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Introduction

In this thesis we will take a look at the de Rham cohomology of Lie groups. For general
smooth manifolds this cohomology is often hard to determine, however for compact Lie
groups we will show that this can be made a lot simpler. The group structure of a Lie
group plays an important role in this, among other things it allows us to define so called
‘left-invariant forms’ on the manifold. We will see that the complex of these forms is closely
related to the exterior algebra of the Lie algebra. Using this, the cohomology can essentially
be calculated completely by using the algebraic structure of the Lie algebra.

The thesis is split into four parts. Before the first part, we give a short overview of
various properties of Lie groups and Lie algebras, that we will need for later. In Part I we
will show the relationship that we described above. The first step will be to show that the
cohomology induced by the complex of left-invariant forms of a Lie group G, is naturally
isomorphic to a suitable cohomology defined in terms of the space A*g*. Here g denotes the
Lie algebra of G. The next step is then to show that this cohomology of left-invariant forms
is actually the same as the (de Rham) cohomology of all forms. For this we will have to make
the assumption that G is compact. That will then conclude the first part. The main source
for Part I is the article written by Chevalley and Eilenberg, [2]. This article was published
in 1948, and as far as we know it is the first one describe this method in full detail.

The second part of the thesis will be a short intermezzo, where we introduce the concepts
of tensor products and exterior algebras of vector spaces. We will need this for the other
two parts, and especially for the final part.

In Part III then, we will look at a first application of the theory developed in the first part.
We will start by discussing bi-invariant forms, forms that are both left- and right-invariant.
The induced cohomology of these forms will also turn out to be isomorphic to the de Rham
cohomology. Actually, we will see something even stronger, namely that every equivalence
class of the de Rham cohomology contains exactly one bi-invariant form. We will use this
fact to prove the famous Hodge decomposition theorem in the case of compact, connected
Lie groups. To do this, we will have to introduce a Riemannian structure on G, which can
then be used to define the Hodge Laplacian A : Q*(G) — QF(G). The theorem then states
that every cohomology class contains exactly one harmonic form, i.e. a form w such that
Aw = 0. We will prove this by showing that the harmonic forms correspond exactly to the
bi-invariant ones. This is a fact that was actually proved by H. Hodge himself, in his book
[8]. However, since the lack of modern notation makes the theorem in this book almost
completely unrecognizable to its modern day formulation, we do not use it as a source here.
The main source that we will be using for this part is the book written by S. Helgason, [7].

In the final part we will take a closer look at the space A*g*, and the ‘cohomology’ that we
will define on it. The space is sometimes referred to as the Koszul complez, and it is therefore
fitting that we use an article written by J. Koszul himself, [10], as the primary source for this
part. The main thing we will try to show is a theorem originally proven by Heinz Hopf in
1941 (see [9]), that states that the cohomology of every compact Lie group is isomorphic to
the cohomology of the (cartesian) product of a certain number of odd-dimensional spheres.
Hopf proved the theorem by using the structure of the group itself, we will prove it by using
the structure of the Lie algebra. This shows a nice application of the work we have done in
Part I, and is arguably a bit more elegant.



In the thesis, we will here and there refer to some theory about representations (of Lie
groups). We do not use any of this to prove crucial results, but nevertheless we have included
a brief introduction to representations in the Appendix, for the interested reader.

0.1 Preliminaries

For this thesis, we will assume that the reader has a fair knowledge of (smooth) manifolds,
as well as some background in functional analysis and topology. In this section we will list
some general results, in order to re-familiarize the reader with them and to introduce the
notation that we will be using throughout the thesis. If necessary, everything discussed here
can be found in [I2], which is an excellent introduction into the theory of smooth manifolds.
More advanced discussions can also be found in the book by Bott&Tu, [IJ.

With M we will always mean a smooth manifold, and unless otherwise stated, its dimen-
sion will be denoted by n. For every point p € M, there is a tangent space T, M, consisting
of tangent vectors X € T),M. The bundle over M of these tangent spaces is denoted by T'M,
a vector field X is then a smooth section of this bundle. The space of all vector fields on
M is denoted by X(M). At every point p, )Z'p is an element of T,M. If f: M — N is some
smooth map between two manifolds, then it induces a tangent map T, f : T,M — Ty, N for
every p. In literature, one can also see the notation (df), for this map.

The space of all differential k-forms on M will be denoted by QF(M). An element of this
space will generally be denoted by w. For every p, w, will then be an element of A*(T,M)*,
the space of all alternating, k-linear functions (7,M)* — R. On the space of differential
forms we have the wedge product A : QF(M) x Q{(M) — QF(M) (M), this makes the space
Q* (M) = @ QF(M) into a graded algebra. 1t satisfies graded commutativity,

wAn=(=1)"pAw, (1)
if we QF(M),ne QY(M).

Definition 0.1.1. A (real) algebra A is a real vector space, endowed with a bilinear multi-
plication 4 x A — A.

On QF(M), we have the de Rahm derivative or exterior derivative d : QF(M) — QFFL(M).
Since d o d = 0, the spaces QF(M) together with d = dj, form a compler, for which we can
define the k-th de Rahm cohomology as the quotient

Hyp(M) := Ker(dy1)/Im(dy)

The wedge product also induces a graded algebra structure on the cohomology, this
is possible because the d-operator satisfies the properties of an anti-derivation, meaning
d(w An) =dwAn+ (=1)*w A dn, where w and 7 are as above.

Let X and Y be two topological spaces. We call two functions f,g : X — Y homotopic

if there exists a continuous map F' : R x X — Y such that F(0, -) = f, F(1, -) =g. We
will be needing the following theorem, that the reader should already be familiar with.
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Theorem 0.1.2. Let M, N smooth manifolds, and f,g: M — N two smooth maps that are
homotopic. Then there exist a linear map H such that we can write

ffw—g*'w = dH(w) + H(dw),

for all w € QF(G). In particular, it follows that the maps f*,g* : H5o(N) — HE (M),
induced by the pullbacks of f and g, are equal.

Finally, if V' is a vector space (vector spaces in this thesis will always be assumed to be
over R), then by V* we denote its dual space. If 7 : V' — W is a linear map between vector
spaces, then its dual map W* — V* will be denoted by ~*.



0.2 Basics of Lie groups and Lie algebras

In this section we will give a short introduction to some of the basic properties of Lie groups.
Some of these might already be familiar to the reader, while others will be completely
new. Nevertheless, we won'’t provide detailed proofs for most of theorems, mainly because
the proofs are almost always quite elementary. We refer to [13] (or basically any other
introductory text on Lie groups) for a more thorough treatment.

First we recall the definition of a Lie group.

Definition 0.2.1. We call a smooth manifold G a Lie group if it is equipped with a group
structure, in such a way that the maps (z,y) — xy and x — x~! are smooth.

If G; and Gy are Lie groups, the product G; x Gy with component-wise multiplication
is again a Lie group. Using the group structure of GG, for every element g € GG we can define
the left-multiplication |, : G — G as the map given by [ (x) = gz, for x € G. This will be
a smooth map, and since its inverse is given by [, -1, it is actually a diffeomorphism G with
itself. We can also define the right-multiplication r, in a similar way.

Since it is a diffeomorphism, the push-forward (,). : X(G) — X(G) of [, is well-defined.
It is given on a vector field X by

((lg)*X)h = Tgflh(lg)<Xg*1h)7
for g,h € G. This allows the next definition.

Definition 0.2.2. We call a vector field X € X(G) left-invariant if (lg)*)? = X for all
g € G. The space of all left-invariant vector fields is denoted by X (G)

The following theorem is an important first step towards showing the relationship between
the complex of left-invariant forms and the exterior algebra A*g*, that we mentioned in the
introduction.

Theorem 0.2.3. Let G be a Lie group. Then the map ev : X1 (G) — T.G, v — v(e) is a
linear isomorphism.

Proof. For a left-invariant vector field Y it holds that Y, = T,(l,)Y. (for any g € G). It
follows that Y is completely determined by its value in e, from which we conclude that the
map ev must be injective. We will now prove surjectivity. Let X € T.G. Define the vector
field X by
X, = (1).X = T.1,X. (2)
One can show that this indeed defines a smooth vector field. Since by the chain rule we
have that T.(l,5) = T.(l,) o To(In) for g,h € G, it quickly follows that X is left-invariant.
Since it clearly holds that X, = X, we see that ev is surjective, and since it is also clearly
linear, it is therefore a linear isomorphism between X, (G) and T.G. O

From now on we will always write X for the left-variant vector field induced by an element
X e T,G, as in equation . We will now introduce the important exponential map.



Definition 0.2.4. The ezponential map exp : T,G — G is defined by
exp(X) = ax(1),

where ay is defined to be the maximal integral curve of X, the left-invariant vector field
induced by X.

One can show that the maximal integral curve of a left-invariant vector field on a Lie group
is always defined on all of R, which makes the definition above possible. The exponential
map has the following properties.

Lemma 0.2.5. For all s,t e R, X € T,G:
(i) exp(sX) = ax(s).
(71) exp(s +t)X = exp(sX)exp(tX).

Also, exp is a smooth map, and a local diffeomorphism around 0. Its tangent map at the
origin, Ty exp, is the identity on T,G.

Proof. See Lemma 3.6 in [13]. O
The next Lemma will be important later on.

Lemma 0.2.6. Let X € g, X the induced left-invariant vector field. Denote by ¢, the flow
of X. Then
Pe(9) = (rexpex)(9)-

Proof. The crucial remark is that if « is an integral curve of X, then l40 is also an integral
curve, this follows by using the chain rule. The curve ¢ — [ (exptX), is therefore an integral
curve of X starting at g. By uniqueness of integral curves, it is thus equal to ¢;(g). Since
ly(exptX) = rexptx(g), the proof is then complete. ]

We will now start discussing the Lie algebra of a Lie group G. For xz € G, define the
congugation map C, : G — G as the map g — xgx~! = [,or,-1(g). Since it is the composition
of diffeomorphisms, this will also be a diffeomorphism. Since we have C,(e) = e, it therefore
follows that T.C, € GL(T.G).

Definition 0.2.7. For x € G, define the map Ad(z) € GL(T.G) by Ad(z) := T.C,

We call the map Ad : G — GL(T.G) the adjoint representation of G. Note that Ad(e) is
the identity map on T,.G. Since the tangent space of GL(T.G) at the identity, T;GL(T.G),
is equal to End(T.G) the following definition makes sense.

Definition 0.2.8. We define the (linear) map ad : 7.G — End(T.G) by ad := T, Ad.
Using the chain rule, we see that for X € T,G we have

ad(X) Ad(exptX). (3)

_g‘
T dtli=0



Definition 0.2.9. Let X,Y € T.G. We define the Lie bracket [X,Y] € T.G by
[X,V] = ad(X)Y.

It can be shown that the map (X,Y) — [X,Y] is bilinear and anti-symmetric. It also
satisfies the Jacobi identity,

[X’ [Y7 ZH + [K [Zv X” + [Z’ [X’ YH = 0.

This makes T.G, together with the Lie bracket [.,.], into a Lie algebra, which from now on
we will denote by g.

Definition 0.2.10. A Lie algebra a is vector space together with a bilinear map |[. ,.] :
a X a — a that for all X,Y, Z € a satisfies:

1. [X,Y] = [V, X].
2. [X,[Y, Z]] + [V.[2, X]] + [Z, X, Y]] = 0.

