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ABSTRACT

We consider the problem of reconstructing binary images given the line sums (projections) of
the cell values along a few prescribed directions. This problem is computationally hard, and the
projection data can be noisy, so in many cases finding an exact reconstruction is not feasible.
For this reason we work with a least-squares formulation of the problem, where the aim is to
find a binary image of which the vector of its line sums is close to the given projection data. In
this paper, we will mostly focus on preprocessing algorithms that can partially reconstruct the
image, assigning values to some of the cells but leaving others undetermined.

The two main approaches we investigated are both based on some form of duality. The first
one is based on Langrangian duality: in a recent paper, A. Kadu and T. van Leeuwen introduced
a dual formulation of the discrete tomography problem and used the optimal solution of the
dual problem to partially reconstruct the binary image. We will further analyse this approach.
In particular, we will show that a certain relaxation gives raise to an equivalent dual problem,
which opens up ways to compute the dual optimal through different methods. Additionally, we
give sufficient conditions under which a non-optimal dual solution enforces the same cell value
assignment as the optimal solution.

The approach is based on roof duality, a concept introduced in 1984 as a way to find lower
bounds on real, quadratic functions with a binary domain. Additionally, methods that compute
the roof duality lower bound can also identify some variable assignments that must hold for any
minimiser of the function. While algorithms based on roof duality have become more sophisti-
cated over the years, to our knowledge it has not been applied in the field of discrete tomography
so far. We will show that in many cases roof duality based methods will not be able find good
partial reconstructions.
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1. INTRODUCTION

Discrete tomography concerns the reconstruction of discrete valued images, given the outcome
of a finite number of weighted sums of the values of the image’s cells. See Figure[l]for an example.
There are multiple variations of discrete tomography, many of which can be stated as a problem
of the form

find an = € UV satisfying Az =y, (1)

where x represents the image we want to reconstruct, i = {uy,...,us} C R gives the allowed cell
values, A € RM*N and y € RY. In most cases, M < N and A is a sparse, rank deficient matrix.
In general, the decision problem of is NP-hard, as are many variants of discrete tomography,
see e.g. [8]. This means that for large images finding a solution to is often not feasible. This
is one of the reasons to consider to consider a least squares formulation of the problem given by

1 2
min > |Az —yll,. (2)

Solving exactly is at least as hard as solving 7 but by using we can get an idea of how
close an = € {0,1}" is to satisfying Az = y. A second important reason to use instead of
(1) is that in practise we often have to deal with noisy measurements, and as a result the true
solution x does not exactly satisfy Ax =y, but the value of ||Ax — yHg will still be low.

In this paper we will mainly focus on preprocessing techniques. In particular, we are interested
in finding I C {1,...,N} and «o; € U, i € I such that adding the constraints x; = a; does not
increase the minimal objective value of . This then given a new constrained least squares
problem with a matrix of size M x (N — |I]), which should be easier to solve than the original
form.

1.1. Our contributions. We will investigate three preprocessing techniques. The first one is
based on all the size one autarkies of the instance. In short, we can identify all ¢ € [N] and
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FIGURE 1. An example of a discrete tomography problem. For each line, the
sum of values of the cells is known. Cells values are restricted to 1 (black) or 0
(white). This instance has two exact solutions, shown in Figure



5

1 0 O 1 0 O

— 908/ — 90/ 8/®-
LA B LSO B
: O 00O R X Ses

(a) (B)

FIGURE 2. The solutions of the discrete tomography problem described by Figure

a; € {0,1} such that replacing z; by «; will lower the objective value of x for all {0,1}¥. We
have not been able to find sources where the method has been used before, but since the result
on which it is based is fairly easy we think it is likely that we are not the first to observe it.
For the second technique, based on Langrangian duality, we mostly build on the results from
[12]. We give some extra insights on how the dual given in [I2] relates to (relaxations of) the
original primal problem. We show that the the optimal solution of the dual problem is unique,
and can be used to derive a lower bound on 3 ||Az — y||§ when we assume that z satisfies certain
constraints. Additionally we extend some of the results to dual variables that are almost optimal.
We recreated parts of an experiment performed in [12] to confirm some of our presumptions. The
last technique we will discuss is called roof duality. All the algorithms and concept relating to
this concept were introduced in other sources ([10], [3], [4], [13]). Our contributions are the
results regarding applying these concepts to the discrete tomography problem. We will apply all
three techniques to small scale test images to see how well they perform in practise.

1.2. Outline. After formalising the discrete tomography problem and other relevant concepts
in Section [2| we will introduce a simple preprocessing technique, based on identifying size one
autarkies, in Section[3] This technique will generally not reduce the problem size by much, or not
at all. However, the computation cost is cheap and the new least squares problem is guaranteed
to satisfy some properties that make it easier analyse the techniques described in Section

In Sectionwe will focus on methods based on Langrangian duality [5], which is a fairly general
concept that can be applied to many constrained optimisation problems. In [12], the authors
derived the Langrangian dual program of an constrained minimisation problem equivalent to .
Furthermore, they found that they could use the optimal dual variables of this dual program to
partially reconstruct a solution of . In this paper we will show that the dual program of a
relaxation of is equivalent to the dual problem found by the authors of [12]. We then use this
equivalence to derive some properties of the dual program: we show that it has a unique optimal
solution that can be expressed in terms of A,y and an optimal solution of the relaxation of .
Furthermore, we give a lower bound on ||Az — y||, for € U that do not agree with the partial
solution based on the optimal dual variables. We also show how one can use almost optimal
dual solutions in this lower bound, which is important in practise since they can be computed
numerically. Lastly, we revisit an experiment reported in [I2] and explain how our findings are
related to their numerical results.
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In Section [5| we consider a different technique, based on the concept of roof duality [I0]. This
technique be applied to problems of the form
i f(@), (3)
where f is a quadratic function. Roof duality gives a lower bound on and can sometimes
identify assignments of the form z; = «; that must hold in optimal solutions of . The roof
duality lower bound can be formulated in a variety of ways. One way is by constructing a
directed graph with edge capacities based on f, and then computing the maximum flow in this
graph. This approach was extended in [4], where it was shown that by analysing the strongly
connected components of the residual graph one can obtain even more information about the
minimum of . With their method they were able to obtain optimal solutions for maximum
cut problems on graphs derived from Very-large-scale integration (VLSI) circuit chip design,
maximum clique problems on instances derived from fault diagnosis and minimum vertex cover
problems in random planar graphs of up to 500,000 vertices. However, as we will show, roof
duality based techniques are usually not effective when applied to discrete tomography problems.
In Section [ we give some experimental results we obtained by applying the methods discussed
in the previous sections to artificially created discrete tomography problems.



2. PRELIMINARIES

Given a natural number n, we denote the set {1,...n} by [n]. We denote the n-dimensional
all ones vector by 1 and the all zeros vector by 0. The standard basis vectors of R™ are denoted
by e1,...,e,. For matrices, we use I for the identity matrix, F for the all ones matrix and Z
for the zero matrix. We will sometimes use subscripts to emphasise the dimension of a matrix,
e.g. Zm n denotes the m x n zero matrix. For a given matrix A, we write a’ for its i-th column.
Given two equally sized real vectors v, w, we say that v < w if and only if v; < w; for all ¢ € [n];
we use <,> and > in a similar way. We denote the set of non-negative real numbers by R>q

2.1. Discrete tomography. The description of discrete tomography that we will give in this
section is mainly based on [11]. We do however make a few adjustments to the notation used to
better suit the sequel. The goal of discrete tomography is to reconstruct a d-dimensional image
x of size N = nq X -+ X ng. Since the domain of x is finite, we can enumerate it and consider
X to be an element of U, where U = {uj,us} C R gives the allowed cell values. In order to
reconstruct x, we are allowed to use M different projections P = {P,..., Py }. Each projection
P; corresponds to a ray R;, which is a line in R? given by

Ri = {\W'" +w' | A € R},

where v?, w® € R? are constant vectors. Denote the set of all used rays by R = {Ry,..., Ry}
The projection P; is given by
Pi = Z C;'Xj'

JE[N]

Here, each C; is defined by a given weight functiorﬂ w:R x[N] =R as

¢’ == w(Ry, j).

How weight function w is chosen depends on what kind of image x represents. In some settings
(see for instance [16]) it is appropriate to assume that each value j € [N] corresponds to a box
in R?, and that the value w(R;,j) corresponds with the length of the line piece given by the
intersection of the ray R; and the box corresponding to j. In other settings j corresponds to a
point p; in R, and the value of w(R;, j) is given by

1 if p; € Ry,
0 otherwise.

w(R;, j) = { (4)

We illustrate the distinction in Example In both cases, the problem of finding an x € UV
that satisfies all the projections can be expressed as
find an « € UV satisfying Az =y, (5)

where the rows of A € RM*N are given by (¢})T,...,(c™)T and y; = P, for all i € [M]. We

should note that while x = x is a solution to 7 many more solutions could exist, especially
when the number of projections is low. In this case it is necessary to make additional assumptions
about x, such as connectedness or convexity, to obtain a meaningful reconstruction.

Example 2.1. In Figure |3| we give two examples of a projection with direction (1,—1). In the
image on the left the 2; correspond to points in R2. The matrix A corresponding to this problem

INote that this weight function is similar to but not the same as the one in [L1].



is given by
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On the right each x; represents a square, and we have

0 0 ¢ 0
A=|c2 0 3 4],

3 3 3

c; ¢ 0 ¢

where each ci is proportional to the length of the section of the ray Ry that intersects the square
corresponding to ;.

\ AN

X1 X5
X1 X2
N
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FiGUure 3. Two different types of discrete tomography, see Example

For the derivation of most of the techniques in this paper, we do not have to make strong
assumptions on the properties of A. However, in a few cases we will work with a specific form
of discrete tomography, which we will refer to as the lattice set reconstruction problemﬁ This
type of discrete tomography has been used in papers as [12], [2], [§]. It is formulated as follows:
Let each j € [N] correspond to a unique point p; € [n1] X - - X [ng], and let the weight function
be given by (4). The rays are given by m sets of parallel lines R;,i € [m] with direction v*.
None of the directions are parallel to each other. For each direction, all the lines of the form
{M\! 4+ w | A € R} that contain at least one of the points is used. The leftmost image of Figure
gives an example of this form of discrete tomography with m = 1,n; = no = 2 and direction
vl = (1 —l)T. The example we gave in the introduction, Figure|l} is a lattice set reconstruction
problem as well. Here the directions are given by (1,0)T (red) and (1,2)” (green). In general,
the problem of finding an exact reconstruction in this setting is NP-hard if m > 3 [§].

As we discussed earlier, our main focus will be on a least-squares formulation of . In
particular, we will consider the binary constrained least-squares (BCLS) problem given by

minimise  frs == & || Az — y||; (BCLS)
subject to x € {0,1}V.

2Most papers that use this formulation simply call it the discrete tomography problem, we use a different term
to avoid confusion with the more general definition from [IT]
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Note that we assumed that & = {0,1}. This is without loss of generality, since if U = {uy,us}
we can substitute £ = u1 & + uz(e — &) in frg to obtain
2

: (6)

2

(’Uq — ’LL2)2 min -

#e{0,1}V 2 (uzde —y)

’f
Uyp — U2
which is again a discrete tomography problem with the same matrix A and U = {0,1}. We will
call an ordered pair (A4,y) with A € RM*N and y € R™ an instance of minimisation problem
BCLS| and denote the set of all instances of BCLS| by Z.
It is worth noting that discrete tomography problems with more than two grey values can also
be phrased as a problem of form [BCLS] if i/ is given by
U= {uo,u0+6,...,u0—|—k5}

for some £ > 0. The corresponding least squares problem is then equivalent to
2
C k ;
minimise % ) wAl —y+e> AWH2 ;
subject to 2!',... 2% € {0,1}",

(7)

which can be written as a problem of form [BCLS| by concatenating z!,...z* into a single vector
and setting

A=(A A - A).
N———’
k times

If the original A has dimensions M x N, then A will be an M x kN matrix. Hence if the number of
grey values is small the methods we will discuss are applicable, but if & is large other approaches
might be more suitable.

