµν and δTµν are not gauge-invariant. The components of the Einstein tensor transform as
follows under the coordinate transformation in equation (3.9)

δG0
0 → δ̃G0

0 = δG0
0 + (Ḡ0

0)′ξ0, (3.26)

δG0
i → δ̃G0

i = δG0
i +

(
Ḡ0
i − 1

3Ḡ
k
k

)
ξ0
|i, (3.27)

δGji → δ̃Gji = δGji + (Ḡji )
′ξ0, (3.28)

where ξ0
|i denotes the covariant derivative. δTµν undergoes the same gauge transformation with

δGνµ → δT νµ . It is quite straightforward to construct gauge-invariant quantities using the transfor-
mation laws (3.15) to (3.21),

δG
(gi)
0

0 = δG0
0 − (Ḡ0

0)′(B + E′), (3.29)

δG(gi)0
i = δḠ0

i −
(
Ḡ0
i − 1

3Ḡ
k
k

)
∂i(B + E′), (3.30)

δG
(gi)
i

j = δGji − (Ḡji )
′(B + E′). (3.31)

The gauge-invariant quantities are analogous for δTµν . The Einstein equation for small fluctuations
can now be written in a manifestly gauge-invariant way

δG(gi)µ
ν = 8πGδT (gi)µ

ν , (3.32)

This dynamical equation for classical cosmological perturbations can be put to good use within the
inflationary paradigm discussed in section 2.5. Recall that the energy-momentum tensor is given
by equation (2.27),

TΦ
µν = ∂µΦ∂νΦ− gµν

(
1

2
∂σΦ∂σΦ + V (Φ)

)
. (3.33)
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Applying the background field method to the scalar field, one can find an explicit expression for the
perturbed energy-momentum tensor. The background tensor T̄µν is one of a perfect fluid (equation
(2.6)), while δTµν is linear in both matter and metric fluctuations: ϕ, and δgµν . The eventual gauge-
invariant expression δT (gi)µ

ν can be found in [22]. Equation (3.32) can be expressed in a manifestly
gauge-invariant way by writing it in terms of the Bardeen potentials defined in equations (3.23) and
(3.24). One of the equations tells us that the Bardeen potentials coincide ΞB = ΨB. By taking
appropriate combinations of the remaining equations, one can retrieve the following second order
partial differential equation expressed in terms of ΞB,

Ξ′′B + 2

(
H− φ′′

φ′

)
Ξ′B −∇2ΞB + 2

(
H′ −Hφ

′′

φ′

)
ΞB = 0, (3.34)

where the prime indicates differentiation with respect to conformal time, and H = a′/a. This
equation describes the evolution of cosmological perturbations in a universe dominated by a single
scalar field. Another useful interpretation of the above equation is obtained by introducing the
following variable expressed in coordinate time,

ζ =
2

3

(H−1Ξ̇B + ΞB)

1 + ω
+ ΞB, (3.35)

where ω is the equation of state parameter. Equation (3.34) can be rewritten as a conservation law
for ζ,

3

2
ζ̇H(1 + ω) = Ξ̈B +

(
H − 2

φ̈

φ̇

)
Ξ̇B + 2

(
Ḣ −H φ̈

φ̇

)
ΞB =

1

a2
∇2ΞB, (3.36)

expressed in coordinate time. On super-Hubble scales, one has |∂i|2 � (aH)2, i.e., the spatial
gradient ∇2ΞB is negligible. Thus, by virtue of equation (3.34) the right-hand side vanishes and ζ
is conserved. It was pointed out by Lyth [23] that, in the co-moving gauge, ζ can be interpreted as
a curvature perturbation, thus showing that curvature perturbations freeze at super-horizon scales.

One has to be careful when using the above equations within the inflationary scenario. The as-
sumptions of the background field method must remain satisfied, i.e., δgµν � 1, ϕ � φ. If not,
linear perturbation theory breaks down and higher order terms in perturbations become relevant.
Of course, the CMBR indicates that perturbations are indeed small, δT/T ∼ 10−5. In addition, the
perturbations are nearly Gaussian, such that the contributions from interactions are not large either.

3.5 Action formalism

This section is dedicated to deriving an action for the study of (quantum) fluctuations in an ex-
panding universe. This section will closely follow the treatment of the four-dimensional case in [24].

The inflationary model of choice is the single scalar field inflationary model introduced in section
2.5. However, in this section, spacetime will be generalized to D dimensions for the benefit of
dimensional regularisation. The action is

S = SEH + Sφ =

∫
dDx
√
−g

{
M2
p

2
R(D) − 1

2
gµν∂µΦ∂νΦ− V (Φ)

}
, (3.37)
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where R(D) is the D-dimensional Ricci scalar. General slow-roll conditions apply. We proceed by
applying the ADM decomposition introduced in section 3.2,

ds2 = −N2dt2 + gij(dx
i +N idt)(dxj +N jdt), (3.38)

where N is the lapse function and Ni is the shift vector. The action can be rewritten in terms of
these functions [9] (up to some boundary terms),

S =

∫
dDx
√
g

{
N

16πG

(
R+KijK

ij −K2
)

+
1

2N

(
∂0Φ−N i∂iΦ

)2 − N

2
gij∂iΦ∂jΦ−NV (Φ)

}
,

(3.39)
where R is the (D − 1)-dimensional Ricci scalar, and

Kij = − 1

2N

(
∂gij
∂t
−∇iNj −∇jNi

)
(3.40)

is called the extrinsic curvature and its trace is denoted by K = Ki
i . The eigenvalues of Kj

i (x) are
the (D − 1) radii of curvature as measured in the surrounding D-dimensional space at some point
on the hypersurface. In other words, the extrinsic curvature defines the infinitesimal time evolution
of the normals to the hypersurface. In the context of the above action, N and Ni are considered
Lagrange multipliers. This means that the equations obtained from varying the action with respect
to N and Ni are, in fact, constraint equations. They are often referred to as the Hamiltonian
constraint and the momentum constraint respectively,

δS

δN
= 0⇒ 1

16πG

(
R−KijK

ij +K2
)
− Φ̇2

2N2
− V (Φ) = 0, (3.41)

δS

δN j
= 0⇒∇i

[
Ki
j − δijK

]
= 0. (3.42)

These constraint equations describe the conservation of energy and momentum of a system with
a matter field Φ and a geometry gµν . The strategy is to solve these conservation equations, thus
obtaining expressions for N and Ni, and to plug the results back into the action before expanding
up to quadratic order in perturbations. It is sufficient to calculate N and Ni up to linear order in
perturbations since second order terms would multiply the Friedmann (background) equations in
D dimensions,

H2 =
16πG

(D − 1)(D − 2)

(
1

2
φ̇2 + V

)
(3.43)

Ḣ +H2 =
16πG

(D − 2)
V (3.44)

which are satisfied. We will execute the aforementioned strategy in the comoving gauge,

ϕ = 0, gij = a2(t) [(1 + 2ζ(t, ~x))δij + γij(t, ~x)] , ∂iγij = 0, γii = 0, (3.45)

where the matter fluctuations vanish, i.e., ϕ = 0, and ζ and γij are the degrees of freedom describing
metric fluctuations. In this gauge, the constraint equations are solved up to first order by

N = 1 +
ζ̇

H
, N i = ∂iΩ, Ω = −a−2H−1ζ + χ, ∇2χ = εζ̇, ε =

16πG

2(D − 2)

φ̇2

H2
, (3.46)

where ε is the first geometric slow-roll parameter. At this point it is clear to see that four out of
the five scalar degrees of freedom have been determined: two degrees of freedom (ϕ and γii) are
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set to zero by gauge-fixing, while the other two (N and ∂iN
i) are physical constraints which are

obtained by solving equations (3.41) and (3.42). This leaves precisely one physical scalar degree
of freedom while the two remaining components of γij constitute the physical tensorial degrees of
freedom. Plugging the above solution back into the action, the scalar part of the action becomes

Sζ =

∫
dDxa(D−1)e(D−1)ζ

{
1

16πG

(
1 +

ζ̇

H

)[
− 2(D − 2)a−2e−2ζ∇2ζ

− (D − 2)(D − 3)a−2e−2ζ(∇ζ)2 − (D − 1)(D − 2)H2 − 16πGV

]
+

1

(1 + ζ̇/H)

φ̇2

2

}
, (3.47)

up to a total derivative which is linear in Ω. By means of partial integration and the background
equations in (3.43) and (3.44), the action reduces to

Sζ =

∫
dDxa(D−1) 2(D − 2)ε

16πG

{
1

2
ζ̇2 − 1

2
a−2(∇ζ)2

}
. (3.48)

Equation (3.48) is the action for scalar metric perturbations up to quadratic order in the comoving
gauge. Calculating the tensor part of the action is relatively straightforward. The total action in
the comoving gauge is

S =

∫
dDx

a(D−1)

16πG

{
2(D − 2)ε

[
1

2
ζ̇2 − 1

2
a−2(∇ζ)2

]
+

[
1

4
γ̇ij γ̇

ij − 1

4
a−2∂kγij∂

kγij
]}

. (3.49)

It can be quite useful to consider different gauges. For example, the zero-curvature gauge, in which
ζ = 0 and ϕ(t, ~x) 6= 0, is particularly useful when doing slow-roll computations. Similarly, in the
stochastic approach to inflation, it is useful to consider a gauge in which Ni = 0. In the next
section, we will define such a gauge and derive the corresponding quadratic action by means of a
gauge transformation from the comoving gauge. The resulting action will later be used to quantize
the dynamical scalar field in section 4.3.

3.6 Stacked gauge

The shift vector Ni describes the change of the spatial coordinates on consecutive space-like hyper-
surfaces. In a gauge where Ni = 0, these coordinate systems do not shift relative to one another.
One could say that they are stacked on top of each other perfectly.

In this section, we will construct a fully fixed gauge in which Ni = 0. As a start, define the following
gauge which will be referred to as the stacked gauge,

ϕ = 0, gij = a2(t) ((1 + 2ψ(t, ~x)) δij + Ψij(t, ~x)) , ∂iΨij = ∂jυ(t, ~x), Ψii = 0, (3.50)

N(t, x) = 1 + n(t, x), N i(t, x) = 0, (3.51)

where the spatial part of the metric gij is split into a traceless tensorial part, Ψij(t, ~x) and a trace
part ψ(t, ~x). As opposed to the comoving gauge, Ψij is not, a priori, transverse. Additionally, the
scalar fields ψ(t, ~x), υ(t, ~x), and n(t, ~x) are not independent of each other. Their precise relations, as
well as the underlying dynamical scalar, will be uncovered when performing a gauge transformation
from the comoving gauge.



CHAPTER 3. COSMOLOGICAL PERTURBATIONS 28

Performing a linear gauge transformation comes down to shifting the coordinates by a vector ξµ,

xµ → x̃µ = xµ + ξµ(x), (3.52)

which changes the scalar field and metric field as follows,

Φ̃(x) = Φ(x)− ξµ∂µΦ(x), (3.53)

g̃µν(x) = gµν(x)−∇µξν(x)−∇νξµ(x). (3.54)

Before performing the transformation it is comprehensive to state the original gauge and the final
gauge. The original gauge is the comoving gauge in equation (3.46) where matter perturbations
vanish (ϕ = 0) and the D-dimensional metric can be compactly written up to linear order in
perturbations as

gµν(t, ~x) =

(
−1− 2ζ̇/H a2∂iΩ
a2∂jΩ a2((1 + 2ζ)δij + γij)

)
. (3.55)

In the stacked gauge, g̃0i = Ñi = 0 as well as ϕ̃ = 0. These conditions are the constraints that will
fix the gauge transformation. For the sake of clarity, one can write the metric in the stacked gauge
as follows,

g̃µν(t, ~x) =

(
−1− 2n(t, ~x) 0

0 a2 ((1 + 2ψ(t, ~x))δij + Ψij(t, ~x))

)
, (3.56)

Between these two gauges, the matter field does not transform, i.e., Φ̃(x) = Φ(x). Consequently,
equation (3.53) implies that ξ0 = 0. With this in mind, the condition g̃0i = 0 implies that

∂0ξi − 2Hξi = a2∂iΩ. (3.57)

It will be convenient to denote ξi = ∂iλ such that the previous equation reduces to ∂iλ̇ = ∂iΩ. This
fully fixes the gauge transformation. Thus, each of the functions in the final gauge can be derived
from equation (3.54),

n(t, ~x) = ζ̇(t, ~x)/H(t), (3.58)

∂iλ̇(t, ~x) = ∂iΩ(t, ~x), (3.59)

ψ(t, ~x) = ζ(t, ~x)− 1

D − 1
∇2λ(t, ~x), (3.60)

Ψij(t, ~x) = γij(t, ~x)− 2∂i∂jλ(t, ~x) +
2

D − 1
δij∇2λ(t, ~x), (3.61)

∂jυ(t, ~x) = −2(D − 2)

(D − 1)
∂j∇2λ(t, ~x). (3.62)

The first important thing to note is that Ψij is not transverse as opposed to γij . Another important
point is that λ is not independent of ζ, namely

∇2λ̇(t, ~x) = ∇2Ω(t, ~x) = εζ̇(t, ~x)− a−2H−1∇2ζ(t, ~x). (3.63)

From this relation and equation (3.60), it immediately follows that

(D − 1)ψ̇(t, ~x) = (D − 1− ε)ζ̇(t, ~x) + a−2H−1∇2ζ(t, ~x). (3.64)

We would like to use the above relation as well as equation (3.61) to derive from the action (3.49) the
corresponding action in the stacked gauge. However, it is hard to invert this equation, i.e., to express
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ζ explicitly in terms of ψ. Therefore we resort to deriving the action in the stacked gauge separately
and performing the above gauge transformation to show it is consistent with the action in equation
(3.49). The details of the derivation as well as the gauge transformation can be found in appendix A.

The action up to quadratic order in perturbations in the stacked gauge is (equation (A.30))

S =

∫
dDx

aD−1

16πG

{
− (D − 1)(D − 2)ψ̇2 + a−2

[
(D − 2)(D − 3)(∇ψ)2 + (D − 3)ψ∇2υ − 1

2
Ψij∂

i∂jυ

]
+

1

4

[
(Ψ̇ij)

2 − a−2(∇Ψij)
2

]
− n

[
− 2(D − 1)(D − 2)ψ̇H + a−2

(
2(D − 2)∇2ψ −∇2υ

) ]
−n2H2(D − 2)(D − 1− ε)

}
,

(3.65)

which describes both scalar and tensor perturbations. Using the relations in equations (3.58) to
(3.62), it is straightforward to perform the transformation into the co-moving gauge and retrieve
action (3.49) (see appendix A). Action (3.49) is quite elegant in that there is precisely one scalar
field. Conversely, the action (3.65) contains three scalar fields. Of course, these three fields are
related by the identities (3.58) to (3.62) such that there is still only one independent scalar degree
of freedom. Fortunately, the previous gauge transformation precisely tells us how to express the
action in terms of a single scalar field. Define the following two fields,

ψ̃(t, ~x) = ψ(t, ~x)− 1

2(D − 2)
υ(t, ~x), (3.66)

Ψ̃ij(t, ~x) = Ψij(t, ~x)− D − 1

D − 2

∂i∂j
∇2

υ(t, ~x) +
1

D − 2
δijυ(t, ~x), (3.67)

where Ψ̃ij is transverse. In terms of these fields, the action (3.65) becomes

S =

∫
dDx

aD−1

16πG

{
2(D − 2)ε

[
1

2
˙̃
ψ2 − 1

2
a−2(∇ψ̃)2

]
+

[
1

4
˙̃Ψij

˙̃Ψij − 1

4
a−2∂kΨ̃ij∂

kΨ̃ij

]}
. (3.68)

Although the above action seems very similar to action (3.49), the fields that appear are not the
same. In the stacked gauge, the field ψ̃ includes both the scalar perturbations as well as the non-
transverse part of the tensor perturbations while the transverse part is described by Ψ̃ij . Whereas
in the comoving gauge, the space-like hypersurfaces are shifted such that the tensor perturbations
are transverse and traceless, and the scalar perturbations remain as the single dynamical scalar
degree of freedom.

