Phenomenological Theory of Spin Hydrodynamic
Generation

A.E. Baerends, BSc.
Master Thesis
Under the supervision of

prof. dr. R.A. Duine
Institute of Theoretical Physics, Utrecht University

December 12, 2018



Abstract

In a recent experiment, it was found that mercury (Hg) flowing through a
pipe lined with platinum (Pt) strips generated electrical voltage across the
strips. This is thought to be due to spin hydrodynamic generation (SHG)
from the coupling between the fluid vorticity and internal spins of the par-
ticles that make up the fluid, such as the electron’s spin. A theory for this
coupling is developed in a phenomenological manner from irreversible ther-
modynamics, and hydrodynamical modes and simple spin density solutions
for flows between plates and inside pipes are obtained. These spin density
solutions are then applied to the experimental setting motivating our re-
search in order to investigate interface effects. We find and confirm that
the spin current generated inside the viscous fluid induces spin transport
across the Hg-Pt interface, and, by means of the inverse spin Hall effect, an
electrical potential. We also discuss an alternative interpretation based on
momentum, rather than spin, transfer.
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Chapter 1

Introduction

One of the most prospective fields of research—both theoretical and
practical—in condensed matter physics is that of spintronics: the use of
the internal spin of the electron for data storage and transport 2. Tt is
this manipulation and use of electron spins which allows for novel, efficient
computational devices, that has given the field of spintronics considerable
attention over the past years.

Among the several ways to detect the spin currents inside such devices,
the inverse spin Hall effect (ISHE) is one of them, and conceptually fairly
simple. Whereas the spin Hall effect (SHE) lets an external electric field
induce spin currents B4 the 1SHE allows one to detect spin currents. In a
system of two or more layers of different layers exhibiting the SHE, a spin
current through one of the materials induces spin transport into the other
layer, generating electrical current by means of the 1sHE B,

Recently, an experiment by

Takahashi et al. @ found that a flow- Pt wire I
ing viscous fluid—in this case mer- AP Quartz pipe \e = So
z

cury (Hg)—inside a pipe lined with
platinum (Pt)—a metal with size-
able SHE and ISHE—induces an elec-
tric charge current; see Fig. for
a schematic overview of the set-up.
Takahashi et al. have proposed that
a coupling between the fluid vortic- Figure 1.1: Set-up as used by Taka-
ity and electron spins occurs inside hashi et al. Image reference: ibid.

the mercury, which then generates a

spin current. At the Hg-Pt interface, this spin current is injected into the
platinum strips, where the ISHE subsequently occurs, providing the measured
electric voltages. This observed effect has been named spin hydrodynamic
generation (SHG) by Takahashi et al. due to its similarity to magnetohy-
drodynamic generation Bl. see Fig. for an overview and comparison of
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Figure 1.2: Magnetohydrodynamic generation (1.) and SHG (r.). Image
reference: Takahashi et al.[?

both phenomena. The main difference between magnetohydrodynamic gen-
eration and SHG, is that the latter does not require an external magnetic
field.

While several of the collaborators of Takahashi et al. have presented a
theory on this specific result based on quantum kinetic theory ¥, it does not
take in account phenomena which might be present in viscous fluids, such as
advective currents or non-equilibrium thermodynamics. This motivates us
to present a phenomenological theory of SHG, based on the non-equilibrium
thermodynamics of flowing viscous fluids with internal spin. The fluids in
particular do not necessarily need to consist of a mixture of nuclei and
their electrons such as mercury, but generally encompass fluids where spin-
vorticity coupling is present, such as viscous electron fluids 10,

The main idea of our phenomenological theory is that net average spin
is generated in the fluid flow by means of rotational viscosity, which is the
parameter coupling of the fluid vorticity to the internal fluid spin, in a mi-
croscopical setting by means of spin-orbit coupling. Next to the net spin,
this mechanism also provides a spin current inside the fluid, directed perpen-
dicular to the direction of the fluid’s proper velocity, in the same manner as
an electrical current through a conducting wire generates a magnetic field.
While this spin current is normally bounded by the outermost limits of the
fluid flow—i.e. no spins venture beyond the boundaries of the flow—we add
strips of metals with sizeable SHE and ISHE, such that the generated spin
current acts as spin transport in the metal, which by means of the inverse
spin Hall effect (ISHE) generate electrical current inside the metal strips,
and therefore electric potential.

Although this Thesis is mainly focused on a novel subject within con-
densed matter theory, the phenomenon of SHG—and by extension, that of



the coupling between fluid vorticity and spin-orbit coupling—is not neces-
sarily confined to table-top experiments at room temperature. In a recent
experiment M| the STAR collaboration used the phenomenon of SHG in the
hydrodynamic description of a type of fluid well-known in the field of high-
energy physics: quark-gluon plasmas, products of heavy nuclei collisions. It
was found that the quark-gluon plasma might possibly exhibit the largest
vorticity yet observed, opening up new regimes in hydrodynamic descrip-
tions of the quark-gluon plasma, whereas its vortical structure might aid
in developing new insights on quantum chromodynamics®™ 12 Tt is this
connection with high-energy physics, next to the obvious one with the con-
densed matter field of spintronics, that makes SHG interesting to research.

In Chapter[2] we shall set up a phenomenological theory of spin in a fluid
flow based on a similar treatment for classical angular momentum given by
De Groot & Mazur®3 while enabling for spin flux in the system as per
Snider & LewchukM4. This phenomenological theory is then modified by
the presence of electromagnetic fields, in order to create a proper theory of
spin hydrodynamics, where (internal) spin is generated by interaction with
the fluid vorticity through rotational viscosity. As a first application of this
theory, we extract hydrodynamic modes in Chapter |3 in order to deter-
mine the role of the fluid’s proper velocity, vorticity, and viscosity—both
of the bulk and rotational variants—in the aforementioned hydrodynamic
modes. Next, we consider simple, practical fluid flows, such as the Poiseuille
flow, in Chapter [4, where the spin per unit mass generated in these flows
is analytically determined. The boundary conditions to be used in such
systems—both for the spin itself as well as for the spin current—and systems
with external electromagnetic forces are also discussed. Finally, Chapter
mainly concerns with the inverse spin Hall effect generated at the interface
between the viscous spin fluid flow and metal strips along this flow, as a
means of simulating flowing mercury sidelined with platinum strips. The
generated voltage due to this effect is determined both analytically as well
as numerically, and compared in Chapter [6] with the findings by Takahashi et
al. and further discussed, with voltages due to electronic drag and materials,
other than platinum, with sizeable SHE and ISHE.



Chapter 2

Theory

In this Chapter, we reproduce the results given by De Groot & Mazur 13,

Chapters 11, XII, and XIII, with some alterations on the spin current by
Snider & Lewchuk ™4 to account for the presence of spin diffusion in the spin
hydrodynamic generation system. In Section we obtain a set of phe-
nomenological equations for hydrodynamic quantities under non-equilibrium
thermodynamics, for a viscous fluid possessing internal spin. We then add
electromagnetism to our viscous fluid in Section and derive new phe-
nomenological equations in Section for multi-component fluids.

In contrast to the notation used by De Groot & Mazur, we shall use a
tensorial index notation for vectors, tensors, and derivatives together with
the Einstein summation convention. Let a be a quantity, then we denote its
Z-component as a,. For indices, we shall use Greek letters starting from «;
the indices always note one of the spatial dimensions, such that a, means
either a.,a,, or a, in a Cartesian system. Likewise, the inner product of
two vectors a,b is denoted a®b,, and the vector product as €,3,a“b® where
€y is the Levi-Civita tensor.

2.1 Viscous fluid with spin

Let a—whether a scalar, a vector, or a tensor—be a given quantity per unit

mass; its total time derivative is defined as™3l:
da 0 0
- 2 — o 2.1
Py = g PO o (pav®), (2.1)

where p is the fluid density, and v® the fluid velocity. The final term of the
right hand side of Eq. denotes the divergence of the advective term for
the quantity density a. The mass density p is conserved, by means of the
continuity equation, as follows:

dp _ 9p 0

dt_a—i_aixa(pv ) =0, (2.2)

7



which is used together with the chain rule in order to yield Eq. . Let us
define the total system mass m as m = pv, where v is the system’s specific
volume. Plugging this into Eq. and again using the chain rule, we
obtain a conservation law for mass:

W _ 9y + 2 ooy = 22 (2.3)

Pat = ot D T Oxa’
For a fluid with uniform mass density p in the absence of external forces,

let the conservation laws of energy density pe and momentum density pv®
be:

9 O o
a(ﬂe) = or. (Je + pev®), (2.4)
) P
- oy 7 af a, B
5 =5 (P + po ) (2.5)

where P®P is the pressure tensor—here considered to contain an anti-
symmetric part in addition to the symmetric part and the trace—and ;&
the fluid energy flow which itself is proportional to the fluid heat flow jg'.
The fluid also possesses an angular momentum per unit mass J%, as an ax-
ial vector. This axial vector, along with other axial vectors present in this
discourse, can be written in terms of anti-symmetric tensors as

J* =P g (2.6)

such that J? = Jj9 = —J;. Using this tensorial notation, the total angular
momentum can now be split into ‘external’ angular momentum per unit
mass Lqg, and ‘internal’ angular momentum per unit mass Sog as Jog =
Log+Sqp- The ‘external’ component uses the classical definition of angular
momentum as the wedge product of distance and velocity:

Lag = rovg — 1800, (2.7)

while the ‘internal’ component is, for our purposes, being equated with the
quantum-mechanical spin per unit mass S,g

From a classical definition of the total angular momentum per unit mass
and its conservation law, one might deduce the total time derivative of S,z
as being wholly dependent on the pressure tensor:

dSoB . dS, 9
- _2 a . . —_— = — Pa 2-
P 1t af) €. p 1t as ( 8)

which De Groot & Mazur have obtained. However, as noted by Snider
& Lewchuk M this approach ignores the contribution of internal angular
momentum flux to the internal angular momentum’s conservation equation,
and therefore Eq. is not an adequate equation for systems where the



internal angular momentum is flowing. We therefore add an extra term, the
divergence of the spin flux tensor js oz, to Eq. (2.8):

dS, a 0 .
Pq = 2~ g s (2.9)
or written as the local time derivative of spin using Eq. (2.1)):
0 N g .
a (psoz) = 2P, — W (]s,a,@ + pSo/Uﬁ) . (2'10)

