
Master’s thesis

Algebraic structure of the bosonic string
with Newtonian background

Ivan Poryazov

Supervised by

prof. dr. Umut Gursoy

Utrecht University

Institute of Theoretical Physics



July 10, 2020

2



Abstract

I derive the symmetry group of the bosonic string with a non-relativistic background

which takes the form of a covariant Newton-Cartan geometry. This is done by studying

a Polyakov-type action obtained by performing a dimensional reduction of a 1-dimension

higher relativistic background along a null Killing vector field. The constraints that arise

from this construction then act as additional fields of the theory which have to be taken

into account when deriving the symmetries of the non-relativistic bosonic string action. I

confirm that the resulting symmetries form a closed group with the resulting Bargmann

algebra- the central extension of the Galilean algebra, which correctly describes non-

relativistic motion of objects.
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1 Introduction

The first couple of decades of the past century, with the advent of General Relativity (GR) and

Quantum Mechanics, was probably the most remarkable period of time for Physics. It did not

take long after Paul Dirac formulated the quantum properties of the electromagnetic field for

others to realize that gravity, the other known force at the time, should also be quantised. Just

a few years after, in the 1930s, Leon Rosenfeld published the first paper on quantum gravity.

He immediately recognised that there were constraints between the canonical momenta in GR

and their relation to diffeomorphism invariance. This was the first of the many problems that

arise when trying to define a consistent theory of quantum gravity, next it was Heisenberg

in 1939 that pointed out that the gravitational constant was dimensional and that would

pose further issues when quantising the theory. Since then research in quantum gravity

has been split into three main directions: “covariant”, “canonical” and using the Feynman

functional integral. Each of these lines of thought have resulted in well defined theories:

String Theory, Loop Quantum Gravity and Euclidean Quantum Gravity respectively. The

former has been the most consistent of the three and has turned out to be an extremely

rich theory, especially when considering the AdS/CFT correspondence. One of the many

applications of the correspondence is to take certain regions of relativistic String Theory as

a limit to a non-relativistic region of it.

The theory of non-relativistic gravity that has Galilean symmetry was developed by Ellie

Cartan [1] just a few years after Einstein first published his papers on GR. He realised that the

profound connection between the geometric structure of space-time and gravity is not unique

to special relativity and Lorentz invariance. He then developed a covariant framework that

accurately describes Newtonian Physics in the language of differential geometry. Subsequent

work on the subject [2, 3] has proven that the symmetry structure of this theory is not the

Galilean algebra, but its central extension: the Bargmann algebra. This algebra consists of

the Galilean boosts, translations, rotations and in addition the U(1) central extension that

is physically related to the mass conservation of the theory. Just as it can be shown that

GR can be formulated as a gauge theory of the Poincare algebra, Newton-Cartan gravity

can be obtained by gauging the Bargman algebra. Finally, this framework can be used in

conjunction with String Theory by embedding the strings in this non-relativistic space instead

of the usual pseudo-Riemannian one.

Here I present my work on the algebraic structure of the bosonic string embedded in a

NC space-time background. I work on the properties of of the worldsheet theory consider

whether the NC space-time symmetries can be realised on the worldsheet in terms of a
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current algebra. This is done by calculating the conserved currents and their charges in turn

obtained by transforming a non-relativistic Polyakov-type action. This action is obtained via

a dimensional reduction of the relativistic theory along a null Killing field. Then, by means of

the Sugawara construction I calculate the operator product expansions between said currents.
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2 General relativity and the Poincare symmetry

2.1 Special Relativity

After the discovery of the Maxwell equations it became clear that Galilean transformations

were not universal since those equations were not invariant under Galilean boosts. Soon

after Lorentz discovered the correct transformations under which the equations of electro-

magnetism were invariant, but no one at the time knew what they meant. That is, until

Einstein came up with his famous postulate, stating that the speed of light is constant in

every inertial frame. In addition if one also considers the principle of relativity, that the laws

of physics must remains the same in every inertial frame, one can straightforwardly derive

the Lorentz transformations without any other assumptions:

x′ =
1√

1− v2/c2
(x− vt)

y′ = y

z′ = z (2.1)

ct′ =
1√

1− v2/c2
(ct− v

c
x)

Observing these transformations one can see that for velocities v > c the transformations

become imaginary and the discussion of inertial inertial frames falls apart, thus making the

theory inconsistent in that region. One can therefore conclude that the speed of light c is the

absolute maximum speed any object or a piece of information can travel at.

A better and much more insightful way to look at these transformations is in the context

of differential geometry. From eq. (2.1) one can already see that the spatial and temporal

directions transform into each other. And that was another of Einsteins profound conclusions:

that time and space can be treated equally. This then lead Minkowski to state that time

and space can be considered as dimensions of a four dimensional vector space R4 with an

indefinite inner product:

(x, y) ≡ x · y = −x0yy + x1y1 + x2y2 + x3y3 (2.2)

Which can also be expressed in matrix form using the summation convention:

x · y = ηµνx
µxν (2.3)
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where we define the Minkowski metric:

ηµν =


−1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

 (2.4)

The space-time interval on the Minkowski manifold is then given by:

ds2 = ηµνdx
µdxν (2.5)

This line element is invariant under Lorentz transformations in addition to space-time trans-

lations. Together they form the full group of transformations of Special Relativity: the

Poincare group. One can also express the transformation laws in matrix form:

x′µ = λµνx
ν + ζµ (2.6)

where we denote Lorentz transformations by λµν ∈ SO(3, 1) and space-time translations by

ζµ ∈ R4. Then for the transformation of the metric we have:

λµαλ
ν
βηµν = ηαβ (2.7)

from which we conclude that the metric is invariant under Lorentz transformations and indeed

the Lorentz group can be thought as the one that leaves the metric invariant.

2.2 General Relativity

General relativity is the theory of gravity consistent with Special Relativity which makes

use of the geometrical approach described in the previous section. This new approach is

needed as Newton’s theory of gravity is inconsistent with the speed limit of propagation of

any kind of information. If one considers just the Poisson equation in order to describe how

the gravitational field behaves, they will end up with instantaneous changes in the field when

the source is perturbed.

2.2.1 The geometric structure of General Relativity

The single pillar on which GR was built on, which happens to be ”Einstein’s happiest thought”

is the principle of equivalence, which states that locally observers free falling in a gravitational

field experience the same laws of Physics as those undergoing uniform acceleration. Or in
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simpler words: inertial mass and the gravitational ”charge” of objects are equal. This is

a profound consequence of the structure of space-time i.e. that it is a pseudo-Riemannian

manifold and that gravity itself is a manifestation of the curvature of said manifold. The

properties of this space-time manifold are that it is everywhere differentiable and its metric

is non-degenerate.

In order to introduce curvature to the manifold one has to let the metric be a function of

the space-time coordinates:

ηµν → gµν(x) (2.8)

On the other hand it is always possible to find an orthonormal basis {eµ} of the tangent

space Tp(M) of the manifold M so that locally the metric is flat. In conjunction with the

condition for differentiability or smoothness of the manifold we have:

gµν |p = ηµν (2.9)

The equivalence principle is also deeply rooted in this very important property of differ-

entiable manifolds.

Choosing a basis in which the manifold is flat at given point p does not necessarily mean

that it will be flat everywhere. However, since we are always free to choose a basis and the laws

of Physics must remain the same under such change, as it can be totally arbitrary, this must

be also a symmetry of the theory: it is the symmetry of general coordinate transformations

or diffeomorphisms.

The metric transforms under diffeomorphisms as:

g′µν(x′) =
dx′α

dxµ
dx′β

dxν
gαβ(x) (2.10)

from which we can see that the line element (2.5) is left invariant. The derivative operator,

however, is not invariant under diffeomorphisms, therefore a covariant derivative is needed,
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much like in gauge theories. For this we introduce the connection on the manifold so that

acting with the covariant derivative on a vector we have:

∇µV ν = ∂µV
ν + ΓνµρV

ρ (2.11)

which can be generalised to tensors of any rank.

The covariant derivative is not only invariant under diffeomorphisms, but also provides us

with a map from the tangent space Tp(M) at a given point to the tangent space at any other

point Tq(M), or as a matter of fact, for any vector field at different points on the manifold.

This in essence is what allows the connection to act as a derivative on the curved manifold.

This map is called parallel transport and the condition for it can be expressed mathematically

as the geodesic equation:

d2xµ

dτ2
+ Γµνρ

dxν

dτ

dxρ

dτ
= 0 (2.12)

for some affine parameter τ . This equation governs the motion of objects on the manifold

and is a generalization of a ”straight line” on curved space-time.

In GR the connection is uniquely defined by requiring:

• Metric compatibility: ∇µgνρ

• Zero torsion: Γρ[µν]

From which we can express the connection in terms of the metric:

Γρµν =
1

2
gρσ
(
∂µgσν + ∂νgσµ − ∂σgµν

)
(2.13)

Now, since we have fully constructed the covariant derivative we can determine the cur-

vature or Riemann tensor from its commutator:

[
∇ρ,∇σ

]
V µ = RµνρσV

ν (2.14)

Then, by taking its trace once and twice we get the Ricci tensor and scalar respectively:

Rµν = Rρµρν R = gµνRµν (2.15)

Using these one can construct the simplest possible action that is Lorentz invariant and

also invariant under diffeomorphisms, called the Einstein-Hilbert action:
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S =

∫
dx4√−gR (2.16)

where g is the determinant of the metric. The equations of motion obtained by varying this

action under infinitesimal changes of the metric are the Einstein equations in vacuum:

Rµν −
1

2
gµνR = 0 (2.17)

where G is Newton’s constant. To include matter one has to modify the action for some

arbitrary matter fields:

S =

∫
dx4√−g(R+ LM ) (2.18)

from which follows that the Einstein field equations with matter are:

Rµν −
1

2
gµνR = 8πGTµν (2.19)

where Tµν is the stress-energy tensor for the matter fields given by:

Tµν = − 2√
−g

δ(
√
−gLM )

δgµν
(2.20)

This whole construction looks awfully similar to how gauge theories are constructed, so

naturally one might ask themselves if GR can be derived as a classical gauge theory of its

symmetry group, the Poincare group. The answer is yes and we explore how to do it in later

chapters.

2.2.2 Vielbein formalism

Before discussing gravity as a gauge theory it is worthwhile to discuss briefly the vielbein

formalism, which reformulates GR in terms of new fields, the vielbein, instead of the metric.

This proves to be quite useful as explained below.

