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Abstract

We set up a non-pertrurbative study of anisotropic, charged and scale invariant
gauge theories by means of the AdS/CFT correspondence. The gravitational dual
theory is realised by the Einstein-Maxwell-Axion-Dilaton, which accounts for the spatial
anisotropy and charge density of the gauge theory. In the vacuum the solutions describe
RG �ows from a conformal theory in the UV to generic scaling solutions in the IR
with Lifshitz scaling and hyperscaling violation. We work out a generalization of the
holographic c-theorem to the anisotropic charged case given by the null energy condition,
constraining the parameters of the 5d metric. At �nite temperature, we analyse the
blackening factor and temperature in the strongly coupled IR regime. Finally, we study
the thermodynamic stability of the black brane concluding the existence of a single stable
IR geometry.
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1. Introduction

Strongly interacting systems remain as one of the most poorly understood elements
of physics. The reason is that usual techniques, such as perturbation theory, do not
apply for such systems. Nevertheless, strongly correlated systems play an important role
in physics, from high energy to condensed matter physics. Therefore, the search and
improvement of new methods is imperative in order to gain new insights and achieve
progress.

One of the most remarkable strongly coupled systems is Quantum Chromodynamics
(QCD). Indeed, QCD has the particularity of being asymptotically free due to the
negativity of the β-function, and it is therefore strongly coupled in the low energy
regime, the infrared (IR). The main motivation of this work is to study the quark-gluon
plasma (QGP) created at heavy ion collisions (LHC, RHIC). The QGP is a QCD state
of matter composesd of quarks and gluons in which particles are decon�ned. Contrary to
usual QCD where quarks are con�ned constituting hadrons, in the QGP particles are not
bounded together. The QGP constitutes one of the most studied systems from theoretical
physics. It is a signi�cant QCD state of matter with unique characteristics to which we
have experimental access through heavy ion collisions. And not only that, the QGP has
important connections to cosmology and astrophysics, being present instants after the
Big Bang and in the core of neutron stars. Besides, experimental data teaches us that
the QGP is strongly coupled. Therefore, the QGP constitutes an excellent opportunity
to accomplish crucial knowledge in di�erent areas of physics and explore new techniques.
Being a strongly correlated system, perturbation theory is not a possible method to use.
Furthermore, the QGP behaves like a �uid, for which time dependent phenomena such as
the viscosity plays a central role. Consequently, lattice QCD is not a perfect candidate
due to its di�culties dealing with the real time phenomena, requiring the spectrum
density and carrying statistical uncertainties. Thus, a new approach is needed to face
the task.

The AdS/CFT correspondence found by Maldacena [1] o�ers a new method to study
strongly coupled gauge theories. The correspondence gives a particular example of
the equivalence between quantum �eld theory and gravity, the so called gauge/gravity
duality, establishing a bridge among the most fundamental theories of nature. The
correspondence is a strong/weak duality, meaning that when the gauge theory is strongly
coupled the dual gravity theory is weakly curved, and vice versa. Due to this feature,
the duality gives a route to study the QGP using Einstein's gravity in the large-N limit,
where N is the number of colours of the gauge theory.
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1. Introduction 2

In this thesis the gauge/gravity duality is the tool we use to study the QGP created at
heavy ion collisions; concretely, a deformation of the originalAdS5/CFT4 correspondence.
We are concerned with two important properties of the QGP. The �rst one, the spatial
anisotropy along one axis due to the non-centrality of the collision. The second one, the
charge density of the QGP generated from the quarks. The gravitational dual theory
is given by the 5d Einstein-Mawell-Axion-Dilaton action [2, 3] which mimicks the main
QCD/QGP features, namely the renormalization group �ow, the anisotorpy and the
charge. Using this action the strongly coupled IR regime is explored. In particular, we
analyse the IR geometry, null energy conditions and the thermodynamic stability of the
system in order to see the e�ects sourced by the anisotropy [4] as well as the charge
density.

The thesis is organized as follows. In chapter 2 the AdS/CFT correspondence is
introduced, revealing its most important features as well as the apparatus we make use of.
In chapter 3 we present the QGP and its main characteristics, focusing on the anisotropy
and culminating with the gravitational action. In chapter 4 we initiate the study of the
strongly coupled IR regime. In particular, we use Einstein's equations to �nd the IR
metric and the null energy conditions. In chapter 5 the black hole thermodynamics is
displayed. We compute the blackening factor and temperature, to �nally analyse the
stability of the system.



2. The AdS/CFT correspondence

The discovery of the AdS/CFT correspondence [1] established a new perspective in
the understanding of the fundamental theories of physics. For the �rst time, an explicit
example of the holographic principle was found, con�rming the idea that a d−dimensional
theory can be explained by its degrees of freedom on the (d− 1)-dimensional boundary.
Furthermore, the discovery of the correspondence made clear the idea that quantum �eld
theories (QFT) and gravity are related in the so called gauge/gravity duality, although
in a peculiar and odd manner. Immediatly, the AdS/CFT correspondence was studied
by many and its applications started to �ourish. One of the most important applications
is the study of strongly coupled systems, for which the duality allows us to map the
strongly correlated QFT to gravity in a new way of addressing the problem. In this
thesis the original AdS5/CFT4 will be used to examine the QGP, serving as a tool to
explore the strongly coupled regime. In this chapter a �rst glance of the AdS/CFT
correspondence is presented together with the necessary apparatus which will be used to
model the desired properties of the QGP.

2.1 Anti de-Sitter spacetime

Maximally symmetric spacetimes play an important role in physics due to their particular
features, having all the possible Killing vectors and constant curvature everywhere. Anti
de-Sitter (AdS) spacetime is the maximally symmetric spacetime which solves Einstein's
equation in the vacuum with negative curvature R < 0 [5],

Gµν + Λgµν = 0 (2.1)

where Λ is the cosmological constant. Contracting with the metric, one obtains the
Ricci scalar, R = 2dΛ

d−2 . Since R < 0 the cosmological constant is also negative, Λ < 0.
In (d + 1) dimensions AdSd+1 can be embedded into (d + 2)-dimensional Minkowski
spacetime with coordinates (X0, X1, ..., Xd+1) with the �at metric η = diag(−,+,+, ...,+,−).
The metric takes the form

ds2 = −
(
X0
)2

+
d∑
i=1

(
Xi
)2 − (Xd+1

)2
= −L2 (2.2)

3



2. The AdS/CFT correspondence 4

where L is the AdS radius of curvature. The line element is invariant under the action
of the group SO(d, 2) acting on the coordinates in the usual way, X

′µ = ΛµνXν . A more
useful way to represent the line element is by the so called Poincaré patch coordinates,
given by

X0 =
L2

2r

(
1 +

r2

L4

(
x2 − t2 + L2

))
(2.3)

Xi =
rxi

L
(2.4)

Xd =
L2

2r

(
1 +

r2

L4

(
x2 − t2 + L2

))
(2.5)

Xd+1 =
rt

L
(2.6)

with r > 0 and i ∈ 1, ..., d− 1. Because of the restriction over the r coordinate, this
parametrisation covers only half of AdSd+1 spacetime. The metric in this coordinates
reads 1

ds2 =
L2

r2
dr2 +

r2

L2
(ηµνdx

µdxν) =
L2

z2

(
dz2 + ηµνdx

µdxν
)

(2.7)

where we introduced z = L2/r, in which the metric takes a more compact form. This
form of the metric is the one that will be most useful when we apply the AdS/CFT
correspondence to the QGP. In these coordinates, the invariance under SO(d, 2) is
not manifest anymore. Instead, the metric is invariant under the SO(d, 2) subgroups
ISO(d − 1, 1) acting on (t, ~x) which corresponds to Poincaré transformations, and the
group SO(1, 1) acting on (t, ~x, r) as

(t, ~x, r)→ (λt, λ~x, r/λ) (2.8)

which in the context of the AdS/CFT correspondence is identi�ed with the dilatation
D of the conformal symmetry group [6]. The line element 2.7 has a nice interpretation.
One can understand AdS as a Minkowski spacetime given by the coordinates t and ~x
plus an extra dimension, corresponding to the coordinate r. This is represented in Figure
2.1. Furthermore, the conformal boundary of AdSd+1 corresponds to R × Sd which is
precisely the conformal diagram of Minkowski spacetime [6].

1The cosmological constant in these coordinates is Λ = d(d−1)

2L2 which con�rms that L is the radius of
curvature.
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Figure 2.1: Taken from [5]. Representation of AdS spacetime in
Poincaré coordinates. For a �xed value of r the d-dimensional spacetime
corresponds to Minkowski spacetime. The boundary is located at r→∞.

Note that the metric 2.7 has a second order pole when r →∞. It is possible to show
that any metric which is asymptotically AdS always has such quadratic divergence for
a particular value of r, denoted by r?. The spacetime slice at r = r? is the conformal
boundary of AdS spacetime2

2.2 Conformal algebra

In particle physics the symmetry group is the Poincaré symmetry ISO(1, 3) de�ned by
the Lorentz generators Jµν and the generator Pµ of (3 + 1)-dimensional translational
symmetry, satisfying the algebra

[Jµν , Jρσ] = − (ηµρJνσ + ηνσJµρ − ηµσJνρ − ηνρJµσ)

[Pµ, Jνσ] = (ηµνPρ − ηµρPν)

[Pµ, Pν ] = 0.

(2.9)

There are also internal symmetries, such as U(1) for electromagnetism or SU(3) for
QCD, with the generators satisfying the Lie algebra [Tr, Ts] = f trsTt. One can wonder if it
is possible to combine the internal symmetries with the Poincaré symmetry. The answer
is no, a result due to the Mandula-Coleman theorem [5]. Therefore, if we wish to enlarge
the symmetry group we must consider new transformations of spacetime. In particular,
the group considered is the conformal group, which is SO(d, 2) in d-dimensions.

The conformal group is the group of transformations which preserve the metric up to
an arbitrary factor, gµν → Ω2(x)gµν . Therefore, the transformation changes the length

2Notice that in the z coordinates the boundary is located at z = 0. When working with the gravity
theory we will locate the boundary at the origin.



2. The AdS/CFT correspondence 6

of an interval, but leaves the angles invariant and thus preserves the causal structure.
The conformal group is composed of the Poincaré group, plus the scaling

xµ → λxµ (2.10)

and special tansformations

xµ → xµ + aµx2

1 + 2xνaν + a2x2
(2.11)

with generators D and Kµ respectively. The algebra of the group is de�ned by the
commutation relations

[Jµν ,Kρ] = i (ηµρKν − ηνρKµ)

[D,Pµ] = iPµ

[D,Kµ] = −iKµ

[D,Jµν ] = [Kµ,Kρ] = 0

[Kµ, Pν ] = −2i (ηµνD − Jµν)

(2.12)

together with the Poincaré algebra 2.9. This algebra is isomorphic to the group
SO(d, 2), and for d = 2 one obtains the Virasoro algebra [7], familiar from string theory.
Recall that in particle physics is possible to have a conformal theory, as long as the
spectrum is composed of massless particles. Indeed, there is then no intrinsic scale in
the theory.

2.2.1 Fields transformations

Representations of the conformal group are de�ned in terms of the eigenfunctions of the
scaling operator D with eigenvalue −i∆, where ∆ denotes the scaling dimension. Under
a transformation 2.10 the �eld transforms as

φ(x)→ φ′(x) = λ∆φ(x). (2.13)

A �eld which transforms covariantly under an irreducible representation of the conformal
algebra has a �xed scaling dimension and it is therefore an eigenstate of the dilatation
operator D. From the conformal algebra 2.12 we see that Pµ increases the scaling
dimension while Kµ decreases it. Due to unitarity there is a lower bound on the scaling
dimension of the �elds, meaning that there are operators of lowest dimension which are
annihilated by Kµ. This feature allows to de�ne a primary �eld, which are the �elds with
lowest scaling dimension, from which it is possible to obtain any other representation by
acting Pµ on them. The action of the conformal gorup on such a �eld is given by the
relations [8]

[Pµ, φ(x)] = i∂µφ(x)

[Jµν , φ(x)] = [i(xµ∂ν − xν∂µ) + Σµν ]φ(x)

[D,φ(x)] = −i∆φ(x)− ixµ∂µφ(x)

[Kµ, φ(x)] =
[
i(−x2∂µ + 2xµx

ρ∂ρ + 2xµ∆)− 2xνΣµν

]
φ(x)

(2.14)
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where Σµν are the matrices of a �nite dimensional representation of the Lorentz group.
The correlation functions can be computed from the dilatation Ward identity [5]. The
2-point correlation functions of �elds of di�erent dimension vanish, while for �elds with
the same scaling dimension

〈φ(0)φ(x)〉 =
1

x2∆
. (2.15)

3-point functions are of the form

〈φi(x1)φj(x2)φk(x3)〉 =
cijk

(x1 − x2)
∆1+∆2−∆3 (x2 − x3)

−∆1+∆2+∆3 (x1 − x3)
∆1−∆2+∆3

(2.16)

and similar for higher order correlation functions. From these expressions, we see that
the most important quantity to know is the scaling dimension of the �elds. Important
�elds which will appear further in this thesis are the energy momentum tensor Tµν and
the conserved current Jµ, with scaling dimension ∆ = d and ∆ = d − 1 respectively.
Another important feature of conformal �eld theories (CFT) is the operator product
expansion (OPE), which is used in the radial quantization of the theory [7] reducing it
to live on R× Sd−1. The OPE of two operators gives important information about the
algebra of the theory, such as the central charge or the weight of the operators. Further,
one can de�ne asymptotic states in a CFT using radial quantization. Given an operator
O(x) a state can be de�ned as |φ〉 = lim

x→0
O(x)|0〉 being x→ 0 the in�nite past.

2.3 Supersymmetry and superconformal algebras

Another way to bypass the Coleman-Mandula theorem is by introducing new generators
transforming in the spinor representation. These are fermionic operators (supercharges)
denoted by Qa, where a speci�es the number of independent supersymmetries present,
i.e., a = 1, ...,N . In order to introduce such operators the Lie algebra is Z2 graded, with
bosonic generators having grade 0 and fermionic generators 1. Therefore, the product of
two bosonic �elds is bosonic, of two fermions is bosonic, and of one boson and fermion
is fermionic. Given two generators O1 and O2 with grades g1, g2

[O1,O2} = O1O2 − (−1)g1g2O2,O1 (2.17)

where the bracket notation means that it can either be a commutator or an anitcommutator.
It turns out that it is possible to join together supersymmetry and the conformal
algebra as long as d ≤ 6 [6]. When doing so, new fermionic supercharges Sa are
introduced. While the Poincaré sueprcharges Q are the fermionic superpartners of
Pµ (they anticommute), S are the fermionic superpartners of Kµ. The commutation
relations of the superconformal algebra include, in addition to 2.9 and 2.12

[D,Q] ' −iQ
2

[D,S] ' iS
2

[K,Q] ' S [P, S] ' Q
[Q,Q] ' P [S, S] ' K
[Q, S] 'M +D +R

(2.18)
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where indices and factors have been supressed for simplicity. R represents the non-
abelian R-symmetry of the Poincaré supercharges given by

Qaα → Qa
′
α = RabQbα, (2.19)

where Rab are the components of an N × N matrix. The superconformal theory
which will play an important role in the AdS5/CFT4 correspondence is N = 4 Super
Yang-Mills (SYM) in d = 4.

2.3.1 N = 4 Super Yang-Mills

N = 4 Super Yang-Mills (SYM) has 16 Poincaré supercharges and the �eld content in
d = 4 is composed of a gauge �eld Aµ(x), four Weyl fermions λa(x) and six real scalars
φi(x). The Lagrangian reads

L =Tr

[
− 1

2g2
YM

F 2 +
θ

16π2
FµνF̃

µν − iλ̄aσ̄µDµλa −
∑
i

Dµφ
iDµφi

+gYM
∑
a,b,i

Cabi λa
[
φi, λb

]
+ gYM

∑
a,b,i

C̄iabλ̄
a
[
φi, λ̄b

]

+
g2
YM

2

∑
i,j

[
φi, φj

]2
(2.20)

with Fµν = ∂µAµ − ∂νAµ, F̃µν = 1
2εµνλρF

λρ, Dµ = ∂µ + i [Aµ, ] and C
ab
i are Clebsch-

Gordan coe�cients. The lagrangian is invariant under the supersymmetry transformations

δεφ
i =

[
εαaQ

a
α, φ

i
]

= εαaC
iabλαb

δελβb = [εαaQ
a
α, λβb] = F+

µνεαb(σ
µν)αβ +

[
φi, φj

]
εβa(Cij)

a
b

δελ̄
b
β̇

=
[
εαaQ

a
α, λ̄

b
β̇

]
= Cabi ε

α
a σ̄

µ

αβ̇
Dµφ

i

δεAµ = [εαaQ
a
α, A

µ] = εαa (σµ)βα λ̄
a
β̇
.

(2.21)

This �eld theory has important features. The coupling constant is dimensionless
and all �elds are massless. Therefore, the action is scale invariant. Further, even when
the theory is quantized it remains scale invariant, with a vanishing β-function at all
orders. This is the reason for which it is a superconformal �eld theory. Finally, the
action is invariant under the S-duality group SL(2,Z). This implies that the coupling
constant changes from gYM to 4π/gYM and there is a strong-weak duality, so that if
gYM � 1 then 4π/gYM � 1 and vice versa. N = 4 SYM plays a central role in the
AdS/CFT correspondence since it is the gauge theory present in the CFT side of the
duality. Therefore, the equivalence is between N = 4 SYM and a particular gravity
theory, which is introduced in the following sections.
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2.4 Supergravity

Supergravity is the low-energy e�ective action for Type II closed superstring theories3,
which live in d = 10. The low-energy limit corresponds to the limit α′ → 0, for which the
massive states disappear from the string spectrum. There are two supergravity actions,
denoted as Type IIB and Type IIA. For the purpouses of the thesis we will focus on
Type IIB supergravity, since it is precisely the gravity theory dual to N = 4 SYM. Type
IIB supergravity has 32 supercharges and its action is

SIIB =
1

2κ̃2
10

[∫
d10x
√
−g
(
e−2φ

(
R+ 4∂Mφ∂

Mφ− 1

2
|H(3)|2

)
−1

2
|F(1)|2 −

1

2
|F̃(3)|2 −

1

2
|F̃(5)|2

)
− 1

2

∫
C(4) ∧H(3) ∧ F(3)

] (2.22)

where we use the notation |F(p)|2 = 1
p!gM1N2 ...gMpNpF̃

M1...MpFN1...Np and F̃(p) denotes
the complex conjugate of F(p). Moreover, κ̃10 is the 10-dimensional gravitational constant,
related to the 10-dimensional Newton constant as κ̃2

10 = 8πG10 and related to the string
coupling gs = eφ as follows,

2κ̃2
10 = (2π)7 α′4g2

s , (2.23)

where α′ = l2s . The �eld strength tensors in 2.22 are given by

F(p) = dC(p−1), H(3) = dB(2), F̃(3) = F(3) − C(0)H(3)

F̃(5) = F(5) −
1

2
C(2) ∧H(3) +

1

2
B(2) ∧ F(3).

(2.24)

In addition, we must impose the self-duality condition ?F̃(5) = F̃(5). The �eld content
of the theory is

• The graviton Gµν with 35 bosonic degrees of freedom (d.o.f.)

• The axion and dilaton scalar �elds C + iφ, with 2 bosonic d.o.f.

• Two 2-forms Bµν + iA2µν , with 56 d.o.f.

• A 4-form A4µνρσ with 35 bosonic d.o.f.

• Two Majorana-Weyl gravitinos ψiµα, i = 1, 2 with 112 fermionic d.o.f.

• Two Majorana-Weyl dilatinos λiα, i = 1, 2 with 16 fermionic d.o.f.

Di�erent types of string theories are related to each other by the T -duality and the
S-duality.

• T -duality: Denotes the equivalence between two superstring theories compacti�ed
on di�erent backgrounds. Let's consider Type II superstring theory compacti�ed
on a circle, i.e., the coordinate X9 is periodically identi�ed X9 ∼ X9 + 2πR. It

3There are two ways to obtain the supergravity action: from superstring theory and by requiring local
supersymmetry as an extension of general relativity, so that the graviton acquires a fermionic partner,
the gravitino. We present the �rst option.
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turns out that the spectrum for a compacti�cation with radius R is identical to the
spectrum for a compacti�cation with radius α′/R. Therefore, Type IIB superstring
theory compacti�ed with radiusR is equivalent to Type IIA superstring theory with
radius α′/R.

• S-duality: It maps gs to 1/gs. It is a strong-weak coupling duality, since it maps
a weak superstring theory to another strongly coupled superstring theory. Indeed,
when gs � 1 then 1/g2 � 1 and vice versa.

