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Abstract

This thesis is concerned with the curvature of pseudo-Riemannian manifolds. A pseudo-
Riemannian manifold is called flat when it can be covered by charts that intertwine the pseudo-
metrics of the manifold and psuedo-Euclidian space. In general, the curvature of a manifold is
described by an operator kv, called the Riemann curvature. In the main theorem of this thesis,
we will prove that a pseudo-Riemannian manifold is flat if and only if Ky vanishes identically.
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1 Introduction

1.1 Main Result and Motivation

Compare the country Greenland and the continent Africa on a chart in an atlas and on a globe.
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The Problem with our Maps [1]

On a chart in the atlas, Greenland has roughly the same size as Africa. On the globe,
Greenland is much smaller in comparison to Africa. In general, one may wonder why such
representations (charts in an atlas) are not scaled to reality (a globe):

Question 1: Why are (local) representations of the Earth’s surface in an atlas distorted?

The answer is that it is impossible to cover the surface of the Earth (modeled as a Riemannian
manifold) with charts that intertwine the metrics of the Earth’s surface and the Euclidian
metric on open subsets of the Euclidian plane.

To explain this, we need the theory of Riemannian geometry. A Riemannian manifold is a
manifold M together with a choice of innerproduct g, on each tangent space T,M that varies
smoothly with respect to p € M. Such a collection of innerproducts is called a metric. A metric
allows us to measure geometrical quantities such as angles, distances and (hyper)volumes on
the manifold.

Let us model the globe as the manifold S?. A chart in the atlas can then be viewed as a
chart

x:U—=U, x@):=K"®,. ... x"0)

of 2 in the mathematical sense, i.e. a diffeomorphism. Here U C S% and U C R? are open
subsets. To answer Question 1, we want to know when charts preserve geometrical quantities.

This introduces the main concept of flatness: charts that intertwine metrics. Our intuition
tells us that (an open subset of) the Euclidian space R™ equipped with the Euclidian metric
is a flat space. Now, one may wonder when a given Riemannian m-dimensional manifold M,
such as the Earth’s surface, is flat. Naively, one could ask the following question:



Question 2: Does there exist an open subset UCR™and a diffeomorphism x: M — U
(i.e. a global chart) that intertwines the metric of M and the Euclidian metric on U?

If the answer is ‘yes’, it means that an ‘m-dimensional being’ is not able to distinquish between
M and U by global and local measurements. However, the answer to this question is in general
not very interesting, since often the answer is ‘no’ for a topological reason. As an example, no
compact manifold E| admits a global chart. In such cases the metric plays no role. A better
question is the following:

Question 3: Can we cover M by local charts that intertwine the metric of M and the
Euclidian metric?

We call M flat if and only if the answer is ‘yes’. It means that an ‘m-dimensional being’ can
not distinguish between the manifold M and Euclidian space R™ by local measurements. To
clarify the discussion above, we give two examples.

Suppose that we have a sheet of paper. Now roll the paper into a cylinder. Locally, this
construction preserves distances, areas and angles on the surfaces. So the metric on the cylinder
is locally preserved: around every point in the cylinder we can find a local chart that preserves
the metric of the cylinder. However, the cylinder and sheet of paper are not homeomorphic,
i.e. there exists no global chart. Hence, for the 2-dimensional cylinder the answer to Question
2 is ‘no’ and the answer to Question 3 is ‘yes’.

Now consider a 2-dimensional sphere. The sphere is compact and hence we already know
that the answer to Question 2 is ‘no’. The answer to Question 3 is more subtle, but turns out
to be ‘no’. To verify this, we must show that there exists a point on the sphere such that every
chart around that point distorts the properties of the metric. Suppose that there exists a chart
x: U — U of S? that intertwines the metrics of S and U. Let A C U be a spherical triangle.
Suppose that the angles of A are given by «, § and . One can show (see [5]) that

a+ B+ =area(A) + 7.

Since area(A) > 0, it follows that the sum of the angles of a spherical triangle are strictly
greater than 7.

Spherical Triangle 2]

Since y preserves angles and distances, it follows that y,A C U must be a planar triangle
with the same angles and sides as A. But it is a well-known fact that the angles of a planar

! Throughout this thesis, all manifolds are assumed to be manifolds without boundary.



triangle precisely add up to m. Hence we find a contradiction. It therefore follows that y can
not exist.
More generally, the following question arises:

Question 4: Does there exist an invariant that distinguishes flat Riemannian manifolds
from curved ones?

The answer is ‘yes’ and the invariant is called Riemann curvature P} However, to understand
the definition of Riemann curvature, we must first introduce a lot of technical machinery.

Moreover, as the title of this thesis suggests, we will study a more generalized form of
Riemannian manifolds: pseudo-Riemannian manifolds. They play an essential role in Einstein’s
theory of relativity. Here, gravity is described by the Riemann curvature of such pseudo-
Riemannian manifolds.

Gravity Modeled as the Curvature of Spacetime [3]

The precise answer to Question 4 is contained in the following theorem:

Main Theorem: A pseudo-Riemannian manifold is flat if and only if its Riemann cur-
vature vanishes identically.

The theorem also says that the Riemann curvature is sufficient for flatness, i.e. it is precisely the
obstruction to being flat. In other words: we find a characterization of flat pseudo-Riemannian
manifolds.

1.2 Organization

In Chapter 2 we discuss the notion of vector bundles. We also introduce the sections of a vector
bundle. The tangent bundle is an example of a vector bundle and vector fields are the sections
of the tangent bundle. We then study connections on vector bundles. A connection is a choice
of additional structure which can be added to a vector bundle.

In Chapter 3 we give the precise definition of pseudo-Riemannian manifolds. We also intro-
duce the Levi-Civita connection, which is a connection on the tangent bundle that is completely
determined by the pseudo-metric on a pseudo-Riemannian manifold.

A connection on a vector bundle induces the covariant derivative operator along a curve
on the manifold. In Chapter 4 we introduce and use this operator to study how a vector in
the vector bundle changes when we move it along a curve in the base space. In particular, it
allows us to define the notion of parallel transport. In Chapter 4 we also study the curvature
of vector bundles, which is an operator defined in terms of the connection the vector bundle is

2There are different kinds of curvature (e.g. Ricci curvature, scalar curvature, Gaussian curvature and
sectional curvature), but they can all be expressed in terms of the Riemann curvature (see [10]).



equipped with. The Riemann curvature of a manifold is then defined as the curvature of its
tangent bundle.

Finally, in Chapter 5 we define flatness of pseudo-Riemannian manifolds and we prove the
main theorem.

1.3 Preknowledge

This thesis requires basic knowledge of calculus, topology and manifolds. In particular the
reader should be familiar with the definitions of smooth maps between manifolds, (co)tangent
spaces and tensors.



2 Vector Bundles with Connection

2.1 Vector Bundles

A vector bundle is a special kind of manifold which plays an important role throughout this
thesis. Intuively, a vector bundle is a manifold that is made of vector spaces which are ‘smoothly
glued together’. Let M be a manifold. A wvector bundle of rank n over M is a manifold F
together with a smooth surjective map 7: E — M (called the bundle projection) that maps
onto M (called the base space) such that the following conditions are satisfied:

e For each p € M the fibre 7*{p} is endowed with a (real) n-dimensional vector space
structure.

e Around every point in M there exists an open neighbourhood U together with a diffeo-
morphism ®: 7*U — U x R" (called a local trivialization) which satisfies the following
properties:

— Let my be the map 7 but with its domain and codomain restricted to 7*U and U
respectively. Then the following diagram commutes:

U —2 5 UxR®
wUl /
U

— For each p € U the map
m{p} = {p} xR", e d(e)
is an isomorphism of vector spaces.

The following lemma introduces an important construction of vector bundles.

Lemma 2.1 (Vector Bundle Chart Lemma). Let M be a m-dimensional manifold and suppose
that for each p € M we are given an n-dimensional vector space E,. Define the set

E:= | J{p} xE,

peEM

and consider the map
T E— M, w(p,u):=p.

Suppose that for every chart x: U — U of M we are given a bijection ®,: 7*U — U x R" in
such a way that the following conditions are satisfied:

e [For every chart x: U — U of M and each p € M, the bijection @, restricts to an
1somorphism

o7 {p} x E, — {p} x R™

of vector spaces.



o If \:U — U and vV — V are two charts of M with overlapping domains, then the
map

UNVxR"=UNV xR, (p,§) — Ou(®, ' (p,7))
1s of the form
©y (2 (p, 7)) = (P, Avu (D7)
for some smooth map A, ,: UNV — Aut(R").

Then E admits a unique topology and smooth structure making it into a (m + n)-dimensional
manifold and a vector bundle of rank n over M for which the map mw is the bundle projection
and the maps @, are local trivializations.

Proof. The map 7 is surjective and for each p € M the fibre 7*{p} is precisely equal to the

vector space {p} x E,. Also, because the maps <I>§<p ) are isomorphisms of vector spaces, it follows

that the following diagram commutes:

s U x R™
R /
U

We now construct a topology on the set E:

Topology on E: We use the topology on M x R™ in order to create one for E. To be precise,
we prove that the collection

{®:Q | x: U — U chart of M, Qy C U x R" open}

defines a base for a topology on E. It certainly covers E and hence it suffices to show
that the intersection @182y N POy of two base sets is again a base set. To see this,
first observe that the map

UNV R = UNV xR (p,7) = ®u(®1 (p, 7))

is a continuous bijection. This implies that (®,).(®;,(2y N (U NV x R"))) is open
in UNV xR" and hence also open in U x R™. Therefore we conclude that

is also a base set, as claimed.