3.7 Quadratic equations of motion

The action (3.68) is expanded up to quadratic order in perturbations and, from it, we were already
able to derive the linear equations of motion for both the scalar and tensor fields. However, we
are interested in higher order contributions, specifically quadratic order contributions to the scalar
equation of motion. One way of going about this would be to derive the action up to cubic order
in perturbations, as is done in [24] for two different gauges, but that goes beyond the goal of this
thesis. Another, easier, way would be to return to the ADM action in equation (3.39) and derive a
general equation of motion before expanding it up to quadratic order. This section will explore the
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latter approach.

For convenience, let us restate the ADM action

S =

∫
dDx
√
g

{
N

16πG

(
R+KijK

ij −K2
)

+
1

2N

(
∂0Φ−N i∂iΦ

)2 − N

2
gij∂iΦ∂jΦ−NV (Φ)

}
.

(3.69)
The dynamical equations are derived by varying the action with respect to the metric gab. The
result is

δS

δgab
= 0⇒−∇a∇bN + gabg

ij∇i∇jN +N

[
Rab −

1

2
gabR

]
− giagjb∂0K

ij +NKKab

−Kab∇iN i + 2NKiaKjbg
ij − N

2
gabKijK

ij + gab∂0K

+ gabK∇iN i −K∇aNb −K∇bNa −
N

2
gabK

2 −
√
gN

2
Sab = 0,

(3.70)

where

Sij = ∂iΦ∂jΦ + gij

(
1

2
Π2

Φ −
1

2
∂iΦ∂

iΦ− V (Φ)

)
, ΠΦ =

1

N

(
∂0Φ−N i∂iΦ

)
. (3.71)

Seeing as we are interested in expanding the dynamical equation in a gauge where Ni = 0, we
can already set Ni = 0 = N i. One can separate the scalar and tensor dynamical equations by
respectively taking the trace, and traceless part of equation (3.70),

∂0K = −∂i∂iN +N

[
(D − 1)

2(D − 2)
KijK

ij
+

1

2
K2 +

(D − 3)

2(D − 2)
R+

8πGS

(D − 2)

]
, (3.72)

∂0K
a
b = −∂a∂bN +

1

(D − 1)
δab ∂i∂

iN +N
[
KK

a
b +R

a
b − 8πGS

a
b

]
, (3.73)

where Kij = Kij − 1
D−1Kgij denotes the traceless part of the extrinsic curvature. The above equa-

tions agree with the results as stated in [25] for four-dimensional spacetimes.

The next step is to expand equation (3.72) in the stacked gauge,

Φ = φ(t), gij = a(t)2 ((1 + 2ψ(t, ~x)) δij + Ψij(t, ~x)) , ∂iΨij = ∂jυ(t, ~x), Ψii = 0.
(3.74)

Defining the fields ψ̃ and Ψ̃ij as in equations (3.66) and rescaling υ such that υ = −D−2
D−1h, leads to

the following identities,

ψ̃(t, ~x) = ψ(t, ~x) +
1

2(D − 1)
h(t, ~x), (3.75)

Ψ̃ij(t, ~x) = Ψij(t, ~x)−
(

δij
D − 1

− ∂i∂j
∇2

)
h(t, ~x), (3.76)

ḣ(t, ~x) = −2H−1a−2∇2ψ̃(t, ~x) + 2ε
˙̃
ψ(t, ~x). (3.77)

Since the goal is to expand equation (3.72) up to quadratic order, the energy constraint should
be solved to quadratic order as well. The energy constraint can be derived by varying (3.69) with
respect to N ,

R−KijK
ij

+
(D − 2)

(D − 1)
K2 − 16πGε = 0. (3.78)
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It is solved by the following lapse function

N(t, ~x) = 1 + n(t, ~x) + ñ(2)(t, ~x), n(t, ~x) =
˙̃
ψ(t, ~x)

H
, (3.79)

ñ(2) =
1

2(D − 2)(D − 1− ε)H2

(
R(2) − 1

4

((
˙̃Ψij − ∂i∂j

∇2
ḣ

)(
˙̃Ψij −

∂i∂j
∇2

ḣ

)
− ḣ2

D − 1

)

+
D − 2

D − 1

(
− (D − 1)2 ˙̃

ψ2 + (D − 1)ḣ
˙̃
ψ +

1

4
ḣ2 − (D − 1)H

(
Ψ̃ij − ∂i∂j

∇2
h

)(
˙̃Ψij −

∂i∂j
∇2

ḣ

))
− 3(D − 2)ε

˙̃
ψ2

)
.

(3.80)

Here, R(2) are the quadratic terms in the expansion of the Ricci scalar in the gauge (3.74),

R(2) = a−2

{
1

2
Ψ̃ij∇2Ψ̃ij +

1

4
∂kΨ̃ij∂

kΨ̃ij − 1

2
∂kΨ̃ij∂

iΨ̃jk + 4(D − 2)(ψ̃∇2ψ̃)− (D − 2)(D − 3)(∇ψ̃)2

− (D − 3)(∂iψ̃∂ih)− 1

2
(∇h)2 − 1

2

(
∂i∂j
∇2

h∂i∂jh

)
− 1

4

(
∂i∂j∂k
∇2

h

)2

− 2(D − 2)

(
∂i∂j
∇2

h∂i∂jψ̃

)
+

1

2

(
∂i∂j
∇2

h∇2Ψ̃ij

)
+

3

2
Ψ̃ij∂

i∂jh− 1

2

(
∂i∂j∂k
∇2

h∂kΨ̃ij

)
+ 2(D − 2)Ψ̃ij∂

i∂jψ̃

}
.

(3.81)

When all is said and done, the scalar dynamical equation expanded up to quadratic order is

ε
¨̃
ψ + (D − 1)Hε

˙̃
ψ − εa−2∇2ψ̃ = −∂0

[
(D − 1)Hñ(2) − 1

2

ḣ
˙̃
ψ

H
+

1

2

(
Ψ̃ij − ∂i∂j

∇2
h

)(
˙̃Ψij −

∂i∂j
∇2

ḣ

)]

− a−2

[
∇2ñ(2) − 2H−1ψ̃∇2 ˙̃

ψ −H−1

(
Ψ̃ij − ∂i∂j

∇2
h

)
∂i∂j

˙̃
ψ

]
+ 2H−1a−2 ˙̃

ψ∇2ψ̃ − 2

D − 2
R(2)

+
D − 1

4(D − 2)

[(
˙̃Ψij − ∂i∂j

∇2
ḣ

)(
˙̃Ψij −

∂i∂j
∇2

ḣ

)
− ḣ2

D − 1

]
+ (D − 1)εH

[
˙̃
ψ2

H2
− ñ(2)

]
.

(3.82)

This equation will be extremely important when calculating the one-loop backreaction to the dy-
namics of scalar perturbations, which is the topic of chapter 5. In the upcoming chapter, the fields ψ̃
and Ψ̃ij will be quantized according to the canonical quantization procedure, thus turning equation
(3.82) into an equation of (quantum) operators.



Chapter 4

Quantum fluctuations

Although the classical approach to perturbation theory developed in chapter 3 seems rather com-
plete, it does not incorporate any quantum effects, which are crucial to describe large scale structure
formation. Our discussion has been completely classical. We have treated the metric- and matter
field fluctuations as classical fields while they are, in fact, quantum fields. So far, the assumption
has been made that these fluctuations simply exist without the need to understand their origin. It
will not be enough to take the classical equations of motion and try to interpret them quantum-
mechanically; it is impossible to normalize the modes in linear classical physics [26]. A different
treatment of quantum fluctuations must be build from the ground up. This chapter will discuss the
quantum nature of the fluctuations as well as the tools that will be needed to deal with them within
the framework of quantum field theory. Among these tools are the Feynman propagator as well as
the Wightman functions and the process of canonical quantization (or second quantization). This
chapter is structured as follows. Section 4.1 contains a rudimentary discussion of quantum effects
as well as some remarks on quantum field theory as a whole and how it pertains to gravity. Section
4.2 will introduce the aforementioned tools at the hand of a simple example. Subsequently, these
tools will be adjusted and used in section 4.3 to quantize the scalar and tensor metric fluctuations.

4.1 On quantum field theory

Quantum fluctuations are nothing but a temporary change in the vacuum energy at a point in space.
The origin of quantum fluctuations is typically ascribed to the Heisenberg uncertainty principle
which is a quantum effect. A vacuum fluctuation manifests itself as the creation and annihilation
of a particle-antiparticle pair. This is possible because of the inherent uncertainty between the
canonically conjugate variables time and energy. The creation and annihilation of these virtual
particles needs to happen within a small enough time frame in order for energy to be conserved.
Although these particle pairs can not be detected, sometimes their cumulative effect is observable.
A nice example is the Casimir effect [27].

Within the context of inflation, quantum fluctuations are immensely important. Take, for example,
the inflaton field φ(t). As discussed in section 2.5, inflation lasts as long as the potential energy
dominates the inflaton field’s kinetic energy. Essentially, the inflaton field acts like a clock counting
down to the end of inflation. Fluctuations in the inflaton field will cause inflation to last longer
or shorter in different regions of space. When inflation ends, the different expansion histories will
show up as density perturbations which eventually lead to the formation of large scale structure (see
section 2.6). There are other, more complicated, examples of quantum effects. Unfortunately, little

32
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Figure 4.1: The relation between important physical theories. In general, field theories deal with a
large number of degrees of freedom such as fields, or when operating in the thermodynamics limit
N → ∞. While the non-relativistic field theories do not provide a fully accurate description of
nature they provide a good enough approximation when velocities are small compared to the speed
of light.

is understood about their influence on the evolution of the universe. Often times such quantum
effects are neglected in cosmological models, even though they might turn out to be significant.

Quantum field theory (QFT) offers a framework to deal with a wide variety of quantum problems.
Actually, quantum field theory is an overarching term that is used to describe theories that pro-
vide a description of nature in terms of local quantum fields. Examples of quantum field theories
are: quantum electrodynamics (QED), which describes how light and matter interact; quantum
chromodynamics (QCD), which is a theory of the strong interactions between quarks and gluons;
and the electro-weak theory, which provides a combined description of the weak interaction and
electromagnetism. Together, these three theories are combined in the standard model of particle
physics. One way of looking at quantum field theory is as an extension of quantum mechanics
(QM), classical field theory (CFT) and even special relativity (SRT) at the same time. The relation
between the aforementioned physical theories is shown diagrammatically in figure 4.1. There are
many ways in which quantum field theory is a worthwhile extension of quantum mechanics. While
quantum mechanics usually deals with a finite (small) number of degrees of freedom, quantum field
theory generally deals with a large number (or infinite) degrees of freedom. In fact, fields such as
the electromagnetic field are impossible to deal with in the framework of quantum mechanics. Also,
quantum mechanics preserves the number of particles which is observationally incorrect; particles
can be created or destroyed by interactions. Therefore, processes that have a variable number of
degrees of freedom, such as scattering processes, are best studied within quantum field theory. Fi-
nally, the inconsistency of quantum mechanics with the locality principle of special relativity can
only be resolved by a field theory such as QFT.

There are quantum field theories for three out of the four fundamental forces. Yet, there is no com-
monly accepted way of quantizing gravity. An intuitive reason as to why quantizing gravity is hard
compared to the other forces is because it is inextricably linked with the curvature of spacetime by
general relativity. Spacetime is more fundamental than any interaction occurring within it. There-
fore, a theory of quantum gravity would have to be consistent with both quantum mechanics and
general relativity. The most notable candidates for such a theory are canonical quantum gravity,
loop quantum gravity, and string theory. String theory attempts to tackle quantization of gravity
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(and other forces) at a fundamental level by changing the building blocks from point-particles into
one-dimensional strings. On the other hand, canonical quantum gravity builds upon quantum field
theory without changing it. In this thesis, it will assumed that perturbative quantum gravity ap-
plies and we will utilize standard canonical quantization to implement it. Then, we will study the
one-loop quantum effect of the gravitational tadpole on the background spacetime in inflation.

4.2 Canonical quantization and propagators

The canonical quantization of classical fields has a lot of overlap with the analogous procedure in
quantum mechanics. In this subsection, we will discuss relevant concepts in terms of fields and
only occasionally highlight key differences with the quantum mechanical scenario. A pedestrian
introduction to non-equilibrium quantum field theory can be found in [28]. Here, we will elaborate
only on the details relevant to the remainder of this thesis.

It will be comprehensive to complement the discussion with an example. Perhaps, the most simple
example is that of a scalar field Φ(t, ~x) with a canonical kinetic term,

S[Φ] =

∫
dD−1x

√
−g
{
−1

2
gµν∂µΦ∂νΦ− 1

2
m2Φ2 − Vint(Φ)

}
, (4.1)

where m is the field’s mass and Vint(Φ) is some interaction potential. Associated with the scalar
field Φ(t, ~x), is the conjugate field

Π(t, ~x) =
δS

δΦ̇(t, ~x)
= −
√
−gg0µ∂µΦ(t, ~x). (4.2)

The scalar field Φ and its conjugate field Π are directly analogous to the canonical coordinate q
and its generalized momentum p in classical mechanics. They even satisfy similar Poisson brack-
ets: {Φ(t, ~x),Π(t, ~x′)} = δD−1(~x − ~x′). In both quantum mechanics and quantum field theory
quantization proceeds by treating the canonical variables as operators and imposing the following
commutation relations [

Φ̂(t, ~x), Π̂(t, ~x′)
]

= i~δD−1(~x− ~x′), (4.3)[
Φ̂(t, ~x), Φ̂(t, ~x′)

]
= 0, (4.4)[

Π̂(t, ~x), Π̂(t, ~x′)
]

= 0. (4.5)

It is not clear that these equal-time commutation relations are Lorentz invariant, but there exists
an equivalent set of commutation relations which is manifestly covariant. Finally, one can derive
the equations of motion by varying the action with respect to Φ(t, ~x)

δS

δΦ
= 0⇒ �Φ̂−m2Φ̂− dVint(Φ̂)

dΦ
= 0, � = gµν∇µ∇ν =

1√
−g

∂µ
√
−ggµν∂ν , (4.6)

where � is the d’Alembertian operator in a general spacetime gµν . If the metric is space-time
dependent, then Φ̂ is non-trivially coupled to a space-time dependent background through the
d’Alembertian. As you can imagine, this could get complicated quickly. Such problems are treated
by non-equilibrium quantum field theory.
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For simplicity’s sake, we will consider a space-time independent Minkowski background ηµν and a
vanishing interaction potential (Vint = 0). In this simplified scenario, the equation of motion reduces
to

(∂2 −m2)Φ̂ = 0, ∂2 = ηµν∂µ∂ν = −∂2
t +∇2, (4.7)

which is better known as the Klein-Gordon equation. An important distinction has to be made
concerning the operator-valued field Φ̂(t, ~x) in quantum field theory and the wave function ψ(t, ~x)
in quantum mechanics, i.e., the quantum mechanical state in position representation. The wave
function in quantum mechanics is acted upon by operators, while, in quantum field theory, Φ̂(t, ~x)
itself acts on a space of states. Also, the space-time dependence in quantum field theory is con-
tained in the operator-valued fields, while in quantum mechanics the same information is contained
in states (in terms of probabilities for position measurement). Thus, the wave function is not the
quantum mechanical analogue to the operator-valued field of quantum field theory.

