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Introduction.

Non-linear dynamical systems are often used to model physical problems. One of the most famous examples
is the predator-prey model, more specifically the Lotka—Volterra equations. This system is used, as the name
implies, to study the relations between predators and prey in an isolated system, where the growth of the
predators and prey are dependent on each other.

While this is an interesting and physically relevant example, it is easier for us to start with one of the
simpler non-linear systems. Consider the system defined by the equation

d

ﬁx:rJr:rQ, z €R, (1.1)
with a parameter » € R. In this system, changing the r parameter results in profound changes in the solutions.
As for r < 0 the system has two fixed points and for a » > 0 none. The change in r can be very small, while
the difference between no fixed point and two fixed points is much more substantial.

These sudden qualitative or topological changes in the dynamics of a system are caused by small smooth
changes in the parameters of the system. These changes are known as bifurcations, and due to their importance
for the behavior of non-linear systems their study is more than worthwhile.

Fortunately these changes are not completely chaotic, bifurcations can be classified by the changes they
induce. The change that the previous example system (|1.1) experiences at r = 0 is known as the saddle-node
bifurcation.

More abstractly, the bifurcations themselves can be classified by the amount of parameters required to
fully reveal all different shifts in behavior near the equilibrium point they effect. This number is also known
as the co-dimension of the bifurcation and while this statement gives a rough idea of what the co-dimension
is, the formal definitions are of course much more rigorous.

Usually a higher co-dimension implies a higher complexity of behaviors. This is backed by the fact
that all local bifurcations of co-dimension 1 are completely understood, while this is not the case for some
co-dimension 2 bifurcations.

For a complete explanation regarding bifurcations and their co-dimension see the books by Gucken-
heimer and Holmes [6] or Kuznetsov [8].

The study of bifurcations is usually performed by applying normal form theory, where one tries to find
a simplified system that is locally topologically equivalent to the local neighborhood around the equilibrium
which exhibits the bifurcation in question. This equivalence preserves the changes in the dynamics near the
equilibrium, including the bifurcation.

The advantage is obvious, as usually the simplified system is much easier to analyze. More importantly most
instances of the bifurcations that occur in the wild can be proven to be locally topologically equivalent to the
same simplified system. This more or less allows us to study the behavior of an identified bifurcation in any
system by studying their respective normal form. This is a major advantage, and consequently the concept of
the normal form has become central in the study of bifurcations.

This thesis does not differ from this standard, as it makes extensive use of the normal form. In fact
the first step in the study of the double Hopf bifurcation is the derivation of the normal form. Again for the
complete theory regarding normal forms and their derivation see the book by Guckenheimer and Holmes [6].



Co-dimension 1 bifurcations.

We continue the introduction with a few examples of co-dimension 1 bifurcations.
e Saddle-node (fold) bifurcation, where a node and a saddle points collide and cancel each other out.
e Trans-critical bifurcation, where two fixed points collide and switch stability in the collision.
e Pitchfork bifurcation, where an equilibrium switches stability and forks off two additional equilibria.

e Period-doubling (flip) bifurcation, this is a cycle bifurcation that, as the name implies, doubles the period
of a cycle.

e Hopf bifurcation, where an equilibrium switches stability and splits off a cycle.

Due to their relevance to later analysis we examine the trans-critical, pitchfork and the Hopf bifurcation in a
bit more detail.

Trans-critical bifurcation.

The normal form of the trans-critical bifurcation is given by

d
Pkl ?, zeR. (1.2)
This bifurcation is characterized by the eigenvalue r of the equilibrium at the origin and this system, for r # 0,

has two fixed points given by x =0 and = = r.

When the parameter r is negative, the fixed point at z = 0 is stable and the fixed point x = r is un-
stable.

At r = 0 both fixed points have collided and only one fixed point remains at x = 0. Solutions start-
ing at x > 0 diverge, while solutions starting at = < 0 converge to the fixed point. This point, while displaying
some degree of stability, is not stable and therefore unstable.

When the parameter r becomes positive, the equilibria switch stability. The fixed point at * = 0 be-
comes unstable and the fixed point at x = r becomes stable.

Lastly we should notice that during the bifurcation the second point moves across the x = 0-axis.

Pitchfork bifurcation.

The normal form of the pitchfork bifurcation is given by

d

—z=rz+z®, zeck. 1.3
o (1.3)
The eigenvalue of the linearization of this system at the origin is identical to that of the trans-critical bifurcation.
Therefore to distinguish the pitchfork and trans-critical bifurcations the higher order terms also come into play.
The actual difference is that the 22 term in the trans-critical normal form system is replaced by an 3 term.
Furthermore the pitchfork bifurcation comes in 2 variations, the super- and sub-critical case.

e If 23 is subtracted, the pitchfork bifurcation is super-critical. In this case 2 stable equilibria split off from
the original equilibrium, when r becomes postive. The original equilibrium is not destroyed, instead the
bifurcation switches the stability of the original equilibrium from stable to unstable.

o If 23 is added to rz, the bifurcation is sub-critical. Contrary to the super-critical case, when r becomes
negative, 2 unstable equilibria split off the original equilibrium. The central equilibrium is still maintained
and displays the same stability behavior. Therefore, when r becomes negative, the stability of the central
equilibrium goes from unstable to stable.



Hopf bifurcation.

The Hopf bifurcation has the normal form

d

P (A +iw)z + (e +1iB)z22 + O(|z|*), z€C. (1.4)
Notice that, due to the complex normal form, this bifurcation requires two dimensions. The eigenvalue is given
by A +iw. The parameter is A and the other important quantity is «, which is known as the first Lyapunov
coefficient.

Just as the pitchfork bifurcation the Hopf bifurcation has two distinct cases, the super- and sub-critical
case, depending on the sign of the Lyapunov coefficient.

e Super-critical, when a < 0. In this case a stable limit cycle bifurcates off a stable equilibrium point as the
parameter A goes from negative to positive. At A = 0 the equilibrium switches from stable to unstable.

e Sub-critical, when a > 0. In this case an unstable limit cycle bifurcates off a unstable equilibrium point
as the parameter \ goes from positive to negative. At A = 0 the equilibrium switches from unstable to
stable.

If & = 0, the bifurcation is degenerate and the equilibrium at A = 0 is stable or unstable depending on the
higher order term of the normal form. This requires the generalized form of the bifurcation also known as the
Bautin bifurcation. As this bifurcation merits it own analysis it is omitted here, but more information about
this special case can be found in the book by Kuznetsov [8].

Double Hopf bifurcation.

An example of a co-dimension two bifurcation that brings us closer to the object of study is the regular double
Hopf bifurcation. The Poincaré normal form of this bifurcation is also well-known and given by

21 = (1 +wi(w)) 21 + Garoo(p) 21|21 1> + Gronr (p) 21| 22|* + O(4), (1.5a)
Zo = (p2 + wa(p)) 22 + Hitro(p) 22|21 )% + Hooz1 (1) 22|22|* + O(4). (1.5b)

Just as in the single Hopf bifurcation the variables are complex. But in this case we have two variables instead
of one variable, it follows that the system requires 4 dimensions. The coefficients in the system are usually
dependent on the value of the parameters pu; and ps. To simplify the notation of this dependence, the variable
u is introduced as the vector p := (u1, p2). The eigenvalues that characterize the equilibrium, which undergoes
the double Hopf bifurcation, are given by

/\1,2 = 1 + iw1 and /\374 = U2 + iWQ. (].6)

It is easy to see where the double Hopf bifurcation got its name, as the bifurcation essentially entails two Hopf
bifurcations that occur at the same equilibrium. Where each parameter ;; induces a Hopf bifurcation on their
respective z; variable. The system can be further simplified if the non-degeneracy conditions

Re G2100(0) # 0, ReGi011(0) # 0,

1.7
Re Hi110(0) # 0, Re Hop21(0) # 0, (L7)
apply, as then (1.5)) is locally smoothly orbitally equivalent to the system
2= (m +wi(p) 21 + Pu(p)z]z* + Pia(p)zi]ze|* + O(4), (1.8a)
2y = (2 + w2 () 22 + Por(p)z2]21]* + Poa () 22| 22| + O(4). (1.8b)

For a proof of this lemma and the definition of the new coefficients, which is omitted from this introduction,
consult the book by Kuznetsov [8]. If the non-degeneracy conditions are not satisfied the analysis requires the
higher order terms, this makes the analysis identical to that of the system . This analysis is much more
difficult and as such only the non-degenerate double Hopf bifurcations are considered in this thesis.



The system (|1.8)) can be analyzed by considering the system of only the amplitudes, which reads as

f1 = (1 +Re(Pri(p)r] + Re(Pia(n)ry) r1+ 0 (5), (1.9a)
7y = (pz + Re(Par (1)) + Re(Poa(1))r3) 72 + O (5). (1.9b)

We notice the absence of any lower order phase variables in this system, which is also what makes this analysis
possible. This is as the terms in the equations for the time evolution of the amplitudes are typically of high
order. This means their effect on the time derivatives of the amplitudes, r, is negligible when the amplitudes
are close to zero. The amplitudes themselves are small when g is small, as then the limit cycles bifurcating
from the equilibrium are still very close to the equilibrium. Therefore the phases can be omitted, when
studying the evolution of the amplitudes near the equilibrium. This independence of the amplitudes relative
to the phases is also referred to as the uncoupling of the amplitudes from the phases.

The equilibria of the amplitudes can come on the r; or on the ro axis, these are the so-called "pure"
modes. These modes result in invariant 1-tori in the full system where the solution must have one
amplitude zero and the other amplitude fixed. Or the amplitudes can have a stable point with r; # 0 and
ro # 0, a "mixed" mode. This mode results in invariant 2-tori in the full system as both amplitudes are
fixed, while the phases can still vary.

In the difficult case of the double Hopf bifurcation, the mixed mode exhibits a Hopf bifurcation in the
amplitude system ((1.5). This bifurcation results in a limit cycle around this mixed mode in the amplitude
system. This corresponds to invariant 3-tori in the full system (1.5).

The frequencies at which the cycles rotate are, in the non-resonant regular case, not in resonance. Fur-
thermore the phases are not required to be close to zero near the equilibrium and this implies that all higher
order terms must be included to correctly give the solution. As the higher order terms can be difficult to work
with, the solutions for the phases are usually unknown. Therefore the phases can differ widely and behave
unpredictably with respect to each other.

This affects on how the solutions evolve on the invariant tori, corresponding to the fixed amplitudes.
The pure modes correspond to regular cycles, as there is only one dimension on the 1-torus. The mixed modes
can firstly correspond to quasi-periodic solutions on the 2-torus, as the amplitudes remain fixed and when the
phases vary in a conditionally periodic way. The mixed modes can also correspond to a family of periodic
cycles that foliate the 2 torus, when the phases are locked. The last option, the limit cycles, correspond to
quasi-periodic solutions on a familiy of 2-tori that foliate a 3-torus.

For the full derivation of the normal form, its analysis, its unfolding diagrams and their associated
phase plots, please refer to the book by Kuznetsov [§].



Resonant double Hopf bifurcation.

That brings us to the final bifurcation we consider, the resonant double Hopf bifurcation. This bifurcation has
the same eigenvalues as the double Hopf bifurcation,

/\1,2 = :tiwl, and /\3,4 = :EiWQ. (1.10)

But in this case, the frequencies of the oscillations are in resonance at the parameter value (up,u2) = (0,0).
The resonance corresponds to the condition that nw;+mws = 0 for some non-zero pair of integers (n, m) # (0,0).

As the parameters p change the phases might not be in perfect resonance anymore. How fast or slow
the phases lose resonance is based on the system that exhibits the resonant double Hopf bifurcation. This can
be quite varied and as such it is convenient to introduce a detuning parameter v. This parameter determines
how much the phases are in resonance and replaces the effect of changing the u parameters on the base
frequency of the phases. This does not mean that the u parameters are completely replaced, as they still very
much effect the amplitudes. This greatly simplifies the study of the resonant case.This addition of the detuning
parameter also implies that the resonant double Hopf bifurcation can be interpreted as a co-dimension 3
bifurcation.

Lastly we make a classification among the resonances. If for all pairs of integers
nwiy + mws # 0 (1.11)

then the system is non-resonant and is just a regular double Hopf bifurcation with the normal form given

by .

If the bifurcation is resonant, and a non-zero pair of integers exists such that |n|+|m| < 4 and njw; +nows = 0,
then the system is strongly resonant. If the bifurcation is still resonant, but no pair of integers can be found
such that |n| 4 |m| < 4, then the system is weakly resonant.

Now suppose a double Hopf bifurcation is weakly resonant, then the above amplitude system (1.9) is
still satisfactory. The resonance still results in the addition of resonance terms in the normal form, but the
orders of these terms are high enough to be neglibile and thus can be safely truncated. The equilibria of the
amplitudes are the same as in the non-resonant case, but the phases may be resonant for certain parameters.
This case results, instead of the quasi-periodic solutions on the 2-torus, in a family of closed 1-tori orbits that
foliate the 2-torus. Outside these rational frequency ratio cases the phases are not resonant and the solutions
are the regular quasi-periodic solutions on the 2-torus.

However if the resonance is strong, then it leads to a rather interesting situation where the normal
form described above does not suffice anymore. Notably the resonant terms have a low enough order in the
normal form that the amplitudes are no longer uncoupled from the phases. This gives rise to a bifurcation
that is lot richer in dynamics than the regular double Hopf bifurcation.

Besides this thesis, a large number of studies have already been done on the subject of resonant double
Hopf bifurcations. For example two studies using the relatively new technique, multiple timescale analysis, in
the first study [5] by A. Luongo, A. Paolone and A. Di Egidio have studied both the 1:2 and the 1:3 resonances
and in the second study [9] J. Xu and W. Wang have focused entirely on the 1:2 resonance.

Another pair of more relevant studies are those done by S.H. Davi and P.H. Steen [4] and by A.K. Ba-
jaj and P.R. Sethna [2]. Notably both these studies include the derivation of a normal form of the 1:1
resonance.

For a more complete analysis regarding the stability of the invariant tori for all resonances of the dou-
ble Hopf bifurcation and a discussion of their differences, consult the study done by H. Broer, H. Hanfsmann
and F. Wagener [3|. Lastly I mention a numerical study [1] by D.M. Alonso, G. Revel and J.L. Moiola that has
been performed on the 1:2 resonance, which sheds light on some of the global dynamics. The non-numerical
studies usually do not provide much information on the global situation, which makes the numerical studies a
very important part of the understanding of the total dynamics.



The structure of the thesis.
This leads us to the object of study in this thesis, the 1:3 resonant double Hopf bifurcation.

As this is a strong resonance, we require a resonant normal form. We derive this form in the next sec-
tion [2.1] This form differs from the non-resonant case by the addition of a phase difference variable, this
variable is interpreted as how much the frequencies of the oscillations are out of phase. The time evolution of
the phase difference tells us if the phases for certain fixed amplitude are resonant. A constant phase difference
implies that both phases change in the precise 1:3 ratio and thus are in resonance. In the resonant normal
form, the equations for amplitudes also contain resonant terms in addition to the non-resonant ones. These
terms vary according to the amplitudes themselves as well as the new phase difference variable.

