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Abstract

Skyrmions are magnetic textures, that behave like particles. They exist as excitations within two-
dimensional magnetic insulators and are promising candidates for future data storage. There has been
a strong rise in interest in skyrmions in recent years, which is encouraged by several experimental
observations of skyrmions in various magnetic thin-films. In this thesis we study the quantum me-
chanical propagation of skyrmions in thin film antiferromagnets, using the finite temperature path
integral formalism for spins. Using field theoretical tools like the Faddeev-Popov technique, we treat
the coordinate of a skyrmion as a dynamical variable and derive an effective action for the skyrmion
position. We find that the spin wave fluctuations around a skyrmion give rise to damping of the
skyrmion’s motion and also gives rise to effective mass contributions.
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Chapter 1

Introduction

From secondary school on we learned from sir Isaac Newton that matter possesses mass. One can
distinct between two different types of mass. Inertial mass gives the amount of resistance when an
object is accelerated. The amount of gravitational force that is exerted on an object is proportional
to its gravitational mass. Newton also came up with three postulates which inertially massive objects
should obey [I]. He additionally stated that two gravitationally massive bodies feel an attractive force
towards one another. The inertial and gravitational mass turn out te be equal in every experiment that
is done so this is nowadays taken as an empirical fact. Using his three postulates of motion, Newton
was able to explain a lot of open physical problems. The three laws of Kepler could for example be
explained by these postulates and the orbit of a many planets could calculated. The observed orbit of
Mercury turned out to be different then was calculated using what is now called Classical Mechanics.
The explanation came in 1915 when Albert Einstein published his theory of general relativity [2], which
gave a geometric view on gravity and generalized Newton’s law of gravitation. One of the starting
points for this theory was to assume that the correspondence between the inertial and gravitational
mass is not a coincidence and must hold. General relativity could explain the measurements done on
the perihelion of Mercury. It also states that the mass of matter increases as it’s energy rises. Using
general relativity, new physical phenomena appeared theoretically, e.g. black holes and bending of
light which is referred to as ”gravitational lensing”.

Still another question remained unanswered; what causes an object to have mass? In 1960 Higgs,
Brout and Englert predicted that there is a field (now called Higgs field) which causes matter to have
inertial mass. The quantum excitations of this field are now known as ”Higgs bosons”.

In a magnet textures can appear that behave like particles. These magnetic textures are phenomena
that move in a collective way through a magnet and may thus be described as a single object. One
could now ask themselves the question, can these objects also have a inertial mass? Some of them turn
out to have an inertial mass. Like matter obtains its mass through interaction with the Higgs field,
these textures obtain their mass through interaction with the underlying structure of the magnet. A
Bloch wall (see Fig. is an example of such a collective phenomena that obtains an inertial mass
through interaction with the underlying structure of the magnet.

The focus of this thesis is on another particle-like magnetic texture, namely skyrmions [4]. There
has been a strong rise in interest for skyrmions in recent years, which is stimulated by several experi-
mental observations of skyrmions in various thin-film magnets [5H8]. Magnetic skyrmions are promising
candidates for storing information, due to the fact that they are topologically stable in the sense that
no continuous local deformation can destroy a skyrmion and they can be moved using relatively low
currents.

In previous work the motion and tunnelling effects of Bloch walls [3] and skyrmions [9] within
thin-film ferromagnetic insulators are studied using a quantum treatment. In this thesis we will study
the inertial mass and the motion of skyrmions within antiferromagnetic insulators, with emphasis on
the inertial mass of the skyrmions.
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Figure 1.1: Bloch wall configuration in an one-dimensional magnet. A Bloch wall is a particle like
texture in an one-dimensional magnet. On one side of the magnet all the spins are point upwards and
on the other side all spins are pointing downwards. There is a finite domain where the spins flip from
one configuration to another. This domain moves collectively and may thus be described as single
object. Source: Ref. [3].

The goal of this thesis is to provide a quantum mechanical treatment of skyrmions in thin-film
antiferromagnetic insulators. We restrict ourself to spin degrees of freedom only, interactions of spins
with e.g. phonons are assumed to be negligibly small (due to low temperatures). By using methods of
quantum field theory and in particular the Fadeev-Popov technique for collective coordinates, we are
able to treat the skyrmions quantum mechanically.

The main findings of this thesis are (in the zero temperature limit 8 — o0):

e An antiferromagnetic skyrmion does not experience a Magnus force!, which is in agreement
with Ref. [I0]. It will have a mass and for small magnetic fields, the change of mass caused by
the magnetic field will be proportional to the square of the magnetic field.

e For magnetic fields above the spin flop field we find vortex configurations (see Fig. which
will obtain a mass correction that is proportional to the square of the magnetic field and will feel
a Magnus force which is proportional to the magnetic field.

The remainder of this thesis is organized as follows. In Chapter [2] we start with a discussion of
skyrmions in ferromagnets. In Section [2.I] we discuss a general method to calculate the ferromagnetic-
skyrmion profile. Section will give a derivation for the Magnus force on a skyrmion. Although
this calculation is not really important for later chapters, a basic understanding of the Magnus force
is needed and it is recommended to look at Eq. . Chapter |3| will be organized as follows. In Sec-
tion [3:I] we describe the dynamics of antiferromagnets and give an action which is only dependent
on the Néel vector in Eq. . We do so by integrating out the magnetization, assuming large
wavelengths for both the Néel vector and the magnetization. In Section we determine the anti-
ferromagnetic skyrmion and vortex profiles using methods similar to the ones used for ferromagnetic
skyrmions in Section [2.1] Using a quantum mechanical treatment, we will calculate the interaction
between skyrmions and spin waves in Chapter [ In Section we will expand the action describing
skyrmion dynamics in the presence of spin waves up to second order in spin wave fluctuations around
the skyrmion configuration. We distinguish three types of actions, the classical one (no spin wave in-
teraction), static interaction and dynamic interaction. In Section we use the preceding to calculate
the effect of spin wave interactions on the dynamics of the antiferromagnetic skyrmion, we will do so
in the absence of a magnetic field and in the presence of a small magnetic field. In Appendix [A] we
will discuss the mathematical reason why skyrmions and Bloch-walls are stable and thus why it makes
sense to describe them as objects. We will conclude with a discussion and an outlook.

IFor intuition one could for now think of the Magnus force as a Lorentz-force, though they are different. While the
Lorentz-force will act perpendicular to the velocity of a particle, the Magnus force will give rise to motion perpendicular
to the direction of the applied force (see Section [2.2]).



Chapter 2

Skyrmions in ferromagnets

A ferromagnet is characterized by an exchange interaction which minimized by alignment of neigh-
boring spins (see Fig. . In this chapter we derive the profile and the classicaﬂdescription of the
motion of skyrmions in thin-film ferromagnetic insulators. In Section|2.1 we will determine the profile
of skyrmions in thin-film ferromagnetic insulators. Section [2.9 will be focused on determining the dy-
namics of classical ferromagnetic skyrmions, meaning we don’t take interactions with e.g. spin waves
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Figure 2.1: Graphical example of ferromagnetic ordering.

2.1 Single skyrmion profile in a ferromagnet

In this section we obtain the stationary single skyrmion profile within a ferromagnet, starting from
the Hamiltonian in Eq. (2.1). We use classical methods to determine the dependence of the skyrmion
profile on given parameters. We assume translational invariance in the zZ-direction and use variational

principles to obtain a configuration whose winding number equals one and which locally minimizes the
energy of the system. This section is largely based on Ref. [11].

We start by writing out the energy in terms of the functional

E[n]z/{—‘;n-VQQJrl;(g-(nxgiz)—@-(nx%s;)) (2.1)

+ K(1— Q3+ pugHM (1 — Q) — uoMQ - Hd}dx.

INeglecting interactions with e.g. spin waves is meant with classical.
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In the above formula §2(x) is the direction of the magnetization at the point x € R3. Furthermore H
is the external magnetic field which is pointed in the 2-direction, J stands for the spin stiffness and D
is the Dzyaloshinskii-Moriya interaction constant. Furthermore M is the magnetization constant s.t.
M(x) = M€2(x) and Hgq is the demagnetization field. Because we assume translational invariance in
the z-direction we get x € R2.

We will be neglecting anisotropy and the demagnetization field of the system. This is because these
terms have minor contributions to our energy and we first want to understand what is happening in
the most simple case. So we end up with the following energy functional

E[Q]:/{—‘;Q-v2n+l2)(y~<nng>—:z-<nx?;)> (2.2)
+ poHM(1 — Qz)}dx.

Assuming we have rotational- and translational symmetry around the 2-axis, it is easier to write Eq. (2.2))
into cylindrical coordinates x = (p, ¢, 6),

Q(x) = sin[f]cos[¢o] p + sin[f]sin[po] ¢ + cos[d] 2. (2.3)

Note that ¢ gives the orientation or twist of the skyrmion. For (¢9 = 0) we get a hedgehog skyrmion
and for (¢o = §) we get a vortex skyrmion (see Fig. [2.2).

b
' 2 -: g i \- . q ‘
e I AR P
R P :

Figure 2.2: Picture of two skyrmions, (a) is a hedgehog skyrmion while (b) is a vortex skyrmion.
(source:wikipedia, authors: Karin Everschor-Sitte and Matthias Sitte).

The reader should also be aware that in principle ¢y could be dependent on p, but we take it to
be constant. The reason is that a skyrmion is defined as the lowest energy state which has winding
number one, while the winding number of a skyrmion is only depended on the way 6 depends p. By
taking ¢y constant we don’t get additional divergences which enlarge the energy. In a nutshell, for a
skyrmion profile ¢q is constant.

Now we rewrite Eq. in terms of cylindrical coordinates, see Appendix[B.1] We assume a thin-film
ferromagnet with thickness ¢. Since the energy in Eq. is rotational and translation invariant with
respect to the Z-axis we can integrate out ¢ and z. We end up with the following functional

o :m/ {g ((ag(;)y N Sinng(p)> (2.4)

<89(p) n sin 6(p) cos 6(p)
dp p

D
+ 5 CoS ¢g

> + poHM (1 — cos G(p))}pdp.

We want to find functions 6 and ¢o which minimizes the energy (2.4). From Eq. (2.4) we are able
to see that ¢9 € {0,7}. This is because of the fact that cos ¢y attains its maximum/minimum at
@0 € {0, 7}. The choice of ¢ is depended on the sign of D. If D has positive sign than ¢¢ = 0 and if
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D has negative sign then ¢g = w. For both cases of ¢y we are looking at a hedgehog skyrmion. The
case in which the energy in Eq. (2.4) is minimized must also satisfy the following conditions

0E[0]
o0
2.5
52 E[0) 50 (25)
062 '
By taking the functional derivative, we obtain
20 0 in 6 cos 6
J (ng + g— — smcos) +D (cosd)osinQ@) —uoHMpsinf =0
P P
(2.6)
29 100 sinfcos6 in® ¢
—J <82 4 196 _ sin conl ) +D <C°S¢’°Sm ) — uoHM sin6 = 0.
dp*  pIp p p
Now we perform the substitution p = % p and multiply Eq. lb by %, thus
o po & D& 1 Dl
dp  JOp’ dp2 " J?20p%’ p Jp

We get the following dimensionless Euler Lagrange equation
(829 100 sin@cos@) N (cos¢osin20

h
- _ — — —sinf =0,
op*  pop p? p > 2

with h = ‘%72”\/[ a dimensionless constant. In most physical systems h is of the order one [12]. Now
assume ¢y9 = 0 and D positive. We are now able to solve this equation numerically, we take the
following boundary conditions (6(0) = 7 and 6(p — o0) = 0). For these boundary conditions we
obtain Fig. for different values of h. Note that a skyrmion has a typical size of 20%.

Skyrmion profile for different values of h

3.0 7

: | — h=00
23 T — h=01
20f 1 — h=02

- | 1 — h=03
15F ]

: | — h=04
1.0;— ‘ — h=0.5
05F ] — h=0.6

i 1 — h=1.0
0.0 ———— ;

0 5 10 15 20

P

Figure 2.3: Skyrmion profile plotted for h € {0.0,0.1,0.2,0.4,0.5,0.6,1.0}. One is able to see that the
size of a skyrmion is infinite if a magnetic field is absent. For finite magnetic fields skyrmions have
finite size of order O(J/D).

The above boundary conditions are used since a skyrmion is topologically distinct from the vacuum
state of the magnet and has winding number equal to one (see Appendix . In polar coordinates this
winding number (A.1)) reduces to

n = —(1/2)cos(9)|)—5" .
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2.2 Dynamics of a non-interacting ferromagnetic skyrmion

In this section we derive the action of a non-interacting skyrmion w.r.t the skyrmion’s position R. We
use that the Hamiltonian is translationally invariant. One will conclude that the skyrmion feels a force
which is referred to as Magnus force. In Ref. [13] the same result is obtained but through a different
method.

In Section we found skyrmion configurations, e.g. configurations which locally minimizes Hamil-
tonian have a finite size and energy and winding number equal to one (see Appendix . In this
section we denote such a configurations with €. From Refs. [14] [I5] we find that the kinetic term or
Berry phase of a single spin can be written as

K[Q] = —hS (%Aa[ﬂo :

with A,[92] a the vector potential of magnetic moment © s.t. Vo x A[f2] = Q and (S) = ASQ with
Q- Q =1. From Refs. [14], [15] it also follows that

0As
BN

= eaﬁwﬂv. (27)
Q

We assume the skyrmion is at position R(t) at time t. We write x = x' — R(t), with x’ € R? the global
coordinates in R2. Using the preceding we are able to give an expression for the action describing
antiferromagnetic dynamics

S(t) = / dt L(t) = / dt {K(t) — H(t)} (2.8)

:/ dt dx <—hS <d;i‘”Aa[Q]) —7—[>

Notice that [dxH does not depend on the position of the skyrmion. This is because [ dxH|; gives
the same value for every position of the skyrmion. If only a skyrmion is present we find that [dxH
is constant. Since we're looking at the dynamics of a non-interacting skyrmion in this section H does
not contribute to the dynamics of the skyrmion. So the action which describes the classical dynamics
of a skyrmion is given by

Sic(t) = / / dtdx {—hS (%AQ[QD} (2.9)
// dtdx {hS (g:;Aa[Q]) Rﬁ(t)}
- //dtdx {hS (giZ;‘Aa[Q] + ZZ‘;AQ[QO Rﬂ(t)}

x'=(x—R(#))

0 6Qa 6Qa 81404 aQU >
. 0 %))
/ didx {55 ((axﬁ a%) |y T Bzp 00, |, 8%,) Rs(t) R”(t)}
00, 00, 0A,| 09,

) Ratt) 1)}

o0, 0A
dtdx < hS ===
/ / { <3x7 0Q,
Notice that the third step was acquired by performing partial integration (w.r.t. time ¢). The fifth step
is again acquired by use of partial integration, but this time we assume that all the magnetic moments

Q 6565 B 6:55 890 Q 39%,
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Skyrmion trajectory

Figure 2.4: Magnus force for ferromagnetic skyrmion with winding number one. Source: Ref. [16].

in infinity are pointing in the positive 2-direction. (In other words we are not really considering R?,
but instead the one-point compactification of R? which is §?). By substituting Eq. (2.7)) into Eq. (2.9)
we obtain

00y, 00, 0 09, .
// dtdx {hS( Gga)\Q)\ 8.%/3 8]3,3 EUQAQA 8.737) Rﬁ(t) R—Y(t)} (210)

//dtdx{hS (Q (g;; X g;i) -Q- (88:2 X g;;)) Rs(t) R,Y(t)}
§ dtdx{QhS (n (gi; X 23» Rs(t) Rw(t)}
= [ at {87rnh5 (%Rg(t) Rw(t)) } .