2.2. Persistency and autarky. The methods we discuss in this paper construct partial so-
lutions, also called partial labelings [14], to Here a partial solution is an element z €
{0,1,8}", where we use the symbol ¢ to indicate that the value of z; = ¢ is undetermined. We
denote I, := |{i € [N] | z; # o}| and say that the size of z is the number of elements in I,. Given
a vector x € {0,1}", we define the fusion [14] z[z] of x and z as

@m»:{” b o

z; otherwise.

We say that a partial solution z is a strong autarky [] for function f: {0, 1} — R if f(z[z]) <
f(z) for all x € {0,1}" such that z[z] # x. Similarly, 2 is a weak autarky for f if f(z[z]) < f(z)
for all x € {0,1}". Related is the concept of persistency, introduced in [10]. Given some i € [N]
and « € {0,1} we say that the assignment x; := « is weakly (strongly) persistent if z; = « for
some minimiser of f. Furthermore, we say that a partial solution z is persistent if for each i € I,
the assignment x; := z; is strongly persistent. Note that if z is a strong autarky, then it is also
persistent.

The goal if the methods we will discuss is to find persistent partial solutions of [BCLS] which
allows us to reduce the original problem to a smaller one. More precisely, given a persistent or
autark partial solution z, let r, : T — T (recall that Z denotes the set of all instances) be its
problem reduction, that is

r2(A,y) = (r:(4),r2(y))
where 7! deletes the columns of A corresponding to the determined entries of z and

r2y) =y— Y ud.

il
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Solving [BCLS| for the smaller instance r, (A, y) then also gives a solution for the original instance
(4,y).
Example 2.2. Consider the instance (A,y) given by

A=

DN D

1100

001 1 1

10105
1

01 0
This matrix corresponds to two horizontal and two vertical projections of a 2 x 2 image. The
partial solution z = (g, ¢, ¢, 0) is strongly autark. This can be shown by computing f(z)— f(z[z])

for all x € {0,1}® x {1}. There is also an easier way to show that z = (¢,4,9,0) is strongly
autark, as we will show in Section [3] Since z is strongly autark, we can reduce the instance to

[\]

1 1 0 6
0 0 1 12
Tz(Avy) = 1 O 1 ) g 6
0 1 0 2

2.3. The pseudo-inverse. Given a reaﬂ matrix A, we denote its (Moore-Penrose) pseudo-
inverse by AT. For readers unfamiliar with this concept we state the properties of A that we
will use later. We use the following definition of Af:

Definition 2.3 ((10.11) - (10.14) in [1]). Given an M x N matrix A, we say that AT ¢ RV*M
is the pseudo-inverse of B if it satisfies the following conditions:
(i) AATA = A;
(i) ATAAt = At
(iii) (AANHT = AAt;
(iv) (ATA)T = ATA.

One can show that there is a unique matrix that satisfies these conditions. Note that there exist
many equivalent definitions of the pseudo-inverse, the one we mentioned here has the advantage
that it is easy to verify if a matrix B is the pseudo-inverse of A. One important property of Af
is the following;:

Proposition 2.4 ([15]). Let A € RM*N > € R" and y € R™. Then ||[Az — vy, < |4z —yl,
for all z € RY if and only if

z=Aly 4+ (I — ATA)w. (8)
for some w € RV

Using properties (i) - (iv) of Definition one can derive the following additional properties
of the pseudo-inverse ((10.17) - (10.20) in [1]):

(AN =
(A7) = ( D
(kA)T = kTAT for any k € R;
(AT A)F = AT(AT)T,
One can use these properties to derive that
(ANT(I - ATA) = (AN — ((AT4)TAN)T = (ADT — (at44D)" = (AT = (AHT = Zy, .

3The properties we discuss can be generalised to complex matrices, but we only need to work with real matrices
in this paper.
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As a result, any z given by ({2.4)) satisfies ||z||, > HATy‘ ,» and equality holds if and only if w = 0.
The pseudo-inverse can also be used to compute solutions to linear systems, as is seen in the
following proposition:

Proposition 2.5 ([I5]). Let A € RM*N_ > ¢ RN and y € RM. Then Az = y if and only if
y € Range(A) and

z=Aly + (I — ATA)w
for some w € RN
Proof. Suppose y € Range(A) and z satisfies (2.4). Then y = Ax for some x € RY | and we have
Az = A(Aly + (I — ATA)w) = AATAz + (A — AATA)w = Az = y.

Now suppose Az = y. By Proposition z must satisfy (2.4). Furthermore, since Az €
Range(A), so is y. O

The properties described above will be used in some proofs in Section
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3. SIZE ONE AUTARKIES

In this section we will introduce a simple prepossessing algorithm, based on identifying all
size one autarkies. This method will not be able to reduce the problem size by much in most
instances, for reasons that will become clear later. However, by applying the algorithm we can
give some guarantees on the resulting reduced problem that will simplify the analysis of the roof
duality based method we will describe later. In this section we will assume that A is entry-wise
non-negative. We can find size one autarkies by using the following lemma:

Lemma 3.1. Let z be a partial solution of size 1, and let k € [N] be such that z, # 0. Assume
that A;; > 0 for alli € [M], j € [N]. Then z is a weak autarky for frs if and only if

1 2

k k k

(1 —2z) (y,a") + 21, (A1,d") < 3 lla"|5 -

Additionally, z is a strong autarky if and only if the above inequality is strict.

Proof. We only prove the weak autarky case since the proof for strong autarky is almost identical.

We have to show that

L (o) = fstale) 20

Let A € RM*N=1 he the matrix given by deleting the k-th column from A. Note that if 25 = 2,
then frs(z) — frs(z[z]) =0, so we can assume without loss of generality that

) B ] 19~ A 2 1. . 2
mel{l(l)l,?}’\’ fos(@) = fus(ele]) = ie{{{lll?N*I 2 HAac + (1= z¢)a” - yH2 2 HAm +aat - yH2 '

We derive
10 ~ 2 1 - 2
2[4+ —zat = = 5[ A7+ 2t -y =

y T 1 . T 1
(1—z) (AQE — y) a® + (1 - zk)Qi HakHz — 2 (Ai‘ - y) at — 2,35 HakH; =
_ T
(1—2z) (Aic—y) ak—ﬁ-(l—QZk)% HakHi
Using the fact that A is non-negative, we have
. P T 1 2 1 2
Lomin (A —y) b= 5 by = et 4 5 lat
and
) - T 1 2 - \T 1 2 1 2
Lmin = (A7 =) at s Gty = (v - AL) et = 5ty = - AT 4 5 et

Combining the two expressions we find

. 1 2
xel{%l,?}w frs(@) — frs(zf2]) = (22 — 1) (y, ") — 2 (A1,a") + 3 Hak||2
and the result follows. O

Example 3.2. We apply Lemma [3.1] to the instance from our earlier example: Let instance
(A,y) be given by

110 0 6
00 1 1 1]2
A=17010]"Y"516
01 0 1 9
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The partial solution z = (g, 9,9, 0) is strongly autark, since

4 1 2
4\ _ _ k
(ya") =z <1=35la"[l;-
We can reduce the instance to

1 1 0 6

0 0 1 112

rz(Avy) - 1 0 1 73 6

01 0 2

Note that we can compute A1 in O(MN) time. If A is non-negative, and after computing
Al, we can use the Lemma above to check if a partial solution of size 1 is an autarky for frg
in O(M) time. Since there are 2n of such partial solutions, we can find all autarkies of size 1 in
O(MN) time. We can then combine the autarkies we found into a single autark partial solution
z and reduce instance (4, y) to r.(A4,y). This new instance might have new size 1 autarkies! We
can repeat the procedure until we end up with an instance (A4’,y’) that does not have a size 1
autarky. This instance must then satisfy

1 2 1 2
Sl < . a) < (ALa) ~ L ')

for all columns a’ of A’. Being able to make this assumption above will prove useful in Section
In the context of discrete tomography, a column of a’ of A will only violate the inequalities above
if the rays that p; contributes either all have a high (y; ~ (A1);) projection value or all have a
low (y; =~ 0) one. In practise most points p; contribute to some rays of which the projection value
is not near either of the two extremes, in which case x; cannot be determined by this method.
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4. LANGRANGIAN DUALITY

Langrangian duality is a technique for finding bounds and/or solutions for constrained opti-
misation problems. The main idea is to add linear penalty terms to the objective function as
a substitute for the original rigid constraints. In the minimisation case, the optimal value of
the relaxed problem will be a lower bound for the original problem. By multiplying each linear
penalty term a corresponding weight we can alter this lower bound. It is generally of interest to
find the weights that maximise this lower bound; this is called the Langrangian dual problem.
In [12], Van Leeuwen and Kadu gave an equivalent formulation of and derived an explicit
form of its dual problem. They found that for small problems with a unique and exact solution
they could extract optimal solutions of BCLS]| from the optimal dual solutions, and conjectured
that this approach also works for bigger problems. In this section we will further analyse this
approach.

In the next subsection we introduce some general concepts related to convex optimisation and
Langrangian duality that will be useful in the succeeding part. After that, in Section [£.2] we
show that the Langrangian dual problem of a certain relaxation of [BCLS| is equivalent to the
dual problem derived in [12]. In Section we show that this equivalence can be used to prove
some properties of the dual problem and to compute its optimal values.

4.1. Convex optimisation concepts. Here we will explain some of the theory regarding convex
optimisation that we will apply to the binary tomography problem in the remainder of this
section. We use [5] as our main source for this part. Consider an optimisation problem of the
form
minimise  p(x)
subject to  f;(z) <0,
hiaﬂ =0

@
m
3

(9)

i€ t]

We say that « € RY is a feasible solution of @ if x satisfies its constraints. A feasible solution
z* is called optimal if p(z*) < p(z) for all feasible solutions z. The Langrangian of (9] is defined
as
Lz, A\ v) = p(x) + Z Aifi(z) + Z vihi().
i€(s] i€(t]

We say that A; (c.q. v;) is the dual variable corresponding to the constraint f;(z) < 0 (c.q.
(hi(z) = 0). Note that if z is a feasible solution of (9) and A > 0, then p(z) > L(z,A,v). In
order to find a lower bound for every feasible & we define the (Langrange) dual function as

g\, v) = inf L(z,\ ).
z€RN

Since ¢ is a pointwise infimum of set of affine functions, g itself is concave. The corresponding
dual problem is finding the dual variables that give the best lower bound, i.e.

maximise  g(\,v)

subject to A\; >0, i€ [s] (10)

In this context we refer to @ as the primal problem and to x1,...,x, as the primal variables.

Let p* be the optimal value of @ and let d* be the optimal value of . In general, we
have d* < p*. This relation is often referred to as weak duality. In some cases d* = p*, in which
case we speak of strong duality. For certain classes of optimisation problems we can guarantee
that strong duality holds. Slater’s condition says that if @ is a convex optimisation problem
(ie.p, f1,..., fs are convex, hq,...,h; are affine) and there exists a strictly feasible point x (i.e.
fi(z) <Oforalli € [s] and h;(x) = 0 for all ¢ € [¢]), then strong duality holds and, even stronger,
there exist * and (A\*,v*) such that p(a*) = g(\*,v*). See [B] for a proof of this fact.
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Now suppose there exists a primal optimum solution z* and a dual optimum solution (A*, v*)
such that p(z*) = g(A\*,v*). If p and the constraint functions are all differentiable, then the
following conditions hold:

filz*) <0, i€[s], (11)
hi(z*) =0, iet], (12)

A7 >0, i € [s], (13)

Ajfiz™) =0, i € [s], (14)

Vp(z*) + Y NV fi(z*) + Y v Vhi(z*) =0. (15)

i€[s] i€ft]

Conditions , and follow directly from the feasibility of * and A*. The equality
is known as complementary slackness. It follows from the fact that g(\*,v*) < L(z*, \*,v*) <
p(x*). Since p(z*) = g(\*,v*) both inequalities hold as equalities, and

0= L@\, v*) —pla) = Y N fila™) + Y vihi(z®).
1€[t]

i€[s]

The latter sum is zero as a result of condition (12]), each term of the former sum is non-negative
by and , and follows. Condition can be derived from the equation g(\*,v*) =
L(xz*, A*, 1u*), which implies that =* minimises £(-,\*, u*). Hence the gradient of L£(-, \*, u*)
evaluated at x* is zero.