The derivation of the normal form gives us

X =X + (a1, X% + 01, Y?) X + Y3 cos(p), (1.12a)
Y = oY + (a9, X% 4 b2, Y)Y + XY ? cos(p + @), (1.12b)
¢ = V4 @i X2 + b Y — X sin(p) — 3XY sin(p + ), (1.12¢)

where X and Y correspond to the amplitudes, and ¢ corresponds to the phase difference. Lastly u1, po and v
are the parameters.

After the derivation of , we discuss its equilibria. These come in two distinct types. The first
type are the pure modes, which occur on the X-axis, i.e. where Y = 0. The second type are the mixed modes,
which occur where both amplitudes are higher than 0. In this discussion we make some general statements on
the existence and stability of both modes.

Afterwards we start the study of a particularly interesting set of pure modes on the X-axis. These
points have the amplitudes (X,Y) = (Xj,0), where the value X is determined by the parameter p;. The
phase differences are yet to be determined, as when Y = 0 the evolution of the phase difference is equal to
v+ ai, X, which can be zero for certain v values. So these pure modes may have a running phase or a locked
phase depending on this parameter.

The property of interest of these pure modes is that one of them, at a certain set of parameters, is
characterized by the eigenvalues in the amplitude directions (Ax, A\y) = (—2p1,0). Furthermore the evolution
of the phase difference is near constant around this point. This implies that this point experiences a double
zero bifurcation and makes this pure mode a degenerate point around which expansions can be made in the
parameter space.

Before encountering a fatal mistake, the goal of the thesis was determining the local dynamics of the
1:3 resonant normal form near this point. It was hoped for that this method gives some insight in the behavior
of the full resonant system.

Conclusions.

After concluding the study of the local dynamics we compare our 1:3 dynamics to the 1:2 resonant case. This
is considered to be the main goal of this thesis, as I was personally very interested in these differences when I
came across a similar study.

This was a study done on the 1:2 resonance by E. Knobloch and M.R.E. Procter in 1988 [7]. Wherein
they studied the dynamics of the 1:2 resonance, by locating degenerate point in parameter space. Just as in the
1:3 resonant case, this point was a pure mode, which also exhibited a double zero bifurcation. An important
difference already is that their pure mode had a specific phase difference by (X, 0, ¢p).

In addition to explaining the differences between the local dynamics around the degenerate point, we
discuss the usefulness of the method of locating a degenerate points in parameter space for the study of
resonant dynamics.



Resonant normal form.

In the strongly resonant case of the double Hopf bifurcation, even at the lowest significant order, the amplitude
remains coupled to the phase. Therefore instead of the usual non-resonant normal form of the double Hopf
bifurcation, we need a resonant normal form that takes this coupling into account.

In this section, we derive the general resonant normal form for the 1:3 resonance. Afterwards we con-
sider the fixed points of the resulting system.

Derivation.

In our particular case, the resonance is 1:3 at p = (0,0). Therefore we assume w; = 3wq, where w; is the
frequency of the first Hopf bifurcation and ws the frequency of the second Hopf bifurcation, that make up the
double Hopf bifurcation. Then at (0,0) the complex amplitudes (u,v) of the system are symmetric under the
operations

u— ue™t, v — velswr,

These operations have the four basic invariants
n=uteR, m=vieR, 3=ut®€C and 7, =73 € C. (2.1)
The most general commuting vector field associated with these invariants and operations has the form
0= fi(11, 72, 73, Ta)u + fo(T1, T2, T3, T4) 0>, (2.2a)
0 = f3(11, T2, T3, Ta)v + fa(T1, 7o, T3, Ta)ud>. (2.2b)

This general vector field must satisfy two additional conditions to be a 1:3 resonant normal form. When
(u,v) = (0,0), at the point of the double Hopf bifurcation, the linear part must be resonant with the 1:3 ratio.
Therefore, for this vector field to display a 1:3 resonant double Hopf bifurcation, f1(0,0,0,0) = iw; and
f3(0,0,0,0) = iwy = %iwl. Furthermore f2(0,0,0,0) and f4(0,0,0,0) are assumed be non-zero, as these
correspond to the non-degeneracy conditions seen in the introduction. In this thesis we only study the
non-degenerate case of the double Hopf bifurcation, satisfying the conditions ((1.7).

Now we can take the Taylor expansion of all f; about (0,0,0,0),
fj :éj +(A1j7'1 +i)j7'2+(ij7'3+éj7'4+0(2). (23)

As all f; are complex-valued functions, their Taylor coefficients are complex numbers. If we substitute the
invariants 7; for their definitions, we see for j € {1,2,3,4}

fj = & + ajua + bjvi + O(4). (2.4)

Then if we replace the f; in the system (2.2) with their expansions and collect the higher order terms of » and
v in the big O, we obtain

i = é1u~+ (a1uti + byvd)u + é20° + O(5), (2.5a)
b = é3v + (azui + bsvo)v 4 uv® + O(5). (2.5b)
We know from the restrictions on f1,2(0,0,0,0) that é = iw; and é3 = iwy = %iwl. This allows us to somewhat

simplify the equations by relabeling the coefficients

C1 :éQa ay :dlv 61 :bla
_ N 2.
{ ’ (2:6)

Co =C4, Az =as, by =bs.
Substituting these relabeled coefficients in leads us to
0 = iwyu + (@Gut + byvo)u + ¢ v* + 0(5), (2.7a)
b = Liwv + (Gaull + bavd)v + auv® + O(5). (2.7b)
Now let us take the bifurcation parameters p1, p1o into account. From the linear dynamics we know that both

are to be added to the linear coefficients of @ and ¥ to obtain the correct eigenvalues. Also we notice that all
coefficients of the f; Taylor expansions are dependent on u, therefore for j € {1,2} let

{ @j = wj +O(p1, p2), a5 = aj + O, p2),

- - _ 2.8
by = by + O, ), & = & + Ol ). (28)



If we add the bifurcation parameters to the linear part and if we substitute the parameter dependent coefficients

(2.8) in system ([2.7]), we obtain
@ = (pu1 + i )u + (@1t + bivd)u + é1v° + O(5), (2.9a)
O = (g + i@2)v + (Gguii + by )v + Euv? 4+ O(5). (2.9Db)

The resulting system is the complex resonant normal form of the double Hopf bifurcation corresponding to the
1:3 resonance. To make the study of this system easier, let us perform a switch of variables to transform the
complex amplitude system into a system of real amplitudes and phases. Suppose

u:Xein17 v = Y/eitpz’
) ) 2.1
{ Elz‘élleZ(I)ly 62:|é2|ez¢>27 ( 0)

then if substitute these new variables in (2.9a) we obtain
X&' 1 iXG1e = (g + i) X' + (@1X2 + b1 V2) Xe + |6 ]ei® 733, (2.11)

Here we notice that the real amplitude can be derived using the equality

Re (e_wl ()L(ewl + i)Nﬁp'lei%)) - X. (2.12)

Thus
X =Re (e‘wl ((,u1 +i01) X et + (0, X2 + b Y2 Xer + |61|ei‘bll~/3ei3”2)) (2.13)
= Re (ulfc F(@X?+ 5 Y)X + |51|173ei<‘1>1*%+3¢2>) . (2.14)

Here we introduce a shorthand for the real values of the coefficients, a1, = Rea; and by, = Reby. This gives us
X = MIX + (leX2 + 51T}72)X + |51|5}3 COS((I)l — ©1 + 3(p2) (215)

After finalizing the amplitude equation we continue with the equation for the corresponding phase, which is
given by

1 . L ~ .
61 = Im (e’“"l(Xe“"’l + chp'le“Dl)) . (2.16)
This leads us to
1 - - e L
f1= < m (MX i X + (@ X2+ 50, VA)X + \51|Y3e1<‘1’1—%+3¢2>) (2.17)
1 . e .
=< (alx FIm(@ X2 + 5 Y2)X + |6 |V3 sin(®1 — 1 + 3<p2)) . (2.18)

We introduce the shorthand for the imaginary parts of aq, l~)1, ay; = Ima; and Eli = Im 51, and substituting
these leads to

oy o |
G1 =1 +ay X2 +b,Y? + \61|Y3} sin(®; — @1 + 3p9). (2.19)

We need to apply the same process to (2.9b)) to obtain the other amplitude and phase. To this end let us
substitute the variables (2.10) in (2.9bf), which leads us to

Yel?2 4 iY $2e'? = (g + i)Y e'?2 + (X2 + b Y)Y e'#2 4 |Gy|e' 2 X i1 Y 271202, (2.20)

We again notice that the amplitude is given by

Re (e*iw (Veivz + z’ff@em)) —v, (2.21)

therefore
Y = Re (e*i‘pz ((uz + @)Y e + (4 X2 + b Y2)Yei¥2 + |52|ei¢2X6i‘01}72e*i2“’2)) (2.22)
— Re (m? 4 (@ X2+ bV + |a2|)2172€i<%+w—3w)) . (2.23)

Again we introduce the shorthand for the real values, as,. = Redy and Egr = Re l~)2, which gives us the final
amplitude equation

Y = poY + (g, X2 + bo, Y)Y + || XY 2 cos(Pa + @1 — 302). (2.24)



Then we continue with the equation of the second phase, given by
1 . L - .
g2 = = Im (e*M(Yew + iYga'ge“p?)) . (2.25)

We continue as we have done before,

1 . - Y~ N
f2== Im ((m +i09)Y + (@2 X2 +bY2)Y + |52|Xy2el<@2+v1—3w>) (2.26)
1 - - .~ -~
= ? ((:JQY + Im(&ngQ + b21Y2)Y + ‘éQ‘XYQ sin(<I>2 + ¥1 — 3302)) s (227)
until we reach R o o
Po = Qo + G X2 + by Y2 + || XY sin(Py + 1 — 302), (2.28)

where we used the shorthand a9; = Im as and Bgi = Tm bs.

With the extracted real amplitudes, (2.15) and (2.24), and the real phases, (2.19) and (2.28), we have

obtained the real form

X = X + (@ X2 + b1, V)X + 61|73 cos(@1 — g1 + 3p2), (2.292)
)L/ = Y + (dgr)zz + EQT?Q)}N/ + |Eg|)~(}~/2 cos(Pa + 1 — 3p2), (2.29b)
G =01+ au X2+ b, Y2 + |51|}71’% sin(®; — @1 + 3¢2), 2.29¢)
Gy = g + G2 X2 4 by Y2 + |62 XV sin(Py + 1 — 3¢2), (2.29d)

of the system (2.9). As we are more interested in the phase locking and unlocking of the system than
its absolute phases, it is more useful to calculate the evolution of the relative phase difference, than to let
the phases remain as they are. This also has the added benefit that it reduces the variables we need to track by 1.

Notice that it is not the case that the 4-dimensional system has truly been reduced in dimension, as
the phases do still very much exist. However, because the resonant terms in the amplitudes and the phases
depend only on the phase difference and not the absolute value of each phase, we are not required to know
their precise values beyond their difference. Also very important is that the phase difference allows for a
separate time evolution, uncoupled from the phases individually. Therefore we may treat it as a separate
variable and get a system whose right hand side depends on the phase differences and the amplitudes, but not
on the absolute phases.

The result is a 3 dimensional system, that is separate from the original system, but still correctly gives
the time evolution of the amplitudes and phase difference of said system. This is a trade off however as by
deriving only the phase difference, we do not obtain much information about the time evolution of the phases
of the oscillations, excluding the difference between them. However, once the reduced system (see or
below) is solved, we can substitute these solutions in and compute p;(t), j € {1,2}.

Let ¢ = ¢ — 3¢, then ¢ = $; — 36 and let us define
V=@ — 3@y, Gim = G1; — 3a2; and by, = by; — 3by;. (2.30)
This simplifies the phase difference equation to
G =V—+ aim X2+ bimY? + |51|f/3% sin(®; — @) — 3]G XY sin(®y + @). (2.31)

This is the time evolution of the phase difference, which, as discussed above, 'replaces’ the phases in (2.29) to
give us the 3-dimensional system

X =X 4 (a1, X2 + b1, Y2) X + ||V cos(p — @), (2.32a)

Y = oV + (G2, X2 + bpe V)Y + |82| X V2 cos(@ + Ba), (2.32b)
. - . .1 -

G =V + @ X2 + by V2 — |51|Y‘3§ sin(@ — 1) — 3&| XV sin(@ + ®s). (2.32¢)
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We can simplify this system one more time by eliminating the |¢;| coefficients via a scaling of the amplitudes
and offsetting the phase difference. Let

i ¥ 1
_ |C~2| X, Y = |aaliY (2.33)
|e1é2]
This results in
y3 ¢ 1 Y3 & Y3 1Y®
== ~|C~2|1 — = & Y7 _ 1 X7 (2.34)
X |@é|i|GE)s X ek X &l X
1
© c1Ca|t 1 1
gy - lacl _XY = — XY. (2.35)
o] |E1E|7 |Co]
If we substitute these in the system ([2.32)), we obtain the simplest form of the system ([2.32]).
X =X + (a1, X2+ by, Y2 X 4+ Y3 cos(p), (2.36a)
Y = poY + (a2, X2 + b2, Y)Y + XY 2 cos(p + @), (2.36b)
GO =V~ amX> 4+ b Y2 — YTB sin(p) — 3XY sin(p + D), (2.36¢)
where ) )
_|éiél? _|éiéaf? _|ééalr
a1r ~ 12 1ry QA2r = ~ 2 a2r,  Gim = ~ |2 Aim s
|2 |¢2] |€2] (2.37)
1 1 - 1 - '
blr - 1 b1r7 b2r ~ -~ 1 b27‘7 bzm ~ 1 bim
|0162‘2 |01(32|2 |6162|2

Equilibria of the normal form.

To start, because X and Y both represent amplitudes, the only solutions of interest are those with X,Y > 0, as
negative amplitudes do not exist.The second thing we should deduce from the system is that at Y =0,
Y =0 as every term of contains the Y amplitude. The evolution of the X amplitude when on
the X-axis is also much simpler, resulting in

X =mX +a, X% (2.38)

We see that when Y = 0, the remaining amplitude uncouples from the phase difference and it is possible to
have fixed amplitude points, where, regardless of the value of ¢, the amplitudes remain fixed. The distinction
between true equilibrium points and these fixed amplitude points is that, in the fixed amplitude points the
phase difference might still be able to change, while in the true fixed points the phase difference is fixed as
well.

As the evolution of the phase difference is an important part of the discussion, we introduce two types
of fixed amplitude points.

The first being those which satisfy ¥ = 0 and X # 0, which we refer to as the pure modes. These
pure modes usually have a running phase ¢ associated with the X amplitude. However, to study the solutions
near this pure mode that are nearly in resonance we should consider the phase difference ¢ of the pure mode.
This is slightly difficult as the second phase 9 is not defined on the pure mode, because a zero amplitude
oscillation has little meaning. Consequently the phase difference ¢ is also not defined, as it uses the 5 phase
in its definition.