In the above n is the topological index of the skyrmion, which is also referred to as winding number

defined in Eq. lb The topological index or winding number is defined as n = [ Q- (g;: %) dx.

In reality the space which we consider does have boundaries and the Hamiltonian could dependent on
the positions of a skyrmion, for instance due to impurities or electric currents. One can include these
effects into an effective potential V.z¢(R(t)) for the movement of the skyrmion. So we end up with
the following action

Siyrmion(t) = /dt {8th (%Rﬁ(t) Ry(t)) - v;ff(R(t))}. (2.11)

Writing out the equations of motion for this action we get

Ry = L 9Veis .
Ry — _1@ g‘};fff = 16mnhSe;;R; = —0;Veys. (2.12)
2= 167nhS OR:

These equations of motion yield the result that skyrmions move perpendicular the divergence of the
effective potential V., (applied force), which is referred to as Magnus force, see Fig.



Chapter 3

Skyrmions in antiferromagnets

In a ferromagnet the exchange interaction wants to align two neighboring spins. In an antiferromagnet,
the exchange interaction forces meighboring spins to point in opposite directions (see Fig. . In
this chapter we will develop the formalism which will be used in Chapter[]] to describe the dynamics
of antiferromagnetic skyrmions. In Section we describe the dynamics of antiferromagnets and
conclude with an action for describing antiferromagnetic motion. In Section 3.4, we use methods
similar to the ones used in Section[2.1] to obtain the profile of antiferromagnetic skyrmions.

Pttty
AR R
P ta bty

Figure 3.1: A graphical example of antiferromagnetic ordering.

3.1 Dynamics of antiferromagnets

The aim of this section is to describe antiferromagnetic motion in the imaginary time path integral
formalism. It turns out that Haldane’s mapping is useful for describing antiferromagnet dynamics; a
discussion of this mapping will be given in Section [3.1.1 In Section [3.1.5 we work out the kinetic
term/Berry phase for our system, using Haldane’s mapping. If the applied external magnetic field is
small we expect the magnetic moments in the magnet to be small due the antiferromagnetic exchange
interaction. This allows us to make an expansion of the Hamiltonian up to second order in the canting
field (magnetic moments) m, this and taking the continuum limit will be done in Section , Sec-
tion[3.1.5 is dedicated to integrating out these small magnetic moments, such that we are left with an
action that is only depended on the Néel vector. This is similar to solving the equations of motion for
m and plugging it back into the action. Most methods used in this section are described in Ref. [15].
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3.1.1 Haldane’s Mapping

Haldane’s mapping is useful to make a distinction between short and long wavelength fluctuations. In
this thesis we will be looking at long wavelength fluctuations around a single skyrmion configuration.
We start by introducing two continuous vector fields (n, m), such that:

Q; = pin(x)y/1 — m(x;)|* + m(x;) (3.1)

with 7; = €% 1 is called the Néel vector and m the canting field. Furthermore |fi(x;)| = 1 and
A(x;)-m(x;) = 0. One could argue that we have replaced a vector field with two degrees of freedom by
a vector-field with six degrees of freedom. Two degrees of freedom are removed by restrictions on the
length of i and the inner product between m and n. Which leaves us with four degrees of freedom,
the last two degrees of freedom are fixed by constraining the number of Fourier-components in the
measure

D= [[ digdmgd(m-h)T[h, m], (3.2)

la|<ABz

where J is the Jacobian of transformation , g and my are the Fourier transforms of fi(x) and
m(x) respectively. The spherical Brillouin zone radius Apz is chosen such that

IN=4 >,

l[a|<ABz

where A/ denotes the number of sites. Assuming a small canting field m and looking at large correlation
lengths £/a, we obtain a much smaller cutoff than Az which we denote with A (large wavelength
approximation)

1< A< Apy. (3.3)
From Ref. [15] p.131] it follows that the Jacobian in Eq. (3.2) is constant for leading order in m

T ~S8N.

Note that i and m are not uniquely defined.

3.1.2 Some intuition behind Haldane’s Mapping

This section is included to give some intuition about what the vectors i and m stand for. Since the
choice of neighbors is arbitrary this solution is not exactly the same as the above, but for slowly varying
and large wavelength systems they are similar.

During this section we use the phenomenological approach suggested by Ref. [I7]. In an antifer-
romagnet neighbouring spins like to point in opposite direction, which we take care of by assuming
there exist two two-dimensional sub-lattices My and My. We denote the classical direction of the spins
on lattice My with M; and the direction of the spins on lattice M with My, s.t. M; ~ —M, and
IMy| = [Ma| = M,.

First note that in the model we use we assume that the magnetization on each lattice site has equal
magnitude. In other words |M;| = |[May| = M, we define

m; :Ml/MS, mQZMQ/MS. (34)
For the antiferromagnet it is useful to define the following two vectors:
1
I(x;) = 5 {mi(x;) — ma(xi)}, (3.5)

m(xi) = & {m (x0) + ma(xo) . (3.6)
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Notice that the above definitions imply that 1- m = 0. It follows that

Q1 (x;) = 1(x;) + m(x;), (3.7)
Qa(x;) = —1(x;) + m(x;). (3.8)

Now we define fi(x;) = 1(x;)/[1(x;)|. From |Q2(x;)|* = [I(x;)|* + |m(x;)|* = 1 it follows that 1(x;) =

f(x;)1/1 — |m(x;)|*. So the magnetization direction is given by

Q1 (%) = A(x;)1/1 = [m(x;)[* + m(x;), (3.9)
Qy(x;) = —h(x;)\/1 — |m(x;)]* + m(x;). (3.10)

In a antiferromagnet the total magnetization is typically small because of a large exchange interaction,
thus |m(x;)| < 1.

3.1.3 The Kinetic term / Berry phase

From Ref. [3] Appendix A] and Ref. [15, Chapter 10.1] it follows that the Berry phase of the total
system is given by the sum over all the independent Berry phases, which is given by

Sl —ZSZ - —ZSZ/ A0 (3.11)

Here the sum over ¢ means a sum over all the lattice points and A is a gauge invariant vector field
with the property that Vg - A; = Q

In this section we derive an expression for Eq. in terms of Haldane’s mapping , in the large
wavelength approximation. Since in this approximation m is a small variable, we perform an expansion
of Eq. up to second order in m, which is given by

Bl()] =i Y] =i 3 ey 1 imx)l x| (312)
~zSZm B(x;) + mim(x;)] + O(m?)
=iy (i o) + F2mix) |
= iY[f] +iS/dTZ(ﬁi x ;1 - m;),

with

] = 5 nwl(x)) (3.13)
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the Berry phase associated with the Néel vector. In the last line of Eq. (3.12)) we used

B . .
5w:/ dré(A-Q)z/dT6A-Q+A-dT<SQ (3.14)
0
s DA™ . . DA™
— B« B o .
/O dr {89559 00— 2550000 1 d, (A m)}
A oA : :
_ aBy v — .
_/0 dr S (€2 x 59 —/dTQ (nxm)

/ dr 69 (2 X )

/ dr (i x 0;1).

In Eq. (3.14) we used that VoA = Q and that §€2 vanishes at 7 € {0, 8}. Since the wavelengths are
much bigger than the lattice spacing in the large wavelength approximation, we are able to replace the
sum by an integral

Ap[{Q}] ~ iT[A] +z’a—52 / dr / dx {A(x) x 9,A(x) - m(x)}. (3.15)

3.1.4 The continuum Hamiltonian

In this section we start from the following Hamiltonian:

M= S {520,000, 4 87Dy (@5 Q) - 2R, - 5H-0.) (3.16)

(i)
Jij > 0 is the Heisenberg exchange interaction (which is positive in the antiferromagnetic case), D;;
gives the Dzyaloshinskii-Moriya exchange interaction, K, gives the anisotropy of the system and H
represents an external magnetic field. We assume that both J;; and D;; have the full lattice symmetry.
We use the long wavelength approximation to replace the two-dimensional sum by a two dimensional
integral. For the two-dimensional lattice we assume a lattice spacing of a. We rewrite the sum as

follows
ZF - = /d2x25xfx, (3.17)

We will use Haldane’s Mapping to obtain a Hamiltonian which is dependent on i as well as m.
Furthermore |m| < 1 because we assume a large exchange interaction. Since |m| < 1 we may expand
the Hamiltonian up to second order

. ) . SH[H, m] 1 , 0?H[A, m] , 3
Q| — & ,0 dx——— = [ dxdx' —————— O .
HI = Ml m] ~ 6.0+ [ ax" im0 + 5 [ dxax Z2 SR SmGgm(x) + O(m)
(3.18)
Performing the expansion up to second order in m we obtain:
A oA A . . 1
Qi - Q ~ nin;fy - 0y + (nmyfy + nmyi;) + [mymy — 577i77j(mi2 +my?)]
1 R . 1
= minj = 5min; (Bi — ;)% + (1 mify + n;myi;) + [mim; — §T7i77j(mi2 +my?)],
D s O 1B X R - (1R X s — 1R X I Cme — S (e 4 2 x e, (3-19)
Q; x Q; = nn;fy X i + (;0; X my — n;f; X m;) +m; X my n;n; (M~ + m;“)h; X 0,

2

82 . a2 . 2
Qz,i A g+ 2m0, 5my 5 + my 7,

Qi ~ ’f]ifli +m; — *niﬁi |mi|2 .

2
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Here the difference in the Néel vector may be written as
(fli — flj) ~ 8lfl(Xj)Xijl + (alakﬁ(Xj))Xileijk + h.o.,

where x;; = (x; — x;). Since J;; possesses the full lattice symmetry the first order term in m of the
Heisenberg exchange interaction becomes negligible. For neighboring spins we are able to write

n; ~ ﬁj + alﬁ(Xi)Xijl + (818kﬁ)xijlxijk + h.o. (320)

For every lattice point there are surrounding lattice points with which it interacts. So the way to
go is to sum over all neighboring lattice sites at each site. We will now see that the zeroth order
in Eq. plugged into Eq. for first order in m will become zero since fi; - m; = 0. The first
order derivative 0;ii will drop out in the cross terms, since J;; possesses the full lattice symmetry. For
J the first order in m leaves a term which is proportional to the second derivative 9,0, x O(ARf)?,
which is negligible by Eq. . We have defined Rk to be the characteristic range of J and D. We
thus obtain

Z Jijni;myh; ~ Z Jijni;m; {ﬁj + (9lfl(Xj)Xijl + (alakﬁ(Xj))Xileijk + h.O.} (3.21)
ij ij
~ Z Jijmjmj {(&é)kﬁ(xj))xijlxijk -+ hO} X O(ARK)z,
ij
where the first order derivatives in Eq. (3.21)) cancel because J possess the full lattice symmetry; what
is left is a second order derivative which is negligible. So the exchange interaction does not have a first
order term in m. We also note that within the long wavelength approximation the anisotropy first
order contribution in m is negligible. This could be seen by first taken the continuum limit for the
first order in m

—

dx dq T
— i = | —— - —q). 3.22
| 5 om0 = [ oilon@mf - a) (322)
We assume large wavelength in i as well as m, but a/7 is a small wave length beyond the introduced
cutoff, since 7/a gives a momentum which is beyond the momentum cutoff we consider. While either
il or m must be described by a wavelength in the order of a/m we are able to neglect this term within
the large wavelength approximation. We will now define

H=—— , (3.23)

o1 §?H[f, m]

Xxxr ™ g2 om(x)dm(x’) (3.24)

m=0

Since the first order contributions in m of the Heisenberg exchange interaction and the anisotropy are
negligible, we obtain H~ a%H . In principle one should also include the homogeneous Dzyaloshinskii-
Moriya interaction here, since this interaction is small in practice we neglect it for now. For y~! we
assume it only depends on the difference in length between x and 2/, since J and D posses the full

lattice symmetry

d?q
2 2 2 -1 _ Q2 -1
S /d X/d X/mxXx’x/mx/ =5 /q<ABZ quxq m_gq. (325)

So in total we now have the following approximate Hamiltonian

H~ ES +/dx{p25|Vﬁ|2 +§ <y (n X ZD -7 <n X g’;)) — S2K.1h? —SHn-ﬁZ} (3.26)

~ 1
+/dx SH~mx+§/dx/dx’{mxx;;,mx/}.
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In Eq. 1' we defined K, = %’ and H = a% In the formula above D is the Dzyaloshinskii-Moriya
constant, K, describes anisotropy, x ! is the inverse of the uniform susceptibility and p, is the stiffness

constant
S2

2
Ps =~ INa2 Z Jigminglxi — %37 (3.27)
ij
Finally, H,, is given by
SH
Ha(x) = —5-1(x), (3.28)

—

where 7(x) = exp <ix . W). This implies
a

/dx H,(x) -0, (x) = % (;:)2 [5 (: + q> +o <j - qﬂ fig. (3.29)

™
The momentum — is again beyond the momentum cutoff which implies H,, - i, can be neglected in

a
the large wavelength limit.

3.1.5 The partition function and Green’s functions

In this section we derive a expression of the partition or Green’s function only in terms of i. We do this
by integrating over the canting field m. Since we consider the total euclidean action up to quadratic
order in m, we are able to perform the integration over m* by completing the square. We ignore any
overall normalization factor. From Egs. and we obtain the following Euclidean action

Sg =1T[n] + ia—i /dex{ﬁ(x) x O:n(x) -m(x)} + /dT’H[fl, mj. (3.30)

The partition function for Eq. (3.30]) can be simplified by integrating out the m dependence, which is
similar to solving the equations of motion for m and plugging it back into the action. By completing
the square and ignoring any overall normalization factor, we obtain

Z = / DADm ¢~ S#m]
ottt | [l 2o 2 2 (o (o Y o (e 2V - 021 |eis
oc/Dne exp[ /Adx{ 5 |Val|” + 5 (y (nx 3:1:) z (nx a9y K. i? » [ ¢[q],
B 42 5 . B 42
i) = Dm™ ex —/ dT/iqSH,m‘—i—iS/ dT/iq fi x 9,0)_qm
C[] Any p[ 0 A(27T)2 9™ q 0 A(27T)2( )Cl q
_52/6/ d2qm Yolm
2 Jo Ja(2m)2 0 A

N ? d’q 1 -1
:/A Dmd (i - m) exp 7/0 dT/A n)? E_q~mq+§quq m_gq

(3.31)
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In the preceding equation we defined L4 = S {fIq —4(h x 8Tﬁ)q} and §(f - m) = [ DAexpliA(i - m)].

Using these definitions ([fi] becomes
2 2
q N a S _
5 {(ﬁ_q —iMq) mg+ o quqlm_q}>

i :/D/\ ABZDmexp(— ;
/D/\exp </ dT/ o 232xq{(£_q —iMA_g) - (,/.Zq—z'/\ﬁq)})

_ /mexp<
 exp l_ %/0 dT/A é;‘; xq{oa X Of)_q(f X 0,i))q

i (A x ,8)q - Hoq + (8 X 0,8) g - | + (I:Lqﬁz)Q = ﬁqﬁq}l .