As a direct consequence we see that the maps ®, are homeomorphisms. Also, the set 7*V C £
is open whenever V' C M is open. Indeed, for any open subset V' C M we have

V=[] @UUNV xR
X: U—U
chart of M
We now show that the topological space E is a topological manifold.
> Claim 1: The topological space E is Hausdorff.
To see that E is Hausdorff, suppose that we have two distinct points 1,69 € E. Note that
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g1 € m™{p1} and g9 € T {py} for some p1,ps € M. We distinguish the two cases p; = py and
p1 # po. First assume that p := p; = py. We can find a chart x: U — U of M such that
7{p} C 7*U. In particular it follows that 1,5 € 7*U. The first case now follows from the
fact that ®, is a homeomorphism from 7*U to the Hausdorff space U x R™. Now assume that
p1 # p2. Since M is Hausdorff we can find two disjoint open neighbourhoods U and V' around
p1 and p, respectively. The sets U and V' yield, in their turn, two disjoint open neighbourhoods
U and 7*V around e, and €5 respectively. This proves the second case. <4

> Claim 2: The topological space E is second-countable.

To verify the second-countability condition of E, observe that we can find a countable open
subcover

{Uien € {U | x: U = U chart of M}

of M. The latter observation is a consequence of the fact that M is second-countable. Thus,
the collection {7*U;};en of open sets forms a countable open cover of E. Each one of those
open sets 7*U; is homeomorphic to U; x R™ and is therefore second-countable. It follows that
F is second-countable. <g

> Claim 3: The topological space E is locally Fuclidian.

To see that E is locally Euclidian, just note that the compositions

XX ian

U — 2 U xR" U x R"
are homeomorphisms between open subsets of £ and open subsets of R™ x R, <3

It follows that E is a topological manifold. We now construct a smooth structure on the
(m + n)-dimensional topological manifold E:

Smooth structure on E: For each chart y: U — U of M , define (f)x to be the homeomorphism
we used to show that FE is locally Euclidian. In order to prove that the collection

{Zﬁx | x: U = U chart of M}

defines a smooth atlas, we have to show that the maps in it are smoothly compatible.
In other words, we must show that the transition map

CUNV) xR 5 . (UNV) xR, (Z,7) = $y(BL (T, 7))

is smooth for all charts y: U — U and vV = V of M that satisfy U NV # (.
Since

(D17, 9)) = (L (@), A (X @)D,

we conclude that the transition maps are indeed smooth. Any smooth atlas is con-
tained in a unique smooth structure. Thus we have constructed a smooth structure
on E.

It follows that E is a smooth (m + n)-dimensional manifold. The maps m and @, are smooth
since both of the following diagrams commute:



U — Ty U —2 LU xR
&>;1T lx 213;1T lxxian
ﬁxR”—»ﬁ ﬁxR”.d—>ﬁxR”
g «rn

Observe that the diagram on the right-hand side also commutes when we reverse the directions.
We therefore deduce that the maps ®, are diffeomorphisms and hence also local trivializations.

It is clear that this topology and smooth structure are the unique ones satisfying the con-
clusions of the lemma. [ |

Let M be an m-dimensional manifold. Using Lemma [2.1, one can show that the tangent
bundle TM and cotangent bundle T"M are vector bundles. Recall that

TI’,M = Lin(TpM, R)
and also that

T™ = | J{p} x T,M, T'M:= ] {p} x ;M.

pEM peEM

Lemma 2.2 (Tangent and Cotangent Bundle). Suppose that M is a m-dimensional manifold.
Then the tangent bundle T M and cotangent bundle T'M are both smooth vector bundles of rank
m over M.

Proof. Consider the surjective maps w: TM — M and «': T"M — M defined by
m(p, XP) :==p, 7'(p,wp) =D

Let x: U — U be a chart of M. Define Oy m(U) = U x R™ and @ : (7')"(U) — U x R™ by

-0
CIDX(PaZy]'a—Xj
J

The maps @, and @ are both bijective. Also, ®, restricts to an isomorphism of vector spaces
from {p} xT,M to {p} x R™ and @/ restricts to an isomorphism of vector spaces from {p} x T/ M

to {p} x R™. Suppose we have two charts y: U — U and ¢: V — V of M such that UNV % 0.
Counsider the smooth transition function

Twwt Xe(UNV) 2 0,(UNV),  7u(@) = ¢ (@))

and its inverse 7, . For any index 1 < 7 <m and any point p € U NV we know that

p) =W y™), <I>;(p,Zyj-8lep) =Wy

J

p . 0 .
C ol =3 T ) - 0u,.

ox'

9
ox’

P ot 0
— X% .
_ Z o (x(p)) o0
Thus for (p,y) € UNV x R™ we get
Oy (1 (1,9) = (0, Ay (P)D), () (0, 9)) = (0, Al (D)D),

where the smooth maps A, y: UNV — Aut(R™) and A] ,: UNV — Aut(R™) are given by

i

ol =[G )]+ Aot = s i)

i?j

Usage of Lemma [2.1] finishes the proof. |



Recall that a (k,[)-tensor on a d-dimensional vector space A is a multilinear map
VX kb xVxV x. . xV' =R

The set of all (k, [)-tensors is denoted by Teny;(A) and naturally comes with a d**'-dimensional
vector space structure. Just as in the proof of Lemma one can use Lemma [2.1] and show
that the (k,)-tensor bundle

TiaM = | {p} x Ten (T, M)

peEM

is also a vector bundle of rank m*t! over M.

2.2 Sections

One of the main objects on vector bundles are their (local) sections. We have already seen
sections, namely, in the form of vector fields. Let E be a vector bundle over M and let 7 be the
corresponding bundle projection. A (global) section of E is a smooth map s: M — E satisfying
7o s =idy. We denote the set of all sections of E by I'(E). Now suppose that s' and s* are
sections of E/ and that f: M — R is a smooth real-valued map. Using the fact that the fibres
of m are vector spaces, we can naturally define f - s! + s? pointwise. One can verify that the
map f -s' + s? is indeed a section of E. Hence the set I'(F) is endowed with a C°*°(M)-module
structure. By identifying any real scalar with its corresponding constant map from M to R, we
see that any C*°(M )-module comes with a natural real vector space structure.

Similarly, a local section of E is a smooth map s: U — FE defined on some open subset
U C M that satisfies m o s = ;7. The set of such local sections of E is denoted by I'yy(E) and
admits the structure of a C*°(U)-module.

A (local) vector field is a local section of I'(T'M) and a (local) covector field is a (local)
section of I'(T"M). If x: U — U is a chart of M, then for 1 <i < m it is easy to see that

)

ox": U —TM, 0x'(p):= (p, 3)(%)

0 0 0
- TM P = e
axz U % Y aXz (p> (p7 8XZ

is a local vector field (called a coordinate vector field) and that

is a local covector field (called a coordinate covector field).

A (local) (k,l)-tensor field is a (local) section of J; ;M. Note that the definition of the
tensor product ® on tensors can be extended to tensor fields by pointwise evaluation. This
extention of the tensor product preserves smoothness.

For technical reasons we often need global extensions of local sections. The following two
lemmas discuss the existence of such extensions.

Lemma 2.3 (Extension Lemma Version 1). Let E be a vector bundle over M and let U C M
be an open subset. If s: U — E is a local section of E and py € U a given point, then there
exists an open neighbourhood V- C U around py and a global section s: M — E such that s and
S coincide on V.

Proof. Choose any open neighbourhood V' C U around the given point py such that V C U and
let n1,me € C°°(M) be a partition of unity subordinate to the open cover of M given by U and
M\ V. Because supp(n;) C U, it follows that 11|y - s vanishes on the open subset U \ supp(n,).
Thus we can extend 7|y - s by zero outside U. We obtain a global section §: M — F that agrees

9



with 7]y - s on U and vanishes outside supp(n;). Since supp(n2) C M \ V, we observe that
ne|y- = 0. The partition of unity satisfies 7y +n2 = 1. So it follows that 7, |3 = 1. Consequently,
for any p € V we get

$(p) = mlv - s(p) = m(p) - s(p) = s(p),
which finishes the proof. [

Lemma 2.4 (Extension Lemma Version 2). Let E be a vector bundle of rank n over a manifold
M. Given py € M and gy € ©*{po}, there exists a local section s: U — E such that s(py) = €g.

Proof. First choose any local trivialization ®: 7*U — U x R™ around ¢,. Since & is bijective,
there is a unique 7y € R" such that ® sends €y to (po, 7). Now define a smooth map

s:U—E, s(p):=® p, i)
Since we have
(@ (7)) =p

for all (p,y) € U x R™, we conclude that mos = (. It follows that s is a local section with the
desired property. [ ]

2.3 Local Frames

Let E be a vector bundle of rank n over an m-dimensional manifold M and let U C M be
an open subset. Suppose that we have an n-tuple (s, ..., s") consisting of local sections of F
which are defined on an open set U C M. We say that (s',...,s") is a local frame of E if and
only if (s'(p),...,s"(p)) is a basis for the fibre 7*{p} for every p € U. The open set U is called
the domain of the local frame. B

For example, note that any chart x: U — U of M induces local frames (9/0x?,...,0/0x™)
and (9x!,...,0x™) of the tangent bundle T'M and the cotangent bundle T’ M respectively. We
refer to these local frames as the coordinate frame and coordinate coframe of y. Their domains
equal U, i.e. the domain of the given chart x.

