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1 Introduction

One of the most famous zeta functions is the Hasse-Weil zeta function. It played an important
rol in the development of algebraic geometry in the twentieth century ([Musta]). Such a zeta
function is defined for a certain algebraic variety. Algebraic varieties are one of the central
objects of study in algebraic geometry and they are defined as a set of solutions of a system of
polynomial equations. The Hasse-Weil zeta function captures all the information conveyed by
a certain sequence of numbers in a power series. As we will see in Section [3| these numbers
denote the cardinality of a certain algebraic variety. These Hasse-Weil zeta functions appear
to be rational. The proof of the rationality can be found in ([Kob&84]). In this thesis we will
compute the Hasse-Weil zeta function of multilinear hypersurfaces, which are algebraic varieties
defined by the zeroes of a multilinear polynomial.

We will start with some field theory including theory about finite fields, since we will work
with polynomials with coefficients in a finite field. After that, we will continue with defin-
ing the hypersurfaces and their Hasse-Weil zeta functions in Section [3] This extensive list
of definitions and theorems makes this thesis almost self-contained. As soon as we have this
knowledge we will start computing zeta functions of multilinear hypersurfaces.



2 Preliminaries

In this chapter we will provide some theory about fields. We will first start with the basic
definition of a field and some properties. Furthermore we will give the definition of a finite
field.

2.1 Field Theory

The formal definition of a field is given by:

Definition 2.1 (Field). ([How06]) A field is a set F with two operations called addition “+’
and multiplication “’, which satisfies the following axioms for a,b,c € F:

Al. Associativity of addition and multiplication: a+(b+c) = (a+b)+c and a-(b-c) = (a-b)-c.
A2. Commutativity of addition and multiplication: a+b=b+a anda-b=1">-a.

A3. Additive and multiplicative identity: there exist two different elements 0 and 1 in F such
thata+0=a and a -1 = a.

A4. Additive inverses: for every a # 0 in IF, there exists an element in I, denoted —a, called
the additive inverse of a, such that a + (—a) = 0.

Ab. Distributivity of multiplication over addition: a - (b+c¢) = (a-b) + (a - ¢).

1

A6. Multiplicative inverses: for every a # 0 in I, there exists an element in F, denoted a~
or i, called the multiplicative inverse of a, such that a-a™' = 1.

Definition 2.2 (Prime field). Let F be a field. The prime field of F is the intersection of all
subfields of FF.

Theorem 2.3. Let F be a field. The prime field of F is either isomorphic to Q, or to Z/pZ for
some prime p.

Definition 2.4 (The Characteristic). Let F be a field. Suppose its prime field is Z/pZ. Then
we say that the characteristic of F is p. When the prime field is Q, we say that the characteristic
15 0.

Definition 2.5 (Irreducible Polynomial). ([How06]) Let F be a field. A non-constant poly-
nomial with coefficients in F is wrreducible over F if it cannot be written as a product of two

non-constant polynomials with coefficients in F. Otherwise, the polynomial will be called re-
ducible.

2.2 Finite Fields

In this section we shall be looking at finite fields. This will be the type of fields we will work
with in the rest of this paper.

Definition 2.6 (Finite field). ([Beul8]) A field is called a finite field if it contains a finite
number of elements.

Definition 2.7. ([Beul8]) Let F be a finite field and let p be its characteristic. We define
multiplication between an element of Z/pZ by an element of F as follows

Z|pZ xF —TF, (k,z)—k-x,

where we choose an integer representative for k and where we use repeated addition.
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Theorem 2.8 (Existence and Unicity). ([Beul8/) a) Let F be a finite field, then F has p"
elements for some n € N, where p is the characteristic of F. b) For every n € N and prime
p there exists precisely one field (up to isomorphism) with ¢ = p" elements, denoted by F,.
Furthermore, there are no other finite fields.

Proof. a) Let F be a finite field. Let K be the prime field of F. It follows immediately from
the definition of the prime field that K is also finite. This implies that the characteristic of
[F is p for some prime p. Since K is a subfield of F, [F is called a finite field extension of K.
Then F can be considered as a finite dimensional K-vectorspace. Suppose that dimg(F) = n
for some n € N, then there exists a basis {z1, ..., 2, } of the K-vectorspace F. This means that
the elements of [F can be written uniquely as

)\133'1 + )\2$2 + ...+ )\na:n for )\1, )\2, ceey )\n e K.
Remark that |K| = p, so there are exactly p" distinct elements in F.

b) We first prove existence. Let n € N and ¢ = p™ for some prime p. Let F be the split-
ting field of the polynomial X? — X € F,[X]. We define

H:={z € F|l2? — z = 0},

which is the set of zeroes in F of the polynomial X? — X. We want to prove that H is a
subfield of F. It is clear that 1 € H. Let o, € H. Since the characteristic is p, we know
that p- a = 0. Hence the additive inverse of « is given by (—a) = (p — 1) - @. Remark that
(a™1)? = (a?)™! = a~!. In other words, the multiplicative inverse of « is also contained in H.
So it suffices to show that H is closed under addition and multiplication. By using the Binomial
Theorem we find

q
@ =3 ()artst —ar e 1 =a+s,
k=0
since (,‘i) is 0 mod p whenever 0 < k < p. Hence H is indeed closed under addition. Remark
that (af)? = a4 = af3, so H is also closed under multiplication. We have now shown that

H is a subfield of F. It follows now immediately from the definition of the splitting field that
H = F. The fact that X? — X has ¢ distinct roots tells us that F is a field with ¢ elements.

To show uniqueness take any prime power ¢ = p™ and let I be a field with ¢ elements. Since F
is a field we know that [F*| = ¢ — 1, where F* is the unit group of F. Hence 297! = 1 for all
x € F*. This implies that 29 — x = 0 for all z € F. In other words, F is the splitting field of
the polynomial X9 — X. Since the splitting field of a polynomial is uniquely determined (up to
isomorphism) we can conclude that the same holds for F. ]

Remark 2.9. We have seen in the above that the field Fpn is isomorphic to the splittingfield of
the polynomial X?" — X € F,[X] for every n € N and prime p.

Theorem 2.10. ([And1%]) For p a prime and n,m € N, we have that Fym is a subfield of Fyn
if and only if m|n.

