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Introduction

To any continuous function f : Rx]0,co[— C we can associate a linear form on the space of
compactly supported smooth functions. Namely, the map

o / f(x.y)é() de. 1)

We want to know what happens when we let y go to 0, or more precisely whether

lim / f (@, y)é(x) dz 2)

y40

exists for all ¢ € C°(R). If this is the case, then the map

o>ty [ (o)l do ®)

defines a linear form on C°(R) as well.

Now the map (1)) defines a so called distribution. In the case that (2] exists for all ¢ € C>(R),
the map is also a distribution, which we will denote by f(-,0). In this case we say that
f has a distributional boundary value.

It is a classical result that holomorphic functions on the upper half plane having a certain
growing behavior towards the real line, have a distributional boundary value. Let O.(H,)
be the space of holomorphic functions on the upper half plane having such growing behavior
and let D'(R) denote the space of distributions on R. The assignment f — f(- + :0) gives
us a linear operator

B:O.(H.) - D(R). (4)

Erik van den Ban expected that the map ( could be applied to embed the holomorphic
discrete series representations in the principal series representations of SL(2,R).

The aim of this thesis is to study the boundary value map and to investigate its rela-
tion with the natural action of SL(2,R) on the upper half plane by Mobius transformations.
The second aim was to realize the mentioned embedding of the holomorphic discrete series
representations into the principal series representations.



The first aim has been reached. With this result the mentioned embedding can indeed be
realized, as was shown to me by Erik van den Ban. Due to restrictions on the time available
to me, I have not been able to finish my study of the proof and to give a written account of
it.
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Chapter 1

Complex analysis

In this chapter we shall deal with some basic concepts of complex analysis. In the first
section we shall deal with one dimensional complex analysis. We shall go over the notion of
complex differentiability and analytic functions, derive the Cauchy-Riemann equations and
we shall state the Cauchy integral formula. This first section will be mainly based on the
book of Lang [I1]. In the second section we will introduce the notion of a multidimensional
analytic function and a complex manifold. In the third section we shall look at the fractional
linear transformations.

The notion of a holomorphic function will be needed in Chapter [/} Section 2 is mainly
provided to justify the proceedings in Chapter [I1]

1.1 Complex analysis in one variable

We shall begin by saying what it means for a function to be complex differentiable.

Definition 1.1. Let U be an open subset of C. Let f : U — C be a function and z € U.
We say that f is complex differentiable in z if
flz+h) - [(z)

h

lim
h—z

exists. In this case this limit is denoted by f’(z) or %(z) as in the case of real differentiablity.
We say that f is differentiable or holomorphic if f is complex differentiable in all z € U.
The space of holomorphic functions on U is denoted by O(U). If D is a closed subset of C
we say that f: D — C is holomorphic, if f is holomorphic on some open neighbourhood of

D.

Since C ~ R?, we can ask ourselves about the relation of being complex differentiable
and being differentiable as function from R? — R2?. We shall now inquire into this. In our
approach we shall follow Lang [IT]. Therefore first assume that f : U — C is a holomorphic
function. We write f = fi +ifs, where f; = Re(f) and fo = Im(f). Now let z =x +iy € U



and let w = u + iv. We write f'(z) = a + ib. Just as in the real case the condition of being
complex differentiable in a point z implies that there is a function p : C — C such that

p(w) = f(z +w) = f(2) —wf'(2),
and

tim P
w—0 |’u}|

So we have that
flz+w)— f(z) =wf'(z) + p(w) = (au — bv) + i(av + bu) + p(w).

Now consider F' : U — R? the vector field associated with f, i.e. the function that is defined
as F(z,y) := (fi(z + iy), fo(x +iy)). We notice that

Fx4+u,y+v)— F(z,y) = (au — bv,av + bu) + R(x,y),

where R(u,v) := (Re(p(u+iv)), Im(p(u +iv))), with lim,w)—o ||z, v)|| 7| R(u, v)|| = 0. We
thus conclude that F' is differentiable in (z,y), with Jacobi matrix given by

9fi 9h
or O
ofy Ofs
or Oy

From this we conclude that the functions f; and f; have to satisty the following differential
equations, known as the Cauchy-Riemann equations:

Oh 0k Oh _ _9oh (1.1)
ox Oy oy ox '

Conversely a function f = f; +ifs : U — C, with functions fi, fo : U — R, is holomorphic
if f1 and fy are continuously differentiable and satisfy the Cauchy-Riemann equations, see
[T1] Chapter 1.

For reasons that will become clear later, we introduce the differential operators

o 1[0 .0 o 1[0 .0
cnmalmoy) ™ emmmi(mry) 09



It follows from the Cauchy-Riemann equations that f : U — C is holomorphic if and only
if 0:f = 0. If f is holomorphic it also follows from the Cauchy-Riemann equations that

f=0.f.

A certain class of holomorphic functions are functions that are defined by a converging
power series. The derivative of such a function is given by the formal derivative of this power
series, where the formal derivative of a power serie »>°  a,z" is given by

oo
g na,z" .
n=0

Definition 1.2. We say that a function f : U — C is analytic in zo € U if there is a r > 0,
such that D(zp;r) C U, and a power series

o0
Z an(z — 20)",
n=0

with a,, € C, that is convergent on the disc D(zg;r), such that

1) = anlz — )",

for all z € D(zp;7). The function f is said to be analytic if f is analytic in every z € U.

Notice that an alalytic function is holomorphic, as follows from the above discussion. As
a direct consequence of Definition [1.2| we have

Corollary 1.3. Let U be a connected subset of C and let f : U — C be analytic. Then if

there is a z € U such that %f(z) =0, for all k >0, then f = 0.

This means in particular that if f,g : U — C are analytic functions on some open and
connected subset U of C and f‘v = g|, for some open V' C C, then f =g.
It turns out that every holomorphic function is also analytic, as can be proved with the
Cauchy integral formula.

Theorem 1.4 (Cauchy integral formula). Let D be a closed disc and let [ : D — C bea
holomorphic function. Let 0D denote the orientated boundary of D, orientated counter clock
wise. Then for every z € D
1 f(z
iy =on [ L

" 2mi Jup 2 —C
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Another consequence of the Cauchy integral formula, which we shall need in Chapter [11]
is the following theorem.

Theorem 1.5 (Louville’s theorem). Let f : C — C be a bounded holomorphic function.
Then is f constant.

1.2 Multidimensional complex analysis

The material discussed in this section is draw from [15] Chapter 1 and Chapter 5.

Definition 1.6. Let U C C" be open and let f : U — C be a function. Then f is said to be
analytic if each point 29 = (2!, ..., 20") has an open neighbourhood D on which f is given
by a convergent power series of the form

Lemma 1.7 ([I5], Lemma 1.3). Let U C C™ be open and let f : U — C be a continuous
function. Then is f on U analytic if and only if f is holomorphic in each of its variables.

Definition 1.8. Let U,V be open subsets of C" and let f : U — V be a bijective holo-
morphic map. Then f is called a bi-holomorphic map or an analytic isomorphism if f~! is
holomorphic.

Definition 1.9. Let X be a 2n dimensional topological manifold. Let A be an atlas of
X. We call A a holomorphic atlas if for any pair of charts (U, k) and (V,\), such that
UNV #0, themap Aok : k(UNV) — AU NYV) is bi-holomorphic. A complex manifold
is a 2n dimensional topological manifold equipped with a holomorphic atlas. Notice that in
particular X is a smooth manifold.

Example 1.10. A classical example is the n-dimensional complex projective space P"(C).
Recall that P"(C) is the space of one dimensional linear subspaces of C"*!. TLet 7 :
C"™\{0} — P!(C) be the map that sends each point 2 to the subspace spanned by z.
We consider P*(C) with the quotient topology. Now for any z = (2o, ..., z,) € C"™\{0} we
let

(20 0.t 2zn] = 7(2).



We consider the the subsets U; = {[z0 : ... : 2,] € P}(C) | z; # 0}, for 0 <4 < n. Then is the
map k; : U; — C", given by

2 Zil1 % 2
Ri([zo0 0ot 20)) = (—0,...7 tela L —n>

Zi Zi Zi Zi

a well defined homeomorphism. By a straightforward computation we find that x; o b
ki(U;NU;) = k;(U; N U;), is given by

1 (w Uj—1 Ujtp1 ui—y 1wy Uy,
Rj O K; (’LUl,...,’lUn)— R B ) L B
U uj U Uj  uj Uy U

where we have assumed that j > i for convenience. One immediately sees that this is a
bi-holomorphic function.

In the above example we have omitted some details, but for those I refer the reader to
Chapter 1 of [12].

Finally we want to mention that the inverse and implicit function theorem hold also
in the holomorphic setting (see [6]). The submersion and immersion theorems hold in the
holomorphic setting, as well.

1.2.1 Differential forms and the Dolbeault operator

We shall now briefly discuss de Rham operator on complex manifolds. The material discussed
in this subsection can be found in Chapter 9 of [I5]. Let M be a n dimensional complex
manifold. We look at the complexification of the cotangnet space Ty M, of M at a point
p € M. We notice that TyM @ C ~ (T,M ® C)*. We also have that

k

AT M &C) ~ (/k\ T;M) ® C.

From this it then also follows that QF(M) ® C ~ T>((A" TxM) ® C). We shall denote this
latter space by Q&(M).

It follows that de Rham operator d extends to a map Q& (M) — Q&1 (M), which has the
same properties as de Rham operator. Now given a coordinate chart (U, k) of M we have the

9



the local frame dz?, ..., da"™, dy', ..., dy™ of T*M, where 2/ = 2/ + iy, for all 1 < j < n. This
is then also a frame of T*M ® C. Instead of looking at the local frame dx', ..., dz", dy', ..., dy"
we can also look at the frame dz!, ..., dz",dz', ..., dz", where
dz = da? + idy’ and dz = da? —idy’.
Now for any f € C*(M,C)
df = dfy + idfs,
where f; = Re(f) and fo = Im(f). On U we then have that

df = Z —Ldz 4+ f
It follows that for a smooth k-form w € Q& (M) we have, on U,

w(z) = Z wr g (2)dz! A dz’

I+ T =k
And thus
Z dwr () Ndz" A dz’
I|+||=k
&uIJ 0&)[]
ZZ d/\dz/\dz—l—zz 2)dz A d2' A dz
[I|+|J|=k (=1 [I|+]J|=k 1=1
onU.

Definition 1.11. We say that w € QX (M) is of type (p, q) if, in a given coordinate chart, it

can be written as
= Z Z WLJ(Z)dZI A dé‘]
l1=p |J|=q
The space of all forms of type (p, q) is denoted by Q((Cp ’q)(M ).

It follows from the following lemma that that the above definition is independent of the
choice of coordinates.

10



Lemma 1.12. Let T : U — V be a bi-holomorphic map between open sets U,V C C". Then
Tdz = Y S duwt and T A5 = o), 25 da.

The above lemma implies that T*(dz!) = D=1 gsdw’ | for some functions g; : U — C.
So we indeed see that Definition [1.11|is independent on the chosen coordinates.

It follows from Definition that Q% (M) decomposes as

k
L) =P ol
=0

In particular for each k£ and each p, ¢ such that p 4+ ¢ = k, there is a canonical projection
P QR (M) — QP9 ().
We notice that
d: QPY(M) — QP (M) @ QP (M),
Using de Rham operator and the projections, defined as above, we define the operators

9 =m0 d: QPY(M) — QU (M),

=P o d : QPY(M) — QLTI (M).

Notice that d = 9 + 0. The operator 0 is known as the Dolbeault operator and will be
important for us later on. Given a chart (U, k), we have that

= ¥ Z&"” )d2' A d2t A dz (1.3)

[|+|J|=k (=1
8&)]] 7
= Y Z 2)dz A dz' A dz (1.4)
[+ J|=k =1

for any w € Q((Cp’q)(M).

11



1.3 Fractional linear transformations

In this section we shall discuss the fractional linear transformations. This section will be
based on [I1] and a lecture given by Erik van den Ban in the 2018 summer school of Utrecht
University. In this section we will stick to the convention that for g € GL(n,C)

We shall now first introduce the Riemann sphere.

Consider P*(C). Let x; : U; — C be as in the above example and let ¢ := x;'. One
readily verifies that the complement of the image of C under ¢ consists of the single point
[1:0]. We now let C := CU{oo} and we extend ¢ to a function @ : C — P'(C), by defining
P(00) = [1: 0]. We can put a complex structure on C by requiring ¢ to be a bi-holomorphic
map. The complex manifold C is called the Riemann sphere.

The group GL(2,C) acts in a natural way on C? via the usual matrix multiplication. It
is clear that C*\{0} is an invariant under this action. We notice that this action maps lines
through the origin to lines through the origin, and hence the action of GL(2,C) on C?\{0}
induces an action on P!(C), given by

g [z1 1 20] = [az1 + bza : cz1 + dzy] where g = (CCL 2) .

We see that the action of cg is the same as that of g, for any ¢ € C*, so we can restrict
our attention to the action of SL(2,C) on P}(C). Now via the map @ the action of SL(2, C)
transfers to an action on C, by transformations Fj, such that g- @ = @ o F,.

Lemma 1.13. Let g € SL(2,C). The bi-holomorphic transformation Fy : C — C is given
by the following rules

(1) For z € C

_az—i—b
ez +4d

Fy(2)
ifcz+d#0 and Fy(z) =00 ifcz+d =0

12



(2) For z = oo we have that Fy(z) = % if ¢ # 0 and Fy(z) = oo if c = 0.

Proof. We first assume that z € C. We notice that
P(Fy(z)) =g-0(z) =g-[z: 1 =laz+b:cz+d] (1.5)

If cz4+d = 0 then ¢(F,(z)) = [az+b : 0] and we thus conclude that F,(z) = oco. If cz+d # 0
then

az—l—b'
cz+d’

PFy(2) = 1]

__ az+b
and hence Fy(z) = ¢

Now let z = co. Then

PFy(2) =g-8(2) =g-[1:0] =[a: ],

from which the last part of the lemma follows. O]

The transformations F, as in the above lemma are known as the fractional linear trans-
formations.

For a,b € C we define the maps M,, Ty, J : C — C as

Ty(z) :=2+0
J(z2) = —é
M,(2) :=az

Note that these are fractional linear transformations. The following theorem is an slightly
adapted version of theorem 5.1 in chapter VII in [11], and says that every fractional linear
transformation can be realized as a composition of the above maps.

Theorem 1.14. Given g € GL(2,C) let F, be the corresponding fractional linear transform-
ation. Then there exist complex numbers «, 3,7 such that, either Fy =Tz o M, or

Fy=1T,0M,0JoTg.

Furthermore, if g € GL(2,R), then «, 8,7 can be chosen to be real. If in addition det(g) > 0,
then a« can be chosen to be larger 0.

13



Proof. First suppose ¢ = 0. Then d # 0 and Fy(z) = (az + b)/d. We thus we see that
F, =TgoM,, with o = a/d and 8 = b/d. 1t is obvious that « and J are real, if g € GL(2,R).
We also see that a > 0 if det(g) > 0.