In early attempts to reconcile special relativity and quantum mechanics, the Klein-Gordon equation
was derived by squaring the Schrödinger equation, an already quantized equation. Afterward, the
solutions to the derived Klein-Gordon equation would be considered as classical fields, which can
be quantized ’again’ by the above procedure. This is sometimes referred to as second quantization,
which is often criticized for being a misnomer. This is because, in the second instance, the field that
is being quantized is not the single particle wave function from relativistic quantum mechanics, but
rather a classical field that was not previously quantized.

Leaving the previous remarks for what they are, let us define the following operator (in the Heisen-
berg picture),

Ôh(x) = T
[
Φ̂(x)Φ̂(x′)

]
= θ(t− t′)Φ̂(x)Φ̂(x′) + θ(t′ − t)Φ̂(x′)Φ̂(x), (4.8)

where we used the shorthand x = (t, ~x) and T is the time-ordering operator. The expectation value
of the above operator is called the Feynman propagator i∆F (x, x′) and it satisfies the following
equation of motion

(∂2 −m2)i∆F (x, x′) = iδD−1(x− x′), (4.9)

with suitable boundary conditions. The Feynman propagator can be further decomposed in terms
of the Wightman functions i∆+(x, x′) and i∆−(x, x′) which satisfy the homogeneous equation of
motion

i∆F (x, x′) = θ(t− t′)i∆+(x, x′) + θ(t′ − t)i∆−(x, x′) (4.10)

i∆+(x, x′) =
〈
Φ̂(x)Φ̂(x′)

〉
, i∆−(x, x′) =

〈
Φ̂(x′)Φ̂(x)

〉
(4.11)

(∂2 −m2)i∆±(x, x′) = 0, i∆±(x, x′) = i∆∓(x′, x) (4.12)

The main use of the Feynman propagator and the Wightman functions is in time-dependent prob-
lems in quantum field theory, specifically in perturbative calculations as the Feynman propagator is
a major component of the Feynman rules of non-equilibrium field theories. One other way of look-
ing at the Feynman propagator is as the inverse of the differential operator (∂2 −m2) or Green’s
function (of the Klein-Gordon equation) as it is often called.

In order to obtain an explicit expression for the Feynman propagator, we ought to solve equation
(4.7). To do this we make the following mode expansion,

Φ̂(x) =

∫
dD−1k

(2π)D−1

(
Φ(k, t)ei

~k·~xâ(~k) + Φ∗(k, t)e−i
~k·~xâ†(~k)

)
, (4.13)
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where k ≡
√
~k · ~k and â†(~k) and â(~k) are the creation and annihilation operators. Similar to

quantum mechanics, they obey the following commutation relations[
â(~k), â†(~k′)

]
= (2π)D−1δD−1(~k − ~k′),

[
â(~k), â(~k′)

]
= 0 =

[
â†(~k), â†(~k′)

]
. (4.14)

The state |0
〉
, which is annihilated by α̂(~k), is the vacuum state of the theory. By inserting the

above mode expansion in the commutation relation of the canonical variables in equation (4.3) one
can derive the following normalisation condition for the mode functions,

W [Φ(t, k),Φ∗(t, k)] ≡ Φ(t, k)∂0Φ∗(t, k)− Φ∗(t, k)∂0Φ(t, k) = i~, (4.15)

where W [Φ,Φ∗] is called the Wronskian. Inserting the mode expansion into equation (4.7) gives the
equations of motion for the mode functions,

(∂2
t + k2 +m2)Φ(t,~k) = 0, (∂2

t + k2 +m2)Φ∗(t,~k) = 0, (4.16)

which have the following normalized solutions

Φ(t, k) =

√
~

2ω
e−iωt, Φ∗(t, k) =

√
~

2ω
eiωt, (4.17)

where ω =
√
k2 +m2. Note that Φ and Φ∗ are related by complex conjugation.

Let us now calculate the positive and negative frequency Wightman functions in the vacuum state
|0
〉
. For the sake of simplicity, we treat the case when D = 4. The expectation values in equation

(4.11) reduce to

i∆+(x, x′) =
〈
0|Φ̂(x)Φ̂(x′)|0

〉
=

∫
d3k

(2π)3
ei
~k·(~x−~x′)Φ(k, t)Φ∗(k, t′) =

~
4π2r

∫ ∞
0

dk
k

ω
sin(kr)e−iω(t−t′)

(4.18)

i∆−(x, x′) =
〈
0|Φ̂(x)Φ̂(x′)|0

〉
=

∫
d3k

(2π)3
e−i

~k·(~x−~x′)Φ∗(k, t)Φ(k, t′) =
~

4π2r

∫ ∞
0

dk
k

ω
sin(kr)eiω(t−t′)

(4.19)

where the final integrals are expressed in terms of spherical coordinates with r ≡ ||~x − ~x′|| and it
was used that〈

0|â(~k)â(~k′)|0
〉

= 0,
〈
0|â†(~k)â†(~k′)|0

〉
= 0,

〈
0|â†(~k)â(~k′)|0

〉
= 0, (4.20)〈

0|â(~k)â†(~k′)|0
〉

=
〈
0|
[
â(~k), â†(~k′)

]
+ â†(~k)â(~k′)|0

〉
= (2π)3δ3(~k − ~k′). (4.21)

The final expressions in equation (4.18) and (4.19) are divergent integrals. Even though they are
divergent, they can be evaluated by means of analytic continuation. The essence of this technique
is to extent the domain of the function. In the case of the Wightman functions, one usually extents
the domain by allowing the time variables to be complex. This helps because the integrals are
convergent for certain complex times. In fact, it is sufficient to add a small imaginary part to t− t′,
such that

i∆±(x, x′) =
~

4π2r

∫ ∞
0

dk
k

ω
sin(kr)e∓iω(t−t′∓iε), (4.22)
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where ε > 0, but small. The above equation can still be difficult to evaluate, so for simplicity’s sake
we consider m = 0, in which case

i∆±(x, x′) = − ~
4π2

1

(t− t′ ∓ iε)2 − r2
, (4.23)

i∆F (x, x′) = − ~
4π2

1

(|t− t′| − iε)2 − r2
= − ~

4π2

1

∆x2
F

. (4.24)

The Feynman propagator in the last line is expressed in terms of the invariant distance ∆xF =
(|t− t′| − iε)2 − ||~x− ~x′||2. The final expression can now be used in the study of interacting scalar
particles, for instance in scattering processes. Of course, one would need to consider an action with
a non-trivial interaction term. Then, one could write down the appropriate Feynman rules for the
corresponding theory in which the above expression plays a major role. The procedure that was
used here to obtain the Feynman propagator will also be used in the next section to find the scalar
and graviton propagator of the metric perturbations, all be it in less detail.

4.3 Quantization of metric perturbations

Recall the action from equation (3.68),

S =

∫
dDx

aD−1

16πG

{
2(D − 2)ε

[
1

2
˙̃
ψ2 − 1

2
a−2(∇ψ̃)2

]
+

[
1

4
˙̃Ψij

˙̃Ψij − 1

4
a−2∂kΨ̃ij∂

kΨ̃ij

]}
, (4.25)

with ψ̃ a scalar field and Ψ̃ij a traceless tranverse tensor field. Analogous to the example in the pre-
vious section, one can derive propagators for both of these fields, although it may be more difficult.
Actually, a great deal of the calculation overlaps with the work already done by Janssen et al. [3]
where they derived the Feynman propagator for a minimally coupled scalar field on D-dimensional,
spatially flat, homogeneous and isotropic background with arbitrary constant deceleration param-
eter. For a comprehensive discussion we refer to [3]. Relevant remarks will be made when necessary.

As already hinted to, we need to assume one more simplification, namely a constant deceleration
parameter q(t) ≡ −1 + ε(t). Even though the Hubble parameter may change many orders of
magnitude during the universe’s evolution, the deceleration parameter is believed to only vary
from roughly −1 to +1 during the era of radiation domination. Therefore, there is definitely some
relevance to studying a constant deceleration universe. For such a universe, which is spatially flat,
homogeneous and isotropic, the Hubble parameter H(t) and the expansion parameter a(t) can be
derived from the definition of the first geometric slow-roll parameter ε,

ε ≡ − Ḣ

H2
⇒ H(t) =

H0

1 + εH0t
, (4.26)

H ≡ ȧ

a
⇒ a(t) = [1 + εH0t]

1
ε , (4.27)

where H0 ≡ H(0) and a(0) = 1. The discussion in this section will be easier in conformal time η,
defined as dη = dt/a(t). Therefore, we will state the above expressions in conformal time as well as
some useful relations

a(η) =
1

[−(1− ε)H0η]
1

1−ε
, H(η) =

H0

[−(1− ε)H0η]
−ε
1−ε

, (4.28)

Ha =
−1

(1− ε)η
, ∂ηa = Ha2, ∂ηH = −εH2a. (4.29)
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The universe is accelerating if 0 ≤ ε < 1, in which case the conformal time is negative, i.e.,
−∞ < η < 0, and decelerating if ε > 1 when conformal time will be positive. Here, we will focus
on the former scenario. In fact, ε will be considered a very small, positive number.

4.3.1 Scalar propagator

This subsection includes a derivation of the scalar propagator from the action (4.25) and a discus-
sion on the choice of vacuum. The process of quantization carries over from the previous section.

First, derive the equation of motion for the scalar field ψ̃(t, ~x) and the conjugate field Πψ̃(t, ~x) from
equation (4.25)

δS

δψ̃
= 0⇒ ε

¨̃
ψ + ε̇

˙̃
ψ + (D − 1)εH

˙̃
ψ − a−2ε∇2ψ̃ = 0, (4.30)

Πψ̃ =
δS

δ∂0ψ̃
=

2(D − 2)ε

16πG
aD−1∂0ψ̃ =

2(D − 2)ε

16πG
aD−2∂ηψ̃. (4.31)

The equation of motion in conformal time can be written in a nice way by rescaling the scalar field
by a factor of aD/2−1,(

∂2
η −∇2 − ν2 − 1/4

η2

)(
aD/2−1ψ̃(η, ~x)

)
= 0, ν =

D − 1− ε
2(1− ε)

. (4.32)

The canonical fields are quantized according to the following quantization rules,[
ˆ̃
ψ(η, ~x), Π̂ψ̃(η, ~x′)

]
= i~δD−1(~x− ~x′), (4.33)[

ˆ̃
ψ(η, ~x),

ˆ̃
ψ(η, ~x′)

]
= 0, (4.34)[

Π̂ψ̃(η, ~x), Π̂ψ̃(η, ~x′)
]

= 0. (4.35)

The quantized fields can be expressed as mode expansions,

ˆ̃
ψ(η, ~x) =

∫
dD−1k

(2π)D−1

{
ψ̃(η, k)ei

~k~xâ(~k) + ψ̃∗(η, k)e−i
~k~xâ†(~k)

}
, (4.36)

Π̂ψ̃(η, ~x) =

∫
dD−1k

(2π)D−1

{
Πψ̃(η, k)ei

~k~xâ(~k) + Π∗
ψ̃

(η, k)e−i
~k~xâ†(~k)

}
, (4.37)

where the creation and annihilation operators α̂†(~k) and α̂(~k) obey the usual commutation relations
in equation (4.14). The mode functions obey the following equations of motion,(

∂2
η + k2 − ν2 − 1/4

η2

)
(aD/2−1ψ̃(η, k)) = 0,

(
∂2
η + k2 − ν2 − 1/4

η2

)
(aD/2−1ψ̃∗(η, k)) = 0.

(4.38)
These equations have simple solutions in terms of modified Bessel functions. See, for instance,
equation (8.491.5) in [29].

ψ̃(η, k) = Ca1−D/2√−ηH(1)
ν (−kη) (4.39)

ψ̃∗(η, k) = C∗a1−D/2√−ηH(2)
ν (−kη) . (4.40)
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The modified Bessel functions of the second kind are related by complex conjugation, so the two
mode functions are indeed complex conjugates of each other. The mode functions Πψ̃(η, k) and
Π∗
ψ̃

(η, k) can be derived from equation (4.31), but their explicit expressions won’t be needed. Recall

that the normalisation of the mode functions follows from the commutation rules in equation (4.33),
which imply[

ˆ̃
ψ(η, ~x), Π̂ψ̃(η, ~x′)

]
= i~δD−1(~x− ~x′)⇒

[
ψ̃(η, k)Π∗

ψ̃
(η, k)−Πψ̃(η, k)ψ̃∗(η, k)

]
= i~. (4.41)

By using equation (4.31), this can be rewritten as a condition on the Wronskian,

Wη [ψ(η, k), ψ∗(η, k)] ≡ ψ̃(η, k)∂ηψ̃
∗(η, k)− ψ̃∗(η, k)∂ηψ̃(η, k) =

i~
ε

16πG

2(D − 2)
a2−D. (4.42)

On the other hand, the Wronskian calculated from the mode functions in equations (4.39) and
(4.40) is (see equation (8.477.1) in [29])

Wη [ψ(η, k), ψ∗(η, k)] =
4i

π
|C|2a2−D. (4.43)

Equating the previous equations immediately gives an expression for the normalisation constant

|C|2 =
16π2G~

8(D − 2)ε
. (4.44)

Since the normalized solutions have been found, the next step is to derive the Wightman functions.
However, the choice of the vacuum is bit more involved in curved spacetime than it is in Minkowski
space. Whereas before the vacuum could be uniquely fixed by virtue of the Poincaré symmetry of
Minkowski space, there is no such luxury in expanding FLRW universes. In this case, the most
common choice of vacuum is called the Bunch-Davies vacuum, denoted by |Ω

〉
. A simple way to

define this particular choice of vacuum starts by noticing that the solutions for the mode functions
in equations (4.39) and (4.40) are not uniquely determined. In fact, any linear combination of the
normalized solutions will do, i.e.,

ψ̃gen(η, k) = α(k)ψ̃(η, k) + β(k)ψ̃∗(η, k), (4.45)

as long as |α(k)|2 − |β(k)|2 = 1, which is required by the Wronskian condition. This opens up a
variety of choices, which come down to picking α(k) and β(k). A special choice is the Bunch-Davies
vacuum where one picks α(k) = 1 and β(k) = 0 for all ~k such that ψ̃gen = ψ̃. This choice of vacuum
is usually motivated by two arguments. First of all, one can look at the short-wavelength (or UV)
modes for which k/a� H. In the distant past, i.e., in the limit η → −∞, modes become more and
more UV as can be seen from the first relation in equation (4.29). At very short wavelengths the
curvature of the universe should not be relevant. Thus, it is expected that, in the limit η → −∞,
the mode function should behave as the positive-frequency mode function in Minkowski space. This
is precisely the case in the Bunch-Davies vacuum,

ψ̃gen ∼
1√
2k
e−ikη, as η → −∞. (4.46)

One can compare this behaviour with equation (4.17). The second argument is based on the fact
that the energy of field excitations is proportional to E(k, η) ∝ |α(k)|2 + |β(k)|2, which is minimized
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by the Bunch-Davies vacuum. There is one caveat to this argument: it is only valid in the UV
regime. The situation is more complicated in the IR regime (k/a � H) because the above argu-
ments do not justify the choice of the Bunch-Davies at long wavelengths where the field couples
strongly to gravity. In fact, the Bunch-Davies vacuum will turn out to be unphysical in the deep
infrared since the propagator contains infrared divergences. This is dealt with meticulously in [3].
In the meantime, we will calculate the Wightman functions and the propagator with respect to the
Bunch-Davies vacuum by following [3], where they remove the unphysical nature of the infrared
divergences by performing a simple IR cut-off regularisation of the deep IR of the state, which
amounts to removing the modes below some IR cutoff scale k0.