Remark. In literature one will sometimes see different definitions of the Lie bracket. For
example, one can define the Lie bracket of vector fields by [X,Y1],(f) = X,(Y f) — Y, (X f)
for all f € C*°(G), and use the isomorphism between 7.G and X1, (G) to induce a Lie bracket
on T,G. One can show that this definition is equivalent to the one we have given here.

Definition 0.2.11. A Lie group homomorphism is a smooth map between two Lie groups,
that is also a group homomorphism

Definition 0.2.12. Let a,b be two Lie algebras. A linear map p : @ — b is called a Lie
algebra homomorphism if it satisfies

p([X, Y]a) = [p(X), p(Y)]s.

Lemma 0.2.13. Let ¢ : G — H be a Lie group homomorphism. Then the tangent map T,
1s a Lie algebra homomorphism between the associated Lie algebras g and b

Proof. Lemma 4.10 in [13]. O

Definition 0.2.14. By G, we denote the subgroup of G generated by elements of the form
exp(X) for X € g. It is called the component of the identity of G.

The following theorem will be important for applications.
Theorem 0.2.15. If G is connected, then G, = G.

Proof. See Lemma 5.8 in [13]. The proof involves showing that G, is both an open and
closed subset of GG, from which the statement follows. The converse implication is actually
also shown, but we do not need it here. O



Part 1
Left-invariant forms and cohomology

In the previous chapter we established a linear isomorphism between the space of left-
invariant vector fields of a Lie group G, and its Lie algebra g. In this section we will
follow a similar procedure to relate the space of left-invariant k-forms on G to the space
of k-linear alternating functions on g. In other words, we will establish an isomorphism
OF(G) = Arg*, where QF (G) denotes the space of left-invariant k-forms. The main goal of
this chapter will then be to prove that the complex of left-invariant forms induces the same
cohomology as the de Rham complex of all forms, provided that G is compact. We will also
define a suitable ‘exterior differential’ on Ag*, that will give us an isomorphism between the
De Rham cohomology H%,(G) and the ‘cohomology’ of g. This very useful result essentially
means that we can compute the De Rham cohomology of a compact Lie group by using
purely the algebraic structure of its Lie algebra. This fact will be exploited in later chapters.

The following sections are primarily based on the article by Chevalley and Eilenberg [2],
that was written in 1948. However, they use some results from homology theory and since
we want to avoid this, some of the proofs have been significantly modified. Moreover, we
try to avoid speaking about representations, and therefore the formulation of most theorems
differs form the original formulation.

1.1 Left-invariant forms and the Lie algebra

We start with a definition.

Definition 1.1.1. We call a k-form w € Q%(G) left-invariant if (I,)*w = w, for any g € G
(recall that [, : G — G denotes the left-multiplication on G, i.e. l;(x) = gx). The set of all
left-invariant k-forms on G is denoted by QF (G).



Proposition 1.1.2. The map ev : Q8 (G) — A*g*, ev(w) = w, is an isomorphism of vector
spaces.

Proof. Since for any left invariant form w € Q% (G), and vectors vy, ...,vx € T,G, it holds
that

Wy (V1 ey U) = (Lg=1)* (wy) (1, - 0k) = wWe(Ty(Ly—1)" (01, ..., 1)),

it follows that w is entirely defined by its value at e. So ev is injective.
For surjectivity, let f € A*g*. Now define (w),(v1,...,v) = f(Ty(ly-1)"(vy,...vx)), for
v1, ..., € T,G. This defines a k-form on G. Since

(lh)*(w)g(vlv ...,Uk) = (w)hg(Tg(lh)('--)) = f(Thg(lgflhfl) © Tg(lh)(-'-)) = f(Tg(lg*I)(---))a

where the last equality follows from the chain rule, we conclude that w is left invariant. Also
clearly (w). = f.

To see that w is a smooth form, note that the map v — T,(l,-1)v is smooth as a map
G — TG, since it is obtained by differentiating the smooth map (z,y) +— l,-1(y) with respect
to y at y = g, in the direction of v € T,G. It follows that the map z — (w), is smooth, and
this implies that w is a smooth k-form. Therefore ev is a bijection between Q% (G) and AFg*,
and since it is clearly linear, it is a linear isomorphism. O

We now turn our attention to the complex of left-invariant forms. We want to show that
these form a sub-complex of the complex of all forms. To do this, we need to check that
the exterior derivative d : QF(G) — QFF1(G) preserves left-invariance, that is, it should map
Qk (@) to Q5™ (G). This is a simple consequence of the fact that d commutes with pullbacks,
in particular therefore (I,)*(dw) = d(l,)*w. It follows that by restricting d to left-invariant
forms, we obtain an exterior derivative Qf (G) — Q5(G), which we will also denote by d.
With this, we can define the k-th cohomology group of left-invariant forms, H¥(G), as the
usual cohomology of this complex.

As stated before, we want to relate this cohomology of left-invariant forms to a suitable
cohomology defined in terms of the Lie algebra, which we will call the Lie algebra cohomology.
For this we will need the following proposition:

Proposition 1.1.3. For w € Q%(G) and smooth left-invariant vector fields Xo, X1, ... X}
on G, we have the following formula for the exterior derivative (the hats indicate that the
variable should be left out):

dw(Xo, ..., X)) = Y (=)' w((Xi, X;], Xo, ..o, X5, ooy X, 0 XG). (1.1)

i<j
Proof. Recall that for any k-form w € QF(G) , we have (see [3]):

dw(X07 7Xk:) = Z (_1)1+J w([Xi7Xj]7X07 "'7Xi7 -~'7Xj7 Xk)
1<j
k
+ (D)X (w(Xo, ooy Xiy o X)),

1=0



We will prove that the terms of the second sum on the right hand side are equal to zero for

a left-invariant form w € QF (G). Note that we have wy (X1, ..., Xi) = (I;-1)*wy (X1, ..., Xi) =

we(Ty(ly-1)*( Xy, ... Xg)) = we(X71, ... X)), since the vector fields are left-invariant. This shows

that w(Xy, ..., Xi) is a constant function, hence X;(w(Xj, ..., Xx)) = 0. This hold for all i, so
it follows that the second sum of the right hand side is indeed equal to zero.

O

From this proposition and the fact that there exists a left-invariant global frame on G,
it immediately follows that for tangent vectors zg, x1, ...,z € T.G, we have

(dw)e(@o, ... ) = > (1) w([wi, 2], @0, .oy i, ., B, ).
i<j
Motivated by this, we define an ‘exterior derivative’ on A*g*. We will denote it by d, and
for f € AFg* and =z, ..., z;, € g we simply define it as

8 (20, rtk) = 3“1 f([0, 23], T0s o Bty o ). (1.2)
i<j
Note that this indeed defines a linear map A*g* — A**lg*. We will now check that
it satisfies the following two properties, that are comparable to properties satisfied by the
exterior derivative.

Proposition 1.1.4. For § as defined above, we have for fi € AFg*, fo € A™g* the following:
(i) 3(fr A fo) = (Of) A fot (=1)Ffr A (o).
(i1) 6(0f1) = 0.

Proof. (i) and (ii) can be proved by induction on k, by basically purely algebraic considera-
tions. This is done in [2, p. 105] O

With item (ii) of the previous proposition, we can define the k-th cohomology group of g
essentially analogous to how we defined it for G. So let Z*(g) := {f € A*g* | 6f = 0} and
Bf(g) :== {f € A*g* | f = 6h, for some h € A*"'g*}. Then define H*(g) = Z*(g)/B*(g).

We can now state the following theorem, which is an easy consequence of Proposition
ML.1.2l and the remark after [.1.3

Theorem 1.1.5. For a Lie group G with Lie algebra g, the map ev : Q% (G) — AFg* induces
a linear isomorphism

H;(G) = H(g).

Since the wedge-product of two left-invariant forms is again left-invariant, the space
0% (G) := @0k (GQ) has the structure of a graded algebra. It follows that the space H} (G) :=
®rHY(G) is also a graded algebra. Similarly, since Ag* := @, A*g* is a graded algebra, the
same thing holds for H*(g) := H*(g). Here we have used assertion (i) of Proposition 1.1.4.
It is easy to see that the map ev : Q3 (G) — Ag* is a homomorphism of algebras (it holds that
ev(wAn) = ev(w)Aev(n)). The theorem above then implies that ev induces the isomorphism
of graded algebras

HE(G) ~ H(g).
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1.2 Relating the deRham cohomology to the
cohomology of left-invariant forms

While Theorem looks nice, on its own it is not very useful to us. We are interested
in the entire cohomology group of G, not just the cohomology of the left-invariant forms.
However, as it will turn out, for G compact these two are actually the same thing:

Theorem 1.2.1. Let G be a compact connected Lie group. Then the inclusion maps QF (G) —
OF(Q) induce linear isomorphisms:

Hap(G) = Hi(G).

Since the inclusion map is clearly an algebra homomorphism between 3 (G) and Q°(G),
Theorem 1.2.1 also implies that the spaces H),(G) and H}(G) are isomorphic as graded
algebras. The rest of this section will be dedicated to proving this theorem. We will always
assume that G is compact (and not necessarily mention this every time). In this section
we will consider the more general case where GG is acting on some manifold M, again by an
action [ : G x M — M,l(g,x) = ly(x), smooth as a map between manifolds. We can then
define QF (M) in the same way we defined it for just G. The aforementioned theorem then
still holds, we have:

Theorem 1.2.2. Let M be a manifold, G a compact connected Lie group acting on M from
the left. Then the inclusion maps Q5 (M) — QF(M) induce linear isomorphisms:

Hap(M) = Hy(M).

Denote by i : Q% (M) — QF(M) the natural inclusion. We then have the following
commutative diagram.

J: Ji (1.3)

We now want introduce a map into the opposite direction, meaning a map Q¥(M) —
QF (M). To do this we need to find a way to turn any k-form into a left-invariant one. Intu-
itively, we want to ’average’ the form over G. This can be done by integrating over a suitable
(left-invariant) density on G, called the Haar Measure. We first recall some properties of
densities (taken from [13]).

Definition 1.2.3. Let V be a (real) vector space. A density on V is amap A : V" — R
such that, for any linear transformation 7" € End(V):

T*\:= Ao T" = |det T|)\.

The space of all densities on V' is denoted by DV. One can show that this is a 1-dimensional
vector space.

11



If M is a smooth manifold, then every tangent space T, M has the structure of a vector
space. We can then define the bundle of densities on M, denoted by DT'M as the bundle
with fibers (DTM) ~ DT, M. A (smooth) density on M can then be defined as a smooth
section of this bundle. In other words, a density on M is an element A such that for every
x € M, )\, is a density on T, M, in such a way that (viewed in local coordinates) A\, depends
smoothly on z.

There are some obvious similarities between densities and differential forms on M. The
following example shows the relation between the two.

Example 1.2.4. Let w € Q"(M) be a differential form on M (with dim(M) = n). Then
|w]|, defined by

w|p(v1, .oy ) = |wp(v1, ...v)| € R,

is a smooth density on M.