The total energy per unit mass e can be divided into three separate parts
as follows:

1
e= ivava + up + u, (2.11)

where the first term is (obviously) the kinetic term, while the second term,
u, denotes the ‘rotational energy per unit mass’, and the final term denotes
the internal energy per unit mass. As expected, the internal energy per unit
is quadratically proportional to the spin:
521
2xs 2Xs
where s is the spin susceptibilityﬂ The (correct) balance equation for the
rotational energy can be obtained using Eq. (2.10) and the chain rule:

O, 0 (p o) S0
a(pur) ~ ot (2XSSOcS ) 8t (PSa)

5S, (2.12)

Up =

apa 9% 6
:_gs Py — < 9P (Js,ap + PSavp)
- _“gapa ) «a N
XSS [} am.ﬁ ( .]Saﬁ) + s axﬁ 8(1;‘5 ( S¢S UIB
o /ge Joas 9SO
= — O[Pa‘_i 2 _ " (07 .
Xs S * Oxb ( Js a’3> + xs 0zf Oz, (purv®)

(2.13)

Lo v® follows

Finally, the conservation law equation for the kinetic term 3

from using the chain rule in Eq. (2.5):

(Paﬁ + pv2o? )

= g
- 8(2& (P“%ﬁ) +PO‘BZZ; - 82(1 (p 2 a). (2.14)

!Note that for Eq. (2.12)) to remain dimensionally correct as energy per unit mass on
both sides, we require xs to possess the dimension of [length]®. A practical calculation of
Xs can be seen in the Appendix, Section[A:2] where the precise nature of xs is also further
discussed.



The balance equation for the internal energy per unit mass can then be

obtained by subtracting Egs. and ( - ) from Eq. .
0 0 o (p 0
g P =g lre) = (5”‘” ) gt ()

:-@<jg+peva>+;ja<Paﬂvﬁ) pradin , 0 (2,50

0 8 0%
s () 55 2
— _3204 (48 + puv®) — PO‘Bg:;; + ;SQPS — js)’:s‘ﬁ gi;, (2.15)
where we have defined the thermal energy flow jg as:
R SR (2.16)

S

and used Eq. (2.11]) to rewrite various divergent terms into the divergence
of the advective term puv®. In the total time derivative form of Eq. (2.1)),

Eq. (2.15) becomes:

d 0 0
. pu) + 5 (pur®)

TR TACC R PN
) o, Jsas DS
= pof = B 2.1
“awade P g, SS o 077 (2.17)

It is now possible to exploit the degrees of freedom contained within the
pressure tensor P®%: it can be split into a scalar equilibrium pressure p and
a viscous pressure tensor II*? by writing P*? = pd®8 + II*#, where 6% is
a Kronecker delta. The viscous pressure tensor II*? can then be further
split into a scalar part IT = %Tr(Ho‘ﬁ ), a symmetric part with zero trace

(HO‘ﬂ )S’O, and an anti-symmetric part (Haﬁ )a. The pressure tensor can then
be rewritten into scalar, symmetric, and anti-symmetric components:

P8 = (p+11)5° + (Haﬁ)s’o + (Haﬁ)a. (2.18)

Since the axial vector P? is the pressure tensor’s anti-symmetric component,
we can use P2 = II2. A similar decomposition into scalar, symmetric,
and anti-symmetric components may also be performed onto the velocity
gradient term present in the right-hand side of Eq. :

ov* 10V v\ 50 v\ *

— =———pF — — ] . 2.19

oz8 30z, + <6$5> * <0$5> (2.19)
Using Eqgs. (2.18) and (2.19)), and noting that cross products between two
different types of decomposition (i.e. symmetric with scalar) yield zero, the

10



internal energy balance equation (2.15)) is rewritten as:

o, 0 Jeop 05% 1 4 s\
1) = g s+ ) = ST + ey (1)

—(p+10) gZZ = (Haﬂ)s’ (gi;) " (naﬁ)a (gi;)a

) Js.08 S v
=~y U pu®) = /W‘Wmﬁ
s,0 o >0 a afy 8”5 S5
I, (3:175 2 (e e ) (2.20)

Using Eq. (2.3)), Eq. (2.20) is rewritten as
]S ab 85 ava
—1I
xs Ozf 0%,

ove\ >0 Ov S

s,0 a aBy YYB

— —1II — — — . 2.21
s <6a:ﬂ> @ <6 oz, Xs> ( )

We are now ready to set up equations for the entropy production inside
the system. For monocomponent systems, the Gibbs relation states thatﬂ

do du dv

@ a Par (222)
where T is the system’s temperature and o the system’s entropy per unit
mass. Using Eq. , Eq. is readily rewritten as a local time
derivative of the entropy density as:

0

T2 p9) = g ou) + D () + oo [plut pr—Toe], (223)

such that the entropy balance equation is obtained with use of Eqs. (2.21))

and ([2.23) as:

B o o . .
5 (Pw) + (o) = T%(Jq‘FP(U‘FPV)”)

0
po) = —7 i + C, (224)

where
ja
j2 =2~ pove, (2.25)

is the entropy flow and

c= Jg —pTov® 9T TIO0v* %5 [ ove\ >
B T2 O0xy T Oxg T \0xP
B (ST 05"

T oz, Cxs Txs OxP’

(2.26)

’In systems or fluids with only one mass component, the balance equation for the
chemical potential energy equals zero, and thus does not need to be considered in this
case. For multi-component systems, as we shall see in Section the Gibbs relation
requires another term to account for the (electro)chemical potential balance equation.

11



the entropy production, for which ¢ > 0.

In Eq. , the tensorial decompositions done in the previous para-
graph show their use: one clearly distinguishes scalar, polar vector, symmet-
ric and anti-symmetric terms in the right-hand side. For each of these terms,
we derive phenomenological equations for the quantities which contribute to
entropy production:

jo = —)\% + pTov™ (2.27)
=5 (2.28)
TG = —21 (gi‘;)s’o; (2.29)
I, = =y <€aﬁvg;)i - i‘:) ; (2.30)
Js,aB = —l;:gj;, (2.31)

where A is the heat conductivity, 7, the volume viscosity, 17 the shear viscos-
ity, 0, the spin (‘rotational’) viscosity, and Ds a spin diffusion constantﬂ As
one would intuitively expect, the thermal flow of Eq. (2.27)), the fluid’s pres-

sure of Eqgs. (2.28)) to (2.30), and the spin diffusion of Eq. (2.31) contribute
to the spin fluid’s entropy production.

2.2 Viscous fluid with spin in an electromagnetic
field

Up until now, we considered a viscous fluid with spin and its entropy produc-
tion and how the spin diffusion contributes to the entropy production. The
preceding treatment omitted the presence of electromagnetic fields—and by
extension the electromagnetic forces acting on the spin fluid—and therefore
yields an incomplete theoretical background for the experimental set-up as
used by Takahashi et al./, and its immediate results. We shall assume the
fluid to be polarized under the presence of such external electromagnetic
fields, such that next to the electric field E, and the magnetic field B, we
also gain the electric and magnetic polarization fields, Z, and M, respec-
tively. The addition of these fields in our motion and balance equations for
the viscous fluid discussed in Section alters these equations in various
manners.

3The quantity of ‘spin diffusion constant’ as measured and cited usually possesses the
dimension of [length]?[time]™!; a quick dimensional analysis shows that Ds possesses the
dimension of [mass][length][time] ™. This dimensional problem is overcome if we regard
the ratio Ds/xs as the mass density p times the ‘true’ spin diffusion constant f)s, viz. the
Appendix, Section for an elaboration on the ‘true’ spin diffusion constant.

12



The viscous fluid is primarily being polarized and magnetized by the elec-
tromagnetic fields, such that next to the electromagnetic fields themselves
one has the polarization and magnetization fields, Z, and M, respectively.
The electric and magnetic displacement fields, D, and H, respectively, are
defined as:

Da = Za + Ea;
H, = By — M,. (2.32)

With the displacement fields of Eq. (2.32)), the Maxwell equations relevant
to our general inquiry are:

(?91;: = pz; (2.33)
(Zf: =0; (2.34)
85: = ceo‘ﬁ'y(;i’f — I (2.35)
88B;a = —ceamgff, (2.36)
where z is the charge per unit mass, ¢ the speed of light, and
I* = pzv® + 53, (2.37)
the electric current density, where ;& is the charge flow.
We define the magnetization field M, as
My = —YmpSa, (2.38)

i.e. the gyromagnetic ratio vy, times the spin density. Physically, the gy-
romagnetic ratio consists of two parts: the orbital gyromagnetic ratio o,
which is considered as the ‘classical’ magnetization, and the spin gyromag-
netic ratio s, due to the spin magnetic moment coupling to the magnetic
field, such that we have v = v, + 5. Microscopically, the spin gyromagnetic

ratio is defined as
_ 9%

= 2.
Z, (239)

s

where g is a particle-dependent number, z the electric charge of the particle,
and m the mass of the charged particle. The spin magnetic moment ef-
fectively creates another energy term in the system’s Hamiltonian13); more
precisely, the spin magnetic interaction induces a magnetization to the Pauli
equation B8 For now, we shall consider the spin gyromagnetic ratio v as
a constant — such that the time derivative of the magnetization field is
proportional to that of the spin density — postponing the use of Eq.
until necessary for our balance equations.

