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Abstract

Random graphs are probability spaces having graphs obeying predefined constraints as events. Sam-
pling from such a space can be a challenge because of non-trivial dependencies that graph constraints may
impose. An exotic observation that has been made in various random graphs is that small changes in the
constraints may impose dramatic changes in the graph structure — the phenomenon that is referred to as
the phase transition. One example of such a small change is gradual removal of the edges (or vertices),
also known as percolation. This work brings the notion of directionality to random graphs with a given
degree sequence, by studying two aspects: 1) algorithmic construction of such random graphs and 2)
percolation processes on vertices and edges.

For undirected graphs, the percolation threshold for existence of the giant component (a component
whose size scales linearly in the total number of vertices) is derived by Jason [I] and Fountoulakis [2] who
both built upon earlier results of Molloy and Reed [3] about the existence of a giant component. We derive
the percolation threshold for the existence of a giant strongly connected component for edge and vertex
percolation by extending the results of Fountoulakis for undirected graphs and combining them with the
Cooper and Frieze’s [4] existence criteria. By building on the results of Bayati, Kim and Saberi [5], we
then develop an algorithm that generates directed random graphs almost uniformly with runtime close
to linear in the number of edges. Finally, we illustrate the theoretical results with numerical simulations.
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1. INTRODUCTION

1 Introduction

Random graphs are probability spaces having graphs obeying predefined constraints as events. It has been
observed that a small change in these constraints, may impose dramatic changes in the graph structure. This
phenomenon is referred to as the phase transition. One example of such a small change is gradual removal of
the edges or vertices, also known as percolation. The study of percolation in random graphs dates back to the
1960’s. In this decade Erdés and Rényi [0] studied random graphs on n vertices where each of the possible
w edges is present with probability p. This is equivalent to removing every edge of the complete graph
on n vertices with probability 1 — p, i.e. applying bond percolation to the complete graph with percolation
probability p. The dramatic change in the graph structure observed in this model is the appearance of a
giant component. A giant component is a connected component whose size scales linearly with the number
of vertices. Erdés and Rényi determined the critical value p. such that for all p > p. the graph with high
probability contains a giant component and for p < p. it does not. For this reason p, is called the percolation
threshold.

One can also study the percolation threshold for emergence of a giant component in random undirected
graphs with a given degree distribution. Fountoulakis [2] and Jason [I] studied this question independently
using different techniques. What their techniques have in common is that they both rely upon Molloy and
Reed’s theorem [3], [7]. This theorem indicates whether an undirected random graph with a given degree dis-
tribution contains a giant component and how large it is. There are many variations on the work of Molloy
and Reed, proving the theorem under slightly different conditions or using a new technique, see for exam-
ple [8HI0]. Determining the percolation threshold for random graphs with a given degree distribution is more
than a theoretical tool. It has many applications, such as the resilience of networks under breakdowns [I1],
and the spread of diseases in epidemics [12, [13]. In some applications the networks are better modelled using
directed graphs instead of undirected ones.

In this work we will study percolation in random directed graphs with a given degree distribution. Our
main contribution is a proof for the percolation threshold for emergence of the giant strongly connected
component (GSCC). This is achieved by extending the results of Fountoulakis for undirected graphs and
combining them with the Cooper and Frieze’s existence criteria [4].

Besides investigating percolation, we also propose a new algorithm for constructing random directed graphs
with a given degree sequence. We then use this algorithm to illustrate the theoretical results on the perco-
lation threshold with numerical simulations. Being able to sample graphs numerically gives access to rich
information about such graphs, as the samples may be further analysed with graph algorithms. For example,
by using our construction algorithm one may numerically investigate the diameter, cycles, spectral properties,
etc. in random directed graphs.

Sampling from a random graph model can be a challenge because of non-trivial dependencies that graph
constrains may impose. There are several algorithms for generation of random directed graphs with a given
degree distribution. Examples are the repeated configuration model and Markov Chain Monte Carlo algo-
rithms. The repeated configuration model allows to draw graphs uniformly at random, however its runtime
is unknown and numerical experiments show that this procedure is not practical even for very small graphs.
Indeed, the number of configurations inducing a simple graph with a given degree sequence is unknown. A
more popular algorithm to generate simple digraphs uses a Markov Chain [I4]. For a general introduction on
Markov Chain algorithms, we refer the interested reader to [15]. This algorithm randomises a given graph by
swapping edges and reorienting cycles while preserving the degree sequence. Generating the initial graph is
not difficult in practice. For example, the Havel-Hakimi algorithm constructs a deterministic simple digraph
obeying a given degree sequence [I6]. The problem is that for a general degree sequence the mixing time of
the Markov chain is unknown. This means that it is not known when the graph is sufficiently independent
from the initial guess, i.e. when the algorithm has achieved a uniformly random graph. Additionally for
those degree sequences that do have a bound on the mixing time, this bound often appears to be a high
degree polynomial in n [14].
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Neither the repeated configuration model nor the Markov Chain approach is an ideal way to uniformly
generate random graphs obeying a given degree sequence. In this work we build an algorithm that will
almost uniformly generate random simple directed graphs obeying a given degree sequence with a expected
runtime near-linear in m. Our algorithm is a generalisation of an algorithm by Bayati, Kim and Saberi [5] for
undirected graphs. While our algorithm does not provide exact uniformity, it is a good trade-off if asymptotic
uniformity of the graphs suffices as well.

The rest of the thesis is structured as follows. Before we present the main results concerning the perco-
lation threshold for the GSCC and the construction algorithm for directed random graphs, we first explain
the preliminaries. In Section [2] random directed graphs with a given degree distribution are defined. In
this section, we also explain the configuration model, which is a method to generate random multigraphs
obeying a given degree sequence. This model will be used in Sections and |} Then we discuss the results
from Cooper and Frieze [4] on the existence of the GSCC in Section [3| At this point we are ready to study
percolation. After defining the site and bond percolation processes, our main result regarding percolation
is stated in Section ] The proof of this result is given in the same section, which concludes our theoretical
study of percolation. In the second part of the thesis, the focus shifts to the algorithmic construction of
random directed graphs with a given degree sequence. Our new algorithm for constructing random directed
graphs with a given degree sequence, which is an extension of the work from Bayati, Kim and Saberi [5]
to the directed case, can be found in Section [5| This includes a proof that this algorithm generates graphs
distributed up to a factor of 1+ o(1) of uniformity and the runtime analysis. Combining the algorithm from
Section [5] with the results from Section [d] we illustrate the theory with numerical simulations in Section [6]
We consider random graphs obeying two simple degree distribution with a small and constant maximum
degree. Both types of percolation are investigated. Our work is concluded in Section [7] with a summary of
the results and ideas for further research.
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2 Random directed graphs with a given degree distribution

The goal of this section is to define random directed graphs with a given degree distribution. In Section [2-1]
basic properties of graphs and notation is discussed. These allow us to define degree sequences and degree
arrays in Section Section discusses the directed configuration model, which is a theoretical model for
a random directed graph obeying a given degree sequence. This model will be useful in the later sections
where we investigate the behaviour of random graphs.

2.1 Basic notation for graphs

A directed graph G,, consists of a set of vertices V and a set of edges E C V x V', where n is the number of
vertices in the graph, i.e. |V| =n. Unless stated otherwise by a graph we mean a directed graph or digraph.
The graph is assumed to have m edges, i.e. |E| = m. The number of vertices and the number of edges are
natural numbers, denoted by N. We also use Ny = {0, 1,2, ...} for the set of all nonnegative integers. In a
directed graph, each edge has a direction. Given an edge (u,v) € E, we call u its source and v its target. We
can only move along an edge from its source to its target. In many applications a graph can only contain
one copy of an edge (u,v) and there are no edges from a vertex to itself, also called self-loops. Such a graph
is called a simple graph. If a graph contains multiple copies of an edge, also called multiedges, or self-loops
or both, it is called a multigraph. In general, when we say a graph, we mean a simple directed graph. To
emphasise this difference, a simple graph with n vertices is denoted by G,,, while G,, stands for a multigraph
on the same amount of vertices.

Given a vertex v € V, its in-degree indicates the number of edges in G,, with v as target, i.e.
= {(u,v) € E}|.
The out-degree indicates the number of edges with v as source and is thus defined as

dj = [{(v,w) € E}|.

Another quantity of a graph that will be of interest later, is its the maximum degree dpax := max{df .., do ..},
where df, . = max,cy d} and d,,, = max,cy d, . The in- and the out-degree of every vertex in the graph
together form the degree sequence,
- dm— dy,dy,....d;
Fom (0) = (3 ). o
dnt di,df,....df

Given a graph its degree sequence is uniquely defined, for example, by adopting a lexicographic order. How-
ever, given a degree sequence d” there might be multiple graphs all obeylng it. Denote the set of all
multigraphs obeying degree sequence dn by G Given a degree sequence d" one may define a 'model’
according to which a graph is chosen uniformly at random from Gj. Such a model can be viewed as a
graph-valued alternative to the uniform random variable. A random simple graph that obeys a given degree
sequence will be denoted by G . A random multigraph obeying the same degree sequence will be denoted

by Gd71'

Our goal is to study limiting behaviour of sequences of random graphs with a given degree sequence. To

study this we consider random graphs with a given degree distribution. The degree distribution is a bivariate

probability distribution on the non-negative integers, prescribing the probability that a uniformly at random

chosen vertex has degree (j, k), 4.e. it has in-degree j and out-degree k. For every n € N, we draw a degree

sequence d" from the bivariate degree distribution, and uniformly choose a simple element from G . All

degree sequences in such a progression are collected together into a degree array, denoted as (d?L>OO v All
n=

o0
graphs in such a progression are collected together into a graph array, denoted by (G g ) . There is a
n=1

slight issue with this definition. When choosing degree sequence dn at random, there is no guarantee that
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there is a graph that corresponds to it, as it could happen that G = 0. Also to be able to study the limiting

4\ 00
behaviour, the degree array (d") must satisfy some constraints. Therefore we will restrict sampling of
n=1

the degree sequences, by introducing a notion of a graphical degree sequence and a feasible degree array.

2.2 Graphical degree sequences & feasible degree arrays

The first concern is that G ; might be empty, which we avoid by constraining the degree sequence to be valid.

Definition 2.1. A degree sequence d is valid if for all i € {1,2,...,n}, d; € Ny and

z’z

m = Zn:dl_ = id;" (2.2)
i=1 i=1

A graph obeying this degree sequence has m edges.

These constraints follow naturally from the definitions of the in- and out-degree of a vertex. Since the sum of
the in-degrees equals the sum of the out-degrees, it will always be possible to draw edges such that the graph
obeys the desired degree sequence if self-loops and multi-edges are allowed. Thus, so long as multigraphs are
of concern, set G 7 is non-empty for any valid degree sequence.

If there is a simple graph obeying a degree sequence, it is called graphical. As we are interested in the
behaviour of simple graph, we will consider graphical degree sequences. The following theorem allows to
determine whether a degree sequence is graphical or not. It is a generalization of the Erdos-Gallai theorem
for undirected graphs (see for example, [I7]).

Theorem 2.2 (Fulkerson). [I8, Theorem 4] Let d™ be a valid degree sequence. Define d" to be a ordering
of d* such that dj > df,, and di >d;, zfd =df,, forallic {1 2,...,n—1}. This is called a positive
lexicographical ordering. Furthermore define d" to be a ordering of d" such that d;i >d;, and d > dZJrl if
d; =d; . Then the degree sequence is gmphzcal, i.e. can be represented by a simple graph, if and only if for

K2

all ke {1,2,...,n}:

k n
Zmin[ﬁ, E—1]+ Z min] d k] > Zd+ (2.3)
i=1

i=k+1

and

k
me kE—1]+ Z min[d;” 2Zd7 (2.4)

i=k+1

In Section we indicated that a degree array is drawn from a given degree distribution. For all j,k > 0
denote the number of vertices with degree ( J, k) by

Nk (n) = |{i € Vald; = j,df = k}|. (2.5)

Here the subscript n of the vertex set, indicates that it consists of n elements. The requirement that the
degree sequences of the array are drawn from a bivariate probability distribution is equivalent to requiring
that lim,, s N’+(n) converges to this distribution for all j, k > 0. We will show that

lim PGy A(d")] =1,

n—oo
where A (d_ﬁ) is the set of all multigraphs, which obey the degree sequence d™ while also satisfying a desired
property, to be specified later. If the limit exists for a given property, then we say that the random graph
has this property with high probability (w.h.p) or asymptotically almost surely (a.a.s.). Our primary goal is

to study connected components, for which we rely on some stronger assumptions on the degree distribution
as formalized by the following definition:
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-\ —

Definition 2.3. A degree array (d”) is called feasible if for any n € N, d” is graphical and there exists
n=1

a bivariate probability distribution (pj7k)j°.°kzo that is independent of n and its first moment are equal, i.e.

Z JPjk = Z kpj k- (2.6)

3,k=0 J,k=0

For this probability distribution the following equations must hold:

(i) for every j, k > 0, lim, N’+(n) = Dj ki

oy 1 iN, .

(ii) limy, oo E;Okzo . J'rf(n) = E?,ok:o Jpjk € (0,00);
(if1) limy_ae 3250 ENeEM) 5700 i€ (0, 00):

N—=00 £4j,k=0 n 3,k=0JKPj .k ) )
. li 00 ijj,k.(n) . 0o 9 0 .
(iv) im0 327 k0 =5 = Xj k=0 Pik € (0,00);
. k2N;
(v) limy, o0 55 SR = 52 k2ps € (0,00).

From equation (2.2)) there follows that

S ENjp(n) =) _df =) di = > jNjx(n).
J,k=0 i=1 i=1 4,k=0

One may thus write

o N () o kNG ()
i, D, T 3L
4,k=0 §,k=0

assuming that these limits exist. As this value is required to converge to the first moments of (pj,k);okzo, it
is necessary for the probability distribution to satisfy equation (2.6]).

The probability distribution (pj7k);?ok=0 will be called the degree distribution of the degree array; its proba-
bility generating function is given by:

oo
g(x,y) = > pjxr’yt. (2.7)
J,;k=0
The moments of the degree distribution are defined as:
(o]
il = Z 7'k'Dj k.- (2.8)
4,k=0
Equation ([2.6) implies that the first moments of the distribution are equal, hence we will write

[h = H10 = fo1- (2.9)

2.3 Directed configuration model

To study the behaviour of random graphs obeying a feasible degree array, they must be generated. Generat-
ing simple graphs obeying a given degree sequence is difficult. If the model is allowed to generate multigraphs
as well, the configuration model can be used. The configuration model, first introduced by [19] and refined
in [20], is a model for generating undirected graphs with a given degree sequence. Later it has been extended
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0

0 2 1 1 2

9 1 1 1 1). On the
left we see the stubs of all vertices. In-stubs are blue, out-stubs red. On the right a configuration is shown.
Two stubs are matched if they lie on the same edge. This also shows the resulting graph.

Figure 1: An illustration of the configuration model for the degree sequence dn =

to the case of directed graphs [4], which is called the directed configuration model. In this section, we in-
troduce the directed configuration model and show that this model can be used to study the behaviour of
simple graphs, despite the fact that it generates multigraphs.

Consider a given valid degree sequence d". The aim is to generate a random multigraph obeying it. For each
vertex ¢ € V it is known how many in-coming and out-going edges it should have. The only freedom left
is to define where these edges come from and go to. The configuration model determines this by uniformly
choosing a random configuration.

Definition 2.4. Let a valid degree sequence d" be given. For all i € {1,2,...,n} define a set W, with d;
elements and a set WiJr containing df elements. Define W~ = Ujcq12,...,y W, and Wt = Uie{l)g’m’n}W;_.
Then a configuration is a random perfect bipartite matching of W~ and W. A perfect bipartite matching is
a set of tuples (a,b) such that each tuple contains one element from W~ and one from W and all elements

of W~ and W™ appear in exactly one tuple.

Now the question is how does a configuration determine the edges of a graph?

Fori € {1,2,...,n} an element of W, is called an in-stub of i. Similarly an element of Wt is an out-stub of
i. These stubs play the role of half-edges. An in-stub of 7 can be regarded as an edge with i as target and no
source. Similarly an out-stub is an edge with i as source and no target. Matching an in-stub with an out-stub
leads to an edge. The configuration prescribes such a matching for all stubs. In this way, a configuration M
defines a multigraph éd; with vertices V.= {1,2,...,n} and edges

E={(i,j) | (a,b) € M,a e W;F,be W, }. (2.10)

The resulting multigraph will satisfy the degree sequence d", as each vertex has |W.”| incoming edges and
|Wi+| outgoing edges. This process is illustrated in Figure

The configuration model generates a multigraph G 4» by choosing a uniformly random configuration, and
therefore, a multigraph as described by equation (2.10). One may now ask what is the probability that the
configuration model will generate a specific multigraph G ;7

The same graph can be generated by multiple configurations. To see this take a,a’ € W;r, be W, and
c € W, . Consider a matching M with (a,b), (¢, c) € M and define M' = M\ ((a,b), (a’,¢))U((a’,b), (a, c)).
Then the multigraph induced by M is the same as the one induced by M’. Since the configuration is chosen
uniformly at random, the probability that the configuration model generates G j; depends on the number of
configurations that induces this multigraph. Let CM,, (d_ﬁ) be the random variable for the outcome of the

configuration model. The following proposition determines this probability.
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Proposition 2.5. Consider a multigraph (?d;L obeying the degree sequence d". For all pairs i,j € V let x5

denote the number of copies of the edge (i,7) in the graph. Then there holds

i [CMn (d7‘L> = é@} = W;H;i:fl:j_g?;jﬁ. (2.11)

Proof. This proposition and its proof are adapted for directed graphs from [21, Proposition 7.4] written for
the undirected case. First the number of different configurations is determined. This equals the number of
perfect bipartite matchings between W~ and W. For each element of W~ a match is chosen in W+. Each
element of W~ chooses a match amongst the unmatched elements of W+. The first element of W~ has m
choices for its match. Then the second element can choose its match from the remaining m — 1 unmatched
elements of W. Continuing in this fashion, we find m! different perfect matchings. Thus there are m!
different configurations. As the configuration is chosen uniformly at random, this implies that

. N 1 -
#lown () =] = v ().
with N (G dan) the number of different configurations M inducing the graph G jn- From equation ([2.10) it

follows that the exact matching of the stubs does not matter. As long as an element of VVZ-Jr is matched to an
element of W, the graph gets an edge (¢,7). In other words permuting the stub labels leads to a different

configuration that induces the same multigraph. There are []"_, d; [\, dj! such permutations. However
some permutations lead to the same matching M. For a,a’ € W, and b,b € W, with (a,b),(a’,b') € M,
any permutation swapping a with a’ and b with ¥’ leads to the exact same matching. We have to compensate
for this by a factor x;;! for all edges. This leads to

)- I, d M T d)!

1
H1§i,j§n Lij:

)

N (G

completing the proof. O

So, despite the fact that the configuration model generates uniformly random configurations, it does not
generate uniformly random multigraphs. That being said, it does generate all simple graphs with equal prob-
ability. To see this remark that z;; is 0,1 for every pair 4, j in a simple graph. Therefore, conditional on the
event that configuration model generates a simple graph, a uniformly random simple element of G, is chosen.
The configuration model allows us to sample a random element of G . Surprisingly, it can be shown that
results on uniformly random configurations and their induced multigraphs can be transferred to uniformly
generated simple graphs. Let A (d_;’) be the set of all multigraphs, which obey the degree sequence d™ while

also satisfying a desired property, to be specified later. The goal of the remainder of this section is to show
that
lim P [é(fn e A (d71>] —1,

n— oo

implies that

lim P {é(ﬁl cA (d_f") | éd% is Simple] =1.
n—oo

The first step is showing that the probability that the configuration model generates a simple graph is
bounded away from zero.

oo

Theorem 2.6. [22, Theorem 4.3] Let (d_;‘) be a feasible degree array with dmax = O (y/n). Then the

n=1

probability that the configuration model generates a simple graph is asymptotically

k11 _ (roo—n)(Ho2—1)

e n z > 0.
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Proof. The proof of the Theorem follows from the proof [22, Theorem 4.3] which is based on [22] Proposition
4.2]. The main difference is that in [22] the in-degree of a vertex is independent of its out-degree, i.e. the
bivariate degree distribution is the product of two univariate distributions. It is enough to replace Condition
4.1 and Lemma 5.2 from Ref. [22] with the requirement of a feasible degree array obeying dmax = O (v/n) to
generalise the proof to the case of an arbitrary bivariate degree distribution. O

oo

Lemma 2.7. Let (d7l> be a feasible degree array with dpmax = O (/1) and let A (d%) be a set of multi-
1

n=
graphs, all obeying the degree sequence d™. If for a random multigraph G j generated by the configuration
model there holds

lim PGy A(d")] =0,

n— oo

then it is also true that

lim P {éd*n cA (dH”> \ éd; 18 sz'mple} =0.

n—oo

Proof. By Bayes’rule

P[Gg e A(d)]

P |:éd77, eA <d7l> | C~1'd7l is simple} < — . (2.12)
P [G g 18 Simple]
Because we have a feasible degree array with dy.x = O (v/n), Theorem assures that
P {é[ﬁl is simple] =(1+0(1)) g~ it — {paospiloa—h)
Hence
HILH;O inf P [G‘ 4 18 Simple] > 0.

This completes the proof as the numerator in equation converges to zero. O
Corollary 2.8. Let (cl_ﬁ):i1 be a feasible degree array with dmax = O (v/n). Take A (d_;l) to be a set of multi-

graphs, all obeying the degree sequence d". Let Gz be a random multigraph generated by the configuration

d’ll
model. If there holds

s [0 <A (#)]

then it is also true that

lim P |:éd71 cA (d_;L) \ éd; 18 sz'mple} =1.

n—roo

Proof. Let V (d%) denote the set of all multigraphs on n vertices obeying the degree sequence d" and define

A (cﬁ) —y (d%) \A (d%) .

As there holds that éd; eV (d%) by definition and lim,, ., P [Gd;z e Ald } = 1 by assumption, the law

of total probability implies lim, o, P {C;' i € A (d_ﬁ)} = 0. Then Lemma implies that

nli_}n;oIP’ {éd% cA (d_"l) | C;’d;, is Simple} =0.
Again using that A (d%) UA (d_”“b) is the set of all multigraphs obeying the given degree sequence, the claim
follows. -



3. EXISTENCE OF A GIANT STRONGLY CONNECTED COMPONENT IN A
DIRECTED GRAPH

3 Existence of a giant strongly connected component in a directed
graph

The goal is to study the influence of percolation on the existence of a giant strongly connected component
in random directed graphs obeying a given degree array. In Section [2] it is explained how to generate such
random graphs using the configuration model. However this does not provide sufficient knowledge to fully
study percolation as we are limited to small systems that are computationally tractable. Plus, the existence
of the GSCC in the random graphs itself must be studied first. The goal of this section is to give some
preliminary definitions and to introduce the findings of Cooper and Frieze [4] regarding the existence of
a giant strongly connected component. In Section we will define the GSCC. Here we will also define
the strongly connected component. To study the strongly connected component, the notion of in- and out-
components are used. Hence we decided to explain all the notions of a connected component in a directed
graph in this section. Once the definition of the GSCC is understood, its existence criteria is given, in the
form of a theorem by Cooper and Frieze [4]. Additionally it regards the existence of giant in-component and
giant out-component. This theorem can be regarded as the directed analogue of the theorem from Molloy
and Reed for undirected graphs [3] [7].

3.1 Types of connected components in a directed graph

A connected component of a graph is a set of vertices that is connected to each other. Two vertices are
connected if there is a path between them. This allows to define a connected component as a maximal subset
C of the vertices such that there is a path between any pair of vertices u,v € C'. Here maximal means that
no vertex can be added to C' without destroying the property that all vertices are connected by a path. In a
directed graph each edge has a direction. Hence we can defined two types of paths in a directed graph, those
that respect the direction of the edges and those that ignoring the directionality.

Definition 3.1. Consider a directed graph G,,. Any two v1, v, € V are connected by:

e a directed path, if there exist distinct vertices ve,vs,...,v5—1 € V such that for all ¢ € {2,3,...,k}
(vi—1,v;) € E. This is called a directed v; — vj path.

e an undirected path, if there exist distinct vertices vq,vs,...,vx—1 € V such that for all ¢ € {2,3,...,k}
either (v;_1,v;) € E or (v;,v;—1) € E. This is called an undirected v; — vy, path.

An undirected path discards the direction of the edges. Thus defining a type of connected component based
on undirected paths, leads to the same subsets of the vertices as the connected components when treating
the graph as an undirected one.

Definition 3.2. Consider a directed graph G,,. The weakly connected components of G, are the maximal
subsets of V' such that between any pair of vertices there exits an undirected path.

In an analogous way a connected component can be defined based on directed paths.

Definition 3.3. (Strongly connected component) Consider a directed graph G,,. The strongly connected
components of G,, are the maximal subsets of V' such that between any pair of vertices u,v directed u — v
and v — u paths exist simultaneously.

Each each vertex is an element of exactly one weakly and one strongly connected component. This allows us
to denote the weakly and strongly connected component containing v by respectively WCC (v) and SCC (v).
By definition there holds SCC (v) C WCC (v). Both, the strongly and weakly connected components partition
the vertices of the graph. We want to study the strongly connected components of a random graph. Instead
of studying these components directly, their characterization in terms of in-components and out-components
is used.

Definition 3.4. Consider a directed graph G,, and take v € V. Then

e thein-component of v, denoted by In (v), consists of v itself and all vertices u € V such that a directed
u — v path exists;
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e the out-component of v, denoted by Out (v), consists of v itself and all vertices w € V for which a
directed v — w path exists.

Unlike the strong and the weak components, these components are defined based on a specific vertex. From
this definition we also note that « € In (v) does not imply In () = In (v). The same observation holds for the
out-component as well. This means that these types of components do not partition the vertices of the graph.
Furthermore we note that In (v) , Out (v) D SCC (v) and In (v), Out (v) C WCC (v). These components allow
to characterize the strongly connected component in the following way.