The Wightman functions can be expressed as follows,

i∆±(x, x′) =
〈
Ω|ψ̃(x)ψ̃∗(x′)|Ω

〉
=

∫
dD−1k

(2π)D−1
i∆±(k, η, η′)e±i

~k·(~x−~x′), (4.47)

where

i∆+(k, η, η′) =
16π2G~

8(D − 2)ε

√
ηη′(aa′)1−D/2H(1)

ν (−kη)H(2)
ν (−kη′), i∆+(k, η, η′) = i∆−(k, η′, η).

(4.48)
Note that the Fourier transforms of the Wightman functions are related by exchange of times η ↔ η′.
One can write down the expression for the Feynman propagator at the hand of equation (4.10),

i∆∞(x, x′) =
16π2G~

8(D − 2)ε

√
ηη′(aa′)1−D/2

∫
dD−1k

(2π)D−1
ei
~k(~x−~x′)

×
{
θ(η − η′)H(1)

ν (−kη)H(2)
ν (−kη′) + θ(η′ − η)H(1)(−kη′)H(2)(−kη)

}
.

(4.49)

The propagator’s subscript denotes that the propagator is constructed assuming that the spatial
manifold is RD−1, which is a non-compact space. This assumption is responsible for the non-
physicality of the propagator and, thus, the infrared divergences. The solution put forth in [30],
is a more physical regularization of the infrared. The universe is placed in a large comoving box,
whose comoving size is  L ∼ 2π/k0. One can show that in the limit when the size of the comoving
box goes to infinity (and hence k0 → 0), all terms with negative powers of L that appear after
quantization can be equivalently reproduced by imposing a simple infrared cut-off where k0 ∼ L−1.
The corrections this method entails are derived in [3]. Here we will state the final result,

i∆ψ̃(x, x′) =
16πG~

2(D − 2)ε

[
(1− ε)2HH ′

]D/2−1

(4π)D/2

{
Γ(D/2− 1)

(
4

y

)D/2−1

+
Γ(D/2− 1)Γ(2−D/2)

Γ(1/2 + ν)Γ(1/2− ν)

×
[

Γ(3/2 + ν)Γ(3/2− ν)

Γ(3−D/2)

(
4

y

)D/2−2

+

∞∑
n=1

(
Γ(3/2 + ν + n)Γ(3/2− ν + n)

Γ(3−D/2 + n)(n+ 1)!

(y
4

)n−D/2+2

−
Γ(D−1

2 + ν + n)Γ(D−1
2 − ν + n)

Γ(D/2 + n)n!

(y
4

)n)]
+

2(1− ε)Γ(2ν)Γ(ν)

ε(D − 2)Γ(D−1
2 )Γ(1/2 + ν)

×
[(

1

k2
0ηη
′

) ε(D−2)
2(1−ε)

+
Γ(D−1

2 )

Γ(ν)

Γ(1−D/2)

Γ(1/2− ν)

Γ(D−1
2 + ν)Γ(D−1

2 − ν)

Γ(2ν)

ε(D − 2)

2(1− ε)

]}
.

(4.50)

In the above expression, k0 is an infrared cut-off introduced at the level of the mode expansion and
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y is defined similar to the invariant distance from the previous section, namely as

y(x;x′) =
||~x− ~x′||2 − (|η − η′| − iε)2

ηη′
. (4.51)

Scalar gravitational perturbations are very light and their wave function is very broad when ε is very
small. This is because the wave function of the canonical momentum becomes sharply peaked around
zero (see equation (4.31)). In the limit ε → 0, the de Sitter symmetry gets broken, and the wave
function will exhibit a secular growth meaning that it grows linearly with time (or logarithmically
with the scale factor) during inflation. If there were no interactions, the growth of the wave function
would continue without end. The main reason for studying interactions in inflation is motivated by
this observation. The scalar propagator in equation (4.50) will be used in section 5.2 to calculate
the contribution of scalar interactions to the one-loop quantum backreaction.

4.3.2 Graviton propagator

The derivation of the graviton propagator is more or less identical to the derivation of the scalar
propagator, with the exception of the quantization rules. This section is limited to include only
important results and short remarks when necessary.

The first important result is the equation of motion for the tensor field written in conformal time,(
∂2
η −

(D − 2)

(1− ε)η
∂η −∇2

)
Ψ̃ij(η, ~x) = 0. (4.52)

The tensor field Ψ̃ij and its conjugate field Πij

Ψ̃
= (32πG)−1aD−1 ˙̃Ψij are quantized according to

[
ˆ̃Ψij(η, ~x), Π̂kl

Ψ̃
(η, ~x′)

]
=
i~
2

(
PikPjl + PilPjk −

2

(D − 2)
PijPkl

)
δ(D−1)(~x− ~x′), (4.53)[

ˆ̃Ψij(η, ~x), ˆ̃Ψkl(η, ~x
′)
]

= 0, (4.54)[
Π̂ij

Ψ̃
(η, ~x), Π̂kl

Ψ̃
(η, ~x′)

]
= 0, (4.55)

where Pij = δij− ∂i∂j
∇2 is a transverse projector. The fact that the right-hand side of equation (4.53)

is expressed in terms of these projectors, ensures that the tensor field and its conjugate field are
transverse and traceless. Next, we ought to make a mode expansion,

Ψ̂ij(η, ~x) =

∫
dD−1k

(2π)D−1

∑
p

{
ei
~k~xεpij(

~k)Ψ(η, k)âp(~k) + e−i
~k~xεp∗ij (~k)Ψ∗(η, k)â†p(

~k)
}
, (4.56)

where the sum runs over all graviton polarisation p and εpij(
~k) is the polarisation tensor which

satisfies ∑
p

∑
ij

εpij(
~k)εp

′

ij(
~k) =

∑
p

δpp′ =
1

2
D(D − 3). (4.57)

The final equality signifies that there are 1
2D(D − 3) physical graviton polarizations. The creation

and annihilation operators also have a polarisation index. Operators for different polarizations
commute, i.e., [

âp(~k), â†p′(
~k)
]

= (2π)D−1δpp′δ
D−1(~k − ~k′). (4.58)
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From here, we skip directly to the next important result; the normalized solutions for the mode
functions are

Ψ(η, k) =
√

8π2G~a1−D
2
√
−ηH(1)

ν (−kη), Ψ∗(η, k) =
√

8π2G~a1−D
2
√
−ηH(2)

ν (−kη). (4.59)

Up to a (normalisation) constant these are identical to the mode functions for the scalar field. This
means that the propagator is also identical up to a prefactor. For the sake of completeness, we state
the full graviton propagator

i∆Ψ̃(x, x′) = 32πG~
[
(1− ε)2HH ′

]D/2−1

(4π)D/2

{
Γ(D/2− 1)

(
4

y

)D/2−1

+
Γ(D/2− 1)Γ(2−D/2)

Γ(1/2 + ν)Γ(1/2− ν)

×
[

Γ(3/2 + ν)Γ(3/2− ν)

Γ(3−D/2)

(
4

y

)D/2−2

+
∞∑
n=1

(
Γ(3/2 + ν + n)Γ(3/2− ν + n)

Γ(3−D/2 + n)(n+ 1)!

(y
4

)n−D/2+2

−
Γ(D−1

2 + ν + n)Γ(D−1
2 − ν + n)

Γ(D/2 + n)n!

(y
4

)n)]
+

2(1− ε)Γ(2ν)Γ(ν)

ε(D − 2)Γ(D−1
2 )Γ(1/2 + ν)

×
[(

1

k2
0ηη
′

) ε(D−2)
2(1−ε)

+
Γ(D−1

2 )

Γ(ν)

Γ(1−D/2)

Γ(1/2− ν)

Γ(D−1
2 + ν)Γ(D−1

2 − ν)

Γ(2ν)

ε(D − 2)

2(1− ε)

]}
.

(4.60)



Chapter 5

One-loop quantum backreaction

For a while, since the early 2000s, there has been disagreement within the scientific community
about the effect of inhomogeneities in matter and geometry on the average cosmic evolution. Such
an effect is commonly known as a ’backreaction’. An intuitive example of a backreaction is when
a massive particle curves the surrounding space. This typically has a small effect on its own dy-
namics and that of other nearby particles. Including such effects is often pivotal when constructing
a self-consistent theory. One can reformulate the question of ’backreaction’ in terms relevant to
cosmology: does the presence of inhomogeneities influence the dynamics of the background in a
significant way? The answer to this question has been subject to controversy. Some conclude that
backreaction effects could replace dark energy as the source for the recently observed accelerated
expansion of the universe, while others say they are completely negligible. And, of course, there is
a middle ground. For a review, and references to recent research, we refer to [31]. The fact of the
matter remains that, in the present age of precision cosmology, even small effects could be relevant.

In this chapter, we aim to calculate the one-loop expression for the backreaction of scalar and ten-
sor metric fluctuations onto the scalar equation of motion. This comes down to taking the vacuum
expectation value of the right-hand side of equation (3.82). As mentioned in the previous chap-
ters, we perform the calculation on a FLRW background with a constant deceleration parameter.
Specifically, we take ε to be a small, positive constant (ε� 1) such that we can neglect higher order
terms in ε. The backreaction introduces a condensate which we remove by shifting the scalar oper-
ator. Finally, we can draw conclusions about the influence of the backreaction on the background
geometry. Section 5.1 will cover the underlying theory of functional methods, whereas section 5.2
contains the actual calculation of the one-loop quantum backreaction.

5.1 On functional methods

This section aims to provide the reader with some information on functional methods that underlie
the calculations done in the remainder of this chapter. This includes a path integral approach to field
theory and the diagrammatic representation of n-point functions in terms of Feynman diagrams.
Notes on different kinds of Feynman diagrams are included as well. By covering the underlying
theory, it is easier to point out where approximations will be made in the future.

The path integral approach to quantum field theory offers an alternative to the operator formalism
of canonical quantization covered in section 4.1. Although both concepts are equivalent within
quantum field theory, the path integral approach is more convenient when it comes to describ-

43



CHAPTER 5. ONE-LOOP QUANTUM BACKREACTION 44

ing diagrammatic methods or stochastic processes. Path integrals are used to calculate transition
amplitudes which are crucial when calculating the probability that a quantum process will occur.
Often times, a quantum process, such as the movement of a (quantum) particle from A to B, can
be realized in many different ways. This is in direct contrast to the classical notion of a unique
trajectory. Therefore, a path integral takes into account all possible ’paths’ a system may take in
between its initial and final states and assigns them a fixed weight, but differing phase.

One of the most important path integrals is the partition functional,

Z[J ] =

∫
Dφ e

i
~S[φ]+

∫
d4xJ(x)φ(x), (5.1)

where φ(x) is a general field, S[φ] is the corresponding classical action functional and J(x) is an
unspecified source. The source is mainly there to enable a mathematical trick that allows us to
calculate the n-point correlation functions for φ. The partition functional is closely related to the
partition function in statistical mechanics in that it enables access to all the information about the
system if solved exactly. For instance, one can derive the n-point functions by means of functional
derivatives acting on the auxiliary source J ,

〈0|T [φ(x1) . . . φ(xn)]|0〉 ≡
∫
Dφ φ(x1) . . . φ(xn)e

i
~S[φ]

=

(
~
i

)n δnZ[J ]

δJ(x1) . . . δJ(xn)

∣∣∣∣
J=0

.

(5.2)

A user friendly way of writing the n-point functions is diagrammatically in terms of Feynman dia-
grams. The specific rules for drawing Feynman diagrams depend on the interaction Lagrangian of
the theory. The partition functional is simply proportional to the sum over all possible Feynman
diagrams in the presence of a non-zero source J .

The linked cluster theorem [32] states that it is not necessary to calculate all Feynman diagrams to
determine the partition functional; the connected diagrams are enough. As a result, one can define
another functional, called the generating functional,

W [J ] ≡ i

~
ln(Z[J ]), (5.3)

which is determined by connected diagrams only. The generating functional generates so-called
connected n-point functions which are closely related to the above n-point functions, but the vacuum
expectation values are normalized. For example, the first functional derivative with respect to J is
simply the normalized vacuum expectation value of the field φ, while the second functional derivative
is known as the connected two-point function,

~
i

δ2W [J ]

δJ(x1)δJ(x2)
=

[
〈0|T [φ(x1)φ(x2)]|0〉

〈0|0〉
− 〈0|φ(x1)|0〉 〈0|φ(x2)|0〉

〈0|0〉2

]
, (5.4)

which is simply the two-point function as in equation (5.2) with the disconnected parts cancelled
by the second term. Therefore, it consists only of connected diagrams. The same is true for all
other (connected) n-point functions derived in this way. The connected two-point function is often
referred to as the full propagator, or connected two-point Green’s function.
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Apart from being connected or disconnected, Feynman diagrams can be categorized in multiple
ways. Here we will highlight some of these categories. First of all, there are vacuum (sub)diagrams.
A vacuum (sub)diagram is a (part of a) diagram that is not connected to any external legs. They
appear, for instance, in the normalization 〈0|0〉; the sum of all vacuum diagrams. This makes it
that they do not contribute when calculating normalized correlation functions. Second of all, a
tadpole (sub)diagram is a (part of a) diagram that can be disconnected from all external legs by
cutting precisely one line. Tadpole diagrams contribute to the vacuum expectation value, or 1-point
function, of the field. A simplified diagrammatic representation of the vacuum expectation value
is shown in figure 5.1. In most situations the vacuum expectation value of a field vanishes, or else
one can work with a shifted field defined by χ̂(x) ≡ φ̂(x)−

〈
Ω|φ̂(x)|Ω

〉
. In such a formulation, the

tadpole diagrams would cancel out.

Figure 5.1: The above is a simplified depiction of the sum over all tadpole diagrams. The circle
indicates a sum over all connected diagrams without external legs besides the one at x1. Cutting
the line would separate the connected diagrams from the external leg.

Another type of Feynman diagrams is the one-particle irreducible, or 1-PI, diagram. A 1-PI diagram
is essentially a super-connected diagram in the sense that it can not be separated into two pieces
by removing a single internal line (a line between two internal vertices). For this reason they are
called one-particle irreducible. An additional convention to the definition of 1-PI diagrams is to
not consider external legs, i.e., to consider them as amputated. As such, 1-PI diagrams can be
considered as the building blocks to connected diagrams. This will become more apparent later.
Similar to the generating functional for connected n-point functions one can find a functional which
generates proper n-point (1PI) vertices made up of 1-PI diagrams,

Γ[φ̄] ≡W [J ]−
∫
d4x Jφ̄, (5.5)

where J [φ̄] is the inverse of

φ̄[J ] =
δW [J ]

δJ
. (5.6)

Γ[φ̄] is referred to as the (1-PI) effective action and is precisely the Legendre transform of the
generating functional. As can be seen from equation (5.6), φ̄ is essentially the vacuum expectation
value of the field φ. The way one can generate proper n-point vertices is by taking functional
derivatives with respect to φ̄. As an example, take the first functional derivative,

δΓ[φ̄]

δφ̄(x)
= −J(x). (5.7)

The above equation is an equation of motion for the vacuum expectation value of the field in the
presence of an external source. It replaces the classical field equation δS[φ]/δφ = −J in the classical
limit φ̄ → φ. As such, the effective action can be seen as the classical action corrected to include
quantum effects.
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Figure 5.2: A graphical representation of equation (5.9) in terms of Feynman diagrams. The left
hand-side is the sum over all connected diagrams with exactly two external lines, i.e., the connected
two-point function. The proper two-point vertex is represented by the middle circle on the right-
hand side.