2.5 D-branes

Dp-branes are extended objects in (p + 1)-dimensions in which open strings can end.
The endpoint of a string is charged and thus couples to a gauge �eld living on the
Dp-brane worldvolume. For this reason gauge theory is introduced in string theory
using open strings, while closed represent gravity. Let ξa denote the coordinates for the
worldvolume of the brane. In analogy to the worldsheet area action from the strings, the
Dp-brane action is given by the Dirac-Born-In�ed (DBI) action

SDBI = −τp
∫
dp+1ξe−φ

√
−det (P (g) + 2πα′F + P (B)) (2.25)

where P (g), P (B) denote the pullback of the metric and Klab-Ramond �elds. F is
the �eld strength living on the Dp-brane. The prefactor in the action is

τp = (2π)−p α′−(p+1)/2. (2.26)

Notice that unlike the strings, the Dp-branes are non-perturbative objects since the
energy scales as 1/gs. Due to the presence of gauge �elds on the branes, they can be
charged under the forms coming from the string spectrum. But how do we couple the
branes to the gauge �elds? In (3 + 1)−dimensional electromagnetism the electric charge
within a closed surface is de�ned as the total electric �ux through such a closed surface,

Q =

∫
S2

?F. (2.27)

In this case, the object is identi�ed with a charged particle 4. Therefore, a (p + 1)-
dimensional object has charge due to the presence of gauge �elds coming from �eld
strength forms. The brane couples to the gauge �eld through a (p + 1)-form gauge
potential

µ

∫
W
C(p+1) (2.28)

4One can de�ne as well a magnetic charge Qm =
∫
S2 F , which can be extended for Dp-branes as

in the case of electric charge. Recall that Stokes theorem together with the Maxwell equation dF =
d2A = 0 implies the non-existence of magnetic charges, at least for trivial geometries, i.e., having trivial
cohomology groups.
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where µ is the charge of the �eld and F(p+2) = dC(p+1). The total electric charge is
then

Q =

∫
S8−p

?F(p+2). (2.29)

2.6 Black p-branes

Solutions to the supergravity equations of motion are extended objects called black p-
branes, living in d = 10. These objects are black holes in p spatial dimensions 5. The
solution to the Type IIB supergravity equations of motion is

ds2 = Hp(r)
−1/2ηµνdx

µdxν +Hp(r)
1/2dyidyj (2.30a)

eφ = gsHp(r)
(3−p)/4 (2.30b)

C(p+1) =
(
Hp(r)

−1 − 1
)
dx0 ∧ dx1 ∧ ... ∧ dxp (2.30c)

BMN = 0 (2.30d)

where xµ with µ = 0, ..., p are the coordinates on the worldvolume of the black brane
and yi with i = p+ 1, ..., 9 denotes the coordinates transverse to the brane. Moreover, r
is de�ned as r =

∑9
i=p+1 y

2
i . With this ansatz, the equations of motion imply that

�Hp(r) = 0 (2.31)

for r 6= 0. Therefore, Hp(r) is a harmonic function and can be written as

Hp(r) = 1 +

(
Lp
r

)7−p
(2.32)

where Lp is the supergravity length. Notice that when r →∞ Minkowski spacetime
is recovered6. To �nd the constant Lp the charge of the brane must be determined. From
the previous section we �nd the charge

Q =
1

2κ2
10

∫
S8−p

?F(p+2) = Nµp (2.33)

where N is the number of branes. Therefore,

L7−p
p = (4π)(5−p)/2 Γ

(
7− p

2

)
gsNα

′(7−p)/2. (2.34)

5In order to have a localized object, i.e., a black hole like object it is necessary to have p > 4, with
the exception of p = 0 which correspond to usual black holes. This is due to the particular form of the
harmonic functions in d < 4.

6In Type IIB superstring theory the only possible branes are D1, D3, D5, D7. Therefore p ≤ 7 which
ensures recovering Minkowski in the r →∞ limit for any case.



2. The AdS/CFT correspondence 12

In this thesis we will be concerned with D3-branes, so that p = 3 and L4 = 4πgsNα
′2,

where we suppressed the subindex p from Lp. L has dimensions of length, and has to
be related to the string constant α′. Indeed, the string lentgh is given by l2s = α′,
and therefore one can relate L to ls. When gsN � 1 the supergravity length will be
much smaller than the string length and we do not expect supergravity to be a good
approximation. However, since N ∈ N the string coupling is of order gs � 1, and one
can use perturbative string theory. On the other hand, when gsN � 1 the supergravity
length is much greater than the string length and supergravity is a good approximation.
Notice that if N is large enough then we also have gs � 1 in this case. This is the large-N
t'Hooft limit, which allows us to ignore quantum �uctuations. The large-N limit is the
one we consider in this thesis.

The important feature which the gauge/gravity uses is the fact that Dp-branes, the
hypersurfaces where open strings can end, are the same as black p-branes, objects which
gravitate. Like the charged Reissner-Nordström black hole, it is possible to have charged
black p-branes, with three di�erent cases depending on the relation between the mass
and the charge. When the mass equals the charge of the black hole, the black hole is
called extremal. This is the easiest case and the one that we will be concerned about
when studying the correspondence. In addition to extremal black branes, there are also
near-extremal black hole solutions, for which Q = Nµp but for which their mass is no
longer proportional to Q. In this case there is a horizon since there is a blackening factor
with f(rh) = 0 in the metric solution

ds2 = Hp(r)
−1/2

(
−f(r)dt2 + dxidxi

)
+Hp(r)

1/2

(
dr2

f(r)
+ r2dΩ2

8−p

)
(2.35a)

f(r) = 1−
r7−p
h

r7−p . (2.35b)

2.7 The AdS5/CFT4 correspondence

We have now all the elements to present the AdS5/CFT4 correspondence, the �rst
concrete example of the gauge/gravity duality which was discovered by Maldacena [1].
Previous to his work it was known that some kind of connection exsits between string
theory and QFT. t'Hooft showed that SU(N) Yang-Mills reduces to string theory when
taking the N → ∞ limit. Maldacena made speci�c the idea by telling us which string
theory and QFT are equivalent. On one side of the duality, the CFT side, there is
N = 4 SYM. On the other side there is string theory in AdS5 spacetime. Moreover,
the correspondence is an example of the concept of holograhy; the idea that a theory
can be explained by the degrees of freedom on its boundary. Indeed, the duality asserts
that a d-dimensional �eld theory can be described by a (d+1)-dimensional string theory
(gravity).

In order to motivate the correspondence, let us think about the nature of string
theory. String theory has two types of strings, closed and open. But they are actually
two faces of the same coin. Two open strings can join to form an open string. But if the
endpoints of two open strings can join, the endpoints of a single open string can join as
well and produce a closed string. Therefore, if there are open strings there are closed
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strings7. This connection was understood better once Polchinski showed that D-branes,
the hypersurfaces on which open strings can end, are the same object as black p-branes,
which are solutions to the supergravity (Type IIB for the case in hand) equations of
motion and are gravitational objects. Given this speci�c connection one can think about
the Hawking radiation of a p-brane 8 in the D-brane picture: two open strings living on
the brane join to form a closed string, which detaches from the brane and moves away
in the so called bulk as Hawking radiation. Therefore, there should be some relation
between the theory living on the D-brane and the gravitational theory in the bulk,
which is curved due to the presence of the D-brane.

2.7.1 Why AdS?

In section 2.1 we derived the AdS metric 2.7, with the radial coordinate r having the
interpretation of being an extra dimension to Minkowski spacetime, so that slices of
constant r correspond to �at spacetime. Consider now a �eld theory in 4 dimensional
Minkowski spacetine ds2 = ηµνdx

µdxµ. The QFT is subject to the renormalization group
(RG) �ow due to the dependence of the coupling constant on the energy scale, which
we denote by r. At the critical points the β-function vanishes and the theory becomes
scale invariant, i.e., xµ → λxµ becomes a symmetry. What happens now if we force r to
be included in the Minkowski metric as a coordinate? Dimensional analysis implies that
r → r/λ and therefore the metric must be of the form

ds2 =
L2

r2
dr2 +

r2

L2
(ηµνdx

µdxν) , (2.36)

which is nothing else than the AdS metric 2.7 in 5 dimensions. Therefore, the extra
AdS coordinate is the energy scale of the gauge theory, which has now a geometrical
interpretation in the AdS/CFT correspondence. Furthermore, a d-dimensional CFT
�eld theory is invariant under the conformal group SO(d, 2). As we saw in section 2.1,
the isometry group of AdSd+1 is SO(d, 2), matching the isometry of the CFT side.

2.7.2 D3-branes and black p-branes

In this section we work out the particular example of the AdS5/CFT4 correspondence.
To do so we work with superstring theory and in particular we make use of the fact
that D-branes are the same object as black p-branes. Therefore, D-branes can be viewed
from two di�erent perspectives: as hypersurfaces where open stirngs are attached (open
perspective) or as gravitational objects which solve the supergravity equations (closed
perspective). The open string perspective is reliable when gsN � 1, so that the coupling
of open and closed strings is small and perturbation theory can be used. On the other
hand, the closed string perspective is valid when gsN � 1, where the length scale L is
large enough to ensure weak curvature and thus supergravity. If we take the large-N
limit N → ∞ then gs � 1, so that we can also treat perturbatively the strings in the
closed perspective.

7One can consider string theory with only closed strings. This is not of interest since it does not
consider gauge theories.

8Speci�cally, of a near-extremal black brane, since extremal black holes do not emit radiation.
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Open string perspective

Let us consider �rst the perspective in which D-branes are the hypersurfaces on which
open strings can end, valid when gsN � 1. We study Type IIB superstring theory in
�at (9 + 1)-dimensional Minkowski spacetime where we embed N coincidient D3-branes,
which extend along the coordinates (0, 1, 2, 3). We can treat with perturbation theory
the strings, which consist of open and closed strings. Concretely, the full action is

S = Sclosed + Sopen + Sint, (2.37)

where Sint contains the interactions between closed and open strings. Sclosed corresponds
to the 10-dimensional supergravity action 2.22. We can now expand this action using
a �uctuation of the metric g = η + κh, from which we obtain that the bosonic part of
Sclosed reads

Sclosed = −1

2

∫
d10x∂Mh∂

Mh+O(κ) (2.38)

where κ is given by 2κ2
10 = (2π)7 α′4g2

s . Let us now consider a single D3-brane. The
actions Sopen and Sint can be derived from the DBI action 2.259

SDBI = − 1

(2π)3 α′2gs

∫
d4xe−φ

√
−det (γ + 2πα′F ). (2.39)

Moreover, we can introduce six real scalar �elds which can be identi�ed with the
tansverse coordinates xi = 2πα′φi. Expanding e−φ and g = η+ κ, to leading order in α′

Sopen = − 1

2πgs

∫
d4x

(
1

4
F aµνF

aµν +
1

2
ηµν∂µφ

i∂νφ
i +O(α′)

)
(2.40)

Sint = − 1

8πgs

∫
d4xκφFµνF

µν + ... (2.41)

If we now consider a stack of N coincident D3-branes we need to add the potential
V = 1

2πgs

∑
i,j Tr

[
φi, φj

]2
to Sopen

10. If we now take the low-energy limit α′ → 0 11,
then Sopen reduces to the bosonic part of N = 4 SYM 2.20, provided that we make the
identi�cation

2πgs = g2
YM . (2.42)

Sclosed is just the aciton of free supergravity in (9 + 1)-dimensional Minkowski in the
low energy limit, and Sint vanishes due to the presence of κ in the action. Therefore, in
the low energy limit open and closed strings decouple. To summarize, we obtained that
in the low energy limit the dynamics of open strings give rise to N = 4 SYM, while the
closed strings are described by supergravity in �at (9 + 1)-dimensional spacetime.

Closed string perspective

9The Kalb-Ramond �eld is set to zero for simplicity.
10The scalars and gauge �elds are U(N) valued.
11Recall that in this limit κ→ 0.
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We now consider the regime gsN � 1. In this limit supergravity is a good approximation
and D-branes can be understood as black p-branes, solutions of the supergravity Type
IIB equations of motion. Since p = 3, from 2.30 we see that

ds2 = H(r)−1/2ηµνdx
µdxν +H(r)1/2δijdx

idxj (2.43a)

e2φ = g2
s (2.43b)

C(4) =
(
1−H(r)

−1
)
dx0 ∧ dx1 ∧ dx2 ∧ dx3 (2.43c)

H(r) = 1 +

(
L

r

)4

(2.43d)

L4 = 4πgsNα
′2. (2.43e)

We can consider now the limits r � L and r � L. Recall that L can be understood as
the length scale charactersitic for the range of the gravitational e�ects ofN D3-branes [9].
If r � L then H(r) ∼ 1 and the metric reduces to 10-dimensional �at spacetime. On
the other hand, r � L corresponds to H(r) ∼ L4/r4 and the metric reduces to

ds2 =
r2

L2
(ηµνdx

µdxν) +
L2

r2

(
δijdx

idxj
)

=
L2

z2

(
ηµνdx

µdxν + dz2
)

+ L2ds2
S5 (2.44)

after introducing the coordinate z = L2/r as well as spherical coordinates for S5

given by δijdx
idxj = dr2 + r2ds2

S5 . This metric corresponds to the AdS5 × S5 metric,
and the limit is known as near-horizon limit or throat. The two cases are depicted in
Figure 2.2.

Figure 2.2: Taken from [9]. Representation of the supergravity metric
with both limits considered. r � L recovers �at spacetime, while the

throat region r � L reduces the metric to AdS5.
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This means that we have two kinds of closed stirngs: closed string propagating in
�at spacetime and closed strings propagating in the throat. Taking the low energy limit
α′ → 0 both type of strings decouple. Indeed, using the energy-time relation the energy
measured from an observer at in�nity is given by

E∞ =
√
−g00Er, (2.45)

and if we consider the throat limit r � L where H(r) ∼ L4/r4 the energy measured
from in�nity is very small inependently of the value of the energy at a �xed position Er,
since

√
α′E∞ ∼

r

L

√
α′Er → 0. (2.46)

The observer at in�nity therefore sees two di�erent modes: strings propagating in
�at spacetime and strings propagating in AdS5×S5 in the throat. To summarize, in the
limit low energy limit we �nd a background which consists of two regions: the throat
region and �at spacetime. The dynamics of closed strings in �at spacetime are described
by 10-dimensional Type IIB supergravity, while strings in the throat are described by
fulctuations about the AdS5 × S5 solution of IIB supergravity.

2.7.3 The conjecture

In both pictures we found two decoupled theories:

• Open perspective: N = 4 SYM in �at 4-dimensional spacetime and type IIB
supergravity on (9 + 1)-dimensional spacetime.

• Closed perspective: Type IIB supergravity on AdS5×S5 and type IIB supergravity
on (9 + 1)-dimensional spacetime.

Due to the equivalence of open and closed strings both perspectives should be equivalent
descriptions of the same object. Type IIB supergravity is present in both perspectives.
This leads to conjecture that N = 4 SYM in four dimensions is equivalent to type IIB
supergravity on AdS5×S5. This is known as the AdS5/CFT4 correspondence, and it was
the �rst prticular example of the gauge/gravity duality. The concept of gauge/gravity
duality comes from the fact that the conjecture states the equivalence between a gauge
theory withouth gravity, SYM, and a gravity theory, supergravity, in a di�erent number
of dimensions. This statement is extremely surprising, since is telling us that gravity
is equivalent to another theory without gravity. But one can think a bit about the
procedure we followed and make sense of it. We started, in both perspectives, from type
IIB supergravity. We then made use of the equivalence between D-branes and black
p-branes, each one valid in a di�erent regime. Taking then the low energy limit we
recovered, on one side, SYM, and in the other, supergravity in AdS5. One can think of
superstring theory as containing both gravity (closed strings) and gauge theories (open
strings), and it can be reasonable to think that under certain limits the theory recovers
pure gravity and pure gauge theories, which will be equivalent due to the open-closed
srting equivalence. Before moving into the formalism resulting from the duality we need
to make more precise the limit of validity of the correspondence.

Wit the presence of N D-branes in string theory is possible to describre the Higgs
mechanism, through which strings get mass. This occurs when there is a string stretched
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between two branes located at di�erent spacetime points, sparated a certian distance r.
If one considers N + 1 D-branes, and separates one brane, the gauge group breaks from
U(N + 1) → U(N) × U(1) and the gauge �eld corresponding to the string strecthed
between the branes acquiers a mass m = r/2πα′. Therefore, when taking the low energy
limit α′ → 0 all �eld theory quantities must be �xed, i.e., in particular u ≡ r/α′.
Therefore, the correct decouping limit to consider is

α′ → 0 with u =
r

α′
kept �xed (2.47)

which is knowns as the Maldacena limit. In this limit we have, from 2.30, L4/r4 →∞,
so that we e�ectively zoom into the throat region since L is a constant value. From the
analysis of loop diagrams in �eld theory we know that perturbation is trustable when

g2
YMN ∼ gsN ∼

L4

l4s
� 1 (2.48)

where we made use of the identi�cation 2.42. On the other hand, the classical gravity
description is reliable when the radius of curvature of the spacetime is large compared
to the string length,

L4

l4s
∼ gsN ∼ g2

YMN � 1. (2.49)

From these relations we see that the criterium of having gsN large or small translates
into having g2

YMN large or small, i.e., large or small t'Hooft coupling constant λ ≡
g2
YMN . Therefore, the question of which perspective must be used translates into the
question of whether the gauge theory is strongly or weakly coupled. Further, notice
that the regimes 2.48 and 2.49 are incompatible, and the theory in these regimes is very
di�erent 12. This is the reason this correspondence is called duality13. Furthermore,
given the relations 2.42 and 2.43e together with 2.23,

l8p
L8
∼ 1

N2
,

l2s
L2
∼ 1√

λ
. (2.50)

In the large-N limit and the strongly coupled regime λ→∞

l8p
L8
∼ 1

N2
� 1,

l2s
L2
∼ 1√

λ
� 1. (2.51)

In this limit the gravity theory reduces to Einstein's gravity. The �rst condition
implies that quantum corrections can be ignored and the spacetime background is �xed.
The second condition implies that only the massless low-energy limit modes must be
considered, and the extended nature of the strings can be eluded, which means weak
curvature. The theory reduces to classical Einstein's gravity, and this is the limit we will

12This is one of the reasons for which is very di�cult to prove, since in each regime only one perspective
is valid.

13Notice that the condition gsN � 1 translates into large-N . Indeed, the S-duality transforms
gs → 1/gs, and therefore it is necessary to have large-N in order to satisfy the condition.
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consider in this thesis. Furthermore, we presented the weak form of the conjecture, for
which N → ∞, λ → ∞. The strongest form of the correspondence asserts the duality
for any value of N and λ. In this case the only requirement is for the spacetime to be
asymptotically AdS as we approach the boundary. This is the most interesting form
of the conjecture and the one used in this thesis while considering the classical limit
2.51. With this formulation it is possible to consider all kinds of processes in the �ve
dimensional spacetime, such as the presence of black branes [6].

2.7.4 Holography

The gauge/gravity duality is a particular example of the concept of holography. Such
idea was originated from the Bekenstein-Hawking expression for the entropy of a black
hole

S =
A

4πG
(2.52)

where A is the area of the black hole. This expressions shows that the entropy of
the black hole, a quantity that is extensive, depends only on the area. Therefore, one
expects to be able to explain the system by the degrees of freedom present on the area,
i.e., the boundary. This idea is concrete in the correspondence, where a 5-dimensional
gravity theory can be described by a 4-dimensional QFT. The 4-dimensional CFT is said
to be living "on the boundary" of the AdS theory, where the r coordinate is identi�ed
with the extra dimension which is not present in the CFT theory, so that for a slice of
constant r of AdS one has the CFT theory in Minkowski spacetime.

2.8 The UV/IR connection

We wish to �nd a relation between the IR/UV regimes in the �eld theory and the AdS
geometry. We already saw that the extra coordinate r (or z analogously) of AdS 2.7
is identi�ed with the energy scale, and thus the RG �ow. From standard calculations
we infer that the energy EYM of an object in the gauge theory is related to the proper
energy E of this object in the bulk by

EYM =
√
−g00E =

L

z
E, (2.53)

given the AdS metric 2.7. We thus see that physical processes in the bulk with
identical proper energies but ocurring at di�erent radial positions correspond to di�erent
gauge theory processes with energies that scale as EYM ∼ 1/z. The gauge theory energy
is larger if the excitation is nearer the AdS boundary, corresponding to z → 0. This
result allows to identify the z-direction with the direction along the RG �ow of the gauge
theory. In particular, the UV regime corresponds to z → 0, i.e., the boundary, and the
IR regime corresponds to z →∞, i.e., the throat.

