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Abstract

The main topics of this thesis are Noether’s problem and the existence of generic polynomials. These
problems are both related to the inverse Galois problem, which asks the question whether every
finite group is isomorphic to the Galois group of a Galois extension over Q. We solved Noether’s
problem and found generic polynomials for the subgroups of S, for n < 4 and the quaternion group
of order 8. Moreover, we established generic polyomials for the cyclic groups of odd order and
discussed their existence for some other groups such as the dihedral groups of odd order, p-groups
and Frobenius groups. We also worked out a counterexample for Noether’s problem, namely the
cyclic group of order 8.
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1 Introduction

Mathematicians have studied equations and their solutions through the ages. In the 18th century
recipes were known for solving the general quadratic, cubic or quartic equation in radicals. A recipe
to solve the general quintic equation in radicals does not exist and the mathematician Abel was
in 1824 the first to prove this remarkable statement. A deep insight in the solvability of equations
was obtained by the mathematician Evariste Galois in the beginning of the 19th century. He de-
veloped a theory, now known as Galois theory, which looks at the symmetry in the solution set of
an equation by looking at the permutations of the solutions of an equation that do not change the
relations between the solutions. Together, these permutations form a group, the Galois group, for
which the structure determines the solvability of an equation.

An interesting problem in Galois theory is the inverse Galois problem, which is generally unsolved.
It asks the question whether every finite group is isomorphic to the Galois group of a Galois ex-
tension over Q. This problem is the reason for our interest in the two main topics of this thesis:
Noether’s problem and the problem concerning the existence of generic polynomials. This is be-
cause a positive solution for a group G implies for both these problems a positive solution of the
inverse Galois problem for G. The next section will treat the different problems and explain and
prove the implications between them.

In the third section, the so-called generating invariant polynomials will be determined for cyclic,
dihedral and alternating groups. These polynomials are interesting, but also turn out to be a useful
tool in the next section.

In the fourth, fifth and sixth section Noether’s problem and the existence of generic polynomials
will be discussed for several groups. The focus lies in the fourth section on small groups, for which
these problems will be investigated explicitly. We use the generating invariant polynomials of the
third section there. The fifth section will approach the problems more generally and treats the
cyclic groups. Two constructions of a generic polynomial for cyclic groups of odd order will be
discussed, after which we will describe the totally different situation for cyclic groups of even order.
We finish in the sixth section with an overview of important results concerning some other groups.



2 Preliminaries

This section will describe the main definitions and problems this thesis will deal with. In partic-
ular this section describes the inverse Galois problem, Noether’s problem and generic polynomials
together with the different connections between and implications of these problems. The reader is
expected to have some knowledge about rings, fields and Galois theory.

2.1 The inverse Galois problem and generic polynomials

In Galois theory, the following problem is known as the inverse Galois problem. It was posed first
in the 19th century and it is unsolved in general. We will first pose the the inverse Galois problem
and then describe related problems.

Problem 1 (The Inverse Galois Problem). Let G be a finite group and K a field with characteristic
zero. Does there exist a Galois extension M|K such that Gal(M|K) = G?

For the rest of this section, let K and G be as in the above problem. A Galois extension M|K with
group G is the splitting field of a separable polynomial over K. We will assume from now on that
G acts transitively on the roots of this polynomial, which means we assume that this polynomial is
irreducible over K. It is interesting to search for this polynomial (or a family of polynomials) over
K with Galois group G. The following kind of polynomials are in particular interesting. We write
Qf( for the splitting field of a polynomial f over K.

Definition 1. Let P(x,X) € K(x)[X] be monic, with x = (z1,...,2,), where z1,...,2, are
algebraically independent over K. Let M = Qi((’;’)x). P(x,X) is a parametric polynomial of G over

K if
1. M|K(x) is Galois with group G.

2. for every Galois extension L|K with group G we can pick a € K™ such that L = Qﬁ(a’x).
Note that in the definition, n is not the degree of P. One can deduce from condition 1, that if
k > 0 is the smallest integer such that G C S, then a parametric polynomial P of G over K must
be of degree > k. This will become clear when we discuss proposition 4. We followed [JLY02] in
our notation above as we will do for the following definition.

Definition 2. Let P(x, X) be a parametric polynomial of G over K. P(x,X) is generic of G over
K if for every field L’ containing K and every Galois extension L|L’ with group G we can pick

a € L'" such that L = QILD,(a’X).

A stronger version of this definition would be to say that a polynomial is generic of G over K if it is
parametric of any group H C G over any field N containing K. However, it was proved in [Led00]
that the existence of a generic polynomial in this stronger sense is implied by the existence of a
generic polynomial in the sense of definition 2. All examples known to Ledet seem to suggest that
a polynomial which is generic in the sense of definition 2 is actually generic in the stronger sense.
Nevertheless, this is not proved yet.

One might wonder whether there exist parametric polynomials, which are not generic. We will
show below that these exist if G = Cg. It is natural to ask the following question.



Problem 2. Does there exist a generic polynomial of G over K7

An interesting fact, proven in [JLY02], is that the existence of generic polynomials over K for the
finite groups G and H implies the existence of a generic polynomial for the product G x H over K.
The proof will be skipped, because it is extensive and it relies on the theory of generic extensions
of commutative rings, which will need a lot of introduction.

One could wonder whether a solution for some group G for problem 2 implies a solution for the
inverse Galois problem for G and K = Q. This is indeed the case and we will discuss this below.
For that, we first need to state an important theorem

Theorem 1 (Hilbert’s Irreducibility Theorem). Let K be an algebraic number field and let f(t, X) €
K(t)[X] be an irreducible polynomial, with t = (¢1,...,t,) and ¢1,...,t, are variables that are al-
gebraically independent over K. Then there exist infinitely many a = (a1, ...,a,) € K" such that
the specialization f(a, X) € K[X] is well-defined and irreducible over K. The specialization can be
chosen to have

Gal(f(t, X)/K(t)) = Gal(f(a, X)/K).
Proof. A proof can be found in [JLY02]. O

We are now ready to prove that if problem 2 is solved for some G and K = Q, then the inverse
Galois problem can be solved.

Proposition 1. The existence of a generic polynomial of G over Q implies a solution for the Inverse
Galois problem for G and K = Q

Proof. Let g(ti,...,t,, X) be the generic polynomial of G over Q and let L := Qé((ttll""’t”"X). Then

by definition, L|Q(¢1,...,t,) is Galois with group G. As we assumed G to act transitively on
the roots of g(t1,...,tn, X), this means that g(¢i,...,t,, X) is irreducible. For aq,...,a, € Q, let
M = Qé(al""’a”’x). With the use of Hilbert’s irreducibility theorem, we deduce that there exists
infinitely many ay, ..., a,, € Q such that the specializations g(a1, ..., a,, X) are irreducible and M|Q
is Galois with group G. O

2.2 Noether’s problem

In order to go to Noether’s problem, which is one of our main topics, we introduce the following
notion.

Definition 3. An extension L|K is rational if there exists a subset {;}icr of L, which is alge-
braically independent over K and L = K({f;}).

For a rational extension L|K with L = K(f4, ..., B), for B, ..., B, being algebraically independent
over K, we say that L| K has transcendence degree n. We will now continue with Noether’s problem.
From now on throughout this whole thesis, on let 1, ..., x,, be variables, algebraically independent
over Q and define M := Q(z1, ..., zp).

Problem 3 (Noether’s problem). Consider G to be a subgroup of S,,. Is M|Q a rational extension
with transcendence degree n?



In Noether’s problem, we suppose that the elements o € G act on M by fixing Q and sending z;
to &4 (;y. Noether’s problem is trivial for G = S, as then M€Y = Q(s1, ..., 5n), where s1, ..., 5, are
the elementary symmetric polynomials in the variables z1, ..., x,. A connection between Noether’s
problem and the inverse Galois problem is made in the following proposition.

Proposition 2. A solution for a group G C S,, for Noether’s problem implies a solution of the
Inverse Galois problem for G and K = Q.

Proof. Suppose Noether’s problem is solvable for a group G C S, so M¢ = Q(f1, ..., f»), where
f1s ..., fn are algebraically independent over Q. Define N := M%. By the primitive element theorem,
Ja € M such that M = N(«). Let g € N[y| be the minimal polynomial of o over N, so M = Q.
For some xg € Q", let gx, € Q[y] be constructed by substituting the i-th index of x¢ for f; in g. By
the irreducibility theorem of Hilbert, there are infinitely many such xo such that gx, is irreducible
over Q and Qé"o |Q is Galois with group G. O

We can go even further by claiming that a solution to Noether’s problem can be used to find a
generic polynomial. In order to prove the proposition below, which provides such a construction,
we first have to introduce some notation and theory we will use throughout the whole thesis. Let
S1, ..., Sp be the elementary symmetric polynomials in z1,...,2,. Define N := Q(s1,...,8,). As

Galois theory tells us, we have M = Q{V(z) for

n

f(z) = H(m —x) =2 — 512" 4 (=) s, (%)

i=1

By the primitive element theorem, for any group G C S,,, we have M = N(h) for some element
h € M. This element h can always chosen to be in Q[x1, ..., 2, ], because of the following argument.
Let I(z) € N[z] be the minimal polynomial of h with degree m and let a,, be the coefficient of 2™ in
I(x). Without loss of generality, we can choose the coefficients of I(z) to lie in Q[sq, ..., $,]. Multiply
now [(z) with a™~1 and replace a,,z by y to obtain a monic polynomial ’(y) with coefficients in
Q[s1, ---, 8n] and root a,;,h. With the use of the following proposition, which is also explained in
[Roel8], the claim that we can always choose h to lie in Q[z1, ..., z,] is justified, because we can

take R = Q[z1, ..., z,] and 8 = a,,h.

Proposition 3. Let g(z) = 2™ + a12™ ! + ... + a,, € R[z], where R is a unique factorization
domain. If g(8) = 0 for some 8 € Q(R) (the quotient field of R), then 5 € R.

Proof. Let 8 € Q(R) be such that g(8) = 0. We know we can write 8 = b/c for some b, ¢ € R, such
that ged(b,¢) = 1. As g(b/c) = 0, we have

Cmg(b/c) — bm +alcb7n—1 o+ am,lcm_lb—i-amcm =0.

This gives b™ = 0(modc), which means that c|b™. Because gcd(b, ¢) = 1, this means ¢ has to be a
unit in R, so 8 =b/c € R. O

We now move towards and prove an important proposition.

Proposition 4. Suppose that Noether’s problem gives a positive answer for G C S,,. Let ¢1, ..., ¢, €
M€ be the algebraically independent set of generators for M over Q. Then f(z) in (x) is of the
form f(x) = g(¢1, ..., dn, ), where g € Q(t1, ..., tn)[x], with ¢1, ..., t,, algebraically independent over
Q, and g is a generic polynomial of G over Q.



The easiest non-trivial example of this proposition is when we take G = C5. We refer to section
4.1, where we showed that Noether’s problem is solved for this case and where we constructed the
generic polynomial of C'3 over Q.

Proof. To prove that g is generic of G over Q, we will first explain that the Galois group of g over
Q(t1,...,tn) is equal to G. As Q(t1,...,t,) is isomorphic to M¢ = Q(¢1, ..., #,), this means that
the Galois group of g over Q(t1,...,t,) is equal to the Galois group of f(z) over M. The Galois
group of f(z) over M¢ is equal to G, because M = Q{V% Therefore, the Galois group of g over
Q(t1, ..., tn) is equal to G.

Suppose now that we have a Galois extension L|L’ with group G, where Q C L’. We will show now
to satisfy also the second condition of definition 1 that we can pick a € L'™ such that L = Q%(,a’x).
For that we need the following lemma. For the lemma, note that as G is a subgroup of S,,, so we
can also let it act on Q(z1, ..., x,) in the way we explained above.

Lemma 1. Let r(z1,...,x,) € Q[zq,...,x,] be non-trivial. We can construct o, ...,a, € L such
that

/!
e I'(aq,...,ap) =L
e (G permutes aj, ..., a,, in the same way as G permutes x1, ..., Ty,.

o r(ag,...,a,) #0.

Proof. Define
H:={g€Glg(x1) =21} C G,

which is in the literature called the stabilizer of x; by G. It is a proper subgroup of G, because G
is assumed to be transitive at the beginning of this section. Also because of transitivity of G, the
orbit of 7 is {z1, ..., 2, }. Therefore, by the orbit-stabilizer theorem,

[G: H| = #{z1,....,2} = n.

This means we write G = U ,¢;(H) for some g; € G and we can even choose g; such that
gi : T1 > x;, because G is transitive. Now, let a; € L be such that L'(a;) = L and define
a; = gi(aq) for i = 1,...,n. Then, by definition, G permutes a1, ..., o, in the same way as x1, ..., Zp,.
Therefore, combined with the fact that L'(aq)|L’ has degree n, we have L = L'(aq, ..., o).

