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Abstract

The equations of state for AB13 crystalline and binary fluid WCA hard spheres were
determined for varying temperatures in order to define the pressure βPσ3

L and the
number density ρσ3

L regions at which coexistence occurs. The pressure of coexistence
of the two phases was then calculated by means of thermodynamic integration for a
temperature kBTσ

3
L = 0.025 and found to be βPσ3

L = 45.38. It was then necessary to
differentiate the local structure of particles in order to define and track the nucleation
of AB13 crystals within a binary WCA fluid, thus the bond order parameters were
investigated in order to make this classification. It was found that we were able to
classify the particles as either crystalline species A or B, crystalline FCC or fluid phase
using eight-fold and six-fold symmetries. A neural network ensemble was also developed
to classify the local structure of particles as well as determine the feature importance.
The feature importance corroborated our findings of the importance of the eight-fold and
six-fold symmetries. Finally nucleation of the AB13 crystalline phase was achieved for
a temperature kBT/ε = 0.025 and pressure βPσ3

L = 62.00 using the seeding approach
to nucleation.
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1. INTRODUCTION

1 Introduction

One of the most interesting phenomena to be observed in condensed matter systems is that
of nucleation, the abrupt structural change observed to occur at specific pressures and tem-
peratures [1]. Understanding nucleation has proven to be instrumental to the development
of industry, medicine (how drugs nucleate in the blood) and even meteorology (nucleation
in atmospherics). In this study we focus on the nucleation of AB13 crystals surrounded by a
binary fluid using computer simulationsi. We make use of computer simulations as we aim
to obtain the physical processes under investigation in [2, 3, 4]. Binary compounds with
a stoichiometric ratio AB13 are of particular interest due to their potential applications
to industry. As seen in [5], the negative thermal expansion (NTE) properties of La(Fe,
Se)13 based compounds suggest their potential application as NTE materials. Addition-
ally, in [6], it was found that LaCo13 posses strong ferromagnetic properties. Ferromagnets
have a plethora of industrial applications from transformers and magnetic recording tape
to electromagnets.

There are two main types of AB13 crystal structure; namely, icosahedral and cubocta-
hedral AB13 crystal structure abbreviated as ico-AB13 and cub-AB13 respectively. As seen
in [7], cub-AB13 is metastable with respect to ico-AB13 for a binary mixture of colloidal
hard spheres, therefore we draw our attention to the nucleation of ico-AB13 crystal struc-
tures. The unit cell of ico-AB13 consists of eight simple cubic subcells, species A particles,
containing icosahedral clusters of 13 species B particles which are rotated by 90· between
each cubic subcell [8].

The specifics of the system that we simulate is outlined in further detail in section
3. Before nucleation can be achieved the regime at which the binary fluid phase coexists
with the AB13 crystal phase needs to be determined, this is achieved by calculating the
equations of state (EOS) in computer simulations. The EOS are given in section 4 for
multiple temperatures kBT/ε = 0.025, kBT/ε = 0.1 and kBT/ε = 0.2; consequently, the
corresponding pressure P and density ρ regimes at coexistence are given. The free energy of
AB13 has been calculated between the crystal and fluid phases by means of thermodynamic
integration, and from these calculations the exact pressure at which coexistence occurs can
be determined for a given temperature kBT/ε and size ratio α between A and B species,
the results obtained from the thermodynamic integration can be found in section 4.

To monitor the nucleation of AB13 crystals a characterization of local structure is re-
quired. We investigate whether local bond order parameters - introduced in section 2.2 are
sufficient to classify the local structure of a colloidal particle. In section 5.1 we present
the results of the most effective bond order parameters investigated. We then explore an
alternative method to classify the local structure of a particle, whereby we make use of an
artificial neural network. We investigate the best possible neural network architecture and
optimizer for the task of local structure identification using the bond order parameters as
features of the network. Artificial neural networks are introduced in section 2.3, the success

iSimulations were conducted in the C programming language and later translated into C++ as C++
offers more complex structures and hence more suitable for the task.
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2. THEORY

of the neural networks are then presented in section 5.2. Using the best neural network
performer we then determine feature importance using the feature extraction algorithm
proposed in [9]. Once we are able to classify the local structure of a colloidal particle we
are then able to identify particles that belong to an AB13 crystal in a binary fluid based
on a clustering algorithm (see section 2.4). We then attempt to achieve nucleation of AB13

crystals using the seeding approach as outlined in [10], this method is summarized in section
2.4. A trajectory of seed growth is presented in section 6
Finally, we present our conclusions in section 7; additionally, we provide suggestions for
further research that build on the investigations contained in this paper.

2 Theory

In this section we provide a brief introduction to concepts necessary to understand the
investigations undertaken in this paper. As mentioned within the introduction, algorithms
used in the computer simulations are reserved for the appendix as they are not necessary
to understand the system under investigation.

2.1 Classical Nucleation Theory

There are two main types of nucleation, namely heterogeneous nucleation and homogeneous
nucleation [1]. The main distinction between these two types of nucleation is that hetero-
geneous nucleation is the crystallization of a substance with the aid of an impurity, while
homogeneous nucleation occurs without any impurities. For the purposes of this study we
will focus on homogeneous nucleation. To understand Classical Nucleation Theory in the
context of homogeneous nucleation we consider a system in which an on average spherical
nucleus of the new phase, called the ”daughter phase”; is contained in a bulk, called the
”parent phase”.

In order for the metastable parent phase to transition to the stable daughter phase a
nucleation barrier must be overcome. This barrier can best be described by the free energy
of the nucleus, which can by given by the sum of the free energy associated with a bulk
term that scales with the volume of the nucleus, and the free energy associated with the
interface between the parent phase and the daughter phase.

∆G = −4

3
πr3∆µ+ 4πr2γ. (1)

where r represents the radius of the nucleus, γ the surface tension between the nucleus and
the bulk, and ∆µ is given by ∆µ = µparent − µdaughter, the chemical potential difference
between the parent and the daughter phase.
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2. THEORY

Figure 1: The Gibbs free energy for the formation
of a nucleus of radius r/σL with a nucleation bar-
rier height denoted by β∆G∗ and the critical radius
labeled rc.

The free energy 1 is graphically
shown in Figure 1 as a function of
the radius r. One can see that the
free energy barrier labeled ∆G∗, is
a maximum at the critical radius la-
beled rc. Should the radius of the
nucleus be larger than the critical ra-
dius it is expected that the nucleus
will grow; conversely, should the ra-
dius of the nucleus be less than the
critical radius then the nucleus will
shrink [1].