Therefore we use the limit of the derivative of the phase difference ¢, to study how the phase differ-
ence evolves in the neighborhood of the pure mode. Depending on the limit of the time derivative phase
difference ¢, we classify these pure modes in two sub-categories.

e Pure modes, where the limit implies a fixed phase difference ¢, we call phase locked pure modes.

e Pure modes, where the limit implies a monotonically increasing or decreasing phase difference ¢, we call
running phase difference pure modes.

The second fixed amplitude points are those that satisfy ¥ # 0 and X # 0, which we call the mixed modes.
The mixed modes, due to the coupled amplitude and phase difference, only occur when the phase difference ¢
remains constant. Otherwise the cosine term in the derivatives of the amplitudes, (2.36a) and (2.36b)), would
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still vary and make a fixed point impossible. Therefore all mixed modes must have a constant phase difference,
which we refer to as phase locked.

In addition to the pure mode and the mixed mode, the system also has a trivial fixed amplitude point
at the origin of the normal form system (2.36), (X,Y) = (0,0).
We start the study of the normal form by discussing the stability and eigenvalues of these points.

Trivial point.

The first fixed amplitude point is at (X,Y) = (0,0), which are the values around which the double Hopf
bifurcation takes place. The linearization of (2.36a) and (2.36b) to this point has the eigenvalues

Al = M1 and )\2 = M2 (239)

The third eigenvalue for the phase difference is not defined, as, when both amplitudes are zero, no phases are
defined and in extension no phase difference.

We can however, just as with the pure modes, study the phase difference evolution of the surrounding
neighborhood by calculating the limit
lim p = 1. 2.40
(X,Y)—(0,0) 4 (2.40)
When v is zero, we see that solutions passing very close to the origin are almost phase locked. And when v # 0,
we see that those solutions have a running phase difference.

Pure modes.

The pure modes are situated at the amplitudes (Xg,0), with X defined by y11 = —a1,, X3 and p; chosen freely
within certain bounds. The property that ¥ = 0 simplifies the equations (2.36a)) and (2.36b) to

X = (w1 + a1, X3) Xo, (2.41a)

Y =0. (2.41D)

Firstly we see that the amplitudes are fixed as Y = 0 and via the definition of Xy, X = 0 at (X,Y) = (Xo,0),
regardless of the value of the phase difference ¢. The phase difference in the neighborhood of the pure mode is
given by the limit
li b= im X2 2.42
v xen Y a0 (242)
This limit is, just as at the trivial point, decoupled from variable ¢ and only dependent on the constant
v+ aing.

When this constant is not zero, the phase difference ¢ monotonically increases or decreases near the pure mode,
while the amplitudes in this neighborhood remain largely fixed. This results in a running phase difference region
around the pure mode, and as such these pure modes will be referred to as running phase difference pure modes.

@
In the special case where v equals v, = FrGim —a;m X3, the phase difference limit, (2.42), is zero.

a
This results in a arbitrarily small phase differenlcre evolution in the neighborhood of the pure mode, regardless
of the starting phase difference. In addition, the amplitudes in this neighborhood have an arbitrarily small
evolution as well. Therefore, for this particular parameter value, the pure mode is phase locked pure mode for
every starting phase difference ¢ € S1.

As the phase difference is not defined at the pure mode, we only derive the eigenvalues of the ampli-
tudes X and Y. We linearize the amplitudes of the original system (2.36a) and (2.36b) at (X,Y) = (Xo,0) to
obtain

X = Xo+ mX + a1, X3 + 3a1, X2X, (2.43a)
Y = oY + ag, XZ2Y. (2.43b)

If we substitute the values of Xy and the parameter value p; = —a;,X¢ then (2.43) simplifies to

X = -2 X, (2.44a)
Y = (g + ag X2)Y. (2.44b)
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Conveniently this linearization is diagonal, which allows us to easily read the eigenvalues
)\1 = 72/1,1 and )\2 = U2 + angg. (245)

All eigenvalues are real and if we set o = p2. = —a2, X¢ then we see that the eigenvalue corresponding to the
Y amplitude, Ao, equals 0. This implies a bifurcation that splits a solution off from the pure mode.

If, in addition to this particular py parameter, we also set v equal to v, then this bifurcation occurs
when the neighborhood of the pure mode is arbitrarily close to phase locked. This implies the bifurcation on
the phase locked mixed mode.

Therefore at these special parameter values, (v, pu1,u2) = (Ve,—a1,X3,pac), the eigenvalues of the pure
mode and the limit of the phase difference imply a rather interesting situation. In the rest of the thesis
we study this degenerate point at amplitudes (X,Y) = (Xo,0) and the parameters (v,u) = (v, te). The
bifurcation occurs regardless of the phase difference, so we do not specify a particular value and study the
entire space ¢ € S'.

Mized modes.

The mixed modes are given by the equations

p1Xo + (a1, X5 + b1, Y§) Xo + Y cos(go) =0,
(X0, Yo, 00) : { H2 + a2r X§ + bar Y5 + XoYp cos(po + @) =0, (2.46)
Y+ Qim X3 + bim Y& — 3L sin(g) — 3XoYpsin(po + @) = 0.

The eigenvalues of these points can be calculated by the linearization of the system about the point (Xo, Yo, ¢0)-
This however leads to a complicated 3rd order characteristic equation

N+ AN+ B A+ C =0. (2.47)

The coefficients A, B and C are given by complicated expressions, which are not further discussed in this
thesis. It is possible, despite being difficult, to show that these mixed modes undergo bifurcations via the
calculation of the eigenvalues.

However, while this indeed determines the local dynamics around these points, which is worthwhile by
itself, it is more advantageous to consider certain points in the parameter space, where multiple bifurcations
occur at the same parameter values. At these points the bifurcations combine to form one bifurcation of a
higher co-dimension. The study of such a bifurcation gives much more insight how the constituent bifurcation
interact with each other.

The small changes of v around v, result in a significant change in the fixed points of the phase differ-
ence and can therefore be interpreted as bifurcation. Althrough this does not imply that the changes around
this point in the phase difference correspond to actual differences in the dynamics of the normal form, for now
we treat this small change as a bifurcation.

Therefore in the following sections we study the simplest of such higher co-dimension bifurcations. The

double bifurcation of the pure mode at the degenerate point discussed above, where a cycle or mixed mode
splits off from the X-axis.
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Preliminaries.

The dynamics of the system near the degenerate bifurcation on the pure mode can be studied in detail. This
bifurcation occurs on (X, 0, ¢) when the parameters are given by

Ve, = —aing and o, = —angg. (3.1)

The ¢ can take any value, but since it is a periodic variable, it is convenient to normalize to a value within
[0,27]. Also important to realize is that both of the critical values depend via Xy on u;. As Xy must be
non-zero to define a pure mode, p1 should be non-zero and chosen with a sign opposite to ay,.. Also we require
X to be relatively small, as otherwise all higher order terms of X must have been included in the normal form
due to their non-negligible impact on the dynamics. Therefore p1 must be small as well and lastly p; remains
fixed in the rest of the analysis.

Localized system.

To study the bifurcation, we focus only on X and Y values near (Xo,0) and the parameters near (v, piac).
The localization near (X, 0) allows us to truncate the higher order terms of the normal form. Near (X, 0)
the truncated localized system displays the same dynamics as the normal form, outside this neighborhood the
dynamics of the normal form can significantly differ to those of the truncated system. This is beneficial as the
truncated system is much simpler than the original normal form.

The focus on (v, ua.) prevents the mixed mode, which we discover near the degenerate point, to leave
the neighborhood of (Xy,0). If the parameters differ too much, the truncated localized system would have
to include the higher order terms to fully capture the dynamics around the mixed mode. This is beyond the
scope of this thesis, as we only study the truncated localized form.

You might have noticed that we do not focus on a particular value ¢y of ¢, this is because the bifur-
cation may occur at any phase difference ¢.

We start the localization with the introduction of a small § > 0 and define the localized coordinates
and parameters
X =Xo+ 5257 P2 = foc + 52&;

Y = dn, v=1v,+ 00, (3.2)
=1, t=3T,
for the system . Recall the resonant normal form derived in section
X =X + (a1, X% + b1, Y?)X + Y3 cos(p), (3.3a)
Y = paY + (a9, X2 + bo, Y)Y + XY 2 cos(p + ), (3.3b)
O =V+ amX? + by Y? — YYB sin(p) — 3XY sin(p + ). (3.3c)
Firstly we apply the localization to the left hand side of and get
2
X = 7‘1()(0; %) _ 52%. (3.4)

This gives us the derivative of £ in the normal time t, however we require the slow time 7 derivative, which is
d
from now on denoted by the prime, d—f = ¢’. To this end we apply the chain rule
T
g d,_dedt 1de
Cdr> dtdr Sdt’
Together with (3.4) this leads to X = 03¢/, and this can be substituted with the rest of the new coordinates in

(3-3a]) to yield

(3.5)

§%¢" = p1(Xo + 6%€) + (a1,(Xo + 62)% + b1,6°0%) (Xo + 6°€) + 6% cos(v) (3.6)
= (p1 + a1, X3 + 2a1, X06%E + a1,6*€% + b1,,0°0°) (Xo + 6°€) + 6°n° cos(¥), (3.7)

1
6£I = ﬁ (2a1rX052£ + a1r64§2 + b1r62772) (XO + 526) + 5773 COS(¢) (38)
= (2a1TX0§ + a1,0%€6% + b1r772) (Xo + 6%€) + 613 cos(2) (3.9)
=201, X3¢ + b1, Xon? + 61° cos(¥) + O(5?). (3.10)
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Similarly for (3.3b), we first calculate the slow time derivative using the same methods. This gives us ¥ = 621/
and once again substituting this in (3.3b)) we obtain

1 = (pzc + 0° )00 + (a2, (Xo + 62€)* + b2y 00*)0n + (Xo + 62€)6°n” cos(¢) + @) (3.11)
= (H2e + 0% + a9, X3 + 2a2, X002€ + a2,.6*E2)0n + ba,6°0° + (Xo + 62€)6%n% cos(¢) + D), (3.12)
1
n = 5 (52[L + 209, X0%€ + a2r§4§2) on+ b2r6773 + (Xo+ 525)772 cos(¢ + @) (3.13)
= (7 + 202, Xo& + a2,0°€?) 00 + ba, 61 + (Xo + 62E)n” cos(yp + @) (3.14)
= (i + 2a9, X&) 01 + ba,0n> + Xon? cos(¢p + @) + O(62). (3.15)
We apply the same process to the last equation (|3.3c])
53n3
S = Ve + 00 + @i (Xo + 0%6)? 4 bi0°0? — ——L—=sin(vh) — 3(Xo + 62€)dnsin(yp + @), (3.16)
Xo+ 525
3,3
= 00 4 20 X002E + aim 0262 + bip 620 — o sin(¢)) — 3(Xo + 0%€)onsin(¢y + @) (3.17)
Xo + 0%¢
2,3
V' = U+ 205m X00E + Qi 0°E% + bip 01> — o sin(y)) — 3(Xo + 0%¢)nsin(y + @) (3.18)
Xo + 6%¢
= U+ 20 X00& + birnon* — 3Xonsin(y + @) + O(6?). (3.19)
After the transformation we have the new system
0€' = 2a1, XG€ + bir Xon® + on° cos(v) + O(6%), (3.20a)
1" = (i + 2a2, X0£)0n + Xon® cos(¢p + @) + by, 61° + O(52), (3.20b)
V' = U+ 264 X00& + bimdn?® — 3Xonsin(y + @) + O(5?). (3.20¢)

It is possible to reduce this system more, by eliminating the £ variable from (3.20b]) and (3.20c). We achieve
this by introducing a yet to determine function f, such that ¢ f is equal to the leading part of 6¢’. This allows
us to give ¢ as an expression of f and by some clever derivation the system allows us to find the leading
order terms of f. Lastly we are able to use the leading term of f to eliminate f from the equation for £ and
this gives us a value for £ in terms of 1 and .

We equate 0 f to the leading part of (3.20a) and obtain

20417“ng + ber0772 = 5f(6a 57 , 7;[})7 (3'21)
where f is O(1), therefore we can isolate the £, using u; = —a1, X3, which gives us
1
= Tm(beroﬁz —0f(5,&,m:%)). (3.22)

If we multiply this equation for £ by § and take the derivative, we can equate it to (3.20a), where we have
substituted (3.21)), resulting in

%bnxonn' = 51(8,6,1, 1) + 5 cos() + O(6?), (3.23)

and after canceling the common factor §, we have found an equation
1
f(67 57 7, w) = EblTX()nn/ - 773 COS@/’) + 0(6) (324)

for f. With the equation for f, we can eliminate the function from our formula (3.22) for £, after which we

obtain
1

1)
f=— <b1rXo772 — — b, Xony' + o1 cos(w)> +0(6%). (3.25)
241 I

This result allows us to cancel the £ terms in both 7’ and 1),
We see that the equation (3.25]) still contains an 7’ in one of its terms. We could substitute this for

(3-20b) and further continue the derivation, but all resulting terms of such a substitution would be O() in the
equation ([3.25]) for £. This is due to the ¢ in the term containing the derivative 7. At the same time all terms
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containing £ in (3.20b) and (3.20c) are already O(9). Therefore all of those terms would have fallen under
O(6?) and no explicit calculation is required.

We start with the elimination of £ in 1 (3.20b)
0 = (i + 2a9,X0&) 01 + Xon? cos(yh + ®) 4 ba,.0n° + O(6?) (3.26)

= ofin + Xon? cos(¢p + @) + (bzr + ?nglr) 5n® + 0(5%). (3.27)
1

We continue and perform the cancellation of £ in the ¢’ equation (3.20c])

V' = U+ 2640 X00€ + bimdn? — 3Xonsin(y + ®) + O(6?) (3.28)
1
=7+ 24 Xod (2(b1TX0172 —6f(r, 6))) + bimn? — 3Xonsin(y + ®) + O(6%) (3.29)
H1
=v+ aimiblTXg(Snz + bim0n? — 3Xonsin(y + @) + O(6?) (3.30)
H1
zmb T
=v—3Xonsin(y + ) + (bim +2 p ! Xg) on* 4+ 0(6?). (3.31)
1

After the cancellation of the £ in all terms we have the following two dimensional system, which are the desired
equations describing the dynamics near the double zero bifurcation.

n' = §in + Xon? cos(v + ®) + (b% + “”b”xg> 5n® + 0(6%), (3.32a)
imb T
' =0 —3Xonsin(y + @) + (bim +2 p ! Xg) on? + 0(6?). (3.32b)
1

We can still further simplify the system, firstly by eliminating the X, parameter via a transformation of the
variable 17 and secondly by introducing the constants K; and K. Let

b2r alrblr

= B= gt (b 2525X5) . (3.33)
z=1v, K= l;?g ai’;flr _ (bQT + %X&) et '
With these new variables we obtain in the form
y =0y + y* cos(® + ) + 6 Kay® + O(6?), (3.34a)
2’ =7 — 3ysin(® + z) + 5K 1y + O(6?). (3.34b)

Lastly we truncate the O(62) term, as within the non-degenerate cases, its effects are negligible for the dynamics
near the z-axis. In addition we introduce four new coefficients to help with notation. We obtain

' = a — 3ysin(® + ) + K97, (3.35a)
Y = By +y*cos(® +z) + Kyy°, (3.35b)
where

{aZV, K, =0K;,

B=6n, K,=05K, (3.36)

This is the form we use to study the solutions of the localized system.
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[3.2] Equilibria of the localized system.

