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Abstract

We consider a system of quadratic forms Fi, ..., Fr with integer coefficients. Generalizing
the work of Myerson we find an asymptotic formula for the number of integral zeros within
a growing box which also lie in suitable residue classes, i.e. fix m,n € N and let {2, be a
chosen subset of (Z/p™Z)"™ then we count all x = (z1,...,x,) € Z" with |z;| < P such that
Fi(x),...,Fr(x) = 0 and = € Q,. This is done by using Selberg’s sieve. As an application
we study the number of rational points that lie in a thin set in the intersection of a system
of quadratic forms Fy, ..., Fr. Lastly we find a lower bound for the number of & € Z™ with
|z;| < P such that Fi(x),...,Fr(x) = 0 and z; ---x, is a positive integer with at most r
prime divisors outside some given finite set.
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1 Introduction

A fundamental theme in mathematics is the study of rational points on projective algebraic
varieties. Let X C Py be a projective variety that is the zero set of a finite system of
homogeneous equations. A question we could ask ourselves is: when is X (Q) non-empty?
how large is X (Q) when it is non-empty? There is a conjecture by Manin [1, Conjecture C’]
which tries to to give an answer. We will state Manin’s conjecture in the way Browning [6]
does.

Points of P"(Q) can be represented by vectors & = (g, ...,z,) € Z""! with
ged(xo, ..., zpn) = 1.

This can be done in two ways: having [[z; > 0 or having [[z; < 0. We define a height
function H : P*"(Q) — Z as
x — || := max;(|x;]),
where = (x0,...,1,) € Z"! represents x € P*(Q). The function H is also known as the
standard exponential height function associated to the supremum norm.
Given a suitable Zariski open subset U C X, the goal is then to study the quantity

N(U,H,P):=#{x € U(Q) : H(z) < P},

as P — oo. Suppose for simplicity that X is a non-singular complete intersection, with
X =Win...NWg C X, for hypersurfaces W; C P" of degree d;. We assume X to be Fano,
and therefore its Picard group is a finitely generated free Z-module, and we denote its rank
by p(X). Then in this setting the Manin conjecture [1, Conjecture C’] takes the following
shape.

Conjecture 1.1. Suppose that dy + ...+ dr < n. Then there exists a Zariski open subset
U C X and a constant cx g such that

N(U, H, P) = cx g PPHi-d==dr (1og P)PX)=1(1 4 o(1)), (1.1)
as P — oo and where p(X) is the rank of the Picard group of X.

It is not so difficult to see why we need to restrict the counting function to something
open. If we look at the zeros in P3(Q) of F(z) = 23+ 23 — 23 — 23 for which |z| < P, it is easy
to see that if 2o = x5 and 1 = z3, then F(z) = 0. So we have at least P? solutions. Now we
can see why (1.1) won’t hold if we don’t restrict it to some open U, namely P? grows faster
then P(log P)*! as P — oo.

The original version of Manin’s conjecture (1.1) is false in general. This was first shown
in 1996 by Batyrev and Tschinkel [2]. As Browning and Loughran [8] say, numerous authors
have recently investigated a ”thin” version of Manin’s conjecture (see [21, §8], [17], [7] or
[16]), where one is allowed to remove a thin subset of X (Q), rather than just a Zariski closed
set. See Definition 10.1 for the definition of thin subsets. A question is whether removing
a thin subset could change the asymptotic behavior of the counting function N (U, H, P).
We will show that, under some conditions, this is not the case when the rational points are
equidistributed and X is the zero set of some quadrics.



Theorem 1.2. Let X(Q) C P*"(Q) be a smooth variety defined by the quadratics F,...,Fr
with integer coefficients. Suppose dim X = n — R, dim X* < n — 1 where X* is defined as in
§8.4.1. Further suppose n + 1 — og > 8R, where

or = 1 + maxgegr (o) dim Sing V(B - F)

and V(B - F) is the hypersurface cut out in P by f1F1+ ...+ BrFRr. Let T C X(Q) be a thin
set. Then there exists 6, > 0 such that

#{x e :|z| < P} <y x PHI72R0

This theorem is proved in section 10 by using another main result of this thesis, stated
below. Let X be an integral model for the variety defined by Fi,...,Fr = 0. Fix m € N and
let Q,m C X(Z/p™Z) then define

N(P,Q) :=#{x € X(Q) : |z| < P,x mod p™ € Q,m for all p}.
Theorem 1.3. Let X C P*(Q) be as above, in Theorem 1.2. In particular
n+1—or > 8R. (1.2)

Let m € N and let Qum C X(Z/p™Z) for each prime p. Assume that 0 < w, < 1, where

wp=1— Tl (1.3)
#X(Z/p™Z)
and
Qpm = {x € (Z/p"Z)" L pra, (zo:...:x,) € Qm}
and

X(Z/p™Z) = {x € (Z/p"Z)""' : pta, Fi(zo,...,xn) =0 mod p™}.

Then for every £ > 1 and any € > 0, we have

Q prti—2k nt+1—2R—8 +2mbo+2+¢
N(P, )<<X,e J({) +P g )
where
w
59 = wm ] (12)
k<¢ plk p

and & and 09 are some positive constants.

For the proof of Theorem 1.3 we will use Selberg’s sieve. This is a very useful tool, since
then, as we will see in section 9, we only need to have a formula for

N(P,Qu) :=#{x € Z": || < PB, fi(x) =0 for 1 <i < R,  mod p™ € Qum for all p™||M},

where B is a box in R" contained in the box [—1,1]", and having sides of length at most 1
which are parallel to the coordinate axes, f; are quadratics and where we write p™||M if p™
divides M, but p™*! does not divide M. The assumptions of the following theorem requires
some more notation, which can be found in section 8.1.



Theorem 1.4. Let f; € Z[x1,...,x,] be quadratic forms with integer coefficients and n > 2
and dim(X*) < n — 1, where X* is defined as in §8.4.1. Let N®™(B) as in Definition 8.2.
Suppose that the f; are linearly independent and that

Ngu;(B) < CoB(d_l)n_Ti(g

for some Cy > 1,€ > 2R and all B € R? and B> 1, where B- f = Bifi + ...+ Brfr. Then
for all P > 1 we have

NP,Quy)= > (3&(v; M)P" RN 4 O(Pr—2 -0 M H02)), (1.4)

[v]amr€Qnr

where the implied constant depends at most on Cy, € and the f;, and § and 05 are positive
constants depending at most on € and R. Here J and & are as in Lemma 8.11 and Lemma
8.10.

For the proof of the previous theorem we follow Myerson [20]. The dependence of M in

(1.4) is my own contribution. Myerson found in 2017 the following formula for N(P,€Q) if
Qpm = X(Z/p™Z) for all p.

Theorem 1.5. (/20, Theorem 1.2.]). Let Fi(x),...,Fr(x) be homogeneous forms of degree
2, with integer coefficients in n variables. Let B be a box in R™, contained in the box [—1,1]",
and having sides of length at most 1 which are parallel to the coordinate axes. For each P > 1,
we write

N(P)=#{x €Z" :x € PB, Fi(x),..., Fr(x) =0}.
If dm X (Fy,...,Fr)=n—1—R and

n—or > 8R,

then for all P > 1, some J1 > 0 depending only on the coefficients of F; and on B, and some
&1 > 0 depending only on the coefficients of F;, we have

N(P) = 316, P" 2 4 O(pPr—2H=%)
where the tmplied constant depends only on the forms F; and &1 is a positive constant depend-
ing only on R.
There is a similar upper bound like the one in Theorem 1.3 proven by Van Ittersum [13].
He requires

n+1—dimX* > 2R(R + 1), (1.5)

where X* is the projective variety cut out in P"(Q) by the condition that the R x (n + 1)
Jacobian matrix (OF;(x)/0x;);; has rank less than R. Van Ittersum used the techniques of
Birch [5]. Birch found in 1961/1962 a formula for N (P, Q) if Qum = X(Z/p™Z) for all p. As
mentioned earlier, Myerson [20] found also a formula for N(P,Q) if Q,m = X(Z/p™Z) and
F; are quadratics. If F; are quadratics, the formula of Birch is weaker than the formula of



Myerson whenever R > 4. Likewise, (1.5) is weaker then (1.2) whenever R > 4. Namely, we
have Sing X(B - F)) C X*. So ogp < 1+ dim X*. Thus (1.5) is weaker than (1.2) whenever
2R(R +1) > 8R, hence R > 4.

A main motivation in the work of Myerson was that Miller [19] and Bentkus and Gétze
[3], [4] in the period of 1997 to 2008 came with some ideas to find an upper bound for the
integral of some function over any bounded measurable set. We will use these theorems in
section 8.5, where the dependence of M is my own contribution.

Another main result of this thesis, which is proved by using Theorem 1.4, is the following.

Theorem 1.6. Let F is a system of R linear independent quatrics in n variables and integer
coefficients. Assume dim(X*) <n—1 and n—+1—or > 8R. Let J be as in Theorem 1.4, set

| 1 .
Op = hmk*)oo ]m#{b € {1,2, . 7pk} +1 : F(b) = Omodpk}

and
O, ={xe(Z/p2)" : F(x) =0,21 -z, =0 mod p}

and let Qp be as in Theorem 1.3. Let B be the set of primes for which #£, = 0 and P.(B) the
set of positive integers with at most r prime divisors outside B. Assume (11.2), (11.83) and
(11.4) hold. Let T and B, be as in section 11. For any two reals numbers u and v satisfying

1
—<u<, PBu<Tl
-

we have

Q
R Yl | || Bl
wlem%;)m:%zs P p<(PP2RI[L op) X(Z/pZ)
xl"'anPr(B)

provided that

v/u d
K u \ ds
r>7',uu—l+fﬁ(7v)/1 FH(T’U—S)(l—ES)?.

We first fix some notation in section 2. In section 3 we describe sieves in general, which
will be used later. Section 4 is used to describes how we view points on varieties such that
we can count them. After that, in section 5 and 6 we discuss N (P, Q) if R = 1, for which we
follow [8]. Then, in section 7 till 9 we prove Theorem 1.3 and 1.4. For that we follow mostly
Myseron [20]. In section 10 we are then ready to prove Theorem 1.2. Lastely in section 11
we see a proof of Theorem 1.6.



2 Notation

For a point € R" we write € = (z1,...,%,) with 2; € R and we introduce the supremum
norm
|| = max(|z1],...,|zn]).

Here |z;| is the usual absolute value of z; € R. For any « € Z™ and d € N we write [x]q for
the reduction of £ modulo d. We abbreviate e?™ by e(z) for z € R.

For a,b € N we write (a,b) for ged(a,b) and we write w(a) for the number of distinct
primes dividing a. For m € N we write p™||M if p™ divides M but p™*! does not divide M.
We define

prim = 1Y € Z" 1 ged(y1, ..., yn) = 1}

We let B be a box in R”, contained in the box [—1, 1] and having sides of length 1 which
are parallel to the coordinate axes.

Further, let FY, Fs, ..., Fr be homogeneous polynomials with integers coefficients. LetX
be an integral model for the zero set of these polynomials. Let m, M € N be fixed and let
Qu = Hpmll v Qpm, where (,m are chosen subsets of the variety X over Z/p™Z. We use the

notation X and € for viewing X and 2 as affine spaces, i.e.
Qpm = {x € (Z/p"Z)" : pla, (xo: ... 2y) € Qm}

and
X(Z/p"Z) = {x € (Z/p™Z)"*' : ptex, Fi(xo,...,2,) =0 mod p™}.