The main difference between densities and differential forms is that (top)-forms transform
under pull-backs as the determinant of the linear transformation, while densities transform
as the absolute value of the determinant (the pullback of a density is defined in the same
way as for forms). This is also a reason why densities are useful, since it means we do not
have to worry about orientation when we define integration over densities. Let ey, ..., e, be
the standard basis of R". Let A, be the density defined by \,(eq, ...,e,) = 1. One can easily
deduce that every density on an open set U C R™ can be written as f\,, for an f € C>®(U).
If feC.(U) (i.e f compactly supported on U, then define than the integral over U as

/U Fhn = /U f(@)de,

where dz is the standard Lebesgue measure on R". Integration of compactly supported
densities on manifolds can now be defined completely analogous to how it is defined for
differential forms, by pulling back under charts and using a partition of unity. Note how-
ever that we can use the substitution of variables theorem without having to worry about
orientation, because of the way densities transform.

We can also talk about left invariance of densities, in the same way as for differential
forms. Call a density A on G left invariant if (I;)*A = A, for all g € G. One can then show
that the map A — A, is a linear isomorphism between the space of left-invariant densities
and the space Dg (compare Theorem . This allows the next definition.

Definition 1.2.5. The unique density A on G, with (I;)*(A\) = A for all g € G and [, A =1,
is called the (normalized) Haar measure on G, and will be denoted by dg.

Note that here we make the assumption that G is compact, in order to do the normal-
ization. We will be needing the following lemma about this Haar measure.

Lemma 1.2.6. For a left-invariant density A on G, and f € C.(G), we have for all g in G:

| wrna= [ (14)
Here (1,)*f == fol,

12



Proof. Since A is left-invariant, we can write (I,)*(f)A = (I;)*(f)(y)*(A) = (I)*(fA). Ob-
serving that [, is an diffeomorphism, and applying the substitution of variables theorem then
gives the desired result. O]

We are now ready to give the following definition, which will define the desired map

Definition 1.2.7. For any w € QF(M), we define the map m : QF(M) — Q% (M) by:

m(w) = /G(lg)*w dg. (1.5)

The integral is defined point-wise, i.e.

m(w)y(ve, ..., k) = /G ((lg)*w)p(vl, 0y Uk) dg.

Note that since in every point ((Iy)*w),(v1, ..., vg) is smooth as a function of ¢ (with image
in R), the integral is well-defined point-wise. To see that m(w) is a smooth form, note that
since (G is compact we can use a partition of one to decompose the integral as a finite sum of
integrals over charts. Therefore, by locally differentiating under the integral sign, it follows
that the integral commutes with taking (partial) derivatives, from which it follows the m(w)
is a smooth form. It also follows from the same reasoning that m(dw) = dm(w), since locally
d works by taking partial derivatives, so commutes with the integral (note that moreover
(I,)* also commutes with d). The fact that m indeed maps to Q% (M) is asserted in the next
lemma.

Lemma 1.2.8. For m as defined above we have the following properties:
(i) For any w € QF(M), we have (I,)*(m(w)) = m(w), i.e. m(w) € Q¥ (M).
(ii) If w € Q% (M), then m(w) = w.

fiii) m{dw) = dm(w).

Proof. Fix h € GG, then

@) [ aywds = [ @) ds= [ () ds= [ 1, dg

Here the last equality follows by Lemma [1.2.6] The first follows by simply writing out the
various definitions:

((zh)*/(;(zg)*w dg) (vr,..crtn) = (/G(zg)*w dg), (T.(n)(vn. -.w0)) =
Ly Tt o)) dg = [ wpplToll) 0 To0) 01, ) do
:/G((lh)*(lg)*w)p(vl,...,vk) dg.

With this we have proven (i). Assertion (ii) immediately follows from (l,)*w = w, and the
fact that [, dg = 1. Assertion (iii) has been shown above. O
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We now turn our attention to the cohomology of M. Since we now have the following
commutative diagram,

[l o

— QM) s 251

it follows that i and m induce maps in cohomology, i, : HY(M) — HF(M), m, :
HY(M) — H¥(M). We want to prove that these are isomorphisms. Note that by Lemma
(17), we already have m o i = id, so immediately m, o i, = (id). = id. However, in
general it does not hold that ¢ o m = id. To prove that in cohomology this identity does
hold, we need to show that we can write (m — id)w = dH (w) + H(dw), where H is a linear
map QF(M) — QF1(M) (or rather a collection of maps, defined for every k). A collection of
such linear maps that satisfies this equality for all w € QF(M) is called a homotopy operator
(of m and id). If we can prove that there exists a homotopy operator, it then follows that
in cohomology the two maps are equal, so that m, is indeed a linear isomorphism between
the two spaces.

By Theorem [0.1.2] we know there exists such an operator for the pullbacks of any two
maps that are homotopic. Now if we assume that G is connected, it is easy to see that
ly ~ 1. = id, for every g € G, by choosing a path v from g to e (recall that we write f; =~ f;
to indicate that two functions f; and f, are homotopic). We therefore have:

m(w) —w = /G(lg)*w dg — (id)'w = /G(lg —id)*'w dg = /Gdk:g(w) + ky(dw) dg  (1.7)

Where k, is a homotopy operator between (I,)* and id, for every g € G. However, it is
not clear if we can turn this expression into to the desired form, mainly because we don’t
know how the maps k, depend on g. In the proof of the theorem we will therefore use a
construction that explicitly shows the dependence on g. The main inspiration for this comes
from [B, Ch. IV, §1], but it should be noted that the actual proofs that we will give differ
from the ones given there.

In the part that follows we will briefly ‘forget’ that we are working with a Lie group, and
instead consider a general manifold X. This will make it easier to see what is going on.

We will now introduce some notation. Let M and X be two smooth manifolds, let dz be
a density on X. Assume we have a smooth family of maps I, : M — M indexed by x € X,
i.e. themap ! : X x M — M, with I(z, m) = [,(m), is smooth as a map between manifolds.
Denote for any x € X by i, : M — X X M the map defined by i(m) = (z,m)). By
m: X x M — M we denote the projection to M, so w(x,m) = m. Finally, const,, : X — X
is the map that has value zy everywhere.

Remark. Note that, with the notation above, we have [ o i, = [,. Also, it holds that
moi, = tdy. The map (I, om) : X x M — M is given by (I, o 7)(x,m) = l,,(m) for
Xo € M.
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Lemma 1.2.9. Let U C X be an open set such that vo € U, and U is contractible to {zo}.
Then the restrictions of | and l,, om to U x M are homotopic as maps U x M — M.

Proof. There exists a homotopy F': R x U — U such that F(0, -) = idy, F(1, -) = const,,,
since U is contractible. Now define

F:RxUxM-— M, F(t,z,m)= l(F(t,a:),m).
Then F is an homotopy between [ and I,, o 7 (easy to check), so we have [ ~ [, ox. [

Lemma 1.2.10. Suppose that dx is compactly supported in U, and let xy € U. Then there
exists a homotopy operator Hy? : QF(M) — QF1(M) such that for all w € QF(M);

/(lx)*w dr — / (lg)'wdr = dHP(w) + HP (dw).

b b

Proof. Be the remark above, we can write (I,)*w — (I))*w = (L 0i)*w — (lyo 0 T 0 i) w =
(22)" o (I* = (luy 0 )" w.

By Lemma [1.2.9] we can therefore write (I,)*w — (Iy,)*w = (i5)*(dk(w) + k(dw)) for a homo-
topy operator k = kf° : QF(M) — Q*1(X x M). Since everything involved is linear, and d
commutes with pullbacks, we now have

[y o= [y do= [ 4G o= [ (@) a 08)

X

Considering the integrals pointwise (i.e in a point p € M, and on tangent vectors
U1, ..., v € T,M), we see that the integrands on the right hand side depend smoothly on z
(as functions X — R). We can therefore, by locally differentiating under the integral sign,
write

/X 0.(ir)" (k(w)) di = d / (i) (k(w)) d.

X

Define now Hp? : QF(M) — QF1(M) as

HE (w) = /X (1) (k(w)) da,

then by the above we can write [ (I;)*w dx — [ (lg,)*w do = dH (w) + H? (dw).
[

Lemma 1.2.11. Suppose that X is a compact connected manifold, vy € X. Let dx be a
density on X. Then there exists a homotopy operator H : QF(M) — QF=1(M) such that for
all w € QF(M)

/X(lx)*w d:v—/X(le)*w dr = dH(w) + H(dw).
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Proof. Let {U;} be an open, finite cover of X, where the U;’s are chosen in such a way that
they are all contractible to points x; € U; (using charts, this is clearly always possible). Now
choose a smooth partition of unity {1;} subordinate to this cover. By the previous lemma,
for every ¢ we can write

/X(lx)*w Yi(x) doe — /X(lxi)*w Yi(r) de = dHj (w) + Hpf (dw). (1.9)

We now remark that by choosing a smooth path in X, we have [, >~ [, for every 7, and
so we can write [, ((ly,)*(w) — (lxo))*w Yi(z) de = dh™(w) + h*(dw), again by using local
differentiation under the integral sign. Note that h* will be a function Q*(M) — QF1(M).
Then:

/X (1) w ts(x) da— / (I, () da

X

= /X(la,)*w i(x) de — /X(lmi)*w vi(z) de +/ ((l%)* - (ZIO)*) w ;(x) dx

X
= dHp (w) + H (dw) + dh" (w) + h"* (dw)
= d(HT + h™)(w) + (H + 5™ (dw).
Now finally, since [, dz =Y, [ () dz we can define H = Y, (Hj} + h™'), and we
obtain the desired result. ]

With Lemma [1.2.11| proven, Theorem follows immediately by setting X = G, and
observing that [, = idy;. Together with Theorem [1.1.5 we now also have the following
corollary, which is the main result of this chapter:

Corollary 1.2.12. Let G be a compact connected Lie group and g its Lie algebra. Then we
have the following linear isomorphism of cohomology groups;

Hap(G) = H(g).

The isomorphism is induced by the map w — m(w)., O*(G) — Arg*.
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Part 11

Intermezzo: Tensor products and ex-
terior algebras

In the previous part we established most of the basic theory that we will use in this thesis.
Part III and IV will focus on applications of this theory.

Before we start with this however, we first need to introduce some algebraic structures
that are important tools for what we will discuss later. More specifically, we will introduce
some basic notions of tensor products and exterior algebras of vector spaces. A large part of
this will be necessary for Part IV of this thesis, where we will heavily rely on these structures
for our discussion.

A lot of what we will discuss here is rather standard theory, and it can therefore be
found in almost any introductory text on (differential) algebra. Our treatment is taken from
multiple sources. Most of the discussion about tensor products is based on the treatment
in the book by Lee, [I2, Ch. 12]. The section about exterior algebras is based mainly on
Serge Lang’s book, [IT, Ch. XIX]. The final section, where we construct tensor products of
exterior algebras is also based on this, although some of the more specific parts are taken
from the first few sections of Koszuls article, [I0, Ch. I]. This article will also be the main
source in Part IV.

Because of the elementary (and very algebraic) nature of this part, a couple of propo-
sitions are stated without proof. We ask the reader to go through the sources we just
mentioned, if he or she is interested in these proofs, or a more thorough treatment.

2.1 Tensor products

We start with an introduction to (formal) tensor products of vector spaces. As always, these
vector spaces are always assumed to be finite dimensional, and have scalar field R. As said
before, this treatment is based on [12, Chapter 12].