B
dr

252 52 Xa {(/\ +il_q- ﬁq)2 +(L—q- ﬁq)2 - E—qﬁq}>

The variation of xq is small if we consider q to be in the domain A. Thus, we replace it with its zero
momentum mode

1 A N . 2
¢[A] < exp [—2)(0/ dr/ dx {6T1‘1(x)|2 + 2iH (i(x) x 0-01(x))* + (Hﬁz(x)) — HQ}] (3.32)
0 A
The following semi-classical partition function is thus be obtained

Z /Dﬁ e~iYIA] exp[/oﬂ dT/AdX - {;Xo|87ﬁ(x)|2+iXOI:I~(ﬁ(x) x 0-1(x)) + =Xo (I:I ﬁ(x))2

Psiga2 s P (o 00N (o OBN\ o
+2|Vn+2<y <n><ax> z (nxay)> S°K.qj p|.

In the last line we used the identity
A x 0,4 = |04
Comparing this result with Ref. [I8, Chapter 3] we note that homogeneous Dzyaloshinskii-Moriya

interaction is absent. This term is neglected while doing the integration in Eq. (3.31). There should
be an extra term in

- oH ,
(51’1’1 m=0

which accounts for the homogeneous Dzyaloshinskii-Moriya interaction. From Eq. we see that
the second order terms in the Dzyaloshinskii-Moriya are negligible by Eq. , since the outer prod-
ucts turn into second derivatives in the continuum approximation. In practice the homogeneous
Dzyaloshinskii-Moriya interaction will be small or one is able to add it manually by changing the
magnetic field.

If one would ignore the Dzyaloshinskii-Moriya interaction, the anisotropy and consider small mag-

netic fields, we would obtain a wave equation with the speed of sound within be given by

c= /2, (3.34)

X0

which we will call the asymptotic spin wave velocity.
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3.2 Skyrmion configurations in antiferromagnets

This section will be devoted to finding the skyrmion profile in antiferromagnets (see Fig. , using
similar methods as described in Section [2.1. We determine the Euler-Lagrange equations belonging
to energy in Section . Section will be dedicated to finding numerical solutions for
the Euler-Lagrange equations obtained in Section [3.21], for different values of the magnetic field and
for different interaction strengths. For large magnetic fields we are also able to find another class of
structures, which are called vortices. Vortices differ from skyrmions, because their boundary conditions
are different. We obtain numerical solutions for vortices in Section[3.2.3

Figure 3.2: Graphical example of an antiferromagnetic skyrmion configuration. The color scale repre-
sents the magnetization direction; orange is into the plane, green is out of the plane. Source: Ref. [19].

3.2.1 Minimizing the free energy of the antiferromagnet

In this section we determine the Euler-Lagrange equations belonging energy (3.35)). The antiferromag-
netic energy in the large wavelength approximation is given by Eq. (3.33)),

o P a2 (o (e P s (e VY s X0 ()
f[n]fNA/Adx 5 Z|8ln|+2<y <nxax> z <nxay>> Kznz+2(H n(x))

l=z,y

Now we use the transformation

N = sin[f)] cos|[pg] p + sin[f] sin[pg] ¢ + cos[d)] 2.

The given Hamiltonian is translationally invariant and the skyrmion configuration is a local minimum
of the Hamiltonian in Eq. . Because of this the skyrmion configuration will be rotationally
invariant. We assume 6 only depends on p and ¢ is constant. We also choose the magnetic field to
be in the 2-direction. Using the preceding assumptions the Hamiltonian in Eq. reduces to [18]
Chapter 3]

FA] = 27N /

A

.9 :

(3.36)
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The skyrmion configuration will be a local minimum in the energy (i.e. % = 0) with boundary
conditions 6(0) = 7 and 0(c0) = 0. The Euler-Lagrange equations give

0?0 100 sin(0) cos(e)) D sin?(9) (k- K.)
—+-— - ————" ] 4+ —cos(o + sin(26) = 0, 3.37
<3p2 pOp p? Ps (¢0) P Ps (26) (3:37)
where we defined h? = %fﬂ. By performing the substitution p = ~ pin Eq. (3.37) and multiplying
the total by Ip{s , we obtain the following dimensionless Euler-Lagrange equation
920 100  sin(0) cos(0) 4D sin?(6) h?
— - - 3 —(1— — ] sin(20) = 0. 3.38
(6/32 iy P2 ) * 7D, ) w ) (338)

In the preceding equation we used Dy = (4/7)\/ps K. and hg = VK.

3.2.2 Finding local skyrmion solutions

h
First note that there are different type of solutions for different values of o To see this, one must

notice that hg is the spin flop field. When A = hy the Néel vector flops ionto the basal plane and
for h > hg the magnetic field gives rise to a magnetization (see Figs. and . This causes weak
ferromagnet behavior. When h < hy we get solutions with boundary conditions §(0) = 7 and 6(c0) = 0.
At the moment h > hy we also get solutions with boundary conditions 6(0) = 7 and 0(c0) = 7/2.
From Figs. and we are able to give the order of magnitude of antiferromagnetic skyrmions
and vortices. Because the width of the profiles is between order O(10°) and O(10%), it follows via the

[ K.
substitution p =/ —p that the width of skyrmions and vortices is of the order O(y/ps/K_.) if D/Dy
Ps

AN A A

Figure 3.3: Graphical depiction of a antiferromagnetic state when the magnetic field is above the spin

EEEREEN

Figure 3.4: Graphical depiction of a antiferromagnetic ordering when the magnetic field is far below
the spin flop field (h < hyg).
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3.2.3 No magnetic field

In first instance we consider the case when h = 0. We see that there exist finite skyrmion configurations
even in the absence of a magnetic field, which is different from the ferromagnetic case described
in Section [2.I] where there is no stable skyrmion configuration in the absence of a magnetic field.
In Fig. skyrmion profiles for several values of d = D/Dg are plotted. In this figure one is able
to see that the skyrmion radius is getting larger as the antisymmetric exchange interaction (DM) is
increasing.

Skymion profile antiferromagnet, h=0

30
— d=0.2
23 — d=05
20 — d=0.7

15
H — d=0.9
1.0; — d=1.0
05F — d=1.2
‘ — d=135

0.0

0 1 2 3 4

Figure 3.5: Skyrmion configuration for D/Dy € {0.2,0.5,0.7,0.8,0.9,1.0,1.2,1.35} and h = 0.
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3.2.4 Magnetic field h/hy = 0.3

Now we consider the case in which h/hy = 0.3. We see that the radii of the skyrmions are slightly
larger then in Fig. We will continue to see the radius grow as we increase the magnetic field up
to h/hg = 1, where the dimensionless radius will approximately have length 10.

Skymion profile antiferromagnet, h/h0=0.3
T T T T T T T T T T T T T T

— d=0.2
— d=0.5
— d=0.7
— d=0.8
— d=0.9
— d=1.0
— d=1.2
— d=1.3

o

Figure 3.6: Skyrmion configuration for D/Dy € {0.2,0.5,0.7,0.8,0.9,1.0,1.2,1.30} with h/hg = 0.3.

3.2.5 Magnetic field h/hy = 1.2

If the magnetic field is larger then the spin flop field (h > hg) we obtain vortex solutions. The boundary
conditions for vortices are given by 6(0) = 7 and 6(co) = /2, which differ form the ones used for
skyrmions. We consider the case in which h/hg = 1.2. In Fig. vortex profiles for several values of
d = D/Dy are plotted. Like in the skyrmion case the radius of the solution is getting larger as the
antisymmetric exchange interaction (DM) is growing.

Vortex profile antiferromagnet, h/h0=1.2

— d=0.2
— d=0.5
— d=0.7
— d=0.8
— d=09
— d=1.0
— d=1.2
— d=13

P

Figure 3.7: Skyrmion configuration for D/Dy € {0.2,0.5,0.7,0.8,0.9,1.0,1.2,1.30} with h/hg = 1.2.



Chapter 4

Interaction between
antiferromagnetic skyrmions and
spin waves

In this chapter we will discuss the interaction between an antiferromagnetic skyrmion and spin waves
using similar methods as used in Refs. [3, [9]. We consider the number of atomic layers in the thin
film N4 to be sufficiently large s.t. the spin waves are a small perturbation on the skyrmion, but
small enough for the translational invariance in the Z-direction to hold. This chapter aims at deriving
an effective action which is only dependent on skyrmion position E, by integrating out the spin wave
fluctuations. Furthermore we assume R/c to be small.

4.1 Taking a perturbation of spin-waves around the skyrmion

In this section we describe spin wave fluctuations (see Fig. around an antiferromagnetic skyrmion.
This will be done by performing the expansion of spin wave fluctuations around the skyrmion up to
second order. We categorize the resulting action into three parts, the classical action (no spin wave in-
teractions), the static interaction (describes the static coupling between an antiferromagnetic skyrmion
and spin waves) and dynamic interaction (describes the interaction between a moving skyrmion and
spin waves) which are denoted by Sci, Spi and Sp respectively.

= VVVVVVVVTVY

Wavelength

Figure 4.1: Semi-classical picture of a spin wave going through a one-dimensional material, with the
spins rotating around their ground state position. Copyright: Addison-Wesley 2000.

19
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In Section we found that the action describing antiferromagnetic dynamics is given by Eq. ((3.33)

B -
Splf] = iNAT[A] + N /0 dr /A dx{;X0|8Tﬁ(x)|2—l—ixOH(ﬁ(x) X 8Tﬁ(x))z} + Flal, (4.1)

/8 ~ ~
. P S ot 2 (g (e ) ()Y s (a0’
]:[n]_NA/o dT/AdX 5 |01 +2<y (nx6x> Z <n><ay)> Kznz—|—2X0<H I’I(X)) ,

=y

where N4 is given by the number of antiferromagnetic layers along the z-direction. For the rest of
this chapter we assume the magnetic field to be pointing in the 2-direction. The contribution of Berry
phase T is negligible in the long wavelength limit, see Appendix[B.2:2] From now on we assume that a
skyrmion is present in fi, thus we are looking at a configuration with winding number equal to one. We
are still working in the long wavelength approximation and consider low temperatures, such that other
effects like phonon interactions can be neglected and spin wave fluctuations will be small. Using the
preceding assumptions we are able to write the configuration of the antiferromagnet as the skyrmion
configuration plus small deviations from this ground state. Since 1 is always a unit vector it will be
useful to describe it using polar coordinates

i(x, 7) = {sin[f(x, 7)] cos[p(x, T)], sin[f(x, 7)] sin[p(x, 7)], cos[(x, T)] } (4.2)
= |0,8] = [0-0(x,7)]? + sin (0(x, 7)) [0, 0 (x, T)]?,
(A(x) x 9,01(x))* = sin?(0(x, 7)) 0, d(x, T).

The skyrmion configuration will characterized by the collective dynamical coordinate R(7)

0(x,7) =bp(x — R(7)) + 9(x — R(7), 7), (4.5)
o(x,7) = do(x — R(7)) + &(x — R(7), 7). (4.6)

Now define

_ (I(x,7)/sin(6o)\ _ ~ (TIo(x,7)/sin(6p) _ (9(x,T)
vix7) = < o(x,7)sin(fp) ) =GFn CxT)= ( ¢o(x,7)sin(bp) ) K%)= ((ﬁ(x,r)) ’
(4.7)
We would like to describe our system in canonical coordinates, which are given by {II, ¢} (where
IT = cos(#)). Performing the path integral will be much easier while using canonical coordinates. We
start be treating a small perturbation in II in terms of ¥

1

= Mo + 7, T Ty —sin(0o)9 — 5 cos ()92 (4.8)

1 1 5

— vV — 14
sin(fo) 2sin? (o) tan(fo)

= U (4.9)

Now we introduce a local coordinate transformation which leaves the integration measure invariant

1= () - () =
— = (Zg:;) . (4.11)
This implies ¥ ~ —v — mﬂ.

The assumption that we have a skyrmion present, plus small deviations from the ground-state
makes it useful to do an expansion of F w.r.t 7. Because we know a skyrmion is a local minimum of
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F it follows that %—f = 0. Up to second order in dn, F is written as

B 52]:
F = E —|—/ deT’/ dxdx’ nT -
0 A onTén

}77+0(773)7 (4.12)

nT=n=0
Eo = Flfo.
Note that F is written as a single integral over a continuous function of (x,7). It follows that
5‘75;—](;7 0 is diagonal with respect to (x, 7).
Now we expand {v, ¢} up to second order for the dynamical terms in Eq. . Via Appendix
the second order spin wave expansion of [ drdx|d-fi| becomes,

/dex\87ﬁ|2 = /dex{ 0,10

n [sin(%o)q&g - 29"0} 9 -2 [sin(zeo)éoa}o + Sin2(90)$0} @

+ 0 (cos(290)¢'ag - di) 9@ [sin(QGo)éodT + sinQ(eo)di} G40 [2 sin(290)¢50d7} g;}
= /dT MR? +/drdx { -7 ~(972_77+R6R7 Jgy-n+nT- Ty + Tpdy —050y) )

+ RO T (2050, — Tyd,)n ).
(4.13)

The second order expansion of (fi(x) x d,0(x))* is also worked out in Appendix and is given by
/dex (A(x) x 0;0(x))* = /dex {(ﬁo X O0-g)?

+ sin?(Ao) @ + sin(260) po?? + sin(26)9p + cos(290)q50192}

— /dex {(ﬁo X O0r-fp)?