We now consider the case that ¢ # 0. We see that the map F1, = F,. So without loss of
generality we can assume that ¢ = 1. We set 8 = d. We then have to solve

az+b  —a« .
ctd  z+d
or stated differently, we have to solve the equation az +b = —a + vz 4+ vd. We see that this

equation is solved for v = a and @ = ad — b. And again it follows that «, 5 and v can be
chosen to be real, if g € GL(2, R) and that a > 0 if det(g) > 0. O

We can restrict the action of SL(2,C) on C to an action of SL(2,R).
Lemma 1.15. Let g € SL(2,R) and z € C then

In(z)
ImF, —_—
o(2) = lcz +d|*
Proof. The proof is by a direct computation and is left for the reader. O]

From the above lemma it follows that the action of SL(2,R) on C is not transitive. We
let Hy = {z € C | Im(z) > 0}, the upper half plane, H_ = {z € C | Im(z) < 0}, the lower
half plane, and R = R U {oo}, the extended real line.

Lemma 1.16. The orbits of the action SL(2,R) in C are H., H_ and R.

Proof. We first prove that given a z = x+iy € H, thereis a g € SL(2,R) such that F,(i) = 2

Let a = \/y,b=x/y~ !, c=0and d = \/y~!. Then we see that Fy(i) = \/@% Vly_l =z+iy
y

and ad — cb = 1. The previous argument and Lemma [1.15| show that H, is an orbit. By

applying complex conjugation we see that H_ is also a SL(2, R) orbit.

We now notice that
cosf sind 0
—sinf@ cosf

is equal to tanf if 6 ¢ 1/27 + 7Z and to oo when 6 € 1/27 + nZ . This and Lemma [L.15]
show that R is an orbit. ]

14



Lemma 1.17. The stabalizer of i in SL(2,R) is SO(2).

Proof. Let g € SL(2,R) such that f,(i) = 4. Then ‘;?—ﬁ = ¢ or equivalently ai +b = id — ¢ or
(a —d)i+ b+ c=0. Thus, since a,b,c,d € R, we have that a = d and b = —c. Now notice
that 1 = det(M) = ad — bc = a* + b*. This can only be the case if a = cos(f) and b = sin(f),
for some 0 € R. O

15



Chapter 2

Lie groups and Lie algebras

In chapters |11{and [12| we shall be interested in certain representations of SL(2,R). Therefore
a basic knowledge of Lie groups and their representations will be useful. In this chapter we
will focus our attention to Lie groups. We shall develop the theory along the lines of Chapters
2 and 3 of [1]. We shall first give a definition of a Lie group and show that SL(n,R) is a
Lie group. After that we shall work towards introducing the exponential map and the Lie
algebra. In section we shall inquire about the conditions on a smooth group action of a
Lie group on a manifold that are sufficient to guaranty the existence of a smooth manifold
structure on the quotient space. This will be useful in the discussion of chapter [10| which is
essential for chapter [11] and [12]

2.1 Lie groups and Lie algebras

Definition 2.1. A smooth manifold G equipped with the structure of a group such that the
multiplication and inversion maps are smooth is called a Lie group.

Example 2.2. We notice that GL(n,R) is an open subset of Mat(n,R), so GL(n,R) is a
submanifold of Mat(n, R). We now notice that the multiplication map is the restriction of a
bilinear map, and hence smooth. Now the inverse map is also smooth, since the coefficients
of the inverse of an invertible matrix are rational functions of the coefficients of the matrix.
Hence GL(n,R) is a Lie group.

Example 2.3. The map det : Mat(n,R) — R, given by A + det A, is a polynomial function
in the coefficients of A € Mat(n,R) and hence a smooth function. We notice that, for all
H € Mat(n,R), we have

det(I +tH)=1+ttr(H) + t*R(t, H),

where R(t, H) is a polynomial in ¢ and the coefficients of H. So we conclude that 77 det(H) =
tr(H). From this it follows that

Tydet(H) = det(A)tr(A™H),

16



for all A € GL(n,R). It thus follows that det is a submersion on GL(n,R), and hence is
SL(n,R) = det™'(1) a submanifold of GL(n,R). It thus follows that SL(n,R) is a Lie group.

In this thesis we will focus our attention on the Lie group SL(2,R).

Definition 2.4. Let G and H be Lie groups. A map ¢ : G — H is called a Lie group
homomorphism if it is a smooth map that is also a homomorphism in the algebraic sense.
The map ¢ is called a Lie group isomorphism if it is a diffeomorphism and a Lie group
homomorphism.

Lemma 2.5. Let G and H be Lie groups and p : G — H a continuous group homomorphism.
Then is ¢ a smooth map and hence a Lie group homomorphism.

Let M be a smooth manifold and X : M — TM a smooth vector field. Recall that an
integral curve is a differentiable curve v : I — G, with [ an open interval, such that

d
7Z(t) — X(y(t)), foralltel.

Now let G be a Lie group. Recall that a vector field V' is left invariant if 7,1,V (¢') = V (9¢),
for all g,¢' € G, where [, : G — G, x — gz is the left translation. For an X € T.G we can
define a left invariant vector field Vx : G — T.G, by Vx(g) = T.l,(X). The map X — Vx is
actually a linear isomorphism from 7,G to the space of left invariant vector fields on G. For

a proof I refer the reader to [12] Theorem 8.37 or [I] Lemma 3.1.

Lemma 2.6 ([1], lemma 3.2). Let X € T.G. Then the domain of the integral curve ax equals
R. Moreover, ax(s+1t) = ax(s)ax(t), for all s,t € R. Finally, the map (t, X) — ax(t) is
smooth.

With the previous lemma in mind, the following definition makes sense.

Definition 2.7. Let G be a Lie group. The exponential map exp : T.G' — G is defined by
exp(X) := ax(1),

where ax : R — G is again the integral curve corresponding to the left invariant vector field
g— Tel,X.

17



Lemma 2.8 ([1], lemma 3.6). Let G be a Lie group. Then for allt,s € R and all X € g we
have

exp(tX) = ax(t)
exp((t + s)X) = exp(tX) exp(sX).

Consider the map C, : G — G given by C,(g) = xgxz~'. Notice that this is the composition
of smooth maps, namely the maps I, : G — G, g+ 2zg and 7,1 : G — G, g — gz~ !, and
hence smooth. So we can consider its differential at the identity element T.C, : T.G —
T.G. Since C, is a diffeomorphism, T.C, € GL(T.G). The assignment = — T.C, is a map
G — GL(T.G). We denote this map by Ad. Lemma 4.4 of [I] says that Ad is a Lie group
homomorphism, and hence in particular that Ad is a smooth map.

Differentiating Ad at the identity element gives us a linear map T,Ad : T.G — End(7.G),
which we denote by ad. We are now ready to give the following definition.

Definition 2.9. A Lie algebra is a vector space g equipped with a map [-,:] : g x g — g,
called the bracket, that is bi-linear, anti-symmetric and satisfies the Jacobi identity

(X, [V, Z]| +[Y,[Z. X]]| + [Z,[X,Y]] =0,  (for all X,Y, Z € g).

Lemma 2.10 ([I], lemma 4.9 an corollary 4.11). The vectorspace T.G equipped with the map
[X,Y] :=ad(X)Y is a Lie algebra.

In the remaining of the text we shall refer to (T.G, [-,+]) as the Lie algebra of G.

Example 2.11. Consider again SL(n,R). Recall that det : SL(n,R) — R is a smooth
submersion. Since SL(n,R) = det™'(1) we know that the tangent space of SL(n,R) in I is
ker(T7 det) = {A € Mat(n,R) | tr(A) = 0}.

Definition 2.12. Let g and h be Lie algebra’s and let ¢ : ¢ — b be a linear map. Then v
is called a Lie algebra homomorphism if ¥ ([X,Y]) = [¢(X),¥(Y)], for all XY € g.

Lemma 2.13 ([1], lemma 4.16). Let G and H be Lie groups and let ¢ : G — H be a Lie
group homomorphism. Then is the map ¢, := T.¢ a Lie algebra homomorphism. We further
have that the following diagram is commutative.

G 2

H
expT T
g b

—

18



In particular the above lemma implies that

G —24, GL(g)

eXpT Texp

g _ad End(g)

is a commutative diagram. Stated differently we have, for X € g, that Ad(exp(X)) =
exp(ad(X)).

2.2 Quotients of manifolds by group actions

In this section we will briefly discuss a few results concerning manifold structures on orbit
spaces of a smooth group actions. We will state the necessary definitions and main results.
For a more detailed discussion see [12] Chapter 21 or [I] Chapter 11 up to 15.

Definition 2.14. A topological group is a topological space with a group structure, such
that the multiplication map G x G — G, (z,y) — zy and the inversion map G — G,
x — 1 are continuous.

Definition 2.15. An action of a topological group G on a manifold M is called a proper
action if the map G x M — M x M given by (g,p) — (g - p,p) is proper, where we recall
that a continuous map is proper if the inverse image of a compact set is compact.

Definition 2.16. An action of a group G on a space X is called free if the only element of
G that fixes any element of X is the identity element. So stated differently if g -z = «, for
some x € X, then g = e.

Theorem 2.17 ([12], Quotient manifold theorem). Let G be a Lie group that acts freely and
properly on a manifold M. Then the orbit space M /G, equipped with the quotient topology,
is a topological manifold and M /G has a unique smooth structure making the projection map
m: M — M/G into a submersion.

Lemma 2.18 ([1], Lemma 14.1). Let H be a closed subgroup of G. Then the right action of
H on G is proper and free.
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Corollary 2.19 ([1], Corollary 14.2). Let G be a Lie group and H a closed subgroup. Then
G/H has a unique structure of a smooth manifold such that the canonical projection 7 : G —
G/H is a smooth submersion.

Let M be a manifold equipped with a smooth left action of the Lie group G. For x € M
the stabilizer G, of x, is defined as

G, ={9eG|g-z=zx}

Since G, is the pre-image of x under the map G — M, g — gz, the stabilizer is a closed
subgroup. So G/G, has the structure of a smooth manifold. The map «a, : g — gz factors
through a bijection @, of G/G, onto the orbit G,.

Theorem 2.20 ([I], Orbit stabilizer theorem). Let the Lie group G act transitively on the
manifold M, and let x € M. Then o, : G — M, g — gx induces a diffeomorphism between
G/G, and M.
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Chapter 3
Vector bundles

In this chapter we shall introduce the notion of smooth vector bundles. Smooth vector
bundles will be needed to introduce the induction process in Chapter [I0] They will also give
us a nice framework for introducing the generalized sections. We shall closely follow [12] in
formulation in the first part. The second part is based on some explanation given by Erik
van den Ban in some private meetings, but the basic definitions can also be found in [§]
Chapter 4.

Definition 3.1. Let M be a smooth manifold. A vector bundle of rank k over M, over the
field K = R, C, is a smooth manifold F together with a smooth surjective map p : £ — M
such that

(i) For each x € M, the fiber E, = p~!(z) has the structure of a k dimensional vector
space over the field K.

(ii)) For each x € M there exists a neighbourhood U C M of x and a diffeomorphism
7:p 1 (U) = U x K*, satisfying the conditions

e pry o7 = p, where pry : U x C¥ — U is is the projection;

o for each y € U the restriction of 7 to E), is a vector space isomorphism from £,
to {y} x KF.

The map 7 is called a local trivialization over U.

If M and E are complex manifolds, p : £ — M a holomorphic submersion and we can
chose the trivializations to be bi-holomorphic, we say that p : £ — M is a holomorphic
vector bundle.

The most trivial example of a vector bundle is p : M x C¥ — M, where M is a smooth
manifold and p the projection (m, v) — m. Other examples are the tangent and the cotangent
bundle (see [12]).
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Lemma 3.2 ([12], Vector bundle chart lemma). Let M be a manifold and assume that for
every x € M we are given a vector space I, of dimension k. Let B = [[ .\ £z, and let
m: E — M be the projection map that maps each element of E, to x. Assume further that
we are given the following data:

(1) an open cover {Uy}aca of M

(ii) for each o € A a bijective map 7, : 71 (Uy) — Uy x KE, whose restriction to each E,
is a vector space isomorphism from E, to {z} x K*.

(iii) for all o, B € A such that Uy, NUg # 0, a smooth map ®up : Uy NUz — GL(K, k), such
that the map 74 © 7'5_1 (U, NUp) x KF = (U, NUg) x K* is of the form

Tq © TB_I(ZL‘, V) = (2, Tap(a)V)-

Then E has an unique topology and smooth structure making it into a manifold and a smooth
vector bundle of rank k over M, with m as projection and {(Uy, 7o)} as local trivialization.

This lemma is very useful for constructing new vector bundles from existing ones. Let
p:E— M and q: FF— M be vector bundles. From the lemma it follows that we can define
vector bundles

k
EaF, E®F,  E* NE
in a canonical way. The fibers of these bundles are given by,

k
E,®F, E®F, E, /E,

respectively.

Definition 3.3. Let p: £ — M and ¢ : L — N be smooth vector bundles. A smooth map
F: E — Lis called a bundle homomorphism, if there is a f : M — N such that fop = goF,

JOHEEy §

S
Q

M5 N
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with the property that F|g, : E, — Ly is a linear map. In this case we say that F'is a
bundle homomorpism over f. We say that F'is a bundle isomorphism when F' is a bijection
and the inverse F'~! of F is also a bundle homomorphism.

Proposition 3.4. Let p: E — M and p' : E' — M be smooth vector bundles over M and
let F: E — E' be a bijective smooth vector bundle homomorphism. Then F is a smooth
bundle isomorphism.

Proof. To establish smoothness of F~! it is sufficient to proceed locally. We can thus assume
that £ = U x KF and E' = U x K*. Since p = p' o F, we conclude that F(z,v) = (z, A(z)v)
for some A : U — GL(KF). Tt is readily confirmed that A is smooth and therefore also
z — A(z)~'. We immediately conclude that F~'(y,w) = (y, A(y) 'w), which is a smooth
function. O

3.1 Pull-back vector bundle

Let p: E — M be a vector bundle and let f : N — M be a smooth map. Now there is
a vector bundle ¢ : £/ — N, such that there is a bundle morphism F' over f such that the
restriction of F' on a fiber is a linear isomorphism. We let f*(F) be the submanifold of N x £
given by

fH(E) = {(x,v) € N x E|p(v) = f(x)}.

We now claim that ¢ : f*(E) — N, given by the restriction of projection of N x E — N, is a
vector bundle. We will therefore show the existence of local trivializations. For this take again
a local trivialization (U, 7) of E around f(x). We define the function 7 : f~1(U) x p~*(U) —
f~HU) x U x K¥, given by 7(2/,w) = (z, 7(w)). Restricting 7 to f*(E)N(f~YU) x p~1(U))
gives us our trivialization. The fibers of ¢ are given by {x} x Ey,), where E, denotes the
fiber over y € M. These fibers inherit a linear structure making the map f, : f (E)z = B
into a linear isomorphism, where f : f *(E) — F is given by the restriction of the projection
N X E — E to f*(F). Accordingly f is a vector bundle morphism over f and thus we have
the following commutative diagram
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Definition 3.5. The vector bundle ¢ : f*(E) — N is called the pull-back bundle.

Now the pull-back bundle is uniquely determined, up to a vector bundle isomorphism, by
the following universal property.