A natural basis for the tangent space Tp(M) is given by partial derivatives with respect to

the coordinates at the point p, êµ = ∂µ. Then, similarly for the cotangent space T ∗p (M) it is

given by the gradient of the coordinate functions at the point p, êµ = dxµ. This, however, is

arbitrary and we are free to choose any basis. It is very convenient to choose a non-coordinate

basis so that they are orthonormal and also that locally the Riemannian manifold is flat [4]:

g(êa, êb) = ηab (2.21)
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The vectors comprising this basis are called vielbein or, in four space-time dimensions,

tetrads or vierbein. Just like how we cannot always choose a coordinate basis that covers the

whole manifold, we can neither do it with the orthonormal basis, but we can always work

in patches. Physically this is just defining a free-falling frame that does not exprience the

effects of gravity.

The usefulness of this basis comes from the ability to express any vector or tensor by a

linear combination of the vielbeins.

e a
µ V

µ = V a (2.22)

The vielbeins are an n× n invertible matrix and we denote the inverse by switching the

indices

eµa = gµνηabe
b
ν (2.23)

therefore the following identities hold:

e a
ν e

µ
a = δµν e a

µ e
µ
b = δab (2.24)

Then, equation (2.21) can be expressed in terms of the vielbeins:

gµνe
ν
ae
µ
a = ηab (2.25)

The vielbeines also transform under Lorentz transformations:

e′µa = Λ b
a e

µ
b (2.26)

so that when substituting into equation (2.26) we recover the correct transformation for the

metric (2.7)

Taking a covariant derivative in the non-coordinate basis also requires using a different

connection: the spin connection. Its name comes from the fact that one can take covariant

derivatives of spinors, which is not possible using the Levi-Civita connection. This is in fact

where a lot of the usefulness of the vielbein formalism comes from, one can use it to describe

spinor fields in General Relativity.

The covariant derivative in the non-coordinate basis then takes the form:

∇µV a
b = ∂µV

a
b + ω a

µ cX
c
b − ω c

µ bX
a
c (2.27)
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A very useful and general result can be derived by performing covariant differentiation

on a vector field in the coordinate and non-coordinate bases and equating them.

In the coordinate basis we have:

∇V = (dµV
ν + ΓνµρV

ρ)êµêν (2.28)

and in the non-coordinate basis:

∇V = (∂µV
a + ω a

µ bV
b)êµêa (2.29)

= (∂µ(e a
ν V

ν) + ω a
µ be

b
ρ V

ρ)êµeσaêσ (2.30)

= (∂µV
ν + eνa∂µe

a
ρ V

ρ + eνae
b
ρ ω

a
µ bV

ρ)êµêν (2.31)

which finally, after comparing the two equations, gives:

ω a
µ b = e a

ν e
ρ
bΓ
ν
µρ − e

ρ
b∂µe

a
ρ (2.32)

This is a general result and is often called the vielbein postulate.

2.3 General Relativity as a gauge theory

The construction of a curvature tensor from the commutator of the covariant derivative

(2.14) and then using a scalar constructed from it to write down an action (2.18) is exactly

the same procedure that we do in Yang-Mills theory. The only underlying difference is that

the underlying geometry is a fibre bundle instead of the geometry of space-time as in GR.

To derive GR as a gauge theory one starts with the Poincare algebra [5, 6], which is the

algebra of the symmetry group of relativity:

[
Pa, Pb

]
= 0[

Mab, Pc

]
= −2ηc[aPb] (2.33)[

Mab,Mcd

]
= 4η[a[cMd]b]

where Pa are the generators for space-time translations and Mab are the generators for Lorentz

transformations.
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We wish to associate a gauge field to each of these transformations: let e a
µ be the gauge

field for translations with a space-time dependant parameter ζa(x) and ω ab
µ with parameters

λab for Lorentz transformations. With the following transformation properties for the fields

[2]:

δe a
µ = ∂µζ

a − ω ab
µ ζb + λabe b

µ

δω ab
µ = ∂µλ

ab + 2λc[aω b]c
µ (2.34)

With the curvature tensors:

R a
µν (P ) = 2

(
∂[µe

a
ν] − ω

ab
[µ e b

ν

)
R ab
µν (M) = 2

(
∂[µω

ab
ν] − ω

ca
[µ ω bc

ν]

)
(2.35)

To make contact with gravity we want to express local space-time translations with general

coordinate transformations, since this is the actual gauge symmetry of GR. In mathematical

terms this means to say that we want to interpret the gauge field e a
µ as the vielbein. To do

so, curvature constraints have to be imposed and one has to make use of the general identity

for a gauge field:

0 = δgct(ξ
ν)A a

µ + ξνR a
µν −

∑
{c}

δ(ξνA c
n )A a

m (2.36)

where A a
m is a gauge field, Rµν its associated curvature tensor and the parameter for general

coordinate transformations ξν can be expressed as:

ξν = e µ
a ζ

a (2.37)

The derivation of this identity is shown in appendix A.

The sum in (2.36) can then be split into the translations and Lorentz transformation

terms, so that we get:

δP (ζb)e a
m = δgct(ξ

ρ)e a
m + ξρR a

µρ (P )− δM (ξρω ab
ρ )e a

m (2.38)

Which tells us that performing a translation actually corresponds to a diffeomorphism

and a Lorentz transformation in addition to some curvature term. We can further constrain

this result by constraining the curvature tensor for translations (2.35). We note that the
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gauge field e a
µ only transforms under translations and not Lorentz transformations we are

led to impose:

R a
µν (P ) = 0 (2.39)

Now we are able to solve (2.38) and express the gauge field ω ab
µ also in terms of the

vielbein and its inverse:

ω ab
µ = −2eρ[a∂[µe

b]
ρ] + e c

µ e
ρaeσb∂[ρe

c
σ] (2.40)

Then the Levi-Civita connection of GR can be introduced by making use of the vielbein

postulate (2.32):

Γρµν = eaDνe
a
µ (2.41)

Finally to put this theory on-shell one has to impose Einstein’s equations, retrieving

General Relativity as a gauge theory.

2.4 Quantum gravity

General Relativity has proven to be one of the most consistent theories in Physics that we

have had, it has been tested thoroughly for the past hundred years and its predictions have

always agreed with experiment. But GR is a classical theory, what happens when we quantize

it?

One way to do this it to expand the Einstein-Hilbert action (2.18) around a flat Minkowski

metric and another is to just construct the Lagrangian for a massless spin-2 particle invariant

under diffeomorphisms and Lorentz transformations [7]. Either way the leading kinetic terms

in the Lagrangian are:

Lkin =
1

4
hµν∂

2hµν − 1

2
hµν∂

µ∂ρh
νρ
1
2

h∂µ∂νh
µν − 1

4
h∂2h (2.42)

where hµν is the fluctuation of the metric and h its determinant.

The interacting terms are, however:

Lint ∼
√
G∂2h3 (2.43)

which can be shown to be non-renormalizable.

The theory is still consistent though and predictions can still be made about the quantum

corrections due to gravity for light objects. These, however, are so small and negligible that
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one can not possibly hope to ever measure. For very massive objects like black holes the

theory is non-perturbative as shown by (2.43) and a UV completion of it is needed. This

comes to show us that a novel approach is needed and one such is String Theory.
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3 String Theory

In String theory the point particles of standard Physics are generalised to one-dimensional

objects: strings. Since these objects have a physical dimension they can be dynamic and have

excitation modes. These excitation modes can be shown to correspond to the properties of

not only the elementary particles of the Standard Model, but also of the graviton and some

new exotic particles.

These strings turn out to exhibit a very special set of symmetries, including conformal

symmetry, which opens up the possibility of using the mathematical tools of conformal field

theories (CFTs) which is extremely powerful.

3.1 The bosonic string

3.1.1 The point particle

The action for a relativistic point particle in d+ 1 dimensions is:

S = −m
∫ √

−gµν
dxµ

dτ

dxν

dτ
dτ (3.1)

Figure 1: The world-line of a

point particle [8]

where τ is some parameter that we use to label the po-

sition on the particle’s path and the action itself can be

interpreted as the length of the particle’s path.

We note that the parameter τ is not unique and we

are free to redefine it as we wish without changing the

action. This is reparametrization invariance and is a gauge

symmetry of the theory. This gauge symmetry essentially

reduces the degrees of freedom of the action by one, which

is what one expects since letting τ = x0 gives the correct

number of degrees of freedom for a classical point particle.

We also note that this action is invariant under trans-

formations of the Poincare group (2.6) as expected for a

relativistic action.

Since the whole action is proportional to the mass of

the particle m it is clear that for massless particles it needs

to be modified. One way to do it is by introducing a new field e, essentially acting as a vielbein

on the world-line for the one dimensional theory:
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S =
1

2

∫ (
e−1gµν

dxµ

dτ

dxν

dτ
− em2

)
dτ (3.2)

To see that this action is equivalent to (3.1) one can solve the equation of motions for e:

e(τ) =
1

m

√
−gµν

dxµ

dτ

dxν

dτ
(3.3)

Substituting this equation of motion into (3.2) we see that we retrieve (3.1).

3.1.2 The Nambu-Goto action

Figure 2: The worldsheet of a

one-dimensional closed string [8]

We wish to generalise the point particle action (3.1) to

a one-dimensional object that is also embedded in a Rie-

mannian space-time. We previously noted that the action

of the point particle is just the length of its path. Anal-

ogously we can construct the action of a string by de-

manding it represent the area that a string sweeps while

propagating trough space-time called the worldsheet.

To do this we note that the worldsheet is a curved

manifold in itself, therefore we can express its metric as

the pullback of the Riemannian metric of the background:

γαβ =
∂Xµ

∂σα
∂Xν

∂σβ
gµν (3.4)

The action of the string then can be expressed as the

area of the worldsheet given by:

S = −T
∫
dσ2√−γ (3.5)

where T is the tension of the string and γ is the determinant of the worldsheet metric.

Writing it out explicitly we have:

γαβ =

(
Ẋ2 Ẋ ·X ′

Ẋ ·X ′ X ′2

)
(3.6)

with Ẋ = ∂X/∂σ0 and X ′ = ∂X/∂σ1.

Substituting (3.6) into (3.5) we get:
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S = −T
∫
dσ2
√

(Ẋ ·X ′)2 − Ẋ2 ·X ′2 (3.7)

which is called the Nambu-Goto action.

Just like the action for the point-particle, this action is invariant under both reparametri-

sations and Poincare transformations.

3.1.3 The Polyakov action

The Nambu-Goto action is quite inconvenient to work with because of the square root in it.