Let f,g be functions on a subset of the real numbers. We write f(z) < g(z) if f(z) =
O(g(z)), that is there are constants C' > 0 and xg such that |f(z)| < Cg(z) for all z > xo.
We call C the implied constant of f(x) < g(z). If we write f(z) = Or(g(x)) or equivalently
f(z) <gr g(z) we mean that the implied constant and xg depends on R.

We use the notation f(z) = o(g(z)) as z — oo for limy_,oo % =0, i.e. f(z) is of smaller
order of magnitude than g(z).

Lastely if V' C C" is a affine variety defined by f1,..., fr, all of degree d, we define V* as

the Birch singular locus as the affine variety consisting of all points € C” for which

(d]
rank (%f’

(@) <R

T 2,7

where fi[d] denotes the degree part of f;.



3 Introduction to Selberg’s Sieve

Sieves are used to estimate the size of a sifted sets of integers. There are a lot of different sieves
and in this thesis we will use Selberg’s sieve, also denoted as the A2-sieve, which is a technique
for estimating the size of sifted sets of positive integers which satisfy a set of conditions which
are expressed by congruences. It was developed in the 1940s by Atle Selberg. First we will
say something about sieves in general and then we discuss Selberg’s sieve.

3.1 Sieves

We describe the basis ideas behind sieves for which we follow mostly Friedlander and Iwaniec
[11, Chapter 5] and Iwaniec and Kowalski [14, Chapter 6].

We start with a sequence A = (a,) of non-negative numbers. The ultimate question is
how often these numbers are supported on primes. The basic input to any sieve mechanism
comes via the subsequence Ay consisting of those a,, with n = 0 (mod d) and, in particular,
from estimates for the congruence sums

|Aq| = Z .
n=0(mod d)

Sometimes A is restricted to n < x, and then we write

Aq(x) = Z an,.

n<w
n=0(mod d)

For applying a sieve we need an asymptotic formula for A4(x) of the following form
Aq(z) = g(d)Ay(z) + rq(x) (3.1)

where g(d)A;(x) is the expected main term and r4(x) is an error term which we think of as
being relatively small. So g(d) stands for the density of the masses a, attached to n = 0
(mod d). Expecting that divisibility by distinct primes are independent events, we assume
that the density function g(d) is a multiplicative function and that

0<g(p) <1

It is convenient to have a smooth approximation to A(x), which we label as X, and we replace
(3.1) by

Ag(x) = g(d) X + ryq(x). (3.2)

In practice we will choose X close enough to Aj(x), so that (3.1) and (3.2) are equivalent.
Let the sifting set of primes P be a set of all primes, z > 2 and

P(z) = H p.

p<z
peEP



We seek seek estimates for the shifted sum
S(x,2)= > an (3.3)
n<x
(n,P(2))=1

We refer to z as the sifting level. An instrumental role in the sifting process is played by the
sifting function (3.3). The condition (n, P(z)) = 1 can be detected by the Mdbius inversion
formula

1 if (n,P(2)) =1

dn if (n, P(z)) > 1.

d|P(z)

Hence (3.3) becomes

S(z,z) = Z ( Z u(d))an.

n<x d\n
d|P(z)

If we change the order of summation we obtain

S(z,2) = Y p(d)Aq(=). (3.4)

d|P(2)

From this formula we see that in some sieve problems we do not need to sieve by all the
primes. Indeed, we do not need in P any prime p for which all an with n = 0 (mod p)
vanish, that is, such that A, = 0. For example, if a,, is supported on the polynomial values
n = m? + 1, then we can restrict P to primes p = 1 (mod 4). Since we use (3.2) only for
d|P(z), we are free to modify the multiplicative function g(d) arbitrarily at d coprime to P(z)
and for notational simplicity we set

g(p) =0if ptP.
Combining (3.4) with (3.2) gives
S(z,z) = XV(z) + R(z, 2)

where

and

R(z,z) = Z rq(x). (3.5)



3.2 Sifting Weights

The essence of sieve methods is the replacement of the Mébius function u(d) by a function
A = (N\g). This will give us a way to reduce the number of terms in (3.4) and, in particular
the number of terms in the remainder term R(z,z) (3.5). We choose A such that it has a
finite support

A = (\g) for d|P(z) and d < D.

We refer to Ay as sieve weights (or sifting weights) of level D. The price for the change to
weights with finite support is that we no longer have the exact formula for the sifting function
(3.4) but rather obtain the “sifted sum”

= 3 AdlAdl. (3.6)

d|P(z)

Let

0, = Z -

dn
d|P(z)

Then (3.6) becomes

SMAZ) = D anby.

n|P(z)

If we choose A~ = (A7) and AT = (AT) such that

Z A <) ud) < Y AT =61,
dln dln
dIP( ) d|P(2) d|P(2)
then S™(A,2) < S(A, z) < ST(A, z) where we used the notation S (respectively, S™(A, z))
for the sieves with weight A1 (respectively, A7).
It is convenient to normalize A and AT such that \; = /\fE = 1. It follows that 6 =1 for
(n, P(z)) = 1. Moreover we have ;7 > 0 for (n, P(z)) > 1 and 6,, <0 for (n,P(z)) > 1
A weight system having the properties stated above will be called a lower-bound sieve,
upper-bound sieve, respectively. An example of a upper-bound sieve is Selberg’s sieve, which
will be discussed next paragraph. Of course, in the case of an upper-bound sieve, we should
like to choose the weights )\:{ so as to make ST as small as possible.
In the case of the upper-bound sieve A™ and the lower-bound sieve A\~ we denote the
corresponding sifted sums by S*(A, z), their main term sums

= > Ay Z Ayg(d (3.7)

d|P(z) d|P(z
d<D d<D

and their remainder by

Z Aird, Z A Td (3.8)

d|P(z) d|P(z
d<D d<D

10



3.3 Selberg’s Sieve

Selberg’s sieve is used to find a upper bound for the sifted sum. We start with a sequence of
real numbers )\;. For notational simplicity hereafter we omit the superscript +. If we want
an upper-bound sieve of level D the real numbers \; have to satisfy the conditions A\ = 1

and
D " Aa >0 for (n, P(2)) > 1. (3.9)
dln
For notational simplicity we omit the superscript + in the rest of this section. The positivity
condition is in general quite difficult to hold, but if we choose A4 like Selberg, namely

%Adz <dz|r;ﬂd>27 (3.10)

where p, is another sequence of real numbers, the square guarantees the positivity condition
(3.9). From the condition A\; = 1, we see that we need to have

p1 = 1. (3.11)

2
If we have a closer look at the sum <Zdn ,Od> in (3.10), we see that the term pg, pg, appears
if and only if (dy,d2) | n. By grouping the elements pg, pg, for which (di,ds) = d for some d|n,

we have
2
(Zoa) =X 5 pusa
din din (d1,d2)=d
Hence
/\d = Z Pd; Pds - (3.12)

(d1,d2)=d
In order to control the level D we assume the coefficients py are supported on integers smaller
than VD, i.e.
pa=0 ifd>VD. (3.13)

Now the resulting sieve (A\4) has level of support D.
Applying the A2-sieve to A = (a,) in the shifting range {p € P,p < 2} we obtain

SAz)= Y an<ST(A2), (3.14)
(n,P(2))=1
where

san=Yu( X )

n d|(n,P(2))

= > " parpa A )]

di|P(z) d2|P(z)
= XG + RT(A,A?), (3.15)

11



and
= > Y 9((di,d2))pa, pa, (3.16)
d1|P(z) d2| P(z)
and
R+(A,A2): Z Z pdlpdzr(dl,dz)' (317)
d1|P(z) d2| P(z)

It is easy to verify that these notation coincide with earlier notation (3.7) and (3.8). The goal
of Selberg was to make the general inequality (3.14) optimal. We will first concern us about
the main term G. We wish to minimize G with respect to the unknown numbers pg subject
0 (3.11) and (3.13). The expression (3.16) is a quadratic form in pg. In order to find the
minimum of G it helps to diagonalize it. We assume that

0<g(p) <1 ifp|P(2)
gp) =0 ifp fP(2).

Let h(d) be the multiplicative function defined by

g
h(p) = = o) (3.18)
Rewriting gives
__hp)
g(p) = Th(p) (3'19)
We obtain
G= Z g(abc)pacpbc
abc|P(z)

= Z g(c Z Z gla Pacpbc
‘ 2
=> g(c) Z w(d)g(d)? < > g(m)pcdm>
c d m
2
=Y nd ( > g(m)pm>

d|P(z) m=0(mod d)
If we now choose the following change of variables

p(d)

va="r= > glm)pm (3.20)
h(d)
m=0(mod d)
we obtain
G=3 hdys (3.21)
d|P(z)

12



which is a diagonal form.

Before we do something with this diagonal form, we will first look at the condition (3.11)
and see what it is in terms of the new variables y4. Using Mobius inversion we convert (3.20)
into

pl:M > h(d)ya (3.22)

In particular if we take [ = 1 we then have

Z h(d)yq = 1. (3.23)

If we have a closer look at (3.20) and (3.22) we see that the support conditions for y4 are the
same as pq, hence

ya=0 ifd>VD. (3.24)

Furthermore the convolution 1 % p in the new variables y4 becomes

5 pa= St (3.25)
d ,

ln

Having made this observations, we now wish to minimize (3.21) on the hyperplane (3.23).
Applying Cauchy’s inequality to (3.23) we derive

1= hd yd<(2h yd>(2h) (GJ)z,

d|P(z) d|P(z) d|P(z)
d<vD
where we put
= Y h(d). (3.26)
d|P
d<vD

Hence JG > 1. Since h(d) > 0, we have that J > 0. Hence G is greater of equal to JLIf
we choose

ya=J ' ifd<vVD (3.27)
we have

G= Y hdy; (3.28)
d|P(2)
d<vD

= Y h(d (3.29)

d|P(z)
d<v/'D

13



Hence the minimal value of G is J~!. From now on we assume that 14 are the constants given
by (3.27). We note that by just using the definition of g(d) we could (3.26) also write as

d
J(D) =Y w(@d]] <1 f(gzd)) (3.30)
d<vD pld
Since we now know y4 we can compute p;, by substituting (3.27) in (3.22). We have
) ._
o= MEZ;J LY h(d). (3.31)
g d=0 (mod l)
d<v'D

Since h is multiplcative and only supported on the square free number, we can rewrite
> d=0 (mod1) () as Y g y=1 h(d)h(l). So after pulling out this factor h(l) we write (3.31) as
d<vD d<v'D/l

pr=p(D)j()H(D)T (3.32)
where
=10 = Il (1-9t) " (3.3
and
(D)= Y h(d). (3.34)
d<+v/D/l

and J(D) = Ji(D). Now we know p;, we use the definition of \; (3.12) to find
i = p(d)j(d) Y, 1(€)i(€)Jac(D)Joe(D) (D)2,
abc=d

Moreover, the convolution 1 * p, as in (3.25) becomes

1
St 5 u<<n,q>>h((n?q)).

lin q<vD
We will now show that |pg| < 1. By grouping the terms in (3.26) according to the greatest

common divisor of d and [ we get that

JD)=>" Y h(d)
)

k|l d|P(z

d<vD
(d,h)=k

=> (k) > h(m)

k|l mk|P(z)
m<vD/k
(m,l)=1

> (Sum) X nom = i)

k|l mk|P
m<vD/l
(m,l)=1

14



Combing this with (3.32) gives
lpal = §(1)(D)J 1 < 1. (3.35)

Again using the definition of Ay (3.12) gives

A< D1

(d17d2):d (3 36)
< Z 1.
d1dods=d
We define
m(d)= > L (3.37)
d1dads=d

Collecting the above results we conclude the following:

Theorem 3.1. (Selberg’s A2—Sieve). Let A = (a,) be a finite sequence of non-negative
number and let P be a finite product of distinct primes. For every d|P we write

Ad = > an=g(d)X +r4(A). (3.38)
n=0 (mod d)
where X > 0 and g(d) is a multiplicative function with 0 < g(p) < 1 for p|P. Let h(d) be the

multiplicative function given by h(p) = g(p)(1 — g(p))~! and J = J(D) given by (3.26) for
some D > 1. Then we have

S(Az)= Y a, <XJ '+ RY(AAY, (3.39)
(n,P)=1
where
AN =D Agra(A) (3.40)
d|P

with A\g given by (3.12) and (3.32)-(3.34).