Definition 2.1.1. Let S be any set. A formal linear combination of elements of S is a
function f : S — R with f(s) = 0 for all but finitely many s € S. By F(S) we denote the
set of formal linear combinations of S. With pointwise addition and scalar multiplication
F(S) becomes a vector space, the free vector space on S.
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A formal linear combination of S can intuitively be seen as a formal sum > a;x; with
x; €S, a; € R. From this it is clear that if we identify an element € S with the function
d, € F(9), defined by 6,(x) = 1,0,(y) = 0 for all y # =, then S forms a (linear) basis of
F(S).

Let now Vi, ..., Vi be vector spaces, and form the free vector space F(V; x --+ x Vj).
Denote by R the subspace of F(V] x -+ x V}) generated by elements of the form

(U1, ey U + UL, ) — (V1 0oy v, o 0g) — (U1, ., 0, vy) and
(U1, ooy QUG ) — @V, ey Vg ey V),
where v; € V;, and a € R.

Definition 2.1.2. We define the tensor product of Vi, ..., Vi, denoted by V1 ®- - - ®@V}, as the
quotient space F (Vi X -+ x Vi) /R. The equivalence class of a k-tuple (vy, ..., vx) is denoted
by 11 ® ... ® vy,

From how we defined the tensor product, it follows that we have:
vl®--~®(avi+v§)®---®vk=a(U1®---®vi®---®vk)+vl®---®v§®~--®vk

Also, it holds that every element of tensor product can be expressed as a linear combination of
elements of the form v;®- - -®uvy. A basis is formed by elements of the form e% ®- - -®e§€’“, where
e;-’ is a element in the basis of V}. For tensor product spaces there is the following ”"universal
property”, that uniquely characterizes the tensor product up to linear isomorphism:
Proposition 2.1.3 (Universal propery of the Tensor Product). Let A: V) x -+ x V, = W
be a multilinear map into some vector space W. Then there exists a unique linear map A
such that the diagram below commutes (m denotes the natural projection map).

Vix---xV, AW
” 2.1
- (21)
Vl R ® Vk
This property can be used to prove, among other things, that taking tensor products
is associative. A second important proposition shows the relationship between the tensor

product of the dual spaces of the V;’s, and the space of multilinear functions V; x - -+ x Vj,
denoted by L(V4,..., Vi, R).

Proposition 2.1.4. There is a canonical isomorphism of vector spaces Vi* @ -+ @ VI ~
L(Vi, ..., Vi, R), given by (w' @ ... @ W) (v, ..., vp) = wh(vy) -+ - wF(vy).

We will now focus our attention on tensor product spaces of the form V®- - -®@V (k-times)
with V' a vector space. A shorthand notation for this is V&* or T#(V).

For differentiable functions on such tensor spaces, we have the following useful lemma
(’the product rule for tensor products).

Lemma 2.1.5 (Product rule for tensor). Let V' be a wvector space, fi,fs : R — V two
differentiable functions. Then:

Lf() @ folt) = (L)@ fot+ f1 @ (L o).
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Proof. The proof is actually very similar to the proof of the ‘normal’ product rule in R. We
have

[+ 1)@ f(t+h) = [1(t) ® fa(t) [+ h) @ [t +h) = [1(h) @ fo(t + 1)

lim = lim
h—0 h h—0 h
h t+h)— fi(h t+h
i FL) @ (4 B) — AR @ folt + h)
h—0 h
Then using the bi-linearity of the tensor product, the statement follows. O

With the notation introduced above, we can define the tensor space of V, T(V) as the
direct sum T(V) := @, T%(V). With tensor multiplication ® : T*(V) x THV) — THY(V)
this becomes a graded algebra, we call it the tensor algebra of V

2.2 Exterior algebra

We will go on to define the exterior algebra of V. Let I be the two-sided ideal in T'(V)
generated by elements of the form v ® v for v € V. This is the linear subspace generated by
elements of the form v; ® - - - ® vy with v; = v; for some @ # j.

Definition 2.2.1. The exterior algebra of V, denoted by A(V'), is defined as the quotient
space T'(V')/1. The equivalence class of an element x ® y is denoted by = A y.

Since it holds that
O=(z+y ANz+y)=xAz+xzANy+yAz+yAy=xAy+yAzx

(x Az =0 for all z € V), we see that for all z,y € V, x Ay = —(y A x). In other words, the
wedge product A is anti-commutative.

The k-th exterior power of V, denoted by A¥(V) is the subspace of A(V) generated
by elements of the form v; A ... A vy, it is the space of elements of degree k. We have
AN (V) = V,and define A°(V) = R. If dim(V)= n, we have that AP(V) = 0 for all p > n.
A(V) then decomposes as the direct sum A(V) = @7_,A¥(V). Endowed with the wedge
product A, A(V) also has the structure of a graded algebra. For x € A*(V),y € A{V) we
have the following identity (graded commutativity):

Ay =(—Dy Az (2.2)
For exterior powers, we also have a universal property:

Proposition 2.2.2. Let A : V¥ — W be a alternating linear map into a vector space W.
Then there is a unique linear map A’ that makes the following diagram commute:

vk 4 5w

lﬂ / (2.3)
AF(V)
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Applying this proposition for W = R shows that there is a natural isomorphism between
the space of k-linear alternating functions V¥ — R and the dual (A*(V))* of A¥(V). As we
will see below, this dual space is isomorphic to A¥(V*), and thus we have an isomorphism
between the space of k-linear alternating functions V¥ — R, and A*(V*). This explains why
the notation A*V* is used for both spaces. We will also keep using this notation for both
spaces, from context it should always be clear which one we are talking about.

Proposition 2.2.3. Let ® : AK(V*) — (A*V)* be the map determined by
B(fEA A By A A y) = det(fi(xy)).
Then ® is well-defined and a linear isomorphism A*(V*) =~ (AFV)*.

Proof. To introduce this map one can use the universal property of the exterior algebra, by
noting that the above is indeed alternating with respect to the f*’s. By then choosing a
basis of V' (and V*), one can show that it is a linear isomorphism. O

By the previous proposition, from now on we can identify A*V* ~ (AFV)*. Let v :
V. — W be a linear map between vector spaces V and W. Then, using the universal
property, we can uniquely extend v to an algebra homomorphism 7 : AV — AW. It satisfies
A1 Ao Avg) = y(v1) A ..o Ay(vg), and will actually be a graded algebra homomorphism
(meaning it maps A*V to A¥W for a given k).

We can then also determine the dual map 7* : (AW)* — (AV)*. Using the identification
above, this will be exactly the map that we would obtain by extending ~* : W* — V* to
(v*) : AW* — AV*. When talking about the dual map, we will always mean this one,
the one after the identification. It follows that this dual will also be a graded algebra
homomorphism.
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2.3 Tensor products of algebras

We will now discuss the construction of the tensor product of two algebras. This construction
can be done for any algebra, but we will focus our attention to exterior algebras, since those
are the ones we will be using.

Definition 2.3.1. Let V,W be a vectorspaces, AV, AW their exterior algebras. We de-
fine the tensor product of the exterior algebras as the space AV @ AW, endowed with the
multiplication

(w@wv) - (W @) = ()" (urd)e (vAd),

where k and [ are the degrees of v’ and v.

By defining the product in this way, the resulting space will still have the structure of
an algebra, and moreover it will still satisfy graded commutativity (this is the reason for the
(—1)* factor). The next proposition gives another important reason why this definition is
natural.

Proposition 2.3.2. There ezist a natural isomorphism (of graded algebras) between
AV W) and AV @ AW.

Proof. Let {e;} and {f;} be bases of V' and W respectively. A basis of A(V & W) is given by
elements of the form e;; A ... Aey A fi,, A... A fi,. Define now a map A(V x V) = AV @AV
on basis elements by

€y AN €, A fil-&-l VANPIRAN fﬁk — (eh VANPIRIAN €, A 1) X (fil+1 N A flk A 1)

(recall that 1 is the unit element of A’V and A°W, which in this thesis will always be
1 € R). One can check that the map given above this indeed defines an isomorphism of
graded algebras between the two spaces. O]

We will now discuss some important facts having to do with this identification. Assume
we have a vector space V =V, @ V5. Let i1 : Vi — V be the canonical inclusion of V; into
V. Under the identification of the previous proposition, the extension
0 AVy) = A(Vy) @ A(Va) ~ A(V) will be given by 41(u) = v ® 1. In a similar way, we can
define the map iy, and then we have i3(u) = 1 ® w.

It can now also be worked out that if a € A(V]"),b € A(VJ), the dual map 57* :
AV @ A(V5) — A(V}) will be given by

1" (a®b) = bya, (2.4)
where by a is the (scalar) component of b in A°(V3). To see this, note that for u € V4,

(a®b)(u®1) =a(u)b(l) = a(u)by € R, where we have used (A(V; @ Vo))* ~ A(V]") @ A(V5)
and the identification from Proposition [2.2.3]
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Let us now look at the ‘direct’ dual of 7y, ¢7 : V* @V, — V. Let a® b € Vi* ® V;'. Then
it holds for every v € V] that

i1(a @ b)(v) = (a ®b)(ir(v)) = a(v).

We have used here that (V; @ Vo)* ~ V" @ V,*. Therefore, we see that the map i} is the
natural projection map of V;* @ V' to the first coordinate.

Finally, we will discuss the ‘diagonal’ map ¢ : V' — V x V given by ¢(v) = (v,v). The
dual of its extension to A(V') will be a map A(V*) @ A(V*) — A(V*), for which the following
important proposition holds.

Proposition 2.3.3. Let ¢ : V — V XV the map v — (v,v), and let ¢* : A(V*) @ A(V*) —
A(V*) be the induced dual map on the exterior algebra. Then:

P (a®@b)=aNnbd
fora®@be A(V*) @ A(V*).

Proof. By the discussion at the end of the previous section, it follows that ¢* is an algebra
homomorphism. We therefore have for an element a ® b € A(V*) @ A(V*)

' (a®b)=¢"((a®@1)A(1®b) =@ (a® 1) NG (1RDb)

We now claim that ¢*(a ® 1) = a. Let m : V x V — V be the projection to the first
component, i.e. m(u,v) = u. Clearly, m; o ¢ is the identity. Therefore ¢* o 71" must also be
the identity. The map m* : A(V*) — A(V*) ® A(V*) can be shown to be the map a — a®1,
this follows from the fact that the dual of 7 is the natural inclusion V* — V* x V* to the
first component (compare the discussion about i} above). The claim then follows. We can of
course prove a similar claim for the second component, which then proves the proposition. [
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Part 111

Hodge decomposition theorem for
compact Lie groups

As said before, in this part we will look at an application of what we have shown in Part I.
The theorem we want to prove is a version of the Hodge decomposition theorem, in the case
of compact connected Lie groups. The exact formulation of this theorem is given in Theorem
[3.4.8] Before we start proving this theorem, we will first take a look at bi-invariant forms,
forms that are both left- and right-invariant. These are an important part of the proof.
We will also briefly discuss the concept of Riemannian manifolds, since Hodges theorem
is about manifolds that have such a Riemannian structure. Afterwards, we will introduce
the Hodge star operator, which is a map Q*(G) — QF1(G). With this operator, we can
then define the Hodge Laplacian, the map A : QF(G) — QF(G). Our version of the Hodge
decomposition theorem is about exactly this operator. The main source for this part is the
book by Helgason, [7, Ch. II, § 7]. Our treatment differs from Helgason’s mainly in that
we introduce the x-operator in a different (but equivalent) way, and that we provide more
details in the final part of the proof.