13



The electromagnetic fields and their polarization and displacement coun-
terparts give rise to the Maxwell stress tensor 7%, which is defined as:

Byo
708 — pepf 4 gopp 4 U

(ZyBs — My Ejs)
1 1
- <2E7E7 +5ByBY - MVBV) 5P, (2.40)

where we define the diagonal terms as the electromagnetic field energy den-
sity pu:
1
o) = 3 (E“Ey + B*B,) — M“ By, (2.41)

which is added to the total energy budget pe of Eq. (2.11]), such that the
total energy budget becomes:

e = %vavo‘ + up +u + Y, (2.42)

The Maxwell stress tensor itself acts as a radiative pressure term, and

therefore terms containing the mechanical pressure tensor term P*? should

be corrected to account for the presence of the radiative pressure. The

first affected balance equation is that of the conservation of momentum of

Eq. , which is therefore no longer valid, instead being replaced by the
following balance equation:

0 0
- oy _ __Z (paf _ paB a, B8
AR axg( +puof)
0
- —— af a, B o
925 (P + pv®u >+F , (2.43)

where the force term F'“ is defined as:

0
F® = _—T% = F* 4 F2, (2.44)
Oxg
where .
' = pz <E°‘ + ea57v537> (2.45)
c
is the Lorentz force, and
oF“ 0B®
Y =Z3—— + Mg——
R P P +Ms 0xP
B [ 9 0
+ p |:8t (Z,BB'y — M/BE,},) + @ (ZﬁBWU(; — MﬁEW’Ug)] (2.46)

are the remaining force terms. In the non-polarized case, Eq. (2.44) yields
the Lorentz force terms only. As one might imagine, the force term of Eq.

14



2.44)) profoundly alters the balance equation for the kinetic term in Eq.
2.14]) which now becomes:

E?t (gvava) = —a(za (Po‘ﬁvg + gvzvo‘> + Po‘ﬁgzz + v F°. (2.47)

The second balance equation affected by the addition of radiative pres-
sure is Eq. , the spin balance equation. Analogous to the anti-
symmetric pressure term, the additional term in the balance equation for
the spin is proportional to the anti-symmetric component of the Maxwell
stress tensor 72, defined as

T = T = 0 (DR 4 B (2.48)

With the addition of the anti-symmetric part of the Maxwell stress tensor
as an additional pressure-like term, Eq. (2.10) becomes:

9 e O
a (pSa) =-2 (Pa - Ta) - axg (]s,a,@ + psavﬁ) . (2-49)

Using Eq. (2.49)) instead of Eq. (2.10) necessarily alters the rotational
energy balance equation:

0 _ 2 « a a 0 Sﬁ -af3 «
g () = = 257 (B2 = 1) = 2 (2207 4 o)+

js7a6 05«
Xs 0P

(2.50)

For the electromagnetic energy density balance equation, the partial time
derivative (or Poynting equation) of Eq. (2.41) is readily calculated using

Eqgs. (235) and (2:30), and Eq. (232):

0 Ok~ 0B~ oM
— =F,— B, — M, — B,
A ar Tl ) ot at
H E
= CGO‘MEQ—a B _ et (—Hy,) OBs
Ox, O
0zZ> oM®
- F, — B, — B I¢
ot ot
0 0z% oM™
— 0By _ a) _ —
ce pr (EgHy) — Eq < 5 +1 ) B, 5 (2.51)

As anticipated earlier, the use of Eq. (2.38) allows us rewrite the term
— B0 M after using Eqs. (2.38) and (2.49) as:

oM L9
—Ba—g,— = mbB 5, (pSa)
0
— « a a aﬁ ﬁ o
= 2y B* (P} Ta)—i-'ym—ama {Bg (]S + pSPu )}
) 0B“
— Ym (]S,aﬁ + pSa'UB) W’ (252)

15



which lets us rewrite Eq. (2.51)) as:

2 (o) = 2B (P2~ T3) + ’Vmaia 55 (357 + p570°) |

‘ OB . O
— Tm (]s,aﬁ + pSaUﬁ) W + ce BVaT (EgHW)

oz
— E, ((,% +1 > . (2.53)

Analogous to the previous Section, the balance equation for the internal
energy is obtained by means of using Eq. (2.42)); subtracting Eqs. (2.47)),

(2.50)), and (2.53) from Eq. yields:
0 0 0 (p o 0 0
(50%) = 5 (pur) = 5 (=p0)

a(ﬁu) = a(ﬂe) ot 5”
o . P v
- _ a « Pozﬁ P 2, a) Pozﬁ «
&Ua(je + pev®) + Oz, ( v+ 2V ) Oz
_ a j5704/3 8ﬂ g o @ a _ a
’UaF Yo aﬂjﬁ +2 <XS ’YmB (Pa Ta)

o (i s ) =l [ (7 20

«

, 0B~ apy 0
+ Ym (Js,a8 + pSavgs) 98 ce —ama (EgHy)
oz~
Eo|—+1%). 2.54
e (24 1) 2.5
Defining the heat flow j¢' in this case as:
e’ e afs S/B -af3 afy
Jq = Je — P* v — o YmBg | js* + ce*” T EgH.,. (2.55)
S
permits us to rewrite Eq. (2.54]) as:
0 0 .4 o ov
il - _ _p8Zta  po
g Pw) =~ g ig + o (u—)v°] Dy "

) 0 S
- []s,aﬁaxg -2 (Ps - Taa):| (X - 'YmBa)

S

0z 0
a o, B
+ FE, (t + 1 ) —i—’ymBa—ﬁ (pS v ) (2.56)

Performing the same tensorial decompositions of Egs. (2.18)) and (2.19))
done in Subsection and using Eq. (2.3), the internal energy balance

16



Equation (2.56) is rewritten as:

a ) o . N o
5 (Pw) +p5 (o) = ~Bmn (58 + p(u+pv — ) v*] — v F

o™ 50 ( Avg \*?
By I b (€7C) o
H@xa (H ) <8:cﬁ>
— 1 [eaﬁvavﬁ — <S — VmBaﬂ
61'7 Xs
, 0 a) [S¢ o
(posg ) (5 omm)

0z d
« a, B
—i—Ea( 5 +1 ) +’ymBaax6 (pS v > (2.57)

2.3 Multi-component fluid entropy production
with electromagnetism

If we would consider our fluid to be monocomponent, the Gibbs energy
balance Equation , used in the Gibbs relation Equation yields
us the entropy balance equation and subsequently the entropy production,
which in this case would contain much more terms than our previous case
in Section 2.1} This assumption, however, implies that our fluid consists
purely of particles of the same mass, and of the same electric charge, thus
making it unusable for our purposes.

Fortunately, the only required modifications of Eq. are rewriting
terms containing the charge z as terms with particle-dependent charges zj
for fluid component k, and then changing the other quantities in terms
containing zx accordinglyﬂ The first, rather obvious, change is using the
component-dependent form of the Lorentz force of Eq. :

1
B =" przn <E°‘ + CeaﬁvvkﬂBO : (2.58)
k

The second change, a multi-component form of the electric current density
of Eq. (2.37)), is equally trivial as well:

I* =® Z Przk + Jo (2.59)
k

The third and most profound change involves the spin gyromagnetic

4That only terms containing the average charge z are rewritten to accommodate particle
charges zy, is a consequence of a deliberate choice to regard the ‘chargeless’ fluid of Section
[2-T] as being a component-averaged fluid, i.e. the quantities present in the fluid of Section
including spin per unit mass S%, are averages among the components.

17



ratio 75 as introduced in Eq. (2.39)), which at first is rewritten as:

o=y I (2.60)

omy’
k k

where g and my are the gyromagnetic factor and mass, respectively, for
particles of fluid component k. While Eq. is valid for any fluid with
multiple charged particle components, we are able to further rewrite this in
a more sophisticated and aesthetically pleasing manner: since we consider
our fluid to consist of nuclei and (free) electrons, we only need to consider
the electron contribution to Eq. (2.60). This is due to the heavy nuclei
masses—nuclei masses are at least three order of magnitudes higher than
the electron mass, even more so for mercury nuclei—which render the nuclei
contributions to the spin magnetic moment energy to become relatively small
compared to that of the electrons. In short, we simply replace Eq.
with

Vs = Ve (2'61)

where Ve = geze/2me is the electron gyromagnetic ratio.

With these changes in mind, and ignoring the orbital contribution ~, to
the gyromagnetic ratio vy, the multi-component form of the internal energy
balance equation Eq. is written as:

) ) o . .
5 (P0) + 03 (o) = N 48+ p (u+prv+ ) v°]

v,
— v FR — EQ’B’Y?& zk: PkZiVEk,8 By
0
— Haﬁ — (Haﬁ)s’o Ova i _ I8 6057% (5 — e B*
Oz, Oz @ 0z Xs

9 RWAE N
(g ) (o)

oz* 0
+ B, <8t +y3> +eBag, <p5%/3> . (2.62)

With our internal energy balance equation rewritten for a multi-
component fluid, we shall use the multi-component form of the Gibbs equa-
tion which includes the contribution of the (electro-)chemical potential en-

ergYE d d d d

o U v Cr

T =@ Pa g (2.63)
k

5The derivation and motivation of using Eq. is based on the absence of equilib-
rium values for F, and B,; for non-negligible equilibrium values, one has to substitute
E. with Eq — Feq,o and similar for B, in the relevant Equations in this Section, c¢f. De
Groot and Mazur. 23!
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where py, is the chemical potential for component k, and ¢ the component’s
mass fraction. Similar to our previous treatment in Section we rewrite
Eq. (2.63) using Eq. (2.1]) as a local time derivative of the entropy density:

)
+ 0 tpr—To—> o (2.64)
. plu-+pv o a prck | vo . .

Unsurprisingly, using Eq. (2.64]) into Eq. (2.62)) yields us the entropy bal-
ance equation of Eq. (2.24), but now we have for the entropy flow j3:

g =P <T0 + Zﬂkck — 11}) Ua] , (2.65)

k

]a:T

while the entropy production ¢ becomes:

Jg — P (TU+Zﬂk0k—¢> v

k

(0% S70 (03 )0 a (0%
o TN Mo (s
TOx, T \0zP T dxy Xs
1/ 0 N [se .
1 (o +212) (5 0)

oz« B, 0
—a —a Y a,
+T<8t +g>+eTa (pSv). (2.66)

or

1
C(=—72 O0xq

T2

Since we assume the system to be in mechanical equilibrium, the force
term v, Fg is omitted from the entropy production; similarly, the term
Py (eT) 1Y, pravr s By is also omitted for this reason, with the ad-
ditional argument of the Prigogine theorem ! being applied such that one
is free to choose v g = Oﬁ

6¢f. De Groot and Mazur, Sections V.2 and XIII.4 13
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The resulting phenomenological equations are then:

Jq = _)‘(;977; +p <TJ + Ek:,ukck - ¢> v (2.67)

Il = _771;2;)2; (2.68)

I = —2n (g;;)&o; (2.69)

g = —nr [eaﬁv(g;}j - (ij - %Baﬂ . (2.70)

Js,af = — (Dsaiﬂ + 2Tg> <ij — 'yeBa> : (2.71)

Je + a;a = 0o EB%; (2.72)
veaiﬁ (pSavg) = pmBa- (2.73)

where—as in the conclusion of Section [2.1}—\ is the heat conductivity, 7,
the volume viscosity, 1 the shear viscosity, 1, the spin (‘rotational’) viscosity,
and Dy a spin diffusion constant. An additional phenomenological equation,
, results in Ohm’s law of electrical resistance, where o, is the electrical
conductivity, whereas another additional equation, , yields an analo-
gous equation for the magnetic field, where uy, is the magnetic permeability.
Compared to their counterparts —, Egs. to remain
the same, while Eqs. (2.70) and (2.71)) are redefined to accommodate the
presence of electromagnetic fields; setting T} = Eo = B, = 0 in (2.70) and
(2.71]) yields their non-electromagnetic counterparts, Eqs. (2.30) and (2.31]).