Lemma 3.6. Let ¢ : L — N be a vector bundle and F : L — E a vector bundle homo-
morphism over f, then there exists an unique vector bundle homomorphism G : L — f*(E)
such that the following diagram commutes

In particular we have that if F, is a linear isomorphism, for every x € N, then G is a vector
bundle isomorphism.

Proof. First assume that G,G’ : L — f*(E) are both vector bundle morphisms such that
the above diagram commutes. Then o G/ = ¢ = qoG and foG = F = f o G. Since
f:(z,v) = vand q: (z,v) = z, we conclude that G(z,v) = G'(z,v) = (¢ (w), F(w)).
Consider the function G : L — N x E, given by w — (¢'(w), F'(w)). This is clearly a smooth
map. We further notice that, for w € L,, we have G(w) € f*(E),, so G is a function from L
to f*(E). It is now readily verified that, with G as just defined, the above diagram commutes.
We now are left to show that G|, is a linear map from L, to f*(E),, for y € N. Therefore
we notice, that since F' = fo G and G|, : L, — f*(E),, we have that F|;, = fx oG|p,-
Since f, is a linear isomorphism we conclude that G|,, = f; ' o F|.,. Now F|., is a linear
map and hence G|z, is the composition of linear maps and thus linear.
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Now assume that F'|r, is an isomorphism for all z € N. It then follows that F' is bijective.
The final statement thus follows from proposition 3.4}

]

Now for a smooth section s : M — E of p we can associate a smooth section N — f*(E)
of ¢ given by

x = (z,s(f(x))). (3.1)

A few words on the above expression. First we notice that (z,s(f(x))) € f*(F), further
the above assignment is smooth, so the above rule indeed gives a smooth section. We now
notice that (z,s(f(z))) = f;'s(f(z)). It follows that f induces a map I'(E) — D(f*(E))
given by f*(s)(z) = f's(f(z)). It clear that this is a linear map. We immediately see that
if s|pnvy = 8| vy, then f*(s) = f*(s’). So f* is injective in the case that f is surjective. We
have thus proven the following lemma:

Lemma 3.7. The map f*: T'(E) — I'(f*(F)) as above is a linear map. Furthermore, if f
1s surjective, then f* is injective.
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Chapter 4

Densities

In this chapter we will focus our attention on densities on a smooth manifold. Densities give
us a way of integration, without needing an orientation on the considered manifold. This is
in contrast to the integration of top-forms, where we need an orientation. Our use for them
will be to introduce the generalized sections and the normalised induction procedure as will
be discussed in Section [6.2] and Section respectively. The material of this chapter is
drawn from [I] Chapter 19, [2] Chapter 19 and [12] Chapter 16.

4.1 Densities

We shall first give a definition of an a-density on a finite dimensional vector space (over the
real or complex numbers). After that we define the density bundle and densities of a smooth
manifold.

Definition 4.1. Let V be a finite dimensional vector space over the field K = R,C of
dimension n and o > 0. An a-density on V isamap w:V x --- x V — K such that, for all
—_———

n times

vy, ..., v, € V and all A € End(V'), we have
w(Avy, ..., Av,) = | det(A)|“w(vy, ..., vy). (4.1)

We denote the space of densities of V' by D*V. One easily verifies that D*V is a linear
space.

Let by,...,b, a basis of V. For any vy,...,v, € V, there exists a unique A € End(V)
such that A(b;) = v;. So from we conclude that w € D*V is completely determined
by its value on (by, ..., b,). From this it follows that D*V is a vector space of dimension at
most one. On the other hand to any A € K we have a density w : V x --- x V — K, with

—_——

n times

w(by, ..., by,) = A, given by
W(V1,y .oy Uy) = | det AN,
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where A € End(V) is the unique linear transformation such that A(b;) = v;, forall1 < j < n.
We thus see that DV is a one dimensional linear space over the field K.

For alinearmap A:V - Wandw : W x --- x W — K, we define A*w : V x --- xV —
—_—— —————

n times n times

K by
A*w(vy, oy vy) = w(Avy, ..., Avy,), for all vy, ...,v, € V.

Example 4.2. Let V' be a n dimensional vector space over the field K. Consider the space
A" V* of alternating n-fold multilinear forms. If €', ..., €" is a basis of V* then is e! A--- A €”
a basis of A" V*. We recall that for any linear transformation A : V' — V we have that
A*(e' Ao Ae) =det(A)e! Ao A€, so we see that el A+ A€ € DOV

Now let M be a smooth n dimensional manifold. Then we define D*T'M =[], .,, DT, M.
Let 7 : D*T'M — M denote the projection. Given a coordinate chart (U, ¢) of M a section
s: M — D*T'M is, on U, equal to

fuldz* A+ A da”|

for some function f: U — K. We say that s is continuous if, for in coordinate charts (U, k),
the function f; is continuous. The continuous sections, I'(D*T'M), of 7 are referred to as
densities.

For F : M — N a smooth map between manifolds M and N and p a density we define
the pullback F*u of p under F' by

(F* 1)z (v1, ooy 0n) = prp) (ToFor, .., Ty Fuy), for all vy, ..., v, € TN,

As mentioned in the introduction there is a way to integrate densities. We give a defini-
tion. Let M be a smooth manifold of dimension n and let (U, k) be a chart. For a density
w on M that is compactly supported in U. On U there is a unique f : U — K such that
w= fldz* A--- A da™|. We define

/Uw:: L_I(U)(ml)*w:L_I(U)f(m1(x))\dx1/\---/\ Az
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Now let U = {(U;, k;)}1 be a collection of charts of which the chart domains cover M. Let
{1} be a partition of unity subordinate to «. Then, for a density w, we define

o5

el

With the substitution of variables theorem, one can show that | 4w is independent on the
chosen cover. For a more detailed discussion see [I12] Chapter 16.

4.2 Invariant densities

On R™ we have the Lebesgue measure, which is translation invariant. In terms of Lie groups
and densities that means that | daz' A --- A da™| = [d2' A--- A da™|, for all g € R™. This
can be formulated as that | dz! A--- A da™| is left invariant. This notion can be generalized
to an arbitrary Lie Group. In this section we will discuss that every Lie group has a positive
left invariant density. The results and proofs of this section are drawn from [I] Chapter 19.

Recall that [, : G = G, v — gr and ry : G — G, v — 2g.

Definition 4.3. Let G be a Lie group. We say that a density w on G is left-invariant if
ljw = w, for all g € G. We say that w is right-invariant if rjw = w, for all g € G. A
left-invariant density is also called a left Haar measure and a right-invariant density a right
Haar measure.

Theorem 4.4 ([I], Lemma 19.6 and Corollary 19.7). Let G be a Lie group. Then G has an
unique positive left-invariant density, up to a positive constant.

Let dx be a left invariant density on the Lie group G. We notice that for all g,h € G,
we have that [, or, = r, ol, and thus r}l} = l;r;. It thus follows that r}(dz) is also a left
invariant density. From theorem , we conclude that 77 (dx) = A(g)dz, for some A(g) € C.
We notice that if dz is a positive density then is r}(dz) a positive density as well. Tt thus
follows that A(g) € R.. We thus have a function A : G — R.q that assigns to g the value
A(g). At last we notice that 4y = ry o1y, so it follows that A(gg") = A(g)A(g"). We thus
conclude that the function A : G — R, is a group homomorphism. The homomorphism
A is called the modular function of G. It turns out that A(g) = | det(Ad(g))|™*, as follows

from the following lemma.
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Lemma 4.5 ([I], lemma 19.12). Let dx be a left invariant density on the Lie group G. Then
for every g € G,

ry(dz) = | det(Ad(g))|™" da.

Proof. We retain the notation of the above discussion. It follows from the above discussion
that C;_.(dz) = I;_iry(dz) = rj(dx) = A(g) dz. Evaluating in the unit element e we find
that

A(g)dz(e) = To(Cyp1)* dx(e) = Ad(g 1) dx(e) = | det(Ad(g))| " dx(e).

We thus conclude that A(g) = |det(Ad(g))|™ . O
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Chapter 5

Locally convex vector space

In this chapter we will introduce a few notions of locally convex vector spaces. This has for us
two applications. Firstly in chapter Chapter [6] we want to realize the space of distributions,
on an open subset U C R", as the topological dual of the space of the smooth compactly
supported functions on U, of which the topology is locally convex. Secondly in Chapter
we will be considering continuous group actions of a Lie group on complete locally convex
vector spaces.

In this chapter we will only state the necessary definitions and results for our proceedings
in Chapter [6| and Chapter [§] We shall be following the structure of [4]. We first introduce
the more general notion of a topological vector space and have a brief discussion about
completeness of topological vector spaces. In the third section we will state the definition of
a locally convex vector space and discuss the relation of locally convex vector spaces with
collections of semi-norms. In the fourth section we will discuss to procedures to get a locally
convex topology on a space given a collection of locally convex vector spaces. This chapter
ends with a short discussion about the topology on the topological dual of a locally convex
vector space.

5.1 Topological vector spaces

Let V' be a vector space over the field K = R, C and let 7 be a topology on V'

Definition 5.1. The space (V, 7)) is called a topological vector space if the maps the V xV —
V, given by (v,w) — v+ w and K x V' — V| given by (\,v) — Av, are continuous. In
other words the addition and scalar multiplication maps are continuous with respect to the
topology T .

Since for every x € V the translation T, : y +— y+x is an homeomorphism the topology is
already determined by the collection of open neighbourhoods of 0, i.e. the set T(0) = {D €
T |0 e D}. So we have that U € T if and only if for all z € U there is a D € T(0) such
that x + D C U. But this means that the topology is uniquely determined by any basis of
neighbourhoods B(0). Conversely, a pair (V,7), with V' a vector space and T a translation
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invariant topology, does not need to be a topological vector space. One needs to put extra
conditions on the topology to ensure that (V,7T) is a topological vector space. Introducing
the necessary definitions will put us on a bit of a side track that has little further relevance
for us, so I refer the interested reader to result 1.2 in chapter one of [14].

5.2 Sequences and completeness

Since the representation spaces that we will consider in chapter [chapter 8 are complete locally
convex vector spaces a short account on completeness seems in place. The material of this
section is drawn from [13] and [4].

We start our discussion by saying something about convergence of sequences in a topo-
logical vector space an let B(0) be a basis of neighbourhoods of 0. We consider a topological
vector space V. If (v,)y is a sequence that converges to v € V, then v, —v — 0 as n — 0.
Or expressed in terms of B(0), (v,)y converges to v € V if for all B € B(0) there is an N
such that for all n > N we have that v, — v € B.

The basis B(0) gives us also a way to define a Cauchy sequence in V. Namely, a sequence
(vp)n in V is called a Cauchy sequence if for ever B € B(0) there is an N such that for all
n,m > N we have that v, —v,, € B. Now V is called sequentially complete if every Cauchy
sequence converges.

Before we can say what it means for a topological vector space to be complete we will
first need the following two definitions.

Definition 5.2. A directed set (A, <) is a partially ordered set with the additional require-
ment that for all a, 5 € A there is a v € A such that o, 5 < 7.

Definition 5.3. Let X be a topological space and A a directed set. A function f: A — X,
often denoted by (z,), is called a net. A net is said to be convergent if there is a z € X such
that for every U € T (x) there is a N € A such that for all @« > N we have that z, € U.

Definition 5.4. A Cauchy net is a net such that for all U € B(0) there is a N € A such
that for all a, 3 > N we have that x, — 3 € U. The space X is called complete if every
Cauchy net converges.

In a metric space (X, d) a Cauchy net is a net such that for all € > 0 there is a N € A such
that d(z,,z3) <€, for all o, 3 > N.
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A complete space is always sequentially complete. We will state a partial converse.

Proposition 5.5. A metric space is complete if and only if it is sequentially complete

5.3 Locally convex vector spaces

We shall only be concerned with the topological vector spaces known as the locally convex
vector spaces. Before we come to the definition, recall that a convex subset of a vector space
is a subset C' of V such that for all z,y € C, (1 —t)x +ty € C, for all ¢t € [0, 1].

Definition 5.6. A locally convex vector space is a topological vector space (V,T) such that
every neighbourhood, of a point z € V, contains a convex neighbourhood of .

In all cases the topology on a locally convex vector space can be induced by a family
of semi-norms. Before continuing our discussion let us recall that a semi-norm, on a vector
space V', is a function p : V' — R, satisfying

1. p(Az) = |A|p(z), for all z € V and A € K

2. p(x +y) <plx)+py), forall z,y € V.

Let V be a vector space and let P be a collection of semi-norms on V. For p € P, xg € V
and r > 0 consider

B,(xzg;r) ={x € V| plx —x0) < r}.

The topology induced by the collection of semi-norms P is the smallest topology containing
the collection {B,(x;r) | p € P, x € V and r > 0}. A basis of neighbourhoods of 0 is then
given by all sets of the form

Bp...p(0;7) ={z €V |pi(x),....pr(z) <71},
for some py,...,pr € P and r > 0.
Notice that different sets of semi-norms may generate the same topology. Let P be a

collection of semi-norms and Py C P. If for every p € P there exists a py € Py such that
p(v) < po(v) for all v € V, then the topologies generated by P and P, coincide.
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Example 5.7. Let Q be an open subset R™. and consider the space C*°(Q2). For K C Q
compact and k € Z>(y we consider the semi-norms

| fllx,cr := sup max |0 f(x)|. (5.1)

zeK |al<r

With the collection semi norms {||- || x.cr | £ C § compact and k € Zxo}, is C°°(2) a locally
convex vector space.

Let K C R"™ be a compact set. Consider C%-(£2) of k times continuous differentiable functions
on K. Equipping C} () with the norm || - || cx, as defined 7 makes it into a Banach
space and thus in particular a locally convex space.

We have said that in a lot of cases the topology on a locally convex vector space is induced
by a given family of semi-norms. We also have that for every locally convex vector space
there is a collection of semi-norms that induces the topology on that space. We state this in
a theorem.

Theorem 5.8 ([4]). A topological vector space (V,T) is locally convex if and only if there
exists a collection of semi-norms that generate the topology T .

For a sketch of the proof of this theorem see [4]. The following result will be quite useful
later on.

Proposition 5.9 ([4], Proposition 2.1.5). Let (V,P) and (W,Q) be locally convex vector
spaces and let

AV =W

be a linear map. Then A is continuous if and only if for every q € Q) there are pq,...,p, € P
and a C' > 0 such that

q(A(v)) < Cmax{p;(v),...,pn(v)} (for allv e V)

5.3.1 Inductive and projective topology

Not all locally convex vector spaces come with an initial collection of semi-norms that induce
the topology, as will be the case with the space C°(U), U C R™ open, which we shall consider
in the next chapter.
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Let X be a vector space and {(X4, Ta)}aca a collection of locally convex vector spaces
such that X, C X and X =, X,. We further assume that A is a partially ordered set and
that X, C X3, whenever v < 3. We endow X with the finest topology making it a locally
convex vector space such that the inclusions i, : X, — X are continuous. This topology is
called the inductive topology. A basis of neighbourhoods of 0 is given by the set

B(0) ={B C X | B convex and BN X, € 7,(0)}.

We want to inquire about the nature of continuous maps and converging sequences. We
following result is immediate.