3.1 Bi-invariant forms

The primary source of this section is again the article by Chevalley and Eilenberg, [2 §
11-12]

Definition 3.1.1. A bi-invariant k-form w € QF(Q) is a form that is both left- and right-
invariant, i.e. ([;)'w = w = (r,)*w, for all ¢ € G. We denote by Q¥(G) the space of all
bi-invariant k-forms.

Since the pullback of both left- and right-multiplication commutes with d, we can de-
fine the cohomology of bi-invariant forms, denoted H;(G), in the same way we defined the
cohomology of left-invariant forms.

Remark. Note that in particular a bi-invariant form is a left-invariant form that is invariant
under conjugation, this follows from the fact that Cj, =1}, o rj,-1.
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Lemma 3.1.2. Let w be a bi-invariant form. Then w is closed, i.e. dw = 0

Proof. Assume w is a bi-invariant k-form. Then w is certainly left-invariant, and is therefore
completely determined by its value at e. By the remark above, it is also invariant under
conjugation, i.e. (Cy)*w = w for all h € G. Since conjugation leaves the identity fixed, it
follows that

We (X1, oy ) = we(Te(Ch)xy, ..., T.(Cp)xy)  for x4, ..., 24 € T.G.

Using linearity, we can assume without loss of generality that we can write w, = w1 A...Awy €
A¥g*. The above equation can the be expressed as:

Wi Ao Awg = (wp 0 Ad(h)) A ..o A (wg, 0 Ad(R)) (3.1)

(recall that Ad(h) := T.C}). Set now h := exp(tz), for some = € g. Differentiating equation
[3.1] with respect to ¢t in t = 0 on both sides then gives, using Lemma [2.1.5] and the chain
rule:

Recall that, by definition, ad(x)y = [z,y|. Therefore, by the equation above

k
Zwe(ml, ol xy],xp) =0 forall z €g. (3.2)

i=1
Now also recall that we have for a left-invariant form, by Prop.
dwe(xg, ..., Tg) = Z (=)™ we([ws, 2], Ty ooy Ty ooy Ty T
i<j
Using that the Lie bracket is anti-symmetric, we can then also write:
2dwe (w0, ..oy wk) = > (=1 wel[wi, 23], o, o By oy B, i) +
i<j

> (=0 we([wi, w5), o, o By ey B, y).

j<i

Be rearranging terms, using that w is skew-symmetric, i.e. interchanging variables changes
the sign, we find:

2dwe (g, ..., xx) = Zi We (0, oy [Tiy Tl5 ooy Tjy vy Tg)
1#]

Applying equation [3.2] we see that indeed dw. = 0, and by left-invariance of w therefore
dw = 0. [
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Remark. Using some representation theory, one can give a more elegant proof. It goes like
this. First we note that, by , the bi-invariant forms correspond exactly to the elements
of A*g* that are invariant under the adjoint representation Ad of G in A*g*. But these
correspond to the elements of A¥g* that are invariant under the induced representation of
Ad (which is ad) of g in A*g*. This then immediately gives . The rest of the proof is
then the same. See the Appendix for a short introduction to representations.

Theorem 3.1.3. Let G a compact Lie group. Then the inclusion map i : Q%(G) — QF(Q)

mduces a linear isomorphism
Hip(G) =~ H{ (G).

Proof. Define the left action of G x G on G by I(g, h)(x) = gzh™*, for (g,h) € Gx G,z € G.
Note that the bi-invariant forms on G are exactly the forms that are (left)-invariant under
this action. Now apply Theorem [1.2.2] O

Theorem 3.1.4. Every equivalence class of Hin(G) contains exactly one bi-invariant form.

Proof. This follows by looking at the space H¥(G). Since dw = 0 for every bi-invariant
form w, it follows that H¥(G) := Ker(dy,)/Im(dy_;) = Q¥ G)/{0} = Q¥(G) (recall that we
restrict dj, in this definition to the space Q¥(G)). Thus Theorem 3.1.3 implies the linear
isomorphism (and, in particular, bijective relation)

Hap(G) = Q4(G),

from which the statement follows. O
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3.2 Riemannian manifolds

The theorem that we want to prove in Part III involves so called Riemannian manifolds. We
will give a short introduction to Riemannian manifolds in this section.

The main idea of a Riemannian manifold is that we introduce a ‘metric’ on our manifold
(actually more of an inner product), so that we are able to talk about distances, and hence
consider the manifold as a metric space.

Definition 3.2.1. Let M be a smooth manifold. A Riemannian metric on M is a smooth
covariant, symmetric 2-tensor field  on M that is positive definite at each point. We call
the pair (M, 8) a Riemannian manifold. ([12, Ch. 13])

Note that from the definition it follows that g defines, at every point p in M, an inner
product 38, on T,,M. Often we will use the term ‘metric’ instead of ‘Riemannian metric’. If
a Riemannian manifold is also a Lie group, then we can talk about left- and right-invariance
of the metric. We say that § is left-invariant if (I;,)*8 = [, in other words if 8 (u,v) =
Bon(Thly w, Thl, v) for all g, h € G, and u,v € T,G. In similar ways, we define what it means
for a metric to be right-invariant or bi-invariant.

Proposition 3.2.2. Let G be a compact Lie group. Then G admits a bi-invariant metric

By-

Proof. Let (.,.) be any inner product on g. Construct a right-invariant metric by defining
Bg(u,v) == (Ty(rg-1)u, Ty(ry-1)v) for u,v € T,G.
To now construct a metric that is also left-invariant, we use the same trick we used to

make left-invariant forms, the ‘averaging’ process. Define £ (u,v) := [ (I;8)p(u,v) dg =
fG Bap(Tplgu, Tplyv) dg for u,v € T,G. Left-invariance of 4 then follows by left-invariance of
the Haar measure, in the same way as we have seen for forms. O

3.3 The Hodge star operator

In this section, we will introduce the so called Hodge star operator. The main source for this
is |4, § 2.7], and the book by Helgason, [7, Ch. II, § 7]. Let V' be a vector space, endowed
with an inner product (.,.). This inner product induces an inner product on the space A*V,
which can be given by

<)\1 AA)\k7//J1A/\Uk> :det<)\i,uj>,

for \;, u; € A'V. Let ey, ..., e, be a orthonormal basis of V. Then for A € A*V, € A"V,
we can write A A pu = f(A\ p) e A--- A ey, for some specific linear function f with values
in R. For a fixed \ there is a unique *A € A" *V such that f(\, u) = (i, *A\) (for infinite
dimensional vector spaces, this is the Riesz representation theorem).

Definition 3.3.1. We define the *-operator, * : A*V — A" ¥V as the map that sends a A
to (the uniquely determined) *A\.
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Proposition 3.3.2. The x operator is linear, and determined on orthonormal basis elements

by
k(€ Ao Ney) =Fe, AN Neg, (3.3)

where (i1, ...,1,) 15 a permutation of (1,...,n) and the sign is determined by whether this
permutation is odd or even. Also, forn € A*(V), x xn = (—=1)k=Fp,

Proof. Showing that * is linear is easy, everything else then follows quickly by choosing a
basis and working out the requirements. For more details, see [4, § 2.7]. O

From the proposition, it follows that for A, i € A*V we have
A X = (=D Ney A Aey. (3.4)

Since any inner product on V induces an inner product on the dual V*  the Hodge star
operator is also defined on the space A¥V*. For a Riemannian manifold M, with metric 3,,
this means that the x-operator is defined on A*T,M* for every p € M. If moreover M is
orientable, then we can choose a positively oriented volume form © = 6; A ... A6, (where the
0; € QY(M) form an orthonormal frame), and define the *-operator on Q¥(M) by requiring
for w € Q" F(M), n € Q¥(M),

wAN=(w,*n) O, ie. (wAnN),= (wp,*n,), O,, forall pe M. (3.5)

Here we mean with (. ,.), the inner product on the dual space A*T,M*, induced by the
metric at the point p.

Let us now assume that we have a compact, connected Lie group G, with a given
bi-invariant metric, which can always be constructed as in Proposition [3.2.2] We can then
choose a global. orthonormal left-invariant frame X, ..., X,, with dual frame 6y, ...,0,
(chosen so that 6;(X;) = d;;), and set © = 6; A ... A 6,. Then O is clearly also left-
invariant, and we can choose the orientation on G such that © is positively oriented. We
claim moreover that © is also right-invariant. Since © is a left-invariant top-form, we have
(19)*0 = (ry)*(l;-1)*© = Ad(g')*© = det(Ad(g'))O. The claim then follows by using the
lemma below, which is an important property of compact connected Lie groups.

Lemma 3.3.3. Let G be a compact connected Lie group. Then det(Ad(g)) = 1, for all
g€ qG.

Proof. Consider the map g — |det(Ad(g))|. It can be easily checked that this is a continuous
group homomorphism into the multiplication group of positive real numbers. Its image
therefore has to be a compact subgroup of (R.g,-). It is easy to see that this can only be
the subgroup {1}. We now know that det(Ad(g)) is either 1 or —1. However, since the map
g — det(Ad(g)) is continuous, with connected domain, its image must also be connected.
Since det(Ad(e)) = 1, it therefore follows that det(Ad(g)) =1 for all g € G. O

Remark. In general, Lie groups that satisfy |det(Ad(g))| = 1 for all g € G are called
unimodular.

27



Lemma 3.3.4. The x-operator as defined above for compact connected Lie groups commutes
with left- and right pull-backs, i.e. for w € QF(G) we have:

*(lhw) = [7(*w) and * (ryw) =71 (%w) for allg € G

Proof. In the definition of the *-operator we started with a bi-invariant metric on G. This
metric induces an inner product on QF(G) that will be invariant under left- and right-
pullbacks. This can be worked out using some theory from linear algebra, where we use that
the adjoint of an isometry is also an isometry. We will show the statement of this lemma for
left-multiplication, the case of right-multiplication can be done in essentially the same way.

Let w,n € Q¥(G), using (3.4) we have
k(n—k * * * * * *
(=DM B w A () = (w, ) © = (I aw, I211m) © = (2w, n) ©.
Also, by left-invariance of ©,
(DR w A 1w n) = (=DM (L) (aw A xn) = (1) ((l-1w,m) ©)
= (1w, m) (1) = ([;-w,n) ©.

So we see that for all w € Q(G), we have w A (* I¥n) = w A (I} * n). We can therefore
conclude that *([}n) = I} (*n).
[l

With the #-operator, we can define (another) inner product on Q°*(G). For w € QF(G),

n € QYG) it is given by:
0 if k #1,
(w,m) = o (3.6)
JowAxn if k=1

By extending it bilinearly, we obtain an inner product on the whole of Q°*(G). It is strictly
positive definite, to see this write w = Eil iy a;,..i,0i N ... A 0;,, which we can do because
the 6; form a basis of the dual tangent space at every point. This follows from the way we

defined them. Now
WA *w = E a?l__ip@
i

and the statement follows since © is positively oriented.

Remark. If © is normalized, i.e. fG © = 1, then this inner product is actually the same
(up to perhaps a sign), as the one we saw before. This follows by integrating equation ([3.5])
over GG on both sides.