Lemma 3.5. Consider a directed graph G,,. For any v € V there holds In(v) N Out(v) = SCC (v).

Proof. To prove that In (v) N Out (v) = SCC (v), it suffices to show SCC (v) C In (v) NOut (v) and SCC (v) D
In (v) N Out (v). Take u € SCC (v). By definition of the strongly connected component this implies that
directed u — v and v — u paths exist. Hence u € In(v) and u € Out (v), which shows that SCC (v) C
In (v) NOut (v). Next take u € In (v) N Out (v). This implies that directed v — v and v — u paths exist. For u
to be an element of SCC (v) it must also hold that for any w € SCC (v) directed w — u and ©— w paths exist.
Because w € SCC (v), directed v — w and w — v paths are present in G,,. This implies existence of a u — w
path by concatenation of the u —v and v —w paths. Similarly the w —u path can be formed by concatenating
the w — v path with the v — w path. Thus v € SCC (v), which shows that SCC (v) D In (v) N Out (v). O

For any type of connected component introduced above, a corresponding giant connected component can be
defined. As a giant component is a component of which the size scales linearly in the number of vertices, it
is defined for a graph array (G,),., rather than for just one graph. We will not consider the giant weakly
connected component in this work. For completeness we do introduce its definition.

Let C}V (G,,) be the largest weakly connected component of G,,.

Definition 3.6. The graph array (G,,),_, contains a giant weakly connected component(GWCC) if

w
)]

n—00 n

1= Cwee > 0. (31)

Denoting the largest strongly connected component of G,, by C7 (G,,), also the notion of a giant strongly

connected component can be defined.

Definition 3.7. The graph array (G,,),., contains a giant strongly connected component(GSCC) if
_lef(Ga)l
lim ————~

n— oo n

‘= Coee > 0. (3.2)

The values cyee and cg.. are the size of the GWCC respectively GSCC. Here by size we mean the fraction of
the vertices contained by the component. As the in-component and out-component are defined based on a
vertex, there giants are defined differently.

Definition 3.8. The graph array (G,,),-, contains a giant in-component (GIN) if for a uniformly random
vertex v

I
L )

n—oo n

= ¢ijp > 0. (33)

Definition 3.9. The graph array (G,,),-, contains a giant out-component (GOUT) if for a uniformly random
vertex v
Out
L [Out (v)

n—00 n

= Cout > 0. (34)

10
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Figure 2: An illustration of the construction of the out-component of v by the directed configuration model.
In-stubs are displayed in blue, out-stubs in red.

3.2 Existence of GIN, GOUT & GSCC

The goal of this section is to introduce a theorem by Cooper and Frieze that describes whether a random
(oo}

oo —
. obeying a given proper degree array (d”) w.h.p. contains a GSCC [4]. Instead of
n=1 n=1
directly stating the theorem, we first give the intuitive 'proof’ of this theorem. This also allows us to explain

where the values used in the theorem come from. But first we define a proper degree array.

graph array (G

oo

Definition 3.10. A degree array (d%) is proper if it is feasible and additionally satisfies

nl/12
max = Tpn(p) >

) i2kNj oo k2N, 5 (7
2. p=max (Zj,k:O %a Zj,k:O %) = 0(dmax)-

Cooper and Frieze show that the out-component of each vertex either contains O (dfnax
w.h.p. contains ag n vertices, for some yet unknown constant aar . Similarly they show that the in-component
of each vertex either contains O (dfnax ln(n)) vertices or w.h.p. contains ay n vertices, for some yet unknown
constant a; . Denote the set of all vertices with out-component of size aa' n by LT and the set of all vertices
with in-component of size a; n by L™. Lemma implies that a strongly connected component is the inter-
section of the in-component and the out-component of some vertex. Thus a vertex v must be in L1 and L~
to be in the GSCC, if the GSCC exists. First, we will heuristically investigate the probability that a random

vertex is in LT (respectively L™) by investigating the out-components (in-components) of a random graph.

1. d

In(n)) vertices or

4\ 00
To investigate the out-component of the random graphs, we take a proper degree array (d") ) and denote
n=
its underlying degree distribution by (pj,k)fk:@ In Section we showed that results on multigraphs induced
by uniformly random configurations can be transferred to uniformly random simple graphs. Thus we will
consider multigraphs generated by the configuration model. As discussed in Section the configuration
model generates a uniformly random configuration of W~ and W ™. This gives us the freedom to construct
the configuration in such a way that first the out-component of a vertex v is constructed. How can we do
this? Pick a vertex v of which we wish to construct its out-component. Choose any out-stub of v and match
it to a uniformly random unmatched in-stub. Suppose this in-stub is an element of W, . This implies that we
add w to Out (v). Now also the out-stubs of w can enlarge the out-component of v. Hence at the next step,
we take any unmatched out-stub from the set W,© U W, and match it to a uniformly random unmatched
in-stub. This process is illustrated in Figure|2l It continues until all out-stubs of Uweout(v)WJ are matched.
At that point the out-component of v is completed. Randomly match the remaining unmatched in-stubs
with the unmatched out-stubs to complete the configuration.

The construction of the out-component of v, as described above, is similar to a Galton-Watson branch-
ing process. A Galton-Watson branching process is a discrete time process. It starts with one individual. At
each time-step a random living individual generates an integer amount of off-spring and dies. The amount
of off-spring generated is governed by the off-spring distribution Z(k). Such a process either continues on
indefinitely, i.e. at each time-step at least one individual remains alive, or it becomes extinct at some point,
i.e. at some time-step all individuals are dead. Let p be the probability that the branching process becomes
extinct at some point.

11
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Lemma 3.11. Consider a Galton- Watson branching process with offspring distribution Z (k). The extinction
probability p of this process is

o 1 ifE[Z(k)] <1;
e the unique solution in [0,1) to the equation x = > po P [Z(k) = k|z* if E[Z(k)] > 1.

The parallel between a Galton-Watson branching process and the construction of the out-component arises
when identifying an individual with an unmatched out-stub. An unmatched out-stub ’dies’ when it is matched
to a random in-stub b. The amount of off-spring it generates, equals d}, where w is the vertex such that
b € W, . There is one exception: in case w was already an element of Out (v), the amount of off-spring is
zero. This means that the off-spring distribution is approximately (pmzozo, with p; the probability that by
following a uniformly random chosen in-stub, we find a vertex with out-degree k. This latter probability is
given by

(3.5)

Here the division by u ensures that the probability distribution is normalized. We expect that v € LT if
the corresponding Galton-Watson branching with off-spring distribution (pk ) o, becomes extinct. Applying
Lemma [3.11] to the distribution, we find that this only can happen if

= \m.

o0 (o] o0 .

—0 2j=0JkDjk
kaZ:Zk ozjo J :,LL11>1.
=0 o w

Thus we expect that LT is empty unless % > 1. In the case % > 1, the probability that the branching
process does not become extinct is n*, where 1 — ™ is the unique solution in [0,1) to

=S "pr (1 -0t)". (3.6)
k=0

Recall that the Galton-Watson process always starts with one individual. However the generation of the
out-component of v starts with d; out-stubs. Assuming that each out-stub of v generates a disjoint subset of
Out (v), this can be regarded as d; independent copies of the branching process. This collection of processes
terminates if and only if all of the individual branching processes become extinct. Therefore the probability
that the process corresponding to the generation of the out-component of v becomes extinct is

+
(1 o n+)du )
Thus for a random vertex v the probability that v € L™ is approximately ¢*, where 1 — (T is given by
oo o0 k
(1=¢)=3_> pr(1-u")". (3.7)
7=0 k=0

There is nothing special about the out-component in the above reasoning. The same idea can be applied
to the in-component, but with a different off-spring distribution. In this case we need to probability that
following a uniformly random chosen out-stub, we find a vertex with out-degree 7, i.e.

Lk
p; = Z ;pj,k. (3.8)
k=0

A Galton-Watson branching process with off-spring distribution (10j ) has an extinction probability smaller
than 1 if

== >
I I

D D Z;iojkpjyk K11
Zﬂ’j =

12
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Note that this is the same condition as for the off-spring distribution of the out-component. In other words LT
and L~ are expected to become non-empty under the same conditions. The probability that this branching
process does not become extinct is n~, where 1 — 1~ is the unique solution in [0, 1) to

(1—n7) :ij_ (1—1]7)]. (3.9)
j=0
Thus we expect a random vertex v to be in L™ with probability (—, with 1 — (~ defined by

1) =SS pu (). (3.10)

§=0 k=0

Using these probabilities for a random vertex to be in L™ or LT and Lemma we determine heuristically
whether a giant strongly connected component is present in the graph. For a vertex v € L™ and a vertex
uw € LT it is very likely that there exists an edge from a vertex In (u) to one in Out (v), i.e. v € In(u) and
u € Out (v). Thus if u,v € L™ and w,v € LT, it is likely that u and v are in each others in-component
and out-component. By Lemma [3.5] this implies that u and v lie in the same strongly connected component.
Hence we expect a GSCC consisting of the vertices LT N L~. This set is expected to be non-empty if % > 1.
To determine the probability for a random vertex to be in LT N L™, i.e. to approximate the size of the GSCC,
define

” :iipj,k (1—n7) (1=nh)". (3.11)

7=0 k=0

This approximates the probability that the branching process corresponding to the generation of the in-
component and the out-component both become extinct. Hence the probability that both process continue
on indefinitely can be approximated by

e=(T+( +y -1 (3.12)
The above intuitive idea is rigorously proven by Cooper and Frieze for proper degree arrays.

Theorem 3.12 (Existence of a GIN, GOUT and GSCC ). [4, Theorem 1 and 2] Consider a proper degree
array (d_ﬁ) . Take a uniformly random sequence of simple graphs (G d%) obeying this degree array.

n=1 n=1
Then the following statements hold.

1. If B4 < 1, with high probability the size of the in-component and the out-component of each vertex is
O (d?,,In(n)).

max

2. If “% > 1 and pd,py > 0, with high probability

e There are (tn vertices with an out-component containing (™ n vertices;
e There are (~n vertices with an in-component containing (tn vertices;
e There is a unique giant strongly connected component with vertex set LYNL™ of size ((T + (™ 4+ — 1) n.

Note that in case £ < 1, the theorem only regards the size of the in-components and out-components.

Applying Lemma it follows that the size of the strongly connected component to which a vertex belongs
is upper bounded by the minimum of the size of its in-component and out-component. Hence the fact that
w.h.p. the in-component and the out-component do not scale linear in n for any vertex, implies that w.h.p.
no GSCC is present. Furthermore we remark in case % > 1 and pa' ;P > 0 the theorem assures that a
GIN and GOUT exist w.h.p. This criterium for the existence of a GSCC is used in Section [4] to study the
influence of percolation on the structure of a directed random graph.

13
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4 Percolation in directed graphs

Having defined the notion of a random graph with a given degree distribution in Section [2] and studied the
existence of a giant strongly connected component in Section[3] we are ready to study percolation theoretically.
This section introduces our new result in the form of a theorem determining the percolation threshold for the
existence of a giant strongly connected component for bond and site percolation. This is proven by extending
Fountoulakis’ method [2] for determining the percolation threshold in undirected graphs to directed ones and
combining it with Theorem [4]. Section states our theorem and all the necessary notations. The
remainder of the section presents the proof of the theorem, which is split into two parts: the proof for bond
percolation, see Section [4.3] and for site percolation, see Section [4.4] Before the proof is split, Section [4.2
gives some auxiliary definitions and theorems used in the proof for both types of percolation.

4.1 Percolation threshold for GSCC
Percolation is a random process on a graph G,, removing its edges. We consider two types of percolation:

e Bond percolation Fix a value w € (0,1). Each edge of G,, is removed independently of the other edges
with probability 1 — 7.

e Site percolation Fix a value m € (0,1). For each vertex of G,, all the edges incident to this vertex are
removed with probability 1 — 7, independently of the other vertices. If this happens we say that the
vertex is made isolated. Such a vertex may also be referred to as a deleted vertex.

The value 7 is called the percolation probability. Applying percolation to a graph leads to a random subgraph
on the same vertices. Let G,, be the graph to which percolation is applied with percolation probability =,
then the subgraph that remains after percolation is denoted by G7. The context will indicate which type of
percolation is performed.

Whenever one studies percolation on a graph, a certain property of the graph is investigated as a func-
tion of m. We look at the influence of percolation on the existence of a giant strongly connected component
in random graphs obeying a proper degree array. In Section [3| we saw that these giant components are only

defined for a graph array. Hence we look at the effect percolation has on a limiting behaviour of uniformly
oo

oo —
random graph array (G d;b) obeying a proper degree array (d") . This results in a percolated graph
n=1

n=1
oo
array denoted by (G}) . The main goal is to determine the percolation threshold m.. This is the value
n=1
of the percolation probability 7 such that:

o0
e For m > m., the array of percolated graphs (G}n ) w.h.p. contains a giant strongly connected
=1
component. "

o0
e For m < 7., the array of percolated graphs (G}n ) w.h.p does not contain a giant strongly connected
=1
component. "

More formally it is defined as

e (c)
Te=supqm€[0,1] | lim P M:o =0,. (4.1)

n—00 n

Here the probability is taken with respect to a sequence of probability spaces indexed by n € N. Given n
this probability space contains the graphs that can remain after applying the type of percolation of choice
with percolation probability m to any graph obeying d". The probability assigned to each graph equals
the probability that it remains after applying percolation to a uniformly random graph obeying d™. This
definition does not specify the type of percolation applied. As both types of percolation might have different

percolation thresholds, they will be denoted by w2°nd and wsite.

14
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Our main result concerning percolation in a random directed simple graphs with a given degree array is
the following theorem.

4\ 00
Theorem 4.1. Let (d“) be a proper degree array for which 11 > p and pa,pg > 0. Then the percolation

threshold for the em’stencziof a giant strongly connected component is given by

Wfond = miite = H (4.2)
H11

Moreover for 1 < 2" there is an unique value c*™?, defined by equation (4.31)), such that

 (¢%)|
lim P TIL = chond

n—00 n

Similarly for © > w5 there is an unique value c*¢, defined by equation ([4.54)), such that

o (o)
lim P |- /L site

n—00 n

=1.

This theorem excludes proper degree arrays with p > 17 as for these degree arrays the percolation threshold
is not defined. Recall that Theorem [3.12| states that a random graph obeying a proper degree sequence with
@ > p11 w.hop. does not contain a giant strongly connected component. Since percolation only removes edges
from the graph, it can only decrease the size of the strongly connected components. Thus if the original graph
array w.h.p. does not contain a GSCC, the same holds for the percolated graph array. By definition of the
percolation threshold, equation 7 this shows that the percolation threshold is not defined for these degree
arrays.

Our Theorem can be regarded as the directed analogue of Theorem 1.1 [2]. Theorem 1.1 determines
the percolation threshold for the existence of a giant connected component in undirected graphs for bond
and site percolation. We base the proof of our theorem on Fountoulakis’ proof of Theorem 1.1 [2]. The idea
of this proof is as follows. First, show that conditional on the degree sequence after percolation, a uniformly
random configuration remains. Using this fact, the degree distribution after percolation is determined. After
showing that additional requirements are fulfilled, this allows to apply Molloy and Reed’s theorem for the
existence of a giant component in a random graph with given degree array [3] to the percolated configuration.
Applying this theorem to the degree array after percolation, allows to determine the percolation threshold.

The proof of Theorem adopts a similar path as described above, with the theorem of Molloy and Reed
being replaced by Theorem by Cooper and Frieze [4]. This implies that we need to show that the degree
array remains proper after percolation. Also in the entire proof some changes are made to make it suitable
for directed graphs.

4.2 Preliminaries for the proof of Theorem |4.1

Before we proof Theorem separately for bond and site percolation, in this section we introduce auxil-
iary definitions and theorems used in these proofs. Theorem [4.1] gives the percolation threshold for simple
graphs. In the proof we consider uniformly random configurations and their induced multigraph obeying a
4\ 00
proper degree array (d") instead of simple graphs. The results on these multigraphs can be transferred
n=1

to the simple graphs using Corollary and a variant thereof, as for any proper degree array there holds
Amax < % = O(y/n). This means that Theorem is applied to configurations and their induced
multigraphs rather than simple graphs. As the proof of this theorem also uses configurations rather than
simple graphs this is not a problem, despite the fact that Theorem is stated for uniformly random simple
graphs [4].

15
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To work with percolated configurations, we need additional notation. Like in Section u let W~
W denote the set of stubs inducing the degree sequence d". Here by inducing the degree sequence d”, we

mean that any configuration on W~ and W leads to a multigraph obeying d™. Define d” to be the random
variable for the degree sequence after percolation. Furthermore by d? we denote a possible degree sequence

- =/
after percolation. So d7? is a value that the random variable d"* can take. Percolation removes edges in a
graph, thus in a configuration it removes in-stubs together with the out-stubs they are matched to. Let W7

-/ —
and W™ denote the in-stubs and out-stubs surviving percolation. Conditional on d™ = d? these stubs are
in one-to-one correspondence with VVd_71 and W;%. Here I/Vd_71 and W}L denote the set of stubs inducing the

degree sequence dﬁ. The one-to-one correspondence follows from the fact that all vertices have the same
amount of in-stubs (respectively out-stubs) in W™ (W™*7) as in Wi (W"E ). Thus any mapping sending an

in-stub of ¢ of W ™™ to an in-stub of 7 in W — and an out-stub of 7 of W+ g to an out-stub of ¢ in WJE induces
a bijection. Let us fix such a bijection. Thls induces a one-to-one correspondence between the conﬁguratlon
on (W=™ WH™) and the configuration on (Wd? , W}') . This one-to-one correspondence will be important

later in the proof.

The goal is to prove that the percolation threshold is given by equation . However, the degree ar-
ray after percolation is a random variable. This requires the definition of the probability space for the degree
array after percolation. This is closely related to the sequence probability spaces over which the probability
in equation is taken. Recall that we consider percolation applied to a random graph array obeying the

degree sequence (d_h> . For the proof we let this be a random multigraph array. Let D,, be the proba-

n=1
bility space containing all degree sequences d” that can be obtained by applying percolation to a random

configuration on (W=, W™). The probability assigned to each d_ﬁ is the probability that it is induced by
L\ o0
(W=™ W*T). The probability space for the degree array (d;’) is the product space D = []>~, D,, with
1

n=

product measure v.

This section is concluded with stating several concentration results that will be used in the proof of Theorem
for bond and site percolation. Concentration inequalities are important as we deal with two sources
of randomness: the initial multigraph is random and percolation randomly removes edges. Hence we will
encounter many random variables. It is often useful to restrict their values to a bounded interval with high
probability. Concentration inequalities allow to determine such intervals. The first concentration inequality
that is used, is Hoeffding’s inequality.

Theorem 4.2. (Hoeffding’s inequality)[23] Let X1, X, ..., X, be independent random variables. Suppose
that a; < X; <b; for alli € {1,2,...,n} and define ¢; = b; — a;. Furthermore define S, = > ; X;. Then
there holds

P (IS, — E[Su]| > 1] < 2exp (_Ef_tQCQ) . (4.3)

The second concentration inequality is a corollary of a theorem by McDiarmid.

Theorem 4.3. [2], Theorem 7.4] Let (V,d) be a finite metric space. Suppose there exists a sequence
Po,P1,...,Ps of increasingly refined partitions with Py the trivial partition consisting of V and Ps the
partition where each element of V' is a partition element on its own. Take a sequence of positive inte-
gers co, C1,. .., Cs such that for all k € {1,2,...,s} and any A, B € Py, with C satisfying A,B C C € Pr_1
there exists a bijection ¢ : A — B with d(x,¢d(x)) < cx for all x € A. Let the function f : V — R satisfy
|f(x) = f(y)| < d(x,y) for all x,y,€ V. Then for X uniformly distributed over V and any t > 0 there holds

212
PISCO) - B0 > < 20 (52 ).
2 k=0 Ch
This theorem allows to show the following concentration inequality, that will prove to be useful in Sections

43 and [£.4]
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Corollary 4.4. Consider two finite sets Ay and A; of sizes |Ag| = ao and |A1] = a1. Define S =
Uicgop{(z,4) | © € As}. A subset of S containing by elements with i = 0 and by elements with i = 1
is called a (bo, by)-subset of S. Define V as the space of all (by,by)-subsets of S. Let f : V — R be a function
such that for any B,B’ € V there holds |f (B) — f(B')] < |BAB'|. Here BAB’ denotes the symmetric
difference, i.e. BAB' = (BUB’')\ (BN B’). Then for X distributed uniformly over V. and any t > 0 there
holds

PIACO) ~ B0 > 6 < 20 (- g ) (4.4

Proof. Consider a (bg, by )-subset of S. Assign each element a unique number in the set {1,2,...,b9+b1}, such
that for all elements with ¢ = 0 this number is smaller than by+1. Note that this implies that for each element
with ¢ = 1 its number is larger than by. A (bg,by)-subset of S with such a numbering is called a (bg, by)-
ordering of S. Define W to be the set of all (b, by )-orderings of S. The function f : V — R can be extended
to a function f : W — R by regarding each (b, b1 )-ordering as (bg, b1 )-subset. This extension respects the
relation |f(z) — f(y)| < xzAy, i.e. it holds for z,y € W as well. This is true since for any two orderings
x,y their symmetric difference as (bg, b1 )-orderings is bounded from bellow by their symmetric difference as
(bo, b1)-subsets. The next step in proving equation is applying Theorem to the metric space (W, A).

We will now define a sequence of refined parti-
tions on W using the notion of an i-prefix. An
i-prefix determines the first i elements of an or-
dering. This allows for all k € {0,1,...,by + b1}
to construct the partition Py by defining its ele-
ments to be the sets of orderings with the same
k-prefix. Now the partition Py is the trivial par-
tition consisting of W. As each (bg, by)-ordering
has bg + b1 elements, Py, 1, will be the partition
where each element is a single ordering. Next the
values ¢, need to be determined. Take B, D € Py,
with C' satisfying B, D C C' € Py_1. This implies
that any ordering in B has the same k — 1-prefix
as an ordering in D. Furthermore these orderings
must differ at the " element. The remaining
bo + b1 — k elements can be any element that is
not present in the k-prefix that lead to a valid
ordering. Denote the k* element of any ordering
in B by apy. Similarly let ap ; denote the k% r€B
element of any ordering in D. Define the bijec-

tion ¢ : B — D by taking x € B and mapping its

k" element to ap.. If x contains ap , at some
position [ > k, map the I*" element of z to ap.k-
All the other elements are unchanged by the bi-

Figure 3: The definition of the bijection ¢ : B —
D. A 2-prefix is highlighted in red. The elements
ap2 and ap o are indicated in green. The bijec-

jection. By definition this is an element of D.

tion itself is displayed in blue.
This bijection is illustrated in figure 3]

According to definition of ¢ for any x € B we have [tA¢(z)| < 4. Thus we may take ¢, = 4 for all
ke{l,2,...,bp+b1}. Applying Theorem we find that for distributing X uniformly random over W and
any t > 0 there holds

PIf(X) =E[f(X)]] > t] < 2exp (_8@;+b1)> '

Remark that each element in V' gives rise to by! + b1! different orderings. All these orderings have the same
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4. PERCOLATION IN DIRECTED GRAPHS

value under f. Thus the probability that f(X) = ¢ does not change when we take X to be a uniformly
random element of V instead of W. Together with the above equation, this proves the claim. O

4.3 Bond percolation

This section is devoted to proving Theorem for bond percolation. This proof is based on [2 Section 3]. Tt
is divided into three steps. First, it will be shown that conditional on the degree sequence after percolation,
each configuration on Wd; and W}L is equally likely, see Section |4.3.1} In Section [4.3.2] we determine the

™

limit of the expected number of vertices with degree (j, k) after percolation. Combining these results, the
proof can be completed by showing that an element of D is v a.s. proper, which allows us to apply Theorem

3.12] see Section [4.3.3]

4.3.1 A percolated configuration is a uniformly random configuration

Consider a uniformly random configuration on (W=, W™). Bond percolation randomly removes matches
from this configuration. A configuration on (W ™", W) remains. It will now be shown that conditional on
the degree sequence after percolation, a uniformly random configuration on (W=, W ™) arises. The proof
is split into two lemma’s. Our lemma’s are the directed analogues of Lemma 3.1 and 3.2 [2] for undirected
graphs. The first step is showing that conditional on the number of edges after percolation, the surviving
stubs are chosen uniformly at random.

Lemma 4.5. Suppose that | of the m edges survive bond percolation applied to a uniformly random configu-
ration M on (W=, W) . Then the surviving stubs W= C W~ and W™ C W are uniformly distributed
amongst all pairs of subsets of W~ and W of size l.

Proof. As [ edges survive percolation, there holds |W™"| = |W*™| = [. The probability that W= C W~
and W™ C WT are the stubs surviving percolation equals the probability that all points in W =™ have their
match in W™ and that exactly these [ matches survive percolation. Since the graph contains m matches

of which [ survive percolation, the probability exactly those ! matches remain is (%)
1

It is left to investigate the probability that all stubs in W ™™ have their match in W™, This implies that
M must decompose into a perfect bipartite matching of W™ with W7 and a perfect bipartite matching
of W=\ W= with W+ \ W7, Between two sets of size [ there are [! perfect bipartite matchings, hence
the probability that M decomposes as desired, is I!(m —1)!/m!. Thus the probability that (W =" W*7) are
the stubs surviving percolation is

Nm-0! 1 1

I R

This is the probability that W7 is a uniformly random subset of size [ of W~ and that W™ is a uniformly
random subset of W of size . O

Using this lemma, the desired statement can be shown.

Lemma 4.6. Apply bond percolation to a uniformly random configuration on (W=, W) obeying the degree

- - -/ -
sequence d"*. Conditional on having degree sequence d?* after bond percolation, i.e. d® = d%, all configurations
of Wdi with W;ﬁ are equally likely.

Proof. The goal is to show that all configurations on Wd:n and W;% have equal probability to arise after

-/ —
percolation, given that d* = d?. This implies that for any perfect bipartite matching M7™ of Wdin with W};
there must hold

S
P M7|dY = di = 5.

