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Abstract

The myelin around an axon greatly increases conduction velocity and was once thought of as an inert
insulating layer. New research shows that the periaxonal space is highly conductive, suggesting a rapid
flow of charges inside this space during an action potential. The propagation of such an action potential
in an axon relies on the flow of ions in or out of the cell and because of the small volume of the periaxonal
space, the concentration changes there are significant. We present the physics governing this ionic flow and
show an equivalence between the Nernst-Planck formalism and cable theory. The simulation environment
NEURON specializes in applying cable theory to model neurons and we tested how NEURON handles
ion accumulation and diffusion. NEURON does not take longitudinal conductive flux into account when
modelling ionic accumulation, but the effect this has when modelling an action potential is most likely
negligible. A double cable model was set up in NEURON, with the second cable corresponding to the
periaxonal space. The rise in potassium concentration in the periaxonal space was high (50% to 100%) and
resulted in less gradual re-polarization of the nodal transaxonal potential. This points to the necessary
presence of potassium clearing mechanisms in the adaxonal membrane and a triple cable model showed
that transadaxonal potential allows for potassium to flow into the myelin, suggesting activity dependent
communication between the axon and its myelin.
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1 INTRODUCTION 1

1 Introduction

Neurons are cells whose purpose is transferring information, forming fundamental building blocks of our
nervous system. The neuron communicates by propagating an electric signal and it has a complex and
specialized structure to perform this task. Sometimes parts of this complex structure become defective,
cascading into large scale problems, with possibly fatal outcomes. Neurological disorders such as multiple
sclerosis (MS), amyotrophic lateral sclerosis (ALS), Alzheimer and Parkinson still do not have a cure and
all have terrible consequences. More research to unravel this complexity is required in order to cure these
diseases. In this thesis we will investigate via a computer model, how such an electric signal is propagated
in a detailed way.

The part of the neuron which is responsible for transferring an electric signal to its eventual intended
location is the axon (we introduce the neuron and its axon in more detail in section 2). One can think of
the axon as a cable, which in the case of vertebrates is often wrapped by a fatty insulating layer called the
myelin sheath [1]. This myelin is connected with a cell called an oligodendrocyte, making up a so-called
oligodendrocyte-myelin complex [2]. These oligodendrocytes assist in forming and maintaining the myelin
and have a specialized structure of their own [3]. The oligodendrocyte will shortly be revisited in section 2,
but describing oligodendrocytes further is outside the scope of this thesis. In the myelin sheath, there are
gaps known as the nodes of Ranvier, the electric signal “jumps” from node to node, significantly increasing
conduction velocity [4].

It is widely recognised that myelin greatly enhances the conduction velocity, but otherwise the myelin was
thought of as mostly inert insulation. However, new findings indicate that there is dynamic communication
between the axon and the myelin [2]. Research has shown that there might be activity dependent signalling
between the axon and the myelin [5–7], to which the oligodendrocyte-myelin complex could respond by
providing metabolic support or by altering subtle myelin properties to modulate action potential propagation
[2]. Moreover, it was very recently found that the small space (∼ 12 nm high) between the axon and
the myelin, called the periaxonal space, is highly conductive, suggesting rapidly flowing charges in the
periaxonal space [1]. That the periaxonal space acts as an axial conductive pathway was already suggested
by experimental recordings [8–10] and computer models [11–18] before, but an empirical estimate for the
electrical resistance inside the periaxonal space is a new finding [1]. It is this last result which we will use as
a starting point for our own research.

The very small volume of the periaxonal space makes experiments on said region very difficult. Therefore
the research presented in Ref. [1] is significantly based on a computer model. An RC circuit was modelled
to simulate the electrical signalling in a myelinated axon, where the inside of the axon and the periaxonal
space are both treated as one dimensional electric cables. Such a two cable circuit will be referred to as a
double cable. The theory describing the evolution of electric potentials in such a circuit is so-called cable
theory, which centres around the cable equation [19]. The RC circuit was built in the simulation environment
NEURON, which is able to numerically solve this cable equation, for the specified circuit. Cable theory and
the properties of NEURON and will be more extensively presented in section 5.

In reality the electrical signalling of neurons relies on the flow of ions in and out of the axon, most
predominantly Na+ and K+ [20]. The details of this electrical signal will be further discussed in section 2.3.
The concentrations of these ions inside and outside of the cell are of relevance, since diffusion from high to
low concentrations is partly responsible for the movement of ions. In cable theory, this ionic flow is eventually
treated as generic electric current and the effect of diffusion is modelled as a battery, whose potential is given
by the reversal potential [19]. The physics describing the flow of ions is presented in section 3, where we
also describe this reversal potential in more detail and how we can apply this theory within the context of a
cable model. Besides the custom implementation of such batteries, cable theory inherently has no notion of
ionic concentrations and the possible effects of ion accumulation. The current model used in Ref. [1] treats
these concentrations to be effectively fixed. However the periaxonal space has such a small volume that ionic
concentrations might significantly change, meaning it may be relevant to also model ionic concentrations. In
this thesis we will also use a double cable circuit, where take ionic accumulation and diffusion into account,
presented in section 8. This is all in order to investigate electrodiffusion in the periaxonal space, which can
tell us more on what is happening underneath the myelin. To do so, we first test how NEURON handles ion
accumulation and diffusion against our own simulation based on the derived theory (section 3). How this
theory is used for or own simulation is laid out in section 4 and the results of the test are shown in section 7.
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A double cable is able to model the inside of the axon and the periaxonal space as conductive pathways.
The finding that there is probably significant electrical activity in the periaxonal space combined with the
new believe that electrical activity might also be a way to communicate with the oligodendrocyte-myelin
complex [2], leads us to wonder whether the inside of this myelin itself also forms a conductive path. In
a cable context this would mean a third cable, corresponding to the inside of the oligodendrocyte-myelin
complex. A mathematical description of such a “triple cable” model already exists [21], but to the best of
our knowledge, very little research has gone into investigating this further. Therefore we will expand on our
double cable model by also probing the relevance of a possible third conductive pathway, described in section
9.

To break down this somewhat general goal of investigating this submyelin region, we pose the following
explicit questions:

1. What is the effect of ion accumulation and diffusion on the time-evolution of the electric potentials of
a myelinated axon during an action potential?

2. What membrane mechanisms (such as channels and pumps) need to be present at the periaxonal space
for the axon to be able to propagate a physiologically accurate action potential in a cable model?

3. What is the potential difference between the periaxonal space and the oligodendrocyte-myelin complex
during an action potential?

4. Does the volume inside the oligodendrocyte-myelin complex form a conductive pathway?
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2 The neuron and its axon

To model part of a neuron, we first need to see what a neuron is, what it does and what its components are.
After we have looked at this, we will explain what an action potential is and how it works. The purpose
of this section is to introduce the basic neuroscience related terms and concepts, required for understanding
this thesis, to any reader who is not yet familiar with this . Therefore we will keep this section short and
concise, such that the reader can easily look up all the regions, names and mechanisms without having to go
through a lot of text.

2.1 The neuron

Figure 1: Schematic representation of a typical neuron
from a vertebrate. Figure from Ref. [22]

Neurons are cells present in all animals with the
function of transmitting information via an electric
signal. This can be through the brain, through the
spinal cord or any other part of an organism where
the fast electrical signalling of a neuron is required.
A schematic (and thus not to scale) presentation
of a neuron is shown in Figure 1. It all starts at
the dendrite, where neurotransmitters released by
another neuron bind to receptors present at the
dendrite. This initiates an electric signal which
passes through the dendrite and is transmitted to
the cell body, also known as the soma. This is then
sent through the axon, which can be thought of as
a long cable leaving the cell body. At the end of the
axon this signal can then be passed on to a new set
of neurons, thus creating a complex network of cells.
For a more extensive introduction to neurons, we recommend chapter three of Ref. [3], on which we based
this information.

In almost all vertebrates this axon is myelinated, meaning it is covered by a fatty substance called the
myelin sheath [1]. This myelin insulates the axon, however it does not completely cover the axon, since there
are gaps, known as the nodes of Ranvier [4]. When a signal passes through the axon, it “jumps” from node
to node, a process known as saltatory conduction [23, 24]. This process allows a signal to pass through a lot
faster than without myelin and therefore it is essential that axons are myelinated for neurons to function [4,
25].

2.2 The axon and the node of Ranvier

Figure 2: Schematic representation
of an oligodendrocyte connected to
myelin. Figure adapted from Ref. [26]

Our goal is to model just the axon, therefore we will not spend more
time on the other parts of the neuron and instead zoom in on the axon
and on the node of Ranvier. Even though each node is just a very
small region of the axon (only around 2 µm long), a lot of complexity
is already present. In Figure 3 we present a schematic representation
of a cross section of the region around a node. Not shown in Figure
3 is the oligodendrocyte. Oligodendrocytes are cells called which
assist in forming and maintaining the myelin and have a specialized
structure of their own [3], on which we will not go into more detail
here. The myelin is connected to such an oligodendrocyte, making
up a so-called oligodendrocyte-myelin complex [2], which is shown in
Figure 2.

One could think of the axon as a long tube, where the inside
is called the axon core (or intracellular space/intra-axonal space),
the membrane around the axon core is called the axolemma and
the membrane sitting against the inside of the myelin is called the
adaxonal membrane. The diameter of the axon core can differ greatly between different types of neurons, in
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our model we use 1.0 µm. The thickness of the myelin can also differ greatly, however for an with a diameter
of 1.0 µm it would most likely be between 0.5 µm and 1.0 µm thick [27, 28]. The distinction between these
regions is crucial in this thesis and we encourage the reader to revisit Figure 3 whenever desired.

Figure 3: Zoomed in schematic picture of a node of Ranvier and its different surrounding regions. The axon
core can also be referred to as the intracellular space or the intra-axonal space. Figure adapted from Ref.
[29]

2.2.1 The periaxonal space

A region of very specific interest to this thesis is the periaxonal space, which separates the axolemma from
the adaxonal membrane by a distance of just around 12 nm [1]. Possibilities of experiments on this space are
very limited, due to this very small nanoscale volume. Making computer models can help us overcome the
limitations opposed in experimental setups and this is one of the main motivations for this thesis.

2.3 Action potential

Figure 4: Graphical representation of the different
steps during an action potential. The green circles
represent Na+ and the purple triangles represent K+.
Figure from Ref. [30]

The function of an axon is to transfer a signal
to its intended location. Here we will shortly
describe what this signal actually is and how it
propagates, a process known as an action potential.
Hodgkin and Huxley in the 1950s [20] were the first
to explain this process in a complete way with a
mathematical model and their description became
the basis for describing action potentials. This basis
became widely accepted and part I of the book Ionic
channels of excitable membranes. [31] uses the work
based on this Hodgkin-Huxley to extensively explain
the electrophysiology of an axon. Unless a different
reference is cited, the following information will be
based on Ref. [31].

The concentrations of ions inside and outside the
axon differ a lot. For example the concentration of
sodium ions (Na+) is high outside of the cell (∼145
mM) and relatively low inside of the cell (∼12 mM),
this is the other way round for potassium ions (K+)
(∼4 mM outside and ∼155 mM inside). There are
more charged species present, all resulting in a net positively charged extracellular space compared to the axon
core. In rest, this means that there is an electric potential difference over the membrane, typically between
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-40 mV and -100 mV, where the convention of expressing the membrane potential Vm is by calculating
Vm = Vin − Vout, where in this case Vin is the potential in the axon core and Vout is the potential at the
extracellular space, typically considered to be grounded (Vout = 0).

Particles tend to flow from high concentrations to low concentrations (diffusion) and the charged ions
also are also affected by the electric potential difference. Therefore, in rest, both diffusion and the electric
potential would push Na+ into the cell, however it is blocked by the membrane. There are channels present
which allow Na+ to pass through, however they are (mostly) closed in rest (Figure 4.1). When the membrane
potential rises above a certain threshold (typically around -53 mV) [32], these Na+ channels quickly open up,
allowing Na+ to rush into the cell (Figure 4.2). The inflow of charge depolarizes the membrane, allowing the
membrane potential to rise to around 45 mV [32]. At this point the Na+ channels quickly close, after which
similar channels for K+, present in the membrane quickly open up (Figure 4.3). The membrane potential is
now positive, so due to the electric force and diffusion, potassium now rushes out of the cell. This outflow
of charge re-polarizes the membrane. When the membrane has completely re-polarized, these K+ channels
also close. Active mechanisms such as ion pumps then quickly restore the ionic concentrations to the resting
state (Figure 4.4). In Figure 4 the pump Na+/K+-ATPase is shown, which pumps 3 sodium ions out and 2
potassium ions in per cycle and is a vital component for the electrophysiology of the cell [33, 34].