Proposition 5.10 ([4], Proposition 2.1.10). Let Y be a locally convex vector space and let
X be as above. A linear map A : X — 'Y is continuous if and only if A, = A‘X Xy 2 Y
1s continuous, for all c.

For the study of convergent sequences we will restrict to the the following setting: Let
X be a vector space and {(X;,7;) | i € N} a collection locally convex vector space such that
X, C X and

X1 CXoCX5C -,

Further we assume that X; is closed in X;,; and 7; = 7;+1| .- In this setting we have the
following result.

Proposition 5.11 ([4], Proposition 2.1.11). Let (z,)nen be a sequence in X converging to
a point x € X. Then there is a ng € N such that z,,x € X,,,, for alln € N, and z,, — x in
X,

Proposition 5.12 ([14], Result 6.6). If (X;,T;) is complete for all i € N, then also X,
equipped with the inductive topology, is complete.

Now consider the situation that X is a vector space and (X,,7,) a collection of locally
convex vector spaces such that X C X, and X = ﬂa X,. We assume again that A is
a partially ordered set, but this time we assume that Xz C X,, whenever o < 5. We
now endow X with the coarsest topology making it a locally convex vector space such that
the inclusions pr, : X — X, are continuous. This topology is called the projective limit
topology. We have a similar result as [I’heorem 5.10}

Proposition 5.13. Let Y be a locally convex vector space and let X be as above. A linear
map A :Y — X is continuous if and only if pro, o A is continuous for all o € A.
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5.4 Topology on the dual space

Consider the topological dual V* of a topological vector space V', where we recall that V*
is the space of continuous linear forms u : V' — C. For our purposes later on we shall be
interested in the topology on V*. Now there is not a unique topology on V*. We will only
give the definition of the so called strong topology on V*, since that will be the one we are
interested in. We will only state the definition and then discuss this topology in the case
that the topology on V' is induced by a collection of semi-norms and state a result for the
case that the topology on V' is the inductive limit topology of some collection {(V,,,7,)} of
locally convex vector spaces.

Definition 5.14. A set B C V is called bounded if for every U € T (0) there is a A > 0 such
that B C \U.

Definition 5.15. Let V be a locally convex vector space. For U C V the polar is defined
by

U {feV"||f(x) <1foralxecU}.

Definition 5.16. We define the strong topology S on V* as the topology generated by the
topology basis

{B° | B C V bounded}.

See [13] for a detailed account.

We discuss this topology in the case that the topology on V is induced by a collection
of semi-norms. If the topology on V is generated by a collection of semi-norms P, we have
that the ball B,(r) = {v € V | p(v) < r}, for p € P, is an open neighbourhood of 0. So for
any p € P there is a r, > 0 such that B C By(r,). It then follows from proposition [5.9 that

pp(u) == sup{|u(v)| | v € B} < 0.
Then is {pp | B C V bounded} a collection of semi-norms. Notice that

B,,(0;1) = B°,

for all bounded sets B. We thus see that the topology induced by this collection of semi-
norms is the same as the strong topology.
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Now let X be a vector space and {(X;,T;) | i € N} a collection locally convex vector

space such that X, € X and X; € Xy C X3 C ---, such that X, is closed in X;;; and
T = 7;+1|X,"

Proposition 5.17 ([16], Proposition 6.8). If X = lim_, X,, is the strict inductive limit, then
there 1s a natural topological isomorphism

X'p = lim(X7)s,

here lim, (X)s denotes X* equipped with the inductive limit of X equipped with the strong
topology.
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Chapter 6

Distributions

In this chapter we shall be concerned with distributions and generalized sections. Distribu-
tions will play a major role in the discussion of chapter [/} We shall start our discussion with
the distributions on an open subset of R"™ and after that we shall generalize the discussion
to the generalized or distributional sections of a smooth vector bundle. In doing so we will
follow [4].

6.1 Local theory

In this section we shall discuss distributions on an open subset 2 C R". We want to realize
the space of distributions as the topological dual of the space C°(§2). It is thus natural to
start our discussion with the topology on C2°(€2), as we will do in subsection [6.1.1] Having
done that we give a definition of the space of distributions D’(£2) on €2, and we shall discuss
briefly some operations on the space of distributions. On the whole, the given account will
be brief. Fore a more detailed discussion we refer the reader to [4] and [7].

6.1.1 Test functions

Recall that for a continuous function f :  — C the support of f, supp(f) is defined as
the closure of {x € Q | f(z) # 0}. The space of compactly supported smooth functions,
in C*°(Q), is denoted by C2°(£2) or in Schwartz’ notation D(§2). The space C§°(2) is also
referred to as the space of test functions. [

We now look into the topology on C2°(§2). We let C2(Q2) := {f € C*(Q) | supp(f) C K}
the space of smooth functions with support contained in K. We shall consider C32(U) with
the topology induced by the collection of semi-norms {|| - ||xcr | 7 € Z>o}, with || - || k.cr

defined by (5.1)).

IFor the existence of compactly supported smooth functions see [7] Chapter 2.
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For the moment we agree to write Ex(Q2) = C2(Q2) and D(2) = C(2). We notice that

D)= |J &)
KcCQ,
Kcompact

We further notice that we have a partial order on the collection of compact subsets of 2,
namely the inclusion of sets. We can thus equip D(2) with the inductive limit topology, as
we indeed do.

6.1.2 Distributions

We define the space of distributions D'(U) on U as

DI(U) := (C=(U))".

We then have as a direct consequence from [I'heorem 5.9 and [I'heorem 5.10[ that:

Corollary 6.1. A linear form u : C*(Q) — C is a distribution if and only if for every
compact subset K C €1 there is a constant C' > 0 and an order of differentiation k € Z<o
such that for all ¢ € C*(K) we have

(@) < Clidllcx k- (6.1)

The equivalent condition in the above corollary is given as a definition in [9].
To any locally integrable E| function f : 2 — C we can associate a distribution, namely
us(o) = [ foda.
Q
This is indeed a distribution, since for every compact subset K of €2 we have that
us(@) < [ 1folde = lollco [ Iflde,  (torall 6 € CR(@)).
K K

It follows that mapping f +— uy restricted to C'(€2) defines an continuous inclusion of C(£2)
into D'(R2). For a detailed discussion on the injectivity of this assignment, see [7] lemma 3.6.

2Lebesgue integrable
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It then also follows that the map f — wy is a continuous inclusion of C*°(U) into D'(2). It
turns out C*°(Q2) is dense in D’(§2). We shall not go into this, but refer the reader to chapter
11 of [7] and in particular corollary 11.7.

The space C*(U) is a ring. The C°°(U)-module structure of C*°(U) can be extended to
D'(U), by defining the multiplication of f with a distribution u as

(fu)(¢) :==u(fd),  for ¢ € CZ(UV).
We also have a notion of differentiability for distributions. We define
() (6) == —u(Bi0),  for ¢ € C2(U),

Notice that this definition is compatible with the differentiation in C*°(U), we namely see
that

wos () = /U @f)6de = — /U f0u6da = (Dyuy)(9),

where the second equality follows from integration by parts.

6.1.3 Sheaf property

Let U C V C R" be open subsets. We notice that we have a continuous inclusion iy :
CX(U) — C*(V) by extending a function f € C°(U) to C(V), by setting f equal to 0
outside U. This inclusion induces a restriction resyy : D'(V) — D'(U), by resyv(u)(¢) :=
u(ivy(@)), for ¢ € C(U). This says that Q@ D U — D'(U), with the restrictions resyy, is
a presheaf on 2. We will use the notation s +— s|y, for the restriction to U.

Lemma 6.2. Let {U;} be an open cover of Q. Then we have

1 (Locality) If s,t € D'(U) such that s then s =t.

Ui t‘Uﬂ
2 (Gluing) If for every i we have a s; € D'(U;) such that s;

is a unique s € D'(U) such that S‘U_ =s;.

Proof. The proof of both items follows from a partition of unity argument and is left for the
reader. [
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From the above lemma it follows that the assignment Q D U — D'(U) is a sheaf on €.

6.1.4 Pullback of distributions

Let ® : X — Y be an diffeomrophism from open subsets X,Y C R®. We let ¥ := ®~1. Now
notice that for any g € C'(Y') we have that

gy (6) = /X 9(3(2))p(x) dv = /Y 9(y)6(W(y))| det DU(y)| dy = | det DW|uy (V).

for all ¢ € C°(X). This suggests the following definition for the pullback of a distribution
ueD(Y):

(®u)() = juu(V*¢)  forall ¢ € C(X).

Again I refer the reader for a more detailed account to chapter 10 of [7].

6.2 Global theory

We are now going to discuss generalized or distributional sections. We consider a smooth
vector bundle p : £ — M. The space of distributional sections will be defined as the
topological dual of the space I'°(EY), of compactly supported smooth sections of p¥ : EY —
M. To do this we first need a topology on I'*°(E). Just as in the local case we will equip
['°°(FE) with the inductive topology originating from the spaces ' (F), of smooth sections
with support in K. So before we can really make sense of this we first need to know about
the topology on I'*(F). So that is where we shall start.

6.2.1 Topology on the space of smooth sections

Let {U;} be an open cover of M such that U; is both the domain of a chart «; : U; — k;(U;) C
R™ and a domain of a local trivialization 7, : By, — U; X CF. This data induces a linear
isomorphism

¢ T(F

)

) — Cm(ﬁi(Ui)ﬂ Ck)?

Ui
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given by s+ 7,050 k; . Now we define ¢; := ¢, o resy,, where resy, : T'(E) — T'(E| ) is

the restriction map. We now define

¢:T(E) — HCOO(HJ(Uj),Ck)

v

to be the map uniquely determined by the property that pr;o¢ = ¢;, where pr; : Hj C*>(k,;(U;),C*) —
C>(k;(U;), C*) is the projection map.

We now take the topology on I'(E) induced by ¢, where we endow []; C*(x;(Uj), C*) with

the product topology. Now this topology is also generated by the collection of semi-norms

given by

Islly = [l@e(s)ll k.

where v = (i, K, r), with K C x;(U;) compact and r € Z>o.
We observe that the just defined topology is independent of the choice of cover of total
trivializations.

6.2.2 Generalized sections

Let p: E— M be a smooth vector bundle. We define
EY := E*®@ DTM = Hom(E, DTM).
As in the local case we notice that
reEY) = |J reeE),
KcM

where T'(EY) is the space of sections of EY — M with their support contained in the
compact set K. We equip I'*°(E"Y) with the inductive limit topology. We now define

[™(M, E) := (I (EY))".

In the case that F = M x C we shall just write D'(M) for I'"°°(M, E), since we then have
a canonical identification T'?°(FE) ~ C°(M). Now the reason for defining I'"*°(M, E') in this
way is that we have a canonical inclusion of I'(E) into I'"°(M, E) as we shall now discuss.
We notice that we have a natural pairing

(-,) : T®(EY) x T®(E) — [™°(DTM)
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given by point wise evaluation. This gives us a natural bi-linear map
L TEE) X TE) S € (@) [ wls)wes)
M

We thus see that the map I'(E) — I'"*°(M, E), given by s — (-, s), is a continuous linear
embedding.

We notice that ['°(F) is a C°°(M)-module. Hence, as in the local case, we can extend
this module structure to I'"*°(M, E), by defining for f € C*(M) and u € I'">°(M, E), the
multiplication by the rule

fu(s) :==u(fs), for all s € T2°(EY).

From this it follows that the discussion of subsection can be generalized for '™ (M, E).

6.2.3 Invariance under vector bundle isomorphism

Let p: E — M and g : L — N be a smooth vector bundles. Let ' : M — N be a vector
bundle homomorphism over f. Let F': M — N be a vector bundle homomorphism over f.
Now the homomorphism F' induces an homomorphism FY : LY — EY given by the rule

FY(w)(v) == ffw(F(v)), for all w € LY,y and v € E,.

This thus gives a homomorphism I'°(LY) — I'°(EY), also denoted by F. Hence F"¥ induces
a homomorphism (FY)*: T'"°(M, E) — I'"°°(N, L), given by

(FY)*u)(s) := u(FY(s)), for all s € TS°(LY).

In the case that F' is an bundle isomorphism, FV will also be an isomorphism.
We can apply the above discussion to the restriction of a vector bundle p : E — M, to
the chart domain of the chart (U,k) of M. We can then consider the pullback bundle

(k" Y*(Ey) — k(U). By the above discussion the corresponding bundle isomorphism !
gives an isomorphism I'"*(x(U), (¢ 1)*(Ey)) — T==(U, E).
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Chapter 7

Boundary values of holomorphic functions on the upper
half plane

In this chapter we will discuss the existence of distributional boundary values of holomorphic
functions on the upper half plane. The first section will be concerned with the existence of
distributional boundary values. In our discussion we follow Section 3.1 of [9]. In the second
section we will apply the theory of the first section to define the, so-called, boundary value
operator. (See also [7] Chapter 12). In the third section we want to relate the results of the

first and second section to the natural action of SL(2,R) on C.

7.1 Boundary values

Let I be an open interval and v > 0. Let Z := {2z € C | Re(2) € [ and 0 < Im(2) < 7} and
f : Z — C be a holomorphic function. For every 0 < y < v we can associate a distribution

f(- +1iy) to f, given by
£+ in)(6) = /l f@+iy)o(x)de,  forall 6 € C=(1).

We can now ask ourselves what happens if we let y — 0. So if lim, o f(- + iy)(¢) exists, for
all ¢ € C2°(I). In this case we will denote

f(-+i0)(p) = lyi{lgf(- +1iy) ().

Lemma 7.1. Let U C C be an open subset with a C* boundary. Then for all g € C}(C) we
have:

/ g(z)dz = Zi/ Oz9(x +iy) de dy (7.1)
ou U
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Proof. By Stoke’s theorem we have that
/ g(2)dz — / d(g(2) dz) = / (0.9(2) dz + Dog(2)d2) A dz
ouU U U
= 2@'/ 0:9(z)dz A dy,
U

where we recall that dz = dx + idy and dz = dx — idy. O

Theorem 7.2. Let I C R be an open interval and let v > 0. Let Z := {z € C | Re(z) €
I and 0 < Im(z2) < ~v}. Assume that f : Z — C is a holomorphic function, such that there
is a C' >0 and a non negative integer N such that

[fl@+iy)] < Cy™ (7.2)
for all x +iy = z € Z. Then for all p € CX(I) the limit
lim/f(x +iy)o(z) dz
y40 I

exists and f(-41i0) : C°(I) — C defines a distribution of order at most N + 1.