For this reason, much like in the point particle case, a new field can be introduced without

actually changing the physics of the string it describes.

This action is called the Polyakov action and is given by:

S = −T
∫
dσ2√−gαβhµν∂αXµ∂βX

ν (3.8)

where gαβ is the novel field, g its determinant, hµν is the metric of the Riemannian background

and now Xµ acts as the dynamic fields on the worldsheet.

Solving the equations of motion for the fields Xµ we have:

∂α(
√
−ggαβ∂βXµ) = 0 (3.9)

and for gαβ:

gαβ = 2f(σ)γαβ (3.10)

where the function f(σ) is given by:

f(σ)−1 = gαβhµν∂αX
µ∂βX

ν (3.11)

Substituting (3.11) into the Polyakov action (3.8) we see that we retrieve the Nambu-

Goto action (3.7). Substituting in the equations of motion (3.10) we see that it is also left

unchanged, thus taking into consideration these two results we have proven that the two

actions are equivalent.

We note that the worldsheet metric γαβ and the fields gαβ only differ by the confor-

mal factor f which is a profound consequence of the theory being two-dimensional on the

worldsheet. In other words in addition to being reparametrisation and Poincare invariant the
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theory is invariant under rescalings that preserve the angles between lines, this is called Weyl

invariance.

Using the invariance under reparametrisations and Weyl invariance we can completely fix

the worldsheet metric. We can therefore set it to be flat and will consider so from now on.

3.2 Conformal field theory

A conformal field theory is a field theory which is invariant under a coordinate change that

leave the metric invariant up to a scalar function.

Explicitly we have:

σα → σ′α(σ) (3.12)

which results in:

gαβ(σ)→ Ω2(σ)gαβ(σ) (3.13)

The diffeomorphism and Weyl invariance of the bosonic string action taken together result

in it being a theory with conformal symmetry.

3.2.1 Operator Product Expansion

The operator product expansion (OPE) is a mathematical construction that allows us to

express the product of local operators at nearby points as a sum over operators at one of

these points.

Explicitly this statement takes the form:

〈Oi(σ)OJ(σ′)〉 =
∑
k

Ckij(σ − σ′)〈Oi(σ′)〉 (3.14)

where the coefficients Ckij are c-number functions and the OPE will only depend on the

operators Oi(σ), Oj(σ′) and their separation, and will be independent of the identity. Usually

the time-ordered correlation function notation is omitted, but it must still continue to be

understood as such.

OPEs are singular as z → w and it is these singular terms that are of interest since they

hold all the useful information, such as transformations under symmetries. OPEs are the

equivalent operation to a commutation relation in a CFT.
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We can now make use the Ward identities to derive the propagator 〈Xµ(σ)Xν(σ′).

Starting from:

0 =

∫
DX δ

δX(σ)

(
e−SX(σ′)

)
=

∫
DXe−S

(
− T∂2X(σ)X(σ′) + δ(σ − σ′)

)
(3.15)

From which it follows that:

〈∂2X(σ)X(σ′)〉 = − 1

T
δ(σ − σ′)

= − 1

2T
∂2 ln (σ − σ′)2 (3.16)

Then the propagator is given by:

X(σ)X(σ′) = − 1

2T
ln (σ − σ′)2 (3.17)

Which can also be split into a left-moving, holomorphic and an right-moving, anti-

holomorphic parts:

X(z)X(w) = − 1

2T
ln (z − w) X̄(z̄)X̄(w̄) = − 1

2T
ln (z̄ − w̄) (3.18)

By using the OPE for the propagator is then possible to derive the OPEs between the

conserved currents of the theory and any other field.

3.2.2 Radial quantisation

One way to quantise the bosonic string is through radial quantisation, which consists of

defining a qauntum field theory on the plane. This process starts by going to complex

coordinates:

w = σ0 + iσ1 w = σ0 + iσ1 (3.19)
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Figure 3: Map from the cylinder onto

the complex plane [9]

and then mapping the infinitely long cylinder onto

the complex plane R×S1 → C. This allows us to to

split the components of the theory into holomoprhic

and anti-holomorphic parts, therefore allowing us to

use complex analysis to study the theory. This map

is realised by the following change in coordinates:

z = e−iw z̄ = e−iw̄ (3.20)

Whereas the Hamiltonian generated time translations on the cylinder, on the plane they

are generated by the dilatation operator D = z∂ + z̄∂̄. Therefore the Hilbert space defined

on the plane is made of circles with constant radius instead of constant time slices as on

the cylinder. In two dimensional CFT this way of quantisation is allows for the use of short

distance operator expansions.

3.2.3 The Virasoro generators

By varying the Polyakov action (3.8) with respect to the worldsheet metric we can find the

holomorphic and anti-holomorphic parts of the stress-energy tensor:

T = − 1

2α′
∂X∂X T̄ = − 1

2α′
∂̄X∂̄X (3.21)

where α′ ∝ 1/T (in this expression T is the tension not to be confused with the holomorphic

part of the stress-energy tensor).

The stress-energy tensor can then be expanded in a Laurent series:

T (z) =

∞∑
m=−∞

Lm
zm+2

, T̄ (z̄) =

∞∑
m=−∞

L̃

z̄m+2
(3.22)

Alternatively we can invert these in order to express Lm in terms of T :

Lm =
1

2πi

∮
dzzm+1T (z), L̃m =

1

2πi

∮
dz̄z̄m+1T̄ (z̄) (3.23)

These are the conserved charges of the conformal transformations z → z + zm+1 and

z̄ → z̄ + z̄m+1 called the Virasoro generators.

Of partucular interest are:

• L−1 and L̃−1 that generate translations

18



• L0 and L̃0 that generate scalings and rotations

• the combination L0 + L̃0 called the dilation operator, which is the analogue for the

Hamiltonian on the plane

3.2.4 The Virasoro algebra

Now that we have the Virasoro charges we can compute their algebra, whose representations

will classify the states on the string.

The commutator of the Virasoro generators is then:

[
Lm, Ln

]
=

(∮
dz

2πi

∮
dw

2πi
−
∮

dw

2πi

∮
dz

2πi

)
zm+1wn+1T (z)T (w) (3.24)

After performing the two contour integrals one obtains the Virasoro Algebra:

[
Lm, Ln

]
= (m− n)Lm+n +

c

12
m(m2 − 1)δm+n,0 (3.25)

where c is a central term that commutes with all of the generators and is associated with

the dimension of the Riemannian background. For the bosonic string that is d = 26.

With the Virasoro algebra one can then build up the quantum states of the theory [8, 9].
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4 Newtonian gravity and Galilean symmetry

Before we embed the bosonic string into a non-relativistic baclground we first need to describe

and understand what we mean by that. Since String Theory is a geometrical, covariant theory

we need a non-relativistic geometrical background that has the properties of Newtonian

gravity and is covariant. Such reformulation of non-relativistic gravity already exists and it

was actually formulated just a few years after GR by Élie Cartan [1]. This theory is called

Newton-Cartan gravity and is Galilean invariant.

4.1 Galilean relativity

A ”non-relativistic” theory is one whose formulation is covariant under the Galilei group,

which is the relativity group that governs ”non-relativistic” theories. As a matter of fact the

Galilean group is equally relativistic to the Poincare group and the former should not be

considered only as a limit of the latter as the only difference between the two being their

relativity group. It is only for historical reasons that Einstein’s theory is ”relativistic” and

Galilean ones ”non-relativistic”. In this section I follow the review of the subject in [10].

The Galilean group in three space and one time dimensions is consists of ten elements

parametrised by:

g = (ζ0, ζ,V, λ) (4.1)

where the parameters correspond to time translations, space translations, Galilean boosts

and spacial rotations respectively. The inverse are then:

g−1 = (−ζ0,−R−1(ζ −Vζ0), λ′λ) (4.2)

with the identity element:

1g = (0,0,0,1) (4.3)

The group law is:

g′′ = g ∗ g′ = (ζ0′ + ζ0, ζ′ + λ′ζ + V′ζ0,V′ζ0,V′ + λ′V, λ′λ) (4.4)

The action of g on a space-time vector (t,x) can be expressed as the action a 5×5 matrix:
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
λ V ζ

0 1 ζ0

0 0 1



x

t

1

 =


λx + Vt+ ζ

t+ ζ0

1

 (4.5)

The additional element 1 on both the transformation matrix and the space-time vector

is needed to represent the group of affine transformations in a homogeneous, matrix from.

This is needed only if an origin for space-time is not set. Since flat space-time is not a vector

space, but rather an affine one, any coordinate change in an affine space will result in an

non-homogeneous transformation. Therefore the above change amends this.

The group algebra is then:

[
Jij , Gk

]
= −2δk[iGj]

[
Jij , Pk

]
= −2δk[iPj][

Gi, H
]

= −Pi
[
Jij , Jkl

]
= 4δ[i[kJl]j] (4.6)

where Pi generates space translations, H time translations, Gi Galilean boosts, Jij rota-

tions.

4.2 Newton-Cartan gravity

First we will restrict the discussion to d = 4 space-time dimensions, one for time and three

for the spatial dimensions. In this section we will review Newton-Cartan (NC) gravity as a

geometric theory that mimics the framework of GR as close as possible [2, 1, 11]. Our end

result in this section is to see how we can obtain e covariant Poission equation for gravity.

First we consider the classical equation of motion for a point particle in a Newtonian

potential:

Ẍ(t) +
∂φ(x)

∂xi
= 0 (4.7)

where x(i), i = (1, 2, 3) are the coordinates in space, t is the time and φ(x) is the gravita-

tional potential. From Newtonian dynamics we know that this potential satisfies the Poisson

equation:

∂2φ(x) = 4πGρ(x) (4.8)

where ρ(x) is the mass density.

21



The equations of motion (4.7) and (4.8) are invariant under transformations of the

Galilean group:

t→ t+ ξ0 xi → λijx
j + vit+ ξi (4.9)

where the parameters ξ0, ξi are for translations in time and space respectively, λij ∈ SO(3)

for spatial rotations and vi for Galilean boosts.