Another important example of local frames of a general vector bundle involves local triv-
ializations. Suppose we are given a local trivizalization ®: 7*U — U x R"™ of E. For every
1 <17 < n we define a smooth map

sﬁp: U— E, sﬁ}(p) = @*1(]9,5’;).

Observe that 7 o s& = 1. It follows that si is a local section. Note that ®~! restricts to
an isomorphism of vector spaces from {p} x R" to 7*{p} and that it takes the standard basis
((p,€1),...,(p,€)) of {p} x R"™ to (sk(p),...,s%(p)) for each p € U. Hence (si(p),...,s%(p))
is a basis for 7*{p}. We conclude that (s}, ..., s%) is a local frame of E. We say that this local
frame is associated with ®.

Lemma 2.5. Let E be a vector bundle over M. Every point in M s contained in the domain
of some local frame of E.

Proof. By definition of a vector bundle, every point in M is contained in the domain of a
local trivialization. Therefore, every point in M is contained in the domain of the local frame
associated to a local trivialization. [ |

Lemma 2.6. Let E be a vector bundle of rank n over M. Every local frame of E is associated
to a local trivialization.

10



Proof. Suppose (s, ..., s") is alocal section of E over a domain U C M. Let ®: 7*U — U xR"

be the inverse of the bijective map

UxR"—7U, (p,y »—>Zy

Then @ restricts to an isomorphism of vector spaces from 7*{p} to {p} x R™ for each p € U.

Moreover, it satisfies

s'(p) = (p, &)

for each p € U and every 1 < i < n. Hence to prove that it is the desired local trivialization,
we have to show that ® and its inverse ®~! are smooth. It suffices to prove that ® is a local
diffeomorphism. Fix a point in U and choose a neighbourhood V' over which there exists a local
trivialization L: 7*V — V x R". By shrinking V' if necessary, we may assume that V' C U. We

now prove that the restriction

Oy: 7V =5 VX R, Dy(e) := d(e)

is a diffeomorphism. Since L is a diffeomorphism, we may aswell prove that L o <I>(,1 is a

diffeomorphism.

VXR”(—W*V—>VXRn

\Tvl /
For all (p,7) € V x R™ we calculate

Lod Zy - L(s

For every 1 < i <n the map
V->VxR" p— L(si(p))

is smooth by the chain-rule. Thus, for every 1 <1 < n there are «;1,...

that

L(s'(p)) = (p, (i1 (p). - - @in(p)))
for all p € U. We get a smooth map
A:V — End(R"),  A(p) == [0i;(p)]i;
and it follows that
Lo @y (p, ) = (p, AP)Y),

@y € C®(V) such

which clearly depends smoothly on (p,7) € V xR". Since Lo(ID‘_/1 restricts to an isomorphism of
vector spaces from {p} x R" to itself, we see that A(p) is invertible for each p € V. Consequently,
we have shown that the inclusion A,V C Aut(R") holds. The matrix inversion map is a smooth
map from Aut(R") to itself. Hence, the chain-rule implies smoothness of the map

V — Aut(R"), prs A(p)~*
Finally, we conclude that

Oy o L7 (p,g) = (p, Alp)™'9)
depends smoothly on (p,7) € V x R™.

11



Let (s',...,s") be a local frame of F with domain U C M. Since (s'(p),...,s"(p)) forms a
basis for 7*{p} for each point p € U, any map s: U — E (not necessarily smooth) that satisfies
T os =y can be written as

SZZfi'Sia
4

where f;: U — R is a real-valued function for every 1 < ¢ < n. We call these functions
the component functions of s with respect to (s',...,s™). It turns out that we can use the
component functions to verify whether such a map s is smooth or not.

Lemma 2.7 (Smoothness Criterion). Let E be a vector bundle of rank n over M and let
(s',...,8") be a local frame of E on some domain U C M. Suppose that s: U — E is a map
that satisfies mos = 1y. Then s is a local section of E if and only if its component functions
with respect to (s',...,s™) are smooth.

Proof. Using Lemma [2.6] we can find a local trivialization ®: 7*U — U x R™ that is associated
with (s!,...,s"). Because @ is a diffeomorphism, the map s is smooth if and only if

U—-UxR" p— ®(s(p))

is smooth. If fi,..., f, are the component functions of s with respect to (sy,...,s,), then

O(s(p)) = Zfi(p) 0(s'(p)) = (0, (f1(D),- -, Fu()))

So ®(s(p)) depends smoothly on p € U if and only if f;(p) depends smoothly on p € U for
every 1 <1 <n. [ |
2.4 Connections

Essentially, a connection is a mechanism which allows us to differentiate local and global sections
of a vector bundle. Let E be a vector bundle over M. Note that the set consisting of linear
maps from I'(E) to itself, as usual denoted by End(I'(F)), admits a C°°(M)-module structure.
Recall that for every vector field X € I'(T'M) the Lie derivative with respect to X is defined as
the map

Ly: C*(M) = C=(M), Lx(f)(p) = X"f

For any open subset U C M, the Lie derivative with respect to a local vector field X € 'y (T'M)
is defined as the map

LY. C=(U) = C=(U), LY(f)(p) = X"/,

where f : M — R is some smooth function that agrees with f in a neighbourhood of p in U.
For a chart y: U — U of M and a smooth function f: U — R, we also write

of
a_Xi = Lg/axl(f)

A connection on E is any C*°(M)-linear map

[(TM) — End(D(E)), X — Vy

12



that satiesfies

Vx(f-8)=Lx(f) s+ f-Vx(s)

forall X e I(TM), s € I'(F) and f € C*(M). We refer to the latter property as the Leibniz-
rule. Furthermore, note that any C°°(M)-linear map between C'*°(M )-modules is also linear
over the real numbers. A connection is a choice of additional structure which we can add to a
vector bundle. The following three lemmas reveal the local nature of connections.

Lemma 2.8 (Locality of Connections Version 1). Let E be a vector bundle over a manifold M
and suppose that E is equipped with a connection. Suppose that U C M is an open subset.

(i) If X € T'(TM) vanishes on U, then Vx(s) vanishes on U for every s € I'(E).
(ii) If s € I'(E) vanishes on U, then Vx(s) vanishes on U for every X € v(T'M).

Proof. We prove part (ii). The proof of part (i) is similar to the proof of part (ii). Fix a vector

field X € I'(TM). Let p € U be a point and let 0%) denote the zero-element of the vector
space m*{p}. Let the maps n%p ), nép ) e C>°(M) be a smooth partition of unity subordinate to
the open cover of M given by U and M \ {p}. Since the support of nip ) is contained in U , it
follows that nip ) vanishes outside U. Combining this with the fact that s vanishes on U yields

that 77§p ). s must be the zero-section of E. Hence on the one hand we find that

Vx(n” - 5)(p) = 07

and on the other hand we use Leibniz-rule to find that

Vx(nf” - 5)(p) = Lx () - s(p) + 0" - Vx(s)(p) = 0" (b) - Vix () ().
Note that n$” (p) = 0 and n\” + ¥’ = 1. Thus n\”(p) = 1, which proves that

Vx(s)(p) = 0.
Since p was chosen arbitrarily in U, it follows that V x(s) must vanish on U. [

The locality of connections is an important result. In particular, for any open subset U C M,
we note that a connection on £ induces a local connection

Iy(TM) — End(T'y(E)), X+ VY.

Let X € I'y(T'M) be a local vector field. To see how V¥ acts on a local section s € T'y(E),
we have to show how V¥.(s) acts on some point p € U. Using Lemma we can find a global
vector field X € ['(TM), a global section § € I'(E) and an open neighbourhood V' C U of p
such that X |, = X| and 8|y = s|y. Indeed, Lemma [2.8 now implies that the assignment

Vi (s)(p) ==V (3)(p)

is independent of the choices of X and 8. Moreover, it is C*°(U)-linear and satisfies the Leibniz-
rule. To summarize the preceding lemma, it tells us that we can compute Vx(s)(p) knowing
only the values of X and s near p. However, we can prove a stronger result. The next lemma
shows that we can compute Vx(s)(p) knowing the value of X at p and values of s near p.

Lemma 2.9 (Locality of Connections Version 2). Let E be a vector bundle over a manifold
M and suppose that E is equipped with a connection. Let po € M be a point. Suppose that
X € T'(TM) is a vector field that vanishes in the point py. Then V x(s) vanishes in py for each
section s € I'(E).

13



Proof. Fix a section s € I'(F) and choose a chart y: U — U of M around po. Using this chart
we can write X locally as

where X*: U — R is a smooth function that is zero in py for every 1 < i < n. We compute

V() (po) = Vi, ($1)(po) = > XF() - Vo slo) o) = 0

and finish the proof. [ |

Consequently, for each open subset U C M and p € U we get a well-defined linear map
T,M — Lin(Ty(E), 7*{p}), uws VY.