+ R {Sin(%o)(@g%) — sin(200) (o) — cos(200)(85¢0)19}

+ 9'sin(200)d, (sins(zo)) }

= /dT aei; RURI + /deX { — T -Ld;n+ R% [T - (Mg 4 Lds) n+ Ng - 7] },
(4.14)
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wherd]
I = { [2(850,60) — sin(200) (3 b0) (8- b0)] (é)

= 2[208(60)(9560) (9 60) + sin(Bo) (D0, ¢0)] ((D }
Ty = { { sin® (60) (960) (D b0) — ;cot(‘)o)(@ﬁav"o)} <(1) 8>

(fse(on) - @00 0,00 )

+[(2 cos(6) cot(6o) + sin(0)) (Do) (Dy80) — cos(6) (90 d0)] ((1) (1)>

+ [c0s(60) (930, d0) — sin(60)(8,60) (Fp0)] <_01 (1)> } 19
T, - {QCOS(QO)(aﬁm) (_01 é) }

(e ()}

M = {sin2(90)(85¢o) (8 (1)) — cos(26) csc(6o) (9p00) G (1))

- %sin(eo)(aﬁe()) (01 (1)) }7

N = {sin(290)(8gd>o) (é) 1+ 2.cos(60) (9500) (g’) }

L

In the preceding equations we neglected terms proportional to R, since we assume the dynamics of
the skyrmion to be slow. We dismissed the constant factors obtained by partial integration w.r.t. 7.
The reason is that these factors only depend on the situation at time 7 = 0 and 7 = (3, thus they
give rise to an overall normalization factor. Because these partial integration factors do not influence
the semi-classical equations of motion, we will omit these terms in the first instance. In Egs.
and we calculate the classical part of the dynamical terms in Eq. , Eq. @D reduces to a
mass and Eq. gives rise to a Magnus force, this is worked out in Appendix |B

. 412 P
/ drdx|0,fiol? = / dex‘aﬁﬁoRB ‘ = / drdx g 0, AG RO RY
(4.16)
= / drMg R*RY, Mg, = / Ax g a0yl
/dex (fig x O,11g)* — /drRiRj {/dx 2(difg x ajﬁO)Z}

- /dijiRi {/% d¢/oo dp 8p(sin2(90))8¢¢0} - /dT {aes R},
0 0

27 [e'e]
G= { /0 do /0 dp ap(Sin2(90)>a¢¢o}~
—0i¢0

1 Note that Nj is orthogonal to the zero-modes. In the {0, ¢} basis N; = sin(26o) ( 8100 ) and the zero-modes are
T

given by o; = (gﬁg) Which implies NiT -0; = 0. A more extensive calculation shows NiT ~oj =0, for {i # j}, which
1

(4.17)

is due to the factor of two in front of 6y in the sin(26p).
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In Eq. (4.17) we used that the skyrmion configuration is rotationally invariant. Using this rotational
invariance it follows that the mass matrix M is diagonal. By writing x in cylindrical coordinates

(z = pcos(h)),y = psin(f)) we obtain (see Appendix [B.1))

1 = e = Sty =20 [ dp {1 @01+ 7 {sin(t)sin(on) — sin(ho) costén)} | )

a=2m /Oo dp 9,(sin®(f0)) = 2 sin®(0(p))|"_;" - (4.19)
0

To make the integral in Eq. (4.18)) dimensionless and to use the results of Section we perform the
transformation g = \/(K./ps) p on Eq. (4.18). By also defining M = xoM and a = xoH& we obtain

M = 21y /0 T { 5 (950)% + % {sm(eo) sin(¢o)p — sin(fo) cos(qso)qs}z} : (4.20)
o = 2rHxg sin2(9(p))|;jgo . (4.21)

Since the dimensionless integral in Eq. takes on values between zero and ten for different
skyrmion configurations we obtained in Section [3:2] we see that M roughly has order of magnitude
O(xo0) if D/Dy is of order one. For skymions with winding number n € Z, « in Eq. will be
zero. So antiferromagnetic skyrmions do not feel a Magnus force, which is in agreement with Ref. [10].
For magnetic fields above the spin-flop field, vortices may arise (see Fig. . Vortices have different
boundary conditions than skyrmions for which « is non-zero, which implies that antiferromagnetic
vortices feel a Magnus force. For the boundary conditions of the vortex (6y(0) = 7w and 0y(00) = 7/2),
we see that o = —2w Hyo.

Like in Ref. [9], we split the second order expansion of action in Eq. into three parts, Sg =
Sei + Sy + Sp. The first part describes the skyrmion’s dynamics without spin wave interactions

1 . .
Su =Ny {QMRQ + iozeinle} , (4.22)

where M = XOM and o = Ha. Sy describes the interaction between a static skyrmion and spin
waves. This static coupling is given by

Sfl =Ny 77T . gn. (4.23)
Here we introduced the compact scalar product for operators and functions,
B
nT-Gn = / deT’/ dxdx' n7(x, )G (x, 7, x", T )n(x', 7). (4.24)
0 A

We defined the operator describing the static coupling between the skyrmion and spin waves to be,

G= f% {33 + 2iI:IL6T} +H, (4.25)
52
_F . (4.26)
ONTON |y o

The action associated with the interaction between a moving skyrmion and spin waves is given by

Sr=Na(n"-Kn+J-n), (4.27)
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where

J = % {RBRWJM + 2@R5ﬁN5}, (4.28)

K= X;{Rﬁm (T gy + T 0y — D30,
(4.29)
+R? [(wﬁa, —T3d,) + 2iH (Mg + Laﬁ)} }

Conclusion

We expanded action (4.1)) up to second order in {v, ¢} and distinguished three different types of actions
(interactions).

1. Classical action, which we denote with S given in Eq. (£.22). The classical action is gives
the dynamics of a skyrmion that has no interaction with spin waves. We found that a classical
antiferromagnetic skyrmion does not feel a Magnus force and has a non-zero classical mass given
by Egs. and . Vortices also posses a non-zero classical mass, but in addition they
feel a Magnus force, both are also described using Egs. and .

2. Static interaction, which is denoted by Sy Eq. (4.23). The static interaction describes the
interaction between spin waves and a skyrmion which is standing still.

3. Dynamic interaction, which is denoted as S; Eq. (4.27). This describes the interaction between
moving skyrmions and spin waves.

We are interested in the effect that spin wave interactions have on the dynamics of a skyrmion. In this
section we already found the dynamics for a non-interacting antiferromagnetic skyrmion and calculated
the actions and operators to describe the interacting part. In the next sections we will calculate this
change of dynamics due to spin wave interactions.

4.2 Skyrmionic dynamics due to spin wave interactions

In this section we integrate out spin wave fluctuations, using the path integral formalism of quantum
field theory. This is quite similar to solving the equations of motion for spin waves and plugging it
back in. We will use the Faddeev-Popov technique to promote the skyrmion position to a dynamic
variable and derive and effective action for the dynamics of the skyrmion. Throughout this chapter
we will assume N4 to be large such that spin waves form a small perturbation on the skyrmion. We
assume the temperature to be small such that we can neglect other interaction effects like spin phonon
interactions and will mainly focus on the zero temperature limit. In Section we used that the
skyrmion’s velocity w.r.t the spin wave velocity is a small parameter R/c, in this section we continue
using this assumption. In Section[].2.1] we derive the skyrmions dynamics if there is no magnetic field
present, while in Section [[.2.9 we consider the effect of a small magnetic field on the dynamics of
skyrmions.
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4.2.1 Skyrmion dynamics in the absence of a magnetic field

For convenience we start with the action Sg = S + Sy +Sr and set the magnetic field equal to zero.
So in this section we use

G= —%az +H, (4.30)
g=%2 {RR3s, (4.31)

K= % {RBR’Y (Tpy + Tp0y — 0p0,) + R (2050, — Tﬂar)}
o | (4.32)
= % {RﬁR'yrpﬁry + RﬁNﬁaT} )

where S = X Py =Ty, + Tyd, — 030y and N30, = (203 — Tp) O-. Be aware that these operators
are Hermitian by construction.

A translation is either described by R or by the ”zero modes”, 7 o« &Iy and ¢ o d;¢g. To
avoid double counting we impose the constraint that spin wave modes must be orthogonal to the zero
modes. This constraint must hold for ¢ € {x,y} and for all time 7, we thus have to impose the following
constraint

/ dx 0TIy (x — R, 7)i(x, 7) = / dx 0,TT(x — R, 7) sin(0o)v(x, 7) = 0, (4.33)
/ dx D,60(x — R, 7)(x,7) = / dx Dy0(x — R 7)p(x,7)/sin() = 0, (4.34)
— / dx oTn(z,7) = 0, (4.35)
where
= (o)) 439

This is equivalent to the restriction

Q:i(R) = / dx o7 (x — R, 7)b(x, 7) = 0. (4.37)

We incorporate this constraint into the path integral by means of the Faddeev-Popov technique and
promote R to a dynamic variable. This uses the following identity

[ PR QRS QIR der(5F) 1. (439)
where % is the Jacobian. We obtain
Z[R] = / DRD1 §(Q1[R])6(Q2[R]) det<§§)esﬂﬂl. (4.39)

Using the second order expansion in 7 and R which is determined in Section we obtain
Z = / DR e S RIF[R], (4.40)

where S.; is the action of a free antiferromagnetic skyrmion and

FIR] = [ Dy 6(QIRDS(QuIR) det (53 ) o171 085070, (.41)
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Eq. describes the interaction between an antiferromagnetic skyrmion and spin waves. Integrating
out these spin waves would give the effect of spin wave interaction on the dynamics of a skyrmion. To
integrate out spin waves it’s useful to complete the square in Eq. - Because we are working up
to order O(R?), it is sufficient to shift 7 by p = (1/2)G~'J [3]. We denote the introduced variable by

n=n+p,
nT-G+KIn+T-n
={n—- (/267" TY -G+ K {7~ (1/2)67 T} + T - {7 — (1/2)67' T}
=TG4 K) D (GG~ AT GG7NT + T i+ O(R)
=77 -[G+ K]+ O(R?).

(4.42)

Next we want to consider the contribution of the determinant in Eq. to the path integral. Note
that o; is antisymmetric around R and J is symmetric around R. Since G is invariant under parity
transformation we note that [dx o] (x —R,7)p(x,7) x [dx o] (x —R,7)G"'Js = 0. This implies
[dx o] (x — R, 7)7i(x,7) = 0, so the newly mtroduced varlable also must be orthogonal to the zero
modes. This means that the Gaussian over our newly introduced variable 7 is well defined and the
fluctuations have effective size O(1/v/Ng).

In the remainder of this section we evaluate Eq. . We start with determining the effect of

det(g—g) on the dynamics of the skyrmion, we find

5Ql - / dx (9,07 (x — R, 7))wo(x, 7)3(t — /). (4.43)

Using the identity det = exp trln and rescaling our variable = /N1 we get

ae(52 s i (1- 22 [antaor oo [axom)b s

Where [(dj0])Co = 1/Yo and [(9z0])¢o = — [(9y07)¢o = 0. The constant exp(trin1/Yp) is taken as
a pre-factor. The second term vanishes for the large N4 and the last term gives rise to a pure mass
re-normalization, which is of order O((N4)?).

By performing the integration and neglecting irrelevant pre-factors in Eq. becomes [20]

FIR) = e @M/ 197 [ Dy 5(Q ) 3(QalR)e ™9+

4.45)
| ) (
— o (AM/2) JdarR?

det’(G +K)

The prime in the above equation denotes the omission of the zero-modes. By again using the identity
det = exptrln and expanding the logarithm we obtain

1 _ (/2 0 (914G K])
det’ (G + K
et(G+K) X ‘ (4.46)
— e~ (/2 ' [GTT K~ (1/2)(G7 1 K)*+O(R*)]
det’(G)
1 .
The factor ————= is independent of R and gives the partition function of spin waves interacting

det’(G)

with a static skyrmion. Since we are interested in the dynamic properties of a skyrmion, this term
can be omitted and just treated as a pre-factor. We evaluate the trace in Eq. (4.46) in the basis of
eigenfunctions of G, the eigenfunctions factories into a space- and time depended part,

Gn)|w) = (S’w2 +€n) |n) |w), (4.47)
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where (z|n) (1|w) = 9, (x)e™" //B are the normalized eigenvectors of the operator G, with Matsubara
frequencies w = 2wm/f3, for m € Z. In this basis of eigenvectors of G the first order term in Eq. (4.46)
is given by EL

1/17“ Kaby) / 87 :
v §j T })WH T { BB (o Py} + ROl Niotin) |
1 , 1 58 Ty / ~ o
= ~aa n n) = — R )
53 gn R /dTR RY (Y, Pgytn) ; drAM
(4.48)
where we introduced (f, g) = [ dx fT7(x)g(x) and
v S an ,Pz'(/}n "/}na 3 wn
AM; = — Y AW o ARSAREIA LA 4.4
’ Qﬁwz; Sw? + €, Qﬁz w2 +e2 (4.49)
with €2 = ¢,/ S. The summations over w can be performed using the following exact relation
e’nT _ cosh(e(|r| — 5/2))
6 — 5 4.
Z i sinh(fe/2) (4.50)

where w,, = 27n/f and the right hand side of Eq. (4.50)) will be periodically extended beyond || < 8/2.
Using identity (4.50)) to explicitly evaluate the sum over the Matsubara frequencies in Eq. (4.49), we
obtain

?ﬂm z]"/’n 1 ’ (¢n, Pijwn> COSh(ﬁén/2>
_ I ) 4.51
28 Z w2+ é2 4 ; €n sinh (3¢, /2) (451)
In the low temperature limit (8 — oco) Eq. m ) becomes
~ B—ro0 1 /<wn>7)ij'(/)n>

n

We have thus obtained another pure mass renormalization AM of order O((N4)?). Please note that
AM,, = AMyy and A]\foy = —AJ\;[W = 0, since we started with a rotationally invariant system. In
the absence of a magnetic field, all the damping due to spin waves comes from the remaining terms
in Eq. . Up to second order in R we obtain

1, 1.9 1 SAw] (n]| K n') ") (W] (0| K |n) |w
gp o -k 3 AL ) ) o Kl o)

462 (Sw? + €,) (8w + €nr)

i W' (W, Nithns ) (W, Njipn) pilw—w)(r=7")
452/ d’l‘/ dr' R (T)RI (") Z (5? + €n) (5w + e)

w,n,w’,n’

n,n’ z(w w' ) (t—71")

S2 P B .. .. ww'B
= — d dr'R'(T)R? ('
452/0 T/o T R'(T)R (") Z ) (Sw2+en)(swl2+en/)

w,n,w’,n

(4.53)

In the above we defined

B = (Y, Niths) (s s N (4.54)

2Note the first order term in R is zero, because W(Yn, Nghn) o w and (S'w2 + €n) is symmetric in w.
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Note that we omitted P, terms, because these will give rise to terms which are of order O(R?). The
damping due to spin waves is thus be given by

1
—4 ' (G7K)? / dr/ dr'R )y (T — T )R ('), (4.55)
where we defined ,
52 , ww'BE" eilw=whr
ii\T) = —5 = = . 4.56
7ij (T) 4532 wgn, (Sw? + €,)(Sw’ + €) ( )

Using identity (4.50]) we find

—i0, e
2525w2+e (1/5) 23 Xw:oﬂ—i—éi

_ =0y o Tisinh(Ea(|T] — 5/2))
~ 48e, De, (7) = 45 sinh(Bé,/2)

(4.57)

)

where €2 = ¢,/ S. A formal expression for the damping kernel can now be obtained by using iden-

tity Eq. (57) in Eq. ({53)

1 s penn sinh(é (7] — 8/2)) sinh(én (|7| — 8/2))
i = — B - ~ - . . 4.58
7i5(7) 16 nzn:/ I sinh(Bé,/2) sinh(Bé,//2) (4.58)
In the low temperature limit 8 — oo we use the following limits
. e’
sinh(x) — EL for x — oo
67(71)
sinh(—z) —» — 5 for x — oo
Thus in the low temperature limit § — oo we get
: > _ —(én(|T|—B/2
Slnh(.en(|T|A B/2)) . _ € ( (‘AI /2) = —e~énlTl (4.59)
sinh(8¢,/2) eBén/2
Using Eq. (4.59) to evaluate Eq. (4.58)) in the low temperature limit (8 — 0o0) we obtain
1 non SINh(éy (|7 — 8/2)) sinh(é,/ (|7] — 3/2))
Yij (T) = Z'B . .
16 - sinh(Bé,/2) sinh(Bé, /2)
(4.60)

B—oo 1 1B o= (ntén)lr]
Lo, 2§ g g entéanl,
>

n,n’

If the dynamics of R are slow compared to the relaxation time of the damping kernel and the
temperature is sufficiently small s.t. 8> €, ! then the damping kernel (4.60) reduces to a pure mass

normalization.
1
71‘51* /dT/ dr' Ri(1)yi; (1 — 7')R; (1)

" (4.61)
z/ dr Ri(r) 5 By (),
0

where
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1 , (oo o
My =< S By / dp e entenn )l

’ - 0.0 (4.62)
Bij 1 Bij

1 /
_ZZ ntéw 8 &
n,mn

Here &y represents the lowest non-zero eigenenergy of H Egs. (4.25) and (4.100) which will be a
breathing modeﬂ Please note that this pure mass re-normalization is of order O((N4)°). Since
the lowest eigenenergy of G will be lower than magnon gap, a lower bound on the magnitude of
the mass correction M is given by calculating M for the magnon gap energy. From Ref. [2I] we
see that magnon gap has order of magnitude O(1/K,/xo) in the absence of a magnetic field. To
determine the order of magnitude of B?J?O = (1o, Nitho) (1o, Nj1bg) we assume that the low energy

eigenstates of G approximately have the same size as the skyrmion, thus ¢y ~ e~ (V&=/rs)r By
rewriting (1o, N;9o) (¢, N;tbo) into cylindrical coordinates and using the substitution p = /K, /ps
we obtain an order of magnitude given by O(ps/K). The lower bound on the mass in Eq. (4.62)) will
thus be given by

O(M) > O(p, (xS K)MY).