Together, — are known as the Karush-Kuhn-Tucker conditions, or KKT conditions for
short. The above shows that the KKT conditions are necessary for * and (\*, v*) to be optimal,
assuming differentiability of the objective and constraint function. If additionally @ is convex,
then L£(-, A\, v) is convex for all dual feasible (A, v), and therefore any x and (A, v) that satisfy the
KKT conditions must be optimal. For this reason the KKT conditions play an important role
in algorithms for finding an optimum for this kind of primal problem.

4.2. Formulation of the dual problem. By writing [BCLS| in an appropriate form we can
apply the theory described above to the discrete tomography problem. The authors of [12] used
a variamﬁ of the following formulation:

e 1 2
minimise 5 [|Az — yl|5
subject to = = H(¢), (16)
¢ € RN,

where H is the Heaviside function. In [12] it was shown that the dual of is given by

- 2
maximise %yTy — % ||1/ — ATyH(ATA)T — ZiE[N] max(v;,0)

. (BCLSD)
subject to v € Range(AT).

To show this fact the exact value of H(0) does not have to be the conventional value of 1/2, the
derivation of [BCLSD|in [12] also works if H(0) =1 (or H(0) = 0). For convenience we will use
H(0) =1 in the remainder of this paper, in which case is equivalent to So in a sense
the above can be considered as the Langrangian dual problem of [BCLS} as such, we will refer to
it as the Binary Constrained Least Squares Dual (BCLSD) problem.

4The authors of [12] used U = {—1,1}, we transformed their results to our choice of ¢ = {0, 1}.
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In the sequel, we will consider the following convex optimisation problem, which we will call
the Conver Constrained Least Squares (CCLS) problem:

e . 1 2
minimise 5 ||Az — sz L
subject to 0<x <1, i€][N], (L)

This problem is a relaxation of [BCLS} as such, its objective value gives a lower bound on the
objective value of BCLS] We proceed as follows: first we will derive the Langrangian dual problem
of [CCLS] Next, we show that this dual problem, which we refer to as the Convex Constrained
Least Squares Dual (CCLSD) problem, is equivalent to Then we will use the concepts
introduced in Section to show that strong duality holds between [CCLS| and its dual. This
will in turn allow us to apply the KKT conditions to relate optimal solutions of [CCLS|to optimal
solutions of and

Proposition 4.1. The Langrangian dual problem of[CCLY is given by

. 2
mazximise %yTy - % HATy —(a— ’B)H(ATA)T - g7,
subject to o — 3 € Range(AT), (CCLSD)
a, B € Rgo.

Proof. Associate the variables a, 3 € R with the constraints 0 < x and x < 1 respectively.
Then the Lagrangian of [CCLS]is given by

1
L(z,a,f) = 3 |Az — y||§ —aoTz+ BT(Q: -1).

Since £ is quadratic in z and the quadratic coefficient ATA is positive semidefinite, z* is a
minimiser of L(-, a, 8) if and only if VL(z*, a, ) = 0, i.e, x* solves

ATAz* = ATy 4+ a - B.

A solution exists if and only if a — /3 is in the range of AT, in which case all minimisers are of
the form
= (ATAYW ATy +a—B) + (I — ATA)w
= Aly + (ATA) (@ — B) + (I — AT A)w
for some w € RY. So if (a« — 8) € Range(AT) we can find an expression for the dual function

g(a, B) by substituting a minimiser z* in £(z, o, 8). Substituting z* = Aty + (ATA)(a — 3) in
| Az™ = yl]; gives

|4z — yl2 = ||(AAT = Dy + AT (a = B)||2,
= [[(a4t = Dylf; + AT (2 - )5
— |lyl)? — yT AATy + | AT (0 - B)||2.
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Hence, provided (o — 3) € Range(A”'), the dual function g can be written as
g(a, B) = inf L(z,a,p),
z€RN
1 * *
= 2 lAr gl — (0~ )7a” — 571,
1 2
= 5 (Iwlls =™ 44y + A7 (@ = 5)|3) ~ (@ = 5) (Aly + (AT4) (0 = ) — 671,
1 1
=3 (v" Aty +2(a - BAly +y" A (AT4)  ATy) - 571+ 39",
1 2 1
= =5 [[A%y = (@ = B[ 4rayr =BT 1+ ¥y

2
If (a — B) ¢ Range(AT) then L(-, «, 3) is not bounded from below, so in that case g(a, ) = —o0.
Thus the Langrangian dual problem of [CCLS|is given by [CCLSD] O

To see that [BCLSD| and |[CCLSD| are equivalent, note that any optimal solution (o, 8*) of

CCLSD|satisfies of 87 = 0 for all ¢ € [N]. So given a optimal solution of[CCLSD|we can construct
a solution v of BCLSD] with the same objective value by setting v = 8* —a*. Conversely, setting

a; = max(0, —v;) and 8; = max(0,v)) gives a solution of [CCLSD| given an optimal solution v*.

4.3. Insights about the dual program. Before we show that strong duality holds between

and its dual, we will first give some consideration to the structure of [BCLSD] Consider
BCLSD| and eliminate the constraint v € Range(A”) by substituting v = ATy, u € RM. This
results in the equivalent problem

. . 2
maximise A () := —% ||ATN - ATyH(ATA)T - ZiE[N] max ((ATM)i’ 0) * %yTy (17)
subject to € RM.

Given a solution p of we can retrieve a solution v of [BCLSD| by setting v = AT . We can
express Nmin as Amin (1) = mingego,13~5 M, 1) where we define

1 2 1
h(df, :LL) = 75 HAT.u - ATyH(ATA)T - ITAT.U“ + iny
and h, := h(z,-). Using this notation we see that is equivalent to

in Rz, ). 18
jna min | (. 1) (18)

By applying the max-min inequality we find that

max min h(x < min max h(x,u).
HERM £ {0,1}N (1) ~ 2€{0,1}N LeRM (1)

We will show that the right hand side of this inequality is equivalent to the primal problem
BCLS

Since h, is a concave quadratic function for each x € RY, we can determine its maximisers
by setting its gradient to zero.

Lemma 4.2. Given x, the function h, is mazimised by u* if and only if
pt = AAYy — Az + (I — AANHw
for some w € RM,
Proof. The gradient of h, is given by
Vh, = A(ATA)TATy — A(ATA)T AT — Ax,
= AATy — AAT — Az



Setting the gradient to zero to find the maximisers of h, gives
AA ) = AATy — Az,
All solutions of the above are of the form

= AAYy — Az 4+ (I — AADYw, w e RM.

Proposition 4.3. The primal problem [BCLY is equivalent to

min  max h(z, u)
z€{0,1}N peRM

Proof. If p* is a maximiser of h, then we can express h(z, u*) as

18

N 1 2 1
h(z,u*) = ~5 HAT(AAJr -y —w)— ATA:CH(ATA)T — 2T ATy — 2T ATAx + §yTy,

L7 2 T AT T AT L
:7§HA AxH(ATA)T —ztAy—az A A:chiy Y,
1 2
= S llAz 2.
Hence
1 2
min  max hA(z,u) = min = |Az— .
ze{o,l}NueR)l\g (@, 11) ze{0,1}N2H ullz

O

Example 4.4. To illustrate the behaviour of the dual problem we consider the case A = (1, 0.2).
In Figure [4 we plotted each h, for y-values 0.5, 1 and 1.5. In the first case there does not
exist a binary solution to Az = y, but there do exist solutions in [0,1]?. This means that
g(a, B) < g(0,0) = 0 for all o, 3 € RV, so (a*,3%) = (0,0), v* = 0 and pu* = 0 are optimal
solutions of [CCLSD)| [BCLSD| and respectively. The best binary solution is x = (0,1)7 with

corresponding i given by
i =AATy — Az = 0.5 - 0.2 =0.3.

0.4 0.4

0.2 0.2

0.4

0.2

04 0227 02 04

-0.2

04 04

04 02-77,

p
’ v,
/02
.,

-0.4

—— hiin ()

y=05 y=1

FIGURE 4. Plot of the functions h, for each z € {0,1}? and three different
values of y. We denote by p* and d* the optimal values of respectively [BCLS|

and CCTY

y=15
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In the second case z = (1,0)7 is an exact solution, so u* = i = 0. In the third case z = (1,1)7
is an optimal solution of the relaxed primal [CCLS] so we have
P =jf=15-1.2=03.

Note that only in the first case there is a duality gap between [BCLS| and [BCLSD] while d* = p*
in the second and third case. We will see in the next section that there is no duality gap if and
only if [CCLS| has a binary optimal solution.

4.4. Strong duality and its consequences. We can write [CCLS| as a optimisation problem
of form @ by setting

p=frs, fi(x) =—wxi, fiyn =x; —1forie€ [N].
We see that p, f1,..., fon are convex and that z = %1 is a strictly feasible point, so Slater’s
condition holds and there exist * and (o, 8*) such that p(z*) = g(a*, 8*). Moreover, p and

the constraint function are differentiable and as such the KKT conditions apply. Combining this
with the relation v* = 8* — o™ immediately leads to two useful results.

Lemma 4.5. Let 2* be an optimal solution of[CCLY Then the optimal solution v* of[BCLSD|
is unique and given by
vt = ATy — ATAz*.

Proof. Because of the equivalence of [BCLSD| and [CCLSD] it suffices to show that 8* — a* =
ATy — ATAz* if (a*, %) optimises CCLSDl Let (a*, *) be an optimal solution of (CCLSD}| and
recall that both a* and 8* correspond to inequality constraints. By KKT condition ((15)) we have

0=Vp(a*)+ Y (Vfi(z") + B Vinyi(a™),

1€[N]
=ATAz* — ATy + Z (—aje; + Bei),
1€[N]
— ATAz* — ATy + B* — o,
hence B* — a* = ATy — ATAz*. O

Lemma 4.6. If v* is an optimal solution of [BCLSD| and v} # 0 for some i € [N], then any
optimal solution x* of [CCLY must satisfy x3 = H(v}).

Proof. Let x* be an optimal solution of [CCLS|and let (a*, 8*) be the optimal solution of [CCLSD
By the complementary slackness condition (14)) we have

a; >0 = 27 =0, 57 >0 = z] =1
Since the optimal v* of BCLSD] satisfies v* = * — a* the above is equivalent to
P
O

In [12], the authors posed the idea to compute the optimal solution v* of and then
construct a partial solution z of by setting z; = H(v)) for all ¢ € [N] such that v* is
non-zero. The above shows that this approach will not be successful when any optimal solution
x* of BCLY| (or [CCLY) is a global minimiser, since in that case

v = —VfLs(x‘*) =0.

Despite this, the authors of [I2] were able to reconstruct noiseless small scale images with their
method. At first sight, this seems contradictory. We will address this phenomenon in Section
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In light of Lemma consider the following method of constructing a partial solution of
first compute an optimal solution 2* of[CCLS} then, for each i € [N] such that } € {0,1},
set z; = . All the cell values that are determined by the method in [I2] will also be determined
by this method, since if v} # 0 then z} is binary. In some sense one can be more confident that
setting z; = « is persistent if the corresponding v* is non-zero. However, this is not guaranteed to
be the case, at least not for general matrices A as we will show in the following counterexample:

-1 3 1 /18
A:<12 4) andy:5<8>.
The matrix A is invertible and z. := (3/5,7/5)T satisfies Az. = y. Since . is the unique
minimiser of frg(z), (x.)1 € (0,1) and (x.)2 > 1, we have 5 > 0. We compute
388 3233 793
25 25 25
so is minimised by Z = 0, and Ty # H(v3). See Figure [5| for an illustration.