Let p € M be a point and v € T,M a tangent vector at p. Indeed, using Lemma we are
able to find a local vector field X € T'y(T M) such that X? equals u. The map VY acts on local
sections s € 'y (E) by

Vi (s) = Vi(s)(p)-
Lemma [2.9] shows that this definition is independent of the choice of X.

Lemma 2.10 (Locality of Connections Version 3). Let E be a vector bundle with a connection
over a manifold M. Let po € M be a point, X € T'(T'M) a vector field and s € T'(E) a section.
Suppose that there exists a smooth curve y: I — M and a ty € I such that y(ty) = po, ¥ = XP°
and s o y(t) = 00W) for allt € I. Then Vx(s) vanishes in po.

Proof. By shrinking I if necessary, we may assume that 7,/ is contained in the domain U of a
local frame (s!,...,s") of E. We can find functions fi,..., f, € C*®(U) such that

sly = Z fi-s'
Note that f;(pg) =0 for all 1 <14 < n. Using the Leibniz-rule we find

Vx(s)(po) = Vi, (sv) (po) ZLX\U fi) -8 (po) + fi - V1, () (po) = Y (X ;) - 8'(wo),

i

where fz M — R is some smooth map that coincides with f; in a neighbourhood of py in U
for every 1 < i < n. Using the chain-rule and the fact that f; oy vanishes in a neighbourhood
around ty we observe that
to d
)-3

to

fioy=0. |

A X R d
X fi = (0:)300(7"°) = 0(fi 0 ) (a
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3 Pseudo-Riemannian Manifolds

3.1 Pseudo-Innerproducts

In this subsection we discuss some linear-algebraic preliminaries. Let A be a real d-dimensional
vector space and b: A x A — R a bilinear map. We say that b is symmetric if and only if
b(u,v) = b(v,u) for all u,v € A. We say that b is non-degenerate if and only if b(u,v) = 0
for all v € A implies that u = 0. A pseudo-innerproduct on A is a symmetric non-degenerate
bilinear function from A x A to R. Two vectors u,v € A are said to be orthonormal if and only
if b(u,v) =0, b(u,u) = £1 and b(v,v) = £1. A basis (uq,...,uy) for A is orthonormal if and
only if the vectors of the basis (uy,...,uq) are pairwise orthonormal, i.e. b(u;, u;) = £9;; for
all 1 <14,7 <d. For u € A we define the set

ut = {v € A|blu,v) =0}

It is easy to see that u' is a linear subspace of A. We will use the following technical lemma
to prove the existence of orthonormal bases.

Lemma 3.1. Suppose that A is a finite dimensional vector space equipped with a pseudo-
innerproduct b. Let uy € A be a vector that satisfies b(ug,ug) # 0. Then A = span(ug) + up
and span(ug) Nug = {04}

Proof. Consider the linear maps

b(ug, u) .

e A=A pi(u) = b0, o)

Up
and ¢y = idy —¢y. Clearly idy = @1 + @9 and therefore we know that A = (¢1).A + (p2).A.

Observe that (y1).A C span(ug). Bilinearity of b implies that

b(ug, u) .

b(UO, UO)

b(ug, u)

b =0
b(UO, Uo) (UO, UO)

b(ug, p2(u)) = b(uo,u - uo) = b(ug, u) —

for each u € A. Hence we have (p2).A C ug. We conclude that A = span(ug) + uy. We now
prove that the intersection of span(ug) and ug is trivial. Suppose that u € span(ug)Nuy. Then
u = - ug for some o € R and b(ug,u) = 0. We also find that

b(ug, u) = b(ug, o - ug) = a - b(ug, up)-

Because b(ug, ug) # 0, we must have a = 0 and thus u = 0,. We conclude that span(ug) Nug =
{0a}. ]

Lemma 3.2. Fvery finite-dimensional vector space equipped with a pseudo-innerproduct has
an orthonormal basis.

Proof. We will prove this lemma by using induction on the dimension d of vector spaces. The
case d = 0 is obvious. So assume that the result holds for vector spaces of dimension d. Let A
be a (d + 1)-dimensional vector space together with a pseudo-innerproduct b. There must be a
vector ug € A with b(ug, ug) # 0, because otherwise the polarization identity

b(u,v) = i(b(u—i—v,u—kv) —b(u —v,u —v))
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would imply that b = 0. Using Lemma [3.1| we see that A = span(ug) + ug and span(ug) Nug =
{0o}. Note that dim(ué) = d. We now prove that the restriction by := b|,+ XUOL is a pseudo-

innerproduct on ug. Suppose that u € ug satisfies by(u,v) = 0 for all v € ug. If w € A, then
we can find a @ € R and a v € ug such that w = a - ug + v. Hence we have

b(u,w) = b(u, - up +v) = a - b(ug, u) + bo(u,v) = 0.

Since this is true for all w € A and b is non-degenerate, we conclude that u = 0,. It follows
that by is non-degenerate. The induction hypothesis implies that there exists an orthonormal
basis (uy,...,uq) for ug. If we define ugy1 = ug, then (uy,...,ug1) is easily seen to be an
orthonormal basis for A. [ |

Lemma 3.3 (Sylvester’s Law of Inertia). Suppose that A is a d-dimensional vector space
equipped with a pseudo-innerproduct b. Then there exists a basis (u', ..., u?) for A* with respect
to which b has the expression

b=v'@u' +.. +u"@u" — "M@ — @l
for some integer 0 < k < d. This number k is independent of the choice of basis.

Proof. Because of Lemma we are able to find an orthonormal basis (uy,...,uq) of A. We
can rearrange the basis vectors. Therefore we may assume that

b(ul,ul) = 1, ey b(uk,uk) = 1, b(uk+1,uk+1) = —1, Ce b(ud,ud) =—1.
A straightforward computation shows that the dual basis (u?,...,u?) with respect to which b
has the required expression. Now suppose that there are two bases (u!,...,u?) and (v?, ..., v%)

of V* such that
b=u'@u +.. . +uF v - @ — L~ @ ul,
=vlv+.. v -l e - —vl®u?
for some integeres 1 < k,[ < d. We will prove that £ = [. Define the subspaces
S :=span(uy,...,ux), 7T :=span(vgy,...,04).

Ifu € S\{0p} and v € T\{04}, then there are real numbers a4, ...,a; € Rand f41,...,8s € R
such that

u=o' u ...+ u, v=pF"" g+ v
It follows that
b(u,u) = (041)2 4+ ...+ (Oék)Q >0, bv,v)= —(Bl“)2 e (Bd)2

Hence we see that S NT = {0p}. Combining this result with the fact that S+ 7T C A, we
conclude that dim(S) + dim(7") < dim(A). Thus we get the inequality k£ + (d — [) < d, i.e.
k <l. A similar argument shows that k > [. [ |

The integer k introduced in Lemma [3.3]is called the signature of b.
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3.2 Pseudo-Metrics

Let M be a manifold. A pseudo-metric on M with signature r is a smooth symmetric (2,0)-
tensor field

g: M — ToM, g(p) = (p,9p)

such that g, is non-degenerate at each point p € M and has the same signature r everywhere.
Hence g, defines a pseudo-innerproduct on the tangent space 1), M for each p € M. Just as the
topology and smooth structure, the pseudo-metric g is a choice of additional structure on the
manifold. If g, is a regular innerproduct on 7,,M for each p € M, we say that g is a metric on
M. If M is equipped with a (pseudo-)metric g (with signature r), we say that M is a (pseudo-
)Riemannian manifold (with signature r). It is easy to see that every innerproduct is also an
pseudo-innerproduct and hence that every Riemannian manifold is also a pseudo-Riemannian
manifold.

Important examples of pseudo-Riemannian manifolds are given by pseudo-Euclidian spaces:
an m-dimenstonal pseudo-FEuclidian space with signature r is an open subset U C R™ equipped
with the pseudo-metric

J"T =02t @0t + ..+ 02" @02 — 02" @O — .. — 0™ ® Ox™.
Note that we use the same notation for Euclidian pseudo-metrics on any open subset of R™.
If x: U — U is a chart of a pseudo-Riemannian manifold M, then the pseudo-metric g can
locally be written as
glv =g Ox @0,
1,J
where the component functions are given by the formula

x _ (2 9

for all 1 <4i,j <n. For any p € U, we can identify g, with the matrix [g;;(p)];; by the matrix
equation

lgp(;“

P D
721}].8_)@

J

5 P g1() o @) | |
% )]:[ul ] : : :

I

m

1) - gl | (v

Lemma 3.4. Let M be a pseudo-Riemannian manifold. For any chart x: U — U and peU,
the matriz [g3;(p)i; is non-singular.

Proof. Suppose that u!,... u™ € R satisfy
Zgifj(p) ‘! =0
J

for all 1 < j < m. Let u be the tangent vector in T,M that has u', ... u™ as components with
respect to the coordinate frame of y. Then for all v!,...,v™ € R we have

gp(u,z?)] : a_X]> = Zgz?fj(p) cut-v? = 0.
J [2¥}

Since g, is non-degenerate, it follows that « must be the zero tangent vector. Hence

ker[gX; (p))i; = {0}
and we conclude that [g};(p)]; ; is invertible. |

We denote the inverse matrix of [¢};(p)]i; by [¢%7 (p)]i;- The symmetry of g implies that
both of these matrices are symmetric.
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3.3 Raising and Lowering Indices
Let M be a pseudo-Riemannian manifold and consider the map
). T, M — M, bP) (u) (v) == gp(u,v).