Within the localized system around (Xg,0), we maintain the classification of the pure modes and mixed modes
for the equilibria on the z-axis and the equilibria with yg > 0, respectively.

The pure modes correspond with the equilibria on the z-axis, as the ¥ = 0 condition in the original
normal form (2.36)) corresponds to y = 0 in (3.35). This is because y is the localization of the Y amplitude in
(3.35). Consequently it is no surprise that y’ = 0 for all point on the z-axis.

As discussed in section pure modes may or may not have a neighborhood with a arbitrarily small
phase difference. This means that near the z-axis in the localized system, the localized phase difference = may
or may not be constant. Therefore we make the same distinction between the phase locked and running phase
difference cases as in section
e If x is monotonically increasing or decreasing near the x-axis, we refer to the entire axis as a single running
phase difference pure mode.
e If some point (x,0) on the z-axis has small neighborhood with a fixed x, we refer to these points as a
phase locked pure mode. Notice that when a = 0, the entirety of the x-axis consists of an infinite amount
of phase locked pure modes.

This gives us the localization of the pure modes of the normal form (2.36) in the localized system (3.35)).

The mixed modes are represented by the regular equilibrium points above the z-axis in . The
Y # 0 and Y = 0 conditions in the normal from system, are equivalent to y # 0 and y = 0 in the local system
due to the correspondence between y and Y. Furthermore in section [2.2] it was determined that the mixed
modes are necessarily phase locked, i.e. ¢ = 0. This corresponds to ' = 0 in , which together with the
condition ¢’ = 0 implies that the mixed mode is an equilibrium in (3.35). The last condition y # 0 finishes the
correspondence, the mixed modes correspond to equilibria above the z-axis in .

[3.3] Mixed mode near (X,0).
Important for the analysis of (3.35]) is the existence of a mixed mode that occurs near the pure mode in (3.35]).
We prove the existence of this point in the following derivations.

We start by calculating the fixed phase difference when given a certain y-value. The equilibrium im-
plies that the derivative of the phase difference, (3.35al), must be equal to 0, therefore we can set

o — 3ysin(® + z) + K,y? =0, (3.37)

3ysin(® + ) = a + K97, (3.38)
K.y?

sin(® + z) = a+37yy (3.39)

This results in

® + x = arcsin ( (3.40)

a+ K,y?
3y '
For convenience we maintain the phase shift ®, as we need the value of ® + x for the next equation. The

arcsin is bounded to [—1m, 17], therefore m might need to be added to obtain the correct ® + 2. However this

2753
difference does not matter for the calculation of y. Now from the definition of a fixed point we know that the
slow time derivative of y, (3.35b]), also must be equal to 0. And after substituting (3.40)), our equation for ® +z,

in ', we obtain the equation

K.y?

B+ ycos <arcsin (a+3yy)> + Kyy* =0, (3.41)
that gives us the correct yo # 0. We can apply the trigonometric identity cos(arcsin(z)) = v/1 — 22 here, to
obtain

o+ K2\ >
B+ y\/l - (?)yy> + Kyy2 =0. (3.42)
And bringing the variable y into the square root yields
1
B+ \/y2 —glat Koy?)* + Ky =0, (3.43)
1
B+ Ky = _\/112 -5 (ot Kay?)” (3.44)
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We square to eliminate the root

B+ K%)=y~ % (a+ K.9%)°. (3.45)

After expanding and restructuring the equation, we obtain the quadratic formula

1 2 1
(Kj - 9K§) '+ (26Ky + gk — 1) v+ (ﬁ2 + 9@2) =0 (3.46)

for y2. To solve this equation we can simply apply the abc-formula, which gives us the discriminant
2 2 1 1
D, = (25}@ + 50k - 1) —4. <K§ + 9K§> : (52 + 9a2> (3.47)
and the formula

1-28K, — 2aK, + /D,
2 (K3 +5K3)

Yo = (3.48)

for y2. The fact that we obtain the square of yo does not matter, as the interpretation of y as an amplitude in
our analysis, means we are only interested in positive real y amplitudes. Therefore the yy can be assumed to
be positive in . The real positivity of yo also has the additional effect that complex solutions of yq that
are the result of D; < 0, do not matter.

We can obtain the corresponding xq from y2, via the earlier formula (3.40), which results in

. (3.49)

To = arcsin (
We might need to add 7 to this zg, due to the bounded range of the arcsin.

These restrictions result in that (3.48) gives us two, one or zero possibilities for yg, depending on the
value of D;.

Existence of this mized mode near y = 0.

What we first notice is the condition that D; must be real positive or zero for the system (3.35) to have any
mixed modes.

The second important condition to consider, is if these mixed modes are within the bounds of the lo-
calized system. Mixed points that fall far outside the neighborhood of the degenerate point may exhibit
secondary bifurcation not captured in our analysis. If the yo position of the mixed mode is in the magnitude
of % or higher, the analysis requires the higher order terms of the normal form to be included for a full picture.

We consider the discriminant condition first

2
2 1 1
<25Ky + §aKm — 1> —4. (Kj + 9}(3) : <52 + 9@2) >0, (3.50)

and this only occurs when

8 4 4 1 1 1
47K + §ozBKxKy + aoﬂKj — 48K, — §osz +1>4- <,32Kj + §B2K§ + §a2K§ + 81a2K§) ., (3.51)
8 4 P
4 4 4
1> 48K, + ok, + §52K3+§a2K§ - gaﬂKme. (3.53)

Notice that the right hand side is O(§). Therefore, as long as the parameters are sufficiently small as to not
counteract the O(d), which is true for the parameter space used in the analysis, this condition is always satisfied.
Consequently two mixed modes exist in the system (3.35) for all considered parameters.
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Position of the mized mode

Now for the second condition, whether the mixed modes are near y = 0. We first calculate the discriminant
with all terms expanded and sorted according to the implicit order of §

2
2 1 1
Dy = (QﬁKy + 50K - 1) —4. <K§ + 9K§> . (62 + 9a2> (3.54)
202, 4 or0 8 4
=4B°K, + 31 K, +1+ §aBK$Ky — §aKw — 45K, (3.55)
4 4 4
— 4K — §ﬁ2K§ — §a2K§ - 8—1042K§
8 4 4 5 o 4 5 5
We collect the higher order terms of § within a O(62) term to obtain
4 2
Dy =1- §aKx + O(67). (3.57)
Now let us calculate the magnitude of yy using this discriminant
1-28K,— 2aK, /D
Yo = PRy 2% -, (3.58)
2 (Kj + 5K3)
V1 - 28K, - 2akK, + VD,
Yo = . (3.59)

2(Kj +5K3)

Notice that the denominator is O(8). If yo is to be of lower magnitude than %, the numerator in (3.59) should
be of order O(4) and this in turn requires 1 — 2aK, & v/D; to be O(6?).

We can prove that this is only the case when /D; is subtracted. We use the Taylor expansion of the
square root of 1 4 x, which is given by

11
Vidr=1+ 3~ §x2 +0(2?), (3.60)

to estimate the magnitude of \/D;. This gives us

4 2
vD; = \/1 + <—9aKx + 0(52)) =1- §aKz +0(6?). (3.61)
If we substitute this in the numerator of (3.59) we obtain
2 2 2 )
1 - gaK, £ /D=1~ cak, £ (1 - j6ak, | + 0(8). (3.62)

Here we see that the discriminant must be subtracted to counteract the constant and the § term in the
numerator. We notice that this subtraction results in a value yg of at most order 1 of § for all parameters
within the considered parameter space and all constants, therefore the lower mixed mode is always near the
T-axis.

However the higher mixed mode, where the discriminant is added, has a constant, i.e. O(6°), in the
numerator of (3.59). This results in an yo value in the magnitude of % for all parameters and, as stated before,
requires the higher terms of the normal form to be included in the analysis and is therefore not considered any
further.
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[3.4] Transition to the non-resonant case.
We briefly discuss what happens in the truncated localized system (3.35) when o — oc.

Firstly we see that the discriminant D; becomes zero and eventually negative when « reaches.
4 2
Dy =1- §aKx + 0O(69). (3.63)

This corresponds to a saddle-node bifurcation between the two mixed modes. This is supported by the
eigenvalues at this point, whose calculation we omit.

However this bifurcation occurs so far from z-axis that there is no certainty that the same bifurcation

is present in the dynamics of the non-localized normal form (2.36). Therefore this bifurcation can only be
hypothesized to occur in the normal form system and consequently is not considered any further in this thesis.
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Analysis of localized system.

In this chapter we start the analysis of the dynamics near the pure mode by determining the stability and
bifurcations of the pure mode(s). Afterwards we consider the stability of the nearby mixed mode. We achieve
this by considering the localized system calculated in section [3.1} which is given by
' = a —3ysin(® + ) + K97, (4.1a)
y = By + y* cos(® + x) + K, y°. (4.1b)

Recall from section that the considered range of the phase space of this localized system is given by
(z,y) € St x RY, where R* := {y € Ry > 0}.

The x variable is periodic in nature, because it represents the phase difference between the phases of
the normal form ([2.36). As both phases are in S!, their difference, given by z, is in S! too. The y variable is
restricted to the positive or zero real number due to its correspondence with the amplitude Y in the normal form.

Also recall from section that the pure mode(s) are located in the manifold S' x {0} C S! x R*.
This subspace is referred to as the z-axis in the rest of the analysis and the points (z,0) € S* x {0} are referred
to as points on the z-axis.

Stability of the pure modes.

The stability of the pure modes is easily calculated, as the localized system (4.1 at the points on the z-axis, is
given by

2’ = a — 3ysin(® + x + x0) + K92, (4.2a)
y = By +y? cos(® + z + z0) + K, u°. (4.2b)

We can instantly derive the linearization around (z,y) = (x,0) of these equations which gives us
x’ 0 0 x
_ (%), 4.3
<y) <0 ﬂ) <y) 3

)\1 =0 and )\2 = B (44)

which in turn gives us the eigenvalues

The eigenvalue A2 has the eigenvector (0, 1), this implies that it determines the stability of all points on the
r-axis in the y direction.

e If 3 < 0 then solutions near the z-axis, which refers to solutions within S* x (0, ¢) with a non-zero real
and suitably small e, converge to y = 0.

e If 5 > 0 then the z-axis is unstable, solutions near the z-axis may converge to a bifurcated running phase
difference solution. Or when this cycle does not exit, the nearby solutions increase in y until they leave
the neighborhood of the z-axis.

More care should be taken when discussing the (1,0) directional stability of the pure modes; recall from section
[:3] that the phase difference x is not defined at the pure mode. However we can use the limit of the phase
difference when approaching y = 0 to define the x variable at y = 0. Conveniently, due to the continuity of the
limit, this definition allows us to treat the x values at y = 0 as normal variables. This slight difference does
not impact the dynamics of the localized system much, but is does affect the interpretation of the bifurcations
of the localized system.

e If o = 0 all points on the z-axis are equilibria and no motion takes place along the x coordinate. This
confirms the Ay = 0 result.

e If o # 0 then the pure mode has a running phase difference, as every point on the z-axis satisfies 2’ = a.
This implies that the pure mode is a single periodic orbit.

The pure modes do in fact experience a bifurcation at § = 0. Here we must distinguish the phase locked pure
modes from the running phase difference pure modes, as they behave quite differently when § approaches zero.
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Running phase difference pure modes.

We first cover the cases when the pure mode has a running phase difference. We consider the points near the
r-axis, these points are defined by (z,y) = (z0,¢) with zo € S and ¢ positive, real and in the neighborhood
of 0. This definition is used for the rest of the analysis. On these points the derivative 2’ is given by

7' = —3esin(® + xg) + Kpe? = a+ O(e). (4.5)

When a # 0, the value of O(e) is negligible compared to the parameter term «, due to the smallness of e.
Therefore on the points near the x-axis we can approximate the derivative 2’ by o + O(e) & «. When starting
at some point (zg,€) near the z-axis, this approximation leads to

x(71) = art + xo. (4.6)
Substituting this approximation in 3’ gives us
y = By + y* cos(® + at + x0) + K, y°. (4.7)

Now when near the pure mode, and as such the z-axis, the derivative 3’ itself is very small, due to the y in
each term. From this it follows that any solution starting near the pure mode will stay there for a long time
and by starting even closer to y = 0 we can arbitrarily extend the time spent near y = 0. Therefore the term
cos(® + at + x) oscillates on a time scale much faster than 3’ changes. This reduces the term to its median,
which equals zero. We conclude that the evolution of ¢’ near the pure mode is determined by

y = By + K,y°. (4.8)

Recall from the introduction that this is in fact the normal form of a pitchfork bifurcation, where the case is
determined by the sign of K.

However, due to the correspondence of x and y to the phase difference and the amplitude in the nor-
mal form, this bifurcation in fact corresponds to a Hopf bifurcation in the normal form. The periodicity of
the = variable and the non-existence of the phase difference at y = 0, together with the coupled oscillation y
experiences, support this observation.

It is also apparent that the pitchfork normal form (4.8)) breaks when K, = 0. For now we exclude this
possibility, as this results in a degenerate localized system, we briefly consider that system in section [5.8

If K, < 0, we know that the pitchfork bifurcation is super-critical. Therefore when 8 < 0 the running
phase difference pure mode is stable and no other running phase difference solutions exist. When g > 0 we
know that two stable solutions have bifurcated off the original pure mode, while the stability of said pure mode
has switched from stable to unstable. One of the bifurcated stable solutions has negative y-values; as these do
not describe valid amplitudes, this solution is not considered any further. Within the total normal form (2.29),
this bifurcation corresponds to the splitting of a stable invariant 2-torus, which contains the quasi-periodic
solutions, off the 1-torus corresponding to the pure mode as argued in section Lastly this 1-torus switches
stability from stable to unstable.

If K, > 0, we know that the pitchfork bifurcation is sub-critical. Therefore when 8 > 0 the running
phase difference pure mode is unstable and no other running phase difference solutions exist. When § < 0 we
know that two unstable solutions have bifurcated and the pure mode is stable. Again one of the bifurcated
solutions is negative and not considered any further. Within the total normal form , this bifurcation
corresponds to the splitting of a unstable invariant 2-torus, which contains the quasi-periodic solutions, off the
1-torus corresponding to the pure mode as argued in section Lastly this 1-torus switches stability from
unstable to stable.
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Phase locked pure modes.