Example 4.7. Set

A0 —yll; = -, [[Ae1 —yl5 = o NAex —yly ==, AL —yll; = 5

157 / /

0.5}
f
[
i
0 o 142~ y]}F = [[4z" B
1Az —y[[5 = [lyll2
x,
*
* T
-0.5 '
0.5 0 0.5 1 1.5

F1GURE 5. Illustration of the constrained least square problem with A and y as
in Example [£.7] Here z* is the optimal solution of [CCLS] and Z is the optimal

solution of @

To get an idea of when the situation Z; # H(v}) occurs, it will be useful to give some
consideration to the geometry of the example. Given some parameter ¢ > 0, the set of solutions
x € R™ that satisfy % |Az — y||§ = q is given by an ellipse centered at z.. The principal axes
of the ellipse are given by the eigenvectors of ATA and their lengths are inversely proportional
to the eigenvalues of ATA. Since the ellipse is a level set, Vp(x) is perpendicular to it at each
point x on the ellipse. In particular, v* = —Vp(z*) is perpendicular to the curve given by
|| Az — y\|§ = ||Az* — y||§ at «*. In order to create an example where 0 = Z; # H(v}), we need
to be able to draw an ellipse that goes through Z, has its centre x. satisfy (z.); > 1 and does
not enclose any other point in {0,1}2. To be able to achieve this the matrix A must be poorly
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conditioned (but not underdetermined because then v* would become 0) , and y must be chosen
such that the major principal axis of the ellipse intersects the boundary of [0, 1]? near z.

In order to use v} to derive a guaranteed persistent partial assignment it needs to be large
enough in absolute value. In particular, we can give a lower bound on the value of fr¢(z) for z
that satisfy H(—v}) = z; for all ¢ € I for some subset I C [N]. The value of this lower bound
depends on the absolute values of the corresponding v;. Then if we can find a upper bound on
the optimal value of [BCLS] we can conclude that the optimal solution z of BCLS| must satisfy
H(vy) = z; for at least one i € I. We will state the mentioned lower bound in Lemma
In practise, one often does not have access to the exact value of v*, only to an approximation
thereof. To account for this we extend the lower bound of Lemma [£.§ to dual variables that are
almost optimal. This result is given by Theorem After that we give some ideas about how
to derive an upper bound on the optimal value of [BCLS]

Lemma 4.8. Let z* be an optimal solution of [CCLY and let v* be the optimal solution of
IBCLSD| Suppose I C [N] is such that v} # 0 for alli € I. Let x € {0,1}" satisfy

H(—}) = =,
foralli e I. Then

frs@) > frs(a®) + (42;61 vil 1) S )
el

Proof. Since z* is an optimal solution ofm ) =af foralli e l. Let Ax =2 —2*
Then Az, = —sign(v)) for all 4 € I. Note that since x 6 [0, 1}N the inequality v;Az; <0 holds
for all i € [N]. We have

1 1 . . 1
§||Ax—y||§—§lle —y|l5 = AaT AT (Ax —y)+§||AAx||§,

1
= —AzTv + 3 |AAz]]3,

1 2 .
> 5 Al + >
il
Furthermore, by the Cauchy—Schwarz inequality we have
AzTAT(Az* —y) < [|[Az” —y]|, || AAz],

hence

1 , 1
3 llas =13 > 3 14s" — i3+ 5

1 2 dier Vi
S Az —yl5 + ( v}
2 2[|Az* — Hz Z

i€l

AxTAT(A:z:
||Az* —

+Z|v|

i€l

Y

O

In practise, one often does not have access to the exact values of z* and v*, only to approxi-
mations of them. In order to be able to apply the above results effectively, we need to be able to
express the results above in terms of such approximations. More concretely, we will introduce the
concept of pseudo-optimality, and give a generalisation of Lemma [£.§] that utilises this concept.
Here, we define pseudo-optimality as follows:
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Definition 4.9. Given some ¢ > 0, we say that the primal-dual pair (z, (&B)), with 2,4, 8 €
RY, is e-pseudo-optimal if
(i) 0 <3 <1;
(ii) & Be R>O;
(111) G < e for all i € [N];
) Bi(1—&;) <e foralli€[N];
) &3 =0 for all i € [N];
—a=ATy — ATAz.

(v
(vi)

If ¢ = 0, condition (ED is redundant and the others are simply the KKT optimality conditions
or [CCLS| Similar to what we did before, we can set

=

p=0—a=ATy - ATAz

to obtain a solution of [BCLSD| which we will relate to v* later. For small ¢, the value of frs(Z)
can be shown to be close to optimal:

Lemma 4.10. Let ¢ > 0 and let (2, (&, ) be e-pseudo-optimal. Let x* be an optimal solution

of [CCLY. Then
frs(®) < frs(z™) + Ne.
Proof. Since & is feasible for |CCLS|and (&, B) is feasible for [CCLSD| we have
frs(@®) > L(#,6,5) = frs(@) —a" — T(1 —2) > frs(2) — Ne.

Note that the factor is N instead of 2N as a result of condition . O

An e-pseudo-optimal pair can be computed with existing iterative methods. For example, the
SciPy library’s least squares solver has the option to compute such a pair for a user-provided € >
0, by setting the gtol option to €, and then using the returned & to compute the corresponding

& and S.
We can relate © to v* as follows:

Lemma 4.11. Let e > 0,1 C [N] and let (%, (&,B)) be e-pseudo-optimal. Let 0 = 3 — & and let
v* be the optimal solution of[BCLSD| Let M; be the linear map RY — R! given by

(M (2)); = ;.
Then
Sl =S Jon] - || MrAT||, V2M N

i€l i€l

Proof. We derive

Dol = M|y > (| Mr|, = [Mr(v* = D)), -
el

We will show that | M;(v* — D), < ||MIATH V2 . First we observe that
v == ATy — ATAz* — ATy + ATAz = ATA(z* — 2),
where x* is an optimal solution of [CCLS] We have

1My (v = D)y = || MrATA(z" — )|, < [|MAT]], [|AG™ = 2)]]; -




23

We use the e-pseudo-optimality to derive an upper bound on ||A(z* — Z)||; . By Lemma we
have
2Ne > ||z — yll; — [[Az" — gl
= [|A(E — 2")|l5 + 2(Az" — y)" A& — 27,
=A@ - 2|5 - 2(& —2")"v".
Since £ is feasible and x* is optimal, (& —2*)Tv* < 0. So we have ||A(z* — 2)|, < V2Ne. Using
the fact that |lw|, < VM ||w], for all w € RM we find that
Dol = Y Il = [ MAT|| A" = @), = D [5] - [|MrAT |, V2MNE.
iel iel icl
(I
Note that if I = {i}, then |‘M{i}AT’|1 = H(ai)TH1 = HaiHOO, which is the element of the i-th
column of A with the largest absolute value. We now have all the tools we need to generalise

Lemma which in turn will allow us to compute a guaranteed persistent partial solution z.

Theorem 4.12. Let ¢ > 0 and let (&, (&, B)) be e-pseudo-optimal. Suppose I C [N] is such that
|D| > HaiHOO V2MNe for alli € I. Let x € {0,1}V satisfy
H(*ﬁi) =T
foralli e I. Then
L2
> 7 -
frs(@) = frs(@) + TFrs(d)
where L =Y, |03| — | M1 AT ||, V2MNe

Proof. Let * be an optimal solution of [CCLS| Note that ||M{i}ATH1 = HaiHOO. Since || >
HaiHoo V2MNe for all i € I, by Lemma we must have v} # 0 and sign(v)) = sign(#;). So
H(—v}) = x; for all i € I, and we can apply Lemma[4.8, Combining this with Lemma gives

+ L — Ne,

1 2 1 2 Dier V]|
5 1Az —ylly = 5 [|Az" =yl + (12+1 vi'l,
2 2 2[|Az* —yll; ;
1 Py 2 Zz |1/1*| *
22||A$—y||z—N€+<2;12+1 > 1]
A2 — yll; i€l
Applying Lemma to derive a lower bound on ), [vF] gives the stated result. O

We can apply the bound from Theorem to compute a partial solution z as follows:

The partial solution z returned by Algorithm [1] is persistent if u is an upper bound on the
optimal objective value of [BCLS] One way to compute such an upper bound is by using a
cheap algorithm to compute an & € {0,1}" such that frs(#) is fairly low. Since in order to
apply Theorem [£.12] we need to approximate an optimal solution of [CCLS] one can consider to
construct & based on the approximate solution of [CCLS| #. This can be done in multiple ways.
A simple approach is to round each Z; to the nearest binary value. One can take a randomised
approach, by setting z; = 1 with probability =} and setting z; = 0 otherwise. One can repeat
this process a few times to try different versions of = and use the one that gives the best upper
bound. For our experiments discussed in Section [6] we used a somewhat more involved method,
given by Algorithm [2| The idea is that by rounding the variables &; that are close to binary first
we obtain a binary solution that is similar to .
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ALGORITHM 1

Input: A, y, €, u.
Output: partial solution z

e Compute an e-pseudo-optimal primal-dual pair (&, (&, 8)), for instance by using SciPy’s
least squares solver. A lower e can possibly provide more persistent assignments, but
comes at the cost of longer computation times. Set 7 = B — a.

e For each i € [N], compute the value

L; = |o3] — ||a’]| . V2M Ne.
If this value is larger than zero, we can apply Theorem with I = {i}: if
2

. L;
u < frs(@)+ s (@ + L; — Ne,

then set z; = H(D;).

ALGORITHM 2

Input: A, y, &
Output: 7 € {0, 1}V

e Find a permutation = : [N] — [N] such that min (a%,r(i), 1-— iﬂ(i)) <
min (afjﬂ(j),l — iﬂ(j)) for all 4,5 € [N], ¢ < j. This can be done with a simple sort-
ing algorithm.

e For each i € [N], compute

Co = fLs(i‘l, sy i‘,r(i),l, O, i‘ﬂ(i)Jrl, e ,i‘N)
and
c1 = frs(@y,... ,iﬂ(i),l, 1,i‘ﬂ(i)+1, ce BN
If co < c1, set r(;) := 0, otherwise set &; := 1.
e Return z.

Combining methods that use & to compute an upper bound on fr,5(Z) with Algorithm gives
the method described by Algorithm

So far, we only applied Theorem [£.12] using index sets I of size 1. It is possible to extend the
procedure to additionally identify constraints that hold for the optimal value Z. For example,
one might find that L; > 0 and L; > 0 but that the two values on their own are not high enough
to guarantee persistency. It could be possible that applying Theorem with T = {i,j} does
give a positive result. In that case it is guaranteed that H(i;) = &; or H(9;) = Z,. This can be
useful if the preprocessing is followed by a method that can make use of extra constraints on the
variables.

4.5. On the conjectures posed in [12]. In this section we will discuss the conjectures given
in [I2] and how the observations from the previous section relate to them. First we describe the
experiment performed in [I2]: we consider the lattice set reconstruction problem (see Section
with d = 2 and n; = ny =: n. For n € {2,3,4}, all the binary images of size n x n are
constructed. For each such image the noiseless projection data is computed for three different
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ALGORITHM 3

Input: A, y, ¢
Output: Persistent partial solution z

e Compute an e-pseudo-optimal primal-dual pair (&, (&, 8)), for instance by using SciPy’s
least squares solver. A lower e can possibly provide more persistent assignments, but
comes at the cost of longer computation times. Set 7 = B — a.

e Compute a binary 7 € {0,1}" for which the value of fr5(¥) is low, for instance by
rounding & to a binary vector using Algorithm

e For each i € [N], compute the value

Li = |55 — ||a’|| . V2M Ne.