Using the definition of mass described in Ref. [9, p. 5] as the zero frequency limit of the damping
kernel, we obtain that the (AFM) skyrmion mass correction is given by

1 € coth(Be,, /2) — €, coth(Be, /2)

2 _ 2
€mn €n

1 ! pM,n
M;;(B) = 1 Z B;;

n,n’

. (4.63)

Which is valid of one considers slow dynamics of the skyrmion and asymptotically large imaginary
times 7> ¢, '

Conclusion

Considering sufficiently small temperatures and taking into account only the interaction between
skyrmions and spin waves up to second order, we obtain several mass renormalizations and a damping
kernel of order O((N4)°) described in Eq. . We thus obtain the following expression for the
effective action for a skyrmion interacting with spin waves.

SesslR] = /OB dr {M;ffﬁ} + /05 dr /OB ar’ { Ri(r)yis(r = By () }, (4.64)

where
Meff ~ NaM+ AM. (465)

In the above N4 M will be classical mass of an antiferromagnetic skyrmion described in Eq. ,
which is of order O(Naxo). Furthermore AM will gives a mass renormalization due to spin wave
interactions and is given by the total of Eqs. and which is of order O((N4)?). Using the
magnon gap as a lower bound on the magnitude of the mass we obtain

O(AM) > O((x3/K)'Y).

If we would consider the dynamics of the skyrmion to be much slower than the relaxation time of the
damping kernel and the temperature small enough such that 8 > ¢y. Than the damping kernel will

3We are able to distinct between two types of eigenstates of G; breathing modes and scattering states. Breathing
modes locally deform the skyrmion and have an eigenenergies which are lower than the magnon gap. Scattering states
exist for energies above the magnon gap.
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reduce to a pure mass renormalization given by Eqs. (4.62)) and (4.63). Thus when considering slow
dynamics and low temperatures the action in Eq. (4.64]) will thus reduce to

Sers[R] = M;ff /0 ’ drR?, (4.66)
where

M,p; =N M + AM + M. (4.67)
With the lower bound on mass O(M) given by

O(M) > Olp,(xi/K2)V™).

4.2.2 Skyrmion dynamics for small magnetic fields

In this section we consider h,/xo < 1, thus we start with a small magnetic field being present. The
action we begin with is given by Sg = S + 5S¢ + S5, with the operators defined in Eqs. (4.25)), (4.28))
and (129)

_ X0 [ 42
: {a + 2iHL, }+H
J = %{Rﬁm]ﬁ + 2R AN |,
X
K= ;{Rﬁm (Tgy + Tpdy — pds)

+ R? [(zagaT —Tpd,) + 2iH (Mg + Lag)} }

We define h? = 7X0H S = XO ,Ag = (Mﬁ + Lag) Psy =gy +Tp0,—030, NB(?-,— = (205 — Tg) Or
and Wg = (Mg + L0g). Note that all of the above operators are hermitian by construction, for the
product we defined in Eq. (4.24). The action will be given by

Scl = NA52 {;J\4.R2 - ZOZEURlRJ} 5

4.68
Spr=Nan"-Gn (4.68)

Sr=Na(n"-Kn+J-n),

where M and « are defined in Egs. and . Since we are considering magnetic fields below
the spin flop field in this section, we are dealing with skyrmions, which implies that o = 0 and thus
there is no Magnus force working on the skyrmion. Again we must not take the zero-modes into
account because translations are already described by R. We use the Faddeev-Popov technique to
promote R to a dynamic variable

- / DR ¢ S RIpR],

(4.69)
~ [ Dus(QiIR)@aIR 1>det(m)"’_N”‘{"T'[“’C]””T'"W-J}.
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Since we’re only looking up to second order in {v, ¢} and R, it is sufficient to shift 5 by p = (G+K)~ 1T
to complete the square [9],

n="mn+p, (4.70)
N GHKIn+TT o 0T T =0T [G+K]iF— T (G+K)TIT + O(R?). '
With 1 defined in Eq. (4.70) the partition function in Eq. (4.69) reduces to
R| = /Dﬂ §(Q1[R])6(Q2[R]) det 0Q) (T Natim (G +Kla)
R (4.71)

) det'[N4(G+K)]

In the above the prime on the determinant denotes the omission of the zero-modes; additionally we
defined

T=-NaJ - (G+K) T~ -NJ7-G717. (4.72)

Similar to Eq. - the determinant in Eq. ( - ) gives rise to a pure mass re-normalization of order
O((N4)°) and a topological phase proportional to R and A which is also of order O((N4)°)

det(jS{) o exp {trln ( F i+ Yo /( T)ﬁ) } , (4.73)

where we used the transformation 7 = /Na7. To evaluate the determinant in Eq. (4.71) we again
make use of the identity Indet = trln and expand the logarithm

Vd t’(lg 0 Vd 1t'<g>e_(1/2)tr/[gIK_(UQ)(Q%)%O(RSH' e
e + e

Like in Sectionwe want to evaluate the trace in Eq. in the basis of eigenfunctions of G. To
find the eigenfunctions of G we make use of first order perturbation theory with respect to L(—id;)
for small kK = \/2xoh = Xoﬁf . The zeroth order term in the eigenvalue and eigenstates are still given
by Eq. , up to first order in s the eigenstates and eigenvalues of G in Eq. are given by

G =G + kL(-i0,),
bnw =& +ne%12,+0( 2,
@n,w = n,w + 'mpr(zl,c)u + O(Ii ),

where €9Lw and wn » are given by Eq. 1) It follows that Ref. [22, p.452,p.464],

&b, = =i (n|Ln) (| 0r |w) = w(thn, Lihy) = wApn =0, (75)
; —i{n'|L|n) (|0 )
=Y k)
{”';w'}i{mw} n,w n' W
(4.76)
n \L|n> >\n’,n
= Z |n ‘w = W Z 60 _60 |nl> |w>’
n'#n ’I’L' n'#n 1 n’
‘ o) A
e Z EEr Z - (4.77)
€ en/ =, 6

In the previous equations we defined A, ,, = (9, L10). In the case that [4.47 has degeneracies, one
must take the basis { w%w} such that LJ; is diagonal in the degenerate subspace, such that Eq. 1’
does not blow up in that case.
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Using the first order corrections for the eigenvalues and eigenfunctions of G given by Eqs. (4.75)
and ([4.76) the first order term in Eq. (£.74) is obtained up to first order in /]

%,Kwn
2trg 1IC~——Z / )

Sw2 ) 4 €n

=25 / chg;wz +€%{RﬂRV<w2,%w2>—iR"w< noNatn) — i/ S)R” (i, Agiin)

+KkRPRY (w(q/zgl), P 00) + c.c) +ikRP (wQ(d)ﬁf),Ngd)g) + c.c.) } + O(k?)
B . B .
~ / dr { AMR?* + m/ dr 'UERg + O(K?).
0 0

In Eq. we obtained the same pure mass renormalization as we obtained in Eq. . This
pure mass renormalization is independent on the magnetic field and the order of magnitude of the
mass renormalization is O((N4)?). We also obtain a topological phase of order O((IN4)°) that couples
linearly to the external magnetic field. Note that this topological phase drops if one considers periodic
boundary conditions, additionally it does not contribute to the classical equations of motion. If we
would expand Eq. up to second order in k, we would obtain another mass renormalization of
order O((N4)?) which couples quadratically to the magnetic field.

Since we consider a non-zero magnetic field J possesses a term which is linear in R, this implies
that Z defined in Eq. is non-vanishing which is entirely due to coupling with the magnetic field.
The contribution of Z Eq. up to second order in k is given by

(4.78)

I~-NaJT-G
= —52NA/ dT/ dr' RP(T)R (7 /dx/dx NT )G (x, %, T, T)NFY(X/)-FO(R?),/{?))
. . O . ’
27-4/ dT/ dr’ R’B(T)R—Y(T/)Z <Nﬁ7}/}n>< ’I’L7N’Y>€IUJ(T—T)
0 0 w,n

Sw? + ¢,

B B . .
:/0 dT/O do Ri(T)’Y?j(T_U)Rj(U)'
(4.79)

In the preceding equation we used G=! = G'~! + O(k), where G’, given by Eq. (4.30) describes the
static interaction without the presence of a magnetic field. The sum over the Matsubara frequencies

in Eq. (4.79)) can be evaluated explicitly using Eq. (4.50) to yield

n ZUJT

75 ﬁzwz_,_ez

_Z Dy cosh(é,(|7] — 5/2))

4.80
26, sinh(8é,/2) ( )
B—=oo ZJ —en\T|
Z 5e°
Where we defined N
K
Dy = —== (N, o) (0, N). (4.81)

4We omit terms which are antisymmetric in w.
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Note that in Egs. and we did not explicitly take the omission of the zero-modes into
account, since N is already orthogonal to the zero modes. Thus Eq. gives rise to a damping
kernel of order O((N4)') which is quadratically coupled to the magnetic field. If the dynamics of R is
slow compared to the relaxation time of the damping kernel and the temperature is sufficiently small
st. B> ¢, ! then the damping kernel reduces to a pure mass normalization

B B . .
/ dT/ dTlRi(T)’y?j(T —7)R;(7)
0 0
0

8 M (4.82)
B—o0 . .
) / dr Ri(T)TRj(T).
0
Where we defined the mass tensor as follows
D oo .
0 — 17 —én|pl
Mij_z en /_oodﬂe :
n
(4.83)

n 0
_QZ/DM _ 2D
- 2~z
n n 0

If we would use the definition of mass described in Ref. [ p. 5] as the zero frequency limit of the
damping kernel, we would exactly obtain the result given in Eq. (4.82).

Since the lowest eigenenergy of G is smaller than the magnon gap we are able find a lower bound on
the order of magnitude of M in Eq. . To determine the order of magnitude of (N;, ¥0) (1%, N;)
we assume that the low energy eigenstates of G approximately have the same size as the skyrmion,
thus ¢ ~ e~ (VE:=/pa)p By rewriting (Ny,92)(¢9, N;) into cylindrical coordinates and using the
substitution p = /K, /ps we obtain an order of magnitude given by O(ps/K.). From Ref. [21] it
follows that magnon gap has order of magnitude O(1/K./xo) in the absence of a magnetic field.
Using the preceding we are able to see that

O(M°) > O(Na(ps/K:)h*x0/€gap) = O(NaH*X§/x0p2/K?3) (4.84)

gives a lower bound on the order of magnitude of the mass correction due to the magnetic field.

From Section we know that the second order term in the logarithm expansion Eq. gives
rise to a damping kernel. We will now again calculate the second order term in Eq. up to O(Rz)
for small magnetic fields; up to first order in x we obtain

L (Pl Kn ) (|| 0) ,
Zt / g 1’C 2 — 12 _ s , v , ) n (9
4 ' ( ) Z (Sw2 +éen — "’i(-L)An,n)(SW/2 + €nr — Klw}\nl’n/) (KJ )

! ’
w,n,w’n

= /OB dr /OB dr' Ri(r)R;(7')
1

1 o
> o] o] (e et s = i/ S i)

’ ’
w,n,w’n

W0 o+ kD, (N30, — i/ S)W;) 2,w+nw£%z>}+0<m2>.

n’ w’’

(4.85)
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The zeroth order in x will just give Eq. (4.60]), the first order in x will give
B B . .
(H/S)/ dT/ dr’" R;(T)R;(1")
0 0
]‘ /
Ly

: WRZn/ i(w—w')(T—7")
- (W2 + &2)(w? + é2) € +cc (4.86)

~ w2w,ynn/ . ’ ’
_ v (w=w")(T—=7")
S ((w2 Wt g/2)61 ) +ce | p.
n n

In the preceding equation c.c. stands for complex conjugate. We also defined the following tensors
R = (U0 Wi ) Niw) + (00, Ni) (90, Wi, (487)
Vi = D Na ), N + W0, Nt Y s, M)
o (0 N0 () N0 - (Nt (i NjD).

Using Eq. (4.50) one is able to perform the sums over w and w’. All the terms in Eq. (4.86]) give zero
as a result. Second order terms in x will give non-vanishing contributions to the damping kernel which
are of order O((N4)") and thus small compared to the damping kernel found in Eq. (4.80).

(4.88)

Conclusion

We used perturbation theory to calculate the mass correction and the damping kernel for small mag-
netic fields h. In Eq. we found a damping term of order O((N4)!) which is proportional to
k2. From Eq. one is able to see that there are also other non-zero damping terms which couple
quadratically to the magnetic field. We did not explicitly calculate this contribution since it will be
of order O((N4)?) and thus small compared to the damping kernel described in Eq. . We also
found topological terms in Eq. which are of first order for x. If one would consider periodic
boundary conditions in time these topological terms will vanish, they will also not contribute to the
semi-classical equations of motion. In principle these topological terms may depend on the winding
number of the skyrmions, if this is the case then they are important for interference effects in tunnelling
processes where the skyrmion is in a superposition between different winding numbers and these topo-
logical terms may not be neglected. If we consider a skyrmion with a definite winding number, no
interference will occur and this topological term will just give a complex phase. The action describing
the effective dynamics of the skyrmion is given by

s M - :
Seff[R] %/ dr {;ffRQ +iI<JUhR}
0 (4.89)

+ [ s / " {Bulr) b — ) Rl — 2] By

where 'y;j is given by Egs. and and describes the damping due to spin waves when no
magnetic field is present where the order of magnitude of ;; is O((N4)?). The part of the damping
kernel that is dependent on the magnetic field is described by %hj which is approximately given by ’y?j
in Eq. . The order of magnitude of ~7; is O((N4)') and thus becomes dominant for sufficiently
large magnetic fields.

If the dynamics of the skyrmion is much slower then the relaxation time of the damping kernel and
the temperature is sufficiently low 8 > ¢, then the damping kernels in Eq. will reduce to pure
mass renormalizations

B M.se - .
SesrlR] z/o dr {SHRQ + i/mR} : (4.90)
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With

Mepp =NaM + AM + M+ (M° + AM?)

s (4.91)
PLONAM + AM + M) + M.