When the pure modes are phase locked the situation is different. Firstly we notice that, due to the eigenvalue Ao
with the (0, 1) eigenvector, the z-axis still switches stability from stable to unstable when § becomes positive.
Secondly the derivative 2’ is zero at all points on the z-axis, but slightly above the x-axis the —3ysin(® + )
term becomes important. The term causes the derivative ' to be non-zero except at the z values where
—3ysin(® + x) is zero.

At the points on the z-axis, with a neighborhood wherein all points above the z-axis satisfy 2’ # 0,
the change in stability of the z-axis does not lead to the bifurcation of fixed points. The switch in z-axis
stability does cause nearby solutions to reverse their y direction, but unlike the running phase difference case
no periodic running phase difference solution bifurcates off the pure mode. This is due to the points near the
z-axis values where z’ is zero. These points form a curve, which starts perpendicular to the z-axis and which
no running phase difference solution near the x-axis can cross, instead these solution either bend toward or
bend away from the z-axis.

At the points on the x-axis, with a neighborhood that contains points above the xz-axis which satisfy
7' = 0, equilibria bifurcate from the z-axis.

At all points near the z-axis, see the start of the running phase difference paragraph for the definition
of these points, the derivative 2’ is given by

v’ = —3esin(® + xg) + K,e? = —3esin(® + x0) + O(e?). (4.9)

As ¢ is very small, the O(e?) term is negligible and can be truncated to obtain the approximation of the
derivative x’ near the x-axis

2’ = —3esin(P + zp). (4.10)
This right hand side of this equation is only zero at the values ® + xg = km, k € Z. At all other values of xg,
all points in the neighborhood of (xg,0) satisfy 2’ # 0. As discussed before, the switch of the stability of the

zr-axis does not lead to bifurcated equilibria in these points, therefore these points at these xy values are not
considered any further.

We consider the derivative 3’ at the considered z¢ values
Y = By + y* cos(® + o) + Kyy°. (4.11)
Close enough to the z-axis the y3-term is negligible, resulting in the evolution
Y = By + y° cos(® + x), (4.12)

and at the considered z( values the cosine is either 1 or —1. Therefore the derivative y’ at the points (km,y),
with k € Z, equals

y' =By £y (4.13)

Recall from the introduction that this is the normal form of a trans-critical bifurcation, where the direction of
the bifurcation is determined by the sign of y2. This normal form implies a second equilibrium at y = F3 in
addition to the one at y = 0, this second equilibrium has its stability in the (0, 1) direction characterized by the
eigenvalue A = —f. Here we exclude the fixed points below the z-axis, that might occur due the trans-critical
bifurcation. This is again because the y variable still corresponds to an amplitude and therefore should not be
negative.

We can also calculate the eigenvalue of the x variable at the second equilibrium for both signs of the

cosine. If we linearize at ® + x¢o = 0 + 2k7, yo = —f > 0 we obtain
x' = —3(yo + y) sin(® + 2o + z) + O(y?) (4.14)
= —3(yo + y) (sin(® + ) cos(x) + cos(® + x¢) sin(z)) + O(y?) (4.15)
= —3(yo +y) sin(z) + O(y?) (4.16)
Therefore the eigenvalues of this mixed mode are Ay = —f and Ay = 33, which implies that this mixed mode

is a saddle point.
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If we linearize at ® + x¢o = 7m + 2k7, yo = 8 > 0 we obtain

' = —3(yo + y)sin(® + xo + ) + O(y?) (4.18)

= 3(yo + y) sin(z) + O(y?) (4.19)

=30z + O(2). (4.20)

Therefore the eigenvalues of this mixed mode are Ay = —f and Ay = 33, which implies this mixed mode is

again a saddle point.

We can summarize these results in phase portraits of the dynamics of the system (4.2) near the points
(z,y) = (kw — ®,0), k € Z. The origin in the phase portraits has been set to these points. In all cases the
z-axis in these phase portraits consists of equilibria, as both derivatives =’ and ¥’ are zero when y = 0.

y y y

== i

(a) B<0 (b) 8=0 () B>0

p

Figure 4.1: & + x9 =0+ 2kn

Near the phase locked pure modes at ® + x¢ = 0 + 2k, we see y' = Sy + y? = y(B3 + y). We distinguish three
cases depending on the parameter 3.

e When 3 < 0, the pure mode is stable and the derivative 3’ is zero at y = — 3, which implies a fixed point
near (zg, —3). The eigenvalue calculation determined that this equilibrium is a saddle point.

e When 8 = 0, for all points that satisfy z¢ # kn, the derivative 3 is tiny compared to the x’ derivative.
This implies that running phase difference solutions near the z-axis approximately maintain their y-value
until they approach one of the considered xg values, where 2’ = 0. Only when nearing the line given
by ® + xo = km, the 3’ derivative becomes dominant. In the case ® + zo = 0 + 2k7 the running phase
difference solutions tend toward the point (z¢,0) in the x direction and away from the point (zo,0) in
the y direction, due to the sign of the y? term and the linearization of 2’ at (o, €).

e When 3 > 0, the pure mode is unstable and the derivative 3’ is still zero at y = —8. However due to
the sign of (3, this now implies a fixed point with a negative y value and therefore the fixed point is not
considered further.

y y y

I 5

(a) B<O (b) B=0 (c) >0

Figure 4.2: &+ zo =7 + 2k7

Near the phase locked pure modes at ® + zg = 0 + 2k7, we see y' = By — y? = y(8 — y). We distinguish three
cases depending on the parameter 3.

e When 3 < 0, the pure mode is unstable and the derivative 3’ is zero at y = 3. Due to the sign of 3, this
results in a fixed point with a negative y value, which is not considered further.

e When 8 = 0, the same argument as in the ® + zy = m + 2k7 case applies for all the points where 2’ # 0.
Therefore the running phase difference solutions near the x-axis approximately maintain their y-value
until they approach one of the considered xy values, where 2’ = 0. When nearing the line given by
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® + x9 = 7 + km, the y’ derivative becomes dominant. In the case ® + xg = 0 + 2k7 the running phase
difference solutions tend away from the point (zg,0) in the z direction and towards the point (z¢,0) in
the y direction, due to the sign of the y? term and the linearization of ' at (o, €).

e When 3 > 0, the pure mode is unstable and the derivative 3’ is zero at y = 3, which implies a fixed point
near (xg, 8). The eigenvalue calculation determined that this equilibrium is a saddle point.

Let us summarize the situation when 8 moves from a negative value to a positive one while o = 0. We firstly
see that the saddle mixed mode, which is unstable in the y direction, collides with the pure mode at the point
(=®,0) at 8 =0. When 3 > 0, the mixed mode reappears as a saddle point, which is stable in the y direction,
at the point (7 — @,0).

Results.

Thus we can confidently state that when 3 switches sign, all pure modes switch y-stability. This causes, in
running phase difference pure modes, a stable or unstable running phase solution to bifurcate depending on the
sign of K5. In phase locked pure modes, the sign switch of 5 causes saddle node mixed modes to collide and
split off the z-axis at the points (k7 — ®,0), k € Z.

[4.2] Eigenvalues of the mixed mode.

In section [3.3| we had derived the location of the localized phase locked mixed mode. We denote this location
as (o, yo), where the xg and yo values are obtained by (3.49) and (3.48) respectively.

To obtain the eigenvalues that characterize this equilibrium, we linearize the localized system
' =a —3ysin(® + z) + Ky, (4.21a)
Y = By +y?cos(® + z) + Ky, (4.21b)
at this point and consider the resulting equations. We start with the linearization of
' = o —3(y + yo) sin(® + x +w0) + Ko (y +y0)*. (4.22)
Recall that the ® + x( value is given by , this can be substituted in to obtain

o+ Kmyg

3 > + :z:> + K. (v + 2yyo + 42). (4.23)
0

' =a—3(y+ yo)sin <arcsin <

We leave the yo coordinate as it is, as using the derived equation (3.48|) for it would only complicate this
linearization. We now use the sinus sum identity to separate the x value from the arcsin in the sinus, this leads
us to

2 2
' =a—3(y+yo) <sin (arcsin <a+K1y0>) cos(x) + cos (arcsin (M))> sin (:1:))

3Yo 3yo
+ Ko (y* +2yyo +y5).  (4.24)

And after further derivation we end with

K, y2 K2\’
2 =a—3(y+yo) M cos(z) + \/1 — <O[+3$y0> sin (x) | + Koy? + 2K, yy0 + Koya.  (4.25)
Yo Yo

Fortunately it is possible to remove the square root from this equation. For this we need to extract the square
root found (3.42)), in the derivation of the mixed mode. This gives us

2
/B+Kyy(2):_ 1— 0‘+ny3 (4.26)
Yo 3Yo ’ '
which can be used to simplify (4.25) to
+ Kays 36+ 3Kyy5
2’ = o~ 3(y + o) (a?,yy cos(a) — 2 i <x>) CEaP 2K+ Kl (427)

We replace the cos(z) and sin(z) in the equation with their respective Taylor expansion and collect the higher
order terms of x and y in O(2). This leads to

, a+ Kyd a+ Kyys 38+ 3K,y3
P =a—y — % -
Yo Yo Yo

x) PRy + K +0(2),  (428)

25



which after simplification yields
K,y2
o = (QszO - ‘”yy0> Y+ (38 + 3K,2)z + O(2). (4.29)
0

This is the equation for 2’ linearized at (xg,yo). We continue with the linearization of (4.21b)
Y =By +yo) + (¥ +y0)* cos(® +z + wo) + Ky (y + o). (4.30)

We substitute again the ® + z constant for its equation (3.40) to obtain

v =By +yo) + (v + yo)? cos (arcsin <w> + ac) + Ky (y +y0)*. (4.31)
This time we use the trigonometric sum identity of the cosine.
v = By + o) + (y + yo)? cos (arcsin <a—|—3yf?y§>> cos(z) (4.32)
— (y 4+ yo)?*sin (arcsin (W)) sin(z) + Ky (y + vo)?

K3\ K,y
OH_yO) COS(CE)—USHI({E) + Ky(y + v0)*. (4.33)

= By +yo) + (¥ + yo)* \/1—< 3 "

Here the root has reappeared, but we can again use the equality (4.26) to continue to

K, 2 K2
B"’ yyO COS(J))—F o+ yO

r_ _ 2
=B+~ o+ ) (2 -

sin(w)) + K, (y+y0)*. (4.34)

And after expanding the cube and square of (y — yo), we obtain

ar Ballp + Kmyg sin

B+ Kyyd
y' = By + Byo — (¥* + 2y0y + ¥5) (y 0 cos(z) +
Yo 30

(:17)) + K, (v* + 3yoy® + 3ydy +y5). (4.35)

We once again replace the cos(z) and sin(z) terms with their respective Taylor expansion and collect all of the
higher order terms in O(2)

a+ Kuy2
y' = By + Byo — 2y (B+ Kyy3) — vo (B + Kyys + 3%) +3Kyy5y + Kyys + 0(2), (4.36)
which after simplification yields the equation
/ 1 3 2
y' = —3(ayo + Keyp)e + (Kyys — 8) y + O(2). (4.37)
for ¢/ linearized at (xq,yo). Together with (4.29), we can finally obtain the linearized system in matrix form
K,y?
2 364 3K,8 2K,y — S et
- Yo : . (4.38)
y' —3(ay0 + Kayi) Kyys — B y

The eigenvalues of this matrix characterize the dynamics in the local neighborhood of the mixed mode. As the
matrix is 2 by 2 we can easily give the characteristic polynomial

2 2 a+ Ky 1 3
c(\) = (38+ 3K,y — \) (Kyyg — B—A) + | 2K,y0 — " g(ozyo + K.yp) | - (4.39)
This polynomial can be simplified to
1
c(A) =X = (2B +4K,y5) A — (387 — 3K yy) — 3 (o® = K2y5) - (4.40)

We are left with another quadratic equation ¢(\) = 0, which we can easily solve using the abc-formula. To
summarize, the mixed mode is given by (3.49) and (3.59) with its characterizing eigenvalues defined by

25 + 4Kyy(2) + vV D2
D) .

1 1
Dy = (28+ 4Kyyg)2 —4 <3Ky2y8‘ + §K§y§ —3p8% — 3a2> and Ao = (4.41)
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[4.3]Mixed mode stability

The mixed mode discovered near the degenerate point is a saddle point for all considered parameters, which is
demonstrated in this section.

Firstly a saddle point equilibrium is characterized by real eigenvalues, that have opposite sign. The
equation for the eigenvalues of the mixed point, (4.41), allows for this when two conditions are met,

Ci:Dy>0 and C: (28+4K,2)° < Ds. (4.42)

The first condition is that the discriminant, Dy in the eigenvalue equation (4.41)), is above zero. We set this
condition to assure the root, /Do in (4.41)), is real. An imaginary root is undesirable, as it would result in
conjugate complex eigenvalues instead of the desired real eigenvalues.

The second condition ensures the opposite sign of the eigenvalues. If C5 is true then the two possibili-
ties of 23 + 4K, y2 + /D, have the opposite sign.

We start the proof that any considered mixed mode satisfies both conditions by introducing the vari-
ables

1
9

to simplify further derivations. The formula for y2, given by (3.48), is simplified by substituting the new
variables, resulting in
-B—-+/Dy —B-+vB?-4AC

2A 2A
The introduction of (4.43) also simplifies the discriminant Do, used in the calculation of the eigenvalues, to

A= (Kj + K§> , B= (251@ + gam - 1) and C = <ﬁ2 + gl)a?) : (4.43)

ye = . (4.44)
Dy = (28 +4K,52)" — 12 (Ays - C) . (4.45)

We notice that the first term of the Dy discriminant is always positive due to the square. Now it is possible to
prove that, in addition to the first, the second term is always positive. We start by stating

—12(Ayy — C) >0, (4.46)

which leads us to the equivalent statement
Ays —C < 0. (4.47)

We substitute the yo term with (4.44) and obtain

B? +2B\/D; + D,

C 4.48
1A <C, (4.48)
which, by using D; = B? — 4AC, can be further simplified to

0> 2Dy + 2B+/D;. (4.49)

Now for any relevant mixed mode, we have assumed that its y-position is real positive, due to its interpretation
as amplitude and the definition of the mixed mode. In addition to this we notice that A is always positive due
to the squares. Therefore the upper part of (4.44)), —B — /D, is real positive and consequently

0> B+ +/Ds. (450)

If we multiply this by 2v/D; we see
0>2D,+2B+/D;. (451)

Therefore (4.49) is true for every possible mixed mode and in extension the proposition that the second term
of the discriminant D5 is positive.

The guaranteed posititivy of both terms in the discriminant Dy imply that the discriminant is always
positive, and therefore the first condition C; is satisfied for all mixed modes.

Therefore we now only consider the second condition

(B+4K,u2)° < (28 +4K,2)" =12 (Ayt - C) . (4.52)
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This is equivalent to
0<—12(Ay; - C), (4.53)

which just has been proven true for all considered mixed modes.

Therefore both saddle conditions in (4.42)) are satisfied by all considered mixed modes. We conclude
that the nearby mixed mode, as long as it exist near the z-axis, is a saddle for all considered parameters.