If this value is larger than zero, we can apply Theorem with I = {i}: if
2

fus(@) < frs(@) + fii@) + Li— Ne,

then setting z; = H(D;) preserves the persistency of z.

sets of directions. These sets are give by

o= {00)- G 2= 0)-0)- (o 2= 6)-0)-(4)- G))-

Then the obtained projection data is used to see if their method is able to reconstruct (parts of)
the original images. This method consists of the following steps:

ALGORITHM 4. [12]

Input: A and y
Output: partial solution z

e Find an (approximate) solution fi of the dual formulation . This was done in
MATLAB, using a convex programming library called CVX [9]. Set o = AT ji.
e Set
1 ifo; >107%
zi=40 ify <—-1077

¢ otherwise.

e Return z

The result of the experiment was that for all the considered n and direction sets the output
z of Algorithm [4] satisfies
1 ifx; =1 for all x € {0,1}" that satisfy Az = y;
2z =140 ifx; =0 forall x € {0,1}" that satisfy Azx = y;
¢ otherwise.

Note that by construction of y at least one x € {0, 1} satisfies Az = y. In the previous section,
we saw that this implies that the optimal solution v* of BCLSD|is given by v* = 0. This means
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that in this case z is determined by the difference between 7 and v*. We hypothesise that 7;
can be relatively large if 7 € {0,1} for all optimal solution z* of The reasoning behind
this is that if & is e-pseudo-optimal then the corresponding ¥ satisfies |7;] < m So
if #; is close to 0 or 1, the corresponding ; is allowed to be quite large. In Algorithm [4] & is
not computed explicitly, but it is plausible that the © found by the CVX solver approximately
satisfies the KKT conditions anyway. As such, we conjecture that for n € {2,3,4}, directions

sets D2, D3 and D* and noiseless projection data the following statement holds:
Each optimal solution ofl@ is a convex combination of optimal solutions oflm.

It is easy to see that if z* is a convex combination of optlrnal solutions of [BCLS| and y
noiseless, it must be an optimal solution of [CCLS m if z!,...,z" are optimal solutions of [BCLS] m
and Aq,..., A\, € R>q satisfy Zle[k A; = 1 then

AZx\z = Z/\Ax —Z)xzy—y
i€ [k] i€[k] 1€[k]
The difficulty lies in showing that the optimal solutions of [CCLS]| are contained in the convex
hull of optimal solutions of (or finding an example where this is not the case), and we
have not succeeded in finding a conclusive answer for this. However, we were able to verify the
following weaker statement (again for n € {2,3,4}, directions sets D?, D® and D* and noiseless
projection data):

If BCLS| has a unique optimal solution Z, then Z is the unique optimal solution of [CCLS]

In order to verify the above we use the following lemma:

Lemma 4.13. Let Z € {0,1} and x € [0,1)N. If & # x and AT = Ax = y, then there exist an
i € [N] and an 2’ € [0,1]" such that 2}, =1 —Z; and Az’ = y.

Proof. Let

N =max{\| Az —2)+2€[0,1]"} and 2’ = N (z — 7) +Z.
We have A > 0 and Az’ = MA(z — T) + AT = y. Furthermore, there must be an i € [N] such
that o € {0,1} and (M(z — &) + ), # 2} for all A < X. So z} # Z;, and since both are binary,

Our approach is as follows: For each y with a unique binary solution Z, and each j € [N], we
compute an approximate solution Z to the problem
minimise 3 ||Az — yHg
subject to 0<ax <1, i€][N], (19)
SL'j =1- i’j.

Then we compute dual values &, 3 € RY, that satisfy Q@B = 0 for all i € [N] and B—a=
ATy — ATA%. Then the value of L(, &, B) gives a lower bound on the objective value of (19)). If
for each j € [IN] this lower bound is larger than zero, by Lemmawe can conclude that
has Z as unique optimal solution. By computing a 10~°-pseudo-optimal & for each n € {2,3,4},
direction set D?, D3, D* and noiseless y with an unique solution we have found that this is indeed
the case for all such discrete tomography problems. To summarise, we have

Proposition 4.14. If m,n € {2,3,4}, A is the projection matriz corresponding to the discrete
tomography problem with direction set D™ and y is such that the equation Ax =y has a unique
solution T € {0,1}V, then has a unique optimal solution.
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5. ROOF DUALITY

We will now shift our focus to roof duality, another technique that can be used to find a
lower bound and partial solutions of the binary tomography problem . Roof duality was
introduced in [I0] as a means to find an upper bound on quadratic pseudo-boolean functions.
Here a pseudo-boolean function is a mapping f : {0,1}¥ — R. Such a mapping is uniquely
represented by a multilinear polynomial

f(z) = Z CSHS%

SC[N] €S

where the cg, S C [N] are real numbers. When this polynomial is quadratic we speak of a
quadratic pseudo-boolean function. In this case we have

f(.’E) = Cp + Z C]'(Ei + Z Cijl'ifﬂj.
i€[N]

1<i<j<N

In the same paper it was shown that the upper bound given by roof duality can be obtained by
some other approaches as well. In order to apply roof duality to binary tomography, we first have
to phrase the objective function frg(z) = & ||Az — y||§ as a quadratic pseudo-boolean function.
To do so we have to replace each %(ATA)MI? term with %(ATA)MJ%. Denote the columns of A

by al,...,a™. Our objective function becomes

fpa(x) = % (y,y) + Z % (a' —2y,a") z; + Z (a',a”) x;x;. (20)
1€[N] 1<i<j<N

While roof duality was introduced to find upper bounds, we are more interested in lower bounds
on f and will state the relevant results as such. Keep this in mind when we introduce some of the
terminology from [I0]. In the next subsection we will describe the original characterisation of roof
duality, as well as a maximum flow problem that gives the same lower bound. This maximum
flow formulation was introduced in [I0] as well, and is considered the most efficient way to
compute the roof duality lower bound in most cases [3]. We will also briefly discuss an extension
of the maximum flow approach which was introduced in [4]. There are other formulations of roof
duality that are less very relevant for our current application; we refer to [3] for a more extensive
overview.

5.1. Roof duality concepts. We will first give the original formulation of the roof dual, and
then discuss the maximum flow approach as described in [4].

5.1.1. Original formulation. Let f : {0,1}" — R be a quadratic pseudo-boolean function and
let h: RY — R be an affine function. We say that h is a lower plane of f if h(x) < f(z) for all
x € {0,1}¥. In this case minge o135 A(x) is an easily computeable lower bound on f. When H
is a collection of lower planes of f, then

e
i )2 s i )

The idea of roof duality is to choose H to be the collection of roofs of f. These lower planes
are generated by constructing a lower plane for each term of f and then adding them. For the
constant and linear terms of f we simply use

ho(z) = ¢ and h;(z) = ¢;x4, i € [N].
For quadratic terms of the form ¢;jz;2;, a lower plane h;;(x) = a;;x; + bijx; + d;; must satisfy

dij <0, a5 + dij <0, bij + dij <0 and aij + bij + dij < Cij- (21)
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We say that h;; is a tile if the sum of the slacks in the above inequalities is minimised, that is
Qij, bij, dij minimise
*4dij — 20,1'1' — 2[)” + Cij
under the constraints . Let
Ty ={(4,5):1<i<j<N,¢;; >0} and Z_ := {(4,5) : 1 <i < j < N,¢; <0}

It was shown in [I0] that h;; is a tile if and only if it is of the form

Y —Xijzi + (cij + Nig)xy if (4,5) € Z-

for some 0 < \;; < |c;5]. Then the roofs of f are given by

R(f) = {COJrZCer D Aulmitm =14 D0 Ayt e+ )z

(1,5)€Z+ (i,5)€T_
OS)\U§|C”| VO<7;<].<_N'}7

and the roof dual of f is given by

c = max min h(x). 22

RD(f) heR(f) ze{0,1} ( ) ( )

Furthermore, any roof h that maximises can be used to infer persistencies: if the coefficient

of x; is larger than zero, then the assignment x; := 0 is strongly persistent, and if this coefficient
is smaller than zero the assignment x; := 1 is strongly persistent (Theorem 4.3 in [I0]).

5.1.2. Mazimum flow formulation. We will first state some general theory regarding graph flows,
and then explain how this theory can be applied to compute the roof dual. Let G = (V, E) be a
directed graph without loops with edge capacities ¢ : F — R>(. We can assume without loss of
generality that GG is a complete graph because we can give arcs we do not want to use capacity
0. Given some s,t € V, we say that ¥ : E — R is an s — t flow on G if it satisfies the following
three properties:

o (u,v) < c(u,v) for all (u,v) € E;

o (u,v) = —1(v,u) for all (u,v) € E;

® D ueVip(uw)>0 V(U V) =D cvip (o so Y(v u) for allv € VA {s,t}.

The nodes s and ¢ are commonly referred to as the source and the sink of the flow. We say that
¥ saturates an arc (u,v) if ¥(u,v) = c(u,v). The value of ¥, denoted [¢|, is the net amount of
flow leaving s (or, equivalently, entering t), that is

] =D (s, u).

ueV

The maximum flow problem is the problem of finding an s —t flow ¥ with maximum value. This
can be done in time polynomial in |V| and the number of edges with non-zeros capacity, for
instance by using the Edmonds-Karp algorithm [7].

The maximum flow problem is closely related to the minimum cut problem, which we will
introduce shortly. Given s,t € V, an s — t cut of G is a partition (Py, P2) of V such that s € P,
and t € P,. The capacity of a cut is defined as

Pl,Pg Z Z ’LL’U

u€ Py veEP;
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One can see this value as an upper bound on the amount of flow between P; and P,. We say
that (Py, P2) is a minimum s — ¢ cut of G if its capacity is minimised. The problem of finding
such a cut is called the minimum cut problem. A fundamental result in the theory of networks
flows, known as the max-flow min-cut theorem, is that the capacity of any minimum s — ¢ cut is
equal to the value of any maximum s — ¢ flow.

The residual graph of G = (V, E) (with arc capacities ¢) and s —t flow ¢ is a graph R = (V, E)
with capacities ry(u,v) := c(u,v) — ¥ (u,v). One can show that ¢ is a maximum s — ¢ flow if
and only if there is no path (over edges with non-zero capacity) from s to ¢t in R.

In [I0] it was shown that one can use a pseudo-boolean function f to construct a graph such
that computing a maximum flow on that graph gives the roof duality lower bound. In order to
describe this construction we first need to introduce a few more concepts. Given a binary variable
x;, © € [N], we define its complement as Z; := 1 — z;. We denote Ly := {21,Z1,...,ZN,TN}.
The elements of Ly are often referred to as literals. A quadratic pseudo-boolean function can
be represented as

fl@)=¢(@,z)=do+ > dyut+ Y dyyuv. (23)
uelL u, €L, u#v
This representation is not unique, for instance f(z) = x; and f(z) = 1 — Z; represent the same
pseudo-boolean function. We say that a representation of form is a posiform if d,, > 0 and
dyy > 0 for all u,v € L,u # v. The constant term of a posiform gives a lower bound on f. The
largest number ¢ such that a posiform of f with constant term c exists has been shown to be equal
to crp(f). Moreover, the linear part of a posiform with cgp(f) as constant term is a roof of f.
Note that given a pseudo-boolean function f one can easily construct a posiform representation
by replacing terms c;jx;x; with ¢;jz; — ¢;;@;x; for all negative ¢;; and subsequently substituting
z; = 1 — Z; in the linear terms whenever necessary.
Given a posiform, its implication network [4] G4 = (V, E) is given by

V =LyU{1,0},
E={(u,?) | duo > 0} U{(v,0) | duv # 0},

with capacities ¢(u, ) = c(v, @) = %dm,. Conversely, given a graph G = (V, E) with V as above
one can construct a posiform

We can use this correspondence to compute the roof dual as a maximum flow problem using the
following two results:

Proposition 5.1 (Proposition 15 in [3]). Let G = (V, E) be an implication network and let v
be a feasible 1 — 0 flow of G with value |1|. Let R be the residual graph of G and 1. Then

¢c(z, %) = ¢r(z, %) + [¢|
for all z € {0, 1}V,

Proposition 5.2 (Proposition 16 in [3]). If ¢1,¢2 are posiform representations of f such that
the constant term of ¢1 is smaller than the one of ¢2, then there exists a 0 — 1 flow in Gy, with
value larger than zero.