Proof. Suppose that F,m C F,n. We can consider F,» as a F,n-vector space. Since we are
working with finite fields the dimension of F,» as a F,m-vector space is a number d € N. This
implies that p" =|Fyn| =|F,m|¢ = p™¢. We conclude that m|n.



Suppose that m|n, then there exists a d € N such that n = dm. Let © € Fym, then according
to Remark [2.9] we have 27" = 2. Since n = dm we find

pn — 1= pdm — 1= (pm)d 1= (pm o 1)((pm)d71 4o +pm + 1)'

This implies that p™ — 1 divides p" — 1. In an analogous way we find that 2"~ — 1|zP"~* — 1.
It now follows that 2#" — z|a?" — z, so 2" = 2 and x € F .



3 Hypersurfaces and their Zeta Functions

3.1 Homogeneous Polynomials

Let F be a field and n € N. Let p(Xy, ..., X,,) € F[Xo, ..., X;,] be a polynomial of degree d, then
we call p a homogeneous polynomial if it is a linear combination of monomials of the same
total degree d.

Example 3.1. The polynomial p(Xo, X1, X2, X3) = X§— X2 X2+2X X, X5 X3 is a homogeneous
polynomial in 7 Xy, X1, X2, X3| of degree 4.

It is possible to make a homogeneous polynomial of degree d out of a non-homogeneous poly-
nomial p(X7,..., X,,) € F[X;y, ..., X,,] of degree d. This can be done by adding a new variable
and by defining the homogeneous polynomial in the following way ([Kob84])

P(Xo, ooy Xn) = X{p(X1/ X0, .., X/ Xo)-
This polynomial is called the homogeneous completion of p(X7, ..., X,,).

Lemma 3.2. The homogeneous completion of a non-homogeneous polynomial p(Xy, ..., X,,) in
F[X1,..., X, of degree d is indeed a homogeneous polynomial of degree d.

Proof. Remark that p(Xj, ..., X,,) is a polynomial, so we can write it as a linear combination
of m monomials for some m € N. In other words,

m n

p(X1, o Xa) = a [ X7 (1)
i=1  j=1

for some a; € Fand b;; € Nfor 1 <7< mand 1 < j < nsuch that le b;; < d. By rewriting
the definition of the homogeneous completion of p(Xj, ..., X,,) using (1f), we find

m n X. bi.; m =S b n B
X0p(X1/Xo, oo Xn/Xo) = (X0)* > a; (Y) =3 xS X0
=1 0

i=1 i=1 J=1

It follows immediately that this is a homogeneous polynomial of degree d, since we have
S b < d. O

j=1Yi.j

Example 3.3. The polynomial given in Example s the homogeneous completion of the
polynomial q(X1, Xo, X3) = 1 — X2X2 + 2X, X5 X3.

3.2 Hypersurfaces

Let F be a field and n € N. Let F™ be the set consisting of the ordered n-tuples (z1, ..., z,)
with z; € F for 1 <i < n. Let p(Xy,..., X,,) € F[X, ..., X,,] be a polynomial.

Definition 3.4. ([Kob84|]) The affine hypersurface defined by the polynomial p in F" is given
by

H,(F") == {(z1,...,x,) € F" | p(z1, ..., 2,,) = 0}.

Definition 3.5. ([Kob84|]) We define the n-dimensional projective space over the field T,
P(F), as the quotiéntspace of F"\{0} with the equivalence relation given by

(20y vy Tn) ~ (TG, oy ) & TN € F* such that x; = \a; for i =0,...,n.

In other words, P"(F) := (F"*1\{0})/ ~.



Definition 3.6. ([Kob84|]) Let p(Xy,...,X,) € F[Xy,..., X,] be a homogeneous polynomial.
The projective hypersurface defined by p in P™(F) is given by
H5(P"(F)) := {[z0 : ... : @] € P"(F) | plo, ..., xn) = 0}.

Remark that it makes sense to talk about the set of equivalence classes of (n+1)-tuples of P*(F)
at which p vanishes. For A € F* we namely have that p(Axo, ..., Az,,) = 0 if p(zo,...,x,) = 0,
since p is homogeneous. Let K be a field containing F. Then we can also define the set

H,(K") .= {(x1, ..., x,) € K" | p(21, ..., x,) = 0},

where p(Xj, ..., X,,) is a polynomial with coefficients in F. If p(Xj, ..., X,,) is a homogeneous
polynomial, we can similarly define the set

Hy(P"(K)) := {[xo : ... : 2] € PYK) | P(o, ..., z0) = 0}.

3.3 Zeta function

Let F = IF, be a finite field and K = F s be a finite field extension for some s € N. Let
p(X1, ..., X,) € F[Xy,..., X,,] be a polynomial and p(Xy, ..., X,,) € F[Xo, ..., X;;] be a homoge-
neous polynomial. We define the sequences (N;)seny and (Ng)sen, where

N, = |H, ()], N, = |H("(E,e)|

Definition 3.7 (Hasse-Weil Zeta function). ([Mustdl,2.3.2) The Hasse-Weil zeta function
of the affine hypersurface H,(F7) is defined as

Z(H,(F");T) = exp (Z NSSTS> |

s=1

The Hasse-Weil zeta function of the projective hypersurface is defined in a similar way where
H,(Fy) and N are respectively replaced by Hz(P"(F,)) and Nj.

3.4 Zeta Function of a Multilinear Hypersurface in P!(F,)"

We shall be interested in multilinear hypersurfaces and their zeta functions. We can generalise
the definition of the Hasse-Weil zeta function to hypersurfaces in P*(F,)". The multiprojective

space over the field F,, P'(F,)", is defined as the cartesian product of 1-dimensional projective
n—times

spaces, i.e. P(F,)" := PY(F,) x..x PYF,) for n € N. Let p(Xi, ..., X,,) € F,[X1,..., X,,] be a
multilinear polynomial of degree n, i.e. the polynomial contains a term consisting of a product
of all the different variables. We define the homogeneous completion of p(Xy, ..., X,,) as follows

XY, XY, = (HY) (X1/Yi, . X/ Yo,

Notice that this is indeed a homogeneous polynomial by recalling that p(X7, ..., X,,) is a mul-
tilinear polynomial. We can now take a look at the following hypersurface

Hy(P'(Fy)") = {([21: 9], s [ 2 ]) € BH(EQ)" [P0, 91, oy Ty yn) = 0.