Using the phenomenological equations 7, the conservation
laws used for our system is rewritten in terms of known, measurable quan-
tities. To begin with, let us rewrite the current density of Eq. using

Bo. @72):

YA

ot -
With the phenomenological pressure equations 7, the momentum
balance equation is rewritten as a Navier-Stokes equation:

1Y = pzv® + 0 E% —

(2.74)

a 8 S a
= (pa) = e [(P +10) G + (Tap)*™” + 20,117 + Pvavﬁ} + Fo

ot
L dp n 0%v, n 1 n 0%0P
Oz n(?acﬂ@a:g 377 T 0x,0x3

9 2 57 B7 F, 2.75
- W Tlr€apy Xi — Ve + pvavg| + Fa- ( . )

S
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Rewriting the spin balance equation (2.49)) using Eqgs. (2.70)) and (2.71) then
yields:

0 o’ Sa o
g1 050 =2 o e = (5 o) +72)

0 0 S,
+t55 [(DS(%B + 2Tg> <xa - %Ba> - psavﬁ] . (2.76)

Finally, the conservation law of energy, Eq. (2.4]), is rewritten using Eqs.

(2.59)), (2.67)—(2.71) as:

8 a e e S o3 Q (0%
En (pe) = . (jq + P ng + (Xﬁ — ’yeB5> ]85 —ce ﬂ7E5H7 + pev )

T S
a

d oT o v\ >0 S
=~ At =+ (=] —-2neP (22 —4.B
oz {Aaxa T Mogs TN (8w5> e (X 7 7)

v =) (P o) (52 =)
+—+——~.B Dy—— 4+ 2T% — — Y.Ba
<Xs ek dxP Xs 7

+ee EgH, — p (6 + % +To + Z HkCl — Tﬁ) Ua} - (2.77)
k
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Chapter 3

Hydrodynamic modes

The balance equations and conservation laws obtained in Chapter
specifically Egs. , , , and —form a coherent, phe-
nomenological description of the spin fluid, its properties, and its behaviour
under both internal and external forces. Before we put these equations into
practice, we shall regard the hydrodynamic modes of such spin fluids in this
Chapter. In Section we linearize the equations as average values with
small perturbations, such that we are able to extract hydrodynamic modes
from these linearizations in Section 3.2

3.1 Linearizing the balance equations

In order to obtain the hydrodynamic modes, the aforementioned equations
ought to be linearized first, i.e. the hydrodynamic variables are to be treated
as the sum of an averaged value and of a small, linear fluctuation. In order
to establish the notation used in this Chapter and onwards, let a be (again)
a quantity to be linearized; then, we write @ as the average value of a, and
a(zq,t) as its fluctuation, such that

a(xq,t) =a+ a(zq,t), (3.1)

and subsequently

85_ oa . ~ 2]~ -~ .
R I (@, 1)?] = (e, O(wast) =0,

where E(xa, t) is the fluctuation of a different quantity, in this case b.

Now that the linearization formalism to be used is set, let us turn our
attention to the present hydrodynamic variables: these are the mass density
p, the velocity vq, the spin S, and the temperature T. Important to note

is that the system’s energy e is not a fundamental quantity; rather, it is
dependent on the four variables mentioned. Furthermore, we assume the
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average velocity and spin of the fluid to be zero, i.e.
Vo = Sa = 04, (3.2)

since these quantities are balanced. In general, Eq. (3.2]) combined with the
linear nature of the fluctuations yield

v? = 8% = 0,55 = 0. (3.3)

With these considerations in mind, the fundamental hydrodynamic variables
of our system are linearized as:

p($a7t) :ﬁ+ﬁ(1§a,t>; Ua(l‘ﬁ,t) :5a($5,t);

. (3.4)
Sa(zg,t) = Sa(xg,t); T(xq,t) =T+ T(xq,t).

From here on, we shall drop the explicit spatiotemporal dependence of the
fluctuations for the sake of readability.
The first equation to undergo the linearization procedure is the continu-

ity equation, as cited in Eq. (2.2):
op 0

%= 9 (pva), (3.5)
which after using the linearizations of Eq. (3.9) becomes:
op o
9P _ %% 3.6
ot = "owa (3:6)

The second equation to be linearized is the momentum balance equa-
tion , and for this Equation two points have to be addressed be-
fore any meaningful linearization might occur. Firstly, the advective term
—0/82P(pvavs) of the right hand side vanishes due to Eq. (3.3). Secondly,
the pressure p is not a fundamental hydrodynamic variable in itself, since
it effectively depends on the mass density p and the temperature T. The
pressure gradient term of Eq. therefore needs to be rewritten using
the p and T' dependencies and the chain rule:

p op oT
87% =K (ad/’a + a%) s (37)
where K = 0p/0p is the bulk modulus density per unit mass I8 and o =

0p/OT the thermal expansion coefficient of the spin fluid. Using Eq. (3.7),
the momentum balance equation (2.75)) is linearized as:

Do f0p 0T\ 0% (1 0*v°
Por ~ 0z | “0za | T0xPoxs ' \3"" ") 93002

o (S
— 27’]7"664'3’}/@ (XS - ’YeB’y) + Fo“ (38)
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Compared to the momentum balance equation ([2.75)), the third equation
to be linearized, Eq. (2.76)), is relatively simple to linearize: Eq. (3.3) lets
the advective term —9/02”(pS,vg) vanish, such that linearization yields:

95, o8 S,
P2 =2 |€a — = -19B,
Par =<1 [65”8W <Xs 7 )

9 d Sa
— 2T, — — Y Ba
" 6u7 [( N ﬁ><xs ! )

As one would expect, the fourth and last equation in our linearization
procedure, the energy balance equation , is the most laborious one
to linearize. This is due to the aforementioned fact that energy per unit
mass, e, is not a proper fundamental hydrodynamic variable; rather, it is
dependent on quantities mentioned in Eq. , such that one would naively
be tempted to write e(vqy, Sa,T). However, kinetic energy is proportional to
the square of velocity, and Eq. tells us the same with rotational energy
and the square of the fluid spin. Eq. lets us ignore the dependence
on v? and S? of a linearized energy e, such that the left hand term of Eq.
is easily rewritten using Eq. , the chain rule and temperature as
the variable:

+ 212

(3.9)

) _0p  _0e _ _oT oe o _ 9T o

5 (Pe) =g, + D =D om —PE Pan PV TP (3.10)
where cy = 9¢/IT is the fluid’s specific heat density. Note that the final
(advective) term on the right hand side of Eq. cancels a similar advec-
tive term on the right hand side of Eq. , such that the energy balance
equation is completely rewritten as a temperature balance equation. After
performing the necessary linearizations, the temperature balance equation
thus becomes:

aT 1 0 8T
® 0xP

0
— 20,7105 B, Bs ( Ds— 2T*F ) B~
POt~ ey By | awa + 2 T B e ﬁ( " )
Ye s 0 a,f o Ve 0 a,B | Qo
— 285 [ Ds—= + 2728 ) B* — LBy ( D4 2188 ) §
Xsﬂ< 928 ) Xsﬂ( “027

+ee® EgH, — pv* — (TU T Z HiCk — w> Pga} : (3.11)
k

3.2 Obtaining the hydrodynamic modes

Compared to their counterparts in Chapter [2, the linearized equations ob-
tained in Section possess the distinct advantages of being differential
equations of the thermodynamical variables at work in the fluid system,
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having no superfluous advective terms present, and depending only on the
external electromagnetic forces next to the thermodynamic variables them-
selves. This invites us to consider plane waves for these variables in order to
obtain the hydrodynamic modes of the system as dispersion relations of the
set of equations. Since hydrodynamic modes form an internal property of
the fluid irrespective of outside influences, the external electromagnetic force
and field terms may be safely ignored in obtaining the dispersion relations,
further simplifying the equations substantially.

Let a(zq,t) be the fluctuation of a given quantity a as defined in Eq.
, and suppose it is a plane wave which is written as:

a(za,t) = apexp {i (k2o —wt)}, (3.12)

where qg is the plane wave amplitude, k¢ the wavenumber, and w the wave
frequency. Applying the plane wave form of Eq. (3.12)) to the fluctuations
0, Vo, Sa, T and ignoring external electromagnetic forces then yields for the

linearized equations Egs. (3.5)), (3.8)), , (3. 11]):

wpp = Pk Ty; (3.13)

- - - 1 ~

Wply = Kkap — ink®Va — i (377 + 17U> kak‘gvﬂ
+ 2%6(%1%57 + aKko T, (3.14)

S
WpSa = MpeapykPT — — (2, + Dek?) S (3.15)
Xs
P T

wpl = — [pk® + pk® (T + prck)] Va — —k*T. (3.16)

cy (6174

Eqgs. (3.13)—(3.16)) describe a set of linear equations which is written as:
wpE = A€, (3.17)

where & = (p, Uy, Uy, Uz, §w, §y, gz, T)T is an eight-vector of the eight degrees
of freedom for the quantitieeﬂ7 and A an 8 x 8 matrix, whose eigenvalues
describe the hydrodynamic dispersion relations wp of the system.