In order to determine the criti-
cal radius rc one solves the case that
d∆G
dr = 0. The critical radius size is

thus given by

rc =
2γ

∆µ
. (2)

Using this critical radius in equation 1, we find that the free energy barrier is given by

∆G∗ =
16

3

πγ3

∆µ2
(3)

2.2 Local bond-order parameters

Before we introduce local bond-order parameters we will take a short excursion to introduce
radial distribution functions, which can be used to define a cut-off radius necessary to
determine the nearest neighbors of a particle i which will be used to calculate the local
bond-order parameters. The radial distribution function denoted g(r) gives the probability
distribution to find a particle a distance r from a particle at the origin in a homogeneous
isotropic fluid phase and is defined as

g(r) =
ρ(2)(r, r′)

ρ2
(4)

where ρ = N/V , r = |r− r′| and ρ(2)(r, r′) denotes the two-body correlation function given
by

ρ(2)(r, r′) =

〈
N∑
i=1

N∑
j=1

δ(r− ri)δ(r
′ − rj)

〉
. (5)

The brackets 〈· · · 〉 denote an ensemble average. From the radial distribution function g(r)
the first observed peak will denote the first shell of particles around particle i, and in turn
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2. THEORY

will define our cut-off radius necessary to determine the nearest neighbors of particle i.

As seen in [11, 12] and as introduced by ten Wolde [13], local bond-order parameters
can be used in order to quantify the local structures in disordered systems; consequently,
allowing for the identification of solid like and liquid like particles.
The bond order parameter for particle i is defined as the sum of spherical harmonics Ylm(rij),
over all neighbours j; and is given by

qlm(i) =
1

Nb(i)

Nb(i)∑
j=1

Ylm(rij), (6)

where Nb(i) denotes the total number of neighbours of particle i, m ∈ [−l, l] and rij is the
center of mass vector defined as rij = ri − rj . The nearest neighbours of particle i are
determined according to a cutoff radius which can be determined by the radial distribution
functions which are provided in section 4.
The local order parameters are then defined as seen in [14] as

ql(i) =

√√√√ 4π

2l + 1

l∑
m=−l

|qlm(i)|2 (7)

and

ωl(i) =

∑
m1+m2+m3=0

(
l l l
m1 m2 m3

)
qlm1(i)qlm2(i)qlm3(i)(

l∑
m=−l

|qlm(i)|2
) 3

2

, (8)

where

(
l l l
m1 m2 m3

)
are the Wigner 3-j symbols and are related to the Clebsch-Gordon

Coefficients. This method of crystal structure identification is further improved by intro-
ducing the averaged bond order parameters [15]. The averaged form of the local bond order
parameter is defined as

q̄l(i) =

√√√√ 4π

2l + 1

l∑
m=−l

|q̄lm(i)|2 (9)

where q̄lm(i) is given by

q̄lm(i) =
1

Ñb(i)

Ñb(i)∑
k=0

qlm(k) (10)

It is important to note that the sum runs over all neighbors of particle i as well as particle
i itself. Therefore q̄l(i) contains information of the structure of the first and second shell
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2. THEORY

around particle i unlike ql(i) which only contains information of the structure in the first
shell around particle i [15].
The averaged order parameter ω̄l is defined as

ω̄l(i) =

∑
m1+m2+m3=0

(
l l l
m1 m2 m3

)
q̄lm1(i)q̄lm2(i)q̄lm3(i)(

l∑
m=−l

|q̄lm(i)|2
) 3

2

(11)

We shall see later that studying the distribution of local bond order parameters is sufficient
for the case of ico-AB13 crystal structure identification. Despite this success we employ the
assistance of neural networks to perform the same task as neural networks offer additional
features.

2.3 Machine Learning

Machine learning can be divided into two main categories, namely supervised and unsuper-
vised learning. Since we wish to classify the particles in a binary mixture as either solid like
or fluid like we employ a feedforward neural network (FNN), which classifies as a supervised
learning technique [16, 17].
In order to understand how a FNN works we will draw our attention to the most elementary
structure in a neural network called an artificial neuron as seen in Figure 2.

x2 w2 Σ f

Activate
function

y

Output

x1 w1

xn wn

Neuron j
B

Figure 2: Artificial neuron labeled j with input features X ∈ {x1, . . . , xn}, associated
weights ω ∈ {ω1, . . . , ωn} and a bias term B.

An artificial neuron labeled j consists of input variables x ∈ {x1, . . . , xn} with corre-
sponding weights ω ∈ {ω1, . . . , ωn} and output y ∈ {y1, . . . , yn}. In Figure 2 we simply
have a single output, namely y. An artificial neuron can be thought of as a graphical rep-
resentation of linear regression; where provided with some data (x,y) the weights ω can
be tuned in order to describe the trend in the provided data [17]. Predictions can then be
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2. THEORY

made using the tuned weights [17], thus y can be expressed as

y =
n∑
i=0

ωixi +B (12)

Since we are required to determine the weights ω1, . . . , ωn, supervised learning is subdivided
into two main parts: a training and testing phase. We will return to provide a more in depth
description of these two phases but for now we focus on the architecture of a FNN. A FNN
is simply a collection of artificial neurons to form layers, a general graphical representation
of this architecture is given in Figure 3.

...

...
...

x1

x2

x3

xn

h1

hp

y1

yk

Input
layer

Hidden
layer

Ouput
layer

Figure 3: General architecture of a feedforward neural network (FNN) with one hidden
layer, input features {x1, . . . , xn} and output classes {y1, . . . , yk}.

As seen in Figure 3, a FNN consists of an input layer which takes as input {x1, . . . , xn},
called features; a single hidden layer with {h1, . . . , hp} neurons. Weights are represented
by lines between neurons. Unlike Figure 3 where only one hidden layer is shown one may
introduce additional hidden layers in which case the neural network then classifies as a
deep neural network [18]. A FNN also consists of an output layer {y1, . . . , yk} which are
called classes. In the case of classification, these classes are simply called classifiers and are
manually chosen by the network architect and not the network itself.
As discussed earlier we revisit the idea of a training and testing phase; however, we shall
do so in the context of a FNN.
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2. THEORY

Training Phase

During the training phase we provide the FNN with what is called a training set T̂ train ∈
{(X̂train

: Ŷ
train

)} with X̂
train ∈ {x1, . . . ,xk} and Ŷ

train ∈ {y1, . . . , yk} where for each fea-
ture set provided xi a known classifier is given yi. Using the training set we are then able
to determine and tune the weights of the network by minimizing a loss function through a
process called back-propagation [16]. There exist numerous optimization techniques used
in back-propagation which tune the weights accordingly; however, the correct optimization
method depends on the goal of the neural network and the size of training data provided.
For the purpose of classification the two most prominent optimizers are stochastic gradient
decent, abbreviated as SGD and adaptive moment estimation or Adam as first proposed in
[19].

Figure 4: Example of a ”loss surface” where the tra-
jectory represents the stochastic gradient descent to
the optimal solution present at the global minimum.
Source: [20].