We can again conclude from the fact that p is homogeneous that for every Ai,..., A\, € F
we have that p(A1x1, \y1, -, My Anyn) = 0 if (1, 1, ..., T, yn) = 0. So it makes sense to
consider the above hypersurface. Similarly, we can define the set

Hy(B"(Fye)") = {([wr 1), oo [ yal) € PME)" P21, 91, s T, Y) = O},
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for s € N. We can now define the Hasse-Weil zeta function of the multiprojective hypersurface

Hz(PY(F,)™) in the following way

o

Z(H5(P'(F,)"); T) = exp (Z NsTs) ,

S
s=1

where N, := ‘ﬁ[ﬁ(Pl(]Fqs)n)| for s € N.



4 Zeta Function of the Affine Hypersurface in ]FZ

Let p(X1, X3) € Fy[X1, X5] be a multilinear irreducible polynomial of degree 2, i.e.
p(Xl, XQ) = aXlXQ + le + CX2 + d

for some a,b,c,d € F, and @ # 0. In this section we shall determine the zeta function of
the affine hypersurface in Fg defined by p(Xi, X3). The following two lemmas will help us to
determine this zeta function.

Lemma 4.1. If the polynomial p(X1, X2) = aX1Xs + bX; + ¢Xo + d is reducible, then there
ezist ay, o, 1, B2 € B, such that p(X1, Xs) = (a1 X1 + 51)(aeXs + Ba).

Proof. Suppose that p(X;, Xs) is reducible, then there exist polynomials ¢(X;, X3), (X1, X3)
in F,[X7, X5] of degree 1 such that p(X;, X2) = ¢(X1, X2)r(Xi, Xs). In other words,

p(Xl,X2> = (a1X1 + leQ + cl)(a2X1 + b2X2 + Cg)
= a1a2X12 + b1b2X22 + (ale -+ ngl)XlXQ + (G1C2 + CL261>X1 + (blcg + bzcl)XQ + c1Co.

for some ay, ag, b1, b2,c1,c0 € Fy. It follows from the above equations that ajas = 0, biby = 0
and aiby + agby # 0. This implies that a; = by = 0 or ay = b; = 0, since a field has no zero
divisors. In both cases we see that we get a factorization of the desired form. m

Lemma 4.2. The multilinear polynomial p(X1, Xo) = aX1Xs + bX1 + cXy + d of degree 2 is
reducible if and only if d = ca™"b.

Proof. “=" Suppose that p(X;, Xs) is reducible, then by using Lemma we find that
p(X1, X2) = (1 X1 + B1)(ae X + B2) = (1 X1 Xs + a152X1 + BraeXs + B152).

This implies that ajas = a, a1fs = b, asfy = ¢ and d = [15,. Since a # 0 we know that oy
and as have an inverse. Using this we find

d= BB = a5 'cba;* = ca™'b.

“<=” Assume that d = ca™'b, then it follows from the following calculations that p(X;, X5) is
indeed reducible.

p(X1, X2) = aX1 Xo + bX; + cXo +ca'b=(X; +ca ") (aXy +D).
O

By using the lemmas above we can determine the zeta function of the affine hypersurface
H,(F?) := {(x1,22) € F2| p(21,25) = 0}, or equivalently we can prove the following theorem.

Theorem 4.3. The Hasse-Weil zeta function of the affine hypersurface HP(F?I) s given by

1-T
Z(H,(F2);T) = :
( p( q)? ) 1_ qT
Proof. By looking at the definition of the Hasse-Weil zeta function of the affine hypersurface
in Section we see that we need to determine the number N, = |H,(F2,)| for all s € N.
We first determine N;. Remark that we can rewrite the equation p(xy,z5) = 0 in the following
way

cxo+d
axrs +b

p(r1,22) =0 z1(axe +b) +cxa+d=0< 2, = — if 29 # —a"'b.



In other words, for all z5 € F,\{—a"'b} we can find z; such that p(x1,z2) = 0. Hence we can
find ¢ — 1 solutions of p(xy,z2) = 0 in F,. Suppose that x5 = —a~'b, then

p(z1, —a~'b) = x1(—aa"'b+b) + (—ca™'b) + d =0 < d = ca™'b.

By using Lemma and the above result we see that there are no solutions with x5 = —a=!b,
since p(X1, X») is irreducible by assumption. This means that Ny = |H,(F2)| = ¢ — 1. It
follows from an analogous argument that Ny = ¢®* — 1 for s € N. So the zeta function of the
affine hypersurface H,(F?) is given by

1-T
1—qT

Z(H, (]F2 = exp (Z ¢ - )T > = exp(—log(1l — ¢T)) exp(log(1 —T)) =

10



5 Zeta Function of the Hypersurface in P'(F,)?

In this chapter we shall determine the zeta function of a multilinear hypersurface in P! (Fg),
where we recall the theory discussed in Section [3.4] Let p(Xi,X,;) € Fy[X, X5 be the
multilinear polynomial of degree 2, i.e.

p(Xl,XQ) = aX1X2 + le + CX2 +d

for some a,b,¢,d € F, and a # 0. The homogeneous completion of p(X;, Xs) is defined as
follows

B(X1, Y1, X0, Ya) i= ViYap(X1/ V2, X/ Ya) = aX1 Xy + bX1Ys + eXoY; + dV1 V.
We can now determine the zeta function of the following hypersurface

Hy(P*(Fy)*) i= {([21 : 1), [22 : 9]) € PM(F)’[B(x1, 91,22, 30) = O} (2)

We will consider the case in which p(X7, X53) is irreducible and the case in which p(X7, X5) is
reducible.

5.1 Zeta Function of the Irreducible Hypersurface in P!(F,)?

We will start with proving the following theorem about the zeta function of the irreducible
hypersurface Hz(P'(F,)?), which means that p(X;, X») is irreducible.

Theorem 5.1. The Hasse-Weil zeta function of the irreducible hypersurface ]TI];(]P’l(qu) is
given by

1

Z(H5(P'(F,)*); T) = 1-T)(1—qT)

Proof. Assume that the polynomial p(X;, X5) is irreducible. If we want to determine the zeta
function of the hypersurface given at (2) we have to find the number N, := |H5(P*(F)?)| for

s € N. We will take a look at the number N by rewriting the equation p(xy,y1,2,y2) = 0 in
the following way

(1, Y1, T2, y2) = T1(axe + bya) + y1(cxe + dyz) = 0. (3)
We choose [z : yo] € P}(F,s) and by using the above equation we find the following cases.
1. axs + bys and cxy + dys are not both equal to zero.
2. axy + by = cxo + dys = 0.