18



4. PERCOLATION IN DIRECTED GRAPHS

Here [ denotes the sum of the in-degrees of dﬁ. First, rewrite this probability using [P {|W’*”| =1

' = dfﬁ] -
1 and the law of total probability to obtain

i [M”\d%' - dﬂ =P [M”

W = 1,d = di|.
Applying Bayes’ formula to the right hand side of the previous equation gives
P M =di | W] = 1]

g — dnl —
P[M E; _dﬂ}_ P[d%':cﬁ; W*”T\:l} . (4.5)

wor| =],
Define S(dﬁ) to be the collection of pairs of subsets of (W=, W) that induce the degree sequence d”.

Recalling that [WW 7| = |[W*7|, we sec that for any pair of subsets in S(d?), both sets must contain
elements. In combination with Lemma [£.5] this implies

-/ —
It will now be shown that this expression equals 71, First determine the value of P {d” =dn

P[d" = di

W =1] =

Next we consider P [./\/17r nd" = di | [
percolation and that (W= W+m) € S(d?). We want the probability that the configuration on these

= l}. Assume that (W=7 W+7T) are the stubs surviving

stubs induces the configuration M™ on Wd;,W;% . As we fixed a bijection between (W™ W) and

(de W};), exactly one configuration of (W =", W ™) induces the configuration M™ on (Wﬁ,Wdfn).

This determines the configuration on (W =™ W), However we are free to choose the configuration on
(W= \W=™ W+ \ WH™). Thus assuming that (W =" W) € S(d?), the probability that it induces the
configuration M™ on (W=7 W+7T) is

(m—1)!

m!
As Lemma [4.5] states that the remaining stubs after percolation are chosen uniformly random conditional on
the number of matches surviving, there follows

(m — D! |S(d)|
mt (%)

P [M” nd' = dn

W = l] -

Plugging our findings back in equation (4.5)), we obtain

O
4.3.2 The expected number of vertices with degree (j, k) after bond percolation
The next step in the proof of Theorem [£.1] for bond percolation is showing that the limit
E [N’.* (n)}
: Jk . bond
Jim ————= = pjy) (4.6)
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4. PERCOLATION IN DIRECTED GRAPHS

exists and determining its value for all 0 < j, k < co. Here N « (n) denotes the number of vertices in the

percolated graph or conﬁguratlon with in-degree j and out- degree k, i.e. with degree (j,k). In Section m

we show that v a.s. (p}?‘,’c“d) is the degree distribution of the percolated graph. Bearing this in mind,
’ J,k=0

bond

the distribution <p§’°nd) is used to determine an educated guess for m. at the end of this section.
j,k:O

First the limit of equation (&.6) is shown to exist and the value of p?3"? is determined.

For all values of (j,k) with j > dmnax Or k& > dpax or both the limit of equation (4.6) is easily evaluated.
Under these condition, the graph does not contain a vertex of degree (j, k) before applying bond percolation
by definition of dyax. As percolation only decreases the degree of the vertices, this implies that N;-fk (n) =0.

Thus also for the expected number of vertices of degree (4, k) there holds E [N;Tk (n)} = 0. Hence the limit
of equation (4.6) is
E [N, (n)] 0
lim Ji = lim — = 0:=pbyd. (4.7)

n—00 n n—oo N Js

In case j, k < dpax it requires more work to show the existence of the limit in equation (4.6)). Since equation
(4.6) is the directed analogue of equation (3.3) of Fountoulakis [2] we adapt the corresponding proof from
this reference. Remark that

E[N;fk } ZE[NJ”k )’|W"’T|:l}]P’[|W"”|:l}. (4.8)

This conditional expectation of N[} (n) in turn can be written as

E {N]”k (n) ’ (W= | = l} Z Z Ny a+ (n) P [vertex of degree (d~,d") has new degree (j, k) |[W "
d-=jdt=k

_,”

Here (d~,d") is the degree of the vertex before percolation and (j, k) is its degree after percolation. This
requires us to determine the probability P [vertex of degree (d~,d™) has new degree (j,k) |[|W™"|=1]. As
Lemma implies that the surviving stubs are chosen uniformly at random conditional on the size of W™
there holds

_ m—d— + v —d
P [vertex of degree (d~,d") has new degree (j, k “W T =1] = (dj ) ( é J) ) (dk> ( é;nls )
!

This value can be further approximated for [ € I := [mﬂ' —In(n)y/n, mm + ln(n)\ﬂn)] As the edges are

removed independently of each other, the size of W ™7 is the sum of m independent Bernoulli variables, each
having expectation 7. Applying Theorem [4.2] yields

P [[[W="| —mn| > In(n)y/n] < exp [—Q(ln2(n))] . (4.9)

This implies that P [l ¢ I] = o (). Fountoulakis [2] shows that for diax < n'/% and [ € I there holds

v (ve(3)

As we consider proper degree arrays there holds dyax < ’fn(n) Since ln(n) < nl/9 for all n > 3, we can use

the same argument of Fountoulakis to show that

- + . - .
P [vertex of degree (d~,d") has new degree (j, k) ||W 7| =1] = (dj ) (dk )WJJrk (1—m) =ik (1 +0 ( 7(/72))
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4. PERCOLATION IN DIRECTED GRAPHS

uniformly for all d—,d" < dInax and [ € I. This allows to determine E [N” (n) ||W—7| = l} foralll € l. In
combination with equation ([.8), P[l ¢ I] = o (Z5) and the fact that N7}, (n) <n, this yields

E[N7, (n)] = (1 Lo ( }]}2)) jz_j jz_jk (‘2) (d,: )W (L —m) T (7;) . @10)

using same argument as for E[D;(n)] in [2, p. 344]. With this approximation of E [N;Tk (n)], we can show

that the limit of equation (4.6) exists. This requires for all € > 0 the existence of k (¢) and N (e) such that
forall n > N

(dmax; max) — ( max s max)
1 d d+ . — gt 1
+k d +dT—j—k
- > N d*()<j>(k>”J (1—7) <= > Ng-a+(n) <e (4.11)
(d=,dT)=(0,0) (d=,d*)=(0,0)
d~>k+lordt>k+1 d~>k+lordt>r+1

The left inequality holds by the binomial theorem, which 1mphes that Z =0 ( )7r3 (1-m)d = = Zio (d,: Yk (1—
= 1, yielding for all j < d7,k < that (% — B g . e right inequality
)tk = 1, yielding for all j < d~,k < d* that (%) (4)pitF (1 —p)* * 1. The righ 1

holds since lim,, o Nix() pjk for j,k > 0, which follows from the degree array being proper. Combining

equations (4.10) and (4.11)) the limit in equation (4.6)) can be shown to exists in analogy to the proof of [2]

eqaution (3.3)]. Not only does this show the existence of the limit, it will also determine its value:

bond . E {N } —\ [dt J+k d=—j+dt—k

P = Hm ———= Z Z Pd- d+( , )(k )w (1—m) . (4.12)
d-=jd+=k

Thus the desired limit is evaluated. It is expected that ( bo“d) ho will be the degree distribution of the

percolated graph. In Section [4.3.3] this will be shown that thls holds v a.s. However this implies that
(p'j‘md) i must obey equation and be normalized. The normalization follows from the binomial
7 > _O

k=

theorem and that fact that (pj,k);okzo is normalized:
oo o0

ii Yo v d+< _> (d;F)wj*’“ (1 — )4 —i+d =k

j=0k=0d-=j d+=k

Lo S (G-

d—=0d+=0 k=0
= E E Pa—,a+ = 1.
d—=0d+=0

Next it is shown that ( bond> obeys equation (2.6). Besides the binomial theorem this derivation also
4,k=0

uses the equation

>

k=0

A
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4. PERCOLATION IN DIRECTED GRAPHS

which can be obtained by applying x% to the binomial theorem. We find

o0 o0 o0 o0 o0 — ) _ . o0 +
Syt =353 3 (4 )0 -m ()
7=0 k=0 =0 k=0d—=j d+t=k
0o 0o d- d- o dt d+ N
:Z Zpd,d+z.j(.)77j(1—ﬁ)d —]Z( )ﬂ_k(l_ﬂ_)d —k
d—=0dt=0 Jj=0 J k=0 k
= Z Z d"pa.a+-
d—=0dt=0

A symmetric argument shows that
o0 o0 o] o]
S St =n 3 d*pae
§=0 k=0 d—=0d+=0

This proves that

i i] bond Z Z k,pbond =y = M‘ﬂ' bond (413)

J=0 k=0 J=0 k=0
(o)
as (pjyk)jo.’okzo satisfies equation (2.6)). Thus (p?)?cnd% - indeed is normalized and satisfies equation (2.6)).

o
As we expect that (p}?%“d) will be the degree distribution of the percolated graph, we expect from
’ Js
Theorem [3] the percolation threshold will be the value of 7 such that

Z Jkpbond Z prond. (414)
4,k=0 4,k=0

Denote this value by #Pond  We will now determine this value. Recall that we just showed

Z ]pbond

7,k=0
In the same way, we find that
oo o0 o0
Skt = x2S S ddtpa g = gl (4.15)
4,k=0 d—=0d+=0
Plugging this into equation yields
~bond _ > a0 2ar—0d Padat _ K
a0 ar—od-d paar  p11
It remains to prove that #°"% = 7bond and to determine ¢*™d,
4.3.3 Determining 72°"d and cbonrd

The equahty sbond — 7bond can be shown by applying Theorem to the percolated multigraph array

bond

(G7r ) . This also allows us to determine the value of ¢ and hence to prove Theorem for bond
n=1

~ oo
percolation. The percolated multigraph array (G}l ) is obtained by applying bond percolation to a multi-

n=1

L\ 00
graph array obeying the degree array (d") , which is generated using the directed configuration model.

n=1
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4. PERCOLATION IN DIRECTED GRAPHS

- oo
To apply Theorem |3.12, we must show that (G}n ) is a random multigraph array obeying a proper degree

~ n=1
array. Lemma [4.6] implies that G™. is multigraph arising from a uniformly random configuration obeyin
y p i grap g y g ying

the degree sequence d_ﬁ conditional on d_ﬁ being the degree sequence after percolation. Thus conditional on

4\ 00 - %)
(dﬁ) ) being proper and the degree array after percolation, Theorem [3.12| can be applied to (G}L )

n= n=1

4\ 00
This requires (dﬁ) to be proper. It will be shown that an element of D is v a.s. proper. Hence Theorem
n=1
o0

4.1|may be applied to almost all degree arrays (dzrl) to determine 7

n=1

bond

bond and cPord for random multigraphs.

o0
A variant of Lemma is then applied to show that the same holds for a percolated graph array (G}L)
n=1

4\ 00
that arises from applying percolation to a uniformly random simple graph array obeying (d") . In the

n=1
remainder of this section, we formalize the above argument. This is based on the proof of Theorem 1.1 [2], p.
345 — 348 |. The first step is showing that each element of D is v a.s. proper.

o

Definition [3.10| implies that each proper degree array must be feasible . For any (d_ﬁ) € D that is

n=1

5\ 00
feasible, it can be easily shown that it is proper as well, using the fact that (d") is proper. So we will

n=1

o0 o0

€ D is v a.s. feasible. By Definition a degree array (dfﬁ) is feasible

n=1

first prove that any (dfﬁ)

n=1

o (N7, e . . R T
if (%(n)) . and its first, first mixed and second moments converge to those of a bivariate distribution
J,k=0

obeying equation ([2.6). As we consider multigraphs at this point, for now we replace the constraint of each
degree sequence being graphical with each degree sequence being valid. That each d? is valid, is a direct

. 4\ 00
consequence from the fact that d” is valid, which holds as (d”) is proper. We may swap these conditions
n=1

as Theorem holds for a proper degree arrays where each degree sequence is valid as well [4]. When
conditioning on the graph before percolation being simple later on in the proof, we implicitly replace valid by
graphical. At that point the degree sequence d? will be graphical, as applying percolation to a simple graph
Nip(m)

must result in another simple graph. Now we will show that v a.s. ( -

o0
) and its first, first mixed
J,k=0

oo
and second moments converge to (p?%nd> and its corresponding moments. The first step is showing that
v a.s o k=0
N7, (n)
: .k bond
lim 25 2 —pb 4.16
n}»oo n l%’k ’ ( )

for all 5,k > 0. This is shown using the technique Fountoulakis applies [2, p. 346 — 347]. By [25, Lemma 6.8]
it suffices to prove that € > 0

> NT, (n
z{: P)[‘ JJ7( ) _’p?iFd

> e} < 00, (4.17)

to show equation (4.16)). By definition of p?";qnd for any fixed € > 0 there is an N such that for all n > N

E | N7, ()]

bond €
- e < 3
This implies
NT (n NT. (n E{Nﬂk(n)]
P ]7k( ) _pb(])cnd S € S]P) ],k( ) _ Js >E
n Js n " 9

To determine this latter probability, recall Lemma This states that conditional on |W™=7| = [, the stubs
surviving percolation (W ™=" W*7) are uniformly distributed amongst all pairs of subsets of (W=, W)
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4. PERCOLATION IN DIRECTED GRAPHS

of size I. The value N, (n) is a function of W=7 U W*7. Furthermore for two sets W ™™ U W™ and
W= UWH" their values of N7, (n) differ by at most the number of elements in the symmetric difference

of W= UW™ and W= UW+7". This implies that for 4g = W~, 4, = W+,by = by = [ and N (n) as
function f the requirements of Corollary [4:4] are fulfilled. Applying this Corollary yields

2,2
—l} < 2exp (;4@)

If I € I, this probability is o (n%) By equation (4.9) the probability that { ¢ I is o (%) Combining these

observations we find
P[] > )= (). .

For any € > 0 this shows equation (4.17)), which in turn proves that the limit in equation (4.16]) holds v a.s.

P[‘N;jk(n)—E[N;k H >—||W -

NT o0
It remains to show that the first, first mixed and second moments of (%(n)) i converge v a.s. to those
J k=0

L\ o0
of ( bond) o’ to prove that (dﬁ) is v a.s. feasible . All these moments can be shown to converge v a.s.
J,k=0 n=

using the same argument, which is based on the proof Fountoulakis uses for equation (3.5) [2]. First we inves-
tigate the convergence of the first moments. In Section we saw that Y05 iphe ! = 2 mo kPYRY. As
any edge must begin at one vertex and end at another, there also holds ZJ k=0 N1 (n) = Z;,Ok:() kN, (n).
This implies that we can restrict ourself to showing that

lm Q= fim 2ok=0d N (1)

n— 00 n— 00 n

(4.19)

v a.s. exists and equals

Q= Z iy =y,

§,k=0
to show that both first moments converge. To determine the limit in equation define
N L "
n= Jgo ];)]

—

Remark that there holds X, , < @QJ,. Since (d") is a proper degree array, for all € > 0 there exists
n=1
% (€), N (€) such that for all k > K and n > N

(dmax;dmax)

- > iNjke(n) <e. (4.20)
(d=,dT)=(0,0)
d~>kordT >k

Thus for k > & there holds X, < Q] < X., + €. This implies that if v a.s.

lim X, = ZZ]pbond. X (4.21)

n—00
7=0 k=0

then lim, o Q) = Q v a.s. as well [2 (3.5)]. Thus the goal is to prove equation (4.21]). Applying Lemma
6.8 [25] we can show that this limit v a.s. holds, if for any € > 0 there holds

oo

2P|

| <. (4.22)
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4. PERCOLATION IN DIRECTED GRAPHS

We show this analogous to the proof of equation (4.17)). By the definition of X, ., X, and p?7‘,’€nd, foralle >0
exists an N such that for all n > N

‘E [Xn,n] - Nli

€
5
Combing this with the reverse triangle inequality, we find for any € > 0

P ([ Xen = Ke| > e <P [1Xe — E[Xenll > £].

Remark that

1 K K ) . -
X = E[X]l = = 30375 (N () —E [N], ()] ). (4.23)
§=0 k=0
This implies that for ¢ = T there holds
i<k

P[Xen Bl > 5 3 B[LNG - B[N )]l> €.

J<kk<k

Using equation 418 we find
o = 2 X 713 n29 '

Here we used the fact that dy.x = O (nl/ 9) and that for j > dpax or £ > dpax or both, there holds
N;fk (n)=E {N;fk (n)} = 0. This shows equation (4.22)) and hence proves that Q) converges v a.s. to Q.

By redefining @/, Q,X,,i,n,)z,.C the same can be shown to hold for the first mixed moment and the second
moments. This also requires to new definition of ¢’. Defining

o € € € €
= min ,
{2 22](5] 2Z]<n k:<n-]k 2Z]<5 27 2Zk<m }
we can show that all the moments of interest and the distribution itself converge simultaneously v a.s. for an

4\ 00 4\ 00
element of D. Thus we have shown that (dz) is v a.s. feasible. To show that (d;ﬁ) is v a.s. proper, we
n=1

n=1

Z;}k 0J kN]wk(n) Z] k:oﬂk2NJﬂk(")

show for each <dfﬁ) € D, which is feasible, that d7, n'/2>

ne1 max — ln(n)
0( nt/12 ) Here d™

In(n) max

uTn ntn

and p™ = max {

is the maximum degree of the percolated degree sequence. By Definition |3.10| this suf-

o0
fices to show that (d;ﬁ) is proper. Remark that we here used the feasibility of the degree array to define

n=1

4\ 00

p. As (d”) is proper, there holds dpyax < % Percolation can only decrease the in—degree and the
n=1

<d

max — “max-

Together these observations show that d7 .. < 711 @ ) for any

(dﬁ)nz1 € D. It remains to show p™ = o (%) First investigate the summation Z] e Oj2k:N (n)

(vespectively > _ jk*NJ, (n)). Each vertex of degree (j,k) contributes j?k(jk?) to the summation. As
the in-degree and the out-degree can only decrease due to percolation, this implies

out-degree of a vertex, implying d7

> kNI (n) < Y j%kNjk(n) and Y jEPNT, (n) < > RPNk (n).
4,k=0 j,k=0 j,k=0 j,k=0

Equation ([#.13)) gives that ™ P°"d = 71, Recall that 7 is constant, i.e. it is assigned a fixed value before the
4\ 00
percolation is applied. These observations together with the fact that (d”) is proper imply

n=1

: {Zif’k_okaj,k (1) S35 KNk <n>} ) (n/>
p" < max _Pr_, .
™

TN ’ TUN In(n)

25
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1\ 00
Thus any (d:ﬁ) € D is v a.s. proper. Let E C D be the event over which the degree array is proper. As
n=1

any element of D is v a.s. proper, there holds v (E) = 1.

To complete the proof, we follow the idea of Fountoulakis [2, p. 347 — 348]. In place of [2 Theorem

4\ 00
2.1] we use Theorem [3.12] For any (dﬁ) € F we may apply Theorem [3.12| to a sequence of random

multigraphs (é;ﬂn ) ~

n=1

arising from uniformly random configurations. Recall that Lemma ’R‘ implies that

this is the case for all n if we condition on d7b/ = d_;k Fix (d_;L) € F and apply Theorem [3.12[t (C:”l ) .
n=1 n=1

We will distinguish two cases based on the value of m: 7 < #°° and 7 > #”°". Recall that 7" ﬁ

First consider the case 7 < #°°™. Define A, (dﬁ) to be the set of all multigraphs obeying d_i? for which the

largest strongly connected component contains no more than en vertices for ¢ € (0,1). As % = 7'('% <1,
Theorem implies for all e:

lim P [G” €A, (d“g) |d" = dﬂ ~1. (4.24)

n—oo

Next consider 7 > #°°™. Define B. (dz}) to be the set of all graphs whose largest strongly connected

component contains en vertices for € € (0,1). As % = w% > 1 Theorem [3.12 implies that there exists an

unique € such that

hm]}»[G € B. ( )|d7/=djﬂ=1.

n—oo

Not only does the theorem imply existence of such of €, it also determines this value. This value is the
equivalent of ((* 4 ¢~ + 1 — 1) for the degree distribution ( b‘}cnd> . We will express this value in terms
j k=0

J,R=

of (p]yk)j w—o- Lhis requires us to determine the probability that a uniformly random in-stub is attached to
a vertex of out-degree k in the percolated graph. In analogy to equation (3.5)) this is

. on -\ -, (d* +_
p;:’bOd— jym-bond Z]pb == Z Zpd d+Z (j>7rj(1—7T)d j<k>77k(1—77)d :
dJr kd—=0 7=0 (425)

W Z Zd Pa- d+< ) 1 —md k= ipj+<d]:>ﬂk(l—7r)d+_k.

dJr kd—=0 d+t=k

Similarly the probability that a uniformly random out-stub is attached to a vertex of in-degree j in the
percolated graph becomes

—bond _ Z Py ( >7rﬂ (1—m* 7. (4.26)
d-=j
The distributions (p;’bond) and ( + bond) both have expected value 77% > 1. As py,pd > 0 there
§=0 §=0

also holds py "™, p bond 9. Hence the generating functions of these probability distributions will have

unique fixed points, z = f(x), that lie in the interval (0,1) [4, Lemma 1]. These are denoted by (1 — 5~ °nd)
and (1 —n*Pond) and given by
00 d- - . .
(1 o bond ij bond o bond Z o Z ( )ﬂ.] (1- ﬂ_)d —J (1 _ n—,bond)]
i=o " =N (4.27)
_ — bon a-
=Y pp (e (1) 1)

d—=0
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4. PERCOLATION IN DIRECTED GRAPHS

and
"

(1 + bond Z pd+ + bOHd) +1— ﬂ-)d . (428)
dt=0

Using n~ and " we can determine the analogues of ¢(*, (™ and % for the degree distribution (p'jond> o
J
Following the equations (3.10]), (3.7) and (3.11)) these are defined by

(1 _ C—,bond Z pbond — bond)j , (1 _ C+,b0nd Z pbond + bond)k (429)
7, k=0 7, k=0
and
¢bond Z pbond bond)j (1 o ,’7+7bond)k: ' (430)
7,k=0

Now we can define
bond C_ ,bond C-‘r,bond + wbond —1. (431)

This is the unique value of € such that

lim P [G € Bbona (df;) | di = dﬂ —1, (4.32)

n—oo

by Theorem [3.12

Equations (4.32) and (4.24]) almost prove Theorem There are two minor issues that can be easily
~ oo
resolved. First of all the theorem is stated for a percolated multigraph array (G}l) without conditioning

on the degree array of percolated graphs. As v (E) = 1, the argument of Fountoulakis [2, p. 348 ] can be
applied to show that:

o lim, oo P [éj}n € A, (d‘;’;ﬂ = 1forall e € (0,1) if w < 7"

o lim, ,, P {G}L € B bona (dﬁ)} =1 and lim,,_yo P {é}m € B, (d_fﬁ)} =0 for all € € (0,1),¢ # cPond if

> ﬁbond

The last problem is that we are interested percolation on uniformly random simple graphs instead of random

multigraphs. Replace the the graph G 4+ in Lemma and Corollary by the graph C;’}n and condition
on the graph to which percolation is applied (G j; ) being simple. This yields slightly different variants of the
lemma and corollary that do not require the additional changes to the proof. Now applying this variant of

Corollary 2.8 to the above limits, we derive that

o lim,, ,oo P {GZ} e A, (d_fﬁ)} =1forallee (0,1)ifm < bond.

e lim,, ,o P [ng € Bbona (dﬁ)} =1 and lim, 00 P [G” € Be ( )] =0 for all e € (0,1),¢e # cPord if

> 7T_bond7

completing the proof of Theorem [1] for the case of bond percolation.
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4. PERCOLATION IN DIRECTED GRAPHS

4.4 Site percolation

It remains to prove Theorem for site percolation. This proof has the same structure as for bond perco-
lation. Hence for parts of the proof, we will refer back to Section Like in the case of bond percolation,
the proof is split into different parts. First in Section [£.4.1] we show that applying site percolation to a
uniformly random configuration leads to another uniformly random if we condition on the degree sequence
after percolation, like in the case of bond percolation. The next step is determining the limit of the expected
number of vertices with degree (j, k) after site percolation, see Section Combining the results from
these sections with elements from Section the proof Theorem for site percolation is completed in
Section Our proof of Theorem for site percolation is based [2, Section 4]. We will conclude this
section by introducing notation that is used throughout the proof.

Site percolation randomly deletes vertices. Recall from Section that deleting a vertex means that we
remove all edges adjacent to this vertex. In the setting of the configuration model this implies that all stubs
attached to a deleted vertex are removed. Denote these stubs by (W=7, W), As site percolation removes
any edges adjacent to a vertex, also the match of any stub in (W—" W) will be removed. A stub in
(W=", WH") can have its match in the same set, as it might happen that both endpoints of one edge are
deleted. Let (W™ W) contain all the matches of stubs in (W ~=", W' ") that are not connected to a
deleted vertex. Thus W =" UW ™ (respectively W UW ™) are all in-stubs (out-stubs) removed by site
percolation. The stubs that survive percolation are still denoted by (W=7, W ™). Remark that this implies

W =W>"UW>"uUW=" and WHr=WtTuw*H" ywtm. (4.33)

These definitions of (W =" W) and (W™ WT™) will be important throughout the proof.

4.4.1 A percolated configuration is a uniformly random configuration

Like in the case of bond percolation, conditional on d_ilr being the degree sequence after percolation, applying
site percolation to a uniformly random configuration on (W=, W) leads to a uniformly random configuration
obeying d_f;. Due to the different nature of site percolation, this requires another proof then in Section
First it will be shown in Lemma [£.7] that conditional on the stubs that are removed by site percolation, the
matching on the surviving stubs is uniformly random.

Lemma 4.7. Apply site percolation to a uniformly random configuration M on (W~ ,WT). Conditional on
the elements of (W =", W) and (W™ WT™)  each configuration on (W= W™ is equally likely.

Proof. By equation conditioning on the elements of (W™>" W) and (W™ W*™) also determines
the elements of (W™, W ™). Choosing the elements of (W ", W*") and (W™ WH™) furthermore
implies that the configuration M is the union of a configuration on (W="UW =™ W+" UW ™) with
one on (W=" W+™). As M is a uniformly random configuration obeying this split and the elements of
(W=™ W*™) are fixed, the configuration on (W=7, W) will be a uniformly random one.