The first three terms are independent of the magnetic field and are thus described in Section[£.2.1] The
last two terms in Eq. give an effective mass renormalization which depends on the square of the
magnetic field. We defined M° in Eq. (4.83)), which is of order O((Na)!) while AM® has magnitude
O((N4)?). In the zero temperature limit AM? will be negligibly small compared to M. We found
that the order of magnitude of the mass M9 is bounded by Eq. ,

O(M°) > O(Na(ps/K:)h?x0/€gap) = O(NaH*XG\/ X002/ K3).

In practice a periodic potential Vj(R) for the skyrmions may arise. This potential may come from
different phenomena like the discrete structure of the crystal. Other effects like currents can be taken
care of by considering an effective potential V. z¢(R) for the skyrmion. For low temperatures and slow
dynamics of skyrmions the action for a skyrmion may thus be described by

A My - .
SerrlR] %/{; dT{;ffRz-‘ri,‘ﬂ)R-i-Veff(R)}. (4.92)
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4.3 Vortices in antiferromagnets

In Section [3.9 we discussed that an antiferromagnet has a spin flop field ho. If the magnetic field
is below the spin-flop field, skyrmion configurations arise. Above the spin flop field vortices arise
(see Fig. . Like skyrmions these vortices are topologically protected structures, but their boundary
conditions are different (09(0) = m and 6y(c0) = 7/2). From Egs. and in Section [{.1]
we see that a vortex solution within an antiferromagnet feels a Magnus force. Thus in our model the
dynamics of an antiferromagnetic vortex is fundamentally different from the dynamics of an antiferro-
magnetic skyrmion. In Section we found that spin flop field for our system is given by hy = VK.
If the anisotropy K, is small and we consider magnetic fields which are comparable to spin flop field, we
are able to describe the dynamics of these vortices using the methods we developed in Section [{.2.2. If
we consider large magnetic fields and large anisotropies, the perturbative methods used in Section[.2.
breaks down. In Appendiz[Dj we will discuss the dynamics of skyrmions and vortices for large magnetic
fields without explicitly performing the calculations.

4.3.1 Dynamics of vortices for small spin-flop fields

In this section we describe the effective dynamics of a vortex with spin wave interactions. We consider
a small spin-flop field (thus weak anisotropy) and consider the magnetic field to be comparable to
this spin-flop field. The operators G, J and K are described by Eqgs. (4.25), (4.27) and (4.29) where
the skyrmion configuration 6y is now replaced by the vortex configuration. The entire discussing done
in Section [£:2.2] will remain valid since we're still considering small magnetic fields and without further
calculation we can give the action for a vortex in an antiferromagnetic insulator with a weak anisotropy.
Considering small magnetic fields we obtain

B M. ;s - L .
Sesf[R] %/ dr {;HRQ +ioe;jR'R + im}hR}
© 5 (4.93)
+ / dT/ dr’ {RZ(T) [%{j(T -7+ /iz%hj(r — 7] Rj(T/)} ,
0 0

where o = —2rNaHyo and M.;; = NaM. + AM; here AM has order of magnitude O((Na)P).
Similar to the conclusion in Section we see that 7/ is of order O((N4)?) and 4" is approximately
given by 7 in Eq. which is of order O((N4)') and will thus become the dominant damping for
sufficiently large magnetic fields.

If the dynamics of the vortex is slow compared to the damping kernel and the temperature is
sufficiently low 3 > ¢ ! then the damping kernels in Eq. reduce to pure mass renormalizations.
In these limits we obtain the following effective action which describes the dynamics of the vortex

B (Mg - L .
SestlR] %/0 dr {;ffR2 +iae;; R'R’ + iHUhR} , (4.94)

where

Meff =NaM g+ AM + M + (MO +AMO)

B—o00

(4.95)
~ (NaMy+ AM + M) + M°.

The first three terms are independent of the magnetic field and give the classical mass of order O(Naxo)
plus mass corrections of order O((N4)?) due to spin wave interactions which are independent of the
magnetic field. Furthermore M gives a mass correction of order O((N4)!) which is quadratically cou-
pled to the magnetic field. We obtained a lower bound on the order of magnitude of M° in Eq. ,

O(MO) > O(NA(ps/Kz)hQXO/Egap) = O(NAE’QX(Q) \Y% XOP%/K.?)
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In reality there might be effects that appear on the length scale of the skyrmion, e.g. spin currents,
electrical currents and impurities. We consider include these effects by considering an effective potential
for the skyrmion V.ss(R), we thus obtain the following action for the dynamics of a vortex in a low
magnetic field

B M . L .
Seff[R] ~ /0 dr {;fng + iOéEinZRJ + ikvp R + Ve‘ff(R)} . (4.96)
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4.4 Second order expansion of the free energy

In this section we determine the second order expansion of F[ii] in Eq. w.r.t. m around skyrmion
and vortex configurations. Since skyrmion and vortex configurations are local minima of F[1], the first
order functional derivative in n equals 0. The zeroth order term will just give a energy Eqy, which is
not interesting for our purposes since we assume the skyrmion is already present and not thermally

g; o i Eq. (4.26) is.

created. So we are interested in calculating what H =

nT=n=0

We start from Eq. (4.1))

25 a2 L (o (ax ) s (ax D)) ka2t ive (H-860)
NA/ dT/dX lay\81n| —|—2 (y <n><ax> T (nxay)) Kznz—i—QXO(H n(x)) ,

and take H to be in the 2-direction. From Appendix it follows that the exchange interaction
becomes,

/ ar [ ax { VoVt (“’“90) (9,00) — (8,80)? + cotwo)(a,%eo)) .

B u4CO;2(90) (Do) + VCOS;EHO)V}-

(4.97)

Where the Dzyloshinskii Moriya interaction reduces to,

g (9,00) 1 sin(26) cot(fo)
d dx+<{ — L - O.v) — _
/o T/A * { P00 Y Penao)p ) TV, VT, f

cos(26)
—v
sin(6o)p

(4.98)

(D) — 2 cot(00) (By0) + 2¢ Cotz(eo)(ap%)w}-

The anisotropy and the magnetic field terms will be given by,

_ /0 ’ /A dx {vcos(20)v}. (4.99)

Now F ~ Ey +n' - Hn + O(n?), where
H=—(ps/2)V? +U(p) + V(p) - (4.100)

The potential terms U(p) and V(p) are defined by

00 = oo/ {5 (5 0) + (<) 0,00) - @,000° + conemcezan ) (o )}

_(D/Q){Cog(ﬁ0< ) ( 300 COt(9°)+2cotQ(90)(ap90)> (8 (1))} (4.101)

281H 2p
Xo 72 10
+(2H KZ) (0 0)

Vip) = [ps {Cos’p(f()) } +D/2 {Sinéao) H (_01 é) : (4.102)

and




Chapter 5

Conclusion, discussion and outlook

5.1 Conclusion

In this thesis we gave a quantum mechanical treatment for skyrmions in antiferromagnetic thin-films.
We restricted ourself to spin degrees of freedom and neglected interactions of the magnetization with
e.g. phonons. This is valid if one considers low temperatures. In Section we assumed long
wavelengths for i and m. By integrating out the magnetization in action Eq. we were able
to derive the action given in Eq. which is only dependent on the Néel field fi. In Chapter
we used the Faddeev-Popov technique for collective phenomena, to derive the quantum dynamics of
antiferromagnetic skyrmions. In Section 4.1 we expanded spin wave fluctuations around the skyrmions
up to second order. We derived that antiferromagnetic skyrmions have a classical mass and feel no
Magnus force, which is in agreement with Ref. [I0]. This result differs from ferromagnetic skyrmions,
which feel a Magnus force and have no classical mass [9]. In Section we calculated the damping
on skyrmions due to interaction with spin waves without a magnetic field. We found that skyrmions
experience drag because of interaction with spin waves and also obtain some mass renormalization.
The mass renormalization is of order O((N4)") and mainly depends on the lowest eigenenergy of G
(the static interaction between a skyrmion and spin waves), the classical mass on the other hand is of
order O((Na)'). If the dynamics of the skyrmion is slow and temperatures are low, we see that this
damping reduces to an additional mass renormalization of order O((N4)?) and the lower bound we
gave on this mass is small compared to the classical mass. In Section |[4.2.2| we considered the magnetic
field as a small perturbation. We found that the mass of antiferromagnetic skyrmions obtains an
additional damping of order O((N4)!) which couples quadratically to the external magnetic field. For
slow dynamics of the skyrmion and low temperatures this damping kernel reduces to an additional
mass of order O(H?N,). In Section we looked at vortices for small spin-flop fields and treated
the magnetic field as a small perturbation. In Section [f.I] we found that antiferromagnetic vortices
have a classical mass of order O(xoN4) and feel a Magnus force of magnitude O(NaxoH). We also
see that a vortex in an antiferromagnet insulator with a small anisotropy and external field obtains a
mass renormalization independent of the magnetic field of order O((N4)?). Additionally we find that
a vortex feels a drag due to spin wave interactions which can be split in two parts, a part which is
independent of the magnetic field of magnitude O((N4)°) and a part which couples quadratically to the
magnetic field of order O((N4)!). For slow dynamics of the vortex and low temperatures these damping
kernels reduce to mass correction of order O((N4)°) and O(H?N4) respectively. In Appendix [D| we
briefly discuss the dynamics of skyrmions and vortices for large magnetic fields. Using the methods
described by Ref. [9] and the fact that Ng in Eq. is orthogonal to the zero-modes, we expect
slow dynamics of the skyrmions and vortices and sufficiently low temperatures that the mass correction
obtained due to interaction with spin waves is of the order O(H?N4). We expect this mass correction
to be larger than the classical mass of the skyrmions and vortices.

39
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5.2 Discussion and Outlook

We started with the Hamiltonian in Eq. for thin-film antiferromagnets and rewrote this into
an effective two-dimensional model, where we assume translational invariance in the 2-direction. For
thin-films this turns out to be a proper approximation.

In this thesis we only took into account the spin degrees of freedom, while neglecting other effects
like spin phonon interactions and movement of electrons. These effect’s are assumed to be negligibly
small or absent for low enough temperatures.

To obtain an action which only depends on the Néel vector we used Haldane’s mapping to give the
magnetization direction at each point in terms of the Néel vector and the total magnetization. We
assumed the total magnetization to be small and expanded the euclidean action up to second order in
m Eq. 7 which is a valid assumption if the energy scale of the exchange interaction is much larger
than the energy scale of a spin in a magnetic field. We also used the large wavelength approximation,
which is valid in the low temperature limit.

In Section [B.I] we left out the homogeneous Dzyaloshinskii Moriya interaction, this term is negligible
or can be added by changing the magnetic field. This could possibly also change the direction of the
magnetic field and we can thus not consider it to be fully in the Z-direction. Future work could redo
integration while also taking into account the first order terms of the Dzyaloshinskii-Moriya
interaction in m.

Because we work in the low temperature limit we assume the spin wave fluctuations around
skyrmions to be small. We thus expanded up to second order in {¢,r} and assumed higher order
terms are negligible in this limit.

In Section we neglected some the second order damping terms in x of order O((N4)?), which
would appear in Egs. (4.78)) and ([£.85)) of we expand them up to second order in x. The reason is that
they are small compared to Eq. (4.80) which is also of second order in x and has order of magnitude
O((N4)'). In the low temperature limit the damping kernel in Egs. and will be negligible
compared to Eq. .

A possible way to measure our predictions is through magnetic resonance Ref. [23]. The eigenfre-
quencies of a skyrmion with respect to a fluctuating magnetic field should depend on the mass of the
skyrmion. So one could measure our predictions by measuring the magnetic excitation spectrum of an
antiferromagnetic skyrmion.

In future work, it would be useful to determine the eigenvalues and eigenfunctions of H Eq. ,
so one is able to explicitly calculate the mass corrections and damping kernel obtained through inter-
action with spin waves. Especially the eigenvalues of the breathing modes are important, since those
contribute most to the damping and mass renormalizations of the skyrmion. The work of Ref. [24]
already determined the eigenspectrum of A for ferromagnetic skyrmions, similar methods can be used
to determine the eigenvalues and eigenvectors for H in the antiferromagnet case. Instead of looking at
fluctuations {77, $}, they worked with spinors y and x' defined by

v (e ) < (3 0) o)

To use Ref. [24] it could be useful to rewrite Eq. into spinor form.

One could use the methods described in Ref. [9] to look at the mass of a vortex (see Fig. .
Since we found that N3 in Eq. is orthogonal to the zero-modes we expect to find that a vortex
obtains an additional mass contribution of the order O(ﬁ 2N4) due to interactions with spin waves.
In Appendix [D| we already discussed some of the implications, but did not explicitly calculate the
damping kernel.

In this thesis we assumed the magnetic field and the anisotropy to point in the same direction, in
future research one could look at the dynamics when both are not pointing in the same direction. For
instance anisotropy in the Z-direction and magnetic field in the Z-direction.
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One could next start from an effective action in Chapter [4] and then consider a periodic potential
for the skyrmion position with period d, e.g.

e en(E8) ()]

After this one is able to obtain an expression for tunnelling probabilities for skyrmions and look at
interference effects due to topological terms. Calculating the transition amplitudes would for instance
be interesting, one could calculate how likely tunnelling of a skyrmion for a large potential is. One
might continue to find the dispersion relations for skyrmions in weak and strong potentials, using
methods described by Ref. [3].

In Section [£:2.2 we neglected the topological phases in the action that did arise from the coupling
with the magnetic field. Though these terms are not important for classical movement of the skyrmion
they might important for describing interference effects. If these topological phases are dependent on
the winding number of the skyrmion, interference effects may occur. One could study if interference
between skyrmions or vortices is possible.

One could also look at dynamic skyrmion skyrmion interactions in the presence of spin waves.
Two different situations may seem interesting; interactions between skyrmions with the same winding
number and interactions between skyrmions with different winding numbers, e.g. n =1 and n = —1.




Appendix A

Topological structures within a
magnet

In this section we will be talking about topological properties of skyrmions and domain walls. We start
with a general discussion of homotopies and homotopy groups Ref.[25]. This mathematical formalism
will then be used to give a formal expression of skyrmions and domain walls. This chapter is meant
as background knowledge and will not be required for the other chapters. For more details we refer the

reader to Ref.[26].

A.1 Defining the topology of the magnet

First we assume that the the magnetic material we look at is very thin and the Hamiltonian is trans-
lational invariant in the Z-direction. So the space we describe is effectively 2-dimensional. We start
with the map (€ : R? — S?) which assigns a magnetic moment to each position in the magnet. The
purpose of this chapter is assign ”"some kind of structure” to the space of all continuous functions €.
Now we will also assume that 2({c0}) = (0,0, 1), this basically means that all the spins want to point
in the same direction at {co}. We will add the point oo to R?, which means that we will now be
looking at the the one point compactification of R? which is S2.

So we describe the maps € : §? — S2.