In order to understand how SGD
works we need to understand that
the loss function of a network is de-
termined by the network’s weights.
Therefore the loss function forms a
surface where each point on the sur-
face corresponds to specific values of
the weights and the global minimum
of this loss function represents the
optimal solution [18, 20]. An exam-
ple of this surface can be seen in fig-
ure 4.
Initially the weights of the network
are set to values generated from a
uniform distribution, this will corre-
spond to a random position on the
surface of the loss function. The
slope at this point is then calculated
and the weights can thus be read-
justed by a step size known as the
learning rate so as to decrease the
loss. This process is repeated until
the loss of the network surpasses some threshold, a trajectory of this process is represented
by the black line in figure 4.
If the learning rate is chosen to be too large then it will be to difficult for the algorithm to
converge to a possible solution; on the other hand, if the learning rate is selected such that
it is too small then convergence to a possible solution will not occur within a reasonable
amount of time.
Adam is a more computationally inexpensive based optimizer and is a preferable method
to SGD when faced with large data sets [19]. Adam is similar to SGD in the sense that
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2. THEORY

it is a first-order gradient based optimizer [16, 18]; however, the learning rate in Adam is
adaptive. We shall not delve too deep into the specifics of Adam but readers are invited to
read the paper which first proposed it in [19].

There exist a multitude of different loss functions but for the case of multiclass classifi-
cation we use the cross entropy loss function given in [16, 17, 18],

L(yoc, poc) = −
M∑
c=1

yoc log poc (13)

where yoc is a binary indicator for class label c and observation o that returns 0 if the
prediction is incorrect or 1 if the prediction is correct. M represents the total number of
classes with M > 2, and finally poc represents the predicted probability that is determined
by the network that observation o is of class c.

Testing Phase

During the testing phase we provide the FNN with a test set T̂ test ∈ {(X̂test
: Ŷ

test
)} with

X̂
test ∈ {x1, . . . ,xk} and Ŷ

test ∈ {y1, . . . , yk}. The now trained FNN makes predictions

Ŷ
pred

based on X̂
test

. Ŷ
pred

is then compared with the correct classifier Ŷ
test

and the num-
ber of correct and incorrect classifications can then be determined. Based on the number
of correct classifications an accuracy report of the FNN can be determined.

For reasons given in section 5.2 we resort to the use of a neural network ensemble. A neural
network ensemble trains multiple neural networks independently and relies on multiple
networks to make predictions/classifications [21]. A neural network ensemble is able to
weigh the predictions of some of its constituent networks more than others. Neural network
ensembles allow us to reduce the variance in predictions and improve the performance of
networks [21, 22].

2.4 Seeding approach to nucleation

We follow a similar seeding approach to nucleation as outlined in [10]. Briefly, this method
entails the creation of seeding configurations, whereby a crystalline seed consisting of binary
WCA spheres is injected into a binary fluid. It is however important to mention that this
method is an approximate one as it relies on the validity of classical nucleation theory, in
order to improve the approximation we subject the seeding configurations to an equilibra-
tion phase. In this phase the seeding configurations undergo MC simulations at constant
environmental conditions. If the radius of the seed is larger than that of the critical radius
rc as mentioned in section 2.1 then the seed will tend to grow in size.

The seeding configurations then undergo MC simulations at various temperatures and
pressures which are kept constant during which the number of particles constituting the
nucleus is monitored by means of a cluster algorithm.

8



3. MODEL SIMULATED

Once the local structure of a particle has been determined the cluster algorithm then de-
termines whether a particle i is part of a cluster based upon the number of neighboring
crystalline particles j, which we shall call the number of bonds. A threshold bond number
is defined such that if the number of bonds for a particle i does not exceed this threshold
then particle i is disqualified as being part of a crystalline nucleus.

3 Model simulated

We conduct Monte Carlo simulations in the {NPT} ensemble of a binary mixture of soft
spheres with NA species A particles and NB species B particles with particle diameters
σA and σB respectively. In order to conduct a study of the nucleation of AB13 crystals
in a binary fluid we need to ensure that the system is present in an environment able to
facilitate a phase transformation to the phase of interest. According to [23] and later [8],
AB13 crystals coexist with a binary fluid at a size ratio between 0.54 ≤ α ≤ 0.61, where the
size ratio is given by α = σB

σA
, for this reason we choose the size ratio α = 0.55. To simulate

we use a WCA(12,6) potential which is defined for species α, β ∈ A,B.

uWCA
αβ (rij) =

 4ε

((
σαβ
rij

)12
−
(
σαβ
rij

)6
)

+ ε, if rij ≤ 2
1
6σαβ

0 if rij > 2
1
6σαβ

(14)

where rij is the distance between particle i of species type α and particle j is of species
type β and σαβ represents the effective diameter of particle i and j depending on their
respective species. Since α = 0.55 we choose σA = 1 as our unit of length. Therefore the
effective diameter is σAA = σA if particle i and j are both species A particles, σBB = 0.55σA
if particle i and j are both species B particles or σ = σA+σB

2 = 0.775σA if the species of
particle i and j are of opposite type. Readers not familiar with Monte Carlo simulations
are referred to Appendix A. As Monte Carlo simulations are computationally expensive for
large N - the total number of particles; we employ a Verlet Neighborhood List Algorithm
which is outlined in further detail in Appendix B.

4 System properties

4.1 Equations of state

In this section we show the results obtained after performing MC simulations for crystalline
and fluid configurations in an {NPT} ensemble for temperatures kBT/ε = 0.1, kBT/ε = 0.2
and kBT/ε = 0.025. An AB13 configuration in the crystalline phase was generated for
N = 896 particles at a density ρσ3

L = 4.5. This configuration was used in three separate
MC simulations at temperatures kBT/ε = 0.1, kBT/ε = 0.2 and kBT/ε = 0.025, which were
kept constant in each case. In each simulation the pressure was set at βPσ3

L = 70.0 and kept
constant while the density ρσ3

L was monitored. Once the density equilibrated around some
average value the average density would then be recorded, subsequently the pressure was

9



4. SYSTEM PROPERTIES

then lowered. This process was repeated steadily reducing the pressure until the pressure
βPσ3

L = 5.0. The results obtained for the temperature kBT/ε = 0.025 are given in Figure
5 represented by the red curve.
A similar procedure was repeated for a fluid with a composition NA/(NA + NB) = 1/14
that was prepared at a low density ρσ3

L = 0.5. This configuration was also used in three
separate MC simulations at temperatures kBT/ε = 0.1, kBT/ε = 0.2 and kBT/ε = 0.025;
however, in each case the temperature was initially set at βPσ3

L = 5.0 and was steadily
increased while monitoring the average density ρσ3

L at regular intervals. The fluid curve
calculated for the temperature kBT/ε = 0.025 is given in figure 5 and is represented by the
blue curve.

Figure 5: Equations of state obtained for temperature kBT/ε = 0.025 displayed as pressure
(βPσ3

L) as a function of the number density (ρσ3
L). The blue curve represents the fluid

phase while the red represents the crystalline phase.