Using (3.36) and (3.37) we can estimate the remainder crudely by

|RT(A,A?)| < R(A,A?) < Z 73(d)|ra(A)]. (3.41)

d|\P
d<D
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4 Rational Points on Varieties
This section describes how we view points on varieties such that we can count them.

Let X C P(Q) be the zero set of some homogeneous polynomials Fi, ..., Fr with integer
coefficients and suppose X is smooth. Points of P(Q) can be represented by vectors & =
(20,...,2n) € Z'L where Z'T1 = {y € Z"*' : ged(yo, ..., yn) = 1}. Recall that we have

prim’ prim

defined the height function H : P*(Q) — Z as

x +— |x| = max;(|z;i]),

n+1
prim
on the choice of representation. Further let m € N be fixed once and for all. For each prime

where = (z9,...,z,) €Z represent x € IP)&. Note that the function H does not depend

p we suppose that we are given a non-empty set of residue classes Q,m C X(Z/p™Z). Put

Q=[] (4.1)
p™||M

We are interested in the following counting function
N(P,Q) = #{zx € X(Q) : |z| < P, [x],m € Qpm for all p},

where Q = (Q,m), and [x]|,= is the reduction of & mod p™.
We start by making the observation that

N(P,Q) < #{x e Z"1\{0} : |z| < P, Fi(x) =0,..., Fr(x) =0, [x],m € Qpm for all p}

prim
where Qum = {x € (Z/p"Z)"*' - pta, (xo: - : x,) € Qm}. The condition & € Qym for all
p implies that @« € Zgr"i:lﬂ. Hence

N(P,Q) < #{x e Z"™ : || < P, Fi(x) =0,..., Fr(x) = 0, [&],m € Qpm for all p}
(4.2)

One has to keep in mind that N (P, 2) depends on our choice of F1,..., Fr and therefore also
on R and the degree of the polynomials F;. Our goal is to give an upper bound for N (P, ().
Without an indication the implied constant may depend on n, R, d and the coefficients of the
polynomials Fi, ..., Fr. In section 5 and 6 we will discuss the case when R = 1. In section
7, 8 and 9 we will discuss the case when R > 1.
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5 The Sieve Problem for One Quadratic

We describe how we can rewrite N (P, 2) in such a way that we can use Selberg’s sieve, where
we follow Browning and Loughran [8]. For the remainder of this section let X C Py be a
smooth projective variety defined by one homogeneous polynomial F; € Z[zo, ..., x,|. What
we do in this section you could also do for Fi,..., Fr where R > 1, but we don’t need that,
so we won’t discuss that. Recall from (4.2) that

N(P,Q) < #{x e Z" : |z| < P, Fi(x) = 0, [®]pm € Qpm for all p}

Consider the function wp : R = R>g, given by

() e (1= if g < 1,
Wol\r) =
0 otherwise.

We will work with the weight function w : R"*! — R, given by

w(x) = wo(3|x| — 2).

Figure 1: A plot of the weight function w.

We have w(x) = 0 unless 2 < |x| < &. Moreover if j € N and 1/2 < [2//P| < 1, then

w(2/z/P) > min{w(1/2),w(1)}. Hence we can break the sum (4.2) into intervals, finding that

oo
+1 . 2-i-1p<iz|<27IP
N(P,Q) <) #{w €L b (@)=0, [w]ym €Qym for al p}
j=0

< Z Z w(2x/P). (5.1)

J=0 xeczZ"t! F(x)=0
[z],m Eﬂpm for all p
For every & € Z""1{0} we have |@| > 1. Moreover if [2/@/P| > £, then w(x) = 0. Hence
if j > logy(8P) then w(2/x/P) is zero and thus the sum >_; in (5.1) is finite. Since we can
change P it is enough to find a upper bound for
> w(x/P).

zezZ" 1, Fy(x)=0
[z],m €Q2pm for all p

17



We define the density function w), as in Browning and Loughran [8],

wp=1- #Qip’" € [0,1]. (5.2)
#X(Z/p"L)

The notation X and € stands for that we view the varieties X and ( as affine space, i.e.
Qpm = {x € (Z/p"Z)" : plax, (xo: ... 2y) € U}

and
X(Z/p™Z) = {x € (Z/p"Z)""' : pta, Fi(zo,...,2,) =0 mod p™}.

Note that w, = 0 implies that me =X (Z/p™Z). Since these primes, for which w, = 0,
do not play a role in the inclusion-exclusion process, we are not interested in those primes.
Let P, > 1 and let P denote the product over distinct primes p < { for which w, > 0, i.e.
#me < #X (Z/p™Z). Consider for n € N the following sequences

ap = Z w(x/P), where n(x)= H . (5.3)

xezZn ! p|P
Fi(2)=0 [@lym €0 m
n(x)=n

If € Z"t! with Fi(x) = 0 and [x],m € Qpm for all p, then n(x) = 1 and thus then the term
w(ax/P) appears in a;. Hence

> w(xz/P)< Y an. (5.4)
z€Z" 1, Fy(x)=0 neN
[x]pm Eﬂpm for all p (n,P)=1
On the other hand if = € Z"*! with Fi(z) = 0 and (n(z),P) = 1, then [z]m € Qum for all
p|P and for all primes p for which w, = 0. We can not say that [x],m» € Q,m for all primes p,
so the inequality (5.4) is not necessarily an equality.

We conclude that to find a found for N (P, (), it suffices to find a bound for > ,en  an,
(nP)=1
with a,, as in (5.3).

18



6 Sieving on Quadrics

Thanks to the previous section we know how we can write the problem for finding an upper
bound for N(P,(2) as a sieve problem. In this section we apply Selberg’s sieve as desribed in
section 3 to find this upper bound.

Before we apply Selberg’s sieve we need a formula for Ay as in (3.2). If we assume that
Fy € Rlzg,...,zy,] is a smooth quadratic, a formula for A, is already known which is stated
in Theorem 6.1. After that, in Theorem 6.2, the upper bound for N (P, () is given.

We use the same notation as in the previous section; let a, and n(x) be as in (5.3), and
let P denote the product of distinct primes p < ¢ for which w, > 0. Let d|P. We would like
to write Ay as g(d)X + rq, where X > 0 and g(d) a multiplicative function with 0 < g(p) < 1
for every p|P. We have

Ad:Zan

dln

= Z w(xz/P) (6.1)
xeZ" L Fy (2)=0
djn(z)
We have that d|n(x) if and only if [x],» € ng for all p|d, for any x appearing in the
definition of a,. Hence (6.1) becomes

Ag = > w(x/P). (6.2)
x€Z ! Fy(x)=0
[®]m €Q5m

We define
N(P, Q) = > w(x/P).

x€Z™ 1, Fy (x)=0
[x]pr €

Theorem 6.1. (Browning and Loughran [8, Theorem 4.1]). Assume that n > 5 and that

VFEi(x) > 1 for all x € supp(w). Assume that M is coprime to 2Ap, and let Qp be as in
(4.1). Then

. Qm
N(P,Qu) = ooo(w)P" " ] on [] im’; + O,y (POHD/2Hep(ntD)/24e) Ty ),

ptM p™||M

where oo (w) 1s the weighted real density associated to Fy and w as defined in [12, Th. 3] and
where oy, is the p-adic density associated to Fy and defined as

op = limg oo p " #{x € (Z/P"Z)"" 1 pt x, Fi(x) =0 mod p*}
for each prime p.
If we choose M = d™ and Q7 = Qgm in the previous theorem, we derive from (6.2) that

Ag = N(P,Q5m) = g(d)P" o0 (w) [ [ op + Oc x (dmTD/2re/4 plntl) /2y, (6.3)
p
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H#Qm
d=[(1- ). 6.4
9(d) p|d( #X (Z/me)> O

In deriving the formula g(d) we used that for all p|d we have #X (Z/p"Z) = #X(Z/pZ) -
p(m=1n and op = X (Z/pZ)-p~"™, which follows from a quantitative version of Hensel’s lemma

[8, Lemma 2.1]. We indeed have
H#Qm
d) || op= _—
pl,}, ’ pm #X(Z/pmm) ’

=1l 2z

oM #X Z/me)
1] #QC X(z/pz)
M

" Op

#X(Z/pZ) - plm=1)n p"
- T

Since we have now a formula for Az we can plug this in in the Selberg sieve [11, p. 93]

and find the following theorem.

Theorem 6.2. (Browning and Loughran [8, Theorem 1.7]). Assume that X C P™ is a smooth
quadratic of dimension at least 3 over Q. Let m € N and let Qum C X(Z/p™ Z) for each
prime p. Further, let w, be as in (5.2). Assume that

0<w, <1 forallp.

Then, for any & > 1 and any € > 0, we have

n—1

J(§)

N(P,Q) <cx gm(nt1)+2+e p(n+1)/2+e
where J(€) = See w20 Ly (125;).

Proof. First we use (6.3). It is clear from the definition of ¢g(d) in (6.4) that g(d) is multi-
plicative. Now apply Selberg’s sieve as in Theorem 3.1 and find that

n—1
Z tn <ex P;(g) n Z 7o(d) D 2/ plnt1) /2 e
(nP)=1 d<e?

where J(§) = >4 ¢ 12 (k) Ik ( ) Taking the trivial bound 73(d) < d/* and summing
over d < €2, we get that

(n+1)/2+5.

Pnfl
2 o J(€)

(n,P)=1
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7 The Sieve Problem for a System of Quadratics

One can wonder if we can also find a formula for N(P,2) if R > 1. The answer is that this
is possible. We will give a proof in the following sections. In this section we formulate the
problem in to a sieve problem. In the next section we prove a analogue for Theorem 6.1 for
the case when R > 1. In section 9 we are ready to prove a formula for N(P,Q) if R > 1.

Recall from (4.2) that
N(P,Q) < #{x e Z" : || < P, Fi(x) =0,..., Fr(x) = 0, [&],m € Qpm for all p}

Let B be a box in R"!, contained in the box [—1,1]"*! and having sides of length 1 which
are parallel to the coordinate axes. We are interested in a upper bound for

N(P,Q) = #{x € Z" : x € PB,F(x) = 0, € Qum for all p}, (7.1)
where F' is the vector (Fy, Fb, ... ,FR)T and F; are smooth quadratics. If we compare this
with the notations we see that if we choose B = [—3, 3]"*!, we have

N(P,Q) < N(2P, ),

where N (P, Q) is as in section 4. We use this notation because later it will be more usefull.
We have
NPQ= > L
zeZ"tINPB
F(z)=0
xef)

If we compare this with the sieve problem in section 5 it looks similar, only now we don’t
have the weight function w. This w was needed in section 5 because then there is known an
asymptotic for N (P, Q,y), which uses this weight function w. For our approach we don’t need
this weighted function.