To satisfy also the last condition, we need to change a; a bit. Denote by L'[z],_1, the ring of
polynomials in L'[z] with degree n — 1. We will replace ay by P(«ay) for P € L'[z],,—1 satisfying
L'(P(ay)) = L. Tt should be clear that G permutes P(ay), ..., P(ay,) in the same way as as, ...,
so in the same way as 21, ..., z,. Therefore, combined with the fact that L’'(P(aq))|L’ has degree
n, we have L = L'(P(ay), ..., P(a,)). Polynomials P € L'[z],_; that satisfy L'(P(ay)) = L¥ are
dense in L'[z],,—1, because of the following reasoning.

Let Q € L'[z],—1 be such that L'(Q(a1)) € L¥. Then, because of the fundamental theorem of
Galois theory, there exists a subgroup H' such that H C H’ C @G, such that L'(Q(ay)) = L.
Hence, because G = U, g;(H), for some i # 1: ¢;(Q(a1)) = Q(a;) = Q(cv1). Take now € € L',
such that € > 0 and define P = Q + §x € L'[z],—1. Then

9:(P(a1)) = Q(en) + Sai # Q(on) + jou = Plan)



as a; # «jq, since i # 1. If for some j, suddenly

9;(P(a) = Qlay) + 5 - a; = Qlen) + 5 = Plan),

then replace P by P = Q + 55 for k = 2,3,... till for all [ # 1: g;(P(a1)) # P(a1). This means that
L'(P(ay)) = L. Consider |.| to be the lo-norm on L'[z],_1. As |P — Q| = ¢/2F < ¢, we conclude
that polynomials P € L'[x],,_; such that L'(P(a;)) = L are dense in L'[x],_;.

Because L'[z],—1 has dimension n and the zero space of r has dimension n — 1, L'[z],—1 can not
be contained in the zero set of 7. Choose now some P’ € L'[z],—1 such that

r(P'(a1), ..., P'(a)) # 0.

By a density argument, with respect to the lo-norm, we can take P € L'[x],,_1, arbitrarily close to
P’ such that L'(P(ay)) = L? and

r(P(a1), ..., P(ay)) # 0.
O

Let p(x1,...,x,) be the product of the denominators of ¢1,...,¢, € M. The denominators of the
coefficients (in Q(¢1, ..., &n)) of g(¢1, ..., on, x) are polynomials in Q[¢1, ..., ¢,,]. Because ¢1, ..., dp, €
M, we can express them in Q[z1, ..., x,]. Denote the product of these denominators by q(x1, ..., zp).
Note that the coefficients of g(¢1, ..., ¢n, x) can, by definition of f(z), also be found when expressing
81y ey Sn € Q[z1, ..., ], in terms of ¢y, ..., ¢,. Now, let

r(x1, ey @n) = p(T1, ooy ) - @(T1, ey ).

and pick, according to the lemma above, ag,...,a,, € L with the properties as explained in the
lemma. Let
a = (P1(1y ey Qp )y ey G (14 ooy ).

The third condition of the lemma makes a well-defined, because p(ay, ..., ) # 0 and g(a, ) well-
defined as g(ayq, ..., ) # 0. Because ¢1, ..., ¢, € M are G-invariant and G permutes oy, ..., ay, in
the same way as x1, ..., T, the coefficients of a are G-invariant, so a € L'™. Furthermore, from
the definitions, we see that g(a,z) is the polynomial we obtain when we substitute as, ..., o, for
X1,y T In f(2). SO @1, ..., are the zeros of g(a, x). Because of the first condition of the lemma,
we conclude L = Qi(,a’w). O
The proposition provides a method we will use to find a generic polynomial in the following section.
One could wonder whether there exist groups for which Noether’s problem has a negative answer.
We will prove later on that there does not exist a generic polynomial for Cs over QQ, which implies
that Noether’s problem has a negative answer for Cs. There are also groups for which a generic
polynomial over Q exists, but for which Noether’s problem has a negative answer. Examples are
given in [Swa69] and are Cy7, C115 and Cazs. A proof why there does exist a generic polynomial for
these groups is also given later on.

The following will not come back in the rest of this thesis, but is noted for the interested reader.
When we consider K to be equal to Q, there is a special version of the inverse Galois problem,
which concerns regular extensions. In the following definition, we let t = (1, ..., t,), where t1, ..., t,
are variables that are algebraically independent over Q. First we will write out what it means for
an extension to be regular.



Definition 4. A finite Galois extension M|Q(t) is regular if every element in M\Q is transcendental
over Q.

The special version is the following.

Problem 4 (The Regular Inverse Galois Problem). Does there exist a regular Galois extension
M|Q(t) such that Gal(M|Q(t)) = G?

As one can show, a solution for problem 2 immediately implies a solution for this problem without
the use of Hilbert’s irreducibility theorem. Often, a solution for the Inverse Galois problem is found
by solving the Regular Inverse Galois problem first.

10



3 Generating invariant polynomials

In the previous section, we proved that for every finite group G C S,,, there is a polynomial
he € Q|z1,...,x,] such that MG = N(h¢g). From now on, we will call this hg a generating
invariant polynomial of G. In this section we will find generating invariant polynomials for several
groups. These generating invariant polynomials will be used later on, when we want to find out
whether Noether’s problem is solvable and a generic polynomial exists for these specific groups.

3.1 Cyclic groups

Consider the cyclic groups C,, which we will define as a subgroup of S,, by Cy, := ((12...n)). Define
Gn = 125 4 oo + 2122 + 200 € Q1 .0y Ty

As one can see immediately, g, is invariant under C,. Furthermore, the following proposition holds.

Proposition 5. For all o € S,;: 0(g,) = g, if and only if o € C,,.

Proof. We already noticed that g, is mapped to itself by all o € C),.

Take now any o € S,, and suppose 0(g,) = gn. We will show in order to complete the proof that
o € Cp. Denote for any a € Z, by @ € {1,...,n}, the element such that ¢ = @(mod n). For any
ie{l,...,n}

. s . 2 . .
og:x; mexU(z) x

2

o(i+1)”
Pick now an arbitrary i € {1,...,n}. We see, from the definition of g,, that the only term in g,, with
x; and not x? is the term xix? e Therefore, combining this with the way o acts, we deduce that
the only term in o(g,) with z,(; and not xi(i) is the term . ;)

2 .
- (;‘-Tl)’ Also, from the definition

S OISS Since we supposed that

of gn, the only term in g, with x,(;y and not xg(l.) is the term zq ;)

0(gn) = gn, we must have

o(i+1)=o0(i)+ 1.

Because we looked at an arbitrary i € {1,...,n}, this statement holds for all « € {1, ...,n}, hence by
induction, for all ¢ € {1,...,n}:
o(i)=0(1)+i—1.

This means that o = (12..n)°~1 € C,,. O

We conclude that hc, = gn, i.e. gy is a generating invariant polynomial of C,,.

3.2 Dihedral groups

The dihedral groups will now be discussed. The dihedral groups are often defined as the group
presentation
{p.Tlord(p) = n,ord(r) = 2,7pr = o).

We will work with (p, 7) as a subgroup of S,, with p = (12...n) and

{(2 n)(3 n—1)..(2 2l 41) ifnisodd
T =

2
(2 n)3 n—-1)..( 5+2) if n is even.

[SIE



Indeed (p,7) = D,, as the orders of respectively p and 7 are n and 2 and one can compute that when
n is odd and when n is even, TpT = p~!. Examples of this presentation are Dy = ((1234), (24)) and
D5 = ((12345), (25)(34)).
Define

lp = 2120 + . + Tp1Zy + zpx1 € Qg .oy ).

As one can easily check, [, is invariant under D,,. Furthermore, the following proposition holds.
Proposition 6. For all o € S,,: o(l,,) =1, if and only if 0 € D,,.

Proof. We already noticed that [,, is mapped to itself by all o € D,,.
Take now any o € S, and suppose o(l,) = l,. We will show in order to complete the proof that
o € D,,. Denote again for any a € Z, by @ € {1,...,n}, the element such that « = @(mod n). For
any i € {1,...,n}:

g:.T;: mm — To(i) xg(m).

Pick now an arbitrary ¢ € {1,...,n}. We see, from the definition of [,,, that the only terms in [,
with z; are the terms z;z;7 and xj—gz;. Therefore, combining this with the way o acts, we deduce
that the only terms in o(l,) with z,(; are the terms To(i)T o (71) and T o=y To(i)- Also, from the
definition of /,,, the only terms in I, with z,(;) are the terms z, ;> and T T o (i) - Since

o(i)+1
we supposed that o(l,,) = [,,, we must have

o(i+1)=c@)+1loro(i+1)=0c(z)—1.

Assume first that o(i + 1) = (i) + 1. Then, because we looked at an arbitrary ¢ € {1,...,n}, this
statement holds for all ¢ € {1,...,n}, hence by induction, for all 7 € {1,...,n}:

o(i)=0c(1)+i—1.
This means that o = (12..n)7(M =1 = peM)=1 c p .
Assume now that o(i + 1) = o(¢) — 1. Then, because we looked at an arbitrary ¢ € {1,...,n}, this
statement holds for all ¢ € {1,...,n}, hence by induction, for all i € {1,...,n}:

o(t)=0c(1) —i+1.
One can check, for all i € {1,...,n}, from the definition of p that:

R R = =
and from the definition of 7:
Tl 2—1.
Combining this gives that for all i € {1,...,n}:
PO s o(1) — i+ 1,

hence 0 = p°M =17 € D,,. O

We conclude that hp, =1,, i.e. I, is a generating invariant polynomial of D,,.

12



3.3 Alternating groups

In this section we discuss a generating invariant polynomial of A,, which is by definition the
subgroup of S, consisting of all even permutations in S,,. We choose a different approach than the
previous subsections, because this allows us to use the results later on.

Let p(z) be a monic separable polynomial of degree n in N[x] with roots aq, ..., a,, and let the G be
its Galois group over N. By definition, elements of G are permutations of a1, ...,a,. Let A be the
subgroup of G consisting of all even permutations in G.

Definition 5. The discriminant of p(x), denoted by disc(p) is defined by

disc(p) := H (a; — aj)>.

1<i<j<n
Define also
1<i<j<n
the square root of disc(p).

One can see immediately that disc(p) is an element of N, because it is invariant under G. For 4,
this is not the case, as we will see in the following proposition.

Proposition 7. For all o € G: o(§,) = §, if and only if o € A.

Proof. Consider a permutation o € G. If we look at the action of o on §,,, we see that o(d) =sgn(o)dy,
as o permutes aq, ..., a,. Therefore, §,, is invariant under o if and only if sgn(c) = 1,i.e. c € A. O

If we take p(z) = f(x), then G = S,,, A = A,, and a; = x; for i = 1, ..., n. Hence, by the proposition

is a generating invariant polynomial of A,.

13



4 Noether’s problem and generic polynomials for small groups

In this section we will give a positive answer to Noether’s problem and describe a generic polynomial
for all subgroups of S, for n < 4 and Qg over Q. At the end, we will also have a try at @16, which
is the smallest group for which it is unknown whether Noether’s problem is solved, [JLY02]. This
section therefore has the purpose of giving examples of the theory above. First we look at the
subgroups of S, for n < 4. As earlier mentioned Noether’s problem is trivial for S,,, so we will look
at the subgroups of S3 and S;. As explained above, we only have to look at transitive subgroups.
So we will cover A3 C S5 and Dy, Cy,Vy, Ay C S4.

4.1 Alternating group of order 3

We will show that Q(z1, xo, r3)4% = Q(s1,11,ts) for algebraically independent ¢y, %, over Q(sy), i.e.
Noether’s problem is solved for Asz. In order to do that, we will use the results from the previous
section.

First note that we can transform f(z) = 2® — s;22 + sqx — s3 with x + x + 51/3 to
3 57 5182 st 3
glx) =2 +(82_§)x+(T _83_2ﬁ) =2°+ax +b,

with a = s9 — % and b = 222 — 53 — 2;—;. This transformation does not change the splitting field
of the polynomial, so the Galois group of g(x) over N is equal to the Galois group of f(x) over
N, which is S,,. From the previous section, we now have Q(x1, 22, 73)4% = N(J3), where §3 is the
square root of disc(g). The question is now whether s1, ..., 53,03 can all be expressed as rational
functions in 3 algebraic independent variables over Q.

One can now compute that 62 = —4a3 — 27b%. Write d3 = t1a and b = tya and see that this implies
2 2 2 2
that t3a%? = —4a® — 27t2a?, which solves to a = _t%% (as a # 0), hence § = tl_t%Qn2 and

2 2
b= tgit%%. This gives with the definition of @ and b that

o — —t3 — 27t3 N st and s; — s1(—t2 — 27t3) N 57 _tz—t% — 2Tt Qii{’
4 3 12 9 4 27

So, N(d3) = Q(s1,t2,t3). In particular this implies that that a polynomial over Q(s,t1,t2) with
group A3z can be given by
—t2 — 2712 N st s1(—t3 —27t3)  s% —t2 - 272 2s3

1 T T A e T

2’ — sz’ + 12 9 1 27

By proposition 4 above, this polynomial is generic for Az over Q.