We first consider the situation in which axs + by and cxy + dys are not both equal to zero. We
have to take a look at three different cases.

e If axy + by, = 0 and cxy + dys # 0, then it follows from that y; = 0 and x; = £ for
some § € F..

o If axy + bys # 0 and cxs + dy, = 0, then implies that z; = 0 and y; € s

o If axy + bys # 0 # cxo + dyso, then 1 # 0 # yy and%:M

azrz+bys

11



We conclude from the above that for every [zs : y2] € P'(F,s) satisfying the first situation there
is exactly one [z : y1] € PY(F,s) such that p(z1, y1, z2,y2) = 0.

Remark that we can rewrite the second case, in which azs + bys = cxy + dys = 0, in the

following way
a b\ (z2\ (O
c d) \y.) \OJ°

Since we pick [z3 : yo] € P!(F,s) the above can only happen if

det (CCL 2) =0sad—bc=0<d=ca'b.

By using Lemma and the fact that p(X7, X3) is irreducible we see that this cannot occur.

It follows from the results found above that there are ¢* 4+ 1 solutions of p(z1,y1,x2,y2) = 0 in
P (F )2, since [z2 : 42 can be chosen arbitrarily. The zeta function of the hypersurface defined
at (2]) is now given by

2B R T) = exp< M) = exp(~log(1 — 7)) exp(~ log(1 — 7))

1
(1=T)(1—qT)

5.2 Zeta Function of the Reducible Hypersurface in P!(F,)?
We will now take a look at the zeta function of the reducible hypersurface ﬁlﬁ(]P’l (F,)%).

Theorem 5.2. The Hasse-Weil zeta function of the reducible hypersurface f[ﬁ(Pl(Fq)2) is given
by
1

Z(H5(P'(Fg)*);T) = 1 —T)(1—qT)2

Proof. Suppose that p(Xy, X») is reducible, then it follows from Lemma [4.2] that d = ca™'b.
This implies that

]B/(Xl, le, XQ, }/2) = aXlXQ + le% + C}/lXQ —+ Cailb}/l}/g = (Xl + cailYl)(an —+ b}/Q) (4)

Since we want to find the zeta function of the hypersurface given at we have to determine
the number N := |HI3(IP>1 (Fqs)Q)} for s € N. We define the following polynomials

A(Xb}/laXQ?}/Z) = Xl_'_cail}/l
B(Xh}/laXQ?}/Q) = QXQ +b}/27

and remark that p( Xy, Y1, Xo,Y2) = A(X, Y7, Xo, Yo) B(X, Yy, Xo, Ya). We define the following
sets for s € N

Oa(P'(Fy)?) = {([x1:wls[z2: yo]) € PN (Fye)?| A1, y1, w2, y2) = 0}
Op(P(Fg)?) == {([z1: 1], [22 : y2]) € PH(Fye)?|B(1, 91, 22, y2) = O},
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We can now conclude from the above that
N, = |Hs(P'(Fy:)?)| = |Oa(P (Fp)2)| + |0 (P (Fy)?)| — [Oa(P!(Fyr)?) N Op(PH(Ey)?)|. (5)

We will first determine the number |O4(P'(Fy:)?)|. Remark that this is equivalent to finding
the number of solutions of A(zy,y1,22,y2) = 0 in P}(F,s)?. Rewriting this statement into the
equation z; = —ca~'y; implies that [z, : y;] = [~ca™® : 1]. So the solutions of the equation
A(x1,y1,T2,y2) = 0 are given by ([—ca™ : 1], [z : ya]) € P}(Fys)? for every [xa : yo] € PH(Fys).
So there are ¢° + 1 solutions in P!(IF,s)? of the equation A(z1,y1, T2, y2) = 0, since [z2 : Yo can
be chosen arbitrarily and |P!(F,)| = ¢* + 1. In other words |O4(P!(Fy:)?)| = ¢* + 1.

Similarly, we can determine the number |Op(P!(F,)?)| by counting the number of solutions
of B(x1,y1,22,y2) = 0, or equivalently axy = —bys, in P*(F,s)% This implies that the solu-
tions of B(x1,y1, T2, y2) = 0 in P}(F,)? are given by the elements ([z; : v1],[—a'b : 1]) with
[z1 : 1] € P'(Fgs). We can now conclude from the above that |Og(P*(Fy:)?)| = ¢* + 1. Also,
notice by looking at the explicit solutions found above that

|OA(P'(Fye)?) N Op (P (Fye)?)| = [{([—ca™ : 1], [~a7"b: 1))} = 1.

By using and the above results we find that N, = 2q° + 1. The zeta function of the
hypersurface given at will now be given by

Z(F(P(F,));T) = exp (Z M) — exp(~2log(1 — qT)) exp(~ log(1 — T))

i
(I =T)(1 =T

13



6 Zeta Function of the Hypersurface in P!(F,)’

In this chapter we shall determine the zeta function of a hypersurface in P!(F,)? defined by a
multilinear polynomial of degree 3.
Let p(X1, X, X3) € F [ X1, Xo, X;5] be a multilinear polynomial of degree 3, i.e.

p(Xb XQ, Xd) = GX1X2X3 -+ bX1X2 -+ CXQXg + XmXg + eXl + fX2 -+ ng + h.
for some a,b,c,d,e, f,g,h € F, and a # 0. We define the polynomials

A(X2, Y2, X3, Y3) 1= aXoX3+ bXoYs 4 dYo X5 + eYoYs
B(X,Y2,X3,Y3) = cXoXs+ fXoY5+ gYo X5+ hY5Y;

and remark that the homogeneous completion of p(X;, Xo, X3) is given by

ﬁ(Xlu}/vl7X27}/v27X37}/3) = }/’1}/2}/3P<XI/Y17X2/}/27X3/}/3>
= X1A(Xy, Y, X3, Y3) + YiB(X), Y, X3, Y3).