Note that the term proportional to k:akﬂﬁg would allow for ‘cross-
wavenumber’ terms where o # [ to exist, yet we practically shall ignore
these contributions to the matrix A. This is primarily because we consider
our fluid, mercury, to be incompressible, where 0;p = 0 such that d,v* = 0
according to Eq. , and therefore the velocity divergence term in Eq.
. Furthermore, we expect the motion in fluid not directed along the
main flow to be the result of rotational viscosity coupling with the fluid spins,
as evidenced by terms proportional to 7,.. Finally, the main goal of this Sec-
tion is to obtain dispersion relations for the fluid in order to establish the

'Each of the three Cartesian components of v, and ga form a degree of freedom.
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properties sound waves and similar phenomena in the fluid might have—a
task vastly made more difficult if we were to include the ‘cross-wavenumber’
terms, since it would inhibit calculating the necessary eigenvaluesﬂ

The simplest case considered is when only the diagonal elements of A
contribute to the dispersion relations. Since the mass density equation does
not possess such a diagonal element, we obtain three dispersion relations for
three distinct modes originating from different physical propertiesﬂ

—i (4
Wyo = > <377 + 77v> k?; (3.18)
s, = = (2, + D) (3.19)
wp = 2242 (3.20)
pey

which are the dispersion relations for the diffusive momentum, diffusive spin,
and diffusive heat modes respectively B, We identify the ratio (%774—771)) /p of
Eq. as the kinematic version of the second coefficient of viscosity P90
in an incompressible fluid, Eq simplifies to

w'Ua = _ank27 (321)

where 7, = n/p is the kinematic viscosity 220 The ratio \/pey can be re-

garded as the thermal diffusion constant Dr. Furthermore, the diffusive spin
relation has a term independent of the wavenumber which originates
from the spins’ proper orbital angular momentum, indicating the fluid’s ro-
tational viscosity 7, provides a wavenumber-independent damping term to
the spin’s proper dispersion relations.

More interesting results obviously occur when one allows non-diagonal
matrix elements to be considered. As a first, simple example, let the fluid’s
dispersion depend on mass density and velocity only; the set of plane wave

equations (3.13)—(3.16]) then simplifies to:
wpp = Pk Va;
Wply = Kkap — ipnik*Va,

which yields the following dispersion relations for diffusive momentum
modes:

wy = —ink?; (3.22)

—i 1
wo3 = 77%1{2 + \/Kk2 -1 (mek?)?. (3.23)

2We were not able to find any sensible eigenvalues for the simplest non-trivial example,

i.e. the dispersion relations Egs. (3.22)—(3.23).

3Here, we include compressible fluids for the sake of completeness.
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Since mercury as an incompressible fluid possesses a large bulk modulusﬂ
and low kinematic viscosity in part due to its heavy density, expanding the
square root in the right hand side of Eq. (3.23|) for small 7 yields us:

o~ Tl g2 L oo
wag = o mkk? & VKK <1 <k ) : (3.24)

Note that Eq. , equal to the diagonal-only result Eq. , is a
special non-zero case of Eq. (and Eq. ) if K — 0, i.e. if the
fluid is infinitely compressible. Alternatively, using nx — 0 in Eq.
for a non-viscous fluid results in a real solution w = +v/K|k|, i.e. a sound
wave. Dividing this result with the wavenumber vector length yields us the
familiar result of the speed of sound waves in a fluid as the square root of
the bulk modulus18.:

vy = ‘%‘ ~ VK (3.25)

From this we observe (and confirm) that both compressibility and viscosity
influence the fluid’s dispersion relations — and therefore the fluid’s sound
velocity — in the manner observed in classical fluid dynamics: compressibil-
ity (or its inverse, the bulk modulus) determines the speed of sound waves,
while the fluid’s viscosity — an imaginary term to the dispersion relations
— regulates the damping of such sound waves.

Next we add the rotational viscosity term 7, to the system, effectively
(partially) adding the fluid spin S, to the set of equations, which become:

wpp = Pk Va;

~ - 9. 2 s
Wl = Kkap — ipnpk*v, + ;77" eamkﬁSV;

S

~ » 7 ~
WpSe = 2nreap k7T — - (20, + Dsk?) Sa.

S

Since the equations for both v, and §a are related to each other by an anti-
symmetric term proportional to 7., the Cartesian components of v, and S,
need to be considered separatelyﬂ This yields us a 7 x 7 matrix of which

4The bulk modulus is inversely proportional to the compressibility, ¢f. Marder [27]

In the previous case, the Cartesian components of U, also had been treated sepa-
rately. However, the absence of anti-symmetric, cross-Cartesian terms radically simplifies
calculations.
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the eigenvalues are:

wi = ——— (20, + Dk?) (3.26)
Wy g = gnka + \/Kkz ~1 (mk2)?; (3.27)
wis = = | — (20, + Dk?) + mk?

2 [poxs
o \2  2n, k2 1 2
+ ( i ) — e — Dank? | — — [ (20, 4+ Dsk?) + nik2|
P p Xs PXs

(3.28)

where wy 5 are each double degenerate values. While Eq. is the
diagonal-only result for spin and Eq. describes the general dispersion
relation of the previous case, Eq. describes a new mode with
both types of fluid viscosities present. Furthermore, one might interpret
the spin diffusion constant Dy occurring in Egs. & as a new
pseudo-viscosity term for the spin dispersion modes.
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Chapter 4

Non-turbulent fluid flows

With the theory of spin hydrodynamics set up in Chapter [2| and its hydro-
dynamic modes investigated in Chapter |3, we are now ready to consider
simple fluid flows, before dealing with the actual spin hydrodynamic gener-
ation. This is firstly done to obtain an overview of the fluid’s spin behaviour
in a fluid flow, and secondly as another means of testing the results of Ch.
In this Chapter, we investigate simple fluid flows in the absence of any
electromagnetic fields in Section while in Section we consider the
presence of an effective magnetic field generated by the fluid’s proper flow.

4.1 Fluid flows and spin, without electromagnetic

fields

As a first, simple application, we consider a laminar fluid flowing unidirec-
tionally and steadily between two parallel plates, known as the Poiseuille
fow! @20 Let & be the Cartesian direction of the fluid current, and the
plates be positioned at +yo on the xz—plane, such that the distance be-
tween them equals yg. Choosing v,(y = £yo) = 0,v,(y = 0) = vy as our
boundary conditions, we obtain for the fluid’s velocity:

va(y) = vo [1 - (i)j L wy =0, =0, (4.1)

i.e. the fluid velocity adheres to a parabolic profile. Since we consider our
fluid to be incompressible, the fluid velocity to be constant—i.e. 9;(pvy) =
0—and ignore external (electromagnetic) forces in this case, conservation
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laws and balance equations (2.75)—(2.77)) become:
Ip 0%v, 2, S,

= _ — 4.2
DS 82 27% 87)38
= (== _ L+ 2 4,
! (Xs 0220z Xs St 2 Jy 43)

Dy 0? 21,
0= (xaa - x) Say- (44)

By using symmetry arguments, we expect the spin density S, to depend
solely on the y coordinate, since the system is physically bounded by the
xz—planes formed by the two plates. By these same arguments, we expect
Sg,y to be non-existent. Altogether, using the symmetry arguments and Eq.

(4.1) allows us to simplify Eq. (4.3)) as:

0% 1
0= 67y2 — é S + &y, (4.5)
where ) 5 4
M Thr XsV0
- — . 4.
Eg Ds gy Dsy(Q) ( 6)

We identify the quantity ¢ as the spin diffusion length for fluids.

The spin density equation is obviously to be recognized as an in-
homogeneous second-order differential equation. To solve it, let us consider
the homogeneous case §, = 0; the general solution is then:

Si(y) = A/ 4 Bev/,

where A, B are constants. Since we require

S:(y=—yo) =—=S:(y=wo);  S:Ay=10)=0 (4.7)
as the boundary conditions for our spin density, we obtain B = —A such
that

SB(y) = 2Asinh (é’) . (4.8)

For the general, inhomogeneous case, we simply add an inhomogeneous term
Cy—where C is a constant—to our homogeneous solution (4.8]); plugging
this into Eq. (4.5)) yields C' = &2, i.e. we obtain as general solution:

2Xs
S.(y) = 2Asinh <5> Sl (4.9)
S Yo

such that the boundary conditions (4.7]) are satisfied. Note that for either
1/0s — 0 or yog > {5, S, depends solely on the linear term as:

2xsv0
S 0 = _T% y. (4.10)
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The constant A present in Eq. (4.9)) is also determined using suitable
boundary conditions, in this case those pertaining to the spin current. Using
Eq. (2.71), the relevant z-polarized spin current js ., is:

. D 0S,
Jszy = —
e Xs 0y
2D A 2D
= ——="cosh <y) + SQUO. (4.11)
Xsts Ly Yo

With the boundary condition that js ., (y = £yo) = 0, i.e. the spins cannot
venture beyond the plates, we obtain for A:

B s Xsvo
Y5 cosh (yo/0s)
such that the spin density (4.9)) is written as:
250 sinh (y/4s)
Sy (y) =— —lg—————| . 4.12

A plot of this spin density is given in Figure for yo/ls = 1 and yo/ls =
100; note that the latter case yields the linear approximation of Eq. (4.10)).

Sz,in Xsvoyg'

2 _ ............................................................................................................................
1 e
op——— &+ TTTmeN YolLs = 100
Bt SN § Qe YolLs = 1
-1 _ ..........................................................................................................................
e —
-Yo -Yyol2 0 Yol2 Yo

Figure 4.1: Plot for the spin density solution of Eq. (4.12)) inside Poiseuille
flows, for two different values of yq//s.

Using the general spin density solution (4.9)) into Eq. (4.2) yields for the
pressure gradient along the direction of the flow:

gi_ _2;%0 {n—2m [1-%” (4.13)
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Since cosh(y/¢s) > 1 for y # 0, Eq. implies the pressure gradient is
smaller along the plates than in the middle of the flow; for 1/¢5 — 0 however,
the pressure gradient becomes constant between the plates.