Proof. We will follow the proof given by Hérmander in [9]. Let ¢ € C2°(I). Define the
function ¢y : Z — C by:

N N 40 (g
oy +iy) == ¢ kf >(z'y)k (7.3)

Notice that this expression would be equal to the Nth-order Taylor polynomial of the analytic
extension of ¢ to Z if such an extension would exist.
Now notice that

s N pk+1) (4 N oo ® (x
2zt i) = 35 T
N o (k+1) z N-1 ) (k+1) T (N+1) (o

(N +1)!
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We write w = u+iv and fix a 0 < Y <. Forany 0 < y < v —Y we find, by applying
lemma.to f(w+ iy)on(w) with U = I x i]0,Y7], that

/f(u+z'y)<5N(u,0)du—/If(u—irz'y%—z’Y)&N(u,Y)du
= 22/ / flw +iy) o (u, v)) du dv. (7.4)

Notice that for any open V C C, ¢ € C*(V) and f € O(V), we have

0 0 0 0

%Wf) = (£¢) f+v (&f) = g%
since 0z f = 0. So we find that
[ st imotn du= [ fu+ i), 0)du

I I
~ Y ~
= /f(u + iy 4+ 1Y )on(u,Y) du + / /f(w + 1Y) Oppn (u, v) dudv
I o Jr

=¢EW+nﬁﬁYﬁmmYmu+A [fmwnw¢mﬂ(ﬂ;fddu

Since |vV f(u+iv+iy)| < C(y+v) VoV < C, we have that the double integral is uniformly
bounded as y | 0. So we have that both integrals on the left hand side converge as y — 0.
It thus follows that

nm/f@+wwuym
/f (u+iY)on(u,Y) du+// fu+iv)p™N ) (y )(N)' dv du. (7.5)
From this last expression one easily concludes that ... defines a distribution of order at most
N +1. O

7.2 Boundary value operator

We define the collection of semi-norms vy 4. : O(Hy) — Rsg, for a < b, h >0 and N € N,
by

UNabn(f) = sup{y™|f(z +iy)|la <2 < b, 0 <y < h} (7.6)
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We then define the space
O(H+)N = {f S O(H+) | VN,a,b,h(f) < 00, for all a < b,O < h},

and equip it with the topology induced by the semi-norms vy 44, for a < b and h > 0.

Let a < b and 0 < h. Then by assumption there exists, for any f € O(H, )y, a C >0
such that

[f(z +iy)] < Cy~~,

for all @ <z < band 0 <y < h. It follows from Theorem [7.2] that the map

b
6 iy / f(@ + iy)olz) da

defines a distribution on |a, b|. For every f € O(H,), we thus have a distribution on ]a, b],
which we denote by Bnapn(f). It follows that the assignment f +— Sy qpn(f) defines a map

ﬁN,a,b,h : O(H+)N — D'(]a, bD

Since the limit and integral are linear we conclude that By a5 is a linear operator.

We are now going to argue that this gives us a unique operator By : O(Hy)y — D'(R).
We first notice that for all 0 < h, 1/, Bnapn(f) = Bnapw (f), which is immediate of their
definitions. Hence we can just talk about the map By, Now let ' < I/ and assume
that Ja,b[N]ad’,b'[# 0. We then have, for every ¢ € C°(]a’,b]), that ﬁN’a’b(f)ha’,b[((b) -
/BN,a’,b’(f)hagb[(Qb)- So /BNvavb(f)ha’,b[ = /BN’alvb/(f)ha’,b[' By [Theorem 6.2| there is a unique
distribution Sy (f) € D'(R) such that BN(f)‘]a o= Bnap(f), for all @ < b. We thus have a
unique operator 7

By : O(H,) — D'(R)
such that Sy ( f)hab[ = Bnap(f), for all f € O(Hy), and all a < b.

Theorem 7.3. The operator By is continuous.

Proof. Recall that C2°(R) is the inductive limit of the spaces C°(R), with K C R com-
pact. So we have that the natural inclusions ix : C¥(R) — C°(R) are continuous. Now
Proposition says that D'(R), with the strong topology, is the projective limit of the
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spaces (C(R))*, equipped with the strong topology. This means that the projection maps
prr : D'(R) — (CE(R))*, defined as pri(u)(¢) = u(ixe), are continuous. By Proposi-
tion and Proposition [5.13]it is thus sufficient to prove that

prco fy : O(Hy)y = (CF(R))”

is continuous for every compact subset K C R.

We know that the topology on C7°(R) is induced by the collection of semi-norms as defined
in (5.1). From the discussion in Section we know that the topology on (C2(R))* is
induced by the collection of semi-norms given by

pp(u) := sup [u(¢)],
$eB

for B a bounded subset of C72(R).
Let B C C¥(R) be a bounded set. Then for every ¢ € B we have that

tim [ fGo -+ in)ola) dal
< / flut Vot Yydul +] [ [ s i 10 4y du

NI

y (N+1)
Nabh/’¢N o ]du—i—y Nabh// (b )]dvdu
< v(f)napnll @l xn+1C,

where

Since B is a bounded set, we have that

sup || a1 < 0.
¢eB

We thus conclude that
pe(pri o Bn(f)) < C'vnapn(f).
From [Theorem 5.9|it then follows that pri o Sy : O(Hy) — (CF(R))* is continuous. O
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A holomorphic function g on H, is in particular a smooth function, so g|R5( f), for
f € O(H,)n, is again a distribution on R. On the other hand we have that gf € O(H, )y,
so we have the distribution $(gf). We can now ask ourselves whether gB(f) = (gf), or in
other words whether multiplication with g commutes with 5. The answer is yes.

Lemma 7.4. Let g : H, — C be a holomorphic function. Then

B(f)(90) = B(f9)(0),  for all ¢ € C(R) and all f € O(H,) .
Proof. We notice that, since g is differentiable,

oo +iy) = glx) + @g—gmy  Rix.y),

where R € C* (H,) and lim,_, R(z,y) = 0.

/R f(x + ig)g( + iy)d(a) da
_ / f(o +iy)g(x)é(z) dr + iy / f<x+z'y>§—j<x>¢<x> d + / £z + iy)é(x)R(z, y) d.

Notice that R(z,y) — 0, as y — 0, uniformly on every compact subset of R. So the last two
terms on the right hand side go to zero when y — 0, by theorem [7.2l We have thus proven
the assertion. O]

Lemma 7.5. The map 0, : O(Hy)y — O(Hy)n11, given by f— 0, f, is well defined and
continuous.

Proof. Let z = x + iy € [a,b] x i]0,d], for a < b and d > 0. Let D be the disc with center
z and radius R = 3y. Then D C [a — 2d,b + 2d] x 4]0,3d]. We thus have, by the Cauchy
integral formula, that

%(zﬂ _ %| aD%dd < %/@D(Im(C))

< RiN?lVN,afd,ber,?wl(f) = 2N+1VN,afd,ber,sd(f)yiNil’

RULIG ISP

from which the claim follows. O]
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We notice that O(Hy )y C O(Hy)y41. We define

Hy)=|JOH, )N

N>0

and equip it with the inductive limit topology. We notice that Sy (f) = Byu1(f), for all
f € O(Hy)n. There thus exists a unique operator

p:O(Hy) = D'(R),

such that ﬁ}O(H+)N = On.

The following result is an immediate consequence of Proposition and Theorem [7.3]

Corollary 7.6. The operator 3 is continuous.

Lemma 7.7. For all f € O,(H,) we have that
9B(f) = B(0xf) = B(O-f)-

Proof. Tt follows from the Cauchy-Riemann equations that 0,f = 0,f. We thus find that

/R 0.1 (x + iy)dl(x) dr = /R 0, f(x + iy)d(x) da = — /R F( + iy)9(x) da

The last equality follows by integrating by parts. The result now follows by lettingy — 0. [

Theorem 7.8 ([9], Theorem 3.1.15). Let f € O.(Hy). If f(-+1i0) = 0, then f = 0. In
other words B is an injective operator.

Proof. We will follow Hormander ([9]). Fix y > 0. For ¢ € C°(R) we define

0= [ dote s omya

We notice that Fy is an analytic function in w on H,. Since f(-+1i0) = 0 we conclude, form
, that Fy(w) — 0 and %Fd)(w) — 0 as Im(w) — 0. We thus conclude that
the function G, defined as G, = F,, on Hy and G4, = 0 on H_ UR, is an analytic function
that extends F;. On the other hand is G, the analytic continuation of the zero function on
H_UR. Since an analytic continuation on a simply connected domain is unique, we conclude

that Fy, = 0. Since this holds for any ¢ € C°(I) we conclude that f = 0. H
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7.3 Boundary value operator revised

The action of SL(2,R) on H,, by fractional linear transformations, induces an action of
SL(2,R) on the space C'(H, ), namely the action given by

g-f=Fy"f=foF,, for all f € C(H,).

Since the maps Fj, are bi-holomorphic this action restricts to an action on the space O(H,.).
Now SL(2,R) also acts by fractional linear transformations on R. So we also have an action

~ ~

of SL(2,R) in D(R) = £(R), given by

g-w:= (Fgfl ’A)*w.

Using the results of the previous sections we want to define a new operator from a

~

subspace of O,(H,), that is invariant under the action of SL(2,R), to D'(R). Before we
come to the definition of this operator we first are going to have a look at "that” subspace
of O* (H+>

Recall that J : C — C is the fractional linear transformation corresponding to the matrix
0 —1
1 0)°

OH) Y ={f € O(Hy) | vnapn(f) < 00 and vy apn(J*f) < 00, for all @ < b,0 < h}

We define the space

We notice that a function f € O(H, )y is in O(H,)¥ if and only if J*f € O(H,)x.

Lemma 7.9. The space O(H,)% is an invariant subspace of O(H,) under the action of
SL(2,R).

Proof. By [Theorem 1.14|it is sufficient to prove O(H, )% is invariant under the transforma-
tions J, T, M,, for 3 € R and a > 0. Tt is evident that J*f € O(H, )%, when f € O(H,)%.
We notice that, for z € [a, b] x )0, d], there are C,C’ > 0 such that |f(z +iy)| < Cy~" and

|f(m:iy)| < C'y=N. For such z we also have then that

M f(2)] = 1f(az)| < Ca™Vy™
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and
—1
azf =11 (a7 ) | < Cay
showing that M} f € O(H,)%.

We now go to the case of Tp. It is readily verified that T3 f € O(H, )y, whenever
f € O(H.)%. Now to prove that J*T; f € O(H )y notice that it is sufficient to prove that
T f(z +1iy)| < C"y~", for a collection {U; }icr, with U of the form [a;, b;] x 4]0, dy], a; < b;
and d; > 0, such that the collection {U/};e; covers R, where U] =]a;, b;[ x i| — d;, d;].
We no notice that the map Tz o J : C — C is continuous and bijective. Let t € R, then
r = (T 0 J)(t) € C. Now take ¢ > 0. Now there is a § > 0 such that

[t —0,t+ 6] x i[=0,0] C (TgoJ) ' (Jr —e,r + e[ xi] — € ¢]).

We choose ¢ > 0, such that not both 0 and % are contained in [t — ¢, ¢ + d]. We now notice
that for all z € [r — €, + €] x i]0, €] there are C,C” > 0 such that |f(z +iy)| < Cy~ and
|f(=%)| < C"y=N. Then for all z € [t — §,t + 6] x i]0, 0] we have that

r+iy
—1 bz —1 B
|f(7+b)|=!f( )| < ClzPNy =N
and
A ) = 1f (1) | < Oz — 1Yy
z bz —1 -
The result thus follows. O]

Lemma 7.10. If for f € O(H, )y there exists a C > 0 such that |f(z)] < C(Imz)~N, for
allz€ Hy. Then f € O(H,)%.

Proof. We just notice that |f(=})] < C(Im (=)™ = C|2[*(Imz)~". From which the
result now easily follows. O

We define the semi-norms

Vl{f,a,b,h(f) = UNabn(Jf)
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We equip O(H )’ with the topology induced by all semi-norms V]{[,a’b’h and Vn g4, for a < b
and h > 0. We then define

O.(H.) = | ] oHL,

NGZZO

and equip it with the inductive limit topology.

We now hope that we can define am operator 3 : O,(H,)’ — D’(I/Eé). To define an
operator 3 : O,(H,)” — D’(HA%) it is sufficient, given some open cover {U;};cs of R, to
define operators f3; : O.(H,)” — D'(U;), such that, for all f € O,(H,)’, we have that

)‘UmU]_ = Bj(f)}UmUj, when U;NU; # 0. Consider the charts (Uy, k1) and (Us, k2), where
Uy=RCR, U, = HA%\{O}, and k1 : Uy — R is given by the identity, and xo : Uy — R is
given by k; o J‘R' We notice that % = {U;, Us} is an open cover of R. We define

y40

Bi(f —hm/f:cﬂy sT6(r), 6 €Dl

y40

P2(f)(¢) := lim A T fla+iy) (k') d(x) ¢ € D(Ua).

A priori it is not clear that §;(f |U1 . ‘U — In the next section we will develop
the tools to show that this indeed holds. It then 1mmed1ately follows from Corollary [7.6] that
B is a continuous operator.

7.3.1 Proof that the boundary value operator is well defined

The method that is going to be presented was suggested to me by Erik van den Ban. We
start by placing ourselves in a more flexible situation. The idea is based on the following
observation. We notice that

lim / Fo + iy)o(x) de = lim [ 0 F(H)o(t) dt
0 Jr =0 Jp

for ¢ € CX(R) and f € O.(H,), were n.(t) := t + ie. We are first going to show that the
above equality still holds when we replace 7. by a series of C'-curves {7);};en converging to
the map t — ¢, with respect to the C* semi-norms on C*°(R,C). We shall first state more
precisely the conditions on the curves {n};.
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Assume that (2 is an open subset of H, such that QNR is an interval with non-empty
interior. We let Qg := int(Q N R). Let (n;);en be a family C* curves, Qr — Q satisfying

1. m; = idg, , with respect to the C'' semi-norms on C"(Qg, C).

2. n;(g) CQ, for all j € N.

In the proof of theorem we defined for ¢ € C°(Qg) an extension én. Now for a
density ¢ do € D.T'1 we define an extension to g X iR as ¢y dz.

Lemma 7.11. Let (n;);er be a family of curves as above and ¢ € C°(Qg). Let f: Q — C
be a holomorphic function such that for all a,b € Qg, such that a < b, there is a h > 0 and
a C >0 such that [a,b] x i]0,h] C Q and

|f(z +iy)| < Cy™ (for alla <z <b, and 0 <y < h).

Then we have that

lim n]’f(fgg dz) and lim | f(x+iy)o(x)de

J—00 O y10 Qr

exist and are equal.

Proof. We shall first prove the assertion under the additional assumption that Re(n;(t)) = t,
for all 7 € N. Let ¢ € C2°(Qg) and assume supp(¢) C [a, b], for a,b € Qg, such that a < b.
We notice that there is a § > 0 such that K := [a — 0,b+ ] C Qr. Now since K is compact,
there is a Y > 0 such that the set

Z={2€H;|a—d<Re(z) <b—9and 0 <Im(z) <Y}

is contained in 2 and such that there is a C' > 0 such that holds for all z in this set.
From theorem |7.2| we get that lim,, fQR f(z +iy)o(x) do exists. Since n; — idg, in the C*
norm on compact sets there is a M € N such that for all j > M we have that Im(n;)(s) <Y,
for s € K. Now, for j > M, we let Z; := {z € Z | Im(z) > Im(n;(Re(z)))}. Now applying
lemma [7.T] we find that

/K ;i (fodz)
(iv)™

:/Kf(uﬂY)q?N(u,Y) du—l—//Zj f(u+iv)¢(N+1)(u)dedu.
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One readily confirms that

jli_)rgO//ij(u+iv)q§(N“() dvdu-//fu—l—w )N (y )(N)' dvdu

The claim thus follows from equation ((7.5)).