4.2 Dihedral group of order 8

We will now go towards the subgroups of Sy and start with Dy. Choose without loss of generality for
Dy the presentation Dy = {(24), (1234)). As proved above, Iy = z129+Tox3+T3284+T427 1S invariant
under Dy. One can check that a permutation of Sy sends 4 to itself, I} := z1x0+ 123+ 2304 + 2422
or I} := xowy + xox3 + x321 + 2421, Therefore F(x) = (x — Iy)(x — 1)) (x — 1) is in N|z] and the
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minimal polynomial of I4 over N. In order to have a useful relation in N(l4), we use the symmetric
reduction function of Mathematica (see appendix) to write F(x) in the following way:

F(z) = = 25%962 + (s% + 5183 — 4s4)x — (818283 — sg — 3%34),

from which we deduce the relation

li’ - 23%12 + (s% + 5183 — 484)ly — (515283 — sg - 5?34) =0 (1)

in N(ly). We see that in this relation, for example, s4 occurs as a linear term. Therefore, we can
compute
13 — 28313 + (s183 + s3)l4 — 518283 + 53

414 — 8% '

This means that N(ly) = Q(s1, s2, s3,14) and Noether’s problem is solved. In particular, a generic
polynomial, by proposition 4, with group D4 over Q is given by

Sq4 =

4 2 st I3 — 2313 + (5183 + 53214 — 518283 + 83
4[4 — 57

x —81$3+82x 6@(81,82,83,l4)[$].

4.3 Klein four group

In the previous subsection, we discussed the subgroup D4 of S;. We continue with discussing
the Klein four group V3 = {id, (12)(34), (13)(24), (14)(23)}, being a subgroup of D,. This means
that Q(w1,xo, 73, 24)P* C Q(21, 9,73, 24)"*, so (1) still holds in Q(z1, 2, x3,74)"*. Moreover,
Iy =1} = (x1 —x3) (w2 — x4) is invariant under Vj, but not under Cy or Dy, i.e. Q(x1, 22,73, 24)"* =
N(ly,1,—17). As we have that (I, —1})? is invariant under D4, we must be able to express (I} —1/)? in
terms of s1, So, 83, s4 and l4. With the use of Mathematica (see appendix) we derived the expression

(I}, — 1) = 53 — 48153 + 1684 + 25214 — 313, (2)
Because (1) holds, we can substitute the expression derived from (1) for s4 to obtain
(4ly + s (1) —19)2 = 16(13 — 5213 + 51531y — (55 — 45152)) + (282ly — 315 + 55 — 4s153)(4ly + 7).

Without loss of generality we can assume s; = 0, because, as we did in the case of A3 above, we
can perform a transformation x — x — ¢ for some ¢ € N. Therefore, we are left with the relation

Ay (1, = 1)) = 16(13 — 8913 — 52) 4 4l4(25214 — 315 + 53).
Introduce now the parameterization ly = a182, ljj — ] = a2s2 and s3 = a3sy. This gives
daya3sy = (4ay — 8al + 4a?)ss — 16a3s3,
—16a2

4a1a§—4a1 +20af—16a? ?
terms of a1, as and a3. Combining with the result above for Dy, we have now that

Q(:Ela "'a'r4)V4 = N(l47 lﬁl - ZZ) = Q(817 ai,as, a‘3)a

ie. Q(w1,...,74)"*|K is rational, so Noether’s problem is solved. To be able to come up with
a generic polynomial for V; over Q, we have to determine how si,...,s4 can be expressed in

which solves to s; = meaning that so, Iy, I, — I} and s3 can be expressed in
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Q(s1,a1,a9,a3). For s; this is trivial and the expressions for ss is notated already above. As
—16a}

4aq a§74a1 +20a%716a‘;’ :

subsection and the fact that Iy = aqs2, we get furthermore

S$3 = azSo, we can also deduce that sz = With the relation of the previous

li’ — Sgli + 518304 — S%
4ly + 53 — 4so
B (a182)® — sa(a182)? + s1azar 3 — a3s3
N (4a; — 4)so + 52
_ (af — a?)s3 + (s1a3a1 — a3)s3
(4ay —4)sg + 52

S4 =

3 2 —16a2 3 2 —16a2 2
(al - al)(4a1a§74a1+2(3)af716ai’) + (81a3a1 - aS) (4a1a%74a1+28a§716a§>

1642
(4a; — 4) 16a; + 52

4aq a% —4aq +20af —16@?

16a$(—1 + a1 + a3) + a1s1(—1 + 5a; — 4a? + a3)
ai1(—1+5a; — 4a? + a3)?(16a3(—1 + a1) + a1s3(1 — 5ay + 4a? — a3))

This gives the following generic polynomial in Q(s1, a1, az,as3)[x] of V4 over Q:

st 1643 e 1643 .
4ara3 — 4ay + 20a? — 16a3 4aya3 — 4ay + 20a? — 16a?
16a$(—1+ a1 + a3) + a181(—1 + 5a; — 4a? + a3)
ai(—=1+5a; — 4a? + a3)?(16a3(—1 + a1) + a153(1 — Bay +4a? — a3))

X

+

4.4 Cyclic group of order 4

We follow the same strategy as above for V4, but now we use the polynomial g := (I — I}/)(z1 —
X9 + x3 — x4), which is invariant under C4 and not under D4 or Vj (which can be checked easily).
We do not use the generating invariant polynomial, g4, of the previous section, because its minimal
polynomial turns out not to have a term s; occurring linearly, even after assuming s; = 0.

Again Mathematica gives the relation

g% = (83 — 48153 + 1684 + 2521y — 312) (57 — 4sg + 414)
We assume without loss of generality that s; = 0 and use (1) to obtain
—4l,9% = 16(13 — 5513 — 52) (459 — 4ly) + 414 (25214 — 313 + 53) (459 — 4ly).
Introduce now the parametrization l4 = a1s2, g = ass2 and s3 = azse. Then we obtain the relation
—4aya3ss = (64(a3 — a?)(1 — a1) + 16a1(2a; — 3a% + 1)(1 — a1))sy — 64a2(1 — a1)s3,

—4aia3+64a3(1—a;)
64(a$—a?)(1—a1)+16a1(2a1—3af+1)(1—aq)

which solves to s = . We conclude

Q(l‘la ceey 1‘4)04 = N(l47g) = Q(Sl,al,ag,a3>7
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ie. Q(z1,...,74)%|K is rational. Again, we can obtain a generic polynomial by expressing also
83, 84 as an element in Q(s1, ay,as,a3). One can check that we get in this case

—4a1a3 + 64a3(1 — ay)

%3 =954 — a2)(1 — ay) + 16a1(2a; — 3a2 + 1)(1 —ay)’
3 2 —4aja24+64a2(1—ay) 3
54 = (al o al)(64((1“;’70‘%)(17(112)%2»16(121(32a173a%+1)(17a1))
—4a1a3+64a3(1—a1) 2
(4CL1 - 4) 64(@?—(1%)(1—@11)—}2-16@1(32@1—31af+1)(1—a1) + 1

2 74a1a§+64a§(17a1) 2
(s1azar — a3) ( 64(a3—a2)(1—a1)+16a1 (2a1—3a2+1)(1—a1) )

. —4aya3+64a2(1—a1) 2
(da1 — 4) 64(a3—a2)(1—a1)+16a; (2a1—3a2+1)(1—a1) + 57

 16(—16a3 + a1 (a3 + 16a3))?(16a3 + aras(95a3 — 16s1) + 47ataszsy — ai(4a3 + az(11lag + 31s1)))
B (—1+a1)*a1(16 + 47a1)%(256a3 — 31a?s? + 47a3s? — 16a; (a3 + 16a3 + 7)) '

If we now replace so,ss and s, in the polynomial z* — s;2® + sox? — sz + s4 by the compli-

cated expressions above, we get, similar to what we did in previous subsections, a polynomial in
Q(s1,a1,a9,a3) which is a generic polynomial of Cy over Q. Because the polynomial gets really
large, we will not write it out in full detail.

4.5 Alternating group of order 12

We will use the results above to show now that Noether’s problem is also solvable for A;. We
could work with 4 as a generating invariant polynomial, but instead we can also work one degree
lower, because of the following results. Because Vj is a normal subgroup of Sy, Q(z1, ..., x4) V4| N
is a Galois extension, with Galois group Sy/Vy = S3. As one can show that sy = Iy + 1) + 1/,
we deduce that Q(z1,...,74)"* = N(l4,1},1}), so the Galois group S3 of Q(x1,...,z4)"*|N is the
full permutation group of the polynomials 4,1l and I}. As Vj is a subgroup of A4, we must
have that Q(z1, ..., 24)4 = (Q(x1, ..., 74)"*) for some subgroup G of S3. Because A3 is the only
subgroup of Sz of order 3, we have G = As. This means that Q(z1,...,24)4 = N(d3), with
02 = (g = U)(Iy = )1y = 1)). An expression in N for 62 is now given by the discriminant of the
minimal polynomial of 4,1} and I}, which we recall to be

F(x) = 2® — sox? + (5183 — 454)2 — (53 — 48954 + 5754).

As we can, without loss of generality, perform a transformation to change F' to a polynomial
without quadratic term, we have the expression 62 = —4a® — 27b? with @ = sy53 — 454 and b =
s% — 45584 + 8%84. Introduce now d3 = aya and b = asa to obtain, similar to the calculation above,

2 2 2 2 2 2
that a = ﬂ%wa"’ and therefore 3 = alﬂ%% and b = agﬂ%m. With the definition of a
2 2
and b, we deduce ss = % + 232 and
o — az(a? +27a3)  s%+s¥sy _ az(a? + 27a3) ﬁ 1653
1654 4sy 1654 4 a?+27a2 +4s183
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Therefore we conclude Q(z1, ..., 74)** = N(63) = Q(s1, s3,a1,az2) and Q(x1, ..., 24)**|Q is rational.
We can also derive the following generic polynomial for A4 over Q:

2 2 2 2 2 2
4 3 (a2lal +27a3) i 1653 5 ai +27a5  s153
v +< 1654 4 a2+ 27a3 + 4s1s3 T ST A 16 + 4

4.6 Quaternion group of order 8

This section will answer the question whether Noether’s problem is solvable for QQs, the quaternion
group of order 8, over Q. It was first proved in [Gro34] and this section will describe this method
and give a much needed explanation of the several steps. It is interesting to analyze Noether’s
problem for Qg, since Noether’s problem (even stronger, the question whether there exists a generic
polynomial) is unsolved for Q6. The group Q16 is in particular one of the smallest groups for which
an answer for Noether’s problem is not known, as mentioned also in [JLY02].

We begin by describing the group Qg. First of all, it is a non-abelian group of order eight. It has
the following group presentation

Qs = (i, j,k|i* = j? = k* = ijk = ¢,e? = 1).
In this section, we take the group presentation

Qs = (01,02,03) C Sg,

where
o1 = (1458)(2763)
o9 = (1357)(2468)
o3 = (1256)(3874).

For this group presentation, we have e = (15)(26)(37)(48). One can check that indeed o? =
010903 = e for i = 1,2,3. Note that o1 = o903, hence Qg = (02, 03).

In order to conclude that Noether’s problem is solved for (Jg, a priori we have to find elements
ti,....,ts € M, algebraically independent over Q, such that M®s = Q(t1,...,ts). To make this
problem manageable, we will use some intermediate steps.

First introduce the following variables

1 1

Y1 = 5(561 —5) Ys = §($1 +x5)
1 1

Y = 5(302 — 2g) Yo = §($2 + x¢)
1 1

Y3 = 5(903 —x7) yr = 5(»@3 +x7)
1 1

Yg = 5(«7;4_1'8) Ys = 5(9C4+588)~

yi+yi+4:xi for ¢ = 1,273,4 and Yi — Yi—a = T4 fori:5,6,7,8,
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we have M = Q(y1,...,ys). Instead of letting Qs act on 1, ..., 25, we could therefore also let Qg
act on ¥y, ....,ys. This gives

Y1+ Y3 Y1 = Y2
Y2 > Ya Y2 — —
Y3 = —Y1 Y3 = —Y4
oy Ya = —Y2 o5 Ya Y3
Ys — Y7 Ys — Ye
Yo > Ys Y6 — Ys
Y1 — Ys Y7 = Ys
ys — Ys Ys — Y7

Note that ys, ..., ys are permuted in the same way as yi, ..., y4 by 02 and o3, but without the minus
signs. Therefore, something interesting is occurring, which is stated and proved in the following
lemma.