From a Newtonian perspective equations (4.7) describes objects following curved paths in

flat space-time. Just as in GR we wish to amend this and describe this motion as following

a geodesic in curved space-time. This means that we have to rewrite (4.7) as the geodesic

equation (2.12). To do so we set the coordinates {xµ} = (t, xi) and the non-zero components

of the connection to be:

Γi00 = δij∂jφ (4.10)

From (4.10) one can now derive Riemann tensor for this geometry, whose non-zero com-

ponents are:

Ri0j0 = δik∂k∂jφ (4.11)

From which we can retrieve the Poisson equation (4.8) by imposing:

R00 = 4πGρ (4.12)

To covariantise (4.12) we need the metric of the space-time manifold. The metric in NC

gravity and unlike GR is degenerate, to see this we can take the c→∞ limit of the Minkowski

metric:

ηµν/c
2 =

(
−1 0

0 1/c2

)
ηµν =

(
−1/c2 0

0 1

)
(4.13)

where we end up with a temporal metric τµν = τµτν with τµ the temporal vielbein and the

spatial metric hµν . These satisfy:

hµντµ = 0 (4.14)

And we can define their inverse by imposing [12]:
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hµνhνρ = δµν − τµτρ τντν = 1

hµντ
ν = 0 (4.15)

To relate the metric and connection we impose metric compatibility:

∇hµν = 0 ∇τν = 0 (4.16)

From (4.16) follows that τµ = ∂µt(x) is a gradient of a scalar field, in the case of NC

gravity that is the absolute Newtonian time t.

The metric compatibility conditions (4.31), however, do not uniquely define the connection

Γρµν as the connection is still arbitrary up to an additional anti-symmetric field [13]:

Γ′ρµν = Γρµν + hρσKσ(µτν) (4.17)

The most general connection that satisfies the metric compatibility condition (4.31) is

then [13]:

Γρµν = τρ∂(µτν) +
1

2
hρσ
(
∂νhσµ + ∂µhσν − ∂σhµν

)
hρσKσ(µτν) (4.18)

In adapted coordinates where x0 = t, τµ = δ0
µ the connection components are then given

by [13]:

Γi00 = hij(∂0hj0 −
1

2
∂jh00 +Kj0) ≡ hijΦ

Γi0j = hik
(1

2
∂0hjk − ∂[jhk]0 +

1

2
Kjk

)
≡ hij

(1

2
∂0hjk + ωjk

)
(4.19)

Γijk =
1

2
hil(∂khlj + ∂jhlk − ∂lhjk)

Γ0
µν = 0

Then a covariant form of the Poisson equations can be constructed as:

Rµν = 4πGρτµτν (4.20)

To make full contact with Newtonian gravity (4.20) has to reduce to the Poisson equation.

To do so one has impose further constraints, given by conditions on the Riemann tensor as

demonstrated in [14]:
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hρ[σR
µ]

(νλ)ρ = 0 (4.21)

which in adapted coordinates equates to:

∂0ωµi − ∂[µΦi] ∂[kωµi] = 0 (4.22)

from which Kµν can be further constrained:

Kµν = 2∂[µmν] (4.23)

where m is a vector field given by mµ = ∂µm(x) for m(x) scalar function.

The second condition is for ωij to just depend on time so that it satisfies (4.19). As shown

in [12] these are:

hρλRµνρσ(Γ)Rνµλξ(Γ) = 0 (4.24)

τ[λR
µ
ν]ρσ(Γ) = 0 (4.25)

hσ[λRµ]
νρσ(Γ) = 0 (4.26)

all lead to ωij = ωij(t) independently. Then after performing a coordinate change [13]

x→ λij(t)x
j where λij ∈ SO(3) we end up with:

Γi00 = δij∂jΦ (4.27)

in the new coordinate system. Now we can identify Φ with the Newton potential so that we

recover the Poisson equation:

R00 = ∂iΓ
i
00 = δij∂i∂jΦ = 4πGρ (4.28)

4.3 Newton-Cartan gravity as a gauge theory

Just like Genral Relativity can be obtained by gauging the Poincare algebra Newton-Cartan

gravity can also be derived as a gauge theory of a symmetry group. Intuitively one might

think that the group that needs to be gauged is the Galilean group, that is not entirely true

and in fact a central extension of the Galilean algebra is needed, called the Bargmann algebra.
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4.3.1 Symmetry group of Newton-Cartan gravity

The necessity for a central extension to the Galilean algebra can be most easily seen by

considering the transformation properties of the classical point particle with a Lagrangian:

L =
mẋ2

2
(4.29)

That under Galilean boosts transforms as a total derivative:

δL =
d

dt
m
(
δijx

ivi +
1

2
δijv

ivjt) (4.30)

where vi is again the Galilean boost parameter.

There is no way of removing this total derivative terms and even though it does not

change the equations of motion classically, it has profound consequences when the theory

is quantised [10]. To see how this term gives rise to a central extention we can explicitly

compute the Poisson bracket between a Galilean boost and a space translation:

{
Gi, Pj

}
= −mδijvixj (4.31)

It is then straightforward to check that the expression on the right-hand side of (4.31)

has a zero Poisson bracket with all of the generators. From this we conclude that the algebra

of Newtonian gravity is the Bargmann algebra:

[
Jij , Gk

]
= −2δk[iGj]

[
Jij , Pk

]
= −2δk[iPj][

Gi, H
]

= −Pi
[
Jij , Jkl

]
= 4δ[i[kJl]j] (4.32)[

Gi, Pj

]
= −δijM

where we have the same generators as in (??) with the addition of M , the central extension.

As we will see the central extension is the U(1) symmetry that is responsible for mass

conservation in the theory. This is not, however, unique to the point particle and every

non-relativistic theory with mass conservation exhibits it, including field theories with non-

relativistic backgrounds [3].

The underlying reason for this is because the Galilean algebra itself permits a central

extension and therefore the Poisson brackets or commutation algebra will always realize the

centrally extended algebra. This is not the case for the Poincare algebra in D = 1 + 3

dimensions, for example, since the algebra does not permit a central extension. Any central

term added to the algebra can be absorbed by redefinition of the generators.
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4.3.2 Newton-Cartan gravity as a gauge theory of the Bargmann algebra

Gauging the Bargmann algebra follows the same procedure as in section 2.3, we assign to

each symmetry transformation a gauge field:

• Space translations ζi(x): spatial vielbein e i
µ

• Time translations ζ0(x): temporal vielbein τµ

• Rotations λij : ω ij
µ

• Galilean boosts λ0i: ω i0
µ

• Central extension U(1) transformation σ: mµ

With transformation properties given by:

δτµ = ∂µζ
0

δe i
µ = Dµζ

i + λije j
µ + λi0µ − ζ0ω i0

µ

δω i0
µ = Dµλ

i0 + λijω j0
µ (4.33)

δω ij
µ = Dµλ

ij

δm = ∂µσ − ζiω i0
µ + λi0e i

µ

where Dµ is a covariant derivative under rotations that depends only on ω ij
µ .

The curvature tensors for each of the gauge fields are then given by [2]:

Rµν(H) = 2∂[µτν] (4.34)

R i
µν (P ) = 2(D[µe

i
ν] − ω

i0
[µ τν] (4.35)

R ij
µν (J) = 2(∂[µω

ij
ν] − ω

ki
[µ ω jk

ν] ) (4.36)

R ij
µν (G) = 2D[µω

i0
ν] (4.37)

Rµν(M) = 2(∂[µmν] + e j
[µ ω

j0
ν] (4.38)

From (4.34) follows that we can set τµ = ∂µt where t is the absolute time, in accordance

with the same result obtained from (4.16) in the previous section.

Using the general identity for gauge fields (2.36) we associate the parameters for space

and time translations with the parameter for general coordinate transformations:
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ξµ = eµiζ
i + τµζ0 (4.39)

Analogously to the constraint (2.39) we can impose:

R i
µν (P ) = Rµν(H) = Rµν(M) = 0 (4.40)

In addition one can use the Bianchi identities to obtain further relations between the

curvatures:

R ij
[ρν (J)e j

ν] = −R i0
[ρν (G)τν] e i

ρ] R
i0

ρν] (G) = 0 (4.41)

Since only e i
µ , τµ and m transform under space and time translations, and we wish to

only express the spin connection ω ij
µ in terms of the other fields. It is important to note

that we want to keep m as an independent fields since it will account for mass conservation

in the theory.

To solve for ω ij
µ use the condition for the momentum curvature [2] as follows:

R i
µν (P )ei +R i

ρµ (P )ei −R i
νρ (P )ei = 0 (4.42)

from which we obtain:

ω kl
µ = ∂[µe

[k
ν] eνl] + e i

µ ∂[νe
i

ρ] e
ν[keρl] − τµeρ[kω l]0

µ (4.43)

Then from contracting the curvature for the m field:

Rµν(M)eµi = 0 Rµν(M)τµ = 0 (4.44)

in conjunction with (4.42) and (4.43) we have:

ω i0
µ = eνi∂[µmν] + eνiτρei∂[νe

j
ρ] + τµτ

νeρi∂[νmρ] + τν∂[µe
i

ν] (4.45)

To obtain Newton-Cartan gravity for this approach the connection also needs to be de-

fined, for this one has to make use of the vielbein (2.32) postulate (2.32) for the spatial and

temporal vielbeins [2]:

∂µe
i
ν − ω ij

µ e j
ν − ω i0

µ τν − Γρνµe
j
ρ = 0 (4.46)

∂µτν − Γρνµτρ = 0 (4.47)
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From (4.46) and (4.48) the following expression for the connection is obtained:

Γρνµ = τρ∂(µτν) + eρi
(
∂(µe

i
ν) − ω

ij
(µ e j

ν) − ω
i0

(µ τν)

)
(4.48)

The connection (4.48) is now uniquely defined, unlike (4.18), therefore by comparing

(4.18) with (4.48) Kµν can be fixed:

Kµν = ω i0
[µ e j

ν] (4.49)

= 2∂[µmν] (4.50)

where to get from (4.49) to (4.50) the condition Rµν(M) = 0 is used. Then the Riemann

tensor constructed from (4.48) can be given in terms of the curvatures R ij
µν (G) and R ij

µν (J):

Rµνρσ(Γ) = −eµi(R
i0

ρσ (G)τν +R ij
ρσ (J)eνj) (4.51)

The conditions (4.24), (4.25) and (4.41) are all equivalent to:

R ij
µν (J) = 0 (4.52)

which can be used to finally construct the covariant equation of motion:

τµeν(iR j)0
µν (G) = δk(jR

i)
0k0(Γ) (4.53)

This equation of motion equates to the only non-zero component of (4.11) of the Riemann

tensor for the covariantised Poisson equation of Newton-Cartan gravity.
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5 The bosonic string in Newton-Cartan background

5.1 The bosonic string with Newton-Cartan background

There has been work done on Galilean invariant bosonic strings for quite some time now [15]

since it can be applied in conjunction with the holographic principle in order to study the

properties of other sectors of String Theory, including relativistic ones [16]. Only in the past

decade was String Theory studied as non-relativistic theory embedded in a Newton-Cartan

background. There are two ways to make this embedding of the bosonic string. One is to

take the usual c→∞ limit of the Polyakov action as demonstrated in [17, 18, 19]. And the

second one, which I make use of is by dimensional reduction along a null Killing vector field.