The rise in membrane potential due to the inflow of Na+ also raises the membrane potential in neighbouring
regions, allowing it to also surpass the threshold which makes the Na+ channels open up there as well, thus
making sure the action potential propagates.

First, we note that this is a simplified version of the story. For instance, there are multiple types of Na+

and K+ channels and different cells have different membrane potentials, different thresholds etc. For example
in our model the resting potential is closer to -80 mV. Moreover, the pump shown in Figure 4 is not the only
mechanism responsible for restoring and maintaining ionic concentrations, however unfortunately we cannot
cover each mechanism here.

2.4 Nomenclature for potentials

Figure 5: Graphical
representation of the different
potential differences. Figure
from Ref. [1]

To stay clear on different electric potential differences, we will give clear
names, based on Ref. [21], to different potential differences, which are
shown graphically in Figure 5. Potential over the axolemma will be called
transaxonal potential with symbol Vm, potential over the myelin will be
called transmyelin potential with symbol Vmy and the inner potential
will be called transfiber potential with symbol Vmym. When the term
membrane potential is still used, it is because it does not necessarily need
to be the potential over the axolemma, but over any membrane.



3 POISSON-NERNST-PLANCK 6

3 Poisson-Nernst-Planck

Our goal is to model an action potential moving along an axon while also taking the resulting changes of
ionic concentrations into account. Before we can start modelling, a solid mathematical and physical basis
is required. It is clear that the movement of ions is what makes an action potential propagate through an
axon. To lay our physical basis we will have to investigate the laws describing the movement by ions in the
conditions present in an axon. We will start from very well-established physical laws from which we will
introduce the well known Poisson-Nernst-Planck equations. The theory we present is as complete as possible
and is able to serve as a basis for many types of models, whether they are based on a high detail mesh
adaptation like used by Lopreore et al. (2008) [35] or based on a multi-cable approach like the models we
will consider here. In section 4, we apply this theory ourselves to explicitly calculate the equations needed
for our own simulation. It should however be noted that many models use a construct based on so-called
cable theory, which we introduce in section 5.

To lay our theoretical foundation we first need to gain an understanding of how and why ions move
through a neuron. Since the dynamics of this will be nearly identical for all ions one would want to consider,
we will be talking about a general ion L. The movement of this ion L can be described by its flux, which is
a measure of how many of the considered ions are moving through an imaginary surface unit per unit time.
Here we will consider the ion flux in terms of mol·m−2·s−1.

3.1 Driving forces

In the cytoplasm of (peri)axonal space there are two main forces acting on an ion: diffusion, where ions tend
to move from higher to lower concentrations, and conduction, since ions are charged. First we will lay out
the equations describing the relation between these driving forces and the resulting flux.

3.1.1 Diffusion

Differences in concentrations can lead ions to diffuse from higher to lower concentrations. How this happens
is described by Fick’s (first) law

JL = −DL∇cL,

where JL is the flux of ion L, which we call the diffusion flux with units mol·m−2·s−1, cL is the concentration
of ion L (mol·m−3) and DL (m2·s−1) is the so called diffusion coefficient. For ions, this coefficient can be
described by the Nernst-Einstein relation [31]

DL =
kBTuL

e
=
RTuL
F

,

where uL is the mobility of ion L (m·s−1) in the solvent, e is the elementary charge (C), R = NAkB is
the gas constant (J·(K·mol)−1), where NA is Avogadro’s constant (mol−1) and kB is Boltzmann’s constant
(J·K−1), F = eNA is Faraday’s constant (C·mol−1) and T is the (absolute) temperature (K). Bellinger et
al. (2008) [36] and Brazhe et al. (2010) [37] both chose values for the diffusion coefficient in an aqueous
solution reported in earlier studies [31, 38, 39], where Brazhe et al. used values of 1.33 µm2·ms−1 for sodium
and 1.96 µm2·ms−1 for potassium. However we note two issues with this approach, first of all it has been
shown that diffusion coefficients in neural cells are significantly lower than in water [38, 40]. For Na+ and
K+ this is probably because of physical obstructions due to structures in the cell or a higher viscosity of
cellular fluid [40]. Fleidervish et al. (2010) [41] therefore used adjusted values from Kushmerick and Podolsky
(1969) [40]. Secondly, the reported coefficients were at temperatures of 25 ◦C [31, 39] or at a temperature
not clearly reported [38]. Temperature affects the diffusion coefficient so to stay accurate one would have to
take this into account, 25 ◦C is too low for most mammals and birds [42] and should therefore be adjusted
to the temperature in the model. This second point however only comes down to a difference of 5%. We
will also take the reported values from Kushmerick and Podolsky, however we will correct them for our used
temperature of 35 ◦C. This means we have DNa+ = 0.63 µm2·ms−1 for sodium and DK+ = 1.05 µm2·ms−1

for potassium.
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3.1.2 Conduction

Ions will also be affected by an electric field, resulting in a flux we will call the conductive flux. This flux
obeys Ohm’s law [31]:

IL = DL
zLecL
kBT

E = −DL
cL
αL
∇V,

where IL is the conductive flux (mol·m−2·s−1), e is the elementary charge (C), zL is the valency of ion L
(dimensionless), E is the electric field (N·C−1) and V is the electric potential (V). Here we used E = −∇V
and we replaced αL = kBT

zLe
for ease of notation.

3.2 Nernst-Planck equation

We assume the cytoplasm itself has no velocity and that there are no other external potentials playing a role.
Therefore diffusion and conduction are the two factors contributing to an ion flux. The net ion flux of ion L
is given by the sum of the two individual fluxes

JL + IL = −DL

(
∇cL +

cL
αL
∇V

)
. (3.1)

This equation is well-known as the Nernst-Planck equation.

3.3 Flux through the axolemma

Ions can move through the inside of an axon, however ions can also move out of the (peri)axonal space by
moving through the channels or pumps in the axolemma. The pumps actively transport ions in or out of
the intracellular space and have their own complex mechanisms, therefore the pumps will be discussed in
later in section 6. If we view the ion channels as being uniformly distributed through the axolemma, we can
actually view this axolemma as a solvent through which an ion can pass. The diffusion coefficient will of
course be different, however equation 3.1 is still applicable. Our eventual simulation will be using so called
cable-theory in a simulation environment specialized in applying this cable theory for modelling neural cells,
called NEURON [43]. We will introduce cable thoery and NEURON further in section 5. This means that
ionic fluxes are modelled in the context of an electrical circuit. We will show an equivalence between the
Nernst-Planck formalism of membrane flux and a description purely based on Ohm’s law, which will allow
us to bridge the difference between these two approaches in a well-founded way. Before we do this, we have
to introduce the reversal potential.

3.3.1 Reversal potential

Figure 6: Graphical representation of how diffusion
flux is countered by conductive flux when the
membrane potential is the reversal potential (in this
case for K+). Screenshot from Ref. [44]

If we consider these driving forces in the flux through
the membrane, then the concentration gradient
will be due to the intracellular and extracellular
concentrations of ion L. The voltage gradient can
be described by the difference in voltage between
the intracellular-and extracellular space, which is
called the membrane potential. In the specific case
of the axolemma this is also called the transaxonal
potential [21]. If the membrane is permeable to ion
L, then a concentration gradient will result in a flux.
This flux can be countered by an conductive flux due
to a membrane potential. The membrane potential
such that these two fluxes are opposite and equally
large, meaning that they cancel out, is called the
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reversal potential (also known as the Nernst potential). This potential is defined by the following equation
[45]

EL =
kBT

zLe
ln

(
cL,o
cL,i

)
=

RT

zLF
ln

(
cL,o
cL,i

)
. (3.2)

Here EL is the reversal potential (V ) of ion L, R = NAkB is the gas constant (J·(K·mol)−1), where NA is
Avogadro’s constant (mol−1), T is the temperature (K), e is the elementary charge (C), zL is the valency of
ion L (dimensionless), F = eNA is Faradays constant (C·mol−1) and cL,o and cL,i are the concentrations of
the ion outside and inside the cell respectively (mol·m−3).

3.3.2 Fick-Ohm equivalence

Flux through a membrane can be approximated to be purely in radial direction, so equation 3.1 simplifies
to a one-dimensional form. Therefore in this section we simplify JL to its radial component which we will
simply denote by JL for now. We will now rewrite equation 3.1 into an equivalent form, solely in terms
which have the form of Ohm’s law. To show this, it is easier to write the Nernst-Planck equation into a more
general form

JL + IL = JFick

(
∂cL
∂ρ

)
+ IOhm(V ).

Here JFick

(
∂cL
∂ρ

)
is the diffusion flux described by Fick’s law and IOhm(V ) is the conductive flux described

by Ohms law. Now we perform the following operation of cleverly adding 0

JL + IL =JFick

(
∂cL
∂ρ

)
+ IOhm(V ) + IOhm(EL)− IOhm(EL)

=JFick

(
∂cL
∂ρ

)
+ IOhm(EL) + IOhm(V )− IOhm(EL).

By definition, the reversal potential has the property that JFick

(
∂cL
∂ρ

)
+ IOhm(EL) = 0, which means

JL + IL = IOhm(V )− IOhm(EL).

To match with the convention in NEURON (which is further introduced in section 5), we write Ohm’s law
as IOhm(V ) = gL ·V , where gL is the conductance in the radial direction (S·m−2) for ion L. This means that
we are now describing the current density instead of the ion flux, however for Na+ and K+ these two only
differ by a factor of the Faraday constant. Here we make the assumption that the electric current through
the membrane is well described by treating the membrane as an Ohmic resistor. This assumption is made
by numerous authors before [19] and by the modelling program NEURON we will be using [43]. This yields
the following equation

JL + IL = gL · (V − EL). (3.3)

Equation 3.3 will be the basis for all channel mechanics considered and therefore this equivalence we present
here is a subtle, yet crucial step for continuing with our simulation without abandoning our physical basis.
In case of passive leak channels gL is constant, however active channels can be closed or opened, depending
on the conditions in the membrane, significantly altering the value of gL.

3.4 Electric potential

The electric potentials in axons are a result from differences in concentrations of ions. To describe this effect
we start with Gauss’s law, which is typically considered to be the first of the four Maxwell equations [46]

∇ ·E =
ρ

ε
.
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Here ρ is the charge density (C·m−3) and ε is the electric permittivity of the medium (F·m−1). The charge
density in this case is due to different concentrations of charged species, so ρ = F

∑
L

zLcL. In this specific

case, L could also refer to other charged species present in the axon. Now using E = −∇V we obtain the
following relation known as the Poisson equation

∇ · (ε∇V ) = −F
∑
L

zLcL. (3.4)

3.5 Continuity equation

Any conserved physical quantity has to obey the continuity equation. As we assume the ions L will not be a
part of any chemical reaction, we can say that the number of ions of any species is conserved. Therefore the
concentration has to obey the continuity equation

∂cL
∂t

= −∇ · JL. (3.5)

Here JL represents the flux (mol·m−2·s−1) of ion L. Integrating the left and right side of 3.5 over a volume
V ol gives us

˚

V ol

∂cL
∂t

dV ol = −
˚

V ol

∇ · JLdV ol.

If we assume that cL is continuously differentiable with respect to t we can pull
∂

∂t
out of the integral. On

the right side we can apply the divergence theorem, yielding

∂

∂t

˚

V ol

cLdV ol = −
‹

∂V ol

(JL · n̂) dS. (3.6)

This formulation will form the basis for the derivation for a specific model of an axon. It is important to keep
in mind that equations 3.5 and 3.6 are completely equivalent and up to this point applicable to any solution
with solely diffusion and electric fields as driving forces. Equation 3.5 allows for a description of a system in
terms of points and 3.6 is applicable when the system is described using (small) volumes.

Now perform a similar operation on equation 3.4. Integrating over a volume V ol yields

˚

V ol

∇ · (ε(r)∇V ) dV ol = −
˚

V ol

F
∑
L

zLcLdV ol.

Applying the divergence theorem gives us

‹

∂V ol

((ε(r)∇V ) · n̂) dS = −
˚

V ol

F
∑
L

zLcLdV ol. (3.7)

Just like with equations 3.5 and 3.6, it is important to keep in mind that equations 3.4 and 3.7 are
completely equivalent. Here 3.4 is in terms of points and 3.7 is in terms of volumes.