Next, we consider a more realistic approach to the Poiseuille flow de-
scribed earlier; instead of two infinitely large plates along the xzz—plane, we
now consider a flow through an infinitely long, circular pipe of radius ryg,
known as the Poiseuille-Hagen flow ™20 Instead of Cartesian coordinates,
it is more natural to use cylindrical coordinates to describe the system, in
this case radius r, angle 6, and length x. The fluid’s velocity profile is then

analogous to Eq. (4.1)):
O\ 2
vz () = o !1 - <> ] ; v =vg = 0. (4.14)

In cylindrical coordinates, and using symmetric arguments similar to the
Cartesian case—S, = S, = 0 and Sy only depends on r, since the system is
physically bounded by the z-aligned pipe—Eqs. (4.2]) and (4.5) effectively

become:
_ Op 0?2 10 2, [ 0 _
0= ‘m*”(aﬂﬂm) U = e [m (’”S“]’ (4.15)
2 10 1 1
0= <a2+a T £2> S0+ &t (4.16)

where £;2 is as defined in Eq. , and &, is similar to &, as described in
Eq. , but with the pipe radius rq instead of the center-to-plate distance
10 The solution to the homogeneous version of Eq. —i.e. when
& = 0—is given by a linear combination of modified Bessel functions:

SB(r) = AL (r> BK; (r> , (4.17)
ls ls
where A, B are constants to be determined by means of boundary condi-
tions, and I7, K7 the modified Bessel functions of the first and second kind,
respectively. Since we require Sy(r = 0) = 0 as an essential boundary condi-
tion and K(z) exhibits asymptotic behaviour for z — 0, we obtain B = 0.
Similar to the laminar flow case, we now add an inhomogeneous term C7r to
the homogeneous solution (4.17)); plugging this back into the inhomogeneous
equation then yields C' = &,.02 = —2XsVoTy 2. The general solution for
Sp then becomes:

2
So(r) = AL <;> - fg”or. (4.18)
s 0

Rather unsurprisingly, we use the 6-polarized spin current js g, to deter-
mine the constant A in Eq. (4.18]) in the manner similar to the laminar flow

case: AD 2D
. S r r sU0
- L{=)+5n (= 4.1
Jatr(7) 2&><J°<es>+ 2(@)]* 2 (4.19)
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yields us for the boundary condition jg g, (7 = rp) = 0:

4lsxsvo o ro\] !
A= Iy | — I | —
T% [0<€S>+ 2<£S>} ’

such that the spin density inside a viscous fluid flowing through a pipe of
radius rq is as follows:

2XSU0 |: I (""/ZS) :|
Sp(r) = — r — 205 . 4.20
AR o Go/) + T (/) (420
Note that we obtain a result similar to the laminar flow case for 1/v — 0:
2X Vo
So (1)1 /6,0 = — =5
0

The similarities with the laminar flow case become even more apparent when
the solution of Eq. (4.20) is plotted in Figure again we use two different
values of rg//ls, and the resulting plot is near-indistinguishable from that of

Figure
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Figure 4.2: Plot for the spin density solution of Eq. (4.20]) inside Poiseuille-
Hagen flows, for two different values of ro//s.

To close this Section on non-turbulent flows, let us put Eqs. (4.14]) and
(4.20) into Eq. (4.15)) to yield the pressure gradient inside the pipe:

ap — _@ _ N ID(T/ES) + I2(T/€S) + 265"”_1[1(7'/55)
o %{””{2 Tolro/ts) + Ta(ro/Es) ]}’“m)

which as in the laminar flow case becomes constant over the whole pipe for
1/4s — 0.
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4.2 Fluid flows, spin, and effective magnetism

We now consider a monocomponent fluid of spins, which generate an effective
magnetic field B, internally, flowing through a circular pipe with circum-
stances similar to the latter part of Section Since the spins themselves
generate the magnetic field, we may utilize for the magnetic field the same
symmetry arguments used for the spins, such that we have By(r) as the
effective magnetic field, i.e. the magnetic field is polarized in the 8 direction
and is dependent only on the radius r. In this situation, Egs. and

(4.16)) become:

_ Op 92 10 20, | 0 )
0= o +n <87‘2 + r8r> Vg — g |:87‘ (1Sp — mexsBo) | ; (4.22)

2

0= (88?2 + %% - ’l“% - 612> [SG - 'YmeBG] + &, (4'23)
where /5 and &, are as defined in Eq. , with in the latter case yg substi-
tuted for ro. We note that we may choose to regard the term [Sp — vexsBy]
in the right hand side of Eq. as a ‘pseudo-quantity’ adhering to a
linear differential equation with an inhomogeneous term, similar to how Sy
was treated in Section Using the same arguments which lead to Eq.
, the general solution for this pseudo-quantity is:

r

2xs
So(r) = YmXsBo(r) = Al <€> - fjo r (4.24)
s 0

where A is again a constant yet to be determined.
The most notable unknown quantity in Eq. (4.24) is obviously the 6-
polarized magnetic field By(r). The Maxwell equations relevant in deter-

mining By are Eqs. (2.35)) and (2.36)), which after using Eq. (2.74]) become:

0B, OEP
(9t = —Cﬁaﬁfy% = O, (425)
oB?
0E, = ceang — p2Vq, (4.26)

where we assumed 0;F, = 0; B, = 0 since our fluid is flowing with constant
speed. In cylindrical coordinates, Eq. (4.26)) becomes

B ¢ d(rBy)
0B, = R P2V, (4.27)

which differentiated with respect to r and after using Eq. (4.25)) becomes

10(rE;) ~ pz O(rv) ¢ O 13( By)
r Or  oer Or oer Or | T Or oo
—_——
x0¢Bp=0
_ 3pzwo 0> 10 1
:>0—7T8 T_C(aT‘z—i_?”aT_?”Q)BH. (428)
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Integrating Eq. (4.28) twice over the radius r, and setting By(r = 0) =
0 as our boundary condition, we obtain as a first result for the effective
magnetic field:
_ 3pzvg 3

By(r) = <2 +Cr, (4.29)
0

where C' is an integration constant yet to be determined. Plugging in Eq.

(4.29) into Eq. (4.24]) then yields for the spin density:

r 2Xs00 | 3YmXsPZUo
s = 4n (7 ) - S0 DI O (0)

such that the (relevant) spin current js g, is as follows:

DSA T r 2DSUO
‘s r = - I - I re
Jatr(r) 2xsls { ’ <KS> 2 <65>] " r%

2
_ 9mDspzro (T) _.D.C. (4.31)
8c 0

Similar to the cases considered in Section setting js g (r = ro) =0
yields us the exact values of the integration constants present; in this case,
we obtain the values for A and C simultaneously:

1
Xs00 TQ 70 9pzug
A=a050 p(0) £ (2] . — : 4.3

7“(2) [O<€S>+ 2<£S>} ¢ 8¢ (4.32)

which then yields for our effective magnetic field and spin density:

By(r) = — 2200 [3 - <T>2] r; (4.33)

8c 0
__Xs% r_ I (T/ES)
So(r) = r% [ 2/, Io(ro/ls) + IQ(TO/KS):|

3Ym XsPZV0 r 2
- — | — . 4.34
” [3 (To) T (4.34)

For the Poiseuille case in the first half of Section it is sufficient to redo
the above calculations in a Cartesian system. This yields for the effective
magnetic field B, and spin per unit mass .S,:

B.(y) = -7 [3 - <y)2] y; (4.35)

3c Yo
_ 2Xsvo sinh (y/gs) PZYm XsV0 Yy 2
Sx(y) = 2 [y bt (v0/0) » 3 w) v (4.36)
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Chapter 5

The Inverse Spin Hall Effect

In Chapter 4l we have seen the spins’ behaviour in a fluid flow, and how
the spin current is affected by it. In this Chapter, we shall now consider a
setup similar to the one used by Takahashi et al.[?, i.e. a Poiseuille flow-like
system as considered in the first half of Section where both plates are
externally lined with a platinum (Pt) strip of thickness y,. These strips are
then situated parallel along the fluid flow, for a system length L. Section
deals with deriving the altered spins per unit masses and spin currents
for a system with an Hg-Pt interface, while in Section [5.2] an expression for
the resulting voltage is analytically determined. We then close this Chapter
in Section with a numerical calculation of this voltage.

5.1 The 1SHE and the Hg-Pt Interface

An electric field transversally applied to a collection of spins, yields a spin
current perpendicular to the electric field B!, exhibiting what is now com-
monly known as the spin Hall effect, often abbreviated as SHE. In the ab-
sence of (effective) magnetic fields, the spin current of Eq. is rewritten

to accommodate the SHE as 35!
) Dg 08, h
Js,aB = —;: 8:1:; — QfeGSHUeeamEV, (5.1)

where h is the reduced Planck’s constant, e the electron charge, and Oy
the so-called spin Hall angle. The value of the spin Hall angle depends on
the material used; for platinum, we have gy py >~ 0.05 as an experimentally
deduced minimal value for bulk materials 2! while for interfaces under ISHE
conditions a value of gy py ~ 0.026 was obtained 22l Next to the regular
SHE, a spin current is also able to induce a charge current under specific
circumstances; this effect is then known as the inverse spin Hall effect©,
abbreviated ISHE. Rewriting the charge current of Eq. to include the
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ISHE then yields Pl

2e Dy oS
J& = 0B — 5 gne®P =28

. o (5.2)

In our setup, the electrical circuit is closed such that the total charge
current due to the ISHE is zero-valued. Eq. (5.2)) then yields us an equation
for the effective electric field:

2e Dy dSP
T
EZ = h(TC SGSH aﬁ')/a . (53)

Plugging in Eq. (5.3) into Eq. (5.1)) yields a spin current equation for closed
electrical circuits as ISHE systems:

Dy 05,

js,ocﬁ = - s (1 + 9 ) (5'4)

Omﬁ

Since the mercury fluid spin per unit mass Sgg(y) is polarized in the Zz-
direction, and dependent on y transversal to the Z-aligned fluid velocity, we
expect the platinum strip spin density Sft (y) to adhere to the same polar-
ization, with a dependence on y transversal to the direction of the expected
Z-aligned ISHE electric current. We expect the platinum strip density to
adhere to the Valet-Fert equation 23

ok 1 Hg
<8y (2 )S 8(y) =0, (5.5)

where is the experimentally deduced spin diffusion length of platinum.
Using Eqgs. (4.9) and (5.5)), the Ansdtze for the spins per unit masses are

, i.€.