5.1.1 Dimensional reduction on along null Killing field

The special properties of taking the dimensional reduction along a null Killing field can be

most easily seen by setting the metric to [20]:

GMN =

(
hmn ξm

ξn ξ2

)
(5.1)

where GMN and hmn are the D+1 and D dimensional metrics respectively, ξ = (0, 0..., 1)

is the null Killing vector and v is the extra dimension we are constraining. And where also

this form of the metric is valid for arbitrary ξ2. Then its inverse can be parametrised as:

GMN =

(
hmn Nm

Nn Nu

)
(5.2)

Setting ξ to be a null Killing field:

ξ2 = 0 (5.3)

this essentially means that one component of the metric is set so zero and the equations of

motion will be reduced by one. From (5.1) and (5.3) we can clearly see that the metric ends

up to be degenerate since:

hmnξn = 0 (5.4)

Which is the reason why this theory leads to a generally covariant Galilean theory. As

already shown in the previous section this type of metric complex hmn, um leads to a Newton-

Cartan geometry, a degenerate contravariant metric hmn with a zero eigenvector um.
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5.1.2 The Polyakov-type action for string with NC background

Making use of (5.1) and (5.3) we the relativistic (d + 2) dimensional metric with the null

isometry in the form:

gMNdx
MdxN = 2τmdx

m(du−mndx
n) + hmndx

mdxn (5.5)

where hmn, τm and m are the spatial metric, temporal vielbein and U(1) field of NC

gravity respectively, u is again used to index the null direction and xm are the coordinates in

the (d+1) dimensions. It is then possible to derive a Polyakov-type action on the worldsheet

embedded in NC geometry by substituting (5.5) in the relativistic Polaykov action (3.8)

[21, 22]:

L =

√
−γ

4πα′
γαβ(hαβ − ταmβ −mατβ)−

√
−γ

2πα′
γαβτα∂βX

u (5.6)

where γαβ is the worldsheet metric, γ its determinant and hαβ = hmn∂αX
m∂βX

n, τα =

τm∂αX
m and mα = mn∂αX

n are the pullbacks of hmn, τn and mn onto the worldsheet

respectively.

The strings considered are closed and obey Xm(σ0, σ1 + 2π) = Xm(σ0, σ1), and are

without winding. Then following [21] we want to find an action for the closed string in a NC

background only in terms of hmn, τn and mn. Therefore we want to fix the momentum on

the null direction.

The worldsheet momentum current of the string in the null direction is given by:

Pαu =
∂L

∂∂αXu
= − 1

2πα′
√
−γγαβτβ (5.7)

with the total along u momentum being:

P =

∫ 2π

0
dσ1P 0

u (5.8)

In this formulation the momentum is conserved on-shell, to fix it off-shell we consider a

dual formulation with the Lagrangian:

L = − 1

4πα′

[√
−γγαβhαβ +

(√
−γγαβτβ − εαβ∂αη

)
Aα

]
(5.9)

where η is a scalar novel field and Aα is a Lagrange multiplier that enforces the conservation

of the momentum P =
εαβ∂βη

2πα′ in the u direction off-shell. Here we also use the convenient

combination:
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hαβ = hαβ −mατβ − ταmβ (5.10)

which is invariant under local Galilean boosts. To confirm that (5.6) and (5.9) are equivalent

we can solve the equation of motion for η to obtain Aα = ∂αX
u and substitute it in. Then

introduce the vielbein on the worldsheet e a
α and its inverse eαa = εαβe b

β εba that satisfy:

ηabe
a
α e b

β = γαβ ηabeαae
β
b = γαβ (5.11)

This allows us to rewrite the constraints as:

εαβ(e 0
α + e 1

α )(τβ + ∂βη) = 0

εαβ(e 0
α − e 1

α )(τβ − ∂βη) = 0 (5.12)

Then the Lagrange multipliers can be redefined as:

Aα = mα +
1

2

(
λ+ − λ−

)
e0
α +

(
λ+ + λ−

)
e1
α (5.13)

Substituting (5.25) into (5.9) we obtain the Polyakov-type Lagrangian of the bosonic

string in NC background as proposed in [21]:

L = − e

4πl2s

[
eα+e

β
−hαβ + λ+e

β
−
(
∂βη + τβ) + λ−e

β
+

(
∂βη − τβ)

]
(5.14)

where eα± = e0
α ± e1

α.

The transformation properties for each of the objects from the metric structure are:

δτm = Lξτm

δeim = Lξeimeim + λiτm + λije
j
m

δτm = λiemi (5.15)

δemi = Lξemi
δmn = Lξmn + λie

i
n + ∂nσ

Using the transformations (5.15) one can check that the action based on (5.14) is invariant

under diffeomorphisms, local Galilean boosts, local rotations and local U(1) transformations.
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5.2 The Bargmann algebra for the bosonic string

5.3 Conserved currents

In order to derive the correct conserved currents we first need to know if and how the Lagrange

multipliers transform under the Galilean transformations.

5.3.1 Transformation properties of the Lagrange multipliers

Before looking at the Lagrange multipliers it is useful to first see whether the field Xu in the

null direction transforms. As we already saw the Lagrange multipliers are given in part in

terms of it so it is crucial to know if it contributes.

To do so I look at how the unconstrained Lagrangian transforms:

L = −T
√
−γγαβ

(1

2
hmn∂αX

n∂βX
m + τm∂αX

m∂βX
u
)

(5.16)

Under boosts, the fields transform as Xi→Xi + λiX0 and δX0 = 0. Then let

Xu→Xu + δXu.

Transforming the Lagrangian we get:

δL = −T
√
−γγαβ

[
h0i∂αX

0∂β(λiX0) + hji∂αX
j∂β(λiX0)

+ τi∂α(λiX0)∂βX
u + τm∂αX

m∂β(δXu)
]

= −T
√
−γγαβ

[
hmi∂αX

m∂β(λiX0) + τi∂α(λiX0)∂βX
u (5.17)

+ τm∂αX
m∂β(δXu)

]
For the equation of motion for Xµ we have:

∂α

[
− T
√
−γγαβ

(1

2
2hmn∂βX

nδ m
µ + τm∂βX

uδ m
µ + ∂βX

mδ u
µ

)]
= 0 (5.18)

where µ = (m,u) and m goes over the non-null directions and u is the null direction.

We can integrate by parts (5.17) to get:

δL = ∂β

[
− T
√
−γγαβ

(
hmi∂αX

m + τi∂βX
u
)]
λiX0 (5.19)

+ τm∂αX
m∂β(δXu) (5.20)
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From which we conclude that Xu does not transform under Galilean boosts.

Then taking this into consideration I derive how λ± transform. Rearranging the terms in

(5.25) gives:

Aα = mα +
1

2
λ+e

+
α −

1

2
λ−e

−
α (5.21)

Contracting separately with eα+ and eα− we get the pair of equations:

eα+(Aα −mα) = λ+ (5.22)

eα−(mα −Aα) = λ− (5.23)

Where we use that:

eα−e
−
α = eα+e

+
α = 2 (5.24)

Taking the variations of equations (53) and (54) we have:

δλ− = eα−δ(∂αX
u −mn∂αX

n)

= eα−(−δmn∂αX
n −mn∂αδX

n) (5.25)

= eα−(−λiδijejn∂αXn −mi∂αδ(λ
iX0))

δλ+ = eα+δ(−∂αXu +mn∂αX
n)

= eα+(+δmn∂αX
n −mn∂αδX

n) (5.26)

= eα+(+λiδije
j
n∂αX

n +mi∂αδ(λ
iX0))

Using the transformations (5.25) and (5.26) we can now derive the conserved charges for

each of the symmetry transformations.

5.3.2 The conserved currents

To derive each of the generators we vary the Lagrangian (5.14) under:

• translations: Xi → ζi and X0 → ζ0
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• rotations: Xi → λ i
j X

j

• Galilean boosts: Xi → λiX0

Starting with space translations the transformation δXi = ζi for the conserved currents

we have:

P α
i =

e

4πα′

[
− 2γαβhin∂βX

n − 2mi(γ
αβτm∂βX

m − εαβ∂βη)
]

(5.27)

For time translations δX0 = ζ0:

Hα =
e

4πα′

[
− 2γαβh0n∂βX

n + τ0

(
λ−e

β
+ − λ+e

β
−
)
− 2m0(γαβτm∂βX

m − εαβ∂βη)
]

(5.28)

For rotations δXi = λj
iXj :

J iα
j =

e

4πα′

[
− 2γαβhjn∂βX

n − 2(γαβτn∂βX
n − εαβ∂βη)mj

]
Xi (5.29)

For Galilean boosts δXi = λiX0:

G α
i =

e

4πα′

[(
− 2γαβ

)
him∂βX

mX0 + 2γαβτm∂βX
m(δijX

j +miX
0)

+ 2εαβ∂βη(δijX
j +miX

0)
]

(5.30)

5.3.3 Poisson brackets

In order to compute the Poisson brackets we first calculate the canonical momenta:

Πm =
∂L
∂Ẋm

=
e

4πα′

[
− 2γ0βhmn∂βX

n + 2γ0β(∂βX
u −mn∂βX

n)

− 2γ0βτnmm∂βX
n + 2ε0βmm∂βη

]
(5.31)

We are interested in the conserved charges so we set:

Pi ≡ P 0
i H ≡ H0

J i
j ≡ J i0

j Gi ≡ G 0
i (5.32)
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{
J i
j , J

l
k

}
=

√
−γ

4πα′
4
[
− 2γ0βhjn∂βX

nδm0 − 2(γ0βτn∂βX
n − ε0β∂βη)mj

]
δ i
m X lδ m

k

= 4δikJ
l
j (5.33)

{
J i
j , Gk

}
=

√
−γ

4πα′
2
[
− 2γ0βhjn∂βX

nδm0 − 2(γ0βτn∂βX
n − ε0β∂βη)mj

]
δ i
m X0δmk

+ 2(γ0βτn∂βX
n − ε0β∂βη)δjkX

i

= −2Gjδ
i
k (5.34)

{
J i
j , Pk

}
=

√
−γ

4πα′
2
[
− 2γ0βhjn∂βX

nδm0 − 2(γ0βτn∂βX
n − ε0β∂βη)mj

]
δ i
m δmk (5.35)

= −2δ i
k Pj (5.36)

Where we have an extra factor of 2 for each J i
j because it is antisymmetric with two

lower indices.