O

This lemma allows us to prove that conditional on the degree sequence after percolation, a uniformly random
configuration remains.

Lemma 4.8. Apply site percolation to a uniformly random configuration on (W=, WT). Conditional on

—/ -
dn = dp

T

any configuration on Wdin,Wd; 18 equally likely.

Proof. Define | = |[W—7| and let S(d?) contain all sets of surviving stubs (W™, W) that induce the
degrees sequence dﬁ. Fix a matching M7 of (Woﬁ , de) Then it holds that

P {M”

@i =di] = > Plmr

(A,B)eS(dn)

&' = di, (W W) = (AB)} P {(W"”,W*”’) — (A, B)|d" =

28
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4. PERCOLATION IN DIRECTED GRAPHS

Remark that P [M" d = di, (W= W) = (A,B)] =P[MT|(W—", W) = (A,B)] as (A, B) € S(d)
implies that (W™, W™7) must induce the degree sequence d_frl. Lemma and the bijection between
(W™ W*7) and (W W+) together imply P[M™|(W =™, W+7™) = (A,B)] = . Combining these

dn’ 1

observations with the fact that 3 4 pyc gy P [(W*ﬂf’ W+m) = (A, B) |d7zl = dﬂ = 1 by definition of S(d?),
we obtain
1

Placld =@ =5 X B[ W) = (4B) =& =

(A,B)eS(d7)

completing the proof. O

4.4.2 The expected number of vertices with degree (j, k) after site percolation

The next step in the proof of Theorem [£.1] for site percolation is showing that the limit

. 20]
n—oo n

=i, (4.34)

exists and determining its value for all 0 < j, k < oo, in analogy to the case of bond percolation. This requires

. o0
us to first show existence of this limit and to determine the value of p?'j°. Based on (pSIZe) N , a value 7
: =0’

can be determined analogously to #°°"4. In Section 71 is shown to be the percolation threshold for
site percolation.

First we consider the limit for all degrees (j,k) where the in-degree j or the out-degree k or both are
larger than dmax. By definition of dmax this implies N; ; (n) = 0. As percolation does not increase degree of
a vertex, there holds N7, (n) = 0 as well. Thus for these degrees (j, k) we find

n— 00 n Dk
Next consider the limit of equation (4.34)) for degrees (j,k) with 0 < j, k < dpax. This derivation is based
on [2, Section 4]. This requires us to bound the value of E {N;Tk (n)} Like in the case of bond percolation,

we investigate this value by splitting it into the probability that a vertex of degree (d~,d™) has degree (j, k)
after site percolation and the number of vertices with degree (d~, d™) before percolation. Deleted vertices are
treated separately from the others. Let N7 4+ (n) denote the number of vertices of degree (d~,d") before

percolation, that are not deleted. Thus Ng- 4+ (n) — N7, (n) equals the number of vertices of degree

(d—,d") that are deleted. As each vertex is deleted with probability 1 — 7 independently of other vertices,
there holds

E [Nj; "o (0 )} = 7Ng- g+ (n). (4.35)

This implies that E [Nd—’d+ (n) = N4 (n )] = (1 —=7)Ng- 4+ (n). A deleted vertex will have degree (0,0)
after percolation with probability 1. Let P;j (d~,d") be the probability that vertex of degree (d~,d*), which
is not deleted, has degree (j, k) after percolation. Then we find for (j, k) = (0,0)

dmax dmax

E[Ngo(m)] =Y Y (1=m) Na- g+ (n)+7Pog (d~,d") Ng- g+ (n) (4.36)
d==0 d+=0

and else

dmax Gmax

E[ } SN 7P (A dY) Ny g (n). (4.37)

d—=jd+=Fk
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4. PERCOLATION IN DIRECTED GRAPHS

The next step is determining Pj ; (d~,d"). Define s~ = [W"UW ™| st = [WHTUW ™| r~ = |W ™|
and rt = |[IW™|. Note that there must hold s~ —r~ = st —rt ass™ —r~ = |W 7|, sT —rT =
the remaining configuration on (W =", W*™) forms a directed graph. Let Pjj (d~,d",s™,s*, 7, r") denote
the probability P; (d~,d") conditional on the values s~, s*, 77, 7". We will now determine this conditional
probability. Site percolation combines the independent random processes of deleting vertices and creating a
uniformly random configuration on (W=, W™). As these processes are independent, we may first determine
the elements of (W=7, W) and then randomly create a configuration on (W=, W™). Thus conditional
on the value r~ (respectively rT), each subset of W=\ W=7 (W* \ W) of this size is equally likely to be
W= m(W+™). This implies

sT—d~ st—dat

w(d e et s st) = ( d- )( d* k) (S (r+fd++k). (4.38)

L VA ) I (49

To approximate this probability we will show that with high probability s—, s and r—, r lie in some bounded
interval. This enables us to determine P;j (d~,d*,r~,r",s7,sT) for s7,s7,r, 7" in these intervals. First
consider s~ and sT. Combining equation ([4.35)) with the linearity of expectation, we obtain

dnlax max dtnax max
E [s E E md Ni" ;i (n) =mm  and E s E E wd*N’” (n) = mm.
d==0d+=0 d==0d+=0

Using dmax < n'/? and Hoeffding’s inequality we also find
P [|5* —E[s7]| >n?? ln(n)} < e~ ’M) and P [\,ﬁ —E[st]] > n?? 1n(n)] < e~ n*m)  (4.39)

This implies that
sT,st el = [mﬁ —n¥?1n(n), mr 4+ n?/3 1n(n)}

with probability 1 — e~ (I’ (M) The following Lemma specifies such an interval for ¥~ and r*. This Lemma
is the directed equivalent of [2, Lemma 4.1].

Lemma 4.9. Conditional ons~,s™ € I', there holdsr~ € I :== [mm(1 — ) — n2/31n?(n), mn (1 — 1) +n?/3 In(n)?
with probability 1 — —Q(*(m) - glgo ot € I with probability 1 — e~ (In* ()

Proof. This proof is adapted from the proof of [2 Lemma 4.1]. Since the proof for r* is identical to the
one for r~ up to switching the roles of in-stubs and out-stubs, only the proof for r~ is presented. As an
uniformly random configuration on (W=, W) is considered, the probability that any in-stub is matched to
an out-stub in W+ is m=s" — (1—7) (1+ O (n~*2In(n))) as s~,s* € I'. Since r~ equals the number of
in-stubs in W~ \ W™" with a match in W™ this implies

E[r] :s*m_SJr =mm (1 —n) (1—1—(9( 2/3] (n)))

m

To complete the proof, we will now show that
P [|7‘* —-E [rj\ > n?/3 ln2(n)} < e~ %))

This is realized by applying Theorem to the space of configurations on (W=, W) with the symmetric
difference as metric. The value of r~ plays the role of the function f. To partition this space, order the
in-stubs of W ™. Define an i-prefix to be the first 7 in-stubs together with their match. An element of the
partition Py consists of all configurations with the same k-prefix for all £ € {0,1,...,m}. For any A, B € Py,
such that A, B C C € Pr_; a bijection ¢ : A — B can be defined. Denote the k' pair of a configuration in
A by (z,y4) and the k*® pair of a configuration in B by (x,yz). Then ¢ maps M € A to the configuration in
B with (z,y4) replaced by (z,yp) and with y4 the match of the in-stub in M matched to yg. By definition
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4. PERCOLATION IN DIRECTED GRAPHS

of ¢ it follows that |M — ¢(M)| = 4 := ¢ for all k € {1,2,...,m}. As the value of r~ also changes by at
most the symmetric difference of the two matchings, Theorem implies

4/3 7,2
n*/31n (n)) _ o~ 0(n2(m))

)

P [|r7 —E[r7 ]| > n?/3 ln2(n)} < 2exp ( 5

as m < ndpax < nt0/9. O

Fountoulakis [2, Section 4] shows that for dyax < n'/? there holds uniformly for 7 € I and s € I':

(1) (1 Yumsre (1o (B

Applying this to equation implies that uniformly for all s=,s* € I’ and r—,r" € I there holds

_ _ _ d- dt — i+ 1112(”)
() e o150 )

However we yet know nothing about this probability if one or more of the conditions s=,sT € I', r—,rt € I

is violated. Instead of determining the probability in this case, we show that it is unlikely that one or more

these conditions are violated. Instead of bounding the probability P [s~ ¢ I'orst ¢ I’ orr~ or rt ¢ 1], a
4

condition on N7" . (n) is added. This allows to bound the value of E {N;fk (n)} Theorem implies that

d—,d+

PNZ 0 ()~ E [N7Z )] > Viln(n)] < e ), (4.40)
In combination with equation this implies that
Ny (n) e I"(d™,d") = [max {7 Nz 4+ (n) — v/nIn(n),0} , 7Ny 4+ (n) + v/nln(n)],
with probability 1 — e~ (M) Together with equation and Lemma there follows:
P {s* ¢l'ors™ ¢ I'orr™ ¢ Torr™ ¢ TorNj" (n) ¢ 1" (dﬂd*)]
<P[s~ ¢ I'|+P[s* ¢ I +P[r ¢ 1] +P[r* ¢ ] + P [N7"y, (n) ¢ 1" (4, d")]
— <n13> FP[ ¢ I +P[t 2]
By the law of total probability P[r~ ¢ I| equals
Plr-¢lls el ,stel'|P[s el ,stel'| +P[r ¢Ils” ¢I',sTel'|P[s” ¢ I'.sT €I
+P[r~ ¢Ils" el',st ¢ I'|Pls— el',sT ¢I'| +P[r~ ¢Ils” ¢I',st ¢I'|P[s” ¢I' st ¢I'] =0 <nlg> .

Similarly it is shown that P[r* ¢ I] = 0 (-%). Thus there holds

P {s_ gl'ors™ ¢ I'orr™ ¢ Torrt ¢ Tor N (n) ¢ 1" (d_7d+)} =0 (é}) : (4.41)

This allows to determine a lower and upper bound for the value E [N;Tk (n)] As N2 TdJr (n) < Ng- 4+ (n)

and (d_h)oo is proper, for all € > 0 there exist « (¢) and N (e) such that for all n > N :
n=1

(dmax,d m) (dmax>dmax)
> Pik(d L d)NDT L ()< Y Ng- g+ (n) <en. (4.42)
(d=,d")= (0,0) (d~,d")=(0,0)
d~>k+1lordt>k+1 d~>k+1lordt>k+1
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4. PERCOLATION IN DIRECTED GRAPHS

In combination with equation (4.37) this implies for (4, k) # (0, 0)
Z Z J\fji”c”()q[-z[N’r } Z Z (d d*) N7y (n) +en.  (4.43)
d-=j dt=k d-=jdt=k

Using equation (4.41) on the left-hand side of the above equation we find

ENLm| =3 3 > > 3N > dea P dt 5

d-=jdt=k7—€e€l’ttel’ - elstel Jd* S EI7(d—,d+)

1
~]P[7"*:F*,r+:ﬁ+,5*:§* st =35t NG g (n n) = dy- d+]+0<n2)

As equation (|4.40) implies that ng*,ﬁ er(d-d+) c’ivd—’d+IP’ [Nd v”(“ (n) = Eivd_)dJr] =FE {N; Td+ (n )] +o (%),
following [2] we end up with the expression

E [N;fk (n)] >n ZK: XK: Ny 4+ (n) <d_d_ j) <d+di k)ﬁd—+d+jk (1—m)itt (1 Lo ( n21(/2)>) ‘o (n12> .

d—=jd+=Fk

(4.44)

In a similar fashion we can show, using the right-hand side of equation (4.43):

e e () (o () e (2)
(4.45)

From this it can be shown, see [2, p. 353], that

E N7 (n) x 2 d-\ /d+\ . - ‘
nh_{%owzﬁ Z Z pd’dJr(j)(k)ﬂ-]Jrk (1—71')d —J+d+—k:p§t‘;€c. (446)

For (j,k) = (0,0), we need to use equation (4.36)) instead of equation (4.37). That NJ",, (n) < Ny- g+ (n)
and (d_ﬁ) ) is proper also implies that: for all € > 0 there exist  (¢) and N (e) such that for all n > N

n=

(dmax,dmax) dimax,dmax)

S (Namas () - N;Td+<>)s > Noas(n) S en.

(d=,d")=(0,0) (d~,dT)=(0,0)
d~>kr+lordt>k+1 d~>k+1lordt>k+1

Thus the equivalent of (4.43)) for (4,%) = (0,0) becomes

S 30 [(Mar e )= NI () + Pug (007 N3 ()] < B[Ny ()] <

d==0d+t=0

Z Z [(Nd a+ (n) = NiZ g (n )) + Poo (d7,dY) N4y (n )} + 2en.

d—=0dt=0

The same argument as for (j, k) # (0,0) can be applied to obtain:

E|NJ +\ . _ ,
lim M (1-7m)+7 Z Z Pa- d+( ,>(dk)7rﬂ+’“ (1— )& Tk peive (4.47)

n— o0
d—=jd+=k
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4. PERCOLATION IN DIRECTED GRAPHS

Comparing equations (4.46|) and (4.47) with equation (4.12)) we find:

site __ ﬂ-p;)(;cnd’ (j’ k) 7é (0,0), 4.48
g,k T bond . _ ( . )
oo +1—m, (4, k) =(0,0).

X 0o 0o
Exploiting this connection between (pj“jf) and (p?ond) , we find that (pjlf) is normalized as
"/ k=0 * ) j k=0 k=0

iip 1_7T+7rzzpbond
j=0k=0 Jj=0k=0

Exploiting equation (4.48)) further, we find that

,site 7,bond

wose =™ =n?u and pIC = PO = 18 (4.49)

o0
This link between the two distribution also implies that (pjﬁf) satisfies equation (2.6)).
k=0

. 0o
It is left to determine #**°. As we expect the percolated graph to obey the degree distribution (p?lie) o’
"/ k=0
from Theorem [3| we expect that the percolation threshold is the value of 7 such that
o0

Z jk,psn:e _ Z ]psme (450)

J,k=0 J,k=0
Denote this value by #%*. Combing equations (4.50 ([@50) and (4.49) we find

ﬁ_site W= ﬁ_sites’l/611

From this we find 7% = £~ = #P"d Gy we expect that the percolation thresholds for site and bond

percolation are equal. This can be explained by remarking that the expected degree distribution after site
percolation is a rescaled version the degree distribution after bond percolation, expect for (0,0). Hence one
expects a GSCC to appear under the same conditions, although it is expected to contain fewer vertices for
site percolation.

site site

4.4.3 Determining 73'*¢ and ¢

~ sit . o .
To prove Theorem . for site percolation, it remains to show that 75i* = #*"° and to determine c**. This

is done similar to the proof of Theorem [4.1] for bond percolation in Section Because of the similarity
between these proofs, we only explain the changes that are made in Section to convert it into the proof
for site percolation.

It is obvious that we need to replace pbond by pSlte Where Lemma is used in Section EﬁL replace it by
Lemma[f.8 As Lemma[4.8| proves the exact same statement for site percolatlon as Lemma [4.6| for bond per-
colation, swapping these lemma’s does not require additional changes. Furthermore equation @D requires
a different proof. For this we follow [2, p. 354]. Conditional on a certain realization of (W =", W ™) and the
values s—,st € I, r—,r+ € I, the value of N7} (n) is determined by the random choice of (W ™™, wmy,
By changing one element of (W =™ W) the value of N7}, (n) changes by at most 2. Thus Corollary
can be applied to obtain

P[w;jk (n) —E [N;.jk (n)}| > /nn2(n) | s—,s+7r—,r+,(W—vﬁw+f)}

n1n®(n) B 9
= 2o <(m(1 — )T+ n?/3 1n2(n))> = oxp (=2 (I (m)) .
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Using Lemma and equation (4.39) there follows
T U 1
P (17, ()~ & [ 0] 1> vt )] = o (55
As k is bounded this completes the proof of equation (4.22)).

The last change we need, is induced by the fact that Theorem“- is now applied to a proper degree
array with (pjﬁf) as degree distribution instead of ( bc,)cnd) . Hence 7™ and ¢Pmd must be re-
k=0 k=

placed by #*% and ¢i*¢. In Section 2| we already found that #**¢ = #‘i Thus it remains to determine
oo
by (pjlte) . This implies
,k=0 7,k=0

that we first need to determine the probability that a uniformly random out-stub (respectively in-stub) is
attached to a vertex with in-degree j (out-degree k) in the configuration after applying site percolation. In

analogy to equations (4.26)) and ( @ ) these probability are given by

00 o0
s k ; d—j i dt at—k
»; site _ 2 : 7r51tep§1§9e § pd ( ) )wﬁ (1—-m) 7 and p+bte _ § p:lr+< . )wk (I-m) .

k=0 H dt=k

51te bond

This value is derived identical to ¢ , expect for replacing (pbond)

(4.51)

bond +,site +,bond

Note that pj_’Site = p;’ and p; = p; . While this might seem surprising, there is a logical
explanation. A vertex of degree (0,0) does not play any role in this distribution, as it will never be en-
countered by following a uniformly random in-stub or out-stub. Equation (4.48)) implies that for all other

degrees there holds pjlf = Wp?c,;nd Hence after normalization the value of p;’SIte Fsitey oquals

Py bo“d(p;bond) for all j (k). Since these distributions are equal, there also holds p—obond — posite and

ptbond — phsite i e they are also given by equations (4.27) and ([4.28)). The difference between the two
types of percolation arises in the definitions of (=%, (5t and ¢, These are given by

(1 . C—,site Z pslte site)j 7 (1 _ <+,Site Z pS‘te blte)k (452)

7,k=0 7,k=0

(respectively p,

and
’l/JSite _ Z slte 7site)j (]_ — ?7+’Site)k . (453)
7,k=0

Applying equation (.48 and the fact n—Pond = p=site and ptPond = ptsite and recalling equations (4.29)
and (4.30]), the above equations become

(1 _ C—,site — Z pbond — bond) Yl-m=nm ( _ C—,bond) +1—m,
J,k=0
(1 _ C—l—,site =7 Z pbond + bond) +l—m=nm (1 _ C—&-,bond) +1—7 and
J,k=0
> j k
wsme =7 Z p;)%nd (1 _ n—,sfne)] (1 _ n+751te) + (1 _ 71') _ 71_wbond +1—.
4,k=0
Following Theorem [3.12] and exploiting the above equations, we find
31te C—,sne + <+ ,site + ,L/}swe 1=m (C—,bond + C+,bond =+ 1pbond _ 1) — 7chond. (454)
This relation between ¢*'* and ¢”°"? also can be intuitively explained, again using equation (#.48)). The main

difference in the distributions is in vertices with degree (0,0). A vertex of degree (0,0) forms its own strongly
connected component. Hence these vertices are not in the GSCC. As ps”jf = Wp??cnd and p%‘%e = ﬁp;"fcnd +1—m,

hence we could already have predicted that ¢t = w¢P°?d. This is the last change that needs to be made to
Section [£:3:3] to complete the proof of Theorem [£.] for site percolation. This completes the proof of Theorem
Z9I!
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5 Numerical construction of random directed graphs

In the previous section we have proven Theorem [£.1] which determines the percolation threshold for graphs
in the asymptotic limit. We want to illustrate this theorem with numerical simulations. This requires us
to uniformly sample simple directed graphs obeying a given degree sequence. Additionally, being able to
sample such graphs numerically gives access to much richer information about them, as such samples may be
further analysed with graph algorithms. For example, to investigate diameter, cycles, spectral properties, etc.

A first guess might be to use the configuration model to generate the desired graphs. Theoretically this
works. One can keep repeatedly drawing a uniformly random configuration, until it induces a simple graph.
This is called the repeated configuration model. However, as already mentioned in Section [I} numerical
experiments show that this procedure is not practical even for very small graphs. A more popular algorithm
to generate simple graphs uses a Markov Chain [I4]. However for most degree sequences it is not known when
the graph is sufficiently independent from the initial guess, i.e. when the algorithm has achieved a uniformly
random graph. Additionally for those degree sequences for which it is known, this bound often appears to
be a high degree polynomial in n [14].

Neither the repeated configuration model nor the Markov Chain approach is an ideal way to uniformly
generate random graphs obeying a given degree sequence. In this work we build an algorithm that will
almost uniformly generate random simple directed graphs obeying a given degree sequence with expected
runtime near-linear in m. Our algorithm is a generalisation of an algorithm by Bayati, Kim and Saberi [5] for
undirected graphs. While our algorithm cannot be used if the graphs must be distributed exactly uniformly,
it is a good trade-off between speed and uniformity if almost uniform generation of the graphs suffices. We
explain the algorithm in Section After presenting it, we prove the claims about its performance. The
proof that this algorithm generates graphs distributed within up to a factor of 1 & o(1) of uniformity is
presented in Section and is based on [5], Section 7]. Our algorithm might fail to construct a graph, but it
is shown that this happens only with probability o(1) in Section following [B, Section 5]. This section is
completed with a runtime analysis of the algorithm, see Section Which is based on [5l Section 6].

5.1 The algorithm

The algorithm is based on the configuration model. Generating a uniformly random configuration is not an
issue. The problem is that a random configuration might induce a multigraph, which we do not desire. This
problem can be remedied by the following procedure: A configuration is generated by sequentially matching a
random in-stub to a random out-stub. A match between a given in-stub and out-stub is rejected if this match
leads to a self-loop or multi-edge. Then the resulting configuration induces a simple graph. This constraint
on accepting the matches, might make it impossible to finish a configuration, for example, if only one in-stub
and one out-stub of the same vertex remain. In this case, we reject the partial configuration and start from
scratch again. Note that the rejection of specific matches destroys the uniformity of the generated graphs.
To cancel out the non-uniformity bias, we accept each admissible match between an in- and an out-stub with
a cleverly chosen probability, which will slightly repair the uniformity. The resulting generated graphs can
be then assured to be within 14 0(1) of uniformity. The pseudo-code of our algorithm is shown in Algorithm
which is based on [B, Procedure A] for the undirected graphs.

Recall that for each vertex ¢, the degree sequence prescribes its in-degree d; and its out-degree dj'. The
residual in-degree a?; (respectively out-degree ci:r) of the vertex 7 is the number of unmatched in-stubs(out-
stubs) of this vertex. The edges are added to E in the loop at line |5} On each step of the loop, one edge is
chosen and added to E. When for all ordered pairs (4,5) such that ¢ # j, (¢,j) ¢ F there holds cij =0 or

d; = 0 or both no edge can be added to E and the algorithm terminates. If the algorithm terminates before
m edges have been added to F, it has failed to construct a simple graph obeying the desired degree sequence.
Hence it outputs a failure. Else the algorithm returns a simple graph obeying the degree sequence dn. In
the loop at line 5| also a value P is computed. Assuming that the algorithm does not return a failure, P is
the probability that the algorithm generates the edges of the graph G j in the order it has just constructed

them. That the order in which the edges are constructed matters, follows from the fact that the probability
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5. NUMERICAL CONSTRUCTION OF RANDOM DIRECTED GRAPHS

Algorithm 1: generating simple directed graphs obeying a given degree array

input : dn a graphical degree array

output: G = (V, E) a digraph obeying d" and N an estimation for the number of simple digraphs

obeying d™ or a failure
V={1,2,...n}// set of vertices
d=d"// residual degree
E =1(// set of edges
P =1// probability of generating this ordering
while edges can be added to E do

=

U A~ W N

-
7

6 Pick i,j € V' with probability P;; proportional to oncZ; (1 — d;f) amongst all ordered pairs
(i,§) with i # j and (i,j) ¢ B ;

7 | Add (i,) to E, decrease d} and dA; by 1 and set P = P - Pyj;
8 if |E| =m then

9 ‘ Output Gz = (V,E), N = 5
10 else

11 ‘ return failure

P;; depends on the elements of E. It will be shown that asymptotically each ordering of a set of m edges is
generated with the same probability. Hence the probability that the algorithm generates the graph G ; is

asymptotically m!P. As we will show that each graph is generated within a factor of 1 & o(1) of uniformity,

—p 18 an approximation to the number of simple graphs obeying the degree sequence.

This algorithm can be shown to have the following favourable properties.

Theorem 5.1. Suppose we are given a graphical degree sequence d_ﬁ, for which there exists T > 0 such that
Amax = O (m1/4’7). Then Algorithm terminates successfully with probability 1 — o(1) and has an expected
runtime of O (Mdmax). Furthermore any graph G g, is generated with a probability within factor 1 £ o(1) of

uniformity.
The remainder of this section is covered by the proof of Theorem [5.I} which is split into three parts: the
uniformity of the generated graphs, the failure probability of the algorithm and its runtime.

5.2 The probability that Algorithm |1{ generates a graph G

This section is devoted to proving that Algorithm [I| generates any graph G with a probability within
1+ o(1) of the uniform probability. This is realized by proving the following Theorem.

Theorem 5.2. Tuke a graphical degree sequence dn with Amax = O (m1/4’7) for some 7 > 0. Let G be a
random simple graph obeying this degree sequence. Then Algom'thm generates G, with probability

R > U aa G L > b > ST/ S% 1>

m! Ty Sieidid N .
[1 + 0<1)] (W ljll Clz |1i[1dl le m 2m am? 2

This a generalisation of [5, Lemma 1] to directed graphs, and our proof is guided by the proof of this lemma.
The proof is split into four steps. The first step is determining the probability that the algorithm generates
a graph G 7, see Section This section reduces the proof of Theorem to showing that equations

dn?
(5.4) and (5.3)) hold. Equation (5.4)) is proven in Section and equation (5.3 in Sectionm In order

to show that these equations hold, first v, must be defined in Section [5.2.2

36



5. NUMERICAL CONSTRUCTION OF RANDOM DIRECTED GRAPHS

5.2.1 Analysing the probability of generating a given graph G ;,

Fix a simple directed graph G that obeys the degree sequence d". The goal is to determine the proba-
bility that Algorithm |I| outputs G on input of d™. Denote this probability by P4(G ). Let R(G ;) =

M|Gpm = Gdyl} be the set of all configurations on (W=, W) that induce the graph G . Since the output

of Algorithm [1]is also a configuration, there holds

Pa(Gg)= Y. Pa(M),
MER(G jz)

Recall from Section that any two configurations inducing the same graph, differ only in the labelling of
the stubs. As the algorithm ignores the label of a stub, each configuration in R(G ) is generated with equal
probability. Note that the probability to match an out-stub of ¢ to an in-stub of j depends on the partial
constructed configuration. Hence the order in which the matches are chosen, influences the probability of
generating a configuration M. Take a configuration M € R(G ;) and define S (M) to be all the orderings
in which the configuration can be created. Because the configuration already determines the match for each
in-stub, an ordering of M can be thought of as a prescription which in-stub gets matched first, which second,
etc. As M contains m in-stubs, there are m! different orderings constructing the configuration M. This

implies that

PA(Gz) = ﬁd;! f[dj! > PaWN).