3.6 PNP equations

The previously derived results form a closed set of equations where we used three equations (3.1, 3.4 and 3.5)
for describing three unknowns: the ion concentration, ion flux and electric potential. Equations 3.1 and 3.4
are well known as the Poison-Nernst-Planck equations. Note that all this is under the assumption that the
fluid velocity of the cytoplasm is zero and does not change. We note that these equations match those used
in various previous studies [35, 47, 48]. We now have all ingredients we need to start describing our model.
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4 Methods for our own simulation

Figure 7: Schematic
representation of a tube
element of the axon core
with its corresponding
normal vectors.

Even though our model will be built within the simulation environment
NEURON (see section 5), we want to test this program against the theoretical
basis derived in section 3. To do so, we run a simulation of our own presented
in section 7. In this section we will derive and present the methods used for
this simulation. In our approach, we divide the axon into different segments,
which we can think of as small slices of a “tube”. Each of these segments is in
turn divided into parts corresponding to the intra-axonal space and an outer
part corresponding to the periaxonal space (for internodes) or the extracellular
fluid (for the nodes). To keep track of what directions we call positive or
negative, we will be using cylindrical coordinates (x, θ, ρ). So ions moving from
the intra-axonal space into the periaxonal space will move in ρ̂ direction and will
thus correspond to a positive flux. Normally when one switches from Cartesian
coordinates to a different system, integrals have to be properly adjusted to
accommodate the new coordinates. Here this will not be explicitly denoted
since within each segment we assume radial and rotational symmetry, thus the
θ and ρ coordinates drop out immediately. However for the sake of mathematical
precision do keep in mind that surface and volume elements are with respect to
cylindrical coordinates. In this approach we will assume all parameters such as
concentrations and voltages to be constant within each considered segment.

Lastly, we will only be preparing the Nernst-Planck equation for our own
simulation. How NEURON handles voltage evaluation is very well established and is what the program was
initially designed for. Moreover, the tube segments we will be using are probably not detailed enough to
evaluate electric potential using the Poisson equation. Studies which did take this approach used a far more
detailed mesh to discretize their model [35, 47, 48].

4.1 Intra-axonal space

Let us start by describing a segment in the intra-axonal space with volume V ol1, where the 1 indicates that
we are talking about the intra-axonal space.

4.1.1 Ion concentration

The left side of equation 3.6 now evaluates as

∂

∂t

˚

V ol1

cLdV ol = V ol1
∂cL
∂t

. (4.1)

If we examine the boundaries of our considered tube segment, then we see that we have two cross-sectional
areas through the cytoplasm, which we denote by Sl at location xl and Sr at xr for the left and right area
respectively. These areas are joined by a small hollow cylinder coinciding with the axolemma, denoted by
Sax. Therefore the right side of equation 3.6 splits up into

−
‹

∂V ol1

(JL · n̂) dS = −
¨

Sl

(JL · n̂) dS −
¨

Sr

(JL · n̂) dS −
¨

Sax

(JL · n̂) dS.

Here section 3 on ion flux will be needed. The first two surface integrals on the right evaluate flux within
the intra-axonal space, which we know we can describe with help of equation 3.1. On the other hand, the
third surface integral solely evaluates flux through the axolemma, which we will from now on denote by ML.
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Using equation 3.1 then yields
¨

Sl

(JL · n̂) dS =

¨

Sl

((JL + KL) · (−x̂)) dS = AcsDC,L

(
∂cL
∂x

∣∣∣∣
xl

+
cL
αL

∂V

∂x

∣∣∣∣
xl

)
, (4.2)

¨

Sr

(JL · n̂) dS =

¨

Sr

((JL + KL) · x̂) dS = −AcsDC,L

(
∂cL
∂x

∣∣∣∣
xr

+
cL
αL

∂V

∂x

∣∣∣∣
xr

)
. (4.3)

Here DC,L is the diffusion coefficient in cytoplasm for ion L, Acs is the cross-sectional area (m2) on the sides
of the segment. For the integral corresponding to the axolemma we have

¨

Sax

(JL · ρ̂) dS =

¨

Sax

(ML · ρ̂) dS = AaxML. (4.4)

Here Aax is again the area (m2) of the axolemma surrounding segment 1, i and ML indicates the ρ̂ component
of ML (which is the only component).

4.1.2 System describing equations, intra-axonal space

If we combine equations 3.6, 4.2, 4.3 and 4.4 we get the following equation for the intra-axonal space

V ol1
∂cL
∂t

= AcsDC,L

(
∂cL
∂x

∣∣∣∣
xr

+
cL
αL

∂V

∂x

∣∣∣∣
xr

− ∂cL
∂x

∣∣∣∣
xl

− cL
αL

∂V

∂x

∣∣∣∣
xl

)
−AaxML. (4.5)

4.1.3 Discrete form

Up to this point we have kept our equations continuous. However we have now finally arrived at the point
where we can (and have to) write our equations in discrete terms to be able to feed them into a simulation.
This means that we will rely even more on indices to indicate our coordinates.

Spatial and temporal steps are discrete with respective step sizes dx and dt. Therefore we will add a lower
index (1, i), where the 1 indicates the intra-axonal space and the i indicates the segment. Also an upper
index t is added indicating the time stamp. We then have the following natural identities for temporal and
spatial derivatives

∂cL
∂t

→
ct+1
L,1,i − ctL,1,i

dt
,

∂cL
∂x

→
ctL,1,i − ctL,1,i−1

dx
,

These identifications do result in a problem, since a time derivative now is over a time interval t to t + 1,
however our spatial derivatives are in terms of either t or in terms of t+ 1 and not some time in between. To
help mediate this problem we will do the same as Halter and Clark [21] by taking the average of the spatial
derivatives at t and t+ 1. Thus a relation between a space and time derivative would translate the following
way:

∂cL
∂t

=
∂cL
∂x

→
ct+1
L,1,i − ctL,1,i

dt
=

1

2

(
ctL,1,i − ctL,1,i−1

dx
+
ct+1
L,1,i − c

t+1
L,1,i−1

dx

)
.
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By using the previously discussed identities and equations we set up the following notation which will
allow us to write down our final discrete equation for the intra-axonal space.

c
t+1/2
L,1,i =

ctL,1,i + ct+1
L,1,i

2
,

c
t+1/2
L,1,i−1/2 =

c
t+1/2
L,1,i + c

t+1/2
L,1,i−1

2
,

dc
t+1/2
L,1,i−1/2

dx
=

1

2

(
ctL,1,i − ctL,1,i−1

dx
+
ct+1
L,1,i − c

t+1
L,1,i−1

dx

)
,

Combining all of this yields equation 4.6. Now since we are now dealing with a jungle of indices we do note
that this equation is for pragmatic purposes. To gain an understanding one should look at equation 4.5.

V ol1,i
ct+1
L,1,i − ctL,1,i

dt
=

A1,iDC,L

dct+1/2
L,1,i+1/2

dx
+
c
t+1/2
L,1,i+1/2

αL

dV
t+1/2
1,i+1/2

dx
−
dc
t+1/2
L,1,i−1/2

dx
−
c
t+1/2
L,1,i−1/2

αL

dV
t+1/2
1,i−1/2

dx

 .

−A12,iM
t+1/2
L,i .

(4.6)

4.2 Periaxonal space

We will now do the same as in section 4.1, but now for the periaxonal space. The volume of a segment of the
periaxonal space is now denoted by V ol2, where the 2 indicates we are talking about the periaxonal space.

4.2.1 Ion concentration

The left side of equation 3.6 evaluates the same as before

∂

∂t

˚

V ol2

cLdV ol = V ol2
∂cL
∂t

. (4.7)

The boundaries of the periaxonal are also very similar and the surface integrals for the cross-sectional
areas yield exactly the same equations as 4.2 and 4.3. The boundary Sax coinciding with the axolemma is the
same as we considered before, however the orientation is now reversed, meaning the n̂ in the surface integral
will point in the other direction. Lastly, we also have to consider the boundary coinciding with the myelin.

For the integral corresponding to the axolemma we now have

¨

Sax

(JL · n̂) dS =

¨

Sax

(ML · (−ρ̂)) dS = −AaxML. (4.8)

The movement of ions through the myelin depends on what mechanisms are present in the submyelin
region to enable this. Therefore the general flux through the myelin will be denoted by MyL.

¨

Smy

(JL · n̂) dS =

¨

Sax

(MyL · (ρ̂)) dS = AmyMyL. (4.9)

Here Amy is the area (m2) of the inner myelin membrane and MyL indicates the ρ̂ component of MyL (which
is the only component).
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4.2.2 System describing equation, periaxonal space

In a similar way as with equation 4.5 we can now construct

V ol2
∂cL
∂t

= AcsDC,L

(
∂cL
∂x

∣∣∣∣
xr

+
cL
αL

∂V

∂x

∣∣∣∣
xr

− ∂cL
∂x

∣∣∣∣
xl

− cL
αL

∂V

∂x

∣∣∣∣
xl

)
+AaxML −AmyMyL. (4.10)

4.2.3 Discrete form

Similar to how we discretized before, equation 4.10 turns into

V ol2,i
ct+1
L,2,i − ctL,2,i

dt
=

A2,iDC,L

dct+1/2
L,2,i+1/2

dx
+
c
t+1/2
L,2,i+1/2

αL

dV
t+1/2
2,i+1/2

dx
−
dc
t+1/2
L,2,i−1/2

dx
−
c
t+1/2
L,2,i−1/2

αL

dV
t+1/2
2,i−1/2

dx


+A12,iM

t+1/2
L,i −A23,iMy

t+1/2
L,i .

(4.11)
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5 NEURON

To support our understanding of neurons and to overcome limitations imposed by what is or is not possible
to determine by experiments, theoretical models have been used for a long time to reproduce, explain and
investigate quantitative observations. It finds its roots in famous papers such as The effect of sodium ions
on the electrical activity of the giant axon of the squid [49] by A. L. Hodgkin and B. Katz (1949) or A
quantitative description of membrane current and its application to conduction and excitation in nerve [20]
by A. L. Hodgkin and A. F. Huxley (1952) which have now been cited over 3,000 and 21,000 times respectively
according to Google scholar. These models have a mathematical basis and are used so frequently now that
the field is considered as its own scientific branch known as computational neuroscience.

With the increase of computer power, the possibilities for these models grew and to create a powerful,
easy to use and flexible simulation environment, the open source simulation program NEURON was released
[43]. NEURON offers a vast array of options for modelling neural cells, from a cellular scale up to entire
networks, with a focus on electrical and chemical signalling. Here we will briefly discuss the elements of
NEURON relevant to this thesis.

5.1 Cable theory

Modelling electrical signalling in neurons becomes significantly easier when two assumptions are made. The
first is that the electric potential in an axon core solely has a spatial dependence in the longitudinal direction
x (the space outside the cell is considered to be grounded). The second assumption is that the intracellular
medium acts as an ohmic resistance. The combination of these two assumptions means that we can think of
an axon core as a one dimensional cable, where membrane current is also allowed to enter or leave from a
radial direction. Moreover, the membrane can also act as a capacitor. These assumptions have been made
by numerous authors before and have been extensively tested by both experimental and theoretical studies
[19]. An equivalent circuit is shown in Figure 8.

Ground

Cm M Cm M Cm M

Ri Ri Ri Ri

Axon core

Figure 8: Part of an equivalent circuit of how NEURON treats electrical signalling in a section. Each node
represents a segment, Ri represents the axial resistance in the axon, Cm is the capacitance of the membrane
and M indicates the membrane current due to the mechanics defined by the user. The top horizontal cable
is grounded.

Here the circuit component denoted by M depends on what membrane mechanisms are considered in the
model. Each channel and pump corresponds to its own circuit component, connected in parallel with each
other.

So called cable theory is now directly applicable, this theory centres around the cable equation [19]

cm
∂V

∂t
+ Im(V, t) =

1

ρi

∂2V

∂x2
, (5.1)

where V is the electric potential at the cable corresponding to the axon core, Im(V, t) is the membrane current
per unit length (A·m−1), cm = 2πriCm is the membrane capacitance per unit length (F·cm−1), where ri is the
radius of the axon core and Cm is the capacitance per unit area of the membrane (F·m−2). The distinction
between cm and Cm is relevant due to the fact that cable theory is in the context of one-dimensional cable
circuits, while it represents a tube corresponding to an axon, surrounded by a membrane with a surface area.
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Similarly ρi = Ri

πr2i
is the core resistance per unit length (Ω·m−1), where Ri is the inner axial resistivity (Ω·m).