Combining these two results gives the connection the the roof duality lower bound:

Proposition 5.3 (Theorem 10 in [3]). If ¢ is a posiform representation of f with constant term
dy, and v is a mazimum flow in the implication network of ¢, then

crp(f) =do + |¢].
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Furthermore, the resulting residual graph can be used to construct an autark partial solution:

Proposition 5.4 ([]). Let ¢ be a posiform representation of f and let ¢ be a mazimum flow
in the implication network Gy of ¢. Let R be the residual graph of Gy and ¢. Then the partial
solution given by

1 if there exists a path from node 1 to node x; in R;
z; = < 0 if there exists a path from node 1 to node Z; in R;

@ otherwise
is a strong autarky for f.

In [4] it was shown that one can possibly derive even more persistent assignments by analysing
the strongly connected components of R. We refer to [4] for details on this approach.

5.2. Applying roof duality to the discrete tomography problem. Now that we have
established the main concepts of roof duality, we can apply the theory to discrete tomography.
Here we will assume that A is entry-wise non-negative. Recall that we then can also assume that

1 1
Sl < (g, a) < (A1,0) = 3 Jal (24
for all columns a of A. We can construct an implication network of fpp as follows:
Lemma 5.5. If A is entry-wise non-negative and <2ai,y> > ||ai|| for alli € [N], then
1 N 1 .2 . N . 1 .9 L
COEETED M €1 1 ) B ol (G EE{ T W TN D e
i=1 i=1 1<i<j<N

is a posiform of fpg. The adjacency matriz of the corresponding implication network is given by

ZN,N ATA — dlag(b) ZN,I ZN,I

1 ZN,N ZN.N Zng ATy—1b
2 | y7A - o7 ZiN 0 0 ’
Z1N 21N 0 0
where the rows and columns are indezed by (x1,...,TN,Z1,...,ZTn,1,0)

Proof. Since A is entry-wise non-negative and <2ai7y> > HalH all the coeflicients of ¢ are non-
negative, and substituting £ = 1 — x gives fpg, so ¢ is a posiform of fpp. The capacities of the
edges are given by

o 1, 1,2 1 1 ,
c(zo, ;) = (T, To) = 3 (a',y) — 1 l|a’||; = 3 (ATy - 2b)i for all ¢ € [N7;
o 1
c(z;, ;) = (a',d’) = i(ATA)Z-]— for i,j € [N],i # j.
This gives the adjacency matrix described above. (]

Example 5.6. Consider the lattice set reconstruction problem with a 2 x 2 image and horizontal
and vertical rays. The corresponding projection matrix is

1100
0 0 11
AilOlO
01 01
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Given a y € R%, the pseudo-boolean function given by is

1
fra(z) ZgyTy + (1 =y —y3)rr+ (1 —y1 —ya)ze + (1 —y2 — y3)r3+

(1 —y2 — ya)m4 + 2172 + 2123 + T274 + T374.
Assuming that holds for all columns of A. Then fpp can be represented by the posiform
1
¢(x) :iny +4-2y"1+ (1 +ys — D1+ (g1 +ya — D2+ (y2 + y3 — 1)Zs+
(Y2 +ya — 1)@y + 2122 + 2123 + T2T4 + T374.

The corresponding graph G4 is depicted in Figure @ The capacities of the edges are
dﬂ?ozi - diiio = 7(yTai - 1)7 i€ {17 27 334}3

(i,5) € {(1,2),(1,3),(2,4), (3,4)}.

Dy

@Z‘

¢

@, &)

FIGURE 6. The directed graph G, where ¢ is defined in Example

For the remainder of this section we will focus on the lattice set reconstruction problem. In
this case the coefficients of ¢ can be interpreted as follows:

° (ATy)i gives the sum of the projection data of the rays that contain p;;
° (ATA) ; gives the number of rays that intersect both p; and p;. In particular ||aiH§ =

i
(ATA),, =m for all i € [N].
We argue that applying roof duality based methods will often be ineffective in this setting: In the
one directional case, roof duality based methods will never be able to find persistent assignments
after all size one autarkies are eliminated. In cases with two or more directions, roof duality
based methods can only improve on eliminating size one autarkies if there remain y; such that

y; < 1 or y; > (A1); — . To show this we will use the following lemma:



32

Lemma 5.7. Let n € N, and consider the directed graph G = (V, E) with V = {vy,...,v2p, 8,1}
and adjacency matrix

Zn, En,n In,n Zn,l Zn,l
— Zm Zmn Zn71 ¢
A= e’ AR 0 0 ’ (25)
Zin Zin 0 0

where 0 < & < n—1, for alli € [n]. Then G has exactly two minimum s — t cuts, given by
({s}, V' \{s}) and (V \ {t},{t}), and the capacity of any other cut (Py, P2) is at least

én+min(f,n —1 —u)

Proof. We see that
c({sh, V\{s}) = c(V\{t}, {t}) = én.

More generally, let (P, P») be a s —t cut. Let
a=|PN{v,...,on}, B=|PiN{vnt1,...v2n}| and r = |{i € Iy | v; € P1,vi1n € P2}|.
We have max(0,« — 8) < r < min(a,n — 8). The value of cut (Py, P3) is computed as
(P, P) =é(n—a)+aln—p5)—r+ép.

We obtain the value of ¢({s},V \ {s}) by setting « = 8 = 0 and the value of ¢(V \ {t}, {t}) by
setting « = 8 = n. We will now assume that 0 < a4+ 8 < 2n and use the fact that 0 < ¢ <n—1
to show that in this case ¢(Py, P) > én + min(¢,n — 1 — u). We have to show that

a(n—:¢) > (s —¢) +max(0,s —¢) + min(¢,n — 1 — u) (26)

for all o, B € {0, ...,n} such that 0 < a4+ < 2n. Given «, the left hand size of is maximised
by setting [ either as large or as small as possible. This leaves us to check the following cases:

e a=n,3=n—1. We have
an—¢)=nn—¢é=nh-1)n—-8+1+n—-1)—-¢é¢>p(a—¢é +max(0,aa—B)+n—1—u.

e a<n,B =n. We have

an—¢ =an—¢én+(n—a)t>an—né+ = 3(a—¢)+ max(0,a — ) + £.
e o> 0,8 =0. We have
an—¢)>2n—-1-¢+1>p(a—¢) +max(0,a—f)+n—1—u.
e a=0,5=1. We have
an—2¢) >0 —¢=p(a—:¢é) +max(0,s —t) + L.
So inequality holds and
c(P1,Py) > ¢+ min(f,n—1—u)

for all cuts (Py, P») other than the two minimum cuts. O

We use Lemma to show that in the one directional case there will be no paths from node
1 to other nodes in the final residual graph, which means that we can not use Proposition to
find a non-trivial strong autarky:
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Lemma 5.8. Consider the lattice set reconstruction problem with only one direction. Let the
rays be given by Ry,..., Ry, denote I, :={i € [N] : p; N Ry # 0} and

Vi = {’LL | u € {$i7,fi},i S Ik}
for k € [M]. Suppose
1 i||? i i 1 Q2
L2 < o) < (1,0t - a2
for alli € [N]. Let v be a mazimum 1-0 flow of G4 and let R be the residual network of Gy and
. Then the strongly connected components of R are given by {0}, {1}, and Vi,...,Va.

Proof. Let k € [M] and consider the subgraph of G4 induced by V;U{0, 1}. Denote this subgraph
by Gj. This subgraph has the same form as the graph described by Lemma We set n = ||
and can correspond s to node 1, ¢ to node 0, each v;, i € [n] to a node x; € V, and each v;n,
i € [n] to a node Z; € Vj. Since (ATA);; =1 for all 4, j € I} and

O<<ai,y>—%<<A1,ai>—1:n—l

for all i € Ij, we can apply Lemma[5.7|to show that G, has exactly two minimum 1—0 cuts, given
by ({1}, Vi U {0}) and ({1} U V4, {0}). This implies that the strongly connected components of
the residual graph of G}, and any of its maximum flows are given by {0}, {1} and Vj. Combining
this with the fact that there are no arcs between V; and V; for all i # j then gives the result. [J

The above shows that in the one directional case, the autarky we find by applying Proposition
[6.4]will leave all variables undetermined. The above extends to lattice set reconstruction problems
with two or more directions in the following way:

Theorem 5.9. Consider the lattice set reconstruction problem with m > 2 non-parallel directions

di,...,dpm. Suppose

1 1
— <y < (A1), — =
5 < i< (A1), -3

for alli € [M]. Let ¢ be a mazimum 1 —0 flow of G4 and let R be the residual network Gy and
1. Then there is no path from node 1 to any other node in R.

Proof. An important observation is that we can see G4 as the sum of the implication networks
arising from the one directional case. To see this note that one can see A as a block matrix
Ay
A=1 |,
Am

where the rows of A; correspond to the projections of direction d;. We can see y in a similar
way, we denote the part of y corresponding to direction d; by y*. The adjacency matrix A of G
can be written as 4 = >"1" | A; where

ZN,N AZTAZ — IN,N ZN,l _ZN,l
A=t LENN ZnN Zna ATy — iy,
2| (¢) Ai—gliw Z1,N 0 0
Z1N Z1 N 0 0

By applying Lemma to each direction, we see that there must be a maximum flow that
satisfies all the edges originating from node 1. As such, there is no path from node 1 to any
other node in R. (]

We conclude that one can only hope for rood duality based methods to find a useful persistent
partial solution if some of the values of y are either relatively large or relatively small.
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6. NUMERICAL EXPERIMENTS

In this section we report the results of our numerical experiments meant to test the methods
described in the previous sections.

6.1. Setup. We implemented our methods in Python, making heavy use of the SciPy library
[I7]. We used the compressed sparse row format to save the projection matrix A. To compute
an e-pseudo-optimal solution of [CCLS] we used the scipy.optimize.least_squares method.
In particular, we selected the Trust Region Reflective algorithm [6]. This method is well suited
for sparse problems with box constraints, such as[CCLS] In order to obtain an e-pseudo-optimal
solution, we entered e as the gtol stopping condition and disabled the others. We used %1
as the initial solution. To compute the relevant properties of the implication network we used
methods from scipy.sparse.csgraph. The method we used to compute the maximum flow,
scipy.csgraph.maximum_flow, uses the Edmonds—Karp algorithm [7] to do so. The implemen-
tation in Scipy only supports integer capacities. In order to apply the method to noisy projections
we truncated the projection data to two decimals and scaled the capacities accordingly.

The presented results were obtained by using an MSI laptop with an Intel Core i5 processor,
running the Windows 10 operating system. Our code can be found at https://github.com/
s-fleuren/masterThesis

We will work with the lattice set reconstruction version of discrete tomography, with the
direction sets D?, D3 and D* as defined in Section We generated our projection data as
follows: we use a selection of binary images from the MPEG-7 Core Experiment CE-Shape-1
data setﬂ see Table [1| for some of their properties. For each (vectorised) image x, we compute
the projection data as y; = e;(Ax);, where the elements of noise term e are drawn from the
normal distribution with mean 1 and o € {0.02,0.04,0.08}. The error term is chosen like this
because in practise the noise often increases with the amount of matter (value 1 pixels) an X-ray
passes [2]. For each x and o we will test the following methods:

Method a: The size one autarky elimination algorithm as described in Section

Method b: The size one autarky elimination algorithm followed by Algorithm [1| with € = 10~% and
threshold 0. This gives a method similar to the one introduced in [12]. The differences
lie in the way © is computed and the way it is determined if v* can be assumed to be
non-zero.