2.9 Field-operator map

Given the AdS/CFT correspondence it is natural to expect a relation between operators
on the CFT side and �elds in the AdS side. In euclidean space, the partition function
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with sources for the composite operator O is written as

ZO [φ0]CFT =

∫
D [SYM �elds] exp

(
−SSYM +

∫
d4xφ0O

)
(2.54)

where φ0 is the bulk �eld evaluated on the boundary, and acts as a source for the
operator on the boundary. The natural relation to establish between partition functions,
known as the Witten perscription, is

ZO [φ0]CFT = Zφ [φ0]string . (2.55)

Thus one can compute correlation functions on the �eld theory side by using the
string action. Therefore, every �eld on AdS is in a one to one correspondence with an
operator in the �eld theory. It is possible to simplify 2.55 in the limit α′ → 0, gs → 0
and gsN � 1, so that there are no string worldsheet corrections or quantum string
corrections, and therefore the supergravity approximation is valid. One can then use the
saddle point approximation

Zstring ' e−SSUGRA → ZO [φ0]CFT = Zφ [φ0]string = e−SSUGRA . (2.56)

The path integral is dominated by the minimum action, i.e., the classical on-shell
supergravity action. Let us make the statement 2.55 more speci�c by looking at a Klein-
Gordon scalar �eld in (d+ 1) spacetime dimensions. The equation of motion reads

zd+1∂z

(
z1−d∂zφ

)
− k2z2φ−m2L2φ = 0. (2.57)

Near the boundary z → 0 the second term can be neglected and the equation is solved
with a solution of the form

φ ' A(x)zd−∆ +B(x)z∆ as z → 0 (2.58)

where ∆ = d/2 + ν, ν =
√
m2L2 + d2/4. We therefore �nd the relation m2L2 =

∆(∆− d) between the mass of the spin two Klein-Gordon �eld and the dimension of the
operator. One can do the same for other �elds, and �nd the relations between scaling
dimenions and mass 14. An interesting result of this solution is that in order to have real
exponents in 2.58 the �elds must satisfy the Breitenlohner-Freedman bound

m2L2 ≥ −d
2

4
. (2.59)

It is thus possible to have negative squared-mass, up to a certain limit where the
modes grow exponentially in time and the theory is unstable [10]. It turns out that
if the bound is satis�ed the �rst term in 2.58 is non-normalisable On the other hand
the second term is normalisable and does not a�ect the leading boundary behaviour.

14The relation for other �elds, such as massless spin two �elds, p-forms and others can be found in [6].
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Since in 2.58 the behaviour of the �eld is controlled by A(x), the presence of such non-
normalisable term should correspond to a deformation of the boundary theory of the
form

SCFT → SCFT +

∫
ddxφ0(x)O(x) with φ0(x) = A(x). (2.60)

Thus, the non-normalisable term determines the boundary theory Lagrangian. Therefore,
the boundary of the �eld is de�ned as

φ0(x) ≡ z∆−dφ. (2.61)

On the other hand, the normalisable term is identi�ed with the VEV of the operator,
so that 〈O(x)〉 ∼ B(x). To sum up, the �eld-operator map teaches us that �elds on
the gravity side act as sources for operators on the gauge theory. In particular, the
non-normalisable terms act as the sources. This can be understood in the following
way: on the boundary we have a gauge theory which can have in�nities due to the
divergences of loop diagrams. Therefore, one identi�es this singular behaviour with the
non-normalisable terms. This relation is very useful since allows to account for operators
on the boundary by introducing the corresponding �elds in the bulk which source them.
The relation between �elds and operators is also known as the holographic dictionary
which establishes the relations between �elds and operators being likea a cooking book,
see table 2.1.

Holographic dictionary

Gauge theory Gravity theory

Energy-momentum tensor Metric
Conserved current Gauge �eld
Fermionic operator Dirac �eld
Conformal dimension Mass
Global symmetry Isometry

Table 2.1: The �eld-operator map establishes the relation between
operators on the gauge theory and �elds on the gravity theory which

source the operators.

2.10 Charge and chemical potential

In this thesis we wish to consider the charge of the QGP15 coming from the quarks. To
do so, we work with the grand canonical ensemble, being the parameters the temperature
and the chemical potential. Within the AdS/CFT the �eld-operator map teaches us that
operators on the boundary are sourced by �eld in the bulk. On the gauge theory side we
have a global four current Jµ which is conserved, i.e., ∂µJ

µ = 0. Such current will couple
to a bluk �eld by

∫
ddxφµJ

µ, being φµ the gravity �eld. To what �eld does it couple to?
The conformal symmetry present on the gauge theory has a geometrical interpretation
in the AdS metric, where the extra dimension is the energy scale. Therefore, the

15We also wish to consider the spatial anistropy. This will be discussed in the next section.
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conformal symmetry in CFT translates into isometries of AdS spacetime, which are
nothing else than di�eomorphism (local coordinate transformations). Indeed, recall
that both sides are invariant under the group SO(d, 2); in the CFT it refers to global
Noether spacetime symmetries and in the AdS refers to isometries. Thus, one concludes
that global symmetries in CFT correspond to local transformations on AdS 16. Local
transformations translate into gauge transformations, and therefore we are lead to the
conclusion that the �eld sourcing the current on the boundary is a gauge �eld, i.e., a
�ve-dimensional gauge �eld Aµ(z, ~x). Further, it is also clear that the �eld source must
be a one-form in order to have a well-de�ned Lagrangian so that it is a scalar quantity.
It is also clear that such combination is gauge invariant, as it should be. Therefore, to
take into account the charge of the particles one must add the term

S′ =

∫
d4xA0

µJ
µ, (2.62)

where A0
µ ≡ lim

z→0
Aµ(z, ~x) is the source �eld on the boundary. Further, J0 ∼ Q, and

therefore the simplest way to account for the charge is to consider a gauge �eld with a
non-zero temporal component, so that we actually recover the grand-canonical formalism
given by H − µQ. Indeed,

S′ =

∫
d4xA0

tQ ∼ µQ (2.63)

given the identi�cation A0
t ≡ µ. Therefore, the boundary value of the gauge �eld is

the chemical potential of the gauge theory. The presence of a gauge �eld in the bulk
has an important meaning: in order to take into account the charge density of the gauge
theory we must introduce a charged black hole in the bluk. We can extract another
important information for the gauge �eld. Given a charged black hole, due to spherical
symmetry the gauge �eld can only depen on the radial coordinate, so that the gauge
�eld is Aµ(z). Let us see more speci�cally the gauge �eld behaviour on the boundary.
The Maxwell equation reads

0 =
1√
−g
(
∂µ
√
−gFµν

)
(2.64)

so that

5

z
A′t +A′′t = 0, (2.65)

where the primes denote derivative respect to the z coordinate. The solution of this
equation is easily found to be

A(z) = A0
t

(
1 +A1

t z
2
)
. (2.66)

A0
t is the boundary term (chemical potential), so that at z → 0 we are left with

such term. This is precisely the non-normalizable term, which we must identify with

16This is a very important property of the correspondence, and due to this reason it is said that the
correspondence is a local/global duality.
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the source term. On the oher hand, the fast fallo� of the second term implies that such
term is the VEV of the operator, 〈J0〉 ∼ A0

tA
1
t . A comment is in order. In this thesis

we use the formalism in which the chemical potential is introduced by deforming the
hamiltonian as H → H − µQ. This implies the periodic and anti-periodic boundary
conditions for bosons and fermions respectively [11]. Another possible formalism is the
twisted formalism, in which the charged particles pick up a phase when transported and
changes the boundary conditions for the �elds. Both frameworks are equivalent so that
one choses the most convinient one for the problem.

Within our framework it is necessary to demand At(rh) = 0 in order to ensure
regularity. The reasoning goes as follows. The Euclidean section of the black hole
has the topology of a disc in the (r, τ) directions being τ the periodic variable related to
the temperature. Using Stoke's theorem 17

∫
∂D

A0dτ =

∫
D
Fr0drdτ, (2.67)

where D is a disc with origin at r = rh and the electric �eld is in the radial direction
due to spherical symmetry. If we now shirnk the disc to zero size the right hand side of
the equation vanishes. Thus, the left hand side must vanish as well, which approaches the
value βA0(rh). This implies that A0(rh) = 018. Furthermore, due to gauge invariance
the meaningful quantity is the di�erence of the gauge �eld at di�erent spacetime points.
Imagine adding charge ∆Q from the asymptotic ifninity to the black hole. This requires
an energy ∆E proportional to the di�erence of the gauge �eld between the in�nity and
the horizon. Therefore, the chemical potential should be given by

µ = A0
t −At(rh). (2.68)

But given the condition At(rh) = 0 the chemical potential reduces to the value of the
gauge �eld on the boundary, i.e., µ = A0

t .

2.11 Adding temperature

The temperature formalism in N = 4 SYM is introduced in the usual manner by
compactifying the temporal direction on the circle and identifying β = 1/T . This
compacti�cation breaks supersymmetry due to the periodic and anti-periodic boundary
conditions given to bosons and fermions respectively. The fermions become massive, but
the gauge �elds and scalars (at classical level) remain massless due to gauge invariance.
This means that the theory is pure QCD, with only gauge �elds.

The way to introduce temperature in the AdS/CFT is by adding a black hole in the
AdS5 bulk. Black holes emit Hawking radiation 19. In this way modes on the D3-branes
are excited. The AdS/CFT correspondence asserts that the Hawking temperature of the

17Stoke's theorem states
∫
M
dω =

∫
∂M

ω for a p-form ω. In this case we have a one-form, the gauge
�eld, which satis�es the usual relation F = dA.

18Within the "twisted" formalism the conditions are A0(rh) = µ, A0
t = 0. In order to satisfy Stoke's

theorem the gauge �eld has a delta type singularity at the horizon, and the topology is the one of a
cylinder instead of a disc.

19Recall that extremal black holes do not emit radiation. Therefore, one wants to introduce a non-
extremal black hole in order to have temperature.
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black hole is the temperature of the gauge theory, and other themodynamic quantities
such as the entropy are also identi�ed. In order to introduce a black hole, the metric of
the black D3-branes must have a blackening factor f(r),

ds2 = H(r)−1/2
(
−f(r)dt2 + dx2

)
+H(r)1/2

(
dr2

f(r)
+ r2dΩ2

5

)
(2.69)

which vanishes at the horizon, f(rh) = 0. The Hawking temperature can be found
by compactifying the black hole metric. Consider a general metric

ds2 = f(r)dτ2 + g(r)−1dr2 + r2dΩ2 (2.70)

which is already in euclidean form. We assume that both f(r) and g(r) have a �rst
order zero at r = rh, but the �rst derivative at such point is not vanishing. Expanding
both functions to �rst order around the horizon as f(r) ' f ′(rh)(r− rh) (same for g(r))
the metric reduces to

ds2 = f ′(rh)(r − rh)dτ2 +
dr2

g′(rh)(r − rh)
+ ...

≡ ρ2dφ2 + dρ2 + ...,

(2.71)

with ρ2 = 4(r−rh)
g′(rh) and φ = τ

2

√
g′(rh)f ′(rh), so that (ρ, φ) are polar coordinates.

Therefore, to ensure regularity on the plane φ msut have period 2π, impliying

τ = τ +
4π√

f ′(rh)g′(rh)
. (2.72)

Due to the compacti�cation τ must be periodic with periodicity 1/T . Therefore,

T =

√
f ′(rh)g′(rh)

4π
(2.73)

which is the famous Hawking radiation of a black hole. We have seen that in order to
introduce thermodynamics on the CFT theory living on the boundary black holes must
be present in the AdS bulk. The easiest black hole to consider is the Shcarwshiwild
black hole. But one can also introduce a charged black hole. This black hole will emit
also Hawking radiation as long as it is not extremal, and the charge of the black hole
will be dual to the charge of the particles on the CFT side. This is the type of black
hole that we will deal with in this thesis in order to account for the charge of the QGP.
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We now wish to design a dual gravity theory of QCD using theAdS/CFT correspondence.
This task can be done in two ways. The �rst one is the so called top-down approach.
The idea is to consider a setup of D-branes to �nd an exact dual theory for QCD. This
task is extremely di�cult, and although much e�ort has been invested in it, the resulting
theories do not have the same spectrum as QCD [12]. Therefore, in the mids 00s the so
called bottom-up approach was introduced. The idea is to give up the ambitious goal
of �nding a precise holographic dual to QCD, and instead construct a UV/IR e�ective
theory to capture the dynamics of the gauge theory. The �rst bottom-up models were
crude [13] and although some behaviour could be reproduced, they led to inconsistencies.
In response, the improved holographic QCD models were introduced [14, 15], where a
non-constant dilaton pro�le is considered and reproduces the RG �ow of the underlying
gauge theory. The idea is to reproduce the basic building blocks of QCD by introducing
�elds in the bulk which will constrain the gauge theory living on the boundary. To do
so, we �rst need to know the basic features of the QGP and the characteristics we wish
to account for. In this chapter we present the QGP and the gravitational theory dual to
QCD, the Einstein-Maxwell-Axion-Dilaton 5d action.

3.1 The Quark-Gluon plasma

The QGP is a QCD state in which quarks and gluons are decon�ned. This is a very
interesting feature which di�erentiates this state from usual QCDmatter, in which quarks
and gluons are con�ned forming hadrons. The QGP can be produced at heavy ion
collisions in particle accelerators (RHIC, SPS, LHC) by colliding gold or lead atoms,
making it an experimentally accessible system. The QGP created at heavy ion collisions
is the one that we will be concerned with, and we will try to reproduce some of its
most important features, in particular the anisotropy and electric charge. Besides, it
is believed that the QGP can be present in the core of neutron stars, where pressure
and temperature is high enough to create the plasma. Further, the QGP was the state
of matter present instants after the Big Bang occurred. Therefore, there are many
motivations to study it due to its connections to astrophysics and cosmology.

But being such a particular QCD state, the main interest of this thesis lies on studying
the QGP to see what we can learn about QCD in the strongly coupled regime. Indeed,
the QGP is a strongly coupled QCD state never studied in depth before, which could help
to gain substantial understanding of QCD. Even though QCD has been studied for many
years and much e�ort has been invested in trying to achieve progress, its phase diagram

24
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remains as an enigma, being only partially understood theoretically and experimentally.
From the theoretical point of viev, it is still poorly understood due to the limitations
of traditional methods. In particular, the usual perturbative methods and lattice QCD
do not apply due to the strong coupling and the real-time phenomena. The AdS/CFT
correspondence o�ers a new technique to study the QGP by using the mapping to low
coupling in the gravity side. This is of course not an easy task, which involves a good
knowledge of the basics of the plasma in order to be able to formulate a reasonable
gravity dual.

Figure 3.1: Taken from [9]. QCD phase diagram as a function of the
baryon density. As the temperature or the baryon density increases the
phase transition occurs, giving place to the decon�ned QGP. As indicated
in the diagram, the QGP is created at particle accelerators (LHC, RHIC)
and it is present in neutron stars. At low temperatures and high density
a colour superconductor phase is expected, in which colour and �avour
d.o.f. couple to each other. In this thesis we will just be concerned with

the QGP created at heavy ion collisions around 175 MeV .

The QGP created at heavy ion collisions is formed at a temperature around 175 MeV,
where the phase transition from usual matter to the plasma takes place, see Figure 3.1.
When the phase transition occurs1, quarks and gluons decon�ne, giving place to the
QGP. Nowadays, it is understood that the QGP is a strongly coupled system due to the
data collected at particle accelerators [16]. The data teaches us that the plasma has a
very low viscosity [12], even lower than water or helium, making it one of the lowest
viscosity �uids known. Low viscosity means that momentum is not well transported
along the plasma, and it is not possible to de�ne quasiparticles with long mean free
paths, which implies strongly coupled constituents. Therefore, the QGP can be thought
as a very low viscosity �uid, for which hydrodynamics is a good description. One of the
main features of the QGP created at heavy ion collisions is the spatial anisotropy along
a certain axis. When two beams collide they do so in an almond-shaped region, since
there is a non-zero impact parameter which makes the collision non-central; see Figure
3.2. Within the context of hydrodynamics, the colliding region can be understood as

1It is still not known if this phase transition is �rst or second order.
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a droplet which explodes due to the di�erence of pressure along the di�erent axes. In
order to reproduce this behaviour using the gauge/gravity duality, we will introduce an
axion �eld in the bulk, which will make the resulting geometry anisotropic.

Figure 3.2: Taken from [9]. Result of the non-centrality of the two
beams colliding. The beams collide in a almond-shaped region (yellow)
which makes the QGP spatially anisotropic in one direction, the vertical

y axis in the �gure.

Another important property of the QGP is the electric charge. Quarks have electric
charge and therefore the QGP is also charged. But the charge of the QGP cannot be just
the sum of the charges of all the quarks, due to screening e�ects [16]. Furthermore, in
the strongly coupled regime perturbation theory cannot be used and renormalization is
not a possible technique, so we cannot say much about the exact behaviour of the charge.
But as it is thought in condensed matter systems, we can consider the charge of the QGP
to be conserved 2. Therefore we will consider that there is a global U(1) symmetry, so
that the Jµ current is conserved and we can make use of the AdS/CFT correspondence.
As previously explained in section 2.10 this current will be sourced by the presence of a
gauge �eld in the gravitational bulk theory, corresponding to the chemical potential on
the boundary.

3.2 Properties of the QGP

In this section we present some important features of the QGP which will be useful when
considering the corresponding bulk theory. There are of course important di�erences
between the QCD and N = 4 SYM, but some of them become relatively unimportant
due to the characteristics of the QGP. The �rst problem dwells in the fact that QCD
is a con�ning theory, while N = 4 SYM being a conformal theory cannot be con�ning
3. But as we well know, the QGP is a QCD state of matter which is decon�ned, and
this obstacle disappears. Furthermore, the QGP shows a scale invariant behaviour as
the temperature increases (see Figure 3.3), and we will be concerned with this regime of
the strongly coupled QGP.

2Also, when considering such a global symmetry it is possible to develop and e�ective theory [17].
3The supersymmetry of the theory is broken when temperature is considered due to the di�erent

boundary conditions for bosons and fermions.
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Figure 3.3: Taken from [18]. This graph represents the energy density
dependence on the temperature for di�erent gauge groups and improved
holographic QCD (ihQCD). As the temperature increases, the plasma
becomes more and more scale invariant. Further, the graph shows how the
method ihQCD gives good results when compared to the theory, and this
method is the one in which our gravitational setup is based on [2,14,15].

But to make justice there are other aspects which cannot be avoided, such as the fact
that for QCD N = 3 instead of N → ∞. Further, even though the QGP is strongly
coupled, the limit λ → ∞ is of course not a real situation. Taking into account all
these corrections still remains as a challenge nowadays, being one of the most current
topics in QGP research. The comprenhension of strongly coupled systems is imperative,
and the AdS/CFT correspondence has been studied by many authors, hoping that the
duality will be able to reproduce the behaviour of the plasma in the strongly coupled
regime where traditional techniques do not apply. In the end, what we are doing is
what physicists are the best at: modelling a system by just taking into account the most
important and simplest features, so that the essence of the phenomena can be captured
and hopefully described by the method.

3.3 The domain wall method

The domain wall method consists of constructing a gravitational theory which can be
dual to the RG �ow of the gauge theory. In order to do so, the dilaton �eld is responsible
for mimicking the RG behaviour. A non trivial potential for the dilaton is introduced
which reduces to the AdS cosmological constant at the �xed points and a particular
metric is considered, which reproduces important gauge theory properties, such as the
c-theorem.
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3.3.1 The metric ansatz

The AdS metric 2.7 can be written as

ds2 = du2 + e−2u/Lηµνdx
µdxν (3.1)

provided that r ≡ Leu/L 4. Recall that L is the radius of curvature, which is positive
by de�nition. In the u coordinates the geometry translates into u → −∞ for the UV
and u → ∞ for the IR. As we approach the UV regime we expect an AdS5 geometry
due to the conformality of QCD at high energies5. Let us now consider a more general
metric than 3.1. We consider

ds2 = du2 + e2A(u) (ηµνdx
µdxν) , (3.2)

known as the domain wall metric. We want this metric to be the AdS metric on the
UV boundary. Therefore, this metric recovers 3.1 if we ensure

A(u)→ −u/L+A0 +A1e
4u + ... u→ −∞. (3.3)

The radial coordinate r relates to u by du = eAdr. Working out the relation, it is
easy to show that

A(r)→ − log r/L+Ac +
A1r

4

L4
+ ... r ∼ Leu/L → 0. (3.4)

We now turn to the IR behaviour. Wilson loops give a test for con�nement. In order
to have a �eld theory with a linear potential V ∼ κr which increases with the distance
r between particles, the Wilson loop expectation value must follow an area law [5],

〈W 〉 ∼ e−κArea(C), (3.5)

where C is the loop which the quark follows6. Within the context of the gauge/gravity
duality the expecation value of the wilson loop is given by

〈W 〉 ∼ e−SNG,min , (3.6)

where SNG,min is the on-shell value of the Nambu-Goto action correspoding to a
string. For an analysis of the potential energy of a string in AdS spacetime and
its computation, we refer to [15]. The question we are concerned with is which IR

4We call the z coordinate from 2.1 r. Notice that the change we made is actually the only one that
we can make. Indeed, if r was an even power, the horizon and boundary would coincide and would spoil
AdS. If the power is any odd power, di�erent from 1, one can always reescale the radial coordinate to
get 3.1.