We shall now argue that given a ¢ € C°({2g), we can, without loss of generality, assume
that the sequence (7;);en, restricted to suitable neighbourhood of the support of ¢, consists
of functions n;(t) =t + g(¢), for some g € C*'(Qg, Rsy).

Let ¢ € C°(Qg) and assume supp(¢) C [a,b], for a < b € Qr. We notice that there is a
6 > 0 such that K := [a — 6,0+ ] C Qg. Since 1; — idg, , with respect to the C'-norm on
C' (g, Q), for large enough j € N we have that $Re(n;) > 0 and int(K) C Re(n;(Qr)). It
thus follows that Re(n;) has a C'! inverse on int(K). Replacing (1|t (x)) jen by a subsequence,
we can thus assume without loss of generality that Re(n;(t)) = t, for all ¢ € int(K). Indeed
we see that this sequence still converges to id, since [Im(n(s))| < \77( ) —id| < [|n —id||, for
all s € int(K). Let Z be as above and let I = [a — 14, b — 36]. We further let

Z'={2€ H,|Re(z) €I and 0 < Im(z) < Y}.
The general result now follows by replacing Z with Z’ in the definition of Z;. O

Lemma 7.12. Let X, X C R? and Y, Y C R™ be open. Let ®: X — X and ¥ :Y — Y be
C* diffeomorphisms. Let fi, : X — Y be a sequence of C' functions converging to f : X —Y
in the C' norm on every compact subset of X. Then the sequence g, := Vo f, o ® converges
to Wo fod on compact subsets of X with respect to the C* norms.

Proof. We first prove the claim under the additional assumption that ¥ = idy. Let K C X
be compact. Then is ®(K) also a compact subset of X. Now

[fod(@)— fro®@)| < f — fallay  (z € K)
From the chain rule it follows that
1035 (f © ®)(F) = Dz (fe 0 BYE)| <D N|0i f(D(E)) — D fi(D(2))]]]| 0 D(2)]].

We thus conclude that f;, o ® — f o ® on K with respect to the C''-norm.

We now prove the claim under the assumption that ® = id. Let C' C X be compact. Since
the f is continuous f(C) is compact. Then there is an € > 0 such that ¢’ = f(C)s C Y
is compact, where f(C)e = {& € R™ | infpcp) ||z — 2'|| < €}. Since ¥ is continuous it is
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uniformly continuous on C’. So given an € > 0 there is a § > 0 such that if y,y’ € V(K),
and ||y — ¢/|| <0, then ||[¥(y) — ¥(y')|| < e. Now since f,, — f uniformly on C, ¥ o f,, goes
to W o f on C with respect to the C%-norm on C. Now notice that

105 (W 0 f)(x) = 0 (W0 f)(@) | = D 0,V (f )0y f ( Za U (fi(@))0,s fi ()|
<ZH6 U (f ()i f () = Dy W(fi(2))Dus fi() |

< 10, W( ()0 f () — <f<x>>axjfk<x>||+||6yi\11<fn< )0, fi(@ ) U (f(2)) D fr()
<ZH8 (f HH@Wf( ) = Oas fr(@)| + 10y ¥ (fu()) — < @)1 fio()]I-

Now, since C' and C” are compact there is an A > 0 such that ||0,: V(f(x))|], [|0w fr(x)] < A,
forall 1 <i < m, and 1 < j < n. Invoking the uniform continuity of ¥ on C’ and the
uniform convergence of f, to f on C, with respect to the C*-norm on C, we conclude that
for every € > 0, there is an N € N such that for all n > N we have that

1005 (¥ 0 f)(x) = 00 (Vo f)(z)]| <e.

We thus conclude that ¥ o f;, — ¥ o f uniformly on C' with respect to the C''-norm. m

In the remaining of this section we will assume that €2; and {2, are open subset of H
such that €; N R is a nonempty connected set with non-empty interior, for i = 1,2. We let
Qir = int(Qi NR). We further assume that ® : Q; — €25 is a biholomorphic map that can
be extended to €2; U Q) g in such a way that <I>|QLIR is a diffeomorphism from €2; g to {2y g.
Let (nj)jen be a sequence of curves as described in the beginning of this section. Then it
follows from the above lemma that @' on; o ®|q, - is again a sequence of curves satisfying
the conditions. The following result thus makes sense.

Lemma 7.13. Let (n;);en be a sequence of C' curves as above, f : Qo — C a function as
m with the additional assumption that ®* f satisfies the same conditions, and
¢ € CP(r). Then

im [ (@) (6dn) = lim [ (@ om0 Bls) (@"(f)ddn).

J—00 QQ]R J]—00 QIR

Corollary 7.14. In the setting of Lemma

lim f(z +iy)o(z) = lim * f(x + iy) (D[,)" d(x).

WO Jo, . WO Jo, &
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Proof. This follows from combining Lemma, and Lemma [7.11] O

It follows form corollary that 51(f)(¢) = B2(f)(¢), whenever ¢ € D(Uy NUs). Tt
thus follows that there exists a distribution 5(f) on R. Hence there is a unique operator

B:0,(H.)” = D'(R), such that 8|, =B and B, = Ba.

The goal of the remainder of this section is to develop the tools to prove the above result.

Lemma 7.15. Let ¢ € C®°(Qg) and v € C®(Qg +iR) s.t. Y| = ¢ and d:1(z) = O(Jy|V),
then

0z) = 3269w D 4 o)y

k=0

with p € C*°(R?) such that p(z,y) — 0 as y — 0.

Proof. By Taylor’s theorem we have that

N+1

i k
(,i/,) +p(z,y)y

U(z) = clx)

with ¢ € C*°(R), and p € C*°(R?) such that p(z,y) — 0 as y — 0. Since ¥|q, = ¢ we have
that co(x) = ¢(x). Now notice that

N-1 i k i N
= Sl e 0 G ext) R £ (o™
Now since 9;1(z) = O(|y|") we have that
T (iy)*

() — era (@) L= =0

B
I

So we conclude that ¢, 1 = ¢},.. Since co(z) = ¢(z), it follows that ¢, = ¢*). This concludes
the proof. O
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Lemma 7.16. Let U,V C C be open and let T : U — V be a biholomorphic map. Then

oT GT
0z 07

where DT'(2) is the derivative of the associated vector field of T'.

— |det DT(z)],

Lemma 7.17. Let U,V C C be open and let T : U — V be a biholomorphic map and
€ CHV,C). Then

opoT o
N )
Lemma 7.18. Let U,V C C be open and let T : U — V be a biholomorphic map. Then

0T (¢ dz) = T*(0( d2))

Proof. First notice that T*(¢ dz) = T*(¢)T' dw. Now

T ()
ow

(T'(w))| det DT (w)|dw A dw,

oT" (¥ dz)(w) =

o ) _ e
82( (w ))aw( w)T" (w )dedw—g

where we invoked lemma [7.17] to obtain the third equality and lemma to obtain the
fourth. Now notice that

T*(0(ydz)) = T* (04 dz A dz) = T*(0:4 2idz A dy)
= T"(0:¢)|det DT'|2i du A dv = T*(0z¢)| det DT'| dw A dw.

(w)T"(w) dw A dw

We have thus proven the lemma. O

Claim 1. Let ¢ € C*(Q) and ¢ € C=(Qg + iR) as in lemma[7.15 Let T : Q — Qs be a
biholomorphic map, then

0pT* (1 d2) = O(|Im(w) ) dw A dw.

Proof. Notice that we have T'(z +1dy) = T'(x) + O(y), by Taylor’s theorem. Since T'|q, , was
assumed to be a diffeomorphism from Qg to Qs g, we have that Im(7'(z 4 iy)) = O(y). By
assumption we have that

0:(2) = O(Im(2)"™).
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So then
Oz (T (w)) = O(Im(T'(w))™) = O(O(Im(w))").

Now notice that det DT'(w) > 0 and is defined on Qr. The claim thus follows from lemma
18 O

Claim 2. Let ¢ € C(Qg). Then
T*(¢ dz) — TJ5 (¢ dz) = O(y™*!) du.

Proof. Notice that
T*(q; dz)|ﬂ1,R - QE © T|Q1,RT/|Q1,1R du = Qb © T|Ql,]RT,|Ql,]R du

and

—~—— e~

T‘IE((bdx)‘QLR =¢o T‘Ql,R‘Ql,RT/|Ql,R du’QI,IR =¢o T’QI,IRT/|QL]R du.
It thus follows that
T*(¢ dx)|91,naz = T|E§(¢ dx)|Ql,]R
From claim [1] follows that 8;T*(¢dz)(w) = O(|Im(w)|¥)d@w A dw and it follows from the

definition of T| (¢ dz) that 95T |5 (¢ dz)(w) = O(JIm(w)|N)dw A dw. So from lemma [7.15
the claim follows. O

We now have all the tools that are necessary to prove lemma [7.13

Proof of lemma[7.13. Notice that by claim [2] we have
[ @ toa) = [ @y @dn) + [ Groet ).
R R R

Now notice that

/R 7 (F(@ ) (fdn)) = / 7 (&) (@7 (f)dda) = / (D) (B (@*(f)ddn)
- / (@1 oy 0 Bl)*(@°(f)é du),

where the third equality holds by the change of variables formula. One readily confirms that

lim n;f(fO(yNH)dw) = 0.
R

Jj—00

The result thus follows. ]
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7.3.2 Boundary value operator and SL(2,R)
Theorem 7.19. The operator [ intertwines the actions of SL(2,R) on D’(IEAQ) and O,(H,)’,
i.e.
g-6(f)=58g- )
for all f € O.(H,)” and g € SL(2,R).

Proof. By [Theorem 1.14] it is sufficient to show that S(F,-1*f)(¢) = B(f)(F, ), for F, =
J, M,, Ty, a € R\{0} and b € R.
By definition we have that

Bi(J*f) () :52(f)<(J‘@)*¢)a for all ¢ € D(Uy),

and
Bo(J*f)(0) :Bl(f)<(‘]‘@)*¢>a for all ¢ € D(Us).

Hence 8(J*f)(¢) = B()((J]z)" ¢)-
In the case that F,, = M, we can apply Corollary with ® = Fj,-1 and ® = J o F,1, to

conclude that

Bil(Ey1)" F)(9) = BH((Flg) ¢),  forall ¢ € D(UY),

and

Ba((Fy)" (@) = Ba(H)((Fylg)"w),  for all ¥ € D(Uy).

Hence B((Fy1)" £)(9) = B(F)(Fy|z)" ¢), for all ¢ € D(R).
Finally we consider the case that F, = T;,. We consider the cases that b > 0 and b < 0.

First assume that b > 0. Since R D U — D/(U) is a sheaf it is sufficient to prove that
5(bef)‘v_(gb) = ﬁ(f)‘v(Tg‘qzﬁ), for all ¢ € D(V;), for some open cover {V;} of R. We

consider the cover consisting of V; = U; and V, = (k5 ')*] — £, co[. It follows from the change

b
of variables that

PL(T=e)" [)(¢) = B1(f)((T})"¢),  for allp € D(U1).
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Now notice that

(6) = By, (0) =t [ s )37 60)

Also notice that (JoT o0 J)’R(] — 4,00[) =] — §,00[. So applying Corollary [7.14] with
®=JoT ,oJ we find

oo

lim T (T-) f(x + iy) (k3 ") ¢(x) = lim J f(z +1iy) CID}R (ky 1) *o(z).

ylo J_1 yl0 J_1

o
o

Now notice that (@‘R)*(Hgl)* = (ky')*(T})*. Hence we conclude that

The argumentation for the case that b < 0 is similar as the above. Now instead of taking
Va = (k3")7] = 4, 00l we take Vo = (3")"] — 00, =

b’ b
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Chapter 8

Representations

As mentioned earlier, we shall be interested in two particular representations of SL(2,R),
namely holomorphic discrete series representations and the principal series representations.
In this chapter we develop some theory along the lines of Chapter 20 of [I].

Definition 8.1. Let V be a locally convex vector space. With a continuous representation
(m, V) of G we shall mean a continuous left action 7 : G x V' — V such that the map = (z) :
v — m(z,v) is a linear automorphism of V', for all x € G. We say that the representation is
finite dimensional if dim V' < oo.

From now on when we talk about a representation, we will always assume that it is
continuous.

Example 8.2. Let M be a manifold and G an Lie group that acts smoothly on M. We
consider the space C'(M) of continuous complex valued functions. We equip C'(M) with the
locally convex topology induced by the family of semi-norms

1flls := sup | f(z)|
TeK

with K C M compact. Now G has a natural representation L in C(M), known as the left
regular representation, and is given by

[L(9)fl(z) = f(g '), for all g € G and f € C(M).

To see that L is continuous notice that ||L(g)f||x = [|f||;-1k, for all g € G, f € C(M)
and K C M compact. So it is sufficient to show that L is continuous in (e, fy), for any
fo € C(M). Now notice that

1L(g)f = follx < 1 L(g)f — L(g) follx + [[1L(g) fo — follx < = follg—1x + 1 L(g) fo — follx-

Since fy is uniformly continuous on K it follows that L is continuous.

Let (m, V) be a representation and W a linear subspace of V. We say that W is invariant
if m(z)W C W, for all x € G. The representation (m, V') is called irreducible, when dim V' > 0
and the only invariant subspaces of V' are {0} and V itself.
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Definition 8.3. By an unitary representation we shall mean a representation (m, V'), where
V' is a complex Hilbert space, such that m(x) is an unitary operator, for all z € G.

Definition 8.4. Let (7, V') and (p, W) be two representations of the group G. A continuous
linear map 7' : V' — W is said to be equivariant if T o w(x) = p(x) o T, for all z € G. In
other words, we have that the following diagram commutes, for every z € G.

vV L w
lﬂ(:v) lpu)
vV L w

With this definition we are able to state the following result.

Theorem 8.5 (Schur’s lemma). Let (7, V') be a finite dimensional irreducible representation
of the group G. Then Endg (V) = Cly .

The proof of Schur’s lemma makes use of the following lemma and can be found in
Chapter 20 of [1].

Lemma 8.6. Let V be a linear space and A, B : V — V linear maps. If Ao B = Bo A then
are ker A, im A and the eigenspaces of A are B-invariant subspaces, i.e. B(ker A) C ker A
and B(im A) C im A.

Corollary 8.7. If G is a commutative Lie group and (7w, V') is a finite dimensional repres-
entation of G, then dimV = 1.

As a application we can classify the finite dimensional irreducible representations of
SO(2). This classification will be useful when introducing the holomorphic discrete series
representations.

We first notice that SO(2) is a commutative group. From this it follows that all finite
dimensional irreducible representations of SO(2) are one dimensional.

We now notice that SO(2) is compact, so for any continuous homomorphism ¢ : SO(2) — C*
we have that ¢(SO(2)) C C* is a compact subgroup, so then ¢(SO(2)) C S!'. We now
recall that SO(2) is isomorphic to S*, so with the following lemma we have completed our
classification:

62



Lemma 8.8. Every continuous homomorphism ¢ : St — St is of the form z + 2", for some
n € 4.