Another interesting example is the second functional derivative of the effective action,

δ2Γ[φ̄]

δφ̄(x1)δφ̄(x2)
=− δJ(x1)

δφ̄(x2)
=

[
− δφ̄(x2)

δJ(x1)

]−1

=

[
− δ2W [J ]

δJ(x1)δJ(x2)

]−1

= iΠ−1(x1, x2), (5.8)

where Π−1(x1, x2) is the inverse of the connected two-point function. The above relation can be
rewritten more intuitively as

Π(x1, x2)

(
1

i

δ2Γ[φ̄]

δφ̄(x2)φ̄(x3)

)
Π(x3, x4) = Π(x1, x4), (5.9)

which is depicted in terms of Feynman diagrams in figure 5.2. This implicitly shows how to construct
the connected two-point function from the proper two-point (1-PI) vertex. Similar relations hold
for the other n-point functions. Alternatively, one can find a more explicit expression for the
connected n-point functions in terms of 1-PI diagrams by an argument based on diagrams. Any
connected diagram can be constructed by stringing together a sufficient number of 1-PI diagrams.
This is to be understood as follows. Any connected diagram that is not one-particle irreducible, has
at least one internal line such that, when cut, the diagram falls into two disconnected components.
If one is able to identify all such internal lines, the remainder of the diagram must consist of one-
particle irreducible subdiagrams. Thus, the whole diagram is just a series of (smaller) 1-PI diagrams
connected by single lines. This argument simplifies calculations once more by reducing the number
of diagrams that ought to be calculated; in principle, calculating the 1-PI diagrams is sufficient.
Consider, for instance, the connected two-point function Π(x1, x2) and let Π0(x1, x2) denote the free
(Feynman) propagator and Σ(x1, x2) the sum over all 1-PI diagrams with two amputated external
legs, then

Π = Π0 + Π0ΣΠ0 + Π0ΣΠ0ΣΠ0 + · · · = Π0

( ∞∑
n=0

(ΣΠ0)n

)
. (5.10)

This relation is referred to as the Schwinger-Dyson equation and is drawn in terms of diagrams in
figure 5.3. The equation shows that the connected two-point function (or full propagator) can be

Figure 5.3: The Dyson equation in terms of Feynman diagrams. The full propagator on the left-
hand side of the equation is represented by the sum over all connected diagrams with two external
legs. The single line denotes the free propagator and Σ is the sum over all 1-PI diagrams with two
amputated external legs. By flanking Σ with two free propagators one is able to construct connected
diagrams.
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expressed as a geometric series with common ratio ΣΠ0. Sometimes, this can be used to find an
exact expression for the full propagator. Other times, it is used as the start of an approximation
scheme.

Often, approximations are important since it is generally hard to find an exact expression for the
effective action. First and foremost, one can expand the effective action in terms of the (non-local)
proper n-point functions in a functional Taylor series,

Γ[φ̄] =
∞∑
n=0

1

n!

∫
dx1 · · · dxn Γn(x1, . . . , xn)φ̄(x1) . . . φ̄(xn), (5.11)

where Γn(x1, . . . , xn) denotes the proper n-point vertex,

Γn(x1, . . . , xn) ≡
(

1

i

)n−1 δnΓ[φ̄]

δφ̄(x1) . . . δφ̄(xn)
. (5.12)

Diagrammatically, this can be understood as follows. The diagrams which are part of the effective
action can be rearranged by the number of external legs as is shown in figure 5.4. The first term are
the (1-PI) vacuum diagrams which do not couple to the field. Then, the (1-PI) tadpole diagrams
couple to the field linearly. The diagrams that couple quadratically to the field contribute to what
is called the self-energy. The self-energy is interpreted as the portion of the particle’s energy that
is gained or lost due the interaction with its own environment. One can continue to include terms
that couple to the field to a higher degree. However, the series is usually truncated at a specific order.

An additional expansion of the proper n-point vertices in terms of 1-PI Feynman diagrams gives
a concise way of doing perturbation theory. This is because the Feynman rules generally restrict
the number of internal vertices one can have with respect to the internal edges; which inevitably
leads to loops in connected diagrams. Subsequently, one can order the diagrams by the number of
independent loops, which is called a loop expansion. The lowest order in the expansion are diagrams
without loops, called tree level diagrams, and they usually represent the classical theory. Then, one-
loop diagrams express the first quantum corrections to the classical theory and so on. Only when
the expansion is truncated at some finite loop order, does the calculation become perturbative. It
can be shown that the number of loops in a diagram is directly related to the power of ~ in the
prefactor [33]. Therefore, ~ can be used as a bookkeeping device to keep track of the order in the
perturbation. Note that this does not require ~ to be small. It does solidify the claim that the tree
level diagrams represent the classical level since these are the last terms that remain in the classical
limit ~→ 0.

Figure 5.4: A representation of the ordering of diagrams based on the number of external legs in
the effective action where Γn denotes the proper n-point vertex expressed in terms of Feynman
diagrams.
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5.2 One-loop quantum backreaction to the tadpole equation

Using the terminology introduced in the previous section, one can interpret the quadratic dynamical
equation derived in equation (3.82). By the quantization procedure highlighted in section 4.3,
equation (3.82) is in fact an equation in terms of quantum operators. Taking its vacuum expectation
value (VEV) with respect to the Bunch-Davies vacuum results in the following equation,

ε
[
∂2

0 + (D − 1)H∂0 − a−2∇2
] 〈

Ω| ˆ̃ψ(x)|Ω
〉

=
〈
Ω|T̂ ii (1)(x)|Ω

〉
, (5.13)

where the right-hand side of equation (3.82) is compactly written as T ii
(1)(x), which can be seen as

a source generated by the terms quadratic in metric perturbations. Recall that equation (5.13) is
obtained by expanding the trace of the Einstein equation in the stacked gauge up to quadratic order
in perturbations. Therefore, the right-hand side of equation (5.13) acts as an effective stress-energy
tensor. The relevance of the (1) in the exponent is to identify a one-loop expression, i.e., a first
quantum correction. The influence of the interactions described by T ii

(1)(x) on the dynamics of the
VEV of ψ̃ is what is understood as a backreaction. If the source were not there, the equation would
be trivial. However, since there is a nontrivial source, the VEV of the field gets (quantum) corrected
at the one-loop level. As discussed in the previous section, one way of deriving the new VEV at
this level is by summing all one-loop tadpole diagrams (see figure 5.5). However, evaluating these
diagrams would require complete knowledge of the Feynman rules, in particular the expressions
for the vertex operators. These could be read off from the cubic Lagrangian in a straightforward
manner. However, as motivated in section 3.7, we took a different approach where calculating the
cubic Lagrangian is inessential. Instead, the aim will be to calculate the right-hand side of equation
(5.13) and see how this affects the VEV of the field through its equation of motion. This alternative
approach only requires knowledge of the (free) scalar and graviton propagators, which were derived
in section 4.3.

Figure 5.5: One-loop tadpole diagrams that contribute to the VEV of the scalar field ψ̃(x). The solid
lines represent the scalar propagator, while the squiggly line indicates a graviton propagator. The
vertex in the right-most diagram is a counterterm vertex which is present to cancel out divergences
from the other diagrams.
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Calculating the expectation value of T̂ ii
(1)(x) is a considerable undertaking since there are many

independent terms. Recall that,

T ii
(1) =− ∂0

[
(D − 1)Hñ(2) − 1

2

ḣ
˙̃
ψ

H
+

1

2

(
Ψ̃ij − ∂i∂j

∇2
h

)(
˙̃Ψij −

∂i∂j
∇2

ḣ

)]
− a−2

[
∇2ñ(2)

− 2H−1ψ̃∇2 ˙̃
ψ −H−1

(
Ψ̃ij − ∂i∂j

∇2
h

)
∂i∂j

˙̃
ψ

]
+

D − 1

4(D − 2)

[(
˙̃Ψij − ∂i∂j

∇2
ḣ

)(
˙̃Ψij −

∂i∂j
∇2

ḣ

)
− ḣ2

D − 1

]
− 2

D − 2
R(2) + 2H−1a−2 ˙̃

ψ∇2ψ̃ + (D − 1)εH

[
˙̃
ψ2

H2
− ñ(2)

]
.

(5.14)

where the x-dependence of the fields is left implicit. Additionally, ñ(2) and R(2) are as in equation
(3.80) and (3.81) respectively. Fortunately, there are some ways the expression simplifies when
taking the expectation value. First of all, the scalar and tensor perturbations of the metric evolve
independently at linear order. This can immediately be seen from the quadratic action (3.68).
Also, the independent evolution of scalar and tensor components motivated the scalar-vector-tensor
decomposition in the first place. As a result, any term combining scalar and tensor perturbations
does not contribute to the expectation value at this order. This means, for instance,〈

Ω

∣∣∣∣ ˆ̃Ψij
∂i∂j
∇2

ĥ

∣∣∣∣Ω〉 = 0 (5.15)

Another way the expectation value may simplify is by considering the properties of the free scalar
and graviton propagators in equations (4.50) and (4.60) respectively. In both cases, the space-
dependence is present only in the form of the absolute distance ||~x − ~x′||. The same is true for
any and all derivatives of the propagators. This makes it so that, at coincidence, the propagators
become space-independent. As a result, terms in equation (5.14) which are total spatial gradients
do not contribute to the vacuum expectation value. At the same time one can use this fact to move
around spatial derivatives. For instance,

〈
Ω|∂0

ˆ̃
ψ(x)∇2 ˆ̃

ψ(x)|Ω
〉

=∂i
〈
Ω|∂0

ˆ̃
ψ(x)∂i

ˆ̃
ψ(x)|Ω

〉
−
〈
Ω|∂i∂0

ˆ̃
ψ(x)∂i

ˆ̃
ψ(x)|Ω

〉
=∂i

[
∂0∂
′
ii∆ψ̃(x, x′)

]
x→x′

− ∂i
〈
Ω|∂i∂0

ˆ̃
ψ(x)

ˆ̃
ψ(x)|Ω

〉
+
〈
Ω|∇2∂0

ˆ̃
ψ(x)

ˆ̃
ψ(x)|Ω

〉
=0− 0 +

〈
Ω|∇2∂0

ˆ̃
ψ(x)

ˆ̃
ψ(x)|Ω

〉
,

(5.16)

which is obtained by applying the product rule twice. One essentially moves the spatial derivatives
as in partial integration; obtaining a minus sign each time. Do note that the same is not true for
time derivatives.

One final approximation we will make is to only keep terms up to lowest order in the first geometric
slow-roll parameter ε. Since ε will be taken to be small, this is a reasonable approximation. An
immediate consequence is that one can approximate equation (3.77) as

∂0ĥ(x) ≈ −2H−1a−2∇2 ˆ̃
ψ(x). (5.17)
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Taking into account the above remarks, the right-hand side of equation (5.13) reduces to

〈
Ω|T̂ ii (1)(x)|Ω

〉
=− a−2

〈
Ω|∂0

ˆ̃Ψij∇2 ˆ̃Ψij |Ω
〉

4(D − 2)H
+

〈
Ω|∂0

ˆ̃Ψij∂
2
0

ˆ̃Ψij |Ω
〉

4(D − 2)H
+

D − 1

4(D − 2)

〈
Ω|∂0

ˆ̃Ψij∂0
ˆ̃Ψij |Ω

〉
+

〈
Ω|∂0

ˆ̃Ψij∂0
ˆ̃Ψij + ˆ̃Ψij∂

2
0

ˆ̃Ψij |Ω
〉

2(D − 2)
− D − 3

2H
a−2
〈
Ω|∂0

ˆ̃
ψ∇2 ˆ̃

ψ|Ω
〉

+
D2 − 4D + 5

2(D − 2)(D − 1)
a−2
〈
Ω|∂0

ˆ̃
ψ∇2ĥ|Ω

〉
− a−2

〈
Ω|∂0ĥ∇2ĥ|Ω

〉
4(D − 2)H

+
D − 1

2(D − 2)H
a−2
〈
Ω|∂0ĥ∇2 ˆ̃

ψ|Ω
〉
−
〈
Ω|∂2

0 ĥ∂0
ˆ̃
ψ − ∂0ĥ∂

2
0

ˆ̃
ψ|Ω

〉
2(D − 2)H

+

〈
Ω|∂2

0 ĥ∂0ĥ|Ω
〉

2(D − 1)(D − 2)H
+

〈
Ω|ĥ∂2

0 ĥ|Ω
〉

2(D − 2)
+

D

4(D − 2)

〈
Ω|∂0ĥ∂0ĥ|Ω

〉
+O(ε).

(5.18)

This leaves us only to evaluate each of the above independent terms which is done in appendix
B. It turns out that the tensor terms cancel each other, such that the total tensor contribution
vanishes. This is quite a remarkable result and it means that the backreaction is sourced solely
by scalar interactions. In order to evaluate the remaining scalar terms one has to deal with some
tough integral expressions. An example of which is worked out in appendix C. Inevitably, one has
to resort to evaluating these integrals in the late-time limit by means of an asymptotic expansion.
After all is said and done, equation (5.18) can be approximated by,

〈
Ω|T̂ ii (1)(x)|Ω

〉
≈ −2175

32π

~H4
0G

ε

(
1

ε
+ 4 log(a(t)) + constant terms

)
, (5.19)

in four space-time dimensions. Higher order terms in ε were neglected in the approximation. Addi-
tionally, the constant terms in equation (5.19) remain undetermined because calculations are already
quite involved at this order in ε. In the following calculations, these undetermined constant terms,
and any other constant terms at the same order, will be ignored.

To figure out precisely the effect of scalar interactions, one can split the scalar field into a homoge-
neous part and a one-loop backreaction,

ˆ̃
ψ(t, ~x) =

ˆ̃
ψ0(t, ~x) +B(1)(t), (5.20)

such that, [
∂2

0 + (D − 1)H∂0 − a−2∇2
] ˆ̃
ψ0(t, ~x) = 0, (5.21)[

∂2
0 + (D − 1)H∂0 − a−2∇2

]
B(1)(t) = −2175

32π

~H4
0G

ε2

(
1

ε
+ 4 log(a(t))

)
. (5.22)

If there were no interactions, the scalar dynamics would be described in the form of
ˆ̃
ψ0(t, ~x). How-

ever, since interactions have a non-trivial effect, the scalar operator gets quantum corrected at the
one-loop level by B(1)(t). One can calculate B(1)(t) by solving equation (5.22) up to the appropriate
order in ε,

B(1)(t) = −2175

32π

~H4
0G

ε3
(
log(a(t)) + ε log(a(t))2

)
. (5.23)



CHAPTER 5. ONE-LOOP QUANTUM BACKREACTION 51

As a side remark, the constant terms in equation (5.19) would contribute to B(1)(t) as a term pro-
portional to ε−2 log(a) with an undetermined prefactor (which does not depend on ε).

One curiosity that immediately jumps out is that the one-loop backreaction has a singularity at
ε = 0, so that it diverges in the de Sitter limit. It is not clear at the moment whether this behaviour
is a gauge artefact. Certainly, the effective action is gauge-dependent through its dependence on the
propagators. However, it has not been proven that any vacuum expectation value derived from it,
e.g. equation (5.19), is gauge-dependent as well. Another striking feature of equation (5.23) is the
time-dependence which appears as a logarithm of the scale factor. As a result, the average effect of
interactions will increase during inflation. Finally, the minus sign indicates that this is a negative
shift of the scalar operator and, thus, a negative shift on the VEV of the spatial part of the metric,

〈
Ω|ĝij(x)|Ω

〉
= gcl

ij(x)− 2175

32π

~H4
0G

ε3
a(t)2

(
log(a(t)) + ε log(a(t))2

)
δij +O(~2), (5.24)

where gcl
ij(x) is the classical (background) metric. The principle effect of this negative shift is that it

slows down the expansion of the universe during inflation. There is some intuitive understanding to
be had as to why the interactions affect the expansion of the universe in this way by considering the
nature of the interactions. Since the gravitational force is attractive, gravitational interactions lower
the energy of a system. Therefore, it makes sense that the effective stress-energy tensor is negative
at one-loop order (equation (5.19)) and that the first quantum corrections contribute negatively to
the universe’s expansion rate during inflation.