Finally x is the spatial location along the cable (m) and t is the time (s). The basis of NEURON is properly
applying and numerically solving equation 5.1 for the specified model [43]. NEURON does this by spatially
and temporally discretizing the desired model, similar to the discretization used in section 3, which is then
used to numerically evaluate the relation between voltage and current. We note that NEURON calculates
electric potential evolution in a completely different way than with the Poisson equation presented in section
3.

5.1.1 Sections and segments

Building a cell starts by breaking up the desired model into different sections. These sections are treated as
a continuous unbranched cable and for geometry related values such as the surface area of the membrane it
is treated as a cylinder. As needed parameters like radius in a model might differ in different parts of a cell,
dividing it up into sections allows the NEURON user to give each part of the cell its proper characteristics.
The starts and ends of these sections can be connected to model the morphology of a cell, like connecting
the beginning of an axon to the end of a soma. To then properly discretize the model, each section is divided
up into different segments, the number of segments can be set by the user for each section.

5.1.2 From single to double cable.

On default NEURON works with a single cable corresponding to the axon core with a grounded cable
corresponding to the extracellular space like shown in Figure 8. Such a single cable model does not allow us
to investigate the periaxonal space as a second conductive pathway. We already discussed how to evaluate
the ion accumulation in the periaxonal space in section 3, but the electrical signalling in this space also has
to be evaluated. NEURON has a built in feature which allows for a second cable to be modelled, which then
corresponds to the periaxonal space. The addition of such a second cable within NEURON is also what was
used in Ref. [1]. Actually NEURON allows you to implement any number of extra cables adjacent to each
other and later in section 9 we will be implementing a third cable. This extra cable is called an extracellular
layer within NEURON.

Ground

Cmy Rmy Cmy Rmy Cmy Rmy

Ri,per Ri,per Ri,per Ri,per
Periaxonal space

Cm M Cm M Cm M

Ri Ri Ri Ri

Axon core

Figure 9: Part of an equivalent circuit of how NEURON treats electrical signalling in a section when a second
cable has been inserted. Each node represents a segment, Ri and Ri,per represent the axial resistance in the
axon and in the extracellular layer respectively. Cm and Cmy represent the capacitance of the membrane and
of whatever layer is modelled to be between the second cable and the grounded cable, which in our case is
the myelin. M indicates the membrane current due to the mechanics defined by the user. The top horizontal
cable is grounded.

Implementing such a second cable results in an equivalent circuit presented in Figure 9. In our model this
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extracellular layer will correspond to the periaxonal space. The capacitance and resistance of the membrane
between the extracellular layer and the grounded cable will then correspond to those of the myelin sheath.

5.2 NMODL

Each model requires its own set of often complex mechanisms, which NEURON itself can not contain by
default. Therefore adding the effects of active channels, pumps, diffusion or other dynamics which affect
electrical and chemical signalling has to be done by the user. However through the model description
language NMODL, NEURON offers a relatively easy way to build these mechanisms in such a way that
NEURON does automatically properly include them in the simulation [50].

5.3 Reaction-Diffusion

Though it was already possible to add longitudinal diffusion and ion accumulation into NEURON, it had to
be done through custom NMODL mechanisms. To simplify this process and to extend on it, the so called
rxd-module was built in 2013 [51]. This module allows for very simple declaration of what species you want
to evaluate the concentration of, where you want these species to be and finally you can define the possible
reactions these species are part of. It is also possible to declare the membrane current as a specific ionic
current which can also be coupled to rxd. Updating concentrations is then automatically taken care of by
rxd, where it adds diffusion according to Fick’s law in all defined regions. In 2018 an extension to this module
was built called crxd which also allows for the modelling of extracellular dynamics [52]. This module can
also do everything that the regular rxd can, though be it through a somewhat different numerical solving
method. Therefore implementing crxd instead of rxd allows for all the old functionality and more.

In our eventual active model we will not be using rxd, since the simplicity which rxd allows also comes
at a cost of some control over what is being modelled. The detail in the active model quickly became too
high to make the use of rxd more effective than the method already possible through NMODL files [50].
Therefore diffusion and ion accumulation is handled through custom mechanisms similar to ones used in
previous studies [36, 41].

However all our discussion regarding (c)rxd and the tests we run in section 7 are still relevant, as rxd
does the same as these custom mechanisms, it just takes up less code [51].
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6 Membrane mechanisms

As discussed in section 5, NEURON handles a lot for us, but to suit our specific needs we will have to define
our own membrane mechanics. This is to make the model as physiologically accurate as possible and to make
sure that our membrane mechanics are properly set up for also modelling ion accumulation. NEURONs own
NMODL [50] language allows for this, by implementing custom mechanisms into a model.

6.1 Leak channels

The standard passive channels that come with NEURON are no good for our purposes as NEURON treats
the current passing through them as a generic electric current, while we need a way to tell NEURON that
the current is an ion flux. This requires setting up our own leak channels which distinguish between different
ion fluxes. The new leak channels returned current according to the following equation

ILl = gLl(V − EL), (6.1)

where ILl is the leak current density (A·m−2) due to species L, gLl is the membrane conductance (S·m−2)
for ion L and V is the membrane potential (V). The reversal potential is updated each step to incorporate
the effects of accumulation on the ion flux, which we discussed in section 3.3.2. Ref. [1] reported an average
optimal leak membrane conductance of around 4 · 10−5 S·cm−2. Since the leak conductance of potassium
is higher than that of sodium [53] and since potassium carries most of the leak current during an action
potential [54], we set gKl = 4 · 10−5 S·cm−2. Moreover this value is relatively close to 5 · 10−5 S·cm−2 used
in earlier studies [55–57].

6.2 Na+/K+-ATPase

The resting membrane potential is not equal to the reversal potentials of either sodium or potassium, thus
there is an ion flux through the leak channels present in resting state. This is physiologically accurate and
membranes contain pump mechanism which maintain the electrochemical gradient in resting state. The most
significant pump is Na+/K+-ATPase. This pump moves three sodium ions out of the cell and two potassium
ions into the cell in exchange for one ATP molecule each cycle. The description of the pump is based on
previous studies [36, 58], where the concentration dependencies are modelled by Michealis-Menten kinetics
and the voltage dependency was based to match experimental data [58].

INaK =INaKMax ·
V + 150

V + 200
· 1

1 +
(
KNa+m

[Na]i

)1.5 · 1

1 +
(
KK+m

[K]o

) , (6.2)

INap =3INaK ,

IKp =− 2INaK .

Here INaKMax (µA·cm−2) determines the maximum current which can be generated by the pump at any
voltage. This depends on the physiology of the pump and on how expressed the pump is in a specific part of
the membrane. KNa+m and KK+m (mM) are the Michealis constants for sodium and potassium respectively
and influence the sensitivity of the pump to either sodium or potassium concentration changes. The pump is
made out of two subunits denoted by α and β, however there are different versions of each subunit [59]. The
value of these parameters depends on which version of these two subunits the pump is made of. There are
conflicting studies on which subunits are most abundant in the axolemma, therefore values of KNa+m = 16
mM and KK+m = 4 mM are chosen as the average of the different values for different combinations of
subunits [59].

First consider the case where we only have leak channels and a pump, which we will have in the demos
presented in section 7. By setting gKl we know the potassium current density through the leak channels
in the resting state. Since in resting conditions the concentrations should remain constant we know that
the leak current densities should be equal and opposite to that of the pump. Therefore fixing gKl also fixes
INaKMax, which then in turn also fixes gNal. The resulting value of 1.2 · 10−3 mA·cm−2 for INaKMax is
low, as typically a few µA·cm−2 is used [60]. However active channels also are responsible for background
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current [54, 61] and therefore INaKMax will be higher in the eventual model than in the passive demos.
The reason why we choose this method of determining INaKMax is that we already know what the passive
membrane conductance should be approximately because the literature is somewhat consistent on this value
[55, 57], while reported values for INaKMax vary quite a bit between different studies. Moreover, in the case
of a model with active channels, our priority is using channel densities such that a physically realistic action
potential is generated and INaKMax is then chosen to keep the model stable at rest.

6.3 Active channels

To let our model create its own action potential, we have to implement the active channels responsible
for this. Each of these channels is complex enough to deserve its own thesis, so therefore we will adapt
well-established mechanisms of previous studies and we will limit ourselves to naming the role they play
in the axon. The exact densities for each channel can be found in the parameter table A.5. It should be
noted that these channels are modelled in essentially the same way as the leak channels with the equation
IL,ch = gL,ch(V −EL). Here the conductance gL,ch of channel ch is also a variable, which is very sensitive to
the conditions present in the axon, often mostly to the membrane potential.

First of all we implement a fast sodium channel which is responsible for depolarizing the membrane
during an action potential [62]. These channels are called fast because they open and close very quickly, to
abruptly start or stop the depolarization. Fast sodium channels are mostly clustered in the node. A second
type of sodium channel was also added, which yields a persistent sodium current. The details on persistent
sodium channels are still somewhat unknown, but the presence of the current is well recorded [63]. The
mechanism of Kv1 (fast) voltage activated potassium channel were also added, which is mostly responsible
for the re-polarization [64]. Also Kv7 (slow) potassium channel mechanisms [65] were added, which play a
role in stabilizing the membrane potential [66]. Slow here means that they do not open or close on the time
scale of one action potential. Lastly channels for hyperpolarization-activated cation current (Ih) were added,
which play in role in regulating cell excitability [67].
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7 Passive demos

Before we start modelling away, we want to test the ion accumulation simulated by NEURON against our
derived equations in section 4. We did not test the electric potential, since this is a very well-established
function of NEURON and is what it was initially designed for, like discussed in section 5. To do so we start
with building a smaller model, where we leave out the active channels. This relatively simple demo will help
us decide what we want to use in the more complex model we will eventually be building, presented in section
8. The demo is a double cable model consisting of nodes and internodes and a single cable model was also
made for even simpler testing. In Figure 10 a schematic representation of the demos is presented, please note
that this is not to scale. The demos consist out 499 nodes and 500 internodes. The pump and leak mechanics
introduced in section 6 were used and the parameters for the demos can be found in table 2 in appendix A.

Figure 10: Schematic picture of the sections and their mechanisms present in the demo models. The indicated
sizes are all in µm.

Our test will not just be on how NEURON handles ion diffusion and accumulation, but also on the viability
of the rxd module. We would like to note beforehand that in the double cable version, the extranodal and
periaxonal spaces are modelled within rxd as two different regions, however rxd then ignores the connection
between these two regions and therefore diffusion is not possible from the periaxonal space to the extranodal
region. Our test is completely confined within the internode where diffusion is implemented everywhere.
Therefore this does not deduct any value from the test.

7.1 NEURON code

As discussed in section 5, there is a module (rxd) available for NEURON which can handle ion accumulation
and we will be using this module for our test. While trying to implement the rxd-module into the demos, two
errors were encountered which prevented this implementation. One of these errors was in the actual source
code of NEURON and the other error was related to a function used in almost all models built in NEURON.
Because of the significance of these errors, they will be described in more detail in sections 7.1.1 and 7.1.2,
before we go to the actual results and discussion of the demos.

7.1.1 Source code error

The (c)rxd-module can simply be added by direct python code. It is also possible to implement rxd through
the NEURON gui, but in the newer versions of NEURON this actually implements crxd. When one tries to
implement rxd through the gui, it will not be possible to instantiate the model, due to an error in the file
(on default Windows installation):

C:\ nrn\ l i b \python\neuron\ crxd\ gui . py

When one tries to instantiate, several pieces of code from this file are called, among which line 101 that
states:

exec ( ’ from neuron import rxd ’ , g l o b a l s ( ) )

NEURON is trying to build the model using crxd, however due to this code, NEURON is actually importing
the regular rxd-module instead of crxd. Using either of these two modules is fine, however one should not
mix them. This is why it does not instantiate properly. Therefore this line should be:
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exec ( ’ from neuron import crxd as rxd ’ , g l o b a l s ( ) )

This way it is actually importing crxd and it allows the use of crxd through the NEURON gui.