Figure 5 displays two main curves. The curve that exists at a high density represents
the crystalline phase (red curve) while the curve that exists at low density represents the
fluid phase (blue curve). Hence the two curves are referred to as the crystalline and fluid
curves respectively. In Figure 5 we can see that the crystalline curve displays a rapid de-
crease in density in the pressure region 30.0 < βPσ3

L < 33.0. Similar jumps in density are
observed for temperature kBT/ε = 0.1 in the pressure region 33.0 < βPσ3

L < 35.0 and for
the temperature kBT/ε = 0.2 in the pressure region 35.0 < βPσ3

L < 37.0. These jumps
in densities are attributed to the AB13 crystalline phases melting into the fluid phase. At
higher temperatures kBT/ε = 0.1 and kBT/ε = 0.2 it is observed that the AB13 crystalline
phases melt at higher pressures.
From the EOS the regimes at which coexistence occurs could be estimated. For a temper-
ature kBT/ε = 0.025 we find coexistence at ρσ3

L > 3.41 and βPσ3
L > 33.0, for kBT/ε = 0.1

10



4. SYSTEM PROPERTIES

we find coexistence at ρσ3
L > 3.60 and βPσ3

L > 35.0 and finally for kBT/ε = 0.2 we find
coexistence at ρσ3

L > 3.76 and βPσ3
L > 37.0.

4.2 Coexistence pressure

In the following subsection we present the results obtained in order to determine the coex-
istence pressure βPcoexσ

3
L, the pressure where the coexistence of the crystalline AB13 phase

and the fluid phase coexist. Using thermodynamic integration the free energy of the AB13

crystalline phase and the binary fluid phase was calculated. Using a common tangent con-
struction to the free-energy curves we find coexistence at a pressure βPcoexσ

3
L = 45.38 as

shown in figure 6. To confirm coexistence we also compute the chemical potential βµ using
the Helmholtz free energy, and plot the chemical potential βµ versus the pressure βPσ3

L for
both the crystalline AB13 and fluid phase as shown in figure 7.

Figure 6: Free energy density f = F/V as a function of the number density ρ for the AB13

crystalline phase (red) as well as the fluid phase (blue).

It is a well known fact that at the coexistence point the two phases in question must
have equal temperatures TF = TC , equal chemical potentials µF = µC as well as equal pres-
sures PF = PC ; where the subscript C represents the crystalline phase and the subscript
F represent the fluid phase. Therefore the point of intersection of the two lines in figure 7
represents the point of coexistence as this point satisfies all three conditions. It is found
again that the coexistence pressure at this point (denoted by the dashed black line in figure
7) occurs at βPcoexσ

3
L = 45.38.
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4. SYSTEM PROPERTIES

Figure 7: Chemical potential βµ as a function of the pressure βPσ3
L for the AB13 crystalline

phase (red) as well as the fluid phase (blue).

4.3 Radial distribution functions

The radial distribution functions or pair correlation functions describe the density variation
of particles as a function of the radial distance from a particle. An investigation of the
radial distribution of particles within the crystalline AB13 phase was calculated, showing
the correlation between the species A and species A particles (gLL(r/σL)), between the
species B and species B particles (gSS(r/σL)) and the correlation between the species A
and species B particles (gSL(r/σL)). The results are presented in figure 8.
The pair correlation functions were calculated by dividing the radial distance from a particle
i into bins of a certain size given by ∆rbin = 0.5L/Number of bins, where L represents the
length of the box. Where the number of bins was chosen such that the resulting pair
correlation functions became smooth. Each bin then creates a shell around the particle i
with a thickness ∆rbin, the number of particles within each shell is then calculated. This
process was repeated for a number of particles i and then an average was taken over the
number of particles considered. The species of particle i and the species of particles counted
within each shell depends on the pair correlation function under investigation.

12



4. SYSTEM PROPERTIES

Figure 8: Pair correlation functions gLL(r/σL) which shows the correlation between species
A and species A particles, gSS(r/σL) which shows the correlation between species B and
species B particles, and finally gSL(r/σL) which shows the correlation between species B
and species A particles at a temperature kBT/ε = 0.025 and a pressure βPσ3

L = 40.0.

With the radial distribution functions given in Figure 8 we are able to determine the
cutoff radius necessary to determine the first shell of neighbors Nb for a particle i. The
first peak encountered within the radial distribution function represents the first shell of
nearest neighbors around particle i, thus the first well after this peak represents an ideal
cutoff point to define nearest neighbors. Therefore, using the results obtained in figure 8 the
cutoff radius necessary to find the first shell of species A neighbors to a species A particle
is given as a point in the first well of gLL(r/σL), thus the cutoff radius is rLLc /σL = 1.75.
Similarly the pair correlation between species B and species B particles gave the cutoff
radius for the first shell of species B particles around species B particles as rSSc /σL = 0.8,
taken from gSS(r/σL). Finally the cutoff radius which defines the first shell of species A
neighbors around a species B particles as well as the cutoff radius which defines the first
shell of neighbors of species B particles around a species A particle is taken from the pair
correlation function gSL(r/σL) and is given by rSLc /σL = 1.25.
In addition, we measure the radial distribution functions for gL(r/σL) which shows the
correlation between species A and all species particles, gS(r/σL) which shows the correlation
between species B and all species particles, and finally g(r/σL) which shows the correlation
between particles irrespective of the species we show the result in figure 9 and find that
these radial distribution functions are characteristic of a dense fluid.
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Figure 9: Pair correlation functions gL(r/σL) which shows the correlation between species
A and all species particles, gS(r/σL) which shows the correlation between species B and
all species particles, and finally g(r/σL) which shows the correlation between two particles
irrespective of the species at a temperature kβT/ε = 0.025 and a pressure βPσ3

L = 40.0.

5 Phase identification

5.1 Bond order parameters

Now that we have determined the respective cutoff radius for species A neighbors, species B
neighbors and general particle neighbors as seen in section 4, we are now able to determine
the nearest neighbors Nb necessary to calculate the order parameters defined in subsection
2.2. In this section we focus on the averaged bond order parameters for the reason that they
are preferable to the non averaged bond order parameters as seen in [15]. The averaged
bond order parameters for approximately 200 crystalline species A particles, 200 crystalline
species B particles of an AB13 crystal, 200 particles of a pure FCC of large particles and
200 fluid particles for a composition of NL/(NL + NS) = 1/14 were calculated. These
particles were selected from configurations prepared in a MC simulation at a temperature
kBT/ε = 0.025 and pressure βPσ3

L = 40.0. The averaged bond order parameters that were
considered were q̄l(i) and ω̄l′(i) where l ∈ {1, 8} and l′ ∈ {2, 4, 6, 8}. Of these bond order
parameters that were calculated the most promising were found to be q̄4, q̄6, q̄8 , ω̄4 and ω̄6.
Firstly we display the probability distributions for the q̄4 and q̄6 bond order parameters for
each phase labeled accordingly, as seen in the figure below 10.
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5. PHASE IDENTIFICATION

Figure 10: The following figure shows the probability distributions for the local order pa-
rameters, (left) the q̄4 parameter and (right) the q̄6 parameter for the crystalline species A
particles (red), crystalline species B particles (blue), fluid phase (green) and the FCC phase
(pink) at a temperature kBT/ε = 0.025 and pressure βPσ3

L = 40.0.