Lemma 2. There exists elements ay, ..., az € M%# such that Q(yy, ..., ys) = Q(ao, ..., a3, Y1, ---, Ya)-

Proof. Start by writing

Ty v ui Qo Ys
Loys vy v5||ar| _ [ s
1oyz ws o5 ) lax]  |wr
1 oyi oy v§) \as Ys

This is a system of 4 equations in 4 unknowns and the determinant of the matrix at the left hand side
is nonzero, since the columns are linearly independent. Hence, this system is solvable for ay, ..., as €

Q(y1,-..,ys). Note that as ys,...,ys € Q(y1, ..., Y4, g, ..., az), we have M = Q(ag, ..., a3, Y1, -, Ya)-
What is left to prove is that ag, ..., a3 € M9%. Using Cramer’s rule, we obtain

(T Ve I D SV T Loys w5 |0 owi b ol
ao:y6y§y§y§:1y§y§y§ alzlyey§y§:1y§y§y§
yr ¥z Y3 y3| |1 ys vz y3 Loyr vz wys| |1 y3 s 3
ys vi vl v8| |1 vi wi oS 1 oys wi oS |1 wi wi s
Loyt ows o] 1 wi out o 1oy? oyt ws| 1w owt o8
a2zly§y6y§:1y§y§y§ a3:1y§y§y6 1y§y§y§
L owys wr owyz| |1 y3 vz Y3 L ys ws yr| |1 3 w3 w3
1 owyi ws ws| 1 vi wi vs Loy wi ows| (1 93 wi oS

If we let o9 or o3 act on these expressions, then the rows of the matrices will interchange. As for
both matrices two rows will interchange with two other rows, the sign of the determinants do not
change, so the expressions do not change. Therefore, ag, ..., a3 lie in M5, O

This result reduces our problem a lot. It means that M% = Q(yi, ..., y4)?*(ag, ..., a3), so we are
left with the task of finding t1, ...,t, € M®* such that Q(y1, ..., y4)?® = Q(t1, ..., t4).

To establish such tq,...,t4, we will need a few steps. The first step is to look at the invariant field
Qy1s ..oy y4)<"3> and determine generators for it. After this, we will determine generators t1,...,%,4
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for the invariant field (Q(y1, ...,y4)<"3>)<02>

subgroup of Qg, since it is of index 2.

To prove that some 21, ..., 24 € Q(y1,...,44) have the property Q(z1,...,2z14) = Q(y1,...,y4)'7®), we
need to check that z,...,24 are oz-invariant and furthermore that Q(y1, ..., y4)|Q(z1, ..., 24) is of
degree 4. Choose now

, which is equal to Q(y1,...,y4)?® as (03) is a normal

_ WNy2
R
Z2 = Y194 + Y2Y3
23 = Y1Y3 — Y294
21 =i + 45

Z1

One can check from the action of o3 on yy, ..., y4 that 21, ..., z4 are invariant under o3. We will show
2.2
2174

now that the extension Q(y1, ..., ¥4)|Q(21, ..., 24) is of degree 4. One can compute that y?y2 = Ewret
1

so the minimal polynomial of y; over Q(y1, ..., y4){73 is
(@ —y) (@ +y) (@ +y2) (@ — y2) = 2" — (47 +43)2” + v

€ Q(z1, ...y 24)[2].

A2
1+4z23

=zt —Z4m2 +

As

21(2yF — z4)
Y1
ys = (Y123 + y222)24_1

Ya = (Y120 — y223)2;

Y2

we have Q(y1,...,y4) = Q(z1, ..., 24)(y1), hence Q(y1, ..., y4)|Q(21, ..., 24) is at most of degree 4. As
Q(21, -, 22) € Q(y1, ..., y4)'7®), we conclude Q(y1, ..., y4)|Q(z1, ..., 24) is of degree 4 and Q(zy, ..., z4)
equals Q(y1, ..., y4)!7®). We will now determine ty, ..., t4 such that Q(¢y,...,t4) = Q(z1, ..., z4)(72).
Once again, we need to check for some t1,...,t4 € Q(z1, ..., z4) to have the property Q(t1,...,t4) =
Q(z1, ..., 24)$72) that ty,...,t; are op-invariant and furthermore that Q(zy, ..., 24)|Q(t1, ..., t4) is of
degree 2. Let

p = = oa(z) _yitys - -yl
Z3 Y1Ys — Ya2Y4

ty = 24 + 02(24) =yi + 95+ 3+
ty = 22 _ Y1y + Y2y

Z3 Y1Ys — Y2Yya
o 23(22321 — 22) ~ (y1y3 — y2ya) (Y1y4 — Y2y3)
g = 3Aemsel T e2) = .

22129 + 23 Y1Y3 + Y2y

One can check (using software such as Mathematica) that the second column of equalities is cor-
rect and from the expressions in Q(y1,...,y4) that the t;’s are invariant under oo. We are left
with the task to show that Q(z1,...,24)|Q(¢1,...,t4) is of degree 2. It is enough to show that
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Q(t1, .-, t4)(23)|Q(21, ..., 24) is of degree 2, because from the definitions, we can see

Z9 = t323
tlzg + tg
24 = ———
2
23(z2 + t4)
Z1 =

2(2’3 — 22t4) ’

As 09(z3) = —23, the minimal polynomial of z3 over Q(yy, ..., y4)9® is

(x — z3)(x + 23) = 22 — 2.

Once we have shown that 23 € Q(¢1, ..., t4), then we are done. Since,

2 2
25+ z
oa(za) = 02 (Y +13) = Y3 +vi = 273

We know that 2402(24) = 25 + 22. Therefore,
(21 + 02(22))? = (24 — 02(21))? + 42402(24) = (24 — 02 (24))* + 425 + 23,
hence

22 (24 + 02(24))? _ (24 + 02(24))° _ 3
D7 e oa(a)? A ()t g2yt g A L)

z3

We conclude that Q(t1,...,t4)(23)|Q(21, ..., z4) is of degree 2, s0 Q(t1,...,t4) = Q(y1, ..., ya) 5.
Combining this with the results above gives

]\IQ8 = Q(th ceny t4, AQy .-y (Lg),
i.e. Noether’s problem is solved for Qg over Q.

Furthermore, this solution provides us with tools to build a generic polynomial for Qg over Q.

Define
4

9) =T - +w).

i=1
The action of o2 and o3 on ¥y, ..., ys is described above. One can see that g(y) is invariant under
o2 and o3, so ¢g(y) is an element of

M@ [y] = Q(ao, ..., a3, t1, ..., t4)[y]-

We will now explicitly compute the coefficients of g(y) and we will see that the coefficients lie in
Q(t1, ..., t4). Expanding g(y) gives

9(y) = y® — p1y® + p2y” — psy® + pa,
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where

L=yl +y5+vs+us

P2 = yY5 + yTY3 + UTuT + uays + usui + Y3y
Ps = YiYsus + YTYSYA + ViU3YL + YhuaYs

Pa = YiU5Y3Y;-

These coefficients can be expressed in terms of 1, ...,t4 in the following way.

1,
pP1 = 2 4

ti (Statatstats — (1 — 13) (15 — t3t5)(15 + t5)
64t ( (1+t2)(t2 + t3ts)
ot} [(Atgtatsty — (1 —3)(85 — tits)
]%MQ< 2+ 3t

p2 = + 2t2 + 20(3 + 1)>

+1+@)

2
o= (03— th1s)
16t5(12 + t3t5) )

where

2
ﬁ+£+ﬁ+ﬁ)
Y1Ys — Y2Ya

One can check from the definitions of ¢1,...,t4 that these expressions are correct. Now, transform
g(y) = 0 with

t5£+4ﬁ+4<

@ =ag+y+ay’ +asy’ + azy’
to the polynomial equation
h(z) = 2® + bia” + ... + byx 4+ bg = 0.

These kind of transformations are called Tschirnhaus transformations. Note that the coefficients of
h(z) lie in Q(ag, ..., as, t1, ..., t4) = M?s. Because

Ti = Yi + Yira = a0 + Yi + a1y; + azy} + azyf

for i = 1,...,4, the variables x1, ..., 74 are roots of h(x). Because h(x) € M?8[z], we must have that
the other 4 roots of h(z) are s, ...,x5. This means that h(z) = f(x), where f(z) was defined in
(x). By proposition 4, we conclude that h(x) is generic for Qg over Q. It will be a mess to express
h(z) in Q(ag, ..., as, t1, ..., t4)[z], so instead we will give an example. One can consider

t] = —12 ag = 15

175
tg =8 ag = —T
80
t3 =1 ag = ?
3
t4 =144 apg = —g.
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Then, one can compute with the defining definitions that
p1 = 72,ps = 180, p3 = 144, p4 = 36,
SO
g(y) = y® — 729° 4 180y* — 1443 + 36.
We use the Tschirnhaus transformation

175 80 3
202 Tt 26

—15+y—
. R 3 8

to obtain the polynomial
h(z) = 2® — 922° — 4322° — 3662 + 864> + 118022 + 48z — 239.
This polynomial has Galois group Qg over Q, as obtained by Mertens, in [Mer02] and [Mer16]. He

did this when the existence of a generic polynomial for Qg over Q was not proved yet.

4.7 Quaternion group of order 16

One might wonder whether the approach of the previous subsection to solve Noether’s problem for
Qs also works for Q15. We will give it a try and reduce Noether’s problem to a smaller problem,
concerning less variables.
As above, for QQg, we start by defining the group Q1. It is an example of a dicyclic group and has
the presentation

Q16 = {(a,b|a® = 1,0 = a*, b rab=a"1).

As a subgroup of Si4, we could take the group presentation
QIG = <01702>7
where

op=(1 2 .. 8)(9 10 .. 16)
oy=(1 10 5 14)(11 4 15 8)(2 9 6 13)(3 16 7 12).

We leave it to the reader to check that indeed 0’% = 0‘11 and 0510102 = Ufl. We let Q16 act on
M = Q(z1, ..., 716), so Noether’s problem wonders whether M©@16|)M is a rational extension.
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Similar as before, we introduce the expressions ¥, ..., y16, which are defined to be

1 1

Y1 = 5(331 — T5) Yo = 5(331 + z5)
1 1

Y2 = 5(1‘2 — xg) Y10 = 5(@ + x6)
1 1

Y3z = 5(953 —x7) Y11 = 5(963 + z7)
1 1

9415(364*968) y12:§(174+I8)-
1 1

Ys = 5@9 — x13) Y13 = 5(969 + 213)
1 1

Y6 = 5(%0 — T14) Y14 = 5(3010 + 214)
1 1

Y7 = §($11 — T15) Y15 = §(x11 + x15)
1 1

Yys = 5(%2 — Z16) Y16 = §($12 + 16).

Asyi+yips=a;fori=1,...,8 and y; —y;—s = x; for i = 9, ..., 16, we have that M = Q(y1, ..., Y16)-
Instead of letting Q16 act on z1, ..., x16, we could also let it act on y1, ..., y16. This gives

Y1 = Y2 Yo — Y10 Y1 — Ye Yo — Y14
Y2 — Y3 Y10 > Y11 Y2 — Ys Y10 F> Y13
Y3 > Ya Y11 — Y12 Y3 = —Ys Y11 — Yie
. Yar=> —Y1 Y12+ Yo o Y4 — —Y7 Y12 > Y15
Ys — Ye Y13 > Y14 Ys > —Y2 Y13 > Y10
Yo — Y71 Y14 — Y15 Yo = — Y14 > Y9
Y7 — Ys Y15 — Y16 Y7 > Ya Y15 > Y12
Ys— —Y1  Yie — Y13 Ys — Y3 Y11 — Y15

Note that yo, ..., y16 are permuted in the same way as yi, ..., ys by 01 and o9, but without the minus
signs. As in the previous section, in which we proved lemma 2, we know now that there exists
elements ag, ..., ay € M@ such that M = Q(ao, ..., a7)(y1, ..., ys). We could reproduce the proof of
lemma 2 for 16 variables instead of 8, but because it is highly similar, we will skip it.

Noether’s problem is now reduced to finding ¢, ..., tg such that Q(y1, ..., yg) {72 = Q(t1, ..., tg). Be-
cause o1 has order 8, we know that (o) is a normal subgroup of Q16. Therefore, Q(y1, ..., y8)<”1"’2> =
(Q(y1, ..., yg)91)$72) | so we will first try to come up with 21, ..., 23 such that Q(yi, ..., ys)" =
Q(#1, ..., 2z8). One could define

Z5 = Y1Ys + Y26 1 Y3Y7 1+ Yays
Z6 = Y1Y6 + Y2Y7 + Y3Ys — Ya¥s
27 = Y1Yr + Y298 — Y3Ys — YaYe
28 = Y1Ys — Y2Ys — Ys3lYe — YaYr.
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It is easy with the action of o1, as described above, to check that these zs,...,2g are invariant
under o1. Furthermore, these zs,..., zg are chosen in a way that makes sure that ys,...,ys lie in

Q(25, -5 28) (Y1, ---, Y4), because
Y1 Y2 Ys  Ya Ys 25
—Y4 Y1 Y2 Y3 Yo | _ | %6
—Y3 —Ys4 Y1 Y2 Yr 27
—Y2  —Y3s —Ys4 Y1 Ys 28

and the matrix at the left hand side is clearly invertible. This reduces our problem to finding
21, ..., 24, which must be invariant under the action of oy and make sure that

Q21,5 28) (Y15 s Y4)|Q(21, ..., 28) is of degree 8. This last property could be analyzed ever further.
Since the minimal polynomial of y; over Q(y1, ..., y4)(*) is H?Zl(x +yi)(x —y;), which is of degree
8, QW1 -, y4) ) (y1)|Qy1, .., ya) {7 is of degree 8.