Let P, > 1 and let P denote the product over distinct primes p < § for which #Q,m <
#X(Z/p™Z). Consider for n € N the following sequences

ap, = Z 1,  where n(x) = H .

xecZ"t1NPB p|P
F(2)=0 [2]ym €05
n(x)=n

If x € Z"' N PB with F(z) = 0 and [z],m € Qum for all p, then n(x) = 1 and thus this x is
counted in a1. Hence

Yooo1< > an (7.2)

xeZ"t1NPB neN
F(x)=0 (n,P)=1
xe)

On the other hand if z € Z"*!' N PB with F(x) = 0 and (n(x), P) = 1, then [z],m € Qpm for
all p|P and for all primes p for which #Q,m = #X(Z/p™Z). We can not say that [x]pm € Qpm
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for all primes p, so the inequality (7.2) is not necessarily an equality. So it is enough to find

an upper bound for > ,en  an.
(n,P)=1
Now we have formulated our problem into a sieve problem, Selberg’s sieve comes in the

picture. Before we can use this sieve, we have to find a formula for Ay(z). We have

Ad:Zan

din

= Z 1 (7.3)
zeZ"1INPB
F(x)=0
d|n(x)
We have that d|n(z) if and only if [z]m» € Qfm for all p|d, for any x appearing in the
definition of a,. Hence (7.3) becomes

Ag = Z 1.
xeZ"tINPB
F(x)=0
[®]m E€Qm
So if we have an asymptotic formula for Ay, which we will do in the next section, then by
applying Selberg’s sieve we are able to find an upper bound for N (P, ), which will we do in
section 9.
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8 Systems of Quadratics

In this section we find a asymptotic formula for N (P, /) (defined below). This formula is
stated in Theorem 1.4, which will be the main theorem of this section and which will help us
(in the next section) to find a formula for Ay (previous section).

First we will fix the notation and state Theorem 1.4. In section 8.2 we will use exponential
sums to rewrite N(P, Q). After that an auxiliary inequality will be discussed. In section
8.4 the circle method will be used to prove some upper bounds, which will be put together in
section 8.5 to prove Theorem 1.4.

8.1 Notation and Main Theorem

Definition 8.1. Let f; be polynomials in n variables. Define
N(P, Q) = #{z € Z" 1 € PB, f(x) = 0,[z]nr € Qur},

where £ = (f1,...,fr)%.

We are interested in an asymptotic formula for N(p, Qps).

From now f1, fo,..., fr are polynomials in R[xy,...,z,] of degree d = 2. We will often
write d instead of just 2, so that it will be clear how the degree effects N(p, Qnr). We write
fi[d} (or fip]) for the degree d = 2 part of f; and we write f for the vector (f1, f2,..., fr)! in
(REz)".

We follow a paper by Myerson [20]. In that paper he proves, under some conditions,
a asymptotic formula for N (P, Q) if Qum = X(Z/p™Z). We will use this proof to find a
asymptotic formula for N (P, Q) if Qpm is not necessarily equal to X (Z/p™Z). Our goal will

be to prove Theorem 1.4.

Definition 8.2. Let h(x) be any polynomial of degree d > 2 with real coefficients in n variables

T1,...,Tn. Fori=1,....n we define
n d
(h)(..(1) (d=1)y _ 1. (d-1) 9°h(x)
m; (', )= x. ) xy ,
jl,.l.%:ll o Dm0y, 0
where we write ) for a vector of n variables (xy”,...,xy )" . This gives an n-tuple
m® (@0 2D) ¢ RipM) | gD,

For each B > 1 we put N}"*(B) for the number of (d — 1)-tuples of integer n-vectors
M 2@ with

W), ... |2V < B,
m™M (@W), . 2| < |pM| B,
4h(x
where we let \h[d]|OO = %mane{lw_,n}d ]ﬁ].
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Let us recall Theorem 1.4.

Theorem 1.4. Let f; € Z[z1,...,x,] be quadratic forms with integer coefficients and n > 2
and dim(X*) < n — 1, where X* is defined as in §8.4.1. Let N**(B) as in Definition 8.2.
Suppose that the f; are linearly independent and that

NEUH(B) < CoBl-1n=2"%

for some Cy > 1,€ > dR and all B € R and B > 1, where B-f = B1f1 + ...+ Brfr. Then
for all P > 1 we have

NP,Quy)= > (3&(v; M)P"~ M~ 4 O(Pr— R0~ H02)),
[v]am €Qn
where the implied constant depends at most on Cy, € and the f;, and § and d2 are positive
constants depending at most on €,d and R. Here J and & are as in Lemma 8.11 and Lemma
8.10.

If Qum = X(Z/p™Z), the asymptotic formula that Myerson [20] found, under the same
conditions as Theorem 1.4, is

N(P,X(Z/p™Z)) = 36 P 48 L o(pr—d4R=2), (8.1)

where the error term may depend on f. One can wonder if we can use this formula directly
in the case when Q,m # X(Z/p™Z) in the following way. Let [v]y € Qpr and Gy () =
F(Mx+v). Now we view M and v as coefficients of Gr .. We first compute N (P, X (Z/p™Z))
for G with Myersons formula (8.1) and then sum over all [v]y; € ©, finding that

NP = (3613”*6“% + O(P”*dR*5)>. (8.2)
[v]m €M
The problem with this is that if we use Myerson’s formula for G, the error term may
depend on M and v. Hence the error term in (8.2) may depend on v and M.
8.2 The Exponential Sum

Definition 8.3. For each [v]y € Qur, o € RE and P > 1 we define the exponential sum

S(a; Pios M) = ) e(a- f(My+v)),
yez”
My+vePB

where - denotes the standard inproduct and e(z) = e*™*.

Lemma 8.4. If the f; have integer coefficients, then we have

N(P, Q) = Z /[Ol]RS(a;P;v;M)da.

[’U]MEQM
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Proof. First we note that N(P,Qy) = Do) € N(P,[v]ar), so it is sufficient to prove
that for every [v]a; € Qas we have N(P,[v]y) = f[o,l]R S(a; P;v; M) de. Let [v]as € Q.
If © € PBNZ" with f(x) = 0 and = v mod M, then there is an y € Z" such that
x = My + v. Hence

/ e(a-f(My+v))da—/ e(oz-())da—/ 1da=1.
0,1} 0,17 [0,1]%

Conversely if f;(x) # 0 and € = My + v for some y € Z", then

1 1 1
ela; - fil My +v))da; = ——e(a; - fi(x))da| = ——(1—-1) =0.
|, eles My ) dex = sel - i) de = s -1
Hence if f(x) # 0 and * = My + v for some y € Z", then
/ ela- f(My +v))da =0,
[0,1]%
which completes the proof. d

8.3 The Auxiliary Inequality

Definition 8.5. Let h, m™ (x() .. . x(@=1) be as in Definition 8.2. Given B > 1 and § > 0,
we let Uy(B,d) be the number of (d — 1)-tuples of integer n-vectors 1), ... 2@ such that

V)], eV < B mingezn |y — m®(z® . @) <.

Note that Uy, only depends on the degree d part of h. For this reason we have

Un(Matv)(B;6) = Uppap(q) (B, 0)
for every [v]y € Q.

Lemma 8.6. Let Uy,(B,d) be as in Definition 8.5. Let [v]y € Qur. For alle > 0, a, 3 € RE
and 6 € (0, 1], we have

mm{‘s(a;P;v;M)

Slavt i Prws M) 2 Ugagag (/MY (P/AL) 10
(P/M)F | <o

(P/M)n+e (P/M)(d=1)0n

(8.3)
where the implied constants depend only on d,n and e.

This lemma shows us that if the right hand side is small then you get a saving for one of
the exponential sums of the left hand side.

Proof. To prove (8.3) it is sufficient to prove

S(a; P;v; M)S(a + B; Pyv; M) 1271 < Uﬂ.Mdf((P/M)e, (P/M)(d=1)0=d)
(P/M)2n+e) d;nse (P/M)(d=1on ‘

(8.4)
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Let us first eliminate a in the exponential sums in the left hand side of (8.4). We use the fact
that if Mo + v € PB and M(x + z) +v € PB, then |z| < P/M.

S(a+ B; P;v; M)S(at; P;v; M)
= Z Z e((a+B) - f(Mzx+v)—a- f(M(x+ 2z)+v))

xcZm z€Z"
M=z+vePB M(x+z)+vePB

Z\ Y cllesB) S0 ro) —a f(M(@t2) +o)
\z|<P/M Mz+'v€PB

< Y | Z e(B- MUFD(@) + gop 2 1r0(@))

ZEL™
|z|<P/M NMHWEPB

IA

for some real polynomial go 8,2 () of degree at most d — 1 in . Now first apply Lemma
12.2 and then Lemma 12.1 to deduce that

|S(e + B; Pyv; M)S(a; Pyos M)
< P> | ) (8- MAF1() + o g 2 110 ()|

ezL™ ez™
|A<Pﬂw AMHWEPB

< @P/M 1" DN o8 MU @) + gap o)

xeZ”
Mxz+vePB

S eB- MU @) + gap ()

xeZ™
Mxz+vePB

2d— 1

2d71

2d—1
2d—1p

<<d7n (QP/M)

(8.5)

Thanks to Myerson [20, Proof of Lemma 3.1] we have the following bound
2 24-1n—(d—1)nf 0 p(d—1)0—d
( 3 e(a-h(m))) Cape PP In—(d=Nnbepy  (pf pla-1)0-d) (8.6)

xrcZ”

x<PB
for some h € (Z[z])® where all h; are of degree d > 2. The implied constant in (8.6) does
not depend on h. The inner sum in (8.5) has the same form as the left hand side of (8.6),
with (PB — v)/M in place of PB and with 8 - Mefld(x) + 9o B8,z,m () in place of a - h as
underlying polynomial. So applying (8.6) to (8.5) gives

’ > eB MU @) + ga o) .
M@ toers
Came (B sierans o () ()Y w)

() e G) G )
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as Uy, depends only on the degree part of h.
Putting it all together gives

|2d71

|S(c+ B; Piv; M)S(a; Pyv; M)

o () () (5

which proves (8.4). We can see now why it is so important that the implied constant of (8.6)
does not depend on h, namely then the implied constant of (8.7) does not depend on M9f,
in particular not on M. And this will give us the statement of the lemma, where the implied
constant does not depend on M. In the end we are interested in a bound for S(«a; P;v; M)
which does not depend on M. O

Proposition 8.7. Let N}**(B), |f| be as in Definition 8.2. Suppose that we are given
Co > 1 and € > 0 such that for all B € RE and B > 1 we have

—1)n—2d¢
N§™(B) < CoBl= =277 (8.8)
Let k > p1 > 0 such that for all B € RE we have

wBl < 18- f < w|B, (8.9)

Let € > 0. Then there exists a constant C' > 1, depending on Cy,d,n, i, k and €, such that

the bound

S(a+ B; P;v; M)
(P/M)r+e

i {SlesPin )

|} < Cmax{P=7, |B|7T MY
(8.10)
holds for all P/M > 1 and all o, B € RE,

Proof. Since (8.8) has to hold for every 3, we replace Ng.“]f((P/M)Q) by Ng?ﬁdf((P/M)(’).
Let us first suppose that for some 6 > 0 we have

Gi7ag (P/M)") < Ug pgag((P/M)°, (P/M)\4=10=1), (8.11)
Then there must be a (d — 1)-tuple of vectors 1), ... x4~ € Z" which is included in the
count Ug.ppap(P/M)?, (P/M)@=D%=4) but not in Ngv, . ((P/M)°).