Pt
Es

SHe(y) = 24; 5 h( > 200 (5.6)
> = in — ; .
1 eHg y(Q) Yy

SPU(y) = AgeV/B" 4 Age v/E", (5.7)

where A1, Ao, A3 are constants to be determined from boundary conditions.
For the respective spin currents, Eqs. (4.11)) and (5.4)) yield us:

jS,Zy X?g 8y Y .
DPt 8SPt
Pt __ 2
]s,zy - th (1 + QSH) 8; ’ (5 9)

where g1 from now on refers to the platinum spin Hall angle.

Equations and provide us with three unknown constants; for-
tunately, we may use three reasonable boundary conditions in order to de-
duce these constants. Since the system extends from —yo — ¥, to yo + Yp.,
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we shall first give the boundary conditions for the ‘upper half’ y > 0 and
the resulting values for the constant, and then translate these for the ‘lower
half’ y < 0. Firstly, we expect that no spins venture beyond the system, in
this case beyond the exterior of the platinum strip at y = yo + ¥p, t.e. for
the spin current we have:

3 =10+ p) = 0. (5.10)

Secondly, we expect the spin current on the mercury-platinum interface at
y = yo to be continuous, such that

et (= 10) = Ji%,(y = o). (5.11)

From this a third boundary condition equating the mercury and platinum
spins per unit masses at the interface naturally arises:

SHE(y = yo) = SL*(y = wo)- (5.12)

The boundary conditions (5.10)—(5.12) then yield us for Aj, As, A3 in
the region y > 0:

Hg /H
Xs ggs gUO

yg sinh (yo/eng>

A =

(14 62,)(e2w/E" — 1)y DPINEE — (2w /6" 1) DIEP P

(1+62,)(e2/% — 1) DPLoHEHE 4 (e2up/eF 1 1) DtBg

9

tanh(yo/fgg)
(5.13)
200Xs & (Pt H H
Ag = =52 ¥/ [yo — ("8 tanh(yo /(%) ]
Yo
Pt yHg Hg -
2 \/ 2y P Yo\ DslsPXs” | oy, e
(5.14)
2

A3 = Ayexp {(yog:typ)} : o

For the region y < 0, the boundary conditions ((5.10)—(5.12]) become

Jes, (= =130 —yp) = 0;
Josy(w=—v0) = ji%,(y = —yo);
STE(y = —yo) = Sy = o), (5.16)
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which yield the same value for A; as in Eq. (5.13)), yet Ay and Ag switch
places, and reverse signs:

Hg
20 _ p
Aslyco =+ ‘;’; e W0/E [y — 118 tanh (y, /£112)]
0
Hg Hg -1
yo \ DYsExs 2yp /£Pt
x| (14 62,)(e*#/5" — 1) tanh <> e S LN |
o ) Dy
(5.17)
2(y0 + yp)
A2|y§0 = A3|y§0 exp{ ept = . (518)
S

In general, the solution for the platinum spin per unit mass is described

using Eqs. (5.7) and (5.14) as:
Y Yoty )
SPt(y) = sgn(y) Ay [exp {!LPL} + exp {2 Oéft P } exp {—QSPLH . (5.19)

Figure shows the spins per unit masses S, for two different ratios of
i /Eg{g and y,/¢F" as a function of y; one might observe that a higher ratio
between plate thickness or flow diameter and spin diffusion lengths results
in a more sawtooth-like distribution of S,.

Sz, inx59 vo 5"
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-Yo ~Yol2 Yol2 Yo

Figure 5.1: Comparison of spins per unit masses S, for two different ratios
between plate thickness or flow diameter, and spin diffusion lengths.

5.2 The ISHE Voltage

In Section we used j& = 0 for a closed electrical circuit in Eq. (5.2)), in
order to substitute the term proportional to the electric field in Eq. (/5.1])
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and subsequently derive Eq. . Now that the spins per unit masses for
both the mercury flow and the platinum strip have been derived, we proceed
to the derivation of the ISHE voltage Vigys. For j& = 0, Eq. yields us
the effective electric field Egﬁ, which in the case of our platinum strip is -
polarized and must be evaluated in the ‘“upper half’ strip for yo+y, > vy > yo:

] . (5.20)

The resulting ISHE voltage Vigyr is then calculated in the usual manner,
i.e. as a line integral of the electric field:
yyo]

P

_ 2eDg"0sul As [€<yo+yp)/£§t o 2otup) [ o~ (yotup) /EE
Pt Pt Pt

hae XS ES

_euo/ ez(ywyp)/efte—yo/e?}

2e DOy
hxttog

st
dy

oSPt

Eef'f _
T 8y

Y=Y0+Yp

WSHE = /dla Eoeff

2eD 0y /L q oSt
= ——= P x
hal'xtt Jo dy

9SPt
Jy

Y=Yo+Yp

2€DPt9 L /Pt Pt
:7%;%? Ageto/t3 [erp/’fs —1}. (5.21)

Writing out the constant A using Eq. (5.14]) allows us to rewrite Eq.
(0-21) as:

Voo Aewo DYt DS Ll
ISHE —
holty?
Yo — Eé{g tanh (y0/£§g>

200/ L) DHEPLPL | (1 4 02,) DPLHE T8 (5.22)

mssxs+(+SH)sSXS
Under the reasonable limit of yg > £§g7 Eq. (5.22) yields:

o Ve — _ AenoDPGE LA (/S 1 (5.23)
w0 holtyolltxPt  \ e2w/6* 41 )7 '

For large z, the function (e2* —1)/(e**+1) quickly reaches its asymptotic
value of 1; for y, > ¢X* we then obtain for the limit ISHE voltage Vim.:

- devyDP? XEgLGSH
ViIin — lim Vige = — s 5.24
ISHE " /@g 0 ISHE ho.gtyogg’txgt ( )
yp/zft —0
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Figure shows Vigyg for various values of the ratios /Eglg and yp/ e
one might observe that the ratio yg /Eg{g is of much greater importance on
the resulting ISHE voltage than y, /Pt Furthermore, Figure shows the
accuracy of Vllsl}rl% of Eq. compared to Vigyg of Eq. for y,/ KE t>5
and yo/ /8 > 100. Since yp ~ 10~* m in usual experimental settings™, and
(Pt ~ 3.7-107? m under 1SHE conditions22, the condition yp/fF* > 5 is
casily satisfied. Similarly, we have yo ~ 10~% m for our pipe half-diameter @,
and we may also estimate the mercury spin diffusion length 58 £6 be of the
order of nanometers, such that yg/ Z? & > 1000 also applies to our situation.
Therefore, we may use VIQIIII]; as an appropriate approximation for Vigyg.

R lim
Vishe, in VISHE

1.0 ------------“----';---"--"'--":5"_'-_-.'.'_+;-'_=1-;-.-:§;-.-.-;'.-.-;'.7;-.r;';.f;-.f;-:;-:;-.r'
L o ’ : :
0.8 _"¢ ..... ’ ;.;,,;,.___-.q-mn.?nr.ﬁ:r.rr%r.ﬁ::ﬁ::.
. ST yolLH9 = 1
06 i .,./I\ ................. , ................. . ................... H
[ o ; e Yo/L§® =10
L ; ;
04._ ..... I,’/’- ................. ................. ........................ yO/ng - 100
F 4 : : :
02 Fb e IS B, R yo/LH9 = 1000

ypILE!

Figure 5.2: Vigyp compared to VM for various values of yo/ e, yp/LEE.

From Eq. (A.15]), we have

DPtXEg B2oPt 7 Pt 2/3
S _ e e
w e () )
(S
such that we obtain as the final expression for the ISHE voltage:
h'UQLaSH n}:t 2/3
Visue = _763;05;“ nle{g (5.26)
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5.3 Numerical value of the 1SHE Voltage

X

2, is obtained

The conduction electron number density of an element X, n,
using the element’s basic physical properties as:

X ZX/)XNA

ne - m§ . 10_37 (527)

where z* is the element’s primary valency, p* the element’s mass density,

N4 the Avogadro constant, and mff the element’s atomic weight; the factor
1073 is used to convert the atomic weight from its usual unit of grams per
mole to the more suitable kilograms per mole. The valencies, mass densities,
and atomic weights of platinum and mercury are 24

Pt _ _Hg _ o.
Zo = 2 ° =2

plt =215 kg m~3; mbt =195.084 g mol™!;
plle = 13.534 kg m~; mil% = 200.592 g mol !,
which putting into Eq. (5.27)) yields:
nPt =13.27-10% m3; nie = 8.126 - 10% m=3. (5.28)

For the properties of the fluid flow as used by Takahashi et al., we use:
vo=27ms ! L=8-10"2 m; yo=4-10"* m. (5.29)

while for the spin diffusion length and spin Hall angle of platinum, we use?:
Pt ~3.7.107° m; Osu pt = 0.026, (5.30)

respectively, as estimated under spin-pumping ISHE conditions22 .
Finally, we shall respectively use as numerical values for the natural

constants h, e, me 29
h = 1.054571800 - 103 Js; e = —1.6021766208 - 1029 C;
me = 9.10938356 - 107! kg. (5.31)

Plugging in the numerical values of Eqs. (5.28)—(5.31) into Eq. ([5.26])

then yields for the numerical value of the ISHE voltage:

Visue = 3.464 - 1076 V (5.32)
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Chapter 6

Conclusion, Discussion, and
Outlook

In this Thesis, we have set up a phenomenological theory of SHG from the
irreversible thermodynamics of the coupling between fluid vorticity and in-
ternal spin. After verifying the theory using the hydrodynamic modes inside
the fluid, solutions for the spin density and spin current generated inside the
flowing viscous fluid were obtained. This was followed by obtaining solu-
tions for interfaces between solid metal and viscous fluid, and from this an
expression for the electrical potential—i.e. voltage—due to the ISHE. The
calculated ISHE voltage of Eq. is approximately 3.5 microvolts, which
is two orders of magnitude higher than the approximately 50 nanovolts mea-
sured by Takahashi et al./?! under similar circumstances for fluid velocity,
diameter, and length. The Vg value calculated in Section could pri-
marily explain the voltages measured by Takahashi et al., especially when
we consider two possibilities to account for this discrepancy.