=1 i=1  NeS(M)

So we need to investigate P4 (A). Identifying a match between an in-stub with an out-stub by an edge,
we can write N' = {ey,ea,...,en}. Note that any other element in S (M) can be obtained by permuting
the elements of A/. If the algorithm has constructed the first r elements of A/, it is said to be at step
r€{0,1,...,m—1}. Step m does not exists, as the algorithm terminates immediately after constructing the

m'™ edge. Let di_(r) (respectively d;L(r)) denote the number of unmatched in-stubs (out-stubs) of the vertex
i at step 7. Define

Beo={ig) i eVid!" >0.d; " >0 i) (14) ¢ {erean.ner}

This is the set of all edges that can be added to the ordering at step r. It will also be referred to as the set of
all eligible edges or pairs at step r. This notation allows to write the probability of generating the ordering

N as

m—1
]PA(N) = H ]P)[e’r+1|617 .. '767‘] )
r=0
for
dfd;
1 - 2m

Plert1 = (i, 5)|er, ..., er] = .
(r) ;—(r) Tdy
Z(u,v)EET d;r d'“ (]‘ - %)

Here we slightly abuse the notation as this is the conditional probability that a given out-stub of i is matched
with a given in-stub of j, rather than the conditional probability that the edge (i,j) is created. Now the

probability that the algorithm generates the graph G j; can be written as

n

n d+d7 m—1
PaGp) = [[a T[4 T <12m> 3 H(m_r)j_%w), (5.1)

i=1 i=1 (1,5)€G NeS(M) r=0
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5. NUMERICAL CONSTRUCTION OF RANDOM DIRECTED GRAPHS

where

() () +(r) () dydy
= > a7+ Y df \d: et (5.2)
(u,v)EE, (u,v)€E,

Recall that the goal is to prove Theorem [5.2] Suppose we manage to show that

m—1 1
> H ‘Ifr(N) =[1+o(1)] m! 1;[0 s —— (5.3)

NeS(Mm) r=0
and
- tar
m-l m-l z? 14l Y 1) +(d+)2+Z?:1<df>2z?:1<djr>2+z“*”ecd“n i 11
’(/} 1 + 0 H — r m 4m?2 2m 2
r=0 =0
(5.4)

hold for some quantity 1),., to be defined in section For now think of it as the expected value of ¥,.(\).
Combining these two equations with equation (5.1) and using that 1 —x = e~o+0(*) we find

Try d b S @242 | TR, ()2 s L (d)?

1 3 (2
Pa(Gz) = [1+o0(1 mlHd |Hd+l H 7)26 o o + T +3
-Tr

’I”O(m

This is exactly the statement of Theorem Thus proving equations (5.3) and (5.4) suffices to show
Theorem (.2
5.2.2 Defining the value v,

Before equations (5.3]) and (5.4) can be shown to hold, v, must be defined. This is closely related to the
expected value of W, (N). For ease of notation, abbreviate ¥,. (N) by ¥, whenever A follows from the
context. For further analysis we require to write

\I]r = Ar + Ara
with

(r) —(r) ) —mdid,
Ar= > df"d;" and A= Y didy; 5t (5.5)
(uw,v)¢E, (u,v)EE,

Note that A, counts the number of unsuitable pairs, i.e. the number of pairs of the unmatched in-stubs with
out-stubs that induce a self-loop or multi-edge. In the sequel we refer to a combination of an unmatched
in-stub and an unmatched out-stub as a pair. To simplify the analysis of A, and A,., they are also written
as the sum of multiple quantities. As A, counts the number of unsuitable pairs, it is necessary to split this
quantity up into the number pairs creating a self-loop

Al=S"arMar", (5.6)
=1

and the number of pairs creating a multi-edge
A2 = A, — AL (5.7)

This implies A, = Al + A2, Note that A2 counts the number of pairs leading to a double edge, as we assume
that {e1,eq,...,e,.} does not contain a multi-edge.
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5. NUMERICAL CONSTRUCTION OF RANDOM DIRECTED GRAPHS

The quantity A, is split up into two terms, to remove the summation over (u,v) € E,. The reason for
this representation will become apparent once expected value of A, is determined. We write A, as:

A1+A1_ A2 A3

A= 2 B TR By ]
" 4m 2m’ (58)
with
AT =S ar A =S d (5.9)
=1 =1
A2 =3 arVard;Vd; and (5.10)
i=1
A =S "ara; Vdtdy. (5.11)
(u,v)¢E,
uFv

Some of these quantities have simple bounds, which will be important in Section [5.2.4]
Lemma 5.3. For all 0 <r <m — 1 there holds

(i) A, < (m—r)d?

max’

(”) A71«+ S dmax(m - T), A17 S dmax(m - 7“),'

T

(iii) Ay < L (m — )2,

Proof. (i) At step r, there are m —r unmatched in-stubs left. Each unmatched in-stub can form a self-loop
by connecting to an unmatched out-stub of the same vertex. The number of unmatched out-stubs at
each vertex is upper bounded by dpyayx, hence AL < (m — r)dmax. The vertex to which an unmatched
in-stub belongs has at most dyax — 1 incoming edges. The target of such an edge has at most dyax — 1
unmatched out-stubs left. Thus the number of out-stubs an unmatched in-stub can be paired with
to create a double edge is at most (dmax — 1)°. Hence A2 < (m — r)(dmax — 1)2. This implies that
A=A+ AZ < (m—r)d?

max-*

(ii) By definition there holds AL* = S dJr(r)al+ As SO0 dr" = m—r and di < dax for all i, this

1=1" =1 "%
implies A},+ < dmax(m — 7). In a similar way it is shown that AL~ < dpax(m — 7).

d+(T) _

=1 "u

(ili) By definition there holds A, =3, ,)cp. df +r )d_( )% < dz‘;ix 2 (uw)e By d;‘(r)d; ™) As S
m —r and d; < (m —r) for all v, the claim follows.

O

Next we determine the expected value of ¥,.. The value ¥, depends on the first r edges in an ordering N.
Let N, denote these first  edges of the ordering. The subgraph of G j containing exactly those r edges is
denoted by Ga.. Taking the expected value of ¥, over all orderings inducing the same configuration, G .

turns into a random subgraph of G'j; with exactly r edges. A random subgraph of G'j; containing 7 edges
is closely related to a subgraph of G, where each edge is present with probability p, = -. Denote such a
random subgraph by G,,,.. In the G, model we can determine the expected value of U,., denoted by E,, (),

by determining the expected values of Al, A2, A},+7 AL A% and A3

Lemma 5.4. For each 0 < r < m — 1 the following equations hold
(i) Ep, [AH = (m T) Zz 1djd_

(ii) By, [A2] = "0 S e (dF = 1) (5 —1);

dn

+ m—r)? n — n T m r _
(ii) Ep, [Al A; ] % >ici(d; )? Zi:1(d+) ( ) 2(1 J)EG sz d
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5. NUMERICAL CONSTRUCTION OF RANDOM DIRECTED GRAPHS

(i) By, [A2] = D2 570 (d)2(d))?

(1) By, [A}] = "0 S e dF (dF — D)5 (df — 1),

o
Proof. (i) The value dj(r) equals the number of edges (i,®) € G j such that (i,e) ¢ G, . As p, = -
this implies E,, [dii(r)} = df% As G, is simple, it contains no self-loops. This implies that

d; ™) and d+(T) are independent. Using the fact that Al = Y7 | dl_(r)dJr(T) we find that E, [Al] =
(e T) Zz 1 derd7

(i) The value A2 counts the number of pairs leading to a double edge. Pick a random (i,5) € G 5. To form

dn .
an extra copy of this edge at step r, this edge must be present in G, , which happens with probability
pr. A double edge can be created by any pair of edges (i, k), ([,7) that are in Gz but not in Gy,
Instead of adding these edges, the edges (i,7) and (I, k) can be created. The number of combinations

of | and k that exist, is (d;"(r) — 1)(dj_(r) —1). Taking the expected value of this value, summing it over
all edges of G 5 and multiplying it by the probability p, that (i,j) € Gp,, the claimed expected value

of AZ follows.

dn

(iii) Remark that A}fA,l.Jr = E; > df d+d , which implies
a1t (r) ;—(r) -
Ep, [AL7A} ] :ZZEPT |4 ay ] ara.
j=1i=1

The random variables d+( " and d_( ") are independent, unless (i,5) € G 7. To see this recall that

dn

dj( n (respectively d; (r )) is the sum of d; ( d;) independent Bernoulli variables representing the out-
stubs(in-stubs). If (i,7) € G one fixed in-stub of j is to form an edge with a fixed out-stub of i.
This implies that those two Bernoulli variables always need to take on the same value. Denote these

") and

Bernoulli variables by dfg and d;,. Now that we have characterised the dependence between dj
dj_(r), we are ready to determine [, [dj(r)dj_(r)} =E,, [dj(r)} E,, {dj_ (T)} + Cov (d?‘(r)d]-_(T)). As

already explained in (z) E,, [dj(r)} E [dj_(r)} = (mn_li;)zdjdj_ For the covariance there holds

0 if (4, 7) ¢ G ju

Cov (d?_(T)dj_(T)) = Cov (d:;d;) if (i,7) € Gd'h .

The covariance of any random variable X and a Bernoulli variable Y with expectation p* equals
Cov(X,Y) = (E[X|Y =1 -E[X|Y =0])p*(1 — p*). Applying this to X = d; and Y = d;,, their

covariance becomes % Thus there holds

(m=r)? +JT if(s.4 .
Ep7 [dj(r)d_ (T):| - m? de dJ ' (’L’j) ¢ Gdn .
7 el dfd; + 250 i (i, 5) € G

m?2

Plugging this back into the expression for E,, {A,lfA,lﬁq the desired equation follows.

(iv) Recall that A2 ="  d (T)d+( )d; d;. In the proof of (i) we already explained that E,, [d;(r)d;r(r)] =

dfd7 "0 Hence E,,, [A2] = &R0 s g 2dr?

i=1""

+(r) —(7")
2 rd’(d—1)d; —
we can use the proof of (i7). This implies each edge (i,j) € G j contributes (mn:;) 4y =Dd; (d; ~1)

(v) From equation (5.11)) it follows that A2 = D (i) E B it d;"d d+(7)d_( . Realizing that A2 = D (i) ¢F i

m
to the sum, proving the claim.

O
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The value of ¢, is an approximation to the value of E, (¥,). For the approximation the following relations
are used

n —\S _\s—1 s
>y (di ) = Z(i,j)eGrﬁl (di ) O( dmai)
n t
D> i (dj) = Z(i,j)ecﬁ (d:r) =0 (mdfnai()

-ZLJ%YGHY:Z@MQﬁMU“W@)—OOM$;W

Combing this with Lemma [5.4] we find

ATATTL (m—r)?
Ep, - 4m3

4m

A2 d3 A3 d4
E,. [472] = (m—r)*0 <;:L;X> and E, [27;} = (m—1r)*0 <r:;‘gx) :

This allows to define ;..

HM:
[ )
[]=
<
e
a
VR
S =
B
B
B

3
[V
N———

Lemma 5.5. For all0 <r <m — 1 there holds

Siidrdr | Toeoen WV 7Y s e e

m? m3 4m3

wr = (m_T)Z

wzth f’, = O ( —max + nnx + xn1x)

(m T)m2

The following upper bound on v, will be useful in Sections [5.2.3] and [5.2-4]

Lemma 5.6. For each 0 <r < m — 1 the quantity v, is upper bounded by O ((m — T)Q%)

Proof. Combing equation with the relation 37, (d7)" (47)" = X jyeq,, (47)7 (dF)" = O (mdsfict)
we find

dm: rd> d? rd> d3 rd*

2 max max max max max max
.= (m —7)20 :
Yr=(m—r) ( m + m? + dm + (m —r)m? + m3 + m3 )

The fact that » < m implies ;= < 1 and =75~ < 1. Combing this with d? .. = o(m) and the previous

equation, one obtains
d2
Yy = (m —1)?0 ( max) .
m

5.2.3 Proving equation (|5.4)

With help of Lemma’s and [5.6| we are now ready to prove equation (5.4). We start by multiplying equation
(B-4) by [17," (m — r)?. This leads to

m—1 m—1

l% ¢T l%(“Xm—ﬁ;~m)'
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Applying Lemma [5.5] to the numerator and Lemma [5.6] to the denominator we find

n 1d7 dj' E(i EG 7 (d- )(d_—l) n Z‘L 1( ) :1 1(d+ +£
1+ m2 m3 4m3 r
1 _ O (d12nax>
m-1 R e AT > Mt >N Cre e
In|1+ m?2 m3 4m3 r
§ : 2
r=0 1-0 (—dmn:x)

Using ﬁ =1+z2z+0 (332) and O ( “‘a"> =0 (W), we obtain

m—1 — T’Z»» (d—.i_—l)(d._—l) n —\2 1 +\2
d dr (i,4)€G g \%i j " (d; " (d]
= exp Zln 1+Z7, 1% % d — +Zz-1( im§ _1( ) +€r
Invoking In(1 + x) = z — O(2?) leads to
+ -
e Z Zz 1 d7. d+ T‘Z(Lj)EGd% (dZ B 1) (d] B 1) + Z?:l(di)Q Z?:l(d;r)Q 4 O dfnax 4 Td?nax Td?rnx
=ex
P m3 4m3 m? m3 (m —r)m?2
[ T =1)(d; —1) N2\ (g2 4 2
Zz 1 d’L d+ Z(’L’] EG i ( ! J Zi:1(di ) Zi:l(di ) dm X dm X
B T 2 * i O T )
- . B
d;df Z(i,‘)eGh (di _1) (d‘ _1) " (d7)2ES" (dF
= exp Zz 1% + J d J + Zz:l( 7,) %z:l( 7,) +0(1)
m 2m dm
- L
S dpdl S () S ) S P ()| aeen B
= exp =1 ! = + == L t e+ + 5 +o(1)
m 2m 4m?2 2m 2
Thus we have shown that there holds
m—1 2
1+o(1
T 25 = ot
+ n + n —\2 N2 D s dfd;
exp i1 d; dj _ i (d )2+ 300 (d)? +Ei:1(d¢) > iz (d) i (1.9)€Gm 71 7 Jrl
m 2m 4m? 2m 2
which proves equation (5.4)).
5.2.4 Proving equation (5.3
It remains to show equation ([5.3)) to prove Theorem Defining
m—1
(m—r)* =,
1
H S (5.13)
r=0
equation (|5.3)) becomes equivalent to
E[f(M)]=140(1) (5.14)

which we will show instead.

)
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5.2.4.1 Partitioning S (M)

In order to show equation ([5.14]), the set of orderings S (M) is partitioned. Using this partition, we determine
E[f (N)]. The partition is constructed in four steps:

1. For a small number 0 < 7 < %, such that dpax = O (ml/‘l_T), define
SWAQz{NGS@MHWJN%ﬂMS(1—%ﬂm—rfﬁ0§r§m—1} (5.15)
Let S (M) \ S* (M) be the first element of the partition.
2. Take as second element of the partition
A={N €S (M)|¥, (N) =, > T, (In(n)"™),VO<r <m—1}. (5.16)

The family of functions 7, will be defined by equation (5.24). The quantity J is a small positive
constant, take 0 < § < 0.1.

3. The next element of the partition must be a subset of S* (M) \ A. This will be
B={N €S (M)\ A30<r <m-— Lsuch thatm —r < In(n)" " and ¥, (N) > 1}. (5.17)
4. To complete the partition, define as last element

C=5"(M)\ (AUB). (5.18)

We will show that the following equations hold

E(f (V) 1a) = o(1); (5.19)
E(f(N)1p) = o(1); (5.20)

E(f(N)1le) <1+ o0(1); (5.21)
E(f(N)1e) > 1—o(1); (5.22)

E (f (N) Lsapn s (my) = o(1). (5.23)

As

E[f (M) =E[f (N)1a] +E[f N) 1] +E[f N) le] + E [f (V) Lsvpns= vy »

the above equations suffice to prove equation (5.14). It remains to show equations (5.19), (5.20), (5.21),
(5.22) and (5.23)). The first step to proving these equations is defining T;..

5.2.4.2 The family of functions 7,
Define the family of functions 7. : R>¢g — R>¢ indexed by r € {0,1,...,m — 1} by

T, (\) = {467" (A) + 2min (v(N\),vy) ifm—7r> dw 7 (5.24)
el else
with
B <A> = VA (M2 + N?) (R + A), (5.25)
= e/ A (M@} + N) (B @? + A2), (5.26)
Vp = 8md$nax 3. (5.27)

The quantity c is a large positive constant, which will be defined later. Furthermore w = In(n)? and ¢, = .
Recalling the G,, model from Section remark that ¢, = 1 — p,. Thus ¢, is the probability that an
edge of G 4» 18 not present in Gy, . The intuition behind the definition of this family of functions will become
apparent in Section [5.2.4.3

Define \g = wln(n) and \; = 2%\ for all i € {1,2,...,L}. Here L is the unique integer such that
A—1 < ¢dmax In(n) < Ap. The following relation between the values T (\;) and T, (A;—1) holds.
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Lemma 5.7. For all0<r<m-—1andi€ {1,2,...,L} there holds
Ty (Ni) < 8T (Ni—1).-
Proof. As the function T;. is defined piece-wise, we distinguish three cases.

1. Suppose m —r < \jw and m —r < A\;j_1w.
Then

3

A2 AN _ 8A?

Tr()‘z) = 8TT()\i71)7

T w2 w2 w?
showing that T (A\;) < 8T, (Ai—1).

2. Suppose m —r < \jw and m —r > \;_jw.

Then by definition of T, there holds T,. (\;) =
find Tr (>\z) S TT ()\ifl).

2
42% and T, (A\j_1) > 483, (Ni—1) > 4c)\?_|. Hence we

3. Suppose m —r > Awand m—r > A\;_jw.
Then by definition of T, there holds T (A\;) = 45, (A\;) +2min (v-(\;), v-) and T, (A\i—1) =46, (Ai—1) +
2min (v, (Ai—1), ). Both B, (A\) and 4, (A) are the square root of a summation. Each term of the
summation contains no higher power of A than A\6. As \; = 2\;_; and V26 = 8, this implies that
Br (Ni) < 8B, (Ai—1) and 7, (N;) < 87, (Ai—1). Hence there holds T, (\;) < 8T} (\i—1).

This completes the proof, because m — r > \jw and m — r < A\;_iw is impossible as \; > A\;_1. O

In order to show equations (5.19)) and (5.20]) we subpartition A and B. Define the chain of subsets
Ay C A C...CALCS*(M) by

A ={NeS* M)V, (N) =2, <T,(N),YO<r<m—1}. (5.28)
To ensure that we cover S* (M) entirely, define
A = S* (M)\ AL = {N € §* (M) |30 < r < m — 1such that U, (N) — b, > T, (\p)}. (5.29)
Now equation implies that
A=85"(M)\ Ay = UL A\ A | A

Next we partition Ag. The goal of this partition is to write B as the union of some smaller sets. As ' € Aq
for all 0 < r < m — 1 such that » > m — w)g there holds

U, (N) < Tr(Xo) + ¢ = In(n)* + 9.

By Lemma there holds for all m —1 > r > m — wlg, ¥, = o(1). Hence there exists some ng such that for
all n > ng:

U, (N) <In(n)? + 1.

As the goal is to show equation (5.3]), we may assume that n > ng. Define K to be the unique integer such
that

251 <n(n)? +1 < 2K, (5.30)
Then for all r > m — wg:
U, < 2K,
This allows to define the chain of subsets By C By C ... C By = Ag by

Bj = {N € 4|, (N) <27, ¥r>m—who}. (5.31)
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From equations ([5.17)) and (5.18]) it immediately follows that

B=UX B;\B;_; and C= B,.

These descriptions of A, B and C allow us to show equations (5.19), (5.20), (5.21)) and (5.22)). In Section
5.2.4.3| we prove equation (5.19). Some results from Section [5.2.4.3| are reused in Sections [5.2.4.4| and [5.2.4.5
to prove equations (5.20), (5.21)) and (5.22). The remaining equation (5.23) is shown to hold in Section

This requires a different technique than for the other equations, as this concerns all orderings not in

5% (M).

5.2.4.3 Proving equation (5.19)

Based on the definition of A in terms of A;’s and A.,, we now prove equation (5.19)). For this we use the
following Lemma’s.

Lemma 5.8. For all 1 <¢ < L there holds

(a) PIN € A; \ A;_q] < e 00,

(b) For all N € A; \ A;_1 there holds f(N) < e,
Lemma 5.9. For a large enough constant c there holds
(a) PIN € Ay < e ¥edmaxIn(n)) .

(b) For all N € Ay there holds f(N) < e7?dmaxn(n),

Together the lemma’s imply

|
KM“

E[f (N)14] E[f V) Lana ] +E[F (V) 1a,]

i=1

efﬂ()\i)eo()\i) + e*Q(Cdmax ln(n))e72d,mbLX In(n) — 0(1)

M=

)
1

proving equation (5.19). It remains to prove these lemma’s. First we proof Lemma (a) and Lemma
(a). This is done by showing the stronger statement

.
Il

PN € AF ] <e ),

for all i € {0,1,...,L}. This statement is stronger than the statements of Lemma (a) as (A;\ A;—1) C
(5 (M) \ A;j_1). This also works for Lemma[5.9] (a) since Ao € A% and Ay > cdmax In(n).

By definition of A;_; there holds
A C{N € S(M) |30 <r <m — 1such that ¥,. (N) — . > T, (Ni—1)} -

Using Lemma we find

A C {NES(M)HOSTSm—lsuch that U, (V) — ¢, > Tré’\i)}_

This implies that to prove Lemma [5.§| (a) and Lemma [5.9] (a), it suffices to show for all i € {0,1,...,L} and
0<r<m-—1:
T .
P [WT — by > % < e 9N, (5.32)

Determining the value of ¥, is a challenge. It is more convenient to work in the G, model and determine
V,,., because there each edge is present with probability p,. As we remarked in Section for a random

45



5. NUMERICAL CONSTRUCTION OF RANDOM DIRECTED GRAPHS

N € S (M), the graph Gy, is a random subgraph of G 5 with exactly 7 edges. Denoting the number of
edges in G), by E [G),] we find:

V1P|, — g > E N EG, ) = P|T,, — ] > )
P |\Pr_wr| 2 TT ()\l):| = |: P 8 p i| |: p 8

s PE Gy ]l = 1] = T PEG,] =]

Bayati, Kim and Saberi have shown the following bound on the probability that the random graph Gy,
contains exactly r edges.

Lemma 5.10. (5, Lemma 21]) For all 0 < r < m there holds P[|E [G), ]| = 1] > L.
Using this Lemma we obtain

P[l\yr_wr| > TTéAZ)} SnP |:|\IJP,,~ _’(/Jr| > %

As \; = 20 In(n)' T > In(n), there holds ne=?Mi) = ¢=2X)+In(n) — ¢=2\) Hence showing

T. (\:
P [m;m — | > Té)‘l)] < e—Q(Aq-,),
suffices to prove equation (5.32)). As T, is defined piecewise, we use a different proof for r such that m—r > w;
than for r m — r < w\;. Let us first investigate the case m — r < \;w.

Lemma 5.11. For alli € {0,1,...,L} and 0 <r <m — 1 such that m —r < M\w there holds

A2
P {\pr — > W] < e 90, (5.33)

Proof. Instead of showing the desired inequality, we show the even stronger statement:
2
P|U, > A < o0,
T 8w T

Combining the fact that ¥, < g with U, = A, + A, we find

2
A

257 Do
Using Lemma [5.3] this becomes

2 2
/\i dmaxm 2

Pr = 8w? 2

A

— 472
As mg, = m —r <w; and wd;

< % for large n there holds

A2 d? A2
A > i “max 2)\2 > i
P82 T om U T 40w

Let Gy, be the complement of G in G and define No(u) := {v € V | (u,v) € Gy } U {u}. Denote by
dgqr (u) (respectively de, (u)) the out-degree (in-degree) of u in G,,. By definition of A, there holds

Ap“" < Z dgw (u) Z d(_;th» (U)
ueV vENp(u)
Combining this with the lower bound on A, just derived, we find

A2 _
oz S8, < dodb () Y dg (v). (5.34)

ueV vE Ny (u)

We will now show that this equation implies that one of the following statements must hold:
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(a) G4 has more than “’za\i edges;
(b) for some u € V there holds ZveNO(u) de ( ) > ’\—4

If (a) is violated, there holds } dJCS (u) < <t )‘ - If (b) is violated, for all w € V' there holds 3, ¢ v, () dg, (v) <
%. Hence if (a) and (b) are both violated, we ﬁnd

Dy, <D db (w) D dg, WA X
Pr = G 40 w*  40w?’

ueV vE Ny (u)

This violates equation (5.34). Thus it is not possible that (a) and (b) are violated at the same time. This
implies that at least one of the statements holds. Using the proof of [5, Lemma 20], the probability that
statement (a) holds, is upper bounded by e~A\) | This proof is also used to upper bound the probability

2
that statement (b) holds by e~ As ¥, > é\—i} implies that at least one of these statements holds, this
completes the proof. O

For m — r > A\;w a similar relation is proven.