Therefore, we conclude that we reduced the problem to finding z1,...,24 € Q(y1, ..., y4){"* such
that Q(z1,...,24)(¥1) = Q(y1,...,¥4) and H?Zl(ac +yi)(x — i) € Q(z1, ..., z4)[x]. Unfortunately,
despite several attempts, we did not manage to solve this problem yet. A second step would be to
find 1, ..., g such that Q(z1, ..., 28)'72) = Q(¢t1, ..., ts). Since () is cyclic of order 4, this would be
similar to the problem above for Qg. This together would solve Noether’s problem for @Q1¢.
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5 Generic polynomials for cyclic groups

In this section we will discuss the existence of generic polynomials for the cyclic groups. It will
turn out that for the majority of these groups, a generic polynomial exists. There are, however
exceptions, such as the cyclic group of order 8. Two explicit constructions are described for generic
polynomials for small cyclic groups, which we will use to give examples.

5.1 Cyclic groups of odd order

As mentioned above in the introduction of this thesis, the existence of generic polynomials for a
product of groups G x H is guaranteed if there exists generic polynomials for G and H. Therefore,
we only have to look at cyclic groups Cy of order ¢ = p™, where p is a prime and n > 1. As the title
of this section suggests, we assume that p is odd. This section will explain and prove the existence
of generic polynomials for C; over Q. This means that for every cyclic group of odd order, a generic
polynomial over QQ exists. We will discuss two constructions of a generic polynomial and describe
the similarity between them.

5.1.1 Elementary construction

We now recall the construction of generic polynomials for C;, as briefly described in [Smi91] added
with some necessary details and explanations.

Denote by ¢ a primitive g-th root of unity in Q. Then, Q(¢)|Q is the cyclotomic cyclic extension
of degree ¢(q), where ¢ is Euler’s phi function. Denote for any m € Z by m € {0,...,q — 1} the
integer such that m = m(mod ¢). Define {¢;|gcd(i,¢) =1 and 0 < i < ¢}, where the ¢;’s are ¢(q)
algebraically independent indeterminates over Q. For ¢; € {¢;|ged(i,q) = 1 and 0 < ¢ < ¢}, let
b; = ¢]. Define for 0 < i < ¢:

€; = H C;-/j

JE(Z/aZ)>

if 4 is relatively prime to ¢ and e; = 0 otherwise. Let r; = Z?;é e; (Y fori=1,..,¢g—1 and consider

qg—1

P(z) = [[(z = ro).

=0
Proposition 8. The polynomial P(z) has coefficients in Z[b1, ..., bg—1].

Proof. By construction, we see that P(z) € Zlcy, ..., cq—1, (][2]. Let k be any element in {1,...,¢—1}
such that ged(k, ¢) = 1. We will show that P(z) is invariant under the action ¢ + (¥, to conclude
that P(z) € Z[ec1, ...,cq—1][z]. Furthermore, we will show that P(z) is invariant under ¢, — (cg.
This implies that all coefficients of P(z), which are polynomials in Z[cy, ...,¢q—1], are invariant
under ¢, — (cg, hence contain only g-th powers of ¢x. As ¢y, is any element of {c1, ..., c4—1}, we can
conclude that P(z) € Z[by, ..., by—1][2].

The action p : ¢ +— ¢* gives

q—1 q—1
. _ i.j ijk _
piri=Y_e;CU > e =y
j=0 j=0
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fori=1,..,g—1. As1 <k <g¢g—1 and ged(q,k) = 1, this means that p permutes 71, ...,74_1.
Therefore, p leaves P(z) invariant.
The action A : ¢ — (ci gives

vem I dfmer JI & et

JE(Z/qZ)* JE(Z/qZ)%

forall i =1,...,q — 1 relatively prime to ¢q. Hence,
g—1 qg—1
.. . —1\ -
Nor= S S e,
j=0 j=0

for i =1,...,¢ — 1. This means that A permutes rq, ...,7¢q_1, so \ leaves P(z) invariant. O

Let pto, -..; fip(q)—1 be a basis for Q(¢)/Q and let to, ...,t,4)—1 be algebraically independent (over
Q) indeterminates. Set

by = topo + -+ tp(g)—1Hp(g) -1
and b; = ~;(by ), where v; €Gal(Q(¢)|Q) is defined by v; : ¢ — ¢'. Replace now the b;’s in P(z) by

b;’s and denote the resulting polynomial by P(z).

—_~

Proposition 9. The polynomial P(z) has coefficients in Zlt, ..., t,(g)—1]-

e

Proof. From the construction, we see that P(z) has coefficients in Z[to, ..., t,(g)—1,¢]. So it is enough

P

to prove that P(z) is invariant under the action of 7, where k is any integer in {1,...,q — 1} such
that ged(k, g) = 1. The action of v on the b;’s is the following:

i 2 by = 7i(01) = (i (01)) = i (b1) = b

for i =1,...,¢—1 such that ged(i, q) = 1. Therefore, the polynomial (];E_z/)) is also obtained when

~1
letting 7 : ¢; — ¢z act on P(z) and after that replacing ¢; by b; /a for i =1,...,¢ — 1. This means
it is sufficient, in order to prove the proposition, to show that 7 leaves P(z) invariant. The action
n gives

n:ie = H cz/ij»—> H é/jz @/(kj):eki
je(z/qz)* je(z/qz)* je(z/qz)*

<
(SR

for all i = 1,...,q — 1 relatively prime to q. Hence,

q—1 q—1 q—1 .,
C — Nl T — kT kg
n:ir;= E e;¢Y — E er; ¢ = g er;C =T, -1
=0 =0 =0

for i =1,...,q — 1. This means that n permutes 71, ...,74—1, so n leaves P(z) invariant. O

Furthermore, we are able to prove the following proposition.

—

Proposition 10. The polynomial P(z) is irreducible over the field Q(to, ..., ty(q)—1)-
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—_—

Proof. Consider the specialization of P(z) with ¢ = ¢, t; = —1 and ¢; = 0 for ¢ > 1 and denote it

—_— —~

by P(z),. Also, let p; = ¢* for ¢ > 0. Then, in P(z),: by =t — (', so P(z), € Z[t][z]. In order to

—_—

prove the proposition, it is enough to prove that P(z), is irreducible over Q. In order to prove this,

—_—

we will check that P(z), is an Eisenstein polynomial with respect to the polynomial

Y= H b; = H (t—=¢).
i€(Z/q2)* i€(2/q2)*

This polynomial 1 is called the g-th cyclotomic polynomial and it is the minimal polynomial of ¢

—_~

over Q, hence irreducible over Q. Hence, we will check, as P(z), is monic, that ¢ is a divisor of

— —_—

all (except the highest) coefficients of P(z), and that it divides the constant term of P(z), only once.

For the first claim, look at P(z). It is enough to show that [;cz/47)x bi is a divisor of all (except
the highest) coefficients of P(z). By definition, we see that [[,c(7/47)x ci is a divisor of e; for
it =1,...,q — 1. Therefore, Hie(z/qz)x ¢; is a divisor of ; for ¢ = 1,...,q — 1, hence a divisor of all
coefficients of P(z), which are symmetric polynomials in the r;’s. As P(z) € Z[b1, ..., by—1][7], all
(except the highest) coefficients of P(z) are divisible by J[;c7/qz)x bi-

—

For the second claim, note that P(z), can also be obtained when performing the following operation
to P(z) (considered to be in Z|cy, ..., cq—1][#]):

i (t—¢H)Ya

for i =1,...,q — 1 relatively prime to gq. Then, the e;’s become a

é.zi:

i€(2/qz)*

degree polynomial in ¢, which means the r;’s are also of degree %gp(q) in t. The constant term of

]/3_(\2/)0 is equal to g;& 73, hence a £¢(q) degree polynomial in t. The degree of Y2 clearly is ¢(q)?.

Because ¢ is a power of a prime, ¢/2 < ¢(q), hence

dex( [ ) = ota) < ola)* = o).

—

Therefore, quol r; can not be divisible by 2. We conclude that P(z), is Eisenstein, hence irre-

ducible over Q= O

—

As P(z) is irreducible over a field of characteristic zero, it is separable. Hence, it generates a Galois
extension. The following proposition shows that is has the desired Galois group. The proof of the
proposition is also described in a short way in [Den95].

—

Proposition 11. The polynomial P(z) has Galois group C, over the field Q(to, ..., t,(q)—1)-

P

Proof. Let K = Q(to,...,t,(q—1). We will first show that the Galois group of P(z) over K(()
is equal to Cy. As ¢ € Q(¢), the matrix (v;(s;))i je(z/qz)x, occurring in the formulas for by, is
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invertible over Q(¢), so
K(C) = Q(t07 "'7ttp(q)—17c) = Q(l;;7 7b/qv—17<)

Hence, l;vl, ey bfqv_l are algebraically independent over Q(¢), and so are {e;|1 < ¢ < ¢ — 1,gcd(i, q) =

—_—

1}. Hence, the splitting field of P(z) over K(¢) is equal to

K(C)(TOa ) Tq—l) = K(C)(ela ) eq—l)'
Denote this splitting field by N. Let o GGaIK(C)(]/D_(\Z/)) be a permutation of 79, ..., 74—1, which sends
ro to r;. For any i € {1,...,q¢ — 1} relatively prime to ¢, we have e} € Q(by,...,bs—1,() = K(C).
Hence, o(e;)? = e/ and there exists a k; € Z such that o(e;) = (¥ie;. Then,

q—1
0'(6j) = Ze](kj.
7=0

-1

2

J

q—1
=" ei¢ = alr) =
j=0

Il
=3

Therefore, for j = 1,...,q — 1 relatively prime to g, k; = [j. Therefore, o(r;) = T and the Galois

—_

group of P(z) over K(() is equal to C,.
Denote the Galois group of N|K by G. Let H be the Galois group of K(¢)|K and let ¢ : ¢ — (¥

be an element of H. As P(z) is fixed by o, we can extend ¢ to N by setting o(r1) = r;. Then,

a:e?*—) H b%ka H b;k/j:e%

JE€(Z/qZ)* JE(Z/qZ)*

for i = 1,...,q¢ — 1 relatively prime to ¢. Hence, there exists I; € Z such that o(e;) = Clieﬁ. We

compute
q—1 g—1 q—1
giri=Y ety et =Y e
j=0 j=0 i=0

As o(r1) = r1, we deduce CliTk =1, hence o(e;) = e for i = 1, ...,q—1 relatively prime to ¢q. Thus,

q—1 qg—1 qg—1
e — Ve __rijk (U — e
o, = g €;j¢" g eij = g e;j¢Y = ;.
j=0 j=0 j=0

fori=0,...,q—1.

Let L := K(rg,...,7q—1), which is the splitting field of P(z) over K. The following figure may clarify
the different connections between the fields.
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Let H' be the set of all extensions of elements of H to N as constructed above. Every element of
H' leaves L invariant, by definition, so L € N*". Hence,

[N:L>[N:N")=|H'|=|H|
Clearly

[L: K] =2 [N:K(Q)]=|Cf =gq.
We deduce with the tower rule that N = L and [L : K] = q. As L|K is Galois, H' is a normal
subgroup of G and hence a direct complement of Cy; in G. Therefore, the Galois group of L|K,

e

which is the Galois group of P(z) over K, is equal to C,. O

—_~—

From this proposition, it also follows that P(z), has Galois group C, over Q(t), as it is an irreducible

specialization of ]3\(_2/)

Smith proved in [Smi91] the strong statement that P(z) is generic for C;; over Q. This means that
apart from the proposition above, he proved that for all Galois extensions L|L’ with Galois group

—

Cq and Q C L/, there exists a specialization of P(z) with splitting field L over L’. His proof is
very extensive, so we will not give it here. We refer to [Smi91]. For the interested reader, the proof
combines theory about Stickelberger elements, Lagrange resolvents and convolution algebras.