Lemma 3.5. Let M be a pseudo-Riemannian manifold. Then for each p € M the map b® is
an isomorphism of vector spaces.

Proof. Let p € M be a point. The map b® is obviously linear. Since dim(7,M) = dim (77 M),
it suffices to prove that b® is injective. Suppose that b® (u) = b® (v). Then g,(u — v,w) = 0
for all w € T,M. Since g, is non-degenerate, it follows that u — v must be the zero tangent
vector at p. |

We denote the inverse of b® by (). Now consider the map
»: T(TM) = T(T'M),  b(X)(p) == (p,>”(X7)).

We show that b is well-defined, i.e. that b(X) is smooth for every vector field X: M — TM.
Let x: U — U be a chart of M and observe that

(aXJ ) Z gz ,J 8X |p
for all p € U. It follows that

— 5 (
h(X), = bP (XP) = ZXJ bp(axj

) Zgl] ) - ox' ’p

So the component functions of b(X) with respect to the coordinate coframe (9x?,...,dx™) are
given by

=D 9 Xy
J
Therefore we see that b(X) is smooth and hence that b is indeed well-defined. We say that b

lowers the index of vector fields.

Lemma 3.6. Let M be a pseudo-Riemannian manifold. Then the map b is an isomorphism of

C>°(M)-modules.

Proof. The C*°(M)-linearity of b follows from a straightforward calculation. The injectivity is
a pointwise application of Lemma[3.5] To prove surjectivity, suppose that w € T'(T"M) is given.
Define a map

X:M—=TM, X(©p):={pt1?w,)).

We claim that X is smooth, i.e. that X € I(TM). Let x: U — U be a chart and p € U a
point. On the one hand we find
ZQZJ aX ‘P

and on the other hand we find

h(p) (XP) = b(p)(jj Zw ) - OX'Ip-
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From this we read that
Wi = Z 9+ X3
J
and therefore we conclude that
Xi= Sl
J

It follows that X is smooth. Finally, it is obvious that b maps X to w. [ |

We denote the inverse of the map b by #. Let w: M — T'M be a covector field. Then
#(w)(p) = (p, 1#)(w,) for each p € M. In terms of a coordinate frame, the component functions
of #(w) are given by

Hw)y = D0y
J
We say that § raises the index of covector fields.

3.4 Levi-Civita Connection

Suppose that M is a pseudo-Riemannian manifold. We restrict our attention to connections on
the tangent bundle TM. A connection on T'M is said to be compatible with the pseudo-metric
g if and only if

Lx(9(Y; Z)) = g(Vx(Y), Z) + g(Y, Vx(Z))

for all vector fields X,Y, Z € I'(T'M). It turns out that requiring a connection to be compatible
with ¢ is not enough to determine a unique connection on T'M. However, because we are working
with T'M instead of general vector bundles, we can talk about the torsion of a connection on
T M which is defined as the map

7o: D(TM) x T(TM) = T(TM), 79(X,Y):=Vx(Y)—=Vy(X)—[X,Y]

The torsion map 7y is C°°(M)-linear in both entries. We say that a connection on T'M is
torsion-free if and only if 7y vanishes identically. Note that both of the properties ‘compatible
with a pseudo-metric’ and ‘torsion-free’ are defined for global vector fields. However, one can
use Lemma together with the fact that Lie derivatives and connections act locally to show
that both properties imply a similar properties for local vector fields.

A Levi-Civita connection is a torsion-free connection on T'M that is compatible with g. As
the following theorem will show, requiring a connection on T'M to be torsion-free is precisely
the additional property that will guarantee uniqueness.

Theorem 3.7 (Fundamental Theorem of Pseudo-Riemannian Geometry). There exists a unique
Levi-Civita connection on the tangent bundle of a pseudo-Riemannian manifold.

Proof. Let M be a pseudo-Riemannian manifold. First we prove uniqueness. Suppose that the
connection on T'M is a Levi-Civita connection. Using the fact that the connection is compatible
with the pseudo-metric ¢ and that it is torsion-free, one can verify that

2-9(Vx(Y),Z2) = Lx(9(Y, Z)) + Ly (9(Z, X)) = Lz(9(X,Y))
- g(Y, [X7 Z]) - g<Z= [Y7 X]) + g(X= [Zv Y])

19



for all X|Y,Z € I'(TM). This equation is known as Koszul’s equation. A straightforward
calculation shows that the right-hand side of Koszul’s equation is C*°(M)-linear in Z. By the
tensor characterization lemma (see [9], Lemma 12.24), it follows that there exists a unique
covector field w™Y : M — T'M such that the right-hand side of Koszul’s equation is equal to
wY(Z). Hence Koszul’s equation can be rewritten as

2-b(Vx(Y)) =w™?
for all X,Y € I'(T'M). Isolating Vx(Y) in this equation yields

Va(¥) = 5 H).
Since the right-hand side of Koszul’s equation does not depend on the connection, it also follows
that wX?Y does not depend on the connection. Therefore the connection must be the unique
connection that is compatible with ¢ and torsion-free. The proof of uniqueness suggests the
formula we can use to prove existence: define Vx(Y) by raising the index of the covector field
WY and dividing the resulting vector field by 2. This expression is C°°(M)-linear in X, linear
in Y and it satisfies the Leibniz-rule in Y (see [6]). |

Whenever we speak of a pseudo-Riemannian manifold, we assume that its tangent bundle
is equipped with the Levi-Civita connection. Now, let x: U — U be a chart of M. For all
1 <4,j < m we can find smooth functions I'(x);;*,...,['(x)i;™ € C°°(U) such that

0 0
oo (537) = ST
k

We call these component functions the Christoffel symbols with respect to x. The following
lemma gives a formula for the Christoffel symbols in terms of the component functions of the
pseudo-metric g.

Lemma 3.8. Let M be a pseudo-Riemannian manifold. The Christoffel symbols with respect
to a chart x: U — U are given by

T(y):;* = 1 Z ko 09;., n 993, B gy
Y P o o o

foralll <i,5,k <m.

Proof. Let x: U — U be a chart of M. In the proof of Theorem we have seen that the
Levi-Civita connection satisfies Koszul’s equation. Observe that this equation also holds for
local vector fields. Since the Lie brackets of the coordinate frame of x vanish, it follows that

0 0 o 0 J 0
U _ U U
b g(va/axi (3Xj)’ 8><’“) = Fopox (g(axj’ 3Xk)) * Lo (g<<9x“ 0x’“>)
o 0
U
~oe(o(5w ) )
Using the fact that g(9/0x*,9/9x") is equal to g¥, for all 1 < p,v < m, we find that

agj’fk 3g§fk agffj

Q'ZF(X)Z'»J'”’QZCMI i T T vk o
” ox oy Ox
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4 Curvature

4.1 Covariant Derivative

Let I C R be an open interval, E a vector bundle over M and v: I — M a smooth curve. A
section of E along 7 is a smooth map o: I — E with the property that m o 0 = v. We say
that o is extendible if and only if there exists a local section s: U — E such that v,/ C U and
o(t) =s(y(t)) for all t € I.

An Eaxtentible (Left) and a Non-extendible (Right) Section Along ~y

An important example of a section of T'M along a curve v is the velocity vector field
4. I — TM along ~.

We denote I'y(E) for the space of all sections of £ along . The set I',(E) comes with a
natural C*°(I)-module structure and hence also a vector space structure.

A covariant derivative along v is a linear map

V7o
dt

L (E)=T(E), o~

satisfying the following properties:

e For all f € C*(/) and o € I',(E) the following Leibniz-rule holds:

Vi) AL

Vo
dt Cdt

dt

e Suppose that o € I',(E) is extendible. If s: U — E is a local section with v,/ C U and
o(t) = s(y(t)) for all t € I, then

Vo U
dt

The following lemma shows that there exists a covariant derivatives along + and that it is
unique.

Lemma 4.1 (Covariant Derivative Along a Curve). Suppose that E is a vector bundle over
M of rank n with a connection. Then for any smooth curve v: I — M there exists a unique
covariant derivative along .
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Proof. First we prove uniqueness. Suppose that there exists a covariant derivative along the
given curve v. Note that it also induces the existence of a covariant derivative

Vg
dt

along the restriction 7|, where J C I is some open subinterval. Indeed, for any ¢ € J we can

argue as in the proof of Lemma to find a section ¢ € I',(£) that coincides with ¢ on an

open subinterval K C J around ¢t. We can now define

¥l Y5

V) =

and an argument similar to that of Lemma shows that this definition is independent of the

extension . One can verify that this induced operator is a covariant derivative along v|;. Now

fixaoc € I'y(F) and a t € I and choose an open subinterval J C I around ¢ such that ~.J is

contained in the domain U of a local frame (sl, ...,8") of E. For all 1 < i < n we define a
section of E along v|; by

r

(E) — F’Y‘J(E>7 o=

ol¥;

o' J—=E, o'(t):=s(y(1)).

With some minor adjustments to the proof of Lemma [2.7, we can use the proof to conclude
that there exist smooth maps fi,..., f, € C°°(J) such that

U|J:Zfi'0-i-
i

It follows that

\Al vols dfi Vit Vi
T(t) = 0|J(t)= i'a(t>+fi' dta(t Zd_{f

dt dt - dt

= (1) - s' (v (1) + filt) - V().