5One actually expects to recover AdS with logarithmic corrections. Indeed, as 1/λ ∼ logE we expect
that e−φ ∼ − log r.

6Recall that in conformal �eld theories the only dimensionful quantity is the distance R, and therefore
the potential scales as V ∼ 1/R. Thus, CFT are not con�ning.
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asymptotics give rise to non con�ning and scale invariant theories. As shown in [15], if
we consider a logarithmic behaviour on the IR of the form

A(r) ∼ −δ log r + ... δ ≥ 1 (3.7)

there is no con�nement, and the IR corresponds to a scale invariant conformal theory7.
With this behaviour we are describing the scale invariant QGP detailed in 3.2, and
therefore 3.7 is the kind of function we will consider.

3.3.2 The Dilaton as the RG �ow

The dilaton is responsable for reproducing the RG �ow of the gauge theory. Such
identi�cation comes from the AdS/CFT identi�cation 2.42 which relates the string
coupling to the gauge coupling. Due to such relation, eφ ∼ λ, and thus one allows
to identify the dilaton to the gauge theory RG �ow. In order to reproduce the RG �ow
using the dilaton a non-trivial potential is introduced, which is reponsable for mimicking
the desired behaviour of the AdS metric 3.2. Generalizing, consider the action in (d+1)-
dimensions of the dilaton coupled to gravity,

S =

∫
dd+1x

√
−g
(

R

16πG
− 1

2
∂µφ∂

µφ− V (φ)

)
, (3.8)

which is solved by the metric 3.2 and yields the following dilaton equation of motion
and Einstein equation

1√
−g

∂µ
(√
−ggµν∂νφ

)
− V ′(φ) = 0 (3.9)

Gµν = 8πG

(
∂µφ∂νφ−

1

2
gµν∂

βφ∂βφ− gµνV (φ)

)
≡ 8πGTµν . (3.10)

At the stationary points φi there is a trivial solution to the equations with the dilaton
taking a constant value, φ(u) = φi. At this point, the Einstein equation reduces to
Gµν = −8πGgµνV (φi). This is identical to the Einstein equation of AdS spacetime
Gµν + Λgµν = 0 if we identify

Λi = 8πGV (φi) = −d(d− 1)

L2
i

. (3.11)

Therefore, constant scalar �elds withAdSd+1 geometry of scale Li are critical solutions
which correspond to conformal theories at RG �xed points on the �eld theory side. In
our particular case we have a theory with d = 4, yielding Λ = −12/L2. This computation
indicates that the �rst term of the dilaton potential must be the cosmological constant
of AdS. Indeed, if we consider the metric 3.2 which solves the action 3.8, we get the
Einstein equation

12(A′(u))2 − V (φ(u))e2A − 1

2
(φ′(u)2) = 0. (3.12)

7The constraint δ ≥ 1 comes from the NEC.
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Upon using φ→ 0 and A→ −u/L when u→ −∞ the potential to �rst order is

V → − 12

L2
, (3.13)

which recovers AdS at such stationary point. Therefore, the potential has as a �rst
term the cosmological constant. Let us now analyse what happens with the dilaton
equation of motion near the boundary given the corresponding asymptotics. The procedure
is analog to the one performed in section 2.9. The dilaton equation of motion reduces to

φ′′ − 4φ′ −m2φ = 0, (3.14)

which has the solution φ(u) = Ae∆+ +Be∆− . The coe�cients are given by

∆+− =
4±
√

16 + 4m2

2
. (3.15)

If we wish to saturate the BF bound, then m2 = −4 with the solution φ(u) =
e2u (φ+u+ φ−). From the analysis in section 2.9 we see that the �rst term corresponds
to a mass deformation, while the second one is the VEV of the dual operator. The action
we will use in this thesis is more complicated than 3.8 since it has more �eld content,
but the idea behind it is the same as the one presented in these previous sections. The
dilaton will mimick the RG �ow, while other �elds (axion, gauge �eld) will source other
features.

3.3.3 Holographic c-theorem

The c-theorem states an important property of the RG �ow connecting two conformal
�eld theories. In concrete, the theorem asserts that in two dimensions there is a function
which decreases monotonically along the �ow from the UV to the IR. Furthermore, at the
�xed points such function reduces to the central charge. The extension of such theorem
to four dimensions8 is the a-theorem [5]. The c-theorem has a natural formulation in
holography. One of the Einstein equations coming from the domain wall metric 3.2 reads

A′′(u) +
8

3
φ′2 = 0. (3.16)

This equation implies that A′′(u) < 0. Therefore, A′(u) is a monotonically decreasing
function of u. Since A′(u) is already negative in the UV due to 3.3, it is forced to be
negative in the entire range of u. Thus, A(u) itself should be a monotonically decreasing
function of u. In particular, at the �xed points we recover A(u) = −u/L. If the
holographic �ow is between two �eld theory �xed points, it should correspond to two
AdS points, so A(u) = −u/LUV and A(u) = −u/LIR with LUV ≥ LIR due to the
condition A′′(u) ≤ 0.

8In four dimensions there are two central charges of interest: the Weyl anomaly and the anomaly of
the VEV of the divergence of the R-symmetry current.
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This is the realization of the c-theorem within holography, which has a legitimate dual
in the gravity picture thanks to Einstein's equations. The c-theorem can be extracted
from the null energy condition (NEC) [19], and the function

C(u) =
a0

(A′)d−1
(3.17)

is monotonically decreasing along the RG �ow towards the IR, recovering the central
charge at the stationary points [6]. There are another two possible IR behaviours [15].
The �rst one corresponds to having a curvature singularity at r → ∞ corresponding
to the IR, where the scale factor vanishes and the geometry shrinks to zero size. This
is actually the case for 3.7 and the case we will have in hand. The other possibility
corresponds to have an spacetime which ends ar a �nite value r0 where there is curvature
singularity. All these behaviours come only from the fact that A′′(u) ≤ 0 together with
the requirement of recovering AdS at the �xed points.

Recall from equation 2.53 that given the metric 3.2, the energy of the gauge theory
is E = eA(r). With the UV behaviour 3.4, we indeed get E → 0 at the UV. For the IR
regime it is necessary for the energy to go to zero as r → ∞, which implies that in the
IR the function A(r) can be a logarithmic function 3.7, as long as the constant in front
is negative. Therefore, A(r) → −∞ as r → ∞. This is the case for 3.7, so the gauge
theory energy is well de�ned and we get a curvature singularity in the deep IR r → ∞
where the conformal factor eA(r) vanishes.

3.4 Gravitational setup

Quantummany body systems with reduced rotational symmetry have important realizations
in nature, such as the QGP produced in heavy ion collisions. Due to the �eld-operator
map of the correspondence, a �eld in the bluk must be present in order to source an
oprtator in the CFT theory. We already saw that in order to introduce charge one
should consider a gauge �eld in the bulk, and now we must consider how to introduce
anisotropy. The CP violating term of QCD [17], known as the theta term, is the
deformation which breaks isotropy [2, 3]. We consider a theta parameter that depends
on one spatial direction, namely the z direction. In this manner one can simulate the
almond-shape of the QGP due to the non-centrality of the collisions. Furthermore, the
dilaton �eld is dependent on the radial direction and is the responsable to reproduce
the RG �ow of the gauge theory, as depicted previously. To be more concrete, the �eld
content is:

• The dilaton, φ dual to the Yang-Mills operator Tr[F 2] and responsible of the RG
�ow.

• The �ve-dimensional metric gµν dual to Tµν responsible of the geometry.

• The axion �eld χ dual to the Chern-Simons term θ(z)Tr(F ∧F ) which sources the
anisotropy along the z axis.

• The gauge �eld Aµ dual to the conserved current Jµ sourcing the charge density
and chemical potential on the boundary.

It is worth mentioning that there are no fermionic gauge invariant operators in pure
YM, and thus we do not expect the dual string theory to containt spacetime fermions.
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Furthermore, if we consider the case in which Nf = 0 the tachyon is not present in the
spectrum because there is no such gauge invariant operator in the gauge theory [14].

3.4.1 The gravitational action

The gravitational theory dual to the anisotorpic charged plasma is de�ned by the Einstein-
Maxwell-Axion-Dilaton action in 5d. The action is given by [2�4]

S =
1

2κ2

∫
d5x
√
−g
(
R− 1

2
(∂φ)2 + V (φ)− 1

2
Z(φ)(∂χ)2 − 1

4
FµνFµνB(φ)

)
(3.18)

with κ ∼ 1/N29. The axion potential is Z(φ) = e2γφ with γ > 0 and the gauge
�eld potential is B(φ) = e2kφ with k > 0. These potentials come from the Type IIB
superstring action 2.22. We consider now the form of the dilaton potential in order to
reproduce the desired behaviour. Unlike in the ihQCD method, where the potential
is matched with the beta function, here we present a di�erent approach for the UV
behaviour, easier and more studied in the literature. We consider that the dilaton behaves
as φ→ 0 in the UV, while φ→ −∞ in the IR, as demanded by 2.42. In the papers [21,22],
the potential

V (φ) = − 12

L2
+
m2

2
φ2 +O(3) as φ→ 0 (3.19)

with a maximum at φ = 0 is considered in order to reproduce the equation of state
of QCD. Notice that this potential satis�es the condition 3.13 at the maximum. On
the other hand, for large values of the dilaton, one considers the potential V = V0e

σφ,
where V0 is the AdS cosmological constant 3.13. This potential reproduces the speed
of sound of QCD and it is the simplest choice at the same time. It turns out that the
simplest potential which interpolates between 3.19 for small values of the dilaton and
the exponential form for large values is given by

V (φ) = − 12

L2
cosh(σφ) + bφ2, (3.20)

where σ ≥
√

2/3 to have a con�ning theory [15]. This potential is the one that we
will use in this thesis, and in particular it reduces to V ∼ 6eσφ in the IR, i.e., when
r → ∞. What about the anisotropy? A linear axion ansatz automatically satis�es
the equations of motion of the action 3.18 and breaks isotropy in the z direction while
preserving translational invariance,

ds2 = e2A(r)

(
−f(r)dt2 + d~x2

⊥ + e2h(r)dz2 +
dr2

f(r)

)
, (3.21)

with χ = az. The constant a is the so called anisotropy factor, since for a = 0 the
axion �eld is null and the metric which solves the eqautions would preserve isotropy.
We now proceed to study the behaviour of the metric 3.21. The spacetime must be

9The action is written in the Einstein frame. The Einstein frame gµν is related to the string frame
gSµν by gµν = e−4φ/3gSµν in �ve dimensions. For a further explanation we refer the reader to [20].
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asymptotically AdS on the boundary r → 0 where the theory is conformal. In order for
that to happen, the spacetime should diverge on the boundary. Therefore, the metric
functions and dilaton behave as

A(r)→ − log r

f(r)→ 1

h(r)→ 0

φ(r)→ 0

(3.22)

whenever r → 0 10. The potentials are exponential functions of the dilaton and
therefore it is possible to do a Taylor expansion of the potentials around zero in the UV
regime,

B(φ)→ B0 +B1φ+ ... u→ −∞ (3.23)

Z(φ)→ Z0 + Z1φ+ ... u→ −∞, (3.24)

according to the Taylor expansion of the exponential. The domain-wall coordinates
are de�ned by du = eAdr in which the metric reads

ds2 =
du2

f(u)
+ e2A(u)

(
−f(u)dt2 + d~x2

⊥ + e2h(u)dz2
)
. (3.25)

10Notice the similarity with the behaviour of the domain wall metric 3.2.



4. The IR geometry

We initiate the study of the strongly coupled anisotropic charged plasma de�ned with the
holographic gravitational action 3.18. In particular, we consider the scale invariant QGP
behaviour depicted in 3.2 given by the conformal factor 3.7. The strongly correlated
regime of QCD corresponds to the low energy IR, being the limit r → ∞ of the radial
coordinate within the AdS/CFT correspondence. Einstein's equations are the gravity
equations from which it is possible extract the IR geometry, i.e., the IR metric, as well
as NEC dual to the c-theorem 3.3.3. The work presented is an extension of the paper [4],
where the authors studied the QGP considering anisotropy, but not the charge. This
new element is introduced here.

4.1 Equations of motion

The gravitational theory dual to the QGP is given by the 5d Einstein-Maxell-Axion-
Dilaton action 3.18. The dilaton equation of motion in domain wall coordinates 3.25
and radial coordinates 3.21 is given by

(4A′(u) + h′(u))f(u)φ′(u) + f ′(u)φ′(u) + f(u)φ′′(u) + V ′(φ(u))− Z ′(φ(u))a2

2e2h(u)

+
Q2

2e6A(u)+2h(u)B2
= 0

(4.1)

(3A′(r) + h′(r))f(r)φ′(r) + f ′(r)φ′(r) + f(r)φ′′(r) + e2AV ′(φ(r))− Z ′(φ(r))a2

2e2h(r)

+
Q2

2e4A(r)+2h(r)B2
= 0.

(4.2)

The derivatives are taken respect to u and r respectively. Throughout the thesis we
will not make a distinction in notation for the derivatives since we always make explicit
which coordinate is used. The reason that we are using both coordinates is due to
the fact that the domain wall coordinates u are more useful when solving di�erential
equations and studying the asymptotic behaviour of the �elds. On the other hand, the

34
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radial coordinate r has the advantatge of being directly related to the energy of the
gauge theory 2.53. The equation of motion for the gauge �eld is 1

∂µ(
√
−gB(φ)Fµν) = 0. (4.3)

As mentioned in section 2.10 the temporal component of the gauge �eld resembles the
chemical potential at the AdS boundary. Therefore, we consider the simplest possibe
gauge �eld, consisting of Aµ = (At(u), 0, 0, 0, 0)2. Using the usual de�nition of the

strength tensor, i.e., F = dA, the �eld strength reads Fu0 = A′t(u), F 0u =
A′t(u)

e2A(u) . For

the radial coordinate F has the components Fr0 = A′t(r), F
0r =

A′t(u)

e4A(u) . Thus, the
equation of motion 4.3 reads

∂u(e2A(u)+h(u)B(φ(u))A′t(u)) = 0 (4.4)

∂r(e
A(r)+h(r)B(φ(r))A′t(r)) = 0 (4.5)

with the solution

At(u) = µb −Q
∫ u du′

e2A(u)+h(u)B(φ(u))
(4.6)

At(r) = µb −Q
∫ r

0

dr′

eA(r)+h(r)B(φ(r))
. (4.7)

The gauge strength square is given by

F 2 = − 2Q2

e6A(u)+2h(u)B(φ)2
, (4.8)

which is the same in both coordinates, as it should be since it is a physical invariant
quantity. The constant Q corresponds to the charge of the black hole. To see this, we
compute the Komar integral for the charge of a black hole [23,24],

QBH =

∫
∂Σ
d3x

√
γ(3)nµσνF

µνB(φ). (4.9)

The integral is calculated on a constant time slice at spatial in�nity, i.e., at u→ −∞.
Given the metric 3.25

√
γ(3) = e3A(u)+h(u), n0 = −eA(u)

√
f(u) and σu = 1/

√
f(u)3.

Thus, the integral gives

QBH = Q

∫
∂Σ
d3x = QV3, (4.10)

1The equation of motion of the axion does not need to be considered. Indeed, the axion term has
order 1/N , and therefore it can be neglected in the large-N limit [14].

2In r coordinates the gauge �eld takes the same form, Aµ = (At(r), 0, 0, 0, 0).
3The normalization is nµnµ = −1 and σµσµ = 1 since the hypersurface is spacelike and therefore the

normal vector must be pointing outwards, while after applying Stokes the hypersurface is timelike.
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showing that indeed Q is the charge of the black brane, up to a constant. Notice from
the solution to the Maxwell equation that we do not know if Q is positive or negative.
In the previous sections 3.4 we introduced the metric ansatz and the corresponding
asymptotic behaviour of the metric functions and dilaton on the UV boundary. Given
such behaviour we can now look at the asymptotic value of the gauge �eld on the
boundary. To do so, we just plug in the behaviour of A(u), h(u) and the dilaton 3.22
into the expression 4.64, which yields

At(u) = µb −
Q

2B0
e2u + ... u→ −∞. (4.11)

We are now able to �nd the chemical potential, given by 2.68. Indeed,

µ = A0
t −At(uh) = µb −At(uh) = µb (4.12)

where in the �rst step we used 4.11 and in the last one we imposed A0(uh) = 0
to ensure regularity. We see that the chemical potential is then the constant term of
the gauge �eld, as it should be due to the corresponding boundary condition A0

t ≡ µ.
Furthermore, given the AdS/CFT correspondence which identi�es the source with the
boundary value and the VEV of the operator with the fast fallo�, we infer that the VEV
of the current is 〈J0〉 ∼ Q

2B0
.

4.2 Einstein's equations

The AdS/CFT correspondence gives a route to study gauge theories. Indeed, the gauge
theory is dual to gravity living in one more dimension. Since the correspondence is a
strong/weak coupling duality, we can use this fact to study a strongly coupled gauge
theory in the large-N limit by means of Einstein's gravity in the bulk. In order to �nd
Einstein's equations we must �nd the Einstein tensor and the energy momentum tensor
of the gravitational action 3.18. The Einstein tensor, in domain wall coordinates, reads

Gtt = −1

2
e2A(u)f(u)

(
f ′(u)

(
3A′(u) + h′(u)

)
+

2f(u)
(
3A′′(u) + 4A′(u)h′(u) + 6A′(u)2 + h′′(u) + h′(u)2

)) (4.13a)

Gxx = Gyy =
1

2
e2A(u)

(
7A′(u)f ′(u) + 2f(u)

(
3A′′(u) + 4A′(u)h′(u)

+ 6A′(u)2 + h′′(u) + h′(u)2
)

+ f ′′(u) + 2f ′(u)h′(u)
) (4.13b)

Gzz =
1

2
e2(A(u)+h(u))

(
7A′(u)f ′(u) + 6f(u)

(
A′′(u) + 2A′(u)2

)
+ f ′′(u)

)
(4.13c)

Guu =
f ′(u) (3A′(u) + h′(u))

2f(u)
+ 3A′(u)

(
2A′(u) + h′(u)

)
. (4.13d)

4The asymptotics 3.22 are in the radial coordinate, in the domain wall coordinate A(u)→ −u on the
boundary, while the other functions behave as in 3.22.
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The energy momentum tensor can be derived from the action by varying respect to
the metric,

Tµν =
1

2
∂µφ∂νφ+

Z

2
∂µχ∂νχ+

1

2
FβνFαµg

αβB

+
gµν
2

(
−1

2
(∂φ)2 + V (φ)− Z(φ)

2
(∂χ)2 − 1

4
B(φ)FµνF

µν

)
.

(4.14)

The non zero components are

Ttt =
1

4
(φ′(u))2f(u)2e2A(u) − V (φ)

2
f(u)e2A(u) +

Z(φ)f(u)a2

4e2h(u)

+
f(u)Q2

4B(φ)e4A(u)+2h(u)

(4.15a)

Txx = Tyy = −1

4
(φ′(u))2f(u)e2A(u) +

V (φ)

2
e2A(u) − Z(φ)a2

4e2h(u)

+
Q2

4B(φ)e4A(u)+2h(u)

(4.15b)

Tzz = −1

4
(φ′(u))2f(u)e2(A(u)+h(u)) +

V (φ)

2
e2(A(u)+h(u)) +

Z(φ)a2

4

+
Q2

4B(φ)e4A(u)

(4.15c)

Tuu =
1

4
(φ′(u))2 +

V (φ)

2f(u)
− Z(φ)a2

4f(u)e2(h(u)+A(u))
− Q2

4B(φ)f(u)e6A(u)+2h(u)
(4.15d)

Therefore, the Einstein equations reduce to the following four equations

6A′′(u) + 2A′(u)h′(u) + 2h′′(u) + 2h′(u)2 + φ′(u)2 = 0 (4.16)

a2e−2A(u)−2h(u)Z(φ(u)) + 8f(u)A′(u)h′(u) + 2f ′(u)h′(u)

+ 2f(u)h′′(u) + 2f(u)h′(u)2 = 0
(4.17)

4A′(u)f ′(u)− Q2e−6A(u)−2h(u)

B(φ(u))
+ f ′′(u) + f ′(u)h′(u) = 0 (4.18)

12f(r)(A′(u))2 + 6A′(u)h′(u)f(u) + 3f ′(u)A′(u) + f ′(u)h′(u)− V (φ(u))

− 1

2
(φ′(u)2)f(u) +

e−2h(u)−2A(u)

2
Z(Φ(u))a2 +

Q2

2B(φ(u))
e−6A(u)−2h(u) = 0.