7.1.2 Demo-rxd compatibility

There was another complication which will be discussed here briefly. Sections in NEURON have a beginning
and an end, indicated with normalized coordinates 0 and 1 respectively. These sections can be connected in
NEURON and in each connection a distinction is made between a parent and a child, where it is convention
to connect the 0 coordinate of the child to the 1 coordinate of the parent. In the demo all connections were
made the other way around, which originally did not seem to matter as the connections were still made.
However this did seem to matter to crxd, as the file:

C:\ nrn\ l i b \python\neuron\ crxd\ r eg i on . py

checks these connections at lines 29, 30 and 31 with the code:

f o r s ec in s e c s :
i f h . s e c t i o n o r i e n t a t i o n ( sec=sec ) :

r a i s e RxDException ( ’ s t i l l need to dea l with backwards s e c t i o n s ’ )

The code h.section orientation(sec=sec) returns the coordinate of the section which connects to the
parent, which at first was 1 in the demo. This 1 then is dealt with as True by the if-statement, raising the
error message. This was dealt with by switching the child and parent connections in the demo model. Models
using (c)rxd should therefore make sure that the connections between sections are the proper way round.

7.2 Independent test

With the crxd-module, NEURON now also takes sodium and potassium accumulation into account. We want
to test if this agrees with the physical basis we laid out in section 3. We quickly recap that we started of
with the Nernst-Planck equation

JL + IL = −DL

(
∇cL +

cL
αL
∇ψ
)
. (7.1)

From this we derived the following equations for a tube element within an axon
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This was then was transformed to the following discrete form
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With our leak and pump mechanics we can now find an expression for ML, using equations 6.1 and 6.2 yields

ML =
1

F
(gLPas(V − EL) + ILp) , (7.4)

where F is Faradays constant (C·mol−1) (to switch from ion current density to ion flux). Equations similar to
this were also derived for the periaxonal space, which we will not repeat as well, but can be found in section
3. Since the myelin sheath is wide layer of fat, the ionic flux due to solely passive mechanisms is probably
negligible. This does not mean that ions cannot move through the myelin, in fact possible active mechanisms
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responsible for this is something which we will explicitly be considering later on. However, these equations
will be used to test a simpler passive model with solely leak channels, so we will not be considering ionic flux
through the myelin here, meaning that MyL = 0 in equation 4.11.

The discrete equations were built into the program Mathematica, where ct+1
Na,1,i in the middle part of

the 251th internode was treated as the unknown. All parameters, the voltages and the concentrations of
neighbouring segments were set to the same value as in NEURON. Then when calculating ct+2

Na,1,i, the value

ct+1
Na,1,i just calculated by Mathematica was used. This means that the concentration in the tested region

is entirely handled by our own simulation. In the single cable version we only do a small test of just the
concentration in one segment, however in the double cable we test a chunk of three segments, each having
an intracellular and extracellular space, meaning that we simulate six concentrations ourselves.

7.3 Longitudinal conductive flux

Before we show the results of the model, we note one physical property which NEURON or crxd does not
automatically include. The crxd-module automatically adds longitudinal diffusion according to Fick’s law,
however it does not treat conductive current as an ion flux, but as a general electric current. Radially it
does, but that is because we defined the radial mechanics ourselves.

To show this, a small test is built of a single section divided into 15 segments without any membrane
mechanics and with the initial Na+ concentrations 10 and 79.345 mM. Because there are no membrane
mechanics, the only way current and thus ions can flow is longitudinally. Then a single electrode clamp
at the beginning of the section was added. In table 1 the longitudinal electric potential difference and
intra-axonal sodium concentration is shown.

Time (ms) V6→7 (mV) V7→8 (mV) [Na]i node 7 (mM)
10.10 -5.22 -4.67 10
10.125 -4.28 -3.86 10
10.15 -3.49 -3.15 10

Table 1: Voltage difference between segments and the sodium concentration at the middle segment.

As we can see, the sodium concentration does not change at all, even though the longitudinal voltage
differences are not the same to left and right side of node 7. These concentrations were calculated up to 15
decimals and no change was seen. That NEURON does not automatically include longitudinal conductive flux

means that the terms cL
αL

∂V

∂x

∣∣∣∣
xr

and cL
αL

∂V

∂x

∣∣∣∣
xl

from equation 4.5 are not taken into account by NEURON.

7.4 Demo results

Now that we have gone over how the model is set up and briefly repeated the physics behind such a system in
terms of the Nernst-Planck equation, we are ready to actually run the model in NEURON and test it against
what the derived equations would predict. A custom single electrode clamp is applied at the 250th node.
The resulting transaxonal potential at this node and in the middle of the adjacent internode for the single
cable is presented in Figure 11 and various potentials at the same locations are presented in Figure 12. Here
the potential at the node (black, dotdashed) is the signal driven by the electrode. The other potentials are
the result of this signal propagating through the cable circuits. We see that without active mechanisms, this
signal quicly decays as the peak of the transfiber potential is already significantly lower in the neighbouring
internode. In the model with active channels, which enable the propagation of the action potential, we will
see that this has little to no decay.

In section 2 we argued that depolarization of the membrane occurs because of an influx of sodium, while
we will see that both demos show an outflow of sodium. This is because we are artificially depolarizing
the membrane with an electrode. This external source raises the transaxonal potential, thus decreasing the
electric force pushing sodium into the cell. The pump, which was first in balance with the sodium leakage,
now becomes stronger than the sodium flux through the leak channels and therefore we see a net outflow of
sodium.
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Figure 11: Transaxonal potential due to the
electrode in the single cable version at the 250th node
(black, dotdashed) and transfiber potential at the
following internode (red).
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Figure 12: Transaxonal potential due to the
electrode in the double cable version at the 250th

node (black, dotdashed), the transmyelin potential
(blue), the transaxonal potential (green) and the
transfiber potential (red) at the following internode.

7.4.1 Single cable demo

To transform the original double cable to a single cable model, the extracellular layer was removed and the
capacitance of the internodal membrane was changed to be equivalent with Cm and Cmy in series. This
single cable means our mechanisms in this version allow current to pass through both the axolemma and
the myelin in the internode, which of course is not physical. However in this specific case we do not have to
worry about this, as the single cable model was mostly to test and implement new ideas in an environment
as simple as possible, to make troubleshooting and testing easier.
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Figure 13: Intra-axonal sodium concentration in
the middle of the 251th internode, calculated by
Neuron (black dot-dashed) and Mathematica, where
longitudinal conductive flux was taken into account
(green) and removed (red) with gNal = 0.3955 · 10−5
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Figure 14: Intra-axonal sodium concentration in
the middle of the 251th internode, calculated by
Neuron (black dot-dashed) and Mathematica, where
longitudinal conductive flux was taken into account
(green) and removed (red) with gNal = 3.955 · 10−5

S·cm−2.

We ran two versions in Mathematica, one where we used equation 4.6 and one where we used a version of
equation 4.6 without the longitudinal conductive flux. The results of NEURON and Mathematica are shown
in Figure 13. We indeed see a big difference when longitudinal conductive flux is taken into account, however
when these terms are removed NEURON almost exactly overlaps with our own predicted concentrations.
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7.4.2 Significance of longitudinal conductive flux

Even though the deviation in Figure 13 is large and clearly mimics the shape of the electric potential, it is
probably not a big problem for us that NEURON does not take this longitudinal conductive flux into account.
The membrane is not that permeable to sodium in passive conditions and thus this longitudinal flux has a
relatively big impact. Active channels will make the membrane far more permeable to ions when they open
up.

To show that this deviation become less clear when the membrane flux increases, we ran a second test in
the same model, where we multiplied the conductances and INaKMax by a factor of 10. The result of running
the same test is presented in Figure 14. The relative deviation here already is smaller, as the ion flux is now
much more dependent on the leak channels, though it is still quite a notable difference. With the relative
deviation we mean that relative difference in concentration changes is far greater with lower conductances.
In the lower conductance version, the eventual concentration change predicted by NEURON is six times
higher than we would predict, while with higher gNal it is three times higher. The ion flux will be far more
dominated by active channels once they open, resulting in concentration changes drastically higher (up to
104 times higher) than we see here, while the concentration changes are now so extremely small that any
ionic flux has a relatively big impact.

The longitudinal conductive flux will not get much bigger in the active model, since the variables affecting
it (concentration and voltage gradient) will not be that different throughout a simulation. Of course the
concentrations change a lot more, however doubling a concentration would only double the longitudinal
conductive flux (predicted by the Nernst-Planck equation), which is still negligible compared to how much
higher the membrane flux will become. Moreover, the longitudinal voltage difference might become more
symmetrical in active models, as an action potential is also quickly generated in the next node, while here
we have a single electrode generating the potential in just one node. The change in potential due to this
electrode quickly decays when moving away from the electrode, resulting in a less symmetric longitudinal
voltage gradient.

Therefore in our specific case, we can continue with NEURON without trying to implement longitudinal
conductive flux. However it should be noted that we can only do this because the active channels will become
dominant in our model.

7.4.3 Double cable demo

Our eventual goal is modelling a double cable and therefore the test on the double cable demo is a bit more
extensive. The difference with a single cable in terms of implementing (c)rxd is that the concentration outside
the axolemma also has to be monitored and accumulation has to be dealt with while taking the very small
height of the periaxonal space (12 nm) [1] into account. The concentration outside the axolemma can already
automatically be implemented by NEURON, however we still need to implement the size of the periaxonal
space. This is done by giving the region of the internodes outside of the axolemma a so-called rxd.Shell,
a shell with a height of 12 nm. Even though these shells take longitudinal diffusion between neighbouring
shells into account, they do not take longitudinal conductive flux into account either.

In this simulation we calculated the intra-axonal and periaxonal concentrations of sodium in three
segments, resulting in six concentrations calculated outside of NEURON. In Figure 15 we present the
periaxonal sodium concentration of the middle segment of the three segments, in Figure 16 we present
the intra-axonal sodium concentration of that segment.

We see a perfect agreement between the results predicted by the derived equations and NEURON, but
we see a big deviation from the Nernst-Planck predictions when longitudinal conductive flux is taken into
account. This is especially visible in the periaxonal space, which is very sensitive to ionic flux because of
its very small volume. Even though the concentration changes in the periaxonal space are far greater, it is
still an order of 102 times smaller than what we will see in the active model. Therefore, as we discussed in
section 7.4.2, this will probably not be an issue in our eventual model. However it should be noted that the
deviation in Figure 15 is so big that the change predicted by NEURON is barely visible, again indicating
that NEURON is not reliable in every model for modelling the changes in concentration.
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Figure 15: Periaxonal sodium concentration in
the middle of the 251th internode, calculated by
NEURON (black dot-dashed) and Mathematica,
where longitudinal conductive flux was taken into
account (green) and removed (red).
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Figure 16: Intra-axonal sodium concentration in
the middle of the 251th internode, calculated by
NEURON (black dot-dashed) and Mathematica,
where longitudinal conductive flux was taken into
account (green) and removed (red).

7.5 Conclusion

Using the rxd-module allows for a very easy to use and accessible way to monitor concentration changes in a
model. However, because the extracellular regions in our model will have different sizes, they require different
regions within (c)rxd. The fact that (c)rxd then ignores the connections between these regions and thus
does not implement diffusion between them effectively rules the module out. The method we will instead
be using does the same as (c)rxd, be it with more code [51] and thus the tests we ran are still relevant.
We found a perfect agreement with the equations independently derived in section 4 when longitudinal
conductive flux was not taken into account. Even when six connected concentrations were calculated outside
of NEURON, the results matched completely. However Fick’s law is just responsible for one part of the
Nernst-Planck equation 3.1, the other being conductive flux. Membrane flux incorporates this as we defined
those mechanisms ourselves, but in longitudinal direction this is not implemented by NEURON or (c)rxd,
which leads to a big deviation in the passive demos from what the Nernst-Planck equations would predict.
In these passive demos the concentration changes are minute, so when active channels are implemented and
concentrations change more drastically, the accuracy we lose by not modelling longitudinal conductive flux
is probably negligible. Therefore we will not spend time on implementing this longitudinal conductive flux
in NEURON as well, but it should be kept in mind that when the ionic fluxes are low like in the case of
the passive demos, then (c)rxd is not a physically reliable way of modelling ionic movement when voltages
change.
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8 Active model

Now that we have a theoretical basis and have introduced the properties of NEURON in the passive demos,
we can start with our actual model. The demos were designed to show and test basic concepts, but from now
on we are interested in making the model as physiologically accurate as possible. This means that we will be
implementing active channel mechanisms such that an action potential can propagate on its own through the
axon. Moreover, we will also significantly increase the detail of the morphology of the model, to model the
complexity of an actual axon more accurately. The parameters used in the model can be found in appendix
A, the electrical parameters are based on Ref. [1].