We will now determine the zeta function of the hypersurface given by

Hz(PM(F,)%) = {([21 : ya], [w2 = ya), [w3 2 ys]) € PY(F)3 D1, v, w2, 4o, w3, 3) = 0} (6)

We will distinguish between the case that p(Xi, Xy, X3) is irreducible and the case that it is
reducible.

6.1 Zeta Function of the Irreducible Hypersurface in P!(F,)?

We will first determine the zeta function of the irreducible hypersurface in P*(F,)?. We start
by defining the number D := (ah+ bg — ce — df)*> — 4(ag — cd) (bh — ef). This number will show
up in a natural way during the proof of Theorem [6.2] The following lemma will be useful by
determining this zeta function.

Lemma 6.1. Ifag — cd =bh — ef = ah + bg — ce — df =0, then p(X1, Xs, X3) is reducible.
Proof. Suppose that ag — cd = bh —ef = ah 4+ bg — ce — df = 0, then

dor (5 ) o= 7).

This implies that there exist «, 5,7, € F, such that

(a,c) = Ma,B),
(d,9) = pla,p),
(b.e) = p(7.90),
(f,h) = o(v,9) (7)

for some A, i, p, o € F,. Substituting these results in the equation ah + bg — ce — df = 0 hands
us the following

0=ah+bg—ce—df = aod + pyup — A\Bpd — paoy = (Ao — pp)(ad — ).

This implies that Ao — pp = 0 or ad — By = 0. If Ao — pp = 0, then there exists £ € [F, such
that (A, ) = &£(p, o). Using this and the results at (7)) we find that

(a,b,c,d,e, f,g,h) = (a€p, pv, BEp, oo, pd, o7y, BEo, dd).
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Now notice the following to conclude that p(Xi, Xo, X3) is reducible
(p X1+ 0) (€ Xo X3 + Xy + BEX5 + 0) = p(X1, X2, X3).

If ad — By = 0, then there exists w € F, such that (o, ) = w(v,d). Combining this with the
results found in hands us the following

(a,b,c,d,e, f,g,h) = (Aw, py, Awd, pwy, pd, oy, pwd, od).
This implies that p(X;, X3, X3) is reducible, since
(v X2 + 0) (AwX 1 X5 4+ pXi + pwXs + o) = p(Xy, Xo, X3).
O

Theorem 6.2. The Hasse-Weil zeta function of the irreducible hypersurface ﬁg(]P’l(Fq)“Q’) is
given in the following five cases:

1. If ag—cd # 0 and D =0,

1
(1-T)1—qT)*(1 —¢*T)’

Z(Hy(P'(F,)*); T) =

2. Ifag —cd #0, D # 0 and D a square in IFy,

1
(1-T)(1—¢T)*1—¢T)

Z(Hz(P'(F,)*); T) =

3. Ifag—cd#0, D # 0 and D not a square in I,

1

2 ENT) = Ty g1 0 — T

4. If ag—cd =0 and D =0,

1
(1-T)(1—q¢T)*(1—¢T)

Z(Hz(P'(F,)*); T) =

5 Ifag—cd=0 and D # 0,

1
(1-T)1—qT)*(1—¢*T)’

Z(Hy(P'(F,)*); T) =

Proof. Assume that p(X;, Xo, )S 3) is irrgducible. According to the definition of the zeta function
we need to find the number N, := |Hz(P"(F4)?)| for s € N. This means that we have to
determine how many solutions the equation

]3(371, Y1, T2, Y2, 56’371/3) = 33114(372,?&, 55371/3) + le(xza Y2, T3, y3) =0 (8)

has in P!(F)3. We choose ([z3 : yo], [x3 : y3]) € P'(F,s)? and by using (8)) we find the following
cases:

1. A(za,y2, x3,y3) and B(xs,y2, x3,y3) are not both equal to zero.
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2. A(xa, Y2, x3,y3) = B(xa, Yo, x3,y3) = 0, or equivalently
(A(I27y2,$372/3)> _ (CLSCs +bys  dxs +€y3> (962) _ (0)
B(xs,y2,%3,Y3) crs+ fys grz+hys) \y 0"

Notice that in the first case we get a unique [z : y1] € P!(F,s) from the equation given at .
Also, remark that the second case can only happen in P!(F,s)? if

(a:cg + bys drs+ eys

_ _ 2 o _ 2 _
s T W) — (ag — )+ (ah + by — ce — df)oa+ (O~ S =0 (9

We define the following set consisting of the elements ([zg : ya], [23 : y3]) € P}(F,)? belonging
to the second case

O(Pl(Fqs)2) = {([$2 : y2], [333 : 3/3]) € Pl(FqS)z‘A@myQ,x&y:&) = B(5U2,Z/2>333,93) = O}'
We can now conclude from the above that
Ny = (¢ + 1)2 = |O(P (F)?)| + |O@ (Fye)?)|(¢° +1) = (¢° +1)* + ¢°|O(P (Fye)?)],  (10)

since for every ([z2 : yal, [z3 : y3]) € P1(Fys)? with A(xa, Y2, x3,y3) = B(2, Y2, 23,y3) = 0 we see
that p(z1, y1, Ta, Yo, T3, y3) = 0 for every [z : y1] € P1(F ). Consequently, we need to determine
|O(P*(Fy)?)| if we want to find the zeta function of (6). We will use the following lemma to
determine this number.

Lemma 6.3. Since p(X;, Xa, X3) is an irreducible polynomial we have
axrs + byg dl‘g + €lYs # 0 0
crs3 + fy3 grs + hy3 0 0
for every [x3 : ys] € P(Fys).
Proof. Suppose that there exists [x3 : y3] € P*(F,s) such that
ars + by3 dl’g + eys o 0 0
crs3 + fyg qrs + hy3 ~\0 0/’
then we see that axs + bys = dx3 + ey3 = 0, or equivalently
a b\ (fx3\ (0
d e)\ys) \0/)°

Since [x3 : y3] # [0 : 0] it follows from the above that

a b
det(d 6)20.

This implies that there exist «, 5 € F, such that A(«, ) = (a,b) and p(«, 5) = (d, e) for some
A, v € Fy. We can find in an analogical way that there exist o, 8 € F, such that

v(a,8) = (a,b) for some vy € F,

d(a, ) = (d,e) for some 0 € F,,
e(a, ) = (c, f) for some € € F,,
((a,8) = (g,h) for some ¢ € F,,.