Chapter 6

Conclusion and outlook

I would have gladly continued this research towards a stochastic description of inflation, but time
did not allow for that. Nevertheless, the results presented here could be valuable to future research
in this direction. In the stochastic approach one makes a distinction between long-wavelength and
short-wavelength behaviour. Fluctuations are assumed to become classical when growing larger
than the Hubble radius. One can solve the constraint equations and derive the stochastic dy-
namical equations at long wavelengths by using Hamilton-Jacobi theory. In this long-wavelength
approximation one only keeps terms up to leading order in spatial gradients because at scales larger
than the Hubble radius the dynamics is dominated by time derivatives. For instance, this is done
in [34]. When the wavelength of a growing sub-Hubble mode inevitably exceeds the Hubble radius,
it acts as a kick to the long-wavelength dynamics, in essence changing the field’s initial conditions.
Each mode that crosses the Hubble horizon has a random phase and, thus, one elegantly ends up
with a classical long-wavelength equation sourced by a random noise term. The random noise term
for scalar fluctuations is determined from its two-point function. In this thesis, we have shown
how to calculate the propagator for scalar metric fluctuations by solving the linearized equations
for the mode functions using the results from [3]. One can calculate higher order corrections to
the two-point function by using the Swinger-Keldysh (or in-in) formalism which provides a way to
study non-Gaussian contributions to the noise term without requiring knowledge of suitable late
time states. One could also calculate the one-loop corrected scale factor from the results obtained
in this thesis and see how it influences the long-wavelength equations directly by rederiving the
Hamilton-Jacobi equation.

An important remark is that one should be mindful when working with a gauge where the shift
vector vanishes, Ni = 0. This is a gauge that is often used in the stochastic framework, because it
simplifies the equations. As such, D.S. Salopek and J.R. Bond [34],[35] fix a gauge where

ds2 = −N2(t, ~x)dt2 + e2α(t,~x)hij(~x)dxidxj , (6.1)

as they study a system of real, minimally coupled scalar fields Φj , j = 1, . . . , k, which self-interact
through a potential V (Φj). Gravitational radiation is said to be dynamically unimportant relative
to the scalar field at long wavelengths, hence the time dependence of the three metric gij(t, ~x) can
be expressed by the field α(t, ~x) = ln(a(t, ~x)). In the case of a single matter field (k=1), there
would be three scalar fields in this gauge: N(t, ~x), α(t, ~x),Φ(t, ~x). The authors derive a set of long-
wavelength equations from the energy and momentum constraints of GR by neglecting second-order
spatial gradients,(

dH

dΦ

)2

=
3

2
H2 − 1

2
V (Φ), H(t, ~x) ≡ α̇(t, ~x)

N(t, ~x)
, H(t, ~x) = H(Φ(t, ~x)), (6.2)
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where the local expansion parameter H is purely determined by its dependence on the scalar field
Φ. The first of the equations is the Hamilton-Jacobi equation which relates the scalar fields. This is
only enough to constrain one scalar field in this gauge, leaving two independent scalar fields. One
might be tempted to use this freedom to conveniently choose the constant time hypersurfaces, like
the authors did. However, by carefully treating this gauge one can derive an additional condition
which will constrain another scalar field. For instance, by performing a linear gauge transformation
from, e.g., the comoving gauge, one finds that, at linear order,

˙̄α(t)n(t, ~x)− δα̇(t, ~x) =
1

2
˙̄φ(t)δφ(t, ~x), (6.3)

where the scalar fields have been split into a homogeneous background (ᾱ, φ̄) and a space dependent
perturbation (δα, δφ), likewise N(t, ~x) = 1 + n(t, ~x). Equation (6.3) signifies that there is an addi-
tional constraint relating the three scalar fields. This means that: either one is not free to choose
the constant time hypersurfaces; or there is another scalar field ’hidden’ within the spatial part of
the metric and one is not able to extract the time dependence into a single scalar field as is done in
equation (6.1). An instance of the latter is seen in the stacked gauge treated in this thesis (equa-
tion (3.50)), where the tensor metric perturbations are non-transverse. In this case, one can not
neglect the tensorial part of the metric by the argument that gravitational radiation is dynamically
insignificant because it contains an additional scalar field which has to be taken into account. The
reason why the stacked gauge is fully fixed is because matter field fluctuations are set to zero. If
one were to allow for arbitrary matter field fluctuations, then one could choose the constant time
hypersurfaces instead. By carefully treating this type of gauge, one may be able to shed some light
on how to properly incorporate gravitational fluctuations in the stochastic framework.

The main result of this thesis is the one-loop quantum backreaction on a D-dimensional, spatially
flat, homogeneous and isotropic background with arbitrary constant deceleration parameter (equa-
tion (5.23)). The result is inversely proportional to the first geometric slow roll parameter cubed.
This may be a gauge artefact and it would be interesting to see if this effect survives in other gauges.
Seeing as the result is time-dependent it might have some effect on the duration of inflation. Perhaps
the backreaction even becomes dominant enough to end inflation. It might also be worthwhile to
consider if there is any significant late time effects originating from this backreaction. This would
require an extension beyond inflation. For instance, one could use a sudden matching approximation
in which inflation is immediately followed by an era of radiation domination and a subsequent era
of matter domination. This procedure is elaborated on in [36], in the case of a massless minimally
coupled scalar field. Whether a significant effect can occur from a backreaction has been subject
to controversy. Some papers claim that backreaction effects could potentially replace dark energy
as the source for the recent accelerated expansion of the universe [37][38], while others claim it is
completely negligible [39] [40]. Such conclusions are model-dependent and future research will have
to point out whether backreaction effects are needed to explain, for instance, non-Gaussianities in
the CMB.

The fact of the matter remains that until a full theory of quantum gravity is developed, we have to try
to make sense of the origin and evolution of our universe by probing the edges of our understanding.
Whether that might be through perturbation theory or through the non-perturbative ADS/CFT
correspondence, I am excited to see what the future holds.



Appendix A

Derivation of the quadratic action

This appendix contains the derivation of the action (3.65) up to quadratic order in perturbations
in the stacked gauge (equation (3.50)). Also, we perform a gauge transformation to the comoving
gauge and find the action (3.49). The derivation of the action uses the canonical form of the ADM
action as developed in [9].

From [9], the action for a minimally coupled scalar field in canonical form is

S =

∫
dDx

{
pij∂0gij + pΦ∂0Φ−NH−NiHi

}
(A.1)

where N and N i are the lapse function and shift vector and the Hamiltonian H and the momentum
density Hi are

H = −√gR+
1
√
g

[
pijgikgjlp

kl − 1

D − 2
p2

]
+

1
√
g

p2
Φ

2
+

√
g

2
gij∂iΦ∂jΦ +

√
gV (Φ), (A.2)

Hi = ∂iΦpΦ − 2∇jpij . (A.3)

The canonical momenta pij and pΦ, conjugate to the metric gij and the matter field Φ, are

pij =
√
g
(
Kgij −Kij

)
=−√g

(
1

2N
gijgkl∂0gkl +

1

2N
∂0g

ij

)
,

(A.4)

pΦ =

√
g

N
(∂0Φ) . (A.5)

Next, we follow [9] in that we perform the following split into background and fluctuations,

pij =
P(t)

2(D − 1)a(t)
(δij + πij(t, ~x)), (A.6)

pΦ = Pφ(t)(1 + πϕ(t, ~x)), (A.7)

gij = a(t)2(δij + hij(t, ~x)), (A.8)

Φ = φ(t) + ϕ(t, ~x), (A.9)

N = N̄(t) + n(t, ~x). (A.10)
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Later we will identify each of these fields with the fields present in the stacked gauge. From the
action (A.1), one can derive the background Friedmann and field equations,

φ̈+ (D − 1)Hφ̇+ V ′(φ) = 0, (A.11)

H2 =
1

(D − 1)(D − 2)

[
1

2
φ̇2 + V (φ)

]
, (A.12)

Ḣ =
−1

2(D − 2)
φ̇2, (A.13)

where the dot represents a time reparametrization invariant derivative ȧ ≡ N̄−1da/dt. The action
(A.1) can be expanded up to quadratic order in perturbations, although it is quite some work. We
quote the result from [9] with an additional n2 term,

S(2) =

∫
dDx

{
P

2(D − 1)

(
2πijhij∂0a+ aπij∂0hij

)
+ Pφπϕ∂0ϕ− N̄H(2) − nH(1) −NiHi(1)

−n2(D − 2)(D − 1− ε)
} (A.14)

where ε ≡ −ḢH−2 is the first geometric slow-roll parameter, H(1) and H(2) are the Hamiltonian
up to first- and second order in perturbations respectively,

H(1) =− aD−3
[
∂i∂jh

ij −∇2h
]
− 1

aD−3

P2

2(D − 1)2(D − 2)

[
πijδij −

1

4
(D − 5)h

]
+

1

aD−1

p2
Φ

2

[
2πϕ −

1

2
h

]
+ aD−1

[
1

2
hV + V ′ϕ

]
,

(A.15)

H(2) =− aD−3

[
−1

4
h∇2h+

1

2
h∂i∂jhij −

1

2
hij∂

i∂lhjl +
1

4
hij∇2hij

]
+

P2

4(D − 1)2aD−3

[
1

2
πijAijklπ

kl +
πij

D − 2
(2(D − 3)hij − hδij) + hjih

i
j −

D − 1

D − 2

(
1

4
hjih

i
j +

1

8
h2

)]
+
P2
φ

2aD−1

[
π2
ϕ +

1

4
hjih

i
j +

1

8
h2 − hπϕ

]
+
aD−3

2
∂iϕ∂iϕ

+ aD−1

[(
−1

4
hjih

i
j +

h2

8

)
V +

1

2
hϕV ′ +

1

2
V ′′ϕ2

]
,

(A.16)

where h = hijδ
ij , and Aijkl = δikδjl + δilδjk − 2

D−2δijδkl. The momentum density Hi is only

relevant up to linear order since the shift function N i is a pure fluctuation, i.e., the background
value vanishes,

Hi(1) = ∂iϕ
1

a2
Pφ −

P
(D − 1)a

(
∂jπ

ij + ∂jh
ij − 1

2
∂ih

)
. (A.17)

A.1 Fixing the stacked gauge

In the stacked gauge (3.50),

Φ = φ(t), gij = a(t)2 ((1 + 2ψ(t, ~x)) δij + Ψij(t, ~x)) , ∂iΨij = ∂jυ(t, ~x), Ψii = 0,
(A.18)
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the fields in (A.6) to (A.10) take the following form

N̄(t) = 0, (A.19)

N i(t, ~x) = 0, (A.20)

gij(t, ~x) = a(t)2(1 + 2ψ(t, ~x))δij + a(t)2Ψij(t, ~x), (A.21)

hij(t, ~x) = 2ψδij(t, ~x) + Ψij(t, ~x), (A.22)

P(t) = −2(D − 1)(D − 2)a(t)D−2H(t), (A.23)

πij(t, ~x) = (D − 3)ψ(t, ~x)δij +
ψ̇(t, ~x)

H(t)
δij −Ψij(t, ~x)− Ψ̇ij(t, ~x)

2(D − 2)H(t)
, (A.24)

Pϕ(t) = a(t)D−1φ̇(t), (A.25)

πφ(t, ~x) = (D − 1)ψ(t). (A.26)

The Hamiltonian up to first order becomes

H(1) = −2(D − 1)(D − 2)ψ̇H + a−2
(
2(D − 2)∇2ψ − ∂i∂jΨij

)
, (A.27)

while the Hamiltonian up to quadratic order is expressed in terms of the above fields as follows,

H(2) =− aD−3

[
−(D − 2)(D − 3)ψ∇2ψ −Ψij∂

i∂jψ − 1

2
ψij∂

i∂kΨjk +
1

4
Ψij∇2Ψij

]
+ aD−1

{
1

2
(D − 1)(D − 2)(D − 3)(D − 9)ψ2H2 − 4(D − 1)(D − 2)ψψ̇H

− (D − 1)(D − 2)ψ̇2 − 1

4
(D − 2)(D − 9)ΨijΨ

ijH2 + ΨijΨ̇
ijH +

1

4
Ψ̇ijΨ̇

ij

− 1

4
(D − 1)(D − 3)ψφ̇2 +

1

8
ΨijΨ

ijφ̇2 +

(
1

2
(D − 1)(D − 3)ψ2 − 1

4
ΨijΨ

ij

)
V

}
.

(A.28)

The final ingredient is the kinetic term which reduces to∫
dDx

{
P

2(D − 1)

(
2πijhij∂0a+ aπij∂0hij

)
+ Pφπϕ∂0ϕ

}
=∫

dDxN̄aD−1

{[
− 4(D − 1)(D − 2)(D − 3)ψ2H2 − 2(D − 1)2(D − 2)ψψ̇H − 2(D − 1)(D − 2)ψ̇2

]
+

[
2(D − 2)ΨijΨ

ijH2 + (D − 1)ΨijΨ̇
ijH +

1

2
Ψ̇ijΨ̇

ij

]}
.

(A.29)

Plugging the above expressions into the action (A.14) results in the following quadratic action,

S =

∫
dDx

aD−1

16πG

{
− (D − 1)(D − 2)ψ̇2 +

1

4

[
(Ψ̇ij)

2 − a−2∂kΨij∂
kΨij

]
− a−2

[
(D − 2)(D − 3)ψ∇2ψ − (D − 3)ψ∂i∂jΨij +

1

2
Ψij∂

i∂kΨjk

]
− n

[
− 2(D − 1)(D − 2)ψ̇H + a−2

(
2(D − 2)∇2ψ − ∂i∂jΨij

) ]
− n2H2(D − 2)(D − 1− ε)

}
.

(A.30)
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A.2 Gauge transformation to the comoving gauge

In order to verify the validity of the above action for the stacked gauge we will perform the gauge-
transformation to the comoving gauge as derived in section 3.6. The result is precisely action (3.49).
The fields in the two gauges are related as follows

Ψij(t, ~x) = γij(t, ~x) +

(
δij

D − 1
− ∂i∂j
∇2

)
h(t, ~x), ∂iγij = 0, γ̃ii = 0 (A.31)

ψ(t, ~x) = ζ(t, ~x)− 1

2(D − 1)
h(t, ~x), (A.32)

where h = − (D−1)
D−2 υ. In terms of these new fields one has

ḣ(t, ~x) = −2H(t)−1a(t)−2∇2ζ(t, ~x) + 2εζ̇(t, ~x), (A.33)

n(t, ~x) =
ζ̇(t, ~x)

H(t)
. (A.34)

Filling these expression back into the action, results in

S =

∫
dDx

aD−1

16πG

{
(D − 2)εζ̇2 − D − 2

4(D − 1)
ḣ2 + a−2

[
− 2(D − 2)H−1ζ̇∇2ζ +

D − 2

4(D − 1)
(∇h)2

+ (D − 2)(D − 3)(∇ζ)2

]
+

1

4

[
γ̇ij γ̇

ij +
D − 2

D − 1
ḣ2

]
− 1

4
a−2

[
∂kγij∂

kγij +
D − 2

D − 1
(∇h)2

]}
.

(A.35)

As is obvious, all h-terms cancel. One final partial integration gives

S =

∫
dDx

aD−1

16πG

{
2(D − 2)ε

[
1

2
ζ̇2 − 1

2
a−2(∇ζ)2

]
+

[
1

4
γ̇ij γ̇

ij − 1

4
a−2∂kγij∂

kγij
]}

. (A.36)

This is precisely the action derived in section 3.5. One can also check that the above action is in
agreement with the gauge-invariant action for a minimally coupled scalar field derived in [9].