Note that the parameters are quite different than those used in the demo model. This is because the
demo was based on an already existing model and many parameters were kept the same, as we were mostly
interested in testing and demonstrating some of the dynamics used in the model. Therefore we did not worry
about physiological accuracy as much (though all parameters in the demo are still within a reasonable range
of plausible values).

8.1 Morphology

Like shown in section 2, the morphology surrounding a node of Ranvier is complex and each different region
has its own distinct properties. One could choose to simplify this to just nodes and internodes, however we
want our model to be detailed enough to properly investigate the very small submyelin region. This requires
a high detail of not only the morphology itself, but also of the mechanisms present in each different region.
Here we will introduce how this model is set up. A schematic representation of the section and some of
its mechanisms are presented in Figure 17. Keep in mind that this drawing is not to scale (especially the
internode is a lot longer than shown here) and that there are a lot more mechanisms implemented in the
model. The mechanisms shown in Figure 17 are only the ones which are most distinguishing for a certain
region.

Figure 17: Schematic picture of the sections and some of their mechanisms present in the active model. The
indicated sizes are all in µm.

8.1.1 Sections and their connections

First we will introduce the sections used in the model. We still have nodes (2 µm long) and internodes
(77 µm long) like in the demos, however now we also have juxtaparanodes on both sides of each internode
and each of these juxtaparanodes is then neighboured by a paranode. The juxtaparanode has a length of
10 µm and distinguishes itself because of the potassium channels it contains and is therefore crucial for
modelling the accumulation of potassium. The paranode is the region where the end of the myelin sheath sits
against the axolemma and is 1.5 µm long in the model. This region is also important to take into account,
since there are protein structures present which attach the myelin to the axolemma at the paranode, which
form a diffusion barrier for ions [68, 69]. Therefore ions are not allowed to diffuse out of the paranode to
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extracellular space outside of the node. Since this extracellular space at the node has a large volume and
since ionic concentration changes are buffered there by other cells [70], we model the concentrations there to
be constant. This method was also applied by Bellinger et al. (2008) [36]. We note that an opposite scenario
was also tested, where ions were allowed to freely diffuse from the extraparanodal space to the extranodal
space with the same diffusion coefficients. This extranodal region was then also given a restricted volume
based on the Frankenhaeuser-Hodgkin space [71]. This seemed to have little effect, since the results we got
were almost identical (some periaxonal potassium concentrations ended up in the order of 10−1 mM lower
at the end of the simulation). The space between the paranode and the myelin is simply so small (only 2.6
nm high [1]) that even when diffusion is allowed there, it is very limited.

The model contains 49 and 50 nodes and internodes respectively with a paranode and juxtaparanode at
both ends of each internode. The smaller number of sections than in the demo is to improve simulation
performance, as the active channels and improved detail of the morphology increase the complexity of the
model significantly.

8.1.2 Mechanism distribution

The Na+/K+-ATPase is important for maintaining ionic concentrations. For stability, the model required a
high density in the node. It also needed the pump to be present in the axolemma of the other regions to be
properly stable, be it with a lower density (for exact densities, see appendix A). Experiments have seen that
this pump is mostly located in the node of Ranvier, however it was also found to be distributed along the
axolemma of the other regions [72, 73], so here our model was on its own in agreement with experimental
data.

Figure 18: Pictures from the region around a node of a normal adult rat sciatic nerve. The nerve in image
c is labeled for Kv1 channels and in image d it is labelled for Na+ channels. Image e is a merged image of c
and d, where the white arrowheads point to the gap between the distribution of the two channels. The scale
bar in image c is 25 µm. Figure from Ref. [74]

Experiments have found that the Kv1 potassium channels are located in the juxtaparanodes and not
in the nodes of Ranvier [74, 75]. This means that the out-flowing potassium actually should end up in
the periaxonal space, where it could accumulate in a significant way due to the low initial concentration of
potassium in the periaxonal space in combination with the small volume. One of our goals is investigating
the effects of ion accumulation and therefore adding (juxta)paranodes, though inceasing the complexity of
the model, is necessary. Moreover, like can be seen in Figure 18.c, the density of Kv1 channels is higher
towards the paranode and then decreases moving towards the internode. This Kv1 distribution gradient is
also taken into account in the model. The height of the periaxonal space at the juxtaparanodes is 12 nm as
well. The paranode contains no mechanisms besides some leak and pump mechanisms. This lack of active
channels in the paranode is very apparent in Figure 18.e, marked by the white arrowheads. The fast sodium
channels are (mostly) located in the node of Ranvier, which is also visible in Figure 18.d.



8 ACTIVE MODEL 27

8.2 Results

Here we will present the relevant results the model yielded. In the plots where we graph how a certain
parameter changes throughout time at a certain location, we have recorded it in the middle of the indicated
region unless otherwise specified. With an extensive model come a lot of results, more than we realistically
discuss in one section and not every result the model yields adds value for answering our questions. One
might be still be interested in those results not reported in this section and therefore we added more plots of
obtained results in appendix B.

8.2.1 Action potential

To generate an action potential we inserted a current clamp in de middle of the 25th node. We first let the
model settle to its own stable conditions, which it quickly reaches. Then after 100 ms the clamp is turned on
for 1 ms with an amplitude of 0.3 nA. Potentials around the 37th node and preceding internode are recorded.
The results are shown in Figure 19.
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19.D
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Figure 19: The recorded transaxonal potential Vm (green), transmyelin potential Vmy (blue) and transfiber
potential Vmym = Vm + Vmy (red). These were recorded at the 37th node and the preceding internode. The
transaxonal potential at the node (black, dotdashed) is graphed in each plot for comparison with the other
voltages, which are recorded at the middle of the internode (A), at the right side of the internode (B), at
the middle of the juxtaparanode (C) and at the middle of the paranode (D).

We see that the transaxonal potential at the middle of the internode barely rises, but the transmyelin and
transfiber potentials both rise almost identical to the nodal Vm. So we see that the action potential mostly
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propagates over both the membrane and the myelin at the middle of the internode. Later on in Figure 20
we will see that this is in fact the case for most of the internode.

We see that the transaxonal potential of the juxtaparanode does raise significantly, which is also necessary
for the potassium channels present to open up. The peak is much thinner than in the node, which is most
likely because the Kv1 channels in the juxtaparanode are the ones (mostly) responsible for re-polarizing the
membrane [64]. Therefore the transaxonal potential at the juxtaparanode drops more quickly.

Lastly, because of the close proximity of the paranode to the node, the transaxonal potential of the
paranode is similar to that of the node. However, the high axial resistance of the extraparanodal region also
results in a notable potential over the myelin.

8.2.2 Spatial results

Figures 20 and 21 show how the voltages and extracellular K+ concentrations change throughout time at
certain locations. To get a clear picture of what these parameters look like distributed spatially over the
axon, we graphed them throughout part of the spatial domain, shown in Figure 20. The center of each graph
is the middle of the 25th node (the node where the action potential is instantiated) and the time at which
each graph is made is the moment at which the respective parameter reaches its maximum (the maximum
in the 25th node for the voltages and in the surrounding juxtaparanode for the K+ concentration).
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20.B, t = 100.3 ms
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Figure 20: Recorded potentials in the region around the 25th node, when it is maximal at the 25th node.
Plot A shows the transaxonal potential Vm and plot B the transmyelin potential Vmy. The distance on the
horizontal axis is the distance from the middle of the 25th node (the 25th node extends to ±1 µm itself).

At most of the internode the transaxonal potential barely rises. As we saw in Figure 19, the signal there
propagates not just over the membrane, as the transaxonal potential only rises by around 5 mV while the
transmyelin potential rises by around 120 mV.

We calculated the conduction velocity by comparing the different times at which the action potential peaks
at different nodes. We found a conduction velocity of 1.3 m·s−1, which is low compared to the previously
reported 2.9 m·s−1 [76] or 3.5 m·s−1 [64]. This might partly be due to the small diameter of our modelled
axon, since axons with a smaller diameter typically have lower conduction velocities [77, 78]. Moreover, the
fact that each internode has the same length in our model could also contribute to this. In reality, these
internodes get longer when moving away from the soma [79]. Lastly it could also be because of the radial
resistance through the myelin. We took the average value reported in Ref. [1], but the values reported there
vary, as axons with an optimal radial myelin resistance over twice as high as the average were also found. We
found that in our model, a higher myelin resistance also increases conduction velocity, but to avoid choosing
the parameters which best suited us, we stayed with the average value reported. Even taking all these points
into account, our conduction velocity still seems low and in section 9 we will return to this subject.
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21.B, t = 101.2 ms
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Figure 21: The recorded parameters in the region around the 25th node, when it is maximum at the 25th

node (for the potentials) or at its maximum at the neighbouring juxtaparanodes (for K+ concentration).
Plot A shows transfiber potential and plot B the extracellular potassium concentration. The distance on the
horizontal axis is the distance from the middle of the 25th node (the 25th node extends to ±1 µm itself).

The extracellular potassium concentration sharply rises at each juxtaparanode, which is what we would
expect since that is where the Kv1 channels are located. This concentration then sharply drops back down
when moving into the internode, though at the edges of the internode the concentration has also risen visibly.

8.2.3 With and without ion accumulation

The simulated axon is modelled to implement the effects of ion accumulation and also takes diffusion into
account. To investigate the consequences of ion accumulation we made an identical model, however here we
disabled ion accumulation and diffusion. The initial concentrations were set to be the same, however in this
case they stay constant throughout the simulation. Because most of the activity during an action potential
is happening at the node, we present the difference at the node of Ranvier in Figure 22. The comparison of
the other potentials can be found in appendix B, however the effect is roughly the same everywhere.
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Figure 22: Transaxonal potential at the 37th node
of the model with ion accumulation effects (red)
and without (black, dotdashed).
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Figure 23: Potassium concentration in the
periaxonal space in the middle of the internode (red),
the middle of the juxtaparanode (green), at the
right side (the side next to the paranode) of the
juxtaparanode (blue) and at the paranode (purple).
Extracellular potassium concentration outside the
37th node is also shown (black, dotdashed).
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We see that the membrane does not re-polarize as quickly and less gradual when we take ion accumulation
into account, however when we disable this the membrane re-polarizes faster and in a more smoothly manner,
while also hyper-polarizing. With a less gradual re-polarization we mean that the transaxonal potential, when
halfway re-polarizing, suddenly starts re-polarizing slower. This is visible in Figure 22 as the two graphs first
overlap, after which the version with ion accumulation suddenly deviates from the version without. A possible
explanation for what we see in Figure 22 is the accumulation of potassium in the juxtaparanode, which is
presented in Figure 23. The potassium current is (mostly) responsible for re-polarizing the axolemma during
an action potential [64]. As potassium accumulates, the concentration gradient decreases and therefore the
diffusive driving force, which pushes potassium out of the axon, becomes weaker. The reason of why we see
no rise in the internode is probably because there are very few Kv1 channels there and the middle of the
internode is very far away from the juxtaparanode (∼ 40 µm), only attached to the juxtaparanode by the
still very small periaxonal space. Thus potassium just does not diffuse to the middle of the internode on
this time scale. Between the two versions, the extracellular concentration of potassium is by far the biggest
difference and therefore it is logical to conclude that this is then responsible for the change in transaxonal
potential we see.

Axons are able to handle multiple quickly repeated signals, with frequencies up to ∼ 400 Hz [64]. The
rise in potassium concentration is too high for an axon to be able to clear this quickly enough via the pumps
and diffusion considered in this model. It therefore is very likely that, in reality, this potassium is being
cleared from the periaxonal space by other mechanisms. Moreover, we see that the membrane re-polarizes
more gradually when we do not take ion accumulation into account. Even though accurate measurements on
the nodes of Ranvier along an axon are difficult, voltage sensitive dye measurements have been done which
show a more gradual re-polarization, but no clear hyper-polarization [79]. A possible suggestion to explain
this is that the clearance of potassium enables the more gradual re-polarization, but the accumulation which
might still occur to a lesser degree prevents hyper-polarization. We do already note that the measurements
of nodal action potentials presented in Ref. [79] leave some room for different interpretations and one might
also argue that the action potential of the model (with ion accumulation) matches close enough with the
experimental observations. There is experimental evidence to support the idea of potassium clearance as well,
a recent study has found potassium mechanisms in the myelin which might play a role in juxtaparanodal
potassium removal [80] and the clearance of this extracellular potassium could be vital for the functioning
of neurons, since blocking these mechanisms induced seizures in mice [81]. Thus these experimental findings
directly complement the results we presented here.