Now notice that the following is true to conclude that p(X;, Xs, X3) is reducible
(X5 4 B)(7 X1 X2 + 6X1 + X5 + () = p(X1, Xa, Xs).
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The above lemma tells us that for every [z3 : y3] € P!(F,s) satisfying @D there is exactly one
[x2 : y2] € P'(Fy:) such that ([z : ya], [x3 : y3]) € O(P*(Fy:)?). So the number |O(P(Fy:)?)|
is equal to the number of solutions of @ in P!(F,s). Computing these solutions will cause the
following possible cases:

1. ag —cd # 0.
2. ag —cd = 0.

We will first take a look at the case in which ag — c¢d # 0. Notice that it follows from @D
that there are no solutions in P*(F,s) with y3 = 0, since ag — c¢d # 0 by assumption. So we
may assume that y3 # 0. Recall that D := (ah + bg — ce — df)? — 4(ag — cd)(bh — ef). We
will consider the case that D = 0 and D # 0 in F,. When D # 0 we will need to distinguish
between the case that D is a square in F, and the case that D is not a square in F,.

1. D=0.
Remark that D = 0 if and only if (ah+bg — ce — df )* = 4(ag — cd)(bh — ef), since yz # 0.
It follows from (9) that

z3 _ —(ah+bg —ce —df)
Y3 2(ag — cd) .

So there is exactly one solution of @ in P!(F,:). Now recall that the number |O(P* (Fy:)?)|
is equal to the number of solutions of @D in P!(F,s). By using this and we find that

N, = (¢°+1)*+ ¢° = ¢** + 3¢° + 1. The zeta function of @ will now be given by

Z(Hy(P'(F,)*);T) = exp (Z (¢" +3¢" + 1)T8)

S
s=1

= exp(—log(1 — ¢°T)) exp(—3log(1 — ¢T)) exp(—log(1 - T))
1

(1-T)1—qT)*(1 —¢?T)

2. D#0
e D is a square in [F,. In this case it follows from @ that

—(ah + bg — ce — df) £ ys/D
2(ag — cd)

T3 — € ]Fqs.

So there are exactly two solutions of @ in P!(F,.). This implies that |O(P'(F,:)?)| = 2
and thus it follows from (5) that N, = (¢° 4+ 1)242¢° = ¢®* 4+ 4¢° + 1. So the zeta function
of the hypersurface given at @ is given by

2P EPRT) = exp (z CaRRT 1>Ts)
= exp(—log(l — ¢*T)) exp(—4log(l — ¢T)) exp(—log(1 — T))
1
(1=T)(1 = qT)*(1 - ¢°T)

e D is not a square in F,. Consider the field Fy(v/D) := {a + v Dl|a, 8 € F,}. Notice
that this field has exactly ¢* elements. It follows from Theorem that this field has
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to be isomorphic to Fg, so D is a square in Fp2. We can also conclude that D is not a
square in F 2m+1 for m € N and that D is a square in F2n for n € N by using Theorem
. This implies that there are no solutions of @ in P*(F 2m+1) for m € N. As we have
seen in the previous case there will be two solutions of (9) in P!(Fgz.) for n € N. It now
follows from that

N @) =" 20+ ] if 5 is odd.
’ (¢ +1)2+2¢° =¢* +4¢° +1 if s is even.

— q2s+3qs+1+(_q>s
The zeta function of @ is now given by

Z(H;(PY(F,)%);T) = exp <§: (¢ +3¢° +; + (—q)S)Ts>

1
(1=¢T) (1 = ¢T3+ 7)1 =T)

We will now compute the zeta function of @ in the case that ag —cd = 0. We can now rewrite
@ in the following way

(ah 4 bg — ce — df )z3ys + (bh — ef)y; = 0. (11)

Also, notice that D = (ah+bg — ce — df)? since ag — cd = 0. We will now consider the following
possibilities:
e D=0.
This implies that ah 4+ bg — ce — df = 0. By using Lemma we can conclude that
bh —ef # 0, since p(X1, Xo, X3) is irreducible by assumption. This means that the only
solution of in PL(F,+) is [1 : 0]. Consequently, N, = (¢° +1)2+¢* = ¢* +3¢° +1 and
the zeta function will thus be given by

Z(Hy(P'(F)*):T) = exp (Z (™ + 3¢ + 1>Ts)

S

s=1

= exp(—log(1 — ¢°T)) exp(—3log(1 — ¢T)) exp(—log(1 —T))
1

(1-T)1—qT)*(1 —¢?T)

e D #0.
This means that ah + bg — ce — df # 0. We will need to take a look at the case in which
bh — ef = 0 and the case in which bh —ef # 0. If bh — ef = 0, the only solutions of

in PY(F,s) are [1: 0] and [0 : 1]. If bh — ef # 0, there will also be two solutions of in

1 . _ —(ah+bg—ce—df)+(ah+bg—ce—df
PY(F,:), since g—z = <)

that N, = (¢° + 1)2 4 2¢° = ¢* + 4¢° + 1. The corresponding zeta function will now be
given by

Z(Hz(P'(F,)*); T)) = exp (Z (¢" +4¢" + 1)TS>

S

). So we conclude in the same way as before

s=1

= exp(—log(1 — ¢°T)) exp(—4log(1 — ¢T)) exp(—log(1 —T))
1

(1—-¢*T)(1—qT)*1-T)
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6.2 Zeta Function of the Reducible Hypersurface in P!'(F,)*

Suppose that p(X;, X, X3) is reducible, then there exist (X, Xa, X3), s(X1, Xo, X3) € F,[X]
such that p(Xl, X27 Xg) = T(Xl, XQ, Xg)S(Xl, X27 Xg) Remark that p(Xl, XQ, Xg) is multilin-
ear, so the two factors can not depend on the same variable. This means that we have the
following three possibilities:

p(Xy, X2, X3) = (aXi+ B)(7 X2 X3 + 60X + X3 + (),
p(Xl,XQ,Xg) = (QX2+B>(’7X1X3+5X1+€X3+<),
p(Xl,Xg,Xg) = (OZX3+B>(’YX1X2+6X1 +8X2+€) (12)

for some «, 3,7,0,¢,¢ € F,. Remark that ay = a # 0, so a # 0 # . Assume that r(X;, Xo, X3)
is the factor of degree 1 and s(X7, X3, X3) is the factor of degree 2.