Since this expression only on the connection on E, we see that the operator is unique. Observe
that the proof of uniqueness suggests the formula we can use to prove existence of the covariant
derivative along . For any open subinterval J C I with v,J contained in the domain U of a

local frame (s!,...,s") of E, one can check that
df; i i
Ly, (B) = T, (B), ey g (B s (v (W) + filt) - \ACHE

satisfies the conditions of the covariant derivative along 7|;. Since we can find such an interval
J around any t € I, we can locally define the covariant derivative along « by the same formula.
Uniqueness ensures that the definitions agree when ¢ lies in the overlap of multiple subintervals
of which the images under v are contained in the domains of local sections of F. [ |

4.2 Parallel Transportation

Let I C R be an open interval, F a vector bundle over M and v: I — M a smooth curve. Recall
that for any point p € M we denote 0®) for the zero-element of 7*{p}. A section ¢: I — E of
E along a curve v: I — M is said to be parallel along ~ if and only if
V7o
dt

for all t € I, i.e. its covariant derivative along v vanishes identically. A local section s: U — E
is said to be parallel if and only if for every curve v: I — M that satisfies v,/ C U the section

I = E, t—s(y(t))

(t) — 00®)

along v is parallel along ~.

22



Lemma 4.2. Let E be a vector bundle over M with a connection. A local section s: U — E
18 parallel if and only if the map

TU(TM) = Tu(E), X v Vi(s)
vanishes identically.

Proof. First assume that s is parallel. Fix a point p € U and a local vector field X € 'y, (T'M).
Choose an open interval I around 0 and let v: I — M be a curve that satisfies v.I C U,
7(0) = p and 4° = XP. Since s is parallel, it follows that

o 1= B, o(t) = s(y(1)).

is parallel along v. We therefore conclude that

VE($)(p) = VWi (s) =~ (0) = 0.

dt

We now prove the converse. Let v: I — M be a curve such that v,/ C U and define o as
before. We prove that o is parallel along . Fix a time ¢ € I. Use Lemma [2.4] to choose a local
vector field X € I'y(TM) with X7 = 4t Then it follows that

V2 (6) = Viils) = V(5)(7 (1)) = 00,

Hence s is parallel. [ |

The following lemma shows that parallelism of vector fields on a pseudo-Riemannian man-
ifold preserves the pseudo-innerproducts on the tangent spaces. In particular, it tells us that
the angles between vectors of two parallel vector fields remain constant on the connected com-
ponents of the domain of the vector fields.

Lemma 4.3. Let M be a pseudo-Riemannian manifold. If X' and X? are parallel vector fields
defined on an open subset U C M, then g(X', X?) is constant on the connected components of

U.

Proof. Since the Levi-Civita connection is compatible with g, we see that
L3 (9(X', X?)) = g(VX(X1), X?) + g(X', VR (X?))

for all X € I'y(T'M). By Lemma it follows that V{(X1') and V¥ (X?) both vanish on U.
Bilinearity of g shows that the Lie derivative of (X!, X?) with respect to every X € I'y(TM)
vanishes on U. [}

In order to prove that parallel transport exists and is unique, we need the following result
from the theory of linear ordinary differential equations.

Lemma 4.4. Let I C R be an open interval and ty € I. Suppose that A: I — End(R") is a
smooth map. For every ij € R", there exists a unique smooth map FW: I — R™ that satisfies

@) . .
L) = AOFO (), PP (1) =7

for allt € I and the map
I xR" 5 R" (t,9) — F9(t)

18 smooth.
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Proof. See [10], Theorem 4.31. |

Theorem 4.5 (Parallel Transport). Let E be a vector bundle of rank n over M. Suppose
v: I — M is a curve. Given ty € I and gy € 7*{v(to)}, there exists a unique parallel section
o: I — E along v that satisfies o(ty) = €q.

Proof. First suppose that ~,([) is contained in the domain U C M of some local frame

(s',...,8") of E. Then there exists a unique vector o € R" such that
= w5 (y(to
J
and for any 1 < j <n we can find ay j,...,q,; € C®(I) such that

C(s) = aiy(t) - s'(y(t)).
Now consider the smooth map
AT — El’ld(Rm), A(t) = [—ai,j(t)]i,j.

By Lemma |4.4] there exists a unique smooth real-valued map F': I — R" that satisfies

dF 7
%(t) = A(t)F(t), F(to) = o

forall t € I. Let fi,..., fn € C°°(I) be the component functions of F' and observe that
df; ;
2 O SO0 3 a0 = 00

for all t € I. Hence

o: 1 —E, ot):= Zf](t)

is the unique section along v that is parallel along ~.

Now suppose that ~.I is not covered by a single local frame of E. Choose a bounded open
subinterval J C I around %y such that +,.J is contained in the domain of a local frame of E.

First suppose that I is bounded. We show that there exists a unique parallel section
along the restriction of 7 to |inf 7,sup J[ that maps ty to g9. The proof for |inf J sup I] is
analogous. Denote B for the set consisting of all b < t, such that ]b,sup J[C I and there exists
a unique parallel section along the restriction of v to ]b,sup J[ that maps tq to £9. Note that
inf I < inf B < inf J. We may assume that inf B < inf I, because in case of equality we are
done. There is a unique parallel section o; along the restriction of v to |inf B,sup J| that
satisfies 01(tg) = €9. Now choose a bounded open subinterval K CJinf I, inf J| around inf B
such that ~,K is contained in the domain of a local frame of E. Then there exists a unique
parallel section oy along v|x satisfying the initial condition

(supK—infB) (supK—infB)
o\ —— )=l ——— )

By uniqueness, we see that o7 and o9 must coincide on the overlap |inf B,sup K| of their
domains. We can therefore patch together the maps o; and o into a unique parallel section
along the restriction of «y to | inf K, sup J[ that maps ¢y to 9. By definition of B, it follows that
inf B < inf K. This contradicts the fact that K is an open neighbourhood around inf B.

The case where [ is not bounded can be proven similarly. [ |
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Let v: I — M be a curve. Fix ¢ty € I and €9 € 7*{7(to)}. We define the parallel transport
of €9 along ~y as the unique parallel section o: I — E along v that satisfies o () = €.

Parallel Transport of €g along vy

4.3 Curvature of Vector Bundles and Riemannian Curvature

In order to introduce curvature, we first consider the following example.

Example 4.6. Consider the trivial vector bundle M x R of rank 1 over a manifold M. The
single map

M—MxR, p—(p1)

defines a global frame of M x R. Hence, Lemma [2.7] implies that any smooth section of M x R
is of the form

st M — M xR, s/(p):=(p, f(p))

for some smooth map f: M — R. Using the properties of Lie derivative, it is easy to verify
that the map

I(TM) — End(T(M x R)), X — %x
defined by the assignment

Zx(s")(p) = (p, Lx () ()

defines a connection on the vector bundle M x R. Again, by properties of the Lie derivative,
this connection satisfies

Ity — Ly Lx = Ly

for all vector fields X,Y € I'(T'M). <Example
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One may wonder if all connections share this property. The answer is ‘no’: an important
fact about connections on a vector bundle E over a manifold M is that, in general,

VxVy —VyVx 7é V[X’y].
A measure of this lack of commutativity is the curvature of E/, which is defined as the map
ky: D(TM) x T(TM) — End(T(E)), kv(X,Y):=VxVy —VyVx —Vixy

We say that E is curvature-free if and only if ky vanishes identically. In case of the Levi-Civita
connection on the tangent bundle of a pseudo-Riemannian manifold, we call this operator the
Riemannian Curvature of M.

Now let U C M be an open subset. Then there is a natural local operator

ky: Ty(TM) x Ty(TM) — End(Ty(E)), kg(X,Y):=VEVy — VIV — Vixy,
Note that % also vanishes identically if E is curvature-free.
Lemma 4.7. Let E be a vector bundle over M with a connection and U C M an open subset.
(i) The operator kY is C>(U)-bilinear.
(ii) For every X,Y € Ty(TM), the map k% (X,Y) is C°°(U)-linear.
Proof. First we prove part (i). Observe that
ko (X, Y) = —rg(Y, X)

for all local vector fields X,Y € T'y(T'M). Therefore it suffices to show that the expression
ry(X,Y) is C®°(U)-linear in X. For f € C®°(U) and s € I'y(F) we calculate

RE(F - XY)(8) = £ - V(TE(s) = VY- V5() = VY svn (9)
By the Leibniz-rule we have
V(S - VY (s) = LY() - V5 (s) + - VE V().
Also note that
VY sty (8) = 1 - Vi (s) = LY() - V5 (s).

Combining the equations yields the desired result. Part (ii) can be proven in a similar manner:
just use the Leibniz-rule successively and recall that

Lixy)(f) = LY (LY (f)) = Ly (L% (f))
by definition of the Lie bracket. [ |
The following lemma plays a crucial role in the proof of the main theorem.

Lemma 4.8 (Parallel Extension). Let E be a vector bundle over an m-dimensional manifold
M with a connection. Suppose that E is curvature-free. Given py € M and g € 7*{po}, there
exists a parallel local section s: U — E defined on an open neighbourhood U of py in M such
that s(po) = €o.