{
Gi, H

}
= − 1

4πα′

[
− 2γ0βhin∂βX

n − 2mi(γ
0βτm∂βX

m − ε0β∂βη)
]

= −Pi (5.37)

{
Gi, Pj

}
= 2(γ0βτm∂βX

m − ε0β∂βη)δij (5.38)

From which we find that the central extension must be given by:

M = −2
(
γ0ατm∂αX

m + ε0α∂αη
)

(5.39)

And confirm that the conserved charges indeed satisfy the Bragmann algebra (4.32) since

M commutes trivially with the rest of the conserved charges, as expected.

5.4 Algebra of the currents

In this section we want to compute the OPEs between the conserved currents and see if the

NC space-time symmetries can be realised on the worldsheet in terms of a current algebra.
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5.4.1 The Sugawara construction

The currents derived in 5.3.2 are of particular interest as not only their zero modes form a

Lie algebra, but there is also an infinite dimensional extension of this known as Kac-Moody

algebra: the algebra of the currents [23, 24]:

Ja(σ)Jb(σ′) ∼ kδab

2(σ − σ′)2
+
ifabcJ

c(σ′)

(σ − σ′)
+ ... (5.40)

where Ja(σ) are the currents of the theory, the parameter k is called the level of the Kac-

Moody algebra and is analogous to the central extension c of the Virasoro algebra and fabc

are the structure constants of the algebra.

This is of particular interest since full dynamics of the theory should be formulated in

terms of the currents, in other words the stress-energy tensor should be expressed in terms of

the currents[25, 26]. This procedure is called the Sugawara construction and can be expressed

as [27]:

T (σ) =
1

k + h̃G

dimG∑
A=1

: JA(σ)JA(σ) : (5.41)

where T (σ) is the stress-energy tensor and h̃G is the dual Coxeter number and takes

specific integer values depending on the type of algebra.

5.4.2 OPEs of the conserved currents

In order to compute the OPEs between the currents we first need the propagators for the

dynamic fields of the theory. They are given by [28]:

〈Xi(σ)Xj(σ′)〉 = ∆2h
ij ln (|∆σ|2)

〈Xm(σ)λ±(σ′)〉 = δm0
∓2∆2

(σ − σ′)±

〈η(σ)λ±(σ′)〉 =
−2∆2

(σ − σ′)±

〈λ±(σ)λ±(σ′)〉 =
4∆2

(σ − σ′)±
〈λ−(σ)λ−(σ′)〉 = −4π∆2δ(σ − σ′)

where ∆2 is a constant that does not have any significance. Using (5.42) I calculate the

following OPEs:
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PαiP
β
j =

(√
−γ

4πα′

)2

∆2

[
1

(σ+ − σ′+)2
4γαργβξδ+

ρ δ
+
ξ himhjnh

mn

+
1

(σ− − σ′−)2
(4γαργβξδ−ρ δ

−
ξ himhjnh

mn

]
(5.42)

HαHβ =

(√
−γ

4πα′

)2

∆2

[
1

σ− − σ′−
eα+e

β
+τ0τ0 +

1

σ+ − σ′+
eα−e

β
−τ0τ0

+
1

(σ+ − σ′+)2

(
4γαργβξδ+

ρ δ
+
ξ h0mh0nh

mn + 4(γαρeβ− − γβρeα−)h0mτ0δ
+
ρ δ

m
0

+ 4(εβρeα− − εαρe
β
−)τ0m0δ

+
ρ + 4γαρeβ−τnτ0m0δ

+
ξ δ

n
0

)
(5.43)

+
1

(σ− − σ′−)2

(
4γαργβξδ−ρ δ

−
ξ h0mh0nh

mn − 4(γαρeβ+ + γβρeα+)h0mτ0δ
−
ρ δ

m
0

− 4(εβρeα+ − εαρe
β
+)τ0m0δ

−
ρ − 4γαρeβ+τnτ0m0δ

−
ρ δ

n
0

)
+ 4πτ0τ0

(
eα+e

β
− + eα−e

β
+

)
δ(σ − σ′)

]

Gαi(σ)Gβj(σ
′) =

(√
−γ

4πα′

)2

4∆2

[(
δ+
ρ δ

+
ξ

(σ+ − σ′+)2
+

δ−ρ δ
−
ξ

(σ− − σ′−)2

)
γαργβξhimhjnh

mnX0(σ)X0(σ)

+

(
δ+
ρ δ

+
ξ

σ+ − σ′+
∂+X

0(σ) +
δ−ρ δ

−
ξ

σ− − σ′−
∂−X

0(σ)

)
γαργβξhimhjnh

mnX0(σ)

]
(5.44)

37



Jα k
i J

β l
j =

(√
−γ

4πα′

)2

∆2γ
αργβξhimhjn

[(
δ+
ρ δ

+
ξ

(σ+ − σ′+)2
+

δ−ρ δ
−
ξ

(σ− − σ′−)2

)
hmnXk(σ)X l(σ)

(5.45)

+
δ+
ρ δ

+
ξ

σ+ − σ′+
hmnXk(σ)∂+X

l(σ) +
δ−ρ δ

−
ξ

σ− − σ′−
hmnXk(σ)∂−X

l(σ) (5.46)

+

(
δ+
ξ

σ+ − σ′+
+

δ−ξ
σ− − σ′−

)
hkn∂ρX

m(σ)X l(σ) + ∂ρX
m∂ξX

n(σ)hkl ln (|∆σ|2)

(5.47)

+

(
δ+

0 δ
+
ξ

(σ+ − σ′+)2
+

δ−ρ δ
−
ξ

(σ− − σ′−)2

)
hmnhkl ln (|∆σ|2)∆2 (5.48)

+

(
δ+
ρ

σ+ − σ′+
+

δ−ρ
σ− − σ′−

)
hmn

(
δ+
ξ

σ+ − σ′+
+

δ−ξ
σ− − σ′−

)
hkn∆2

]
(5.49)

G α
i (σ)Hβ(σ′) =

(√
−γ

4πα′

)2

∆2

[
4γαργβξhimh0nh

mn

(
δ+
ρ δ

+
ξ

(σ+ − σ′+)2
+

δ−ρ δ
−
ξ

(σ− − σ′−)2

)
X0(σ)

+ 4γαρh0mτ0δ
m
0

(
eβ−δ

+
ρ

(σ+ − σ′+)2
+

eβ+δ
−
ρ

(σ− − σ′−)2

)
X0(σ)

− 4γαργβξh0nτ0δikh
kn

(
δ+
ξ

σ+ − σ′+
+

δ−ξ
σ− − σ′−

)
∂ρX

0(σ) (5.50)

− 4γαρτ2
0 δik

(
eβ−δ

+
ρ

(σ+ − σ′+)2
+

eβ+δ
−
ρ

(σ− − σ′−)2

)
Xk(σ)

]

G α
i (σ)P β

j (σ′) =

(√
−γ

4πα′

)2

∆2

[
4γαργβξhimhjnh

mn

(
δ+
ρ δ

+
ξ

(σ+ − σ′+)2
+

δ−ρ δ
−
ξ

(σ− − σ′−)2

)
X0(σ)

− 4γαργβξhjnδikτ0h
kn

(
δ+
ξ

σ+ − σ′+
+

δ−ξ
σ− − σ′−

)
∂ρX

0(σ)

− 4εαβγβξhjnδikh
kn

(
δ+
ξ

σ+ − σ′+
+

δ−ξ
σ− − σ′−

)
∂ρη(σ)

]
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G α
i (σ)Jβ k

j (σ′) =

(√
−γ

4πα′

)2

∆2

[
4γαργβξhimhjnh

mn

(
δ+
ρ δ

+
ξ

(σ+ − σ′+)2
+

δ−ρ δ
−
ξ

(σ− − σ′−)2

)
X0(σ)Xk(σ)

+ 4γαργβξhimhjnh
mk

(
δ+
ρ

σ+ − σ′+
+

δ−ρ
σ− − σ′−

)
X0(σ)∂ξX

n(σ)

− 4γαργβξhimmjτ0h
mk

(
δ+
ρ

σ+ − σ′+
+

δ−ρ
σ− − σ′−

)
∂ξX

0(σ)X0(σ)

− 4γαρεβξhimmj

(
δ+
ρ

σ+ − σ′+
+

δ−ρ
σ− − σ′−

)
∂ξη(σ)X0(σ) (5.51)

− 4γαργβξhjnδilτ0h
ln

(
δ+
ξ

σ+ − σ′+
+

δ−ξ
σ− − σ′−

)
∂ρX

0(σ)Xk(σ)

− εαβγβξδilhjnhln
(

δ+
ξ

σ+ − σ′+
+

δ−ξ
σ− − σ′−

)
∂ρη(σ)Xk(σ)

+ 4εαβεβξδilmjh
lk∂ξη(σ)∂ρη(σ) ln (|∆σ|2)

]

P α
i (σ)Hβ(σ′) =

(√
−γ

4πα′

)2

∆2

[
4γαργβξhimh0nh

mn

(
δ+
ρ δ

+
ξ

(σ+ − σ′+)2
+

δ−ρ δ
−
ξ

(σ− − σ′−)2

)

− 4γαρmiτ
2
0

(
eβ−δ

+
ρ

σ+ − σ′+
+

eβ+δ
−
ρ

σ− − σ′−

)
− 4γαρhi0τ0

(
eβ−δ

+
ρ

σ+ − σ′+
+

eβ+δ
−
ρ

σ− − σ′−

)

+ 4εαβmiτ0

(
eβ−δ

+
ρ

σ+ − σ′+
+

eβ+δ
−
ρ

σ− − σ′−

)]
(5.52)

P α
i (σ)Jβ k

j (σ′) =

(√
−γ

4πα′

)2

∆2

[
4γαργβξhimhjnh

mn

(
δ+
ρ δ

+
ξ

(σ+ − σ′+)2
+

δ−ρ δ
−
ξ

(σ− − σ′−)2

)
Xk(σ)

+ 4γαργβξhimhjnh
mk

(
δ+
ρ

σ+ − σ′+
+

δ−ρ
σ− − σ′−

)
∂ξX

n(σ)

+ 4γαργβξhimmjτ0h
mk

(
δ+
ρ

σ+ − σ′+
+

δ−ρ
σ− − σ′−

)
∂ξX

0(σ) (5.53)