Theorem 6.4. The Hasse-Weil zeta function of the reducible hypersurface ﬁﬁ(Pl(Fq)?’) is given
in the following two cases:

1. If s(X1, Xo, X3) is irreducible, then
1

Z(HP () T) = G =P = T

2. 1If s(Xy, Xy, X3) is reducible, then

1

Z(f[ﬁ(Pl(Fq):g); T) = (1 _ T)(l _ qT)3(1 _ q2T>3'

Proof. Since we want to find the zeta function of @), we need to determine N, := ‘]:lﬁ(IPl (]Fqs>3)’
for s € N. Since the above situations are quite similar, we will only compute the zeta
function in the case that p(Xi, Xs, X3) is reducible in X3. We define the following polynomials

g(XlayvlyX27}/27X37Y?3) = (OéXg‘i‘ﬁ}/g)
h(X171/17X27}/27X37}/3) = (7X1X2+5X1YV2+63/1X2+C}/1§/2>7
and notice that the homogeneous completion of p(X7, Xs, X3) is as follows
ﬁ(X17Y17X27}/27X37}/3) = le}/Q}/E’)p(Xl/}/laXZ/}/QaXS/}/E’))
= (OéXg + BYE;)(’}/XlXQ + 5X1}/2 + 6Y1X2 + CY1}/2)
= g(Xh}/17X27}/27X37}/3)h(X17}/17X27}/27X37}/3)-
We define the following sets of zeroes for s € N
Og(Pl(Fqs)g) = (w1 ) [z2 el (31 y3]) € Pl(FqS)3’9($17y1,56271/27133;ys) = 0}
Oh(Pl(FqS)S) = {([r1 w1l [z2 s el (31 y3]) € Pl(FqS)glh(l"l,yl,ivmyz,l’s,y:%) =0}
We now remark from the above that
N, = | BB ()| = |0y (,))] + |04 (B (Fpr)?)| — | OB (Fye)*) N On(PH(F,e))|. (13)

We will first determine the number of solutions of g(z1,y1, x2, y2, 3,y3) = 0 in P(F,)3. We
can rewrite this statement as z3 = —a~!Bys. Consequently, we find that [x3 : y3] = [-a~13 : 1].
So the solutions will be given by ([x1 : y1], [22 : yo], [—a™'8 : 1]) € P}(F,s)? for every element
[z1 : 3], [22 : yo] € P1(Fye). Tt follows that |Og(P!(Fge)?)| = (¢° + 1)%

Notice that we have to distinguish between the case in which s(X;, Xs, X3) is irreducible
and the case in which it is reducible if we want to determine the number of solutions of

h(X1,Y1, Xs,Ya, X3, Y3) in P'(Fy:)?, as we have seen in Section [5]
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1.

2.

Suppose that s(X;, Xo, X3) is irreducible. We will now determine the number of solutions
of h(z1,y1, T2, Y2, x3,y3) = 0 in P1(F,s)3. Since v # 0 we can use Theorem [5 - and the
results found in the proof of this theorem Since [.Tg yg] can be chosen arbitrarily in
P!(F,)? we can directly conclude that |O,(P'(Fy:)*)| = (¢° + 1)%. By looking at the so-
lutions of the equation g(z1,y1, T2, Yo, T3,Y3) = () = h(xl, Y1, Ta, Y2, T3, Y3) we immediately
notice that the number |Oy(P*(Fy:)*) N Oy (P (Fye)?)| is given by

H([xl : yl]? [1132 : yQ]) € P1<Fq3)2|h($17?/1a$2>y27 _a_lﬁa ]-) = O}‘ =q¢ +1
We can now conclude that N, = (@ +12+(¢*+1)*—(¢* +1) = 2¢°* + 3¢° + 1 by using

and the results found above. The zeta function of the hypersurface given at @ will
thus be given by

Z(Efﬁ(Pl(Fq)g); T) = exp (Z (2q28 + 3;]8 + 1>T8>

= exp(—2log(1 — ¢°T)) exp(—3log(1 — ¢T)) exp(—log(1 — T))
1

(1-=T)(1 —qT)*(1 = ¢?T)*

Assume that s(X7, X5, X3) is reducible. Since v # 0 we can use the results in Theorem
- 5.2 to find the number of solutions of h(z1,y1, T2, y2, x3,y3) = 0 in P} (Fy)%. It immedi-
ately follows that |O,(P'(Fy)®)| = (¢° + 1)(2q + 1). We notice in a similar way as in
the previous case that ’(’) ]P’1 ) ) N OW(PL(Fye)?)| = 2¢° + 1. We have now found the
requirements to conclude from ) that

No=(¢°+1)° + (¢ +1)(2¢° +1) = (2¢° + 1) = 3¢* +3¢° + L.

The above hands us the following zeta function corresponding to the hypersurface given

at@

Z(}N[ﬁ(Pl (Fq)g); T) = exp (Z (3q25 - 3;18 + 1>TS)

= exp(—3log(l — ¢°T)) exp(—3log(1 — ¢T)) exp(—log(1 — T))
1

(1=T)1 —qT)*(1 = ¢T)*
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7 Zeta Function of the Hypersurface in P'(F,)*

In this chapter we will take a look at the zeta function of a hypersurface in P!(F,)* defined by
a multilinear polynomial of degree 4.

Let p(X1, Xo, X35, X4) € F [ X1, Xo, X3, X4] be a multilinear polynomial of degree 4. This means
that there exist multilinear polynomials A(Xs, X3, X4), B(Xa, X3, X4) € F,[X2, X5, X4 such
that

p(X17X27X37X4) - XIA(X27 X37 X4) + B<X27 X37 X4)

We define the homogeneous completions of A(Xs, X3, X,) and B(Xs, X3, X4) as follow

A(Xy, Yo, X3, Y3, X4, Ys) = YoYsYiA(Xy/Ya, X3/ Ys, X4/ V)

B(X27 }/Za X37 }/37X4a }/;1) = Y2KSKLB(X2/YZ, X3/}/?37X4/}/;l)7

and remark that these are again multilinear polynomials. Consequently, the homogeneous
completion of p(Xj, X, X3, X4) is defined as follows

BX1, Y1, X0, Ya) = ViVaYaYap(Xy/Yi, ooy Xa/Y3)