Since the (d — 1)-tuple (), ..., 2(@1) is counted by UB,Mdf((P/M)e, (P/M)(d=1)0=d),
the inequality |z(?| < (P/M)? holds for each i = 1,...,d — 1, and we have the bound

ly — mBMD (D) gl =Dy < (p/ar)d-D0~d, (8.12)

for some y € Z". Since the (d—1)-tuple (zV, ..., @) is not counted by Ng?ﬁdf((P/M)(’),

we must also have

ly = mBM D (@M D) > M| (PP (8.13)
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we use (8.12) and (8.13) to relate (P/M)? and |3|. It follows from (8.12) that either
ImBME) (W) 2Dy < (p/M)d-D—d (8.14)
or
(B-MF) (1) (d-1)y > L 1
MM (@D, D)) > 2 (3.15)
When (8.14) holds, then (8.13) implies

(P/M)(dfl)efd

\B'Mdf[d”oo < (P/M)(d*Q)b"

= (P/M)*, (8.16)

When on the other hand (8.15) holds, then the bound || < (P/M)? implies
ImBMU) (V) @) « |3 M| (P/M)EDe
and it follows by (8.15) that
18- M o > (P/a) =17, (8.17)
Either (8.16) or (8.17) holds. So by rearranging and applying (8.9) we infer
(P/M)™" <, max{P~|B| 71, | 8|77 M7}, (8.18)

We have shown that (8.11) implies (8.18).
Lemma 8.6 shows that for 6 € (0, 1] we have

Ug.gap (P/M), (P/M)=D074)

5(a+5;P;v;M)‘}2d

S (P/M)(d=1on min{}s(a;PQ'WM) ” P

(P/M)mte

We also have the assumption (8.8):

aux i
5.Mdf((P/M)9) < C’O(P/M>0((d 1n—20%)

This shows that (8.11) holds provided that 6 € (0, 1] and that

(P/M)Q((d—l)n—2d‘@”)

_ _ . (|S(a; Pyv; M) | S+ B; Pyv; M) |2
< Lp/M (d—1)0n ‘ ) y 475U, ’ 1
= Cl ( / ) mln{ (P/M)”+5 ) (P/M)n""e } (8 9)
for some C7 > 1 depending only on Cy,d,n and €. Define 6 by
. (|S(a; Pyo; M) | 1 S(a+ B; Pyv; M) |~/
P/M 0 _ 1/24% ‘ s Ly Uy ‘ y 4 U, 9
()’ = oy min{ |2 | Ay (8.20)
so that the inequality (8.19) holds. O
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We consider three cases.
The first case is when 6 < 0 holds. We can rule this out. If # < 0 then (8.20) gives

. S(a; Pyv; M)
mln{‘ ’,

(P/M)" e ﬂa+@waﬂH204m'

T ; (8.21)

To prove (8.10), we can assume without loss of generality that P/M >, 1 holds. But then
(8.21) is false, since |S(a; P;v; M)| < (P/M + 1)" by Definition 8.3.

The second case is when 0 < 6 < 1 holds. We saw above that in this case (8.11) and hence
(8.18) holds. Now (8.10) follows from (8.18) by substituting the value of  from (8.20) and
choosing C' to satisfy the bound C' >, 011/2«1.

The third and last case is when 6 > 1. In this case we have by (8.20) that

S(a+ B; P;v; M)
(P/M)nte

i {0

‘}<GW%mMr? (8.22)

Now for any ¢ > 0 we have max{(P/M)~%~1, tﬁ} > (P/M)~!, and hence
masc{ P48 |87 M) > (P/M) .
So (8.10) follows from (8.22) on choosing C such that C' > 011/2d holds.

8.4 Circle Method

In this section the circle method will be used to prove some upper bounds. Hardy and
Littlewood developed what is nowadays called Hardy-Littlewood circle method. Initially,
this method involved a contour integral over the unit circle, which explains the word circle.
However, in the modern formulation, exponential sums take over the role of the contour.

8.4.1 Notation for the Circle Method

We split the domain [0, 1]® into two regions. Let A € (0,1), we define the major arcs

a _
Mpas= | U H{aen)?:|a- 2| <mipr-dy,
geN  0<ai,...,ar<gq e
q<MAEPA (a1,....ar,q)=1

and the minor arcs
_ R
mpgs = [0,1]"\Mpgs.

For each [v]y € Qu, ¢ € N and a € ZF we set

Slav: M) =g N o2 f(My +v)).

ye{l,...,q}"

S(P;v; M) = Z Z Sq(a;v; M).
g<MIEPA qc{l,.,q}F
(a1,..,ar,q)=1
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For each v € R, set
Sur) = [ elr F(e)a

and let Pan
ey =, (M) S (Plar) da.
‘a‘SMdRPA_d
Further we set 5
PO dim(X™)
07 (d=1)2¢-1R’

where X* is the Birch singular locus defined as the variety consisting of all points « € C" for
which

Tk(%fx[j]( )>ij <k

)

We will always assume that dim(X*) < n — 1.

8.4.2 The Minor Arcs

Lemma 8.8. Suppose that the polynomials f; have integer coefficients and dim(X*) <n-1.
Let A,mp g5 and dg be as in §8.4.1 and let € > 0. Further let S(o; P;v; M) be as in Definition
8.3. Then we have

SUPqvemp 5 [ Pivs M| < (P/M)n—Adote

where the implicit constant depends only on f,d,n, R and €. The constant &g satisfies &g >

1
(d-1)24-R"

Proof. Let 0 < A’ < 1. We will use [13, Lemma 2.13|, which says that one of the following
holds:

() [ X yeznniens ela F(y)] g (P/M)"—8"%0te
(ii) there is a rational approximation a/q to o with a € Zgo and ¢ € N satisfying
(a,q) =1
o = | < CUED (/A
1<q< CRP/M™
where C' denotes the maximum of the absolute values of the coefficients of f. Let K be

any constant. By choosing A’ such that (P/M)»" = (P/M)*K, we deduce a variant of [13,
Lemma 2.13]; one of the following holds:

() [ X yeznnpansele @) <panrx (P/M)"=8%0%
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(ii) there is a rational approximation a/q to o with a € Zgo and ¢ € N satisfying
(a,q) =1
o= 2| < KCF(p/a) A~
q
1 <q< KCR(P/M)™.
Let o € mp 5. By the definition of the minor arcs we have that for all a € Zgo and ¢ € N
with (a,q) = 1 one of the following holds
g — a| > MARpA—dy or q > MEPA,
We have the inequalities
MdRPAqu > MdRPAfd
> MdRMA—d(P/M)A—d
> Md(R—l) (P/M)A—d
and
MdRPA > MdR(P/M)AMA
> ME(P/M)A.
So we have for all @ € Z&, and ¢ € N with (a,q) = 1 that
>0 q »q
lga — a| > MUE=D(p/p)A—d or q> MEP/M)A,

Now choose K = min{C'~# C~F} where C denotes the maximum of the absolute values
of the coefficients of f(x). Then we have for all a € Zgo and ¢ € N with (a,q) = 1 that

lga — a| > K(CM)UE-1) pA—d or q> (CM)IEPA,

Now we will apply the variant of [13, Lemma 2.13] on the polynomial f(Mx + v). We note
that if we replace f(z) by f(Mx + v) then C changes in M%C. Hence the variant of [13,
Lemma 2.13] gives

| Z e(a f(My +v))| <gdnrx PP20T
yeZ*"N(P/M)B

which proves the first statement. The second statement from the lemma follows directly from
the definition of §y and the assumption that dim(V*) <n — 1. O

8.4.3 The Major Arcs

Lemma 8.9. Suppose that the polynomials f; have integer coefficients. Let [v]y € Qar with
0<|v]| <M. Let A, Mpgs, Sec(v;v; M), Sy(a;v; M), &(P) and J(P) be as above. Then for
all a € ZF and all ¢ € N such that ¢ < P/M, we have

S(% + s ProiM) = 8y(a v 00)(57) "Sw(Ple) + 0(a(57) " (14 Pla)) (829
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and it follows that
/ S(a; Pyv; M) doe = S(P;v; M)J(P; M)
Mp,d,s
40 < Af1-n+3dR+2dR Pn—l+A(2R+3)—dR> (8.24)

We remark that in the case when a = 0 and ¢ = 1 equation (8.23) gives

Stas P M) = (1) S(Ple) +0((17)" (14 Plla)).

Proof. First observe that

S(g—l—a;P;v;M): Z e(g-f(Mx—i—v))e(a-f(Mw—l—v))

xeL™
Mz+vePB
a
= Y A% f0ayav) Y ela- fMaiv) (325)
1<y1,..,Yym<q 4 Mfffgps
x=y mod ¢

since if y = & mod g, then f(My + v) = f(Mx + v) mod g and there is a b € Z™ such that
f(My +v) = f(Mz + v) + gb; hence

e(% (F(My +v)) = e(% (F(Mz +v) + qb))) = e(% f(Mz +v)).

Observe that a - f(Mx 4+ v) = a - M2 fld(x) + O(M9|x|*!|a|). With Lemma 12.3 we see
that

e(o F(Maz +v)) = e(a- M (@) + O(M|* ! |ax]). (8.26)
By substituting (8.26) into (8.25) we get

5(3 + a; P;v; M)

= > el Syt 3 (el MU @) + O 2l a))

1§y177ym§q xeZ”

Mx+vePB
xr=y mod ¢
= Yt fryre) Y ela M)
1<y1....,ym <q Mfffgps
o=y mod ¢
P d—1
nyrd( =
+O<qM (M+1> |a|)
a
= Y ity ) Y elar M (@)
1<y1.ym<q Ma?vagPB
x=y mod ¢
P \n+td-1
af =
o () ) o
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If ¢ is any differentiable complex-valued function on R we have

ful<a/2 ful a2

Setting () = e(a - MLl (x)) gives

Y ela M)

Max+vePB
r=y mod q
_ —n d pld]
=gq Z /uE]R" e(a- Mfl%x +u))du
2ez"  |ul<q/2
Mxz+vePB
=y mod q
+ Z On(q max yeRrn |vue(a ' Mdf[d] (m + u))|)
i lul<q/2
Mz+vePB
x=y mod ¢
P n—1
— g . e ld] —-n —
=q / . e(a- M f%(u))du+¢q On<q<M—i—q> )
Mu+vePB
+ > Ou(amax yew Mld(+u)a)
ez ‘U‘SQ/z
Mz+vePB
=y mod q
— g e(oc- ML (w)) dus
ueR™
Mu+vePB
P \n P q d—1 _ P n—1
ar) MG 1+3) () )
+O”’d<<qM> q M—i— —1—2 la] + g M—l—q
— g e(oc- ML (w)) dus
ueR’!l
Mu+vePB
_ P\ n+d-1 _ P\n—1
+On,d<q1 nMd(ﬁ) | + ¢ n(ﬂ) >7 (8.28)

1

where the error term q(% + ¢)" ! occurs since it can happen that >° zezn [ yern inte-

i i
grates over a larger box than only (PB+wv)/M. In the worst case all sides of (PB+wv)/M are
increased by length ¢/2. This extension increases the value of the integral over (PB + v)/M
at most with n - 2%(% +q)" L

Substituting (8.28) into (8.27) and using S,(a;v; M) = O(1) shows

S(g—ka;P;v;M)
q

=Saoa( [ e M) dut 0 (o (3) T el +a(15)"))
Mu+vePB
+ O(Md<§>n+d_l|a|>.
:Sq(a,;v;M) e E(Q'Mdf[d](u)) du+0<qu<JZ)n+dfl|a| +q<§>n71)
Mu+vePB

33



Setting Mu + v = Pt and using the definition of Sy () from §8.4.1 we conclude

S(g—i-a;P;v;M)
q

= S,(a;v; M) (%)" /teB e(a- PLFIA(8)) dt + ()(q(%)"*lu + Pllal))

= Sy(a;v; M) (%)nsoo(Pda) + O(q<§>n_l(1 +Plal)).

which proves (8.23). We will now use equation (8.23) and the definition of Mpgs (§8.4.1) to
prove (8.24).