(4.19)

If we do the same in the radial coordinates, the equations reduce to

6A′′(r)− 6A′(r)2 + 2h′′(r) + 2h′(r)2 + φ′(r)2 = 0 (4.20)
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1

2
a2e−2h(r)Z(φ(r)) + 3f(r)A′(r)h′(r) + f ′(r)h′(r) + f(r)h′′(r) + f(r)h′(r)2 = 0 (4.21)

3A′(r)f ′(r)− Q2e−4A(r)−2h(r)

B(φ(r))
+ f ′′(r) + f ′(r)h′(r) = 0 (4.22)

12f(r)(A′(r))2 + 6A′(r)h′(r)f(r) + 3f ′(r)A′(r) + f ′(r)h′(r)− V (φ(r))e2A

− 1

2
(φ′(r)2)f(r) +

e−2h(r)

2
Z(Φ(r))a2 +

3Q2

2B(φ(r))
e−4A(r)−2h(r) = 0.

(4.23)

4.3 The ansatz functions

Once we have obtained the gravity equations we are in position to start the study of the
bulk theory. We will solve Einsteins's equations in order to see the form of the metric
3.21 in the IR. We focus on the scale invariant QGP 3.2, for which the conformal factor
A(r) behaves as 3.7. In anaology, we take the following ansatz for the metric and dilaton
functions5

A(r) = ∆1 log(ar) + logL (4.24)

h(r) = ∆2 log(ar) + log c1 (4.25)

φ(r) = ∆3 log(ar) + log c3 (4.26)

with L, c1, c3 constants and ∆1,∆2,∆3 real parameters; ∆i ∈ R, i = 1, 2, 3. Given the
identi�cation between the dilaton and the gauge theory coupling 2.42, in the IR regime
r →∞ the dilaton must grow monotonically in order to have a strongly coupled theory.
Also, the conformal factor represents the energy scale by E = eA(r) and therefore we
demand A(r)→ −∞ so that the relation represents a suitable energy scale for the gauge
theory. Therefore, the ansatz functions are constrained by the following conditions

∆1 < 0 and ∆3 > 0 in the IR regime r →∞. (4.27)

The objective when solving Einstein's equations is to �nd the parameters ∆1,∆2,∆3

in terms of the parameters γ, σ, k of the potentials of the axion, dilaton and gauge �eld
respectively 3.18. Therefore, by restricting the parameters of the ansatz functions with
conditions such as 4.27 the alloed parameter space of the potentials will be constrained.

4.4 Thermal gas

When we study the gauge theory by means of gravity we are interested in the Hawking-
Page transition, which is the phase transition from a global AdS spacetime to a AdS-
Schwarzshchild metric with a black hole, i.e., with a blackening factor f(r) which de�nes

5Taking these functions directly implies a > 0.



4. The IR geometry 39

an horizon by f(rh) = 0. Within the context of the AdS/CFT correspondence this
phase transition is dual to the con�nement-decon�nement phase transition of the gauge
theory. Black holes are dual to a decon�ned phase, since the string tension vanishes
at the horizon [12], and the Polyakov loop has non-vanishing expectation value. On
the other hand, the thermal gas background is con�ning. The thermal gas (or ground
state) is de�ned by the non-presence of a black hole, and is obtained by taking a black
hole solution and letting the horizon area approach zero. This is in accordance with the
requirement that the IR singularity 3.3.3 should be of the �good� type, i.e. it should
be possible to clock the singularity with a horizon of in�nitesimal area [25] in order to
avoid a naked singularity. In the Euclidean coordinates this geometry is same as the zero
temperature background with Euclidean time circle compacti�ed. In order to study the
gauge theory, we �rst focus on the thermal gas, in which we will compute the IR metric,
and later on we will study the thermodynamics. To start, notice that equation 4.22 can
be written as

(
e3A(r)+h(r)f ′(r)

)′
+QA′t(r) = 0. (4.28)

The solution to this di�erential equation is the blackening factor

f(r) = A− C
∫ r

0
dr′e−3A(r)−h(r) −Q

∫ r

0
dr′At(r)e

−3A(r)−h(r) (4.29)

with A and C constants that must be determined. To do so, we use the conditions
f(r) → 1 when r → 0 which ensures to recover AdS on the boundary, as well as
f(rh) = 0, which de�nes the horizon of the black brane. Thus,

C =
1−Q

∫ rh
−∞ dr

′At(r)e
−3A(r)−h(r)∫ rh

−∞ dr
′e−3A(r)−h(r)

(4.30a)

A = 1. (4.30b)

The function 4.29 de�nes the black brane, and therefore allows to introduce temperature
as explained in section 2.11. To obtain the ground state we compute the entropy and
send it to zero in accordance with the good IR singularity. Taking 4.29, the Hawking
temperature 2.73 reads

T =
|f ′(rh)|

4π
=

1

4π
e−3A(rh)−h(rh)|C +QAt(rh)| = |C|

4π
e−3A(rh)−h(rh) (4.31)

where in the last step we made use of the regularity condition At(rh) = 0. The
entropy is computed from the expression 2.526,

S =
A

4G
(4.32)

6The constant G is the �ve-dimensional Newton constant.
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where the area of the black hole is given by A =
∫
d3x
√
g3|rh = e3A(rh)+h(rh)

∫
d3x =

e3A(rh)+h(rh)V . Therefore, the density entropy s ≡ S/V is given by

s =
e3A(rh)+h(rh)

4G
. (4.33)

This entropy corresponds to the entropy of the strongly coupled QGP. We have been
able to compute the entropy of the QGP with a much more simpler calculation than the
corresponding one within �eld theory. This is just an example of the power behind the
gauge/gravity duality and its applications. With all these elements, we can write the
temperature 4.31 as a function of the entropy,

C = 16πGTs. (4.34)

The ground state corresponds to s = 0. Thus, C = 0 and f(r) 4.29 and the gauge
�eld 4.7 reduce to

fTG(r) = 1−Q0

∫ r

0
dr′ATGt e−3A(r)−h(r), (4.35)

ATGt (r) = µb0 −Q0

∫ r

0

dr′

eA(r)+h(r)B(φ(r))
. (4.36)

which de�nes the thermal gas7. The charge and chemical potential of the ground
state are denoted by Q0 and µb0 respectively and they can be di�erent to the black
hole charge and chemical potential. Notice that if we had considered a system without
charge, the ground state would take the simpler form f(r) = 1. This is the result used
in [4]. Further, using the ansatz functions 4.24-4.26 the entropy 4.33 reads

s =
L3c1

4G
a3∆1+∆2r3∆1+∆2

h . (4.37)

From this result we can extract important information concerning the parameters ∆1

and ∆2. The IR regime corresponds to r → ∞, which means that rh → ∞ since the
radial coordinate is de�ned within 0 < r < rh. For the thermal gas the entropy must be
zero, so we must demand

3∆1 + ∆2 < 0 (4.38)

in the deep IR. This already imposes restrictions on the ansatz functions, and will be
used to restrict the solutions to Einstein's equations. Before computing the gauge �eld
and f(r) in the thermal gas, we must emphasize that the ansatz functions 4.24-4.26 are
only valid in the IR limit. Therefore, in order to compute the integrals of 4.29 and 4.7
we must consider the ansatz to be true from a certain cuto� r0 until the horizon of the
black hole rh, see �gure 4.1. Therefore, the results we obtain will be valid within the
range r0 � r < rh.

7In the ground state the Hawking temperature 4.31 is zero.
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Figure 4.1: The radial coordinate is de�ned within the range 0 < r <
rh. Since the ansatz functions 4.24-4.26 are only valid for r � 1 and
rh → ∞ its range of validity is taken to be from a certain r0 to rh,

colored in brown.

This implies that the gauge �eld and blackening factor must be computed splitting
the integration range,

At(r) = µb −Q
∫ r0

0

dr′

eA(r′)+h(r′)B(φ(r′))
−Q

∫ r

r0

dr′

eA(r′)+h(r′)B(φ(r′))
(4.39)

f(r) = 1− C
∫ ro

0
dr′e−3A(r)−h(r) −Q

∫ r0

0
dr′At(r)e

−3A(r)−h(r)

− C
∫ r

r0

dr′e−3A(r)−h(r) −Q
∫ r

r0

dr′At(r)e
−3A(r)−h(r).

(4.40)

The behaviour from 0 < r < r0 it is unknown but the result of the integrals within
this range are independent of r, and we will therefore take them as a constant which
depends on the cuto� r0. Computing the gauge �eld 4.36 and fTG(r) 4.35 yields

ATGt (r) = µb0 − κQ0 (ar)−∆1−∆2−2k∆3+1 +Q0Γ(r0) (4.41)

fTG(r) = 1−mQ0(µb0 +Q0Γ(r0)) (ar)−3∆1−∆2+1 +Q0Ω(r0)

+ λQ2
0 (ar)−4∆1−2∆2−2k∆3+2

(4.42)

with λ ≡ 1
a2L4c21(c3)2k(1−∆1−∆2−2k∆3)(2−4∆1−2∆2−2k∆3)

, κ ≡ 1
Lc1(c3)2ka(1−2k∆3−∆1−∆2)

and m ≡ 1
aL3c1(1−3∆1−∆2)

. Γ(r0) and Ω(r0) denote the integrals within the range of

0 < r < r0 for which the IR ansatz is not valid. This gauge �eld and f(r) are the correct
expressions as long as the exponent of the gauge �eld is not zero 8. If it is zero, we must
compute 4.36 again, obtaining

ATGt (r) = µb0 −
Q0 log r

aL3c1(c3)2k
+Q0Γ(r0) (4.43)

fTG(r) = 1 +Q0Ω(r0)−mQ0(µb0 +Q0Γ(r0))(ar)−3∆1−∆2+1

+ ξQ2
0(ar)−3∆1−∆2+1 (−1 + (−3∆1 −∆2 + 1) log r)

(4.44)

with ξ ≡ 1
L4a2c21(c3)2k(−3∆1−∆2+1)2 .

8Notice that given 4.38 the exponent −3∆1 −∆2 + 1 of 4.42 cannot be zero.
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4.5 The c-theorem/NEC

In the previous chapter the holographic c-theorem was introduced, which is given by the
NEC and thus from Einstein's equations [19]. Imposing the bulk null energy condition
in 5-dimensional AdS, one obtains the conditions (in domain wall coordinates) [26]

G0
0 −Guu =T 0

0 − T uu ≤ 0 (4.45a)

G0
0 −Gxx =T 0

0 − T xx ≤ 0 (4.45b)

G0
0 −Gzz =T 0

0 − T zz ≤ 0 (4.45c)

which translate into the following restrictions

f(u)
(
3A′′(u) +A′(u)h′(u) + h′′(u) + h′(u)2

)
= −f(u)

2
(φ′)2 ≤ 0 (4.46a)

1

2

(
−4A′(u)f ′(u)− f ′′(u)− f ′(u)h′(u)

)
= − Q2

2Be6A+2h
≤ 0 (4.46b)

− 2A′(u)
(
f ′(u)− 2f(u)h′(u)

)
− f ′′(u)

2
+

1

2
f ′(u)h′(u) + f(u)h′′(u)

+ f(u)h′(u)2 = − Za2

2e2A+2h
− Q2

2Be6A+2h
≤ 0

(4.46c)

Notice that equation 4.46a is the Einstein equation 4.16 and it is independent of the
presence of a gauge �eld and f(u). The second condition 4.46b is the Einstein equation
4.18. The last condition is a combination of the Einstein equations 4.17 and 4.18. These
equations are a realization of the a-theorem in quantum �eld theories, where a certian
functions decreases along the RG �ow from the UV to the IR. This implies that we must
be able to write these conditions as total derivatives. The �rst equation can be written
as

d

du

((
A′(u) +

h′(u)

3

)
e
h(u)

3

)
≤ 0. (4.47)

This condition holds without the presence of charge, and it is nothing else than the c-
theorem 3.16 with anisotropy. The fact that it does not depend on the charge is because
the corresponding Einstein equation does not depen on the charge of the system; but
the most interesting feature is that it holds for any function f(u), both for the thermal
gas and the black hole solution. In radial coordinates 4.47 takes the form

A′′(r)−A′(r)2 +
h′′(r)

3
+
h′(r)2

9
≤ 0. (4.48)

But notice that such condition does not correspond to the �rst Einstein equation
4.20 due to the factor of the h′(r)2 term. This is because if we take the condition

A′′(r)−A′(r)2 + h′′(r)
3 + h′(r)2

3 ≤ 0 (which is true) from the Einstein equation, it cannot
be written as a total derivative, and thus it cannot correspond to the a-theorem. But
this one is more restrictive than 4.48, and it implies it. Therefore, we will make use
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of the more restrictive one in order to constrain the parameters of the ansatz functions
4.24-4.26. The second condition 4.46b can be written as well as a total derivative,

d

du

(
f ′(u)e4A(u)+h(u)

)
≥ 0, (4.49)

which in the radial coordinates reads

3A′(r)f ′(r) + f ′′(r) + f ′(r)h′(r) ≥ 0 (4.50)

and is the Einstein equation 4.22. The last condition 4.46c has a more complicated
expression. It can be written as

d

du

((
f(u)h′(u)− f ′(u)

2

)
e4A(u)+h(u)

)
≤ 0 (4.51)

which translates into the following condition in the radial coordinates

f ′(r)h′(r)

2
+3A′(r)h′(r)f(r)+f(r)h′′(r)− f

′′(r)

2
− 3

2
A′(r)f ′(r)+f(r)h′(r)2 ≤ 0. (4.52)

This condition comes from substracting 4.21 and 4.22 . Further, from equation 4.21
one could derive the condition

3f(r)A′(r)h′(r) + f ′(r)h′(r) + f(r)h′′(r) + f(r)h′(r)2 ≤ 0, (4.53)

which does not come directly from the NEC, but which combined with 4.50 would
give us 4.52. These conditions will allow us to impose contrains on the IR metric, and
in particular we will use the conditions in their radial coordinate form.

4.6 The IR metric

The Einstein's equations 4.20-4.23 are the gravity equations that we must solve. Using
the ansatz functions 4.24-4.26 the Einstein equations read9

a2c2γ
3 (ar)2γ∆3−2∆2

2c2
1

+
∆2f

′(r)

r
+

∆2f(r)(3∆1 + ∆2 − 1)

r2
= 0 (4.54)

−6∆2
1 − 6∆1 + 2∆2

2 − 2∆2 + ∆2
3 = 0 (4.55)

9Recall from section 3.4.1 that the dilaton potential in the IR is V = 6eσφ.
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1

2

a2c2γ
3 (ar)2γ∆3−2∆2 +

3Q2
0c
−2k
3 (ar)−2(2∆1+∆2+∆3k)

L4

c2
1

− 12L2cσ3 (ar)2∆1+∆3σ

+
f(r)

(
24∆2

1 + 12∆1∆2 −∆2
3

)
r2

)
+

(3∆1 + ∆2)f ′(r)

r
= 0

(4.56)

where the equations are left as a function of f(r) and the equation 4.22 is not
considered because is precisely the one from which we found f(r), 4.28. Notice that
the second equation 4.55 does not depend on f(r) and it is already in terms of only the
parameters of the ansatz functions; this equation exactly corresponds to equation 4.20.
We are concerned with the thermal gas, which is given by 4.42

fTG(r) = 1−mQ0(µb0 +Q0Γ(r0)) (ar)−3∆1−∆2+1 +Q0Ω(r0)

+ λQ2
0 (ar)−4∆1−2∆2−2k∆3+2 .

(4.57)

In order to be able to solve the system of equations 4.54-4.56 we need to consider
the leading terms in the IR. In the IR regime where r →∞ we can consider which term
dominates depending on the relation between the exponents of each term. Therefore, we
need to compare the coe�cients, 0,−3∆1 − ∆2 + 1 and −4∆1 − 2∆2 − 2k∆3 + 2 and
consider the leading terms as r →∞. The possible cases are:

• Case 1: The �rst and easiest case corresponds to consider f(r) = 1. For this to
happen one might consider the relations −3∆1 −∆2 + 1 < 0 and −4∆1 − 2∆2 −
2k∆3 +2 < 0. But this is actually incorrect since it violates the condition 4.38 and
therefore it is not a possible situation. The correct statement for having f(r) = 1
is to take Q0 = 0. This is the case studied in [4].

• Case 2: Whenever −3∆1−∆2+1 > 0 and −3∆1−∆2+1 > −4∆1−2∆2−2k∆3+2
the ground state is given by

f(r) = −mQ0(µb0 +Q0Γ(r0)) (ar)−3∆1−∆2+1 (4.58)

• Case 3: Whenever −4∆1 − 2∆2 − 2k∆3 + 2 > 0 and −4∆1 − 2∆2 − 2k∆3 + 2 >
−3∆1 −∆2 + 1 the thermal gas corresponds to

f(r) = λQ2
0 (ar)−4∆1−2∆2−2k∆3+2 . (4.59)

• Case 4: −3∆1 −∆2 + 1 = −4∆1 − 2∆2 − 2k∆3 + 2 > 0. This implies ∆1 + ∆2 +
2k∆3 − 1 = 0 and therefore 4.57 is singular, since the gauge �eld 4.41 is singular.
This precisely corresponds to 4.43-4.44, and therefore in the IR

fTG(r) = ξQ2
0(ar)−3∆1−∆2+1(−3∆1 −∆2 + 1) log r (4.60)

since r−3∆1−∆2+1 log r grwos faster than r−3∆1−∆2+1 when r → ∞ and −3∆1 −
∆2 + 1 > 0, which is the case due to 4.38.
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• Case 5: −3∆1−∆2+1 = 0 and −4∆1−2∆2−2k∆3+2 = 0, so that f(r) is singular.
To see what happens in such cases one needs to go back to the expressions 4.36-
4.35 and compute them again by setting such conditions. But his case is actually
in contradiction with the condition 4.38, and thus it is ruled out as a possible IR
solution.

• Case 6: One of the exponents is zero and greater than the other one. Thus, there
are two possibilities:

� −3∆1 −∆2 + 1 = 0 > −4∆1 − 2∆2 − 2k∆3 + 2

� −4∆1 − 2∆2 − 2k∆3 + 2 = 0 > −3∆1 −∆2 + 1.

Both of these options are in contradiction with 4.38, and they are discarded as
possible IR behaviours.

We now study each case in order to �nd the corresponding IR metric parameters of
the ansatz functions, by solving the Einstein equations 4.54-4.5610.

Case 1: Chargeless case, Q0 = 0

For Q0 = 0 we have f(r) = 1. The Einstein equations 4.54-4.56 reduce to

a2c2γ
3 (ar)2γ∆3−2∆2

2c2
1

+
∆2(3∆1 + ∆2 − 1)

r2
= 0 (4.61)

−6∆2
1 − 6∆1 + 2∆2

2 − 2∆2 + ∆2
3 = 0 (4.62)

a2c2γ
3 (ar)2γ∆3−2∆2

c2
1

− 12L2r2cσ3 (ar)2∆1+∆3σ − 24∆2
1 − 12∆1∆2 + ∆2

3

r2
= 0. (4.63)

And so we reduce the problem to solve these algebraic equations. From equation 4.62
it is possible to �nd ∆3 in function of the other constants. From equation 4.61 we see
that 2γ∆3 − 2∆2 = −2. From the last equation we get 2∆1 + ∆3σ = −2. Therefore, we
need to solve the following system of equations

−6∆2
1 − 6∆1 + 2∆2

2 − 2∆2 + ∆2
3 = 0 (4.64a)

2γ∆3 − 2∆2 = −2 (4.64b)

2∆1 + ∆3σ = −2 (4.64c)

10Recall that equation 4.55 is independent of f(r). Therefore, it will be the same for every case.
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which has the following solution

∆1 =
2γ(σ − 2γ)− 2

4γ2 − 3σ2 + 2
(4.65a)

∆2 =
6γσ − 3σ2 + 2

4γ2 − 3σ2 + 2
(4.65b)

∆3 =
6σ − 4γ

4γ2 − 3σ2 + 2
. (4.65c)

The metric 3.21 can be written in the IR as [4]

ds2 = L2(ar)
2θ
3α

(
−dt2 + d~x2

⊥ + dr2

a2r2
+
c1dz

2

(ar)
2
α

)
(4.66)

with α = 4γ2−3σ2+2
2γ(2γ−3σ) and θ = 3σ

2γ . For θ = 0 the metric exhibits a Lifshitz scaling
under the transformation

t→ λt, ~x⊥ → λ~x⊥, r → λr, z → λ1/αz (4.67)

which maps solutions to solutions. Lifshitz scalings are typical from condensed
matter systems. Such scaling indicates that the system is non-relativistic, since for
relativistic systems every coordinate scales in the same manner. Therefore, 1/α is
called the dynamical exponent. For θ 6= 0 the metric has hyperscaling violation under
4.67, ds → λθ/3αds, which indicates a non trivial change in the volume. This kind of
behaviour implies a dependence on the dynamical exponent for the entropy and other
themodynamic quantitites [5].