A.2 Homotopy

Let X,Y be two topological spaces and f,¢g : X — Y continuous maps. Now these two maps are
called homotopic if there exists a continuous function H : X x [0,1] — Y from the product space
X % [0,1] to Y, such that, H(X,,0) = f(z) and H(z,1) = g(z) for z € X. From Ref.[25] it follows
that the homotopy relation defines an equivalence relation. From now one could say iff two functions
are homotopic then they are in the same homotopy class. We denote the homotopy class of a function

f by [f].

A.2.1 Homotopy group

In this section I will shortly explain what a homotopy group is. The nth homotopy group of Y
(mn(Y)) is the group of homotopy equivalence classes of the functions f : S — Y (with n > 1). Let
f,9:S™ = Y then the group operation will be given by

_ @2t te) i €(0,1/2]
) { !

(FH 9t otn) = g2t ntn) e [1/2,1):
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Now for the purpose of this thesis we are interested in two homotopy groups namely: 75(S?) and
71(S'). One is able to find that 7, (S") = Z. Where n € Z boils down to the number of times you
wind S™ around itself. For the 2-dimensional case the winding number can be given by Ref.[, citatie

nodig] s 90
1

A.3 Skyrmions and domain walls

In the case we discussed in the introduction we wanted to give "a structure” to the space of all
continuous maps © : S2 — S2. We are now able to do this by looking at all the homotopy classes of
this space and thus calculating the homotopy group. In we found that 72(S?) = Z, this means
that structures with winding numbers n # m can not be continuously deformed into one another. One
is able to see this, because different winding numbers imply different homotopy classes.

A.3.1 Definition of a Skyrmion
Ferromagnetic Skyrmion

A single Skyrmion is defined as the lowest energy state with winding number n =1 or -1. We assume
our system is large and lattice spacing is small compared to a skyrmion’s typical size. Classically
the spins all move continuously in time on a sphere. This means that it is not possible for a single
Skyrmion state to decay into a state with a different winding number classically. We thus call the
Skyrmion protected by topology.

There also exist higher order Skyrmion which are defined in a similar fashion. The nth order
Skyrmion is given by the lowest energy state with winding number n. In this definition the Oth order
Skyrmion would be the the vacuum and the —nth order Skyrmion will have the same static energy as
an nth order Skyrmion. Because the group-action we work with is additive, we can see that it is in
principle possible for an 2nd order Skyrmion to decay into two first order Skyrmions. In principle it
should also be possible to create a Skyrmion and a anti-Skyrmion (n = —1) in a vacuum.

Antiferromagnetic Skyrmion

As we will see in Section in the large wavelength limit we get the equivalence relation i ~ —ia € S2.
So a antiferromagnetic configuration in the large wavelength limit can be described by

n:S? = PA(R). (A.2)

Where P2(R) is called the projective space. From Ref.[25, Proposition 4.1] it follows that the second
homotopy group of P?(R) is given by Z, i.e. ma(P?(R)) = Z. The reason is that S? covers P?(R) twice
and via Ref.[25, Proposition 4.1] it now follows that 7o (P?(R)) ~ m2(S?) = Z. Where =~ is denoted as
an isomorphism, which can be given by ¢.. Where ¢.([f]) = [¢f] and ¢ is defined to be the quotient
map

q:S* = P*(R).

Now the generator of the group 72 (S?) will be mapped to a generator of 75 (P?(R)) by ¢.. Because g is
winding number conserving we are able to give a Skyrmion configuration in S? and then use ¢ to map
it to P?(R).

A.3.2 Domain walls

For domain walls we could do a similar talk. In order to have domain walls we must consider a 1-
dimensional magnet for which the magnetization can only point within a circle (S). All the function
Q :S? — S? can be characterized by the homotopy group € : S! — S'. In a similar discussion as the
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skyrmionic case we would get that it would not be possible for domain walls to decay into states with
a different winding number.

A.4 Topological structures in practice

In practice the positions of the spins will not be uniform over S?, but they will be located on a lattice.
A skyrmion will be much larger than the lattice spacing, also the exchange interaction strength between
neighboring spins should be large. In this way one is able to approximate the lattice by S?. In practice
the interaction strength between neighboring spins will be finite. Thus there will be a finite energy
barrier protecting the skyrmion.

For the assumptions that we make, we use that the interaction energy between two spins quite high, in
real life there is always a finite energy associated with the creation and destruction of a skyrmion.



Appendix B

Calculations for effective action anti
ferromagnet

B.1 Cylindrical coordinates and the mass of a skyrmion

We start with the following coordinate transformation

{z,y,2} = {pcos(¢), psin(¢), 2} . (B.1)
From this we are able to derive
0 0po a0 0 2 _ 1 . E
9z 0z 0p + 9106 COS(¢)8p ; Sln(¢)a¢7
0 dp 0 d¢p 0 . 0 1 0
Z _rY v Z _ 4z - B.2
9_290
8z 0z

From Section we know that a skyrmion configuration can be given by

fig = sin[fp] cos[oo] p + sin[bo] sin[pg] ¢ + cos[bo] 2.

While the solutions we found were of the hedgehog type, we find that ¢o € {0,7} and 6y is a function
of p only. Please note we are working in cylindrical coordinates, for Cartesian coordinates we get

¢o = ¢ or ¢+ m. From (B.2) we now find

00— con(9) 2 + 1 sin(g) {sin(0) sin()p — sin(0) cos(eo)}
8:”17 (?p p (B.3)
8571;0 = Sin(¢)887npo - % cos(¢) {Sin(‘%) sin(¢o)p — sin(6o) COS(%)J)}

Because we know from chapter that the skyrmion configuration is rotationally invariant. We
will look at the mass tensors

45



APPENDIX B. CALCULATIONS FOR EFFECTIVE ACTION ANTI
FERROMAGNET 46

From this it follows that
B B [e%S) 27 5
My, = Myy = dp/ do p (81ﬁ0) =
0 0

/ T / i {cos2<¢>p (@yfi0)” + = sin () {sin(00)sin(or)p = sin (0 cos<¢o><5}2} (B.4)

= 7r/OoO dp {p(apﬁ0)2 + % {sin(Qo) sin(¢o)p — sin(6p) cos(qso)gfs}Q}
My, =0

My,

We used the fact that g—i = —p and ? = 6.

©

B.2 Magnus force and Berry phase term for antiferromagnetic
skyrmion

In this appendiz we work out the Berry phase and the Magnus force for a antiferromagnetic skyrmion.
We use methods described by Ref. [13].

B.2.1 Magnus force

In Eq. (4.17) we obtained a Magnus which couples linearly to the magnetic field. In this section we
perform the calculation. We start from

S = /dex (N x O-1p)* = 05 = /dex d(fg x 0;09)*

(B.5)
~ 2 P.I. ~ X A ~
= /deX 1) (Eijkno,jn07k) = /deX €ijk (6n07jn0,k — ’I’LOJ(SHO,k) .
Now we use
drfig = —(9php) RP, (B.6)
Sty = —(9,11)dRP. (B.7)
It follows that
55 = / drdx RYSRP {(9ti0) x (95i0) — (9,5i0) x (I5h0)}
(B.8)

_ / drdx 2R76RP {(951) x (8010)} .

This implies that the action must be given by

S — /dTRiRJ‘ {/dx 2(8;ng X ajﬁO)Z}
- /dTEiniRj {/% dgzb/oo dp 8p(sin2(90))3¢¢0} - /dT {deiniRj}, (B.9)
0 0

6= { /O o /0 T ap 8p<sin2<9o>)8¢¢o} .

Thus the above action corresponds gives a Magnus force to a collective phenomena.
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B.2.2 Berry phase

In this section we will discus why we are able to neglect the antiferromagnetic Berry phase in the large
wavelength limit. The Berry phase we consider is given by Eq. (3.13))

T[h] = SZ miw[i(xi)], (B.10)

For Y[fg] we use a similar method as used in Appendix
L dwlh(x;)] .
O[] = S 21: Uszdno,z
— /dT/dX SRPRYn(x) (8,19 x dgiig) - fag (B.12)
— TRy = /dTRﬁR”/dx n(%) (D0 x Dsfo) - fio.

Which gives rise to a negligibly small Magnus force, due to the fact that a skyrmion is much larger than
the spacing between lattice sites. The second term in Eq. (B.11)) is negligible in the long wavelength
approximation, this can be seen by writing it out in momentum space.



Appendix C

Second order expansions of the
Berry phase and the Hamiltonian

C.1 Working out the kinetic term expansion

In the calculations below we used the following identity
/dex £d2¢ = /dex ¢d, {—aﬁgRﬂ + 875} ~ /dex ¢ {Rﬂmaﬁaw — 2RP950, + aZ} €. (C.1)

We also used the following
/ drdx €2 = / drdx 9500, R°PRY, (C.2)

where £ is either 6y or ¢q.

48
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/olrdx|aTﬁ|2 = /dex{ |8, g

+ [sm(wo)(z;g - 29"0} 9 —2 [sin(wo)éogz}o + sinQ(eo)(jéO} @

+ ¢ (cos(?&o)d}g - dz) Y—¢ [Siﬂ(?@o)éodT +sin(0g)d2 | ¢ + 0 {2 SiIl(Z&O)gi)OdT] gb}

_ /d’rdx{ 16, fig

+ [sin(QQo)ég . 29’5} <—y

+v (005(200)% — df) v—

1
B 2 tan(@o) v

[sm(an)éodT +Sin2(00)d3} Sinfe )
0

2) -2 {2 cos(@o)éod)o + sin(eo)éo} @

¥
sin(6y)
' . ¥
_v [2 Slﬂ(290>¢0df] sin(ﬁo)}
= /dex{ |57ﬁ0\2

+ RBRW{ [sin(260) (D50) (D bo0)o — 2(930560)] <_u 1

2
B 2tan(90)y >
2 [2008(00)(@380) 0,60) + sin(80) (@30, |
Y (Rﬂm c08(200) (9360 (8560) — RER 950, + 21R%050, — az) v

—p [2 cot(ﬂo)éo (dT - cot(&o)t%)

+ (— cot(6)bod, + < - 1) 02 — cot(6y)fo + df) }p

sin?(6p)

sinl(jeo) [2 sin(260) do (dT - Cot(Ho)éo)] go}
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_ /dex{ 16, fig

+ R"RV{ [5n(200)(9560) (8+¢0)o — 2(9p060)] (—V

Sl
2tan(90)y

2 [2c08(00)(@380) 0,60) + sin(80) (@30,
ey (RﬁR7 c08(200) (9560 (05 60) — RER D30, + 2% 050, — az) v

— [cot(@o)éodT + 62 — cot(6)bo + dz} ¥

—v [4 cos(6o) o (dT — cot(eo)éo)} SO}

= /dex{ 0,10

+ Rﬂm{ [sin(200) (950 ) (8- b0 )o — 2(930-00)] (—y _ Mﬁ) (C.3)
2 2.05(00) (0360)(0,0) + 5in(0) 05000 o}

iy (Rﬂm c08(200) (a0 ) (9500) — RER 030, + 2% 050, — az) v

— | B cot(80) (9560) (aT - Rvav) + RPRY(500)(0-00) — RPRY cot(60)(90-00)

+ (RO 00, - 217950, + 02) ]cp

—-v _4R5 cos(00) (Do) (fRA’&Y +0, - R cot(@o)(&ﬁo)ﬂ QO}

= /dT MR? + /dex { — TP+ RPRY (Js, -n4+nT - (Tgy + Tpdy — dpd,) 1]

+ RP T (2040, — Tsd;) n}.
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/dex (A(x) x 0;0(x))* = /dex {(ﬁo x O0-fg)?
+ sin?(Ao) @ + sin(2600) po®) + sin(26)9p + cos(zeo)qsoqsl?}
— /deX {(flo X anlo)Z

RB |:Sin(200)(aﬁ00).s(00 — sin(26¢)(9p¢0)0 — ¥ cos(200)(8ﬁ¢0)19}
sin(6p)

+ ¥'sin(26o)d- (51n(¢00)> }
= /drdx {(flo X Orho)*

1

(‘9())”2) - ucos(290)(35¢0)V}

RP [2 cos(00)(0pbo) e + sin(26y) (93 ¢o) (V + 3tam

— 2vcos(6) (dT - cot(eo)éo) go}

_ /dex {(ﬁo X -f1p)*

R {2 cos(00) (b0 ) — 2v cos(bo) cot(8o) (b )
+ sin(200) (Ds0)v + v sin2(90)(8ﬁ¢0)u}

— 20 cos(6o) (aT - Rﬂaﬁ) gp}

= /dT &einiRj + /dex { —nT-Ld.n+ R? T - (Mg +Ldg)n+ Ng - 1] }
(C4)
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C.2 Second order expansion of the free energy

In this appendiz we do some of the calculations to determine the second order expansion of F[ii]
n Bq. w.r.t. n which is used in Section . Since a skyrmion or vortex configuration is a local
minimum of F, the first order term in n equals 0. The zero’th order term will just give a energy Ey,
which is not interesting for our purposes because we assume the skyrmion is already there and not

=7 in Bq. (4.26

thermally created. We will thus restrict ourselves to determining H =

nT :17:0

We start from equation (4.1)
B & & 2
L Ps 2, D/ (. 0Oh . (A O o S Toarn)’
Pl =N [ ar [ ax 2 2 I +2(y'<“ax>‘”“"'(”ay))‘&“z+zXO(H'“<X>)

The exchange interaction becomes,

/Oﬁ dT/Adx Z Xk :/05 dT/AdX{(V9)2+sin2(9)(v¢)2},

l=z,y
B
second order — / dT/ dx{ — V29 + sin®(0p) (V$)?
0 A
+29sin(2600) (Vo) (V@) + 9 cos(200) (Vo) >0 }
B
5 / dT/ dédp pl — vV — oV + (“’t(e") (9,00) — (,60)? + cot(eo)(aﬁeo)) o
0 A

+ 29sin(2600) (Vo) (V) + 9 cos(200) (Vo) >0 }

B
= / dT/ dodp p{ — vV — Vi + ¢ (COt(eO) (9p00) — (9,60) + Cot(9o)(5§90)) @
0 A
B V4co;2(90) (Do) + Vcos/(;é'o) V}.

(C.5)
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Where the Dzyloshinskii Moriya interaction reduces to,

/ﬁdf/dx(“(ﬁxaﬁ)-f-(ﬁxi’;‘)

1
2

second order — / dr / dx{ (1/2)@ (Cf”((zg)) (V)P + @ _Cglsr(lgﬁg)) (V)
®o

—sin

— ¥sin(26,) ( Cos(¢0))) (Vo) — 190 sin(26y) (;zlsr(lg(bﬁ()))> (Veo)p

+ocos(zt) (") - (v9) - i) (o)) (700}

2 1 _sin(2
—>/ dr/dxi{ (1/2)@ 690)<p+p30(8 0 — 19bm( 60) 5 _ 4@“11(/)‘9‘%

cos(290)

+ ¢ (0sp) — @sin(26p)( }

8 90) 1 Sln(290) COt(go)
d dx + — Asv) — —
H/ 7-/ X { ¥ 2sin (90)@ SOsin(eo)p( ov) =V P voe 2p 14

VCOS(QHO)
sin(o)p

(Ds0) — 2 cot(00)(D,) + 20 00t2(90)(3p90)¢}~
(C.6)



Appendix D

Dynamics of skyrmions and vortices
for large spin flop fields

Due to lack of time we will not perform all the calculations to obtain closed analytic expressions for
the mass renormalizations and damping kernels.