+ 4γαρεβξhimmjh
mk

(
δ+
ρ

σ+ − σ′+
+

δ−ρ
σ− − σ′−

)
∂ξη(σ)

(5.54)

39



Jβ k
j (σ)Hα(σ′) =

(√
−γ

4πα′

)2

∆2

[
4γαργβξh0mhjnh

mn

(
δ+
ρ δ

+
ξ

(σ+ − σ′+)2
+

δ−ρ δ
−
ξ

(σ− − σ′−)2

)
Xk(σ)

+ 4γαργβξh0mhjnh
mk

(
δ+
ρ

σ+ − σ′+
+

δ−ρ
σ− − σ′−

)
∂ξX

n(σ)

+ 4γαργβξh0mmjτ0h
mk

(
δ+
ρ

σ+ − σ′+
+

δ−ρ
σ− − σ′−

)
∂ξX

0(σ) (5.55)

− 4γβξmjτ
2
0

(
eα−δ

+
ξ

(σ+ − σ′+)2
+

eα+δ
−
ξ

(σ− − σ′−)2

)
Xk(σ)

− 4εmjτ0

(
eα−δ

+
ξ

(σ+ − σ′+)2
+

eα+δ
−
ξ

(σ− − σ′−)2

)
Xk(σ)

where I have used the equations of motion for η [28] on the final results for the OPEs in order

to cancel out some of the unwanted singular terms that are proportional to ln (|∆σ|2):

0 = eα−∂αX
mτm + eα−∂αη (5.56)

0 = eα+∂αX
mτm − eα+∂αη (5.57)

And extensively make use the identities between the worldsheet metric and vielbein:

γαβ = eα+e
β
− + eα−e

β
+ (5.58)

εαβ = eα+e
β
− − eα−e

β
+ (5.59)
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6 Outlook and discussion

With these results I conclude the thesis. There are several questions that can be probed

using them.

The first and most obvious one is to actually perform the calculation for the stress-energy

tensor as it would be interesting to see whether it is well defined and consistent with other

results [28]. With the stress-energy tensor at hand one will be able to find the central charge

of the theory and therefore its dimension directly by computing the OPE of the stress-energy

tensor with itself in analogy with the theory of the relativistic bosonic string. This can be

very easily checked as the dimension of the bosonic string embedded in a Newton-Cartan

background is known to be d = 25 predicted both by the dimensional reduction procedure

and calculated explicitly using the Faddeev-Popov procedure [28]. This is an important step

in ultimately finding whether the dynamics of this sector could be described correctly in

terms of a current algebra.

As we saw there are several terms in the resulting OPEs that are not first and second

order singular. At first this may look concerning, but there are other current algebras in

which they arise [29]. There, however, the logarithmic and delta terms do not contribute

when calculating the weights of the field, so it will be interesting to see if this is the case in

for this particular theory. This procedure can then be done without enforcing the equations

of motion for the η field on the OPEs as it could be possible for the terms that cancel out on

it to also not contribute when calculating the weights and stress-energy tensor.

Second all of the calculations that I have performed are without matter fields. The theory

permits a Kalab-Ramond and dilaton terms with their own dynamics where they affect the

equations of motion (5.56). It would be interesting to see if the correct form of the Bargamnn

algebra is retrieved by including the matter fields. This in turn will result in modfied equations

of motion [28] and additional terms will also appear in the final results for the OPEs. Then

it has to be investigated whether the equations of motion need to be enforced again.

In conclusion I successfully derived the Bargmann algebra for the bosonic string embedded

in Newton-Cartan background. This was done by first calculating the conserved charges that

result from a Polyakov-type action without matter fields included. Then I calculated the

operator product expansions of the conserved currents that can result as a basis for further

research in the field.
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A Gauge algebra identity derivation

In this appendix the proof for the identity between a gauge field transformation and a general

coordinate transformation (2.35) is laid out. This is a general identity for any gauge field

that transforms under diffeomorphisms.

We start with a gauge field B a
µ on which a Lie algebra g is realised:

[
Ta, Tb

]
= f a

bc Tc (A.1)

where Ta and f a
bc , which are anti-symmetric in its lower indices, are the elements and struc-

ture constants of g respectively.

This gauge field has a space-time index and therefore transforms under diffeomorphisms:

δ(ξ)gctB
a

µ = LξB a
µ (A.2)

= ξλ∂λB
a

µ +B a
µ ∂λξ

λ (A.3)

= ξλ∂[λB
a

µ] + ∂λ(ξλB a
µ ) (A.4)

= ξλ
(
∂[λB

a
µ] + f a

bc B
b
λ B

c
µ

)
+ ∂λ

(
ξλB a

µ

)
+ f a

cb B
b
λ ξ

λB c
µ (A.5)

= ξλR a
λµ −

∑
{c}

δ
(
ξλB c

λ

)
B a
µ (A.6)

where Lξ is the Lie derivative with respect to ξλ. To get from (A.3) to (A.4) add and subtract

ξλ∂µB
a
λ and combine into the anti-symmetrised and total derivative terms respectively. On

(A.5) add and subtract f a
cb B

b
λ ξ

λB c
µ and to get to (A.6) recognise the first term on (A.5)

to be exactly the curvature for a non-abelian gauge field and for the second term make the

ansatz:

ε = ξλB c
λ (A.7)

where ε is the gauge transformation parameter.
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B Galilean boost current derivation

Here I give the derivation for the Galilean boost current from the Lagrangian (5.14) as an

example.

Taking the variation of the Lagrangian with respect to Galilean boosts where:

δXi = λiX0 δmn = δijm
iejn (B.1)

results in:

δL =

√
−γ

4πα′

[(
eα+e

β
− − eα−e

β
+

)
hmi∂αX

m∂β(δXi)

+
[(
eα+e

β
− − eα−e

β
+

)
τ0∂αX

0 +
(
eα+e

β
− + eα−e

β
+

)
∂αη

](
δmi∂βX

i −mi∂β(δXi)
)]

(B.2)

=

√
−γ

4πα′

[(
eα+e

β
− − eα−e

β
+

)
hmi∂αX

m∂βX
0λi

+
[(
eα+e

β
− − eα−e

β
+

)
τ0∂αX

0 +
(
eα+e

β
− + eα−e

β
+

)
∂αη

](
− λiδij∂βXj −mi∂βX

0λi
)]

(B.3)

=

√
−γ

4πα′
∂β

[
− 2γαβhmi∂αX

m∂βX
0 − 2(γαβτ0∂αX

0 + εαβ∂αη)
(
δij∂βX

j +mi∂βX
0
)

+ 2(γαβτ0 + εαβ∂αηX
j)
]
λi (B.4)

−
√
−γ

4πα′
∂β

[
− 2γαβhmi∂αX

m − 2(γαβτ0∂αX
0 + εαβ∂αη)

(
δij∂βX

j +mi

)]
λiX0 (B.5)

−
√
−γ

4πα′
∂β

[
2(γαβτ0 + εαβ∂αη)

]
λiXj (B.6)

where I use the identities:

−2γαβ = eα+e
β
− − eα−e

β
+ (B.7)

−2εαβ = eα+e
β
− − eα−e

β
+ (B.8)

And the equation of motion for Xm is given by:

∂α

[
− 2γαβhmi∂αX

m + 2mi(γ
αβτn∂αX

n + εαβ∂αη)
]

= 0 (B.9)

We see that the total derivative term (B.4) gives precicely the Noether current and (B.5),

and (B.6) vanish on the equations of motion. The rest of the currents are derived the same

way, but are more straightforward as the do not involve transforming any of the gauge fields.
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C Poisson brackets of the conserved charges

Here I calculate the partial derivatives of the conserved charges with respect to the fields Xm

and their canonical momenta Πm which I use to calculate the Poisson brackets.

∂Pj
∂Xm

= 0
∂Pj
∂Πm

= δmj (C.1)

∂H

∂Xm
= 0

∂H

∂Πm
= δm0 (C.2)

∂Gi
∂Πm

= X0δmj (C.3)

∂Gi
∂Xm

=

√
−γ

4πα′

[
− 2γαβhin∂βX

nδm0 + 2γαβτm∂βX
m(δim −miδ

0
m)

− 2εαβ∂βη(δim −miδ
0
m)
]

(C.4)

∂J i
j

Πm
= Xiδ m

j (C.5)

∂J i
j

Xm
=

√
−γ

4πα′

[
− 2γ0βhjn∂βX

nδm0 − 2(γ0βτn∂βX
n − ε0β∂βη)mj

]
δ i
m (C.6)
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D OPEs of the currents

Here I give two examples of the calculations that I have performed for the OPEs obtained in

5.4.2

G α
i (σ)Jβ k

j (σ′)

=

(
e

4πα′

)2[(
− 2γαρ

)
him∂X

m(σ)X0(σ) + 2γαρτ0∂ρX
0(σ)(δijX

j(σ) +miX
0(σ)) (D.1)

+ 2εαρ∂ρη(δijX
J(σ) +miX

0(σ))
][
− 2γβξhjn∂ξX

n(σ′)

− 2(γβξτ0∂ξX
0(σ′)− εβξ∂ξη(σ′))mj

]
Xk(σ′) (D.2)

=

(√
−γ

4πα′

)2

∆2

[
4γαργβξhimhjnh

mn

(
δ+
ρ δ

+
ξ

(σ+ − σ′+)2
+

δ−ρ δ
−
ξ

(σ− − σ′−)2

)
X0(σ)Xk(σ) (D.3)

+ 4γαργβξhimhjnh
mk

(
δ+
ρ

σ+ − σ′+
+

δ−ρ
σ− − σ′−

)
X0(σ)∂ξX

n(σ)

− 4γαργβξhimmjτ0h
mk

(
δ+
ρ

σ+ − σ′+
+

δ−ρ
σ− − σ′−

)
∂ξX

0(σ)X0(σ)

− 4γαρεβξhimmjh
mk

(
δ+
ρ

σ+ − σ′+
+

δ−ρ
σ− − σ′−

)
∂ξη(σ)X0(σ)

− 4

((((((((((((((((((((((

γαργβξδilhjnτ0h
lk∂ρX

0(σ)∂ξX
0(σ) ln (|∆σ|2)− 4

(((((((((((((((((((((

γαρεβξδilmjτ0h
lk∂ρX

0(σ)∂ξη(σ) ln (|∆σ|2)

− 4γαργβξhjnδilτ0h
ln

(
δ+
ξ

σ+ − σ′+
+

δ−ξ
σ− − σ′−

)
∂ρX

0(σ)Xk(σ)