[4.4] Degenerate case K, = 0.

This special case was already mentioned in section [f:I] where it was noted for breaking the pitchfork normal
form that occurs near the z-axis in the running phase difference pure mode case. In this section we consider
the entire localized system (4.2) when K5 = 0. Firstly we notice that K5 = 0 reduces the localized system to

t' = a — 3ysin(® + x) + K9, (4.54a)

Y = By + y? cos(® + ). (4.54b)
This system is still non-degenerate, which implies the dynamics still have an accurate correspondence to the
dynamics of the total normal form (2.36). However at the parameter value § = 0, the system reduces even
more to

7' = a — 3ysin(® + x) + K9, (4.55a)

y = y?cos(® + ). (4.55b)

This system has a property that leads to dynamics that are almost certainly not shared by the total normal
form, the system is integrable. This is defined as the existence of a function E(x,y) such that

d
%E(aj,y) =0. (4.56)

This implies that for all solutions the function E remains constant along their path. This function F is called a
first integral and when found it implies the existence of closed orbits along its level curves. The reduced system

(4.55)) has the first integral

1 1
E = y3sin(z) — §y2a - 1y4Km. (4.57)

We can demonstrate this by taking the 7 time derivative

d
d—TE =13 cos(® + )2’ + 3y%y sin(® + z) — yy'a — Y3y K. (4.58)

We calculate each term separately,

y® cos(® + )2’ = ay® cos(® + x) — 3y* cos(® + ) sin(® + z) + K,y° cos(® + z), (4.59)
3y*y sin(® — x) = 3y cos(® + ) sin(P + z), (4.60)
—yy'a— 3y K, = —ay® cos(® + x) — K,y° cos(® + x). (4.61)

Therefore, when these value are substituted in (4.58)), we see

y? cos(® — )2’ + 3y%y sin(® + z) — yy'a — y3y' K, = 0. (4.62)

d
And thus d—E(w, y) = 0, and consequently E' is a first integral of the system (4.55).
T

28



We can plot the level curves of the first integral and calculate the direction of solutions on these curves. When
done for the parameter value o > 0, this results in figure
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Figure 4.3: Closed cycles on the level curves of E, with the parameter value a > 0.

In figure the level curves are plotted, including the direction of the solutions on the level curves. When
a < 0, the dynamics are mirrored in the y-axis.

This figure also gives a good approximation on how the perturbed system behaves, as when § approaches zero,
we expect the solutions of the localized system to approach those of the system (4.55)). This results in solutions
that are nearly on the level curves of the first integral E.

Changing 8 to a positive or negative value breaks the first integral invariance of the solutions and re-
sults in convergence to the stable pure mode, or divergence until the solution leave the considered space. As
this happens for all solutions simultaneously, no region of the parameter space allows the existence of running
phase solutions near y = 0.

However all of these deductions are made with the absence of higher order terms, which will invariably
disturb the closed cycles and other solutions on the level curves present in the dynamics of . This will
lead to a wide array of new bifurcation possibilities and as such these must be included in the study of the
degenerate case when S is nearly zero.

As the analysis of the higher order localized system has not been performed in this thesis, the degener-
ate case is unfortunately not considered any further.
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An analysis of a faulty localized system.

5.1| Mistake in the thesis.

From this point on I must admit that I have made a fatal mistake, which resulted in the use of an incorrect
normal form. This error then cascaded and worsened throughout all the following sections.

In my studies I forgot to change a minus to a plus sign in the derivation of the normal form, after I
used a different definition of . This error eventually led to the incorrect resonant normal form

X =X + (a1, X2+ b1, Y2 X 4+ Y2 cos(p), (5.1a)
Y = poY + (a2, X2 + bp, Y)Y + XY 2 cos(® — ), (5.1b)
=V —aimX? = by Y? — YTB sin(p) — 3XY sin(® — ¢), (5.1c)

and the incorrect localized system

7' =a—3ysin(® — ) — K97, (5.2a)
y = By + y* cos(® — x) + K, y°, (5.2b)

which I used for the remainder of thesis.

The main difference that within this system (5.2 in the = derivative is that we have the sinus sin(® — z) with
® — z, while the correct term is sin(® + z). The same difference is present in the cosine, however due to the
symmetry of the cosine this has considerably less impact than in the sine case.

The second mistake in the normal form was the sign of the —a;,X? and —b;,,Y? terms, due to the
same error during derivation when redefining ¢. However this mistake was not as debilitating as the first and
could have been easily solved by redefining a;,, and b;,, to have the opposite sign.

These errors do not change the existence of the mixed mode near the degenerate point. They do how-
ever lead to the slightly different yo position of the nearby mixed mode

2 2
2 , 1, , 1, , 1-2BK,—2aK, —/D;
D1 = (2016, ~ Sk =1) —4-(Kj+ gh2) (54 5o ) and 4= TCERTI I
Yy x

And a slightly different 2y position

K, vy?2
zo = ® — arcsin <a—|—y0> .

3yo

However the errors do have far reaching consequences for the stability of the mixed mode and in extension the
dynamics of the system.

(5.4)

For example in the correct localized system the mixed point near the z-axis is a saddle point instead
of the source or sink seen in the old analysis. This correct mixed mode does not exhibit any bifurcations, so
the Hopf bifurcation found in the old system is not found in the correct system.

These errors have made the remainder of the original thesis completely unsalvageable. The different
dynamics required a modified analysis and a completely new result, comparison and conclusion sections. The
rewriting of all sections amounted to a sizable workload and would have taken too much time. This is the
reason that the second half of this thesis is missing.

However I was able to include a corrected analysis in this thesis in section 4. I have still included the

old analysis to exemplify the differences between the two systems. In the last section, section 6, I briefly reflect
the impact of the error.
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Original start of chapter.

In this chapter we start the analysis of the dynamics near the pure mode by determining the stability and
bifurcations of the pure mode(s). Afterwards we consider the stability of the nearby mixed mode. We achieve
this by considering the localized system given by (5.2),

Just as with the correct localized system the considered range of the phase space of this localized sys-
tem is given by (x,y) € S* x RT, where R* := {y € R|y > 0}.

The x variable is periodic in nature, because it represents the phase difference between the phases of
the normal form (5.1). As both phases are in S, their difference, given by z, is in S! too. The y variable is
restricted to the positive or zero real number due to its correspondence with the amplitude Y in the normal form.

Lastly the pure mode(s) are also located in the manifold S* x {0} < S! x RT. This subspace is re-
ferred to as the z-axis in the rest of the analysis and the points (z,0) € S* x {0} are referred to as points on
the z-axis.

[5.3] The two regions of the phase space.

Before we start with the derivations regarding bifurcations in this system, we denote two regions that will be
present the phase space when ¢ is small, and the parameters, i and 7, are not zero and within the considered
parameter space. These regions, while not formally defined, are to help denote the location of solutions.

The first region is near the z-axis and is characterized by a running phase difference. Solutions that
stay in this region have a monotonically increasing or decreasing x value. We refer to this region as the running
phase region.

The second region is the region near the mixed mode, here the phase difference x and the amplitude y
oscillate around the mixed mode and depending on the parameter converge to the mixed mode or a limit cycle.
Solutions that stay in this region have a single period oscillating = and y and this region is referred to as the
oscillating phase region.

Outside the considered parameter space of the analysis, when g and « are of a similar or greater mag-
nitude than %, the regions become unclear. The stability of the mixed mode can be great enough that no
oscillation occurs near the fixed point or the mixed mode could not exist at all. The dynamics at this point
are beyond the scope of this thesis, so these cases are not considered further.

Stability of the pure modes.

The stability of the pure modes is easily calculated, as the localized system (4.1) at the points on the z-axis, is
given by

2’ = a —3ysin(® — x — x0) — K%, (5.5a)
y = By +y*cos(® — x — o) + Kyy°. (5.5b)

We can instantly derive the linearization around (x,y) = (0, 0) of these equations which gives us
x’ 0 0 x
= : , 5.6
<y> <0 ﬂ) (y) (>0

A1 =0 and X =g (5.7)

which in turn gives us the eigenvalues

The eigenvalue Ay has the eigenvector (0, 1), this implies that it determines the stability of all points on the
x-axis in the y direction.

e If 3 < 0 then solutions near the z-axis, which refers to solutions within S* x (0,¢) with a non-zero real
and suitably small e, converge to y =0

e If 5 > 0 then the z-axis is unstable, solutions near the z-axis may converge to a bifurcated running phase
difference solution. Or when this cycle does not exit, the nearby solutions increase in y until they leave
the neighborhood of the z-axis.

More care should be taken when discussing the (1,0) directional stability of the pure modes; recall from section
that the phase difference x is not defined at the pure mode. However we can use the limit of the phase
difference when approaching y = 0 to define the x variable at y = 0. Conveniently, due to the continuity of the
limit, this definition allows us to treat the x values at y = 0 as normal variables. This slight difference does
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not impact the dynamics of the localized system much, but is does affect the interpretation of the bifurcations
of the localized system.

e If & = 0 all points on the z-axis are equilibriaequilibria and no motion takes place along the x coordinate.
This confirms the A\; = 0 result.

e If o # 0 then the pure mode has a running phase difference, as every point on the z-axis satisfies 2’ = a.
This implies that the pure mode is a single periodic orbit.

The pure modes do in fact experience a bifurcation at § = 0. Here we must distinguish the phase locked pure
modes from the running phase difference pure modes, as they behave quite differently when S approaches zero.

Running phase pure modes.

We first cover the cases when the pure mode has a running phase difference. We consider the points near the
r-axis, these points are defined by (z,y) = (z0,¢) with zo € S and ¢ positive, real and in the neighborhood
of 0. This definition is used for the rest of the analysis. On these points the derivative 2’ is given by

2’ = a —3esin(® — xg) — K2 = a+ O(e). (5.8)

When « # 0, the value of O(e) is negligible compared to the parameter term «, due to the smallness of e.
Therefore on the points near the z-axis we can approximate the derivative 2’ by o 4+ O(g) &~ . When starting
at some point (zg,€) near the z-axis, this approximation leads to

z(7) = at + z9. (5.9)
Substituting this approximation in y’ gives us
y = By +y* cos(® — ar — x9) + K,y°. (5.10)

Now when near the pure mode, and as such the z-axis, the derivative 3’ itself is very small, due to the y in
each term. From this it follows that any solution starting near the pure mode will stay there for a long time
and by starting even closer to y = 0 we can arbitrarily extend the time spent near y = 0. Therefore the term
cos(® — a7 — xg) oscillates on a time scale much faster than y’ changes. This reduces the term to its median,
which equals zero. We argue that the evolution of ¢’ near the pure mode is determined by

y = By + K,y°. (5.11)

Recall from the introduction that this is in fact the normal form of a pitchfork bifurcation, where the case is
determined by the sign of K,,.

However, due to the correspondence of x and y to the phase difference and the amplitude in the nor-
mal form, this bifurcation in fact corresponds to a Hopf bifurcation in the normal form. The periodicity of
the = variable and the non-existence of the phase difference at y = 0, together with the coupled oscillation y
experiences, support this observation.

It is also apparent that the pitchfork normal form (5.11) breaks when K, = 0. For now we exclude
this possibility, as this results in a degenerate localized system; we briefly consider that system in section 4]

If K, < 0, we know that the pitchfork bifurcation is super-critical. Therefore when 8 < 0 the running
phase pure mode is stable and no other running phase solutions exist. When g > 0 we know that two stable
solutions have bifurcated off the original pure mode, while the stability of said pure mode has switched from
stable to unstable. One of the bifurcated stable solutions has negative y-values, as these do not describe
valid amplitudes, this solution is not considered any further. Within the total normal form, this bifurcation
corresponds to the splitting of a stable invariant 2-torus, which contains the quasi-periodic solutions, off the
1-torus corresponding to the pure mode. Lastly this 1-torus switches stability from stable to unstable.

If K, > 0, we know that the pitchfork bifurcation is sub-critical. Therefore when 8 > 0 the running
phase pure mode is unstable and no other running phase solutions exist. When S < 0 we know that two
unstable solutions have bifurcated and the pure mode is stable. Again one of the bifurcated solutions is negative
and not considered any further. Within the total normal form, this bifurcation corresponds to the splitting of
a unstable invariant 2-torus, which contains the quasi-periodic solutions, off the 1-torus corresponding to the
pure mode. Lastly this 1-torus switches stability from unstable to stable.

Phase locked pure modes.

When the pure modes are phase locked the situation is different. Firstly we notice that, due to the eigenvalue Ao
with the (0, 1) eigenvector, the z-axis still switches stability from stable to unstable when § becomes positive.
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Secondly the derivative 2’ is zero at all points on the z-axis, but slightly above the x-axis the —3ysin(® — )
term becomes important. The term causes the derivative z’ to be non-zero except at the x values where
—3ysin(® — x) is zero.

At the points on the z-axis, with a neighborhood wherein all points above the z-axis satisfy 2’ # 0,
the change in stability of the z-axis does not lead to the bifurcation of fixed points. The switch in z-axis
stability does cause nearby solutions to reverse their y direction, but unlike the running phase difference case no
periodic running phase difference solution bifurcates off the pure mode. This is due to the points near the xz-axis
values where ' is zero. These points form a curve, which starts perpendicular to the z-axis and which no run-
ning phase difference solution can cross, instead these solution either bend toward or bend away from the z-axis.

At the points on the x-axis, with a neighborhood that contains points above the xz-axis which satisfy
7' = 0, equilibria bifurcate from the z-axis.

At all points near the z-axis, see the start of the running phase difference paragraph for the definition
of these points, the derivative 2’ is given by

1’ = —3esin(® — x) — K2 = —3esin(® + x0) + O(e?). (5.12)

As ¢ is very small, the O(g?) term is negligible and can be truncated to obtain the approximation of the
derivative z’ near the x-axis
x' = —3esin(® — zp). (5.13)

This right hand side of this equation is only zero at the values ® — xp = kw, k € Z. At all other values of xq,
all points in the neighborhood of (xg,0) satisfy ' # 0. As discussed before, the switch of the stability of the
z-axis does not lead to bifurcated equilibria in these points, therefore these points at these xy values are not
considered any further.

We consider the derivative ¢’ at the considered xg values
y' = By +y” cos(® — mo) + Ky’ (5.14)
Close enough to the z-axis the y3-term is negligible, resulting in the evolution
Y = By + y° cos(® — x), (5.15)

and at the considered x( values the cosine is either 1 or —1. Therefore the derivative y at the points (® —km, y),
with k € Z, equals

y' =By £y (5.16)
Recall from the introduction that this is the normal form of a trans-critical bifurcation, where the direction of
the bifurcation is determined by the sign of y?. This normal form implies a second equilibrium at y = F3 in
addition to the one at y = 0, this second equilibrium has its stability in the (0, 1) direction characterized by the
eigenvalue A\ = —f. Here we exclude the fixed points below the z-axis, that might occur due the trans-critical
bifurcation. This is again because the y variable still corresponds to an amplitude and therefore should not be
negative.