In this section we will consider vortex configurations for large magnetic fields. By neglecting the
parts that are independent of the magnetic field, the operators in Eqgs. (4.25)), (4.28) and (4.29)) reduce
to

_ _X0 [5:7
g=-% {22HL87}+H
_ X0 [o. BB
g=2 {207 N},
K = X;{%FIRB (M + L) }

We see that we cannot split the eigenstates of G in a time-dependent and a space-dependent part. So
it will be a bit harder to perform sums over the Matsubara frequencies. For now we assume

~ -1 p< ps/Kz

for vortices. For skyrmions we make the following approximation
cos(fy(p)) ~ {_1 <V ps/ K- .
1 P>\ ps/K:

We can still perform the shift in Eq. (4.70) to complete the square

Z|R] = / DR e S« IRIp[R),

FIR) = [ Dy 8(QiR)S(Q:[R)) det(§§>efemm.[g+m}
- 1

det’[NA(g + ]C)] ’

Where the prime denotes the omission of the zero-modes and Z is defined by

T=-NaJ - (G+K)' T~ —NaJT-G717. (D.1)

o4
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For large magnetic fields Eq. will most probably give a damping kernel of order O((N4)!). For
slow dynamics of the vortex and low temperatures 3 > € ! we obtain we define the mass correction
by the zero frequency limit of the preceding damping kernel Ref.[9]. This mass correction will most
probably be quadratic in H and will be of order O((N4)").

The terms coming from
1

det'[Na(G + K))]
will be of order O((N4)?) and will be negligible in the zero-temperature limit.



Appendix E

The effective action for domain
walls

In this chapter we work through some of the calculations done in Ref.[3].

E.1 The model used in the paper

The model that is used is the Heisenberg spin model with some added spin anisotropies. We will thus
write our Hamiltonian:

H=—J S Si,— K, Y (S +K.> (S (E.1)
i,p i 4

For simplicity we will assume that the spins are located on a cubic lattice with lattice constant a. In
the above formula the S; gives the spin at lattice side i, and i + p gives the neighboring lattice sides.
The first term in the Hamiltonian gives the exchange interaction an the second and the third term
give anisotropy’s. In this case assume f{y, K. > 0. We will see that the K. term will cause the spins
to prefer to point in the zy-plane and f(y term will cause the spin to prefer to point parallel to the
y-axis.

E.1.1 Taking the continuum limit of the Hamiltonian

Because the system system size of the phenomena we are interested in (Bloch walls/domain walls) is
much larger than the lattice spacing a we are allowed to take the continuum limit of Eq. . This
section will be focused on doing this. By using the definition of a Riemann integral and using the
argument made above we are able to argue that for sufficiently large phenomena

i/dx:zi:. (E.2)

From now on we will write down the spin in coherent states basis Ref.[3, Appendix A], and write
Q = (sin(0) cos(¢), sin(#) sin(¢), cos(f)). We start finding an expression for the first term in Hamil-
tonian (E.I). We have S; - Si;, = 52 {cos(f) cos(f + 66) + cos(d¢) sin(0) sin(# + 66)}. By taking this
expansion op to second order in 0 we get

1
Si - Sit,~ 52 {1 ~5 (66% + sin2(9)6</)2)} )

56
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Now we make the assumption that the system we consider is almost one dimensional (so needle like)
and assume 6, ¢ are only dependent on z- length direction. Notice that §6 = a % and 0¢ = a %, this

implies
1 (00N . 99\ ?
S; - Siy, ~ a*S? {1 ~3 <<8x> + sin?(0) <(‘3i> ) } . (E.3)

Now combining Egs. (E.2)) and (E.3) we are able to rewrite Eq. (E.1)) up to a constant

H =Ny / da {J [@9)2 +sin20 (amﬂ — K, [sin20sin® ¢ — 1] + K. cos? e} . (E.4)

In the above formula N4 denotes the number of spins in the cross sectional area. The constants are
given by J = JS%a and K,z = K, .5?/a. It follows that the Euclidean action is given by

SE=SWZ—|—/OﬁdT’H, (E.5)
with the berry phase term
Swz = iS];[A /ﬂ dT/d:l: $(1 — cosh). (E.6)
By taking 6Sg = 0 and rotating to real time WZ get the following equations of motion
sin 09,6 — — 204 a 1 od (E.7)

TS0 7T Ssinh o
The equation in this particular case will be given by

sin 0 0¢p = —% {sin(20) [J(0,0)% — K, sin® ¢ — K.] — 2J(%6)} (E.8)

0 = —% {J[(026)sin6 + 4sin 0 cos 0(9,0)(0,¢)]| + K, cos ¢sin ¢sin® 0} (E.9)

E.2 Domain or Bloch wall configurations

In case of a Bloch wall, we want a stationary solution ({00 = 0,0;¢ = 0}) which connects the
anisotropy minima ¢ = +7/2, in the § = 7/2 plane. We find that Eq. (E.8|) will be trivial in this case.
On the other hand Eq. (E.9)) will give us

JO2¢ + K, sin ¢ cos ¢ = 0. (E.10)
With additional condition ¢(+o00) = 0 Eq. can be integrated over to obtain
Iiy(axgb)Q —cos’¢ =0 (E.11)
It turns out that there are 4 different Bloch wall solutions (see, ref 47 paper):
doc(x) = fQCg + 2arctan e“*/?, (E.12)

in the above formula § = /J/K, and @Q,C are respectively denoted as the charge and the chiralty.
With Q = (1/2) [ dz d,(sin ¢) and

1
C= = /dm 0] (E.13)
For Bloch walls @Q,C = +1, and the energy of this configuration is given by
Ey = 2JNA/dx(8w¢Qc)2 = 4Ns/JK, . (E.14)

Note that these solutions are not topologically protected as long the spins are able to move in the
z-plane. In the limit of large hard axes (K, > K,), we note that the configuration space becomes a
circle and the chiralty C' becomes topologically invariant (see Appendix .
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E.3 Relating the action to the Sine-Gordon Model

In the case of domain walls we are interested in the case where K, > K, thus deviations away from
the easy plane are small. So we are now able to expand

O(x,7) ~7/2 — )z, 1), (E.15)
with [J] < 1. We will now plug Eq. (E.15) into action (E.5) and expand up to second order

cosf — 9+ O(9)
cos? @ — 92 + O(0%)
(020)* = (9:9)* + O(9°)
sin? 0(9,0)% = (1 —02)(9,0)% + O(9°)
sin?@sin? ¢ — (1 —9%)sin® ¢ + O(9?).

Thus we will end up with the following action

SWZ:Z'S];[A /Bdf/dxé(l—ﬂ) (E.16)
H =N, / de {J [(agcﬁ)2 +(1-9?) (a$¢)2} — K, [(1-9?)sin2¢— 1] + KZW} (E.17)
= NA/d:n {J(0:0)* + Kycos®> ¢+ 9 LI },

with £ = —J02 — J(0,¢)* + K, sin? ¢ 4+ K, (the second derivative term is obtained by partial integra-
tion). Thus the euclidean action will be given by

Sp =Ny /Oﬂ dr / dz {ziaqu - 1%9 O+ J(0:0)* + K cos® ¢ + ﬂﬁﬁ} : (E.18)
We get the following equations of motion
009 = 5 {479(9,9)(D:6) + 20 (9 — 1)026) + K, (9 — 1)sin(29)} (E.19)
Dyp = %“ {J(8:9)* + J9(0,0)* — K9 — 2K.9} .

Because we are interested in a quantum mechanical description of a Bloch wall, we will use the path
integral formalism Ref.[3, Appendix A}, we obtain

(S He ¥ ((0) = [ DoD(cost)eS#10) (5.20)

Using the assumption that fluctuations in ¥ and ¢ have a wavelength lager than the domain wall with,
A>§ = k? < K,/J (E.12), this means that that hard-axes anisotropy becomes dominant and
L=K,(1+0(K,/K,)). Using assumption (E.15) we are also able to rewrite D(cos#) ~ 1, now by

also plugging Eq. (E.18) into Eq. (E.20) instead of Eq. (E.5) we are now able to perform Gaussian
integrations with respect to ¢

{2 e {02} = / DgD(cos B)e~ 52104 (E.21)

z/DqﬁDﬁe—SEw’d’] — /D¢e‘5¢[¢] /Dﬁe—sra[ﬂﬁ] ~ /que—sscw],
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with the restriction that ¢(x,0) = ¢q(z) and ¢(z,5) = ¢p(z). The action we get which is only
dependent on ¢ is given by

Ssg = NA/dsz {iiaT¢ +J {012(845)2 + (895(;5)2} + K, cos? ¢} , (E.22)

with ¢ = (2a/S)v/JK, the asymptotic spin wave velocity. Note that Eq. (E.21) was obtained using

B
So :NA/ d'r/dx {ﬁﬁﬁisﬁ&gb} (E.23)
0 a

19£19—i§1987¢:£‘1 w—zs 0:¢ +£—1 5*
a (2a)?
1 2

~ X (K 9~ Tqb) + (2521@( 0:¢)°

- (07¢)? (E.24)

and also

B
Sy = NA/ dT/dl’ {ii&-d) + J(00)? + K, cos? gf)} (E.25)
0

E.4 Interaction between Bloch walls and spin waves

throughout this chapter we assume X /c is a small parameter. We also make use of the assumptions
of last chapter so it is allowed to use the sin-Gordon action. For now let’s consider a single Bloch
wall ¢o(x) = ¢pg=1,c=1(x), now recall that ¢z — X) is a static solution of 6Ssc¢ = 0. Let’s
assume we have a Bloch wall at position X which is surrounded by spin waves (excitations with winding
number 0). We write

&z, 7) = po(z — X) + p(z — X, 7) (E.26)
We expand action up to second order in ¢ and X. We get
/dx bo(z — X) = —1X — /dex@T(b - —/de (E.27)
[ <aw¢>2 [ do{(0un)? + 20:0)(021) + (01)°} (E.28)
2JN /{ —2(92¢0)p — pI7¢}
[awartes = [ dndr (@00 + 2(dbu) o) + (dr0)7) (E.29)

_ /dxdT {(0:60)2 X2 = 200260 X* ~ 00X ) — i}

Eo c2 2 2 7202 v 2
—)/dT{2JNAX /dx{2(8w¢o)X ¢+¢{X o2 Xawaﬁa,}@}

/dz cos ¢ — /dx {cos ¢o — 2(cos ¢ sin ¢ )p + [sin® g — cos® go] ©* + O(¢*)} (E.30)

=c + /dx — 2(cos ¢ sin ¢g ) + {1 — 2sech® (%) } @* + 0(¢%)

Note that in Eq. (E.29) we used [ dapdZp = [ dapd, {faxgoX + (‘ch} = [dz {goagchz — 200, 0X + ¢, [78130)'( + Oy
= [dayp {X’Zag — X0,0, + 82} . Also note that the terms which are linear in Egs. (E.28) and (E.30
cancel each other. The reason is if you plug them in action (E.22) you get {J82¢o + K, sin ¢ cos ¢ | =
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0, the term between brackets is now 0 because ¢ satisfies the stationary Euler Lagrange in Eq. (E.10).
In Eq. (E.30) we used the fact that

cos(arctan z) L sin(arctan z) i = cos(2arctanz) Lo sin(2 arctan x) 20
rctanz) = ———, sin(arctanz) = ——— rctanx) = ——, sin(2arctanz) =
V1422 V14 22 1+ 2% 1+ 2
8
— sin® ¢y — cos® ¢y = cos?(2arctan e”/?) — sin?(2 arctan e”/%) = 1 — m — 1 — 2sech?® (%) )
By plugging Eqgs. (E.22) and (E.27) to (E.30) in to Eq. (E.21)) we get
(S }e () = [ DXe S NIPLx) (E31)
with
. M.
Sx[X] = [ dt{ —iaX + ?XQ (E.32)
the action of the free Bloch wall and
]
FIX] = / Do 6 ( / dedly(z — X)o(x, T>> det (5?() e~ Na [ dadr{p[G-4K]o+T 0} (F.33)

describes the interaction between the Bloch wall and spin waves. In Eq. (E.32) « = 7#SN4/a and
M = Bo — Nas® \/%. And functional F' in Eq. (E.33|) describes the interaction between the Bloch

c2 a’Kz
wall and spin waves, where the operator

G=—Jo—rd?+K, [1 — 2sech? (%)] . (E.34)
Note we use ¢ff = 2¢o(z — X).
in this case k = J/c*. The operators G and P describe the interaction of spin waves with a static
Bloch wall. The other two operators are used to describe the dynamic coupling between the Bloch
wall and spin waves

K =2kX0,0, — kX202, J = —2kX2¢). (E.35)

E.5 FEvaluating the damping kernel

We will now evaluate the functional derivative (%Q(. Note by > we mean derivation w.r.t x.
QX +6X] = / dzdr’ gy(z — X — 6X)b(x, 7')5(r — 1) (F.36)
= Q[X]+ /dxdT/ {—o6(z — X)p(z,7)6X + O(6X?)} 6(r — ') (E.37)
PI — g _ /dx (62(z — X) — dll(a — X)pla — X, 1)} 8(r — 7). (E.38)

To evaluate F' [X] we want to complete the square in exponential. While we are only working up to
order O(X?/c?) it is sufficient to take p = (1/2)G~17. Now we have
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(p+p)lG +Kl(p+p) = (E.39)
e [G+ Kl + oG+ Klp+p|G+ Kl +p.[G+Klp= (E.40)
0.[G+ Ko+ 0.Gp+ p.Gp+ O(X3) =

1 1 .
[0+ Kl + 506671 + 5671 T.Go + O(X*) =
1 1 .
PG+ Klp+ 50T + 5667 T+ O(X?) =
0.[G+ Klp+ T+ O(X?).

With G and K hermitian. In the second to last step we used the fact that G is hermitian. alternative
method:

0[G4+ Klp+o.J =

[(o+p) = pllG+K]l(p+p) —pl+ T(p+p) —pl=
w+mw+mw+m—mW+mw+m+7w+m+ow%=
(400G +Kl(e+p) =G TG+ K0 +p) + T(p+p) + O(X?) =
(o +p)-1G +Kl( + p) + O(X?).

With (a.b = [ dzdr a*b). Now take ¢ = ¢+ p. We are now able to rewrite F[X] into the following
form

= [ D5 aet | [ atsf - iz - 1ot - ) (E41)

<o ([ awtifo - X)lp = ple.m) ) e Msi9080

Now by rescaling ¢ = /N 4@ and using the identity det = exp trln, we are able to rewrite det [—g}

det | [ astet - 64— ot = )| =exp {ertn ([ astef ~ i - por =)} (@2

~ exp {trln (/dwé’ _%(@_p))} x exp {trln( 52 /d T — 5/2)/dz¢ )}

Note in the above equation we used f dxg3 = 2/§. For large N, the second term becomes negligible
and the last term will be proportional to X? and thus gives rise to an effective mass correction. We
thus get

F[X] = ¢~ AM [drX? /D@ 5 (/ ¢g¢> e~ #IG+KI (E.43)
— o~ AM [drX? 1
det’(G+K)’

the prime on the determinant means the omission of the Goldstone zero mode.
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