From the distributions in figure 10 we see that the distribution of the bond order pa-
rameters q̄4 and q̄6 for the FCC phase is easily distinguishable from the other phases due to
the spread of the possible values. Unfortunately the distribution of the bond order param-
eters q̄4 and q̄6 for the crystalline species A and B are not easily distinguishable from one
another or from the fluid phase due to the observed spread of the possible values. Since the
individual parameters were not sufficient to distinguish the phases from one another the
bond order parameter planes were then considered.
More specifically we studied the qn−qm, q̄n− q̄m, ωn−ωm and ω̄n−ω̄m, ωn−qm and ω̄n− q̄m
planes, with m,n ∈ {2, 4, 6, 8} and m 6= n. These planes were constructed by plotting the
bond order parameters as a set of points on a two dimensional plane. The most promising
of these planes studied were the q6 − q4, q̄6 − q̄4, ω6 − ω4 and ω̄6 − ω̄4 planes which have
been provided in figure 11 below.
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(a) (b)

(c) (d)

Figure 11: Scatter plots of the bond order parameter values of a binary fluid phase with
composition NL/NL +NS = 1/14, an AB13 crystalline phase and an FCC crystalline phase
in (a) the q̄6− q̄4 plane, in (b) the ω̄6− ω̄4 plane, (c) the ω̄4− q̄4 plane and in (d) the ω̄6− q̄6

plane at a temperature kβT/ε = 0.025 and pressure βPσ3
L = 40.0.

We see from the planes displayed in figure 11 that we obtain similar results to that
observed in figure 10 in that we are able to differentiate the FCC phase from the other
three phases. We can see this by observing that the distribution of the FCC points in the
q̄6− q̄4, ω̄4− q̄4 and ω̄6− q̄6 planes do not overlap with the distribution of points of the other
phases. However, the distribution of the crystalline species A points, crystalline species
B points and the fluid points all overlap with one another and so these distributions are
unreliable in being able to differentiate the different phases from one another.
Fortunately from the ω̄8− ω̄6 plane in the three dimensional q̄8− ω̄6− ω̄8 space in figure 12,
we can distinguish the difference between the crystalline species A and crystalline species
B particles from the FCC particles and the fluid phase particles. This is due to the fact the
distribution of possible points do not overlap with one another.
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Figure 12: This figure shows the q̄8− ω̄6− ω̄8 surface for the crystalline A (red), crystalline
B (blue), fluid (green) and FCC phase .

But all is not lost, since we have the particle diameters σ(i) readily available to us,
where σ(i) = σL if particle i is of species type A and σ(i) = σS if particle i is of species
type B, then we can easily distinguish the four phases from one another using figure 12 in
conjunction with the diameter of the particles. We now move to the use of neural networks
as they offer a means to define an explicit functionii which classifies the local structure of a
particle and is thus a more elegant means of local structure identification.

iiWe say function as a neural network is essentially a function that has been fitted according to training
data.
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5.2 Neural networks

In this section we enlist the assistance of neural networksiii to make predictions of the local
structure of a particle i. Before we could do this we constructed a data set through which
we could define a training set and a test set, this is presented in subsection 5.2.1. Then
based on this data set, neural network architectures were tested and evaluated in order to
determine the best network possible for the task of local structural identification, which is
discussed in detail in subsection 5.2.2. It was then found that a neural network ensemble
was preferable to a singular network and the results of which are presented in section 5.2.3.

5.2.1 Preprocessing

In the following section we outline the features that we chose for our neural networks to
train as well as to use neural networks to make classifications. The number of features as
well as the number of classes dictates the the number of input and output nodes in our
neural networks. Firstly we constructed a data set that could then be used for training as
well as testing the neural networks.

Table 1: Labeling assignment for each respective
class.

Label: Class (Phase):

0 Crystalline species A

1 Crystalline species B

2 Fluid

3 FCC

Following the recipe in [24] we con-
structed a vector Q(i) for each particle
i, this vector consists of a total of 25
features. 16 of these features consisted
of the averaged bond order parameters

q̄l(i) and q̄
LL(SS)
l (i) where l ∈ {1, 8}.

8 of the features are given by ω̄l′(i)

and ω̄
LL(SS)
l′ (i) where l′ ∈ {2, 4, 6, 8}.

Where the superscript LL(SS) denotes
parameters calculated from only con-
sidering the large (small) nearest neigh-
bors of large (small) particles. The last
feature is simply the relative diameter
of colloidal particle i given by σ∗(i) = σ(i)/σL where σ(i) = σL if particle i is of species type
A, or σ(i) = σS if particle i is of species type B. [24]. This input vector can be expressed as

Q(i) = ({q̄l(i)}, {ω̄l′(i)}, {q̄
LL(SS)
l (i)}, {ω̄LL(SS)

l′ (i)}, σ∗(i)) (15)

Using this input vector we constructed a main data set consisting of 627200 ico-AB13 crys-
talline particles and 627200 AB13 fluid particles, prepared at a temperature kBT/ε = 0.025
and pressure βPσ3

L = 45.38. Additionally, Q(i) was determined for 200000 species A and
B particles within the FCC phase iv.

iiiPython offers a compilation of machine learning libraries including SciKit Learn, Keras, TensorFlow and
PyTorch. Readers not familiar with machine learning packages in Python but would like to gain a working
knowledge are recommended to start with Keras and SciKit Learn.

ivSciKit Learn offers unique and efficient pre-processing functions that prepare data for NN use.
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These particles were labeled according to the classes in Table 1 v, therefore our neural
network architecture will have 4 output nodes.
From the data set we then separated the set such that 75% of the set formed part of the
training set while the remaining 25% was then selected as part of the testing set. Before
selecting configurations from the main data set to form part of the training set, the main
data set was shuffled and configurations were selected randomly. Before the data was split
into the training and testing sets the data was normalized. Normalizing data for the network
is vitally important as some features may be weighted higher than other features purely
because of the difference in magnitude between the two features. So in order to eliminate
this issue we normalized the data used to test and train the network.

5.2.2 Network architectures

Based on the number of features that were selected the number of nodes within the input
layer was set to 25 for all neural networks tested; additionally, due to the number of classes
selected all neural networks were set to have 4 output nodes within the output layer.

Neural networks with one hidden layer were trained each with various number of nodes
in the hidden layer, ranging between 4 to 25 nodes - the same number of nodes within the
input layer. The accuracy of these networks were then compared with one another and it
was found that networks with more than 10 nodes within the hidden layer converged to
accuracies greater than 90%vi. Therefore neural networks with 25 nodes in the hidden layer
were selected as the default network architecture as this would be more than sufficient to
obtain an accurate neural network. We then trained two neural networks that both had this
network architecture but with different optimizers. The first network trained was trained
using SGD with a learning rate = 0.001, the second network was then trained using the
Adam optimizer. The overall performance of these two networks is abbreviated in table 2
below.