Proof. By lemma ... ¢ is a Lie group homomorphism, so ¢, = Ty is a Lie algebra homo-
morphism. We notice that Lie(S') = iR, since S' C C. Since End(:R) = R, we conclude
that ¢.(X) = cX, for some ¢ € R and all X € iR. Now exp : iR — S’ is the usual expo-
nential it — €. By theorem ... we have that p(exp(X)) = exp(p.(X)) = exp(cX). Since
e?™ =1, it follows that exp(y.(i27)) = 1. So exp(i27c) = 1, and hence ¢ € Z. O
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Chapter 9

Iwasawa decomposition

In this chapter we shall consider the Iwasawa decomposition of SL(2,R). The Iwasawa
decomposition says that SL(2,R) is diffeomorphic to N x A x SO(2), via the map (n, a, k) —
nak, where N is the subgroup of upper triangular matrices in SL(2,R), with all diagonal
elements equal to one, and A the subgroup with the off-diagonal elements equal to zero
and positive diagonal entries. We shall start our discussion with the Lie algebra sl(2,R) of
SL(2,R), as [5], but we shall start somewhat ad hoc. After that we state and prove the
Iwasawa decomposition.

Recall that sl(2,R) = {X € Mat(2,R) | tr(X) = 0}. One readily verifies that a linear
basis for s[(2,R) is given by

1 0 0 1 00
o h) =) v=(0)
Notice that these satisfy the relationsﬂ
[H, X] =2X, [H,Y] = =2Y, [X,Y]=H.

We set

E=R(Y — X) =s0(2)
p=RHBR(X +Y)

a=RH
n=RX
n=RY.

It is then immediate that, as a linear space, s[(2, R) decomposes as ¢@adn. This composition

IThis is a so called sly-triple.
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of the Lie algebra is known as the infinitesimal Iwasawa decomposition. We now let

Cos sin
K = exp(R(Y — X)) = {k, = <_ sm@@ COSZ) | o € R}

t

A = exp(RH) = {a, = (‘8 e(ft) |z €R)

N = exp(RX) = {n, = (é f) |z € R}
M= {41}

t
P =MAN = {(ioe iz—t) | z,t € R}

We shall now state and prove the Iwasawa decomposition. The proof will make use of
the action of SL(2,R) on H, as defined in Section . The first part of the proof I have
from a lecture by Erik van den Ban and the second part of the proof comes from the proof
of lemma 17.8 of [2].

Theorem 9.1 (Iwasawa decomposition for SL(2,R)). The map ¥ : N x A x K — SL(2,R)
given by

U(ng,,a, k) = ngpak (9.1)
is a diffeomorphism.
Proof. We shall first prove that W is bijective. Notice that the maps R — A, ¢t — a; and
R — N, x — n, are diffeomorphisms, so it suffices to show that the map
v :RxRx K — SL(2,R), (x,t, k) — ngaik

is a bijection. Therefore we consider the action of SL(2,R) on H, by fractional linear
transformations. Notice that

V(,t, k) i = ngak - i = nga; - i = x + ie*.

From this we see that v is injective. Now let ¢ € SL(2,R). We write g - i = x + iy.
We notice that there is a ¢ € R such that y = €%, namely ¢t = %log(y). We then have
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that ¢ (z,t,e) -1 = g -i. We thus conclude that gt (z,t,¢e) stabilizes i and therefore
k=l = g "(x,t,e) € K. Thus ¢(x,t,e) = gk~ and hence ¢(z,t, k) = g. We thus conclude
that 1 is bijective.

From the above discussion follows that the map ® : K x A x N — SL(2,R), given by
(k,a,n) — kan is also a bijection, since ®(k,a,n) = ¥~ (n~t a~ ! k~1). We shall show that
® has a bijective derivative everywhere. It then follows from the inverse function theorem
that ® is a diffeomorphism and hence also W.

We notice that it is sufficient to prove that ® has a bijective derivative in the element
(e,a,e), for a € A. We indeed notice that he maps I : g — kg, the left translation by k,
and r, : g — gn, right translation by n, are diffeomorphisms and that

O(k,a,n) = k®(e,a,e)n =l or, o ®(e,a,e).
Let U €t, W €aand V € n. Then for t € R we have that
®(exp(tU), exp(tW)a, exp(tV))a™ ! = exp(tU) exp(tW) exp(tAd(a)V)
Differentiating the above expression gives us
(Targ-—1 0 Tie,,e)®) (U + TeroW + Ad(a)V) = U + W + Ad(a)V.

It thus suffices to show that the map (U, W,V) — U + W + Ad(a)V is a linear isomorph-
ism. Since [H, X] = 2X it follows that Ad(a)n C n, for all a € A. It thus follows from
the infinitesimal Iwasawa decomposition that (U, W,V) — U + W + Ad(a)V is a linear
isomorphism. O

Lemma 9.2 ([2], Lemma 20.1). The subgroup P is closed and the map M x A x N — P,
given by (m,a,n) — man is a diffeomorphism.

Proof. That (m,a,n) — man is a diffeomorphism follows from Theorem [0.1] We now notice
that P = pri’ (M), where prg := pry o =L, Hence, since M is closed, P is closed. ]
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From the proof of Theorem [9.1] we can conclude that the map
j . NA — H+

given by na — na - i, is a diffeomorphism. Requiring 7 to be a bi-holomorphic map, gives us
a complex structure on N A.
Now let

«

K@:exp(C(Y—X)):{<_B g) |a,B€C, a®+p*=1}

0
o o) lech

FCZACNCZ{(Z} €9z) |w,z€(C}

Be = (SL(2,C))i = {g € SL(2,C) | g i = i}.

Since SL(2,C) acts on C. One readily verifies that this actions is transitive. Applying the
orbit stabilizer theorem (Theorem , we see that the map g — g¢ induces a diffeomorph-
ism SL(2,C)/B¢ — C. One can show that this is actually a bi-holomorphic map.

We notice that K = SL(2,R) N Bg, so we have an inclusion G/K — G¢/Bc. We thus have
the following commuting diagram

G/K — Gc/E(C

| |

Hy «—— C

This implies in particular that G/K is an open subset of G¢/Bec.
Lemma 9.3 ([5], Lemma 1.1.11). There exists a gy € SL(2,C) such that
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(1) go-i=0.
(2) Kc = goAcgy’
(3) Be ~ K¢ X goNcgy '

Proof. Notice that for any element ¢ € SL(2,C), such that ¢-i = 0, we have
Be = cPec ™t = cAcNee ™ ~ cAce™ x eNee ™.
This means that Lie(Bc) ~ Ad(c)ac @ Ad(c)iic. We notice that K¢ and Ac are both the

image of their respected Lie algebra’s under the exponential map. So it is sufficient to find
a ¢ such that ¢c = Ad(c)ac. We can find such a ¢ by diagonalizing Y — X. We find that

Y — X = go(—iH)gy", for
(i

One readily verifies that go -7 = 0. ]
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Chapter 10

Induced representation

Given a finite dimensional representation (m, V') of the Lie group G, we have a representation
on any closed subgroup H, namely the restriction of 7 to H. In this chapter we consider
the reversed case. Given a representation (&, V) of a closed subgroup H of G we give a
representation on G, denoted by ind% (¢). This will be the so called induced representation
of G. We shall give two different realizations of this induced representation, the so called
induced picture and the vector bundle picture. We shall start with the induced picture, since
this one is the most direct. In the final section we will discuss the process of normalized or
unitary induction. This process ensures us that when we start with a unitary representation
H, that the resulting representation of G is also unitary.

The material for this chapter is drawn from Chapter 19 of [2], and sections 1.1. and 1.2 of

3]

10.1 Induced picture

Let G be a Lie group and let H be a closed subgroup. Let (&, Ve) be a finite dimensional
continuous representation of H. Consider the space of continuous functions ¢ : G — V¢ that
transform according to the rule

o(zh) = (b Hp(), (fore all z € G, and h € H).

We denote the space of these functions by C(G : H : £). The induced representation on G
is the pair (L,C(G : H : £)), where

[L(9)¢l(z) = (g 'x),  (foreall g,z € G).

10.2 Associated bundle

In the vector bundle picture the induced representation of G is realized in the space of
continuous sections of the so called associated bundle. We shall thus firstly have to define

69



what an associated bundle is. We shall do this for a general smooth manifold M.

Let M be a smooth manifold equipped with a smooth free and proper right action of the
Lie group H. Let (&, V) be a finite dimensional representation of H, in the complex vector
space V¢. Consider the right action of H on M x V. given by

(g.v) - h = (gh,&(h)v)

We notice that this action is also free and proper, so M x Ve := M x V¢ /H can be equipped
with a smooth structure making the projection map 7@ : M x Ve — M xpy V¢ a smooth
submersion. Let pr : M x Ve — M be the natural projection. Now there is an unique map
p: M xpy Ve — M/H such that the following diagram commutes.

M x Ve —"— M xy Vg

| I

M—"  M/H

One readily verifies that this map is given by [(m,v)] — mH. Now the map ¢, : Vi —
M xy Ve given by v — [(m,v)], defines a diffeomorphism from V¢ onto p~'(gH). Requiring
that the maps ¢, be linear induces a vector space structure on p~*(gH) and thus a vector
bundle structure on p : M xy Ve — G/H. We notice that ¢, is a linear isomorphism and
hence it follows that 7, : {m} x Ve = (M X g Ve)x(m) is a linear isomorphism. It thus follows
from the universal property of the pull back bundle that the bundles pr : M x Vi — M and
(M Xy Ve) = M are isomorphic in a canonical way.

Lemma 10.1. The map s — 7*(s) defines a linear isomorphism from I'(M x g V¢) onto
D(M x Ve) where

D(M x Vo) ={t e T(M x V¢) | t(xh) - h~' =t(x), for all h € H}.
Furthermore, 7 restricted to T°(M Xy Vg) is a linear isomorphism onto T°°(M x V¢)H
Proof. From lemma [3.7| we know that 7* : I'(M x g Ve) = I'(M x V), given by 7%(s)(z) =
7 ts(m(x)), for s € T(M x g V), is an injective linear map.

We still have to prove that 7* is onto. We first prove that 7* maps I'(M xpy V) into
D(M x Ve). Let s € (M xg Vg). Then 7*(s) is the unique section such that the diagram
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M x Ve —"5 M xg Ve

o] ]

M—"  M/H

commutes. Given h € H, let t, : M — M X Vi be defined by ¢(z) = 7*(s)(xh) - h~'. Notice
that

(tn(x)) = 7(x"(s)(wh) - h™') = 7(7"(s)(xh)) = s(m(xh)) = s(r()).

Hence t, = 7*(s), for all h € H. We thus conclude that 7*(s) € T'(M x Vg)™.

We now prove that 7* maps ['(M x g V¢) onto I'(M x V¢). Let t € T'(M x V¢)H. Since ¢
commutes with the right action of H, ¢t induces a section ¢ : M/H — M xy V. It is clear
that t = 7*(t).

We are now left to prove that 7(s) € T°(M x Vg)#, if s € T°°(M xp V¢). For this we just
notice that s o7 is smooth and that 7 is a smooth submersion. From which it follows that
7*(s) is smooth. O

Now consider a Lie group G and a finite dimensional representation (£, V) of H. We
have that G acts on itself by left translation [, and on G x V¢, by the rule (z,v) — (gz,v).
These actions induce actions of G on G/H and G Xy Vg, which we shall denote by [, and l~g
respectively, and we thus have the following commutative diagram:

GXH‘/&L)GXH‘/%

\ lp

G/H —“— G/H

The group G has a natural representation 7 in I'(G x gy V¢) given by
E(g)(s) =lgosol,t (g€ Q). (10.1)
This representation of G is called the representation induced from the representation & of H.

We have thus far considered two representations of G that we both call the induced
representation. The following lemma says that these representations are equivalent.
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Lemma 10.2. The representations (L,C(G : H : €)) and (Z,I'(G xyu V)) are equivalent.
Proof. We first notice that there is a natural representation of G in I'(G x V¢). Namely the
one given by

if(g),S:lgosolg_l, for all g € G and s € I'(G x V).

The diagram

M x Ve —"— M xy Vg

prl I

M ———— M/H
is G-equivariant. So we have that the following diagram commutes

M x Ve —"— M xy Vg

lgow*(s)olg_l]\ Tlgosolgl

M—"  M/H

Since 7*(l; 0 s 0 lg_l) is the unique section such that
—1 ~ * —1
lgosol,or=mon (lgosol, ")

we conclude that 7*(ly 0 s 0 I;1) = Iy 0 7*(s) o I;!. Hence 7* is G-equivariant.
Now define j : C(G,Vg) — I'(G x V¢) by j(f)(x) = (x, f(x)). This is clearly a linear
isomorphism. We notice that

[ii(9)i (@) = (2, f(g7"'2)) = j(L(9)f)(x)
and j(f)(zh) = j(f)(z) - h. So j induces a G-equivariant isomorphism j : C(G : H : £) —

['(G x Vg). Our desired intertwining isomorphism is then given by j~'o7* : I'(G xy Vi) —
C(G:H:¢).
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10.3 Normalised induction

In this section we discuss an adapted induction process known as normalised or unitary
induction. This process will guarantee that when we start whit a unitary representation
(€, Ve) of H that the representation of G obtained in this process is also unitary. This need
not be true for the ordinary induction process. See [2] Chapter 19 for a detailed discussion.

Let £ be a representation of H in the Hilbert space V. Consider the modular function

A : H — Ry as discussed in section [section 4.2] As discussed in is A a group
homomorphism. Thence AY2: H — Ry, given by AY2(h) = A(h)'/2, for h € H, is also a
group homomorphism. It follows that (A2, C) is a representation of H. We now consider
the representation & ® A'/? in Ve ® Car/2. This representation is naturally isomorphic to V¢
with the representation ¢ ® A2 given by

(€ @ AV2)(h)v = A(h)Y2¢(h)v, (for all v € Ve and all h € H).

We agree to write Viga1/2 for Ve equipped with the representation £ ® A2 We define the
representation

Ind%(¢) := ind% (¢ @ AY?)

This adapted procedure is known as normalized or unitary induction.
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Chapter 11

Holomorphic discrete series representation

In this chapter we will apply the induction process to define the discrete series representa-
tions of SL(2,R). This shall be done along the lines of [5] Section 1.4. In the second section
of this chapter we will study complex line bundles over P!(C) to gain some insights in the
representation spaces. After that we will realize the holomorphic discrete series represent-
ations in O(H,). The discussion is mainly based on explanations provided to me by Erik

van den Ban in private meetings. For convenience we shall agree to write G = SL(2,R) and
Gc =SL(2,0).

We consider the characters K = {7, : K — C | 7,(k,) = e ™, n € L} of SO(2). By
Lemma [9.3| these characters can be extended to characters on B¢, given by

Th(expiz(Y — X)expwAd(go)Y) = e™

We will consider the the restriction of induced representation of (7,,C,) to the space of
holomorphic sections I'y,(Ge X B, C,). Note that we are now considering the induced rep-
resentation in the vector bundle picture, so we have the following commutative diagram

G(c X Cn L) G(c XEC Cn

e b

GC % Gc/EC

It turns out that the space of holomorphic sections of p : G¢ X B C, — G¢ /Ec is trivial

for n < 1. We must thus restrict ourselves to an open subset Uy of G¢ /B¢ and induce locally
to get a non trivial representation space. Let U be the preimage of Uy in G¢/Bc, under the
projection 7 : G¢ — G¢/Be. With similar arguments as in the proof of Lemma , we
can identify the space ' (Up, £,,) with

O : Be :1,) ={f € O(U) | Ryf = 7,1 (b)f for all b € Bc}.