/ S(a; P;v; M) de
Mp,d,s

- ¥ 3 / S(a; P;v; M) dex

a dR pA—d
qeN 0<ay,... aR<q g|sMenP

q<MIRPA (a1,.. ,aR,q)

a
- 2 2 /lmszwdRpAdS(ﬂJrq’P’U’M)dﬁ

qeN 0<ai,...,ar<q
q<MAIEPA (ai,...,ar,q)=1

-y ¥ / s Sylarv; M) (1) S (P) 43

qeN 0<ay,. aR<q
q<MAIRPA (ay,.. ,aR,Q)

+O< Z Z /ﬂ<MdRpAd %)nil(lePdWDdﬁ)

qeN 0<art,.. aR<q
g<MEPA (a1,...ar,q

= &(P;v; M)3(P; M)
—l—O( Z Z /,3<MdRPA a %)"—1(1+Pd|ﬁ\)dﬁ). (8.29)

qeN 0<ai,.. aR<q
g<MAIEPA (ai,....ar,q)=
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We have

O< Z Z /5<MdRpAd %)n71(1+Pd|'B|)dB>

qeN 0<ary,. aR<q
q<MAEPA (ay,.. aR7

P\n—1
-o( ¥ | (3:)" (+ PUB)ap)
qeN ﬁ|<MdRpA d
q<MAIEpA
g+ Pyn-l dR pA
:0 S (—) (1+ MIRP )dﬂ)
N |B|<MdR pA- d M
q<MIEpA
P\n-1 2
:O( Z qR+1<7) NfdR+dR PAJr(Afd)R)
qeN M
qSMdRPA

=0 ((MdRpA + 1)R+2M1_n+dR+d32 Pn—1+A+(A—d)R)

-0 ( Af1-n+3dR+2dR Pn—1+A(2R+3)—dR> ' (8.30)

Here we used Lemma 12.4 in the second last step. Combining (8.29) and (8.30) completes

the proof. O

Lemma 8.10. Let [v]yy € Qu and let B be the box [0.1)F and let S,(a) be as in §8.4.1.
Suppose the polynomials f; have integer coefficients and dim(v*) <n-—1. Let ¢ > 0 and
C > 1 such that the bound (8.10) in Lemma 8.7 holds. Then:

(i) There is € > 0 such that € = Og(€) and

d€ C—e

min{|S,(a; v; M)|, |Sq/(a’;v;M)\} <o (@ +q)*Mi-1|% — &|'d-T (8.31)

<
Q

for all a,a’ € {1,...,q}* such that il

(i1) If € > €, then for allt > 0 and gy € N we have

(d—1R

#{2€Q"n[0,1)": ¢ < qo.[Sy(a;v; M) >t} <c M~ (gyt)” e,

where % are in lowest terms.

(iii) Let &g asin §8.4.1 and let €’ > 0. For all ¢ € N and all a € Z® such that (a1, ..., a,,q) =

1, we have
|Sq(a;v; M)| <en M AHRd0 =o€

(iv) Let A and &(P) as in §8.4.1. Suppose that € is sufficiently small in terms of €, d and
R. Provided the inequality € > (d — 1)R holds, we have

S(P;v; M) — 6(v; M) g P40 MAREGI—D) (8.32)
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for some &(v; M) € C and some §1 > 0 depending at most on €, d and R. We have
S(v; M) >0 and

. 1 kin .
p
fi(Mb+v)=0,..., frR(Mb+v) =0 mod p*} (8.33)
where the product is over the primes p and converges absolutely.

Proof. Proof of part (i). Let P/M be a parameter, to be chosen later. Then (8.10) gives

S(a+ B; P;v; M)

| S(c; Pyv; M)
mln{} ’,

|} < Cmax{p-9i8)1, 1|7 MY

(P/M)mte (P/M)rte
(8.34)
Since B = [0.1]" the equality S (0) = 1 holds, ans so (8.23) implies that
S(g; Piv; M) 4
My Sq(a; v; M) + O(q(P/M) ™), (8.35)
S(%; Pyv; M) - , .
P = Sq(a’;v; M)+ O(¢'(P/M)™). (8.36)

Together (8.34), (8.35) and (8.36) yield
min{S,(a; v; M), Sy (a; Piw; M)} < C(P/M)“P~"|% — 2|7%

+ C(P/MY|% — &[5 M + O((q' + q)(P/M) )

’ €
Observe that for P sufficiently large the term C(P/M)*| 2 — ¢[M T dominates the right-hand

side. We claim that this is the case for
P/M =(qd +q)|% — 2| 1.

Indeed, since ]Z—,/ — 2] < 11it follows that

By again substituting our choice for P/M we see

min{Sy(a;v; M), Sy (a’; P;v; M)} <o (¢ +q)|% — & a 1) Ma-1|% — &[T

€d ’ 6
<o (q + MET|E - 2ja T

By choosing ¢ = %e = O¢(€), statement (i) follows.
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Proof of part (ii). If € < % is small, then by part (i), the points in the set
{2cQ™n0,1)": ¢ < qo,|S(a;v; M)| >t}

are seperated by caps of size

/ d—1
L — 2| > (tgy M)
d—1 €

At most OC((M*dR(qaet)_%) such points fit in the box [0, 1)f, proving the claim.

Proof of part (iii). The bound follows from [13, Lemma 2.14].

Proof of part (iv). With a/q we mean (%1, e QTR) where a € Z%, ¢ € Nand (ay,...,ag,q) =
1. It is sufficient to show that

s@Q) = |Sy(a;viM)| <o MR (QM R0, (8.37)
a/qel0,)E
Q<q<2Q

for all @ > 1 and some ¢; depending only on %, d and R, since if (8.37), then

IG(P;U;M) - > Sq(a;v;M)( < Y ISy(a;v; M)
a/q€l0,1) a/q€l0,1)F
q>PAMdR

)

QZQICPAMdR
k=0,1,...
o0
<cw Z M—dR(QkPAMdRM—MR)—él
k=0
<<ch M—dRP—A(Sl MdR(51
<Lcw P—A51MdR((51—1)
which proves (8.32) with &(v; M) = >~ /ci0,1)7 Sq(@;v; M), where this sum is absolutely
converges since

> SylavsM)y= > Syla;v; M)+ > s(Q)

a/qel0,1)7 a/qel0, )R Q=2"
q=1 k=0,1,...
<<C(ff 1 + Z M*dR2751kM2dR51
k=0,1,...

<<C'((a” 1 + MdR(Q(;lfl).

Then (8.33) follows as in §7 of Birch [5], and &(v; M) > 0 follows from Myerson [20, Theorem
1.3].
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We will now prove (8.37). Let | € Z. We have

o
s(Q) = > |S(a;v; M)+ > |Sq(a; v; M)
a/qe0,1)" =l a/qe0,1)"
|Sq(asv;M)[>27 27>|Sy(a;v; M) | >27 1
Q<q<2Q Q<q<2Q

a _
< #{E e Qfn [0, 1)R 1q <2Q,|Sq(a;v; M)| > 2 l} - Sup,~q |Sq(a; v; M)
+3 #{g € QRN [0,1)% : ¢ <2Q,|S,(a;v; M)| > 271} . 27, (8.38)
i=l
Now parts (ii) and (iii) show that
a _ AR R R dR
#{5 €Q'N0,1)": ¢ <2Q, |5 (a;v; M)| = t} ¢ (QF) - M
and that
sup,~q |Sq(a; v; M)| < Q%0/2 R,
Substituting these bounds into (8.38) gives
S(Q) < M—dRQOg(e)—(So/QMdR502l(dcg_%2/R + M—dRQO%(E) 22(1+1)((1<;%)6R*1

1=l

We have ¢ > (d—1)R and we have assumed that ¢ is small in terms of €, d and R, so we may
assume that the bound € > (d — 1)R + €' holds. So we may sum the geometric progression
to find that

(d-1)

€ —e

§(Q) < MURQOe G (ool R 4 gty
Picking [ = LlogQ(Q‘so/QM_dRéo)J shows that

‘Lo(<d—1)371>
S(Q) <<C,‘K M—dRQO%(E)(QM—QdR) 2 \ (¢-9 '

We have dg > m, by Lemma 8.8. As € is small in terms of %, d and R it follows that
s(Q) <cw M —ARQ=0 A f2dR% for some §; > 0 depending only on %, d and R. This proves
(8.38). O

Lemma 8.11. Let C, % and € be as in Lemma 8.7.
(i) For all v € R® we have
Soo(7) < |77, (8:39)
for some € = Oy (e).

(i1) If the conclusion of part (i) holds and € — ¢ > R, then there exists a complex number
J € C such that for all P > 1 we have

M 3Py M) — 3 <o PAEE R ARG~ —R), (8.40)
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Furthermore we have J > 0 and

N 1 . 1 ] 1 4] 1

where M-} denotes the Lebesgue measure.

Proof of part (i). For this part we set M = 1 and we will use the bound (8.10) and (8.23) to
find a bound for Sy (7). First, for all 3 € RE we have |S(3; P;v; M)| < S(0; P;v; M), from
Definition 8.3. Taking o = 0,3 = P~%y in (8.10) shows that

[S(P~; Py M)| < CP™ maxy| ™, P77 || 71}7.

If we take @ = 0,¢ = 1, = P~ % in (8.23) we have

S(P~%; Pywv; M) = P"Soo(y) + O(P" (1 + 7))
Combining these equality’s gives

e 1 p—34 a7 E ~1 ~1
Soc(7) K¢ Pfmax{ly|™, PT#T|y[T T} + P70 + P |y (8.42)
If we have |v| <1, then we choose P = 1. We then have
1 || T %
Soo(7) <o max{|y[7, [v[TT} +1+ [y < |7

Hence (i) follows. Otherwise we put P = |v|'T%. We then have

|—1—(5

e -1 p—74 (1€ -
Soo(7) <o P max{|y|”", P~ &1 |y|a-1}° + |y + 17

< 2|7‘—(5+(1+(5)e'

If we set € = (1 + %)e = Og(e), then (ii) follows.
Proof of part (ii). By the definition of J(P; M) in §8.4.1 we have

arn = [ PR () dy.
|7|§PAM¢1R

If the inequality € — ¢’ > R holds, then by (8.39) we have

M S(PM) — 3 = / See() dy
|"/|>PAMdR
g o PAEER) ARG~ -R)

where the integrals converge absolutely. This proves (8.40) with

J= / Seo () d.
~vERE

Now (8.41) follows from Myerson [20, Lemma 2.6], where again it is important to note that
our definition of S, coincides with the definition of S, in Myerson. Lastely, J > 0 follows
from Myerson [20, Theorem 1.3]. O
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8.5 Proof of Theorem 1.4

In this section we deduce Theorem 1.4. For that we need two technical lemmas. The proof
of the first one can be found in Myerson [20, Lemma 2.1]. The second lemma is a variant of
Myerson [20, Lemma 2.2], which we will prove below. After that, in §8.5.2 we prove the main
theorem of this section, Theorem 1.4.

8.5.1 Some Technical Lemmas

We show that the bound (8.10) implies an upper bound for the integral of the function
S(a; Pv; M) over any bounded measurable set. Miiller [19] and Bentkus and Gotze [3],[4]
previously used similar ideas to treat quadratic forms with real coefficients. This was a main
motivation in the work of Myerson [20].

Lemma 8.12. (Myerson [20, Lemma 2.1]).