Table 2: Overall performance of neural networks trained for each optimizer.

Neural Network Optimizer Network Accuracy (%)

1 SGD 99.88

2 Adam 99.78

The overall accuracy of the two networks is not indicative of whether the networks
actually perform in the way that we want them to. Therefore it was necessary to conduct a
further analysis into the training and testing loss and accuracy of the two networks. During
the training phase the loss is measured in order to make the appropriate changes to the

vThis type of labeling is necessary to construct the target vectors which label the classes in Keras and
TensorFlow.

viAnother test which allows one to compare networks on set data is called the cross validation test.

19



5. PHASE IDENTIFICATION

weights of the network during back propagation; however, during the testing phase the loss
is measured to evaluate the performance of the network after the training phase. These
results are presented in figures 13 and 14. The training and testing phases are repeated
over epochs, so each epoch represents a training phase followed by a testing phase. Each
epoch that is not the initial epoch uses the network that was trained and tested in the
previous epoch. In this way a neural network was developed.

Figure 13: The training and testing loss functions versus epoch obtained for the training
and testing data sets using the SGD optimizer and the Adam optimizer, for the neural
network.

From the loss curves seen in figure 13 we are able to deduce that the Adam optimization
method allows us to converge to a solution a lot more rapidly when compared to the SGD
method. Therefore Adam is an ideal choice for an optimizer when data is scarce. We notice
that in both cases that the loss for the test set is lower than that of the training set, this
is expected as the loss of the training set is the loss over the entire set, whereas the loss of
the test set is only after the test has been performed.
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Figure 14: The accuracy as a function of epoch obtained for the training and testing data
sets using the SGD optimizer and the Adam optimizer for the neural network.

From figure 14 we observe the results of the accuracy curves for the two networks, which
reaffirms the results observed in figure 13; whereby, we find that networks trained using the
Adam optimizer converge more rapidly towards a solution.
But a visual confirmation of these networks was necessary, these trained networks were then
tested on a seeding configuration consisting of an ico-AB13 crystalline seed surrounded by a
fluid. Particles were then colour coded according to the local structure as predicted by the
neural networks using the Adam and SGD optimizer. Cross sections of these configurations
are given in figure 15 below. As seen in figure 15, both networks present the majority
of mislabels within the fluid phase - whereby particles that belong to the fluid phase are
labeled as either crystalline species A or B, or the crystalline FCC phase. Both networks
seem to present the same level of success in identifying the local structure of particles within
the fluid phases; however, we notice that in (a) large crystalline species A particles have
been mislabeled in the seed as fluid phase particles. On the other hand this is not the case
in (b). The possible reason for this discrepancy is discussed further in section 7.
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(a) (b)

Figure 15: The following figure shows a cross section of the seeding configuration with the
respective predictions using the Adam optimizer (a) and SGD optimizer (b). Labels are in
accordance with Table 1: crystalline species A - Red, crystalline species B - Blue, Fluid -
grey and FCC - pink.

5.2.3 Neural network ensemble

In an attempt to improve the accuracy of the networks we could reduce the variance of the
classifications through the development of a neural network ensemble [17, 16]. A neural
network ensemble is a network which consists of multiple feed forward neural networks
trained separately. When a prediction is made using a neural network ensemble each feed
forward neural network with in the ensemble makes a separate prediction on the local
structure of a particle, called a vote; the neural network ensemble then counts the votes of
each neural network and classifies the local structure according to the majority vote. We
constructed a neural network ensemble using 4 feed forward neural networks, each network
with in this ensemble contained one hidden layer with each feed forward neural network
consisting of various number of nodes, the 4 feed forward neural network’s architecture and
performance are summarized in table 3.
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Table 3: Performance and number of nodes with in the first hidden layer of the 4 feed
forward neural networks which constitute the neural network ensemble.

Neural Network Nodes in hidden layer Network Accuracy (%)

3 14 99.86

4 16 99.88

5 24 100

6 24 99.98

The neural network ensemble was constructed such that all neural networks possessed
an equal vote weighting. The neural network ensemble was then tested on the seeding
configuration and its predictions are visualized in figure 16. When the visualization of
figure 16 is compared with that of 15 (b) we see that the neural network ensemble has less
misclassifications of the local structure of particles contained within the fluid than that of
the forward neural network trained using the SGD optimizer.

Figure 16: Cross section of the seeding configuration with the respective predictions using
the neural network ensemble.

Although neural networks allow us to make accurate classifications of the local structure
of a colloidal particle based upon the features that we train the neural networks on, in this
case the bond order parameters; they also offer information on what features in particular
are mainly used in order to make a classification. This warrants a probe into the trained
neural networks trained and so we investigate feature importance.
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5.2.4 Feature importance

Feature importance was then determined using neural network 2 and 3 as summarized in
table 3. Feature importance measures a neural networks dependence on a feature in order to
make a classification. In order to calculate the importance of a feature in a neural network,
the network makes predictions using the exact same data used to train the network; however,
the data representing the feature being tested is randomly shuffled. The reason why the
feature set is shuffled is to ensure that the feature contains incorrect data corresponding
to a particular classification. Therefore if the neural network relies heavily on a particular
feature it’s accuracy would decrease when the feature is shuffled; however, if the neural
network does not rely heavily on a particular feature, the overall accuracy of the network
would not decrease as much. This method allows us to compare the importance of certain
features to a particular trained network. Thus the accuracy of the network was measured
and the difference AccNetwork −AccFeature was calculated, where AccNetwork is the accuracy
of the network and AccFeature is the accuracy of the network when a features data has been
shuffled. Both network 2 and 3 presented the same feature importance and so we only
provide the feature importance of network 2 as outlined in figure 17.

We can not say anything about the importance of a feature based on the accuracy
difference itself; however, we may draw conclusions when we compare the accuracy differ-
ences between the features, which is precisely the case in figure 17. And so we see that
both neural networks rely mostly on ω̄8 to make predictions while not relying on q̂1 at
all (note that q̂1 = q̄LL(SS), this new notation was employed to simplify figure 17). In fact
{q̂1, q̂2, q̂3, q̂4, q̂5, q̂6, q̂7} are seen to have the least amount of predictive power within the net-
work. All other bond order parameters namely q̂8, {ω̂2, ω̂4, ω̂6, ω̂8}, {q̄1, q̄2, q̄3, q̄4, q̄5, q̄6, q̄7 q̄8}
and {ω̄2, ω̄4, ω̄6, ω̄8} listed in order of importance. We do not include σ∗ in this evaluation
as we are only interested in the affect of the bond order parameters on the network.
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Figure 17: Feature importance (Network 2) measured as the accuracy difference AccNetwork−
AccFeature , where AccNetwork is the accuracy of the network and AccFeature is the accuracy
of the network with the respective feature shuffled.
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6 Nucleation

Now that we are more than capable of determining the local structure of a particle either
using the ω̄8− ω̄6 plane together with knowledge of the diameter of the particle σ(i) or using
the neural network ensemble developed in section 5.2. In this section we opted to use the
neural network ensemble as the network had a means of performing predictions that was
readily available. Four seeding configurations were then created with various seed sizes in
various system sizes, the exact configurations are summarized in table 4.