Case 2: −3∆1 −∆2 + 1 > 0 and −3∆1 −∆2 + 1 > −4∆1 − 2∆2 − 2k∆3 + 2

The ground state is given by 4.58 and the Einstein equations 4.54-4.56 reduce to

a2c2γ
3 (ar)2γ∆3−2∆2

2c2
1

= 0 (4.68)

−6∆2
1 − 6∆1 + 2∆2

2 − 2∆2 + ∆2
3 = 0 (4.69)

(ar)−2∆2

(
a2c2γ

3 (ar)2γ∆3 +
3Q2

0c
−2k
3 (ar)−2(2∆1+∆3k)

L4

)
2c2

1

− 6L2cσ3 (ar)2∆1+∆3σ

−
aQ0m

(
6∆1(∆1 + 1)− 2(∆2 − 1)∆2 −∆2

3

)
(ar)−3∆1−∆2 (µb0 + Γ(r0)Q0)

2r
= 0.

(4.70)
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The �rst equation is telling us that a = 0 11 which is a contradiction since we are
considering anisotropy with an axion �eld χ = az. In order to see if this case truly
implies zero anisotropy we must look at the subleading terms of the equations, which
corresponds to consider the terms with order 0 and −4∆1 − 2∆2 − 2k∆3 − 2. Equation
4.69 does not change because it is indepenet of f(r) and always takes the same form.
Equation 4.68 takes the form

a2c2γ
3 (ar)2γ∆3−2∆2

2c2
1

− a2λ∆2Q
2
0(∆1 + ∆2 + 2∆3k − 1)(ar)−2(2∆1+∆2+∆3k)

+
∆2Q0Ω(r0)(3∆1 + ∆2 − 1)

r2
+

∆2(3∆1 + ∆2 − 1)

r2
= 0

(4.71)

and thus we must look for the relaion of the exponents −4∆1 − 2∆2 − 2∆3k and
−2. If −4∆1 − 2∆2 − 2∆3k + 2 > 0 we impose 2γ∆3 − 2∆2 = −4∆1 − 2∆2 − 2∆3k;
otherwise we have 2γ∆3−2∆2 = −2. The third equation 4.70 already contains subleading
terms, from which we obtain 2∆1 + ∆3σ = −3∆1 − ∆2 − 1 as a leading order. For
−4∆1 − 2∆2 − 2∆3k + 2 > 0 the system reads

−6∆2
1 − 6∆1+2∆2

2 − 2∆2 + ∆2
3 = 0 (4.72a)

2γ∆3 − 2∆2 = −4∆1 − 2∆2 − 2∆3k (4.72b)

2∆1 + ∆3σ = −3∆1 −∆2 − 1. (4.72c)

This system has the following solutions

∆1 =− 2(γ + k)

6γ +
√

4σ(γ + k)− 8(γ + k)2 + σ2 − 4 + 6k − 3σ
(4.73a)

∆2 =
1

−20σ(γ + k) + 22(γ + k)2 + 4σ2 + 2

(
8γ2 + 8k2

+k
(

16γ − 5
√

4σ(γ + k)− 8(γ + k)2 + σ2 − 4− 7σ
)

+2σ
(√

4σ(γ + k)− 8(γ + k)2 + σ2 − 4 + σ
)

−γ
(

5
√

4σ(γ + k)− 8(γ + k)2 + σ2 − 4 + 7σ
)
− 2
)

(4.73b)

∆3 =
4

6γ +
√

4σ(γ + k)− 8(γ + k)2 + σ2 − 4 + 6k − 3σ
(4.73c)

and

11Notice that it is not possible to consider c3 = 0 since it is inside a logarithm.
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∆1 =
2(γ + k)

−6γ +
√

4σ(γ + k)− 8(γ + k)2 + σ2 − 4− 6k + 3σ
(4.74a)

∆2 =
1

−20σ(γ + k) + 22(γ + k)2 + 4σ2 + 2

(
8γ2 + 8k2

+k
(

16γ + 5
√

4σ(γ + k)− 8(γ + k)2 + σ2 − 4− 7σ
)

+2σ
(
σ −

√
4σ(γ + k)− 8(γ + k)2 + σ2 − 4

)
+γ
(

5
√

4σ(γ + k)− 8(γ + k)2 + σ2 − 4− 7σ
)
− 2
)

(4.74b)

∆3 =− 4

−6γ +
√

4σ(γ + k)− 8(γ + k)2 + σ2 − 4− 6k + 3σ
. (4.74c)

The system corresponding to having −4∆1 − 2∆2 − 2∆3k + 2 < 0 is

−6∆2
1 − 6∆1+2∆2

2 − 2∆2 + ∆2
3 = 0 (4.75a)

2γ∆3 − 2∆2 = −2 (4.75b)

2∆1 + ∆3σ = −3∆1 −∆2 − 1, (4.75c)

which yields the solutions

∆1 =
1

44γ2 − 12γσ − 6σ2 + 25

(
γ
(√
−32γ2 + 24γσ + 9σ2 − 36 + 11σ

)
+σ
(√
−32γ2 + 24γσ + 9σ2 − 36 + 3σ

)
− 12γ2 − 10

) (4.76a)

∆2 =
−5γ

(√
−32γ2 + 24γσ + 9σ2 − 36 + 3σ

)
+ 16γ2 − 6σ2 + 25

44γ2 − 12γσ − 6σ2 + 25
(4.76b)

∆3 =− 36

−5
√
−32γ2 + 24γσ + 9σ2 − 36 + 28γ + 3σ

(4.76c)

and
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∆1 =
1

44γ2 − 12γσ − 6σ2 + 25

(
γ
(√
−32γ2 + 24γσ + 9σ2 − 36− 11σ

)
+σ
(√
−32γ2 + 24γσ + 9σ2 − 36− 3σ

)
+ 12γ2 + 10

) (4.77a)

∆2 =
5γ
(√
−32γ2 + 24γσ + 9σ2 − 36− 3σ

)
+ 16γ2 − 6σ2 + 25

44γ2 − 12γσ − 6σ2 + 25
(4.77b)

∆3 =− 36

5
√
−32γ2 + 24γσ + 9σ2 − 36 + 28γ + 3σ

. (4.77c)

We wish to write the metric in a similar fashion to the IR metric 4.66 where Q0 =
0. The important di�erence with the case in hand is that the ground state does not
correspond to f(r) = 1 due to the gauge �eld, and therefore the temporal and radial
components of the metric cannot be joined together with the spatial isotorpic directions
in a similar way. Given the metric 3.21 together with the ansatz functions 4.24-4.26 and
the ground state 4.58

ds2 =L2(ar)2∆1
(
−A(ar)−3∆1−∆2+1dt2 + d~x2

⊥ + c2
1(ar)2∆2dz2

+A−1(ar)3∆1+∆2−1dr2
)
,

(4.78)

with A ≡ −Q0m (µb0 + Γ(r0)Q0). Thus, we indeed see that if we wish to join the
isotropic directions with the temporal and radial component the metric will not take the
same form as 4.66. But in anology we can propose the form

ds2 = L2(ar)2θ/3α

(
−A(ar)pdt2 + d~x2

⊥ +A−1(ar)−pdr2

(ar)2
+

dz2

(ar)2/α

)
. (4.79)

Therefore, to �nd the parameters of this metric we need to solve the system 12

2θ

3z
− 2 = 2∆1 (4.80a)

2θ

3z
− 2

α
= 2∆1 + 2∆2 (4.80b)

2θ

3z
+ p− 2 = −∆1 −∆2 + 1 (4.80c)

12The last equation can be also 2θ
3z
− p− 2 = 5∆1 + ∆2 − 1 due to the inverse role of the blackening

factor in the temporal and radial component. The result of the system is the same for both cases.
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which yields

θ = −3(∆1 + 1)

∆2 − 1
(4.81a)

α =
1

1−∆2
(4.81b)

p = −3∆1 −∆2 + 1. (4.81c)

We can now try to see if this geometry corresponds to a Lifshitz geometry when θ = 0,
as in the case of 4.66. We perform the scaling transformations t → λbt, ~x⊥ → λd~x⊥,
r → λar, and z → λcz and impose invariance under such coordinate change. The system
we encounter is

ap− 2a+ 2b = 0 (4.82a)

2d− 2a = 0 (4.82b)

2a− pa− 2a = 0 (4.82c)

2c− 2a

α
= 0. (4.82d)

But this system yields a trivial result, a = b = c = d = 0. Even when one considers
the case θ 6= 0 the result is trivial. But what happens if we decide to rescale a parameter
as well as the coordinates? Let us consider the possibilty of rescaling the charge and the
chemical potential. Given 4.79, it turns out that the metric for θ = 0 is invariant under
the scaling

t→ λt, ~x⊥ → λ~x⊥, r → λr, z → λ1/αz, Q0 → λ−p/2Q0, µb0 → λ−p/2µb0.
(4.83)

Therefore, the metric exhibits a Lifshitz scaling upon scaling the charge and chemical
potential13. Besides, the metric su�ers a hyperscaling violation for θ 6= 0 given by
ds→ λθ/3αds, signaling the dependence of thermodynamic quantities on the dynamical
exponents.

Case 3: −4∆1−2∆2−2k∆3+2 > 0 and −4∆1−2∆2−2k∆3+2 > −3∆1−∆2+1

The ground state is given by 4.59. The resulting Einstein equations 4.54-4.56 are

c2γ
3 (ar)−2∆2+2∆3γ − 2c2

1∆2λQ
2
0(ar)−2(2∆1+∆2+∆3k)(∆1 + ∆2 + 2∆3k − 1) = 0 (4.84)

−6∆2
1 − 6∆1 + 2∆2

2 − 2∆2 + ∆2
3 = 0 (4.85)

13This is in analogy wiht the AdS black brane for which one needs to rescale not only the coordinates
but also the horizon in order to have scale invariance.
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(
−a2c2

1λL
4Q2

0c
2k
3 (ar)−2(2∆1+∆2+∆3k)

(
4(∆2 − 1)∆2 + ∆2

3

+4∆1(2∆2 + 3∆3k − 3) + 4∆2∆3k) + a2L4c
2(γ+k)
3 (ar)−2∆2+2∆3γ

−12c2
1L

6c2k+σ
3 (ar)2∆1+∆3σ + 3Q2

0

)
= 0.

(4.86)

From the �rst equation we get 2γ∆3 = −4∆1−2∆3k. From the second one is possible
to get ∆3 in function of the rest. The last equation has three free exponents which must
be taken into account, 2∆1 +∆3σ, −2∆2 +2∆3γ and −2∆2−2∆3k−4∆1. If we use the
equality 2γ∆3 = −4∆1 − 2∆3k from the �rst equation and plug it into the second free
exponent we get −2∆2 +2∆3γ = −2∆2−2∆3k−4∆1. Therefore, two exponents are the
same and one of them is free, from which we conclude that 2∆1 + ∆3σ = −2∆2 + 2∆3γ.
Therefore, we are left with the system of equations

2γ∆3 = −4∆1 − 2∆3k (4.87a)

−6∆2
1 − 6∆1 + 2∆2

2 − 2∆2 + ∆2
3 = 0 (4.87b)

2∆1 + ∆3σ = −2∆2 + 2∆3γ. (4.87c)

The solution to such system is the following14

∆1 = − (γ + k)(2k + σ)

−6γ2 + 6γσ + 2k2 + 2kσ − σ2 − 2
(4.88a)

∆2 =
(2k + σ)(3γ + k − σ)

−6γ2 + 6γσ + 2k2 + 2kσ − σ2 − 2
(4.88b)

∆3 = − 2(2k + σ)

6γ2 − 2k2 − 2σ(3γ + k) + σ2 + 2
. (4.88c)

Another solution is for all the coe�cients to be zero, which of course is not a relevant
physical situation since corresponds to take the ansatz functions 4.24-4.26 to be constant.
As in the previous cases we wish to write the metric in the form 4.66. Following previous
arguments, we propose the form

ds2 = L2(ar)2θ/3α

(
−A(ar)pdt2 + d~x2

⊥ +A−1(ar)−pdr2

(ar)2
+

c1dz
2

(ar)2/α

)
(4.89)

14One could consider the system taking the last equation to be 2∆1 + ∆3σ = −2∆2 − 2∆3k − 4∆1.
The solution is the same, as it should be since both exponents are the same.
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with A ≡ λQ2
0 and

θ = −3(∆1 + 1)

∆2 − 1
(4.90a)

α =
1

1−∆2
(4.90b)

p = −2(2∆1 + ∆2 + ∆3k − 1). (4.90c)

As in the previous case the metric exhibits a scaling upon scaling the charge. The
Lifshitz scaling corresponds to

t→ λt, ~x⊥ → λ~x⊥, r → λr, z → λ1/αz, Q0 → λ−p/2, (4.91)

with a hyperscaling violation ds→ λθ/3αds for θ 6= 0.

Case 4: −3∆1 −∆2 + 1 = −4∆1 − 2∆2 − 2k∆3 + 2 > 0

The ground state is given by 4.60. The Einstein's equations 4.54-4.56 read

(ar)−2∆2

(
ac2γ

3 (ar)2γ∆3

c2
1

− 2a∆2ξQ
2
0(3∆1 + ∆2 − 1)(ar)−3∆1+∆2−1

)
= 0 (4.92)

−6∆2
1 − 6∆1 + 2∆2

2 − 2∆2 + ∆2
3 = 0 (4.93)

r(ar)−2∆2

(
a2c2γ

3 (ar)2γ∆3 +
3Q2

0c
−2k
3 (ar)−2(2∆1+∆3k)

L4

)
c2

1

− 6L2cσ3r(ar)
2∆1+∆3σ

− aξQ2
0(3∆1 + ∆2 − 1)(ar)−3∆1−∆2 (2(3∆1 + ∆2) + log(r) (6∆1(∆1 + 1)

−2(∆2 − 1)∆2 −∆2
3

))
= 0.

(4.94)

From the �rst equation we obtain 2γ∆3−2∆2 = −3∆1−∆2−1. In the third equation
the logarithmic term vanishes because the factor in front is precisely the second equation.
Therefore, we obtain the system

2γ∆3 = −1− 3∆1 + ∆2 (4.95a)

−6∆2
1 − 6∆1 + 2∆2

2 − 2∆2 + ∆2
3 = 0 (4.95b)

− 3∆1 −∆2 − 1 = 2∆1 + ∆3σ (4.95c)



4. The IR geometry 53

which has the solutions

∆1 =
2γ
(√
−8γ2 + 6γσ − 3 + 5σ

)
+ σ

√
−8γ2 + 6γσ − 3− 12γ2 − 4

44γ2 − 36γσ + 3σ2 + 16
(4.96a)

∆2 =
1

44γ2 − 36γσ + 3σ2 + 16

(
2γ
(

5
√
−8γ2 + 6γσ − 3 + 9σ

)
+3σ

(√
−8γ2 + 6γσ − 3 + σ

)
+ 16γ2 + 4

) (4.96b)

∆3 =
6

4
√
−8γ2 + 6γσ − 3 + 2γ − 3σ

(4.96c)

and

∆1 =−
2γ
(√
−8γ2 + 6γσ − 3− 5σ

)
+ σ

√
−8γ2 + 6γσ − 3 + 12γ2 + 4

44γ2 − 36γσ + 3σ2 + 16
(4.97a)

∆2 =
1

44γ2 − 36γσ + 3σ2 + 16

(
2γ
(

5
√
−8γ2 + 6γσ − 3− 9σ

)
+3σ

(
−
√
−8γ2 + 6γσ − 3 + σ

)
+ 16γ2 + 4

) (4.97b)

∆3 =
6

−4
√
−8γ2 + 6γσ − 3 + 2γ − 3σ

. (4.97c)

The metric 3.21 in the IR reads

ds2 = L2(ar)2θ/3α

(
−A(ar)p log rdt2 + d~x2

⊥ +A−1(ar)−p(log r)−1dr2

(ar)2
+

c1dz
2

(ar)2/α

)
(4.98)

with A ≡ ξQ2
0(−3∆1 −∆2 + 1) and p ≡ −3∆1 −∆2 + 1. Due to the logarithm the

metric does not exhibit a Lifshitz scaling. This expected since the logarithmic behaviour
indicates the presence of an anomaly, concretely the Weyl anomaly [27].

4.7 Restrictions from the NEC

Once we have the IR metric for each case we can restrict the parameter space of the
solutions. The solutions must satisfy the conditions 4.27 and 4.38, but they also must
satisfy the NEC conditions found in section 4.5. Let us now see how these conditions
translate when considering the di�erent IR ground states found previously. The �rst
condition 4.48 implies

A′′(r)−A′(r)2 +
h′′(r)

3
+
h′(r)2

3
≤ 0→ −∆1 −∆2

1 −
∆2

3
+

∆2
2

3
≤ 0. (4.99)
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This condition is independent of f(r) and therefore it is valid both in the thermal gas
and the black hole solution, taking such form for every IR solution. The other conditions
are more di�cult to analyse due to the presence of the blackening factor. In this section
we simply present the conditions obtained for each case; the correponding calculations
can be found in Appendix B. As a summary, we obtain the following restrictions 15

• Conditions which are true for every case:

a >0 (4.100a)

∆1 <0 (4.100b)

∆3 >0 (4.100c)

3∆1 + ∆2 <0 (4.100d)

−∆1 −∆2
1 −

∆2

3
+

∆2
2

3
≤0. (4.100e)

• Case 1 [4]:
3∆1∆2 + ∆2

2 −∆2 ≤ 0.

• Case 2 4.58:

Q0(Γ(r0)Q0 + µb0) ≤0 (4.101a)

∆2(1 +Q0Γ(r0)) ≥ 0 ⇐⇒ −4∆1 − 2∆2 − 2k∆3 + 2 < 0 (4.101b)

∆2

(2∆1 + ∆2 + ∆3k − 1)
≥ 0 ⇐⇒ −4∆1 − 2∆2 − 2k∆3 + 2 > 0. (4.101c)

• Case 3 4.59:

∆2

(2∆1 + ∆2 + ∆3k − 1)
≥0 (4.102a)

6∆1

∆1 + ∆2 + 2∆3k − 1
+

∆2

2∆1 + ∆2 + ∆3k − 1
+ 1 ≥0. (4.102b)

• Case 4 4.60:
∆2 ≤ 0. (4.103)

Therefore, the holographic c-theorem realised by the NEC restricts the parameter
space of the IR ansatz functions 4.24-4.26 and therefore the IR metric. Recall that
due to the presence of the gauge �eld the conditions 4.48, 4.50, 4.52 and 4.53 take a
di�erent form in the thermal gas respect to the case without charge. Indeed, for such
case the ground state is f(r) = 1 and the conditions simplify considerably, being the
most signi�cant di�erence that condition 4.50 is not present.

15We also present the restrictions coming from the case without charge.



5. Thermodynamics

One of the most remarkable aspects of the AdS/CFT correspondence lies in its power to
compute thermodynamic quantities. Thermal �eld theory is a rather complex �eld, which
requires di�cult computations. Thanks to the gauge/gravity duality, the thermodynamics
of the �eld theory can be computed from the gravity side, where it is easier and more
familiar to standard thermodynamic computations. Further, it is possible to compute
macroscopic quantities such as speci�c heats without making reference to the underlying
microscopic theory. The important aspect is that due to the AdS/CFT correspondence
we know the underlying microscopic gauge theory which gives rise to the macroscopic
properties of the system. In this chapter we consider the presence of a black hole in the
bulk theory. In particular, a charged black hole due to the presence of a gauge �eld.
Therefore, the blackening factor and Hawking temperature turn on and the system is
not anymore in the thermal gas state. We study the thermodynamic quantities of the
black brane in the IR limit as well as the stability of the solutions, which provides further
constraints on the IR geometry.

5.1 Gauge �eld

Due to the presence of a black brane in the blulk the gauge �eld 4.7 must satisfy A(rh) =
0. This condition allows us to �nd the charge in terms of the horizon and chemical
potential,

Q =
µb∫ rh

0
dr′

eA(r)+h(r)B(φ(r))

. (5.1)

Using the ansatz functions 4.24-4.26 the charge and gauge �eld in terms of the charge
and chemical potential read

Q =
µb

Γ(r0) + κ(arh)δ
(5.2)

At(r) = µb

[
1− Γ(r0) + κ(ar)δ

Γ(r0) + κ(arh)δ

]
(5.3)

with δ ≡ −∆1 −∆2 − 2k∆3 + 1, κ ≡ 1
Lc1(c3)2ka(1−2k∆3−∆1−∆2)

. Notice that δ is (of

course) the exponent of the gauge �eld 4.41. The reason to denote it as δ is because we
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will need to explicitly account for its relation to zero in the calculations, and it is a more
compact way of seeing its relation to other exponents. Indeed, in the IR limit rh → ∞
we must distinguish between positive and negative values of δ, as well as δ = 0.

Case 2 δ < 0: Corresponds to case 2 4.58

Q→ µb
Γ(r0)

(5.4a)

At(r) = − κµb
Γ(r0)

(
(ar)δ − (arh)δ)

)
(5.4b)

Case 3 δ > 0: Corresponds to case 3 4.59

Q→ 0 (5.5a)

At(r) = µb

(
1−

(
r

rh

)δ)
(5.5b)

Case 4 δ = 0: Corresponds to case 4 4.60. Due to the singular behaviour the integrals
must be performed again, yielding

Q =
µb

Γ(r0) + θ log rh
→ 0 (5.6a)

At(r) =µb

(
1− Γ(r0) + θ log r

Γ(r0) + θ log rh

)
→ µb

(
1− log r

log rh

)
(5.6b)

with θ ≡ 1/Lc1(c3)2k.