− 4
(((((((((((((((((((((

γαρεβξδilmjτ0h
lk∂ρX

0(σ)∂ξη(σ) ln (|∆σ|2)

− εαβγβξδilhjnhln
(

δ+
ξ

σ+ − σ′+
+

δ−ξ
σ− − σ′−

)
∂ρη(σ)Xk(σ)

− 4
(((((((((((((((((((((

εαργβξδilhjnh
lk∂ρX

0(σ)∂ξX
0(σ) ln (|∆σ|2) + 4εαβεβξδilmjh

lk∂ξη(σ)∂ρη(σ) ln (|∆σ|2)

]
(D.4)
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=

(√
−γ

4πα′

)2

∆2

[
4γαργβξhimhjnh

mn

(
δ+
ρ δ

+
ξ

(σ+ − σ′+)2
+

δ−ρ δ
−
ξ

(σ− − σ′−)2

)
X0(σ)Xk(σ)

+ 4γαργβξhimhjnh
mk

(
δ+
ρ

σ+ − σ′+
+

δ−ρ
σ− − σ′−

)
X0(σ)∂ξX

n(σ)

− 4γαργβξhimmjτ0h
mk

(
δ+
ρ

σ+ − σ′+
+

δ−ρ
σ− − σ′−

)
∂ξX

0(σ)X0(σ)

− 4γαρεβξhimmjh
mk

(
δ+
ρ

σ+ − σ′+
+

δ−ρ
σ− − σ′−

)
∂ξη(σ)X0(σ) (D.5)

− 4γαργβξhjnδilτ0h
ln

(
δ+
ξ

σ+ − σ′+
+

δ−ξ
σ− − σ′−

)
∂ρX

0(σ)Xk(σ)

− εαβγβξδilhjnhln
(

δ+
ξ

σ+ − σ′+
+

δ−ξ
σ− − σ′−

)
∂ρη(σ)Xk(σ)

+ 4εαβεβξδilmjh
lk∂ξη(σ)∂ρη(σ) ln (|∆σ|2)

]
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Gαi(σ)Gβj(σ
′) = (D.6)

=

(√
−γ

4πα′

)2[
− 2γαρhim∂ρX

m(σ)X0(σ) + 2γαρτ0∂ρX
0(σ)

(
δikX

k(σ) +miX
0(σ)

)
+ 2εαρ∂ρη

(
δikX

k(σ) +miX
0(σ)

)][
− 2γβξhjn∂ξX

n(σ′)X0(σ′)

+ 2γβξτ0∂ξX
0(σ′)

(
δjlX

l(σ′)−mjX
0(σ′)

)
+ 2εβξ∂ξη

(
δjlX

l(σ′) +mjX
0(σ′)

)]

=

(√
−γ

4πα′

)2

4

[
γαργβξhimhjn∂ρX

m(σ)X0(σ)∂ξX
n(σ′)X0(σ′) (D.7)

− γαργβξhimτ0δjk∂ρX
m(σ)X0(σ)∂ξX

0(σ′)Xk(σ′)− γαρεβξhimδjk∂ρXm(σ)X0(σ)∂ξη(σ′)Xk(σ′)

− γαργβξhjmδikτ0∂ρX
0(σ)Xk(σ)∂ξX

m(σ′)X0(σ′) + γαργβξτ0τ0δikδjl∂ρX
0(σ)Xk(σ)∂ξX

0(σ′)X l(σ′)

+ γαρεβξτ0δikδjl∂ρX
0(σ)Xk(σ)∂ξη(σ′)X l(σ′)− εαργβξδijhjm∂ρη(σ)Xk(σ)∂ξX

m(σ′)X0(σ′)

+ εαργβξδikδjlτ0∂ρη(σ)Xk(σ)∂ξX
0(σ′)X l(σ′) + εαρεβξδikδjl∂ρη(σ)Xk(σ)∂ξη(σ′)X l(σ′)

]

=

(√
−γ

4πα′

)2

4∆2

[(
δ+
ρ δ

+
ξ

(σ+ − σ′+)2
+

δ−ρ δ
−
ξ

(σ− − σ′−)2

)
γαργβξhimhjnh

mnX0(σ)X0(σ) (D.8)

+

(
δ+
ρ δ

+
ξ

σ+ − σ′+
∂+X

0(σ) +
δ−ρ δ

−
ξ

σ− − σ′−
∂−X

0(σ)

)
γαργβξhimhjnh

mnX0(σ)

−
(
eα+e

ρ
− + eα−e

ρ
+

)(
eβ+e

ξ
− + eβ−e

ξ
+

)
himδjkτ0h

mk

(
δ+
ρ

σ+ − σ′+
+

δ−ρ
σ− − σ′−

)
X0(σ)∂ξX

0(σ)

−
(
eα+e

ρ
− + eα−e

ρ
+

)(
eβ+e

ξ
− + eβ−e

ξ
+

)
himδjkτ0h

mk

(
δ+
ξ

σ+ − σ′+
+

δ−ξ
σ− − σ′−

)
X0(σ)∂ρX

0(σ)

−
(
eα+e

ρ
− + eα−e

ρ
+

)(
eβ+e

ξ
− − e

β
−e

ξ
+

)
himδjkh

mk

(
δ+
ρ

σ+ − σ′+
+

δ−ρ
σ− − σ′−

)
X0(σ)∂ξη(σ)

−
(
eα+e

ρ
− − eα−e

ρ
+

)(
eβ+e

ξ
− + eβ−e

ξ
+

)
himδjkh

mk

(
δ+
ξ

σ+ − σ′+
+

δ−ξ
σ− − σ′−

)
X0(σ)∂ρη(σ)

+
(
eα+e

ρ
− + eα−e

ρ
+

)(
eβ+e

ξ
− + eβ−e

ξ
+

)
τ0τ0δikδjlh

kl∂ρX
0(σ)∂ξX

0(σ′) ln (|∆σ|2)

+
(
eα+e

ρ
− − eα−e

ρ
+

)(
eβ+e

ξ
− − e

β
−e

ξ
+

)
δikδjlh

kl∂ρη(σ)∂ξη(σ) ln (|∆σ|2)

+
(
eα+e

ρ
− − eα−e

ρ
+

)(
eβ+e

ξ
− + eβ−e

ξ
+

)
δikδjlτ0h

kl∂ρη(σ)∂ξX
0(σ′) ln (|∆σ|2)

+
(
eα+e

ρ
− + eα−e

ρ
+

)(
eβ+e

ξ
− − e

β
−e

ξ
+

)
δjkδilτ0h

kl∂ξη(σ)∂ρX
0(σ′) ln (|∆σ|2)

]
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=

(√
−γ

4πα′

)2

4∆2

[(
δ+
ρ δ

+
ξ

(σ+ − σ′+)2
+

δ−ρ δ
−
ξ

(σ− − σ′−)2

)
γαργβξhimhjnh

mnX0(σ)X0(σ) (D.9)

+

(
δ+
ρ δ

+
ξ

σ+ − σ′+
∂+X

0(σ) +
δ−ρ δ

−
ξ

σ− − σ′−
∂−X

0(σ)

)
γαργβξhimhjnh

mnX0(σ)

(((((((((((((((((((((((((((((((((((((((((

−
(
eα+e

ρ
− + eα−e

ρ
+

)(
− eβ+e

ξ
− + eβ−e

ξ
+

)
himδjkh

mk

(
δ+
ρ

σ+ − σ′+
+

δ−ρ
σ− − σ′−

)
X0(σ)∂ξη(σ)

(((((((((((((((((((((((((((((((((((((((((

−
(
− eα+e

ρ
− + eα−e

ρ
+

)(
eβ+e

ξ
− + eβ−e

ξ
+

)
himδjkh

mk

(
δ+
ξ

σ+ − σ′+
+

δ−ξ
σ− − σ′−

)
X0(σ)∂ρη(σ)

((((((((((((((((((((((((((((((((((((((((

−
(
eα+e

ρ
− + eα−e

ρ
+

)(
eβ+e

ξ
− − e

β
−e

ξ
+

)
himδjkh

mk

(
δ+
ρ

σ+ − σ′+
+

δ−ρ
σ− − σ′−

)
X0(σ)∂ξη(σ)

((((((((((((((((((((((((((((((((((((((((

−
(
eα+e

ρ
− − eα−e

ρ
+

)(
eβ+e

ξ
− + eβ−e

ξ
+

)
himδjkh

mk

(
δ+
ξ

σ+ − σ′+
+

δ−ξ
σ− − σ′−

)
X0(σ)∂ρη(σ)

+

((((((((((((((((((((((((((((((((((((
− eα+e

ρ
− + eα−e

ρ
+

)(
− eβ+e

ξ
− + eβ−e

ξ
+

)
δikδjlh

kl∂ρX
0(σ)∂ξX

0(σ′) ln (|∆σ|2)

((((((((((((((((((((((((((((((((

+
(
eα+e

ρ
− − eα−e

ρ
+

)(
eβ+e

ξ
− − e

β
−e

ξ
+

)
δikδjlh

kl∂ρη(σ)∂ξη(σ) ln (|∆σ|2)

((((((((((((((((((((((((((((((((((

+
(
eα+e

ρ
− − eα−e

ρ
+

)(
− eβ+e

ξ
− + eβ−e

ξ
+

)
δikδjlτ0h

kl∂ρη(σ)∂ξη(σ′) ln (|∆σ|2)

(((((((((((((((((((((((((((((((((

+
(
− eα+e

ρ
− + eα−e

ρ
+

)(
eβ+e

ξ
− − e

β
−e

ξ
+

)
δjkδilh

kl∂ξη(σ)∂ρη(σ′) ln (|∆σ|2)

=

(√
−γ

4πα′

)2

4∆2

[(
δ+
ρ δ

+
ξ

(σ+ − σ′+)2
+

δ−ρ δ
−
ξ

(σ− − σ′−)2

)
γαργβξhimhjnh

mnX0(σ)X0(σ) (D.10)

+

(
δ+
ρ δ

+
ξ

σ+ − σ′+
∂+X

0(σ) +
δ−ρ δ

−
ξ

σ− − σ′−
∂−X

0(σ)

)
γαργβξhimhjnh

mnX0(σ)

]
Where on (B.7) only the non-zero contractions are shown; to get from (B.8) to (B.9) the

equations of motion (5.56) are used and finally from (B.9) to (B.10) the terms from the third

on cancel out. The rest of the OPEs are more straightforward and do not require use of the

equations of motion.
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