= XIA(X273/27X37}/237X47}/21)+}/le<X2a}/27X37}/E’nX47Y;1)' (14)
We will now determine the zeta function of the hypersurface given by
Hy(P'(Fy)*) == {([z1 : va], ooy [0 2 wa]) € PM (B [Blan, w1, .., 4, ) = O} (15)

This means that we have to determine the number N, := ‘f[g(Pl (F,)")| for s € N. We choose
([z2 = yol, (23 : ys], (x4 : ya]) € P(F,)? and by rewriting the equation p(z1,yi, ..., x4, y4) = 0 as
follows

9012(372, Yo, T3, Y3, Ta, Y1) + y1§(9€2,y2,$3, Y3, T4, Ya) = 0, (16)
we find the following possibilities:

1. A/(Ig,yg, T3, Y3, T4, Ys) and E(xQ, Yo, T3, Y3, T4, Y4) are not both equal to zero. In this situ-
ation there follows a unique [z : y;] € P*(Fys) from (16]).

2. A(l’g, Y2,23,Y3, Ly, ?J4) =0= B('IQv Y2,X3,Y3, Ly, y4) Remark that

A(Xo, Yy, X3, Y3, X4, Ys) = Xoa(Xs, Vs, Xy, Yy) + YoB3(Xs, Ys, Xy, V)

B(X27)/27X37}/37X47}/4) — XQV(X37)/37X47}/4> +)/25(X37}/37X47}/4)7

for some pOlynomia‘ls OZ<X3, YE% X47 }/;1)7 B(X37 YV37 X47 YZI)? 7(X37 )/37 X47 )/4>7 6(X37 YV37 X47 Y;;)
in F,[X3,Y5, X4, Yy]. This means that we can rewrite this situation in the following way

(T3, Y3, T4, Ys) B(T3,Y3, Ta,Ys) | (T2 _ (0 (17)
Y(3,Ys, T4, Ya)  O(23,Y3, Ta, Ya) Yo 0)°
Notice that this can only happen in P'(F,s)? if

0‘(55379379547@4) 5($3ay3,$4,y4))
det =0< (ad — 3, Y3, T4, =0. 18
(7($3,y3,x4,y4) 5(1‘3,93,%4,94) ( 57)( 3, Y3, T4 y4) ( )
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We define the following set of zeroes

Oas—py (P (Fee)?) 1= {5 - ], [24 : ya) € P'(Fyo)*|(ad — B) (w3, y3, 24, ya) = 0}

From now on we will assume that the 2 x2-matrix given at is not equal to the zero matrix for
every ([x3 : ys, [r4 : y4]) € P'(Fys)?. This implies that for every ([z3 : y3], [z4 : y4]) € P1(Fs)?
that satisfies (18) there exists exactly one [xg : yo] € P'(F,s) such that holds. We define
& = |Ouns—py (P (Fy:)?)| for s € N, and conclude from the above that

N, = [HsP'(F )| = (¢ + 1° + (¢ + 1)& — & = (¢ +1)° + ¢°€ = ¢* + 3¢% + 3¢ + 1 + ¢°¢,

The zeta function of the hypersurface definded at is given by

Z(H;(P'(F))"):T) = exp (fj . qsgsm)
1 ) N
T (- @T)(1 - T3 — qT)3(1 - T)Z(Oafs—ﬁv(? (Fg:)"): 4T),

where Z(Ous-p,(P1(Fys)?); T) denotes the zeta function of Ous_ gy (PH(Fys)?).
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8 Conclusion

In this thesis we computed the Hasse-Weil zeta functions of certain multilinear hypersurfaces.
We started with hypersurfaces in P!(F,)? defined by multilinear polynomials of degree 2 in
F,[X:, Xs]. We have found two different zeta functions, one belonging to the irreducible hy-
persurfaces, and one belonging to the reducible hypersurfaces. We continued computing the
zeta functions of hypersurfaces in P'(F,)? defined by multilinear polynomials of degree 3 in
F,[ X1, Xo, X3]. As we have seen in Section @ the zeta functions of these hypersurfaces depend
on the coefficients of the polynomials defining the hypersurfaces.

After all, we computed the zeta functions for some hypersurfaces in P*(F,)* defined by multi-
linear polynomials of degree 4 in F,[X;, Xs, X3, X4|. During computing this zeta function we
made an assumption and we eventually found a zeta function depending of another zeta func-
tion. Further investigation is needed to find out what the zeta function is if the hypersurface
is defined by a polynomial that does not satisfy the assumption.

23



References

[Beul8] F. Beukers (2018), Rings and Galois Theory, Utrecht University, Department of Math-
ematics,

[Kob84] N. Koblitz (1984), p-adic Numbers, p-adic Analysis, and Zeta-Functions, second edi-
tion. New York: Springer Verlag, p 109-111.

[Musta] M. Mustata, Zeta functions in algebraic geometry, lecture notes available on the web.
Retrieved from http://www-personal.umich.edu/~mmustata/zeta_book.pdf, vis-
ited at 19-10-2018.

[How06] John M. Howie (2006), Fields and Galois Theory, first edition, London: Springer
Verlag.

[And17] Andrew Sutherland (2017), 18.783 Elliptic Curves Lecture 3, 15-2-2017. Retrieved
from https://math.mit.edu/classes/18.783/2017/LectureNotes3.pdf} visited at
12-10-2018.

24


http://www-personal.umich.edu/~mmustata/zeta_book.pdf
https://math.mit.edu/classes/18.783/2017/LectureNotes3.pdf

	Introduction
	Preliminaries
	Field Theory
	Finite Fields

	Hypersurfaces and their Zeta Functions
	Homogeneous Polynomials
	Hypersurfaces
	Zeta function
	Zeta Function of a Multilinear Hypersurface in P1(Fq)n

	Zeta Function of the Affine Hypersurface in Fq2
	Zeta Function of the Hypersurface in P1(Fq)2
	Zeta Function of the Irreducible Hypersurface in P1(Fq)2
	Zeta Function of the Reducible Hypersurface in P1(Fq)2

	Zeta Function of the Hypersurface in P1(Fq)3
	Zeta Function of the Irreducible Hypersurface in P1(Fq)3
	Zeta Function of the Reducible Hypersurface in P1(Fq)3

	Zeta Function of the Hypersurface in P1(Fq)4
	Conclusion