Table 4: Seeding configurations XL, L, M and S measured in terms of unit cells inserted
into a system with N × 103 particles within the fluid phase.

Seed N (×103) Seed Size (unit cells)

XL 60 27 (3054 particles)

L 40 27 (3054 particles)

M 25 8 (896 particles)

S 15 8 (896 particles)

We measure the seed size in terms of unit cells, which in this case a single unit cell
consists of 56 particles in total. 4 of these particles are species A particles arranged in a
cubic structure while the remaining 52 particles are species B particles and are arranged in
half a icosahedral structure.

Figure 18: A single unit cell.

A unit cell can be visualized in fig-
ure 18 where the cubic structure of
the species A particles can be clearly
seen. These seeding configurations
were then subjected to MC simula-
tions under constant pressure βPσ3

L =
62.00 well above the coexistence pres-
sure βPcoexσ

3
L = 45.38 and tempera-

ture kBT/ε = 0.025 and allowed to
equilibrate.
As we see from Figure 18 the seeds
have an overall cubic structure which is
not consistent with classical nucleation
theory as it assumes that the nucleus
has a spherical structure, it is for this
reason that we equilibrate the system.
This ensures that the nucleus becomes
”smooth” - more spherical.
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The bond order parameters are then calculated for each configuration generated at
each MC cycle and was then fed to the neural network ensemble constructed in section
5.2.3; consequently, the local structure of each particle was then classified. Once these
classifications were made a clustering algorithm then analyzed each configuration outlining
the clusters present as well as monitor their sizes as seen in the examples provided in figure
19 below.

(a) (b)

Figure 19: The following figure shows a cross section of the seeding configuration after the
cluster algorithm has been applied. (a) Small seeding configuration and (b) Large seeding
configuration. Labels are in accordance with Table 1: crystalline species A - Red, crystalline
species B - Blue, Fluid - grey and FCC - pink.

In figure 20a we display the nucleus size as a function of every 50th MC cycle for
the configurations which contained the large seeding configuration (L) and the extra large
seeding configuration (XL), as labeled in table 4; while in figure 20b we display the results for
the case of the small seeding configuration (S) and the medium seeding configuration (M).
We found that the nucleus size displayed an overall increase in size as a function of MC cycles
in all seeding configurations. This trend is highlighted with the linear trend fitted to the
trajectories in figures 20a and 20b. Since the XL, L, M and S seeding configurations present
results which demonstrate that growth of the seed is taking place it could be concluded that
the seed radius in each case exceeded that of the critical nucleation radius rc as mentioned
in section 2.
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(a)

(b)

Figure 20: Number of particles with in the nucleus as a function of every 50 MC cycles
at a constant temperature kBT/ε = 0.025 and constant pressure βPσ3

L = 62.00 for the
L (red) and XL (blue) seeding configurations (a), and the S (blue) and L (red) seeding
configurations in (b).

We observe from figure 20a that the size of the nucleus grows by roughly the same
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amount for every 50th MC cycle for the large and extra large seeding configurations, this
trend is also observed when comparing the small and medium seeding configurations as
seen in figure 20b. This is an expected result as the size of the seeds used in the XL and L
seeding configurations are the same size as well as in the case where the S and M seeding
configurations are compared. We can not deduce the rate with which the AB13 crystals
nucleate from the slope as the notion of time is not realized in a MC simulation.
Since the growth trajectories given in figure 20 certainly suggest that growth is taking place
we then conducted a visual analysis as seen in figure 21. We take an initial snapshot and a
final snapshot of the cross section of each system where the initial snapshot is the snapshot
taken at the first MC cycle while the final snapshot is a snapshot of the nucleus at the final
MC cycle as seen in figure 20. Due to the computational demands of the large and extra
large seeding configurations it was not possible to generate more MC cycles. Consequently,
there is not a noticeable difference in the size of the nucleus as seen in the initial snapshot
(figure 21a) and the final snapshot (figure 21b) for the case of the extra large seeding
configuration. This trend was also observed for the case of the large seeding configuration
and is therefore not shown here.

However this is not the case for the small and medium seeding configurations. We
display the initial and final snapshots of the medium seeding configuration in figure 21c
and 21d respectively, we notice a distinct difference in the size of the nucleus. Similarly we
find the same trend when we compare the initial and final snapshot in figure 21e and 21f
respectively for the case of the small seeding configuration.

For the small seeding configuration it was found that only 14% of the system had
nucleated while only 10% had nucleated in the case of the medium seeding configuration.
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(a) (b)

(c) (d)

(e) (f)

Figure 21: Cross sections taken of the nucleus for the extra large seeding configuration, (a)
the initial snapshot and (b) the final snapshot. Additionally for the nucleus of the medium
sized seeding configuration in (c) the initial snapshot and (d) the final snapshot and finally
the cross sections of the nucleus in the small seeding configuration (e) the initial snapshot
and (f) the final snapshot.
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7 Conclusions and outlook

It was found that for a temperature kBT/ε = 0.025 by means of thermodynamic integra-
tion the pressure of coexistence of the crystalline phase with that of a binary fluid phase
was βPcoexσ

3
L = 45.38. Although other temperature regimes were investigated namely

kBT/ε = 0.2 and kBT/ε = 0.1, their respective pressure at which coexistence occurs was
not determined but rather a pressure region was defined in which the coexistence pres-
sure exists. For kBT/ε = 0.1 we found that the coexistence pressure existed in the region
βPσ3

L > 35.0 and finally for kBT/ε = 0.2 we found the coexistence pressure in a region
βPσ3

L > 37.0.
From the results presented in section 5.1 we found that we were able to classify the local
structure of binary particles as either crystalline species A, crystalline species B (within
the ico-AB13 crystal structure), FCC or fluid phase using the ω̄8 − ω̄6 plane together with
the diameter of the particle. Additionally it was found that in section 5.2 it was necessary
to resort to the use of a neural network ensemble in order to obtain a network capable of
producing satisfactory classifications. It was found that networks trained using the SGD
optimizer performed better compared with networks trained using the Adam optimizer and
this could be due to over fitting within the Adam networks. We could see this from the loss
curves in figure 13 where the loss of the Adam method is approximately zero. Therefore
neural networks trained using the Adam optimizer should be trained with less amount of
epochs so as to avoid over fitting. Adam does however offer quicker training times as well
as being the optimizer of choice when faced with limited data due to the rapid convergence
of Adam networks to an accurate network.
Although the bond order parameters were sufficient for the identification of the local struc-
ture of a colloidal particle, the neural networks did offer additional perks. As seen in figure
17, essential order parameters necessary to make predictions of the local structure of col-
loidal particles are ω̄8 and ω̄6, which was corroborated by the visual analysis in figure 12.
Unfortunately from the feature importance analysis one is unable to determine what feature
is informative and what feature is redundant to the neural networks. Future networks may
employ feature extraction whereby redundant features or features that posses little impact
on the classification of the local structure of a particle may be removed as part of the in-
put layer. It is expected that this would greatly improve the classifications of the neural
network. This in turn could potentially allow us to reveal bond order parameters of signif-
icance within a system and in turn reveal the underlying symmetries. It is for this reason
that neural networks are a preferable option in comparison with one manually analyzing
the distributions of the values of the bond order parameters.
Since we were able to show nucleation of AB13 crystals within a binary fluid of WCA par-
ticles, the results would suggest that a seed with radius rS would indeed grow further for
pressures βPσ3