It is of course possible that the role of sodium accumulation also plays a role, though it most likely has a
negligible influence, as no significant change in sodium concentrations was found.

8.3 Relevance of different components

The results we presented are all of the complete model, however different properties of the model were added
step by step, investigating their effect each time. This means that we have learned more from the model than
just the results show. Here we will comment on some of the effects different aspects of the model had and
what this might suggest about the role those aspects play in real life.

The relevance of the detailed morphology is already discussed, however there is one more reason why it
was important to the model. In the simpler version, all the Kv1 channels were also placed in the node of
Ranvier. This version showed notable re-excitation during an action potential, visible in the sodium current
which had a second peak during the re-polarization phase. Taking the physical property into account of the
Kv1 placement in the juxtaparanodes fixed this problem. It is of course difficult to say whether this is a
consequence of how the simulation of these channels works, or if this would in fact happen if the sodium and
potassium channels were not separated.

Adding the paranode was also of great consequence. This was due to the high resistance of the periaxonal
space present there. When we took this higher resistance into account, the model stopped re-polarizing
altogether. Here is where the physical property of the non-uniform distribution of Kv1 showed its importance.
When we increased the Kv1 density near the paranode and decreased it near the internode (letting the average
density stay the same as before), the model re-polarized again. Whether or not this is the reason why this
seems to be the case in real axons is difficult to say, but in our model it seems to serve at least this very
relevant purpose. The value of axial resistance outside the paranode also seemed to influence conduction
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velocity, where higher resistance increased the conduction velocity.

8.4 Conclusion

The double cable model with detailed morphology is able to generate and propagate an action potential on its
own. The second cable corresponding to the periaxonal space is vital for investigating what is happening in
the submyelin region. For example, the proper modelling of the Kv1 channels located in the juxtaparanodal
axolemma is only possible if we have the second cable there to evaluate the transaxonal potential. Using this
double cable set-up we see that the signal mostly propagates over both the membrane and the myelin in the
internodes, which is in line with what the saltatory conduction in a myelinated axon is thought to be [4].

The effect of ion accumulation on the shape of the voltages during an action potential is significant. In
the version where ion accumulation and its effects are enabled, we see a less gradual re-polarization and no
hyper-polarization. When we disable this accumulation the re-polarization is more gradual and the axolemma
also hyper-polarizes. Experimental data suggests a situation in between, where the re-polarization is gradual
and no hyper-polarization is seen [79]. Especially the relative change in extracellular potassium at the
periaxonal space is very high, with an increase of roughly 50% to 100% depending on the region, suggesting
that it is this what makes up most of the difference between the two versions. A possible suggestion to explain
this is that the clearance of potassium enables the more gradual re-polarization, but the accumulation which
might still occur to a lesser degree prevents hyper-polarization. The accumulated extracellular potassium
cannot be cleared fast enough by diffusion and the pumps alone, which would prohibit the axon from handling
multiple repetitive action potentials, which it should be able to do [64]. This points to the presence of more
mechanisms in the submyelin region which deal with this accumulation of potassium and recent experiments
support this hypothesis [80, 81].
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9 Triple cable model

In section 8 we hypothesized the presence of potassium clearing mechanisms. Experiments found so-called
Kir4.1 channels in the myelin [80], which could then transport potassium from the periaxonal space into
the oligodendrocyte-myelin complex. In an electrical context this would mean a current from the periaxonal
space into the myelin, which then might flow along a third conductive pathway along the axon inside the
myelin. To investigate the role of the adaxonal membrane and the possibility of a third conductive pathway,
we expanded the double cable model from section 8 to a triple cable model. At this point we are limited by
what is still possible within NEURON, as NEURON does not allow custom mechanisms between this second
and third cable to be implemented, excluding the possibility of modelling channel mechanics with the same
accuracy as is possible to do at the axolemma. It was only possible to have a passive cable and a capacitor
between the second and the third cable. Therefore we have to be creative with the possibilities we do have.
In our triple cable model we will disable ion accumulation to mimic the effect of the extracellular potassium
being cleared from the periaxonal space.

At rest, the electric potential difference between the second and third cable is 0 mV, so no current is
flowing between them. In reality there is resting potential of -85 mV [82] and the current would be zero
due to balance of diffusion and conduction. However we also cannot implement reversal potentials, thus we
are limited to this approach. This does mean that the potential over the adaxonal membrane (which we
will call the transadaxonal potential with symbol Vad) is 85 mV higher in the model then it really would
be. The adaxonal capacitance of 1.0 µF·cm−2 is the same as the axolemma and is within reasonable range
of experimental measurements [82]. The axial resistance was calculated by scaling up the resistance of the
periaxonal space to a collar with a height of 50 nm around the periaxonal space (by multiplying Ri,per by
the ratio of the two cross-sectional areas). The third cable adjacent to the paranode was modelled to not
allow any current in the axial direction, effectively sealing of the oligodendrocyte-myelin complex from the
extranodal space.

This is by no means a complete triple cable model. Our crude approach to modelling the third cable allows
us to still investigate the general behaviour of a triple cable set-up, but to explore this with great accuracy
would require more from NEURON than is currently available or would need a completely custom-made
simulation.

9.1 Results
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Figure 24: The recorded transaxonal potential Vm
at the 37th node of the double cable version (with
ion accumulation) (red) and of the triple cable model
(without ion accumulation) (black, dotdashed). Ion
accumulation in the triple cable model was disabled.

A comparison between the double cable (with ion
accumulation) and the triple cable (without ion
accumulation) version is shown in Figure 24. Various
potentials of the triple cable model are presented in
Figure 25.

In Figure 24 we compare the transaxonal
potential at the node of the double cable model and
of the triple cable model. The result of the triple
cable without ion accumulation is very similar to the
result of the double cable without ion accumulation,
apart from one relevant difference. The conduction
velocity has significantly increased from the 1.3
m·s−1 in the double cable model, to 1.8 m·s−1 in
the triple cable model. This is still low compared to
previous findings [64, 79], but can be much better
explained by the points mentioned in section 8.2.2.
This would suggest that the third cable plays a role
in increasing conduction velocity. In Figure 24 we
offset the graph of the double cable by 0.26 ms
such that they still overlap. We also ran the triple
cable model with ion accumulation and this was very
similar to the double cable with ion accumulation, besides again the same higher conduction velocity.
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Most notable in Figures 25.A and 25.B is the very negative transadaxonal potential. At the right side of
the internode (next to the juxtaparanode) this drops to around -50 mV. This then also has to be adjusted
by the resting potential of -85 mV which we cannot directly model within NEURON. This would mean
that the transadaxonal potential could drop below -130 mV, resulting in a high conductive force into
the oligodendrocyte-myelin complex. This might seem very negative, but it actually nicely supports our
hypothesis that potassium is cleared from the periaxonal space by flowing into the oligodendrocyte-myelin
complex. Because the periaxonal potassium concentration at the right side of the internode only slightly rises,
it is still relatively low to concentrations inside the oligodendrocytes, which can have much higher internal
potassium concentrations. The measurements of Ref. [82] used an internal potassium concentration of around
140 mM. The low transadaxonal potential would then be necessary for overcoming this concentration gradient.
The right side of the internode is near the juxtaparanode (where most of the potassium accumulates) and
could therefore still assist with potassium clearance via this low transadaxonal potential. However, potassium
accumulates mostly at the juxtaparanode and we see that the transadaxonal potential at the juxtaparanode
barely changes, but since it also does not rise, the significant increase in potassium concentration alone is
enough to break the equilibrium of resting state and make potassium diffuse through the adaxonal membrane.
Combined, our model therefore shows that both these regions are set up for possibly clearing potassium from
the periaxonal space.
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25.B
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Figure 25: The recorded transaxonal potential Vm (green), transfiber potential Vmym (red) and transadaxonal
potential Vad (purple). These were recorded at the 37th node and the preceding internode. The transaxonal
potential at the node is graphed in each plot for comparison with the other voltages (black, dotdashed),
which are recorded at the middle of the internode (A), at the right side of the internode (B), at the middle
of the juxtaparanode (C) and at the middle of the paranode (D).
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10 Discussion and concluding remarks

After a long journey, where we started with the physical laws governing the behaviour inside an axon, after
which we extensively introduced, discussed and tested the simulation environment NEURON, we were able
to build and present our model of a myelinated axon. Here we will wrap up our journey by discussing our
research and by readdressing the questions we asked ourselves in the introduction.

10.1 Discussion

In this thesis we investigated electrodiffusion in a myelinated axon, where we explicitly focussed on the
periaxonal space. To do so we first introduced the physics which describe electrodiffusion within the context
of an axon, which led us to the Poisson-Nernst-Planck equations. The Nernst-Planck equation is then used
to derive equations for our own simulation, which was able to model ion accumulation. This simulation
was in order to test how NEURON handles ion accumulation and diffusion. For this test a simple double
cable circuit was built within NEURON, with only passive channels and the Na+/K+-ATPase pump and
NEURON also modelled ion accumulation. The description of the membrane flux was consistent with our
theory because of an equivalence we showed between the Nernst-Planck formalism and the description for
flux through a channel. A great discrepancy between our own simulation and NEURON was found, which is
because NEURON does not take longitudinal conductive flux into account for modelling ion accumulation.
When we also did not take this into account in our own simulation, we found a perfect agreement. In these
passive models, the changes in concentration where minute. Sodium concentration only changed in the order
of 10−4 mM in the intracellular space and in the order of 10−2 mM in the periaxonal space, which is because
the passive channels are not that permeable, resulting in very low ionic fluxes. In the active models the flux
through the membrane becomes so high due to the active channels, that we see concentration changes in the
order of several mM, trumping whatever effect longitudinal conductive flux would have. It should however
be noted that we knowingly modelled electrodiffusion while taking at least one component of electrodiffusion
not into account. Though we firmly believe that this has had no influence on our results.

A new double cable model was set up, with active channels and a more detailed morphology, the
parameters of which were based on experimental data and previous models. Here we found that the periaxonal
concentration of potassium rises significantly during an action potential, with an increase of 50% to 100%.
This has an effect on the action potential, making the transaxonal potential at the node re-polarize less
gradually. Moreover, such an increase in potassium concentration can not be dealt with quickly enough by
the modelled pumps and diffusion alone for the axon to be able to handle multiple quickly repeated signals,
which it should be [64]. Therefore our model agrees with experimental findings, which suggest potassium
clearing channels in the adaxonal membrane [80, 81].

The model was designed to be as complete as possible for simulating an accurate action potential, but
there are still many elements we did not implement. For instance, we modelled no Ca2+ channels as we
operated on the believe that Na+ and K+ channels are sufficient for modelling a physically accurate action
potential, as earlier models studying ion accumulation in the periaxonal space also only modelled Na+ and
K+ [36, 37]. Though we still stand by this believe, we can only know the possible effects of other ion channels
and mechanisms for sure after they are also modelled. Another point for possible discussion is the fact that
we modelled the paranodal periaxonal space as a diffusion barrier, such that ions cannot diffuse out of the
the periaxonal space to the extranodal region, while the concentration outside the node stayed constant. To
completely investigate this we also ran a version where ions were allowed to freely diffuse into the extracellular
space at the node, which was modelled as a Frankenhaeuser-Hodgkin space [71], no significant difference was
seen between these two versions.

Lastly we investigated the transadaxonal potential and the possibility of third conductive pathway by
testing a triple cable model, where the third cable corresponded to the inside of the oligodendrocyte-myelin
complex. With this model we reached the limit of what was directly possible within NEURON, as it is not
possible to add custom mechanisms between the second and third cable, which would have corresponded
to channels in the adaxonal membrane. We were able to crudely investigate the role of this third cable by
disabling ion accumulation to emulate the effect of potassium clearance. We saw that the transadaxonal
potential becomes very negative in the internode, going below -130 mV at the right side of the internode.
This low transadaxonal potential would allow potassium to flow against it concentration gradient into the
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oligodendrocyte-myelin complex. The right side of the internode is near the juxtaparanode (where most of
the potassium accumulates) and could therefore assist with potassium clearance via this low transadaxonal
potential. At the juxtaparanode the transadaxonal potential does not change by much, but since it also does
not get higher, the significant rise in potassium concentration alone could be enough to break the equilibrium
at resting state, thus also allowing potassium to flow through the adaxonal membrane. We also saw that the
triple cable increased the conduction velocity from 1.3 m·s−1 in the double cable model, to 1.8 m·s−1, both
of which are low [64, 79]. This would suggest that the third cable plays a role in conduction velocity. The
low velocities could be explained by our small axon core diameter, possibly low myelin resistance [77, 78] and
the simplified constant internodal length in the model (which in reality gets longer when moving away from
the soma) [79]. We do not exclude the possibility of some other factor missing in our model though.