Lemma 5.12. For alli € {0,1,...,L} and r such that m —r > A\w there holds

4 T )\i 2 i Ty T )\z — .
P |:|\IJp,,, _ '(/Jrl Z B ( )+ Iréln(y ,y ( )) S e Q(X,). (535)
Al + Al —7A2 A3 . .
Recall that ¥, = Azljr + A%p + —pr—ke—pe — P and that 1), is of the order of E[V¥, |, see equation

(5.12)). Thus to prove Lemma [5.12] it suffices to concentrate Al A2 Al AL “,A2 and A3 around their
pr) Sper Bpr Dpy Pr Pr

expected values with probability e~®(*?) such that the difference between their sum and the sum of their
48 (Xi)+2min(vy,vr(Ai))
8

expected values is smaller than . This is shown using Vu’s concentration inequality.

Theorem 5.13. [Vu’s concentration inequality [2G]] Consider independent random wvariables ty,ta, ..., t,
with arbitrary distribution in [0,1]. Let Y (t1,ta,...,tn) be a polynomial of degree k with coefficients in
(0,1]. For any multi-set A let DY denote the partial derivative with respect to the variables in A. Define
E;(Y) = max a)>; E(0aY) for all 0 < j < k. Recursively define c1 = 1,dy = 2,¢x, = 2\/%(0;@,1 +1),d; =
2(dg—1 +1). Then for any Ey > &1 > ... > E =1 and X\ fulfilling

i) 5j > E; (Y);

n (n) forall0 < j<k-1,;

there holds
P [|Y —E[Y]| > c,ﬂ/A&,gl} < dye M4,
Lemma 5.14. For alli € {0,1,...,L} and 0 <r < m — 1 there holds:

() P[|aL, ~E[AL]] 2 2] < 000,

(ZZ) ]P) :|A2 o E [Ager 2 min(ﬁ,»()\i)+’)’ré>\i)vﬂ'r'(>‘i)“I’Vr):| S 679()\1.);

[ A1 — A1 + 2 1 — Al + 2
Apr Am 7AP7‘ _ E[Apr Apr 7AP7‘]

(iii) P

4m 4m

> Br(8>\7):| < e—Q()xi,);

a3, B[]

(iv) P

2m 2m

- min(ﬁr(xi)wgi>,5T<A7~,>+ur>] < o200,
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5. NUMERICAL CONSTRUCTION OF RANDOM DIRECTED GRAPHS

Proof. To prove each of the above equations, we write the quantity as a polynomial and apply Theorem [5.13
to it. This polynomial will be a function of m Bernoulli variables. Each variable t. is coupled to an edge
ec Gy If e € Gy, thent, is 0, else, i.eif e ¢ G , t. = 1. Remark that by definition of G, , see Section
there holds E [t.] = ¢, for all e. Also by definition of G, , the variables ¢, are independent of each
other.

(i)

Recall that A} counts the number of pairs creating a self-loop. Each vertex v has d;; in-stubs and d;
out-stubs. The number of those out-stubs (respectively in-stubs) that are matched equals the number
of outgoing (incoming edges) for v in Gp,.. Thus the number of unmatched in-stubs of vertex v is

e=(o0)eC , Lo and the number of unmatched out-stubs of v equals Ze:(v,o)eGdﬁ te. The number of

ways to create a self-loop at v is Y ._(, ¢)cq . 2o f—(e.0)eq -, tels- Hence we find
e=(v,0)€G W)EG g

A=Y > ety (5.36)

veV e=(v,0)€G i [=(0,0)EG
Vu’s concentration inequality requires us to upper bound the values Eg [Azlvr] JEq [Azl,r] and Eo [A;T].
First look at the expectation of A},T. Because G j is simple, for each element of the summation in

equation (5.36) e does not equal f. Thus there holds E[t.tf] = ¢?. The summations over v and e in
(15.36

equation ), can be replaced by one summation over all edges in G ;. For each edge e € G,

there are at most dyax edges in G 5 with the source of e as target. Hence we find E [A;T} < mdmaxqf.

Suppose we take the partial derivative with respect to one variable ¢, for some e = (u,v), then we
obtain Zf:(o,u)GGd;L ty+ Zf:(v,-)eGrfn ty. This is upper bounded by 2dmaxgr. As A}Dr is a polynomial

of degree 2 with all coefficients 1, it is clear that E [5&8 O, A;,T] <1 for all e, f. Thus we find

Eo [A;r] < max (1,2dmaxqr,mdmaxqf) , [Eq [A;r] <max (1, 2dmaxqr) and Eog [A;W] <1.

The maximization follows from the definition of E;(Y"). Define the values
Eo = N + 2mdmax@®, €1 = I\ + 2dmaxg, and  E = 1.

We claim that together with A = )\;, they fulfil the conditions of Theorem It is obvious that
Ey > Ey [A) ] Also & > Eq [A] ] as A; > 1 for all n > 3. Furthermore & > Eq [AL ] as A; > 1 and
mq, = m — r implies that 2mdmaxq® > 2dmaxqr- This shows the first condition of Theorem For
the second condition remark that A\; > In(n) and In(m) < 2In(n) as m < n?. This implies

é =& >N\ +4ln(m)
&

Furthermore there holds

2
& N,  Zmaxmd,
g - )\1 2dma;¢]r > )\i,
1 9+ DS v

showing that the second condition of Theorem [5.13] is fulfilled as well. Thus we may apply Vu’s
concentration inequality. Applying this we obtain

PllAaL, —E[AL ]l > 02\/)\2- (9N + 2dimaxdr) (OA2 + 2mdmang?) | < e,

As for a > b there holds P [|AL —E[Al ]| >a] < P[|A} —E[A] ]| >b], taking the value of ¢ in
equation ([5.25)) larger than 8 - 9ca, this completes the proof.
Recall that Agr counts the number of pairs that create an edge already present in Gy, , i.e a double

edge. Pairing an out-stub of u with an in-stub of v only creates a double edge if (u,v) € Gy, i.e. if for
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e = (u,v), t. = 1. Recalling the expressions for the number of unmatched in-stubs and out-stubs at a
vertex v from the proof of (i) and defining

Q={(e.1.9)le.f.9€ Caure# . #g.e # 9. = () for someu,v € Vie = (u,0),9 = (,0)]

we find
AIQH = Z tetg(l — tf) = Z tetg — Z tetgtf =Y —Y5.
(e.f.9)€EQ (e,f,9)€Q e, f,9€Q

Vu’s inequality will be applied to Y7 and Y5 separately. Let us first look at Y;. To upper bound the
expected value of Y7, we need an upper bound on the size of Q). Given f, the source of e and the target
of g are fixed. Hence there are at most dmaX triples in @ with a fixed edge f. As f may be any edge,
|Q| < mdZ .. Together with E [t.t,] = ¢2 this implies E [Y1] < md2, Suppose we differentiate Y;
with respect to tz. Then we obtain the expression

Sty + > te.

(e;f,9)€Q (e.f,9)€Q

anT °

e=¢ g=¢€
As
di<d,, and > 1<d,..
(e.f,9)€Q (e.f,9)€Q
e=¢ g=e
this implies E [9;.Y1] < 2d2,,.¢. Since Y; is a polynomial of degree 2 with all coefficients equal to 1,

any second derivative can be at most 1. Together these observations imply
Eo [Y1] < max (1,2d2 g, md2 7)), Ei[Y1] <max(1,2d2,.q) and E,[V;] <1
Similar to (i) it can be shown that A = A; and
Eo =9\ +2md2, q?, & =9\ +2d%,.q- and & =1,

fulfil the conditions of Theorem Applying Vu’s inequality and assuming ¢ > 8 - 9c5, we obtain

P {m —EW] > 5;”] < o000,

Moving on to Ya, we see that E [Ya] < mdZ .2 as |Q| < mdZ,, and E [t.tt,] = ¢o. Differentiating Y,

to with respect tz, we obtain
D ity + > tety + > tety.
(e.f,.9)€Q  (e,f,9)€Q  (e,f,9)€Q

e=¢ f=€ g=e

This implies that E [0;.Y1] < 3d2 Differentiating Y5 to with respect tz and ¢ 7 for € # j?, we obtain

max q'f'

Dtg + D> tp+ Y te+ Y by + Y tp+ D te.
(e,f,9)€Q (e.f,9)€EQ (efg)EQ (efg)eQ (e;f,9)€Q (e,f,9)€Q

e=¢e ge ge

(’
f:f g=f g:f e:f e=f =f
In each summation only one edge is left to choose. As the source, the target or both are fixed for this
edge, each summation is upper bounded by dpaxq-. By definition of @ there follows that at most two
of the summations are non-zero, implying E 8,556th2 < 2dpaxqr- As Y3 is a polynomial of degree 3

and all its coefficients are 1, any third order partial derivative of Y5 can be at most 1. Summarizing we
find

]EO [YQ] S max ( 2dmaxQT7 gdmaxqr7 mdfnaxqi’) Y El [}/2]

max (1, 2dmaxr, 3dmaxy) -
E [YQ} S max (]-7 Qdmaxqr) and E3 [Y] 1.

VANVAN
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(iii)

Vu’s inequality can be applied to Y using A = \; and
Eo =85\ +3md2, 2, & =85\ +3d%, ¢, E»=17T)\; +2dmaxqr and E3 =1,

m max

which implies

P [|Y2 —E[Va]] > 8550/ A (2 + d2,02) (X + md%naxq;)] < 0,

If we choose ¢ large enough, this implies that

>

P DA; ~E[A2] M] < 00,

8
Next remark that
A2 —E[A2 ]| = |Yi - Y2 ~E[Yi] + E[Ya)| < |V — E[i]| + E[V3]
< |V — E[Vi)| + md2q? = Y1 ~E ]|+ 2.

max

This implies that there also holds

< e 0N,

P [|A2r _E [A?)J > ﬁr(/\ig)g + Vr:|

completing the proof.

Pr

1 — Al + 2 1 =1 + 2
A APT _Apr _ ]EI:APT Apr _ATJT]
4m 4m

To prove that P [

> ﬁr?")} < e~ N) Vs inequality is applied to

1 +,A1 — 2
A"’“dzi”r and d[;”r separately. The structure is almost identical to the proofs of (i) and (i7). First
consider
1 a1 — —(r) ,— +(r) o+ _
Ap, Ay Xiadi dp YL ddT 3 dy_, 3 df
R a2 - dinax © dinax
max max e:(/UI,’U)EGdfn max fi(’LU7Z)EGd7;L max
dydf d, df
S SRR BS S LA
e=(u,v)EG; X =(u,v)EG H*
f:(w:Z)EGCﬁL

eAf

Start with Z;. This is a polynomial of degree one, as for a Bernoulli variable there holds t? = t.. Since
its coefficients are at most 1, it is clear that any first order partial derivative of Z; is upper bounded
by 1. The expected value of Z; is upper bounded by mg,. This implies

Eq[Z1] < max(1,mgq.) and Eq[Z] <1.
Hence
E=mqg.+X; and & =1,

with A = \; satisfy the constraints of Theorem Applying this theorem we find

P [\zl “E[Z]] > e/ O + mqr)} < e 20,
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Next consider Zs. ThlS 1s a sum over all pairs of distinct edges, hence it contains fewer than m? terms.
Combining this w1th d <1 and E[t.ty] = ¢2, we find E [Z2] < m?q¢?. Taking the partial derivative
with respect to a varlable ty and writing g = (4, j) leads to

d; df dy df
Z dmax t * Z max fe-

f=(w,2)eqG e=(u,v)€G
I#g e#g

Each term of the summations is upper bounded by ¢,. Each summation contains m — 1 terms. Thus
we find: E [@g Zg] < 2mgq,. As Zs is a second order polynomial with coefficients upper bounded by 1,
any second order partial derivative will be at most 1. Combining these observations we find

Eq [Z2] < max (1, quT,quf) , Ei[Z3] <max(1,2mg,) and Ey[Z3] <1
Similar to the proof of (¢) it can be shown that A = \; and
& = 9)‘? + 2m2qf, E =9\, +2mgqg, and & =1,

satisfy the constraints of Vu’s concentration inequality. Applying this inequality yields

P [|Z2 —E[Z]| > 9c2 \/)\i (Ai +mar) (A2 + m2q$)} < e 00,

1 +A1 —

As \/)\i (N +mg,) < \/)\i (Ai + mg) (A2 + m2g?) and [\"”47“ = % (Zy + Z3), we obtain

m

—Al +
Al _Al + E Aér A[le d2
P Pr4mm _ { o } r:r;x (9c2 +c1) \//\i (N +mq) (A2 +m2¢2) | < e~

Pulling this factor :i’;;" inside the root and taking ¢ > 8 (¢; 4+ 9¢2), we also find

o[ s W NT

\/A N+ d20qr) (V2 +md2,,,q2) | < e ),

Next we look at

A2 aaa V& ddd
ye :Z i i Y i 12 i Z te Z tf

d
max = max i=1 Tmax | o—(i0)€q f=(e)EC

.. . . . A2
Note that this is the same expression as for A1 _ where the coefficient of each term is replaced by z**

max

Hence using the same argument as for (i) we obtam

Ay, E[AG]

4m 4m

d2
> 9ey e \//\Z- (A + Grdmax) (A2 + Mdmaxq2) | < e 200,

2
Again pulling d‘;;‘;x inside the square root, we find

- + 1 1 +_ 2
LAz B[N AT -4
4m 4m

> 903y Ae (vt ) O+ )| < 700

As B =cy/Ni (\i + d2,.qr) (A2 + md2,,.q2), this completes the proof if we take ¢ > 8(18¢2 + ¢1).

51



5. NUMERICAL CONSTRUCTION OF RANDOM DIRECTED GRAPHS

(iv) This argument is exactly the same as for (ii), since there holds

A2 dfdy;
o => S—te (1= t7)tg.
max (eh_f',(g)e)Qmax

Hence we obtain
IP) l
2

As L‘;‘na" = 0(1), this completes the proof.

< e )

2m 2m - 2m 8

Ay E[A}] | A2, min (8, (\) + 3 (A, Br(\) + )

Combining all equations of Lemma (5.14)) we find

P |lIlpT —E [\I}pTH 2 4ﬂ’l“()\z) + QHéln(Vrv’y’r‘()\i)) S e_Q(/\i)7

for all 7 € {O, 1,...,L} and 0 < r < m — 1. By definition of ), this shows equation ([5.35)) and hence it proves
Lemma ThlS completes the proofs of Lemma E ) and |5 -

Next we prove Lemma [5.§ E ) and [5.9 - . This requires the following Lemma.
Lemma 5.15. For alli€ {1,2,...,L} and N € A; \ A;_1 there holds
m—1

mas (¥, (V) = ,0)
P T )

Furthermore for all N' € Aq there holds

~ max (¥, (M) — ¢, 0)
2 Tmoremwn <o

m—r=Aow

Proof. The first claim follows by changing the summation 272:1?2:2 into >/ _, in the proof of Lemma
15(b) [B]. The second claim follows by applying a similar change to the proof of Lemma 18 [5]. O

First we determine an upper bound on f(N) for all N € S* (M). By definition of S* (M) there holds
U, (N) < (1—7%)(m—r)?forall 0<r<m~—1. This implies

m—1

R )
T (1o et

Using the approximation 1+ x < e® this becomes

m—1 4max(¥p(N)—1s,0)

FN) <e=r=0 = mnZ (5.37)

Now take N € A; \ A;_1 for some i € {1,2,...,L}. Then we can apply Lemma to equation ([5.37) to
obtain

FN) < e,
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This completes the proof of Lemma ().

It remains to prove Lemma[5.9] (b). As Ao, C S* (M) there holds

m—d? m—1

F) < l_fax <1 N 4max (T\?;l(-/_\/i)z 7/%«,0)) H
=0 r=m—d2 +1

max

(mfr)277/}r
(m—r)? =¥, (N)

As 0 < ¥, (N), 4, < (m —r)?, this implies

o< T (10 200 )

)2
st T(m —r)

2

+ —dg;;" (m—r)?<2(m—r)d>

max-*

By Lemmathere holds ¥, = A, + A, < (m —1)d>

ax Inserting this gives

m—d?

i\ TT 8dax

st (m—r)
As (1+z) <e”, we find

2
dax

FN) < e4dfmln(dm)+% Elaz . T < oA (dmax)+ £ In(m)— £ In(d2,,)

max

Using that 7 < % and m < ndpax, We obtain

FN) < 400 10(dimax)+24 In(m) < 4 max I (dimax) +24 In(ndmax)

< 2445y In(nd?,.) < 2447, 0 In(n®) _ o720 In(n)

This proves Lemma (b). This completes the proofs of Lemma’s and and hence it completes the
proof of equation ([5.19).

5.2.4.4 Proving equation ([5.20)
The next step is showing that equation ([5.20)) holds. To this end, we first prove the following Lemma.

Lemma 5.16. Forall1 <j< K
(a) P[NG Bj\Bj—l] < e—Q(Qj/2ln(n));
(b) For all N € Bj \ B;_1 it holds that f (N) < (),

Proof. (a) The probability that A" € B; \ B;_1 is upper bounded by the probability that N" € BS_; :=
S (M) \ Bj_1. Hence if we show that

]P) [N c B;:I S €7Q(2j/2 ln(n))7
the claim is proven. Remark that
B, C {N € S(M)]|3rsuch thatm —r <wlpand ¥, > 2771}

Only those values of r are considered for which m —r < w)g. Let P [\I/,. > 2J _1] denote the probability
that ¥, > 29~1 holds for one arbitrary r such that m —r < w)g. Suppose that

P [‘Ifr > 2;;1] < efﬁ(zj/Zln(n)).
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As w)¢ < In(n)? this implies that
PN € BS,] < In*(n)P [¥, > 2971] < In?(n)e (2" ()
— ¢~ 2(2?In(n))+2In(In(n)) _ ,—Q(2/*In(n))
Thus it remains to show
P [\I/r > 23‘—1] < 679(21‘/2111(71))’
to complete the proof. Fix an arbitrary r such that m — r < w)g. This implies that ¥, < 2971, In
combination with ¥, = A, + A, there follows
A =T, — A, >271 AL
Lemma [5.3] implies that
2
Ar > 2j71 dmax q2.
- 2 T
Asm —r <wlp < 271w and d2 , w?N2 < m,
1,02
Ar > 2]’71 j dmax 2/\2
- 2m
. 2i—1 ,
> 207t =272,
- 2
The remainder of the proof is the same as in Lemma but with equation (5.34]) replaced by
rca, <Y Y 4,
ueV vE Ny (u)
This can be shown to imply that one of the following statements must hold
(a) G, has more than 27/271 edges;
(b) for some u € V' there holds }_ ¢ v, () dg, (v) = 97/2-1
The probability that either of those statements holds, is upper bounded by e~ UP P ) g i proven
using the same argument as in the proof of Lemma Since r is arbitrary this shows P [\IIT > 27 *1] <
e~ I(™) for all  such that m —r < wg, completing the proof.
(b) For all 1 < j < K there holds B; C S* (M). Thus equation ([5.37) yields

m—1 4max(¥,(N)—vr,0)

f(N) < le:o T ome?
for all N € B; \ Bj_1. By definition of B;, there holds

wAo max s wlo 2J .
2 o s 2 o =0@)

As Bj C Ag, Lemma [5.15] implies

Z 4max( ( ) ¢7’7 ) _ 0(1)

T(m — )2

m—r=wlg

Hence for all N € B; it holds

f (N) < O(2J)+o(1) (27)
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Now we prove equation ([5.20). Lemma implies that for all B; \ Bj_1
E[f(N) g5, ] <e A2 mm) o),

Recall that j < K. In combination with equation (5.30) this yields 2°=° < In(n). Hence there holds

K

K
E[f(N)1s) = Y E[f (V) 1ppp,_,] < e 7 mm)O(F) = o(1),

j=1 j=1
proving equation ([5.20)).
5.2.4.5 Proving equations (5.21)) and (5.22)

In this section, we bound the expected value of f (N') for all A € C. First we derive an upper bound, i.e. we
show equation (5.21)). To prove this equation, it suffices to show for all N € C,

FN) <1+0(1).

As C C 8% (M), in analogy to equation (5.37)), there holds

m—1

\IJT(N)_wr
ra=11 (”(mr)?%(fv))

r=0

IA

Aow max (W, —
H (1 n 4max (U, (N) — vy, 0)) I3 M

T(m—r)
et T(m —r)?

Because C C Ag, Lemma implies

f: 4max (¥, (N) — .., 0)

T(m —r)?

= o(1).

m—r=Aow+1

Hence for all M € C,

T 4max (W, (V) = ,,0) )
fN) Smgzl T(m —r)? e’V

By definition of C, ¥,. (N) < 1 for all m —r < w)g. Thus we find

m—r=1

)\()w
4)\0&1 1
< |1 [ —— )"
_< +O< pu mr—l(m_r)2>>€

< e°M (14 0(1)) =1+ o(1),

proving equation (5.21]).

Next we derive a lower bound on E [f (M) 1g«(a)]. As C C S* (M) this will prove equation (5.22)). Take
any ordering N' € S* (M). Lemma implies that

1446
PH‘I’T(N)—?/’H245r()\0)+2min(%(>\0)a’/r)]§6Q(/\O)<e1n(n)1+6_<711> =o(1),  (538)
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holds for all r such that m —r > w)g. Thus the probability that |V, (M) — .| > 48, (Ao) +2min (v, (Xo) , v)
holds for at least one r is small. Now consider an ordering N € S* (M) such that for all r with m —r > wg
there holds

|0, (N) = ] <46, (Mo) + 2min (7, (No) , ) - (5.39)
Recall that N € S* (M) implies ¥, (V) < (1 — %) (m — )% Combining this with the definition of f (\),
we find

w)\8+1

iz 1 (i) I (- e )

mfr:w)\g m—r=1

. ﬁ <1_44@@0)+2min(%(Ao),yT)> ﬁ <1_4%>.

T (m—r)? T (m—r)?

m—r=wAj+1 m—r=1

The definition of 7, and Lemma imply Z%_TZW\S_H %4,37‘()\0)“1’2 ming’Yr()\o)ﬂ/r) = 0(1). Combining this

(m—r)?

with the approximation 1 — z > e~ for0 <z < %, we obtain

3
wAg

To approximate the remaining product, we apply Lemma In combination with the approximation
1— 2> e 2 and \jwd? . = o(m), we find

FN) > e 2M > 1 _o(1).

Now for each N/ € S* (M) we have shown that either f(N) > 1 — o(1) or that its probability is upper
bounded by o(1). Together this completes the proof of equation (5.22). Remark that in fact we have proven

E[f(N)1s- ) =1 —o(1).
The proofs of this section together with Section [5.2.4.3| and [5.2.4.4] show the following Corollary.

Corollary 5.17. For sufficiently large c in the definition of A, there holds

lm_lmX\I',«./\/'— -, 0
Ele)@(ng a((m(_i)zw )>

r=0

=1+o0(1).

This will be used to prove equation ([5.23)).

5.2.4.6 Proving equation (5.23)

In order to prove equation (5.4), it remains to show equation (5.23). This concerns the expected value of
f (W) for the orderings in S (M) \ S* (M). Equation (5.15)) implies that for any N' € S (M) \ S* (M), there

exists at least one 0 < r < m — 1 such that the inequality
T, (V) < (1 - %) (m —1)? (5.40)

is violated. This inequality can only be violated for specific values of r. To determine these values, suppose
that the above inequality is violated and investigate what this implies for A,.. Recalling ¥,. = A,. + A,. and
using Lemma [5.9] to bound A,., we obtain

2

dz,
A >V, — Qm—ﬂi:‘(m—r)?
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As dl .. = o(m), there will be a ng such that for all n > ng there holds d;}nA < 5. Assuming that n > ng, we
find

A>T, — %(m — 7’)2.
By violation of equation this becomes

A, > (1 . g) (m — )2 (5.41)

Lemma states that A, < (m — r)d2,,,. Hence we can deduce that

max*

(m—r) (1 - I) < d? implying m—r < dlzmx
2 —_ max’ 2 _ 7_

Thus equation (5.40) can only be violated if m — r < M This allows us to partition

2
deax

S (M)\ 5" (M Zst

with Sy (M) the set of all orderings N violating equation (5.40) for the first time at r = m — ¢, i.e. for all
r < m —t equation (5.40)) still holds. To prove equation ([5.23)), it suffices to show that

E[f(M)1s] <O (mltT> (5.42)

2
for all t € {1,2,..., 2;3—‘:"} as > o # = 0(1). Thus the goal is to prove equation ([5.42)).

By definition of W, there holds (m — )% = W, = Y, ,cp did; " (1 - %) As N € S(M),

the algorithm will finish. Hence at step r there must be at least m — r suitable pairs left, implying
2

(m—r)2 -V, >(m-—r) (1 - ““X> Thus it holds that

o = -0 (e (5))

2
Form —r < “‘a" this becomes

(m —r)?
mﬁme‘*Fl,
asd?;“nizo(l). Now we find that
m—1 m—1 m—1
m — Uy (m —1r)? .
—< — 7 < — 1=0t+1D! <t (t+1).
rHtm \I/T_r:ln_mlft(m_r)z_\ljr_rzlr_nlftm o (+ )_ (+ )

For all » < m —t equation (5.40) does hold. Hence analogous to equation (5.37)) it can be shown that

2 (m— )2 — 4, 4" max(V, — i, 0)
H <exp |— — 5 | -
st (m — -, T = (m—r)
Combing these two observations we find
m—r m—1
(m—71)%2 =1, 4 max(V, —,,0) | ,
lg, =1 <1 — t(t+1
fN)1s, Strl;[O( g, S lsexp r 2w (t+1)
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Next we take the expected value of the above equation and apply Hélder’s inequality to obtain:

E[f (M) 1s] <E[ls,]" " E|Ls, exp [742 i HWH t(t+1).

r=0

Using Corollary this becomes
E[f (N)1s] <E[ls] 7 [1+o(1)] (¢t +1).