26



Proof. Choose a chart xy: U — U around po. By shrinking and translating the codomain of
x if necessary, we may assume that U = I"™ for some open interval [ around 0. We may also
assume that y(po) = 0. For all 1 <k < m and each p € M we define a smooth curve by

Wil =M, 37 :=x"0' P, X (P),1,0,...,0).
These curves satisfy
WL (0) = 71" (¢ (p):
(p)

Let o”: I — E be the parallel transport of 50 e m{vP(0)} along . Inductively define

0,(521 I — E to be the parallel transport of O'k (Xk (p)) € W*{’y,gfgl(O)} along ”ka Observe that

We now claim that

s:U— E, s(p):=a®(x"(p))

m

is a parallel local section of E that maps pg to €9. We split this claim into smaller claims.
> Claim 1: The map s is a local section.

To prove that s is a section, we must show that s is a smooth map that satisfies m o s = ¢y.
> Claim 1.1: The map s 1s smooth.

This follows from an inductive application of the part of Lemma [4.4] that states that solu-
tions to linear ordinary differential equations depends smoothly on the initial data. <11

> Claim 1.2: The map s satisfies o s = 1y.

Unwinding the definitions, we see that

7(s(p)) = 7(c@ (X" (p))) = ¥ (X" (p)) = p.

This shows that mo s = 1p. <19
Hence, s is indeed a local section of E. <
> Claim 2: The local section s is parallel.

To prove that s is parallel, we can use Lemma and show that V¥ (s) vanishes for every
X € I'y(TM). By C>(U)-linearity, it suffices to prove that VY Joxi (8) vanishes for every index
1<l <m. For pe M and t € I we observe that

(») (p) (»)
20 1) = ot (0) = 0,5 0 0 (1)

(p) (p)
(t) (vp ' ()
== FOP W) =0 )

soy(p)() Om

and also, for each f € C*°(M), that

t
d
>f=a

t X (#)) 9 0!

—1
oLy O = —
fowox NG

d

" 9
() f = (dr? >t<cﬁ

oz I

for? =
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For every 1 < k < m we define the set

Up={pelU|xX"'(p)=...=x"(p) = 0}.

Now, let p € Uy be a point. We see that

Therefore, it follows that

L(Ph\xE(p) _
(Vk )X P axk

Hence, by definition of parallel transport we have

5 v vidol P @) _ )
Va/axk(5>(]9) = V(,%(Cp))xk(p)(s) = T(X (p)) = 0% X7 (P)) — P)

This shows that V.« (s) vanishes on Uy for every 1 < k < m. We will now prove by induction
on 1 <k <m that Vg/axl(s) vanishes on Uy, for every 1 <[ < k. The case k£ = 1 immediately
follows from the fact that Vy,g,1(s) vanishes on U;. So assume that the statement is true for
some arbitrary k. We prove that the statement also holds for £+ 1. Since Vg/ oyk+1(8) vanishes

on Ugy1, we may assume that 0 <[ < k.

> Claim 2.1: The section Vg/axl(vg/axk+l(s)) vanishes on Uyyq.

Let p € Uy, be a point. We will use Lemma, to show that vg/axl(vg/axk+l(s)) vanishes
at p. Define a smooth curve by

zl(p): I — M, zl(p)(t) =x 0 D), X ), X T ), - X (p), 0, ..., 0).

We note that

and also that
xH( ) x(p) o P

)
fozz(p):% fOLUOXA:a—XZ f

d

. (0) ' (p) ) X d
()P f = (dzy )xl(p)<£ )fz T

for all f € C*°(M). Observe that (2"),] C Uyy;. Since Vi oxk+1(8) vanishes on Uy.y, it
follows that

(p)
VY et () (2P (#)) = 06" ®)
for all t € I. Hence, Lemma [2.10| implies that
vg/axl(vg/aka(S))(p) — 0

This shows that vg/axl(vg/axk+l(s)) vanishes on Uy . <21
> Claim 2.2: The section Vg, g,:(s) vanishes on Ugy1.

Suppose that p € Up,1. We want to show that Vg/axl(s) vanishes at p. Since
WO ) = p.
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it suffices to prove that the section

oI5 B, alt) = V() (1)

along 7,8321 vanishes identically. By the induction hypothesis, we know that Vg 5,:(s) vanishes

on Ug. Hence, since ’y,Ef_’gl(O) € Uy, we see that cp(p ) vanishes at 0. Because the unique parallel

transport of the zero-vector along ’y,i +)1 must be identically zero along ’y,(fgl, it therefore suffices

to prove that gpgp ) s parallel along 7,(521. We show that the covariant derivative of gol(p ) along

7,&?1 vanishes on I. Note that the Lie bracket [0/9x*™!,d/0x!] vanishes on U. So, because F
is curvature-free, we observe that

V%@l @ p)

(1) = Vi (V50a(5) = Vg (Vo () (171 ()
= Voot (Vjaren () (21 (1)

for all ¢ € I. Since (7,?21) I C Upyq, it follows that VY, . (s)) vanishes on Up;. <29

8/0x!

The case k = m shows that Vj4,:(s) vanishes on U,, = U for all 1 < [ < m. Hence, it
follows that s is parallel. <9

> Claim 3: The parallel local section s sends pg to €q.

Indeed, the calculation
s(po) = o (X" (po)) = o) (0) = o, (x™ 1 (po)) = o, (0)
=™ (x}(po)) = o7(0) = &

shows that s sends pg to &g. <3

This finishes the proof of the lemma. [ |

Let M be a pseudo-Riemannian manifold and let x: U — U be a chart of M. For all
1 <i,j,k < m we can find smooth functions R(x)i k', .., R(X)ijx™ € C(U) such that the
Riemann curvature of M can locally be written as

0 0 8
U

We call these component functions the Riemann symbols with respect to x. The following lemma
gives a formula for the Riemann symbols in terms of the Christoffel symbols.

Lemma 4.9. Let M be a pseudo-Riemannian manifold. The Riemann symbols with respect to
a chart x: U — U are given by

oo’ -
ROt = ik # SO0 00w~ P T

foralll <i,5,k, 1 <m.
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Proof. Since the Lie brackets of coordinate vector fields vanish, we have

o 0 0 P 5
Kjg (8xz" an) <axk> = Va/axiVa/axj (a_Xk> — va/axjva/axi (a_Xk)

P 0
= ; Vajoxi <F(X)j,kl ' a_Xl> — Voo <F(X)i’kl ' 8_Xl)

By the Leibniz-rule it follows that

9 () 0 0
l )
S Ve (P00 5 ) = ST 00t S (5
and similarly that

0 l'(x)i : 0
Y Voo <F(X)i,kl : 8_>(l> => (% + 3 Tk F(X)j,ul) TN
! !

Substraction yields the desired result.

30



5 Proof of Main Theorem and Application

5.1 Frobenius Theorem

Let X! and X2 be two local vector fields defined on some open subset U C M. Let D; C U xR
and Dy C U x R be the domains of the flows of X; and X, respectively. Recall that the flows
p1: D1 — U and ¢9: Dy — U of X; and Xy commute if and only if the following condition
holds for every p € U: whenever I; and I, are open intervals around 0 satisfying {p} x I; C D,
and {p} x Iy C Dy such that either (¢2).({p} % I2) X Iy C Dy or (¢1)({p} x I1) x Iy C Ds,
then both inclusions hold and

P1(p2(p, t2), t1) = wa(1(p, 1), t2)
for all (¢1,t2) € I x Is.
Lemma 5.1. Vector fields commute if and only if their corresponding flows commute.

Proof. See [9], Theorem 9.44. |

The following theorem plays a crucial role in the proof of the main theorem.

Theorem 5.2 (Frobenius Theorem). A local frame (Ey, ..., E,) of TM is locally expressible
as a coordinate frame if and only if E; and E; commute for all 1 < 1,5 <m.

Proof. 1f (Ey, ..., E,,) is a coordinate frame, then it follows from a straightforward calculation
that [E;, E;] vanishes identically for every 1 <1, j <mn.

Conversely, assume that E; and F; commute for all 1 <4,57 < m. Let V be the domain of
the given local frame. Fix a point py € V. Write D; C V' x R for the domain of the flow of F;
and let ¢;: D; — V be its flow for all 1 < i < m. The fundamental theorem on flows (see [9],
Theorem 9.12) implies that for each ¢ € R the set

Di={peV|(pt) € Di}
is open in V' and the map
it Dj = D', ¢ip) = ilp, 1)

is a diffeomorphism. Choose ¢,, > 0 and a neighbourhood V,,, of py in V' such that ¢,, maps
| = &my Em[X Vi into V. Then, for 1 <i < m—1, inductively choose ; > 0 and a neighbourhood
Vi of pin V41 such that ¢; maps | — g;,;[xV; into V;;;. Now define € := min{ey, ..., e, } and
I :=] — ¢,¢[. By construction, it follows that the smooth map

m

O 1™ = M, B(F) =% (.. 6% (py)...)
is well-defined. For every 1 < i < m the map
vii I = M, (t) :== ¢i(po)

is an integral curve of E;. Unwinding the definitions, we see that ~;(0) = ®(0) = po. Because
v; is an integral curve of FE;, it follows that
0
d ) f=EP