5See http://www.dabi.temple.edu/~shape/MPEG7/dataset.html, thanks to A. Kadu for pointing out this
resource

Image name nq; no N density
bell-2 64 59 3776 0.5874
crown-19 41 72 2952  0.5464
crown-2 43 84 3612 0.5778
crown-4 38 71 2698 0.6197
crown-8 42 80 3360 0.5967
crown-9 41 76 3116 0.6146
hat-5 48 50 2400 0.4746

horseshoe-10 61 59 3599 0.5854

horseshoe-8 61 62 3782 0.4381
TABLE 1. Properties of the images we used for our experiments. Here the
density is given by dividing the number of white (value 1) pixels by the total
number of pixels
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(a)

FIGURE 7. The partial solutions obtained for the image bell-2 with ¢ = 0.08
and m = 2. Undetermined pixels are coloured grey. On the left is the original
image, in the middle is the partial solution obtained by Method a (and ¢ and
d), and on the right the partial solution obtained by Method b.

Method c: The size one autarky elimination algorithm followed by Algorithm [3| with ¢ = 1076,
where Z is determined by the rounding procedure Algorithm

Method d: The size one autarky elimination algorithm followed by the implication network algorithm
described in Section Bl

For each method we report the running time, the size of the returned partial solution z, and
the quantity a(z, x) := |{i € [N]: z; = xs}|, i.e. the number of pixels where z and x agree. We
also report the value of frs(Z), where & is the the output from the least-squares solver used for
Method b and Method ¢, and the values frs(Z) and a(Z, x), where Z is the output of Algorithm
[2 used for Method c. Our full results can be found in the tables in Appendix [A] In the next
section we will summarise them and give some illustrations.

6.2. Results. Method a was able to determine a small number of pixels for most of the images
(usually 15 or less, with the exceptions being bell-2 and crown-9 with m = 2 and o = 0.08, where
method a was able to determine respectively 46 and 47 pixels). As expected, the number of pixels
that can be determined by Method a decreases when we add more directions: when m = 4 there
was only one case (bell-2, 0 = 0.08) where the method was able to determine a pixel. For some
images, especially when m = 2, Method a is able to determine more pixels when the noise level
increases. In all cases, even in the presence of noise, the pixels determined by Method a all agree
with the original image x. The run time of Method a is less than a decisecond for all test cases,
which is negligible compared to the run times of the other three methods.

Method b was able to determine more pixels than Method a for most of the cases with o = 0.08,
topping at 579 determined pixels for image bell-2 with m = 2 and ¢ = 0.08. However, some of
the pixels determined by Method b do not agree with the original image x. For instance for the
bell-2, m = 2, 0 = 0.08 case, of the 579 determined pixels 548 agreed with x. We should note
that we do not know the optimal solution(s) Z of and we do not know how many of the
pixels determined by Method b agree with Z (we do know this for the other three methods, since
their output is guaranteed to be persistent). For cases with o < 0.08, Method b determined
more pixels than Method a a single time, being hat-5 with m = 2 and ¢ = 0.04. The run time
of Method b varies quite a lot between cases, even when the original image is the same. For
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instance, for image horseshoe-8 the method takes less than 2 deciseconds when m = 2 but more
than a minute when m = 4 and ¢ = 0.08.

Method c and d were not able to determine more pixels than method a in any of the cases. The
run time of method c is generally only a few deciseconds slower than method b, which indicates
that the run time of method c is dominated by computing Z, and that the rounding procedure
is relatively cheap. The run time of method d mostly depends on the size of the image and the
number of projections, which makes sense because these two factors determine the number of

nodes and arcs of the implication network.

(¢c)z,m=3

[

-

y

(A) Original image

FI1GURE 8. The constructed & and z for the image Horseshoe-10. The
value of o is 0 for images (B)-(G) and o = 0.08 for the images (H)-(M)

For some images, the  computed during the execution of method c gives a good approximation
of the optimal solution. See for instance Figure[9} with just the horizontal and vertical projections
the original image of bell-2 is reconstructed almost completely in the noiseless case (the value of
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FIGURE 9. The constructed & and Z for the image bell-2 with m = 2

mmm

(@) z,m=4

(A) Original image

F1GURE 10. The constructed & and z for the image crown-9 with o = 0.

frs(Z) is 5). Even when the noise levels get higher the reconstruction seems still decently faithful
to the original image. However, for some images more directions are needed. For instance, with
just two directions the shape of horseshoe-10 is not captured quite right by & and z, see Figure
The same goes for the image crown-9, see Figure[I0] However, when m = 4 both these images are
reconstructed well. In fact, for all tested images the original image is completely reconstructed
by z when m =4 and ¢ = 0.
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7. CONCLUSIONS

We considered a few different methods that can be used as preprocessing techniques for discrete
tomography problems. We found that the use of these methods is very limited. Our methods
based on the Langrangian dual program can only be expected to identify some pixel values
when noise is present, and did poorly in the numerical experiments: Method ¢ was not able
to identify any pixel values at all, and while Method b was able to determine some pixels for
some images we cannot guarantee that these assignments are correct. Furthermore, we have
shown that methods based on roof duality are only able to determine pixel values if there are
projections with relatively low or relatively high values. In our numerical experiments, the roof
duality based method was not able to determine any pixel values. In conclusion, we do not
expect the preprocessing methods to be useful in practise.

However, we also saw in our experiments that computing a close-to-optimal solution of [CCLS]
and then rounding it with Algorithm[2]can give a good approximate solution of BCLS] We expect
that this procedure can be further refined (at the cost of additional computation time), by adding
intermediate steps in the rounding procedure. In particular, after a portion of the values of &
have been rounded to binary values, it would be possible to update the remaining values of &
before continuing with the rounding procedure. For future work we suggest to compare this
method with other heuristic methods, like those given in [2] or [16].
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APPENDIX A. FULL RESULTS

Image name _m o (L] a(zx) (LI alzx) (L] alzx) L] a(zx)
bell-2 2 0.02 3 3 3 3 3 3 3 3
bell-2 2 0.04 3 3 3 3 3 3 3 3
bell-2 2 0.08 46 46 579 548 46 46 46 46
bell-2 3  0.02 1 1 1 1 1 1 1 1
bell-2 3 0.04 1 1 1 1 1 1 1 1
bell-2 3 0.08 5 5 217 210 5 5 5 5
bell-2 4 0.02 0 0 0 0 0 0 0 0
bell-2 4 0.04 0 0 0 0 0 0 0 0
bell-2 4 0.08 1 1 133 132 1 1 1 1
crown-19 2 0.02 1 1 1 1 1 1 1 1
crown-19 2 0.04 2 2 2 2 2 2 2 2
crown-19 2 0.08 7 7 73 69 7 7 7 7
crown-19 3  0.02 1 1 1 1 1 1 1 1
crown-19 3 0.04 1 1 1 1 1 1 1 1
crown-19 3 0.08 1 1 47 A7 1 1 1 1
crown-19 4 0.02 0 0 0 0 0 0 0 0
crown-19 4 0.04 0 0 0 0 0 0 0 0
crown-19 4 0.08 0 0 72 66 0 0 0 0
crown-2 2 0.02 2 2 2 2 2 2 2 2
crown-2 2 0.04 2 2 2 2 2 2 2 2
crown-2 2 0.08 9 9 49 46 9 9 9 9
crown-2 3  0.02 1 1 1 1 1 1 1 1
crown-2 3 0.04 1 1 1 1 1 1 1 1
crown-2 3  0.08 2 2 128 121 2 2 2 2
crown-2 4 0.02 0 0 0 0 0 0 0 0
crown-2 4 0.04 0 0 0 0 0 0 0 0
crown-2 4 0.08 0 0 54 54 0 0 0 0
crown-4 2 0.02 1 1 1 1 1 1 1 1
crown-4 2 0.04 9 9 9 9 9 9 9 9
crown-4 2 0.08 8 8 176 161 8 8 8 8
crown-4 3  0.02 1 1 1 1 1 1 1 1
crown-4 3 0.04 1 1 1 1 1 1 1 1
crown-4 3 0.08 1 1 46 46 1 1 1 1
crown-4 4  0.02 0 0 0 0 0 0 0 0
crown-4 4 0.04 0 0 7 7 0 0 0 0
crown-4 4 0.08 0 0 91 91 0 0 0 0
crown-8 2 0.02 1 1 1 1 1 1 1 1
crown-8 2 0.04 1 1 1 1 1 1 1 1
crown-8 2 0.08 15 15 314 309 15 15 15 15
crown-8 3  0.02 1 1 1 1 1 1 1 1
crown-8 3 0.04 1 1 1 1 1 1 1 1
crown-8 3 0.08 1 1 47 46 1 1 1 1
crown-8 4 0.02 0 0 0 0 0 0 0 0
crown-8 4 0.04 0 0 0 0 0 0 0 0
crown-8 4 0.08 0 0 49 49 0 0 0 0
crown-9 2 0.02 2 2 2 2 2 2 2 2
crown-9 2 0.04 2 2 2 2 2 2 2 2
crown-9 2  0.08 47 47 379 312 47 47 47 47
crown-9 3 0.02 1 1 1 1 1 1 1 1
crown-9 3 0.04 1 1 1 1 1 1 1 1
crown-9 3  0.08 1 1 12 12 1 1 1 1
crown-9 4  0.02 0 0 0 0 0 0 0 0
crown-9 4 0.04 0 0 0 0 0 0 0 0
crown-9 4 0.08 0 0 76 73 0 0 0 0
TABLE 2. Partial solution properties, part 1
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Tmage name _m o L] _aG) LI aGx) 1L aG) 1Ll aGx)
hat-5 2 0.02 14 14 14 14 14 14 14 14
hat-5 2 0.04 14 14 63 62 14 14 14 14
hat-5 2 0.08 14 14 144 141 14 14 14 14
hat-5 3 0.02 1 1 1 1 1 1 1 1
hat-5 3 0.04 1 1 1 1 1 1 1 1
hat-5 3 0.08 1 1 101 99 1 1 1 1
hat-5 4 0.02 0 0 0 0 0 0 0 0
hat-5 4 0.04 0 0 0 0 0 0 0 0
hat-5 4 0.08 0 0 3 3 0 0 0 0
horseshoe-10 2 0.02 1 1 1 1 1 1 1 1
horseshoe-10 2 0.04 1 1 1 1 1 1 1 1
horseshoe-10 2 0.08 7 7 60 56 7 7 7 7
horseshoe-10 3 0.02 1 1 1 1 1 1 1 1
horseshoe-10 3 0.04 1 1 1 1 1 1 1 1
horseshoe-10 3 0.08 2 2 2 2 2 2 2 2
horseshoe-10 4 0.02 0 0 0 0 0 0 0 0
horseshoe-10 4  0.04 0 0 0 0 0 0 0 0
horseshoe-10 4 0.08 0 0 0 0 0 0 0 0
horseshoe-8 2 0.02 15 15 15 15 15 15 15 15
horseshoe-8 2 0.04 15 15 15 15 15 15 15 15
horseshoe-8 2 0.08 15 15 15 15 15 15 15 15
horseshoe-8 3 0.02 5 5 5 5 5 5 5 5
horseshoe-8 3 0.04 5 5 5 5 5 5 5 5
horseshoe-8 3  0.08 5 5 5 5 5 5 5 5
horseshoe-8 4 0.02 0 0 0 0 0 0 0 0
horseshoe-8 4 0.04 0 0 0 0 0 0 0 0
horseshoe-8 4 0.08 0 0 0 0 0 0 0 0
TABLE 3. Partial solution properties, part 2
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Image name m o time (s) time (s) time (s) time (s)
bell-2 2 0.02 0.02 1.48 1.67 127.59
bell-2 2 0.04 0.02 0.80 1.00 126.59
bell-2 2 0.08 0.06 5.88 5.69 127.66
bell-2 3  0.02 0.03 17.70 17.94 235.48
bell-2 3 0.04 0.02 3.19 3.44 236.00
bell-2 3 0.08 0.03 15.91 16.13 237.75
bell-2 4 0.02 0.00 14.09 14.53 350.64
bell-2 4 0.04 0.02 25.94 26.47 350.03
bell-2 4 0.08 0.02 21.27 21.67 375.59
crown-19 2 0.02 0.02 0.25 0.39 53.73
crown-19 2 0.04 0.02 0.20 0.36 54.25
crown-19 2 0.08 0.03 0.28 0.39 59.17
crown-19 3  0.02 0.03 3.69 3.88 82.98
crown-19 3 0.04 0.02 7.38 7.47 90.63
crown-19 3 0.08 0.02 2.69 2.83 95.78
crown-19 4 0.02 0.02 24.83 25.28 130.36
crown-19 4 0.04 0.00 56.69 56.77 138.06
crown-19 4 0.08 0.02 101.02 101.67 154.78
crown-2 2 0.02 0.02 1.75 1.98 111.58
crown-2 2 0.04 0.03 1.42 1.58 106.66
crown-2 2 0.08 0.02 1.55 1.70 110.06
crown-2 3 0.02 0.02 5.52 5.78 171.44
crown-2 3 0.04 0.03 50.30 50.09 175.27
crown-2 3 0.08 0.03 8.69 8.78 189.88
crown-2 4 0.02 0.02 11.38 11.77 260.20
crown-2 4 0.04 0.02 8.42 8.81 272.30
crown-2 4 0.08 0.02 31.77 32.19 293.44
crown-4 2 0.02 0.02 1.13 1.27 54.33
crown-4 2 0.04 0.03 0.97 1.09 54.33
crown-4 2 0.08 0.02 0.64 0.64 53.52
crown-4 3 0.02 0.02 17.03 17.22 76.19
crown-4 3 0.04 0.02 8.13 8.34 82.25
crown-4 3 0.08 0.02 13.72 13.75 79.81
crown-4 4 0.02 0.00 5.02 5.14 118.78
crown-4 4 0.04 0.00 6.02 6.20 124.03
crown-4 4 0.08 0.00 19.06 19.13 132.69
crown-8 2 0.02 0.02 0.55 0.73 83.53
crown-8 2 0.04 0.02 0.77 0.98 78.11
crown-8 2 0.08 0.03 1.02 0.97 93.94
crown-8 3 0.02 0.02 3.13 3.34 142.03
crown-8 3 0.04 0.02 3.30 3.53 147.48
crown-8 3 0.08 0.02 3.31 3.48 155.57
crown-8 4 0.02 0.00 65.86 66.00 235.78
crown-8 4 0.04 0.02 7.47 7.70 228.95
crown-8 4 0.08 0.02 33.39 33.72 265.10
crown-9 2 0.02 0.02 0.73 0.91 68.55
crown-9 2 0.04 0.02 0.42 0.60 68.13
crown-9 2 0.08 0.06 2.08 2.00 74.66
crown-9 3 0.02 0.02 2.34 2.56 106.41
crown-9 3  0.04 0.03 3.77 3.95 105.88
crown-9 3 0.08 0.03 5.78 6.00 118.19
crown-9 4 0.02 0.00 136.02 134.17 162.86
crown-9 4 0.04 0.00 115.16 115.30 172.81
crown-9 4 0.08 0.02 32.05 32.43 199.28