Now to prove equation (|5.42)), it remains to show

PIN €S Tttt +1) < [1+0(1)] (5.43)

mTt’

This requires an upper bound on P[A € S;]. To obtain this bound, first we show that if A" € S;, then G/
contains a vertex with a special property. The probability of such a vertex existing, is used to upper bound

PN € Sy

Assume that NV € S;. Define r = m — ¢ and I'(u) = {v € V|(u,v) € Gar.}. By definition of A,, this
allows us to write

A, = Zdj(r) 3 =" and (m—r)? = Zdi(” Zdim-

ueV vel (u)U{u} ueV veV

Because N € S, equation (5.41) must hold. Inserting the above expressions for A, and (m — ) into this
equation yields

Sar” Y 4" (1 - %) SN ;s -0 a0y a

ueVvV v€el (u)U{u} uevV veV ueVvV veV

This implies that there exists a vertex u € V' such that

i >0 and Y 4 V>0-nY 4, =01 (5.44)
vel(u)u{u} veV

Thus we have shown that if A € Sy, there must exists a vertex u obeying equation (5.44]). Hence the proba-
bility that G, contains such a vertex u upper bounds P [N € S¢].

Next we derive an upper bound on the probability that the vertex w obeys equation (5.44). Recall that
G, contains the first r edges of the ordering A'. Adding the remaining ¢ edges of NV, creates the graph G ;.

Let I denote the number of these ¢ edges with target in I'(u) U{u}, then I = 3° cruquy d;m. Furthermore

define k := df — |'(u)| = dj;(r). Equation (5.44]) holds if and only if £ > 1 and I > (1 — 7)t. To upper bound
the probability that u satisfies equation (5.44)), we upper bound the probability that k& > 1 and I > (1—7)t for
a random ordering N' € S (M). That N is a random element of S (M) implies that the m edges are known,
but their ordering is random. To obtain a fixed value of k, exactly k of the d;” edges with u as source must
be in N\ N,.. Choosing these edges determines I'(u). To also obtain the desired value of I, exactly [ edges
with target in I'(u) U {u} must be in N"\ N;. There are 3° (o) (dy — 1) +dy edges to choose from,
since for each v € I'(u) the edge with v as the target and u as the source is already in N,.. The remaining
t — [ —k edges not in NV, may be chosen freely amongst all edges that do not have u as a source or an element
of T'(u) U {u} as target. Thus the probability to get a specific combination of k and [ is

(d;;f) (Zvera (§;—1)+d;) (m—dt—zvem)u(dJ—l)—dz)

I
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This allows to upper bound the probability that the vertex u satisfies equation (5.44)) by

>

E>1,0>(1—7)t (T)

() (4] ) (8 g D)

For N/ € S; there needs to be some vertex satisfying equation (5.44]). As in the above argument we fixed a
random vertex u, we find:

(dI) ((dj—k—i—l)dmax) (m—dj—zver(u) (d _1)_(1;)

pwesj<y o LT By =
u€V k>1,1>(1—7)t (t)
Remark that (7)) < 7” . Furthermore, as t = O (d2,,) and O (d%,,) = o(m) there holds
m mt
(7) = ot

This yields

AP ((dF =k + 1) (dmax)) mt =18
SED D SN ERIIES mtk!l!(m)(—l—)lz)!

ueV k>1,1>(1-7)t
g)’“ (M)lt.

:Z/ > [1+°(1”(m T

Next we approximate the summation over & and /. Since adding ¢ edges completes the ordering: ) .y, dj(r) =

> wev d;( ") = ¢. This implies that k € {1,2,...t} and that [ is an integer in the interval [(1—7)t,t]. Thus the
summation consists of at most ¢7 terms. Remark that as I,k <t = 0 (d?,,) = O (m'/?), (%) =0 (=37m)

max

and ((df — k +1)(dmax)) = O (517z), the term inside the summation is maximal for k =1 and [ = (1 —7)¢.

This gives
af d*dmax (A=mt /4

ueV

d2 (1—7)t d+
< t max ~u
_[1+o(1)]2t(m> Z(m)

veV

d2 (1—7)t
<1 1)] 2% | —max .
< [ o2t ()

Here we used that 7 < 1 < 2™ and = m. Plugging this into equation (5.43)) yields
37 ueV u

(1—7)t T
PN €8] T (t+1) < [1+o(1)]#(t +1) <2tt (di;nax) ) .

Ast < ‘“a" , there holds

t

1—7 j4—474272

2.2 doas
21 m1727+72

PN €8] Tt (t+1) <[1+o0(1)] (t+ 1)t 7 (

Since 7 < %, for any > 1, '~7 < . Thus we find

PWGStFTtt<t+1>su+o<1)](t+1)t< : W) .

2 1 ml 274712
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Inserting the relation dpya.x = O (m1/4’7) yields

-7

—r 4 t
P [N S St]l tt(t + ]_) < []_ + 0(1)] (t + ]_)t <2 m3‘r+3.5723‘r3> )
Using t = o (ml/Q) and that % is constant whereas m goes to infinity with n

PN € St]lfT t'(t+1) < [14+o0(1)]o <m1/2) O (m—3r+3.572—3r3)t
=0 (m™ ™).

This completes the proof of equation ([5.42)) and hence it shows that equation ([5.23) holds. This completes
the prove of equation (5.14]) and hence shows that equation (5.3). Together with the results from Section

this completes the proof of Theorem

5.3 The probability of failure of Algorithm

The next step in proving Theorem is showing that Algorithm [I] terminates successfully with probability
1 —o0(1). We prove the equivalent statement: the probability the algorithm fails is o(1). The proof is based
on [5, Section 5]. The algorithm fails at step s, if every pair of an unmatched in-stub with an unmatched
out-stub is unsuitable, i.e. it creates a self-loop or double edge when the edge corresponding to the pair is
added to Gyr,. First we investigate for which steps s € {0,1,...,m — 1} the algorithm can fail. Then we
upper bound the number of vertices that have unmatched stubs left when the algorithm fails. This allows to
determine the probability that the algorithm fails with a given amount of unmatched stubs left. Combining
all these results, we show that the probability the algorithm fails is o(1).

First determine at which steps that algorithm might fail.

Lemma 5.18. If Algorithmfails at step s, then m — s < d?

max -’

Proof. At step s, there are (m — s)? pair of unmatched stubs. If the algorithm fails at step s, all these pairs
are unsuitable. The number of unsuitable pairs at step s is A;. By Lemmathere holds A < d2,,.(m—s).
Thus if the algorithm fails at step s, there must hold (m — s)? < d2 . (m — s). O

The number of vertices that have unmatched stubs when the algorithm fails is bounded as well. Suppose a
vertex v € V has unmatched in-stub(s) left when the algorithm fails. Since the number of unmatched in-stubs
equals the number of unmatched out-stubs, this implies that there are also unmatched out-stubs. Because
the algorithm fails, any pair of an unmatched in-stub and an unmatched out-stub induces a double edge or
self-loop. Hence only v and vertices that are the source of an edge with v as target can have unmatched
out-stub(s). As v has at least one unmatched in-stub, there are at most dpyax — 1 edges with v as target.
Thus at most dyax vertices have unmatched out-stub(s). By a symmetric argument it is shown that at most
dmax vertices have unmatched in-stub(s) when a failure occurs.

Let A O g O g @ g ® be the event that the algorithm fails at step s with the only the vertices
i T i et
having unmatched in-stubs being v;,,...,v; _, each having d;l(s) unmatched in-stubs, and the only vertices

having unmatched out-stubs being vy, , ..., v;, , , each having d;:(s) unmatched out-stubs. As k™ (respectively

k™) denotes the number of vertices with unmatched in-stubs(out-stubs) left, there holds k™, k™ < dpayx - This
allows to write the probability that Algorithm [1] fails as

diax  max(m—s,dmax) max(m—s,dmax)

n n
fallure E E E E E P |:Ad, (s) d- (s) at (s) at (s)
e N Ay dg

m—s=1 k—=1 k=1 TS B SO S |
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Here the summation ZZ R denotes the sum over all possible subsets B C {1,2,...,n} of size k= such
that >, pd; ) — 1 — s and 2i¢B ;(S) = 0. The goal is to show that P [failure] = o(1). To achieve this,
first we determine an upper bound for P Ad, ) g @ d+( D g+ G >}

T - T+

Lemma 5.19. The probability of the event Ad_ G g O e g 1 upper bounded by
i ey g edy

d 7d;(5)
0(1)d2k+k —2k* H16K+ d+ Hzer d m—s m—Ss (5 46)
max mk*k —k* mm—Ssmm-—s d- (s) ) d- (s) d+ (s) d+ (s) .

seesdy s dy
Proof. For notational convenience define
K_:{il,ig,...ik—}, K+ {]1,]2,. -jk*} and KiZK_mK+.

When the event Ad, © 4

() g+ () g+ () OCCUIS, the algorithm has constructed a partial graph Gag,.
i1 - g1 T+

This partial graph obeys the degree sequence d" defined by

= {d; ifig K= = {dj ifi ¢ K+

P d —a7 ek T \df —df" ifie Kt
The probability of A - O gt gt © equals the number of graphs G, obeying the degree se-
;. oo al Yl

quence d” leading to a failure times the prE)Eability that the algorithm constructs this partial graph. To
upper bound the number of graphs obeying dn leading to a failuiei, note that such a graph must contain the
edge (i,7) for alli € K*,j € K~ i # j. Thus a graph obeying dn leading to a failure, contains a subgraph
obeying the degree sequence m(s), which is defined by

“ d; ifi ¢ K~ “ di ifi ¢ K+
A = d;—d;(s)—/-# ific K-i¢ K* and di =< df —df™ — k- ifie K*,ig¢ K- .
A —dr™ —kt 41 itie K-, ie Kt df —df'™ — k= +1 ifie Kt ie k-

The number of graphs obeying the degree sequence dy - g+ ) upper bounds the number of partial graphs

g+ (- Denote by £ (d%) the space of simple graphs obeying the
SHC N

degree sequence d™. As the uniform distribution on a set S assigns each element a probability of K Theorem
implies that for any degree sequence d with dy.x = O (ml/ 4= T) there holds

inducing the event Ad* @ g ® a (s)
D%

—1 n n n
Fld < H;no (m—?")2 o n 1d7 d7 +Z l(d%)n+<d+)2 Yrq(d imz 1(d )2 %—i—o(l). 547
‘ ( )‘_m'H d+'Hn d—'e ( )

1=1"" i=1""% °

We want to apply this to the degree sequence dy - g+ () . A graph obeying this degree sequence has s—k*Tk~ +
k* edges, with k* = |K*|. Thus we must show that dp.c = O ((s —k kT + ki)l/%T Lemma [5.18|states
that m — s < d2,,, implying m < d2,,, + s. Combining this with d},, = o(m) yields d2,,, (d2,,, —1) <
5. For dpax > 1 this implies s > 3d?,,,. As k*k™ < d2,,., we now find m < 2(s —k~kT + k%), ie
m=O(s—k kT +k*). If dpay = 1, then m < s+ 1 and kTk~ < 1. As the algorithm cannot fail at
the first step, s > 0. This implies that m < 3(s — kTk~™ +k¥). Now m = O (s — k~kTk*) implies that

dnax = O (m'/4"7) = O ((s - k*k+ki)1/477) . Thus we may apply equation (5.47)) to dK—7K+(S). This
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yields

s S — k+k_ + ki '
£ (dK‘>K+( ))‘ <! —0), )<s>,
Hz 1dz Hz 1dz :
(s)
(s)

— —(s)

n ()= (s) Tl )R+ (A )? no n ()

s, d Vapt e W T ] s @@y 1,
s—ktk— + k* 2(s — ktk— + k%) 4(s — kTk— + k*)? 2

AN

exp

Next the probability P4 (G, ) that the algorithm constructs a partial graph G a4, is upper bounded. This
will only depend on the degree sequence of the partial graph and not on its edges. Following the derivation

in Sections [5.2.1] and [£.2.3] we find

di! d;!
Pa(Gu,) = — b= gtllmdt 5 )
HieK+ d; HzeK— d; N €S(Ms)

d T, d;! did; sl 1
- s e~ 5 G | T e
HieK+ d' !HieK* di ! (4,7)EG M, r=0 r M

Hz 1d:r'Hz 1 z 8'571
Hi€K+ d{r(s 'H'e - di S)' | 1;[0
exp ( 21 1di d+ 22?:1 [(d;)2 + (dj)z] + SZ?:l(d;)2 Z;L:l(d;r)2 s* + o(l)> .

m2 2m3 4m3 + 2m?2

The fraction of factorials accounts for the number of different configurations leading to the same graph G a4,

This equals6 the number of permutations of the stub labels. However for ¢ € K~ there are only d( o

permutations of the labels of the in-stubs of v; that lead to a different configuration. To see this remark that

changing the label of an in-stub that remains unmatched with another in-stub that remains unmatched does
+
not change the configuration. By the same argument for 7 € K™ there are only i—(')’ ways to permute the

labels of the out-stubs of v;.

Now we can determine

P |:Adi_1(5)""’di_k(5)’dj—1(5) ar G J < P[GMS] ‘L (chs k+>‘

Jk+

First we examine the product of the exponents in the approximations of P[G,] and ‘E (J;: 5 +> ‘ Hence
we consider

—(s) —(s)
n () =(s) ol )+ (df 2} n =) n ()
Se et [( U D > UL/ v/

_ — = 1
exp s—ktk— 4+ k% 2(s—ktTk— + k%) 4(s — ktk— + k+)? 2+0( )

m2 2m3 4m3 + 2m?2

eXp( syl dpd YL [ @) s T ()T () s +0<1>)

max

—exp [0 (e (2 -1))] e |0 (dm (2 1)) = exp [ (e ) | o0,

= exp (%O (dmaX> + O (drgnax) + 0(1)) exp (_O (dmaX) -0 (d2 ) 0(1))
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Here we used that m > s > m — d2,,.. This leads to
P Ad# & dm D gt gt M} <PlGam.] ‘L (chéj,w)‘
i1 ig— J1 It

_ (s) _ — —(9)
[Ticx+ &M e k- d; Mliex+ iex- (dj —df" —k ) (di —d; T~ kJr) (s — kTE™ + kH)!s!(m — s)!(m — s)!
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To get this upper bound equal to equation (5.46)), it remains to bound % and % First look
at % Using that m — s = O (d2

max)
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5. NUMERICAL CONSTRUCTION OF RANDOM DIRECTED GRAPHS

Combining equation (5.45)) with the Lemma we are able to show the desired result.
Lemma 5.20. The probability that Algorz'thm returns o failure is o(1).

Proof. Lemma implies that

L 4@

P {A () &) 1 () ( J < eo(l)d%*k* ot Hie+ di " Tliex—di ( m—s ( )) ( ( )m —s ( ))
- ds WAt af ¢ ktk— —kT — (s + (s + (s
diyoendy AT d] m mm=smm=s i s ’dir d Yoo ,dj N

2 A\ kTR —kE 2
The fraction (%) is either 1 if KTk~ = kT or smaller than “mex if kTk~ # k%, As k* <
min (k~, k%), kTk~ = kT implies that k¥ = k~ = 1. Together k¥ = k~ = 1 and the conditions under which
the algorithm can fail imply that K+ = K~. First we consider this case. As Kt = K~ = K+ = 1 there
holds di_l(s) = dz (@) _ m — s, hence we find

er*S m—s

d; d;
o(1) i i1 —
P |:Adi_1(3)7d'?—1(5):| <e T ——— o(1).
&2 EtE——k* 2
Next assume that Ak~ # k*. This implies that ( “"‘“‘) < d"ﬁ By definition of the summations
Dy and 350, we can apply the multinomial theorem to obtain

max(m—s,dmax) n (s) _ s
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Plugging this into equation (5.45|) yields

2 dilzxx + L\m—s _ _\m—s
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m—s=1
d2
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This proves the claim of Theorem [5.1] on the probability that Algorithm [1] fails.

5.4 Running time Algorithm

All that is left to complete the proof of Theorem [5.1] is to show that the expected running time of Algorithm
is O (mdmax). For this we follow [5, Section 6]

Lemma 5.21. Algom'thm can be implemented so that its expected running time is O (Mmdmax) for graphical
degree sequences d™ with dyax = O (m1/4_7) for some T > 0.

Proof. Our implementation of Algorithm [1|is based on the implementation that Bayati, Kim and Saberi [5]
use to generate undirected graphs. This implementation in turn is based on Steger and Wormald’ implemen-
tation of their algorithm to generate undirected regular random graphs. For the sake of completeness we
include the entire analysis bellow. Steger and Wormald invented the three phase procedure to pick an edge
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5. NUMERICAL CONSTRUCTION OF RANDOM DIRECTED GRAPHS

1,7) at step r with probability proportional to di(r)d-(r). Bayati, Kim and Saberi changed the acceptance
J
criteria so that each edge is accepted with probability proportional to di(r)dj (r) (1 - %). We change this

4o
. d; dj
2m

acceptance probability to dj'(r)dj_(r) <1 ) Also do we change the criteria which determine the phase

of the algorithm.

For notional convenience let E denote the set of edges constructed by the algorithm so far. Let N be
an array containing for each vertex v: the set of vertices w such that (v,w) € E. This array allows to
determine all vertices w for v in time O (dmax)- It can be updated in constant time.

In the first phase a random unmatched in-stub and a random unmatched out-stub are selected. Using
the array N it can be checked in O (dpax) whether this is an eligible pair (i.e. if it does not create a self-loop
did;

i

or double edge when added to E). If eligible, the pair is accepted with probability 1 — ——% and the edge
(,7) is added to E. Select edges according to this procedure, until the number of unmatched in-stubs (which
equals the number of unmatched out-stubs) drops bellow 2d2,... This marks the end of phase 1. Checking
if a pair is eligible requires O (dax) comparisons. Each eligible pair is accepted with probability at least %
At most one half of the stub pairs is ineligible. To see this recall that Lemma (a) implies that at most
(m —r)d?,,, of the (m — r)? pairs are ineligible. Thus as long as (m —r) > 2d2,,. at least half of the stub
pairs is eligible. Hence creating one edge in phase 1 has an expected computational complexity of O (dmax),
making the total expected runtime of this phase O (mdmax)-

When phase 1 ends, phase 2 begins. In this phase we select a pair of vertices instead of a pair of stubs.
This requires us to keep track of the vertices which have unmatched in-stubs left and of vertices with un-
matched out-stubs left. These sets are constructed in O (n) and can be updated in constant time. Draw a

uniformly random vertex j from the set of vertices with unmatched in-stubs and a uniformly random vertex 4
+(r) a- ™
from the set of vertices with unmatched out-stubs. Accept 4 (respectively j) with probability % L

g J
If both vertices are accepted, it is checked if (4,7) is an eligible edge. This can still be done in O (dyax). If
o
the edge is eligible, it is accepted with probability 1 — d"zi" . Phase 2 ends when the number of vertices with

unmatched in-stubs or the number of vertices with unmatched out-stubs is less than 2dp,,x. As every vertex
with unmatched in-stubs(respectively out-stubs) has at most dp,ax unmatched in-stubs(out-stubs), this as-
sures that the edge is eligible with probability at least % An eligible edge is accepted with probability at least
%. To get a pair of accepted vertices an expected number of O (d?nax) redraws are needed. Thus the construc-
tion of one edge is expected to take O (dZ,,). As there are only 2dZ,, unmatched in-stubs at the start of
phase 2, at most d2 , edges are created in this phase. Thus the expected running time of phase 2 is O (dfnax).

max

Phase 3 is the final phase. At the beginning of this phase, the set of all remaining eligible edges is created.
Denote this set of edges by E. At the start of phase 3 there are only 2d,.x vertices left with unmatched
in-stubs or with unmatched out-stubs. Hence there are at most 2d?2 . vertices with unmatched out-stubs or
in-stubs. Thus E contains no more than 4d3, .. edges. For each possible edge it is checked in time O (dpax) if

it does not create a double edge or self-loop. Thus constructing E takes O (dfnax). The rest of phase 3 consist
+ () = ()

~ 4
of picking a random element of F and accepting it with probability i(ﬁid’, (1 — dgij ) This leads to an
i 4

expected number of O (d?nax) repetitions to accept one edge. If an edge is accepted, it is removed from E and
the values of dj(r) and d ™) are updated. After selecting an element of E, it must be checked if d;r(r) >0
and dj_(r) > 0. If this is not the case, the edge is not added to E and removed from E. This continues until

E is empty or |E| = m. This has expected running time of order O (df’nax) as there are O (d3 ) edges that

max

are expected to be discarded or accepted in O (d?nax). Thus the total running time of the algorithm becomes
O (mdmax) + O (TL) + O (dfnax) + O (dfnax) .

As dyax = O (m1/4’7) this is O (mdmax)-
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However we also must compute F;; at each step. Let Pi(f) denote the probability that the edge (i,7) is

added to F at step r. There holds:

(r) —(r) dfd;
' d; (1—2m’>

(m—7r)2 -V, (N)

(r) _
P’ =

i
2m

: dfd: . . . . .
The value d:rmd;m 1-— ’) can be computed in constant time. To determine the denominator of this

value remark that

[(m—r+1)? = Wiy (N)] = [(m = 1) = ¥, (V)]

_ +(r 1) (r1) dydy +(0) () didy;
= Y df"d, (1_12m“ - Y dyd, -t

(u,v)eEr,»+1 (u,’U)EE,.
+ - + g +d-
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= —d"d; (1— D B e D N A

2m (Lv;E_Er 2m (u,j;ée'ET 2m

v#£]g UF£L

+d- + 7 d.
) () d; d; d; o, 4 + o)
= —df"d; (12m>2(mr)+2mkz:1dkdk +%;dkdk
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—) i d, +() d;; d; —() di d; +()
1 - %% 1— 55 - _Ti% ) [
+ > 4, ( 2m>+( > df o |+ d; el R

(1,0)EG N, u,J)EG N,

) |

Each of these terms can be updated at each step in O (dimax) operations. This allows us to determine the

value of Pi(jr)

every phase, this does not change the complexity of the algorithm. The initial value is

n n -2 <n 2 n 2,12
Ty (N) = m2 — Z d;d;r _ >i1d; i=1 d:r — i d; dz‘+
i=1

)

2m

at each step using O (dmax). As the construction of one edge also takes at least O (dmax) in

which can be computed in O (n). As n < m this does not change the order of the expected running time and

hence this completes the proof.

This lemma completes the proof of Theorem 5.1

O
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6. NUMERICAL SIMULATIONS

6 Numerical simulations

In this section, we apply the construction algorithm to illustrate Theorem Section [6.1] describes the
simulation setup and how we numerically determine the percolation threshold and the size of the GSCC.
Section [6.2] introduces the sample degree distributions for which the simulations are performed. Then, the
results of the simulations are compared with the theory given by Theorem which is split into two parts:
the bond and site percolation are discussed in respectively Sections and

6.1 The simulation

The goal of the simulation is to numerically illustrate Theoremm which identifies the values w2°ond, gsite cbond

and c**. We start by choosing the value of 7 and the type of percolation applied (bond/site). Then, we
apply a procedure that generates random graphs obeying a given degree sequence and removes each edge/iso-
lates each vertex with probability 1 — 7. By analysing the sizes of strongly connected components of the
percolated graph, we obtain the estimated value of c?°*? (or ¢**¢) as the relative size of the largest strongly

connected component, i.e. %

cy (G}n) ‘ Determining the percolation threshold numerically is a little more

involving, as it requires one to decide whether or not a giant component is present by looking at a finite graph.
Equation defines the percolation threshold to be the supremum over all values of = € [0, 1] for which
P[i
bounded by % As the value of n remains finite in the simulation, we cannot rely on this value being zero.
Thus we need another method to numerically determine the percolation threshold. We look at the behaviour
of the size of the second largest strongly connected component. As Theorem [£.1]is proven by applying Theo-
rem 3| to the percolated graph, it will contain w.h.p a unique giant strongly connected component for = > =,
and no giant if 7 < 7.. So the second largest connected component is expected to reach its maximal relative
size at the percolation threshold. If 7 increases but remains smaller than 7., this value will grow as more edges
lead to larger connected components. However for m > m. a giant component arises by connecting smaller
components into one larger component. Hence the size of the second largest component will decrease. So to

determine the numerical percolation threshold 7°°™® (or 75, apply percolation for different values of 7. The

value of the percolation probability that leads to the largest second largest component will be 7°°® (or 71°).

cy (G}n )’ = O} converges to zero as n goes to infinity. However the value of % ’Cf (G;ﬂn )’ is lower

It remains to explain the procedure to obtain percolated random graphs obeying a given degree sequence.
Given the degree sequence, Algorithm [1| can be used to (almost) uniformly sample a graph obeying this
degree sequence. Then bond (respectively site) percolation on this graph can be simulated using a random
number generator. Generate a random number in [0, 1] for each edge (vertex) in the graph. If this is smaller
than 1 — 7, delete the edge (isolate the vertex). The result is the desired percolated graph.

To get more reliable numerical values for 70ond gsite cbond and csite we generate ngraphs simple graphs obey-
ing this degree sequence using Algorithm[I] To each graph we apply the percolation procedure npercolation
times. This leads to ngraphs-npercolation values for the size of the largest and second largest strongly
connected component. The desired numerical values are determined using the average for the size of the

largest and second largest strongly connected component over these ngraphs-npercolation graphs.

Above we considered a graph with a given degree sequence. But Theorem [4.1] regards proper degree ar-
. . . . fo'e) . . .

rays converging to some degree distribution (pj,k)j w—o- As input for our simulations, we choose the degree

distribution (a bivariate probability mass function) and the number of vertices n. We then draw n elements

from this distribution, representing the in-degree and the out-degree of each vertex. We repeat this process

until we obtain graphical degree sequence. We use the following Theorem to check whether a degree sequence

is graphical.

Theorem 6.1. [27, Theorem 2] Consider a degree sequence d™ ordered such that forallie {1,2,...,n—1}

there holds d; > d;, ;. Then the degree sequence is graphical if and only if Z?=1 d; = Z?Zl d;" and for all
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1<k <n wthd, > dl;+1 and n = k there holds

k n
Zmin(d:r,k—l)—i— Z mm d k Zdi
i=1

i=k+1

Note that this reduces the number of equations we need to check with respect to Theorem[2.2] As the results
should be the same for all different proper degree sequences with the same degree distribution, we consider
just one degree sequence for each value of n. This concludes the explanation of the simulation.