These expressions are valid only in the IR limit r < rh → ∞ and thus they satisfy
At(rh) = 0, but not necesseraly At(0) = µb.

5.2 Blackening factor and temperature

In section 4.4 we derived the blackening factor 4.29. In order to compute the blackening
factor and temperature in the IR limit we distinguish between di�erent values of the
exponent δ of the gauge �eld 5.3, as done previously. The full computations of the
blackening factor and temperature can be found in Appendix C; here we present the
blackening factor and temperature for each case.

Case 1, Q = 0

We present the blackening factor and temperarure without the presence of charge [4],

f(r) = 1−
(
r

rh

)δ2
(5.7)

4πT =
δ2

rh
(5.8)

with δ2 ≡ −3∆1−∆2 +11. We will see how this blackening factor appears in the case
with charge together with new contributions coming from the presence of the gauge �eld.

1Recall that this power is precisely the same of the one present in the second term of the thermal gas
4.57. The relation of this exponent to δ is important and we therefore use this more compact notation.
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For the temperature we will see how in the IR limit the contribution 1/rh is subleading
respect to leading terms containing charge contributions.

Case 2 (δ < 0) 4.58

The only possibility corresponds to δ < δ2 since δ2 > 0 due to 4.38. The blackening
factor reads

f(r) =1− µbΩ

Γ(r0)
−
(
r

rh

)δ2 [
1− µbΩ(r0)

Γ(r0)
+
µ2
b(arh)δ+δ2

Γ(r0)2ω

(
κ− 2

δ2
+

κ

δ2 + δ

)]

+
µ2
b(ar)

δ2(arh)δ

Γ(r0)2ω

(
κ− 2

δ2
+

κ

δ2 + δ

)
.

(5.9)

This blackening factor contains the term 5.7 of the Q = 0 case with new terms coming
from the presence of charge/chemical potential. If µb = 0 it reduces to the blackening
factor 5.7, as expected. The temperature is given by

4πωT = −Qµb(arh)δ2−1 +Q2Γ(r0)(arh)δ2−1. (5.10)

Case 3 (δ > 0) 4.59

• If δ > δ2:

f(r) = 1−
(
r

rh

)δ2
(5.11)

which is the same as 5.7. This does not mean that this case corresponds to not
having charge. Indeed, to leading order it is e�ectively the same backening factor,
but there are subleading terms containing charge contributions.

• If δ < δ2:

f(r) = 1−
(
r

rh

)δ2
+
µ2
b(ar)

δ+δ2

κω(arh)δ

[
(ar)−δ − (arh)−δ

δ2 + δ
− (ar)−δ − (arh)−δ

δ2

]
(5.12)

which has 5.7 plus contributions coming from the chemical potential/charge. Again,
for µb = 0 the blackening factor reduces to 5.7 as one expects when setting the
chemical potential to zero.

The temperature reads

4πT =
Q2κδ2(arh)δ2+δ−1

aω(δ + δ2)
. (5.13)

Case 4 (δ = 0) 4.60
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For the singular case we obtain the following blackening factor and temperature

f(r) =1−
(
r

rh

)δ2 [
1−

µ2
b(arh)δ2

θωδ2 log rh
+

µ2
bΓ(arh)δ2

2δ2ωθ(θ + Γ) log rh
+

µ2
bδ2(arh)δ2

2aδ2
2ω(θ + Γ)

]

−
µ2
b(arh)δ2

θωδ2 log rh
+

µ2
bΓ(arh)δ2

2δ2ωθ(θ + Γ) log rh
+

µ2
b(ar)

δ2 log r

2aωδ2(Γ + θ) log rh

(5.14)

with temperature

4πT =
Q2θ(arh)δ2−1 log rh

aδ2
. (5.15)

The blackening factor contains again the 5.7 term, which has no logarithmic behaviour.
Such behaviour comes from the gauge �eld being singular, which is not present in the
Q = 0 case. Also, setting µb = 0 recovers 5.7. Notice that due to the singular behaviour
the temperature contains such charactersitic.

5.3 Stability

The stability condition of a thermodynamic state corresponds for such a state to have
maximum entropy/minimum energy. In terms of the grand canonical potential G,
stability translates into its concavity respect to the temperature and chemical potential,

(
∂2G

∂T 2

)
µ

≤ 0 and

(
∂2G

∂µ2

)
T

≤ 0. (5.16)

Furthermore, it is also necessary to ask for the positivity of the determinant of the
hessian matrix [28,29]

H =

(
−∂2G
∂T 2 − ∂2G

∂µ∂T

− ∂2G
∂T∂µ −∂2G

∂2µ

)
=

(
∂s
∂T

∂s
∂µ

∂Q
∂T

∂Q
∂µ

)
(5.17)

detH =

(
∂2G

∂T 2

)
µ

(
∂2G

∂µ2

)
T

−
(
∂2G

∂µ∂T

)2

≥ 0. (5.18)

where all the derivatives with respect to T and µ are taken with the other one
constant2. One can prove that these conditions are equivalent to the following restrictions
[30] 3

CQ = T

(
∂s

∂T

)
Q

≥ 0, Cµ = T

(
∂s

∂T

)
µ

≥ 0 and χ =

(
∂Q

∂µ

)
T

≥ 0 (5.19)

2See Appendix D for a review on thermodynamics.
3The stability conditions 5.16-5.18 imply that in order to have a stable system all three response

functions must be positive. If one is negative, the system is unstable.
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where CQ and Cµ are the speci�c heat at constant charge and chemical potential,
and χ is the isothermal permitivity4. The speci�c heat conditions determine the thermal
stability of the black hole. Since the entropy of a black hole is proportional to its area,
these conditions indicate whether a thermal �uctuation results in a increase or decrease in
size of the black hole. Because black holes radiate at higher temepratures when they are
smaller, stability follows from C ≥ 0. The permitivity has the following interpretation.
It is negative if the black hole is unstable to electrical �uctuations, which happens when
the potential decreases as a result of placing more charge on it. In an attempt to make
it harder to move the system from equilibrium, the potential should increase. In order
to prove 5.19 we make use of the relation [28]

(
∂2F

∂T 2

)
Q

=

(
∂2G
∂µ2

)
T

(
∂2G
∂T 2

)
µ
−
(
∂2G
∂µ∂T

)2

(
∂2G
∂µ2

)
T

= −
CQ
T
, (5.20)

where F is the Helmholtz canonical potential. Thus, we �nd

CQ = −T

((
∂2G

∂T 2

)
µ

−
(
∂2G

∂µ∂T

)2(
∂2G

∂µ2

)−1

T

)
, (5.21)

which allows to write the determinant 5.18 as

detH =
χCQ
T

. (5.22)

Demanding detH > 0 implies the positivity of CQ and χ. The positivity of Cµ comes
from the concavity of the grand potential respect to the temperature at constant chemical
potential, 5.16. Therefore, we obtain the three conditions on the response functions 5.19.

5.4 Stability of the solutions

Given the stability conditions 5.19 we examine the stability of each case. The explicit
calculations can be found in appendix C; in this section we present the results and
conditions.

Case 1

In the Q = 0 case we do not have the conditions 5.19. Instead, we are interested in the
speci�c heat at constant volume [4]. This leads to the restriction

cv =
d log s

d log T
≥ 0→ 3∆1 + ∆2 ≤ 0, (5.23)

which is nothing else than 4.38.

4Do not confuse the isothermal permitivity with the axion �eld also denoted by χ. If we do not say
otherwise, within this chapter χ always refers to the istothermal permitivity.
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Case 2 (δ < 0) 4.58, 5.9, 5.10

• CQ ≥ 0→ −4∆1 − 2∆2 − k∆3 + 1 < 0

• Cµ ≥ 0→ −4∆1 − 2∆2 − k∆3 + 1 < 0

• χ ≥ 0→ 1
Γ(r0) ≥ 0.

This case is stable as long as these conditions are true.

Case 3 (δ > 0) 4.59, 5.11, 5.12, 5.13

• CQ ≥ 0→ −4∆1 − 2∆2 − k∆3 + 1 < 0

• Cµ ≥ 0→ −2∆12k∆3 − 1 < 0

• χ ≥ 0→ −4∆1−2∆2−k∆3+1
−2∆12k∆3−1 ≥ 0.

This case is not a possible IR behaviour because combining the conditions from CQ
and Cµ we reach a contradiction with 4.38.

Case 4 (δ = 0) 4.60, 5.14, 5.15

• CQ = ε < 0 with ε an in�nitessimal number close to zero.

• Cµ = −1

• χ ≥ 0→ −θ log a+ θ
δ2−1 log 4πTaδ2 − 2θ

δ2−1 logµb + 2θ
δ2−1 ≥ 0.

This case unstable. We conclude that the only stable solution in the IR is the one
corresponding to case 2 4.58, 4.79, 5.9, 5.10, as long as we demand the corresponding
stability restriction

Case 2 is stable ⇐⇒ −4∆1 − 2∆2 − k∆3 + 1 < 0. (5.24)

5.5 The stable solution

The stable solution is case 2 with 4.58, metric 4.79, blackening factor 5.9 and temperature
5.10. For this case we found two solutions, depending on the relation between −4∆1 −
2∆2 − 2k∆3 + 2 and 0. Given all the constrains, i.e, 4.38, 4.27, NEC 4.100b-4.100e,
4.101b-4.101c and the stability condition 5.24 it is possible to restrict the parameter
space of the potentials given by γ, σ, k. Let us consider the �rst solution 4.73. The
conditions, in terms of the parameters of the potentials, read

4σ(γ + k)− 8(γ + k)2 + σ2 − 4 ≥ 0 (5.25)

11k + γ − 2σ − 2
√

4σ(γ + k)− 8(γ + k)2 + σ2 − 4 > 0 (5.26)

−4k + σ − 4γ +
√

4σ(γ + k)− 8(γ + k)2 + σ2 − 4 ≥ 0 (5.27)

where the �rst condition comes from imposing ∆i ∈ R and the other two from the
NEC, stability and other conditions. Given these restrictions it is possible to �nd the
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values of σ, γ and k which satisfy the allowed region. We present a 3d plot as well as a
2d plot by considering slices of constant k.

Figure 5.1: 3d plot of the allowed parameter space 5.25-5.27 of the �rst
solution 4.73.
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Figure 5.2: 2d plot of the allowed parameter space 5.25-5.27 of the �rst
solution 4.73, with slices of constant k. This graph represents the upper

tip of the triangle within the corresponding 3d plot 5.1.

Consider the second solution 4.74. The conditions obtained are

4σ(γ + k)− 8(γ + k)2 + σ2 − 4 ≥ 0 (5.28)

3γ −
√

4σ(γ + k)− 8(γ + k)2 + σ2 − 4 + 5k − 3σ > 0 (5.29)

4γ +
√

4σ(γ + k)− 8(γ + k)2 + σ2 − 4 + 4k − σ

2
(
−3γ +

√
4σ(γ + k)− 8(γ + k)2 + σ2 − 4− k + σ

) ≥ 0 (5.30)
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Figure 5.3: 3d plot of the allowed parameter space 5.28-5.30 of the
second solution 4.74.
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Figure 5.4: 2d plot of the allowed parameter space 5.28-5.30 of the
second solution 4.74, with slices of constant k.
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These two solutions corresponded to the case in which −4∆1 − 2∆2 − 2k∆3 + 2 > 0
4.73-4.74. For the case −4∆1−2∆2−2k∆3 +2 < 0 we also had two solutions, 4.76-4.77.
For the �rst one 4.76 the conditions take the following form

−32γ2 + 24γσ + 9σ2 − 36 ≥ 0 (5.31)

−33k − 3γ + 15σ − 3
√
−32γ2 + 24γσ + 9σ2 − 36 < 0 (5.32)

(√
−32γ2 + 24γσ + 9σ2 − 36

)
(3γ − 7σ) + 96γ2 − 59γσ − 15σ2 + 45

44γ2 − 12γσ − 6σ2 + 25

−
8
(√
−32γ2 + 24γσ + 9σ2 − 36− 11γ − 9k + 3σ

)
5
√
−32γ2 + 24γσ + 9σ2 − 36− 28γ − 3σ

> 0

(5.33)

4γ
(

35
√
−32γ2 + 24γσ + 9 (σ2 − 4)− 96σ

)
+ 8γ2 + 450

+ 3σ
(

5
√
−32γ2 + 24γσ + 9 (σ2 − 4)− 39σ

)
≤ 0

(5.34)

Figure 5.5: 3d plot of the allowed parameter space 5.31-5.34 of the third
solution 4.76.
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Figure 5.6: 2d plot of the allowed parameter space 5.31-5.34 of the third
solution 4.76, with slices of constant k. It is not shown in the plot, but
there is an overlap of regions for di�erent values of k. In particular, the
regions with higher values of k overlap with the ones of lower k, so that
when increasing k the allowed region increases, as it can be seen in the

3d plot 5.5.

For the last solution 4.77 it turns out that in order to satisfy the conditions the
parameters γ, σ, k must be complex, which is in contradiction with the restriction ∆i ∈
R, i = 1, 2, 3. Thus, such solution is not a possible IR behaviour. Therefore, from the
stable solution three of the soutions are possible 4.73, 4.74, 4.76, while one is discarded
4.77. In conclusion, case 2 4.58, 5.9, 5.10 is a stable solution if the condition 5.24
is satis�ed. The IR geometry is given by the metric 4.79 which exhibits a Lifshitz
scaling upon scaling the charge/chemical potential, with three possible solutions. These
solutions can be constrained using the NEC together with 4.27, 4.38 and therefore the
potentials of the gravitational action 3.18 are restricted in the IR regime.



6. Conclusions and Outlook

In this thesis we have studied the IR regime of the anisotropic charged QGP. The
Einstein-Maxwell-Axion-Dilaton action has been the holographic theory exploited, from
which Einstein's equations and Maxwell's equations gave us the gravity expressions to
study the bulk theory.

Our work was based on [4], where the spatial anisotropy of the gauge theory was
considered. In this thesis we extended such investigation by introducing a gauge �eld in
the bulk, in order to account for the charge density of the QGP. First, we found that the
IR metric has three possible forms in accordance with the requirement of the good type
IR singularity. As in the case without charge we identi�ed that the metric exhibits a
Lifshitz scaling, upon scaling the charge/chemical potential, and hyperscaling violation,
signaling the dependence of the thermodynamic quantities on the dynamical exponents.
Crucially, one of the cases correspondend to a singular behaviour of the gauge �eld, for
which the IR metric does not show Lifshitz scaling and indicates an anomaly. We also
accounted for the realisation of the c-theorem in holography given by the NEC, providing
constraints to the allowed parameter space of the solutions.

At �nite temperature we computed the blackening factor and Hawking radiation
obtaining new contributions originated from the charge density. Finally, we investigated
the thermodynamic stability of the IR solutions based on the positivity of the response
functions, leading to the conclusion that only one IR geometry is stable, corresponding
to 4.58, 5.9 and 5.10. For such a case, the IR metric parameters were constrained
using the conditions coming from the good singularity behaviour 4.38, the AdS/CFT
correspondence 4.27, the NEC 4.7 and the stability restriction 5.24. Following this route
we have been able to constrain the potentials of the gravitational action 3.18.

There is, of course, much work that would be interesting to complete and we have
not been able to perform in this thesis. In particular, the next possible step would be
to calculate the free energy of the system in order to see the con�ned-decon�ned plasma
transition, and in particular to examine how the transition temperature changes with
the presence of charge. For the anisotropic case [4] the transition temperature decreases
due to the anisotorpy, and one expects some dependence from the presence of charge.
The calculation of transport and di�usion quantities, such as the viscosity and butter�y
velocities, would also be relevant to see their dependence on the dynamical exponents
as well as their saturation values, to examine how they change due to the presence of a
gauge �eld.
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A. Quantum Chromodynamics

QCD is a non-abelian gauge theory invariant under SU(3). The fermions of the theory
are the quarks transforming in the fundamental representation, while the gluons are the
bosonic gauge �eds carrying the colour charge which transform in the adjoint representation.
The Lagrangian is

L = −1

4
F aµνF

µν
a + iqiγ

µDµqi −mqiqi (A.1)

where qi are the spinor �elds describing the quarks with i = u, d, c, s, t, b, i.e., the six
�avours. The covariant derivative and �eld strength read

Dµ = ∂µ − igAaµσa (A.2)

F aµν = ∂µA
a
ν − ∂νAaµ + gfabcA

b
µA

c
µ (A.3)

where Aaµ is the gluon gauge �eld, g the coupling constant, σa the Gell-Mann matrices
and fabc the structure constants satisfying [σb, σc] = fabcσa. QCD presents divergences in
both the IR and UV regimes. Within renormalization, the regularization technique gives
the β-function

β(g)

g
= −

33− 2Nf

3

g2

16π2
−

306− 38Nf

3

(
g2

16π2

)
+O(6) (A.4)

with Nf = 6. The β-function contains the information about the RG �ow of the
gauge theory. In particular, it is a measure of the rate of change of the coupling constant
respect to the energy scale. For QCD, Nf = 6 and thus the β-function is negative,
indicating an interesting property of QCD: asymptotic freedom. Contrary to QED, the
coupling constant of QCD decreases towards the UV regime, and in the far UV the
theory becomes asymptotically free. On the other hand, in the low energy IR regime
the coupling constant increases and QCD becomes strongly coupled. Another improtant
property of QCD is con�nement. Con�nement refers to the behaviour of the potential
interaction between two quarks; it increases linearly with distance, so that the quarks
are glued together forming hadrons and they are therefore con�ned, meaning that is
not possible to �nd them as free particles. Contrary to usual QCD matter, the QGP is
decon�ned, being one of the reasons for which is an interesting QCD state.
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In section 4.7 we presented the constrains coming from the NEC for each case, i.e., 4.58,
4.58 and 4.60. In this Appendix we show the calculations involved in obtaining such
conditions. In order to study condition 4.50 we consider the blackening factor 4.29, so
that

f ′(r) = −e−3A(r)−h(r)(QAt(r) + C) (B.1a)

f ′′(r) = e−3A(r)−h(r)
(
Q(At(r)(3A

′(r) + h′(r))−A′t(r)) + C(3A′(r) + h′(r))
)
. (B.1b)

Plugging in these functions into the condition 4.50 we obtain

3A′(r)f ′(r) + f ′′(r) + f ′(r)h′(r) ≥ 0→ QA′t(r) ≤ 0. (B.2)

Given the gauge �eld 4.7 together with the ansatz functions 4.24-4.26,

A′t(r) =
Q

Lc1(c3)2k
(ar)−∆1−∆2−2k∆3 , (B.3)

which yields

Q2c−2k
3 (ar)−∆1−∆2−2∆3k

c1L
≥ 0→ a ≥ 0. (B.4)

But this condition is not giving new information, since we already knew from the
ansatz functions that the anisotropy factor has to be positive. To analyse condition 4.52
we use the ground state 4.42. By doing so, we obtain

Ar−2 +Br−3∆1−∆2−1 + Cr−4∆1−2∆2−2k∆3 ≤ 0 (B.5)
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with

A =2∆2(1 +Q0Ω(r0))(3∆1 + ∆2 − 1) (B.6a)

B =
−6∆1Q0

c1L3
(µb0 +Q0Γ(r0)) (B.6b)

C =−
(

6∆1

∆1 + ∆2 + 2∆3k − 1
+

∆2

2∆1 + ∆2 + ∆3k − 1
+ 1

)
(B.6c)

Therefore, we have to consider the relation between the di�erent exponents and see
which term leads the order as r →∞, i.e., in the IR. Looking case by case

• Case 2: Implies that B ≤ 0 → Q0(Γ(r0)Q0 + µb0) ≤ 0

• Case 3: Implies C ≤ 0 so

6∆1

∆1 + ∆2 + 2∆3k − 1
+

∆2

2∆1 + ∆2 + ∆3k − 1
+ 1 ≥ 0. (B.7)

For case 4 4.60 the ground state is di�erent to the other cases due to the divergence
of the gauge �eld, and it must be analysed on its own. If one does so for condition 4.52
with the corresponding ground state 4.60

ξQ2
0(3∆1 + ∆2 − 1)(−9∆1 − 3∆2 + 6∆1(3∆1 + ∆2 − 1) log(r) + 1) ≤ 0 (B.8)

which implies ∆1 ≤ 0 as r → ∞. This does not provide new information since we
already knew it from 4.27. The extra condition 4.53 is also taken into account. Given
the thermal gas 4.57

−∆2Q
2
0c
−2k
3 (ar)−2(2∆1+∆2+∆3k)

2c2
1L

4(2∆1 + ∆2 + ∆3k − 1)
+

∆2Q0Ω(r0)(3∆1 + ∆2 − 1)

r2
+

∆2(3∆1 + ∆2 − 1)

r2
≤ 0

(B.9)

which translates into the following restrictions:

• If −2(2∆1 + ∆2 + ∆3k) > −2

∆2

(2∆1 + ∆2 + ∆3k − 1)
≥ 0 (B.10)

which happens for case 3 4.59 and for one of the particular possibilities of case 2,
4.73 and 4.74.