We can also calculate the eigenvalue of the x variable at the second equilibrium for both signs of the

cosine. If we linearize at ® — x¢p = 0 + 2k7, yo = —0 > 0 we obtain
x' = —3(yo + y)sin(® — zo — z) + O(y?) (5.17)
= —3(yo + ) (sin(® — xg) cos(z) — cos(® — x0) sin(x)) + O(y?) (5.18)
= 3(yo +y) sin(z) + O(y*) (5.19)
= =38z + O(2). (5.20)
Therefore the eigenvalues of this mixed mode are A\; = —( and Ay = —30. If the fixed point is to exist above

the z-axis then we require 5 < 0 and we see that both eigenvalues are positive. Therefore the mixed mode is
an unstable fixed point.

If we linearize at ® — xg = 7 + 2km, yo = 5 > 0 we obtain

x' = —3(yo +y)sin(® — 2o — ) + O(y?) (5.21)
= —3(yo + y) sin(z) + O(y?) (5.22)
= —382 4 0(2). (5.23)
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Therefore the eigenvalues of this mixed mode are A\; = —f and Ao = —33. If the fixed point is to exist above
the z-axis, § > 0 must be true and we see that both eigenvalues are negative. Therefore the mixed mode is a
stable fixed point.

We can summarize these results in phase portraits of the dynamics of the system (5.5) near the points

(z,y) = (& — km,0), k € Z. The origin in the phase portraits has been set to these points. In all cases the
z-axis in these phase portraits consists of equilibria, as both derivatives ' and gy’ are zero when y = 0.

;ki& V(7

(a) <0 (b) =0 (c) >0

<

L g

Figure 5.1: & —x9 =0+ 2km

Near the phase locked pure modes at ® — zg = 0 + 2k7, we see y' = By + y? = y(8 +y). We distinguish three
cases depending on the parameter 3.

e When 8 < 0, the pure mode is stable and the derivative y’ is zero at y = —§, which implies that a fixed
point near (xg, —3). The eigenvalue calculation determined that this point is a unstable equilibrium.

e When 8 = 0, for all points that satisfy z¢ # kw, the derivative 3 is tiny compared to the x’ derivative.
This implies that running phase difference solutions near the z-axis approximately maintain their y-value
until they approach one of the considered zy values, where ' = 0. Only when nearing the line given by
® + xo = k7 zero, the ' derivative becomes dominant. In the case ® + o = 0 + 2k7 the running phase
difference solutions tend away from the point (z¢,0) in both directions, due to the sign of the y? term
and the linearization of z’ at (o, €).

e When 8 > 0, the pure mode is unstable and the derivative 3’ is still zero at y = —8. However due to
the sign of 3, this now implies a fixed point with a negative y value and therefore the fixed point is not
considered further.

e

(a) B<0 (b) 8=0 () B>0

Figure 5.2: & — xg =7 + 2k7

Near the phase locked pure modes at ® — xg = 7 + 2k7, we see y' = By — 3> = y(B8 — y). We distinguish three
cases depending on the parameter .

e When 8 < 0, the pure mode is stable and the derivative y’ is zero at y = 3. However due to the sign of
B, this now implies a fixed point with a negative y value and therefore the fixed point is not considered
further.

e When 8 = 0, the same argument as in the ® — xq = 0 + 2k7 case applies for all the points where z’ # 0.
Therefore the running phase difference solutions near the z-axis approximately maintain their y-value
until they approach one of the considered zy values, where 2’ = 0. When nearing the line given by
® + 9 = k7 zero, the 3’ derivative becomes dominant. In the case ® + z¢g = 0 + 2k7 the running phase
difference solutions tend toward the point (z,0) in both directions, due to the sign of the y? term and
the linearization of z’ at (zo, €).

e When 8 > 0, the pure mode is unstable and the derivative y’ is still zero at y = 3, which implies a fixed
point near (xg, ). The eigenvalue calculation has shown that this point is a stable equilibrium.
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Let us summarize the situation when S moves from a negative value to a positive one while o = 0. We firstly
see that an unstable mixed mode collides with the pure mode at (®,0) at 8 = 0. When 8 becomes positive,
the mixed mode split off (® — 7,0) as a stable equilibrium.

Results.

Thus we can confidently state that when [ switches sign, all pure modes switch y-stability. This causes, in
running phase difference pure modes, a stable or unstable running phase solution to bifurcate off the pure mode
depending on the sign of K5. These running phase difference solutions are studied in more detail in section
In phase locked pure modes, the sign switch of 8 causes a mixed modes to bifurcate at the points (& — km,0),
ke Z.

Eigenvalues of the mixed mode.

In section [3.3| we had derived the location of the localized phase locked mixed mode. We denote this location
as (o, yo0), where the xg and yo values are obtained by (5.4) and (5.3)), respectively.

To obtain the eigenvalues that characterize this equilibrium, we linearize the localized system
' =a — 3ysin(® — z) — K97, (5.24a)
y = By + y* cos(® — z) + K,u°, (5.24b)
at this point and consider the resulting equations. We start with the linearization of
o' = =3y +yo)sin(® — x — o) — Ku(y +y0)*. (5.25)
Recall that the ® — x value is given by (3.40), this can be substituted in to obtain

a— Kyy?
yoy0> — x> - Km(y2 + 2yyo + y(Z)) (5.26)

¥’ =a—3(y+ yo) sin <arcsin < 3

We leave the yo coordinate as it is, as using the derived equation (3.48]) for it would only complicate this
linearization. We now use the sinus sum identity to separate the = value from the arcsin in the sinus, this leads
us to

_ 2 _ 2
' =a—3(y+ o) <sin (arcsin <W)>) cos(z) — cos (arcsin (Ozmyo)> sin (x))
3Y0 3Yo

— K. (y* +2yyo +43).  (5.27)

And after further derivation we end with

a— K.y3 o= K8\ > >
¥ =a-3(y+vo) BEr— cos(x) — /1 — (3) sin (z) | — Kpy° — 2K, yyo — Kpyg. (5.28)
Yo Yo

Fortunately it is possible to remove the square root from this equation. For this we need to extract the square
root found in the old derivation of zy, which is omitted due to being incorrect. This gives us

K,y2 — K2\’
B+ yyo:_\/l_(a myo>’ (5.29)

Yo 3yo

which can be used to simplify (5.28) to

— K, 2 3 3K,y2
OBy gy 4 B3

z) ) = Koy? — 2K, yyo — Kaoy2. 5.30
- o i (1))~ Ko 2o~ Kot (530)

o

We replace the cos(z) and sin(z) terms with their respective Taylor expansions and collect all the higher order
terms of x and y in O(2), to obtain

_ K:c 2 _ Km 2 K 2
¥ =a-— yu — % (a L B+ Kyo x) — 2K, yyo — K,y2 + O(2). (5.31)
Yo Yo Yo
Which after simplification yields
a— K,y?
o = (—QnyO - yolyo) y— (38 + 3K,y2)z + O(2). (5.32)
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This is the equation for 2’ linearized at (z¢,yo). We continue with the linearization of (5.24b))

Y =By +yo) + (Y + y0)* cos(® — x — x0) + Ky (y + 50)*. (5.33)

We substitute again the ® — zy constant for its equation (3.40) to obtain

C[a— 2
Y = By + o) + (y + y0)? cos (arcsm (3%%) - a:) K+ ). (5.34)

This time we use the trigonometric sum identity of the cosine.

_ 2
Y = By +yo) + (y+ yo)* cos (arcsin (Oz?)yf?yo)) cos(w) (5.35)

. «a — x 2 .
+ (¥ + yo)? sin (arcsm <3yy0)> sin(z) + K, (y + yo)*
0

a— K2\ > a—Kyy2 .
— By + o) + (y + v0)> %— (?)yy) cos<x>+Ty°sm<x> + Ky(y+0)®.  (5.36)

Here the root has reappeared, but we can again use the equality (5.29)) to continue to

a — sz(%

/o _ 2 5+Kyy8 _
=B+ o+ on)? (2 o) -

sin(x)) + Ky (y + o). (5.37)
And after expanding the cube and square of (y — yo), we obtain

2
B+ Kyyg cos(z) —
Yo 340

o — Ka:y(z)

y' = By -+ Byo — (y* + 2yoy + v3) ( Sin(w)) + Ky (4 + 3y0y” + 3y5y + v5). (5.38)

We once again replace the cos(z) and sin(z) terms with their respective Taylor expansion and collect all of the
higher order terms in O(2)

o — K:z:y2
y' = By + Byo — 2y (B+ Kyu3) — o (B + Kyp — 3°w> + 3K, ygy + Kyyy + O(2), (5.39)
which after simplification yields the equation
1
y' = s(ayo — Koyd)r + (Kyys — B) y + O(2) (5.40)

3
for y' linearized at (zg,yo). Together with ([5.32)), we can finally obtain the linearized system in matrix form

— K. 22
x' —(38+3K,y3) —2K,yo — 2~ Tt
-1, Yo . . (5.41)
y 3 (@0 — Kayi) Kyyg — 8 y
The eigenvalues of this matrix characterize the dynamics in the local neighborhood of the mixed mode. As the

matrix is 2 by 2 we can easily give the characteristic polynomial

_ 2
() = (=30 = 38,08 = 3) (K = 5 ) — (-2 = T (LK) a2

This polynomial can be simplified to
1
o(A) = N + (48 + 2K,y5) A + (38" — 3Kyo) + 5 (o — KZy) (5.43)
We are left with another quadratic formula ¢(\) = 0, which we can easily solve using the abc-formula. To

summarize, the mixed mode is given by (3.54) and (3.48) and (3.59) with its characterizing eigenvalues defined
by

1 1
Dy = (48 + 2Kyy§)2 —4 (352 — 3K yo + goﬂ — 3K§y3> and Ao =

—4B3 — 2K 12 + /D,
5 .

(5.44)
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Hopf bifurcation of the mixed mode.
An equilibrium point undergoes a Hopf bifurcation when two of its eigenvalues are purely imaginary conjugates,

as we have seen in the introduction ((5.59)).

The equation for the eigenvalues ([5.44) allows for this when two conditions are met,
C1: —48—-2K,y3 =0 and Cy: Dy <O0. (5.45)

The first condition to ensure the real part of the eigenvalue is zero. In the equation for the eigenvalues ,
we see the term —48 —2K,y2. This term is a real number, as 3, K, and yo are real numbers. If —43 —2K,y3 is
non-zero, we would have a non-zero real term in the equation for eigenvalues and this would result in eigenvalue
with a non-zero real part. This is undesirable at the Hopf bifurcation the eigenvalues of the equilibrium must
be purely imaginary. Therefore C'; must be true if the mixed mode undergoes a Hopf bifurcation.

The second condition is that the discriminant, Dy in (5.44), is below zero, as otherwise the root, +/Da
would be real and this would result in eigenvalues with a non-zero real part.

However if both conditions are met then /D5 is imaginary and the eigenvalues are given by
1
A2 = ii v/ Ds. (5.46)

The first condition implies the second.
We now prove that the first condition implies the second. To this end let us introduce the variables
1

2
ae (i

Kg) , B= (2ﬂKy — gaKI - 1) and C = <52 + $a2) : (5.47)

This simplifies the discriminant D1, used in the calculation of yy, to B? — 4AC, while the second discriminant
Dy simplifies to
Dy = (48 +2K,32)" — 12(C — Ayd). (5.48)

The first Hopf condition implies 43 4+ 2K,y3 = 0, this simplifies the second determinant even more to Dy =
—12(C — Ayg). The second Hopf condition now only requires

C > Ay;. (5.49)
The formula for y2 stated in (3.48) is also significantly simplified by the introduction of ((5.47), resulting in

~B— /D,

2
= 5.50
Thus the second condition is satisfied when
2
—B—+/D,
Al ———— | . bl
C > ( 54 ) (5.51)
which can be further simplified to
4AC > B* +2B+/D; + Dy, (5.52)
and finally, using D; = B? — 4AC to
0>2D; +2B+/D;s. (5.53)

Now for any relevant mixed mode, we have assumed that its y-position is real positive, due to its interpretation
as amplitude and the definition of the mixed mode. In addition to this we notice that A is always positive due
to the squares. Therefore the upper part of (5.50), —B — /Dy, is real positive and consequently

0> B++/D;. (554)

If we multiply this by 2v/D; we see
0> 2Dy +2B+\/D;. (5.55)

Therefore (5.53)) is true for every possible mixed mode. We conclude that the first Hopf condition implies the
second one.
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First condition in term of the parameters.

The first condition in (5.45]) states
26+ K,y =0, (5.56)

which simplifies to
4A8 = KyB + K,/ D;. (5.57)

For further derivations we replace A, B and C by their original values given in (5.47). This leads to

1 2
48 (Kj + 91{3) =K, (25Ky - 50K - 1) + K,/ D1, (5.58)
and 4 5
ABK; + §ﬂK§ = 28K, — GO KKy — Ky + K,/ Ds. (5.59)

The expansion D, is given by
4 4 4
Dy=1- %aﬂKme + 5ok, - 48K, — §B2K§ - §a2K§. (5.60)

The derivation of this expansion is omitted in this thesis. If we again using the Taylor expansion of the root

(3.60), we obtain

2 2 90 2 909 3
vDi =1+ §aKz - 28K, — §a K, — 8—1a K2 4+ 0(57). (5.61)
If this is in turn substituted in (5.59)), we have
45K 4K2—2K2 2 K,K,- K, +K 2KK 2BK> 2 2K 2 2K2K, + O(6%). (5.62
6y+§6 x—ﬁy_gaa; y y+ y+§axy_ﬁy_§a y_871a x y+ ( )( )
From which follows 4 5 5
2 2 _ 273 212 4
48K, + §6Km = —ga K, - QO‘ K;K,+ 0(8%), (5.63)
and finally
1 2
<K§ + 9K§) (45 + 9a2Ky> +0(5") = 0. (5.64)
Ergo the first condition in (5.45)) is satisfied when
2
41+ §52K2 =0. (5.65)

The expression on the right hand side of this condition can also be used to determine the stability of the mixed
mode, as the value corresponds to the real value of the eigenvalues. Therefore

2
AL + 61721(2 <0 implies Re(A12) >0, (5.66)

and
2
4f + §172K2 >0 implies Re(A12) <0. (5.67)

Recall that positive eigenvalues imply an unstable equilibrium point and negative ones imply a stable equilibrium
point.
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[5.7] The evolution of the running phase solutions.

In section the eigenvalue of the pure mode indicates that it loses its stability at § = 0. This implies the
existence of stable and unstable bifurcated solutions with a running phase. To ascertain how these solutions
evolve over time we can interpret the localized system as a perturbation of the system

' =a—3ysin(® — z), (5.68a)
y = y?cos(® — ). (5.68b)

When § approaches 0 we expect the solutions of the complete system (2.36) to approach the cycles of the

system (5.68)

The system ((5.68) is luckily integrable, this is defined as the existence of a function E(x,y) such that
4 Bla,y) =0 (5.69)
pn ,y) = 0. .