For our purposes it turns out that Uy = G/ K will be a good choice. In Chapter |§] we indeed
saw that G /K ~ NAis an open subset of G¢ /Bg, and in particular a complex submanifold
of G¢/Bc. In this case U = GB¢. We thus have the following commutative diagram
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GE(C X (Cn E— GEC XEC Cn

lpr I

GBe —— NA

For any f € O(U : Be : 7,) we have that
f(nakb) = 7,(b) 7, (k)" f(na), foralln € N,a€ A, k€ K, b€ Be.

The following theorem and its proof are drawn from [5] (Lemma 1.4.2).

Lemma 11.1. The function o, : U — C defined as
an(nxatkg,g) =a ", (b) (k) = emp(log(at))Tn(179)*17'”(/6)71

defines a nowhere vanishing function in O(U : B¢ : 7,). Further we have that O(U : Be :
Tp) = o, O(NA).

Proof. We consider the bi-linear map 3 : C* x C* — C, given by (w,z) — w'z. One
readily confirms that the function (w,-), given by z — w'z is an holomorphic map. Now,
the natural action of SL(2,C) on C? is holomorphic and therefore is the map g — ¢ - w
holomorphic, for all w € C2%. We thus have that the map m,, . : ¢ — B(w, g-2) is holomorphic,
for all w, z € C2. So if o1 = m,, ., for some w, 2 € C?, then we have that o is holomorphic.
This is indeed possible. We define the function m : U — C as

m(nxatkwg) = feq, nxatk:g,B(iel + e3)).

We notice that ky(ie; + e2) = 71(k)"'(iex + e2) for all k € K¢. It follows from a direct
computation that goﬁwgo_l(z'el +ey) = tey+eg, forall n, € Ne. So it follows from Lemma
that b(ie; + es) = 71(b)~!(iey + ey), for all b € Be. We further notice that n,‘e; = ey and
a;te? = a;, Pey. So we conclude that

m(ngaik,yb) = a; P (b) ' (k).

So we see that o7 = m, and thus by the above discussion we have that o is holomorphic.

We shall now prove that O(U : Be : 7,) = 0,7*O(NA). Therefore recall that 7 : G¢ —
G¢/Bc is a holomorphic submersion. So for every f € O(NA) we have that 7" f = for :
GBc — C is a holomorphic function. It is then clear that o,7*h € O(U : Bc : 7,), for
any h € O(NA). For the other inclusion we observe That 7*(c, ' f) € O(NA), for any
feOU:Bc:T). O
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Since A and N are Lie groups there exist left Haar measures da and dn of A and N
respectively. Now recall that NA ~ N x A, so dnda = dn x da is a measure on NA.
We then also have that a=2dnda is a measure on NA. We can thus consider the space
L*(NA, a=?’ dadn). We now define the spaces X,, as the f € O(U : B¢ : 7,) such that
ot f € L*(NA, a*dadn).

Definition 11.2. The discrete series representations of SL(2, R) are the G-modules (L, X,,),
for n > 2.

11.1 Bundles over P!(C)

For n € 7Z we consider the representation of C* in C given by ( — (~". We shall denote the
representation space C in this case by C,,. We define

Ln = C2\{0} X(C* Cn

We consider the natural action of SL(2, C) on C?\{0}. This action is transitive and commutes
with the action of C* on C*\{0}. This action of SL(2,C) induces an action on £,,. We also
saw that this action of SL(2,C) induces an action on P'(C). We get the the following
commutative diagram of SL(2, C)-equivariant maps

c2\{0} x C, —— L,

[ lp

C\{0} —— PY(C)

It follows that SL(2,C) acts on I'ny (L), (n > 0), by

(9-5)(2) =g-s(g'2)
This defines a continuous representation of SL(2,C) in the space 'y, (L,,), which we shall

denote by m,.

The space of holomorphic sections of £, — P!C can be identified with the space of
holomorphic functions on C?\{0}, which are H invariant, i.e. the space

O(C?/{0})" ={f € O(C?*/{0}) | f(=¢) = ¢"f(2)}-

We now have the following result.

76



Lemma 11.3. Let L, be as above. Ifn < 0, then I'ny(L,) = {0}. If n >0, then Ty (L) ~
P,(C?), where P,(C?) is the space of homogeneous polynomials on C* of degree n.

Proof. For n = 0 we have for f € O(C*\{0}) that f(A\z) = f(z), for all z € C*\{0} and
AeC. So f e O(CH\{0}) ~ O(P}(C)). But by Louville’s theorem O(P!(C)) is the space of
constant functions.

Let n > 0. Let f € O(C?\{0} : C* : n). Since f(A\z) = A\"f(z) we have that lim,_, f(z) = 0.
So we can extend f continuously to C2. One now also readily confirms that this extension

is holomorphic. Now f is entire, so f(z) = >, ,_, arztzh. We conclude that f(z) =

k.l
Zk+l:n k121 25

Now let n < 0 and f € O(C?\{0} : C* : n). We notice that for g : C*\{0} — C, given by
g(z) := 27" f(2), we have g(A\z) = g(z), for all A € C\{0}. So this means we can interpret g
as a holomorphic function on C. It thus follows from Louvile’s theorem that g is constant,
and thus f(z) = %, for some ¢ € C. But this function can only be defined on C*\{0} if
¢ = 0. So we conclude that O(C*\{0} : C*: n) = {0}. O

We now want to relate the spaces 'y (L) and 'y (G X B, C,,). Therefore let 8 € C?/
{0}. Then [3] € P'(C) and let Bs = SL(2,C);5. Now let a : SL(2,C)/Bg — P!(C) be the
diffeomorphism induced by the map g : SL(2,C) — P!(C), given by g — g - [8]. It follows
from the orbit stabilizer theorem that

P'(C) ~ SL(2,C)/Bs.

It then follows that ¢ = poa™': L, — SL(2,C)/B;s is also a vector bundle. We claim that
q: L, — SL(2,C)/Bj is an equivariant vector bundle. To see this, let F, be the fractional
linear transformation corresponding to g. We notice that we have the following commutative
diagram

C2\{0} x¢- C, —£— C\{0} x¢- C,

lp l

Fy

P'(C) ‘ __, PYC)

We also have the following commutative diagram
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SL(2,C) /By —— SL(2,C)/By

J» J-

P{(C) — 2 PL(C)
From which we conclude that the diagram

C*\{0} x¢- C,, —£— C*\{0} x¢- C

| |

SL(2,C)/Bs —%— SL(2,C)/B;

n)gz- S0 we conclude that ¢ : £,, —

commutes. It is readily verified that g- : (£,), — (£
n >~ SL(2,C) xp,V, where V := ¢! (eBg).

SL(2,C)/Bg is an equivariant vector bundle. So £
But one readily verifies that V = (£,,)3.

Now C*f is invariant under the action of Bg, by definition of Bg. But this implies that

b-x = xs(b)z, for all x € C*f and b € Bg, for some homomorphism yz : Bg — C*. In other
words xg is a character of Bg. We now conclude that

b-[(8,w)] = [(b- 8, w)] = [(xs(b)B, w)] = [(B, xs(b)"w)].

So (L,)[s is an invariant subspace of the action of Bg on L£,. We thus conclude that
V o~ (ngn, as representations of Bs. So we conclude £, ~ SL(2,C) xp, C, Sn as vector

bundles.

11.1.1 Borel group

We now fix = 55 = (0,1). Then one readily sees that

Bg, :{(a a91> | a € C* and ¢ € C}.

C
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Now the character xg, was determined by the equation
a 0 0 a 0 0 0 1 (0
Xﬁo( c al ) 1] =\ g! 1) =gt ) = a 1)

wl(f L )=a

We relate this to the Lie algebra structure of gc = CY @ CH & CX. We notice that
Bg, = Pc = AcNg, so Lie(Bg,) = ac @ n¢. The character yg, is given by

e® 0 .
ew e2) T

Hence yg,(exp(2H)) = e~* and 3, = 1 on Ng. It follows that

(o) (H) =

So

- Xpo(exp(tH)) = —1.

We agree to write x5, = x—p and xz" = Xnp-

The results of this section and the previous section are summarized in the following
commutative diagram

SL(2,C) xp, Cy,, — L,

| P

SL(2,C)/Bs, —— P'(C)

We thus have that T, (SL(2,C) X, Cy,,) = Tho(Ln) = P,(C?).

11.1.2 Conjugate of a Borel subgroup

Now let 3 € C?/{0} be arbitrary. Now there is a v € SL(2,C) such that 8 = v8,. It thus
follows that Bg = yBg,7 . For a character x of Bg, we define

Y(X) == x 0 Cyr.
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We then see that v : Bg, — Bg is a bijection.

For our purposes it will turn out that g = \/Lﬁ(z, 1) is a good choice. Namely, we notice
that [3] = [i : 1], which corresponds to i € C. We see that

0=l 0)

00

We then have that Ad(yo)H = i(Y — X). We thus see that the functional vy(p) : tc &
Ad(yo)ne — Cis given by vo(p)(i(Y — X)) = 1. Accordingly we have that X, (exp(ip(Y —
X))) = e~™#. We notice that this is an extension of the character exp(¢(X —Y)) — e~
on SO(2).

So we take

11.2 Realisation in C'(H,)

We now want to realize the representations (L, X,) in the space C'(H;). We notice that
we have an embedding NA — U, so we we have a restriction map res : O(U : B¢ : 7,,) —

C(NA).
Lemma 11.4. For all f € O(U : Bc : 7,) we have that

Fla™7 (=) = <%)nf(jl(912)), where g™ = <Ccl Z) ‘

Proof. By the Iwasawa decomposition there is a unique (g, 2) € K such that g=j71(z) =
7 (g7 2)k(g71, 2). In particular we have that the Iwasawa decomposition implies that the
map k: G x Hy — K, given by (g,2) — k(g, z) is a smooth map. We thus have that

Flo i =) =g 2)r(g " 2) = (kg 2))  F (g 12)).

We compute 7,(k(g™ ", z)). We notice that 7,(k,) = 71(k,)", for all k, € K, so it is sufficient
to compute 71 (k(g "', z)). Therefore notice that k,(ie; + e2) = e (ieq + e2) = 71 (k) (ier +
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es). We further notice that n,' 62 = ey and a;fey = eles = a,Pes. So we have that
(€2, ngaiky,(ier + e3)) = ay P11 (ky) ™"

(€9, 97151 (2) (e1 + €2) 62,( )( )(\{? \/;—)—1) (ie1 + €2))

( ) ( - ) (iex +e2)) = Vi~ (cz +d).

We thus conclude that 71 (k(g7?, = (a,- z)ﬂ\/g (cz + d). We notice that

—1
ag_1 \/

|cz—i—d\

so we conclude that

it = ()

]

To complete the picture we want to realize the representations .... in the space O(H_).
Therefore notice that image((j7')*ores) = ((7!)*0,)O(H,). It is then readily verified that
.. is realized in O(H,) by

[T (9) f1(2) = (cz+ d)" f(g~"2)

11.3 Another realization

For m > 2 we consider the measure y™ 2dz dy on H.. We now consider the space H,, :=
O(H, )N L*(H,,y"?dzdy). For f € H,,, z € H,, we define

D, (9)f(2) = (a—cz)""f(g"2).
We notice that (D}, H,,) is a representation of SL(2,R). It turns out that H,,, with the
pairing

(o, 1) = / / o+ iy) P T ag)y™ % dr dy,

inherited from L?(H,,y™ ?dxdy), is actually a closed subspace of L?(H,,y™ ?dx dy) and
therefore a Hilbert space.
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Lemma 11.5. The representations (L, X_,) and (D, , H,) are equivalent. The map T :
X_, — H,, defined as

T(f) = %fﬁﬂm oi 7l (feX)

1s a surjective linear isometry that intertwines the representations.

Proof. We notice that

2T

NA

b= [ G ePy ey = [ (e de )
0 —00

We now have that

7*(y 2 dzdy) = 2a~* dadn.

So we have that

/ | f(na)?5*(y 2 do dy) = 2 / |f(na)?a= dadn.
NA

NA

We thus have that ||T(f)||m, = ||fllx_,, and hence we conclude that T" is well defined and
an isometry. |
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Chapter 12

Principal series representation

In the present chapter we will apply the Iwasawa decomposition and the induction process
to define the, so called, principal series representations of SL(2,R). The material in this
chapter is drawn from [2] Chapter 20.

Lemma 12.1. The group M A normalizes N, i.e. gN = Ng, for all g € MA, and N 1is a
normal subgroup of P.

Proof. The result follows from a direct computation and is left to the reader. m

Let (&, Ve) and (A, Vy) finite dimensional representations of M and A respectively. Con-
sider furthermore the representation (1, C) on NNV, that is trivial. In the view of the Iwasawa
decomposition and the above lemma we can define a representation of P on Ve @ V), ® C ~
Ve ® V). Indeed, let m,m' € M, a,a’ € A and n,n" € N. Since M A normalizes N, there is
an 1 € N such that nm’a’ = m’a’n. We further notice that M commutes with A and thence
that the map M x A — M A given by (m,a) — ma a Lie group isomorphism. We thus see
that manm’a’'n’ = mm’aa’nn’. So we see that the representation

(@A ®1)(man) = &(m) @ \(a) ((m,a,n) € M x Ax N),

in Ve ® V) is well defined.

Let A € af. We have seen that A = exp(a), and that exp : @ — A is a Lie group
isomorphism. Therefore exp has a smooth inverse which we shall denote by log, for obvious
reasons. We define a* := e*1°8%) Tt is clear that the map A x C defined by (a,v) — a*v is
a continuous representation. We have

(€ @A ®1)(man) = £(m) @ Ma) = a™¢(m) ((m,a,n) € M x Ax N). (12.1)
Definition 12.2. The Principal series representation of SL(2,R) is the representation
md4(¢E@A® 1), (12.2)

where (£, Ve) is an irreducible and unitary representation of M and A € ag..
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We notice that M = {1, €}, where ¢(—I) = —1. We also notice that all irreducible
representations of M = {£I} are unitarizible, i.e. there exists a G invariant Hermitian inner
product (-, -)¢, namely

(v, w)e := (v, w) + (E(=1)v, E(=Tw),

where (-,+) : C x C — C is the Hermitian inner product (v, w) — wv.
This implies that Ind% (€ ® A ® 1) is unitary if A is a unitary representation of A.

Lemma 12.3 ([2], Lemma 20.3). The modular function of P is given by

A(man) = a*, (meM,a€ A andn € N).

It follows from the above lemma that
(@A) RA =@ (A +p) @1,
so that
mdG(E@A®1) =indS(E®@ (A +p) ®@1).

We shall from now on denote the representation space C(G : P : (£ ® A ® 1) ® AY2?) with
C(P:&:))
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