6.2 Degree distributions

In this section, we introduce the two sample degree distributions, for which we run simulations to determine
ghond gsite cbond and ¢site numerically. First, let us consider the uniform degree distribution. Denoting the

maximum degree of this distribution by A, its probability mass function is given by

_ e ifd k< Aand (5,k) # (0,0)
Pjk = .
0 else

This distribution is constant, expect for exclusion of (0,0). Remark that this distribution is almost the
product of two univariate uniform distributions on {0,1,..., A}, expect for assigning (0,0) a probability of
0. The first and first mixed moments of this distribution are

A 2 A 2
. A+1)"A , A +1)" A2
n = Z IPjk = ( )2 and Hi1 = E Jkpj,k — ( )2 .
4,k=0 2 ((A +1)" — 1) §,k=0 4 ((A + 1) — 1)

Theorem may only be applied if p11/p > 1. As there holds

this implies that we need to take A > 2. Theorem implies that

: 2
bond S
75 ond _ ﬂ.zlte — Z
Also the size of the GSCC follows from Theorem First consider ¢”°"d, This requires the values of n~-bond
and 7" given by equations (4.27) and (4.28). For the uniform degree distribution they are the unique

solutions in (0,1) to

(1—n" bond Z pik ( Ond) +1- 7T) and (1—-nb Ond Z pik ( nt Ond) +1- W)k.

J,k=0 7,k=0

Remark that these equations are in fact the same. Hence it holds that n—P°nd = ptbond = The value of

n~Pond is determined using a numerical solver. From this value, ¢ —Pond ¢+bond anq ¢)bond are determined
using equations (#.29) and (4.30). In turn these values allow us to determine the value of c”°"® using equation
(4.31). From the value of ¢”°"¢, ¢t can easily be obtained using equation (4.54). The numerical values of

¢ and ¢*'*¢ are shown in Sections and and allow for a direct comparison with the simulation results.

The uniform degree distribution is almost degenerate, i.e. there holds P [d, = j,d} = k| =P [d, = j]|P[d} = K]
except for (j, k) = 0. One might argue that a directed graph with a degenerate distribution can be modelled
by an undirected graph with degree distribution P[d, =1] = >, ., P[d, = j,d} = k]. To illustrate that
our theorem also applies to non-degenerate degree distributions, we also study a modification of the uniform
degree distribution for A = 4. This modified uniform distribution is not degenerate and the probabilities for
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the total degree, irrespective of edge direction, P[d, =] =", ,,_, P[d, = j,d} = k] are the same as in the
uniform degree distribution with A = 4. Such a probability mass function is given by

1 1
- = - 6.1
Po,2 o1 Po,3 o1’ (6.1)
_ 1 = _ 1 = (6.2)
P10 = 12’ P11 = 12’ P13 = o1 P14 = 12’ .
1 1 1
I - — — 6.3
P21 8’ D22 247 D24 247 ( )
1 1 1
_ = - = - — 4
P31 3’ P33 12 P34 12’ (6.4)
1 1
Pa1= 150 Pada= o (6.5)
A simple calculation shows that
o0 oo o0
> ipik= Y kpjx=20833 and > jkp;s = 4.4167.
J,k=0 J,k=0 j,k=0

This shows that a random graph obeying this degree distribution w.h.p. will contain a GSCC and hence the
percolation threshold exists. By Theorem [£.1] the percolation threshold equals

gPond — gsite — (9 4717,

c c -

bond site

The values of ¢ and ¢™*° are determined using the same equation as for the uniform degree distribution.
Remark that for the modified degree distribution there holds 5~-Pond =£ pt:bond,

6.3 Simulating bond percolation

In this section, we present the outcomes of the simulations performed regarding bond percolation. As degree
distribution we use: the uniform distribution for A = 3 and A = 4 and the modified uniform distribution,
as introduced in Section Simulations are performed for graphs with 10000 vertices and for graphs with

n=2,4,8,...,2048 vertices. For all values of n, we determine 7°°"% and Cy (G}T) /n. The goal of the first

simulation is to compare the numerical values for a graph on n = 10000 vertices with the asymptotic theoret-
ical results. As the gap between these values is not too big, we also want to look at the convergence speed.
This is studied using the simulations for n = 2,4,8,...,2048. To determine 7°°"? we apply the procedure
described in Section considering as value for m: all values between 72°"d — (.15 and 72" + 0.15 using
steps of size 0.01. So we consider w2°"d — .15, 7Pond — 0.14, ... 7Pond 4 0.14 7#bond 4 0.15. The numerical
value of ¢”°" is determined for all values of 7 between 0.45 and 0.95 in steps of 0.50. For all simulations we

use ngraphs= 100 and npercolation= 100.

Before we look at the values regarding percolation, first we look at the additional output of Algorithm
[[] Recall from Section [5.1] that the algorithm outputs a sequence of edges describing a graph together with
the probability Pxs that the algorithm generates precisely this sequence of edges. Equation implies
that all orderings leading to the same graph are generated with asymptotically equal probability. Thus the
probability that the algorithm generates a given graph can be approximated by P := m!Pys, since there are
m/! different orderings for the edges of a graph. For each value of n, we determined the minimum and the
maximum P in the ensemble of 100 different graphs obeying the degree sequence. The logarithm of this value
is shown for the uniform degree distribution with A = 3 in Figure [da] for n = 2,4,8,...,2048. We see that
log,( (In P) seems to have a linear dependence on log;(n). For small n there is a big discrepancy between
the maximum and the minimum. When n increases, this difference quickly becomes small. Upon a closer
inspection of the values, it turns out that the absolute difference between the maximum and the minimum
decreases slowly, but remains of the same order of magnitude. However, as the value of In(P) rapidly de-
creases, this means that the relative difference quickly decreases as well. We expect that this decrease in the
difference is caused by the fact that the algorithm generates graphs within 14o0(1) of uniformity. In principle
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(a) The minimum and maximum value of In(P) over 100
graphs are shown as a function of n for the uniform de-
gree distribution with A = 3. For small n there is a big
difference between the minimum and the maximum, but
this quickly becomes invisible with increase of n.

(b) The minimum value of In(P) over 100 graphs is shown
as a function of n for different underlying degree distribu-
tions. The behaviour is roughly the same for all distribu-
tions.

Figure 4: The value P is an approximation to the probability that Algorithm 1| generates a given graph G ;.

The minimum value of In(P) over 100 graphs is shown as a function of n for different underlying degree
distributions. The behaviour is roughly the same for all distributions.

the same graphs can be created for the remaining two distributions. However, as the difference between the
maximum and minimum shows the same behaviour for these distributions, this will not provide additional
insight. Instead we show the minimum for the three distributions together, see Figure @bl This allows to
compare the probability for the different degree sequences. This is mainly interesting, with regard to the
approximation N = # for the number of simple directed graphs obeying a given degree sequence. In the
figure we see that the uniform distribution with A = 3 is slightly larger, implying that there will be fewer
graphs obeying it than for A = 4 and the modified degree distribution. This is most likely caused by the fact
that a larger degree at each vertex leads to more choices for the neighbours of the vertex.

Now, we turn to percolation. We generate graphs on 10000 vertices. The behaviour of the value ‘CQS (G}l ) ‘ /n

for these graphs is shown in Table [I] for the uniform distribution and in Table 2] for the modified uniform
distribution. Here we selected a subinterval of [72°"d — (.15, 72°nd 4 0.15] for each distribution that captures
the important behaviour. For all distributions the relative size of the second largest component shows similar
behaviour. First it increases monotonically with 7. At some point it reaches a maximum, after which it
monotonically decreases. Recall from Section that this is the behaviour we expected. For the uniform

distribution with A = 3 we find #°°"% = 0.71, whereas mbond — % For A = 4, there holds 7°°™ = 0.53, where

wbond — 0.5, For modified uniform distribution we find a numerical percolation threshold of 7°°™ = 0.50

where WEOHd = 0.4717. This amounts to a difference between the theoretical and numerical values of approx-
imately 0.03 for all distributions. Remark that this does not contradict our theorem, as the theory considers
the asymptotic limit.

Next we compare the value of ¢P°"d with the average size of the largest strongly connected component
of the simulated graph. For the uniform distribution the results are shown in Table [3] and for the modified
uniform distribution in Table Remark that for all values of m < 72°%d the theoretical prediction is 0, as
w.h.p. no giant strongly connected component is present. However the numerical value is simply the size of
the largest strongly connected component. As such a component contains at least one vertex, even if no giant
component is present, this value does not become zero. This is an unfair comparison as also theoretically
the largest strongly connected component will contain at least one vertex, but it does not scale linearly in n.
Remark that the numerical value is small in this case, i.e. it contains fewer then 20 vertices. For the values
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Table 1: The average relative size of the second largest strongly connected component after bond percolation
is shown for different values of m. The results are obtained by simulating graphs on 10000 vertices with a
degree sequence drawn from the uniform distribution for A = 3 and A = 4.

(a) The results for A = 3. A maximum is observed (b) The results for A = 4. A maximum is observed

for # = 0.71. for # = 0.53.

T ’Cf (G;in) ’ /n T ’Cf (G;r%) ’ /n
0.65 | 4.83e — 04 0.45 | 2.31e— 04
0.66 | 6.02¢e — 04 0.46 | 2.70e — 04
0.67 | 7.54e — 04 0.47 | 3.40e — 04
0.68 | 9.29¢ — 04 0.48 | 4.30e — 04
0.69 | 1.14e — 03 0.49 | 5.69e — 04
0.70 | 1.34e — 03 0.50 | 7.55e — 04
0.71 | 1.45e¢ — 03 0.51 | 9.66e — 04
0.72 | 1.44e — 03 0.52 | 1.17e — 03
0.73 | 1.30e — 03 0.53 | 1.33e — 03
0.74 | 1.11e— 03 0.54 | 1.27¢ — 03
0.75 | 9.26e — 04 0.55 | 1.08e — 03
0.76 | 7.70e — 04 0.56 | 9.20e — 04
0.77 | 6.65e — 04 0.57 | 7.23e — 04
0.78 | 5.77e — 04 0.58 | 5.85e — 04
0.79 | 5.19¢ — 04 0.59 | 5.18¢ — 04
0.80 | 4.73e — 04 0.60 | 4.50e — 04

Table 2: The average relative size of the second largest strongly connected component after bond percolation
is shown for different values of w. The results are obtained by simulating graphs on 10000 vertices with a
degree sequence drawn from the modified uniform distribution. A maximum is observed for = = 0.50.

™ ‘CQS (G})‘/n
0.42 | 2.19¢ — 04
0.43 | 2.77e — 04
0.44 | 3.35e — 04
0.45 | 4.49¢ — 04
0.46 | 6.03e — 04
0.47 | 8.30e — 04
0.48 | 1.08e — 03
0.49 | 1.32e — 03
0.50 | 1.37e — 03
0.51 | 1.25e — 03
0.52 | 1.02e — 03
0.53 | 7.90e — 04
0.54 | 6.26e — 04
0.55 | 5.32e — 04
0.56 | 4.69e — 04
0.57 | 4.23e — 04
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Table 3: The average relative size of the largest strongly connected component after bond percolation is
compared with c?°"? for different values of m. The results are obtained by simulating graphs on 10000

vertices obeying a degree sequence drawn from the uniform distribution for A = 3 and A = 4.

_ A=3 A=14
et (67, )|/ | cbone ¢t (G, )|/ | cbone

0.45 | 1.79e — 04 0.00e +00 | 5.71e — 04 0.00e + 00
0.50 | 2.28e — 04 0.00e + 00 | 2.53e — 03 0.00e + 00
0.55 | 3.34e — 04 0.00e + 00 | 2.75e — 02 3.13e — 02
0.60 | 5.85e — 04 0.00e + 00 | 9.38e — 02 9.66e — 02
0.65 | 1.58e — 03 0.00e + 00 | 1.69¢ — 01 1.71le — 01
0.70 | 1.07e — 02 1.15e — 02 | 2.42e — 01 2.45¢ — 01
0.75 | 5.50e — 02 5.76e — 02 | 3.10e — 01 3.12e — 01
0.80 | 1.19¢ — 01 1.20e — 01 | 3.71e — 01 3.73e — 01
0.85 | 1.86e — 01 1.86e — 01 | 4.24e — 01 4.26e — 01
0.90 | 2.51e - 01 2.51e — 01 | 4.70e — 01 4.72e — 01
0.95 | 3.12¢ - 01 3.11e — 01 | 5.10e — 01 5.12e — 01

Table 4: The average relative size of the largest strongly connected component after bond percolation is
compared with c?°"? for different values of m. The results are obtained by simulating graphs on 10000
vertices obeying a degree sequence drawn from the modified uniform distribution.

T ’Cls (G}n) ’ /n | cbond
0.45 | 1.09¢ — 03 0.00e + 00
0.50 | 1.24e — 02 1.47¢ — 02
0.55 | 8.12¢ — 02 8.49¢ — 02
0.60 | 1.75e¢ — 01 1.77e — 01
0.65 | 2.71e — 01 2.73¢ — 01
0.70 | 3.62e — 01 3.63¢ — 01
0.75 | 4.46e — 01 4.45e¢ — 01
0.80 | 5.21e — 01 5.20e — 01
0.85 | 5.89¢ — 01 5.88¢ — 01
0.90 | 6.52¢ — 01 6.51e — 01
0.95 | 7.11e—01 7.09¢ — 01
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Figure 5: The behaviour of |7rE°nd - %bond’ is shown for the uniform and modified uniform distribution as a
function of n.

of m > 7wPond | we see that the difference between the theory and the simulation decreases, as 7 increases.

When ¢P°"? reaches values of the order 10~! the absolute error remains almost constant. A last observation
regarding these results is that for 7 > 70°%d, the value of cP°"d is always larger than the average size of largest

SCC for the simulated graphs for the uniform distribution. However for the modified uniform distribution
this is not the case.

The difference between the numerical and theoretical value of ¢”°™ is small, especially when 7 increases.
This raises the question about how fast the numerical values converge to the theoretical ones. To offer some
insight, we perform the same simulations as for n = 10000 for graphs on n = 2,4,8,...,2048 vertices using
the same three degree distributions. Instead of the actual values produced by the simulation, we will show

the difference between the numerical and theoretical value as a function of n, since we want to study the
convergernce.

First look at the percolation threshold 72°"d. We expect that the difference between 7Pond and mrbond
decreases, when the number of vertices increases. Recall that this difference was approximately 0.03 for
n = 10000. Hence we do not expect the difference to drop bellow 0.03. Furthermore it is upper bounded by
approximately 0.15 as we run the simulation for = € [0.51,0.81] for A = 3, for = € [0.35,0.65] for A = 4 and
for m € [0.32,0.62] for the modified degree distribution. The results are shown in Figure [5| For the uniform
degree distribution an erratic ”burn-in” regime is observed, followed by eventually decrease of the error for
larger values of n. For the modified uniform distribution we do not observe the erratic behaviour. Instead we
see that the difference remains almost constant, until at n = 128 a decrease sets in. The difference between
the values roughly halves when the number of vertices increases by a power of 2.

Next we look at the relative difference between ¢”°"? and the relative size of the largest strongly connected
component in the graph as a function of n. We choose to show the relative difference and not the absolute,
as for different values of 7, the order of magnitude of ¢’ changes. The results are shown in Figure @ For
all three distributions we see that the relative difference decreases if n increases. Also the agreement between
simulation and theory is better for larger values of w. This is consistent with the behaviour Tables [3] and [4]
display. For small values of n the difference is very large. This is mainly due to the fact ‘Cls (G}L) ‘ can only

take values in {%, %, e %} Remark for the values of 7 close to the percolation threshold that the error

remains fairly large. Another important remark is that we in fact look at a convergence of two intertwined
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Figure 6: The relative difference of ¢”°*¢ and )Cf (G}L )

7. The actual data points are shown with markers. The lines connecting the markers provide a visual aid to
highlight the trend. For larger values of 7, the relative difference is smaller.

is shown as a function of n for multiple values of
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Table 5: The average relative size of the second largest strongly connected component after site percolation
is shown for different values of m. The results are obtained by simulating graphs on 10000 vertices with a
degree sequence drawn from the uniform distribution for A = 3 and A = 4.

(a) The results for A = 3. A maximum is observed (b) The results for A = 4. A maximum is observed

for m = 0.72. for m = 0.54.
| (el - | (o)
0.65 | 4.30e — 04 0.45 | 2.31le — 04
0.66 | 5.24e — 04 0.46 | 2.64e — 04
0.67 | 6.35e — 04 0.47 | 3.22e — 04
0.68 | 7.68e — 04 0.48 | 3.88e — 04
0.69 | 9.31e — 04 0.49 | 4.90e — 04
0.70 | 1.07e — 03 0.50 | 6.12¢ — 04
0.71 | 1.19¢ — 03 0.51 | 7.48¢ — 04
0.72 | 1.24e — 03 0.52 | 8.70e — 04
0.73 | 1.23e — 03 0.53 | 1.01le — 03
0.74 | 1.14e — 03 0.54 | 1.03e — 03
0.75 | 1.05e — 03 0.55 | 1.02e — 03
0.76 | 8.18e — 04 0.56 | 9.15e — 04
0.77 | 7.22e — 04 0.57 | 7.63e — 04
0.78 | 6.08e — 04 0.58 | 6.36e — 04
0.79 | 5.43e — 04 0.59 | 5.43e — 04
0.80 | 4.95e — 04 0.60 | 4.64e — 04

processes. The size of the largest component should converge to ¢”°™d with n. However this is true for uni-

formly random generated graphs. Recall that Algorithm [I| generates graphs that are asymptotically drawn
from a uniform distribution. As Theorem concerns uniformly random graphs, this also may enlarge the
error for small n.

6.4 Simulating site percolation

In this section, we present the outcomes of the simulations performed regarding site percolation. For site
percolation we have performed the same simulations as for bond percolation, but only for graphs obeying a
uniform degree distribution. The modified degree distribution is omitted here, as we saw in the case of bond
percolation that both distribution show fairly similar results.

First we consider the value of 7' for the graphs on n = 10000 vertices. The average sizes of the
second largest strongly connected component are shown in Table Again we selected a subinterval of
[wbond .15 7bond 4 0.15] for each distribution that captures the important behaviour of this value. Sim-
ilarly to bond percolation, the value first monotonically increases. Then it reaches its maximum and after
that it monotonically decreases. As numerical percolation threshold we find 7*¢ = 0.72 for A = 3 and
7t = 0.54 for A = 4. As 73" = £ we find that the numerical percolation threshold is approximately
msite + 0.4, Recalling that 72°"d = 7%i*¢ and comparing with Table I, we observe an increase of 0.1 in the
difference with respect to bond percolation. Comparing with this table we also see that the general behaviour

of |C5 (G;/)‘ is the same for both types of percolation. However the value of ‘CQS (G}m)‘ is lower for site

percolation. Equation (4.48) explains this. After site percolation there are more isolated vertices, while for
other degrees the probability is the same up to normalization factor 7.

Next we compare the value of ¢*'* and the fraction of vertices in the largest connected component of the
simulated graphs. These results are shown in Table @ Like for bond percolation, c¥*® = 0 implies that no
giant strongly connected component is present. For those values we see that the components in the simulated
graph are very small, i.e. the contain approximately 15 vertices or less. Like for bond percolation, the differ-
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Table 6: The average relative size of the largest strongly connected component after site percolation is
compared with ¢**¢ for different values of w. The results are obtained by simulating graphs on 10000 vertices
with a degree sequence drawn from the uniform distribution for A = 3 and A = 4. The agreement between

theory and simulation improves when 7 increases.

_ A=3 A=14
cf (67 )| /n | et cs (67 )| /n | e
0.45 | 1.80e — 04 0.00e + 00 | 5.18¢ — 04 0.00e + 00
0.50 | 2.26e —04 | 0.00e+00 | 1.73¢ —03 | 0.00¢ + 00
0.55 | 3.27e — 04 0.00e + 00 | 1.22e — 02 1.72e — 02
0.60 | 5.46¢ —04 | 0.00e+00 | 510 —02 | 5.80¢ — 02
0.65 | 1.33¢ —03 | 0.00c+00 | 1.03¢ —01 | Llle— 01
0.70 | 6.75e — 03 8.07e — 03 | 1.63e — 01 1.71e — 01
0.75 | 3.60e — 02 4.32e — 02 | 2.25e — 01 2.34e — 01
0.80 | 88le—02 | 957 —02 [ 2.80e—01 | 2.98¢ 01
0.85 | 1.50e — 01 1.58e — 01 | 3.53e — 01 3.62e — 01
0.90 | 2.17¢ - 01 2.26e — 01 | 4.15¢ - 01 4.25e — 01
0.95 | 2.86e — 01 2.96e — 01 | 4.77e — 01 4.86e — 01

ence between the simulation and the theory decreases, if 7 increases. Again we observe that the theoretical
value upper bounds the numerical one for bond percolation. However the difference between the theoretical
and numerical value is larger than for bond percolation, see Table [3]| We expect that the difference between
both types of percolation can explain this. When applying bond percolation a vertex only looses degree if an
adjacent edge is removed, which happens with probability 1 — 7. Site percolation can change the degree of a
vertex in two ways: the vertex may be isolated, which happens with probability 1 — 7 or the vertex looses an
adjacent edge because the other vertex of this edge is deleted. We expect that the probability that a vertex
has degree (j, k) after bond percolation converges faster to the asymptotic probability than the probability
that a not deleted vertex has degree (j, k) after site percolation.

Next we look at the convergence diagrams for site percolation. These are constructed using graphs on
n = 2,4,8,...,2048 vertices, like in Section [6.3] First consider the percolation threshold. Again for A = 3
we consider m € [0.51,0.81] and A = 4 7 € [0.35,0.65] in steps of 0.01. The results are shown in Figure
[l For A = 4 we see a very big jump for n = 4 in the graph. We suspect that the degree sequence here is
close to regular, with each vertex having in- and out-degree 3. Remark that as we consider simple graphs
only, n = 4 implies that the in- and out-degree of each vertex is upper bounded by 3. If the degree sequence
is regular with degree 3, between any pair of vertices there is a direct edge in both directions. This means
that a lot of edges need to be removed to get to strongly connected components. Furthermore for A = 4 we
often seem to reach the maximum error that can appear in the simulation. This figure suggest that the error
starts to decrease at n = 256. To be able to conclude this, a simulation over a broader range of m needs to
be performed so that the simulation no longer upper bounds the error. The final error , i.e. for n = 2048 is
larger than in Figure 5] This could be expected from the fact that this is also the case for n = 10000.

Our final simulation regards the relative error between ¢**® and the largest strongly connected component in
the graph as a function of n for multiple values of 7. The results are shown in Figure[8] For all combinations
of A and 7 a rapid decrease is observed for small values of n. Like in Section we expect that this is due

s

to the increase in possible outcomes of the simulation, i.e. the value of ’CQS (Gdn ) can take only n different

site

values. The further 7 is from the percolation threshold, the better estimate does ¢®*¢ provide for the largest

component of a simulated finite graph.
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After fluctuation, a decrease seems to set in at n = 256.
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cy (G}L) is shown as a function of n for multiple values of 7.

The solid lines connecting the markers provide a visual aid to highlight the trend. The difference between
the theory and simulation on average decreases with n.

Figure 8: The difference between c”°"? and
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7. CONCLUSION

7 Conclusion

In this work we investigated bond and site percolation in random directed graphs (digraphs) with a given
degree distribution. The first main result is that, we determined the percolation thresholds for the existence
of a giant strongly connected component in random simple digraphs obeying a proper degree array, as well
as the expression for the size of the giant component. These properties turned out to be the identical for
all proper degree arrays with the same underlying degree distribution. The second main result concerns the
algorithmic construction of random simple digraphs obeying a given degree sequence. We propose a new
algorithm to generate such random digraphs. We show that the algorithm generates all digraphs obeying the
degree sequence with a probability that is asymptotically uniform, namely it is within 1+ o0(1) of the uniform
distribution. Furthermore we show that the algorithm has an expected runtime near linear in the number of
edges, and fails to construct the graph with probability o(1).

Using our algorithm we numerically simulated bond and site percolation. From these simulations, the numer-
ical percolation threshold and the numerical size of the giant strongly connected component are determined.
Comparing these values with the theoretical results in the asymptotic limit, we find that the size of the giant
component converges faster than the percolation threshold. Also the values for bond percolation seem to
converge faster than for site percolation.

As further work, more thorough numerical simulations regarding percolation can be performed to determine
the convergence speed of the percolation threshold and the size of the giant strongly connected component.
This requires to determine, besides the average values, also the standard deviation of the numerical values of
interest. These simulations can also be performed using different degree distributions, to see if the conver-
gence speed changes if the degree array has an increasing maximum degree d.x.

Our algorithm itself can be used for many different studies. For example, it approximates the number of
simple digraphs obeying a given degree sequence. As determining the number of such digraphs is difficult, it
could be of interest to study whether the approximation of the algorithm can be improved or if an estimation
of the error in this approximation can be determined. Furthermore the algorithm allows to generate random
bipartite or hypergraphs obeying a given degree sequence, as these types of graphs can be modelled by a
digraph. A bipartite graph can be obtained from a directed one by assigning each vertex only a non-zero in-
or out-degree. A hypergraph can be modelled by replacing hyper-edges with labelled vertices, and declaring
the edge direction to point from unlabelled vertices to labelled vertices. In these random graphs it is not
interesting to look at strongly connected components as they will consist of just one vertex.

In this case the existence of a giant weakly connected component is more important, which also is of interest
in a random digraph. Numerically this can be easily studied using our algorithm. On the theoretical side,
the same method we use to determine the percolation for the giant strongly connected component could be
used for the giant weakly connected component. However this requires a result about the existence of a
giant weakly connected component in these random graphs. We expect that such a result can be obtained
by comparing the creation of a weakly connected component with a multi-type Galton-Watson branching
process.
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