This implies that for all solutions the function E remains constant along their path. This function E is called
a first integral and when found it implies the existence of closed orbits along its level curves. This property
allows us to find one explicit solution by considering the level curves of the first integral.

Conveniently, this discovered solution lies exactly on the border between the oscillating phase region
and the running phase region. Thus if we calculate the rate of change of a first integral along this solution
then we can deduce if the solutions around this cycle tends to the latter or the former region.

We are also able to calculate the time evolution of first integral Es, defined below in (5.79), for any
particular point in the phase space. As we will see this value is O(), this confirms that the perturbed solutions
stay close to their original cycles when § approaches zero.

First integral of leading order system
The leading order system (5.68) has the first integral

sin(® —z) «
F=—— 5.70
1 y3 4y4 ( )

We can demonstrate this by taking the 7 time derivative of (5.70)),

iEl _ —y cos(® — x)x’ — 3y?y sin(® — z) LY (5.71)
dr Yy Yo

Here we can substitute (5.68) for =’ and 3’ in (5.71), to obtain

d B - —ay? cos(® — ) + 3y* cos(® — x)sin(® — x) — 3y* cos(® — z) sin(® — z) n ay? cos(® — )
dr '~ Y6 6

=0.

(5.72)
As such Ej is constant over for all solutions of the leading order system (5.68)), thus proving it is a first integral.

We can plot the level curves of the first integral and calculate the direction of solutions on these curves. When
done for the parameter value o > 0, this results in figure [5.3
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Figure 5.3: Closed cycles on the level curves of £, with the parameter value o > 0.

In figure [5.3] the level curves are plotted, including the direction of the solutions on the level curves. When
a < 0, the dynamics are mirrored in the y-axis. The case a = 0 is excluded in this section as it concerns the
running phase difference solutions and in section we determined those only occur when « # 0.

One parameter solution.
With the first integral, E; given by (5.70), we are able to calculate one explicit solution to the unperturbed
system ([5.68). This solution corresponds to the level curve

p - @®-2) o _, (5.73)

This equation implies
1
ysin(® —z) = 7% (5.74)

and this can directly be used in (5.68a]) to obtain

3 1
¥ =a—3ysin(® —z)=a— 19= 1@ (5.75)
And in turn this leads to us to a one parameter solution for z, given by z(7) = iaT + x9. When starting at
xo = ®, which we assume to simplify further derivations, the solution for x is given by iow + ®. This 2(7) can
be substituted in (5.74) to obtain the solution for y(7),

(0% —Q

" Isin(®— (7))  4sin(lar)’ (5.76)

y(7)

The results for z(7) and y(7) give us the following curve

1 e

C(r) = (x(7),y(1) = | ;a7 + @, ——5— (5.77)
4 4sin(zar)

which is a one parameter solution for the system (5.68). This solution does have gaps, as it switches from

positive y-values to negative ones. We do not consider the parts of the curve below the x-axis, as these do not

correspond to valid solutions in the localized system, due to the y > 0 requirement.
Instead we omit these parts in the following derivations, as later is it proven that solutions near C of

the localized system experience almost no change in the value of the first integral in the regions where the
curve C' has a negative y value.
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Second integrable system.

The second system we consider is (3.35) with 5 and K, equal to 0, while the K, is not necessarily zero. This
system is defined by

' = a —3ysin(® — z) — K,y?, (5.78a)
y = y?cos(® — ). (5.78b)

This system has the first integral

By = e 5.79
> 7 I 22 (5.79)
We again can demonstrate this by taking the 7 time derivative
iEg _ —y3 cos(® — x)x’ — 3y?y sin(® — x) N yy o N y3y’Kx. (5.20)
dr Y6 Y6 Y6

We calculate each term separately,

— 3 cos(® — x)z’ = —ay® cos(® — x) + 3y* cos(® — ) sin(® — x) — K,y° cos(® — x), (5.81)
— 3y?y sin(® — ) = —3y* cos(® — 2) sin(® — ), (5.82)
yy'a+ vy K, = ay® cos(® — ) + K,y° cos(® — ). (5.83)

Therefore, when these value are substituted in (5.80)), we see

— 3 cos(® — x)z’ — 3y*y sin(® — z) + yy'a + >y K, = 0. (5.84)
d
And thus d—Eg (z,y) = 0, and consequently Es is a first integral of the system (5.78]).
T

We use this system and its first integral to estimate the behavior of solutions around C. Using the Es
integral is more convenient. Firstly the second system is closer to the original system (5.2)). Secondly and more
importantly by using Fs, we remove the lower order terms containing K, out of the rate of change of E, along C.

We have not used this first integral to calculate an explicit solutions, as the required calculation are
many times more difficult than the ones performed for C.

E5 time evolution of the localized system.
Now if we take the integral of the time derivative of the first integral along the curve C' while it is positive
then we have an estimate of the change F5 a perturbed solutions near the curve C.

We can prove that, for certain values of Ko and mu, this value is zero and in extension that the solu-
tions near C' are close to invariant. Let us first calculate the change of F5 over time for the localized system
(5.2). This gives us

d —y3 cos(® — z)z’ — 3y%y sin(® — x "o 3y K,
B y° cos( ) y*y’ sin( ) we  vyEs

I = . ' . (5.85)
This value can be much more simplified, we calculate each term separately,
—y3cos(® — x)z’ = —ay® cos(® — x) + 3y* cos(® — x) sin(® — ) — K,y° cos(® — ), (5.86)
— 3y%y sin(® — ) = —38y®sin(® — x) — 3y* cos(® — z) sin(® — ) — 3K, y° sin(® — x), (5.87)
yy'a+y*y' K, = aBy® + ay® cos(® — ) + aK,yy* + BK,y* + K,y° cos(® — z) + K, K,y°. (5.88)
Substituting these values into results in
diEQ = % (o® — 3y°sin(® — 2)) + ié! (ay® — 3y°sin(® — 2)) + O(8°). (5.89)
T Y )
After one final simplification step we can write as
%EQ - (?ﬁ + I;g) (a — 3ysin(® — 2)) + O(52). (5.90)
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We see that this derivative tends to zero when y — co.

It is also important to notice that the derivative of Es has no singularities near our known solutions.
Near such singularities, no matter how small § would have been, the change of energy would have exploded
and invalidate the estimation.

Recall that the explicit solution C' has regions where its y value is negative. Within these regions, the

solutions of the localized system near C leave the neighborhood of C. Instead of having a negative y-value,

these perturbed solutions cross these regions with an positive y-value around the magnitude %. The conclusion
d

that — Fs tends to zero when y — oo implies that the rate of change of E5 of the perturbed solution is very

small in these regions. This allows us to exclude these regions in the estimate of the change over the entire

period, as the change of F5 in these regions is negligible when compared to the remaining regions.

Energy evolution along C.

To finally estimate the change of energy along solution C' let us calculate equation (5.90)) along its path. We
only consider the regions where C' has a positive y value. Regardless of the value of «, this region is given by

the time interval 7 € [—%, 0].
We first consider the change for s, (5.90), along the points of the explicit solution C.
B K,
yir) - yA(7)

We can simplify this equation by calculating the oo — 3y sin(® — x) term first,

- Ealal).(r)) =

) (a0 — 3y(7)sin(® — z(7))) + O(6?). (5.91)

a—3y(r)sin(® —z(1)) =a — 481113(041:&7_) sin(im’) = ia. (5.92)
When we substitute this in (5.91)), we see
d 1 3 K
—F. —— Yy 52 )
a2 = 1o (G + iy ) + O (5.93)
1 [4'Bsin*(~tar) 16K, sin*(—1lar) 9
- 4a< — i+ — 4 +0(6%) (5.94)
6443 sin*(—§ 4K, sin®(—1
_ ﬂsmag TaT7) LAy sma( TaT7) L 0@, (5.95)

If we take the integral of this value (5.95) over the time interval [ dn O}, we can calculate the total change

el

FE5 experiences when we follow the solution C' in the region where it has a positive y value. This result in

0 0
6443 sin*(—} 4K, sin®(—%
AE, = / iEQ(T)dT:/ fsin (=ga7) | AK,sin(=307) L o(62). (5.96)
dr a3 o
—far ~far

Let us introduce a new time variable T' = X|a|7, substituting this new variable in (5.96)) results in

0 0
48 sin*(— T) 4K, sin?(— T
AE, = / iEg(T)dT:/G Bsin” (Zsgn(@)T) | 4Ky sin (=sen()T) 52, (5.97)
dr a3 «
x| —TT
—fln

Due to the squares we have the symmetry sinz(—x) = sin? (z), and this allows us to simplify the integral to

0
646 sin*(T) 4K, sin®(T
AE, :/ 55”31 (T) | 4Ky sin’( )dT+O(62), (5.98)
(6] (6%
which can be easily solved to obtain
0
64 4K 24 2K
AE, = a—f /sin4(T)dT + ay /sinQ(T)dT—i— 0(6%) = a—fw + Tyn +0(6%). (5.99)
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We truncate the O(6?) term, as this value is very small, and obtain the final estimate

24 2K,
AE, ~ —fw + (5.100)
« o
The estimation equals zero when
128+ o’K, =6 (i + 7*K3) = 0. (5.101)

If the estimate for AFs is zero, all the solutions near C' have a near constant first integral E5 value. This
implies that these solutions near C' stay near their original position and only slowly move from away.

When the estimate is not zero, we can use the result (5.100) calculate the direction of change of FEs
for the solution near C. This value allows us to determine how the running phase difference solutions evolve
over time.

Before we begin with this argument, we first notice that we have two distinct cases relating to the
value of Fs depending on the parameter «.

e When a < 0, all points in the oscillating phase region have E5 < 0. The running phase region includes
all points where F5 > 0. Lastly the curve C' lies on the border between the two regions with Ey = 0.

e When a > 0, all points in the oscillating phase region have Ey > 0. The running phase region includes
all points where E5 < 0. And again the curve C lies on the border between the two regions with Fy = 0.

Now we can start the argument with the statement 12fi + 7? K5 < 0. This statement is equivalent to

245
?ﬂ' +2K,m < 0. (5.102)

The left hand side of (5.102)) is a factor of the estimate (5.100),
24
AFE> ~ « (afﬁ + 2Ky7r> . (5.103)

Therefore, depending on the value of «, we can deduce the sign of AFs.

e When a < 0 and 1211+ 72Ky < 0, we see AE, > 0. This implies that all solution near C, over time, have
an increasing Es value. And as Es > 0 corresponds to the running phase region, we conclude that these
solutions converge towards the running phase region.

e When o > 0 and 12/ + 72Ky < 0, we see AE, < 0. This implies that all solution near C, over time,
have a decreasing F> value. And as in this case F5 < 0 also corresponds to the running phase region, we
conclude again that these solutions converge towards the running phase region.

This argument is mirrored by the case 12fi + 72K > 0. This case leads to the conclusion that, for all o values,
the solution near C' tend to the oscillating region.

To summarize
e When 12i + #2K5 > 0, the solution near C tend to the oscillating phase region.
e When 12fi + 2K3 = 0, the solution near C are almost closed and stay near C.

e When 12ji + 7? K5 < 0, the solution near C tend to the running phase region.
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Let us consider the specific case, with 3 > 0, K, < 0 and the value of o small enough that 123+ o?K, > 0 is
true, as example.

Recall from section [5.4] that 8 > 0 implies that the pure mode is unstable and a stable running phase
solution has bifurcated. And from the cycle condition we know that any solution near C will move toward the
running phase region and in extension the z-axis.

With this information we can deduce at least one stable running phase difference solution must be
present between C' and the pure mode.

We can argue that there is only one stable running phase difference solution, as in section [5.4] we have
discussed the pitchfork bifurcation of the running phase difference pure mode. This bifurcation splits only one
positive solution off from the x-axis. This, in addition to a numerical model, supports that there is only one
bifurcated running phase solution.

This same argument applies when 8 < 0, K, > 0 and the value of o small enough that 123 + azKy < 0. In
this case, f < 0 implies that an unstable running phase difference solution has bifurcated off from the z-axis,
and the cycle condition implies that this solution keeps existing as long as 123 + oK, < 0 remains true.

[5.8] Degenerate case K, = 0.

Consider the special form of the system where Ky = 0, this statement reduces the system to

¥ =a —3ysin(® — z) — K,y (5.104a)
Y = By + y° cos(® — ). (5.104b)
Furthermore it reduces the condition for the Hopf bifurcation (5.45) and the value (5.101)) used to argue how
the running phase difference solutions near C' cycle evolve

2
H 40+ §172Ky =0 and V:124+ 7*K, (5.105)

to
H:4p=0 and V :12p. (5.106)

This radically changes the dynamics as Hopf bifurcation and the first intgral near-invariance of one-parameter
solution C' occur simultaneously.

When i = 0, the system reduces even more to

' =a — 3ysin(® — z) — K97, (5.107a)
y = y*cos(® — x). (5.107b)

Which we have seen to be integrable in the previous section. The existence of the first integral and its
corresponding level curves imply that all solutions of remain on the level curve. This implies existence
of closed cycles around the equilibrium and closed periodic running phase difference solutions above the pure
mode, while the mixed and pure mode neither attract nor repel.

Changing § from a zero to a positive value changes the stability of the mixed mode from a center to
stable equilibrium and the stability of the pure mode to unstable instantly. This act also breaks the first
integral invariance of the solutions and results in convergence to a stable pure mode, or to a stable mixed
mode. As for all solutions this happens simultaneous, no region of the parameter space allows the existence of
closed running phase difference solutions near y = 0 and closed bifurcated cycles around the mixed mode.

The same argument applies when changing g from a zero to a negative value, however in this case the
mixed mode becomes unstable and the pure mode stable.

However all of these deductions are made with the absence of higher order terms, which will invariably
disturb the closed cycles and other solution on the level curves present in the dynamics of . This will
lead to a wide array of new bifurcation possibilities and as such these must be included in the study of the
degenerate case when [ is nearly zero.

As the analysis of the higher order localized system has not been performed in this thesis, the degener-
ate case is unfortunately not considered any further.
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Impact of the mistake.

As seen in both analyses, a simple sign error has had important implications for the dynamics of the systems.
The consequence of these differences was that nothing from the original interpretation and conclusion, which
both were made with the results obtained with the faulty system, could be saved.

Regrettably I was not able to write a new conclusion within the allowed time-frame, as such the rest
of the thesis is missing. I have decided not to include the incorrect conclusion and interpretation of the
analysis, as it is of no use for further discussion. None of their statements relate to the true dynamics of the
1:3 resonant Hopf bifurcation, and I have no desire to spread incorrect information.

The unfortunate consequences of a single plus-minus error illustrated in this thesis, should be taken as
a lesson to not be underestimate small errors. This was however not the only mistake I made regarding signs
(All others were manageable in severity.), and I must admit I very much overestimated my ability to spot
these errors and underestimated their importance to truly verify.

Extra care should be placed on the verification of the results and the checking of derivations after
changing variables.
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