3.4 The Hodge Laplacian and Hodge’s theorem for com-
pact connected Lie groups

Before we define the Hodge Laplacian, we will first introduce the d*-operator, d* : Q%(G) —
QF1(G). Tt is defined for a form w € QF(G) by

d*w = (—1)"FEDH g% (w). (3.7)

We can then formulate the following important proposition:
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Proposition 3.4.1. Let n,w € Q°*(G). Then

{dw,n) = (w,d™n).
In other words, d* is the adjoint of d. Here (. ,.) is the inner product we defined above.

Proof. Since the inner product is bilinear, we only need to check the statement for w €
Q1(@G), n € QF(G). We then have:

dw A s —w A *(dn) = dw A xn—w A (=1)" D) s 5 d s g
= dw A *n — (=1 % n = d(w A *n).
Now integrate over G on both sides, and with Lemma below the statement then

follows (note that w A *n is a (n — 1)-form). We have used here that * * w = (—1)*"=Fy,
and that (—1)* = (=1)*, in order to work out the sign. O

Lemma 3.4.2. Let w be (n — 1) -form. Then [, dw = 0.

Proof. This is Stokes theorem for manifolds without boundary. m

Definition 3.4.3. We define the Hodge Laplacian A : QF(G) — QF(G) as A = dd* + d*d.
We say that a form w is harmonic if Aw = 0.

Proposition 3.4.4. A form w is harmonic if and only if dw = d*w =0

Proof. We have
(Aw,w) = (dd"w,w) + (d*dw,w) = (d*w, d*w) + (dw, dw).
Since (., .) is positive definite, the result follows. O

We will now begin the main proof of this section, the statement that the harmonic forms
are exactly the bi-invariant ones. Before we start, we will need to prove two lemmas. These
lemmas cannot be found anywhere in Helgasons book, but since both the assertions and
proofs are non-trivial, we feel it is appropriate to include them. With £y we denote the Lie
derivative along a vector field V.

Lemma 3.4.5. Let V € X(M) a vector field on a manifold M, with flow ¢;. Let w be a
k-form. Suppose Ly (w) = 0, then for all o € M there exist a neighborhood U of xy and a
0 > 0 such that

(¢)'wly =wly Yt € (=0,0)

Proof. Choose U and § such that (—d,d) x U C dom(¢), then choose z € U. We have
(¢r)* w(x) = we,(z) © (De(x))* € AFT M. Now:

(@) w@) = 45| _(0ers) (@) = L[ _o(0)"(65) (@) = f]_o(05)5,) (Du(2))"
= Ly (W)g,@) © (Dey(x))" = 0.

It follows that t — (¢;)*w(x), a smooth function with image in A*T*M (a fixed vector
space), has derivative equal to zero, hence (¢;)*w(x) = (¢o)*w(x) = w(z). O
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Lemma 3.4.6. With notation as in the previous lemma, suppose ¢, 0 A = Ao ¢, for all t.
ThenEVoA:AOEV.

Proof. We will prove the statement on open sets U C M where we can choose a local
frame \j,...,\, € Q¥(U). By covering M with subsets like this, the statement the follows
for the entire manifold. In such a local frame, we can write w = Y ,w'\;. Then also
Aw = Z (P’ ")), where P’ is some scalar differential operator. This follows from the fact
that we can locally write d and * in such a way.

We claim that in this basis we have

a| (p)w) = (Lyw),

where () denotes picking the i-th component with respect to the basis. To see this, note
that (-)" : A¥(T,M*) — R is a linear functional. Also, (w)% = (w,)’. Therefore

T

) (gw)i =L (8 w)) = (L], (¢ w)e) = (Lvw,)' = (Lyw)i.

We now have the following:

%ltZO ¢t dt|t 0 ZPZ ¢f Z%‘tzo ‘PJZ(QS:W)zAJ
i.j
=3 Pi(Lyw)y = Ao Ly(w).

i?j

We have used here that < ‘ o © PZ = PZ 5 ‘ o » Which is simply the statement that we
can mterchange partial derlvatlves NOW using the hypothesis of the lemma, we conclude

that Ly o A(w dt‘t o 9 (Aw) = dt}t o Alpjw) = Ao Ly(w). O

Theorem 3.4.7. Let G be a compact connected Lie group. Then a form w is harmonic if
and only if it is bi-invariant.

Proof. Let w a bi-invariant form. By Lemma [3.1.2] dw = 0. Since * commutes with lthe
pullback of left- and right-multiplication, we see that *w is also bi-invariant. Thus d*w =
xd(*w) is also zero. So, by Prop. w is harmonic.

Let now w be a harmonic form, then in particular dw = d*w = 0. Let X € g, and write
X for the induced left-invariant vector field on G. By Cartan’s magic formula,
Lisw = i(X)dw + di(X)w = di(X)w, since dw=0. Now we can write the following.

(Lyw, Liw) = (Lzw,di(X)w) = (d*Lg,i(X)w)). (3.8)

Using Lemma [3.4.6, we have that £gw is also a harmonic form. Thus d*L; = 0, and
by the above therefore (£ yw, Lyw) = 0. Thus Lyw = 0. Now recall that for the flow ¢,
of a left-invariant vector field , we have ¢;(z) = rexpex. Since both d and * commute with
pull-backs of right-multiplication, it follows that ¢; commutes with A. With Lemma [3.4.5|
we then see that for all € G, (r},,;xW)s = Wy, for t small enough. Since G is connected,
it is completely generated by products of such elements (i.e. of the form exp¢X), and so we
can conclude that w is right-invariant. Repeating this entire argument with a right-invariant
vector field, it follows in the same way that w is also left-invariant. So w is bi-invariant. [J

30



Corollary 3.4.8. Let G be a compact connected Lie group. Then every equivalence class of
the cohomology of G contains exactly one harmonic form.

Proof. Follows from the previous theorem in combination with Theorem [3.1.4] n

With the above corollary, we have proven what we wanted to prove in this part. As we
have said before, the corollary can be reformulated for a general Riemannian manifold M,
and it then becomes (a version of) the famous Hodge Decomposition Theorem. Since this
theorem provides an explicit way to find representatives of the cohomology, it is an important
tool when studying this. Moreover, the A-operator can be shown to be a so called elliptic
operator. Among other things, this simplifies solving differential equations involving the
operator, which is another reason for studying it. The proof of the general theorem requires
a lot more theory and proofs than what we have used here. This is therefore a good example
of how powerful the structure of a Lie group can be.
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Part IV
Theorem of Hopf

In this final part we will look at a second application of the theory that we have built up.
Specifically, we will use the established isomorphisms to prove a theorem about the coho-
mology of a compact Lie group GG, by showing the statement for its Lie algebra cohomology,
as defined in part I. The theorem we want to prove says that the cohomology of any com-
pact Lie group is linearly isomorphic to the cohomology of the Cartesian product of certain
odd-dimensional spheres. The exact formulation is given in Corollary The theorem
was originally stated, and proved, by the German mathematician Heinz Hopf in his article
[9], written in 1941. The proof uses mainly the group multiplication. In this article, Hopf
actually proves the theorem for what he calls ‘I"-manifolds’, which are manifolds that admit
left- and right-multiplication, but with a weaker condition on the inverse map than for Lie
groups. We will not go to this more general case, and instead keep focusing on compact Lie
groups. This will allow us to make full use of the properties of the Lie algebra, which enables
us to prove the theorem in a different way. Our entire treatment is based on the article by
Koszul, [10, Ch. 1-10], who as far as we know was the first person to prove the theorem
using the Lie algebra.

His proof, despite being arguably more elegant than the one given by Hopf, is still rather
long and requires a lot of build up. The aim of this part will therefore not be to give a
fully detailed proof, but instead we will only show the main part of the proof, and only
briefly touch upon the topics that lie too far outside of the focus of this thesis. Essentially,
this means we restrict our attention to Section 10 of Koszuls article, and only introduce the
necessary parts from the sections before that. We refer to the article for more details. As
perhaps a bit of a warning, the article is written in French, however with a basic knowledge
of this language it is very well readable.
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4.1 Preliminaries

In this first section, we will introduce some of the concepts that will be needed later on. We
start by discussing properties of a general Lie algebra a, later on we will turn our focus to
properties that hold especially for a Lie algebra g of a compact Lie group.

Recall that, by Proposition [2.2.3] for an exterior algebra AV of a vector space V' we can
identify the dual of AV with A(V*). For f; € V*, x; € V this duality is given by

(FiN o AN fi, e A A xg) = P(fi A A fo) (@ A A ag) = det(f())

For f € AV* and © € AV we say that z is orthogonal to f if (f,z) = 0. If A € End(AV),
then we call a map A* € End(V*) the dual of A if (fi A ... A fi, Al A o A xy)) =
(A (fi N oA fr), T A A o).

Definition 4.1.1. Let a a Lie algebra. On Aa, define the map 9 : A¥a — A*~!a by bilinearly
extending

Owy A+ Axp) :Z(_l)i+j+1 [T, B ATy A e @y Ty A g,
i<j

for x; € a.
Proposition 4.1.2. The map § : Aa* — Aa* defined previously is the dual of (—0)

Proof. Identify the space of k-linear alternating functions on a with the dual of Aa. The
map 0 : A¥a* — AFla is then given by:

dw(zg A Aag) =Y (=)™ w(lws, ) Awg Ao NEg Aves Ny Ao Ay).
1<j

Where w € A¥a*, zg, ..., € a. It is then obvious that we have §(w) = w o (—9), and the
statement follows. O

From the above proposition it follows that 0 o 0 = 0, since a similar assertion holds for
0. Having defined 0 and 9, the spaces Aa and Aa* now have the structure of a complex.
Elements of Aa are often referred to as chaines, the elements of Aa* are called cochains. We
call chains that are zero’s of 0 cycles, and similarly co-cycles are the zero’s of §.

In the same way as we have seen before we can now define the cohomology of a, H*(a),
as the quotient of the cocycles by Im(d). The wedge product induces a graded algebra
structure on H*(a). For the sake of clarity we will denote the multiplication with the —
symbol. In the same fashion we can define the homology of a, by taking the quotient of the
cycles in Aa by the image of 0. This homology will be denoted by H(a). It is important here
to note that since 0 is not generally an anti-derivation, this space will in general not have
an induced algebraic structure. Both the homology and cohomology will be graded spaces,
we can write H(a) = @ Hy(g) and H*(a) = ®pH"*(a). Note that if g is the Lie algebra of a
compact Lie group, then H*(g) is the cohomology of g that we have already seen in Part I.
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Remark. Recall that an anti-derivation on a graded algebra A = @;.A*, with multiplication
A, is a linear map 6 : A — A that satisfies

Oz Ay) = 0(x) Ay + (=1)"z Ab(y),

for v € A,y € A*.

The duality of Aa and Aa* carries over in the duality of H*(a) and H(a), as one would
expect. To see this, note that

(f +dg, 2+ 9y) = (f,x) + (dg,z) + (f, 9y) + (dg, Oy)
= (f,x) + (g, (=0)x) + (=5 f,y) + (g9,0%y)
= (f, ),

for f,g € Aa*, x,y € Aa, where we are assuming that 0 f = 0 = Ox. This shows that the
duality is independent of the choice of representative of an equivalence class, from which the
statement follows. This then also implies that H*(a) and H(a) have the same dimension.

We will now state an important proposition about the space H(a), that holds for certain
a, in particular if a is the induced Lie algebra of a compact Lie group. We will state
the proposition without proof, mainly because the proof involves a lot of statements about
general (Lie) algebras, which lies somewhat out of the scope of this thesis. The entire
argument can be read in Koszul’s article ([10} § 6-9]).