Let us consider an example of this construction. In [Smi91] the example for ¢ = 3 is written out.
We will show the method for ¢ = 5. Then ¢g = 0 and

e = clcgcgci
€9 = C%CQCéCi
€3 = C?C%C;;CZ
€4 = 0411630364,
hence we can compute
To = clcgcgci + cf@céci + 6?830363 + c‘fc%cgcél
11 = c163e3esC + cleacsci (P + efcaesciC? + ciciegead”
T = c1¢5¢2c3C% 4 AeaciciCt + Aeyescil + clcicie, B
r3 = crcacaciC® + cleacieaC 4 cchesciCt + el caciea
T4 = c1¢5caciCt 4 Aeacsci P+ ez + clciciesd.
Expanding the polynomial P(z) gives the following expression

P(z) = 2° — 10cic5c5c52° — B cesc (cics + cach + el + cach) 22

5 5.5 52 5555/1055, 5105, 5105 , 5510
+ (5(cieaesey)” — bejeyescy(er caes + ciey ey + cieg ¢) + chczey”))z

- R + A0+ Tl + )
The expression was obtained using Mathematica, see the appendix for details. Expressed in b;’s,
this is equal to
P(2) = 2° — 10b1babsbyz® — 5b1bobsby(byby + bzby + bibg + boby) 2>
+ (5(b1babsby)? — 5bybabsby(b3babs + byb3by + b1b3by + babsb?))z

— bybobsby (B3bab2 + b2b3bs + byb3b2 + b2b3b3).
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Now, let p; = (¥t for pyg, ..., u3 be our choice of a basis for Q(¢)/Q which means that
by = to¢ + t1C% + 2% + t5¢*
by = toC? + t1¢* + 12 + 15
bs = toC® + t1¢ + 2" + t5¢?
by = toC" + t1¢% + t2¢% + 13¢.

We obtain ]/Dz_z/) by replacing b; by l; in P(z) fori =1,...,¢ — 1. With the use of Mathematica, we

can compute P(z), but it gets very large, so we will not display it here.
As one can verify, o
’}/22b1+—>b2+—)b4+—)b3*—)b1.

So, if we take a look at the coefficients of P(z), we can verify that P(z) is invariant under 2. As

—

72 is the generator of the Galois group of Q(¢)|Q, we deduce that P(z) must lie in Z[to, t1, t2, t3][2],
which is what we claimed.

One might wonder whether Noether’s problem is solvable for C5. In fact it is, according to the
results in [JLY02] (with references to [Fur25]). This however does not follow straightforward from
the construction above, since the elements rg,...,74 become very complicated once the ¢;’s are

replaced by f/bji’s and the b:»’s are replaced by the expressions above in Z[to, ..., t3, C].

5.1.2 Construction using the field trace

In this section we give a detailed and extended version of what is written in [Nak00] and refer to
[Coh12] in some parts. We will claim and prove the existence of a generic polynomial for a cyclic
group of odd prime order over the rational numbers.
Let [ be an odd prime and Cj be the cyclic group of order [. As said, in this section we will work
towards a generic polynomial for C; over Q. By Kummer Theory, in particular implied by corollary
10.2.7 of [Coh12], we have that X' — T is generic for C; over k if k contains an I-th root of unity.
As Q does not contain a primitive [-th root of unity, it will not be that easy. Furthermore, let
be a primitive [-th root of unity and F := Q(¢). Now let V := F*/(F*)! be regarded as vector
space over ;. Explicitly, this means that V' has multiplication as operation and that it consists of
all elements @, with a € F*, where @ = § € V if and only if a = - A for some X\ € F*. F; acts
on V explicitly by
F,xV —=V:(a,a)—a®

which can easily be checked to be well-defined. From basic Galois theory we know that the Galois
group G of F|Q is isomorphic to F as we have an injective groupisomorphism

X:G—=F:(0:(— (") —m.
Also note that the size of G is I — 1. G acts on V in the following canonical way

GxV—=V:(oa) o)

for which it is again not hard to see that it is well-defined. Combining these actions of F; and G
on V gives V a F;[G]-module structure. Let now

e=1-1 " x(o™ o € F[G].

ceG
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The following computation shows that ¢ is idempotent.

2=7-1" Z x((o7)" Yo, by definition
o,7Te€CG

-2 . —
=[-1 Z x(o™ Yo, if we transform o ~ o7
o,7€G

= ¢, as the summation over 7 gives a factor [ — 1.

As e is an element of F;[G], it acts on V. Denote the image of € by V. For elements of V¢ the
following interesting property holds.

Proposition 12. Let @ € V. Then, @ € V¢ if and only if o(@) = @X(?) for all ¢ € G.

Proof. If we assume that @ € V¢, then this means that

T——1

-1
a=¢ ( H T X(Tl)>

TG

for some 3 € V. Then, for any o € G-
771 —1

(HUT B)x(r= 1)>l_ ( H o7 (B)x(eler)” )> B (HT X(Uf‘l)>l_1 =ax(?),

T€G oTeG T€G

Conversely, if o(@) = aX(?) for all 0 € G, then @ = J(a)X( forall o €eG As#G =1-1, we
now have that

(L) =@,

ceqG
ie. @ae Ve O
Now that we know these things it is time to explore an arbitrary cyclic extension, so let K|Q be a
Galois extension with group C; = (7). Let o be the generator of G. This means that we have the
following diagram of extensions.
K —— K(¢)
()

Q— F=Q()

Note that as [ is an odd prime, K can not contain a proper subextension of F|Q, i.e. FNK = Q.
Therefore, with elementary Galois theory, for example proposition 5.54 of [Keul5], we can deduce
that K(¢)|Q is a Galois extension with group isomorphic to

Gal(F|Q) x Gal(K|Q) = ((1,7), (0,1)) = (7, 0),
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where we extended on the right hand side 7 to Q(¢) by saying that 7 leaves F invariant and o to
K by saying that o leaves K invariant. Note that we immediately see that ¢ and 7 commute from
these observations.

Furthermore, we have that K(¢)|K and K({)|F are Galois with group isomorphic to respectively
(o) and (7). By Kummer theory, again corollary 10.2.7 of [Coh12], we have that K () = F(V/a)
for some a in F'*.

For such an a: as (0(/@))! = o(a), we have o(y/a) = ("\/o(a) for some integer n between 0 and
[ —1. If n # 0, then if we assume that o : { + (™, as o'(V/a) = /a: n'm!~! = 0(mod [). This
however, as [ is a prime number, can not be the case, since we assumed that m and n are not
multiples of I. Thus, n =0 and o : Va — {/o(a).

The following proposition describes more properties of this o we work with. This proposition
actually implies that there is a bijection between cyclic extensions over Q of degree | and one-
dimensional subspaces of V&.

Proposition 13. If K is a Galois extension with group C; and a € F* is an element such that
K(¢) = F({/a), then @ € V¢. Conversely, if & € F* such that @ € V\{1}, then F(V/a)|Q is an
abelian extension of degree I(I — 1) containing a unique cyclic extension K|Q of degree I.

Proof. For the first part of this proposition, we will first prove that o(a) = Ma¢ for some e € Z
and A\ € F, where [ { e if all assumptions of the proposition are satisfied. We already know that

F(Va) = F({/o(a)), so \/o(a) = Zi;é A\iv/a' for some \; € F. Assume now that 7(\/a) = (*V/a
and 7({/o(a)) = ¢*V/o(a). Then ¢’y/o(a) can be expressed as Zi;é (% V/a" and Zi;é AoV
using the above expressions. If we subtract these expressions from each other then we end up with
the expression Zf;é i (€9 — ¢)Y/a' = 0, which implies that A\;(¢* — (%) =0 for i = 0,...,1 — 1.
Choose now i such that (% — ¢* = 0. Then for all j # 4, we have that A\; = 0, so o(a) = Aa®.
Now assume that o : { — (™, i.e. x(o) =m. Then we compute that

o7 :Var Wat — AV ae
To0 : Var (Vo — A ae

and because ¢ and 7 commute, we have now that e = m. We can now conclude that
o@) = Nam = am =ax(@),

soa e Ve,

For the second part of the proposition, note that again directly from corollary 10.2.7 of [Coh12], we
have that F'({/«)|F is cyclic of degree | (because @ # 1 and [ is prime). As earlier said, F'(\V«)|Q
has Galois group isomorphic to (o, 7), which is abelian and of degree (I — 1). By the fundamental
theorem of Galois theory, there is a unique subextension K|Q of F({/a)|Q of degree | which is
cyclic, namely the subextension corresponding to the subgroup (o) of (o, 7). O

In the following proposition the arbitrary cyclic extension K|Q will be investigated even more.

Proposition 14. If K|Q is a Galois extension with group C; and o € F* is such that K({) =
F(vy/a), then K = Q(Try,k(A)) for L = K(¢) and A = y/a. The conjugates of Try, (A) are
precisely TrL/K(CiA) fori=0,..101—1.
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Proof. As noted above, we have
Gal(LIK) = Gal(K(¢)|K) = (o) = G.

Now identify an integer z, € {1, ...,l—1} with x(c) = z,(mod l) for each ¢ € G, i.e. o : (> (*. As
@ € V¢ by the previous proposition, we have that (47 ~%7)l = q®~% ¢ (F*)! for any ¢ € G. Thus
there exists a 7, € F'* such that 0(A) = 7, A% for o € G. Therefore, T'rp | (A) =, cq Vo A" ¢
Q, because {y}i=o..1-1 C {1,...,0 — 1} and 1, A, A% ..., A"~ are linearly independent over F.
Because K|Q is of prime degree [, we must have now that K = Q(Trr x(A)). The conjugates of
Trr ik (A) are clearly Trp i (¢'A) for i = 0,...,1 — 1, as these are the images of T'rpx(A) under 7,
which is also described above. As #(r) = [, those Trpx(¢'A) are distinct for i = 0,...,0 — 1 and
are precisely the conjugates of T'rp x (A). O

This means that our arbitrary Galois extension K|Q with group C is the splitting field of the

polynomial
-1

i=0
To come up with a generic polynomial for C; over QQ, we need to do a few steps. First we transform
f(X;a) to a more general form using a substitution for a. Let

& = {e € Z|G]|se = e mod [ for some s € F,}.

Then for any e € £ and any 8 € F*, we can define f(X;3°). As B¢ = ¢(B%) € V¢, we know from
proposition 14 that F(/3¢)|Q is cyclic of degree I(I — 1) if 3¢ ¢ (F*)!, containing a unique subfield
K of F({/B¢) which is cyclic over Q of degree [, which is the splitting field of f(X;3¢). Note that
the cyclic extension generated by f(X,3¢) is independent of the choice of e € £, as shown by the
following reasoning. If ¢/, e € £ and ¢’ = e(mod 1), then ¢’ = e + ki for some k € Z. Then,

F(V/B) = F({/5°8") = F(\/B).

If ¢/,e € € and € # e(mod [), then ¢/(mod !) = s’c and e(mod ) = se for distinct s,s" € F. So
s71s’e(mod 1) = €/(mod 1). We conclude

F(V/B)=F(/Bs ") =F(/B),

since [ is prime and s~'s’ € F}*.
Now is the time to actually describe the polynomial g(X; T) for which we will later prove that it is
generic for C; over Q. From now on, let e € £ be fixed and define (w,),eq to be the basis of F/Q
and let T = (T,),ecc be algebraically independent transcendental variables over Q indexed by G.
The Galois group F(T)|Q(T) is canonically isomorphic to G. So apply the previous explanation to
define

g(XiT) = f(X; 8/(T)°),

where 3'(T) = > .o w.Ts € F(T).

Because (wy)ocq is a basis for F/Q, we can pick t € Q'~! for any 3 € F* such that 8 = 8/(t).
Then we get again f(X;8°) = g(X;t) € Q[X]. This gives the following important property of
9(X;T).
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Proposition 15. Any Galois extension K|Q with group C; can be obtained as the splitting field
of g(X;t) over Q for some t € Q'

Before proving that g(X;T) is generic for C; over Q, we will analyze the roots of g(X;T). We
will use a similar method as in proposition 3 and derive similar results. Let A" = {/8/(T)¢ and
let I’ = F(T)(A’). Let K’ be the subfield of L'|Q(T) such that [L' : K'| =1 — 1. Then the
Galois group of L'| K’ can be identified with G. Again there exists rational functions v/ (T) € F(T)
determined by A’ =4/ (T)A® for o € G. So the roots of g(X;T) are of the form

TTL"K' A C‘? Z ’}/o. A/md CJIO_

oeG

for j =0,...,1 — 1. For simplicity denote

B,(T) = B/(T)" = 3 wlT,,

TEG

which gives if we write e =) e,0 (with e, € Z):

A/l _ B/(T)e _ H BU(T)

ceG

In [Cohl2] a proof of the following statement can be found. Because the proof is very extensive
and technical, we will skip it.

Proposition 16. Any coefficient of g(X; T) is given in the form of a finite sum Y ¢; 8’ (T)%, where
g; are elements of Q and u; € Z[G].