] d
)f = O fovi=(dvi)o (%

0 0

0 d
(dq))ﬁ(% foq’*a
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for every f € C>(M). It follows that (d®); takes the basis (9/0x 9,...,0/02™%) for T5I™
to the basis (EY°,..., EP) for T, M. Consequently, we deduce that the differential (d®)g is
an isomorphism of vector spaces. The inverse function theorem implies that ® restricts to a
diffeomorphism on a neighbourhood U of 0 in I™. Denote U := ®,U and let x:U— U be the
inverse of the diffeomorphism we just found. Then X is a chart of M around p, satisfying

x(p) o
)f:ai
X

x(p) o x(p)

o ) .
fo[’UOX _axz

| £ = e @07 (5

fod

for all p € U and f € C*°(M). By Lemma vector fields commute if and only if their
corresponding flows commute. Hence the map

m 2+1 x* 1 1
YT =M, 4P =@ Pl P P Ppo). ) )

is well-defined and satisfies

Since 71-(73 ) is an integral curve, it follows that
9 |X® d X' ® 4 [X'®
31’@ fO dt fo’y’L ( ,Yz )X (p)(dt ) zf

and therefore we conclude that

0
v oy

5.2 Flat Pseudo-Riemannian Manifolds

Let m-dimensional pseudo-Riemannian manifold M with signature r. A chart x: U — U
intertwines the pseudo-metrics of M and U if and only if for each p € U the following diagram
commutes:

T,M x T,M e > R

(dew)p ' x (dep)p 9o

T U x T U ﬁ) T ><
Or, equivalently, if and only if g;*; = 0 whenever i # j and
g.=1 .., 9=l gu,a=-1 ..., gi,=-1

We say that M is flat if and only if each point of M is contained in the domain of a chart
x:U — U that intertwines the pseudo-metrics of M and U. Intuively, it means that an ‘m-
dimensional being’ can not distinquish between a flat pseudo-Riemannian manifold M with
signature r and pseudo-Euclidian space with signature r by local measurements.

Example 5.3. To illustrate the definition of flatness, we show that the 2-cylinder

C*={geR| (y')’+ (") =1 -1<y’ <1}
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is flat. Let ¢: C? — R3 denote the inclusion of C? into R3. We equip the manifold C? with the
metric

g: C* = %0C?  g(§) = (7,35 o ((de)g x (du)g)).
Observe that the four half cylinders determined by
yt <0, y'>0, <0, y¥*>0

form an open cover of the entire cylinder. We claim that cylindrical coordinates preserve the
metric of C? on each of the four half cylinders. We treat the case in which y? > 0. The other
cases can be proven analogously. Hence, consider the open subsets

U::{g]602|y2>0}, ﬁ::{f€R2|0<x1<7r, —1<:v2<1}

of C? and R? respectively and define a chart xy: U — U to be the inverse of the local parametriza-
tion of S? given by

par: U — R, par(Z) := (cos(z'), sin(z"), 2?).

02

Cylindrical Coordinates

Unwinding the definitions, we see that
)

¥ o |7 )
_— — 533 | i

for all indices 1 < 14,7 <2 and each y € U. For 1 < k <2 we have

))

. 0
95 = gg( By

o ) o x(¥) - o x (%)
(db)g(a—xk )f:% fOLOLonlza7 f opar
_of O part of - 0 par? of O par®

= o)+ S (@) + 550 - (@) + 550 T (@)
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for all f € C°°(R3). Computing the partial derivatives of par!, par? and par® with respect to
the variable z! yields

par(Z) par(Z)

0 + cos(z")

(dt) par(@) (8_X1

for all z € U. Similarly, differentiating with respect to the variable 22 gives

par (&) o
) T o

par (&) )
) = — Sll’l(.ﬁC ) . 8_311

Oy

par (&)

0
(dt) par(@) (8_X2

Straightforward calculations now show that

N 10
a8, = g 5]
This proves that y intertwines the metrics of C? and U and we conclude that C? is indeed a

flat space. <Example

Theorem 5.4 (Main Theorem). A pseudo-Riemannian manifold is flat if and only if its Rie-
mann curvature vanishes identically.

Proof. Let M be an m-dimensional pseudo-Riemannian manifold with signature r.
> Claim 1: If M s flat, then the Riemann curvature of M vanishes identically.

Suppose that M is flat. We want to prove that sy vanishes identically. Let x: U — U be
a chart that intertwines the pseudo-metrics of M and U. Since

kv (X, Y)(2)|o = k9 (X]u, Y0)(Z]v)

for all vector fields X,Y,Z € I'(T' M), it suffices to prove that k% vanishes identically. We can
restrict our attention even further: by C'*°(U)-linearity it suffices to prove that the expression

o 0 0 0
U _ E : R
v (3><“ O ) (fb(’“) = 2 Aux g

l

is the zero vector field on U for all 1 <4, 5,k < m. Because M is flat, the component functions
of g with respect to x satisfy gX, = +0,, for all 1 < u,v < m. Hence, the Lie derivatives
of the maps gX, vanish on U. Thus Lemma implies that the Christoffel symbols of the
Levi-Civita connection also vanish on U. Consequently, Lemma [4.9| shows that the Riemann
symbols are zero on U aswell. <

> Claim 2: [f the Riemann curvature of M vanishes identically, then M is flat.

Suppose that the Riemann curvature of M vanishes identically. Fix a point pg € M and choose

an orthonormal basis (uy,...,u,,) for T, M. We may assume that this basis is in standard
order, i.e.
gpo(uhul) = 17 ceey gpo(u’r7ur> = 1a gpo(ur-i-lau'r—i-l) = _]-7 Yy gpo(umyum) = —1.

Since T'M is curvature-free, we can use Lemma to find parallel vector fields Ey,..., E,,
defined on an open neighbourhood V' of py such that E* = u; for each 1 < i < m. By shrinking
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V' if necessary we may assume that V' is connected. Because E; and £ are parallel, Lemma
implies that g(E;, E;) is constant on V. Therefore we find that ¢(E;, E;) = gp,(u;, u;) on
V. By virtue of Lemma [4.2) we see that the expression VY (E;) vanishes on V for all 1 <i < m
and X € I'y(T'M). Because the Levi-Civita connection is torsion-free, we find that

[Ei, Bj] = Vi, (E;) = Vi, (E)).

Hence we observe that [E;, E;] vanishes on V. We conclude that (Ey, ..., E,,) is a commuting
frame of T'M. Using Theorem we can find a chart x: U — U defined on some open neigh-
bourhood U C V of py such that the induced coordinate frame (9/9x?,...,0/0x™) coincides
with the local frame (Fi|y, ..., Ey|v). Hence we find that

o ol
2500 =90 | | ) = BELED = g (as.)
for each p € U. It follows that x intertwines the pseudo-metrics of M and U. <y
This finishes the proof of the main theorem. [ |

In other words, Theorem [5.4| shows that the Riemann curvature is precisely the obstruction
to being flat

5.3 Application: Cartography of the Earth’s Surface

We demonstrate how the main theorem can be used to show that a pseudo-Riemannian manifold
is not flat.

Example 5.5. Consider the 2-dimensional manifold
$ = (TR | (1) + (2 + () = 1),

i.e. the 2-sphere. Let g2 be the Euclidian metric on R? and let ¢: S — R? denote the inclusion
of $% into R3®. The round metric on S? is defined as

g: S? - %,0527 9(y) = (v, §f}3 © ((db)ﬂ X (db)y”»

In the introduction of this thesis we have shown that S? (equipped with the round metric) is
not a flat space. We now prove the same result by partially calculating the Riemann curvature
of S2. To do so, we will use spherical coordinates. Consider the open subsets

U:={jes|y*>0}, U={ZeR*|0<az' 2?2 <7}

of S% and R? respectively and define a chart y: U — U to be the inverse of the local parametriza-
tion of S? given by

par: U — U, par(Z) := (cos(z") - sin(z?),sin(z!) - sin(z?), cos(z?)).
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Spherical Coordinates

We can use the same formula as for the 2-cylinder in the preceding subsection to compute

o par(Z) par(%) P par(Z)
(dt)par(z) (8_X1 ) = —sin(z') - sin(2?) - g + cos(x') - sin(z?) - a2
Similarly, we calculate
P par(%) par(%) P par(%)
(dt)par(@) <3_X2 ) = cos(z') - cos(x?) - a1 + sin(x') - cos(z?) - 9
o par(Z)
— sin(a:Q) . 8_3/3
Using the definition of the Euclidian metric §>°, we easily verify that
. sin(z?)? 0
st @y = 5 ).
The inverse matrix of this diagonal matrix is given by
oy . 1/sin(2?)? 0
[gx’](par(m))]m = |: / 0< ) 1:| .
We use Lemma [3.8 to calculate
g N 0 cos(z?)/ sin(z?)
0 0o = |ty inety

and also

— cos(x?) - sin(z?) 0

(0 pan(@)ly = |~ 6
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To prove that the Riemann curvature of S? does not vanish identically, it suffices to find a

combination of the indices 1 < 4,5, k,1 < 2 such that the Riemann symbol R(x);;x' is not

identically zero on U. We choose ¢t = k = 1 and j = [ = 2 and use Lemma [4.9| to see that
R(X)1,2.1°(par(Z)) = — sin(z?)%.

By Theorem it now follows that S? is not flat. <Example

Distortion of Cylindrical Projection [4)

In particular, if we use S? as a mathematical model for the Earth’s surface, this result
shows that every smooth local Euclidian representation of the Farth’s surface (i.e. a chart of
S?) necessarily distorts angles, areas or distances in some fashion.
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