Appendix B

Calculation of the one-loop
backreaction

This appendix is dedicated to the derivation of the individual expectation values in equation (5.18)
that constitute the one-loop backreaction. The first geometric slow roll parameter is taken to be
small, ε� 1. The free scalar and graviton propagators in equations (4.50) and (4.60) are identical
to the propagator from [3] up to a normalisation constant, i.e.,

i∆ψ̃(x, x′) =
1

2(D − 2)ε
i∆(x, x′), i∆Ψ̃(x, x′) = 2i∆(x, x′), (B.1)

where

i∆(x, x′) = 16πG~
[
(1− ε)2HH ′

]D/2−1

(4π)D/2

{
Γ(D/2− 1)

(
4

y

)D/2−1

+
Γ(D/2− 1)Γ(2−D/2)

Γ(1/2 + ν)Γ(1/2− ν)

×
[

Γ(3/2 + ν)Γ(3/2− ν)

Γ(3−D/2)

(
4

y

)D/2−2

+
∞∑
n=1

(
Γ(3/2 + ν + n)Γ(3/2− ν + n)

Γ(3−D/2 + n)(n+ 1)!

(y
4

)n−D/2+2

−
Γ(D−1

2 + ν + n)Γ(D−1
2 − ν + n)

Γ(D/2 + n)n!

(y
4

)n)]
+

2(1− ε)Γ(2ν)Γ(ν)

ε(D − 2)Γ(D−1
2 )

[(
1

k2
0ηη
′

) ε(D−2)
2(1−ε)

+
Γ(D−1

2 )

Γ(ν)

Γ(1−D/2)

Γ(1/2− ν)

Γ(D−1
2 + ν)Γ(D−1

2 − ν)

Γ(2ν)

ε(D − 2)

2(1− ε)

]}
,

(B.2)

with ν = D−1−ε
2(1−ε) , and y the invariant distance

y(x;x′) =
||~x− ~x′||2 − (|η − η′| − iε)2

ηη′
. (B.3)

Several simplifications are in order. First and foremost, the D dependent powers of y can be
automatically subtracted in dimensional regularisation. Hence, they will not be relevant in the
calculation of expectation values. Second of all, the time dependence of the penultimate term
cancels with the time dependence in the prefactor, thus it contributes as a constant. Since each
term in equation (5.18) contains a derivative, constants will not be relevant either. We can conclude
that the part of the propagator i∆(x, x′) relevant for the calculation of expectation values is

[(1− ε)2HH ′]D/2−1
∞∑
n=0

Cny
n, (B.4)
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where 16πG and ~ are set to 1 to avoid cluttering the equations later on. In addition, the constants
in the sum are,

C0 =
1

(4π)D/2
Γ(1−D/2)Γ(D−1

2 + ν)Γ(D−1
2 − ν)

Γ(1/2− ν)
(B.5)

Cn = − 1

4n
1

(4π)D/2
Γ(D/2− 1)Γ(2−D/2)

Γ(1/2 + ν)Γ(1/2− ν)

Γ(D−1
2 + ν + n)Γ(D−1

2 − ν + n)

Γ(D/2 + n)n!
, for n ≥ 1. (B.6)

The final term in equation (B.2) was absorbed into the sum by defining C0 as above.

Recall that we are working in a universe with constant deceleration parameter. The expressions for
the scale factor and Hubble parameter as well as some useful relations between them are summarized
in equations (4.28) and (4.29). Most notably, one has Ha(1 − ε) = −η−1. In the upcoming
calculations, the following identities will be helpful

∂µy(x, x′)|x→x′ = 0, (B.7)

∂µ∂νy(x, x′)|x→x′ = −∂µ∂′νy(x, x′)|x→x′ =
2

η2
ηµν = 2(1− ε)2H2a2ηµν , (B.8)

[(1− ε)2HH ′]D/2−1 = ((1− ε)H0)
D−2
(1−ε) (ηη′)

ε(D−2)
2(1−ε) . (B.9)

The last identity makes it clear that any and all time derivatives acting on the prefactor (i.e. not
on yn) will give rise to an overall factor of ε. These terms will be disregarded as they are higher
order terms in the ε expansion.

In calculating the contributions from the individual expectation values in equation (5.18) we will
distinguish between tensor terms as well as scalar terms. It turns out that the sum of contributions
originating from tensor terms will vanish, while the net contribution from scalar terms scales as
log(a).

B.1 Tensor contributions

For clarity’s sake, the sum we will calculate in this section is

BΨ̃ =− a−2

〈
Ω|∂0

ˆ̃Ψij∇2 ˆ̃Ψij |Ω
〉

4(D − 2)H
+

〈
Ω|∂0

ˆ̃Ψij∂
2
0

ˆ̃Ψij |Ω
〉

4(D − 2)H
+

D − 1

4(D − 2)

〈
Ω|∂0

ˆ̃Ψij∂0
ˆ̃Ψij |Ω

〉
+

〈
Ω|∂0

ˆ̃Ψij∂0
ˆ̃Ψij + ˆ̃Ψij∂

2
0

ˆ̃Ψij |Ω
〉

2(D − 2)
.

(B.10)

Each of these terms can be calculated by considering the fundamental relations

〈
Ω| ˆ̃Ψij(x) ˆ̃Ψkl(x

′)|Ω
〉

=
1

2

(
PikPjl + PilPjk −

2

D − 2
PijPkl

)
(i∆(x, x′)), (B.11)

〈
Ω| ˆ̃Ψij(x) ˆ̃Ψij(x

′)|Ω
〉

=
D(D − 3)

2
(i∆(x, x′)), (B.12)

where, similar to the quantization procedure in section 4.3.2, the transverse projectors Pij = δij−∂i∂j
∇2

ensure that the tracelessness and transversality of the fields is satisfied. Using this relation and the
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expression for the propagator in equation (B.2) one finds up to lowest order in ε,

〈
Ω|∂0

ˆ̃Ψij(x)∂0
ˆ̃Ψij(x)|Ω

〉
=
D(D − 3)

2

[
a−2∂η∂

′
ηi∆Ψ̃(x, x′)

]
x→x′ = 2D(D − 3)C1H

D
0 , (B.13)〈

Ω| ˆ̃Ψij(x)∂2
0

ˆ̃Ψij(x)|Ω
〉

=
D(D − 3)

2

[
a−2

(
∂2
η −H∂η

)
i∆Ψ̃(x, x′)

]
x→x′ = −2D(D − 3)C1H

D
0 ,

(B.14)〈
Ω|∂0

ˆ̃Ψij(x)∂2
0

ˆ̃Ψij(x)|Ω
〉

=
D(D − 3)

2

[
a−2a′−1

(
∂2
η −H∂η

)
∂η′i∆Ψ̃(x, x′)

]
x→x′ = 0, (B.15)〈

Ω|∂0
ˆ̃Ψij(x)∇2 ˆ̃Ψij(x)|Ω

〉
=
D(D − 3)

2

[
a−1∂η∇′2i∆Ψ̃(x, x′)

]
x→x′ = −2D(D − 3)(D − 1)a2C1H

D+1
0 ,

(B.16)

where H ≡ a−1∂ηa. From these expressions it is clear that the second and final term in equation
(B.10) vanish, while the first and third term cancel each other. The conclusion is that BΨ is zero at
this order. This is a remarkable result: up to one-loop order the expected influence of tensor metric
perturbations on the dynamics of scalar metric perturbations is small as it is at least suppressed by
ε in a universe with ε� 1.

B.2 Scalar contributions

The contribution of scalar terms to the backreaction (5.18) is

Bψ̃ =− D − 3

2H
a−2
〈
Ω|∂0

ˆ̃
ψ∇2 ˆ̃

ψ|Ω
〉

+
D2 − 4D + 5

2(D − 2)(D − 1)
a−2
〈
Ω|∂0

ˆ̃
ψ∇2ĥ|Ω

〉
− a−2

〈
Ω|∂0ĥ∇2ĥ|Ω

〉
4(D − 2)H

+
D − 1

2(D − 2)H
a−2
〈
Ω|∂0ĥ∇2 ˆ̃

ψ|Ω
〉
−
〈
Ω|∂2

0 ĥ∂0
ˆ̃
ψ − ∂0ĥ∂

2
0

ˆ̃
ψ|Ω

〉
2(D − 2)H

+

〈
Ω|∂2

0 ĥ∂0ĥ|Ω
〉

2(D − 1)(D − 2)H

+

〈
Ω|ĥ∂2

0 ĥ|Ω
〉

2(D − 2)
+

D

4(D − 2)

〈
Ω|∂0ĥ∂0ĥ|Ω

〉
.

(B.17)

Some of these terms are readily calculated (up to lowest order in ε),

〈
Ω|∂0

ˆ̃
ψ(x)∇2 ˆ̃

ψ(x)|Ω
〉

= a−1
[
∂η∇′2i∆ψ(x, x′)

]
x→x′ =

D − 1

(D − 2)ε
C1a

2HD+1
0 , (B.18)

〈
Ω|∇2 ˆ̃

ψ(x)∇2 ˆ̃
ψ(x)|Ω

〉
=
[
∇2∇′2i∆ψ(x, x′)

]
x→x′ =

4(D − 1)(D + 1)

(D − 2)ε
C2a

4HD+2
0 , (B.19)〈

Ω|∂0
ˆ̃
ψ(x)∇2∂0

ˆ̃
ψ(x)|Ω

〉
= a−2

[
∂η∂η′∇′2i∆ψ(x, x′)

]
x→x′ =

D − 1

(D − 2)ε
(C1 + 4C2)a2HD+2

0 , (B.20)

〈
Ω|∂2

0
ˆ̃
ψ(x)∇2 ˆ̃

ψ(x)|Ω
〉

= a−2
[(
∂2
η −H∂η

)
∇′2i∆ψ(x, x′)

]
x→x′ =

(D − 1)

(D − 2)ε
(C1 − 2C2) a2HD+2

0 ,

(B.21)〈
Ω|∇2∂0

ˆ̃
ψ(x)∇2 ˆ̃

ψ(x)|Ω
〉

= a−1
[
∂η∇2∇′2i∆ψ(x, x′)

]
x→x′ =

8(D − 1)(D + 1)

(D − 2)ε
C2a

4HD+3
0 , (B.22)
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〈
Ω|∂2

0 ĥ(x)∂0
ˆ̃
ψ(x)|Ω

〉
=

{
− 2

H
a−2
〈
Ω|∂0

ˆ̃
ψ(x)∇2∂0

ˆ̃
ψ(x)|Ω

〉
+ 4a−2

〈
Ω|∂0

ˆ̃
ψ(x)∇2 ˆ̃

ψ(x)|Ω
〉}

= 2
D − 1

(D − 2)ε
HD+1

0 (C1 − 4C2) ,

(B.23)

〈
Ω|∂0ĥ(x)∂2

0
ˆ̃
ψ(x)|Ω

〉
=

{
− 2

H
a−2
〈
Ω|∂2

0
ˆ̃
ψ(x)∇2 ˆ̃

ψ(x)|Ω
〉}

= −2
D − 1

(D − 2)ε
HD+1

0 (C1 − 2C2), (B.24)

〈
Ω|∂0ĥ(x)∂0ĥ(x)|Ω

〉
=

{
4

H2
a−4
〈
Ω|∇2 ˆ̃

ψ(x)∇2 ˆ̃
ψ(x)|Ω

〉}
=

16(D − 1)(D + 1)

(D − 2)ε
HD

0 C2, (B.25)

〈
Ω|∂0ĥ(x)∇2ψ̃(x)|Ω

〉
=

{
− 2

H
a−2
〈
Ω|∇2 ˆ̃

ψ(x)∇2 ˆ̃
ψ(x)|Ω

〉}
= −8(D − 1)(D + 1)

(D − 2)ε
HD+1

0 C2, (B.26)

〈
Ω|∂2

0 ĥ(x)∂0ĥ(x)|Ω
〉

=

{
4

H2
a−4
〈
Ω|∇2∂0

ˆ̃
ψ(x)∇2 ˆ̃

ψ(x)|Ω
〉
− 8

H
a−4
〈
Ω|∇2 ˆ̃

ψ(x)∇2 ˆ̃
ψ(x)|Ω

〉}
= 0,

(B.27)

where it was used that
∂0ĥ(x) = −2H−1a−2∇2 ˆ̃

ψ(x). (B.28)

All of these terms are constants divided by ε. As will be shown shortly, these constants are not as
relevant as the contributions coming from the three remaining terms on the first row of equation
(B.17). Calculating these remaining expectation values is a bit more involved since we can not
directly use the relation (B.28). Instead, we will have to introduce an integral to be able to substitute
an expression for ∂ηh(η, ~x). For instance, one has

a−2

H

〈
Ω|∂0ĥ(x)∇2ĥ(x)|Ω

〉
=− 2

H2
a−4
〈
Ω|∇2 ˆ̃

ψ(x)∇2ĥ(x)|Ω
〉

=

∫ η

η0

dη′
{
−2a−4

H2

〈
Ω|∇2 ˆ̃

ψ(η, ~x)∇2∂′ηĥ(η′, ~x)|Ω
〉}

=

∫ η

η0

dη′
{

4a−4a′−1

H2H ′
〈
Ω|∇2 ˆ̃

ψ(η, ~x)∇2∇2 ˆ̃
ψ(η′, ~x)|Ω

〉}
=

∫ η

η0

dη′
{

4a−4a′−1

H2H ′

[
∇2∇′2∇′2i∆ψ̃(x, x′)

]
~x→~x

}

=

∫ η

η0

dη′

{
4a−4a′−1

H2H ′

[
(1− ε)2HH ′

]D/2−1

2(D − 2)ε

∞∑
n=0

Cn
[
∇2∇′2∇′2y(x, x′)n

]
~x→~x′

}
.

(B.29)

The way the spatial derivatives act on y, can be derived by combinatorics. Using rule (B.8), one
can show that[
∇2∇′2∇′2yn

]
~x→~x′ =8

(
(D − 1)3 + 6(D − 1)2 + 8(D − 1)

)
n(n− 1)(n− 2)H3H ′3a3a′3yn−3

∣∣
~x→~x′

=8(D − 1)(D + 1)(D + 3)n(n− 1)(n− 2)H3H ′3a3a′3yn−3
∣∣
~x→~x′ .

(B.30)

Substituting this into equation (B.29) and rewriting gives,

a−2

H

〈
Ω|∂0ĥ(x)∇2ĥ(x)|Ω

〉
=

32(D − 1)(D + 1)(D + 3)

2(D − 2)ε
(1− ε)D+4a−1HD/2

×
∫ η

η0

dη′

{
a′2H ′D/2+1

∞∑
n=3

Cn
Γ(n+ 1)

Γ(n− 2)
yn−3

∣∣
~x→~x′

}
.