In order to prove that g(X;T) is generic for C; over Q, we have to prove two things. First that
the Galois group of g(X;T) over Q(T) is C; and that for any field k; containing Q as a subfield:
any Galois extension K;|k; with group C; is the splitting field of g(X;t) for some t € Iclfl. So
consider such a k; and K. We first note that the coefficients of g(X; T) can be defined at t € £\ .
This follows from the above proposition, because the prime field of k; is the same as that of Q.
Also the function 7/ (T) (for each ¢ € G) can be defined at t € k'~'. This is because of the
following. Since e(c — z,)(a) = (af)*®=%) = 1 € V, we have that e(c — z,) = 0(mod ).
Therefore, because 7., (T)! = A (0=) = g/(T)¢(e=%<)  there exists j, € F, and v, € Z[G] such
that . (T) = ¢4 8/(T)%. So it is clear that we can define this function if t € k/~!. Also note that
~: (T) # 0. The last thing we want to mention is that it follows directly from the description above
that if Ay is an element in the algebraic closure of k; such that A} =[] . Bo(t)°, then the roots
of g(X;'T) are given by

Z’ya JA'Te (9% 0 < j <1 —1.

oceG

Theorem 2. g(X;T) is generic for C; over Q.

Proof. Let W be the matrix (w?)s, req, where the rows are indexed by ¢ and the columns by 7.
As F|Q is separable , W is invertible. Thus, the [ — 1 linear forms B, (T) (¢ € G) are distinct from
each other. This means that 5'(T)¢ = [[ B,(T) ¢ F*(T)! as e(mod ) # 0(mod [). This implies,
by a generalization of proposition 14 and the description of the roots of g(X;T) above that the
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Galois group of g(X;T) over Q(T) is isomorphic to C;.

For the second property of a generic polynomial we have to find some t € k:lfl such that K is the
splitting field of g(X;t) over Q(t). Let Fy = k1(¢) and L; = K;(¢). Now, the Galois group H of
Fi]k; can be regarded as a subgroup of G. Define e(H) = > ; es0. Since L; is abelian over ki,

there is an 8; € Fy* such that L; = Fy(y/ f(H)), by proposition 14. For ¢ € G, set b, = 57 if
oc€Handb, =1ifoc ¢ H. Let b= (b, )scc and let t = W~tb. We will show in what follows that

t € k7! To see this, first write t = (WZW)~(W7Tb). One can check easily that the entries of
WTW are invariant under G, so belong to Q. Moreover, the entries of Wb belong to k;, because

dwibe = > wis+ > w]

TEG TEH T¢H
=D wr(B -1+ up
TEH TeEG

=Trp /by (o (B — 1)) + Trpjg(ws).
The relation Wt=Db shows directly that B,(t) = b, for ¢ € G. Moreover,
e(H) H beg _ H B
oceqG oeG
Therefore, by our discussion above the theorem, v/ (t) # 0 and all the roots of g(X;t) are given by

ejZE:ygwA?G%;ogjgl—L
ceG

where A; = 4/ ﬁe(H) Since v/ (t) # 0 and 1, Ay, A%, ..., Alfl are linearly independent over F}, we
obtain Ly = Fy(6;), which yields

= [L1 : Fl] = [Fl(ej) . Fﬂ < [k1(9]) : kl] < deg(g(X;t)) =1
We conclude that [k1(6;) : k1] = [, hence Ky = k1(0;) for any j and the proof is complete. O

Now that we proved the above statement, it is interesting to see what such a g(X; T) looks like, so
we will consider a few examples.

Example 1. Let [ = 3. A basis for Q(¢)/Q is given by {(,(?}, so let w; = ¢ and wy = ¢2. Then
B'(T) = Ty + (*Ty. Now, G =Gal(Q(¢)|Q) = {id, o}, where id is the identity map and o : ¢ — (2,
S0
e=2 '(T-id+2-0)=2-id+1-0.
Therefore
E={eeZ|G]le(mod 3) € {2-id+1-0,1-id+2-0}}

Pick now e =id+ 2 -0 € £. Then

= VB(T)e = Y/((T1 + D) (T + (D),
which means that the roots of g(X;T) are of the form

A +(Po(A) for j =0,1,2
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With the use of Mathematica, see the Appendix below, we could obtain the following expression
for (X, T):
g(X;T) = X? -~ Ao(A)X — A® —g(A)3.

With the definition of A’, we can determine

Alo(A) = /((T + CT)(CPTh + (T2)? - V/(CTh + (To) ((Th + (2T»)?
= (CTy + CPT)(¢*Ty + (To)
=T —T\Tp +T3.

Furthermore, an easy computation shows that

—AB (A = —(CTh + CPT) (T + CTo)? — (3T + (o) (CTh + ¢ Ty)?
=Ty +T5.

Hence, we see that g(X; T) € Q(T)[X]. So a generic polynomial for C5 over Q is given by
g(X;T)=X? - (T? —TW T + THX + T} + T

This is the same polynomial as the resulting polynomial of the procedure of section 5.1.1. (for
q = 3). We will see in the following section that this is not a coincidence.

5.1.3 Connection between the two constructions

In the above sections we described two constructions of a generic polynomial of a cyclic group. Both
constructions have different assumptions, but we will show in this section that the two produce the
same polynomial in the part where the assumptions overlap. This means that we will look at the
situation where ¢ is an odd prime and we will show that the polynomial P(z) (as constructed
in 5.1.1.) equals ¢g(X;T) (with [ = ¢), as constructed in 5.1.2. For that, we will rewrite the
construction of P(z) in the terminology of section 5.1.2.

We see in the last step of the construction in 5.1.1. that we replace b; by b: We see directly
that b; = B'(T)°, where o; : ¢ — ¢*. This also means that b; is replaced by 3'(T) and b; by
o:(b1). Furthermore, this is the same as replacing ¢; by +/3'(T) and ¢; by o;(\/B'(T)). Using the
terminology of 5.1.2., this gives that e; turns into

= T[ /TN = Y5

oceG

where we choose e € £ to be such that e = ) . e,0, with e, € Z such that e, € [1,I — 1] and
x(671) = e,(mod [). This means that e; turns into (X, B’(T)E)X(‘fl)7 which equals (\’/ﬂ’(T)e)”fl,
by proposition 2. Therefore, ro turns into Trp k(5 6’(T)e) and r; into TrL/K(\’/ﬂ’(T)eg“_i).
Therefore, P(z) equals the polynomial f(X;a), when Al is replaced by 8/(T)¢, which is exactly the
polynomial g(X;T).

Example 2. To see an example of this procedure, consider ¢ = 5. Then, similar to example 1, a
basis for Q(¢)/Q is given by {(, ..., (*}, so let w; = ¢? fori = 1,...,4. Then /(T) = (T} + ... + (*Ty,
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which is equal to by as computed in section 5.1.1. Now, G =Gal(Q(¢)|Q) = {o;]i =1, ...,4}, where
oi: (—(hso

e=1"'T-01+3-02+2-03+4-04)=d01+2-02+3 03 +104.

Pick now e = 01 + 309 + 203 + 404 € €. Then,
~~3~2~4
A= {/B(T)" = Vbiby b3 by

which we see now is equal to e; (of section 5.1.1.) after replacing ¢; by ¥ bN7 This means that

Trge)/(V/B(T)) = 01(A') + .. + 04(A')

5/~ ~3~2~4 5/~~3~2~4 5/~~3~2~4 s5/~~3~2~4
= \/b1b2 b3 by + \/b2b4 by b3 + \/b3b1 by by + \/b4b3 by by,

which is equal to the computed ro (in 5.1.1.) after replacing ¢; by \S/bjl This means that the

—

polynomial P(z), for which the zeros are the expressions obtained after replacing c; by ¥/b; in r;
for i = 0,...,4, is the same as the polynomial g(X;T) with roots Trg(c)/q(+/ 5’(T)e(i) as claimed.

5.2 Cyclic groups of even order

In this section we will write about the existence of generic polynomials for Con with n > 1. Above
we described a generic polynomial for Co = So and C4, so we will now look at the situation where
n = 3. In the end we will prove the non-existence of a generic polynomial over Q for the group Csg,
which is the one of the few groups for which this fact is known and proven. Actually, because our
proof can be used for Can if n > 3, we can claim the non-existence of a generic polynomial over Q
for the cyclic groups of order 2" for n > 3. This means moreover that there does not exist a generic
polynomial over Q for the cyclic groups with order divisible by 8.

Before we arrive at this point, we need to introduce a few concepts and denote some important
propositions. We begin by introducing the p-adic numbers. We follow the notation as in [Kob77].

Definition 6. Let p be a prime number. For any nonzero a € Z, let the p-adic ordinal, denoted by
ordy(a), be the highest power of p which divides a, i.e. the greatest m such that ¢ = 0(mod p™).
For = a/b € Q with a,b € Z, define ord,(z) = ordy(a) — ordy(b). Define the map |.|, on Q as

follows
pfordp(z) , if 7& 0
|lzlp = e
0 ,if x =0.

It can be proven from the definition that |.|, is a norm on Q. Define now Q,, the p-adic numbers,
as the completion of Q with respect to [.|,.

We expect the reader to be familiar with algebraic number theoretical concepts such as ramification.
For a detailed description of this concept in the case of p-adic numbers, we refer to [Kob77]. A more
algebraic way of defining this can be found in [Stel7]. The following propositions can be found in
[Kob77] and are denoted here, because they will be used later on.
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Proposition 17. There is exactly one unramified extension L™ of some degree f of Q. It can
be obtained by adjoining a primitive (pf-1)th root of 1.

Proposition 18 (Krasner’s lemma). Let a,b € @p, and assume that b is chosen closer to a than
all conjugates a; of a (a; # a), i.e.
b —aly <la; —aly,

then Q,(a) C Q,(b).

The following corollary of Krasner’s lemma can be found in some more generality in [Sutl7] and
will turn out to be useful in the upcoming proof.

Corollary 1. Let f € Qp[z] be a monic irreducible separable polynomial. There exists § € R,
depending on f, such that for every monic polynomial g € Q,[z] with |f — g|, < ¢ the following
holds: For every root /3 of g there exists a root a of f such that K(8) = K(«).

In particular, every such g is separable, irreducible and has the same splitting field as f.

In order to prove the proposition that there does not exist a generic polynomial for Cs over Q,
we will need the following proposition. The statement and a sketch of the proof can be found in
[Wan48], [JLY02](p.56) and [Bor+12]. We will give a more explained proof, sometimes referring to
basic algebraic number theoretical facts or other steps in the references.

Proposition 19. Let L|Q be a Galois extension with group Cg and define Lo := L - Q. If Lo|Q2
is an unramified extension, then Gal(L2|Qs) # Cs.

Proof. We assume that Ls|Qs is unramified and Gal(L2|Q2) = Cs and we will look for a contra-
diction. Let Q(v/D)|Q be a quadratic subextension of L|Q, with D being a square-free integer.
Because Lg is an unramified extension of Q2, we know that the prime ideal 20y, is unramified, so
20y, is unramified. Hence 207 = P; - - - P,, for n < 8. We will show now that 20y, is inert.

From algebraic number theory, for example proposition 2.7.16 of [Hus], we know that, fori = 1,...,n:
[Lp, : Q2] = ep, fp,, where Lp, is the completion of L with respect to the norm |.|p,, defined simi-
larly to the p-adic norm. Because L = Q(«) for some o € L, we have fori = 1,...,n: Lp, = (Q())2,
which is equal to Q2(a), as can be verified from the definition. So we have Lp, = Qz(a) = Lo and
we end up with 8 = [Ly : Qo] = fp, for i = 1,...,n. Therefore, as > ., ep, fp, = 8, we deduce that
n =1, ie 20y is inert. We will now prove that this implies that D # 1(mod 8).

Note that the ring of integers of Q(v/D) is Z[‘”—Q‘/E], where d is the discriminant of Q(v/D). The

d+Vd d—Vd, d?—d
(x— 5 )(m— 5 )—x —dzx + i

We know that d = D if D = 1(mod 4) and d = 4D if D = 2,3(mod 4). This means that if we
suppose D = 1(mod 8), then d = D = 1(mod 8). Then, we also see that d> —d = 1 — 1(mod

8) = 0(mod8), so # = 0(mod 2). Hence,

minimal polynomial of

d*>—d

z? —dx + = 22 4 z(mod 2) = z(z 4 1)(mod 2),

SO 2(’)@(\/5) = (2, d%/g)(l d%‘/a +1) is a totally split, which is a contradiction to the earlier derived

result that 207, is inert. We conclude that D # 1(mod 8).
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If the prime factorization of D would contain only primes that are equivalent to 1 modulo 8, then D
would be equivalent to 1 modulo 8, which is not the case. So there exists a prime number p which
divides D and p # 1(mod 8). Pick now such a prime p. We will now show that we can also deduce
that p = 1(mod 8) from our assumptions, which means that we have our desired contradiction. For
that we will first show that p is totally ramified in L.

Let © be a prime ideal in L above p and I(t/p) the group of inertia, i.e.

I(v/p) = {o € Gal(L|Q)|o(z) = z( mod t) for all z € O }.