• If −2(2∆1 + ∆2 + ∆3k) < −2

∆2(1 +Q0Γ(r0)) ≥ 0 (B.11)

which happens for one of the solutions of case 2, 4.76 and 4.77.
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Again for case 4 4.60 we need to use the corresponding thermal gas 4.60. Then
condition 4.53 takes the form

−∆2(3∆1 + ∆2 − 1) ≤ 0 (B.12)

which implies ∆2 ≤ 0 due to 4.38 and constrains directly 4.25. Therefore, we obtain
the following restrictions for every case:

• Case 2 4.58:

Q0(ΓQ0 + µb0) ≤0

∆2(1 +Q0Γ(r0)) ≥ 0 ⇐⇒ −4∆1 − 2∆2 − 2k∆3 + 2 < 0

∆2

(2∆1 + ∆2 + ∆3k − 1)
≥ 0 ⇐⇒ −4∆1 − 2∆2 − 2k∆3 + 2 > 0.

• Case 3 4.59:

∆2

(2∆1 + ∆2 + ∆3k − 1)
≥0

6∆1

∆1 + ∆2 + 2∆3k − 1
+

∆2

2∆1 + ∆2 + ∆3k − 1
+ 1 ≥0.

• Case 4 4.60:
∆2 ≤ 0.



C. Blackening factor, temperature and
stability

In chapter 5 we study the thermodynamics of the 5-dimensional black brane present in
the bulk. In such chapter the results were presented, omiting the full computation of the
blackening factor and temperature as well as the computation of the response functions
5.19 controlling the thermodynamic stability. In this appendix the corresponding computations
are presented.

C.1 Blackening factor

We present the computation of the full blackening factor, from which we obtained the
di�erent cases 5.11, 5.12, 5.9, 5.14 of section 5.2. The blackening factor is given by 4.4,

f(r) = A− C
∫ r

0
dr′e−3A(r)−h(r) −Q

∫ r

0
dr′At(r)e

−3A(r)−h(r) (C.1)

C =
1−Q

∫ rh
−∞ dr

′At(r)e
−3A(r)−h(r)∫ rh

−∞ dr
′e−3A(r)−h(r)

(C.2a)

A = 1. (C.2b)

The gauge �eld 4.7 reads

Q =
µb

Γ(r0) + κ(arh)δ
(C.3)

At(r) = µb

[
1− Γ(r0) + κ(ar)δ

Γ(r0) + κ(arh)δ

]
(C.4)

with δ ≡ −∆1 −∆2 − 2k∆3 + 1.
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Case δ 6= 0

Using the IR ansatz 4.24-4.26 and the gauge �eld 5.3 the blackening factor reads1

f(r) = 1− C
(

Λ(r0) +
(ar)δ2

ωaδ2

)
− Qµb(ar)

δ2

aωδ2
+
Q2κ(ar)δ2+δ

ω(δ2 + δ)
+
Q2Γ(r0)(ar)δ2

aωδ2
−QΩ(r0)

= 1− C
(

Λ(r0) +
(ar)δ2

ωaδ2

)
− µbΩ(r0)

Γ(r0) + κ(arh)δ
−

µ2
b(ar)

δ2

aωδ2(Γ(r0) + κ(arh)δ)

+
µ2
bκ(ar)δ2+δ

ω(δ2 + δ)(Γ(r0) + κ(arh)δ)2
+

µ2
bΓ(r0)(ar)δ2

aωδ2(Γ(r0) + κ(arh)δ)2

(C.5)

where in the second equailty we introduced the charge given by 5.2 and we de�ned
ω ≡ L3c1, δ2 ≡ −3∆1 −∆2 + 1. The constant C is

C =
1− Qµb(ar)

δ2

aωδ2
+ Q2κ(ar)δ2+δ

ω(δ2+δ) + Q2Γ(r0)(ar)δ2

aωδ2
−QΩ(r0)

Λ(r0) + (arh)δ2

aωδ2

=
1− Ω(r0)µb

Γ(r0)+κ(arh)δ
− µ2

b(arh)δ2

ωδ2(Γ(r0)+κ(arh)δ)
+

µ2
bΓ(r0)(arh)δ2

ωδ2(Γ(r0)+κ(arh)δ)2 +
µ2
bκ(arh)δ2+δ

ω(δ2+δ)(Γ(r0)+κ(arh)δ)2

Λ(r0) + (arh)δ2

aωδ2

.

(C.6)

Introducing C into the blackeing factor C.5

f(r) =1−
Λ(r0) + (ar)δ2

aωδ2

Λ(r0) + (arh)δ2

aωδ2

[
1− Ω(r0)µb

Γ(r0) + κ(arh)δ
−

µ2
b(arh)δ2

ωδ2(Γ(r0) + κ(arh)δ)
+

µ2
bΓ(r0)(arh)δ2

ωδ2(Γ(r0) + κ(arh)δ)2

+
µ2
bκ(arh)δ2+δ

ω(δ2 + δ)(Γ(r0) + κ(arh)δ)2

]
− Ω(r0)µb

Γ(r0) + κ(arh)δ
−

µ2
b(ar)

δ2

ωδ2(Γ(r0) + κ(arh)δ)

+
µ2
bΓ(r0)(ar)δ2

ωδ2(Γ(r0) + κ(arh)δ)2
+

µ2
bκ(ar)δ2+δ

ω(δ2 + δ)(Γ(r0) + κ(arh)δ)2
.

(C.7)

In the limit rh → ∞, we must distinguish between δ positive or negative and its
relation to δ2. Recall that δ2 > 0 due to 4.38.

Case 2 (δ < 0) 4.58

1Λ(r0) denotes the integral of the C term for which the IR ansatz is not satis�ed. Since C = 0 in the
thermal gas this term did not appear in the previous chapter.
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• The only possibility corresponds to δ < δ2. Using the Taylor expansion 1/(1+x) ∼
1− x we obtain

f(r) =1− µbΩ(r0)

Γ(r0)
−
(
r

rh

)δ2 [
1− µbΩ(r0)

Γ(r0)
+
µ2
b(arh)δ+δ2

Γ(r0)2ω

(
κ− 2

δ2
+

κ

δ2 + δ

)]

+
µ2
b(ar)

δ2(arh)δ

Γ(r0)2ω

(
κ− 2

δ2
+

κ

δ2 + δ

)
.

(C.8)

Case 3 (δ > 0) 4.59

• If δ > δ2 then, in the IR limit we obtain

f(r) = 1−
(
r

rh

)δ2
. (C.9)

• If δ < δ2 the leading terms in the IR are the δ + δ2 terms and thus

f(r) = 1−
(
r

rh

)δ2
+
µ2
b(ar)

δ+δ2

κω(arh)δ

[
(ar)−δ − (arh)−δ

δ2 + δ
− (ar)−δ − (arh)−δ

δ2

]
. (C.10)

Case 4 (δ = 0) 4.60

This case corresponds to the singular gauge �eld behaviour 5.6b, 4.60. The constant C
reads

C =
1−QΩ(r0)− Qµb(arh)δ2

ωδ2
+ Q2(arh)δ2

ωδ2
+ θQ2(arh)δ2 (−1+δ2 log rh)

aωδ2
2

Λ(r0) + (arh)δ2

ω

1− Ω(r0)µb
Γ(r0)+θ log rh

− µ2
b(arh)δ2

(Γ(r0)+θ log rh)ωδ2
+

µ2
b(arh)δ2

(Γ(r0)+θ log rh)2ωδ2
+

θµ2
b(arh)δ2 (−1+δ2 log rh)

(Γ(r0)+θ log rh)2aωδ2
2

Λ(r0) + (arh)δ2

ω

,

(C.11)

and the blackening factor

f(r) =1−
Λ + (ar)δ2

aωδ2

Λ + (arh)δ2

aωδ2

[
1− Ωµb

Γ + θ log rh
−

µ2
b(arh)δ2

(Γ + θ log rh)ωδ2
+

µ2
b(arh)δ2

(Γ + θ log rh)2ωδ2

+
θµ2

b(arh)δ2(−1 + δ2 log rh)

(Γ + θ log rh)2aωδ2
2

]
− Ωµb

Γ + θ log rh
−

µ2
b(ar)

δ2

(Γ + θ log rh)ωδ2

+
µ2
b(ar)

δ2

(Γ + θ log rh)2ωδ2
+
θµ2

b(ar)
δ2(−1 + δ2 log r)

(Γ + θ log rh)2aωδ2
2

.

(C.12)
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In the IR limit,

f(r) =1−
(
r

rh

)δ2 [
1−

µ2
b(arh)δ2

θωδ2 log rh
+

µ2
bΓ(arh)δ2

2δ2ωθ(θ + Γ) log rh
+

µ2
bδ2(arh)δ2

2aδ2
2ω(θ + Γ)

]

−
µ2
b(arh)δ2

θωδ2 log rh
+

µ2
bΓ(arh)δ2

2δ2ωθ(θ + Γ) log rh
+

µ2
b(ar)

δ2 log r

2aωδ2(Γ + θ) log rh
.

(C.13)

Notice that for every case, setting Q = 0 (or µb = 0) recovers, as expected, the case
without charge [4]

f(r) = 1−
(
r

rh

)δ2
. (C.14)

C.2 Temperature

The temperature is given by 4.31, and it is therefore given in terms of the constant
C. Again, in the IR limit we distinguish di�erent cases depending on the value of the
exponent δ of the gauge �eld 5.3.

Case δ 6= 0

4πT =
δ2(1−QΩ(r0))

rh
− Qµb(arh)δ2−1

ω
+
Q2Γ(r0)(arh)δ2−1

ω
+
Q2κδ2(arh)δ2+δ−1

aω(δ + δ2)

= δ2r
−1
h −

δ2Ω(r0)µb
(Γ(r0) + κ(arh)δ)rh

−
µ2
b(arh)δ2−1

ω(Γ(r0) + κ(arh)δ)
+

µ2
bΓ(r0)(arh)δ2−1

aω(Γ(r0) + κ(arh)δ)2

+
µ2
bκδ2(arδ2+δ−1

)

aω(δ2 + δ)(Γ(r0) + κ(arh)δ)2

(C.15)

Case 2 (δ < 0) C.8

In the IR the temperature reduces to

4πωT = −Qµb(arh)δ2−1 +Q2Γ(r0)(arh)δ2−1. (C.16)

Case 3 (δ > 0) C.9-C.10

In the IR regime the temperature reduces to

4πT =
Q2κδ2(arh)δ2+δ−1

aω(δ + δ2)
. (C.17)
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Case δ = 0 C.12

4πT =
δ2

rh
− QΩ(r0)δ2

rh
− Qµb(arh)δ2−1

ωδ2
+
Q2(arh)δ2−1

ωδ2
+
Q2θ(arh)δ2−1(−1 + δ2 log rh)

aδ2
2

=
δ2

rh
− µb

Γ(r0) + θ log rh

Ω(r0)δ2

rh
− µb

Γ + θ log rh

µb(arh)δ2−1

ωδ2

+

(
µb

Γ(r0) + θ log rh

)2 (arh)δ2−1

ωδ2
+

(
µb

Γ(r0) + θ log rh

)2 θ(arh)δ2−1(−1 + δ2 log rh)

aδ2
2

.

(C.18)

The temperature in the IR reduces to

4πT =
Q2θ(arh)δ2−1 log rh

aδ2
. (C.19)

Recall that setting Q = 0 (or µb = 0) for C.15 and C.18 recovers, as expected, the
temperature for C.14 [4],

T =
δ2

rh
. (C.20)

C.3 Stability

In chapter 5 the results coming from the stability conditions were shown. In this section
the computation of such response functions is shown.

Case 2 δ < 0

In order to compute CQ we need to �nd s = s(T,Q). Using the corresponding temperature
C.16 and charge expressions 5.2, we can extract the rh = rh(T,Q),

rh =
1

a

(
4πT

Q2κ

) 1
δ2+δ−1

. (C.21)

Therefore, the entropy 4.37 reads

s =
L3c1

4G

(
4πT

Q2κ

) 3∆1+∆2
δ2+δ−1

. (C.22)

We can now compute the speci�c heat at constant charge. In particular, we consider
the dimensionless quantity

cq ≡
T

s
CQ =

(
d log s

d log T

)
Q

≥ 0→ δ2 + δ − 1 = −4∆1 − 2∆2 − 2k∆3 + 1 < 0 (C.23)
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where we made use of the condition 4.38. In order to compute the speci�c heat
at constant chemical potential we need rh = rh(µb, T ) to get s = s(µb, T ). Using the
temperature C.16 and charge 5.2

4πTω =
µ2
b(arh)δ2−1

Γ + κ(arh)δ

(
Γ

Γ + κ(arh)δ
− 1

)
. (C.24)

Since δ < 0, in the IR limit

rh =
1

a

(
4πTωΓ2

µ2
bκ

) 1
δ2+δ−1

(C.25)

and the entropy reads

s =
L4c1

4G

(
4πTωΓ2

µ2
bκ

) 3∆1+∆2
δ2+δ−1

. (C.26)

As in the case of CQ, we compute the dimensionless quantity

cµ ≡
d log s

d log T
≥ 0→ δ2 + δ − 1 = −4∆1 − 2∆2 − 2k∆3 + 1 < 0 (C.27)

In order to �nd the isothermal permitivity we �nd the charge in terms of the temperature
and chemical potential,

Q =
µb
Γ
− κ

Γ2

(
4πTωΓ2

) 1
δ2+δ−1 µ

δ2+δ−3
δ2+δ−1

b (C.28)

and thus, to leading order,

χ = 1/Γ(r0) ≥ 0. (C.29)

Therefore, this case is stable as long as such conditions are satis�ed; in particular it
must satisfy −4∆1 − 2∆2 − 2k∆3 + 1 < 0, having Γ(r0) positive.

Case 3 δ > 0

Using C.17 and 5.2 we �nd the horizon as a function of the charge and temperature,

rh =
1

a

(
4πTaω(δ2 + δ)

Q2κδ2

) 1
δ2+δ−1

, (C.30)

and therefore

s =
L3c1

4G

(
4πTaω(δ2 + δ)

Q2κδ2

) 3∆1+∆2
δ2+δ−1

→ cq ≥ 0→ −4∆1 − 2∆2 − 2k∆3 + 1 < 0 (C.31)
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Following the same procedure as before, we �nd the horizon as a function of the
temperature and chemical potential. Since δ > 0,

rh =
1

a

(
4πTaωκ(δ2 + δ)

δ2µ2
b

) 1
δ2−δ−1

(C.32)

s =
L3c1

4G

(
4πTaωκ(δ2 + δ)

δ2µ2
b

) 3∆1+∆2
δ2−δ−1

→ cµ ≥ 0→ −2∆1 − 1 + 2k∆3 < 0. (C.33)

This condition, together with the condition from cq C.31 is in contradiction with 4.38.
For the isothermal permitivity we �nd the charge

Q =
µb

Γ(r0) + κ
(

4πTaωκ(δ2+δ)
δ2µ2

b

) δ
δ2−δ−1

. (C.34)

To leading order

χ =
−4∆1 − 2∆2 − 2k∆3 + 1

−2∆1 − 1 + 2k∆3
≥ 0, (C.35)

which is automatically satis�ed from the previous two conditions C.31, C.33. This
case is not a possible IR behaviour because it violates the good singularity condition
4.38.

Case 4 δ = 0

We �rst compute cµ. Using the expressions C.19 and 5.6b, we obtain rh = rh(µb, T )

rh =
1

a

(
4πTaδ2

µ2
b

) 1
δ2−1

(C.36)

which implies

s =
L3c1

4G

(
4πTaδ2

µ2
b

)−1

→ cµ = −1, (C.37)

giving an unstable system. Computing the isothermal permitivity we obtain

−θ log a+
θ

δ2 − 1
log 4πTaδ2 −

2θ

δ2 − 1
logµb +

2θ

δ2 − 1
≥ 0. (C.38)

To compute cq we use the chain rule

(
∂s

∂T

)
Q

=

(
∂s

∂rh

)
1(
∂T
∂r

) (C.39)
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(
∂s

∂rh

)
= (−δ2 + 1)r−δ2h (C.40)

(
∂T

∂r

)
= Q2rδ2−2

h ((δ2 − 1) log rh + 1) (C.41)

and thus

(
∂s

∂T

)
Q

=
−(δ2 − 1)r

−2(δ2−1)
h

Q2((δ2 − 1) log rh + 1)
. (C.42)

Since every term is positive, in the limit rh → ∞ the derivative goes to zero from
the left, i.e., CQ ∼ ε < 0 where ε is a number in�nitessimally close to zero from the left.
Therefore, this case is thermodynamically unstable.



D. Statistical physics and thermodynamics

D.1 Canonical ensemble

In the canonical ensemble the system under study is in contact with a heat bath at
temperature T , being a closed system, i.e., it does not interchange particles. The
variables which de�ne the system are T , Q, V . The potential associated to this ensmeble
is the Helmholtz potential F . The partition function is given by

Z =
∑
r

e−βEr (D.1)

so that the potential is found as

F = −kbT lnZ. (D.2)

Recall that the Helmholtz potential is F = U − TS, so that F = F (T, V,Q). This is
related to the euclidean action by SE −S0

E = −βF within the context of the AdS/CFT
correspondence. The �rst law of thermodynamics takes the form

dE = Tds+ µdQ, (D.3)

which in terms of F reads

dF = −sdT + µdQ. (D.4)

Thus, we �nd the relations

s = −
(
∂F

∂T

)
Q

, µ =

(
∂F

∂Q

)
T

. (D.5)

D.2 Grand canonical ensemble

Within the grand canonical ensemble the system considered has energy E variable, but
also the charge Q of the system is allowed to change. The system is in equilibrium with
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a heat bath at temperature T and in chemical equilibrium with a reservoir of particles
with a chemical potential µ. Therefore, the states are described by T ,V and µ. The
partition function is given by

Q =
∞∑

Qs=0

Z(Ns, T, V )zQs (D.6)

with z = eβµ and Z(Qs, T, V ) the canonical partition function D.1 of a subsystem.
The grand potential is

G = −kbT lnQ, (D.7)

which is also de�ned as G = U − TS − µQ. The Gibbs free energy can be de�ned
from the potential F as the Legendre transformation G = F − µQ, so that G =
G(T, V, µ). Within the context of the AdS/CFT correspondence the potential is found
for a particular solution of the euclidean contionuation of the Lorentzian action by
SE − S0

E = −βG. The �rst law is expressed as

dE = µdQ+ TdS (D.8)

which takes the following form in terms of G

dG = −sdT −Qdµ. (D.9)

Given these expressions one can �nd the relations

s = −
(
∂G

∂T

)
µ

, Q = −
(
∂G

∂µ

)
T

. (D.10)

The fundamental di�erence between the canonical and gran canonical ensemble is the
presence of the particle reservoir in the grand canonical formalism. This means that the
chemical potential is constant in the grand canonical ensemble, and thus one works with
the intensive variables T and µ. On the other hand, in the canonical ensemble one works
with the intensive variable T and the extensive variable Q.

D.3 Response functions

The reponse functions are the themodynamic quantites which establish the dependence of
thermodynamic functions respect to external changes of a certain variable. In particular,
the speci�c heat is de�ned as

CX =

(
∂E

∂T

)
X

. (D.11)
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This means that the speci�c heat at constant variable X is the variation of the energy
respect to the temperature while keeping X constant. The speci�c heat at constant
charge and chemical potential read

CQ =

(
∂E

∂T

)
Q

= T

(
∂S

∂T

)
Q

= −T 2

(
∂2F

∂T 2

)
Q

(D.12)

Cµ =

(
∂E

∂T

)
µ

= T

(
∂S

∂T

)
µ

= −T 2

(
∂2G

∂T 2

)
µ

(D.13)

where in the last step we used the relations D.5, D.10. There are other response
functions, such as the susceptibilities. In this thesis we are interested in the isothermal
permitivity

χ =

(
∂Q

∂µ

)
T

. (D.14)

D.4 Fluctuations

In the previous section we computed the response functions which signal the stability
of the system 5.19. We can go further in trying to describte the underlying �eld theory
and compute the fulctuations of the system. Within the canonical ensemble, the charge
is constant (being the analog of the volume for hydrostatic systems), and the variance
of the system is given by [28]

〈δE2〉 = TCQ. (D.15)

For the grand canonical ensemble, the charge and energy are free to vary, and the
�uctuations are given by

〈δE2〉 = TCQ + Tµ

(
∂E

∂µ

)
T

(D.16)

〈δQ2〉 = Tχ (D.17)

〈δEδQ〉 = T 2αµ + Tµχ, (D.18)

where αµ =
(
∂Q
∂T

)
µ
is the thermal dilatation coe�cient.
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