The first possible cause of the discrepancy is due to electron mechanical
drag, in which the electrons are ‘dragged along’ with the moving fluid, and
subsequent momentum transfer on the solid metal. Put into practice, we
consider the mercury electrons to move at the same velocity as the mercury
itself—i.e. with velocity vp—up to the outer bounds yg of the fluid. There,
at the Hg-Pt interface, the mercury electrons then transfer their momentum
to the platinum electrons, thus causing an electrical current without any
involvement of the ISHE. Let the charge current due to this mechanical drag
and momentum transfer, j. mq be defined as

jc,md = €Neo, (61)

where e is the electron charge and n, the electronic density. From Eq. (2.72))
we then have, for zero polarization, Eng . = jemd/0e. For a platinum strip
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of length L, we then obtain for the resulting mechanical drag voltage:

enttog L

Pt
Oe

which with Eqgs. (5.28), (5.29), (5.31), and the electrical conductance of
platinum given as !4

Vind = (6.2)

0Pt =9.259-10° S m~1, (6.3)
yields the numerical result of:
Vina = —496 V. (6.4)

While this momentum transfer voltage is 8 orders higher than the calculated
ISHE voltage of Eq. , it should be noted that the assumptions leading
to Eq. ——unbounded electrons—are vastly exaggerated, in part due
to the fluid viscosity, the fluid velocity being zero at the interface, and the
electrons being electrically attracted to their respective nuclei. However, the
momentum transfer should not be completely dismissed, on grounds that the
result of Eq. is of opposite sign compared to Eq. , thus giving a
possible cause of the discrepancy with Takahashi et al.

A second possible cause of the discrepancy—which as the first one is
based on the coupling between fluid velocity and spins—involves viscous
boundary layers near the Hg-Pt interface and the presence of turbulent flows.
Both Takahashi et al. and Matsuo et al.® have considered such turbulent
boundary layers with friction velocities, such that the fluid possesses two ve-
locity profiles across its diameter. It is their expectation that this turbulent
boundary layer plays a key role in spin current generation, since the intersec-
tion of the two velocity profiles would yield the largest vorticity gradient .
We did not include such turbulent boundary layers for the velocity profiles
in Chapter because the relevant Navier-Stokes equations , ,
and —and their direct predecessor, Eq. —contain a spin gradi-
ent term proportional to the fluid’s rotational viscosity n,. While globally
addressing the cause of the viscous sublayer (viscosity), this n,-proportional
gradient term cannot simulate a dual velocity profile. The effect of turbu-
lent boundary layers on the spin current profiles obtained in Ch. [ is left
for future investigation.

While unrelated to the discrepancy, another point to be addressed here is
the spin Hall angle and spin diffusion length of the solid metal—in our case
platinum—used in SHG experiments. An alternative to platinum is tantalum
(Ta), since its spin Hall angle is roughly of the same order of magnitude of
Osu,pt, but of opposite sign. The valency, mass density, and atomic weight
of tantalum are, respectively 24
zI2 = 5, p® =16.4 kg m~3; mi* = 180.95 g mol~*,

e
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which plugged into Eq. (5.27) yields for the electron number density of
tantalum:
nt® =27.290 - 10% m=3. (6.5)

From measurements performed under 1SHE conditions28 we have for the
spin Hall angle and spin diffusion length of g-tantalum:

OsiTa =~ —0.0062;  £1* ~51-1077 m. (6.6)

Using the tantalum-specific quantities of Eqs. (6.5) & in Eq.(5.26)

instead of the platinum-specific quantities then yields for the ISHE voltage:
Vg™ = —9.69-107" V, (6.7)

i.e. a factor —0.28 of that found for the Hg-Pt interface. Were the exper-
iment of Takahashi et al. to be repeated with S-tantalum substituting the
platinum in the original set-up, one would therefore expect a measured volt-
age of reverse sign, and a quarter of the voltage magnitude, if this measured
voltage was indeed primarily due to the ISHE.

Based on the considerations in the preceding paragraphs, future research
on SHG should accommodate for the presence of momentum transfer as a
‘correction’ to Vigys, turbulent layers inside the fluid, and various substitutes
for platinum with different spin Hall angles and spin diffusion lengths under
ISHE circumstances.
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Appendix A

Determination of spin
diffusion and susceptibility

In this Appendix, we shall attempt to give an alternate expression to the
ratio DItx&'® /xPt as found in the ISHE voltage expression of Eq. (5.24); in
particular, we shall see that this specific ratio, the product of the electron
mass density in platinum times the true spin diffusion constant in platinum
on one hand, and of the spin susceptibility in mercury on the other hand,
can be written in terms of natural constants, a ratio of electron number

densities, and electrical conductivity of (solid) platinum.

A.1 The spin diffusion constant

As noted in Sectionfor Eq. (2.31)), the ratio Ds/xs can be (dimensionally)
thought of as the mass density p times the ‘true’ spin diffusion constant
Dg. For free electrons inside a Drude-model metal, the true spin diffusion

constant is defined as 27 ,

A2,
Dy = 2L Al
dTS’ ( )

where d is the dimension of the system and Ay = vpTs is the electron
mean free path, where vp is the Fermi velocity for electrons and 74 the spin
diffusion time. For a three-dimensional metal with d = 3 we then obtain

from Eq. (A.1):

2
Dy = ”F;S. (A.2)
The Fermi velocity is easily obtained using Er = mev% /2 such that
hk I
Vp = L = — (371'2716)1/3, (A3)
Me Me
where kp = (372n,)'/3 is the Fermi wavenumber written in terms of the

27,

electron number density ne The spin diffusion time 74 is equated to the
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Drude model electron collision time, such that it is written in terms of the
electron charge e, the electron mass me, the electron number density ne, and
electrical conductivity o, as:

MeOe

Ts = . (A4)
Combining Eqs. (A.2)—(A.4)) then yields for the ratio Dg/xs:
Dy
= = pviTy
h? 9 \2/3 MeO¢
= MeNe m—g (377 ne) . .
ho. 2/3
= =5 (37n.) & (A.5)

A.2 The spin susceptibility

The rotational energy per unit mass u,, as defined in Eq. , is inversely
proportional to the square of a quantity xs which we have named the spin
susceptibility. Similar to its magnetic counterpart, the spin susceptibility
is the ratio of change in the (total) average spin, (S,) to the change in an
external quantity, in this case the external magnetic field B,. Since our main
focus, in Chapter 5] is on electrons in metals approximated as Fermi gases,
we shall mainly concern ourselves with the spin susceptibility of electrons.

The rotational energy of Eq. for an electron changes in the pres-
ence of an external magnetic field as:

52
22X

Uy — YeBaSY, (A.6)
where 7, is the electron gyromagnetic ratio, as defined in Eq. (2.39)). For a
system with zero internal average spin, such as ours in Chapter [2, we then
have:

(Sa) = peXsVeBa- (A7)

Note that the electron (mass) density pe = mene is added to the right-hand
side to ease the use of Eq. in hydrodynamic units. In the presence of
a z-polarized external magnetic field B,, the Fermi-Dirac distribution for an
electron with energy E(k) = h%k%/(2m) and spin o = 4h/2 is written as:

np(E(k),0) = [exp {5 <h2(k;:k%) + a*yeBz> } + 1] B . (A8)

where 371 = kT, kg being the Boltzmann constant and T the temperature.
Eq. (A.8) lets us calculate the average spin by means of an integral in
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reciprocal space as:

59 =5 [ o r(E®.4) = ne(E®.) (A9)

i.e. an integral of the difference of the Fermi-Dirac distributions for the two
possible spin levels, times a factor 1/2 to account for the electron’s native
spin.

While the integral of Eq. might be evaluated numerically, an
analytical approach is both preferable and feasible. Since we are only in-
terested in the change of the average spin under an infinitesimal change of
the magnetic field, a series expansion of the difference of the Fermi-Dirac
distributions np(E(k),+) — np(E(k), —) around 0B, = 0 would yield a
first approximation; up to first order in o~.B,, we then obtain:s

o Bexp{B(E(K) - Er))

Bk +) = np (B, Sl = =250 s B — Br)} + 17

Onp(E(k))
= heB. (5E(k)> . (A.10)

The second approximation is based on the Fermi temperature Tr: since
metals often possess Fermi temperatures of the order of 10* to 10° kelvin,
we may use T — 0 for room temperature conditions. The Fermi-Dirac
distribution function ng(FE(k)) can be approximated by the Heaviside step
function ©(E(k) — EF) for the limit 7' — 0; since the derivative of the step
function ©(x) yields the Dirac delta function é(x), we obtain

_(Onp(E(K))\ _
%13% < OB ) =46(E(k) — Ep). (A.11)
Applying Eq. (A.10) and (A.11)) to Eq. (A.9)) yields us:
: vB., [ dk
Jim(5.) = 5 [ S5 8 (h) — ). (A.12)

The remaining integral is then properly dealt with using spherical coor-
dinates, and subsequently k2 dk = me\/2meh 3V E dE as a substitution of
integration variables:

FLQ'YeBz
<SZ> =

/dk: k*5(E(k) — Ep)

472
h2 eBZ € 2 (S
= 2l MoV /dE\/E(S(E(k)—EF)
472 h
_ mev2me  hkp B
42k \/217167e i
me(3m2ne) /3
= T%Bz, (A.13)
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where we have used kp = (37%n.)'/3 to write the Fermi wavenumber in

terms of the electron number density n.. Comparing Eqgs. (A.7]) and (A.13])
then yields us for the spin susceptibility of a metal for (room) temperatures
well below the Fermi temperature:

1/3 2/3
XS:3< ! ) . (A.14)

4 \m2n,

A.3 Diffusion and susceptibility combined

In the case of the ISHE voltage of Eq. (5.24), we find that the ratio DX /x&
of a metal X is multiplied with the spin susceptibility x} of a different metal

Y. For the product DX Y /xX, we find using Eqs. (A.5) and (A.14):

DsXXg/ _ hZUéX (37T2nX)2/3 ) i/:g ( 1 >2/3

X 3e? 4 \m2nY
2 X /oX\2/3
_h Te (”;) : (A.15)
4e nl

i.e. we obtain an expression which largely depends on the ratio between the
electron number densities of both metals.
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