We have ero(p) = |I(t/p)|. Let s be the prime ideal v N Og(vp) In Q(v/D). Then it follows

from the definition that I(t/s) = H N I(t/p), where H =Cal(L|Q(v/D)) = Cy. If I(t/p) would
be contained in H, then [I(t/p)| = [I(t/s)], so erjo(p) = €1 q(/p)(P) and p would not be ramified

in Q(vD). However, p is ramified in Q(v/D) as p|D. So I(t/p) can not be contained in H.
Because Gal(L|Q) = Cs, the only subgroup of Gal(L|Q) not contained in H is Gal(L|Q) itself,
hence e g(p) = |[1(t/p)| = 8, i.e. p is totally ramified in L.

Since I(t/p) = Cs is a subgroup of Of se = Fy, which follows from well-known algebraic number
theory, it follows that 8|p — 1, hence p = 1(mod ). O

It is now time to go to our main claim.
Proposition 20. There does not exist a generic polynomial for Cs over Q.

Proof. We will prove this proposition with contradiction, so assume that there does exist a generic
polynomial f(X,T) € Q(T)[X] for Cs over Q with T being a tuple consisting of algebraically
independent transcendental indeterminates. Let Ly be the unique unramified Cg-extension of Qo,
which exists because of proposition 18. Then Ly is the splitting field of some specialization f(X,a)
of f(X,T) over Q2. We may assume here without loss of generality that f(X,a) and f(X,T)
are irreducible. The corollary of Krasner’s lemma, as described above, gives us the possibility to
slightly change the coefficients of f(X,a) without changing its splitting field. If we consider the
definition of the norm |.|]2 on Qq, then we deduce that we can even assume in this case a to be a

tuple of rational numbers. Because Q&%T”Q(T) has Galois group Cg, we know that Qé(X’a)\Q

has Galois group at most Cg. Therefore, because QQQ(g(X’a) = Lo, we know Qé(x’a)@ has Galois
group equal to Cg. We conclude that Ly is the composition of a Cs extension of Q and Qs, which
is a contradiction with the proposition above. O

Note that the proof above works for Cs» extensions when n > 3.

In general, one could wonder why the construction of 5.1.1. doesn’t work for an even prime number.
That is because for n > 3, Q(¢)|Q is not cyclic in general anymore. Therefore, the proof in 5.1.1.
does not hold and as we saw above, counterexamples can be found.

In [Sch92], an explicit construction is given of a parametric polynomial of Cg over a field K, when-
ever K satisfies certain conditions. For the reader that has some knowledge about Brauer groups,
it might be interesting to know that the condition is that for all d € K such that (—1,d) = 0 in
Bry(K) and (2,d) = 0 in Bro(K (7)), we have (2,d) = 0 in Bro(K). In this condition, Bry(K)
denotes the kernel of multiplication by 2 in the Brauer group of K (written additively) and (a, b) is
the class of the quaternion algebra (a,b) for a,b € K. Examples of fields that satisfy this condition
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are Q and fields containing v/2, i or iv/2. See [Sch92] for more examples. Over Q an example of a
parametric polynomial of Cg, which is not generic, is

X8 —8(1+ ) (1 +tM)XO + 824+ 2)(1 + t4)2X* — 32t* (1 + )3 X2 + 16t5(1 + t*)3.
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6 Noether’s problem and generic polynomials for several
groups

In the previous sections we discussed Noether’s problem and the existence of generic polynomials
for small groups and the cyclic groups of odd order. In this section, we will give an overview of
some results concerning other groups. We start with a table, which denotes the groups for which a
generic polynomial exists over the field corresponding to these groups in the table. Afterwards, we
will give examples of generic polynomials for groups noted in this table. We end this section with
some results concerning Noether’s problem. Let p be a prime number, ¢ an odd prime power and [
a positive integer such that I|p — 1.

Group Field Reference
Dihedral groups D, Q [Sal82]
p-groups Infinite fields of characteristic p  [Gas5h9]
Frobenius groups Fy,; = C), x Cy, where 8t1 Q [Sal82)

As noted in the previous section, the above result concerning dihedral groups is enough to claim
that for every dihedral group of odd order, a generic polynomial over QQ exists.

As an example, we consider ¢ = 3. Then the construction from the proof of Saltman gives the
generic polynomial:

324(51t2 — Sgtl)zu
S2 — T2y

f(s1,82,t1,to, u, ) = 2° — 92* + € Q(s1,52,t1,t2, u)[x]

for D3 over Q. Here,

S = S% —+ 5182 —+ Sg + u(t1 —+ t1t2 —+ t%)
T = 281t1 + S1to + Sot1 + 289t9.

One can deduce from this that also 3 + 22 +t € Q(t)[z] is generic for D3 over Q.

The following example is that of a generic polynomial for a p-group over IF,. As described in
[JLY02], the polynomial

d

Z <<Zi> (—1)Figie=D/d+l _ g ¢ F (s)[a]

i=0
is generic for the group C, x Cy over F,,, where d|p — 1. In particular,
aP — 22 PHD/2 g s € Fy(s)[a]

is generic for Dy over F,,.

Over fields with characteristic # p, it is not known yet whether there exists a generic polynomial
for all p-groups. However, for some specific p-groups, these generic polynomials are already found,
namely for the following ([JLY02]): over a field with characteristic # 2, there exists a generic
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polynomial for the groups

QCs = (i, 4, pli* = j* = p* = —1,ji = —ij, pi = ip, pj = jp).

QDs = (u, vl = 1,0% = ub, vu = ).

and over a field with characteristic # p, there exists a generic polynomial for the group
Hys = (u,v, wju? = o =wP = 1,vu = www, wu = vw, wv = vw).

A construction of a generic polynomial for F,; over Q should be possible to build, as a contruction
is mentioned in the proof. It however turns out to be hopelessly involved. An explicit construction
of polynomials with group Fj,,,_1)/2 is given in [JLY02], but these polynomials are unfortunately
neither parametric nor generic.

We conclude this section with some remaining results concerning Noether’s problem for some groups
which are not named yet.

Proposition 21. Noether’s problem is solvable for the following groups:
e solvable transitive subgroups of S, for p = 3,5,7,11.
e transitive subgroups of S

e transitive subgroups of S7 which are not equal to PSLy(F7) or Ay

the groups QDg, Dg and M4, which is the smallest group containing Cs.
e transitive subgroups of Sg containing C3 x C3, without being equal to Ag.
e the alternating group As.

A reference for the first three claims is [JLY02]. For the fourth, fifth and sixth claim, we refer to
respectively [HHROS], [Zho15], [Mae89].

For the alternating groups A,, with n > 6, it is not known yet whether Noether’s problem is solvable.
Moreover, the existence of a generic polynomial for A, with n > 6 is not guaranteed. To make
clear how hard to handle this group appears to be, it is also not possible to build a parametric
polynomial for A,,, with n unknown.
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7 Conclusion

We started this thesis with the explanation of the inverse Galois problem, which was the reason
to study Noether’s problem and the existence of generic polynomials. We proved the following
implications

Noether’s Problem = Generic Polynomial = Galois Extension

for solutions of the different problems. The proof of the first implication, proposition 4, also con-
tained a construction for a generic polynomial.

In the third section generating invariant polynomials were found for the cyclic, dihedral and alter-
nating groups. They were used in the next section, were we solved Noether’s problem for several
small groups. In the following sections, we looked at the existence of generic polynomials in detail
for cyclic groups and in a short way for dihedral groups, p-groups and Frobenius groups. The results
of these sections are as follows.

In section 4 we showed that Noether’s problem is solvable for all subgroups of S,, n < 4 and also for
Q®s- In section 4.7, we reduced Noether’s problem for Q14 to a smaller problem, but unfortunately
without solving it. A generic polynomial exists over Q for C,, and D,, if n is odd and does not exists
over Q if 8|n, as proved in section 5. A generic polynomial over a field with characteristic p exists for
all p-groups and over Q for QCs, QDsg, Dg and H,s. It also exists over Q for the Frobenius groups
F,; if 8 1. Furthermore, some other groups are noted for which Noether’s problem is solvable, with
one of them being As.

Even though we managed to obtain several results, Noether’s problem remains unsolved for the
majority of the groups, which means there is still a lot to discover in this branch of mathematics.
We hope the reader is wondered by the beauty of these simple-looking problems and enriched with
the results of this thesis.
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8 Appendix

The following codes were used throughout this thesis. The code that gave the minimal polynomial
of 14 in section 4.2 is the following.

In[2]:= SymmetricReduction[(a - (x z + y t)) (a- (xy + 2z ¢t)) (a- (xt + y z)),

{X7 Y’ Z’ t{}’ {Sl’ 527 SS’ S4}]
Out[2]={a® — a?s2 + asls3 — s3% — dasd — s1%s4 + 45254, 0}

In section 4.3 the following code was used in order to determine (I}, — I§)? in terms of s, 52, 83, 84
and 4. First observe that we must end with the expression

(I — 1)) = Ag + A1y + Aol
with A; € M, as the left hand side is of degree 2. Letting Sy act on this equation gives
(lZ — l4)2 = Ay + Allf; + Aglf and ((l4 - lg))Q = Ay + AllZ + Agli{z.

Hence,
Ao 11 B2\ -2
Al =11 1, 12 (1 = 1y)?
A, 1w (g — 1)

The following Mathematica code gives an expression for A;:

In3]:=m = {{1,xz + yt, (xz + yt)2}, {1,xy + zt, (xy + zt)2}, {1, xt + yz, (xt + yz)?}}
Out[3]= {{1,ty + zz, (ty + x2)*}, {1, 2y + tz, (vy + t2)*}, {1, te + yz, (te + yz)*}}

In[5:=n = {{(xy + zt — xt — zy)?}, {(xt + zy — xz — yt)?}, {(xz + yt — xy — zt)?}}
Out[5)= {{(—tx + xy +tz — y2)?}, {(tx — ty — 2z + y2)?}, {(ty — vy — tz + x2)?}}

In[14]:= Simplify[Inverse[m)].n]

Out[14]= {{a?(y — 2)% + 3?2 — 2xyz(y + 2) + t2(2® + (y — 2)® — 2w(y + 2)) — 2t(2%(y + 2) + yz(y +
2) +a(y? = 3yz + 2))} {2z + 2y + 2) + tlr +y + 2))} {-3}}

We see Ay = —3. The following code reduces the expressions of Ag and A; in terms of sy, so, 83, S4:
In[12]:= SymmetricReduction|x?(y — z)? + y2?2z? — 2xyz(y +z) + t2(x? + (y — 2)% — 2x(y + 2)
—2t(x*(y +2) +yz(y +2) +x(y* - 3yz +2%)), {x,y, 2,t}, {s1,52,53,54}]

Out[12]= {522 — 45183 + 1654, 0}

In[13]:= SymmetricReduction[2(yz + x(y + z) + t(x +y + 2)), {X,y,2,t}, {s1,s2,83,s4}]
Out[13]= {2s2,0}

The following code gives the relation in section 4.4:

In[15]:= SymmetricReduction[(x —y +z — t)?,{x,y,z,t}, {s1,s2,s3,s4}]
Out[15]= {s1% — 4s2, 4ty + 4x2}
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The code for the polynomial P(z) in section 5.1.1. is the following:

In[4]:=ExpToTrig[Simplify[Expand|(z — (c1c23c32%c4? + c12c2c3%c43 + c13c2%c3c4?
+c14c22¢33c4))(z — (c1c23c32c4*Exp[2IPi/5] + c12c2c3*c43Exp|[2IPi/5)2+
c13c24c3c4?Exp|2IPi/5]3 + c14c22¢33c4Exp|[2IPi/5]%))(z — (c1c23c3%c4*Exp|[2IPi/5)2+
c12¢c2¢34c43Exp[2IPi/5]* + c13c2%c3c4?Exp[2IPi/5] + c14c22¢33c4Exp[2IPi/5)3))(z—
(c1c23¢3%c4*Exp|2IPi/5]3 + c12c2c3%c43Exp|2IPi/5] + c13c2%4c3c4?Exp[2IPi/5]*+
c14¢22¢33c4Exp[2IPi/5)?))(z — (c1c23c3%c4*Exp[2IPi/5]* + c12c2¢3%c43Exp[2IPi/5]3+
c13c24c3c42Exp[2IPi/5)? + c1%c22c33c4Exp[2IPi/5)))]]]

Out[d]= —c120c210¢315¢45 — ¢115¢220¢35¢410 — 119625329415 — ¢15¢215¢310¢420 —5¢115¢210¢310¢45 2
—5¢119¢215¢35¢410 24 5¢110¢210¢310:410 5110253150410 2 5152106310415 2 51102103545 22
—5c119¢25¢310¢4522 — 5¢15¢210¢3%¢41022 — 5¢15¢25¢319¢41922 — 10¢1%¢2%¢3%¢4%23 4 2°

The code for the polynomial g(X;T) in example 1 is as follows:

In[66]):= w = Exp|[2Pil/3]
27

Out[66]= e~z

In[68]:= Simplify[Product|(x — wiA — w2 B), {j, 0, 2}]]
Out[68]= —A3 — B® — 3ABz + 2°
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