TABLE 4. Method run times, part 1
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Image name m o time (s) time (s) time (s) time (s)
hat-5 2  0.02 0.03 0.17 0.30 22.47
hat-5 2 0.04 0.02 0.55 0.63 22.39
hat-5 2 0.08 0.03 0.53 0.55 24.17
hat-5 3 0.02 0.02 8.30 8.45 42.73
hat-5 3 0.04 0.02 16.34 16.42 43.31
hat-5 3 0.08 0.02 22.67 22.64 44.14
hat-5 4 0.02 0.02 5.48 5.70 53.06
hat-5 4 0.04 0.00 10.77 11.02 54.36
hat-5 4 0.08 0.02 3.17 3.41 53.67
horseshoe-10 2  0.02 0.02 0.14 0.36 85.52
horseshoe-10 2 0.04 0.02 0.16 0.36 84.88
horseshoe-10 2 0.08 0.03 0.33 0.48 85.14
horseshoe-10 3 0.02 0.02 4.78 5.06 156.78
horseshoe-10 3 0.04 0.03 8.27 8.42 158.69
horseshoe-10 3 0.08 0.03 6.47 6.67 166.81
horseshoe-10 4 0.02 0.00 16.11 16.14 243.67
horseshoe-10 4 0.04 0.02 28.08 28.61 244.00
horseshoe-10 4 0.08 0.02 13.31 13.72 255.13
horseshoe-8 2 0.02 0.03 0.14 0.38 76.22
horseshoe-8 2 0.04 0.03 0.14 0.39 76.61
horseshoe-8 2 0.08 0.05 0.14 0.38 78.95
horseshoe-8 3 0.02 0.03 5.89 6.19 118.03
horseshoe-8 3 0.04 0.02 5.27 5.48 118.36
horseshoe-8 3 0.08 0.03 3.17 3.41 117.88
horseshoe-8 4 0.02 0.02 51.98 52.95 178.36
horseshoe-8 4 0.04 0.02 17.92 18.64 180.52
horseshoe-8 4 0.08 0.02 79.06 80.13 180.23

TABLE 5. Method run times, part 2
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Tmage name _m o Jis5(@)  JLs(@) _a(@x)
bell-2 2 0.00 0.00 5.00 3747
bell-2 2  0.02 1.59 14.61 3675
bell-2 2  0.04 4.87 17.84 3671
bell-2 2 0.08 117.54 134.56 3559
bell-2 3  0.00 0.00 0.00 3776
bell-2 3 0.02 3.52 19.06 3692
bell-2 3 0.04 7.42 27.96 3602
bell-2 3  0.08 122.31 140.56 3502
bell-2 4 0.00 0.00 0.00 3776
bell-2 4 0.02 6.59 34.00 3701
bell-2 4  0.04 16.28 49.70 3613
bell-2 4 0.08 195.23 225.53 3494
crown-19 2 0.00 0.00 12.00 2428
crown-19 2 0.02 0.60 12.72 2440
crown-19 2 0.04 0.99 11.96 2420
crown-19 2 0.08 4.13 16.15 2392
crown-19 3  0.00 0.00 23.00 2752
crown-19 3  0.02 0.65 29.52 2758
crown-19 3 0.04 3.13 25.09 2729
crown-19 3  0.08 27.76 57.92 2603
crown-19 4 0.00 0.00 0.00 2952
crown-19 4 0.02 1.72 26.96 2897
crown-19 4 0.04 12.94 41.13 2816
crown-19 4 0.08 65.28 97.30 2698
crown-2 2 0.00 0.00 13.00 3474
crown-2 2 0.02 1.00 18.17 3465
crown-2 2 0.04 2.85 17.30 3398
crown-2 2 0.08 20.15 33.68 3302
crown-2 3  0.00 0.00 0.00 3612
crown-2 3 0.02 3.43 22.97 3543
crown-2 3 0.04 7.67 22.53 3452
crown-2 3 0.08 61.16 81.94 3320
crown-2 4 0.00 0.00 0.00 3612
crown-2 4 0.02 4.59 35.09 3554
crown-2 4  0.04 22.59 54.26 3465
crown-2 4 0.08 82.31 113.23 3359
crown-4 2 0.00 0.00 11.00 2572
crown-4 2 0.02 0.03 11.51 2550
crown-4 2 0.04 4.79 14.09 2520
crown-4 2 0.08 25.92 37.58 2441
crown-4 3  0.00 0.00 0.00 2698
crown-4 3 0.02 3.04 15.44 2631
crown-4 3 0.04 8.88 23.00 2584
crown-4 3  0.08 37.95 52.20 2516
crown-4 4 0.00 0.00 0.00 2698
crown-4 4 0.02 6.12 24.86 2673
crown-4 4 0.04 35.99 65.44 2596
crown-4 4 0.08 106.41 133.20 2511
crown-8 2 0.00 0.00 13.00 2916
crown-8 2 0.02 0.92 15.23 2902
crown-8 2 0.04 3.35 14.84 2823
crown-8 2 0.08 19.59 31.38 2822
crown-8 3  0.00 0.00 31.00 3106
crown-8 3 0.02 1.32 34.24 3085
crown-8 3 0.04 2.08 34.09 3080
crown-8 3 0.08 42.70 74.86 3029
crown-8 4 0.00 0.00 0.00 3360
crown-8 4 0.02 3.32 31.04 3262
crown-8 4 0.04 7.97 42.35 3210
crown-8 4 0.08 148.39 178.15 3039
crown-9 2 0.00 0.00 13.00 2696
crown-9 2 0.02 0.54 14.10 2672
crown-9 2 0.04 6.75 22.23 2679
crown-9 2 0.08 120.92 132.20 2600
crown-9 3  0.00 0.00 27.50 2877
crown-9 3  0.02 2.07 33.25 2867
crown-9 3 0.04 9.64 38.99 2821
crown-9 3  0.08 40.97 72.10 2720
crown-9 4 0.00 0.00 0.00 3116
crown-9 4 0.02 1.45 27.39 3001
crown-9 4 0.04 9.09 41.94 2897
crown-9 4 0.08 150.38 180.65 2813

TABLE 6. Properties of constructed # and Z, part 1
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Tmage name __m o0 f1s(3)  Jos(@) _a(@x)
hat-5 2 00 0.00 8.00 2260
hat-5 2 0.02 0.37 7.79 2252
hat-5 2 0.04 2.66 13.79 2235
hat-5 2 0.08 14.41 25.57 2223
hat-5 3 0.00 0.00 6.50 2379
hat-5 3 0.02 0.77 13.71 2355
hat-5 3 0.04 5.49 16.41 2310
hat-5 3 0.08 80.93 93.13 2260
hat-5 4 0.00 0.00 0.00 2400
hat-5 4 0.02 2.99 21.33 2374
hat-5 4 0.04 11.35 33.61 2317
hat-5 4 0.08 43.91 66.96 2280
horseshoe-10 2 0.00 0.00 10.00 2605
horseshoe-10 2 0.02 0.27 10.52 2631
horseshoe-10 2 0.04 0.85 12.10 2605
horseshoe-10 2 0.08 5.52 17.87 2573
horseshoe-10 3 0.00 0.00 29.00 3397
horseshoe-10 3 0.02 0.40 30.43 3376
horseshoe-10 3 0.04 5.07 31.26 3351
horseshoe-10 3 0.08 16.92 44.00 3248
horseshoe-10 4 0.00 0.00 0.00 3599
horseshoe-10 4 0.02 3.71 32.99 3513
horseshoe-10 4 0.04 14.32 44.36 3444
horseshoe-10 4 0.08 30.67 60.34 3338
horseshoe-8 2 0.00 0.00 12.00 2762
horseshoe-8 2 0.02 0.06 11.65 2780
horseshoe-8 2 0.04 1.50 11.13 2776
horseshoe-8 2 0.08 4.13 13.12 2776
horseshoe-8 3 0.00 0.00 30.50 3447
horseshoe-8 3 0.02 0.22 30.19 3446
horseshoe-8 3 0.04 0.54 30.41 3402
horseshoe-8 3 0.08 4.72 37.30 3295
horseshoe-8 4 0.00 0.00 0.00 3782
horseshoe-8 4 0.02 3.08 26.85 3758
horseshoe-8 4 0.04 8.08 39.79 3678
horseshoe-8 4 0.08 68.91 103.11 3559

TABLE 7. Properties of constructed & and Z, part 2
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