Our triple cable model is by no means a complete model, as we were limited by what was still possible
within NEURON. Most notably the lack of active channels in the adaxonal membrane could be of great
consequence. The results we found could still serve as an incentive for investigating this further, as previous
work combined with our own findings suggest electrical and chemical signalling between the axon and its
myelin. For future work, it could be insightful to also model the accumulation of other ions, such as Ca2+,
in the periaxonal space, to investigate the possible chemical signalling of Ca2+ as well [2]. Modelling a
more detailed triple cable model seems the most interesting to us. This would allow one to more accurately
investigate the currents through the adaxonal membrane, telling us more about the possible activity dependent
signalling between the axon and the oligodendrocyte-myelin complex.

10.2 Research questions

We will finish up by concisely addressing our original research questions.

1. What is the effect of ion accumulation and diffusion on the time-evolution of the electric potentials of
a myelinated axon during an action potential?

Ion accumulation results in a less gradual re-polarization during an action potential. This is most likely due
to the high rise in periaxonal potassium concentration.

2. What membrane mechanisms (such as channels and pumps) need to be present at the periaxonal space
for the axon to be able to propagate a physiologically accurate action potential in a cable model?

Our model showed that it was necessary for the Kv1 channels to be present at the juxtaparanodes. Placing
them at the nodes resulted in re-excitation, visible as second peak of Na+ current during an action potential.
The non-uniform distribution of Kv1 channels was also vital. A higher density of Kv1 at the side of the
juxtaparanode near the node was necessary for the model to re-polarize. Na+/K+-ATPase was also required
in the axolemma next to the periaxonal space, for keeping the concentrations stable.

3. What is the potential difference between the periaxonal space and the oligodendrocyte-myelin complex
during an action potential?

The transadaxonal potential becomes very negative (∼ −130 mV) at the internode during an action potential,
but does not change much at the (juxta)paranodes.

4. Does the volume inside the oligodendrocytemyelin complex form a conductive pathway?

The detail in our triple cable model is not high enough to make conclusive statements on this third cable.
We found that the transadaxonal potential significantly drops at the internode during an action potential.
This combined with the shown increase of potassium in the juxtaparanodal periaxonal space tells us that the
axon is physiologically set up to let potassium flow through the adaxonal membrane. This flow of potassium
would then also mean a new electric current into the oligodendrocytemyelin complex. Therefore our model
does not exclude the existence of a third conductive pathway, rather it supports the idea of it.
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A Parameters

A.1 Demo models parameters

Parameter Symbol Used value Units

Diffusion constant for K+ DK+ 0.63 µm·ms−1

Diffusion constant for Na+ DNa+ 1.05 µm·ms−1

Inner axial resistivity Ri 150 Ω·cm
Membrane capacitance Cm 1.0 µF·cm−2

Total myelin capacitance Cmy 0.04 µF·cm−2

Sodium leak density gNa+l 0.3955 · 10−6 S·cm−2

Potassium leak density gK+l 4 · 10−6 S·cm−2

Na+/K+-ATPase density INaKMax 1.2 · 10−3 mA· cm−2

Michealis constant sodium KNa+m 16 mM
Michealis constant potassium KK+m 4 mM

Nodal radius rnode 1.015 µm
Nodal length Lnode 2.2 µm

Internodal radius rinternode 0.97 µm
Internodal length Linternode 92.8 µm
Periaxonal height rper 12 · 10−3 µm

Initial inner Na+ concentration cNa+,i(0) 19 mM
Initial inner K+ concentration cK+,i(0) 73.9 mM
Initial outer Na+ concentration cNa+,o(0) 150.757 mM
Initial outer K+ concentration cK+,o(0) 3.00935 mM

Initial membrane potential Vinit −76.321 mV
Initial periaxonal potential Vper,init 0 mV

Table 2: Used parameter values throughout the simulation of the demo models.

A.2 Geometry

Parameter Symbol Used value Units

Nodal radius rnode 0.5 µm
Nodal length Lnode 2 µm
Paranodal radius rnode 0.5 µm
Paranodal length Lnode 1.5 µm
Paranodal height δper,para 2.6 · 10−3 µm
Juxtaparanodal radius rjux 0.5 µm
Juxtaparanodal length Ljux 10 µm
Internodal radius rinjux 0.5 µm
Internodal length Linjux 77 µm
Total internodal length Linternode 100 µm
Periaxonal height δper 12 · 10−3 µm

Table 3: Geometric parameters used in the active models.
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A.3 Electrodiffusion

Parameter Symbol Used value Units

Diffusion constant for K+ DK+ 0.63 µm·ms−1

Diffusion constant for Na+ DNa+ 1.05 µm·ms−1

Initial inner K+ concentration cK+,i(0) 150 mM
Initial inner Na+ concentration cNa+,i(0) 19 mM
Initial outer K+ concentration cK+,o(0) 3.5 mM
Initial outer Na+ concentration cNa+,o(0) 150.757 mM
Membrane capacitance Cm 1.0 µF·cm−2

Total myelin capacitance Cmy 0.04 µF·cm−2

Myelin resistance Rmy 240 · 103 Ω·cm2

Inner axial resistivity Ri 150 Ω·cm
Periaxonal axial resistivity Ri,per 125 · 103 MΩ·cm−1

Periaxonal axial resistivity, paranode Ri,para 43.84 · 105 MΩ·cm−1

Initial transaxonal potential Vm,init −76.321 mV
Initial transmyelin potential Vmy,init 0 mV

Table 4: Electrodiffusion parameters used in the active models.

A.4 Triple cable

Parameter Symbol Used value Units

Adaxonal resistance Rad 4.1 · 103 Ω·cm2

Adaxonal capacitance Cmy 1.0 µF·cm−2

Myelin axial resistivity Ri,per 29.1 · 103 MΩ·cm−1

Myelin axial resistivity, paranode Ri,para 1 · 109 MΩ·cm−1

Initial transadaxonal potential Vad,init 0 mV

Table 5: Parameters used in the triple cable model. The parameters corresponding to the first two cables
stayed the same as in the double cable model.
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A.5 Mechanisms

Parameter Symbol Used value Units

Node densities
Sodium leak gNa+,l 3.5 · 10−5 S·cm−2

Potassium leak gK+,l 4 · 10−5 S·cm−2

Sodium fast gnax 3 · 104 pS·µm−2

Potassium fast gkv1 0 pS·µm−2

Sodium persistent gnap 6 pS·µm−2

Potassium slow gkv7 130 pS·µm−2

Ih channel gIh 1 · 10−4 S·cm−2

Na+/K+-ATPase INaKMax 20 · 10−3 mA·cm−2

Paranode densities
Sodium leak gNa+,l 0.3955 · 10−5 S·cm−2

Potassium leak gK+,l 4 · 10−5 S·cm−2

Sodium fast gnax 0 pS·µm−2

Potassium fast gkv1 0 pS·µm−2

Sodium persistent gnap 0 pS·µm−2

Potassium slow gkv7 0 pS·µm−2

Ih channel gIh 0 S·cm−2

Na+/K+-ATPase INaKMax 1.2 · 10−3 mA·cm−2

Juxtaparanode densities
Sodium leak gNa+,l 1.2 · 10−5 S·cm−2

Potassium leak gK+,l 4 · 10−5 S·cm−2

Sodium fast gnax 0 pS·µm−2

Potassium fast gkv1 pS·µm−2

Juxtaparanode 1 (near paranode) gkv1 5000 pS·µm−2

Juxtaparanode 2 gkv1 4000 pS·µm−2

Juxtaparanode 3 gkv1 3000 pS·µm−2

Juxtaparanode 4 gkv1 2000 pS·µm−2

Juxtaparanode 5 (near internode) gkv1 1000 pS·µm−2

Sodium persistent gnap 0.1 pS·µm−2

Potassium slow gkv7 1 pS·µm−2

Ih channel gIh 1 · 10−4 S·cm−2

Na+/K+-ATPase INaKMax 5.5 · 10−3 mA·cm−2

Interjuxtanode densities
Sodium leak gNa+,l 0.75 · 10−5 S·cm−2

Potassium leak gK+,l 4 · 10−5 S·cm−2

Sodium fast gnax 30 pS·µm−2

Potassium fast gkv1 20 pS·µm−2

Sodium persistent gnap 0.1 pS·µm−2

Potassium slow gkv7 1 pS·µm−2

Ih channel gIh 1 · 10−4 S·cm−2

Na+/K+-ATPase INaKMax 2.2 · 10−3 mA·cm−2

Michealis constant sodium KNa+m 16 mM
Michealis constants potassium KK+m 4 mM

Table 6: Channel and pump densities. The length of each juxtaparanodal section containing different Kv1
densities is 2 µm, all other densities are uniform throughout the juxtaparanode.
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A.6 Re-excitation densities

Parameter Symbol Used value Units

Node densities
Sodium leak gNa+,l 4 · 10−5 mA·cm−2

Potassium leak gK+,l 4 · 10−5 mA·cm−2

Sodium fast gnax 3 · 104 mA·cm−2

Potassium fast gkv1 1500 mA·cm−2

Sodium persistent gnap 6 mA·cm−2

Potassium slow gkv7 100 mA·cm−2

Ih channel gIh 1 · 10−4 mA·cm−2

Na+/K+-ATPase INaKMax 30 · 10−3 mA·cm−2

Internode densities
Sodium leak gNa+,l 1.2 · 10−5 mA·cm−2

Potassium leak gK+,l 4 · 10−5 mA·cm−2

Sodium fast gnax 30 mA·cm−2

Potassium fast gkv1 20 mA·cm−2

Sodium persistent gnap 0 mA·cm−2

Potassium slow gkv7 1 mA·cm−2

Ih channel gIh 1 · 10−4 mA·cm−2

Na+/K+-ATPase INaKMax 3.3 · 10−3 mA·cm−2

Michealis constant sodium KNa+m 16 mM
Michealis constants potassium KK+m 4 mM

Table 7: Channel and pump densities which led to re-excitation in the simpler morphology of just nodes and
internodes. Re-excitation happened around a wide margin of these densities.
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B Plots

B.1 Ion currents and concentrations
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Figure 26: The recorded extracellular potassium concentrations (A), intracellular sodium concentrations (B),
the juxtaparanodal potassium current density (C) and the nodal sodium current density (D).
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B.2 Comparison with/without ion accumulation
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Figure 27: Potentials of the regular model (red) and the version without ion accumulation and diffusion
(black, dotdashed). At the middle of the internode (A,B,C), at the right of the internode (D,E,F), at the
juxtaparanode (G,H,I) and at the paranode (J,K,L).
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56. Hübel, N., Andrew, R. D. & Ullah, G. Large extracellular space leads to neuronal susceptibility to
ischemic injury in a Na+/K+ pumps–dependent manner. Journal of computational neuroscience 40,
177–192 (2016).

57. McIntyre, C. C., Grill, W. M., Sherman, D. L. & Thakor, N. V. Cellular effects of deep brain stimulation:
model-based analysis of activation and inhibition. Journal of neurophysiology 91, 1457–1469 (2004).

58. Lindblad, D., Murphey, C., Clark, J. & Giles, W. A model of the action potential and underlying
membrane currents in a rabbit atrial cell. American Journal of Physiology-Heart and Circulatory Physiology
271, H1666–H1696 (1996).

59. Blanco, G. & Mercer, R. W. Isozymes of the Na-K-ATPase: heterogeneity in structure, diversity in
function. American Journal of Physiology-Renal Physiology 275, F633–F650 (1998).

60. Canavier, C. C. Sodium dynamics underlying burst firing and putative mechanisms for the regulation of
the firing pattern in midbrain dopamine neurons: a computational approach. Journal of computational
neuroscience 6, 49–69 (1999).
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