(B.31)



APPENDIX B. CALCULATION OF THE ONE-LOOP BACKREACTION 62

In order to calculate this integral, let’s introduce the dimensionless quantity x = η′/η. One has

y(x, x′)|~x→~x′ = −(1− x)2

x
, (B.32)

a = a′x
1

1−ε , (B.33)

H = H ′x
−ε
1−ε , (B.34)

dη′ = ηdx = − 1

(1− ε)Ha
dx. (B.35)

Substituting the above identities gives

a−2

H

〈
Ω|∂0ĥ(x)∇2ĥ(x)|Ω

〉
=− 32(D − 1)(D + 1)(D + 3)

2(D − 2)ε
(1− ε)D+3HD

×
∞∑
n=0

(−1)nCn+3
Γ(n+ 4)

Γ(n+ 1)

∫ 1

x0

dx
{

(1− x)2nx−n+α−1
}
,

(B.36)

where α = Dε−2
2(1−ε) . One can state similar expressions for the remaining terms,

〈
Ω|ĥ(x)∂2

0 ĥ(x)|Ω
〉

=
32(D − 1)(D + 1)

2(D − 2)ε
(1− ε)D+2HD ×

∫ 1

x0

dx

{ ∞∑
n=0

(−1)nCn+3

Γ(n+ 4)

Γ(n+ 1)
(1− x)2nx−n+α

(
−1

x
+ x

)}
,

(B.37)

a−2
〈
Ω|∇2∂0

ˆ̃
ψ(x)ĥ(x)|Ω

〉
=

32(D − 1)(D + 1)

2(D − 2)ε
(1− ε)D+2HD ×

∫ 1

x0

dx

{ ∞∑
n=0

(−1)nCn+3

Γ(n+ 4)

Γ(n+ 1)
(1− x)2nx−n+α

(
−1

x
+ x

)
− 2

∞∑
n=0

(−1)nCn+2
Γ(n+ 3)

Γ(n+ 1)
(1− x)2nx−n+α

}
.

(B.38)

These terms contain three unique integral expressions. Each of them can be calculated in the late
time limit (x0 →∞) in D = 4 with the help of hypergeometric functions and asymptotic expansions.
An example is worked out in appendix C. The other terms follow analogously. One finds,

a−2

H

〈
Ω|∂0ĥ(x)∇2ĥ(x)|Ω

〉
≈ 1575

32π2

H4
0M

−2
p ~2

ε

(
1

ε
+ 4 log(−H0η)

)
, (B.39)

〈
Ω|ĥ(x)∂2

0 ĥ(x)|Ω
〉
≈ 225

32π2

H4
0M

−2
p ~2

ε

(
1

ε
+ 4 log(−H0η)

)
, (B.40)

a−2
〈
Ω|∇2∂0

ˆ̃
ψ(x)ĥ(x)|Ω

〉
≈ − 315

32π2

H4
0M

−2
p ~2

ε

(
1

ε
+ 4 log(−H0η)

)
, (B.41)

where constant terms and higher order terms in ε were neglected in the approximation. Using the
above approximations, one finds for the scalar contribution to the backreaction,

Bψ̃ ≈ −
2175

256π2

H4
0M

−2
p ~2

ε

(
1

ε
+ 4 log(−H0η)

)
. (B.42)



Appendix C

Late time limit and asymptotic
expansion

As an example we will show how to deal with (and expand) the final term of equation (B.38) in the
late time limit x0 →∞,

I = HD
∞∑
n=0

(−1)nCn+2
Γ(n+ 3)

Γ(n+ 1)

∫ 1

x0

dx(1− x)2nx−n+α. (C.1)

The prefactor of HD will be important in the expansion around ε = 0. The integral can be written
as the sum of two incomplete beta functions,

I = HD
∞∑
n=0

(−1)nCn+2
Γ(n+ 3)

Γ(n+ 1)

[
B(1,−n+ α+ 1, 2n+ 1)−B(x0,−n+ α+ 1, 2n+ 1)

]
, (C.2)

where

B(x, a, b) ≡
∫ x

0
ta−1(1− t)b−1dt =

xa

a
2F1(a, 1− b, a+ 1, x), B(1, a, b) =

Γ(a)Γ(b)

Γ(a+ b)
. (C.3)

In order to continue the calculation in an orderly fashion we will treat each beta function separately.
The second identity for the beta function in equation (C.3) allows us to rewrite the first part of I
as

I1 =HD
∞∑
n=0

(−1)nCn+2
Γ(n+ 3)

Γ(n+ 1)

Γ(α+ 1− n)Γ(2n+ 1)

Γ(α+ 2 + n)
. (C.4)

The following identities will be helpful,

Γ(α+ 1− n) =
(−1)nπ

sin(απ)Γ(n− α)
, (C.5)

Γ(2n+ 1) = 4n
Γ(n+ 1/2)Γ(n+ 1)√

π
, (C.6)

√
π

sin(απ)

Γ(1/2)

Γ(−α)Γ(α+ 2)
= − αΓ(α)

Γ(α+ 2)
= − 1

1 + α
, (C.7)

Cn+2 = − 1

4n+2

1

(4π)D/2
Γ(D/2− 1)Γ(2−D/2)

Γ(1/2 + ν)Γ(1/2− ν)

Γ(D+3
2 + ν + n)Γ(D+3

2 − ν + n)

Γ(D/2 + 2 + n)(n+ 2)!
. (C.8)
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These expressions will help us rewrite equation (C.4) in terms of a hypergeometric function,

I1 =

[
1

42(4π)D/2
Γ(D/2− 1)Γ(2−D/2)

Γ(1/2 + ν)Γ(1/2− ν)

Γ(D+3
2 + ν)Γ(D+3

2 − ν)

Γ(D/2 + 2)

]

× HD

1 + α
4F3(1

2 , 1,
D+3

2 + ν, D+3
2 − ν; D2 + 2,−α, α+ 2; 1).

(C.9)

The generalized hypergeometric function is defined as,

pFq(a1, a2, · · · , ap; b1, b2, · · · , bq; z) =

∞∑
n=0

(a1)n · · · (ap)n
(b1)n · · · (bq)n

zn

n!
, (a)n ≡

Γ(a+ n)

Γ(a)
. (C.10)

The generalized hypergeometric function has a branch point at z = 1. Nevertheless, by means of
analytic continuation along any path in the complex plane that avoids the branch points at 1 and
infinity, it can often still be evaluated. For instance, the hypergeometric function in equation (C.9)
can be evaluated when D = 4, in which case it is only singular at

• ν = −5/2,−3/2,−1/2, 1/2, 3/2, 5/2,

• α = integer.

The expression for the hypergeometric function 4F3 with general α and ν in D = 4 is,

4F3

(
1
2 , 1,

D+3
2 + ν, D+3

2 − ν; D2 + 2,−α, α+ 2; 1
)

=

8(1 + α)2
(
512α3 + 128α4 − 16α2(−13 + 20ν2)− 32α(19 + 20ν2) + 15(9− 40ν2 + 16ν4)

)
5(−5 + 2ν)(−3 + 2ν)(−1 + 2ν)(1 + 2ν)(3 + 2ν)(5 + 2ν)

+
65536(1 + α)πα

(
−6 + α+ 4α2 + α3

)
5(−5 + 2ν)(−3 + 2ν)(−1 + 2ν)(1 + 2ν)(3 + 2ν)(5 + 2ν)

×

[
Γ(−3− α)Γ(−1 + α)

Γ
(
−5

4 −
α
2 −

ν
2

)
Γ
(
−1

4 + α
2 −

ν
2

)
Γ
(
−5

4 −
α
2 + ν

2

)
Γ
(
−1

4 + α
2 + ν

2

)] (C.11)

If one takes α and ν as we defined them, i.e.,

α =
Dε− 2

2(1− ε)
, ν =

D − 1− ε
2(1− ε)

, (C.12)

one finds that, in D = 4,

− 5

4
− α

2
+
ν

2
= 0. (C.13)

As a result the second term in equation (C.11) is suppressed by Γ(0)−1, thus it vanishes. On the
other hand, the first term is not singular around ε = 0. Keeping terms up to first order in ε,

1

α+ 1
4F3

(
1
2 , 1,

D+3
2 + ν, D+3

2 − ν; D2 + 2,−α, α+ 2; 1
)

=
6− 6ε

−5 + 10ε
= −6

5
− 6

5
ε+O(ε2). (C.14)

Hence, I1 will contribute as a constant at the lowest order in ε.
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Next, let’s consider the remaining beta function in equation (C.2),

Ix0 ≡−HD
∞∑
n=0

(−1)nCn+2
Γ(n+ 3)

Γ(n+ 1)
B(x0,−n+ α+ 1, 2n+ 1).

=−HD
∞∑
n=0

(−1)nCn+2
Γ(n+ 3)

Γ(n+ 1)

xα+1
0 x−n0

α+ 1− n 2F1(α+ 1− n,−2n, α+ 2− n, x0).

(C.15)

One can perform a linear transformation on the above hypergeometric function. For instance,
equation (15.10.25) from [41],

2F1(α, β; γ; z) =
Γ(γ)Γ(β − α)

Γ(β)Γ(γ − α)
(−z)−α 2F1

(
α, α+ 1− γ;α+ 1− β;

1

z

)
+

Γ(γ)Γ(α− β)

Γ(α)Γ(γ − β)
(−z)−β 2F1

(
β, β + 1− γ;β + 1− α;

1

z

)
,

(C.16)

directly applied to equation (C.15) gives

2F1(α+ 1− n,−2n, α+ 2− n;x0) =

Γ(α+ 2− n)Γ(−n− α− 1)

Γ(−2n)Γ(1)
(−x0)n−α−1

2F1(α+ 1− n, 0, α+ 2− n;x−1
0 )

+
Γ(α+ 2− n)Γ(α+ 1 + n)

Γ(α+ 1− n)Γ(α+ 2 + n)
(−x0)2n

2F1(−2n,−n− α− 1;−n− α;x−1
0 ).

(C.17)

The first term is suppressed by Γ(−2n)−1, while the second term can be represented as a finite
series because its first argument is a negative integer,

2F1(−2n,−n− α− 1;−n− α;x−1
0 ) =

2n∑
k=0

(−1)k
(

2n

k

)
α+ 1 + n

α+ 1 + n− k
x−k0 . (C.18)

The result of the linear transformation of equation (C.15) is,

Ix0 = −HD
∞∑
n=0

2n∑
k=0

(−1)n+kCn+2
Γ(n+ 3)

Γ(n+ 1)

Γ(2n+ 1)

Γ(k + 1)Γ(2n− k + 1)

xα+1
0 xn−k0

α+ 1 + n− k
. (C.19)

The above expression is simply a (double) sum over powers of x0. Since we are interested in the
limit x0 →∞, we can approximate the second sum by keeping only the highest powers of x0 for a
specific n,

Ix0 =−HD
∞∑
n=0

(−1)nCn+2
Γ(n+ 3)

Γ(n+ 1)
xα+1

0

(
xn0

α+ 1 + n
− 2n

xn−1
0

α+ n
+ (2n2 − n)

xn−2
0

α− 1 + n
+ . . .

)
,

≈−HD
∞∑
n=0

(−1)n
(
Cn+2

Γ(n+ 3)

Γ(n+ 1)
+ 2Cn+3

Γ(n+ 4)

Γ(n+ 1)

)
xα+1+n

0

α+ 1 + n
.

(C.20)



APPENDIX C. LATE TIME LIMIT AND ASYMPTOTIC EXPANSION 66

Equivalently, one can write the above in terms of hypergeometric functions,

Ix0 =
1

42

1

(4π)D/2
Γ(D/2− 1)Γ(2−D/2)

Γ(1/2 + ν)Γ(1/2− ν)
HD

×
{

Γ(D+3
2 + ν)Γ(D+3

2 − ν)

Γ(D/2 + 2)(α+ 1)
xα+1

0 3F2

(
D+3

2 + ν, D+3
2 − ν, α+ 1;D/2 + 2, α+ 2;−x0

4

)
+

1

2

Γ(D+5
2 + ν)Γ(D+5

2 − ν)

Γ(D/2 + 3)(α+ 1)
xα+1

0 3F2

(
D+5

2 + ν, D+5
2 − ν, α+ 1;D/2 + 3, α+ 2;−x0

4

)}
.

(C.21)

At this point we would like to perform an asymptotic expansion in the variable x0. This this end,
define the following formal infinite series (equation 16.11.2 from [41]),

Hp,q(z) =

p∑
m=1

∞∑
k=0

(−1)k

k!
Γ(am + k)

(∏p
l=1,l 6=m Γ(al − am − k)∏q
l=1 Γ(bl − am − k)

)
z−am−k, (C.22)

where al, bl are real or complex parameters. In the case that |z| > 1, Hq+1,q(z) converges and one
can make an asymptotic expansion (equation 16.11.6 from [41]),(∏q+1

l=1 Γ(al)∏q
l=1 Γ(bl)

)
q+1Fq (a1, . . . , aq+1; b1, . . . , bq; z) = Hq+1,q(−z). (C.23)

Here, we apply the asymptotic expansion to the hypergeometric functions in equation (C.21). For
instance,

Γ(D+3
2 + ν)Γ(D+3

2 − ν)

Γ(D/2 + 2)(α+ 1)
xα+1

0 3F2

(
D+3

2 + ν, D+3
2 − ν, α+ 1;D/2 + 2, α+ 2;−x0/4

)
=

∞∑
k=0

(
−x0

4

)−k xα+1
0

k!

{(x0

4

)−D+3
2 −ν Γ(D+3

2 + ν + k)Γ(−2ν − k)Γ(α+ 1− D+3
2 − ν − k)

Γ(α+ 2− D+3
2 − ν − k)Γ(D/2 + 2− D+3

2 − ν − k)

+
(x0

4

)−α−1 Γ(α+ 1 + k)Γ(D+3
2 + ν − α− 1− k)Γ(D+3

2 − ν − α− 1− k)

Γ(1− k)Γ(D/2 + 2− α− 1− k)

+
(x0

4

)−D+3
2 +ν Γ(D+3

2 − ν + k)Γ(2ν − k)Γ(α+ 1− D+3
2 + ν − k)

Γ(D/2 + 2− D+3
2 + ν − k)Γ(α+ 2− D+3

2 + ν − k)

}
.

(C.24)

The result of the asymptotic expansion is, once again, a sum over powers of x0. Although this time,
the powers are non-positive. The highest order term is a constant with respect to x0; all other terms
are suppressed. Expanding the other hypergeometric function in equation (C.21) in the same way,
and only keeping the constant term, gives a simplified expression for Ix0 ,

Ix0 = − 1

42

1

(4π)D/2
Γ(D/2− 1)Γ(2−D/2)

Γ(1/2 + ν)Γ(1/2− ν)
HD4α+1Γ(α+ 1)

×
{

Γ(D+3
2 + ν − α− 1)Γ(D+3

2 − ν − α− 1)

Γ(D/2 + 2− α− 1)
+

1

2

Γ(D+5
2 + ν − α− 1)Γ(D+5

2 − ν − α− 1)

Γ(D/2 + 3− α− 1)

}
.

(C.25)
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At last, one can expand around ε = 0. The most important part of the expansion comes from

HD4α+1Γ(α+ 1) =
2

D − 2
HD

0

(
1

ε
+D log(−H0η)

)
+ constant terms +O(ε), (C.26)

such that Ix0 becomes, in D = 4,

Ix0 ≈
9

256π2
H4

0

(
1

ε
+ 4 log(−H0η)

)
(C.27)

As I1 is simply a constant, equation (C.27) is also the leading order behaviour for the original
integral expression in equation (C.1).

One can apply the same techniques to find expression for other, closely related integral expressions,

H4
∞∑
n=0

(−1)nCn+2
Γ(n+ 3)

Γ(n+ 1)

∫ 1

x0

dx(1− x)2nx−n+α ≈ 9

256π2
H4

0

(
1

ε
+ 4 log(−H0η)

)
, (C.28)

H4
∞∑
n=0

(−1)nCn+3
Γ(n+ 4)

Γ(n+ 1)

∫ 1

x0

dx(1− x)2nx−n+α−1 ≈ − 15

512π2
H4

0

(
1

ε
+ 4 log(−H0η)

)
, (C.29)

H4
∞∑
n=0

(−1)nCn+3
Γ(n+ 4)

Γ(n+ 1)

∫ 1

x0

dx(1− x)2nx−n+α+1 ≈ 9

256π2
H4

0 (1 + ε log(−H0η)) , (C.30)

where, in the approximations, constant terms and higher order terms in the ε expansion are ne-
glected.
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