Proposition 4.1.3. Let g be the Lie-algebra of a compact Lie group G. Then H(g) can
be given the structure of a graded algebra, where the multiplication is induced by the wedge
product on Ag.

Proposition is more generally true for a type of Lie algebra that we call reductive.
We will not go into the details of what this means, but know that the Lie algebra of a
compact Lie group is a special case of this type of Lie algebra. The proof Koszul gives uses
among other things that a compact Lie algebra is unimodular (see the remark in section 3.3),
which is equivalent to saying that the trace of ad(z) is zero, for all  in g. Another thing it
uses is that on invariant cycles, the 9 map behaves like an anti-derivation. By then showing
that every homology class contains at least one invariant cycle, the algebra structure can be
defined accordingly.

Remark. Because of the previous proposition, we can define the homology algebra of g,
denoted by H,(g). Its multiplication will be denoted by the — symbol. From the definition
of 0, it is clear that the map commutes with any graded algebra homomorphism v : Ag — Ab,
Therefore, any such algebra homomorphism induces a homomorphism of the algebras H.(g)
and H,(h). This homomorphism will be denoted by ~ as well.
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We will also be need the following well-known theorem, called the Kiinneth theorem.

Theorem 4.1.4 (Kiinneth). Let M, N be smooth manifolds, H3p(M) and H3,(N) their
respective cohomology algebras. Then there exist an isomorphism of graded algebras

Hip(M x N) = Hyp(M) @ Hyp(N).

The isomorphism is induced by the isomorphisms between the exterior algebras of the
tangent spaces, that we have seen in Lemma [2.3.2] From the theorem it also follows that
if G and H are two Lie groups, then the isomorphism A(g* x h*) ~ Ag* ® Ah* induces
an isomorphism H*(g x ) ~ H*(g) ® H*(h). This can also be proved directly as follows.
We use that by what we have discussed in Section [3.1] the cohomology of g is isomorphic
to the exterior algebra of elements that are invariant under the adjoint representation. In
other words, we have the isomorphism of algebras H*(g) ~ (Ag*)?. Similarly, it holds that
H*(g x h) ~ (A(g* x b*))#*". Tt can then be shown using properties of the representation
that (Ag* ® Ab* )gxh (Ag*)® @ (Ah*)" ~ H*(g) ® H*(h), which proves the statement. We
again refer to the Appendix for a short introduction to representations.

4.2 Primitive elements

We are now ready to begin with the final preparations for the theorem we want to prove.

Definition 4.2.1. We define the space D*(g) as the linear subspace of H*(g) consisting of
all linear combinations of elements of the form a — b, where a,b € H*(g) both have degree
> 0.

Definition 4.2.2. The space P(g) is defined as the subspace of H,(g) that is orthogonal to
D*(g), and to to the subspace H°(g). Elements of P(g) are called primitive.

Remark. Note that both spaces are graded subspaces, i.e. we can write D*(g) = @5, D"(g),
where D*(g) = D*(g) N H*(g), and similarly we have P(g) = ®,Py(g). Note that D*(g) is
a two-sided ideal in H*(g). From the definition, it follows that Fy(g) = {0}.

In the next two lemmas, we will prove two crucial properties of the primitive elements of
H.(g). Let ¢ be the ‘diagonal’ map g — g x g, i.e. ¢(x) = (x,z). As usual, by ¢ we denote
the extension of this map to Ag, as well as the induced map @ : H.(g) — H.(g X g).

Lemma 4.2.3. Let ¢ : H.(g) — H.(g x g) be the map defined above. Then for u € P(g),
olu)=u®l+1®u.

Proof. Recall that we have the identification H*(g x g) ~ H*(g) ® H*(g). Since for every
element in a ® b € H*(g) ® H*(g) we can write a® b = (a ® 1) — (1 ® b), we see that we
have HP(g) ® H(g) C D*(g x g) for every p,q > 0. It can then be easily verified that we
must have:

“(gxg)= Y H'(g)®H'g)+ D*(g)®1+1® D*(g).

p,g>0
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We can now ask ourselves what an element of the space P(g x g) should look like. Since
it has to be orthogonal to every element in D*(g X g), it can only be of the form u ® 1 or
1 ® u for some u € P(g), where the component 1 is needed so that it is orthogonal to all
subspaces H?(g) ® H%(g) (p,q > 0). Every linear combination of elements of this form is
clearly also orthogonal to D*(g x g). It follows that

Plgxg) =Pl 1+1® P(g).

Now note that by what we have discussed before (see Part II), the dual map
Q" H*(g x g) — H*(g) is also a homomorphism (of algebras). By definition of the space
D*(g), it follows that ¢*(D*(g x g)) € D*(g). Therefore ¢(P(g)) € P(g x g), and thus for
u € P(g);
P(u) e Plg)®1+1® P(g).

Let m : g X g — g be the natural projection to the first coordinate. One can show that
fora®b e H*(g) ® H*(g) it holds that 7 (a ® b) = by a, where by is the component of b with
degree zero (compare to the discussion in Section [2.3). Since Pyg = {0}, it therefore holds
that 71(1 ® P(g)) = {0}. Now observe that ¢ o m; is the identity, we therefore must have
that

7771 e} @(U) =Uu.

By the above, this implies that the component of @(u) in P(g) ® 1 has to be equal to
u ® 1. We can reason in a similar way for the other component, which shows that indeed
olu)=u®l+1®u. O

Lemma 4.2.4. Let u be a (non-zero) element of P(g). Then the degree of u is odd.

Proof. With the notation (u)? we will mean the p-fold product v — ... — u. The map ¢ is
an algebra homomorphism from H,(g) to H.(g x g). Therefore, if we choose p > 0 such that
(u)? = 0 (such a p exists. since we can always choose p larger that the dimension of G), we
have

(Gw) =) = (u@1+1Qu)’ =

Now let us assume that u has even degree. Looking at Definition [2.3.1] it then holds
that (u® 1) — (I ®u) = (I ®u) — (u® I). Therefore, it can be worked out that

0=(u®1+1®u)p=zpj(i)(u1""®u”)

n=0

(this is the well-known binomial formula). Now assume that we have chosen p to be min-
imal, that is, (u)? = 0 but (u)?~! # 0. Since all terms in the equation above are linearly
independent, in particular we then have that the term p(u?~! ® u) must be equal to 0. But
this means that either © = 0 or «?~! = 0, which is a contradiction in both cases. Therefore
the degree of u must be odd. [

The importance of the degrees of the primitive elements being odd will become clear in

the following lemma. As we will see, it will allow us to define an algebra homomorphism
from A(P(g)) to H.(g).
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Lemma 4.2.5. Let (A, - ) be a graded algebra, satisfying graded commutativity. Assume
v:V — A is a linear map from a vector space V', which has only elements of odd degree in
its image (apart from 0). Then there exists an algebra homomorphism 7 : AV — A that is
equal to v when restricted to V = A'(V)

Proof. Let us first look at the tensor algebra of V| T(V). The algebra homomorphism
v : T(V) — A that sends an element v; ® ... ® v to y(vq) - ... - y(vx) can be defined using
the universal property of 7%(V). Since every element ~y(v) is either zero or has odd degree,
from graded commutativity it follows that

Y (v ®v) =y(v) y(v) = =y(v) - 7(v).

It follows that we must have /(v ® v) = 0. Therefore 7' descents to an algebra homo-
morphism 5 : T'(V)/I = A(V) — A, where [ is as before the two-sided ideal generated by
elements of the form v®wv. Clearly, on V it will still just be v, which proves the statement. [J

4.3 Proof of the theorem

We can now formulate the next lemma. By i : P(g) — H.(g), we denote the natural
inclusion.

Lemma 4.3.1. The inclusion map i extends to an injective homomorphism of algebras
r:AP(g) — H.(g).

Proof. Using Lemma [4.2.4] we can define the algebra homomorphism 7 as in Lemma [4.2.5]
To show that it is injective, choose a basis of homogeneous elements {u;}1<;<; of the linear
space P(g), arranged such that deg(u;) < deg(u;;1) for all i. To show that z is injective it
is enough to show that it is non-zero on all algebraic combinations of these elements, since
those form a basis of AP(g). For this it is enough to show that z(u; A ... A ;) # 0. Assume
now to the contrary that z(u; A ... Auy) = uy — ... — u; = 0. Since u; # 0, there must then
exist an index s such that

Us — Ugp1 — .. —u; =0, but ugyy — ... —u; #0.

Denote by p the degree of u;. Now look at the element @(us — ... — w;) € H.(g)® H.(g),
where ¢ is the map we defined previously. Since ¢ is a homomorphism, this element has to
be equal to zero. Its component in the space H,(g) ® H.g must therefore also be equal to
zero. Using the equation from Lemma [4.2.3, one can work out that this component is given
by

I G T (R H 1]
deg(ui)=p
Since the u;’s are all linearly independent, from this it follows that us® (usyq — ... — u;) = 0.
Since ug # 0, this implies that us, 1 — ... — u; = 0, which is a contradiction. O
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Having showed that 7 is an injective homomorphism, we would now like to show that it
is an isomorphism of algebras. For this, we need to show that it is surjective.

Lemma 4.3.2. The homomorphism t : AP(g) — H.(g) is surjective.

Proof. We will prove the statement by showing that the dimension of AP(g) is greater or
equal to the dimension of H,(G). Since ¢ is in particular an injective linear map, between
finite dimensional vector spaces, this then implies that ¢ must also be surjective.

Choose a basis {a;} (which is minimal), of homogeneous elements of the (cohomology)
algebra H*(g), This means that for every element a € H*(g), there exist \;,_; € R such

that we can write
a = E )\il,mﬂ-kail e Qg
k

i1,

We claim that for every p > 0, the amount of elements of degree p in {a;} is equal to the
dimension of the quotient H?(g)/DP(g), which in turn is equal to the dimension of P,(g) by
the duality. For this we need to show that H*(g) is equal to the direct sum of D*(g) and
the linear span of {a;}, which we will denote by (a;). By the definition of the spaces, it is
clear that we have H*(g) = (a;) + D*(g). So we only need to show that (a;) N D*(g) = {0}.

Assume to the contrary that there exists a non-zero element a in D*(g) that is also in
(a;). Since it is in D*(g), we can write it as > A, ;. ai — ... — a;,, with every term
being the cup product of at least two elements of {a;} with degree > 0. However, since by
assumption it is an element of (a;) too, it can also be written as > ._; A;a; for some index
set I, chosen so that \; # 0 for all i. We thus have:

E )\7;17”.7% Qi = .. =~ Q4 = E )\zaz

11,.. 0k el

i€l

By comparing degrees, we can assume that all the terms have the same degree. It then
follows that the a;’s on the right hand side cannot also appear somewhere on the left hand
site, since that would create an unequal degree. Now fix an ig € I, then it holds that

)\ioaio = )\il,m,ik Ajy ~—~ ..~ Q4 — E )\ZCLZ
k iel\{io}

Since a;, appears nowhere on the right hand side, this is in contradiction with the mini-
mality of {a;}, so it follows that we must have H*(g) = (a;) ® D*(g).