Let 1 : (0,00) — (0,00) be a strictly decreasing bijection, and let ro : (0,00) — (0,00) be
a strictly increasing bijection. Write rl_l and r2_1 for the inverses of these maps. Let w > 0
and let Ey be a hypercube in RF whose sides are of length w and parallel to the coordinate
azes. Let E be a measurable subset of Ey and let ¢ : E — [0,00) be a measurable function.
Suppose that for all a, B € R such that a € F and oo + B € E, we have

min{ip(e), (e + @)} < max {7 (18]). 73 (18]} (8.43)

Then, for any integers k and | with k <[, we have

-1

[ #ta) da <ruti+ 22(m{g§w})R

wry(2Y) R
* (i ay) Sece @) (5.49

where the implied constant depends only on R.
We see that (8.43) looks a lot like (8.10). We will see below that if we choose

_|S(e; Pyv; M)

o)=L @=L =0 M

that then (8.43) and (8.10) becomes identical. This will enable us to apply Lemma 8.12

to bound the integral fmpd S(a; Pyv; M), where mpgs is a set of minor arcs on which

,d, 0
S(a; P;v; M) is somehwat small.
Lemma 8.13. (Myerson [20, Lemma 2.2]). Let T be a complex valued measurable function

on RE. Let Ey be a hypercube in RE whose sides are length w and parallel to the coordinate
azes, and let E be a measurable subset of Ey. Suppose that the inequality

T(a+PB)
(P/M)™

min {| (g/(z\of)n

9

b < max{P~Y|a~, |B|7T AT} (8.45)

40



holds for some P > 1 and € > 0 and all o, B € RE. Suppose that € > dR and that
supaep [T(a)| < (P/M)"° (8.46)
for some 6 > 0. Then we have
T ()]
————— da
/E(P/M "
<4 dR wR(P/M)—dR—é(l—dR/‘f) + P—dR(P/M)—(S(l—R/%”). (8.47)

Corollary 8.13.1. If in addition in Theorem 8.13 we have w = 1, then (8.47) becomes

T(«x —dR—6(1—dR /%
/E (’P/(M))LL do <gan (P/M)-1R-00-dR/€)

Proof. We have
MdR(P/M)chR/%’ > (P/M)éR/%”

Multiplying both sides with P~%R(P/M)~% gives

(P/M)de(P/M)fé(lde/%) > Pde(P/M)fE(lfR/%)’
which proves the claim. ]
Proof of Lemma 8.13. We want to apply Lemma 8.12, in particular we want to choose T'(cx),

r1 and ro in such a way that the bound (8.43) follows from (8.45). It is an obvious choice to

take p(a) = (E/(]\a/[))L We now only have to choose r; and 73 in a smart way. We want that

L8N = (P81 (8.48)
ry ' (18)) = (M7 8|71)7. (8.49)

For deducing a formula for r; we set t = (P~%3|7')%. Rewriting gives |3| = P~ 1/7,
Then (8.48) is equivalent to

n(t) =18 = P

a1
For deducing a formula for 75 we set t = (M @-1|3|7-1)¢. Rewriting gives |3] = M ~(d=1/%
Then (8.49) is equivalent to

ra(t) = |8 = M1/

Hence we choose

_ |T(a)]

ola) = PhD r(t) =t V/€p ro(t) = t% M1, (8.50)

noting that the bound (8.43) then follows from (8.45). Clearly 7 is a strictly decreasing
bijection and r9 is a strictly increasing bijection. It remains to choose the parameters k£ and
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[ from (8.44). We will choose these so that the right-hand side of (8.44) is dominated by the
sum Zé;i, rather than either of the other two terms. More precisely, take
k= |logy(P/M) |, 1= [logy(P/00)~]

Observing that
(P/M) <2k <(P/M)C,  (P/M)° <2 < 2(P/M)7O. (8.51)

We may assume that ¢’ > 4, for otherwise we have the bound [, T(a) da < wf(P/M)"~0
which follows from (8.46), is stronger than the bound (8.47). We then have k <l and so we
can apply Lemma 8.12. Substituting in our choises (8.50) for the parameters yields

-1

) Pfdzfi/% R
/ (]T(a)| da < whtok + Z?’( - Y . >
i=k

g (P/M)™ min{ M —d2(d=1)i/% 1y}

< wP—d2—l/‘ﬁ

R
min{ M —d2(d-1Di/% w}> SUpaer P(), (8.52)

By (8.46) and (8.51) we have sup,cp (‘;;F/(A'}))l < 2!, and so we may extend the sum in (8.52)

from ZZ i to Zi:k to obtain

T(a)] ok ; vpPd2=i/% i
/ (P/anyr X SRV +§2 min{ M —420d=1i/% )}

Since

P—d2—i/‘z¢”
min{ M —42(d=1)i/€ 4}
< (P/M)—d2—di/%” + w—lp—d2—i/(5

< P*d2fd’i/%”Md + w*lp*d2fi/‘f

we deduce that

[ O o e S pyar - 3 g, (55
i=k i=k

Note that l
Z Qi =dR/E) o ) o 9l 1=dR/)
1=k

and l
S 2RI g AI-R/E),
i=k

Recall from (8.51) that we have 2! < 2(P/M)~%. It follows that

l
Z 2i(1—dR/(za”) <4dR (P/M)—é(l—dR/(ﬁ)
i=k
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and
!

2211 R/%) <<ng(P/M) o(1— R/(é’)
i=k

Substituting these bounds in (8.53) gives

T(a)]
- da
/E (P/M)"
<gan w2k 4 wl(P/M)~E (P /M)A AR/E) | pmdR(p/pr)—0U-R/E)
Lastly we have the bound 2¥ < (P/M)~% from (8.51) and we have —%¢ < —dR, hence
T(a)]
- da
/E(P/M)”
<L%.dR wR(P/M)Jg + wR(P/M)*dR*‘;(l*dR/‘f) + P*dR(P/M)fé(lfR/%))
Lg.ar wHP/M)"E0A=dR/E) o p=dR(p/p)=0(1=R/F)

which completes the proof. O

8.5.2 Proof of Theorem 1.4

Theorem 1.4. Let f; € Zlx1,...,xy,) be quadratic forms with n > 2 and integer coefficients
and dlm(X*) n — 1. Suppose

Nauz( ) < COB(d—l)n—Zd(f
for some Cy > 1,%4 > dR and all B € R% and B > 1. For all P > M we have

NPQy)= > (36(; M)P B M " 4 0P~ =0 p—+02)),

[v]a €Qnr

where the implied constant depends at most on Cy, € and the f;, and § and do are positive
constants depending at most on €,d and R.

Proof of Theorem 1.4. Let (P/M) > 1 and A = By Lemma 8.4 we have

4R+6

N(P, Q) = / anM)da+/ S(a;P;v;M)da),
mpd.s

’UEQ]M 9ﬁP,d,é
where mp 45 and Mp g s are defined as in §8.4.1. We apply Lemma 8.13 with

P\ —c¢
T(a) = c—l(ﬁ> S(o; Pyv; M), Eo=[0,1]%, E=mpgs 6= Ad.

Lemma 8.7 then gives

d

e } < max(P~4|8| |7 Ay

) T(ax+ B)
mm{‘ (P/M)" I’

(P/M)"
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Hence with these choices (8.45) holds. Lemma 8.8 shows that Supgep,, ,  CT(0r) < (P/M)"~0,
and after increasing C' if necessary this gives us (8.46). This verifies the hypotheses of Lemma
8.13. Now Corollary 8.13.1 gives

/ S(o; P;v; M) do <cip (P/M )P 4R-00(1—)te (8.54)
mp 4.5
For the major arcs, since A = ﬁ we have by Lemma 8.9 that
/ S(o; Pyv; M) doo = S(P;v; M)J(P; M)
Mp,d,s

L0 (Pndef%lenJrBdRJerRQ) 7 (8.55)

where &(P;v; M) and J(P; M) are defined as in §8.4.1.

Since € > dR holds, dim(V*) < n — 1, and € is small in terms of €, d and R, both of
Lemmas 8.10 and 8.11 apply. We have J = O(1), &(v; M) = O(M*ERH=1)) " Now (8.32)
from Lemma 8.10 and (8.40) from Lemma 8.11 shows that

PR NS (P vy M)J(P; M)

_ (3 + 0%70(P*A(%*E/*R)M*dR((gfélfR)))(6(,0; M) + 0%70(P7A61 MdR(élfl)))
36(’0, M) + O(g,C(P—A(Sl MdR(51—1)) + 0%)70(P—A((f—e'—R)M—dR(‘f—e’—R)MdR@(Sl—1))
— 36(’0, M) + O%’C(P_A(SlMdR(dl_l) + P—A(%”—R)/QMdR(251—1+(R—%)/2))’ (856)

where ¢; > 0 depends at most on %, d and R. Combining (8.54), (8.55) and (8.56) gives
N(P, ['U]M) — 36(’0; M)Pndean + 0%70( + PndefAél anerR(élfl)
4 pr—dR—A(E—R)/2 ) r—n-+dR(261—1+(R—6) /2)
4 pr—dR—g pr—n+1+3dR+2dR?
+ Pn—dR—A(sOu—%)M—n+dR+A50(1—%)+s)

Let

5 = min{Ad, A% —R)/2 % A50(1—%)}

and

d
5y = max{R(6; — 1), dR(261—1+(R—%)/2), 1+3dR+2dR?, dR+A60(1—$)+e}.

Then
N(P7 [v]ar) = IS (v; M)Pn—dRM—n + 06570(Pn_dR_5M_n+62),

which proves the theorem. ]
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9 Sieving on System of Quadrics: Proof of Theorem 1.3

Now we have a bound for Z(f(P7 Qar), we can use this to plug this into Selberg’s sieve to
find an upper bound for N(P,2). We use the same notation as in section 7 and 8. So let
Fy,...,Fg € Z[xo,...,x,) be quadratics with n > 2, X the corresponding projective variety
and a, and Ay as in section 7.

Definition 9.1. Let or be the element of {0,...,n} defined by
or = 1 + maxgegr (o} dim Sing V(B - F),
and V(B - F) is the hypersurface cut out in Pg by f1F1 + ...+ BrFr =0.

Theorem 9.2. Assume dimX = n — R, dim(X*) < n — 1 (X* defined in §8.4.1) and
n+1—or >8R. LetJ be as in Theorem 1.4 and

. 1 .
O'p :hmk_)oo Zm#{be {1,2,...,pk} +1 . F(b) EOmOdpk}
Then

#QP’" +1-2R~ +1-2R—6 jm(—n—14+82) 4 A

— 1— P P m(—n 2 Q¢

Ad 1;[ ( X(#Z/me)) "1}"?*0( d #2n)
p m

Proof. We let € = W%"R. Then
NE#(B) < CoB™H171¢

for some Cp > 1 and all B € R and B > 1 will follow from the proof of Theorem 1.2 in [20].
Theorem 1.4 now gives

Ay = Z ap = Z (36(’0; dm>Pn+1—2Rd—m(n+1) + O(Pn+1—2R—6dm(—(n+1)+62)))'

dln [v]4m €05,

To simplify the notation let M = d™. Define
) 1
O'p(’U, M) = hmk_ﬂ)o Zm#{b € {]., 2, e 7pk3}n+1 : F(Mb + 'U) = Omodpk}

Note 0,,(0,1) = 0,,. Let

op(v, M) . _
gld)= > H%M L
veQs, pIM b

and

X = Pn+1_2R3 H Op
p
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For pt M we have o,(v, M) = o), since b € (Z\p*Z)"*! runs over the same elements as
Mb + v € (Z\p*Z)"*+'. Moreover by lemma 8.10 we have &(v; M) = [1, op(v, M). Hence

g(d)X = Z H“p” M) N1 pn+l-2R~ ng

veQs, pld
— Z HUP(U7M)M7H71PH+1*2R3
veQg, P
= Y (v M)M Py,
veﬂj{
So it suffices to prove that g(d) = [, <1 - %). We will use that for all

pld we have #X(Z/p"Z) = #X(Z/pZ) - ptDOH=E) and o, = X(Z/pZ) - p~ "1~ 5) and
Z[ e, op(v, M) = mR#QICJm, which follow from a quantitative version of Hensel’s lemma
8, Lemma 2.1]. We have

g(d) _ Z H UP v, M —(n+1)m

'UEQ']:M p|M

_ H UGQC op(v, M) —(n+1)m+(n+1—-R)

#X(Z/pZ)
_ H #QC (n+1)m+(n+1—R)+mR
#X Z/pZ
_ H #Q m —(m—=1)(n+1-R)
Lox@mo)
o H ( #Q m )
s X#L/PTI)

Recall the definition of the density function from (1.3)
___#m

#X(Z/pmZ)
Also, recall Theorem 1.3.