L > 62.00, where rS is the radius of the nucleus in the S configuration from
table 4. The critical pressure is still yet to be determined for the critical radius size rc. Once
the critical pressure is calculated it would then be of interest to determine the nucleation
barrier and the rate of nucleation of AB13 crystals within binary mixtures.
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Appendices

A Monte Carlo Simulation

Monte Carlo simulations (abbreviated as MC simulations) allow us to sample configurational
phase space. In order to understand how MC simulations work we need to review statistical
mechanics. We draw our attention to the case of an {NV T} ensemble, where the number
of particles N , the volume V and the temperature T are kept fixed. The partition function
which describes this system is proportional to a Boltzmann factor exp (−βH) where H
denotes the Hamiltonian of the system. The partition function is given by

Z(N,V, T ) =
1

N !h3N

∫
dΓNexp

(
−βH(ΓN )

)
, (16)

where ΓN =
(
rN ,pN

)
denotes the phase space points with position r and momenta p of

the N particles, with h denoting the Planck constant and β−1 = kBT where kB is the
Boltzmann constant. An ensemble average of an arbitrary measurable equilibrium property
denoted A is given by

〈A〉 =

∫
dΓNA

(
ΓN
)
exp

(
−βH(ΓN )

)∫
dΓNexp (−βH(ΓN ))

, (17)

which reduces to

〈A〉 =

∫
drNA

(
rN
)
exp

(
−βU(rN )

)∫
drNexp (−βU(rN ))

, (18)

in the case where property A is independent of momenta p and only dependent on the
positions r, here U

(
rN
)

denotes the potential energy. Equation 18 implies that the average
of quantity 〈A〉 can be computed as the weighted sum of quantity A for each configuration.
Therefore we may express this average as

〈A〉 ≈ 1

M

M∑
i=1

A
(
rNi
)
, (19)

where M denotes the total number of configurations that have been generated.
Let us now consider how we generate configurations in phase space. Firstly we generate
an initial configuration rN that has a non vanishing Boltzmann weight p(µ) = exp (−βUµ),
where this state is labeled µ. A new trial configuration (labeled µ′) is then generated with
a Boltzmann weight p(µ′) = exp

(
−βUµ′

)
. This new configuration µ′ is then rejected or

accepted as a valid configuration based upon an ”acceptance rule”. This rule however must
satisfy the detailed balance condition. The condition of detailed balance states that in
equilibrium the average number of accepted trial moves from state µ to state µ′ must be
equal to the average number of accepted trial moves from state µ′ to state µ. This implies
the following

p(µ)P (µ→ µ′)acc(µ→ µ′) = p(µ′)P (µ′ → µ)acc(µ′ → µ), (20)
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where P (µ → µ′) denotes the probability of performing a trial move from state µ to state
µ′ and acc(µ → µ′) denotes the probability of accepting the move from state µ to state
µ′. As seen in the original Metropolis scheme the probability P is chosen to be symmetric,
so P (µ → µ′) = P (µ′ → µ). Using this fact together with equation 20 we find that the
probability for a transition from state µ to state µ′ to be accepted is given by

acc(µ→ µ′)

acc(µ′ → µ)
= exp

[
−β
(
Uµ′ − Uµ

)]
. (21)

A random number is then generated from a uniform distribution in the range [0, 1], should
this number be less than acc(µ → µ′) then the new configuration is accepted; however, if
this random number is larger than acc(µ→ µ′) then the new configuration is rejected.
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B Verlet List Algorithm

The distances between the particles needs to be calculated for every particle move in order
to determine the move acceptances of future particle moves. This process of having to
recalculate the particle distances for every particle move is computationally expensive as
the computation time scales as N2. Therefore we employ the use of the Verlet list algorithm
which is outlined in many texts regarding MC simulations such as [2, 3]. We shall provide
a short summary of how the Verlet list algorithm is implemented.
The Verlet list algorithm constructs a list of neighbors j for each particle i within the system.
Here the neighbors are defined to be all particles within the distance rm = rcut + rskin,
where rcut is the cutoff distance for the first shell of neighbors as characterized by the radial
distribution function g(r), and rskin is taken to be rskin = 0.3σ. An example of these cutoffs
are given in figure 22 below.

Figure 22: Figure showing an example of the cut-
off radius rcut and the verlet list cutoff radius rm
around a particle i . Source: http://www.acclab.

helsinki.fi/~knordlun/moldyn/lecture03.pdf.

When a particle move is ac-
cepted such that the displacement
δx given by the particle move from
its original position, is greater than
rskin, then the verlet neighborhood
list is reconstructedvii.

The Verlet list algorithm hinges
on the idea that a large frac-
tion of the neighbors of each par-
ticle remains the same. There-
fore it seems unnecessary to re-
calculate all the distances between
the particles for each MC particle
move.

C SANN Algorithm

A parameter-free algorithm called
the SANN algorithm is introduced
in [25]. This algorithm allows us
to identify the number of nearest
neighbors for each particle i individ-
ually, based on a unique cutoff ra-

dius R
(m)
i . Unlike the fixed distance

cutoffs determined from the radial
distribution functions. The SANN

viiThis condition applies for the case of MC simulations, in the case of molecular dynamic simulations the
Verlet list is updated every 10-20 time steps.
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algorithm method is simple; firstly, the algorithm ranks the particles j nearest to particle
i sequentially such that rij < ri,j+1 for all particles j. Now based on the distance between
particle i and particle j we are then able to associate an angle θij . The SANN algorithm
sums the solid angles associated with the angle θij until the sum equates to 4π. So

4π =

m∑
j=1

2π(1− cos(θij)). (22)

Once this point is reached we are then able to define the number of nearest neighbors for
particle i denoted here by m. Once the number of nearest neighbors for particle i has been

determined the cutoff radius R
(m)
i for particle i can then be calculated according to

R
(m)
i =

∑m
j=1 rij

m− 2
. (23)

A drawback of the SANN algorithm is that it is not symmetric in the sense that particle
i may be a nearest neighbor of particle j; however, particle j need not necessarily be a
nearest neighbor of particle i. Therefore a simple way to remedy this issue is to disqualify
a nearest neighbor if the two particles i and j are not mutually nearest neighbors.
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