Using that P(g) is orthogonal to D*(g), it follows that (P,(g))* = H?(g)/D"(g). Because
of this, and Lemma we also know that, apart from one element of degree zero, the
basis {a;} consists entirely of elements of odd degree. These elements (so without the degree
zero element) generate a linear subspace V' of H*(g) that, by the claim above, has the same
dimension as P(g). Therefore there exists a linear isomorphism from P(g) to V', which by
Lemma can be extended to an algebra homomorphism AP(g) — H*(g). Its image will
be the subalgebra of H*(g) generated by elements of V', as well as the unit element. But
this is the whole of H*(g), since {a;} is contained in this set. We have therefore shown that
there exists a surjective linear map from AP(g) to H*(g), which means that the dimension
of AP(g) is greater or equal to the dimension of H*(g). Since the dimensions of H*(g) and
H,(g) are equal, the proof is complete.

i1,

[]
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Now that we have shown that ¢ : AP(g) — H.(g) is an algebra isomorphism, we turn to
the dual map, 7* : H*(g) — A(P(g))*. By duality, this will certainly be a linear isomorphism.
We would like to show that is also an isomorphism of algebras.

Lemma 4.3.3. The map t* : H*(g) — A(P(g))* is an isomorphism of algebras.

Proof. Denote by £ : P(g) — P(g) x P(g) the diagonal map u + (u,u). The extension to

P(g), & : AP(g) — AP(g)®AP(g) is given by on elements u € P( ) by E(u) =u®1+1wu.
Denote by ¢ ® ¢ the map AP(g) ® AP(g) — H.(g) ® H.(g), u @ u' — t(u) ® t(v'). Then we
have

(T®7) oé(u) = Z(u) R1+1®(u)=poi(u),

where the last equality follows by Lemma | So we see (1®17) o0& = @ o, and therefore
also

By Lemma [2.3.3] we have
Eu®u) =E(u) A (v)  foru®ve AP(g)" @ AP(g)".
Similarly, using this lemma one can deduce that
P(a®@b)=a—b fora®be H'(g) ® H*(g).

To keep track of the domains; we have ¢* : H*(g) ® H*(g) — H*(g) and
& AP(g)* ® AP(g)* — AP(g)*. Putting this all together, we see for a — b € H*(g);

Hla—b) =T 0@ (a®b) =0T (a®b) =1"(a) ANT*(b).
This shows that 7* : H*(g) — AP(g) is indeed an algebra isomorphism. O

With the previous lemma, we are now finally ready to state and prove the main theorem
of this section. As mentioned earlier, we will relate the cohomology of a compact Lie group
to the cohomology of a product of n-spheres. First recall the following, well-known theorem
(see for example [12, Th. 17.21]).

Theorem 4.3.4. The cohomology H%,(S™) of an n-dimensional sphere is given by

0 if k# 0,n,

Hi(S") = {R ifk=0,n
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Theorem 4.3.5. Let g be the Lie algebra of a compact connected Lie group. Then there
exist odd integers ny, ...,n; such that we have the isomorphism of graded algebras

H*(g) ~ HJp(S™ x ... x S™)

Proof. By the previous Lemma, we know H*(g) ~ A(P(g)*). Since P(g)* is a finite-
dimensional vector space, we can choose a finite linear basis {a;}1<i<; of P(g)*. As we
have seen before, the a;’s will have odd degree. Since we can now write P(g)* ~ &;(a;),
(where, as before (a;) denotes the linear span of {a;}) it holds that

AP(g) ~ Aa;) ® ... ® Aay).

Since for every i, (a;) is a one dimensional vector space, its exterior algebra is simply given
by the direct sum (1) @ (a;). Let n; be the degree of a; (as an element of H*(g)). Then by the
above theorem we have a straightforward algebra isomorphism between the algebras H®(S™)
and A(a;). Doing this for every i then gives us the following isomorphism of algebras, in an
obvious way:

Aay)) @ ... @ Aa;) ~ HIp(S™) ® ... @ Hjp(S™).

By the Kiinneth theorem, it then follows that AP(g)* ~ HJ,(S™ x ... x S™).
Putting everything together, we obtain the isomorphism of graded algebras H*(g) =~
H3p(S™ x ... x S™). m

Corollary 4.3.6 (Hopf). Let G be a compact connected Lie group. Then there exist odd
integers ny, ...,n; such that for all k we have the isomorphism of graded algebras

H3(G) =~ H3(S™ x ... x S™).

Proof. Follows by the previous theorem, in combination with what we have done in Part 1.
Specifically, we use the isomorphisms of graded algebras H*(g) ~ H; (G) ~ H},(G). O
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Appendix: Representations

In this section we will give a brief introduction to representations of Lie groups. It should
be pointed out that the theory of representations is far broader than what we will be dis-
cussing. We will limit ourselves to only the context that is useful for this thesis, for example
by restricting to finite dimensional vector spaces. Most of what we will discuss is based on
[13, Ch. 20], and [6, Ch. 5]. Missing proofs can also be found there.

Let us define what a representation is.

Definition 4.3.7. Let V' be a finite-dimensional vector space. A (finite dimensional) smooth
representation (m,V) of G in V is a left action 7 : G x V' — V that is smooth, and such
that 7(z) : V' — V is a linear endomorphism of V' for every x € G.

Remark. 1t is actually only necessary to demand that 7 is continous, smoothness then
follows automatically. However, we will not prove this. Alternatively, one can also define
a representation as a Lie group homomorphism 7 : G — GL(V'), which is equivalent to
definition given here.

An important example of a Lie group representation is the adjoint representation map,
Ad : G — GL(g). Recall that Ad(x) is defined as T.C,, where C, is the conjugation by z.
See section 0.2 for more information.

In much the same way that we define a representation of a Lie group, we can also define
a representation of a Lie algebra.

Definition 4.3.8. A represention of g in V is a Lie algebra homomorphism p : g — End(V),
where End(V) is equipped with the commutator bracket.

The next proposition shows a common way to construct Lie algebra homomorphisms.

Proposition 4.3.9. Let 7 : G — GL(V) a Lie group representation of G in V. Then
7. =T, 1 g — End(g) is a representation of the Lie algebra g.

This shows in particular that ad : g — End(V) is a Lie algebra representation, the
‘adjoint representation’ of g. The next proposition shows an important relationship between
the exponential map and the representations of both G and g.

Proposition 4.3.10. We have 7,(X) = 4|_ w(exp(tX)) for X € g. Also

— dtlt=0

m(expX) = e™X),
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Definition 4.3.11. Let m, w5 be representations of G in V; and V5 respectively. The tensor
product representation m @ me : G — GL(V; ® V3) is defined by (m @ ma)(z) = m1(2) ® ma(2)
for x € G.

Proposition 4.3.12. With notation as above, the associated Lie algebra representation sat-
isfies
(M1 @m2)e(X) =7.(X)®1 + 1@ mu(X) for X €g.

Proof. Using the product rule (for tensor products, Lemma(2.1.5)), we have for u € V},v € Va:

(T @m)(X)(u®v) =2 m1(exp tX)u ® mo(exp tX)v

t1t=0

= T(X)u @ v+ u ® mo. (X)v.
So the result follows. O
This proposition can also be easily generalized to a k-fold tensor product.

Definition 4.3.13. Let (7, V') be a representation of G in V. An element v € V' is called
G-invariant if w(z)v = v for all z € G. Denote by V¢ the space of all G-invariant elements,
ie

Ve ={veV|n(x)v=uvforalzec G}

Let 7, be the induced representation of g in V. We call v € V' g-invariant if m,(X)v =0
for all X € g. Define the space V9 by:

Vi={veV|mn(X)v=0forall X € g}.

Proposition 4.3.14. Assume G is connected. Then an element v € V is G-invariant if and
only if v is g-invariant. In other words, V¢ = V2,

Proof. Can be derived using Proposition [4.3.10, See Lemma 29.1 in [13]. [

Dual representation

Since a finite dimensional vector space is isomorphic to its dual, we can also define a repre-
sentation of GG in this dual space. This is done in the following way.

Definition 4.3.15. Let 7 be a representation of GG in V. Then we define the dual represen-
tation © : G — GL(V*) of 7 by

7’/ (z)v* =v* o W(I_l)
forz € G, v* € V™.

One can easily check that this indeed defines a representation. We can also calculate the
induced dual representation m) : g — GL(V*), ) := T,m". An important example of such
a representation is the adjoint representation of g in A*g*, given by the map ad(:)* : G —

GL(A*g").

42



Bibliography

1]

[5]

8]

[9]

[10]

Raoul Bott and Loring W. Tu. Differential forms in algebraic topology, volume 82 of
Graduate Texts in Mathematics. Springer-Verlag, New York-Berlin, 1982.

Claude Chevalley and Samuel Eilenberg. Cohomology theory of Lie groups and Lie
algebras. Trans. Amer. Math. Soc., 63:85-124, 1948.

Marius Crainic. Manifolds 2018, 2018. URL: http://www.staff.science.uu.nl/ crain101/,
retrieved: September 2018.

Harley Flanders. Differential forms with applications to the physical sciences. Dover
Books on Advanced Mathematics. Dover Publications, Inc., New York, second edition,
1989.

Werner Greub, Stephen Halperin, and Ray Vanstone. Connections, curvature, and
cohomology. Vol. II: Lie groups, principal bundles, and characteristic classes. Academic
Press [A subsidiary of Harcourt Brace Jovanovich, Publishers], New York-London, 1973.
Pure and Applied Mathematics, Vol. 47-11.

Brian C. Hall. An elementary introduction to groups and representations. Springer-
Verlag, Graduate Texts in Mathematics, 222, 2003. URL: arXiv:math-ph/0005032v1,
retrieved: 23-4-2019.

Sigurdur Helgason. Differential geometry, Lie groups, and symmetric spaces, volume 34
of Graduate Studies in Mathematics. American Mathematical Society, Providence, RI,
2001. Corrected reprint of the 1978 original.

William V. D. Hodge. The Theory and Applications of Harmonic Integrals. Cambridge
University Press, Cambridge, England; Macmillan Company, New York, 1941.

Heinz Hopf. Uber die Topologie der Gruppen-Mannigfaltigkeiten und ihre Verallge-
meinerungen. Ann. of Math. (2), 42:22-52, 1941.

Jean-Louis Koszul. Homologie et cohomologie des algebres de Lie. Bull. Soc. Math.
France, 78:65-127, 1950.

Serge Lang. Algebra, volume 211 of Graduate Texts in Mathematics. Springer-Verlag,
New York, third edition, 2002.

43



[12] John M. Lee. Introduction to smooth manifolds, volume 218 of Graduate Texts in
Mathematics. Springer, New York, second edition, 2013.

[13] Erik P. van den Ban. Lecture notes Lie groups, Spring 2010. URL:
http://www.staff.science.uu.nl/ ban00101/lecnot.html, retrieved: February 2019.

44



	Introduction
	Preliminaries
	Basics of Lie groups and Lie algebras
	Left-invariant forms and cohomology
	Left-invariant forms and the Lie algebra
	Relating the deRham cohomology to the cohomology of left-invariant forms

	Intermezzo: Tensor products and exterior algebras
	Tensor products
	Exterior algebra
	Tensor products of algebras

	Hodge decomposition theorem for compact Lie groups
	Bi-invariant forms
	Riemannian manifolds
	The Hodge star operator
	The Hodge Laplacian and Hodge's theorem for compact connected Lie groups

	Theorem of Hopf
	Preliminaries
	Primitive elements
	Proof of the theorem

	Appendix B: Representations
	Bibliography