Wp

Theorem 1.3. Assume that X C P"(Q) is a smooth variety defined by the quadratics
Fy, ..., Fr with integer coefficients, dimX =n — R, dim(X*) <n—1andn+1—or > 8R.
Let m € N and let Qpm C X(Z/p™Z) for each prime p. Assume that

0<w, <1
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Then for every & > 1 and any € > 0, we have
n+1-2R

N(Pa Q) <<X,6 W + Pn+1—2R—5§2m62+2+6’

where

10 = wem ] (12 )

k<€ plk

Proof. Recall from section 7 that

The main term follows from combining Theorem 9.2 and applying Selberg’s sieve as in The-

orem 3.1. For the error term we have

[R(A A < Y ms(d)lra(A)]

Taking the trivial bound 73(d) < d¥/? and summing over d < £2, we see

|R(A, AQ) | <x e P"+1*23*5§2m52+2+67

which completes the proof.

47



10 Thin Sets: Proof of Theorem 1.2

An application of the asymptotic formula for N (P, Q) is found when we try to count points
in a thin subset. Our aim in this section is to prove Theorem 1.2. First we give the definition
of thin sets from [22, §3.1].

Definition 10.1. Let X be an integral variety over a field F'. A type I thin subset is a set of
the form Z(F) C X(F), where Z is a closed subvariety with Z # X. A type I thin subset is
a set of the form n(Y (F)), where 7 : Y — X is a generically finite dominant morphism with
degm > 2 and Y geometrically integral. A thin subset is a subset contained in a finite union
of thin subsets of type I and I1.

An example of a thin set of type I is the zero set of 2 — y? in P}(Q). An example of a
thin set of type II is the set of all squares Q, i.e. the image of Q of the map from Q to Q
defined as z — 2.

Let us recall Theorem 1.2.

Theorem 1.2. Let X(Q) C P*(Q) be a smooth variety defined by the quadratics F, ..., Fgr
with integer coefficients. Suppose dim X =n — R, dim X*<n—-1andn+1—og > 8R. Let
T C X(Q) be a thin set. Then there exists 0, > 0 such that

#{x e Y :|z| < P} <y x PHIT2E0n

There is a similar result for only one quadratic, proved by Browning and Loughran [8, Th.
1.8]. The proof of Theorem 1.2 is based on that one. We will see below that 6,, < §/(2mdy+3)
is admissible. To prove Theorem 1.2, we require information on thin sets modulo p.

Lemma 10.2. Let X — SpecZ be a smooth integral finite type scheme of relative dimension
n and Y C X(Z) be thin in X(Q).

o If Y has type I then #(Y modp) <y p"~!

o If Y has type II, then there exists a finite Galois extension Qy/Q and a constant
ey € (0,1) such that for all primes p which split completely in Qy we have #(Y mod p) <
cxp” + Oy (p" /).

Proof. The first part follows from applying the Lang—Weil estimates [15] to each component
of the closure of Y. The second part is [22, Theorem 3.6.2]. O

Proof of Theorem 1.2. To prove Theorem 1.2, it suffices to consider thin sets of type I and
I1I. We begin with type I1. By Lemma 10.2 there is a set of primes P of positive natural
density € and a constant ¢ € (0, 1), such that for each p € P we have

#(Tmodp) < ep™ ! + O (p" /).

48



Taking m = 1 in w), for each p € P gives

#(Tmodp) _ #(Tmodp)

=1
o X(z/pz) ~ pn
cpn—l +OT(p”_3/2)
pn—l

>1— >1-—c+0x(p'?

It follows that there exists n < (1 — ¢)/c such that

Wp
>
1 —w, — g
for large enough p € P. Let P° denote the set of such p € P. An application of [8, Lemma
3.11] now yields

JEO = > (@ >y x £log )M >y x €176
a<§
pla=peP®
for any € > 0 and where we denote w(a) for the number of primes dividing a. Now it follows
from Theorem 1.3 that

#{zx e :|z| < P} Ky x, £ PHIT2R | prfl-2R=0c2moxt2te

Balancing the terms by choosing ¢ = P with 6, = §/(2mds + 3), gives the statement for
thin sets of type I1.

For thin sets of type I, we let Z C X be a Zariski closed subset with Z # X. For any
prime p, Lemma 10.2 implies that Z(F,) < c¢p" 2, for some ¢ = ¢(Z) > 0. Then w, > 1—cp~?

ant it follows that .

W 1—cp™

l—wp, = cpt

— 1.

p
c

A further application of [8, Lemma 3.11] now implies that J(&£) >, x €27 for all € > 0. We
complete the proof by the same argument as above. O
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11 Almost primes

Let B be a fixed finite set of primes. An application of Theorem 9.2 is found when we try to
count the following set

{x €Z"|x € PB,F(x)=0,21---x, € P.(B)},

where P, (B) is the set of positive integers with at most r prime divisors outside B. If

=Y 1 (11.1)

x€Z"NPB
F(x)=0
N=x1Tn
then
Y an={xeZ'we PB F(x)=02 -, € P(B)}.
neP.(B)

In general, to estimate ). y<r Gn We need to know how A is distributed, i.e. for each

w(n
square-free d for which (d, B) = 1 we need a formula for

Ai= Y an={z€Z'"xc PB F(x)=0dx .}
n=0(mod d)

Just as in section 3 we write
|.Ad| = WdX — Rd,

where X is an approximation to |A;| = |A] and wy is a non-negative multiplicative function
satisfying
w1 = 1;
0<w,<1, ifpgB (11.2)
wp =0, ifpe B.

Suppose for fixed (independent of z, z1) constants k > 1 and A > 2 we have

I1 (1—wp)*1g(logz)ﬁ<1+ A ) for 2 < 2 < z. (11.3)

log z log z
s <p<z gz1 gz1

The term wyX s considered as an approximation to |Ay4|, and therefore we suppose that the
errors Ry are small on average, i.e. for some constants 7 with 0 < 7 < 0, A1 > 1, and As > 2,

y X

> p?(d)4" | Ry| < A

d<XTlog=41 X 08
(d,B)=1

(11.4)

where v denotes the number of prime factors of d. Before we can state the two essential
theorems for the problem we discuss , we introduce another constant, p, by

maxg, e n < X,
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Note that in our sieving problem we have a; = 0 if [ > P™.

To give an lower bound for }_ . <, an, we need two theorems from Diamond and Hal-

w(n)
berstam [10]. In the first one we introduce the number 3,, which we will use in the second
one.

Theorem 11.1. (Diamond and Halberstam [10, Theorem 0]). Let k > 1 be given, and let
ox(u) be the continuous of the differential-difference problem

{,u””a(u) = A for0<u<2, A, = (2)T'(k+1),

(u"o(u)) = —ku""lo(u—2), for2 < u;
here v denotes the Euler constant. Then there exist two number a, and B satisfying
g = P = 2
such that the simultaneous differential-difference system

F(u) =1/0,(u) for 0 <u < a,,
f(u) =0 for 0 <u < fy,
(ufF(u)) = kuLf(u—1) foru> a,
(uf(u)) = ku"1F(u—1) foru> By

has continuous solutions Fy(u) and f.(u) with the properties that
F.(u)y=14+0(e"), felu)=1+0(e"),

and that Fy(u) and fi(u) respectively, decreases and increases monotonically towards 1 as
U — 00.

Theorem 11.2. (Diamond and Halberstam [10, Theorem 1]). Let A and B described as
above, in particular (11.2), (11.3) and (11.4) hold. For any two real numbers u and v satis-

fying
1
—<u<wv, pBg<TV
-

we have

Z an > X H (1—wp)

w(n)<r p<X1/v

provided that

v/u d
K u \ ds
T>TMU_1+fH(Tv)/1 F,$<T’U—S)(1—ES)?.

Theorem 1.6. Let F is a system of R linear independent quatrics in n variables and integer
coefficients. Assume dim(X*) <n—1 andn+1—og > 8R. Let J,0p be as in Theorem 9.2,

QO ={xec(Z/pZ)" : F(x) =0,21-- -z, =0 mod p}

o1



and Qp be as in Section 2. Let B be the set of primes for which #$, = 0. Let a, described
as in (11.1) and assume (11.2), (11.3) and (11.4) hold. For any two reals numbers u and v
satisfying

1

—<u<v, PBu<Tl

-

we have )
Q

DRTE Ll | N | =

w(n)<r P p<(Pn=2R3 [T, 0p)1/ (Z/pZ)

provided that

v/u d
K u \ ds
7“>7',uu—1—|—fﬁ(ﬂ))/1 FN(TU—S)(l—;S)?.

Proof. Combing the previous theorem with Theorem 9.2 with m = 1 gives the result. O

Corollary 11.2.1. If in addition to Theorem 1.6 we have

Q
pr—2R H X:,Z pZ > P€ (115)
p<(P=2R3T], 0p)1/" (Z/pZ)

for some € > 0, we know that there are infinitely many solution for F(x) = 0 where x is

r-almost prime.
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12 Appendix

We will often use the following lemmas.
Lemma 12.1. Let k € N. If f(z) < g(x), then
(f(x) + g(2)* < g(x)".

Proof. Let xg,C > 0 such that |f(z)| < Cg(z) for all z > xg. Expanding (f(z)+ g(z))* gives

k

k
k_ k i < k—1i k:
(1(0) + o) =3 (§)atrs } j (§)eratar,
for & > xg, which proves the lemma. ]

Lemma 12.2. Let d € N and T a finite subset of N. Suppose for all i € T we have \; € C,

then
A D N

€L i€
Proof. We have

ol < (D )"

i€l €T

After expanding the latter one we can bound every term |\;; A, - - - Ai, | by (max1<]<d{|)\lj 1.
Let k € Z, then there are at most (#Z)%! terms of the form |\;, Ai, -+ Ai,_, Ag| for which
maxi<j<d-1{[Ai; [, [Ar[} = [Ax]. Hence

(ST < DY I

i€T i€
O
Lemma 12.3. If h € R, then for every x € R we have
le(x) —e(x + h)| < |h].
Proof. First we note that |1 —e(h)| = |e ( )| - |1 —e(h)| = |e(z) — e(z + h)|, so we only need

to show that |1 — e(h)| < |h|. If |h| > &, then |1 — e(h)| < 2 < 8x|h|. If [h| < L consider

the power series of 1 — e(h);

‘ io: 2mh

n=1

i 27|h|)™
n=1

< @)Y ()" < Inl

n=0

|1 —e(h
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Lemma 12.4. Let m € N and @ € R, then

> @ =0@"
zeN
<@

Proof. We have

Q
Sams [Tam =@

zeN
r<Q
O
Remark 12.5. One can easily modify the proof and prove a similar statement for m € Q.
m+1
Also, something stronger holds: Q™ ~ > ,en 2™ as Q — o0, i.e. limg_ o0 ﬁ =
z<Q z<Q?T

o4
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